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TECHNICAL MEMORANDUM X-173342

COMPUTER SIMU‘L'ATION RESULTS OF ATTITUDE ESTIMATION
OF EARTH ORBITING SATELLITES

I. INTRODUCTION

The computer simulation results of attitude estimation of Earth-orbiting
satellites are presented in this report. This is a continuation of previous
research work published in NASA TM X-64943 [1]. The theory, derivation,
and applications of decomposed linear recursive filter are described in Refer-
ence 1 which also shows the practical feasibility and advantages of these filters
by computer simulation. Six main simulation programs were developed for this
simulation program, written in BASIC language and executed by c. uters
HP 9830A and HP 9866A, and are as follows:

Program I — Gaussian Random Number Generation
Program 1l — Inverse of Symmetric Positive Definite Matrices
Program Il — Solutions of Ordinary Differential Equations

Program 1V — Simulation of Dynamic Systems in Stochastic Environ-
ments

Program V — Simulation of Attitude Estimation by Kalman Filter

Program VI — Simulation of Attitude Estimation by Decompcsed Linear
Recursive Filters.

Program ] generates Gaussian distributed random numbers with required
mean value and standard deviation. This program will be used in the modeling
of stochastic ecnvironmental disturbances and sensor measurcment noises. The
formulas of decomposed linear recursive filter involve an inverse of symmetric
positive definite matrices which can be calculated by Program II. Programs
III and 1V are used to find solutions of differential equations and difference
equations, respectively. Their results show how well the discrete-time model
(difference equations) represents the corresponding continuous-time model
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(differential equations) through the discretization process. For comparison,
attitude estimation of Earth-orbiting satellites by Kalman filter has also been
simulated using Program V. Programs I, II, III, and IV were used to develop
the simulation program ( Program VI) of attitude estimation by decomposed
linear recursive filters. These six programs will be described in the following
sections with programs also shown.

Il. GAUSSIAN RANDOM NUMBER GENERATION

Using the HP 9830A calculator, uniformly distributed random numbers
between 0 and 1 can be easily generated by executing RND(x), where x is a
dummy argument. Now the problem is how to generate Gaussian (or normally)
distributed random numbers with required mean value and standard deviation,
According to {2}, an approximation to normally distributed random number Y'
can be found from a sequence of uniformly distributed random numbers using

o=z

X -

N
i 2

[
[

=2 S
/L“.
12

where X1 is a uniformly distributed random number between 0 and 1, and

N is the Xi to be used. It can be shown that Y' approaches a true normally

distributed random variable as N approaches infinite, For this program, N
wasg chosen as 12 to reduce execution time; therefore, we have

Y =

12
LI -
Y - 2 x1 600 .
=

[ ]

The adjustment for the required mean and standard deviation is then

Y=Y *s+M
where S is the required standard deviation and M is the required mean.

2



Program I-1 (Fig. 1) is for the generation of Gaussian distributed
random numbers by using the previously mentioned method. In Program I-1,
three parameters should be specified as inputs: M (mean value), S (standard
deviation), and K (Gaussian random number needed). An example of generat~
ing Gaussian random numbers with M =0, S=1, and K = 30 hasbeen executed
and listed following the program.

Program 1-2 (Fig. 2) is for examining the characteristics of generated
Gaussian random numbers, i.e., to calculat: sample mean value and sample
standard deviation. These values can be u~.ed as a measure of whether the
generated random numbers represent Ga.ssian random numbers satisfactorily.
An example with mean zero and standard deviation 10~ was executed and the
results of Program 1-2 gave a sample mean of 1.132 + 10~7 and a sample
standard deviation of 1.05 « 107 for K = 30. These show that the error ir
the sample mean value is on the order of 10~7 and the error in the sample
standard deviation using 30 samples is less than 5 percent of the required
standard deviation.

111, INVERSE OF SYMMETRIC POSITIVE DEFINITE
MATRICES

The BASIC program to find the inverse of symmetric positive definite
matrices is presented in this section. The basic idea is first to compute a
triangular factorization of a symmetric positive definite matrix using the
square root mcthod of Cholesky [3). ‘T'his method is formulated in the following
two parts:

a) Given an n > n symmetric positive definite matrix A, w compute
an upper triangular matrix R such that

>
i

R R .

By Cholesky's method, the elements r, of R are computed from the following

. ik
recursive formulas:
a
1k
r = — K = 1,2, coey
1k rll



1.3 REM GEWERATION GOF GAHUSSTAM RAWDUM NUFBER

28 H=1

38 INFUT Sabiak

33 EEM C=STAMDART DEVIATIONs M=MEAH. k=CAUSSIAH RAHDOM NO. HEEDED
=0

| S8 FOR I=1 TOD 12

j 60 B=RHDS

| 70 A=A+B

‘ &9 NEXT I

98 Y=C(R-gixz+0

160 FRINT Y

110 N=N+1

120 IF N<K THEH 48

130 END

-1.8042R5282
-0.9€0225274
B.898244%14
-3,5774714383
1.8236124359
1,28335297%2
~1.392937854
-0,05949544¢
-9.242933592
-2.62313211
-1,185240732
2.9858305528
B.472294134
A.489685242
1.260506930
1.332385458
A,302455026
-9, 979977 LEE
9,E93572032
-0.4720502220
-3,34157 2382
B, 2ERSEEH366
B.47N02747
B.EZI35192
B, 128073018
~-@,.304474062
B, 7TFRA21986
A,063883114
B.659247762

Figure 1. Program I-1: generation of Gaussian random number.
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1@ REM CHECK IIF GRUSSIAN RANIOM HUMBER
Y ?aéUT Sk
3 iMah
gg REM S=STANDARD DEVIMTIOHs M=MEAHs K=CRAUSSIAN RHHDON HO. HEEDED
36 U=0
37 V=8
40 RA=Q
%6 FOR I=1 TO 12
' €@ B=RNDS
79 A=A+B
8@ NEXT I
90 Y=(R-6>%S+N
180 PRINT V¢
102 U=U+Y
104 Y=yeyt2
118 N=N+i
120 IF N<K THEHN 48
122 U=UsK
124 V=SQRCNAFD
126 PRINT UV
130 END

