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ABSTRACT

This report considers the dynamics of spin stabilized
spacecraft with movable appendages and is an extension of the
research reported in Part I (May 1974 - May 1975) where two basic
types of appendages were treated: (1) a hinged type of fixed
length whose orientation with respect to the main part can vary and
(2) a telescoping type of varying length which could represent
extensible antennas or a tether connected to the main part of
the spacecraft.

~In this report, the dynamics and stability of a spin stabilized
spacecraft with a hinged appendage system are treated analytically
and numerically. The hinged system consists of a central hub with
masses attached to (assumed) massless booms of fixed length whose
orientation relative tc the main part can change. The general three
dimensional deployment dynamics of such a hinged system is considered
here without any restriction on the location of the hinge points.
The equations. of motion for the hinged system, with viscous damping
at both hinge points, are linearized about the nominal equi1ibfium
position where the booms are orthogonal to the nominal spin axis
for the case of two dimensional and three diméﬁsiona1 motion.
Analytic stability criteria are obtained from the necessary<condition
on the sign of all the coefficients in the system characteristic equatibn.
~ For stability it is found that (hinge) damping must be present and that
for limiting cases, where the spin axis is an axis Of:syﬁmetry, certain
inequalities relating the hinge point offset coordinates to the moment

of inertia ratio and end masses must be satisfied.
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The hinge damping is always required for the nominal deployment

of hinge members. Numerical results indicate that the rate

damping is required to remove the transverse angular velocities

effectively since the hinge dampers alone do not provide satis-

factory nutation time constants for the system parameters selected .
Next, the cortrol of a spin-stabilized spacecraft with

movable teleécoping appendages is considered with an application

of the linear regulator problem. It is assumed that theispacecraft

consists of a rigid central hub and one or two movable telescoping

booms (with end masses) which are in general linearly offset from

the hub principal axes. The equations of rotational motion are

developed and linearized about either of two desired final states:

(1) a flat spin about oniy one of the hub principal axes or (2)

a zero inertial angu]ar.velocity state. A control law for the

boom end mass position is sought such that a quadratic cost functional

involying the weighted components of angular velocity plus the control

is minimized when‘thé finé] time is unspecffﬁed. For such a system

the computation of thefcoﬁtrél involves the solution of the matrix

Riccatija]@ebfaic equation._ For three axis control more than one

offset booh (orthogonal to each other) is required. When only two-axis

control is required and a single boomfis offSet in only one dﬁrection,

an‘ahalytic solution of the matrix Riccati equation is achieved- when

th1s system is used for reduc1ng the nutat1on angle of a spinning

spacecraft the time constant obtained is one order of magnitude sma]]er

than previous]y achieved using non-optimal control logic. For the

general case of three axis control results are obtained numerically.
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The problem of optimal control with a minimum time criterion
has been examined analytically for the special case of a single
offset boom where it is assumed that the initial conditions are
such that the system can be driven to the equilibrium (rest)
state with only a single switching maneuver in the bang-bang
optimal sequehce. For this system it is possible to obtain an
analytical solution for éhe switching and final times in terms
of the initial conditions and magnitude of the maximum value of

the control force.
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NOMENCLATURE
offset of the vertical hinge point(s) from the
2" axis

offset of the control boom with end mass my from the
2,3 (y,z) plane '

linearized system state matrix

offset of the control boom with end mass m from the
3,1 (z,x) plane

linearized system control matrix

offset of the control boom with end mass m, from the
3,1 (z,x) plane

maximum value of the control U

hinge damping (viscous) coefficient about the hinge
points

offset of the contro1 boom with end mass Mo from the
1,2 (X,y) plane

principal moments of inertia of the main part of the
spacecraft

cost functional for optimal control

symmetric positive definite gain matrix

constant length of hinged appendages

maximum value of each control boom length

mass of main part of the spacecraft

end mass

control boom end masses

positive definite symmetric state weighting matrix
offset of tﬁe hinge point(s) from the '3' axis ’
position vector of the 1§L-ma ss with respect to the

center of the coordInate system (center of mass
of the ma1n hub)
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positive definite symmetric control weighting
matrix

time

time of stopping of all operations with the
principal axes booms in the recovery sequence of
the spacecraft

kinetic energy

sw1tch1ng time in the recovery sequence to achieve
final spin about the '3' axis

control vector

inertial velocity of the 1Eh-mass of the (hinged)

system

velocity of the main part of the spacecraft with
respect to the system center of mass

velocity of the main part of the spacecraft with
respect to the center of the coordinate system (o)

velocity of the 1th mass in the system with respect .
t~ the center of the coordinate system

velocity of point 'o' with respect to the system
center of mass

coordinate of the control boom end mass moy along the
'1' axis (control variable)

state vector of the system

coordinate of the control boom end mass my along the
'3' axis (control variable)

coordinates describing the orientation of the
hinged appendages relative to the spacecraft hub

angular velocities about the 1,2,3 axes respectively
(i=1,2,3)
maximum expected value of transverse rate

nominal main body spin rate
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o, = m]/Q , nondimensionalized form of w

1
B = wy/2, nondimensionalized form of o,
Y = w3/9-], variation of the nondimensionalized form of w,
from the nominal value
P = boom density
T = at, dimensionless time
T | = switching time
¢ = final time
z = z/ %y, dimensionless form of z
£ = x/zm, dimensionless form of x
6 = nutation angle
F = Rayleigh dissipation function
= indicates differentiation with respect to t
! = indicates differentiation with respect to =
(0) = indicates initial conditions
1,2,3 = principal axes of main spacecraft
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I. INTRODUCTION

This report will describe a continuation of the research
already accomplished during the first year (May 1974-May 1975)
on the dynamics of spin stabilized spacecraft with movable
appendages.] Part 1 concentrated on the analysis of the motion
of a spinning spacecraft during the deployment of two types of
movable appendages - the telescoping rod type of varying length
during deployment,and fixed length appendages whose orientation
with respect to the main hub can vary. In addition the use of
these appendages to detumble a spacecraft with a random spin
to achieve final states of (1) close to zero inertial angular
rate and (2) a final spin rate about one of the principal axis
was also considered.] In this report (Part II), the following
topics are treated: the dynamics and an extensive stability
analysis of a spacecraft with hinged appendages; an examination
of Tinear optimal control theory as applied to the deployment
maneuver of a telescoping boom system by selecting different
integrand functions in the cost functional; and the time optimal
control of a nutating spacecraft using a single offset telescoping
boom system. |

The first phase of the current study will éxamine the general
three dimensional motioh of a spacecraft with hinged appendages.
fhe hinged‘system consists of a central hub with masses attached
to (assumed) massless booms of fixed length whose orientation ge]ative

to the main part can change.



The booms are attached at a given radius from the spin axis and
when the booms are released they swing outward from the spin
axis under the influence of centrifugal forces.

The dynamics of this type of fixed length appendage system
during the deployment maneuver has been previously studied only
for.the case where the transverse components of the angular
velocity vector are aésumed to be zero throughout deployment
and where the hinge points are located on the hub's principal
transverse axes.2 The motion and stability o7 such a system
will be studied, analytically for special cases, and’numerically
for the general case. It is assumed that there is no restriction
on the location of the hinge points.

The second phase of the study will consider the control of
" a spin-stabilized spacecraft with movable té]escoping appendages
with an application of the linear regulator problem. It is
assumed that the spacecraft consists of a rigid central hub and
one or two movable telescoping booms (Qith-end masses) which are
in general linearly offset from the hub principal axes. An
‘advantage of such a telescoping system as used in the control of
a tumbling spacecraft is its potential reuse. ~The booms can be
retracted at the end of each contro] sequence (for very finet
pointing requirements the small residual anéu]ar velocity
components could be removed by temporarily activating on-board

damping devices).
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Methods of recovering a tumbling spacecraft using three
sets of telescoping booms deployed along the hub principal
axes were examined in a recent paper.3 From an application of
Lyapunov's second method (using a modified form of the rotational
kinetic energy as a Lyapunov function) sequences of boom extension
maneuvers can be determined so that the spacecraft will approach
either of two desired final states: close to a zero inertial
angular velocity state, or a final spin rate about only one of
the principal axes.3 Although these sequences of boom maneuvers
will result in recovery of a tumbling system they will not, gen-
erally, satisfy any criteria of optimal control theory.
In a related problem, Edwards and Kap]anl‘l’5 have examined
the problem of detumbling a spacecraft using a single internal
mass which is constrained to move along a linear track within the
vehicle. A control luw was selected such that the net average time
rate of change of excess rotational kinetic energy will be negative.
It was concluded that system performance could be improved by making
the control mass as large as possible and allowing for larger amp]itude
motions along the track.4’5 The amplitude of any internal deVice
would be limited by the size of the spacecraft; on the other hand,
externally éontro]]ed appendages will be subjeét to external per-
turbations(such as sq]ak pressure) and if sufficient length is
extended,ythe flexibility of such-a structure must be considered.
Recently Amieux and Liegeois6 have applied linear optimal con-
trol theory to the two-axis control of a spinning spacecraft’system
“using a motor controlled internal sing]efdegree-of-freedom pen-

dulum.




It was assumed‘that the spin rate remains much greater than the
magnitude of the transverse angular velocity vector during the
decay of the nutation angle. '

In the present study both two and three axis optimal control
of a spin-stabilized spacecraft using movab1e telescoping appendages
will be considered. The control will be implemented by varying
the position of boom end masses which are considered large in
comparison with the boom mass itself.

fhe difficulty in determining a control sequence of extension
rates for different pairs of telescoping booms which would yield
a time-optimal recovery of a tumbling spacecraft has already been
reported.7’] The problem has been that when the equations are
written in standard state form - e.g. for a case of two sets of
booms parallel to the spin axis - (where symmetry about‘this axis
is maintained during extension), the control function (two different
extension rates) is non-]inearly coupled with the state variab]es.7’]
Here the problem of time optimal control will be examined analytically
for the>specia1 case of a single telescoping offset boom under a

particular range of initial conditions.




II. MOTION AND STABILITY OF THE HINGED SYSTEM

1. Derivation of Kinetic Energy

The hinged system to be studied is shown schematically in
Fig. 2.1(a). The co-ordinate system representation is shown in
Fig. 2.1(b). The system consists of a central hub with masses
attached to massless booms of constant length 2, which in turn
are attached to the main spacecraft at radius r,. The end masses
are released at t = tg and thereafter swing out from the spin
axis. The angles between the booms and the spin axis are denoted
by o and oy s shown in Fig. 2.1(b) and are assumed to be zero
initially. A special case of this type was considered in Ref. 2
(where it was assumed that the transverse angular velocities during
deployment remained at zero), but here we consider the general three
dimensional deployment dynamics.

The development of the kinetic energy of this type of hinged
system from first principles is considered below:

The total kingti; energy of the‘system, in terms of rotational
and translational energies, can be written as,

T = Tr + Ty + const. due to (circular) orbital motion (2.1)

where
. l; 2 2 2
Tp= g (g # Loy + L) (2.2)
n
1 2 z
T== MV + T m V
t 2 M/cm = milcm (2.3)

(M = mass of main body)



From the definition of the center of mass of the system:

n—
mz ri/o
- - i=1
Ta/o © o ‘ (2.4)

where point 'o' is the center of the coordinate system (and also

the center of mass of the main hub) and the masses are assumed

<

to be equal (mi = m). The velocity of the various components

relative to the system center of mass may be expressed:

v

mi/cm - Vmilo * vo/cm : . (2.5)

=V

vM/cm M/o * Vo/cm (2.6)

The components appearing in Egs. (2.5) and (2.6) can be further

represented as:

¥m1/0'= "y (2.7)
{l = g 2.8
o/M : ‘ s (2.8)
) . K mr, |

vo/cm = Vewfo = " "emio T T TW= m, (2.9)

After substitution of Egs. (2.7), (2.8) and.(2.9) into Eq. (2.3),

the translational energy may be expressed as

- . -
v [2+7ms m, [V

o/cm Mi/o

12

N =

T, =

2+zm (V). V) (2.10)

| -
+ 5 Im; |V
2 1 I 'i/O 0/cm

o/cm



~After some algebraic manipulations, we obtain,

T‘ = g.z<v. V) - PGV v (2.11)

C = rat DX Ps

V_' ry WX 1y
rot

M=M+ =z m;

Thus, the total kinetic energy of the system is given by:

2] 2 2 m Toc
T=7 (1wl + Tou, + Tug) + ?15(“ Vy)
2 - n -
- B 2 Vi . I V) + const. . . (2.12)
eM =1 i=1

As an example, we consider the case from Ref. 2 where m = m/2,
ay = ay = oa, 13 = I and wa = 6. The kinetic energy is then obtained

as (neglecting orbital motion)

. ' L2
T é-% 16”4+ %-[ PR R (ry + 2 sin a)?]
2 2
- %‘—- -(-M—{-—m-)-Sinzd &2 . (2°13)

which corresponds identically with Eq. (18) of Ref. 2, which was
presented without development.

Next, a more general case of the hinged deployment system con-
sidered is shown in Fig. 2.2. Here there is no restriction on the
location of the hinge points. The co-ordinates of the two masses

are given by

ekt o Sk g A N L



X, =0 x =0

<
et
|
<
t

= ry+ & sin o = -(ro + % sin a )

2

1% %" % CoS o 22 a_ - % coSs o, (2.14)

N
1

Here 'a*' is the offset of the hinge point from the '2' axis. Upon
substituting Egs. (2.14) into Eq. (2.12), and after algebraic simplifi-

cations, the résu]ting equation for kinetic energy is:

-1
"
N~

2 2 2
[I]w.l + 12w2 + 13033]

m 2+ 2 2 5 . . 2
+ ?[{Z(r0 ate )+es {ro(s1na]+s1naz)—a*(c05a1+c05u2)}} 01

2 2 2 2 2
+ {2a,-2a.2(cosa +C0$a2)+£ (cos ay+cos ap)} wy

1

2 . . 2, .2 . 2
+ {2r0+2r02(s1na]+s1na2)+2 (s1n u1+s1n2a2)} wq

- {2% {a*(sina]-sinuz)ero(COSa]-COSaz)}
_ 902 . ci
2% (s1na]c05u] 51na2003a2)} w,Wg

+{2£2(&] - &2) + 2% {&] (ro sinay -.a*COSa])

-az(ro sina, - a*c05a2)}} wy * zz(a% + u%)]

-f(ﬁ$%ﬁy_ [{2(2a2 + 22) + Zg?cos(a]+a2)-4a*£(c05a]+c05a2)}wi

+ {2a,- 2(c05a]+c05q2)}2 w% + sv’—(sincx]-sinaz)2 w% |

-Zz(sina]-sinaz) {Za*-i(COSa] % c05a2)}‘m2m3

+22{z(&1-&2) + % €OS (a]faz)(&]-&z)

’-?.a-,,‘(comlc?z.I - €OSap ap)} wyt 22{&%+&§-2&]&2cos(a]+a2)}]+const, (2.15)

-8-




2. Deve1opment of Equations of Motion

- The equatiohs of motion in the five variables: wys Bys W3

and o_ are developed using the Quasi-Lagrangian formu]ation8

“ 2
for Wy i =1,2,3, and the general Lagrangian formulation for
the variables STEY The equations of motion for this system,

neglecting external torques, can be represented as:

d aT__ T ., 3T .
-d—E' —a-—'mT w3 3(1)2 +w2 3&)3 0 (2.]6)
d aT oT 3T _
e ”B-w_z_ =01 5—0%- +w3 ST”T =0 (2.17)
d oT__ T ., 3T
dt dug "92 Buwy o duwy =0 (2.18)
d T aT oF
at  ddy Doy * 88 =0 (2.19)
d 9T oT CoF ,
dt~ A&, 9, * %, 0 | (2.20)
where
T = Total kinetic energy of the system
F= Réyieigh,dissipation function

The dissipation function which accounts for linear viscous damping,
assumed to be present about the hinge points, is given by:
F=dey 22 (] +4,) (2.21)
where
| C, = the hinge‘damping coefficient
With the the approximation: mzlﬁ << m or (m/ﬁ << 1), the equations

of motion are obtained as follbws:



I]w]-(lz

-13)w2m3+m[2(r%+ai+22)+2£{r0(Sa]+5a2)-a*(Ca]+cq2)}]m]
2 2
-m{Za*-Za*z(Ca]+Ca2)+£2(C2a]+C2a2)—2r0-2r02(5a]+5a2)}m2w3
+2me { ro(Ca]a] * coy a ) + a (Sa]a1+ sa,, & )} o)
2
+me {a, (Sa]-Saz)-ro(Ca]~Ca2) - %.(52a1~52a2)}(m§ - wz)
+m{£{&]-a2)+(&])Z(FOCai+a*Sa]) + 31(r05a1~a*Ca])
. |2
-(a ) (YOCa2+a*Su

2) - &z(rOSa2 - a*Caz)} =0 (2.22)

(13—11)w w1+m{26* 2a,%(ca tca )+x (c aq*e az)} 5

2 “2 1

. % .

