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ABSTRACT 

The response of a th in ,  r i g i d  v i s c o p l a s t i c  p l a t e  subjected t o  a s p a t i a l l y  
axisymmetric Gaussian i d e a l  impulse loading w a s  s tud ied  a n a l y t i c a l l y .  
Gaussian i d e a l  impulse d i s t r i b u t i o n  instantaneously imparts a Gaussian i n i t i a l  
ve loc i ty  d i s t r i b u t i o n  t o  the  p l a t e ,  except a t  t h e  f ixed  boundary. The p l a t e  
deforms with monotonically increas ing  de f l ec t ions  u n t i l  t h e  i n i t i a l  dynamic 
energy i s  completely d i s s ipa t ed  i n  p l a s t i c  work. The simply supported p l a t e  of 
uniform thickness obeys t h e  von Mises y ie ld  c r i t e r i o n  and a generalized consti-  
t u t i v e  equation f o r  r i g i d ,  v i s c o p l a s t i c  materials. For the  s m a l l  d e f l e c t i o n  
bending response of t h e  p l a t e ,  neglecting t h e  t r ansve r se  shear stress i n  t h e  
y i e ld  condition and r o t a r y  i n e r t i a  i n  t h e  equations of dynamic equilibrium, t h e  
governing system of equations is e s s e n t i a l l y  nonlinear.  A propor t iona l  loading 
technique, known t o  g ive  exce l l en t  approximations of t h e  exact so lu t ion  f o r  t he  
uniform load case,  w a s  used t o  l i n e a r i z e  t h e  problem and ob ta in  a n a l y t i c a l  
so lu t ions .  i n  t h e  form of eigenvalue expansions. The l i nea r i zed  governing equa- 
t i o n  required t h e  knowledge of t h e  co l lapse  load of t h e  corresponding s ta t ic  
problem . 

The 

The e f f e c t s  of load concentration and an order  of magnitude change i n  t h e  
v i s c o s i t y  of t h e  p l a t e  material w e r e  examined whi le  holding t h e  t o t a l  impulse 
constant.  I n  general ,  as t h e  load became more concentrated,  t h e  peak c e n t r a l  
ve loc i ty  increased and the  time f o r  p l a t e  motion t o  cease increased. For t h e  
less viscous p l a t e ,  these  increases  of ve loc i ty  and t i m e  were more pronounced. 
The f i n a l  p l a t e  p r o f i l e  became more conica l  as t h e  load concentration increased, 
but did not approach t h e  purely con ica l  shape predic ted  f o r  t h e  poin t  impulse by 
t h e  r i g i d ,  p e r f e c t l y  p l a s t i c  a n a l y s i s  with the  T r e s c a  y i e l d  criteria. 
of the  less viscous p l a t e  w e r e  influenced more by t h e  load concentration. 

P r o f i l e s  

SYMBOLS 

series c o e f f i c i e n t  , equation (A6) I 
An 

a Gaussian d i s t r i b u t i o n  parameter 

B =  p l a t e  geometry and material cons tan t  

cons tan ts  defined by equation (A5) 

2h - -  
c2 

2 J? p: R 
F' = nondimensional co l l apse  load amplitude 

Mo 
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F y i e l d  func t ion  

p l a t e  half-thickness 

impulse per u n i t  area amplitude a t  t h e  p l a t e  center  

h 

I 

IR2 I' = - 
'0 

impulse parameter, see 

Bessel func t ion  of t h e  f i r s t  kind of real and imaginary 
arguments, r e spec t ive ly  

second inva r i an t  of t h e  dev ia to r i c  stress tensor 

@ 
kr, Ti r a d i a l  and c i rcumferent ia l  curvature rates 

k y ie ld  stress i n  s i m p l e  shear 

r a d i a l  and c i rcumferent ia l  bending-moment r e s u l t a n t s  

r a d i a l  and c i rcumferent ia l  bending-moment r e s u l t a n t s  a t  
i n i t i a l  y i e ld  