-1.80421E-06
-9, 60825E-07
8. 98245E -07
-8, 7747 1E-07
1.88612E-06
1.28339E-06
-1,39299E-06
-5, 94984E-08
-2, 42940E-97
-2,62313E-06
-1, 10524E-D6 -
2.05031E-06
4,72294E-07
4,89508E-07
1.26051E-06
1,33231F-06
9.03455E-87
-9, 79977E-07
6.98572E-07
-4, ?2558E-07
~3.41572E-07
2. 60360E-07
4,70037E-07
6.22352E-07
1.28073E-07

' "3: ?23;3523; OPUCBILITY OF THE
5.86881E~08 ORIGIN AT PAGE § PO
6.59343E-07 '
1,1321%6-97  1.05027E-u6

Figure 2, Program I-2: check of Gaussian random number.
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1
b o = a"er j=2.3....,n
jk rjj (jk =1 1j ik) .

K = j, j#1, esep n

b) Since A™!=R-! (R")T , to compute A™! we need to find the inverse
of upper triangular matrix R. Now the elements T of R are computed
from the following recursive formula:

L ()
r, = -— r, T i<k
By \metn @ mk)
- 1
= = i=k
ik Ty
'fik=0 i>k .

After we find R™}, we can compute A™! = R™! (R™)) T,

Program II (Fig. 3) gives the inverse of any 3 x 3 symmetric positive
definite matrices. This program can also be used to invert any n x n symmetric
positive definite matrix by changing the array dimensions of the matrix and the
statement (with statement number 120),

In Program II, the input is the A matrix and outputs are R, R™!, and
A-1, (Note that R™! is denoted by symbol P and A~! is denoted by symbol

Q.)

Example — A 3x3 positﬁre definite and symmetric matrix A:

A= 11 2 2
1 2 6




Seay NIH W e S TeRE e T
e H=3
VA THRUT M0 as LN d s sHU Ls 3 3s Al el s e 32700
Y ROLs L )=Seid 14100 .
1 FOR ¥=2 T N
120 FL1sK=AC1+K)- B[ 1411
17 HEXT K
160 J=2
199 5=0
o400 FCR I=1 w0 -1
210 S=S4pr I 02
220 HEXT i
2u0 RO JI=S0RCAL de J )=%0
24N [F J=H THEHN 40
250 FOR K= 141 T H
26 =0
oo FoR -1 70 J-d
200 U=UsRC I 114FT T8 K 2
2an NCRT I
SO0 FT Mk )=dn0 de b 3ol 1e )3
CED OMERT N
ol s NN ERN P | .

339 GuTO 199

548 PRINT FOYo 1 LeRCL s eI te 3 LRI ST ML 23T RL 3050
454 DIN PL 2y

4T FOR =1 TGN

w0 FTde JI=17R0 10 )

Gl HenT J

404 [=N=1 }

45 FOR KE=I+1 TOH

41 Y=

470 FOR MH=l4s TOF

EREE R S Y IR ES S A PN ,
474 HERT M

474 PLIsK ==Y RIIS 1]

472 HEAT V

qe0 I=I1-1

o2 I0 Tiw THLH d4ead

A7 PERINT PLIsL D PLLs 2Pl 30ePT 22 Jol'LEs20sPL 302])
S aITM L3y 2) '

S99 FOR I=2 T H

S FOR K=1 TO I-1

S0 FLIsK =0 —_—

S50 MELT K

S99 NFaT I

Oy FufR A=l g i

v b s TOOH

CISERIE U P WL

2 F0OF K=1 TO N

0 DL e 3=00 D LI+F0 o VPR )

St HEVT L

g HEAT L

70 HEXRT J .
EEW PRINT OC3s12e00 142050 1933800 2e23s002:30500353]
€=1) END

Figure 3. Program II: inverse of symmetric positive definite matrices.




is used as input to execute Program II. The outputs are

£ ot 1]
o S | L A | i
0 0 2
1 =1 0
R = |1 1 -0.5 3
0 0 0.5
and
C S | 0
Al = |-1 1.25 -0.25 .

0 -0.25 0.25

The following matrix multiplications are to check the correctness of this pro-
gram and results.

1 1 1|2 =1 0 1 0 0
AA-t =1 2 2] |1 .25 -0.25|=]0 1 o0
1 2 6f/]|o0o -0.25 0.25 0 0 1
1 1 1|[1 -1 o 1 0 0
RR-! = |0 1 1|0 1 -0.5]=]0 1 o *
o o 2/lo o o.5 0 0 1
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St

1 0 o 1 1 1 1 1 1
T
RR=1]1 1 0 0 1 1]=1]1 2 2|=A .
1 1 2 0 0 2 1 2 6

IV. SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS

Given a set of first-order ordinary differential equations (Note: high-
order differential equations can be transformed into a set of first~order differen-
tial equations)

dx
37 = L(xt)

with initial value x(ty) = % where x(t) is an n-dimensional vector and { is
a vector-valued function of x and t. The modified Runge-Kutta method by
Gill [3] is used to find the solution to this set of first order differential equa-
tions. This method improves the storage requirements and accumnlated
roundoff errors of the classical Runge-Kutta method. Now the resulting vector

x(ty + h) 4 X4 is computed by the following formulas with x(t)) = x, and
Q=0:

k= hef (% t)

1
Xy = %+5(k-2Q)

Q - 9.0+3[§<54-290)] -3k

Sl ah R i R L e >

i SR
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9‘=93+3[-§(5q-293)] LR

Here Q, represents approximately three times the roundoff error in x; accu-
mulated during one iteration. It can be used as a check of calculation accuracy.
For the next iteration, Q; isusedas Q, ty+h as t,, and x; as x.