5m£{a*(5a]-5u2) - YO(Cu]-Cuz) - ?-(SZa]—SZaZ)} by

+mz{a*(sa]-5a2) - Po(Ca]-Caz) -.% (SZa]-SZaz)} wyw,
2, 2 2 4

-m{2 (Sa]+52a2) —2(a* +22) + 223*(Ca]+Ca2)}w3w]

+m{2a*2(5a :

]a]+su2&2) - 22(s?a]&] + 52a2&2)} wo

+m2{2(&]-&2) —éa*(ca]&]-CaZ&Z) + 2(C2a]&1-C2a2&2)} w3=0 (2.23)
I3m3-(11-12)w{w2 + m{2r02+2rog(3a]+sa2) + 22(52a1+52a2)} g
-me{a,(saq-sap) - Po(Ca]-CaZ) - %(S?a]fSZaz)} @9

-m{2(r%+22) + 2£PO(Sai+Sa2) - lZ(C2a1+C2a2)} wyw,

-mn{a*(Sa]-Saz) ﬁﬂro(Ca]-Caz)—‘%{SZulPSZGZ)} Wy
-mz{Zro(Su]&i-SaZ&Z) -2 (c2a]&]-c2a2&2) + % (&16&2)} wy
+m{2r0£(Ca1a]+Ca2a2) + 92 (sZa ]+32a2 2)} w~=0 | (2.24)

-10-



. . 2 . )
% ay t (R.+r‘05a]-a*0a])w]-(r‘oc<x] + % SZa] )w3 -(a*SoL.I -5 52a] )wz

- 2 - E-a- . =
(rgCay + a,8aq)uft(a,captrosa, ~Le2ey Juguyt = b )= 0 (2.25)

.- . 9, 2_ _ % 2
‘2 @y -(s +r05a2-a*Ca2)w] -(roc:a2 +-§ 52a2)w3 (a*Sae 2-52a2)w7

2 c o=
- (ryco, +a*Sa2)w] -(a,ca, +rosa, =262a,ugw, + —%-2 6y = 0 (2.26)

where
sa.=sina, and Ca, = COSo.

1 1 1 1

3. Two Dimensional Motion Analysis

a. Small amplitude analysis about equilibrium state
(1) Tinearization of the equations of motion |
The equations of motion for the two dimensional case with no
offset are obtained by assuming w]=w2=a*=0. .A1so the hinge members
are assumed to move in-phase (a]=a2=a) and the viscous damping
about the hinge points is assumed to be absent. Egs. (2,22) -
(2.26) then reduce to:

{I3+ 2m(r% + 2rof sino + 22 sinza)}&3+2mz{2r0c05a a

+ 4 sinZe &, = 0 (2.27)
% o -(r.cosa + X sin2a) W= 0 (2.28)
‘ 0 2 3

These two dimensional motion equations are linearized abcut the

“nominal equilibrium state: o = /2 and w, = @ (Q=nominal spin)
3
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The original coordinates can then be related to the variational

coordinates by:
a = %<+ [

where

e<<l, §<<Q

The linearized equations which result are:

wy = 9+ 6(0) = @ | (2.29)
" rot+e)
e+ (2 92¢ = 0 (2.30)

When hinge damping {s present, Eq. (2.30) has the following
form

. 3 Ca .+ (P0+2)
€ m € )

0?e=0 (2.31)

(i1) stability criteria
Eq. (2.31) can be written as
e+da'e+)\25=0 , .(2.32)
where

da = Ca/m and A=/ +r07g‘ﬂ

For stability of this second order system the following conditions

must be satisfied:

(1) da > 0 - Positive damping is required

(2) da < 2x + c, < 2me /1+r0/2 - Which implies a Tower bound on

_the magnitude of the damping coefficient.
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(i1i) closed form solutions

The solution of Eq. (2.30) is given by

€= g cos (At+y) | ~ (2.33)
where e  is the initial displacement from o = /2 and w,is the
initial phase angle. The corresponding solution of Eq. (2.31),
assuming that the stability condition da<2x is satisfied, is
given by

e= A e“d@/2 cos (at+y) (2.34)
Where A and v are found from the initial conditions. Eq. {2.33)
describes the oscillatory nature of the hinge members about the
equilibrium state while Eq. (2.34) indicates the damping of this
oscillation.
(iv) numerical results

The nonlinear equaéions of motion describing the deployment
of the hinged system are programmed for numerical integration using
the Nova 840 computer. The details of the subroutines used!;, the
listing of the program and the computer time required are given in
the section COMPUTER PROGRAMS (at the end of this report). For
numerical integration Egs. (2.22) - (2.26) are used with the following

system parameters (Fig. 2.2 )2:

= = - ft2. = _f42
I] : I2 8.5 slug-ft<; 13 10.5 slug-ft

1 ft; 2 =4 fty; a, =0

*

Yo

m= 0.125 slug; w, = @ = 4.82 rad/sec

3
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Figs. 2.3(a) and (b) simulate the dyhamic response of the
two dimensional motion of the hinged system to an initial pertur-
bation in the hinge angle of 0.1 radians with hinge damping absent
and then, present, respectively. For the damped case a hinge
damping coefficient of ca=0.1 1b/ft/sec is selected. These figures
verify the closed form analytical results obtained in Egs. (2.33)
and (2.34) using the small angle analysis about the equilibrium
state (ay = ap = a = 90°, wg=e = 4.82 rad/sec).

b. Large amplitude analysis

(1) closed form solutions

Egs. (2;27) and (2.28) are used to simulate the large amplitude
two dimensional motion when there is no damping about the hinge points.
(Throughout the two dimensional analysis, the hinged members are
assumed to move in phase and there is no vertical offset of the
hinge points.) From Eq. (2.27), the closed form solution relating
the spin rate to the hinge angle, with the initial cbnditions w3(0) =

2, a=0, is

2
9(I3+2m ro)

TR Y]
13+2m(r0+z sina)

Here it is observed that w3(t) attains a maximum value when «=0, ,

m3(t) = (2.35)

~etc., and a minimum when o=n/2, 3n/2,etc. Eq. (2.35) may be substituted
into Eq. (2.28). This can then be integrated once with respect to time
under the:fOIIOWing assumed initial conditions: a{0) = &(0) = 0. The
resulting expression gives the phase plane relationship of & with o

as,
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2
(2ro+s sina) 2 sina(I3+2mr0)

ojo

I3 + 2m(ry + 2 sina)? (2.36)

(ii) numerical results

The deployment of the system from the position where the hinged
members are initially parallel to the spin axis (a=0) is simulated
in Fig. 2.4(a) without damping, and in Fig. 2.4(b) with hinge damping.
The 'x' represents the maximum time simulated by Lang and Honeycutt.2
It is seen that without damping the hinged members exhibit a flapping-
type motion as momentum is exchanged between the hinge and spin motions.
The hinge motions are not exactly sinusoidal as shown. Fig. 2.4(a)
verifies the closed form analytic solution obtained relating spin
rate with hinge angle. This figure also indicates the maximum and
‘minimum spin rate obtained during the flapping motion which verifies
the closed form solution obtained with the large angle analysis.

Fig. 2.4(b) shows that, with the hinge damping coefficient selected,
the system can be fully deployed in about 10 seconds.

Thus for the case of the two dimensional analysis, closed form
éna]ytica] solutions are obtained for small amplitude oscil’ations
about the equilibrium state. Also, from thé large amplitude analysis,
a closed form analytical solution relating the spin rate to the hinge
angle and the hinge angle rate to the hinge angle are obtained.

4. Three Dimensional Motion Analysis

a. Small amplitude analysis about equilibrium state

(i) linearization of equations of motion
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The three dimensional equations of motion, Eqs. (2.22) - (2.26),
are linearized about the nominal equilibrium state: Wy = wy = 0,
4 = ay = m/2, wg = Q. The original coordinates are related to

the variational coordinates by:

a]=1r/2+ €]
a2=1r/2+€2
w3=9+6

Based on the assumptions that w]/Q, wp/, 8/Q, € and }1/9 are
small compared to 1, the equations of motion can be approximated by
a linear set in which wy = Q@+ §(o) = @ is a constant. With = qt
as the independent variable, o = w]/Q and g = wz/ﬂ as dependent
variables, and

2m 2m ., mR
h =Fal, g= 57 (rgf2)2, k= =F (rg+e)

2p= ca/mﬂ, f=14+(ry/2)s n-= (13/1) -1
(Here the relationship g = 2kf is to be noted) as nondimensional

constants, the Tinear equations become:

(T+g+h) o' + (ntg-h) B8 + k(g"+g) - k(g"+g)) = 0 (2.37)
(1+h) ' - (n-h) « = 0 (2.38)
e]"'+2pc;+fg]'+fa'+fs = 0 (2.39)
e +2peytfe-fa' -fp =0 | (2.40)

where primes denote derivatives with respect to .
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(i1) stability criteria

The hecessary and sufficient conditions for stability of
the systemrére obtained by applying the Routh-Hurwitz criterion
similar to the procedure of Ref. 10, The stability conditions
for the system are obtained by setting the characteristic

determinant, corresponding to Egs. (2.37) - (2.40), given by

(1+g+h)s (n+g-h) k(s2+41) -k(s2+1)

- (n-h) (1+h)s 0 0
fs f s242ps+f 0 -
-fs -f 0 s2+2 s+f

equal to zero. Here 's' denotes the characteristic exponent,
The characteristic determinant is expanded to obtain the
factored sixth order algebraic equation
(52+2ps+f)[{(]¥g+h)(1+h)32+(n+g-h)(n~h)}(52+205+f)
-g(s241){(1+h)s2+(n-h)}] = 0 (2.47)
It is seen that the system characteristic eqqétﬁon separates into
two factors - a second order factor desCribiﬁg a mode where both
hjnged'members move in phase as a unit, and a second factor repre-
sénted by a mo}e complex fourth‘order polynomial. (Such a separa-
tionvbf the system characteristic equation was also observed by
Auelmann and Lanen in studing the stability of a spinning space-
, craff with a ball-in-tube nutation damping systém.) From,fhe
quadratic factor the stabiTity condiifon fs found to be: c, <2mQ/TIFE7E.
This condition was also obtaihed earlier in the analysis of the two

dimensiond] hinged system.
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As the stability, also, depends on the fourth order factor
in Eq. (2.41), we will consider different configurations of the

system in the following special cases. Case 1(a): I3 maximum

moment of inertia (n>0) with no offset of hinge points (h=0).

The fourth order factor in Eq. (2.41) with h=0 reduces to
pos“ + pysd 4 pys? + Pss + Py =0 (2.42)
where

Py = 15 Py = 2p(1+g)

P, = (ntg) nt (1+g) f -g(1+n)
Py = 2€n+g) n, p, = (n+g) nf -gn
The non-trivial Routh-Hurwitz stability conditions are
pyPy - PP3 > 0 | (2.43)
(PP, = PoP3) Py - p§p4 > 0 (2.44)

Expanéion of Ineqgs.(2.43)and (2.44) results in complex algebraic
relationships involving the system parameters. An attemptfto
algebraically rearrahge the terms in Inegs. (2.43) and (2.44) did
not y1e1d simplified results. However, it can be'seen from con-
sfdefation of the signs of each of the coefficients in Eq. (2.42)
that p]>0 and p3>0.f Since both g and n are positive, therefore, for
stability, p>0; implying the necessity of (positive) hinge damping.
‘Case 1(b): 1Ij maximum moment of inertia (n>0) with offset of hinge.

points (h#0).
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The‘fourth order factor in Eq. (2.41) with h $ O can be

written as

(9-ap)s" + 20 5% + (f 9 +01-0,-05)s? + 2GS

+ (ayf-q,) = 0 (2.45)
where
q, = (1+g+h) (1+h)
q; = (ntg-h) (n-h)
q2 = 9(]+h)
a3 = g(n-h)

The necessary and sufficient conditions are obtained from the rule
of signs of the coefficients in the characteristic equation and also

the Routh-Hurwitz criterion and can be expressed as:

1, - I

|a,| N -§?ﬁ-_ (2.46)
Wiy = Wiz > 0 | ‘ (2.47)
(WyHy = WH3) Wy = WaH, > 0 ' (2.48)

where

No T
w,f 29,
“'2=fq°+q1"qZ"q3
Wy = 2003



In Ineq. (2.46) the magnitude of the hinge offset from the (1,2)
hub plane is limited by the differences in the hub moments of

inertia and the size of the end masses. Case 2(a): I3 minimum

moment of inertia (n<0) with no offset of hinge points (h=0).

The necessary condition from the rule of signs of the

coefficients is obtained as

: ./(1-13) /2m’

(ro*t2) < minimum of (2.49)

(I-I3) /2mr,

Case 2(b):v I3 minimum moment of inertia (n<0) with offset of hinge

points (h30).

Similar to case 2(a), the necessary condition is obtained

- 2
J/?Ié%ﬁ) * oo

as

(rgt2) < minimum of ‘ ' (2.50)
2
(...._.3.1'1 ) + 8%
2mrg ro

It is seen that when a,=0, Inegs. (2.50) reduce to Inegs. (2.49).
The necessary and sufficient conditions for the cases 2(a) and Z(b)
are obtained:in a similar procedure by making n<0 in the corresponding
inequalities, Inegs. (2.43), (2.44), (2.47), and (2.48).

(i111) numerical results

An examp1e'ofvthe three dimensional hinged system dynamics is
simulated in Figs. 2.5 (undamped) 5ndt2.6 (with hinge damping).
Initial perturbations in‘both hinge angles and one of the transverse’

angular velocities are assumed.
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The oscillatory nature of the system motion about the equilibrium
state when there is no hinge damping present is seen in Figs. 2.5(a)
and 2.5(b). Although the hinge damping is effective in reducing

the amplitudes of the hinge motion (Fig. 2.6(a)),the time constants
associated with the nutation angle decay (Fig.v2.6(b)) are extremely
Tong., It is clear that an additional form of nutation damping must
be added for effective reﬁova] of excessive transverse rates.

| The effect of rate damping about the transverse axes to obtain
favorable nutation decay time constants is shown in Fig. 2.7. The
rate damping torques about the '1' and '2' axes are assumed to be
Rdw]band Rde’ respectively. The response of the transverse angular
rates for rate damping coefficients of Rd=1'0 1b-ft-sec and 2.0
1b-ft-sec, respectively, are considered. The simulation results
(Fig. 2.7) indicate that for effective removal of excessive transverse
rates rapidly the magnitude of the rate damping coefficient must be
large. The simulation study shows that the rate damping does not
have any effect on the hinge angles and spin rate responses which

are essentially unchanged from Fig. 2.6 for the parameters considered
here.

The deployment dynamics of the system when the vertical hinge
points are offset (a*fo) from the '2' axis is considered next. The
stability condition for a, when‘I3 is a maximum moment of inertia
(n>0) is obtained from Ineq. (2.46). With the system parameters
selected, the limit of offset from Ineq. (2.46) is a, < /8 ft.
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The time response of the transverse angular rates with a, = 1.0 ft

(< /8 ft) is compared with the deployment dynamics when there is

no vertical offset (a,=0) in Fig. 2.8. Here it is found that

the time period df the damped-response of the transverse angular
rates for the case with a vertical offset is larger than the

period of this response when there is no offsef. This may be
attributed to the redistribution of moments-of inertia due to

the offset. Also, it is to be noted that the vertical offset

(a,=1.0 ft) does not have any effect on the time responses of the
hinge angles and spin rate (essentially the same as shown in Fig. 2.6).
The magnitude of the rate damping coefficient is assumed to be Rd=2'0
1b-ft-sec.

From the small amplitude analysis of the three dimensional

motion of the hinged system we conclude the-following:

1. Hinge damping is required for the nominal deployment of

~ hinge members, |

2. For stability, from the rule of signs, certain inequalities
relating the hinge point offset to the ratio of the moments
of inertia and end masses must be satisfied.

3. Since the hinge dampers alone do not provide satisfactory
nutation timevconstants other types of’dampers‘which provide
direct damping of the transverse angular rates are required,
and the magnitude of the rate damping coefficient musf be

large for rapid removal of the transverse rates.
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4. The vertical offset of the hinge points increases
the time period of the response of the transverse rates,
which may be due to the redistribution of the moments
of inertia.
5. The simulation of the deployment dynamics shows that the
| rate damping and vertical offset do not affect the responses
of the hinge angles and the spin rate with the system para-
meters and the initial conditions selected here.
b. Large amplitude analysis
(1) numerical results
The general three dimensional motion analysis for large amplitude
(a] and a, are physically free to vary betwzen 0 and 180° - see
Fig. 2.1(a})is considered in this section. The nonlinear equations
given earliar (Eqs. (2.22)-(2.26)) are used for numerical simulation.
The results are illustrated in Figs. 2.9(a)-(c) for different para-
meters. From the simulation of the nonlinear system motion, (Figs. 2.9
(a)-(c)), thé observations made are:
Case (1): For the values a,=0, ca=0.and Rd=0, the hinge members
would intersect the hub structure (Jo] > 180°) as indicated. (It should
also be noted that with these parameters, the motion of the system

‘when linearized about a1=w/2, wi=0, 21,2, w,=2 would be unstable in

3
the sense of Routh~Hurwitz).
Case (2): For the values a =0, ¢, =0.1 1b/ft/sec and Rg=2 1b/ft/sec,

the hinge motion 1lies within the physical boundary as indicated.
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This Case(2), shows with the hinge and rate damping coefficients
selected, that the system can be fully deployed in about 10 secs

(Fig. 2.9(a)). The angular rates about the transverse axes are

nearly removed (Fig. 2.9(b)) and the spin rate reaches a steady-

state value of 4.1 rad/sec from an initial value of w3(0) = 4,82 rad/sec.
(Fig. 2.9(c)).

