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PREFACE 

The technical program of t h e  13th  Annual Meeting of t h e  Socie ty  of Engi- 
neer ing Science,  Inc . ,  cons is ted  of 159 i n v i t e d  and cont r ibu ted  papers covering 
a wide v a r i e t y  of research  top ic s ,  a plenary se s s ion ,  and the  Annual Socie ty  of 
Engineering Science Lecture .  Thir ty- three of t h e  t e c h n i c a l  s e s s ions  contained 
i n v i t e d  and/or cont r ibu ted  papers while  two of t h e  se s s ions  were conducted as 
panel d i scuss ions  wi th  audience p a r t i c i p a t i o n .  

These Proceedings,  which conta in  t h e  t e c h n i c a l  program of t h e  meeting, are 
presented i n  four  volumes arranged by s u b j e c t  material. 
sc ience  are contained i n  Volume I. Volume I1 conta ins  t h e  s t r u c t u r e s ,  dynamics, 
appl ied  mathematics, and computer s c i ence  papers.  Volume I11 conta ins  p a p e r s  
i n  the  areas of acous t i c s ,  environmental modeling, and energy. Papers i n  t h e  
area of f l i g h t  sc iences  are contained i n  Volume I V .  A complete Table of Contents 
and an Author Index are included i n  each volume. 

Papers i n  materials 

We would l i k e  t o  express  p a r t i c u l a r  apprec i a t ion  t o  t h e  members of t h e  

Our thanks are given t o  a l l  f a c u l t y  and s t a f f  
S teer ing  Committee and t h e  Technical  Organizing Committee f o r  a r ranging  an 
exce l l en t  t echn ica l  program. 
of t h e  J o i n t  I n s t i t u t e  f o r  Advancement of F l igh t  Sciences (both NASA Langley 
Research Center and The George Washington Universi ty)  who cont r ibu ted  t o  t h e  
organiza t ion  of t h e  Meeting. 
and t h i s  document of Sandra Jones,  V i rg in i a  Lazenby, and Mary Torian i s  
g r a t e f u l l y  acknowledged. Our g r a t i t u d e  t o  t h e  S c i e n t i f i c  and Technical 
Information Prgrams Divis ion of t he  NASA Langley Research Center f o r  pub- 
l i s h i n g  t h e s e  Proceedings i s  s i n c e r e l y  extended. 

The a s s i s t a n c e  i n  prepara t ion  f o r  t h e  meeting 

Hampton, V i rg in i a  1976 J. E. Duberg 

J. L, Whitesides 
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HOW DOES J?LUID FLOW GENERATE SOUND? 

Alan Powell 
Technical Di rec tor  

David W. Taylor Naval Ship R&D Center 

The development of t h e  understanding of flow-generated sound i s  t r aced ,  
w i t h  emphasis on t h e  development of var ious  t h e o r i e s  of t h e  mechanism in-  
volved, both of t h e  flow i t s e l f  and t h a t  by which a c o u s t i c  energy is  
generated.  Examples of t he  former inc lude  t h e  long h i s t o r y  of resonat ing  
o r  wh i s t l i ng  f lows , ’aeol ian  tones ,  j e t  noise ,and boundary-layer no ise .  The 
p e r t i n e n t  f e a t u r e s  of t h e  sound-generation mechanism, i n  terms of quadrupole, 
dipole,and monopole t h e o r i e s ,  and v a r i a t i o n s  thereupon, are pointed out .  Some 
of t h e  s i t u a t i o n s  t h a t  have given rise t o  i n t e r e s t i n g  and apparent ly  d ivergent  
views are descr ibed from t h e  po in t  of view of present  understanding. 
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SOUND PROPAGATION THROUGH NONUNIFORM DUCTS* 

Ali Hasan Nayfeh 
Virginia Polytechnic Institute and State University 

SUMMARY 

A critical review is presented of the state of the art regarding methods of 
determining the transmission and attenuation of sound propagating in nonuniform 
ducts with and without mean flows. The approaches reviewed include purely numer- 
ical techniques, quasi-one-dimensional approximations, solutions for slowly vary- 
ing cross sections, solutions for weak wall undulations, approximation of the 
duct by a series o f  stepped uniform cross sections, variational methods, and 
solutions for the mode envelopes. 

INTRODUCTION 

The prediction of sound propagation in nonuniform ducts is a problem whose 
solution has application to the design of numerous facilities, such as central 
airconditioning and heating installations, loud speakers, high-speed wind tun- 
nel s, aircraft engine-duct systems , and rocket nozzles. 

The mathematical statement of sound propagation in a nonuniform duct that 
cagries compressible mean flows can be obtained as follows. 
q(r,t) can bz expressed 9s the sum of a mean flow quantity qO(r) and an acoustic 
quantity ql(r,t), where r is a dimensionless position vector and t is a dimen- 
sionless time. In nonuniform ducts, qo(r) is a function of the axial dimension- 
less coordinate z as well as the transverse dimensionless coordinates x and y. 
Substituting these representations into the equations of state and conservation 
of mass, momentum, and energy and subtracting the mean quantities, we obtain 

Eqch flow quantity 

( 3 )  1 1  + $1 0 VPO) = [lj~ V 0 (KOVT~ + K~VTO) + (y-l)Ql] + NL 

*Work supported by the NASA Langley Research Center under Contract No. NAS 1- 
13884: Dr. Joe Posey, Technical Monitor. The comments of Dr. J .  E. Kaiser are 
greatly appreciated. 
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E b = P 1 + L L  
Po Po To (4) 

where rl and 
tion aKd NL stands for the nonlinear terms in the acoustic quantities. 
equations are supplemented by initial and boundary conditions. 

No solutions to eqs. (1)-(4) subject to general initial and boundary condi- 
tions are available yet. To determine solutions for the propagation and attenua- 
tion of sound in ducts, researchers have used simplifying assumptions. In the 
absence of shock waves, the viscous acoustic terms produce an effective admit- 
tance at the wall that leads to small dispersion and attenuation (ref. 1). 
lined ducts, this admittance produced by the acoustic boundary layer may be 
neglected, but it cannot be neglected for hard-wal led ducts as demonstrated 
analytically and experimentally by Pestorius and Blackstock (ref. 2). 

(1)-(4) and the boundary conditions. 
not valid for high sound pressure levels. The effects of the nonlinear acoustic 
properties of the 1 ining material become signjficant when the sound pressure 
level exceeds about 130 dB (re 0.0002 dyne/cm ), while the gas nonlinearity be- 
comes significant when the sound pressure level exceeds about 160 dB. In parti- 
cular$ the nonlinearity of the gas must be included when the mean flow is tran- 
sonic. 

are the linearized viscous stress tensor and dissipation func- 
These 

For 

Most of the existing studies neglect the nonlinear acoustic terms in eqs. 
However, the assumption of 1 inearization is 

Another popular assumption is that the mean flow is incompressible. Theories 
based on this assumption will not be applicable to evaluating the promising 
approach to the reduction of inlet noise by using a high subsonic inlet, or par- 
tially choked inlet, in conjunction with an acoustic duct liner. 
imental investigations (refs. 3-20) of various choked-inlet configurations have 
been reported. Most, but not all, of these investigations have noted signifi- 
cant reductions of the noise levels when the inlet is choked. Further, most of 
the potential noise reduction is achieved by operation in the partially choked 
state (mean Mach number in the throat of 0.8 - 0.9). Some investigators (e.g. 
ref. 9) report the possibility of substantial "leakage" through the wall bound- 
ary layers, whereas others (e.g. ref. 12) report that leakage is minor. To 
evaluate these effects, one cannot neglect the viscous terms in the mean flow 
and perhaps in the acoustic equations. Since the mean flow is transonic at the 
throat, one has to include the nonlinear terms also because the linear acoustic 
solution is singular for sonic mean flows. 

Numerous exper- 

A fourth assumption being employed in analyzing sound propagation in ducts 
is the characterization of the effects of the linear by an admittance that is 
deterministic and homogeneous. 
that this is not the case. 
is in its infancy (ref. 21). 

in which the boundary layer is fully developed and the duct walls are parallel 
to the mean flow (ref. 22). 
flow is replaced by a plug flow, thereby neglecting the refractive effects of 

On inspection of any liner, one can easily see 
The analysis of the effects o f  stochastic admittances 

A fifth assumption which is usually employed is that of parallel mean flow 

Further, in some analyses, the fully developed mean 
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the mean boundary layer which become increasingly more significant as the sound 
frequency increases. Certainly, theories based on the parallel flow assumption 
will not be capable of determining the attenuation and propagation character- 
istics in nonuniform ducts (ducts whose cross-sectional area changes along 
their axes). 
sound propagation in nonuniform ducts. Each approach has unl'que characteristics 
and advantages as well as obvious limitations, either of a numerical or a physi- 
cal nature. Some of these approaches were reviewed in reference 22. The pur- 
pose of the present paper is to present an updated critical review of these 
approaches. 

Recently, a number of approaches have been developed to treat 

DIRECT NUMERICAL TECHNIQUES 

Direct numerical methods based on finite differences have been proposed 
(refs. 23-25) .  However, these methods have been restricted to simple cases of 
no-mean flow or one-dimensional mean flow and/or plane acoustic waves and pro- 
mise to become unwieldy for more general cases. Methods were also based on fi- 
nite elements (refs. 26 and 27) .  
practical because of the excessive amount of computation time and the large 
round-off errors. The latter is a result of the necessity of using very small 
axial and transverse steps or very small finite elements to represent the axial 
oscillations and the rapidly varying shapes of each mode. In fact, a computa- 
tional difficulty exists even in calculating the higher-order Bessel functions 
that represent the mode shapes in a uniform duct carrying uniform mean flow un- 
less asymptotic expansions are used. 
must be much smaller than the wavelength of the lowest mode in order to be able 
to determine the axial variation. These small steps and finite elements would 
cause the error in the numerical solution to increase very rapidly with axial 
distance and sound frequency. 

These purely numerical techniques would be im- 

Moreover, the axial step or finite element 

To simplify the computation of the axial variation of the lowest mode in a 
two-dimensional duct with constant cross-sectional area but varying admittance, 
Baumeister (ref. 28) expressed the pressure as 

where k is the propagation constant corresponding to a hard-walled duct. Then, 
he used finite differences to solve for the "so-called" envelope P(x,y). This 
approach is suited for the lowest mode. 

QUASI -ONE-DIMENSIONAL APPROXIMATIONS 

The earliest studies of sound propagation in ducts with varying cross 
sections stemmed from the need to design efficient horn loudspeakers. Such 
horns are essentially acoustic transformers of plane waves and their efficiency 
depends on the throat and mouth area, the flare angle (wall slope), and the 
frequency of the sound, The walls of the horns are perfectly rigid and they do 
not flare so rapidly to keep the sound guided by the horn and prevent its spread- 
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ing out as spherical waves in free space. 

For the case of no-mean flow, one writes the quasi-one-dimensional equiva- 
lent of eqs. (1)-(4). 
(ref. 29). 

Combining these equations, he obtains Webster's equation 

where S is the cross-sectional area of the duct. This equation can be derived 
alternatively as the first term in an expansion of the three-dimensional acous- 
tic equations in powers of the dimensionless frequency (ref. 30). It can also 
be derived by integrating the acoustic equations across the duct. Solutions of 
equation (5) have been obtained and verified by many researchers (ref. 22). 
ing the method of multiple scales (ref. 311, Nayfeh (ref. 32) obtained an ex- 
pansion for equation (5) with the nonlinear terms retained; the solution shows 
the variation of the position of the shock with the cross-sectional area. 

Us- 

In the case of mean flow, one writes the quasi-one-dimensional equivalent 
of equations (1)-(4). For linear waves and sinusoidal time variations, the re- 
sulting equations describing the axial variations were solved for a special duct 
geometry for which the equations have constant coefficients (ref. 33), for the 
case of short waves by using the WKB approximation (ref. 34), and for general 
duct geometry by using numerical techniques (refs. 35 and 36). The nonlinear 
case was treated by Whitham (ref. 3 7 ) ,  Rudinger (ref. 38), Powell (refs. 39 and 
40) ., and Hawkings (41 ) I 

In this quasi-one-dimensional approach, one can determine only the lowest 
mode in ducts with slowly varying cross sections and cannot account for trans- 
verse mean-flow gradients or large wall admittances. 

SOLUTIONS FOR SLOWLY VARYING CROSS-SECTIONS 

For slowly varying cross sections, the mean flow quantities are slowly vary- 
ing functions of the axial distance; that is,qo = qo(zl9x,y), where z1 = EZ 
with E being a small dimensionless parameter that characterizes the slow axial 
variations of the cross-sectional area. For linear waves and sinusoidal time 
variations, the method of multiple scales (ref. 31) is used to express the 
acoustic quantities which are expressed in the form 

where zn = E ~ Z  and 

?& = - w, = ko(zl) at (7)  

Expressing each acoustic quantity as in equation (6) , substituting these 
expressions into equations (1)-(4) and the boundary conditions, and equating co- 
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efficients of equal powers of E yield equations to determine successive- 

acoustic pressure can be expressed as 
. The zeroth-order problem is the same as the problem for a duct that 

lY is the loca 7 qy parallel with z1 appearing as a parameter. The solution for the 

QO(X,y9zl ,z2 * ,ZN) = A(x,y,zl,Z2,. - * ,ZN)$(X,Y,ZI) (8) 

where $(x,y,zl) is the quasi-parallel mode shape corresponding to the propaga- 
tion constant ko(z1 ) .  
approximation; it is determined by imposing the so-called evaluable conditions 
at the higher levels of approximation. To first order, one obtains the follow- 
ing equation for A: 

dA 
dz 1 

The function A is still undetermined to this level of 

(9) f(z1) - +  g(zl)A = 0 

where f(z1) and g(zl) are obtained numerically from integrals across the duct of 
$, qo, ko, and their derivatives. 

Equation (9) has the solution 

A(z1) = AoexPCiEJkl(z1 Id21 (1 0) 

where kl =ig(zl)/f(zl). 
from the initial conditions. Then, to the first approximation, 

To first order, A. is a constant to be determined 

p1 = Ao$(x,y;zl)exp [ k o ( z l )  + ~k~(z~)]dz - iwt 
According to this approach, one can determine the transmission and attenua-* 

tion for all modes for hard-walled and soft-walled ducts with no-mean flow (ref. 
42), two-dimensional ducts carrying incompressible and cornpressi ble flows (refs-. 
43 and 44), and annular ducts (ref. 45). %us, in this approach one can include 
transverse and axial gradients, slow variations in the wall admittances, and 
boundary-layer growths, but the technique is limited to slow variations and the 
expansion needs to be carried out to second order in order to determine reflec- 
tions of the acoustic signal. 

WEAK WALL UNDULATIONS 

In this approach, one assumes that the cross section of the duct deviates 
slightly from a uniform one. 
rical duct can be expressed as 

For example, the dimensionless radius of a cylind- 

R(z) = 1 + ER~(z) (12) 
and the dimensionless posi.tions of the walls of a two-dimensional duct can 
be expressed as 



where E is a small dimensionless parameter and R1, dl, and d2 need not be slow- 
ly varying functions of z. 

uniform one, a number of researchers (refs. 46-49) sought straightfoward expan- 
sions (called Born approximations in the physics 1 iterature) 
sional ducts and sinusoidal time variations, the expansions have the form 

N 

Taking advantage of the small deviation of the duct cross-section from a 

For two-dimen- 

(14) 
N 2 E~Q,,(Y,Z) + O(E 1 
n=l 

qi(Y,z,t) = exp(iut) 

Substituting expressions 1 i ke equation (14) for each flow quantity in equations 
(1)-(4) and the boundary conditions and expanding the results for small E, one 
obtains equations and boundary conditions for the successive determination of 
the Qn. 