The adjustment of the step size h is done by comparison of the results
due to double and single step size 2h and h,

Program 111 (Fig. 4) is presented using the modified Runge-Kutta
method to solve a fifth-order system:

10



20 DIM Xx{6),a(8) K[5)
30 N=5

40 INFUT RI1Dedllo in 3604 R0S]

5 T=0

€9 FOR I=1 TO S

70 0L I1)=0

86 NEXT I

90 H=108

95 W=@

100 A=0

110 FOR I={ TO 12

120 E=RNDS

130 A=A+B

140 HEXT 1 .

158 S=(A-6)#Q, 00000251

200 L=1

210 K[1)=H#x(2]

220 KL2)1=H# ([ 31+:[41+3)

230 K[3)=0

240 K[ 41=H+0.00244[S5]

250 KLS)=H*(-0,002)%4%4)

260 IF L>1.1 THEN 245

270 FOR I=1 TO S

280 “[11=¥{11+0.5% [1)-2#Q[ID>

299 MEXT 1

308 FOR J=1 TO0 S

310 OLJI=Q[J1+3%0.5 K[JI-2+00J2,-Q,5+¢K[J]
320 NEXT J

330 L=L+!

340 GOTO 210

343 IF L>2.1 THEH 425

350 FOR I=f TO 5

360 X[(I1)=X[1)+(1-SQR(D.S))*% kI I3-CLI D) .
370 NEXT ‘1

380 FOR J=1 TQ &

390 QL J)=QL JI+21-2RRCB. S )# (KL VI-QJ-(1- SQR(B S))aKCJY .
400 NEXT J

410 L=L+} -

420 GOTO 210 )

423 IF L>3.1 THEH 510

430 FOR I=1 T0 §

440 YL I)=X[1J+C14SORCO.S#CkKlTI-QCI D

458 NEXT 1

460 FOR J=1 T0 S

470 QL JI1=QL JI+3%(1+S0RCO, Sr 20k J])~ OEJJ) (1+5GRCQ, S))eK( J)
480 NEKT J

490 L=L+1

300 GOTO 210

310 FGR I=1 TO §

520 XIIJ=XIIJ+(F[1]—E*GLIJ}fe

$30 HEXT 1

%40 FOR JUs] TO S

S€0 GLJI=QL J)+5& [ J)-2#00 Y0 6~ u.4~ttJ,
560 HEXT J

STO PRINT TeHs L1l i 324100 S J.G[lJ.QEZJ,u[31 014).0[5]
676 W=0 A
S80 ToT+H

600 F T<3001 THEN 100

600 END

Figure 4. Program III: modified Runge-Kutta method.
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&| &

k= = f£(xt) §
i
{
= Ax+Gs
0 1 0 0 0o | 0 i
0 0 1 1 0 1
=0 0 0 0 0 x+ |0} S
0 0 0 0 0,002 0
0 0 0 -0,002 0 | |0 ]

where s is a random variable having Gaussian distribution with mean 0 and
standard deviation 2.51+ 10™®, It was found that the results are satisfactory
for h= 0,01 second. In Program IIl, the input is the initial value x(0) and the
outputs are time t, x(t), and Q.

One of the purposes of solving this differential equation is that its
results can be used as a measure of the accuracy of discrete-time model
through discretization process which will be described in detail in the next
section,

V. SIMULATION OF DYNAMIC SYSTEMS IN |
STOCHASTIC ENVIRONMENTS . “

At first we introduce the discretization process [4] in which differential
equations are transformed into difference equations. Let us rewrite the fifth- ;
order system considered in Section I as follows:

:)5_-';-A§+Gs .

i e o

12




It can be shown that the solution x(t) of this equation in terms of initial
value x(0) and input s can be given as

t
x(t) = eMtx0) + [ AP aez) @
0

or equivalently

t+At
?E(t“‘ At) - eAAt?E(t) + j eA(t+At-z) Gdz° S(t) .
t

or using discrete-time system notations, we have
x(k+1) = ¢ x(k) + Bs(k) (1)

where x(k) denotes the value of state x at the (k + 1)th sampling instant and
matrices ¢ and B are

s = MOt
-1 At 0,5 (At.)2 250 000 (1-cos 0, 002 At) 250 000 (0,002 At - sin 0,002 Atﬂ
0 1 At 500 sin 0,002 At 500 (1-cos 0.002 At)
=10 0 1 0 0
0o 0 0 cos 0,002 At sin 0,002 At
_f) 0 ] -sin 0,002 At cos 0,002 At

13
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5+ (At)?)
At
B = 0 )
0
. 0 —d

Since s is a Gaussian random input, Equation (1) is a discrete-time
stochastic system. In Program IV (Fig. 5), the simulation of discrete-time
stochastic sysiems includes the generation of Gaussian random number. When
we compare these simulated results with those of continuous-time equations
(using Program III modified Runge-Kutta method), it shows that this discrete-
time model with At= 0.01 second is a good approximation of the continuous-

time model.