Case (3): For the values: a,=1.0 ft, c,=0.1 and Ry=2, the
hinge motion would interfere with the main satellite structure, as
in Case (1).

Case (4): Since there are no criteria to determine the magnitude
of offset of the hinge points for general nonlinear motion, a value
of a*=0;5 ft, which is less than 1.0 ft used in Case (3), is selected
keeping the same values fpr C, and Ry as in Case (3). The response
of the system for these parameters is indicated. The behavior here
is similar to that shown in Case (2).

The nutation angle ¢ is defined by the equation

Iv)w?[ + w?_
tang = T o

3%
The time response of the nutation angle is shown in Fig. 2.9(c). The
cases of a_=0 and a,=0.5 ft are considered. The nutation angle reaches

a maximum of 18° during the deployment and declines to a value of

less than 10 within 10 secs.
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The large amplitude analysis of the three dimensional motion
for the general case of deployment reveals the following:

1. Hinge damping must always be present for the nominal
deployment of the hinge members.

2. Rate dampfng is needed for the effective removal of the
transverse angular rates.

3. The selection of the offset of the hinge points can not
be done easily as there is no criteria which assures that
the hinge motion will remain within physical limits

(i.e. [of < m).



- FIG. 2.1(a). HINGED DEPLOYMENT- SYSTEM.

2

FIG. 2.1(b). COORDINATE SYSTEM FOR FIG. 2.1@a).
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0
k;?-J

X3 =0 X2 =0
yy = ro + £sinoy  yp = -(rg + £ sin ap)
zy=a, - L cos o, zp = a, - £ cos %y

FIG. 2.2. MORE GENERAL CASE OF HINGED DEPLOYMENT SYSTEM.
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T¢O DIMENSIONAL MOTION-SMALL AMPLITUDE ANALYSIS

o .
I.C. wy =0 a) = 95.7 a =0
w = 0 « = 95.7° a =0
180 «
Ccq = 0.0
150 o a, = 0.0
120 4

al :
00 _\/\/\/\/\/\/\/\/\
%2

(deg.)
60
30 +
O T 4 L4  § L T ] - ] -
: 2 it t(sec) 3 8 10
5 -
’—\_/'\W RS
[T
w
3 3 4
(rad/sec)
2
14
0 4  { ) ' L} T 1] ) |
2 4 t(sec) 6 8 1o
FIG. 2.3(a). DYNAMICS OF THE SYSTEM ABOUT 90° EQUILIBRIUM POSITION (NO HINGE

DAMPING).
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TVO DIMINSIONAL MOTION-SMALL AMPLITUDE ANALYSIS

a; = 95.7°

]
(=,

I.C. o)

H]
(=]

95,7°% o

n

13
o

180 4 w, = 0 ay

0.1

0
"

150 - (e
o = 0,0

120 H

2
%0 “W
60

30 4

[3,]
1

(03 3
_ (rad/sec)
2 -

0 4 ¥ T T T ] 7
2 4 t(sec) 6 8 10

FIG, 2.3(b). DYNAMICS OF THE SYSTEM ABOUL 90° EQUILIBRIUM POSITION WITH HINGE DAMPING.
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VO DIMENSIONAL MOTION-IARGE AMPLLITUDE ANALYSIS

- 1.C,

wy =0 o =0 a) =0

2 a, =0

180

80

60

30

2.5 sec,——at

v‘ws

3 -~
(rad/sec)

X - Ref. Lang and Honeycutt Figs., 13-14

2 4

1l A

0 T }‘\ 1§ R ¥ A L) ) ] L
2 Y t(sec) 6

1
10
FIG. 2.4(a).DEPLOYMENT DYNAMICS OF THE SYSTEM (ZERO 1-c$) - NO HINGE DAMPING
R ~30-



TVWO DIMINSIONAL MITION-IARGE AMPLITUDE ANALYSIS

I.C: w) =0 a =0 . a, =0
w, = 0 o, = 0 ('12 =0
180 « -
150 o €y = 0.1
a, = 0.0
120 o
|
o
2 1]
90
(deg.)
60 .~
30
o 1) 1] B t t . T
2 4 t(sec) © 8 d %
5 .
[‘ o
Wy
(rad/sec)® ']
2 .
l -y
0 T 2! T 3 T f , .
. " -
t(sec) ¢ 8 10

FIG. 2.4(b). DEPLOYMENT DYNAMICS OF THE SYSTEM WITH HINGE DAMPING (ZERO I-CS).,
| ; ‘ -31~



THREE DIMRISIONAL MOTION-SMALL AMPLITUDE ANALYSIS

180 ] I.C. w) = 0.1 a = 95.F - a =0
w =0 w = 95.7° G =0
150 +
Cy = 0.0
120 4 a, = 0.0
o 90 _r\/\/\/\/\/\/\/\/\
(deg.)
60 =~ ¢
30 1
0 ' 2 ' y t(Sec) 6 ! ) ' 10
180 - sec
150 o
120 o
a 80 dL\\\.///~\\\'///P\\\-’//f\\\‘////‘\\\‘J///—\\\‘///‘\\\‘///’\\\\'//f‘\\\-
(deg.) ‘ : )
60
30
0 ) | "\”; T T T M T T 1
2 ’ Yy t(sec) 6 8 10

Fig, 2.5(a). TIME RESPONSE OFHINGE ANGLES (ABOUT 900 EQUILIBRIUY STATE) WITH
INITIAL TRANSVERSE RATE (NO HINGE DAMPING).
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THREE DIMiNSIOHAL MOTION-SMALL AMPLITULL ANALYSIS

|
L)
(rad/sec)

~0.)1

~0.,2 «

5 .

o e e ™ T e g —~

u el

3 4
W3

(rad/sec) o |

v ¥

2 N t(sec) 6 ’ 8 N 10
FiG. 2.5(b). TIME RESPONSE OF ANGULAR RA';I'ES (ABOUT 90° EQUILIBRIUM STATE) WITH
INITIAL TRANSVERSE RATE (NO HINGE DAMPING).

=33



Leo THREE DIMZISIOUAL MDITON-SMALL AMPLITULE ANALYSTS
I.C. w =0.) oy = 95.7° 6 =0

w =0 o = 95.7° ap = 0
150 4

0.1

(2]
L}

120 4 ag = 0.0

% .go‘~\\-L/%"\\_//’"\\_4’—*~___——-~

(deg)

60 4 N

30,

T i t(sec) & !

N~
[
o
o

180 4

120

(deg)
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30+

L} L] ] ¥ R}
2 Y . t(sec) 6 8 10

FIG. 2.6(a).  TIME RESPONSE OF HINGE ANGLES - SAME AS IN FIG. 2.5(b) - WHEN HINGLE
DAMPING IS PRESENT.
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THREL DIMENSIONAL FMOTION-SMALL AMPLITUDE A.’\’ALYSIS

1.c. w, =0.1 a = 95.7° O

n
o

Le]
5.7 ay

n
(=]
"
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1
o

wa

)
w
(rad/sec)
0.2 ]
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y 4
Wg ‘ 34 E
(rad/sec) :
2
14
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I ¥ T L ] | S | 1 L L L
2 4 t(sec) 6 8 10

FIG. 26(b). TIME RESPONSE OF ANGULAR RATES - SAME AS IN FIG. 2 5(b)- WHEN
HINGE DAMPING IS PRESENT. '
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THREE DIMENSIONAL MOTION-SMALL AMPLITUDE ANALYSIS

0.1 95,7°

n

0.0

%

95.7°

0.0

&2

o Rd: 0.0
R KK Rdz 1.0
-0.25 ca,= 0.1 e Rd: 2.0
a* = Ooo
0.2~
0.1—

w,
(rad/sec) -

0

._0 . ,1'..\’;‘

—0.2

FIG. 2.7. TIME RESPONSE OF THE TRANSVERSE ANGULAR RATES WITH
VARTATION OF RATE DAMPING.
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THREE DIMENSIONAL MOTION~-SMALL AMPLITUDE ANALYSIS
I}.C. w = 0.1 " & =95.7° a; = 0.0
021 w200 4, =957  a=0.0
0.1 -
w1
(rad/sec) ——
- =~ ————
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FIG. 2.8. EITECT OF VERTICAL OFFSET (ag) ON THE TIMEG RLSPONEL OT

THE TRANSVERSE ANGULAR RATES
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THREE DIMENSIONAL MOTION-LARGE AMPLITUDE ANALYSIS

n -
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FIG. 2.9(a). DEPLOYMENT DYNAMICS OF THE MORE GENERAL CASE
-38-




THREE DIMENSIONAL MOTION-LARGE AMPLITUDE ANALYSIS

I.C ml':

0.1 ap = 0.0 oy = 0.0
- A wy = 0.0 oy = 0.0 by = 0.0
0.
w
(rad/sec)
G. T N ,[r&““«”f— ; e
4 NP g 10
0‘
case (2): . a, = 0.0
0. case (4): - - -~ a,=0.5
ﬂ
1.2
= 0.1
| = 2.0
0.8,
0.4
Yy 4 f\
) / \ :
(rad/sec) 0.0 L 37 ! S Y
‘ o 8 10
4 |
0.yl t(sec)
0.8 )
\
. ; \']
1.24

FIG. 2.9(b). DEPLOYMENT DYNAMICS OF THE MORE GENERAL CASE.
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- III. EQUATIONS OF MOTION WITH
TELESCOPIC TYPE CONTROL BOOMS

The complete equations of motion of a rigid spacecraft with

telescopic type control booms are developed. The system is assumed
to consist of (Fig. 3.1) a central hub with center of mass at point
Q and one or two extendible telescoping booms with end masses mj and
Mo, respectively. The mass along the boom lengths is assumed negli-
gible in comparison with the end masses. It is assumed that, in
general, the two booms will be offset from the hub principal axes
with the coordinates a,b,c,d indicating the amount of offset.

The generalized vector equation of motion for such a system

containing a central hub and moving connected masses can be writtenlz:
T — e
= +
MQ LQ E:] mk (\"k/Q) X Y‘Q (3.])

where'MQ refers to the external moments, Q refers to the reference
point which is assumed to be at the center of mass of the hub, ?b

is the inertial accelerationof the reference point and Fk/Q is the
position vector of mass, m., with respect to point Q (Fig. 3.2).

It should also be noted that R, is the position.vector of the composite
system center of mass whose position will change with the movement of
™ and My The composite c.m. is assumed to move in a circular orbit,
and it is assumed that coupling between orbital (translational) motion

and the attitude dynamics is a higher order effect.
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The angular momentum of the system measured with respect to
point, Q, has three components,

L= Tpqt Eh]/q + Lo/ (3.2)
where Lb/Q describes the momentum of the hub, and Lp;/q describes the
momentum of mass m;. The hub momentum may be expressed in terms of
the hub principal moments of inertia and angular velocity components
as: _ _ =

Lb/Q = I]w-l'i + Izwzj + I3w3k (3.3)
where 7,3,k are unit vectors along the hub principal axes, and

Eﬁi/q = m; (F} X %}) s 1=1,2 (3.4)
where T, describes the position of m, relative to Q(?}/Q).

We will now consider the inertial acceleration of the reference

point (Fig. 3.2)

!}1= Re = ' ' (3.5)
In the absence of external perturbation forces and within the previous
assumptions ﬁ; = 0, and,

rQ = - rc ‘ (3.6)

From the def%nition of the system center of mass we can relate
. myr, + mor : |
o= 122 (3.7)
Q M+ Zm

whefe M represents the hub mass and

m = m] + m2
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After substituting Egs. (3.3), (3.%) and (3.7) into Eg. (3.1)
and assuming the external torques vanish, the following vector

rotational equation results:

Cig + Ty (Fy x 1) + iy (Fp 1 7p)

+ oy (7 x?é+F2x"r';)=o (3.8)

where

1

wy =y M + mz)/(M + Im)
fp = m, (M + m])/(M + m)
My = - m]mz/(M + m)

Eq. (3.8) is then expanded using the familiar relationship,

dL
20 I S vt (3.9)

Lb/Q i dt lbody
and for the specific geometry of Fig. 3.1,
r = ai + by + zk (3.10)
ro=xi+cj+dk (3.11)

1,2) may be calculated by usinglz,

The acceleration terms ?% (i

To=ax @x ) + WX Ty 28 X [F; Jpoy

+ 75 dpody

together with Eqs. (3.10) and (3.11).

The complete nonlinear equations of motion are obtained by expansion
of Eq. (3.8) and are expressed as

. 8 20,2\ 5 - aba
I]w]‘+ (I3 12) oty + 1y [ (b%+2z¢) wy abwz

-azé3 - azwjwy *+ (bz-zz) wow3 + abw]w3

+22é W] + bz (w32 - wzz) + bz] + Mo [(C2+d2) él
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-Cxéz - dx$3 - dxku]w2 + (c2~d2) w2w3
tCXwjwy - 2c;w2 - 2d§w3 + cd (w32-m22)]
+u3[2(bc+dz) Q] - (ac+bx) 42 - (ad+xz) é3

-(ad+zx)wjw, + 2(bc-dz) W3 + (ac+bx) Wyws

+2dzw) - 2bxwy - 2xzwy + (bdtcz) (wg2-w,?) + cz] = 0 (3.13)

Tow, + (I]-I3) Wyl = My [abw1 - (a2+22) Wy
+bzw3-b2w]w2 + abw2w3 +'(a2—22) CR)
-Zziwg + az(w32—w]2) + az] - uz[cx&]
-(d2+X2)&2 + cd&3 - cdw]wz + CXwoig
+(x2-d2)w3w] - 2ka2 + dx(w32—w32) - dx]
_u3[(ac+bx)&]—2(ax+dz)é2 + (bd+cz)<1:3
-(bd+cz)w]m2 + (ac+bx)w2w3 + 2(ax-dz)w3w]
-2(ax+dz)uwy + (ad+xz) (w32-w]2)

#xz-2x1 = 0 : (2.14)

Iywg + (I,-1;) wquy - wylazay + bz,
-(a2+b2) é3 + (bz—aZ) Wy, - aiw2w3 +‘b2m3w]
+2aiw] + 2b2w2 + ab(¢]2fw22)] - uz[éx@]
fcd&z - (c2+x2) &3 + (cz-gz) W)Wy

i _ s 2
3 +:cdw3w1 ZXXm3 + Cx(m]

-w22) + cx] - g3;[(ad+xz).&] + (bd+cz) &2

-dxwzw

-2(bc+ax) é3f2'(bc-ax) Wyw, = (ad+xz) W0
+(bd+cz) wawy + 2xzwy + 2czw, f:Zaxw3
+(actbx) (2 - wp?) + bxT =0 (3.15)
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Eqs. (3.13) - (3.15) are three coupled, non-linear differential
equations for the spacecraft dynamics in terms of the angular rates
(w],wz,wB), the positions of the control boom end - masses (a,b,z)

and (x,c,d), and the corresponding velocities (é,i), and accelerations
(%;';3. These equations are valid irrespective of the physical mechanism
which causes the control booms to excute their motions. For the

special case where my = 0, these equations correspond identically with
Eqs. (2) - (4) of Ref. 4, when ¥y has been defined according to

Eq. (3.10).
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FIG. 3.1. TWO BOOM OFFSET ORTENTATION SYSTEM.
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FIG., 3.2. GENERAL CASE OF TWO MASS OFFSET SYSTEM.
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IV. OPTIMAL CONTROL WITH QUADRATIC
PERFORMANCE CRITERIA

1. Llinearization of Equations of Motion

The equations of motion developed in Chapter III represented
by Egs. (3.13)-(3,15) are linearized about the following desired
final state: wy = wy = 0, wy = @, It s assumed that w;/Q<<1
(i=1,2), Jug - @|/a<< 1, and that x/s_, and z/ay are both <<1,
where 2, is the maximum boom length., In order to develop. the

linear system equations in non-dimensional form we further let:

1,2,3)

o = w]/Q; g = wz/Q; 1+y= w3/Q; T = Qt; Ii = I]-/pzm2 (d

i1

where p=reference mass; & = x/8,3 ¢ = 2/8p; ¢y = al s ¢, = b/zm;
Cqy = ¢/ s Cq = d/zm; and denote derivatives with respect to the
nondimensional time, v, by primes ('). The variational coordinates
‘are as B, Yy Whereas £ and ¢ represent the control variables and
describe the end mass positions.