Isakovitch (ref. 46), Samuels (ref. 47), and Salant (ref. 48) obtained 
straightforward ekpansions for waves propagating in two-dimensional ducts when 
dl and dp vary sinusoidally with z. Under these conditions, first-order ex- 
pansions are unbounded for certain frequencies called the resonant frequencies; 
hence, the straightforward expansion is invalid near these resonant frequencies. 
Nayfeh (ref. 50) used the method of multiple scales and obtained an expansion 
that is valid near these resonant frequencies. He pointed out that resonances 
occur whenever the wavenumber of the wall undulations is equal to the difference 
of the wavenumbers of two propagating modes. These results show that these two 
modes interact and neither of them exists in the duct without strongly exciting 
the other modes. These results were extended by Nayfeh (ref. 51) to the case of 
two-dimensional ducts carrying uniform mean flows in the absence of the wall un- 
dul at i ons . 

- _ L  - % 

Tam (ref. 49) obtained a first-order expansion for waves incident in the 
upstream direction on a throat or a constriction in a cylindrical duct. 
results show that substantial attenuation of wave energy is possible for an 
axial flow Mach number of about 0.6 and throats of reasonable area reduction. 
It should be noted that the straightforward expansion is not valid for long 
distances and it might break down near resonant frequencies. These deficiencies 
can be removed by using the method o f  multiple scales. Then, one can account 
for all effects except large axial variations. 

His 

APPROXIMATIONS BY STEPPED UNIFORM SECTIONS 

In this approach, one analyzes the effects of the continuous variations in 
the wall admittance and/or the cross-sectional variations by approximating the 
duct by a series of sections, each with a uniform admittance (refs. 52 and 53) 
and a uniform cross-section (ref. 54). Then, one matches the pressure and the 
velocity at all interfaces of the different uniform sections. Hogge and Ritzi 
(ref. 55) approximated the duct by a series of cylindrical and conical sections 
and matched the pressure and velocity at the approximate interfaces between sec 
tions. Since the end surfaces of the conical sections are spherical rather 
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than planar, the interfaces between sections do not match exactly and some error 
i s i n troduced . 

This approach is most suited for cases in which the wall liner consists o f  
a number of uniform segments (refs. 52,53,56-61) and/or cases in which the duct 
cross-section consists of uniform but different segments (ref. 62). 
latter case, determining the mean flow can be a formidable problem if viscosity 
i s  included. In approximating a duct with a continuously varying cross-sectional 
area by a series of stepped uniform ducts, a large number of uniform segments 
are needed to provide sufficient accuracy for the solution when the axial varia- 
tions are large. 

In the 

VARIATIONAL METHODS 

In the variational approach, one uses either the Rayleigh-Ritz procedure, 

Since the Lagrangian is not known yet 
which requires the knowledge of the Lagrangian describing the problem, or the 
method of weighted residuals (ref. 63). 
for the general problem, the Galerkin procedure (a special case o f  the method 
of weighted residuals) is the only applicable technique at this time. According 
to this approach, one chooses basis functions (usually the mode shapes of a 
quasi-parallel problem) and represents each flow quantity as 

where the 4 are the basis functions, which, in general, do not satisfy the bound- 
ary conditih. 
ing the result into equations (1)-(4) and the boundary conditions, and using the 
Galerkin procedure, one obtains coup1 ed ordinary-differentia1 equations describ- 
ing the $n. 

Stevenson (ref. 64) applied this approach to the problem of waves propagat- 
ing in hard-walled ducts with no-mean flow. 
used the variational approach with the Lagrangian for waves propagating in hard- 
walled ducts with no-mean flow, Eversman, Cook, and Beckemeyer (ref. 66) applied 
the Galerkin approach to two-dimensional lined ducts with no-mean flow, and Evers- 
man (ref. 67) applied it to ducts carrying mean flows. 

Since the $ (z) vary rapidly even for a uniform duct, $ (z) aexp(ik z) and 
k can be very lbge for the lower modes, very small axial steps must be k e d  in 
t!e computations resulting in large computation time, which increases very rapid- 
ly with axial distance and sound frequency. 

On expressing each flow quantity as in equation (15), substitut- 

These equations are then solved numerically. 

Beckemeyer and Eversman (ref. 65) 

THE WAVE ENVELOPE TECHNIQUE 

According to this approach, one uses the method of variation of parameters 
to change the dependent variables from the fast varying variables to others that 
vary slowly. Thus, each acoustic quantity q l  is expressed as 
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... ... 
+ An (z)exp[ -i ,(z)dz - iwt]Qn(x,y,z) (16) 

where the Q (x,y,z) are the quasi-parallel modes corresponding to the quasi- 
parallel prgpagation constants k (z), the tilde refers to upstream propagation, 
N is the number of modes used, aRd A ( z )  is a complex function whose modulus and 
argument represent, in some sense, tie amplitude and the phase of the nth mode. 
Since k is complex, the exponential factor contains an estimate of the attenua- 
tion ra!e of the nth mode. Thus, 

is the envelope of the nth mode. 
To use this method, one determines first the functions qn (1 1 (x,y,z), I), (2)  (x, 

y,z)9 $i3)(x,y,z), qn (4)  (x,y,z), and $(5)(x,y,z) which are solutions of the ad- 

Multiplying equations (1)-(4), respectively, by qn (l) , 9, (2 )  , qn (3) , $n (41, and qn (5 )  

n 
joint quasi-para1 le1 problem corresponding to the propagation constant kn. 

adding the resulting equations, integrating the result by parts across the duct 
to transfer the transverse derivatives from the dependent variables to the 
and using the boundary conditions, one obtains 2N integrability conditions (con- 
straints), one corresponding t o  each k . 
(eq. 16) into these integrability condhions, one obtains 2N first-order ordinary 
differential equations for the An. Then, these equations are solved numerically. 

This technique has been applied by Kaiser and Nayfeh (ref. 68) to the pro- 
pagation of multimodes in two-dimensional, nonuniform, 1 ined ducts with no-mean 
flow. 
al approach especially for large sound frequencies and axial distances. This 
approach is being applied to the inlet problem by Nayfeh, Shaker, and Kaiser. 

Substituting the truncated expansion 

The results show that the present technique is superior to the variation- 
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EXPERIMENTAL PROBLEMS RELATED TO 
J- 

JET NO I SE RESEARCH" 

John Lauf;er 
Department o f  Aerospace Engineer ing 
U n i v e r s i t y  o f  Southern C a l i f o r n i a  

ABSTRACT 

Sound generat ion by turbulence i s  a r a t h e r  unique problem o f  physics for 
several  reasons: 

1 .) t h e  generat ion mechanism i s  a h i g h l y  non-1 inear  problem and, 
the re fo re ,  d i f f e r e n t  from c l a s s i c a l  acous t i cs ;  

2.) convent ional  exper imental  techniques developed e i t h e r  i n  acoust ics  
o r  i n  f l u i d  mechanics, a r e  n o t  best s u i t e d  f o r  s tudy ing  t h i s  
quest ion.  Consequently, j e t  no i se  resesrch presents a g rea t  
chal lenge t o  t h e  exper imen ta l i s t s .  The p resen ta t i on  w i l l  at tempt 
t o  g i v e  an account o f  what the  s p e c i f i c  d i f f i c u l t i e s a r e  and the  
va r ious  techniques used so f a r  i n  s tudy ing t h e  problem. 

Formulat ion o f  t he  Experimental -Problem. I n  cons ide r ing  the na tu re  o f  
the problem one f i n d s  t h a t ,  i n  general ,  i t  i s  n o t  a t  a l l  obvious what the 
experimental approach should be and, i n  p a r t i c u l a r ,  what measurements t o  make. 
The sound i n t e n s i t y  a t  a f i x e d  p o i n t  i n  t h e  f a r  f i e l d  i s  the sum t o t a l  o f  t he  
pressures a r r i v i n g  s imul taneously  t o  t h a t  p o i n t  due t o  r a d i a t i o n  by unknown 
acous t i c  sources o f  t he  t u r b u l e n t  f l o w  d i s t r i b u t e d  over a volume. Thus, f a r  
f i e l d  measurements alone cannot g i v e  s u f f i c i e n t  i n fo rma t ion  about these sources 
and inve rse l y ,  t he  "acoust ic  source nature ' '  o f  t h e  f l o w  cannot be detected 
d i r e c t l y  by one o r  two p o i n t  measurements i n  the t u r b u l e n t  l a y e r .  A number o f  
approaches have been used i n  the  past ;  some a t t a c k  o n l y  c e r t a i n  aspects of t h e  
problem, o the rs  have a more ambit ious aim. These w i l l  be discussed i n  d e t a i l .  

Far F i e l d  Measurements. H i s t o r i c a l l y ,  t he  e a r l i e s t  experiments consis ted 
o f  convent ional  i n t e n s i t y  and d i r e c t i v i t y  measurements. These measurements 
c l a r i f i e d  the  general na tu re  o f  t he  f a r  f i e l d  and po in ted  t o  some o f  t he  
s t reng ths  and weaknesses o f  t h e  e x i s t i n g  theo r ies .  However, w i t h  t h e  excep- 
t i o n  i n d i c a t i n g  consis tency w i t h  t h e  quadrupole na tu re  o f  t he  sources as 
p red ic ted  by L i g h t h i l l ' s  theory,  they cou ld  g i v e  no a d d i t i o n a l  i n fo rma t ion  
about the  r a d i a t i o n .  Subsequently, two p o i n t  c o r r e l a t i o n  measurements pro-  
v i d e  i n d i c a t i o n  o f  t he  p o s s i b l e  presence o f  l a r g e - s c a l e  s t r u c t u r e s  as sources. 

With the development o f  a h i g h l y  d i r e c t i o n a l  microphone, the source 
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strength distribution along the 
obtained. Such a technique has 
information about the nature of 

Near- F i el d Measurements . 
on the fluctuation field within 

axis, as seen from a far-field point, could be 
the potential of giving considerably more 
the sources. 

A great deal of experimental work has been done 
a turbulent layer in connection with studying - 

the turbulent flow itself. It is questionable whether "conventional" turbul- 
ence measurements would shed much light on the "acoustic source nature" of the 
flow. Speculation o f  the type of measurements one might need here will be 
given in some detail. In particular, the use of artificial flow excitation 
will be discussed. 

Simultaneous Near-and Far-Field Measurements. This is an area where 
considerable work has been done using various techniques. The advantages and 
shortcomings of these methods will be considered and some general comments on 
future work will be made. 
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NONLINEAR PERIODIC WAVES* 

Lu Ting 

Courant Ins t i tu te  of Mathematical Sciences 
New York University 

ABSTRACT 

A review of systematic perturbation procedures for  the analysis of non- 
l inear problems is  presented. 
value is f i n i t e  or in f in i te  are treated fo r  self-sustained and fo r  forced osci l -  
lations. The possibil i ty of the formation of shock waves i s  discussed. 
cations t o  acoustic problems are presented. 

The cases when the multiplicity of an eigen- 

A p p l i -  

INTRODUCTION 

Most of the problems i n  acoustics can be treated successfully by the l i n -  
earized theory since the nonlinear terms i n  the governing equations are i n  gen- 
eral of higher order. The linearized theory predicts the natural frequencies. 
When there is only one eigenfunction associated w i t h  a natural frequency, we 
say the eigenvalue i s  sirnple and the mode of the f r ee  oscil lation is.given by 
the eigenfunction times a constant, the atnpl i tude a ,  which i s  undefined. For 
forced oscil lations the amplitude becomes in f in i t e  when the forcing term is i n  
resonance. 

When the small nonlinear terms a re  included, the periodic solutions can 
The l inear problem will yield the be constructed by the perturbation theory. 

f i rs t  term i n  the perturbation expansion of the solution, and further terms will 
also be determined by l inear problems. T h i s  theory i s  based upon the original 
discovery by Lindstedt and Poincare that, t o  avoid the occurrence of secular terms 
i n  applying perturbation theory to periodic motions i n  celest ia l  mechanics, i t  
i s  necessary t o  make a perturbation expansion of the period of motion. 
theory i s  frequently used for problems involving nonlinear ordinary differential  
equations. 
lems involving nonlinear par t ia l  different ia l  equations by Keller and Ting 
(ref.  1). The  solution and the frequency a re  assumed t o  be regular functions 
of a small parameter E ,  the order of magnitude of the nonlinear terms. 

This 

I t  has been applied systematically t o  periodic f r ee  vibration prob- 

When the eigenvalue is simple i n  the l inear problem, the orthogdnality of 
the eigenfunction w i t h  €he inhomogeneous terms i n  the governing equation for 
the next order solution,and those f o r  the higher ones,removes the secular terms 
and also defines the amplitude o f  the osci l la t ion as  a function of the f r e -  
qu  en cy. 
* T h i s  paper i s  supported by NASA Grant NSG 1291 
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When the multiplicity of an eigenvalue i n  the l inear problem is equal to 
k, there are  k l inearly independent eigenfunctions. 
linear combination of those k eigenfunctions. The orthogonality of the inhomo- 
geneous terms of the governing equations for  the higher solutions w i t h  k eigen- 
functions yields k equations t o  re la te  the k coefficients i n  the l inear combina- 
tions t o  the frequency. 
b u t  also specify the mode of the l inear osci l la t ion t o  one special l inear com- 
bination of the k eigenfunctions. 

The l inear solution is a 

The nonlinear analyses define not only the amplitude 

When the multiplicity of an eigenvalue is infinite,  the l inear solution 

The  solution of these equations becomes very 

T h i s  approximate solution will be 

can be represented as  an infinite series of the eigenfunctions. The orthogona- 
l i t y  conditions w i t h  the eigenfunctions yield in f in i t e  numbers of equations fo r  
the coefficients i n  the series. 
d i f f icu l t ,  i n  general. 
by truncating the infinite ser ies  t o  a f i n i t e  number of terms and imposing only a 
f in i te  number of orthoganality conditions. 
useful only when the inf in i te  series happens t o  converge very f a s t .  

O f  course, we can construct an approximate solution 

For a sl ightly nonl inear wave equation w i  thout dispersion , the mu1 t i p l i c i  t y  
of each eigenvalue is infinite. The general solution of the l inear wave equa- 
t i o n  can be represented by forward and backward waves with unknown wave forms. 
The orthogonality conditions were shown t o  be equivalent to an integral con- 
dit ion by Keller and T i n g  ( ref .  1 )  and by Hale (ref.  2 ) .  Using the integral 
condition Fink, Hal1,and Khalili (ref. 3 )  showed tha t  i t  leads t o  a functional 
different ia l  equation for the wave form and obtained expl ic i t  solutions i n  
terms of e l l i p t i c  functions for  three types of nonlinear forcing terms. 
Generalization of the analysis and the establishment of an integral solvabili ty 
condition for  n-dimensional space have been made by Ting  ( re f .  4 ) .  

The systematic perturbation theory was applied t o  several interesting non? 
l inear boundary value problems by Millman and Keller ( ref .  5) .  They also pre- 
sented a systematic procedure fo r  the construction of solutions of forced osci l -  
lations. The amplitude of the forcing term and the energy of the system are  
assigned. 
small parameter E: a The energy equation guarantees the boundedness of the solu- 
tion. W i t h  a simple eigenvalue, we obtain the f in i te  amplitude solution of f ree  
osci l la t ion when the forcing function is  i n  resonance while i t s  amplitude van- 
ishes. When the eigenvalue is not simple, the force function can be any l inear 
combination of the eigenfunctions w i t h  assigned amplitudes, and the solution of 
the forced oscil lation will remain f i n i t e  due t o  the energy condition. However, 
i n  order t o  recover the f i n i t e  amplitude solution of f r ee  osci l la t ion,  the forc- 
i n g  function has t o  be a l inear combination of a l l  the eigenfunctions w i t h  a l l  
the coefficients approaching zero simultaneously while their ra t ios ,  which 
remain constant, a r e  specified by the energy equation so tha t  the wave form of 
the forcing function will  be related t o  that  o f ' t he  f ree  oscil lation. 