1020 DIM Y(5]

1030 7=0

1040 H=100

1050 INPUT Y([1],Y[2],Y[3]1,Y[4],Y[5)

1193 H-ut

1118 FOR I=1 TO 12

1128 BE=RHDS

117580 H=R+E

1140 HEXT !

1189 S=(A-5. 0, 20000291

116@ YI11=40 L TeH#YVD 2 340, SoHI 2 2 SHABAS I -CDSC R, B02sH) s 4)
116S YL I=Y0 152800000, QR isH-5 IH' H AUz #HX D+ S 140, _.+HT.;¢_,
1170 Y[21=Y{ 2 1H+HY0 3 1+S00-5TH0a, 00 sH o #5 [ 4 14500+ (1 -C0S (3. 002%HY »#Y( 5]
1175 %2 )=vlZ I+H+S

1188 V[3)=[3] *

1189 U=Y(4]

1199 Y14 1=C0Sn, a0zsHI Y[ 3 I+S M0, 0a2$sH %[ 9]

1208 VIS I==SIHG, OOz #H s+ 00500, aa2sHy+ [ S ]

1218 FRIMNT T+HsY[1 YL 220230434705

1cea T=T+H

1230 IF T<3001 THEN 1100

1240 END

‘Figure 5, Program IV. discrete-time stochastic systems.
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VI. SIMULATION OF ATTITUDE EST!MATION BY KALMAN FILTER

The previous four programs will be used in this section for the simulation
of attitude estimation of Earth-orbiting satellites. The Space Telescope, which
is an Earth orbiting satellite, i8 used as an example in this simulation and the
Ka'man filter is used as the estimation tool. The discrete-time mathematical
model of Space Telescope (1] can be represented by

x(k+1) = ¢ x(k) + Bs(k) (2)

where 8 is a Gaussian random number with mean 0 and standard deviation
2,51+ 10~ or covariance Q= 6,28 * 10~!?, The measurement equation is
represented by

y(k) = Hx(k) + v (3)

where H=[1 0 0 0 0] 1is a row vector and v is the sensor noise which is
also modeled as a Gaussian white noise with mean 0 and standard deviation
7.26 « 1673 or covariance R= 52,7+ 107%,

Kalman filter for the estimation of state x(k) of the above system is

R(k+1) = ¢ X(k) + K(k+1) [y(k+1) -H¢ X(K)] (4)
and

%(0) =

where (k + 1) is the estimation of x(k + 1) and is represented as a com-
bination of two terms: one is the previous estimate x( k) of the state and the
other is the correction by the current measurement y(k +1). K(k+ 1) is
called the optimal gain which is determined by minimizing mean square
estimation error and can be calculited by

15



K(k+1) = P(k+1/k) HT (H P(k + 11k) HT+R)“ (5)

where P(k + 1|k) is called a priori error covariance matrix and is obtained
from a posteriori error covariance matrix P(k|k) as

P(k+1/k) = ¢ P(klk) ¢ + BQB (6)
and
P(O]O) = Po .

Furthermore P(kl|k) is obtained from the previous stage a priori error
covariance matrix P(k|k-1) as follows:

P(klk) = (I - K(k) H) P(klk-1) . (7

It is assumed that the random numbers s(k) and v(k) are uncorrelated.
The initial statc x(0) is unknown and is modeled as a Gaussian random variable
with mean my = 0 and covariance P;=1 (identity matrix).

The calculation procedures of Kalman filter program (Program V, Fig.
6) are as follows:

a. Calculate P(1]0) using initial value P(0]/0) = P, and equation (6).

b. By P(110) and equation (5) to calculate K(1) (in general, this
procedure involves a matrix inversion.).

¢. Generate Gaussian random number s(k) and, for the simulation
purpose, assume an initial value x(0) then use equation (2) to calculate the
state x(1).

d, - Generate random variable v(k), then use x(1) and equation (3)
to obtain the simulated output y(1) .

16
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REM L=Csu+E#5 o =HendY
FEM “ b e aninSy ESTINHTL 0F TRUE STHTES S0 ce o oe®0 100
THFUT RIEY 0V il sl 3 el 11
FEM IHITIAL %ALUES OF EXTIMATE: “THTE HND ERRAR COYARTANCE MATRIN
THFUT 01 3vul2)e XU 3e 60410005
IHFUT Fl 1l JeFL 2923 PL 202 s PLAs 31 FIE45)
FOR I=1 T v3-1>

FOR J=1+1 TO S
FLI»J03)=0

HEXRT J

HEAT 1

FOR [=2 T S
FOR J=1 To I-1
FLIsJI=FL Is11
HEXT J

NEXT 1

T=0

H=0.0!

S0 0D TR L LS 5 SO N La D

PO e 3 0= s s 4t po 0 Dt == (1Y Bo G 100t Bt o0 [ —
DD DD DD DO

—
<@

228 H=S

220 L1yl l=1

240 C[1y21)=H

250 CL1y»3)=0, 5141

260 CL1ydJ=28mpniye s L=l sni s
276 CL1y S 1=250000« 0, i 2~d-SfH g it e H
2e0 Cl2y11=0

299 CL2y21=1

208 CL2y31=H

310 CU294 1S+ [HI0. AR2sH

320 CL2»8)=S0u+ 1 -CQ550, DulsH o0
330 CL03,13=0

40 Cl2])=a

350 C(3,»3 1=

268 Cl3+41=0

378 CI{31531=0

3580 Cl491 1=0

330 Cl4y21=0

400 ([ 4,32 )=0

410 CLas4)=C0 0. 002aH

429 CL4r S )=S0, D32 -H

420 C[%«1)=0

440 CLS,»2)=h

450 C0%, 3)=0

460 CLSed I=="Hen (T ey

A70 CISS )= s i Peid

480 8(1,1]=05°H12
490 8{2.1]=H

Figure 6. Program V: Kalmar filter simulation.
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500 B{3,1]1=0
510 B[4,1]=0
SMBEHO

Hl1s1 =
HO L s
HL 1
HL 1
HlO1s5 ]=02

FEM CALCULATE R PRIORI POIsd
FOr I=1 Tt H

FOR J=1 To H

IfIsJ1=8

HEST J

HE®T I

FOF I=1 TO H

FOR L=1 TO H

FOrR k=1 TO H
OETsLd=D0IsLI4C0 Ik I5PLESL]
HEST K

HEST L

HEXT 1

FOR I=t TO H

FOr J=1 TO H

201y d1=03

II II

—
[

Dol

‘.