For the case of a single-boom system (Fig. 4.1), m, = uz = 0,

and letting u = M the linear system can be expressed by:

r_ : he ~ -
I] + C22 -C1¢y 0 o'
- 1 2 | =
0102 12+c1 0 B
0 0 I +c]2+c ? Y
- - |
-c. Apipe2) o] [a]  [-c, ]
“% (I5-Iy*c, o o ~Co
- . + B
(1.-1.+c_2) c,C 0 8 c j
31 172 1 (4.1
0 0 0 Y 0
, | | |
Where -
Cu)=[z" + ] (4.2)
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It should be noted that for such a system three-axis control

with a single boom can not be achieved since y' = 0. Eq. (4.1)

1

can be reduced to the standard from: X' = AX + BU, where XT =

(a B) and the elements of A are:

Az = ‘{(Is‘iz)(iz+c12? Rl

Ayp = (13T (Iy¥c?) + Ty 2)/a

A22 = 2C1C2(13'I-l-12)/A (4.3)
B = -

1101/A | . (4.4)
and A = 1,1, + c]21] + c22 I

It is further noted that offset of the single my boom from at least
one of the hub principal axes is required for control, since if Cy =
¢, = 0 the system is uncontrolled.

A final state of zero inertial angular velocity can also be
considered'by}nondimensionalizing using an arbitrary reference value
of wp such that wile <<l for i = 1,2,3 in place of Q. Here the
non—dimensionaT variational coordinates are: o = w]/wR; B = mz/mR;

) =‘w3/mR; and other parameters are defined as earlier. The resulting
linear system reduces to | |

X' = A §(0) X + BU (4.5)
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where

§(0) = u)3(0) /wR

U=g" + &(0)z
Eq. (4.5) is similar to the standard form X' = AX + BU.

For the two-boom case when d = Cy = 0 and the equilibrium
state is: wy = Wy = 0, wg = Q, it is also possible to reduce
the linear system to the standard form:

DX' = EX + FU (4.6)
where the non-zero elements of the D and E matrices are:

Dyy = Iy # (u/u) cp2 + (uo/n) C32 + 2 (ug/u) cpcqy
Dyp = '(“1C1Cz‘+ u3cyC3) /1 = Dy

=1 2
D, = Ip# (ug/m) €

Dyq = i3 + (uy/n) (cq2 + 022) + (up/u) cg? + 2 (ug/u) cocq

£, = (T = Tp+ (u/u) e + (up/u) €5 + 2 (ug/u) ccq)
=1 -1 2
By = 13- Iy + (uy/u) ¢
and: ' |
F={-(uc, - u3C3) /n 0 1
(U}C]) /U A 0 » (407)
0 (u2C3 + Uscz) /N
. ' -
L i ] | -
H
S EthE _50- (4.8)



where
f] =-?c1u3/(u2c3 + u3c2)

Eq. (4.6) can be written as X' = AX + BU, where

A= 0'15 (4.9)

B=DF (4.10)
The two-boom offset systém will now provide three-axis control. The
systems, Egs. (4.1) and (4.6), have been linearized about a desired
final state of spin about the '3' axis; while Eq. (4.5) has been
linearized about a final state of zero inertial angular velocity.

2. Application of the Linear Regulator Problem

It is desired to design a constant gain regulator for the time
invariant system

X' = AX + BU | (4,11)
which minimizes the quadratic performance index

3= 5% (Xax + UTRU)dt (4.12)
where Q and R are constant positive definite symmetric weighting
matrices. From the theory of optimal con‘mﬂ]3 it is known that
the control law is of the form:

U= -R"TBTKK | (4.13)
where K is the symmetric positive definite solution of the algebraic
matrix Riccati equation:

KA + ATK - KBR™'BTK + Q = O ' (4.14)
In general the solution of Eq. (4.14) must be done using numerical

algorithms because of the algebraic complexity of the problem.
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For the applications considered here the control will
be of the form:

U=g atge=c'+c (4.15)

for the two-axis system;

i
1]

(1]
and U] h]] o * h]2 g+ h]3 y=" 4 (4.16)

Uy = hyy 22 B *hog

for the three-axis system, where the g's and h's represent the

a+ h g+ f]g' (4.17)
calculated gain constants. For actual implementation of the control
it will be necessary to measure the components of the main hub angular
velocity vector (which are proportional to «,B,y), perhaps with rate
gyrdscopes, and also to determine the length of z boom extension and
time rate of x-boom extension, perhaps optically or with a counter
attached to the motor which-drives the booms. The noacessary accelera-
tion terms ¢" and g".can then be provided by adjusting the motor
torque to a sufficient level, In this report it will be assumed that
all measurements occur instantaneously and that there are no errors

in measurements. It is hoped to treat these important effects in

a later study with an application of the estimator problem.

3. Numerical Results

a. Two-axis control using a single boom to reduce nutation
éng]e
When a single boom 1is offset from the z axis and the hub is
symetrical (I = Iy = 12) it is possible to solve the matrix Riccati

equation analytically.
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It is assumed that the boom is offset only along the '1' axis
(b = 0) without any further loss of generality. The standard
form of the equations of motion can be written, from Eqs, (4.1) -

(4.4), as

o' 0 -e o 0 | (" + ¢] (4.18)
. .
R d 0 B n
where
o (1 LT 2 3 2
d (13 I+ < )/ (1 + ¢ )
e = (I3 - I) /I
= T 2
n c]/ (1 + < )

- For this application of two-axis control it is logical to select the
weighting matrix, Q, in the performance index, J, Eq. (4.12), to have
diagonal elements inversely proportional to the maximum expected
value of transverse rate6

f 0| where f = Q2/w. 2
- T
Q= _ max

0o f

; O (aa9)

and we will select R as a unit weighting matrix (following Ref. 6€).
The expansion of the matrix Riccati equation Eq. (4.14), with

the use of Egs. (4.18) and 4.19), yields

/i - 212 - )

Kipd - 02K, + F=0 (4,20)
20 v

2K 22 L f=0 ‘ 4.22

B PARRELLY Y SLEL N » (4.22)
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Eaqs. (4.20) -~ (4.22) can then be solved for the elements of the

two dimensional symmetric K matrix as:

Kjp = [d # /@ +nZF 1/n | (4.23)
Kpy =+ VT -2e Ky /n (4.24)
Kjp = Koy (d-n? Kyp) /e (4.25)

where the choices of signs in front of the radicals are selected such
that K is positive definite. From Eq, (4.13) it is seen that the
control has the form

U= -[nK]2 nKZZJ (X) - (4,26)

As an illustrative example the system parameters and initial
- conditions are selected from Ref, 5, pp. 72479, where the movable
mass system is considered as a two-axis nutation damper for the NASA
21 Man Space Station (Fig. 4.2), ,

I=1.42 x 107 kg -2 (10.5 x 10° slug-t2)

I, = 2.03 x 107 kg -n2 (15.0 x 108 slug-#t2)

M= 6.21 x 10% kg (1.37 x 10° 1bm)

Q = 0,314 rad/sec (3 rpm)

m = 816 kg (1800 1bm)

a=19.8m (65 ft), b = 0, = By T 5.4m (17.72 ft)

i

w](O) = 0.03917rad/sec, w2(0) 0, w = 0,04 rad/sec.

Tma X

-54-



This results in the following values for the parameters:

d = 0,666, e = 0,428, n = 0,113, f = 61.63
and it is seen that K is positive definite if K]] = 219,13, Kyp =
-34.69, Ko, = 84,57, For m2(0) = g(0) = 0,. the response of the
state vector components is then calculated as

a(z) = e"0-%%T(cos 0.4287 + 1,262 sin 0.4287)a(0) (4.27)

8(x) = e 0-5% 2,501 sin (0.4281) a(0) (4.28)
under the optimal control:

U (t) = 3.92a - 9.578 = ¢" + ¢ : (4.29)
The solution for z{t), assuming z(0) = ¢'(0) = 0, is:

z(x) = 0,655 sin t + 0,417 cos t - e 0-%47(0,417 cos 0.428¢

+ 2,056 sin 0,4287) (4.30)

indicating that the boom will experience a steady state oscillation
after the initial trgnsient. The initial nutation angle is calculated

to be 5.0 degrees and for small angles may be approximated by:
8 = IVaZ + B2 /13 (4.31)

The decay of nutation angle for this case is shown in Fig., 4.3
(the cﬁrve labeled Q] for — 17,72 ft.) and compared with two of
the results from Ref. 5. When the maximum amplitude of boom length
ié 5.4m (17.72 ft.) it is seen that the time constant associated
with the nutation decay is approximately oﬁe order of magnitude
better when the linear quadratic performance criterion is used instead
of the non-optimal methodé of Refs, 4 and 5, In Fig. 4.4(a) for the
same case the motion of the boom end mass during nutation decay is

11lustrated,
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It is seen that within 30-35 secs. the transient part of this
motion is removed leaving a remaining steady state oscillation
with an a amplitude of 13.04 ft as predicted by Eq. (4.30). Also,
the initial disturbances in both the transverse angular velocity
components are removed by the motion of the control boom. At
this point the nutation angle reaches a (small) value within
mission tolerances and the z boom could be withdrawn to the zero-
length position and ready for re-use. This operation would require
a temporary boom-motor command or the activation of internal damping
in the boom extension mechanism so that the steady state amplitude
would eventually approach zero.

Also shown in Fig. 4.3 are the affects of varying the Q
weighting matrix. For the case already discussed the Q matrix has

the two dimensional form:

61.63 0
Q =
0 61.63

which yields the optimal control law given in Eq. (4.29) and repeated
here: |

U (t) = 3.92¢ -9.578 (4.32)

If for the same boom offset and Zay Ve let the maximum expected value

1aXx

= 0.1 rad/sec, then
max

of transverse angular velocity be, w

| 9.86 0
K =:[. 0 9.8;]
with the result that
U (r) = 0.787a -3.974p (4.33)
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The nutation angle decay for this case has a slightly longer time
constant which can possibly be explained by the smaller negative
coefficient of g in Eq. (4.33). The dynamic response of this case
is illustrated in Fig. 4.4(b). The amplitude of the steady state
boom motion is 7.45 ft which is smaller than the amplitude of
13.04 ft. for the case considered in Fig. 4.4(a).

For the same offset’ and a reduced Zooy " 3m (9.84ft) it is
seen that with the control law resulting from Q] the boom end mass
will actually exceed a displacement amplitude of 3m and the dynamics

of such a discontinuous system can not be approached analytically.

For Wy = 0.1 rad/sec. Q2 yields a control law of the form:
max

U (t) = 0.4566a -4.00778 (4.34)
and the corresponding decay of nutation angle is shown in Fig. 4.3.

The time response of the case considered here is shown in Fig. 4.4(c).
The steady state oscillation of the control boom ena mass has an
amplitude of 4.40 ft. and the nutation angle becomes zero after 130
secs.

In all the cases considered to this point the spin rate is assumed
to be constant (w3(0) = Q). Next, we consider the case where the
initial angular velocity about the '3' axis is not the same as the
fina] desired spin rate. The control gains are calculated from the
linearized equations and the dynamic response of the system is obtained
from numerical integration of the nonlinear equations of motion of the

system Eqs. (3.13) - (3.15).



The details of the numerical integrationg computer program listings
are given in the section COMPUTER PROGRAMS.

The results of this numerical integration are shown in Figs,
- 4.5(a) and (b) with weighting matrices selected as Q, and Q,
respgctive]y. The maximum amplitude of the boom end mass is assumed
to be 100 ft. The numerical results indicate that more than 200 secs,
would be required to achieve a zero nutation angle. The transverse
angular velocity responses are more oscillatory than those shown
earlier (e.g. Fig. 4.4); and the angular velocity about the '3’
axis reaches a steady state value equal to the desired final spin
rate within 150 secs. For this application, the three-éxis control
is achieved using only a single boom due to the nonlinear coupling.

4,5 have previously noted,performance is

As Edwérds and Kaplan
improved by increased boom lengths but in all cases considered here
where the boom motion remains continuous there is a marked improvement
in system performance by using the quadratic performance criterion
from linear optimal control theory.

b. Three-axis control using two offset booms

For more complicated applications of two-axis control (a # 0,

b # 0) with asymmetrical hubs and for the general case of three-axis
control numerical methods were used to solve the matrix Riccati
equation]4. Ref. 14 contains both a sampTe‘prob1em and computer
Tistings which were adopted for use with the NOVA 840 computer system,
For the general case, the dynamics of the contro11ed system were

simulated by numerical integration of the general (nonlinear) form

of Eqst (3.13) ~ (3.15), as developed in cartesian components.
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The computer listings and the program details are given in the
section COMPUTER PROGRAMS,

An example of the application of a two-boom system for three-
axis control is shown in Fig. 4.6(a) where initial perturbations
are assumed in both the transverse angular velocity magnitude as
well as the component along the spin ('3') axis. Furthermore the
initial disturbance amplitude is assumed to be less than 0.04 rad/sec.
in both transverse and spin axis components. The non-zero elements

of the Q matrix are calculated to be

= 02 2 = 2 "2 =
f = 0%/(a,BsY) max (0.314)2/(0.1; 9.86

The hub moments of_inertia, boom end masses and hub mass are the
same as in Sect. a. Based on this information the matrix Riccati
equation was solved numerically yielding the following control Taw:

U-l = 2,22420 -3.84893 = " + ¢ (4.35)

U, =-3.1401y = g" + f, ¢' (4.36)

The steady state values of the feedback gains were obtained
by numerically integrating the matrix Riccati differential equation
until steady state conditions were obtained. This 1hformation was
then incorporated into the simulation of the general rionlinear
equations of motion, Eqs. (3.13) - (3.15). It is seen from Fig.
4.6(a) that within 50 seconds the initiéi disturbance in both the
transverse angular velocity component as well as w3 (about the
spin axis) are removed by the motions of the two control booms.
After this time the z boom continues to exhibit a steady state

oscillation according to the U] control Taw whereas the x boom
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reaches a constant steady state amplitude of -47.5 ft (14.,48m).
The offset of the z and x booms are assumed to be equal (65 ft.)

Fig. 4.6(b) illustrates the dynamics of the system for a change
in the offset value of the x boom from 65 ft. to 45 ft. The
responses in Fig. 4.6(b) are similar to those shown in Fig. 4.6(a)
except that the constant steady state amplitude of x is reduced
to a value of -43.4 ft.

In an actual mission after the disturbances have been removed
these steady state motions could be stopped by physically retracting
the booms to the zero position. During all boom maneuvers simulated
here the extension (or retraction rates) fall within 0-10ft/sec which
is thought to be within that currently obtainable with such mechanisms.

Another example of three-axis control using two offset booms
is depicted in Fig. 4.7. The initial conditions are identical to
those of Fig. 4.6(a)‘as are all parameters relating to maximum boom
lengths, masses, and offsets. In Fig. 4.7 it is assumed that the

main part of the spacecraft is no longer symmetric with

7kg—m2 (10.5 x 106 sTug-ft2)

e
1"

1.42 x 10
and _
1.69 x 107

I kg-m? (12.5 x 10° slug-ft2).

2

It is seen that for the same weighting of the state variables and
control, the system in Fig. 4.7 requires a longer settling time to
reach steady state and that the steady-state‘amplitudé of the x~boom

is slightly reduced to about -45ft.
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c. Application of offset system during the terminal phase

of detumbiing maneuver.

A recent study3 has shown that a tumbling spacecraft may
be recovered by extending three sets of telescoping booms along
the hub principal axes. With an application of Lyapunov's second
| method3 sequences of boom extension maneuvers can be determined
so that the spacecraft will approach either of two desired final
states: close to a zero inertial angular velocity state or a final
spin about only one of the principal axes. The numerical results
of Ref. 3 show that there is always a small residual remaining in
the components of the state vector and that extremely long times
(and boom lengths along the principal axes) are required for a
significant reduction in the residual nutation angle when a final
~spin is the desired final state. It is suggested that the offset
telescoping boom system can be used as a means of rapidly reducing
the residual components of the state vector after an initial detumbling
maneuver using the strategy of Ref. 3.

As an example of the application of such a system, we consider
the NASA 21 Man Spéce Station under the following nonlinear initial
conditions: w](o) = 0.1 rad/sec; wz(o) = 0.2 rad/sec.; w3(0) =
0.5 rad/seﬁ.; where the desired final state is: wle T wpg = 03
w3f = 0.314 rad/sec. = Q. It is assumed that three sets of booms
with a uniformly distributed mass of 1.5 slug/ft can be extended
a]dng the hub (main part) principal axes from the center of the hub.
Following the strategy of Ref. 3, and noting that the hub '3' axis
remains an axis of symmetry during deployment, all booms can be
extehded until T3f = 41,0 secs. at which time the transverse booms

are stopped and only the extension of the '3' axis booms is continued.
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It is assumed that the principal axis booms have a constant
extension rate of 4ft/sec. The dynamics of this recovery operation
is illustrated in Figs. 4.8(a) and (b).