2 M o = a  h 
0 

y ie ld  moment of t he  p l a t e  

'r 

MO 

m = -  nondimensional r a d i a l  bending-moment r e s u l t a n t  

n =  3 
MO 

nondimensional c i rcumferent ia l  bending-moment r e s u l t a n t  

p:, 
pressure  amplitude a t  t h e  p l a t e  center  a t  co l l apse  

2 - P:, R 
P:, = nondimensional pressure  amplitude a t  t h e  p l a t e  center  a t  

co l l apse  

Q shear stress r e s u l t a n t  

-RQ 4 -  
MO 

nondimensional shear stress r e s u l t a n t  

p l a t e  r ad ius  

r a d i a l  coordinate 

devia tor  stress tens  o r  

R 

r 

'ij 
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dev ia to r  stress tensor a t  i n i t i a l  y i e l d  

t i m e  

time f o r  motion t o  cease 

dynamic component of v e l o c i t y  

steady component of v e l o c i t y  

i n i t i a l  v e l o c i t y  

nondimensional p l a t e  v e l o c i t y  

t ransverse  d e f l e c t i o n  of t h e  p l a t e  

t r ansv'er s e co ord i n a  t e 

p l a t e  geometry and material cons tan t ,  sec 1-1 BR4 
J =--- 

MO 

nondimensional Gaussian 2 2  3 = a R  

f, YO material cons tan ts  

72, v4 harmonic and biharmonic 

j f i n a l  cen ter  d e f l e c t i o n  

s t r a i n  rate tensor ' i j  

n 

i j  

shape parameter 

opera tors  i n  c y l i n d r i c a l  coordinates 

eigenvalues determined from equation (A7) 

mass d e n s i t y  per u n i t  area of t h e  p l a t e  

nondimensional radial coordinate 

stress tensor  

y i e ld  stress i n  simple tens ion  

func t ion  defined by equation ( 3 )  

c i rcumferent ia l  coordinate 

func t ion  defined by equation (A13) 

func t ion  defined by equation (A12) 
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INTRODUCTION 

This paper presents  t h e  r e s u l t s  of an ana lys i s  of t h e  small-deflection 
bending response of a simply supported c i r c u l a r  p l a t e  of r i g i d ,  v i s c o p l a s t i c  
material subjected t o  a s p a t i a l l y  axisymmetric Gaussian i d e a l  impulse. The 
e f f e c t s  of load concentration and an order  of magnitude change i n  the  viscosit 
of t h e  p l a t e  material are examined while holding t h e  t o t a l  impulse constant.  
Approximate expressions are developed f o r  t h e  time a t  which p l a t e  motion 
ceases, t h e  f i n a l  shape of t h e  p l a t e ,  and t h e  f i n a l  c e n t r a l  displacement. 

Although t h e r e  have been a number of papers ( r e f s .  1, 2, 3) which permit 
a time v a r i a t i o n  of t h e  load, t h e r e  have been few papers which consider a 
r a d i a l  v a r i a t i o n  o ther  than l i n e a r  ( r e f s .  3,  4 ) .  The only general  s p a t i a l  
d i s t r i b u t i o n  of load which has received s i g n i f i c a n t  a n a l y t i c a l  a t t e n t i o n  is  t€ 
Gaussian d i s t r i b u t i o n .  By varying a s i n g l e  parameter , t h i s  genera l  d i s t r i b u -  
t i o n  can span t h e  extremes from t h e  po in t  load t o  t h e  uniformly d i s t r i b u t e d  
load. This v e r s a t i l i t y  w a s  recognized by Sneddon ( r e f .  5) who approximated 
t h e  dynamic loading of a p r o j e c t i l e  on a t h i n ,  i n f i n i t e  e l a s t i c  p l a t e  by a 
Gaussian d i s t r i b u t i o n  of pressure.  Madden ( r e f .  6), i n  h i s  study of shieldin1 
of space v e h i c l e  s t r u c t u r e s  aga ins t  meteoroid pene t ra t ion ,  r e l a t e d  the  
meteoroid-shield d e b r i s  loading of t h e  main v e h i c l e  w a l l  t o  a Gaussian i n i t i a :  
v e l o c i t y  d i s t r i b u t i o n .  The f i r s t  study of t h i s  loading on a p l a s t i c  p l a t e  wa! 
by Thomson ( r e f .  7). H e  obtained t h e  s o l u t i o n  of a r i g i d ,  pe r f ec t ly  p l a s t i c  
p l a t e  of material obeying t h e  Tresca y i e l d  condition subjected t o  an i n i t i a l  
impulse of Gaussian d i s t r i b u t i o n .  Weidman ( re f  2 ) ,  in/considering the  
response of simply supported c i r c u l a r  p l a s t i c  p l a t e s  t o  d i s t r i b u t e d  t i m e -  
varying loadings, presented an example case of a r a d i a l  Gaussian d i s t r i b u t i o n  
of pressure  with a n  exponential decay. 
p e r f e c t l y  p las t ic  obeying the  Tresca y ie ld  conditions.  