g
| ST AT T e

1

]
]
1=E
]

g

e
I
-~

d
]

1 I8 SN ' I
-

DD DD

Lo

o 5

HEXT .
HEST I
FOR I=1 TO H
FOR J=1 70 H

FOR L=1 TO H

GLLsd1=00 IaJI+D0 I L 2+ 4sL ]

NEXT L

FOIs J1=00 I« 340, 3000R00380RE25*ET 141 5B 11 ]
HEXT J

HEXT 1

REM CALCULATE OFTIMAL ERLMAH GAIH

FOR I=1 TO H

FCIJ=PL LI 17CF0 el 140, BAOASET )

HEXT 1 )

PRINT KLUk Z21eEL 2 D40 ELS]

FRIMT POIst3sPOLsE3eFLLo23sPL1vd Y FLl'u]
FEM EHMHIOM MO, uLHEfHTIHH

e R R e a Wl xR R e e Noallas R Rt N IEN IS ENENENENENEST, A 8 N W' (86 8 S0 S8 0O O, e NS B0 B4 RS N8 A R R
OO = T A D3 Gl G e G0 0 G P 5 DD 0D = T O e GO T = (D 00 S —d = T T e D T T oY 00 =) ] T N g

DD DN T AL DD NS DD DS D E DT DD oD

FEIMT PU3:1)eFIZ 2 P02 ]-FEI-4]:P[3sS]
FRINT FO4s13sF0 4420y FE%.‘ ThPldsd 1 FL45]
FRINT POSs 1 LeFIS«2 P52 e FPISy 4 10 FL 395 ]
Fi1=1

R2=8

FOR 1=1 T0 12

EBl=RHDS

Bz=RNDE

890 A1=A1+B1
900 A2=A2+B2
910 NEXT |

Figure 6. (Continued).
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e T RO L

[ —
‘“?‘W’“‘\-‘:wn}‘!ﬁﬂﬁ'ww:vy B
"

920 S=(A1-6)"0.00000251
930 V=(A2-6)*0.00726
935 REM CALCULATE TRUE STATE AND OUTPUT FOR SIMULATION

346 FOR I=1 TO S

T8 E[I )=8

968 HMEXT 1

Q78 FOR =1 TO

988 FOR K=1 TO 5

990 ECJI=ELJI+CT s K J#HIE+S]

1008 NEXT K

1610 EC JI=E[ JI+EBL 12 1]%5

1928 HEXT J

122 FOR I=1 TO 5

1024 WII+SI=E[I1]

1026 HEXT 1

10308 Y=X[E I+V

1835 REM CALCULATE ESTIMATED STATE
1840 FOR I=1 TO S

1950 F(11=0

1860 NEKT 1

18678 FOR I={ TO 5

1620 FOR J=1 T 5

1090 FUIJ=FIT1+C0Is.03%60J]

1100 HEXT J

1110 SOIJ=FOI J+EQT I*{W-FL 1 10

1126 HEKXT 1 .

1130 REM CALCULATE ERROR COVARIAMCE MATEIX
1160 FOR I=1 TO 5

1179 FOR J=1 T0O S

1180 GCIvJI=FLI» JI-KLTI5FC 1> JJ ..
1185 GEIsJ3=G0Ts J3-GOIs 1 J#KLJJ+A. 300AS2F K0 T I+l 1]
1198 HERT - J

1286 HERT 1

1262 FOR I=1 7D S

1284 FOR J=1 TO 5

1206 PLIs J)=GITsJ] )
1207 HEXT J

1208 HEXT 1

1210 PRINT T+HsX[1 il Z23s 8l 300 nl 41 HIS KL 10
1220 FRINT PL1s1):PL1s2)s F[l;:J;F[l 43:Fl1:5]

1222 FPRINT PLZ2y1 1hPL2e2)sFL 2+ 21 F( 254 10FL 2451

1224 PRINT FL3s11sPL3 3];P[3sf]9F[”s4] FL3S95]1]

1226 PRINT P[4!1]!F’[4!.’.’]’ [4s21sF[4541sF[4+5]

1228 PRINY PLSs13sPLSs2)sFLSs21sFIS5941sFL55)]

1230 PRINT V[b]°9[1]s&{?] W21 HLEY-RL 22 X[9])-

1240 T=T+H

1250 IF T41 THEH 528

1269 END

Figure 6. (Concluded).
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& By the output y(1) and optimal gain K(1) to obtain the estimated /
state x(1) from equation (4) with X(0) = m,.

f. Next calculate P(1|1) by equation (7).

g. Procedures a through f are repeated to find %(2) , %( 3), etc.

Inputs of Program V are as fcllows:

a. Initial state of this system (five components): x(6), x(7), x(8),
x(9) and x(10).

b. Initial values of estimated state: x(1), x(2), x(3), x(4) and x(5).
These values are usually selected equal to the mean values of the system's
initial state.

c. Initial values of diagonal elements of error covariance matrix P,.

Outputs of Program V are as follows:

a. K(1), K(2), K(3), K(4) and K(5) — optimal gains

b. T+h, x(1), x(2), x(3), ..., x(10) where
T+h — sampling instant,
x(1), x(2), ..., x(5) — estimated states for the system,
x(6), x(7), .+, x(10) — simulated states of the system,

c. P(1,J),1,J=1, 2, 3, 4, 5 error covariance matrix,

d. x(6) - x(1), x(7) - x(2), x(8) - x(3), x(9) - x(4) and x(10) -
x(5) — estimated errors.

A flow chart of this program is shown in Figure 7.

A summary of the simulation results using the Kalman filter :. presented
in the following paragraphs.

With initial estimated state 9&1(0) =0, two computer r.:., have been
executed in the simulation study for initial state x,(O) =1 and 5 respectively.
It is shown in Figure 8 that the estimated state x,(k) approaches the true
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START

Y

INPUT CALCULATE
x(1), P(1,J) Rk + 1)
h: 0.0l

o R SN et " g

e D

} | !