Suppose that at 50 secs. all operations with the uniformly
distributed mass booms are halted. At this time the transverse

booms each have a length of 164ft (49.99m) while %, = 200 ft

3
(60.96m). At t = 50 secs., it should be noted that although wy/%,

w2/9<1 and wa=0, the nutation angle remains at 17.40. The composite
moments of inertia at this time {(including.space station plus three

sets of uniformly distributed mass booms) are:

Iy = 1,=1=22.9] x10% sTug-ft2 (30.98 x 10%kg-m2)

i

I 23.82 X 106 slug-ft2 (32.204kg-m?) and 15 is still greater

3
than I.
At 50 secs. control is initiated using two pairs of offset
telescoping booms each with end mass of 816kg and an assumed maximum
length of 100 ft. (30.48m). For this application both the Q and R
weighting maérices are selected to be the unit matrix, yielding a
control law of the form:
()
Uy ()

11

0.49960 -1.32498
-0.9998y

It can be seen from Figs. 4.8 that within 150 secs. of the beginning

of the recovefy‘operation the nutation angle has been viktua]]y reduced
to zero and that the x offset bbom end mass has a steady state position
of -22.05 ft (-6.72m ) while the z offset boom exhibits a steady state
oscillation with an amplitude of 42.7 ft (13.015m).
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If, on the other hand, we had continued éo extend the uniformly
distributed mass booms along the '3' axis during the same time
period instead of activating the offset system, even though the
transverse angular velocity components would have been reduced,
the nutation angle would have remained essentially constant.
The effectiveness of the offset system in rapidly reducing both
transverse rates as we]]las nutation angle should be noted here.
Instead of stopping all operations with the uniformly distri-
buted mass booms at 50 secs., we now consider the case where the
operations are continued past t = 50 secs. and halted at 75 secs.
The control is initiated using the z and x offset telescoping booms.
The time responses of the system as seen from Figs. 4.9 are similar
in nature to those of Figs. 4,8 except that the time of stopping
the principal axes booms is changed. At t = 75 secs., it is to be
noted that I3 is smaller thén I and also the transverse angular
ve]ocities are smaller in magnitude compared to the%r values at
t = 50 éecs. From the simulation results (Figs. 4.9), it is observed
that within 200 secs. of the beginning of the recovery operation the
nutation angle has been reduced to essentially zero. Also, the x
offset boom end mass has a steady state position of -22.77 ft. which
is nearly the same value as in Figs. 4.8; but, the z offset boom
exhibits a steady state oscillation with an amplitude of 16,72 ft.

which is smaller than the amplitude of 42.7 ft. shown in Figs, 4,8.
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This is an advantage, since the magnitude of the control effort
with the z offset boom is reduced when the time of stopping the
operations of the principal axes booms is increased from 50 secs.
to 75 secs. It is also to be noted that the control action of
the offset booms takes place in the linear region of the system
dynémics (Figs.- 4.9), whereas in Figs. 4.8, the control action of
the offset booms initially occurs in the quasi-Tinear region of

the system dynamics.

~-64-

S e adve i, sesii



9 m (Q, b,%)

> R

1°(x)

FIG. 4.1. SINGLE BOOM OFFSET SYSTEM

D)




—99—

Ry —"y

Q -

N

19.8 meters

~ Boom
Track

Plan View Elevation

Fig. 4.2. NASA 21 MAN SPACE STATION CONFIGURATION

41

w\"L Controi

P S
(65 feet) Boom
Control v l Track
. §
]

é



-Lg-

(deg)’

_QUADRATIC PERFORMANCE CRITERION (OPTIMAL CONTROL)

_ 161.63 0 g = 17.72f¢
aii S [ 0 61.63} m
hco“‘
Bhie ~x-x-X- Q= [9.86 0 oy = 17.72ft
e 0 9.86
1\ ceeeees 0y = [9.86 0 m = 9.84ft
X , 0 9.86
3.0 |l
‘ .
IPE 2m\= 9.84ft (3.0m) Reference
_‘25 : ) (Edwards)
2.6 “.: 8. = 17.72 £t (5.4m)
lxi (Selection of Control System
‘lz Parameters - Non-Optimal Control)
\i
1\”'":
1.04,.71 :
S
VE
\ l "\
l\ \...,\'.' |
0 S —7 T T — Y
0 100 200 7300 400 500 500 700 800

time {sec)

N

FIG. 4.3 DECAY OF NUTATION ANGLE WITH DIFFERENT CONTROL LAWS (SINGLE BOOM SYSTEM)



-89-

N.35

.30 - % X p 3 R 'R ® X X
Wg 0.20 - wy Vs t.
(rad/sec ) ~ === wyvst
Oflo 1 X=X-X-X w3 Vs t
0.0 | 3  § 1)
50 100 t(sec) 150 200
-0.0lﬂ
Qp = |[61.63 0 ] fm = 17.72£t (5.4m) wy(0) = 0.0391 rad/sec
5.5 41754 0 61.63 Q= 0.314 rad/sec wy(0) = 0.0 rad/sec
15.0-4~ a = 65ft (19.8m) w4(0) = 0.314 rad/sec
'5.0 1\ ’
- “ ﬂ
10.04 m p
\
404 “ ’
-8 (ft) §
(deg) B \
3.0 - 0.0 N \r l' ' | { A |
\
1}
\ |
2.0 4 \ |
~10.0- ‘ U \
1.0 +
\
-15.0 \ zvs t
-17.5+ v e e e - 8 vs t
O-O ~.§-_
1§ L] | G LS
0 50 100 t{sec) 150 200
FIG, 4.4(a). DYNAMIC RESPONSE OF THE

SYSTEM USING SINGLE BOOM FOR TWO-AXIS CONTROL



..69-.

wg 4 o :h%ﬂr‘*“—-—'* X X 2 3 3 R =R X % X X
\
(rad/sec) 0.20 ] 0.02}{ \\\ wpvs t
1 . .
- mz _‘5 “\ - - - wz Vs t
it
0.0 0.0 f X —— X=X=X wg vs t
\ ’ ) ) T 4
o \ Y./ 50 100  t(sec) 150 200
-0.01
9.86 0 = 17.72 ft. wy(0) =
5.5 - Q =
| 15.0 4 2 0 9.86 = 0.314 rad/sec.  w(0) =
5.0 _ 8 74
1 a = 65 ft. 0. (0) =
10.04 » 3
1
8 4.0 =z ‘
- N | /\ /\ /\ /\ /\ /\ /\
1
1
|
3.0 0.04 l_
1
]
]
2.0 ' \\/ \\/ \/ \/ \/
’ i
10.0 \
1.0 “ony zvs t
L - Ay
15.0.] ‘\ st
\\~~ .
0.0 Sl
0 *50 700 t(sec) 150 200
FIG. 4.4(b).

DYNAMIC RESPONSE OF THE SYSTEM USING SINGLE BOOM FOR TWO-AXIS CONTROL

0.0391 rad/sec
0.0 rad/sec

0.2%4 rad/sec



_OL-

“3
rad/sec

6
(deg)

| 3 X 3 =X R %K X 4

wy vs t
— w2 vs t
X X=X~ w3 vs t
‘"—ﬁxs““=='1'“r“ ) . |
100 t(sec) 150 200
9.86 0 zm = 0.84 ft m1(0) = 0.0391 rad/sec
Qé = Q = 0.314 rad/sec wz(O) - 0.0 rad/sec
]5_{ﬁ\ ) 0 9.86_.l a =z 65 ft m3(0)>; 0.314 rad/sec
“
\
10— ‘
1.1
(ft) |\
L [\ /\ /\ N NN
B ]
\
* V\/ \/ VAVEAAVERY \f
-10 \
\
\ zvs t
_ A YO
=15 \\' , --—- B vs t
A Y
“\\
\--
‘l ‘-l.“.-‘-:i— n) [ ]
0.0 50 100 t(sec) 150 200

FIG. 4.4(c).

DYNAMIC RESPONSE OF THE SYSTEM USING SINGLE BOOM FOR TWO-AXIS CONTROL



—LL-

f
w T e e L v SRV SV S
3 e S NS —
(rad/ses) <91 A e e
0 2 - 0-02. ) (ﬂ-l vsS t
- == w, Vs t
< Y2 A X=X-X ws Vs t
Vi
0 g;rb 5;:\ %g= . %; ) PN
\ / i \_7 ~7 i
0.014 0 16D b sec) 200
150 9.86 0 = 100 ft w,(0) = 0.0391 rad/sec
5.0+ B Q, = 0.314 rad/sec  w,(0) = 0 rad/sec
10042 0 9.8 - 65 ft ay(0) = 0.35 rad/sec
4.04 : - -
] 504 :
(deg) 2(ft)] ~ /”\ A
3.04d Odm: — o : -
N VO \\J/ \\J/ \LJ/ |
-50d ’
2.04 : ~
: Y]
~100.- ’ zvst
. S e g vs t
1.04 RS
= ] 50- "3 o P A . 0
T T . =T ~
y 50 100 t(sec) 150 200
FIG. 4.5(a).

DYNAMIC RESPONSE OF THE SYSTEM USING SINGLE BOOM



0.4 = 0.04
w3 - “]-
(rad/sec)
0.2 J 0.02
T “27
0
0.02
-1
' 154, 1 0] 100 ft (0) = 0.0391 rad/
L= W = V. ragssec
N 5.0+ Q3 = [ i m w1 (0) = 0 rad/sec
1000 o1 o = 0.314 rad/sec  w3(0) = 0.35 rad/sec
i |
4.0 \l a = 65 ft
8 50
(deg) 2(ft] | [\\ /\ /\
1 .
3.0 0___,1\)f\ FaANIVA /\ /\ - |
| N/ \ \/ ’\ J T
{
-50 . i
2.0 i
{ .
1004 § A NN
i P\ /y { t } \ ‘ “ "
1.0 \ Arvivpr ol Yy oy o ___zvwst
"1 -150 i PN AR BN B Y B I B R ---- 0 vs t
f‘ T AWA / \f !f Voo N
; \/'\Ju\; "’\“j\!u,'l‘r\
; W ' v oy /
E: Q : v U vywvn
7 T J Yy v‘\,-,
| 0 50 100 t(sec) 150 200

FIG. 4.5(b). DYNAMIC RESPONSE OF THE SYSTEM USING SINGLE BOOM



- V.04

Cﬂ3 ..(.L‘l P e, . ot et e el o-—-——--———-—.—-—.—-—-——.———-——,—‘-—
(rad/sec) - wp Vs
0.2 40.02 - wy Vs t
Wy - === w3Vvst
0 0 1 Y ' ¥ ~ " ]
0 50 " 100 t(sec) - 150 : 200
9.86 0 0 Ly = 100fx (30.48m) w3 (0) = 9.0391 rad/sec
- Q,= |0 9.86 0 R
5.0 7 2 0 0 9.86 Q = 0.314 rad/sec 6y (0} = 0.0 rad/sec
100 ‘“r\ - a = 65ft (19.8m ) . w3{0) = 0.35 rad/sec
4.0 - | ¢ = 65Ft (19.8m )
50 A | -
8 z(ft)
(deg) a® » [ . .s . A .
3.0 - 0 g . ,'_: . '," -. ‘.“ .'A '_n' ® o v." . "x 4'. . "T
x(£t) : N P Y
..So_k i i e e I i i e e i R A e ad
2,0 7
eres  z vs €
-100 -+ - == XvVst
e B8 vs t
1.0 -
° 4 N v o |
0 50 100 t{see) - 15¢ . 200

FIG. 4.6(2). DYNAMIC RESPONSE OF SYSTEM USING TWO-BOOMS FOR THREE-AXIS CONTROL (I3=I5)



_vl-

W

(rad/sec)

(deg)

FIG. 4.6(b).

0.4 -
0.2 loo2l L. é] vs t
1. - Wy vs t
e U —— wa vs t
t ~ h ] ¥ Y = |
0 50 100 t(sec) 150 200
5.5 _ ,
5.0 _ 9.86 0 0 g, = 100 ft w](O) = 0.0391 rad/sec
100‘-q Q2 =10 9.86 0 Q= 0.314 rad/sec wZ(O) = 0 rad/sec
0 0 9.8 a = 65 ft w_(0) = 0.35 rad/sec
4.0 _ 3
50 | c = 45 ft
z(ft)
3.00 o |, . e Ry o O . . . .., .
x(ft) \. ) ted® ‘!" * ! d % -". ". l' * . 1
t .o .
-50‘,_ \/’\_————————-—.____.___________________.——
2.0m —
........ zvs t
-100
Nt X vs t
1.0,
8 vs t
0
i Y
0 50 100 t(sec) 150 20D

DYNAMIC RESPONSE USING TWO BOOMS FOR THREE-AXIS CONTROL (I]=IZ)



0.4 «u0.04
[¢V] }‘f\-/m—-—v-————_-‘—-—-——-—-——-——.

(rad/sec)

0.2 -~

0 SISYVET oy — — T I +
0 50 100 t(sec) 150 200
23T 9.86 0 0 S = 100£t (30.48m)  4;(0) = 0.0391 rad/sec
1 5 0 -’ QZ = O 9.86 0
] ) ﬂ 0 0 9.86 Q = 0.314 rad/sec wp(0) = 0 rad/sec
t
100 -
_ a = 65ft (19.8m) w3(0) = 0.35 rad/sec
4,0 - ,
(deg) z(ft)
3' O Ly 0 -"" - c-‘.' - l.'. - .-‘. .v .l..‘. o'
7 ¥ Y. 'a' *e o . [ Y ‘0'1
.I:(ft) *e 1’/ .o
~50 TE T T s e e e st mAre s meme G e o —
2,0 -
----- VA VS t
-100 - - - - xXVSELt
6vs t
1.0 =
0 ) .
1 T T 7
0 50 100 t(sec) 150 200

FIG. 4.7. DYNAMIC RESPONSE OF SYSTEM USING THO BOOMS ¥OR THREE - AXIS CONTROL (I7#I5)



M ?.—_(T; R R Moo iale ) B o e T o T
fe " 3 oo oy ) 4 . . N - D - o0 "t
* ¥ “ 2 ¢ B 3 : B % % < 3 il ¥ ke ¥ T 1 i =

i ) T T T i 3

Control using principal axes booms
—————— Control with two offset booms

-9/ -

0.5 .
w3 0.4 -
(rad/sec)
0.3
0.2 4 C
%, = 100t (30.48m)
w 0.1
1 a = 65ft 9,
(rad/sec) ] - (19.8m)
0.0 c = 65ft (19.8&m) -
1 X " Y
-0.1 4
-0.2 - , wy(0) = 0.1 rad/sec
Q3 = Unit Matrix 1 =
~0.3 d , wy(0) = 0.2 rad/sec
0.3« P = l.5slug/ft w3(0) = 0.5 rad/sec
0.2 Q = 0.314 rad/sec
wy 0.14
(rad/sec) \
0.0 \\ \\3#27/7‘\5‘~J7/~\
7 J1= = A S L ]
50 S 100 150 " 200
-0.14 ’ )
t(sec)
-0.2-
~0.3

FiG. 4.8(a). A )
(2). APPLICATION OF OFFSET BOOM SYSTEM DURING DETUMBLING(t = 50.0 sec)



...LL..

3 b A ] Gkt S 4 Leimcdu T

e S zZvs t
—e——g—— X Vs t
z(ft) 20 ‘/'\ ]/\
x(ft) q P
X / \
p = 1.5slug/ft Q3 = Unit Matrix .. Py = 100ft (30.48m)
a = 65ft (19.8m)
¢ = 65ft (19.8m) -
20 -
15 ! X .
- { Control using principal axes
Py 1 booms :
]
(deg) \ - — = - Control with two offset booms
t s ’
v/ \\
\
\
)
\
\
A
\
3
S 4 A .
\
\
\
\
N
. \\
0 l ~<_ |
(5 PR ¥ T | O - . . 5
50 t(sec) 100 ‘ 150 200.

FIG. 4.8(b).

APPLICATION OF OFFSET BOOM SYSTEM DURING DETUMBLING (tg=50.0 sec)



_BL-

Wy T3f -
(rad/sec)

41.0 sec

Control using principal axes booms

Control with two offset booms

[

W

3 - £+
| lm = 100 ft
0.1 w a = 65 ft
w1 \ /{-\~ ] c = 65 ft
(rad/sec) 0‘0< '/ . \\\1—//,,~rwa — A —— i '
-0.1 | ’ w, (0) = 0.1 rad/sec
-0.2 | Q3 = Unit Matrix m2(0) = 0.2 rad/sec
-0.3 w3(0) = 0.5 rad/sec
p=1.5sTug/ft o = 0.314 rad/sec
0.3 _
0.2 ~TL—t. = 75.0 sec
0.1 B o
wz 0.0 N TN e
(rad ) 1 T =T 1 T !
rad/sec 0.1 50 100 150 200
t{sec)
-0.2 | '
-0.3

FIG. 4.9(a). APPLICATION OF OFFSET BOOM SYSTEM DURING DETUMBLING (tf-75.0 sec)



T T ARSI AL T S L - ARt T

z(ft)
x(ft)

5/

3]
(deg)

50 - 7
0 -—az:f;:- X
! T 97 o h*-,/"q\» T \//*\r -
Y~~~ T e e g ey =y
X w—
-50 .
g = 100 ft
o = 1.5 slug/ft m -
G. - Unit Matrix a = 65 ft
20 _ 3
c = 65 ft
\\.
™\
15 ] \ Control using principal axes booms
\ ----- Control with two offset booms
\
10 _ \
\
\
\
\
5
\\
. a— \\\
0 ™~
] | j | T | ] ¥ v
0 50 100 150 200
t(sec)

FIG., 4.9(b). APPLICATION OF OFFSET BOOM SYSTEM DURING DETUMBLING (tf = 75.0 sec)



V. TIME OPTIMAL CONTROL WITH
SINGLE OFFSET BOOM
The investigations presented in Chapter IV considered the

design of a constant gain regulator for the time invariant system

X' = AX + BU ‘ (5.1)
which minimizes the quadratic performance index. In this chapter,
the problem of determining the control U (|U] < C*) which forces
the system (5.1) from the initial state X(0) to zero state in
minimum time is treated.