The p l a t e  material w a s  a l s o  r i g i d ,  

A generalized c o n s t i t u t i v e  equation f o r  r i g i d ,  v i s c o p l a s t i c  materials is  
presented i n  t h e  next sec t ion .  Material e l a s t i c i t y  i s  neglected i n  order t o  
s impl i fy  t h e  ana lys i s ,  as is  f requent ly  done i n  t h e o r e t i c a l  i nves t iga t ions  of 
dynamic p l a s t i c  response of s t r u c t u r e s .  Rigid-plastic analyses are genera l ly  
believed t o  be  v a l i d  when t h e  dynamic energy i s  considerably l a r g e r  than t h e  
maximum energy which could be absorbed i n  a wholly elastic manner and t h e  
du ra t ion  of loading is  s h o r t  compared with t h e  fundamental period of v i b r a t i o  

LINEARIZATION OF THE GENERALIZED CONSTITUTIVE EQUATIONS 

FOR R I G I D ,  VISCOPLASTIC MATERIUS 

Perzyna ( r e f .  8) developed a generalized c o n s t i t u t i v e  equation f o r  rate 
s e n s i t i v e  p l a s t i c  materials by incorporating a general  func t ion  i n  t h e  
r e l a t i o n s h i p  t o  take  t h e  p lace  of t h e  y i e l d  func t ion  as used by previous 
researchers  (Hohenemser and Prager, r e f .  9; and Prager, r e f .  10). U t i l i z i n g  

t h e  d e f i n i t i o n  of t h e  second inva r i an t  of t he  stress devia tor ,  J; = 
t h e  y i e ld  func t ion  is expressed as 

S . .S 2 IJ i j ’  
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where S i j  is t h e  stress devia tor  tensor  and k is t h e  y i e ld  stress. The 
generalized c o n s t i t u t i v e  equation proposed by Perzyna is 

where E is  t h e  s t r a i n  rate tensor ,  i j  

@(F) = 0 i f  F 5 0 

@(F) # 0 i f  F > 0 

and yo denotes a phys ica l  cons tan t  of t h e  material. 

(3)  

Perzyna ( r e f .  11) has shown t h a t  t h e  generalized c o n s t i t u t i v e  equation 
f o r  v i s c o p l a s t i c  ma te r i a l s  reduces t o  the  c o n s t i t u t i v e  equations of an incom- 
p res s ib l e ,  p e r f e c t l y  p l a s t i c  material f i r s t  considered by von Mises and t o  t h e  
flow l a w  of pe r f ec t  p l a s t i c i t y  theory. A s  i n  t h e  theory of p e r f e c t l y  p l a s t i c  
s o l i d s ,  convexity of t h e  subsequent dynamic loading sur f  aces and orthogonality 
of t h e  i n e l a s t i c  s t r a i n - r a t e  vec tor  t o  t h e  y i e ld  su r face  follow from Drucker's 
pos tu l a t e s  def in ing  a s t a b l e ,  i n e l a s t i c  material  wi th  inc lus ion  of time- 
dependent t e r m s  (Perzyna, r e f .  8). 

A method of l i n e a r i z i n g  boundary-value problems i n  t h e  theory of visco- 
p l a s t i c  s o l i d s  is  described by Wierzbicki i n  re ference  12. I n  t h i s  method, as 
shown graphica l ly  i n  f i g u r e  1, t h e  concept o f  propor t iona l  loading i s  used t o  
relate t h e  state of stress S i -  on t h e  i n i t i a l  y i e l d  su r face  F = 0 t o  sub- 
sequent states of stress, nameiy, p ropor t iona l  loading r equ i r e s  t h e  d i r e c t i o n  
cosine tensor of t he  state of stress i n  dev ia to r i c  space t o  be independent of 
time: 

- 

Ilhis is  a reasonable approximation f o r  axisymmetrically loaded simply supported 
Zircular p l a t e s  because t h e  p l a t e -cen te r  and boundary are automatically pro- 
l o r t i ona l ly  loaded, t h a t  is, t h e  bending moments must always be equal a t  t h e  
ilate center  and t h e  c i rcumferent ia l  bending moment must always be  zero a t  t h e  
)late boundary. 

U t i l i z i n g  equation ( 4 ) ,  t h e  generalized c o n s t i t u t i v e  equation (2) 
jecomes 
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where t h e  v i s c o s i t y  constant Y = y0/2k. For t h i s  ana lys i s ,  t h e  l i n e a r  form 

@(F) = F ( 6  

is chosen. This s impl i f ied  c o n s t i t u t i v e  equation s t i l l  is nonlinear i n  stress1 
However, i n  t h e  so lu t ion  of dynamical p l a t e  and r o t a t i o n a l l y  symmetric s h e l l  
problems, t h e  c o n s t i t u t i v e  equation (5) w i t h  the l i n e a r  func t ion  
produces f u l l  l i n e a r i z a t i o n  of t h e  governing equations. 