The solutions and the frequency are  again regular functions of the 

The procedures fo r  the construction of the perturbation solutions and the 
statements regarding the solutions will be demonstrated i n  the following two 
sections f o r  s l ight ly  nonlinear one dimensional wave equations w i t h  or  without 
a f in i te  dispersion term. When there is a f i n i t e  dispersion term, the eigen- 
value of the l inear equation is simple. Without the dispersion term, the 
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multiplicity of the eigenvalue is infinite. 
problem of the free oscillations first and then that of forced oscillations. 

For each case, we will treat the 

The author wishes to acknowledge Prof. Joseph B. Keller for valuable dis- 
cussions regarding this paper. 

SYMBOLS 

A 

a amplitude o f  the oscillation 

amplitude of the forcing function 

coefficients of lineah combinations in eq. (31) 

coefficients of in eq. (15) 
bj 

‘jk 
E energy of the system 

f nonlinear term 

9 2  

j, k, ni, n positive integers 

t time 

U 

the wave form of the solution and the forcing t 

the solution of the nonlinear equation 

X space variable 

a dispersion coefficient 

B defined in eq. (28) 

Y coefficient in the nonlinear term whe 

rm re 

YU3 

pect i vel y 

E small dimensionless parameter denoting the order of magnitude 

x eigenvalue or ~2 

5 the phase variable 

f integration variable 

w frequency 

of the nonlinear terms 

differentiation with respect to E at E = 0 
Subscripts: 
0 the leading term, iaee9 when E = 0 
x,t partial derivatives with respect to x or t 
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NONLINEAR WAVE EQUATION FOR A DISPERSIVE SYSTEM 

Analysis of Free Oscillations 

Let us construct the periodic solution of the nonlinear equation w i t h  a 
f ini te  d i  spersi on coefficient, 

subjected t o  the periodicity and boundary conditions, 

Utt - uxx + a u  = E f ( u )  O<x<a (1) 

U ( X Y  t f 2n lw)  = u ( x , t )  (2) 

(3 )  u ( O y t )  = u ( n , t )  = 0 

E i s  a prescribed small parameter and E f ( u )  represents the nonlinear force. 
w i s  an undetermined angular frequency. Let us introduce t'= w t  and u*(x, t ' )  
= u ( x , t )  in eqs. (u(2),(3) so t h a t  the period in the new time variable is 2a. We 
will drop the primes and eqs. (1)#), (3) become 

+ U U  = E f ( U )  
w2 Utt- uxx 

u ( x , t  + 2a) = u ( x , t )  

(4) 

(5)  

u ( 0 , t )  = u ( n , t )  = 0 (6) 

We shall seek a solution u ( x , ~ , E )  and a corresponsing angular frequency w (E) 
which are representable by f i n i t e  Taylor series in E, i . e .  

.. 
U ( X , t , E )  = u o ( x , t )  + E i i ( X , t )  + &*U +..* (7 )  

(8)  
.. 

and 

where ug = u ( x , t , o ) ,  w0 = w ( 0 )  and ( " )  denotes differentiation w i t h  respect t o  E 
a t  E = 0. 

A ( € )  = o ~ ( E )  =a2 0 +~i + %c2 h +,... 

By setting & = 0 ,  eq. (4) becomes the l inear equation for  the zero-order 
solution ~ 0 ,  i.e. , 

uoxx + a u0 = O (9 1 

and the same periodicity and boundary conditions eqs. (5),(6) hold for  u . By 
choosing the origin of t appropriately we can require ut = 0 a t  t = 0 an8 write 
these solutions as  

uO = a sin nx cos t 

xo = ,2 

(10) 

(11) = a +  n 2 ,  n = 1, 2 ,  ..... 
0 

For each integer n ,  w o r  the eigenvalue ho i s  defined. When a i s  an i r r a -  
tional number we can sRow that  there i s  only one eigenfunction, namely sin nx 
cos t. The amplitude a i s  undetermined so f a r .  
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We different ia te  eqs. (41, (9, (6) w i t h  respect t o  E and s e t  E = 0 t o  obtain 
the equations for the next order solution u.  They are: 

and eqs. (5) and (6)  w i t h  u replaced by i. They will have a solution (ref. 1) 
i f  the inhomogeneous part  is  orthogonal t o  the eigenfunction, i .e.  

2n lo d t  7 dx [ - i u  l.r’ 2 + f(uo)] sin nx cos t = 0. 
0 O t t  

We will give a physical meaning t o  this condition. The inhomogeneous term i n t h e  
linear equation for  The solution will 
be f i n i t e  only when the forcing term i s  not i n  resonance w i t h  the normal mode of 
the homogeneous system. In other words, the coefficient of the Fourier compo- 
nent, sin nx cos t ,  of the forcing term should vanish as expressed by condition 

can be considered a s  the forcing term. 

(13). 

The solution i s  
W oa 

C’ C s i n  j x cos k t / [ j 2  + a - w2 k2] jk 0 
i = c ,  

k=O j =1 
(24) 

jk The prime over the summation s i g n  means j # n when k = 1. 
are  defined by: 

The coefficients C 

00 00 

f ( u o )  = c c C cos k t  sin j x  O<X<T jk 
k=O j=1 

The denominator i n  eq. (14) can be rewritten as j2 - n2k2 + ~ ( 1 - k ~ )  which will 
n o t  vanish since a is an irrational number and j # n when k = 1. E q .  (13) i n  
t u r n  yields the f i r s t  order frequency-amplitude relationship, 

,2- w 0 2= E);+ O ( E 2 )  = - Cnl/a + o ( ~ 2 )  ( 16) 

For the special case of f ( .u )=  - u3 ,  we have 

Cn = -(?/16)a3 

and u2 =a+ n2 + &(9/16)a2 + 0 ( c 2 )  (17)  
Figure 1 shows the amplitude-frequency curves f o r a  =n, E = 0.1 i n  the neigh- 
borhood of the f i rs t  two natural frequencies, i.e., n = 1,2,  
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Analysis of Forced Oscillations 

We will modify the preceding problem by adding the distributed forcing 

The different ia l  equation, eq. ( 4 ) ,  must be changed 
function A sin j x C O S W ~  where j i s  a positive integer and A is the amplitude 
of the forcing function. 
to: 

+ a u  - Ef(u) = A sin j x  cos t (18) u2Utt - uxx 
while eqs. (5) and (6 )  remain unchanged. 

integrate w i t h  respect t o  x from 0 t o  IT and carry out integration by parts 
for the second term w i t h  the aid of eqs. (5 )  and (6 ) .  We obtain 

We will now establish the energy equation. We multiply eq. (18) by u t ,  

IT U 
dE = J %(w2 u2 + u 2  + u2a  - ZE [ f ( u ) d u  t X - 

dt 0 t d t  

Therefore the energy E i s  a constant and i n  

We will prescribe the enerqy E and consider 

J 
0 

j x  cos T d r l d x  = 0 

particular a t  t = 0,  we have 

(19) 
duld! t = O  = E 
u and w to  be functions of E, A 

and E . 'We will then repr&entuand w as  f in i te  Taylor series i n  E as in  
eqs. (7)and(8). Letting E = 0 i n  eqs. (18), (19), (5)  and (6),  we obtain 

- +auo = A sin j x  cos t W20Uott uoxx 

while eqs. (5)  and (6) hold for  uo. The solution of eqs. (ZO), (5)  and (6) is  

u =  a s in  j x  cos t (22) 
0 

where a = A / [ j 2 +  a -w:] (23)  

w i s  related t o  theenergy E by eq. (21), 
0 

Since a is an irrational number, the forcing term is  i n  resonance w i t h  the l i n -  
ear system only a t  the j t h  natural frequency. 
tude a and the energy E i n  the linearized theory becofle inf ini te .  For the non- 
l inear  theory, we prescribe the amplitude A and the energy E and define w$A,E,E), 

W i t h  m2 = j2  + a , the ampli- 
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from eq. (24) .  We will then proceed t o  determine w2(A,E,&> from the next order 
analysis. 

obtain 
We different ia te  eqs. (18) and (19) w i t h  respect t o  E and the se t  E = 0 t o  

+ f ( u o )  (25) ,2 -; +a;  = -  o U t t  xx 
and 

We make use of the fact  t h a t  u 
f o r  i. The solution of eqs. (65), (5), and (6) i s  

= 0 a t  t = 0. Again eqs. (5) and (6)  hold also 

i a  c 
i = .&.sin j x cos t 

J - w W n + G  
m a, 

+ c C' km sin k x cos m t  
m = 0 k = 1 k2  + o( -,20m2 

The symbol (') means t h a t  k # j when m = 1. 
fined by eq. (15). Insertion of eq. (27)  i n to  eq. (26) yields 

Here the coefficients Ckm are de- 

m f  1 

where 6 = u (x,O') = a sin j x .  
A and E t o  the f i r s t  order i n  E. 

t ibe.  We can solve forwo2, 

Use of eq. (28) in eq. (8) yields w2 i n  terms of 
0 

Fromeq. (24) i t  i s  clear t h a t  for  a nontrivial solution, a # 0 and E i s  posi- 

&' 0 = j2  + +-[nA2(j2 +a)/(4E)]' (29)  

In the limit A-0, we obtain the results for  f ree  osci l la t ions,  

and 

since f ( u  ) i s  f in i te .  
eqs. (1D,@4) and (16) obtained in the preceding subsection by a different proce- 
dure. 

u 2 +  0 j 2 + a  

i + - c j l / a  
These results are  in agreement w i t h  the resul ts  of 
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Since the amplitude a of the solution is equal t o  { 4 E / [ w ( j 2  +.()I,' we 

Of course, the curve for A = 0 agrees w i t h  the curve i n  Fig.  1 near 

will plot a vs u2 for each constant forcing amplitude A instead of E vs u2 
Fig. 2 shows the curves for A = 0, 0.2, 1 w i t h  o(= E, E: = 0.1,j = 1, f ( u )  
= - u3. 
the f i r s t  natural frequency. 

Wewill now explain why these two apparently different methods for  thecon- 
struction of f i n i t e  amplitude f ree  oscil lations are equivalent. 

In the f i r s t  method, the underlying principle is that  the solution u or 
ug, e tc . ,  have t o  be f in i t e .  The orthogonality condition eq. (13) guarantees 
that  u i s  f i n i t e  since the eigenvalue i s  simple and the solution .; i n  eq.(14) 
i s  therefore n o t  i n  resonance w i t h  the natural mode which is  proportional t o  uo. 
In the second method, we note that  uo i s  f i n i t e  for f i n i t e  energy E.  Hence 
f(uo) is f ini texand the f i r s t  order energy equation (26) says that  the p a r t  of 
ux which i s  orthogonal t o  uo has t o  be f in i t e .  uo- i s  an eigen-solution. 
Since the eigenvalue is  simpfe, eq. (26)  i s  sufficient t o  guarantee 
t h a t  i s  f in i t e .  When the eigenvalue i s  no t  simple, and the forcing function 
contains only one of the eigenfunctions, eq. (26) i s  not sufficient t o  I 
insure that  ir i s  f i n i t e  although eq. (26) will produce a relationship between 
u2 and E for  A = 0. 
tion, the appearance the $ term would then require u t o  be f in i t e .  The proce- 
dures for handling the problems with nonsimple eigenvalues are described in 
thenext section. 

O f  cgurse, i f  we continue t o  t h s  second order energy equa- 

NONLINEAR WAVE EQUATION FOR A NONDISPERSIVE SYSTEM 

Analysis of Free Oscillation 

The governing equations (4J ($, (6) i n  the preceding section remain appli- 
cable'when we se t  a = 0. The perturbation expansions eqs. ( 7 )  and (9)  are the 
same. The governing equations for the zero order solution are 

oZo U o t t  - uoxx = o  (30) 

and eqs. (5) and (6)  with u replaced by uo. Again we choose the origin of t .  
such t h a t  ut = 0 a t  t = 0 ,  the solution fo r  a given integer n can be writ tenas 

with 

u = a [C b.  sin n j  x cos n j t ]  
0 d=l J - 

A, =Go = n2 

uo i s  expressed i n  terms of a linear combination of a l l  the eigenfunctions 
associated withh . 
dition on b j ' s ,  s8y 

Since we factor out the amplitude a ,  we can impose a con- 

co 

c b j  f =  1 ( 33) 
1 
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The governing equations for  the next order solution are  eqs. (12), (5), and (6)  
w i t h d  = 0. 
is orthogonal t o  a l l  the eigenfunctions sin n jxcosn j t  for  a l l  j .  The resul ts  
a re  

The solution u i s  bounded when the inhomogeneous part of eq. ( 1 2 )  

2n .rr 

J 0 
iab.  + -22- d t  dx f(uo) sin n j x  cos n j t  = 0 (34) 

fo r  j = 1, 2: .... Eqs. (34) and (33) a re  the equations for  a l l  the b . ’ s  and a 
i n  terms of A .  They are d i f f i cu l t  t o  solve. J 

I t  was observed i n  ref. 4 tha t  a t  least  for  the special case of f ( u )  
= y u 3  where Y i s  a constant, the approximate solution which was obtained by 
keeping only two terms i n  eq. (31 ) and applying eq. (34) for j = 1 and 2 d i f fe rs  
from the exact solution by less  than 0.1%. 
mate solution is  the same as i f  the multiplicity of the eigenvalue were f i n i t e  
(say equal t o  2 ) .  
construct the exact solution by the following procedure. 

written as  

The construction of the approxi- 

For a general nonlinear problem, i t  would be advisable t o  

The general so lu t ion  of eqs. (30), (5), and (6) w i t h  Xo = n2 = 1, can be 

with 

where g i s  the unknown wave form. 
normalization condition on g can be introduced, say 

g k  + 2 d  = g ( d  
We introduce an extra factor a so that  a 

n o  
The  series eq. (31) can be identified with g as 

g(5) = C b .  S i n  j e .  
03 

J 
1 

(37) 

(38) 

The orthogonality condition of eq. (34) can now be replaced by an integral equation 
for  the wave form g (ref. 1, 2)  

n - 9 g ( t )  + /  f [ u o ( t - x ,  x ) ]  dx = 0 (39) 
0 

Eor the case of f = 7 u 3  , eq. (39) i s  reduced to  a functional differential  
equation for  g and the solution is  an e l l ip t ic  function (ref. ,3). 
quently a l l  the coefficients b .  i n  eqs. (38) o r  (31) are defined. 
provides a relationship betwed a and A, i .e. , the amplitude frequency rela- 
tionshi p. 

Conse- 
Eq.  (39) also 

Analysis of Forced Oscillation 

If we introduce a d i s t r i b u t e d  forcing term proportional t o  an eigenfunction 
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say the f i rs t  one sin x cos t ,  eq. (30) becomes 

w 2  

The solution of eqs. (40), (5) ,  and (6) is  

= A sin x cos t 
0 U o t t  uoxx 

u = a sin x cos t (41) 

a = A / [ 1  -W 2 ]  (42) 
0 

0 
where 

The energy equation is eq. (21)  w i t h  o ( =  0. Letting E = 0 ,  we re la te  wo t o  E 

E = na2/4 = (n/4) A 2 / ( 1 -  u ~ ~ ) ~  (43) 

or 
w2 = 1 k [nA2/ (4E)I' 

0 

When the amplitude of the forcing function A and the energy E are  non-  
zero, the amplitude a and the frequency w o  a re  defined by eqs. (42)  and (43). 
In particular u; f 1;  therefore,a, is  f in i te .  

given by eqs. (25) and (26) w i t h  a =  0. 
and (28) w i t h  a =  0 and j = 1. 