An admissible control U(t), transferring the system state

from X(0) to X(rf) = 0, is found from the solution of Eq. (5.1)

given by

X(x) = e x(0) + IS M) 4 (5.2)
For X(rf) = 0, Eq. (5.2) reduces to |

sf e Bu(e) do = -x(0) (5.3)

As an application of the time optimal theory developed, the
movable mass system is considered as a two-axis nutation damper
for the NASA 21 Man Space Station (Fig. 4.2). The standard form

of the equations of motion, given in Eq. (4.18), is repeated here

X' = AX + BU
where ‘
o 0 -e 0 |
X = ‘,A = sB = (5-4)
B d 0 1
U = n(g"+g) (5.5)



The quantities d,e,n and the primes have been defined already with
reference to Eq. (4.18). The solution for U(t), bringing the
system state to rest in minimum Tes is known to be U(x) = +C*,

with the number of switches depending upon the initial state of

the system15.

Considering the initial states that can be driven to rest in
a single switch (Fig. 5.1(a)), the control takes the 1"'orm]6

U(x) = Ky for 0. v s 1g; U(x) = K, for 7y < 7 5 7¢ (5.6)
where

'K]t’—‘IKzi = C*

Substitution of Eqs. (5.4) and (5.6) into Eq. (5.3) leads to

2
(1 - COSwOTS) Ky - (COSwOTf - COSwOTS)_K2 = u(O)wo/e (5.7)

sinu 7oKy + (sinu,te - sianTS) K, = -8 (O)wo (5.8)
where
mo=r’de

The expressions for the switching time, Tgs and the final time, Tes

are obtained from the solutions of Egs. (5.7) and (5.8) as:

(20,0 )k, - (A2482) )
T - L COS—] 'tan— _B_
s = u 2(K,-K,) VRED? R (5.9)
L. )
1
[ (2K, -K. )K,+(A2+B2)
. L cos™ ! ¢ 1 -tan'TB (5.10)
F T W, 2K, /RZFEZ | R '
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The control scheme for a single switching for o(0) > 0

and g(0) > 0 is shown in Fig. 5.1(b) where

U(x)

-C*for 0 s 1<

]
-
[qp]
*
—’,
o
-
~3
A
L
A
=
-

(5.11)

The system response for an initial condition (a(0)s g(0)) is shown
in Fig. 5.1(c) where the initial state X(0) is driven to rest in

a single switching at 1 = T The equation of motion of the boom
end mass is obtained from Egs. (5.5) and (5.11) as

n(zg"(t) + z(x))

-C*for 0 <1<

1]
+
(ap]
%
—h
(o]
-3
-
N
-
A
-~
—')

and hence the time response of the control mass is given by the
following equation (t < rf):

t(c) = - & qu(x) -costu(r)-2u(e-7g)

+ 2COS(T-TS)U(T'TS)} (5.12)
where u(t) is a step input (r>0).

For the general case, where the initial conditions do not lie
in the single switching region, piecewise solutions can be used to
obtain the system response analytically. Also, a time optimal
control solution can be obtained numerically using the techniques
of dynamic programming. This approach was employed by Kunciw]7
in analyzing the optimal detumbling of the system treated in

Refs. 4 and 5.
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VI. CONCLUDING COMMENTS

As a result of the analysis and numerical results the following

conclusions regarding the hinged system and the optimal control

with the telescoping booms can be made:

1. Hinged System (Chapter II)

- (a)

(b)

(d)

(e)

(f)

For the case of a symmetrical spacecraft closed form
analytical so]uﬁ{ons are obtained for two dimensional motion.
For stabi]ity (necessary conditions) certain inequalities
relating the hinge point offset coordinates to the moment

of inertia ratio and end masses must be satisfied for the
three dimensional motion (small amplitude case).

Hinge damping is always required for the nominal deployment
of the hinge members.

Other types of (nutation) damping are required to remove
transverse angular rates effectively since the hinge dampers
alone do not provide satisfactory nutation decay time constants
with the system parameters selected here,

The vertical offset of the hinge points increases the time
period of the damped transverse rates which may be due to

the redistribution of moments of inertia for the three
dimensional motion (small amplitude case).

The selection of the vertical c¢ffset of the hinge points for
the general case of three dimensional motion for large ampli-
tudes can not be done easily as there i§ no criteria which
assures the stability of the system as in the case of small

amplitude motion,
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For the system parameters considered here it is recommended

that the vertical offset be as small as possible.

2. Optimal Control (Chapters I1I,1V and V)

(a)

(b)

(c)

(d)

(e)

Three axis linear optimal control of a spinning spacecraft
system may be achieved by using more than one set of movable
telescoping booms (with end masses) which are each offset
from different hub principal axes.

When only two-axis optimal control is desired only a single
offset boom is required. The time constants achieved by
such a system when used for the reduction of nutation
(wobble) angle are one order of magnitude smaller than those
previously achieved using non-optimal control logic.

It is assumed that for the implementation of such a control
system instantaneous measurements of angular velocity
components, boom end mass positions, and extension rates
would be available as well as an on-board computational
capability. It is hoped to consider the effect of errors
and delays in measurements on such a system in a subsequent
study.

A.further application of the offset telescoping boom system
could be during the terminal phase of a detumbling maneuver
to quickly remove the residual components of angular velocity.
The time optimal control problem is solved analytically for
a single offset boom where the initial conditions are such
that the system can be driven to the equilibrium state with

a single switching in the bang-bang optimal seauence.

-85~



C- 2

VII. RECOMMENDED FUTURE STUDIES

1. Further Studies in Optimal Control

A logical extension of our current application of the linear
regulator problem for the optimal control of the telescoping system
would be the examination of the effects of both uncertainties in
measurements as well as errors in the modeling of the system by
the linearization technique, The actual implementation of the
optima] control law, once the gains have been set from a solution
of the matrix Riccati equation, would involve the sensing of angular
velocity components by rate gyroscopes and the determination of the
instantaneous boom lengths, either by a mechanical counter or by
relating end mass position relative to an optical sensor. In
other words, physical sensors would actually be involved in the
real-time determination of state variable components. These

uncertainties could be included with an application of the estimator

| problem where the differences between the desired state vector

components and the actual components due to measurement uncertainties
would be incorporated within the control logic. The effect of
errors in the modeling (due to linearization) could be examined by
simu]atihg tﬁé performance of the System using the nonlinear rota-
tioha1 equations in both linear and nonlinear regions. Finally

the effect of time delays in the actual measurements (assuming such
measurements could be performed with zero uncertainties) could be

analyzed by considering the state estimator-filter problem.
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The general problem of finding a control law that will result
in a minimum time recovery could be studied with an application of
a first-order gradient optinization technique using a digital
computer. The control variab]é will involve the boom end mass
acceleration with respect to body coordinates. Boom position
can be limited to defined quantities and a penalty function can
be used to insure a given range of positions. The problem of
optimal control with a minimum time criterion has been examined
analytically for the special case of a single offset boom where
it is assumed that the initial conditions are such that the system
can be driven to the equilibrium (rest) state with only a single
switching maneuver in the bang-bang optjma? sequence, For this
system it is possible to obtain an analytical éo]ution fpr the
switching and final times in terms of the initial ccnditions and

16,18
The

magnitude of the maxfmum.va1ue of the control force,
general time optimal control solution for this problem can only

be 6btained numerically using the techniques of dynamic programming.
This approach has}been employed by Kunciw]7 in analyzing the 6ptima1
detumbling of the system treated in Refs, 4 and 5,

2. Effect of Gravity-Gradient and Solar Pressure External
Perturbations

To date all of the results have been obtained by neglecting any
and all external perturbations (i.e. in torque - free space). As a
tumb11ng spacecraft is reéovered by appropriate maneuvers of the
appendages such effects as those dué to gravity-gradient torques and

solar pressure must be considered.
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Previous studies have been completed showing the effect of
gravity-gradient torques on the deployment of a gravity-gradient
stabilized spacecraft which is Tibrating only in the orbit plane

and where the total libration amplitude is sma11.19 Under these
~assumptions a series solution can be used to give an approximation

of the actual dynamics.]9 Although the present problem can not be
restricted to small amplitude motions because of the initial tumbling
or spin, for special cases such as a symmetrical boom deployment

and motion primarily within the orbit plane it is thought that an
analytical approach using the techniques of Ref, 19 may be feasible,
For the general case the effects of gravity-gradient torques could be
evaluated numerically with particular attentijon to any readily iden-
tifiable gravity-gradient induced reasonances.20 Solar pressure
torques can be approximated by assuming that for homogeneous boom
material the booms will bend away from the sun following a circular
radius of curvature and these torques can be compared with those due
to the gravity-gradient.

3. Effect of Flexibility During Boom Deployment

The problem of including flexibility effects during deployment
of té]escobing appendages has never been fully treated in the open
literature. A recent examination of a related problem considers
stabij%ty boundaries on the extension of a pair of axial antennas
whose undeformed state 1ies along the nominal spin axis.Z] It was
assumed that the rate of extension was sufficiently small so that
~ Coriolis effects due to the rate of change of length could be

neg]ected.21
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Ref. 21 determines how far the antennas can be extended before a
stabjlity boundary is approached but does not simulate the actual
dynamics during deployment, 1t is recommended that this problem
could be considered using two alternative approaches: a) by
'assuming the depioyahle members to be compound spherical pendulums
of variable Tength (according to the control law) where the degree
of flexibility can be treated by varying effective spring constants
associated with each of the two Euler angles. If deflections are
assumed to occur primarily in one plane, the spring constant
associated with the "out-of-plane" Euler angle can be selected
several orders of magnitude greater than the "in-plane" spring cons-
stant and b) the booms can be considered as a varying number of
finite elements depending on how much boom is actually deployed.

At any given time the combination of rigid body and structural
dynamics can be examined in a quasi-static manner. The limitations
of the second method, especially if external continuously acting
perturbations would be considered later should be noted, However,
in the absence of eXterna1 effects it is thought that the two
approaches could be considered as alternate methods of treating

the dep]oyﬁent dynamics with first order flexibility effects
included, and these results then compared with the previous results

which assume that the booms are competely rigid.'
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COMPUTER PROGRAMS
1. Hinged System (Chapter II)
a. Subroutines used: RKSCL, RKGS, SIMQ, RKNXT

b. Program listing

1JOR
{FORT/A/R/E/R/S FORT,LS/L
TLISTING '
€ DYNAMTICS NF HINGED DEPLOYMENT SYSTEM
EXTERNAL HSRO1 , HSROQ '
DIMENSTON PARM(S)Y, Y(7), DY(7), WORK(R,7), SIZELT)
O REAL T1,12,13%,L '
COMMON Y
COMMON 11,12,13,AM,N,M,A,RO,L, FD,Roi,QDB
COMMON C(5,9)
EQUIVALcmrF(Y(1).WI)-(Y(?) W2), (Y (3),W3), (Y (U),AY)
EQUIVALENCF (Y (R),A2),(Y(H),ALPHALY, (Y(T),ALPHAPZ)
CALL TNOUT(2,9) . )
CALL NPEM (1, ‘SFLLAPPAN' ,3,TER)
IFCTFR NFL1). STOP UMARLE TO OPEN FILE
CRFAD(?2,91) TMAX,STEP,TOL
READ(2,91) SIZE
S84 FORMAT(BFI1N.0)
- PARM(1)=0,0
PARM(2)=TMAX
1 PARM(3)=STER
C  INITIAL VALUES
Wi=0,1
W2=0,0
W3i=d,R2
Af=0,0
AP=0,0
ALPHAYI=] A
ALPHAP=Y (AT
Ti=R &
12=R,5 ST
13=210.,5
AM=0,125 ORIGINV 4.
RO=1,0 . OF ALPA ‘ -
L=, 6 BOORQU-GEB o e e e
A=0,0 ’ /
CO=0,1 ... ..

0. NB NG VE NG VG VO e WO UG VG VG SO V& G NG NP S8 NF WE. WP NP NG 20 WA W NG W N W 28 v e ~e
. i A




WO WO NG NG WG VO WG YO VG NG Ve @ NA VO N0 WO NS 8 we

NG R WO NS e e we we

CWRITE(5,95) 11,712,173

02
93

941

942

95

96

97

98

99
PROGRAM

RDL=2.0

RD2=2,0

- N=7

M=g

WRITF(S,92) TMaAY, STEP, TOL
WRITF(S5,93) Wy, 2,87
WRITE(S,QU3) M, A2
WRITF (S, 24z ALPHAL, ALPHAD

WRITE(5,96) BM,K0,L,A
WRITF(5,97) SI17E
WRITE(S,98)

FORMATC * {TMAX=?,FR,2, 10X, *STEP=' ,FR. U, 10X, " TOL=",FR,A)
FORMAT( OWY=",Fi0, A, 10X, 2=, FI0,h, 10X, ' %3=",F10,6)

FORMAT (DAY=, FR U,8xX,AP2?,FR 1)
FORMAT(*DRLPHAL=" ,FR U,85X, *ALPHAR=",F& ,4)

FORMAT(#0T12¢,FR,4,5%, *TR227,FR, U,5%,*13=,Ff 1)

FORMAT (POAMZ* ,FR, U,8X, RO’ ,FR U,8%, L=’ ,FR,4,8%, "2z, FR 1)

FORMAT(POSIZE,7FR 1)

FORMAT( 1,76, T, T17,°w1%,T30,°W2°,T4%, w3’ ,T5%,"A1 7",

PTAQ, * A2 TR, *ALPHAL? ,TOU, *ALPHAP ,T10&,THLF'

CALL RKSCL(N,STZ2E,DY,T0L,PARM)

CALL RKGS(RARM,Y,DY,N,IHLF,HSROYL, Hspoe,wnRK)
CWRITE(S,99)THLF

FORMAT(*OIHLF=’,13)

CALL EXIT

FND

IS RELUCATARLE el e
LTITL «MATIN

lFGPT/A/R/F/P/% FORT, l%/L

CALISTING

~® “a B e e w8 ~

TR WO R NG WG NG BE WP e WO W6 “e <9
»

OO

SURRDUTINE HSROI(T,Y,DY) :
DIMENSTON YC(T7), DY (7)), C(5,%), CX(5,5)
REAL TtlI?l];lL

COMMNN w1, W2,W3,A1,A2,ALPHAYL, ALPHAZ
chMON 11'I?'ISQAM'N'MpA;RG,LICD'pblJRDZ

_COMMON €

ALEDFR fHF ALPHALs AP=DER, NOF ALPHAP
CAL., OF COFFF, FOR LHS OF MATRIX EON
S{=SINM(ALPHAL) '

§2=STN(ALPHAR)

Ci=CNSCALPHAY)

C2=CNS(ALPRAR)

Afy=2, n*(Rﬂ*Pn+A*A+L*L)
AL2=RO*(S1+52)
A3z A (CY4CR)

c(i,1)=1 JEAMR(A1142, O*L*(Alz -A13))
C(1,2)=0,0

CC(1,3)=0,0

“Aja= AM*L#([+RH*51'A*C1)
Cl1,4)=A14

yT1IS, PTHRETA /)



. .
WO NG NG W N0 SO NG BE e e e

NS VB U@ N G I8 NS N6 VO WO N6 Ve S8 S8 N6 we V& e

MO, WG NS VO NG NG WG Ve Y8 VS NE VO N8 N w»

M N MO N0 W@ AP W e ¢ we
+ .

AISzeAMaLa (LeROKS2=AxC?Y ’
C(1,5)=815

C(2,1)=0,0

BI6z=2, 048 khe? OxAXLF(CI4C2)

AYT=Lxlx(C1xCy4C2*C2)
C(2¢2)=]12¢AMx (A 6+01T)

A18=8%(S1-=82)eR0Ox(C1=C?)

100

LL(3,4)=0,0

T C(4,33=0,0

CC(5,1)=015

LS, 4)=0,0

1920, 5xL&(2,0%S1%01=2,0%524C2)
C(2,3)==AMx_* (B1R+A19)

C(2,4)=0,0
C(2,5)=0,0
C(3,1)=0.0

L C(3,2 )= AMRL ¥ (AIREALT)

A20=2, 0%RN«R0+2, 0«ROKL*(S1+4S2) 4L L *(S1451452%52)
C(3,3)=T34AMKAR0

C(31‘31=0.0 .
Cla,1)=A14
C(4,2)=0,0

C(8,8)YsAMrl x|,

C(5,2)=0,0
C(5,3)=0,0
C(5,5)zaM*l %L »
DO 100 J=1,M

0O 100 J=1,M

CXCT,.0Y=C(T,d)

CALCULATION OF PHS OF MATRIX EON

Bi1=12-13

BI2=2,0%A%h=p OxAxL*(C14CP)

BL3=Lxl #(COS(P. . N*xALPHAII4COS(2,0%xALPHAZ) ) =2, 0%xRO&RO
Rildze? , 0xkRO*+L.%x(S1+52)
CIU=(RII+AMK (RBP4 1 34R1U) )+ W2 k1T

 BISZRNK(CI*AI4C2*AP) +Ax (STx81452%42)
C12==2, Ok AMIL xR{S%xNT '

D13z AMRBP1xW?