@(I?) = F 

For t h e  problem of a uniformly loaded, simply supported c i r c u l a r  p l a t e  
with @(F) = F, Wierzbicki ( r e f .  1 2 )  has shown t h a t  t h e  approximate so lu t ion  
obtained using t h e  propor t iona l  loading hypothesis agrees  very w e l l  with a 
numerical f i n i t e -d i f f e rence  s o l u t i o n  of t h e  exact equations. The so lu t ion  of 
t h e  l i nea r i zed  problem a l s o  agrees  w e l l  with experimental d a t a  on impulsively 
loaded p l a t e s  by Florence ( r e f .  13) .  

For t h e  l i n e a r  func t ion  equation c5) becomes 

i j  

where equation (7) i s  r e a l l y  a flow r e l a t i o n  f o r  a given s t r u c t u r e  r a t h e r  
than a c o n s t i t u t i v e  equation descr ib ing  a given material ( r e f .  1 4 ) .  

GOVERNING EQUATIONS, BOUNDARY AND INITIAL CONDITIONS 

A Gaussian i d e a l  impulse is  suddenly applied t o  t h e  e n t i r e  su r face  of a 
r i g i d ,  v i s c o p l a s t i c  p l a t e  of r ad ius  R and thickness 2h r e s u l t i n g  i n  a n  
i n i t i a l  v e l o c i t y  d i s t r i b u t i o n  described by 

2 2  I -a r 
1-( 

V(r, 0) = - e 

where I is  t h e  impulse per u n i t  area a t  t h e  center  of t h e  p l a t e  and 1-1 is 
t h e  m a s s  dens i ty  per u n i t  area of t h e  p l a t e  middle sur face .  The boundary of 
t h e  p l a t e  a t  r = R i s  simply supported. The geometry of t he  p l a t e  and 
i n i t i a l  v e l o c i t y  are shown i n  f i g u r e  2. 

(7 

The parameter a i n  t h e  d i s t r i b u t i o n  func t ion  is a shape parameter whicl 
con t ro l s  t h e  d i s t r i b u t i o n  of t h e  impulse. For a = 0 equation (8) descr ibes  
a uniform impulse; and as a + a, I +  03 equation (8) descr ibes  a poin t  
impulse a t  t h e  p l a t e  center .  
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The i n t e r n a l  fo rces  and moments ac t ing  on a t y p i c a l  p l a t e  element are 
shown i n  f i g u r e  3.  I f  r o t a r y  i n e r t i a  is neglected, but t r ansve r se  inertia 
taken i n t o  account, t h e  equations of motion are 

2 a a w  
a t 2  

- (rQ) = pr - ar 

(9) 
a 
ar - (rMr) - M4 = r Q  

U t i l i z i n g  t h e  Love-Kirchoff hypotheses, t h e  curvature-rate-moment rela- 
t ions ,  derived from the  l i nea r i zed  c o n s t i t u t i v e  equation, equation (7) , are 

where B = & y/2h. % and %+ are moments s a t i s f y i n g  f o r  any r t h e  
equation of t h e  i n i t i a l  y i e ld  su r face  

Mo = Ooh2 
stress i n  simple tension. 

is t h e  y i e ld  moment of t h e  p l a t e  material and ‘5, is  t h e  y i e ld  

For s m a l l  de f l ec t ions  of t he  p l a t e  t h e  curvature rates kr and i(ls are 
r e l a t e d  t o  t h e  d e f l e c t i o n  rate & by 

Equations ( 9 ) ,  (lo), and (12) form a l i n e a r  parabol ic  system of par f i ia l  
t i f f e r e n t i a l  equations with s i x  unknown funct ions  - - $, M$,-Q, w, &, and 
K+ - plus  t h e  unknown s ta t ic  moment d i s t r i b u t i o n  Mr and M+. 

By eliminating a l l  unknowns except G, t h e  system of governing equations 
can be reduced t o  t h e  s i n g l e ,  fourth-order equation 

where 
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The right-hand s i d e  of equation (13) r ep resen t s  the i n t e r n a l  f o r c e  d i s t r ibu -  
t i o n  a t  t h e  i n i t i a t i o n  of co l l apse  i n  t h e  s ta t ic  case. 