:
SYSTEM CALCULATE .5

Pk + 1k +
MATRICES e + 1k + 1)
¢, B, AND H

\ PRINT

Kk +1), T, x(k + 1),
CALCULATE - Rk + 1), Plk + 1ik + 1)
Pk + 1ik) Rk +1) -x(k +1)

Yy  /

CALCULATE
Kk + 1) T=T+001

Y

RANDOM
NUMBERS YES
s AND v B 4 i
GENERATION

Y

CALCULATE
x(k + 1) AND
ylk + 1)

Y

Figure 7. Program V flow chart.,
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' FOR THE CASE x,(0) =5
|
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o 4 |
W
= |
- |
(7]
[ ' Xl(k)
W
- I
e |
W
a |
z |
i |
< 21
w |
: , FOR THE CASE x,(0) = 1
-
o |
=1
2 I
[ - g D S
1] ———
a
| 7/
| /
/
4
] | | 1 1 | 1 1 1 | o
0 1 2 3 4 5 6 7 8 9 10

TIME ¢t =0.01 - K

Figure 8. Comparison between true s;\ate and estimated state using
Kalman filter (with %,(0) = 0).

state x,;(k) very fast and then follows the trajectory of the true state precisely.
Figure 8 also shows that the accuracy (or characteristics) of the Kalman filter
does not depend on the initial value of the system's state, i.e., the simulation
results are rot sensitive with respect to initial state values.
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Figure 9 presents the estimation errors and the rms error curve. The
Tms error curve is a root mean square error curve obtained from the diagonal
elements of error covariance matrix P of Kalman filter. It gives a measure
(in the probability sense) of the error at time K. That is, most of the error
points in Figure 9 will lie within the two dashed lines (i.e., rms error curves),
This curve can be obtained without using measurement information. In addition,

the estimated errors shown in Figure 9 are very small and will decrease even
more with time.

Figure 10 presents the variation of rms error curves for different Q's
and R's which are the covariance matrices of disturbances and sensor noises,
respectively. Four computer runs have been executed for this study;
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=
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Figure 9. Estimation error x,(k) - ;\q(k) by Kalman filter
(with x,(0) =1, %(0) = 0).
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MEAN SQUARE ERROR CURVE p,, (k)
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Figure 10, Variations of error curves with respect to Q and R.
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From the curves of Figure 10, it is shown that for this system, the rms
error curve is not sensitive with respect to Q values, but is sensitive with

respect to different R's. To obtain a more accurate estimation requires smaller
R values. (Note that all curves are obtained using p;;(0) = 1074,)

VII. SIMULATION OF ATTITUDE ESTIMATION BY DECOMPOSED

LINEAR RECURSIVE FILTER

Decomposed linear recursive filters were developed previously [1] for

the attitude estimation of Earth-orbiting satellites. These filters were shown
in Reference 1 to have computational advantages over Kalman filter., The
simulation procedures and results of attitude estimation of Space Telescope
using decomposed linear recursive filter are presented in this section, The
discrete-time mathematical model of Space Telescope [1} can be written as

)_(1(k+1) = Cl z(_l(k) + ng(k) + Bis

(8)

2(kH) = Cyz(k)

. . . T
where X; and z arc the state variables of the overall system, i.e., x=[x z| ;
s is a Gaussian whitc noisc 2s described in the previous scction; and

1 Al {
C, = , At sampling period, {

0 1

0.5 (At)* 250 000 (1 - cos 0,002 At) 250 000 (0,002 At - sin 0,002 At)
Cy
At 000 sin 0,002 At 500 (] - cos 0, 002 AL)
0.5+ (At)?
B, ,
At



1 0 0
Cg=1{0 cos 0.002 At  sin 0,002 At .

0 -sin 0,002 At cos 0,002 At

The measurement equation is

x (k)
y(k) = H + Vv (9)
z(k)

where row vector H and Gaussian white noise V are defined as those of the
previous section.

To estimate the state of this system, we use decomposed linear recursive
filter which is described as follows:

Ji(k) = %K) + V(1) v H(K) B(K)

(10)
2(kr1)

i

Cs2(k) + K (k1) [y(ke1) - Hy Cy Xy(K) - Hy €, 2(K)]

where ;_\c_‘ and _'g‘_ are estimated states of % and z, 2(0) = [1074, 4 - 1074, O]T,

and
a. X(k) is obtained from the following formula:

X(kr1) = Cyx(k) + K (k+1) ly(k+1) - Hy Cy X(K)] (11)

where H,= [1 0], X(0) = [0 O]T, and l?x(k+1) satisfy
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where

and

where

and

R (kt1) = §_(ke11K) By [Hy p_(k+1lk) By + R]

- - T T
p,(kt1lk) = C;p_(kIk) C;” + B QB

1 0
p_(010) = .
X 0 1

b, Vx and VZ are obtained from
V(1) = (1=K (ke1) By) U, (k1)

Vz(k+1) = Uz(k+1)

k+ = k
U, (k1) = CyV (K) + CpV (k)

Uz(k+1) S O Vz(k)

0 0 0 1 0

v, (0) =
0 0 0 ’ v,(0) =] 0 1
0 o0

1

(12)

(13)

(14)

(15)
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C. Kz(k+1) is given by
v T T .
K (k) = V_(K; M(k+1) V." (k) H," R (16)

where M(k+1) satisfies

'T -
Ux px(klk-l) 0
T T
M(k+1) = M(k) - M(k) H {H H + R
U, | 0 0
- 1
U v]? U
X X X
+ H M(K) HTY o M(k) (17)
U U U
z Z_ z
with initial value
100%¢ o 0
M(0) = 0 1070 o0 .
0 (] 104