The next order differential  equation and energy equation for  and a re  
Their solutions are given by eqs. (27) 

In particular f o r  f ( u )  = - u3,  we have 

sin 3 x cos 3 t 3 a3 
0 

16( 1-901 ') a32/16 sin x cos t -  1 -ao 
o i a  - 
U =  

sin 3 x cos 3 t sin 3 x cos t + -2) 9 a3 3 a3 
+ -  0 

(44) 

and 

= (9 a2/16) [l + 3w 0 (1 - w62) /  (1 - 9~ 0 2 ) 1  (45) 

In the limit o f  A + 0 and w o 2 t l  such that  the energy A and also the ampli- 
tude a remain constant, we obtain h= 9a2/16 while b becomes unbounded because 
of the l a s t  term i n  eq. (44) unless E = a = 0. 

In order t o  obtain nontr ivial  f ree  oscil lations as a l i m i t i n g  case of the 
forced oscil lations,  the forcing function should contain a l l  the eigenfunctions 
i n  the form of  an infinite series eq. (31) o r  be represented as general solu- 
t i o n  eq. (35) for  Xo = 1.  E q .  (40) should now be 

= [ G ( t  + X )  - G ( t  - x ) ]  - 
uoxx 02  u 

O O t t  
The solution uo is 

where a = A/(1-wo2)  
uo = (a/e)Eg(t + x) - g ( t  - X I 1  

(46) 

(47) 
(48) 
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w i t h  
extra factor A we can normalize G o r  g by eq. (37). The energy i s  related t o  a 
o r  A by eq. (43). 

u i n  eq. (47) i s  of the same fohn as eq. (35) for  the free  oscil lation. The 
g8verning equation f o r  f is  also the same as t h a t  for  the f ree  oscil lation. 
On account of the next order energy equation, the part of which is in f in i t e  
has t o  be orthogonal t o  a l l  the eigenthnctions. Therefore, G i s  f i n i t e  and the 
wave form g ( 6 )  will be the same as that  for  the f i n i t e  f ree  oscil lation i n  
ref.  3. The wave form for  forcing term i s  in t u r n  defined by eq. (49) as A -+ 0. 

g (5  + 2n) = g ( 6 )  and g ( 0 )  = 0. Since we introduce an 

In the limiting case of u2 + 1 and A +,O, while E and a remain f i n i t e ,  

CONCLUDING REMARKS 

The perturbation theories for nonlinear f ree  and forced oscil lations are  
reviewed. In the case t h a t  the eigenvalue for the l inear problem i s  simple, the 
solution for  the forced oscil lation yields t h a t  of f ree  oscil lation when the 
forcing term i s  in resonance while i t s  amplitude approaches zero accordingly. 
This statement remains true when the multiplicity of the eigenvalue is f i n i t e  or  
in f in i te  provided that  the forcing function is a l inear combination of a l l  the 
eigenfunctions. 
the forcing function i s  defined by tha t  far the free 'osci l la t ion.  

Their amplitudes vanish in such a menner that  the wave form of 

From eq. (24) we see that  for a special combination of E and A ,  k2+a-wF2 
vanishes for a pair of (k ,m)  and the solution h given by eq. (27)  becomes in- 
f i n i t e .  We should then add a f ree  oscil lation mode b sin k x cos m t  t o  u and 
the amplitude b i s  determined from the energy equation so that  the secular 
term associated w i t h  the mode ( k , m )  i n  fi vanishes. 
be made t o  avoid the appearance of a secular term of higher mode f o r  the solu- 
t i o n  of a forced oscil lation of a nondispersive system. 

Similar modifications should 

When the perturbation theory fo r  the f ree  oscil lations yields only a 
t r i v i a l  solution,' we conclude t h a t  the small amplitude periodic solution which 
sp l i t s  off from the s t a t e  of r e s t  does n o t  exist .  The longitudinal vibrations 
of a uniform bar with fixed o r  f ree  ends are  examples mentioned in ref .  1. This 
resul t  i s  verified in re f .  1 by the method of characterist ics.  
stronger resul t that ,  f o r  certain i n i  t i  a1 boundary Val ue problems, every non- 
t r i v i a l  solution becomes singular in a f i n i t e  time. 
afterwards. This result  i s  the same as that  of Lax b u t  the proof i s  somewhat . T h i s  resul t  was also applied ( re f .  1) t o  show that  there 
are no nonsingular (ref.  ? shockless) f i n i t e  amplitude sound waves i n  a closed tube. 
d+f f  erent 

For long tubes w i t h  open ends, i t  can be extended t o  a problem periodic i n  x i f  
the simple boundary condition of constant pressure i s  imposed. Consequently we 
can conclude again the nonexistence of nonsingular periodic solution. However, 
the r e a l i s t i c  boundary condition for  ah open end of a long pipe should be im- 
posed based on the analysis of Levine and Schwinger ( ref .7) .  The reflection 
coefficient is  not  equal t o  -1. 

I t  yields a '  

Shock waves are  formed 

I t  depends on the wave number and furthermore i t s  

847 



absolute va lue i s  l ess  than u n i t y  due t o  t h e  l o s s  o f  energy propagated t o  in-  
f i n i t y .  Therefore ao i n i t i a l  wave i n  an open tube w i l l  decay and a pe r iod i c  
f r e e  o s c i l l a t i o n  cannot be sustained. Deta i led  s tud ies for t h i s  problem w i l l  
be repor ted elsewhere. 

848 



REFERENCES 

1. Keller, J.B., and Ting. L.: 
Nonlinear Partial Differential Equations. 

Periodic Vibrations of Systems Governed by 
Commun. on Pure and Appl.Math. 

Vol. XIX, NO. 4, NOV. 1966, pp. 371-4208 

2. Hale, J.K.: Periodic Solutions of a Class of Hyperbolic Equations Con- 
taining a Small Parameter. Arch. Rational Mech. Anal., Vol. 23, No. 5, 
September 1967, pp. 380-398. 

3. Fink, J.P.; Hall, W.S.; and Khalili, S.: Perturbation Expansions for Some 
Nonlinear Wave Equations, SIAM, J. Appl. Math. Vol. 24, No. 4, Jan.1973, 
pp. 575-595. 

4. Ting, L.: Periodic Solutions of Nonlinear Wave Equations in N-dimensional 
Space. To appear in SIAM J. Appl. Math., Part A, 1977. 

5. Millman, M.H. and Keller, J.B.: Perturbation Theory of Nonlinear Boundary 
Value Problems. J. of Math. Phys. Vol. 10, No. 2. , Feb. 1969, pp.342-361. 

6. Lax, P.D.: Development of Singularities of Solutions of Nonlinear Hyper- 
bolic Partial, Differential Equations. 
May 1964, pp.1 611-613. 

Levine, H. anh Schwinger, J.: 
Circular Pipe. Phys. Review., Vol. 73, No. 4., Feb. 1948, pp.383-406. 

J. Math. Phys., Vol. 5, No. 5., 

7. On the Radiation of Sound from an Uhflanged 

849 



t 
n= 2 

2.41 
w 2  

5.41 

3 

2 

I a! 

1 

Figure 1.- Amplitude-frequency curve for free oscillations. 
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Figure 2.- Amplitude-frequency curve for forced oscillations. 
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FEATURFS OF SOUND PROPAGATION THROUGH AND STABILITY 

OF A FINITE SHEAR LAYER* 

S .  P. Koutsoyannis 
Stanford University 

SUMMARY 

The plane wave propagation, the stability and the rectangular duct mode 
problems of a compressible inviscid linearly sheared parallel, but otherwise 
homogeneous flow, are shown to be governed by Whittaker's equation. The exact 
solutions for the perturbation quantities are essentially the Whittaker M-func- 
tions N 
precise physical meanings. A number of known results are obtained as limiting 
cases of our exact solutions. For the compressible finite thickness shear layer 
it is shown that no resonances and no critical angles exist for all Mach numbers, 
frequencies and shear layer velocity profile slopes except in the singular case 
of the vortex sheet. 

2 (4i-ri-1 ) where the non-dimensional quantities T, rl and 4 . r ~ ~  have i.r I 23/4 

INTRODUCTION AND RACKGROUND 

Studies on compressible free shear 1-ayers have not been extensive. In fact 
with the exception of the earlier work of Graham and Graham (ref. 1) who studied 
sound propagation through a finite linearly sheared layer in the low-frequency 
limit, it has been only recently that Blumen et a1 (ref. 2) obtained an exact 
solution for the stability of the shear layer with an hyperbolic tangent profile 
with the significant result that this shear layer is unstable to two dimensional 
disturbances for all Mach numbers whereas the vortex sheet is known to be un- 
stable only for M<2& a result that cautions against modeling real sheared flows 
with vortex sheets, as has been the practice in a number of recent noise re- 
search studies, since, as the authors point out, even the long wavelength char- 
acteristics of finite thickness shear layers may be quite different from the 
corresponding properties of the analogous vortex sheet. In this study we con- 
sider sound pxopagation and stability in linearly sheared parallel compressible 
inviscid homogeneous flows. Work relating to the solutions of the pressure per- 
turbation equation has been that of Kkhemann (ref. 3 )  who also considered the 
stability of a boundary layer approximated by a linear velocity profile, the 
study of Pridmore-Brown (ref. 4) and that of Graham and Graham (ref. 1). 

Kuchemann (ref. 3 )  obtained a formal series solution for the density per- 
turbation equation and he also arrived at a solution supposedly valid for large 

1 values Of (Our) Parameter i-I = - -M. His series solution, although it is given 
K in a cumbersome and lengthy form, is correct but his asymptotic solution is in 

*Work supported under NASA Grants NASA 2007 and IJASA 676 to the Joint 
Institute of Aeronautics and Astronautics. 
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serious error. Pridmore-Brown (ref. 4) solved the pressure perturbation equation 
in the short wavelength approximation, i.e., for large values of (our) parameter 
T = -  K. His asymptotic solutions may also be in error. Graham and Graham (ref, 
1) studied the problem of a plane wave incident on a linear velocity profile free 
shear compressible inviscid layer. They used entirely a series solution of the 
density perturbation equation which they independently rederived apparently un- 
aware of the earlier work of K k h e m a n n .  
only, they were unable to give proofs for the range of the parameters T and n 
for which ordinary, total or amplified reflection occurs, although correctly 
identified the regions intuitively. More importantly and for the same reasons, 
they could neither prove the existence or non-existence of reasonances or crit- 
ical angles, but for the case of "sufficiently thin -- but not zero thickness -- 
shear layer" nor could they draw any conclusions for either the large Mach 
number M or large T cases. 

w .  
4b 

B e c a u s e  they used the series solution 

SYMBOLS 

Speed of sound of the homogeneous fluid 

Velocity profile slope of the shear layer 

Disturbance phase speed (in general complex) 
Unit vector in the direction of the mean flow 

Independent solutionsof equation (1) 

Wave numbers of incident wave 

Second index of the Whittaker M-functions 

Index of refraction 
Wave normal unit vector 

Linear combinations of f and g in equation (5) 

Parameter of transformation in equation (1) 

z-component of the velocity perturbation 

Rectanular coordinates 

Shear layer thickness 

Functions of f, g and their derivatives in equation (7) 

Functions of A,B,C and D in equation (9) 

Heaviside function 

Inverse of the x-component of the disturbance Mach number 
Disturbance vector Mach number 

Mean flow vector Mach number 

Mean flow Mach number 
Real part of I/ 0 



R 

R1 R2 

T1 T2 

T 

3 u (z) 
W 

01 

rl 

e l e ,  
5 

Q, CCa 

T 

u b  
w 

In 
veloci 
shown 

Reflection coefficient 

In and out of phase component of R 

Transmission coefficient 

In and out of phase component of T 

Mean velocity 

Dependent variable in Whittaker's equation 

x-component of the wave vector of the pressure disturbance 
Non-dimensional variable in equation (2) 
Angle of incidence of p3iane wave 

Independent variable in Whittaker's equation 

Non-dimensional parameter in equation (2) 

Perturbation velocity potentials 

Disturbance frequency 

SOLUTION OF THE PRESSURE PERTURBATION EQUATION 

a homogeneous inviscid compressible parallel shear flow having a linear 
-ty profile in the z-direction only, i.e., U = U(z) = bz, it may be easily 
that, starting either from the linearized equations of motion or directly 

using the appropriate linearized form of the convective wave equation, the z- 
dependent part p(z) of the pressure perturbation P(2) is governed by the equa- 
tion : 

where 

1 w bz 
K b a 

rl = - - M, 4-c = - K, and M = M(z) = - . 
M is the local Mach number and K and w acquire the following meanings depending 
on the problem at hand: 

3 
(i) Free Shear Layer: Propagation of a plane wave of wave vector k and fre- 

quency w impinging on the shear layer from a half-space (z<O) of relative 
rest and at an angle 0 measured from the z-axis (- ?L < e < + -): Tr 

2 -  - 2 
1 

sine K =  

(ii) Free Shear Layer: Stability for assumed disturbances o f  the form 
+ p (r) = p (z) eia (x-ct) (a and c possibly complex): 

a K = - and w = ac 
C 
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(iii) Sound Propagation in Rectangular Ducts: Modes for assumed disturbances 
of the form p(3) = p(z) eia(kx-wt) (k and w real) : 

1 
2 - 

The transformation p = 112 W ( C ) , < = q r l  with q = 4 i ~ ,  reduces equation (1) into 
Whittaker's equation for W, so that the two independent solutions f and g of 
equation (1) are: 

Where M are the Whittaker M-functions and T ,rl ,K are defined following equ- 
ation ( 2 ) .  
also real with f being even and g odd functions of 11 whereas both f and 9 are 
even functions of T. Moreover series and asymptotic expansions for f and g are 
readily obtainable from the known properties of the Whittaker M-functions (ref. 
5 and 6). 
(ref. 3) and Graham and Graham (ref. 1) although the form thatresults from equ- 
ation ( 3 )  above is not only more compact, but also faster converging. The asym- 
ptotic forms of f and g and thej.r derivatives with respect to rl are obtained in 
terms of I 

are in disagreement with both the results of Kkhemann (ref. 3)  and Pridmore- 
Brown (ref. 4). This was expected as mentioned in the introduction since 
Kkhemann essentially seeking an expression for large q neglected 1 compared to 
q2 in the last term of our equation (1) which is tantamount to setting T = 0 in 

Whittaker's equation, whereas Pridmore-Brown by applying Langer's method obtained 
only a non-uniform leading term of an asymptotic expansion in terms of Airy fun- 
ctions. These and other details may be found in reference 7. 

It is easily shown that for T and q reallthe functions f and 9 are 

The series expansion agrees with the series obtained by Kschemann 

3 
I2m+l With m = * 4 using Oliver's method (ref. 5 and 6 )  and they 2m I 

THE FINITE THICKNESS LAYER 
Plane Wave Propagation 

We consider the two-dimensional finite inviscid compressible shear layer Of 
thickness z1 with velocity profile 

1 U = bz 

= bz z >z>o 

= o  
1- - 

O> Z - 

(4) 

in the (x,z) plane and a time-harmonic monochromatic plane wave incident from 
the z<O half-space with wave vector k and wave number k = E, in the (rest) frame 
of reference of the stationary fluid at z<O, in an otherwise homogeneous fluid 
in the entire (x,z) plane. The velocity potentials in the lower region (of re- 

j. 

a 

lative rest) and the upper region of uniform flow are: 

(xsinO+zcosO-at) +Retik (xsinO-zcosO-at 
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where R.P. denotes "real part of"; the first term in equation (5) represents the 
incident wave coming from the half-space z<O and R and T are respectively the 
complex reflection and transmission coeffi&.ents for the velocity potential, and 
the upper signs are taken for q>O.* In the middle (shear layer) region with the 
velocity profile equation (4) the pressure perturbation p (2) and the z-component 
W(z) of the velocity perturbation are given by: 

c 1 r 1 

where p(') (0) and p(2) are linear combinations of the independent solution f and 
g, equation ( 3 1 ,  of equation (11, i.e. 