L e t  p; denote t h e  s ta t ic  load-carrying capacity of t he  p l a t e ,  then t h e  
- 9  

right-hand s i d e  of equation (13) can be replaced by 
governing equation becomes 

2 2  2Mo 4 ac -a r - V i + u - = - p A e  
3 B  a t  

This method of so lu t ion ,  proposed 
t a n t  property of rep lac ing  t h e  unknown 

by Wierzbicki 
s ta t ic  moment 

and t h e  -a+' 
-P; e 

( r e f .  12), has t h e  impor- 
d i s t r i b u t i o n  & and Ed, 

whose e x p l i c i t  formulas are not known f o r  t he  von Mises y ie ld  condition, by 
t h e  static load-carrying capac i ty  p:. 
has been reduced t o  f ind ing  t h e  va lue  of a cons tan t ,  p:, corresponding t o  a 
p a r t i c u l a r  va lue  of t h e  shape parameter, a. The determination of t h e  load- 
carrying capac i ty ,  p:, of a c i r c u l a r  p l a t e  under a Gaussian d i s t r i b u t i o n  of 
pressure  is presented i n  re ference  15. 

' 

Thus, t h e  need f o r  e x p l i c i t  formulas 

Define t h e  dimensionless q u a n t i t i e s  

a 2  1 a 
a P 2  

+ --. Then t h e  f i n a l  form of the  governing equation, and l e t  V2=-  
P aP 

equation (14), is  

2 
'Y 4 v + T a - = - 2 h ~ ' e  3 av -PP 

a t  
4 where a = uBR /Mo. 

The boundary conditions of t h e  simply supported p l a t e  are 
m = n ,  q = O  at p = O  

v = m = O  at p = l  
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Using equations (lo), (12), and (91, equations (17), i n  terms of 
rate of d e f l e c t i o n  become 

For the  Gaussian i d e a l  impulsive loading t h e  p l a t e  is  i n i t i a l l y  f l a t  and t h e  
i n i t i a l  v e l o c i t y  has a Gaussian d i s t r i b u t i o n  

I’ -BpL w(p, 0) = 0; v ( p ,  0) = - e a 

IR2 where I’ =-. 
MO 

RESULTS AND DISCUSSION 

The so lu t ion  t o  t h e  governing equation, equation (16) , with assoc ia ted  
boundary and i n i t i a l  condi t ions ,  equations (18) and (19) are presented i n  
t h e  Appendix. The e f f e c t s  of load d i s t r i b u t i o n  and p l a t e  v i s c o s i t y  on p l a t e  
response are examined i n  t h i s  s ec t ion  while holding t h e  t o t a l  impulse constant.  

2 The impulse amplitude, I’ = I R  /Mo, sec, a t  t h e  p l a t e  center  is  r e l a t e d  
t o  t h e  t o t a l  impulse, IT, and d i s t r i b u t i o n  parameter, 8 ,  by t h e  r e l a t i o n  

For comparison purposes t h e  t o t a l  impulse is  held constant a t  - - 
sec. The impulse becomes more concentrated a t  t h e  center  of t h e  p l a t e  as 6 
is increased and t h e  amplitude grows almost l i n e a r l y  as 6 becomes la rge .  
For 8 = 0, t h e  impulse has  a uniform d i s t r i b u t i o n .  

The graphica l  r e s u l t s  w e r e  obtained by programing t h e  so lu t ion  (equations 
(A14) and (A15)) and summin t h e  series term-by-term. The r ap id ly  convergent 

: u l t i e s ;  however, t h e  l a s t  series i n  t h e  ve loc i ty  expression equation ( A l 4 )  
;eries with l / A z  and l / A n  8 f a c t o r s  d i d  not  present  any computational d i f f i -  
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has a 
f o r  s m a l l  f3 and t. For t = 0 t h e  series i s  slowly convergent. 

l / A n  f a c t o r  and prohibited t h e  c a l c u l a t i o n  of velocity-time h i s t o r i e s  

A r ep resen ta t ive  p l o t  of t h e  p l a t e  c e n t r a l  v e l o c i t y  i s  shown i n  f i g u r e  4 
f o r  B = 10 and v i s c o s i t y  parameter a = 1 x sec. The i n i t i a l  c e n t r a l  
v e l o c i t y  is  seen t o  r ap id ly  d e c l i n e  during t h e  f i r s t  0.025 m s e c  a f t e r  which 
t h e  v e l o c i t y  more slowly tends to  zero. 

The p l a t e  is seen t o  deform monotonically with increasing d e f l e c t i o n  u n t i l  
t h e  i n i t i a l  dynamic energy i s  completely d i s s ipa t ed  i n  p l a s t i c  work and t h e  
p l a t e  comes t o  rest. The deformed p r o f i l e s  of t h e  p l a t e  a t  rest are shown i n  
f i g u r e  5 f o r  two va lues  o f  a (1 x 1 x and var ious  va lues  of B= 
The p r o f i l e  becomes more con ica l  as t h e  impulse becomes more concentrated and 
t h e  p r o f i l e s  of t h e  less viscous p l a t e  (a = 1 x 10-2 sec) exh ib i t  a wider 
v a r i a t i o n ,  thus are influenced more by t h e  shape parameter f3 than are those  
f o r  t h e  a = 1 x sec  case. 