The procedures for calculating the estimated states in this program
(Program V1, Fig. 11) are as follows:

a. From equation (13) using initial value EX(OIO) we get ﬁx(llo) R
b. Then by equation (12) and 5x(1I0) we can calculate Rx( 1),

c. System's state and output are obtained by first generating two
Gaussian random: numbers 8 and v and then we have x(k) and y(k) from
equations (8) and (9).
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1450 REM DECOMPOSED LINEAR RECURSIVE FILTER SIMULATION
1460 REM X=C*X+8°S, Y=H*X+V
1470 REM X(1),.....X{5) ESTIMATES OF TRUE STATES X(6),....X(10)

1503 DIM SO1Zde kDS e Pl e o QoS Teitl "y o Zo HE Lo B b a2 30BN 2 Je FLS S GL D0 Dol Te

1519 DIM YIS 2delSe 2 oMU 5o 20 HE S0 2Dk 2o 2 3eil S s L S0 5 )
1923 H=0.01
1539 1

LAY
1548 1.2
1950 CL1.31) '.HT-T
1560 C[1.4) ~u'~|n.-n uu;~H
1570 CL1.51] SRR ST T IREES (R LR TN n;_tu..
1939 Cl2s11
1990 Cl2,21
1689 Cl2.31
1610 Clges] STIHOR, Il s H .
1520 CL2s51=50 Cl=COSCR, AR sHa
1620 CL31 1=
1640 C[2s2 120
1558 Cl3+31)=1
1660 C{3+4])=0
1670 CL3:+53=0
1730 C{4.1)=0
1293 CL4a21=0
1790 Cl4,1=0
1710 CLaded =005 v, aiZaHo
P20 Cla4s D)=L D0ZsH?
T30 CLS9:11=0
1740 C{5s,21=0
175 C[5p33=ﬂ
1760 CLSvaq )=-Z1H 0, 12 BieH
177 C[S-SJ:EH RO eH
1750 B[lyl]=0.3‘h1
1790 B[ 2,1 1=H
1500 BL2s11=0
1212 B[4+ 1=0
1228 B[S1 1=0
1220 H{L1s1 =1
1240 H{ 1.2 0=00
1290 HO1s 2 )=0
1568 HL 14 1=d
1270 H[1451=00

2018 IH?UT RS A R B R B0 DR EX O R

135 FPEM THTIISL UL HE S o DT IMe e U TRTE HHN LEROR YA TARCE MARTFT
S0dn PLYY =T ,
0%y P21 =0

2onh FL1 0 Js0

2070 P{2,2] =1

2080 X[11]=0

2090 X{12}=0

Figure 11. Program VI: decomposed lincar recursive [(ilter simulation.
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2100 FOR i=1 TON-~ 4
2110 FORJ=1 TOM
2120 V([1,J1=0

2150 HEXT
2140 NEVT 1
2158 Y[ 31
21e0 vld4y2
2170 VIS5, 2
2180 FOR I TO H
2190 FOR J=1 T N
2200 ML 1,J1=0
2218 MHEAT )

2220 NEXT 1

2230 ML 1s1 =0, 0001
22408 Ml 2,2 1=H.133a1
2250 ML 3,3)=0.0001
2260 X[ 31)=0.9001
2270 ¥l 41=0.uH04
2280 K[51=0
2290 4t )=n
2300 ¥[2)=0
2310 FOR I=1 TQ H
2320 FOR J={ TO N
23230 DL IsJI=0

J

2340 HEXT
2350 HEAT 1

2360 FOR I=1 T H

2270 FOR L=1 7O H

2380 FOR K=! TO M

2390 DLI-L)=DLIsL )¢l I K IsPLESL]

2400 HEXT K

2410 HEAT L

2420 HEXT 1

2430 FOR I=1 T H

2440 FOR J=1 TO M

2450 L1, M1=4

2460 HNEXT .

.2478 HEXT 1

24809 FOF I=1 TO H

2490 FNR J=1 TO N

2508 FOR L=f TO N

2510 01y 23=001s 134D0 1o L300 Ju L)

2520 HEXT L

2526 PLIs J)=00 1 3240, d0gnnd0aeo«bl I $ 1=E0 s 1]
2540 HEXT J

2550 NEXT 1

2558 REM CARLCLULGTE QFTIMAL ALMAH CHIH
2560 FOR I=s1 TON

2570 K[1)=P[1,1]/(P[1,1) +0.0000627)

Figure 11. (Continued).



2580 NEXT I
2581 PRINT K[1] K (2]
2582 PRINT P[1,1],P[1,2]

2583
2337
252
2608
2610
2620
2630
2640
2650
<660
c670
2680
2685
2690
2700
2710
2729
2730
2740
2759
2760
2770
2772
2?74
2776
278A
2785S
2790
2800
2310
2829
2836
2840
2850
2360
2876
2380
2830
2900
2916
2920
2939
2940

FRINT FL2e11sFL 2021
FEM ERWNDOM HO. SEMERATION
Rl= ,

HZ=8
FOR I=1 TO 12

Bl=RHDS

B2=RHDE

H1=A1+E1

AZ=H2+B2

HERXRT 1

S=(H1-60+03, DRNUVBZST

Ve (RZ-6)+10, 00726

FEM CALCULATE TRUE STRTE AMD QUTFUT FOR =SIMUOLATION
FOR I=1 TO 5

ECI =0
NEXT I

FOR J=1 TO
FOR K=1 T E
ECJI=EL JI+CT b K J8lE+5])

MEXT K

ECJI=EC JY+EL s 1 J55

HEXT J :

FOR I=1 TO 5

wlI1I+4S)=E(1]])