”D1a~-AM*L*B?21&w

Bi16=Ax(S1=SP)=ROx(C1=C2) = 0 %*L*(? O*Si*Cl ? 0%x52%C2)
Ci3z=rbMal *BI6x (W3 2w3en2an)

B172A{*A1*x(RO*CI+A*xS)) = A2*A2*(R0*C2+b*s2)

Cld==A"xl xR17

PY(1)= c11+c1?+c13+c1a Rn1*w1

P1R=T13-T1

R19=l «Lx (ST*Q1{+82%32) =2, 0*(A*A+l*L)+? Ok *xAx(C14C?)
N1 1:(‘1]84»'\ QY+ ey

BRO0ZA% (81 =~S2)=RUOX({t=CP)=0, S*(? 0*91*C1 -2 4 O*SP*CZ)*L
DI2== M| +E20%n *W2

g21=2, O*A*L*(Sl*h1+S?*A2) L*L*(Z 0*81*C1*51+2 G*AE*SZ*CQJ

R22=L« (A1 =h2)~ ?.O*A*(C}*AL-C?*A?)
FP?O LA (COS(2,0%xaLPHAL)Y*AL=COS(2,0*ALPHAR)XAD)
£2158224R220

g G U N P 0% —

DY(2)=D11+012+D134D14=RD24W2 GEXS
a&eﬂf’*“ oo gL
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Bz3i=11=-17 ,
BRU=p2 0% (RO+RO4L*xL)I42,0%x xROX(S1+52)
R2Szw #L*x(C1*C14C2%xC2)
E11=(R234AMA (RPAIRDS ) ) wiv ) W2
R26=Ax (S1=S23 RNO*(C1=CR)=0,5%L*(2,0x51%C1=2,0%S2+C?)
FI12=AMRl *xR26¥ 1T 4
RRT=2 ,N#POx(S1*xA1=S2+442)=| » (CNS(P,0%xALPHAL)IXAY)
B2R2L (A1 =AR2)4L A (NS (2, 0xALPHAR)*AR)
E13=AMRL % (R2T7+RB2R)%NP
B29=2 ,0%xRUX. £ (CI1xA1+C2%A2)
B30=LxLw(2,0%«S1+C142,0x852%xC2)
Eldzsea AMA (BPOA4F30) WY
DY(3)=F11+F124E13+4F 1 U
BI{=ROXCI+0,S* %2, 0+51xC Y
RIP2=2A%351=0,5+L%2,0+31«(1
R33=ROxC14Ax51, , ,
BiUzs= (A*xC14ROXxS1-_«COS (2. 0xALPHAL)Y)
B341=CDxl_ %, x4
NDY(QY=AMe L »(FPR1xw x4 %W W24 RIT AW F N ¢ RIU+WIRiP ) ek T/
DY(6)=A1 ’
B3S=ROKCP40,5%xL*2 ,0x32+C2
R3A=AXT2=0,0%L %2, 0282+ 2
RIT=ROXCP+b%xSP
B3B=L+CP2+RNO*x8P=L*xCNS(2,0%xALPHAZ)
CR3IRY=C0xLxL*bp? i B .
DY(S)=AMI L+ (RISAUTIANI4RIA W24 2+BTTAn i #WI4BIRKYTIxUP2)=RIHY
DY(7)=82
CALL STMA(CX,NY,M,KS)
IF(KSY 3,2,%
2 RETURN
T WRITF(S,4)
4 FORMAT(//7'STEGULAR FQUATIONS?)
 RETURN
oL END

i : :
RO NP WO NG NE NG NS WD TE MO VO NG NG S0 W8 @ S8 NG NG WS <0 NG B WO NG I WE " 6 WO V@ 8 8 wo v

PROGRAM IS RELOCATARLF v
LTTTL HSROY

\FORT/A/R/E/P/S FORT,LS/L

ILISTING o e e e it i

SURRAUTINE HSFO2(T,Y, DY, ITHLF,NNUM, P
LOGICAL RKNXT

DIMENSTON YC(TY,DY(7),DUMMY (7)

; DIMFNSTION ¥ (7) e

§ REAL 11,172,173,

i COMMON &1, w2, W4, M), ALPHAL, A2, ALFHAD
CDMMOM Il{I?;I3¢AM;NerA,RD.L,CD.QDloPD?
COMMON C(5,5%)

_DEG=%7,2957748% e
CALL HSROL(T,Y,DUMMY)
Hiz=C (1, 1)+xY (Y1)
H2=C(2,2)+Y(2)
H3=C (%, 3)%Y(3)

CTHETA=ATAN2 (SQRT(HIxH{4H2%H2),H3)xDEG

e o e o b S et S b e e e e o i

L8 %e WS %0 e @ “e v e

..

O e N N
i
1
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X(1)=Y(1)
X(2)Y=Y(2)
X(3)=Y(3)
X(4y=yY (1)
X(8S)Y=Y(5)
X(6)=Y(A)Y*[FG
X{7)=Y (7} *NKG
TP=T+0,0000R

- B CONTINUE
RETURN:
END

; i ;
w8 WE AP WG UG NG NG @ @ G @ WO

PROGRAM 18 RFLODCATAFLE

TMAX= 10,00

Wi= 0,100000

At= 00,0000 A=
ALPHAL= 11,6700

It= &,5000 12=
AM=  0,125%0 RO=

SIZE 0,3000

0.10060

c. Computer time

WRTTF(S,1) TP, X, IHLF,THETA )
i FORMAT (LY ,FQ 4,TF13,7,110,F9,4)
WRITFE BTMARY (1) ToX(3),X(2), X(1),X(7),%X(6)

LTITL  HSRO2
3TEP=  0,0500
w2=  0,000000
n.0000
At PHADZ 1.6700
£,5000 13=
Lle0000 L= 44,0000
85,0000

5.0000

‘10,5000

a,0000

TOL=0,001000

Wiz U,RP0000

Az 0,0000

4,0000

For 10 secs., of dynamic response simulated, 490 secs. of NOVA

840 computer time were required for a step size of 0.05 secs,
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d. Subroutine RKNXT

LioB

VEOR T RE SR P5 FORT. LSAL

ILIaTiG

: LOniCal FUNCTION PEHVTOINLES

> l-.!_l:‘llvl‘ i I’H‘r:‘j .'V' e
s DHTA 1HHLU‘QI; H:Jlfif

i IDIEF = IsiF - THOLD

: IF CIBiFF LEM. @) by I !

} iF LIDIFE WL, 40 S Tin 3%
: HesT = HENMTwawe 1D IRR

; o TD 32

: 35 COrT IHLE

; HEAT = HEXT/feai-1DiF7
: COHT THUE

THOLD = IHLF
: CONTIHE
H HLI\T
iF

.
[&N ]
[Fa]

w

Fv R0 VR
2§ 'h SN

H HE=T = 2w HLE

: G TO 7R

3 75 CONTIHUE

: EEHHET = (FALEE.

: 72 COMTIHUe

3 RETURH

H END

PROGROM 15 RELOCOTARLE-

ORIGINAL PAGE IS
OF POOR QUALITY]
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e.

1.JOB
LFORY/n/
LLISTING

9n
92

NG NG NG NG VG NG NS NG TG O V@ NS VS NG "G VO NG G S w@ sw 6 w9 o

PROGRAM

T IRLDR/M
TEXEC

Plotting program

R7E/P/S FORT,.LS/L

PARAMFTFR MNPTS=F01, WNV=S

T DIMENSION T(NPTS), V(NPTS,NV)

CALL TNOUT(2,%) o

CALL SPERL("SPLT", TER)

IF (IER JNF, 1) STOP == ON SPDOLING
WRITE(%,90) _ o

CALL OPEN(CY, 'SELLAPPANC® ,1,TJER)

IF(TER NE 1) STOP UNARLE TO QPEN FILE

READ RINARY (1) (T(T),(V(CI, ), J=1,NV),T=1,MPTS)
DO R AN=z1,NV

READCP?,7) WIDTH,HEIGHT , TMAX, VMIN, V4AX

CWRITE(S,92) wWIDTH, HEJGHT, TMAaX, VMIM, VMAX

CALL PSIZF(HINTH, HETGHT)
CALL PRNX

 CALL PAXES

CALL PLOR(O,0, T, TMAX, VMIN, V(] M), V4AX, NPTS)
CALL PLOT (1, 0+4METGHT,0,0,=3)

COMTINUE

CALL EXTIT

FORMAT(RF10,0)

FORMAT( L")

FORMAT (2%, /,» 1%, 1PSF15.5)

END

15 RELOCATARLE
o o WTITL JMATN
TMP/S 001 DRPOSPLOT LB FORT, LB
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2. Optimal Control (Chapters III and IV)
a. Subroutine used: MINV, RKSCL, RKGS, SIMQ, RKNXT
b. Program listing

PROGRAM T

{JOB

LFORT/A/B/E/P/S FORT  LS/L

LLISTING

C PROGRAM 1

C PROGRAM TO FIND A AND B FQGM GuMeF MATRICES

DIMENSION 8(3,3),8(3,2),6(3,3),F(3.,3),H(3, 5) F(3cc)a
«LL(3),MM(3)

REAL 11,12,13%,MB,M1,M2,(M
CALL INOUT(2,5%)

106 FORMAT(5X,13H THE A MATRIX/)
107 FORWA1(€X'15H THE B MATRIX/)
108 FORMAT(&6(1LPFPR0.8))

N3

t.=2

READ(2,101) 11112:130MR

WRITE(S,103)11,12,73,MR
101 FORMAT (4F20,2)

READ(2,102) M1,M2,LM
 WRITE(S,102)M{, Mz, LM
102 FORMAT (4F20,2)

READ(2,103) AA,BH,CC

WRITE(S,103)A4,88,CC
103 FORMAT (4F20,2)

Ci=A4a/LM

C2=RR/LM

C3=CC/M

Ue=Mp/(MB+M2)

UsSMix(MR+MP) / (MR4M ] $M2)

ULMslsl Mal s

AT1=T1/7UiM

"A12:12/ULM
AT 3=13/HLM
caL, OF G MATRIX

61, 1)=AT14C2%C24C3*C3=2,0%U2%C24C3

G(1,2)==C1*C2+4U2xC1*C3
G(1,3)=0,0
G(2,1)==C1+C2+4U2*xC1%xC3

.S W8 TO WO W VP AR WO WG VS Ve TG WO ¢ %P (16 WG Ve “@ ¢ e v
h H

(e ]

| |
!
i
t
i
E
|

" 0 %o e WE W@ “e T “e. “e we ve

ORIGINAL PAGE IS
OF POOR QUALITY
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' CG(2,2)=AT2+C1*CH
H - 6(2,%3)=0,0
,,,,,,, 1 _“.’i'_G(3vi) 0.0
. G(3e2y=0.0 — B U
H G(S.3)-AIS+C1*L1+C2*C2*C3*C3 “«2.,0%xU2*C2*C3
2+ € CAL,OF H MATRIX
HE H(1,1)=s=C1*C2+U2xC1xC3 T
H H(1,2)==(AT3%- AIa+C2*Ce+C5*L3)+? NxU2*xC2%C3
% H(1,3)=0,0
H H(2,1)==(AT1=AI3=C1%CY]) T
H H(2,2)=CixC2=~U2*xC1*C3
b H(2,3)=0,0
I H(3,1)=0.0 T )
H H(3,2)=0,0
——___ % ‘H(S'S) 0. 0
: C CAL, OF ¥ MATRIX ) -
; F(l,1)==C+UP*C3
R F(1,2)=0,0
; E(2,1)=c1
e WF(3 )= 0 0 . AU
i F(3,2)=C3~U2%C2
s C INVERSE OF G=F
o b DO 17 1=t N
H DO 13 J=1,N
’ 13 E(IP-J):G(Ipd)
| CALL _MIMV(E,N,D,LL,MMY R
: C CAL, 0OF A=ExH
s WRITE(S,106)
: DO 18 I=i,N
H DO 15 J=31,N
H ACT,J)=0,0
S A DO 1% K={,N B

- TE"

A(L )= A(I JIHECT, K *H(K, )
DO 16 I=t,N 1
(ACI,J),d=1,N)

’
s 16 WRITE(S,108) i
¢+ C calL, OF B=ExF
? WRITE(S,107)
R 28 DO 17 I=t,N :
3 DN 17 J 1.0
. $(I,J)=0,0
% ... DD 17 K=zi,N BN
: 17 RCI,JI=R(I,J)+ECT, KIXF(I,J)
: DO 1R I=1,N
S 18 WRITF(S,10RY(B(T,J),d=1,L)
: CALL EX1T
H END
PROGRAM IS RELOCATABLE
‘ R b A 8 JMAIN
“TIRLDR/M TMP/S 00{ DP0O:$SSP.LB FORT,LRB
JEXEC



10500000,00
1800,00

65,00

JTHE A MATRIX

2.16190000F ~3
6.,00141900F =1

0.00000000E 0

THE B MATRIX

8,27768800E =3
5,74183700E =1

0.00000000E 0

12560020 .00

1800,00 .

0.00

=5,55732400E =}
“2.16189600E «3
0.00000000F O

0.00000000E
0.00000000E

DO

3,84811100E =}

15000000,0¢
100,0¢
65,0¢

0.00000000E 0
0.00000000E O

T 0.00000000F 0

137000.00
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PROGRAM 11

i

_1JOB

\FORT/A/B/E/P/S FORT.LS/L
ILISTING

Lt

: ! . i ‘ !
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C PROGRAM II L
c RICCATI EGUATION PROGRAM (RTCATIT)

|
i

i

i

{
1
i
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i
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e w8 we “e
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|

e we We_S8. W0 WS

DIMENSTON AC10,10),B(10,10),0(10,10),R(10,10),

47fHK(1OI10)ID(!O!lO)lXCIO)lF(lol10)'6(10010)'
* G(I0,10),HC€10,10),S(10,10)

REAL K A

INTEGER OPTION,BLANK

COMMON/KALMANZICC, IFF, BLANK

DATA ICC,TFF,RLANK/Z®C *,'F *,* */

 CALL INOUT(2,5)

1000 FORMAT(1H1,5X,37THOPTIMAL CONTROL/)

1001 FORMAT(2I2) ,

1003 FORMAT (1HO,5X,13H THE A MATRIX/)

1004 FORMAT (1HO,5X,13H4 THE B MATRIX/)

1006 FORMAT(8F10.3) :

1007 FURMAT (A1,9%X,2F10,3,13)

1008 FORMAT(LHO, 45 (1H*))

1010 FORMAT (1HO0,5X,22H*%%x CONTROL OPTION x%x%/)
1011 FORMAT(6(IPER0.8)) ’
1012 FORMATCLHO,5%,13H THE R MATRIX/)

1013 FORMAT(IHO,5X,13H THE Q MATRIX/)

1014 FORMAT (1HO,5X,19H INITIAL CONDITIONS/)
101S FORMATCLHO,5X,8H TIME = ,1PE20,8/6X,5HGAINS)
1016 FORMAT(1HO,5%,21HSTEADY STATE SOLUTION//

x 6X,6H GAINS/)

100 READ(2,1001) N, M
WRITE(S,1000) _
WRITE(S,1001) N,M
TWRITE(S,1008) T
WRITE(S,1003)

DO 110 I=t,N
READ(2,1006) (ACI,J),J=1,M)
i WRITE(SI]Oll) (A(IIJ)IlelN)

WRITE(S,1004)
DO 120 I=t,M
RELD(2,1006) (B(J,T),J=1,N)
120 WRITE(S,1011) (R(J,I),Jd=1,N)
150 READ(2,1007,END=999) OPTTON,T1,T2,NPT
WRITE(S,1008)
IF(OPTION,FG,RLLANK]) GO TO 100
IF(UPTION,EQ,ICC) GO TN 300
300 WRITE(S,1010)
NR=M
TN@=N
DO 330 I=1,N
310 EC(I,J)=R(1.0)
DU 330.-J=1,N
330 F(I,J)=A(J,1)

|
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GO TO 400
400 WRITE(S,1012)
DO 410 I=1,NR o
CREAD(2,1006) (R(1,J),J51:0R)

410 WRITE(S,1011) (R(1,J),J=1,NR)
_WRITE(S,101%)
DO 420 I=t,NO
READ(2,1006) (G(1, J)rJ-i.VQ)
C 420 WRITE(S,1011) (Q(I,J),Jd=1,N0Q)
DO 430 I=f,NR
DO 430 J=1,NR
430 H(T, J)=R(I, J)
DO aaO I—1rNk
DO 4u0 J=1,N |
R(1,J)=0,.0
DO 4u0 Il={1,NR
440 R(I,JI=RIT,JII+H(I,IT)XE(JS,1IT)
. 1IF(OPTION,EQ,TCC) GO TO 500
500 IF(NPT,.GT,0) GO TO 530
DO 520 I=1,N
. DO 510 J=1,N
510 G(I,J)=0,0
520 G(I,I)=1,9
? EPS=0,1
GO 10 570
530 WRITE(S,1014)
PO 540 I=1,N
READ(2,1006) (G(1,d),J=1,N)
540 WRITFL(S,1011) (G(I,J),J=1,N)
WRITE(S,1008)
TIME=zARS(T2=T1)
P7S=200,0*TIME
XXz=NPT o
TXX=PTS/XX T
10=XX
DI=ID
YY=ABRS(XX=DI)
IF(YY . GT.0,05) ID=ID+¢
IT=PTS
TEPS=N,00%
IF(OPTION,EQ,ICC) TIME= T2
CWRITE(S,101%) TIME
DO S0 I=1,NR
D0 "800 J=1,N
“KLIOJ)=0.0
DO S50 11=1,N
550 K(I,J)=K(I,J)+R(I,I1)*G(II,J)
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ICH=1D
575 DO S8R0 I=1,NR