Approximations 

An approximation t o  the  d e f l e c t i o n  of t h e  p l a t e  is obtained from equation 
(A15) by r e t a in ing  only the  f i r s t  t e r m s  of series and using t h e  approximation 

1 A 

The r e s u l t  is  

2 00 
p 2 1  + -  e-’’ + ($ + p2> 1 2 w(p,t) = - 

n = l  28 
1 

BR 

(21) 

An approximate expression f o r  t h e  time f o r  motion t o  cease can be obtained by 
s e t t i n g  t h e  d e r i v a t i v e  of t h e  approximate displacement expression t o  zero, 

= 0, i s  

tf  

= -  
2 f i  F’a tf 

a w  t h a t  is; - a t  
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Equation (22) is  p lo t t ed  i n  r i g u r e  6 f o r  0 C B < 100 and several va lues  of 
a. Equation (22) is  a n  i m p l i c i t  func t ion  of- f3 -since I' and F' vary with 
6.  The e f f e c t  of f3 diminishes a f t e r  a n  i n i t i a l  r ap id  rise of tf wi th  
increasing 6 .  
equation f o r  t h e  ve loc i ty ,  equation (Al4). Equation (22) i s  a very good 
approximation f o r  t h e  case a I= 1 x 10-3 see. 
of 6 ,  t h e  approximation is poor f o r  t h e  a = 1 x sec case. 

The symboled po in t s  represent  computed t i m e s  using t h e  complete 

However, except f o r  small values  

For a -f ~0 equation (22) limits t o  

I = -  

and represents  t h e  r i g i d ,  pe r f ec t ly  p l a s t i c  case (y -t m) with t h e  von Mises 
y ie ld  condition. Equation (23) has t h e  same form as Wang's ( r e f .  16) r e s u l t  
f o r  t h e  uniform i d e a l  impulse problem using the  Tresca y i e ld  condition f o r  a 
r i g i d  p e r f e c t l y  p l a s t i c  material. - 
smaller va lues  of tf s ince  p; = 6.51 f o r  t he  von Mises y ie ld  condition 
r a t h e r  than 6 i n  t h e  case of t h e  Tresca y ie ld  condition. 

However , equation (23) g ives  s l i g h t l y  

The curve labe led  Tresca, r .p.p.  w a s  obtained from t h e  r e s u l t s  of r e f e r -  
ence 7 where a simply supported c i r c u l a r  p l a t e  of r i g i d ,  p e r f e c t l y  p l a s t i c  
material obeying the  Tresca y ie ld  condition and assoc ia ted  flow r u l e  w a s  
analyzed f o r  a genera l  Gaussian i d e a l  impulse loading. For s m a l l  f3 t h e  two 
curves d i f f e r  only s l i g h t l y ,  but as 6 grows l a r g e r  and t h e  impulse becomes 
more concentrated, t h e  two analyses p red ic t  d r a s t i c a l l y  d i f f e r e n t  times €or t h e  
p l a t e  motion t o  cease. The Tresca y ie ld  condition p r e d c i t s  very l a r g e  t i m e s  
f o r  p l a t e  motion t o  cease,  whereas t h e  von Mises y ie ld  condition p r e d i c t s  more 
realist ic t i m e s  f o r  concentrated loads. 

The s u b s t i t u t i o n  of equation (22) f o r  t f _  i n t o  equation (21) provides 
an approximate expression f o r  t h e  f i n a l  p l a t e  displacements: 

2 w ( p , t )  1 = - - J? F' [ E ~  + e2p 
48 26 BR 

and f o r  t h e  f i n a l  cen ter  displacement 6(O,tf)  = w(0 , t f ) :  
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f 

- URL 6 ( 0 , t f )  = 

aMO 

Equation (25) is  p lo t t ed  as a func t ion  of B f o r  t h e  two va lues  of a i n  
f i g u r e  7. 
computed from t h e  exact equations f o r  both 
even though t h e  tf-approximations f o r  t h e  l a r g e r  a w e r e  poor f o r  l a r g e  f3 
as shown i n  f i g u r e  6. 
smaller f o r  t h e  a = 1 x sec case when, i n  r e a l i t y  t h e  real displacements 
are l a r g e r  than f o r  t h e  a = 1 x 10-3 sec case. This is  caused by a being 
i n  t h e  denominator of t h e  expression f o r  t h e  nondimensional c e n t r a l  displacement. 