HEXT 1

Y=l 6 J+¥ :
REM CALCULATE ESTIMATEDL <TARTE
FOR I=1 T N

F(C13=6

MEXT |

FOR I=1 TO H

FOR J=1 TN N
FETI=FCIY+ClIo 3=l 0}

MEXT U
GC1O+T)=F[ T 14K LT 3¢ —FL 1 2
HERAT 1

FOR I=1 To H+H

FOR J=1 TO M

UL Ty J)=02

HEZT

HE®T 1

FOR I=1 Ta H

FOR =1 TO M

MR ]

L]

2950 FOR K=1TO N+M
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d. Using Ex and y(k), equation (11) gives x(k). This vector will be

used to construct /7_}1 .

e. Calculate Vx(k) and Vz(k) by equations (14) and (15), M(k+1)
is obtained by equation (17).

f. Optimal gain Kz(k) can be obtained from equation (16),

g. Finally %(k) and _/i_(k) are calculated by equation (10),

h. Before the second iteration is executed, we need to find f)x(kl k)
using

p(KIk) = (1-K (k) Hy) p_(klk-1)

i. Then the procedures a to h are repeated.

jo To have more insight concerning the simulation results, we need to
calculate the error covariance matrices which can be found by

b (KIK) = B (KIK) + V, (k) M(k+1) V" (K)
b, (KIK) = V_(K) M(ke1) V' (K)
p(KIK) = V,(K) M(keD) V' (K)

Inputs of this program (Progran. 7, e
x(6), x(7), x(8), x(9) a  0) — initial values of system's state.
Outputs of Program VI are

a. K(1), K(2) — optimal gains of Kalman filter for the bias-free
subsystem,
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b. P(1,1), P(1,2), P(2,1), P(2,2) — a priori error covariance matrix
of the bias-free subsystem.

c. V (K) — a 3x 3 matrix (this printout is used to check the results
of Vz"(k) shown later).

d. M(k) — a 3x 3 matrix used to construct the error covariance matrix.

e. N(I,J) — a 5% 5 matrix which is a posteriori error covariance
matrix [common symbol is P(klk)].

. £ V(I,J) —a 3% 3 matrix which is Vz" used to construct estimation
of }_{l(k)o

g, T+h, x(1), x(2), ..., x(10) where

T+h — sampling instant,

x(1), x(2), +ee, x(5) — estimated state,

x(6), x(7), +vs, x(10) — state of the system.

h. x(6) =-x(1), x(7) - x(2), e, x(10) - x(5) — estimation errors.

Figure 12 presents a flow chart of this program.

Simulation results using decomposed linear recursive filter are
summarized in the following paragraphs,

Figure 13 presents the true state x;(k) and the estimated state /:\q(k)
using decomposed linear recursive filter for two cases (x,(0) = 1 and 5 respec-

tively). The results show that this filter is accurate in estimation and fast in
response, It is interesting to point out that these simulation results and those
of using Kalman filter (Fig. 8) match very well. But for higher order systems,
this filter will give a better estimation than that of Kalman filter. Decomposed

linear recursive filter has computational advantages, i.e., less integration
errors and roundoff errors.

Figure 14 gives the results of the state x,(k) and the estimated state
%2(k). %,(k) is the time rate of pitch angle.
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Figure 12,

Program VI flow chart.
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Figure 13. Comparison between true state and estimated state with x(0) = 0.
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TRUE STATE x,(k) AND ESTIMATED STATE x, (k)
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Figure 14, Comparison between true state x,(k) and estimated state
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Figures 15 and 16 give the estimation errors x,(k) - % (k) and rms

error curves. Figure 15 presents the case with x(0) =1 and % (0) =0,
Figure 16 presents the case with x,(0) =5 and %;(0) = 0. It is also shown
that this filter is not sensitive to the different values of the system's initial
state. As expected most of these error points in Figures 15 and 16 are within
the area between the two rms error curves. Furthermore, if we compare

ERROR x, (k) — x, (k)
o
1

Figure 15 with Figure 9 the estimation error points match very well,

10° K

10! -\ 1/
\ rms ERROR CURVE (p,, (k)] ‘2
4'0'1 e \ [ ]

3
T

_'0'3 -
A0y

10" "'I

ool —1 | i | | I | | 1 |
1 2 3 4 5 & 71 8 8 1w

TIMEt=001" K

Figure 15, Estimation error % (k) -S\q(k) (with x,(0) =1,
X1(0) = 0).
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Figure 16, Estimation error x (k) - %;(k) (with x%(0) = 5, %,(0) = 0).

Figures 17 and 18 present the results for x,(k) - %o(k). The rms error
curve for this case also converges with time; however, the convergence rate is
not as fast as that of Figures 15 and 16. To observe the variation of this rms
error curve for longer time interval, another computer run has been executed
for 100 iterations and the results are shown in Figure 19. It shows that for
state x,(k), the rms error curve also converges at a satisfactory rate.
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Figure 17. Estimation error x,(k) - ®,(k) (with x,(0) = 1, &,(0) = 0).
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Figure 18, Estimation error x,(k) - X,(k) (with x,(0) = 5, %,(0) = 0).
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ERROR Kz(k) - X3 (k)
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Figure 19, rms error curve and estimation error of x,(k) = Xy(k)
(with x,(0) =1, %,(0) = 0, and 100 iterations).
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VIIl. CONCLUSIONS /

There are six BASIC programs present2d in this paper., The first four
programs (Programs I through IV) were developed for the construction of simu-
lation programs of the attitude estimation problem. The main results of this
research are Programs V and VI — simulation of attitude estimation of Space
‘Telescope by statistical filters (including decomposed linear recursive filter and
Kalman filter), Figures 8 through 10 and 13 through 19 show the simulation
results. The advantages of the decomposed linear recursive filter are its
accuracy in estimation and its speed in response time, Similar results were
obtained by using Kalman filter; however, for higher order systems, the
decomposed linear recursive filter has computational advantages (i.e., fewer
integration errors and roundoff ervors) over the Kalman filter,
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