P(') ( r l )  = a f + a12g, 11 ( 5 )  

with a constants. Writing also R = R + iR T = T + iT for the complex re- ij 1 2' 1 2 
flection and transmission coefficients R and T respectively and applying the 
boundary conditions (continuity of the pressure perturbation p(r) and z-camp- 
onent w(2) of the velocity perturbation) at the interfaces z=O and z=z and 
after separating real and imaginary parts in the resulting equations one obtains 
a system of eight linear algebraic equations for the determination of the eight 
unknowns aij Ri, Ti. 
following expressions for the reflection and transmission coefficients are ob- 

+ 

1' 

After somewhat tedious but straightforward algebra the 

for lqll<l, - -<e<-, I T I T  R ~ ,  T. complex 
7 2- -2 

*This representation used by Miles (ref. 8) and Graham and Graham (ref. 1) is 
consistent with the radiation condition as postulated by Miles. Actually 
Sommerfeld's radiation condition does not apply for plane waves and the diffi- 
culties arising in such a case have been discussed by Lighthill (ref. 9) .  At 
any rate these representations for the velocity potentials insure that the re- 
flected and transmitted waves are outgoing in a reference frame fixed in the 
upper fluid and are consistent with Miles's postulate and Ribner's intuitive 
picture (ref. 10). 
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with 8 

r 1 

with K = sine 

The upper signs in equation (6) hold for n >1 and the lower signs for rl c-1, 1 1 -  in both cases 1n1>1. 
ments of f and g and their derivatives with the understanding that Q designates 
evaluation at ~ = n o = Q I z = o - ~ ~  and 1 designates evaluation at n = ~  =ul 

In equation (7) we used the notation 0 and 1 in the argu- 

- - - 1  
1 z=zl 

-M i.e. at the two edges of the shear layer. sine 1' 

It is clearly seen from equations ( 6 )  that the various reflection regimes 
are : 

rll'l 8 R2<1 : Ordinary Reflection 

-l<n <+1 8 R =1 : Total Reflection ( 8 )  
2 

1 

Qp-1 8 R2>1 : Amplified Reflection 

These regimes are quite analogous to the three regimes found by Miles (ref. 
8 )  and Ribner (ref. 10) for the vortex sheet caseandintutively arrived at by 
Graham and Graham (ref. 1) .. The above conditions in equation ( 8 )  imply that al- 
though the values of the reflection and transmission coefficients depend on the 
frequency w and the velocity profile slope b, the dependence is only through the 

-M whereas angle of incidence O r  and the two parameters T= - sin0 and T-, = - 
the conditions for the three reflection regimes are independent op w or b and de- 
pend only on n1 which is the Mach number 
velocity of the incident wave'front relative to the relative Mach number M1 of 
the two uniform flows confining the shear layer. 

w 1 
b 1 si 8 l8 

of the x-component of the phase l 
sine 

The limiting case of the vortex sheet is easily obtained in the limit T+O 
(high-frequency or long acoustic wavelength limit) whereas the low-frequency or 
short wavelength limit is obtained by letting T'-)CO in equation (6); in the former 

which agrees with the results of Miles (ref. 8 )  and Ribner (ref. l o ) ,  whereas in 
the short wavelength case l - ~ ~  becomes the Heaviside function H: 
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1-R2 = H (l-ql), T- 

Resonances and Critical Angles 

In this section we give a formal proof that in the amplified reflection re- 
gime, ql<-l, there are no resonances and in the ordinary reflection regime, 
ql>+l, there are no cricital angles. 

First it is easily deduced from equation (6) that excluding the singular 
cases of 8- or M- (in special ways) we may assume that neither A=C=O or B=D=O, 
nor all four A,B,C and D may be zero simultaneously. It is next seen from equ- 
ation ( 6 )  that resonances exist if the denominator in the expression for R2 is 
zero in the amplifying regime q <-1, i.e., if 1 

2 2 
(9) A = A + H  = 0, A= A+B and B =  C+D 

with A,B,C, and D given by equations ( 7 ) .  But A in equation (9) above is just 
the determinant of the coefficients aij in equations (5) of the system of the 
four equations determining aij. 
inhomogeneous with right hand side proportional to T, a solution for the aij 

TW. It thus follows that equation (9) has solutions, only for P O ,  and this is 
precisely the limiting case of the vortex sheet; i.e., resonances are possible 
only for the vortex sheet. One may also obtain the same result by algebraic 
manipulation of the general expressions for R 

Since only the first equation of that system is 

# 0 or A exists if and only if either A = A2 + B2 + + 0 and A 2 + R2 + 0 and 

and R2: 1 

(10) 
2 2 2 2  2 2 - B -A +D -c , R2 = - (AD - BC), A = ( A T  B12 + (C  7 D) R1 - A A 

for the case of amplified reflection (lower signs). 

For the critical angles we use the expressions in equation (10) with the 
upper signs (ordinary reflection ql>l). If critical angles exist, then R =R =O 
and using equation (10) we may easily deduce that for BfO, DfO the ratio 'A - -  2 - C 

B D  
may then only attain the value -1 for zero reflection. But this implies that 
A+B=C+D=O which is precisely the condition for the existence of resonances equ- 
ation (9) which we have just shown that do not exist for a finite thickness 
shear layer. 

THE F I N I T E  THICKNESS LAYER 

Stability Considerations 

For the layer equation (4) the boundary value problem leads to the following 
equation : i(A + B) + (C - D) = 0 (11) 

a 
where A,B,C, and D in general complex are given by equation (7) with K = 
with (sgn K) omitted in the expressions for B and C. The roots of the above 
equation give the dependence of the phase speed c, or of the frequency ac, on 
the wavenumber a. 
w=acare real. 

and 

For-temporal amplification a is real and positive, c and 
For the neutral stability line however, in either case c=c r +ici 
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with ci=o, i.e., c is real, thus K is real and one may distinguish the cases 
Kfl, lrllIl corresp~~~di_ng to supersonic (upper signs) or subsonic (lower siqns) 
disturbances and relative Mach numbers respectively. 

Comparing equation (11) and equation (9) we see that the resonances, were 
they to exist, would obey the system of equations A+B=O, C+D=O whereas the 
neutral stability characteristics are determined by the system of equations 
A+B=O, C-D=O, with A,B,C,D real. Thus, in general one does not expect any con- 
nection between resonances and neutral stability eigenvalues except in the 
singular case of the compressible vortex sheet case which is discussed below. 

Special Case: The Compressible Vortex Sheet 

As before, we let - P O  in equation (11) and (7) to obtain 

where 
as K = 
have the same signs, i.e., the cases K<1, I q I >1 or K > l ,  I q I <1. 
of equation (12) above is 

and K may be complex. Excluding the singular cases K-tl  and q-tl, as well 
a 

-fool we consides the case where the square root terms in equation ( 7 )  
The formal solution 

which is in agreement with the results of Landau (ref. 11). It is a matter of 
simple algebra to show that in order to satisfy the inequalities In151 only 
the upper (minus) sign in the square root term in the a.bove equation for the 
eigenvalues should be retained. 
missible which is precisely the result of Miles (ref. 12) which he arrived at in 
a totally different way, namely by considering the vortex sheet stability as an 
initial value problem. 
case the stability equation (11) for neutral eigenvalues, becomes C-D=O, whereas 
for the plane wave propagation case as we saw previously equation (9) for the 
resonances becomes C+D=O, since for the vortex sheet, -c%, and A and B are O h )  
whereas C and D are O(1). Thus it is only for the vortex sheet that resonances 
and neutral stability eignevalues are given by the same equation i.e. C2 = D2. 
For the finite shear layer the roots of equation (9) and (11) the two equations 
are in general different. In fact, we have shown that although equation ( 9 )  
may have real roots, there are no resonances for the finite thickness compress- 
ible shear layer. 

Thus two neutral eigenvalues are not per- 

It is finally worth noting that for the vortex sheet 

- 

2 PHYSICAL KEANING OF q , W ,  T and 4 ~ q  . 
b 

1 I/K is - I 5 I for plane wave propagation, Variable rl - 1 -M. 
K sin0 a a 

stability and rectangular duct mode studies respectively, and we may thus write 
for 0 :  
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Thus q is a relative Mach number measure %.e., it is the parallel to the 
mean flow component of the disturbance (phase speed based) vector Mach number 
Mdr relative to the (relative ) mean flow Mach number and thus it is a measure 
of the components of the relative speeds of the disturbance and the mean flow 
in the direction of the mean flow. 

-+ 

Parameter : acquires the simple meaning of a characteristic Strouhal 
b b  

number of the flow by writing: 
(Shear layer thickness) x IDisturbance frequency) = ZW = 2 

~ Mean Flow Speed bz b 
s =  - 

L 

Parameters T and 4 ~ 0  : For propagation of a plane wave incident from a 
IT IT homogeneous half-space (z<o) at an angle B o  (---<Bo:+ -) with the z-axis, it is 

easy to show that the wave normals i% are independent of x r  i.e.r that all wave 
normals of a given z-stratum are parallel. Thus defining an index of refrac- 
tion n = (l+Mf-n)-l= (l+MsinB)-', it is easy to show that n = l-MsinB, = sinBoqr 
n =  nsineq. Using these relations we may write: 

2- 2 

+ +  

Local disturbance wavelength 2 2 2 
= kOn = sineon = 4 ~ n ,  and 4-cn is the 

Relative refraction index change - b IVnl/n 
argument of the Whittaker M-functions in our general solutions f and g of the 
pressure perturbation equation. T itself also attains the simple meaning 

T = -K= '> - w/b Characteristic Strouhal Number 
b 1 / K  Parallel component of the disturbance Mach number 

CONCLUSIONS 

In this paper we have examined some aspects of plane wave propagation and 
stability of compressible inviscid homogeneous flows characterized by a linear 
velocity profile. The focus of this study has been on the search for exact 
solutions of the perturbation equations which bring forth the salient common 
features of all such parallel flows. The essential conclusions of this study 
are: (1) The z-dependent part of the pressure (or density) disturbance of 
siich flows is governed by Whittaker's equation with independent solutions 
x h LM (4i~r-1~) ; with m = 4 where M are the Whittaker M-functions and n , ~ ,  
i~ , +m 

and 4-ri-1~ admit the following interpretations: 
+ +  -+ 

0 = (Md-Mf) -ef 

I-= 

= Relative Mach number parallel to mean flow 

w/b Strouhal Disturbance Mach number component 
+ +  /in the direction of the mean flow M .e d f  

4Tq2=- = Local disturbance wavelengt:? Relative refractive 

(2) Solutions to a number of other parallel flow problems may be obtained as 
limiting cases from our exact solutions. 
vortex sheet (r+O), the incompressible vortex sheet (T-, q+Or (~n)+0), the in- 
compressible shear layer ( T - , ~ + O ,  (Tq)-finite), and the short wavelength 
approximation of the compressible finite shear layer (T-). ( 3 )  The compress- 
ible finite thickness layer has no resonances and no critical angles for all 

Such flows include the compressible 
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Mach numbers, frequencies, shear layer thicknesses and shear profile slopes 
except for combinations of the singular values of 0 or for, w and b; two 
such combinations (b-tm, zl+O but bz 
ible vortex sheet case. 

finite or w*) constitute the compress- 1 
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EFFECTS OF HIGH SUBSONIC FLOW ON SOUND 

PROPAGATION I N  A VARIABLE-AREA DUCT* 
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S t a t e  Universi ty  of New York a t  Purchase,  and 

M. K. Myers 
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SUMMARY 

The propagation of sound i n  a converging-diverging duct con ta in ing  a quasi- 
one-dimensional s teady flow w i t h  a high subsonic t h r o a t  Mach number is  s tud ied .  
The behavior of l i n e a r i z e d  a c o u s t i c  theory a t  t h e  t h r o a t  of t h e  duct  is shown 
t o  be s i n g u l a r .  This s i n g u l a r i t y  imp l i e s  t h a t  l i n e a r i z e d  a c o u s t i c  theory i s  
i n v a l i d .  The e x p l i c i t  s i n g u l a r  behavior i s  determined and is used t o  s k e t c h  
t h e  development (by t h e  method of matched asymptotic expansions) of a non- 
l i n e a r  theory f o r  sound propagation i n  a s o n i c  t h r o a t  region. 

1. INTRODUCTION 

Observations of a c o r r e l a t i o n  between a x i a l  Mach number and a t t e n u a t i o n  of 
sound r a d i a t e d  upstream from so-cal led son ic  engine i n l e t s  have r e c e n t l y  focus- 
ed a t t e n t i o n  on t h e  a c o u s t i c  behavior of variable-geometry d u c t s  ( r e f s .  1 and 
2 ) .  For.high-subsonic flows i n  t h e s e  duc t s ,  non-linear t r a n s o n i c  e f f e c t s  be- 
come of major i n t e r e s t .  I n  t h e  l i n e a r  case, a f u l l y  three-dimensional theory 
p resen t s  formidable computational d i f f i c u l t i e s ,  and a s tudy of p o s s i b l e  non- 
l i n e a r  e f f e c t s  is, of course,  even more complicated. Thus, it i s  n a t u r a l ,  i n  
undertaking such an e f f o r t ,  t o  restrict a t t e n t i o n  i n i t i a l l y  t o  a quasi-one 
dimensional model: t h e  s implest  case l i k e l y  t o  l e a d  t o  r e s u l t s  of some prac- 
t i ca l  i n t e r e s t .  Many earlier a u t h o r s  have s tud ied  l i n e a r  quasi-one dimensional 
duct a c o u s t i c s  (see r e f s .  2-6, f o r  example), bu t ,  i n  gene ra l ,  t hese  s t u d i e s  
have n o t  been concerned wi th  e i t h e r  t h e  behavior o r  t h e  v a l i d i t y  of t h e  l i n -  
e r i z e d  s o l u t i o n  as t h e  axial  Mach number approaches un i ty .  

The p r e s e n t  paper p r e s e n t s  some r e s u l t s  of a n  ongoing a n a l y t i c a l  s tudy of 
quasi-one dimensional a c o u s t i c s  i n  converging-diverging duc t s  w i th  high-subsonic 
t h r o a t  Mach numbers. The problem is  i n h e r e n t l y  non l inea r ,  much l i k e  s teady 
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t r a n s o n i c  flow theory,  but t h e  nonl inear  behavior occurs only i n  a narrow re- 
gion surrounding t h e  t h r o a t  s e c t i o n .  
t i o n  i n  t h i s  region,  and t h e  cu r ren t  s tudy is employing t h e  method of matched 
asymptotic expansions t o  determine t h e  proper s o l u t i o n .  However, i n  o rde r  t o  
apply any asymptotic method t o  c o r r e c t  a s o l u t i o n  which is  n o t  uniformly v a l i d ,  
i t  i s  necessary t o  know i n  d e t a i l  t h e  s i n g u l a r  behavior of t h e  d e f e c t i v e  solu- 
t ion. 