The approximations are i n  exce l l en t  agreement with t h e  po in t s  
a = 1 x sec and 1 x 10" sec, 

The nondimensional central displacements are shown 

P r o f i l e s  obtained from t h e  approximation, equation ( 2 4 ) ,  were compared 
with p r o f i l e s  obtained from t h e  exact equation. For a = 1 x sec, t h e  
d i f f e rences  between t h e  approximate and exact p r o f i l e s  w e r e  neg l ig ib ly  small 
f o r  t h e  e n t i r e  range of 6 considered, t o  10,000. However, f o r  t h e  less 
viscous p l a t e s ,  a = 1 x see, t h e  d i f f e rences  w e r e  not neg l ig ib l e  and t h e  
approximation, equation (23) ,  should the re fo re  be r e s t r i c t e d  accordingly. 

CONCLUDING REMARKS 

A t h in ,  simply supported r i g i d ,  v i s c o p l a s t i c  p l a t e  subjected t o  a Gaussian 
i d e a l  impulse has been analyzed wi th in  t h e  realm of small d e f l e c t i o n  bending 
theory. The p l a t e  material obeys t h e  von Mises y ie ld  cri teria and c o n s t i t u t i v e  
equations due t o  Perzyna ( r e f .  11). These considerations lead ,  e s s e n t i a l l y ,  t o  
nonlinear equations governing t h e  dynamic response of t h e  t h i n  p l a t e .  A pro- 
por t iona l  loading hypothesis,  proposed by Wierzbicki ( r e f .  12) and shown t o  be 
an exce l l en t  approximation of t h e  exact so lu t ion  f o r  t h e  uniform load case, 
w a s  used t o  l i n e a r i z e  the  problem and obta in  a n a l y t i c a l  so lu t ions  i n  t h e  form 
of eigenvalue expansions. 
of t h e  p l a t e  required t h e  knowledge of t h e  co l l apse  load of t h e  corresponding 
s ta t ic  problem, t h a t  is, t h e  co l l apse  load f o r  t h e  s p e c i f i c  load d i s t r i b u t i o n  
parameter, 6. 

The l i nea r i zed  governing equation on t h e  v e l o c i t y  

The e f f e c t s  of impulse concentration and an order of magnitude change i n  
t h e  v i s c o s i t y  of t h e  p l a t e  material w e r e  examined while holding t h e  t o t a l  
impulse constant.  I n  general ,  as t h e  impulse became more concentrated, t he  
peak c e n t r a l  v e l o c i t y  increased and t h e  t i m e  f o r  p l a t e  motion t o  cease 
increased. For t h e  less viscous p l a t e  material, t hese  increases  of ve loc i ty  
and t i m e ,  t f ,  f o r  p l a t e  motion t o  cease are more pronounced. 
p r o f i l e  became more conica l  as t h e  load concentration increased, bu t  d id  not 
approach t h e  purely conica l  shape predicted by t h e  r i g i d ,  pe r f ec t ly  p l a s t i c  
ana lys i s  with t h e  Tresca y i e ld  condition f o r  a point impulse. A s  t h e  viscos- 
i t y  of t h e  p l a t e  decreases,  t h e  shape parameter has more e f f e c t  on t h e  f i n a l  
deformed p l a t e  p r o f i l e s .  

The f i n a l  p l a t e  
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Approximate expressions w e r e  developed f o r  t h e  time at  which p l a t e  motion 
ceases, t f ,  t h e  f i n a l  shape of t h e  p l a t e ,  and t h e  f i n a l  central displacement. 
Comparisons with the  series s o l u t i o n  indicated t h a t  t h e  approximations w e r e  
exce l len t  f o r  t he  a = 1 x sec case. The approximation f o r  t h e  f i n a l  
c e n t r a l  d e f l e c t i o n  w a s  good f o r  t h e  e n t i r e  range of shape parameter 6, t h e  
o ther  approximations w e r e  l imi ted  i n  usefulness. 
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APPENDIX 

SOLUTION OF EQUATION (16) BY EIGENVALUE EXPANSION* 

Since t h e  right-hand s i d e  of equation (16) is  not a func t ion  of t i m e ,  i t  
can be solved by means of an  eigenvalue expansion method. Subs t i t u t ion  of 

i n t o  equation (16) r e s u l t s  i n  

which separa tes  i n t o  

4 3 au V u + - - a - = O  2 a t  

and 

2 v 4 u = - ZJ? F' e-" 