- S8 -

~-103-

560 WRITE(5,1011) (K(I,J),J=1,N)




DO SRO J=1,N
K(1,J)=0.0
DO SRO II=i,N
SA0 KC(I,JY=K(I,J)+R(I,I1)*G(I1,J)
DO S90 I=1,N
DO SS90 Jsi,N
H(I,J)=0,0
Lo DO 590 T1I=9,NR
590 K1, D=H(TI,N+ECI, T1I*K(1T,J)
. DD K10 I=z1,N
DO 630 J=t1,N
DCI,J)=0(1,d)
. DO 600 11=9,N
600 DC1,J)=0D(T1,JY+F (1, 11)*GCIT,I)+GCT,TI)*F(J,T1)=G(T,11)%H(TIT,Jd)
610 S(I,J)=6(1,J3+4D(I,J)*EPS
L IF(NPTLLELO) GO YD 640

LC=LC+1
CIFQLC.LT L ICHY GO TO 625
ICH=TCH+TD
ALC=LC
_ T=hALCxEPS
IF(OPTION,FRA,ICC) TIME=TR2=~T
WRITE(S,1015) TIME
D0 620 1=1,WR S
620 WRITE(S,1011) (K(I,J),J=1,N) "
IF(LC GF,ITY GO 10 150
625 DO A30 T=§,N-
00 630 J=1,N
630 6(I,J)=S(1I,0)
7 6L TO %75
640 SUM=0,0
DO 650 I=1,N
DO K50 J=1,N
- SUMsSUM+ARS(D(1,J))
650 G(I,J)y=8(I,J)
‘ IF(SUM,GT,.0,01 ) GO TO S75
WRITE(S,1016)
‘ DO 660 TI=1,NR
660 WRITE(S,1011) (K(I,J),J=1,N)
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60 TO 150

999 CONTINUE

| CALL EXIT ‘ ' ORKHNAI'PAGEgs
T S END . R S (m‘POOR'QUALI ,

PROGRAM 1S RELOCATARLE
e JTITL  JMAIN
IRLOR/M TMP/S 001 FORT,.LB

1 EXEC . e e e e e e e
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OPTIMAL CONTROL

A on . oo e s e e ibe bR e deamn b

32

TT2.16190000E 3

__0,00000000E 0

THE A MATRIX
6.00141900E =1
0.00000000E
THE B MATRIX

"8.27769200F =3

0,00000000E O 0.000000060E

JX4* CONTROL OPTION *xx

LTHE R MATRIX

1.00000000F. 0
0.00000000E 0

0.00000000E
1,00000000E

THE Q MATRIX

9,86000100E 0 0,00000000E
0.00000000E 0 9.86000100E
0.00000000E 0 0.00000000E

STEADY STATE SOLUTION

T GAINS
=2,21919500E 0 3,80596200F
0,00000000E 0

{EQF

"0.00000000E

~-105-

0

«5,55732400E =3

5 .TUIRITOO0E =i

0

< O

0
0

(= R )

._ﬁ»f“k_ﬁ**ﬁ‘rf‘k********i*:&t***tﬁ*******t********** o o

0.00000000E
0,00000000E
0,00000000E

0,00000000E
3.,84811100F

Ak kAR AR AR A kR Ak kA A kR Rk A KK AR AR R Rk F ok k ok Kk ok

0.00000000E
0.00000000F
9.86000100F

0,00000000E

T 3,14006300E

DO D

>0 o

i
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PROGRAM TI1

. .4Jo8s
'FORT/A/B/E/P/S FORT,LS/L
ILISTING ,

€ PROGRAM 111

C ¢ OPTIMAL CONTROL « TIME RESPONSES
EXTERNAL KSNC1,RS0C?
DIMENSTON PARM(S),Y(T7),DY(7),WORK(B,T7),STZE(T)
 REAL 11,12,13,MB,M1,M2,L"" ,
REAL KC11,KC12,KC13,KC21,KC22,KC23
COMMON Y
COMMON T11,12,13,MB,M{,M2,LM
COMMON N, M
. COYMMONM AA,BB,CC,DD
1 COMMON KC11,KC12,KC13,KC21,KC22,KC23
P COMMON C(3,3)
COEBUTVALENCE (Y (1) WIN), (Y (2),weN), (Y(3),w3N),(Y(U),DZIN)
. EQUIVALENCE (Y(S),DXN), (Y(AYsZNY, (Y(T),XN)
© O CALL INOUT(2,%)
CALL OPEN (1, °*SELLAPPAN’ ,3,JER) -
. IF(IER,NE,1) STOP UNABLE TO OPEN FTLE
READ(2,91) TMAX,STEP, TOL
‘ READ(2,91) SIZt
91 FORMAT(BF10,0)
PARM(1)=0,0
PARM(2)sTMAYX
| PARM(3)=STEP
INITIAL VALUES
TREADC(2,911), Y1,12,13,MR
READ(2,911) M1 ,M2,LM.

1

‘

ke

Q..

. ! ! H d
W8 NG TE NG NG VR NG GO NG NG WG U6 SO N0 R VO W V0 WE WE WO WG WO WO V¢ e

!
i
!
!
!
i

READ(2,911) AA,8B,CC,DD
911 FORMAT(a¥F20,4) '
 WINZ0,0391/0,314
TWRN=0,0 '
WINZ(0,35=0,314)/0,314
_DZIN=0,0
DXN=0,0
IN=0,0
XN=0,0 , ORK
S READ(?,913) KC11,KC12,KC13 OFlggg%P
READ(2,913) KCP1,KC22,KC23 VUL QUALITY
913 FURMAT(BF10,0)
N=7
Mzl .
CWRITE(S,92) TMAX,STEP,TOL
: WRI1&(SIQS) 11118’13 ’
CWRITE(S,96) M1,M2,LM
‘_' WRITE(S;Q”) AA,HB,CC,DD
WRITE(S,98) SIZE _
WRITE(%,9R81) KC11,KC12,KC13
WRITE(S,981) KCR21,KC22,KC23

{n0 o8 we ve _we “e

P S We NG NG WO V8 O eV SE_WE. O WA
|
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981
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PROGRAM

CEND

MRITE(S,99) ) i

FORMAT( 1TMAY=’ , FR U, 10%, STEP=',FRU,10X,*T0OL=",FR,6)

FORMAT (0113 ,F15,2,2X%,"1P=',F15,2,2%,°13=",F15,2)

FORMAT ('OMI=*,F15,2,2X, M2 ,F15,.2,2X,*LV=’,F15,2)
FORMAT(*00M="* ,FE U4,S%, "BR=’,FR U,5X,'CC=',FB,4,5X,'DD=’,F8,4)
FORMAT (*0SIZE*,7F8,.4)

FORMAT(RF10,4)

FORMAT('x'.Ta.'T',Ti7,'w1',T30.'wp',ruzp'WS',Tss.'DZ'
2T69,‘OX',T81,’Z',Tqu,'x'.TIOB.'THETA'.T115,’IHLF'o/)
CALL RKSCL(N,SIZE,DY,TOL,PARM)

CALL RKGS(PARM,Y,DY,H, THLF »B50C1,BSOC2, WOPK)
WRITF(S,100) IKLF
FORMAT(*0IHLF=*,13)

CALL EXIT

e e e ik . . D e

18 RELQOCATARLE
STITL +MATN

!FORT/A/B/E/O/S FORT,.LS/L

LLISTING

y

oy

SUBROUTINE BSOC1(T,Y,DY)
DIMENSION Y(T),DY(T),C(3,3)

;‘REAL_Tlr]?rIBrMB'MIIMZILM,
REAL KC11,KC12,KC13,KCP21,KC22,KC23

COMMON WIN,WeN,WIN,DZN,DXN, ZN, XN
COMMON T13,12,13,MR3,M1 M2, {M

COMMON N, M

CoMMON AA, KB, CC,DD

COMMON KC11,KC12,KC13,KCR21,KLCP2,KCPY
COMMON C

CAL.OFL,COEFF,FOR LMS OF MATRIX EQN
UsMy* (MB+M2) / (MBR+MY+M2)

|
|

W WG NG WP NG VG (VG NS N0 WO VO VG O WP WP AP WH we

R
1

H i ;
VO WG VO NP VG TP W WO WO O D e e

o

)
i
!
+

S C2=RR/ALM T

ULM= U*LM*LM
MONDIMEMNSIONALIZATION
AT{=11/ULM

Alg=T2/ULM

BI3=T13/ULM

CizaAa/LM

C3=CC/LM

Cadz=ND/ILM

ULSM 1 (ME+MD2) / ((MR+MT+MR) &1))

U2=M2x (MB4ML )/ ((MR+M]4M2) *xU)

=My M2/ (VR4 +M2) *1))

CUL o) =ATI4UI % (CRXCPHINKZIN) UK (CI2CI+CUXCU)

k=2, 04Uk (CORCI+CU%ZN)

i CC1,2)==Ut % (CI*C2)=U*CI*xXN+UZIX (C14C34C2*XN)

CUL,3)swlUl 2 (CIXZN)=UR2%CUAXXN+UTX(CI*CUHZNXXN)
C(2,1)==Ul % (CYAC2)=U*CI*XNIUIK(CI1*CI+C22XN)
C(2+2)sAJ24U i % (CL*CL+ZNAZN)+UA(CUKXCU+XNXXN)

kw2 OxUIK(CIXXN4CURIN)
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C(2,3)=wUl*(CO*ZNI=U2KCE*CU4UIR(C2*CU+CI*ZN)
C(3,1)==UI*x(CI«ZN)=URACURXN+UIA(CI%CU+TN*XN)

- C(3,P)==U1*(C2*ZN)=UR2+CIxCU+UIX(C2*xCUSC3I2ZN)

C(3:3)=A13+U1*(Cl*C1+C2*C2)+U2*(CS*C3+XN*XN)

kw2 0*UZK(C24%C34C 1 %XN)
" CAL. DF RHS 0OF MATRIX EGN

AZN=~ (KCLLI*WINSKTIP2*W2N+KCIZXkWINI=ZN
IF(M2,66,0,0) GO TO 75

T F1=2.0%U3%CL/ (U2%C3-U3%xC2)

60 1O 76

75 F1=0,0
76 AXNT~(KC21%WIN4KCR22*xN2N+KC234%nIN)=F 1 &«DXN

SN=1,0+W3N
At1=(AT3=AT2) xWPNXSN

CAL21zCl*ZN*WIN*WRNS (C2HCP=ZN*ZN) *W2N*SN4C1ACPWINKSN

CA122=P 0KZN*DZNIWINSCR2KZN* (SN*SN=W2N*H2N)+C2%AZH

A1 23zwCAXYNARINAWANS (CIACTI=COKCUI +H2NASN4CIA XMW IN*EN
AL US=2 0%CARDXN KNS OKCUAXDXMASNCI*CUX (SN*SNeW2tkV2N)

CA12=Utx(A1214R122)4U2% (A123+0124)

e AISE S (CLXCU+ZNKXN) XWINRWON$2, 0% (C2*C3=CUXZN) #W 2NN )
CALO=(CLHC3+CPAXNI*WINKSN42 , O0XCUXDZNANINm? , OxC2*DXNRE 2N
: n17_-g DEDXNKZNBSN4 (C2XkCU+CI*ZN)I * (SN* SNk 2k W2N) $CI*AZN

DY(I)"(A11+A12 813)

TBlI1=(AT1=AIZ) #ShKWIN
B121==CR2*IN*#WIN*W2AN+C I *C2AWAN*SN4 (CLACI~ZN&ZH) *SMNrW N
B1222=2, 0% ZN*DZN*WANFC I ZN* (SNASHe W { N W IN)+C1*AZN
Bl123==CixCUrv ik N2N+F3*XN*W2N*5N+( »CUXCUSXNEXN)*SNEKIN

CR124z=-2  0FXNRT xmkwpm+ru*xm*( EENmy { N W IM)=CdxAXN

. Bip= Ulﬂ(Plél+H1£2)+U2*(B123+H180)

- B1Ss= (CPHCU4C IR ZNIAWINKWAN (CI*CILC2AXNY X WRNASH
| B16=2, 04 (CIaXN=CAXZN)*SN*u{N=2 , 0% (CLADXN4CUXDZN)*W2N

Bl7=(CI1*%CU4XNAZN) A (SN.SNaWIN*WIN) XN AZN=ZN*AXN
BI3=U3x(RIS+B16+E17)

DY(2)==~(B11-B12+813)

ClI=(AT2=RATI)*xWIN*W2N

C121=(C2xC2=C1*C1)*WINAWPNm= Cl*ZN*WZN*SN+C?*ZN*&N*W1N

CC122=22,0%C1ADZN*WINS 2, 0OxC2*DZN*kWPNECIXC22 (VINKKIN= w?mfwaN)

C123=(C3+C 3 XNAXN)XWINXWRINeCUAXNKWRINASN4CI*CU*SNRl 1N
C124ze2 , 0*XNXDOXNASGNECIxXN* (WINAWINeWNxWIN)+CI%AXN

 U12zU1*(C1214C127)+UR%(L123+4C124)

C15822,0%(Co*C2mCIxXMN) XV IN*WONw (C1ACU+XNATZN) #W2NKSN
ClLAs(C2*CU+CI* NI REN* R INER , Ok XMNADZN. kA {N42, 0*xCI.DXN*W 2N

Ci17==2, 0*r1*DKN*5N+(C1*C%+CP*XN)*(w\N*~1N-mgm*;;N)+rp*AXN

C13=113%(C15+4C1h04C17)
DY(3)==(C11~C124C13)

byddy=azn :
DY (5)=AXN e e 22 e e e e et e e e e
DY(6)=DZN §i)
_dY(myEan QRIGINAL BACE o
CALL SIMO(C,DY,M,KS) o pooR GUAH e

IF(KS) 3,2,3
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] 2 RETURN

H 3 WRITE(S,4)

s 4 FORMAT(// * SINGULAR EQUATIQONS?)

3 ___ RETURN N i
T END o i

"PROGRAM IS RELOCATARLE

STITL BSOC1H
\FORT/A/B/E/P/S FORT.LS/L

!LISTIRB

: | SUBROUTINE RBSQC2(T,Y,DY,IHLF, NDUM P)
. ‘ LOGICAL RKNXT

. T DIMENSINN Y(7),DY(7),0UMMY(T)

: DIMENSION X (7)

: REAL 11,12,73,MB,M1,M2,1M

REAL KC11,KC12,KC13%,KC21,KC22,KC23
COMMON wWiIN,WAN, WIN,DZN,DXN,ZN, XN
COMMON T1,12,13,MR,M1,M2,LM
COMMON N, M
CosMon AA,RKR,CC,DR
COMMON KCit1,KC12,KC1%,KC21, KFZE.KF£?
T UDEG=57.2957795
CALL RSOCTI(T,Y,DUMMY)
WS=0,314
X{1)=Y(1)=nS
X(2)=Y(2)*¥S
X(3)z=(1,0+Y(3))xA8
CX(U)=Y(UYFLeRRS

X(S)=Y(5)«Mxn8
X(6)=Y(h)xM

}
|
i
}
i

H X(7)=Y(7)*LM ‘

: Hi=T1%xX(1) '

;. CH2=12xX(2)

. ; H3=213+4X(3%)

H : THETAZATANZ (SORT (HIxH1+H2%xH2) ,H3)*DEG

g TAZT /WS -

3 © T TP=TA40.00005 T
: ; IFC NOTLRKNXT(IHLF)) GO TO 8

s ; WRITE(S, 1) TP, X, THETA;IHLF

H c ) FORMAT(IX,F9,4,7F13,7,F9,4,110)

. WRITE BINARY (1) TA,THETA,X(7),%(6),X(3) s X(2) X (1)
H 8 CONTINUE

. RETURN

H END

PROGRAM IS RELOCATARLE

JTITL  RSOC?
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TMAX= 62,R000 STEP= 0,3140 TOL=0,001000

v

CIt= 0 10500000,00 )2= 12500000,00 13= ~ 15000000,00
Mi= 1R00O.00 Mp= 1800,00 LM= L 100,00
AAz 65,0000 BBz  0,0000 CC= 65,0000 DOz 0,0000

T SIZE  0.1000 00,1000 0,1000 4,0000 4,0000 2.0000 2,0000

-2,2192 3, R060 0,0000 :
S 0,0000  0,0000 37,1401

c. Computer time (Optimal Control)
PROGRAM 1: 109 secs, (matrix inversion)
PROGRAM II: 120 secs. (to reach steady state)

PROGRAM ITI: 382 secs. (to simulate 200 secs. real
: time response with stpe size= 1 sec,)

-110-