Linear ized theory y i e l d s  a s i n g u l a r  solu- 

Thus, i t  is  t h e  major purpose of t h i s  paper t o  s tudy t h e  n a t u r e  of  t h e  
s i n g u l a r i t y  of l i n e a r i z e d  theory a t  a son ic  t h r o a t .  To c o r r e c t  t h e  d e f e c t  
u s ing  asymptotic methods r e q u i r e s  an i n t r i c a t e  a n a l y s i s ;  t h e  problem depends 
c r u c i a l l y  on two small parameters, and t h e  non l inea r  c o r r e c t i o n  t o  t h e  de fec t  
i n  l i n e a r i z e d  theory involves  a d i s t ingu i shed  l i m i t  f o r  s m a l l  v a l u e s  of t h e s e  
parameters. 
a n a l y s i s .  However, they a l s o  are of independent i n t e r e s t  and do not  appear t o  
have been discussed previously.  

The r e s u l t s  obtained here are necessary p r e l i m i n a r i e s  i n  t h i s  

The a n a l y s i s  presented i n  s e c t i o n s  3 and 4 n a t u r a l l y  suggests  t h a t  l i n -  
e a r i z a t i o n  is inappropr i a t e  i n  a small region near  t he  t h r o a t  of t h e  duct .  The 
d e t a i l e d  r e s u l t s  concerning t h e  s ingu la r  behavior of t h e  l i n e a r  s o l u t i o n  l e a d  
t o  an a p p r o p r i a t e  s t r e t c h i n g  of t h e  space v a r i a b l e  and a corresponding inne r  
expansion of t he  dependent v a r i a b l e s  which does no t  s u f f e r  a s i n g u l a r i t y  a t  t h e  
t h r o a t .  I n  t h e  f i n a l  s e c t i o n  of t h i s  work t h e  equa t ions  desc r ib ing  t h i s  i nne r  
non l inea r  theory are presented,  although t h e  d e t a i l s  of t h e  expansion process  
are omitted f o r  b rev i ty .  The s o l u t i o n  of t h e s e  non l inea r  equat ions i s  t h e  
sub jec t  of c u r r e n t  r e s e a r c h  and w i l l  appear i n  subsequent pub l i ca t ions .  

2 .  FORMULATION AND ACOUSTIC PERTURBATION 

W e  consider  t h e  propagation of sound i n  a v a r i a b l e  area duct  ca r ry ing  a 
homentropic i n v i s c i d  i d e a l  gas flow. The a c o u s t i c  wavelength is  assumed s u f f i -  
c e n t l y  l a r g e ,  and t h e  area v a r i a t i o n  s u f f i c i e n t l y  slow, t h a t  t h e  f i e l d  can be 
descr ibed by t h e  equat ions of quasi-one dimensional gas dynamics (ref. 7 ) :  

csp t + ;px +;Gx +;G(A-'./A) = o 

c u + GiiX + ( u p )  SX = o  s t  

i j / c y  = cons tan t  = B 

I n  equat ions (2.1)  5, p ,  and u are t h e  t o t a l  f l u i d  p re s su re ,  d e n s i t y ,  and axial 
v e l o c i t y ,  and A(x) is  t h e  duct c ros s  s e c t i o n a l  area. The dimensionless inde- 
pendent v a r i a b l e s  x and t are measured i n  u n i t s  of L and L/cs  r e s p e c t i v e l y ,  
where L i s  a c h a r a c t e r i s t i c  l eng th  a s s o c i a t e d  wi th  the  area v a r i a t i o n ,  and cs 
i s  t h e  s t a g n a t i o n  va lue  of sound speed i n  t h e  gas. The geometry of t h e  problem 
i s  as ind ica t ed  i n  f i g u r e  1 where t h e  o r i g i n  of x corresponds t o  a t h r o a t :  
A' (O)=O. 
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I f  t h e  v e l o c i t y  and d e n s i t y  i n  t h e  b a s i c  s t eady  f law i n  t h e  duc t  are de- 
noted by U(x) and R(x) r e s p e c t i v e l y ,  then from (2 ,1 ) ,  

UR' + RU' + RU(A'/A) = 0 , and UU' + Y B R ~ - ~ R '  = 0 (2.2) 

where t h e  energy r e l a t i o n  i n  equa t ions  (2.1) has been used t o  e l imina te  t h e  
p re s su re  from t h e  system. W e  i n t end  t o  seek s o l u t i o n s  t o  t h e  system (2.1) which 
are s m a l l  p e r t u r b a t i o n s  about t h e  s teady va lues  U and R,  and i t  is convenient a t  
t h e  o u t s e t  t o  d e f i n e  dimensionless v a r i a b l e s  u ( x , t )  and P(x , t )  according t o  

(2.3) 
- c(x, t )  = U(x)[ l+u(x, t ) ]  , and p ( x , t )  = R ( x ) [ l + p ( x , t ) ]  

S u b s t i t u t i n g  (2.3) i n t o  (2.1) and employing t h e  s teady r e l a t i o n s  (2.2) y i e l d s  
t h e  system of equat ions on u and p i n  t h e  form 

G 2 p t  + M[ (l+u)px+(l+p)ux] = 0 

G7ut + M(l+u)u +(l/M) (l+p)y-2p +(M'/G)[ ( l + ~ ) ~ - ( l + p ) ~ - ~ ]  = 0 

3- 

(2 4) 
3- 

X X 

I n  equat ions (2.4),  M(x) is t h e  flow Mach number U(x)/c(x) ,  c ( x )  i s  t h e  speed 
of sound i n  t h e  s t eady  flow (c2=yBRY-1), and 

(2.5) 
G(x) = ( C ~ / C ) ~  = 1 + (y-l)M 2 /2 

t h e  la t ter  expression fol lowing from t h e  Bernou l l i  r e l a t i o n  implied by the  sec- 
ond of equat ions (2.2). Equations (2.4) are equ iva len t  t o  those used by Cheng 
and Crocco i n  r e fe rence  3. 

We introduce a s m a l l  dimensionless parameter 6 ,  which measures t h e  s t r e n g t h  
of t h e  source of sound i n  t h e  duct ,  and i s  assumed given from t h e  boundary con- 
d i t i o n s  a s s o c i a t e d  w i t h  t h e  system (2.1).  Then u ( x , t ) = u ( x , t ; 6 ) ,  p ( x , t ) = ( x , t ; d )  
which we  assume t o  have expansions f o r  6<<1 of t h e  form 

u = 6 u ( x , t )  + .. . , p = Sr(x, t )  + ... (2 6) 

S u b s t i t u t i n g  (2 .6 )  i n t o  (2.4) and neg lec t ing  a l l  b u t  f i r s t - o r d e r  terms we o b t a i n  
t h e  l i n e a r i z e d  a c o u s t i c  equations: 

G t r t  + M(rx+ux) = 0 
(2.7) 

G t u t  + M u x  + (1/M)rx+(M'/G)[2u-(y-l)r] = 0 

Equations (2.7),  s u b j e c t  t o  appropr i a t e  boundary cond i t ions ,  gene ra l ly  must 
be solved numerically because of t h e i r  v a r i a b l e  c o e f f i c i e n t s .  It is  t h e  purpose 
of t h e  p re sen t  work t o  analyze t h e  behavior of s o l u t i o n s  t o  (2.7) i n  t h e  v i c in -  
i t y  of t h e  t h r o a t  of t h e  duct  when t h e  t h r o a t  Mach number M(0) i s  c l o s e  t o  u n i t y  
It is w e l l  known t h a t  t he  system (2.7) is  s i n g u l a r  a t  any po in t  where M(x)=l. 
This can be seen most simply by s u b t r a c t i n g  the  two equat ions;  t h e  r e s u l t i n g  
equat ion has  no uX t e r m ,  and the  c o e f f i c i e n t  of rx becomes (M2-l)/M, which 
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vanishes  as Wl. This can only occur at x=O f o r  t h e  duct  of Fig. 1. The s in-  
g u l a r i t y  a t  x=O impl i e s  t h a t ,  i n  general ,  t h e  a c o u s t i c  q u a n t i t i e s  r and 1.1 w i l l  
be s i n g u l a r  when t h e  flow is s o n i c  the re .  Thus, as w e  s h a l l  see i n  what follows, 
r and p gene ra l ly  become a r b i t r a r i l y  l a r g e  n e a r  x=O as M ( 0 )  approaches u n i t y ,  
thereby v i o l a t i n g  t h e  assumptions made i n  d e r i v i n g  (2.7) that  1.1, 1 . 1 ~ ~  r ,  and rx 
a l l  remain bounded. 

A s  a r e s u l t  of the s i n g u l a r  behavior of t h e  system (2.7) f o r  high subsonic 
Mach numbers i n  t h e  t h r o a t  region,  l i n e a r i z e d  a c o u s t i c  theory is inadequate t o  
d e s c r i b e  sound propagation i n  t h e  duc t ;  w e  mst re-formulate t h e  p e r t u r b a t i o n  
scheme t o  t ake  i n t o  account non l inea r  t e r m s  i n  t h e  system (2.4) which w e r e  neg- 
l e c t e d  i n  (2.7). However, i n  o rde r  t o  make p rogres s  i n  th i s  d i r e c t i o n  i t  is  
necessary t o  know p r e c i s e l y  t h e  n a t u r e  of t h e  s i n g u l a r  behavior of t h e  s o l u t i o n s  
1.1 and r t o  (2.7). This behavior has been recognized, b u t  never resolved,  i n  
previous t r ea tmen t s  of t h e  system (2.7) ( r e f s .  4 ,5) .  I n  s e c t i o n  4 of t h i s  paper 
w e  cons t ruc t  an a n a l y t i c a l  gene ra l  s o l u t i o n  f o r  t h e  l i n e a r  system (2.7) which 
d i sp lays  e x p l i c i t l y  t h e  n a t u r e  of i t s  s o l u t i o n s  a t  x i 0  when M ( 0 )  is  near  un i ty .  
Before cons t ruc t ing  t h i s  s o l u t i o n ,  however, we  must d i scuss  t h e  behavior as 
M(O)+l of t h e  s o l u t i o n s  t o  t h e  s t eady  flow equat ions (2.2) i n  some d e t a i l  i n  
t h e  following s e c t i o n .  

3. BASIC STEADY FLOW 

A s  w e  have seen, t h e  a c o u s t i c  equat ions of motion are s i n g u l a r  a t  x=O when 
M(O)=l. It is  u s e f u l ,  t h e r e f o r e ,  t o  i n t roduce  a parameter &=l-M(O) i n t o  our 
d i scuss ion  and t o  consider both the  b a s i c  s teady flow q u a n t i t i e s  and t h e  acous- 
t i c  q u a n t i t i e s  as func t ions  of E; i . e . ,  U(X)=U(X;E), ~ - I ( x , ~ ) = L I ( ~ , ~ ; E ) ,  and so  on. 
The parameter E can be considered as having been introduced through t h e  un- 
s t a t e d  ‘boundary cond i t ions  on t h e  s t eady  flow. 

The elementary equat ions of quasi-one dimensional f low (2.2) are discussed 
i n  d e t a i l  i n  numerous texts; f o r  example, a p a r t i c u l a r l y  comprehensive treat- 
ment i s  given by Crocco ( r e f .  8 ) .  It i s  s t r a igh t fo rward  t o  express  any of t h e  
f l u i d  q u a n t i t i e s  i n  t e r m s  of t h e  duct area A(x)  o r ,  equ iva len t ly ,  i n  terms of 
t h e  Mach number M(x;E). However, t h e  behavior of M e x p l i c i t l y  as a func t ion  of 
x and E does n o t ,  t o  ou r  knowledge, appear i n  t h e  l i t e r a t u r e ,  and it i s  t h e  pur- 
pose of t h e  p re sen t  s e c t i o n  t o  determine t h i s .  

W e  begin wi th  t h e  well-known r e l a t i o n  implied by equat ion (2.2) ,  

(3  1 )  2 M’= -MGA’/(l-M )A 

which becomes, a f t e r  i n t e g r a t i o n ,  

a”MS(x) [l+(y-1)M2(0)/2] = Ms(0) [l+(y-1)M2(x)/2] 

where, i n  equat ion (3.2) we have def ined,  
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Figure 2 shows a ske tch  of t y p i c a l  i n t e g r a l  curves  of equat ion (3.1) assuming 
A " ( 0 ) f O .  We are i n t e r e s t e d  i n  a curve such as AB i n  f i g u r e  2 ,  f o r  which M re- 
mains less than un i ty  f o r  a l l  x. S ince  l-M(O)=& is assumed small it is n a t u r a l  
t o  seek an  expansion of M(x;E) i n  t h e  form 

M(x;E) = MO(x) + &M1(x) + E%,(,) ... (3.4) 

where MO(0)=l. 
f i n d  t h a t  Mo(x) must s a t i s f y  

S u b s t i t u t i n g  (3.4) i n t o  (3.2) and equat ing l i k e  powers of E w e  

(y+l)asM: / 2  = 1+(y+l)MO2/2 (3 * 5) 

whi le  Ml(x)=O, and 

Obviously, as can a l s o  be i n f e r r e d  from t h e  i n t e g r a l  curves  of f i g u r e  2 ,  t h e  
expansion (3.4) i s  no t  uniformly v a l i d  near  PO: t he  t h i r d  t e r m  is  as l a r g e  as 
t h e  f i r s t  whenever 1-Mo(x) is  as s m a l l  as E *  

It  remains t o  f i n d  Mo(x)=M(x;O) i n  terms of x; i . e . ,  t o  so lve  equat ion  
(3.5). W e  express  a ( x )  as a power series 

2 a ( x )  = 1 + ax + ... 
where we assume a=A' ' (0)/2A(O)#O. 
a lgebra  i n  the  form: 

Then Mo(x) can be determined a f t e r  some 

Thus, t h e  l ead ing  t e r m  of M(x;E) behaves as a p iecewise  l i n e a r  func t ion  of x 
near  t he  t h r o a t  so long as a#O. I f  a=O we  f i n d a t h a t  Mo(x) .is smooth a t  x=O, 
bu t  t h i s  case  w i l l  no t  be discussed f u r t h e r  i n  t h i s  paper .  

4. SINGULARITY OF THE ACOUSTIC SOLUTION 

W e  s h a l l  now analyze t h e  a c o u s t i c  equat ions (2.7) i n  order  t o  e x h i b i t  ex- 
p l i c i t l y  t h e  s i n g u l a r  behavior of t h e i r  s o l u t i o n s  i n  the  v i c i n i t y  of t h e  t h r o a t  
as M(0) approaches un i ty .  
&=l-M(O), t h e  c o e f f i c i e n t s  i n  the  a c o u s t i c  equat ions  and hence t h e  a c o u s t i c  
q u a n t i t i e s  v and r are func t ions  of E. For ~ < < 1  w e  look f o r  s o l u t i o n s  of t h e  
a c o u s t i c  equat ions  i n  the  form 

Since t h e  s teady  flow depends on t h e  parameter 

r=r 0 (x, t)+Er 1 (x, t ) +  . . , u=uo(x, t)+Eul (x , t )+  . . (4.1) 

I n s e r t i n g  equat ion (4.1) i n t o  equat ion (2.7) and using expansion (3.4) f o r  t he  
c o e f f i c i e n t s ,  we  g e t ,  a f t e r  neg lec t ing  h igher  o rde r  terms, 
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G 4 r + M  ( r  + u o )  = O  
x x  0 '0 O O t  ( 4 . 2 )  

W e  recall t h a t  Mg(x) is  any Mach number d i s t r i b u t i o n  which y i e l d s  a s o n i c  velo- 
c i t y  a t  t h e  t h r o a t  and a subsonic  v e l o c i t y  throughout t h e  remainder of t he  duct. 
These equat ions  are s i n g u l a r  a t  x=O s i n c e  M0(0)=1 This  is  most d i r e c t l y  
seen  by s u b t r a c t i n g  t h e  two equat ions.  