Equation (A3) is t h e  same as equation (16) except f o r  t h e  absence of t h e  
i n e r t i a  t e r m .  Thus, U(p) is an equilibrium so lu t ion  of equation (16) with t h e  
s a m e  boundary condi t ions ,  equations (17). ' 

The so lu t ion  t o  equation (A3) s a t i s f y i n g  the  boundary conditions,  equa- 
t i o n s  (18), is  

where - 1 7 2 1 
'1 66 6 38 

= - - - - -  

* 
'!?or more d e t a i l s ,  t h e  reader  can consul t  "Gaussian Impulsive Loading of 

Rigid Viscoplas t ic  P la tes , "  by R. J. Hayduk, Ph. D.  Thesis, Vi rg in ia  Polytech- 
n i c  I n s t i t u t e  and S t a t e  University,  Blacksburg, Vi rg in ia ,  1972. 
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and 

A general  s o l u t i o n  due t o  Wierzbicki ( r e f .  12) s a t i s f y i n g  equation (A2) 
and a l l  prescribed boundary conditions can be w r i t t e n  i n  t h e  form 

where Jo(x) and 
and imaginary arguments. The s o l u t i o n  (A6) i d e n t i c a l l y  s a t i s f i e s  boundary con- 
d i t i o n s  (18 a, b, and d ) .  The eigenvalues, An, are roo t s  of t h e  following 
transcendental  equation stemming from t h e  boundary condi t ion  (18e) o f  zero  
bending moment a t  t h e  p l a t e  edge 

Io(x) denote t h e  Bessel func t ions  of t h e  f i r s t  kind of real 

___ 

The only remaining unknowns i n  t h e  so lu t ion  are t h e  series c o e f f i c i e n t s  
These c o e f f i c i e n t s  are evaluated from t h e  i n i t i a l  condition (19), t h a t  A i .  

is, 
2 

I' -BP 
v(p,O) = U(PY0) + U(P) = &- e 

Thus, 

and a f t e r  s u b s t i t u t i n g  equation (A6) f o r  u(p,O) t h e r e  r e s u l t s  

The c o e f f i c i e n t s  can be determined from (A9) by v i r t u e  of t he  orthogonal- 
i t y  of t h e  system [Io(An)Jo(Anp) - Jo(An)Io(Anp)] on t h e  i n t e r v a l  [O,l] where 
p i s  used as a weighting function. Therefore, c o e f f i c i e n t s  A i  can be 
determined as 

where U(p) i s  defined by equation (A4). The r e s u l t i n g  c o e f f i c i e n t s  are 
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where t h e  func t ions  +(Xn,p,b) are defined by t h e  r e l a t i o n  

with 

r- -l 

When equations (A4) and (A6) are summed and equation (All) is used, t h e  
complete so lu t ion  becomes 

The displacement of t h e  p l a t e  is determined by i n t e g r a t i n g  (A14) with 
r e spec t  t o  time. Taking t h e  i n i t i a l  condition of zero displacement i n t o  
account, t h e  displacement becomes 
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1 T W ( P , t )  1 = -@ F't [El + e2p 
W 

(-1 )" ( Bo2 ) 
(2n) n! n=l  

BR 26 

W 

Equations (A14) and (A15) r ep resen t  t h e  complete s o l u t i o n  f o r  t h e  v e l o c i t y  
and displacement of t h e  p l a t e .  I n  t h e  l i m i t  as P -+ 0, t h e  Gaussian i d e a l  
impulse becomes t h e  uniform i d e a l  impulse and t h i s  s o l u t i o n  reduces t o  t h e  
s o l u t i o n  presented by Wierzbicki  ( r e f .  12 ) .  
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Figure 1.- Representation of pro- 
por t iona l  loading i n  devia tor ic  
space. 

2 

Figure 2 .- Simply supported c i r c u l a r  
p l a t e  with Gaussian d i s t r i b u t i o n  
of i n i t i a l  veloci ty .  
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Figure 3.- Element of t h e  c i r c u l a r  
p l a t e  with i n t e r n a l  forces  and 
moments. 

-2 a =  1 x 10 sec 
p=10  

Figure 4.- Representative time 
h i s t o r y  of p l a t e  central 
ve loc i ty  for  t h e  Gaussian 
ideal impulse loading. 
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Figure 5 . -  Final plate profi les  for 
various values of the ideal 
impulse shape parameter, 8. 
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Figure 6.-  Comparison of approximate 
expression (eq. (22))  for motion' 
to cease, t f ,  and points deter- 
mined from the complete equations 
for the ideal impulse loading. 
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Figure 7 . -  Comparison of approximate 
expression (eq. (25))  for the 
f inal  central deflection and points 
determined from the complete equa- 
tions for the ideal impulse loading. 
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