* 
, 

Analy t i ca l  s o l u t i o n s  of t h e  system (4.2) cannot be found f o r  a r b i t r a r y  
Mo(x) and a r b i t r a r y  t i m e  dependence. 
system can be reduced t o  a system of ord inary  d i f f e r e n t i a l  equat ions wi th  a 
s i n g u l a r  po in t  a t  x=O and no o t h e r  s i n g u l a r  p o i n t s  w i th in  the duc t .  The na tu re  
of t h i s  s i n g u l a r  po in t  w i l l  determine the  s i n g u l a r  behavior i n  the  t i m e  harmon- 
i c  a c o u s t i c  q u a n t i t i e s .  E x p l i c i t  a n a l y t i c a l  r e s u l t s  concerning t h e  exac t  
na tu re  of the s i n g u l a r  po in t  and the  dependence on Mo(x) o r  UO(X) can be found 
by use of series s o l u t i o n  methods f o r  l i n e a r  ord inary  d i f f e r e n t i a l  equat ions.  
W e  do no t  p re sen t  t he  gene ra l  r e s u l t s  of t h i s  a n a l y s i s  i n  t h e  c u r r e n t  paper .  
In s t ead ,  w e  s h a l l  i l l u s t r s t e  the s i n g u l a r  behavior of a gene ra l  s o l u t i o n  of t h e  
system (4.2) corresponding t o  a s p e c i f i c  s teady  flow. We assume t h a t  t he  t i m e  
dependence is  harmonic and t h a t  t h e  s t eady  v e l o c i t y  d i s t r i b u t i o n  i s  given by a 
piecewise l i n e a r  func t ion  of x: 

However f o r  harmonic t i m e  dependence t h e  

IJQ, (x) = c* (l-KI X I  ) 1x1 < (1/K) ( 4 . 3 )  

where c* is t h e  c r i t i c a l  sound speed and K i s  a p o s i t i v e  cons tan t .  
c i t y  d i s t r i b u t i o n  corresponds t o  a reasonably shaped duct  w i th  A'(O)=O and 
A" (0) fO.  Equation ( 3 . 7 )  l eads  us  t o  observe t h a t  f o r  any duct  w i t h  A' (O)=O 
and A"(O)#O, Uo(x) w i l l  be  given by equat ion  (4.3) f o r  x s u f f i c i e n t l y  c l o s e  t o  
the  t h r o a t .  Thus r e s u l t s  of t h i s  s e c t i o n  w i l l  be  gene ra l ly  a p p l i c a b l e  t o  the  
t h r o a t  reg ion  of many duc t s  of p r a c t i c a l  i n t e r e s t .  The Mach number d i s t r i b u -  
t i o n  a s soc ia t ed  wi th  equat ion ( 4 . 3 )  i s  

This  velo- 

Mo(x) = (l-KIx]) [ (y+1)/2 - (y-1) ( l -K]x/  )2/21-4 ( 4 . 4 )  

A genera l  s o l u t i o n  of t h e  system ( 4 . 2 )  wi th  Mo(x) given by equat ion ( 4 . 4 )  
can be  cons t ruc ted  by j u d i c i o u s  use of an a n a l y t i c a l  s o l u t i o n  found by Crocco 
and Cheng ( r e f .  3 ) .  I n  e f f e c t ,  they obta ined  a gene ra l  s o l u t i o n  t o  t h e  system 
( 4 . 2 )  with 

*They are a l s o  s i n g u l a r  s i n c e  M o t  ha s  a jump d i s c o n t i n u i t y  a t  PO. 
n o t  a f f e c t  t he  dominant s i n g u l a r  behavior i n  t h e  s o l u t i o n  and would not  be  pre- 
sent i f  w e  had chosen A"(O)=O. 

This  does 
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Their  t reatment  involves  i n t r o d u c t i o n  of t h e  new independent v a r i a b l e  z= ( ~ + K x ) ~ .  
I n s e r t i n g  equat ions (4.5) and'(4.6) i n t o  t h e  system (4.2) and in t roduc ing  z and 
a ( z ) = r o ( x ( z ) ) ,  v ( z ) = v ~ ( x ( z ) )  w e  o b t a i n ,  a f t e r  e l i m i n a t i o n  of v(z),  

(4.7) z (1-z)d20/dz2-2[l+iB/ (y+l)]z da/dz - [iB(2+iB)/2(y+l)]o=O 

and 

Equation (4.7) i s  a hypergeometric equa t ion  wi th  complex c o e f f i c i e n t s .  Two 
l i n e a r l y  independent s o l u t i o n s  are 

al=F (a, b,  d; 1-2) and o - (1-2) l-dF (-b ,-a, 2-d; 1-2) (4.9) 2- 

where 

d = 2 + 2iB/(y+l) , a+b+l = d , ab = iB(2+iB)/2(Y+l) (4.10) 

and F is t h e  s tandard hypergeometric func t ion  ( r e f .  9 ) .  

Since t h e  v e l o c i t y  d i s t r i b u t i o n  used by Cheng and t h a t  i n  equat ion (4.3) 

Of course,  Cheng's s o l u t i o n  f o r  x>O corresponds t o  a supersonic  
are i d e n t i c a l  f o r  x<O, equat ion (4.9) provides  a g e n e r a l - s o l u t i o n  t o  our  prob- 
l e m  f o r  x<O. 
s teady flow and i s  n o t  r e l e v a n t  t o  our discussion.  I n  order  t o  o b t a i n  a solu- 
t i o n  when UO(X) is  given by equat ion (4.3) f o r  x>O we  observe t h a t  t h e  a c o u s t i c  
equat ions i n  t h i s  case reduce t o  equat ions (4.7) and (4.8) i f  B is replaced by 
-6. Thus we have found a general  s o l u t i o n  t o  t h e  a c o u s t i c  equat ion correspond- 
i n g  t o  Uo(x) given by equat ion (4.3) f o r  both x<O and x>O. 

The s i n g u l a r i t y  a t  x=O can be found e x p l i c i t l y  by examining t h e  s o l u t i o n s  
01 and 02 of equat ion (4.9) and t h e  corresponding f u n c t i o n s  when B i s  replaced 
by -6. Clea r ly  01 is a n a l y t i c  a t  z=l(x=O) and t h e  s i n g u l a r  behavior is due t o  
02. The l ead ing  t e r m  i n  02 f o r  z near  u n i t y  is  given by 

CT 2 -(l-z)l-dF(a,b,d;O) = [cos(qRn(l-z))T i sin(qkn(1-z))] / ( l -z> (4.11) 

where q=2B/(y+l) and t h e  - and + s i g n s  hold f o r  x<O and x>O, r e s p e c t i v e l y  ( r e f .  
9 ) .  For gene ra l  a c o u s t i c  boundary cond i t ions  both 01 and 02 appear i n  t h e  
a c o u s t i c  s o l u t i o n ,  and t h e  amplitudes of t h e  a c o u s t i c  q u a n t i t i e s  w i l l  approach 
i n f i n i t y  as x-1 when x+-0. I n  a d d i t i o n  t h e i r  phases have an o s c i l l a t o r y  d i s -  
con t inu i ty  a t  x=O. Figure 3 shows a n  example t y p i c a l  of t h e  behavior of t h e  
a c o u s t i c  q u a n t i t i e s  (p re s su re ,  i n  t h i s  ca se )  f o r  s m a l l  E. The r a p i d  rise i n  
t h e  v i c i n i t y  of t h e  t h r o a t  i s  i n d i c a t i v e  of t h e  developing s i n g u l a r i t y  i n  t h e  
l i n e a r i z e d  a c o u s t i c  q u a n t i t i e s  as E+O. For t h e  t y p i c a l  case shown a p res su re  
wave of magnitude u n i t y  w a s  i n c i d e n t  from t h e  l e f t  on a converging-diverging 
s e c t i o n  s i t u a t e d  i n  an otherwise uniform duct.  

Since any duct  w i t h  a t n r o a t  a t  which A"(0) fO w i l l  have a l o c a l l y  (near 
x=O) p i e c e w i s e  l i n e a r  s t eady  v e l o c i t y  d i s t r i b u t i o n ,  t h e  a c o u s t i c  q u a n t i t i e s  i n  
such a duct  w i l l  have t h e  s i n g u l a r  behavior given i n  equat ion (4.11). I n  t h i s  
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circumstance t h e  l i n e a r  theory governing expansion (2.6) f a i l s  f o r  any nonzero 
6 ,  no matter how small. 
region. I n r t h e  next  s e c t i o n ,  an approach is o u t l i n e d  which a p p l i e s  t h e  method 
of matched asymptotic expansions t o  s tudy t h e  nonl inear  e f f e c t  i n  t h e  reg ion  
near  t he  th roa t .  

Nonlinear e f f e c t s  become apprec iab le  i n  t h e  t h r o a t  

5. NONLINEAR PERTURBATION EQUATIONS 

I n  t h i s  s e c t i o n  we set  f o r t h  i n  summary t h e  theory descr ib ing  sound propa- 
ga t ion  nea r  t h e  t h r o a t  as M(0)+1. 
t i o n s  (2.3) and (2.6) as an ou te r  expansion v a l i d  as 6+0 f o r  f i x e d  va lues  of x, 
t ,  and E; i .e.,  

W e  regard t h e  expansion ind ica t ed  by equa- 

i i (x , t ; s ,6 )  = U(X;E)[l + 61I(X,t;E) + ... 1 
- 
p ( x , t ; ~ , G )  = R(x;E)[ l  + 6r (x , t ;E )  + ... 1 

(5.1) 

From t h e  d e t a i l s  of t h e  previous s e c t i o n  w e  know t h a t  i n  genera l  11 and r become 
a r b i t r a r i l y  l a r g e  i n  t h e  l i m i t  as x and E approach zero,  being expected t o  grow 
as x-1. 

Therefore w e  in t roduce  an inner  v a r i a b l e  X=[ (y+1) /2 ]$ (x /~ )  and assume t h a t  u and behave asymptot ica l ly  as s+O with  X,  t f ixed  as: 

- u = Ei(Xyt;E) = u i (X;E)[l+Elli(X,t) + . . . I  
(5.2) 

where E is  assumed t o  be a func t ion  of 6 which vanishes  as 6+0 and is  t o  be 
determined by asymptotic matching of (5.2) wi th  (5.1).  I n  add i t ion  w e  expand 
t h e  s teady  flow q u a n t i t i e s  i n  t h e  form: 

u i (x;E)=ui(x)+Eut(x)+. . . , R ~ ( x ; E ) = R ~ ( x ) + E R ~ ( x ) + .  . . 
0 0 1 (5.3) 

Equations (5.3) could be combined d i r e c t l y  wi th  (5.2) as one inner  expansion, 
bu t  w e  f ind  t h a t  i t  s i m p l i f i e s  the  considerable  a lgebra  involved t o  r e t a i n  t h e  
dimensionless pe r tu rba t ions  1-1 and r and t o  mul t ip ly  t h e  sepa ra t e  expansions as 
ind ica t ed  i n  equat ion (5.2).  

The s teady  flow q u a n t i t i e s  i n  equat ion (5.3) are known i f  t h e  correspond- 
i n g  expansion of t h e  Mach number is  known. W e  assume an expansion f o r  M of t h e  
same form as (5.3) ,  s u b s t i t u t e  t h i s  expansion i n t o  equat ion (3.1),  transform t o  
the  inner  v a r i a b l e  X,  and so lve  the  success ive  d i f f e r e n t i a l  equat ions which 
r e s u l t .  After  matching w i t h  t h e  ou te r  expansion (3.4) w e  f i n d  

where a=A"(0)/2A(O) as before .  Using (5.4) we f i n d  the  c o e f f i c i e n t s  i n  the  
expansions (5.3) by use of the  s teady flow r e l a t i o n s  between M and U o r  R. 
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Next we ca r ry  ou t  t h e  s a m e  process  on system (2.4) using u=&pi-b . . . , 
p = E r l +  ..., and s u b s t i t u t i n g  equat ion (5.4) i? t h e  c o e f f i c i e n t s .  
t h e  system of inne r  equat ions  s a t i s f i e d  by p1 and r i  i n  the  form: 

This  y i e l d s  

(5.5) 

where i n  equat ions (5.5) we have def ined  

< = ( 3 7 )  (vi+ri)/4 and = (y+l) (pi-ri)/4 

Equations (5.5) are t h e  nonl inear  equat ions  which, to f i r s t  o rder  i n  E ,  

govern sound propagation through a t h r o a t  as t h e  Mach number t h e r e  approaches 
uni ty .  The lengthy d e t a i l s  of so lv ing  t h e  system w i l l  no t  be presented here .  
However, c e r t a i n  important conclusions can be made a t  t h i s  s tage .  The quanti-  
t ies  TI and < are r e l a t e d  t o  t h e  Riemann i n v a r i a n t s  of system (2.4) ,  n represent-  
i n g  the  upstream and < t he  downstream propagat ing po r t ions  of t h e  s o l u t i o n  t o  
(2.4).  Considerat ions of asymptotic matching between expansions (5.1) and (5.2) 
lead  t o  t h e  conclusion t h a t ,  t o  f i r s t  o rder  i n  E, < a c t u a l l y  vanishes .  Thus, 
as is  o f t e n  argued from phys ica l  cons idera t ions  , t h e  lowest order  nonl inear  
e f f e c t  of  t he  son ic  t h r o a t  is  on the  u p s t r e a m  propagat ing waves alone.  

A f i n a l  observat ion which w e  make here  is t h a t  matching cons idera t ions  
i n d i c a t e  t h a t ,  i n  t h e  d is t inguished  l i m i t  implied by t h e  inne r  expansion (5.2),  
E i s  t o  be taken equal  t o  6%. Hence w e  conclude t h a t ,  given an a c o u s t i c  source 
s t r e n g t h  6 ,  nonl inear  e f f e c t s  on sound arise f o r  t h r o a t  Mach numbers as f a r  
away from u n i t y  as 6+. 
observed experimental ly  f o r  t h r o a t  Mach numbers as low as 0.75-0.8. 

This would exp la in  why marked son ic  th roa t  e f f e c t s  are 
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Figure  1.- Sketch of t y p i c a l  duc t  geometry. 
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I 
I 
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I 

X = O  X 

Figure 2 . -  Typica l  s teady  f low i n t e g r a l  curves .  Curve AB 
is descr ibed  by equat ions  ( 3 . 4 )  and ( 5 . 4 ) .  
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Typica l  behavior  of l i n e a r i z e d  p r e s s u r e  magnitude 
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EFFECTS OF MEAN FLOW ON DUCT MODE OPTIMUM SUPPRESSION RATES 

Robert E. K r a f t  
General E l e c t r i c  Co. 

W i  1 1  iam R. We1 1s 
U n i v e r s i t y  o f  C inc inna t i  

SUMMARY 

The na tu re  o f  t h e  s o l u t i o n  t o  t h e  convected acous t i c  wave equat ion and 
associated boundary cond i t i ons  for  rec tangu lar  duc ts  con ta in ing  un i fo rm mean 
f l o w  i s  examined i n  terms o f  t h e  complex mapping between the  w a l l  admit tance 
and c h a r a c t e r i s t i c  mode eigenvalues. I t  i s  shown t h a t  the  Cremer optimum sup- 
p ress ion  c r i t e r i a  must be mod i f ied  t o  account f o r  t h e  e f f e c t s  o f  f l o w  below 
c e r t a i n  c r i t i c a l  values o f  t h e  nondimensional frequency parameter o f  duct  
he igh t  d. ivided by sound wavelength. The i m p l i c a t i o n s  o f  these r e s u l t s  on t h e  
design o f  low frequency suppressors i s  considered. 

INTRODUCTION 

The l i n i n g  o f  duc t  w a l l s  w i t h  acous t i c  t reatment  i s  a standard p r a c t i c e  i n  
the  j e t  engine i ndus t r y  f o r  o b t a i n i n g  suppression o f  turbomachine noise.  The 
design o f  t h i s  acous t i c  t reatment  depends upon a number o f  f a c t o r s  i n  a d d i t i o n  
t o  acous t i c  performance, i n c l u d i n g  weight,  s t r u c t u r a l  i n t e g r i t y ,  l eng th  re -  
s t r i c t i o n s ,  and a b i l i t y  t o  w i ths tand severe environments. The design goal o f  
o b t a i n i n g  a maximum o f  suppression w i t h  a minimum o f  p a n e l l i n g  requ i res  a thor -  
ough knowledge o f  t h e  acous t i c  propagat ion phenomena i n  ducts  i n  the  presence 
o f  complex sound sources and mean f l o w ,  among o t h e r  e f f e c t s .  Th is  paper i s  
aimed a t  inc reas ing  t h e  understanding o f  a v i t a l  element i n  t h e  p r e d i c t i o n  o f  
sound suppression i n  ducts  w i t h  mean f low,  t h e  na tu re  o f  the  e igenvalue prob- 
1 em. 

I n  Reference 1 t h e  general  problem o f  t h e  modal s o l u t i o n  to  acous t i c  wave 
propagat ion i n  multi-segment ducts  w i t h  mean f l o w  has been considered. The 
success o f  a modal ana lys i s  p r e d i c t i o n  program such as t h e  one developed i n  
Reference 1 i s  s t r o n g l y  dependent upon t h e  a b i l i t y  t o  o b t a i n  an accura te  and 
complete s e t  of eigenvalues f o r  each s e c t i o n  o f  t h e  duc t .  I t  i s  f e l t  t h a t  
g rea te r  app rec ia t i on  o f  t h e  na tu re  o f  t h e  propagat ion process can be gained 
through d e t a i l e d  examinat ion o f  complex contour  p l o t s  o f  t h e  eigenvalue-admit-  
tance r e l a t i o n s h i p  f o r  p a r t i c u l a r  cases. 
i n  t h i s  paper a r e  presented i n  Reference 1. 

number o f  years i s  t h e  l e a s t  a t tenuated  mode theory  developed by Cremer (Ref- 
erence 2 ) .  

The b a s i c  theory  and equat ions used 

A u s e f u l  acous t i c  t reatment  des ign c r i t e r i a  which has been i n  use f o r  a 

A1 though i t  i s  gradual  l y  be ing rep laced by t h e  more accurate 
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multi-mode p r e d i c t i o n  procedures, i t  i s  s t i l l  o f  p r a c t i c a l  va lue  f o r  p r e l i m i n -  
a r y  designs and t h e  eva lua t i on  of bas ic  t rends. The Cremer theory  i s  based on 
t h e  l o c a t i o n  o f  branch p o i n t s  (or c r i t i c a l  p o i n t s )  o f  the  complex eigenvalue- 
admit tance mapping, and t h e  consequences of  t h i s  c r i t e r i a ,  p a r t i c u l a r l y  for  
l o w  values o f  t h e  frequency parameter ( r a t i o  o f  duc t  h e i g h t  t o  sound wave- 
length)  

r) = H / X  ( 1 )  

a r e  examined. I t  i s  shown how the  theory must be mod i f ied  f o r  very  l o w  0-Val- 
ues. 

The r e s u l t s  o f  t h i s  study a r e  app l i ed  t o  the  s p e c i f i c  case o f  duc ts  w i t h  
rec tangu lar  cross sec t ion .  The methods w i l l  f i n d  d i r e c t  a p p l i c a t i o n  t o  o the r  
c ross-sec t iona l  geometries w i t h  t h e  proper g e n e r a l i z a t i o n  o f  t h e  c h a r a c t e r i s t i c  
duct  modes. 

SYMBOLS 

c -  

f -  

H -  

i -  

k -  

M -  

n -  

t -  

0 

speed o f  sound 

frequency 

duct  he igh t  

K i  
wave number 

mean f l o w  Mach number 

exponent i n  boundary c o n d i t i o n  

t ime 

Z - w a l l  impedance (opt  imum) 

i3 - w a l l  admi t t ance  (dimensionless) 

y - nondimensional duct  e igenvalue 

K - a x i a l  propagat ion constant  

r) - nondimensional frequency par-  

A - sound wavelength 

OP t 

ameter, Hf /c  

- ambient dens i t y  o f  a i r  
PO 

w - c i r c u l a r  frequency, 2mf 

RECTANGULAR DUCT MODAL SOLUTION 

The method o f  separa t ion  o f  va r iab les  i s  app l i ed  t o  t h e  convected acous t i c  
wave equat ion under t h e  assumption o f  un i fo rm mean f l o w  and rec tangu lar  duct  
geometry. I n  t h i s  study, cons idera t ion  w i l l  be l i m i t e d  t o  duct  t reatment  sec- 
t i o n s  w i t h  the  same t reatment  on oppos i te  s ides  o f  t h e  duct .  

boundary c o n d i t i o n  leads t o  t w o  d i f f e r e n t  expressions 
S u b s t i t u t i o n  o f  t h e  general  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  equat ion i n t o  t h e  

and 
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- iy 1 + cosy BkH = n siny 
( 3 )  

- iwt where B is the acoustic admittance at the wall, based on e time depen- 
dence. These are complex, transcendental equations for the eigenvalue, y. 
Their solution leads to two distinct -sequences of eigenvalues, the symmetric 
mode eigenvalues and the antisymmetric mode eigenvalues, respectively. For 
simplicity, the two sequences can be combined into a single set of eigenvalues. 

NATURE OF THE BOUNDARY CONDITIONS 

The boundary condition expressions (2) and ( 3 )  must be solved by numer- 
ical methods if the eigenvalues are desired for given admittances. The admit- 
tance, however, can be isolated as a function of the eigenvalue, making it 
susceptible for plotting contours o f  constant magnitude and phase of the quan- 
tity f3kH in the complex eigenvalue plane. The graphical representation of the 
relationship between the admittance and the eigenvalue is considered in detail 
in Reference 3, in which detailed contour plots are shown for a variety of con- 
ditions. From these plots, it is possible to obtain the sequences of eigenval- 
ues which determine the characteristic duct modes for a given wall admittance. 

It is shown in Reference 3 that the boundaries separating eigenvalue re- 
gions for different modes in the eigenvalue plane are branch cuts of the ad- 
mittance-eigenvalue contour mapping. One point on the branch cut is a branch 
point, or critical point, of the mapping, at which the eigenvalues for two ad- 
jacent modes coalesce, giving a double-value. By considering plots of lines 
of constant attenuation superimposed on the eigenvalue-admittance mapping, it 
has been shown by Cremer (Reference 2) ,  and is illustrated in Reference 3 ,  that 
adjacent modes, in particular the first and second modes, attain nearly the 
same attenuation rate at the branch point. Cremer proposed the choice of the 
admittance at the branch point of the first mode as a design criteria which 
optimizes suppression for the least attenuated mode. 

0.0, the optimum admittance for the least attenuated mode is (in polar form) 
For symmetric modes in the duct with the same liner on both sides, at Mach 

BkH = (5.28,-38.7O) 

Transforming this to an impedance (e +iwt convent 

(4) 

on) design criteria, we get 
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Although u s e f u l  f o r  p r e l i m i n a r y  design, t h e  a t t e n u a t i o n  r a t e  
o f  a s i n g l e  mode o r  even a p a i r  o f  modes i s  no t  s u f f i c i e n t  t o  p r e d i c t  a t tenua-  
t i o n  o r  t o  design optimum t reatment  f o r  f i n i t e  l eng th  ducts  w i t h . a r b i t r a r y  
sources a t  h igher  rl-values. I n  these cases, t h e  impedance must be chosen t o  
maximize suppression f o r  a p a r t i c u l a r  combinat ion o f  modes, and may t u r n  o u t  t o  
be nowhere near the  c l a s s i c a l  Cremer optimum. 

The assumption o f  un i fo rm mean f l o w  requ i res  t h a t  a p h y s i c a l l y  u n r e a l i s t i c  
s l i p - f l o w  c o n d i t i o n  must be pos tu la ted  t o  occur a t  the  w a l l  surface. I t  can be 
shown t h a t  the  sur face  f l o w  convect ion e f f e c t  leads t o  an anomaly i n  t h e  boun- 
dary cond i t i ons ,  such t h a t  two d i f f e r e n t  cond i t i ons  can be obta ined depending 
on whether c o n t i n u i t y  o f  p a r t i c l e  displacement o r  c o n t i n u i t y  o f  p a r t i c l e  ve lo-  
c i t y  i s  assumed t o  ho ld  a t  t he  w a l l .  
c u r r e n t  most w ide ly  accepted c o n d i t i o n  i s  that o f  p a r t i c l e  displacement con- 
t i n u i t y .  For th is  reason, and s ince  i t  causes t h e  more d r a s t i c  e f f e c t  o f  t h e  
two cond i t i ons ,  p a r t i c l e  displacement c o n t i n u i t y  i s  assumed i n  t h i s  study. The 
most f o r t u i t o u s  choice o f  these cond i t i ons  f o r  any g iven f low,  frequency, o r  
duct  he igh t  i s  y e t  t o  be resolved.  

The e f f e c t  o f  f l o w  on the  modal maps i s  t o  cause a d i s t o r t i o n  o f  t he  BkH 
magnitude and phase contours f rom the  Mach 0.0 case. Since the  propagat ion 
constant  K i s  a f u n c t i o n  o f  kH as w e l l  as y, the  e igenvalue r e l a t i o n s h i p s  can 
no longer be made independent o f  kH, and a separate mapping must be made a t  
each Mach number and va lue  o f  rl (s ince  q = kH/27r). 

A branch p o i n t  o f  t he  mapping o f  t he  complex f u n c t i o n  BkH on the  complex 
y-p lane i s  the  p o i n t  a t  which the  d e r i v a t i v e  o f  PkH w i t h  respect  t o  y i s  zero. 
Equat ion (2) was used t o  determine the  l o c a t i o n  o f  the  branch p o i n t  f o r  a r b i -  
t r a r y  values o f  kH and mean f l o w  Mach number. The des i red  va lue o f  y i s  t he  
r o o t  which corresponds t o  t h e  branch p o i n t  between f i r s t  and second modal re -  
g ions  f o r  each case. These roo ts  were ex t rac ted  us ing a s imple Newton-Raphson 
i t e r a t i o n  scheme. The branch p o i n t s  f o r  t h e  Mach 0.0 case were used as i n i t i a l  
values t o  p rov ide  accuracy i n  the  f o u r t h  decimal p lace.  

When the  values o f  the  eigenvalue a t  t he  branch p o i n t s  a r e  determined, the  
optimum admit tance ( o r  impedance) can be found from Equat ion (2)  and the  op- 
timum suppression r a t e  can be found from the  a x i a l  propagat ion constant .  F ig -  
ures 1 and 2 show the  dependence o f  t he  optimum s p e c i f i c  res i s tance  R and reac t -  
ance X ,  respec t i ve l y ,  on rl w i t h  Mach number Mo as a parameter. The impedance 
components have been d i v i d e d  by t he  q-value, which makes t h e  Mach 0.0 curve a .  
s t r a i g h t  l i n e  w i t h  zero slope, t h a t  i s ,  independent o f  q. F igure  3 shows the  
optimum a t t e n u a t i o n  r a t e  f o r  each o f  t h e  impedances as a f u n c t i o n  o f  q. 

rl-values h igher  than about 2, bu t  d iverge  from the  Mach 0.0 case below rl = 2, 
as  the  reg ion  o f  h igh  suppression ra tes  is entered. Higher optimum attenua- 
t i o n s  can be ob ta ined f o r  propagat ion aga ins t  t he  f l o w  f o r  these low q-values 
than f o r  propagat ion w i t h  t h e  f l ow .  

behavior.  For a g iven Mach number, t he re  i s  an q-va lue below which the  optimum 
res i s tance  tends t o  negat ive  values. A negat ive  res is tance,  o r  a c t i v e ,  l i n e r  
i s  one which tends t o  generate energy, as opposed t o  a passive, p o s i t i v e  r e s i s -  
tance l i n e r  which can o n l y  absorb energy. A t  f i r s t  s i g h t ,  t h i s  phenomenon 

Based on the  ana lys i s  o f  Reference 4, t h e  

The optimum suppression ra tes  appear t o  be independent o f  Mach number f o r  

I n  the  low rl regions, t he  optimum res i s tance  undergoes a r a t h e r  b i z a r r e  
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appears to be p h y s i c a l l y  unreasonable, p o s s i b l y  i n d i c a t i n g  a bas i c  f l a w  i n  the 
theory.  

I t  must be kept  i n  mind t h a t  t h e  optimum impedance c r i t e r i a  t o  t h i s  p o i n t  
has been based on t h e  branch p o i n t  c r i t e r i a  developed by Cremer. I n  the  no- 
f low o r  h i g h  q-value cases, t h i s  c r i t e r i a  i s  unambiguous, b u t  f o r  low q-values 
i t  w i l l  be shown t h a t  t h e  f low-induced d i s t o r t i o n  o f  t he  modal maps i s  so se- 
vere as t o  cause s i g n i f i c a n t  changes i n  the  na tu re  o f  t he  problem. I t  w i l l  be 
shown t h a t ,  i f  one w i l l  admit t he  ex i s tence  o f  a c t i v e  (nega t i ve  res is tance)  
w a l l  l i n e r s ,  two suppression c r i t e r i a  must be provided, one f o r  passive l i n e r s  
and one f o r  a c t i v e  l i n e r s .  The s t range behavior i s  caused by the  

1 

f a c t o r  i n  the  p a r t i c l e  displacement c o n t i n u i t y  boundary c o n d i t i o n ,  when K/k 
begins t o  ge t  l a r g e  i n  magnitude. 

M O D I F I E D  OPTIMUM C R I T E R I A  FOR LOW Q-VALUES 

Choosing a Mach number o f  -0.4, modal maps o f  t he  lowest o rde r  symmetric 
mode reg ion  were p l o t t e d  f o r  success ive ly  lower r)-values, according t o  the  
f o l l o w i n g  1 i s t :  

F igu re  4 r) = 0.36 

F igu re  5 r) = 0.3 

F igu re  6 r) = 0.15 

Note i n  F igu re  4 t h a t  t he  -goo phase l i n e s  have l e f t  t he  r e a l  and imagin- 
a r y  y-axes and a r e  converging on the  branch p o i n t .  The branch c u t  which de- 
f i n e s  the  reg ion  o f  pass ive impedance f o r  t h e  lowest o r d e r  mode now c o n s i s t s  o f  
j u s t  a s h o r t  l eng th  o f  l i n e  o f  constant ma n i t u d e  o f  BkH (IBkH( = 1.371, w i t h  
t he  r e s t  o f  t he  c u t  be ing comprised o f  k90  phase l i n e s ;  This  n-value i s  j u s t  
above the  va lue f o r  which t h e  optimum impedance goes negat ive.  I n  F igu re  5, 
t he  -goo l i n e s  have passed through the  branch p o i n t ,  which now has a phase o f  
l ess  than -goo, g i v i n g  a nega t i ve  res i s tance .  
become i s o l a t e d  from t h e  second o rde r  mode reg ion,  and con ta ins  no branch p o i n t .  
The optimum impedance f o r  t he  lowest o rde r  mode i s  now de f ined  as the  p o i n t  a t  
which the  h ighes t  valued curve o f  constant  a t t e n u a t i o n  touches t h e  boundary o f  
t he  modal region. 

A t  t h e  branch p o i n t ,  a h ighe r  p o s i t i v e  suppression i s  p r e d i c t e d  than i n  
the  modal reg ion,  i n  s p i t e  o f  t he  nega t i ve  res i s tance .  Th is  i m p l i e s  t h a t  an 
a c t i v e  l i n e r  would p r o v i d e  more suppression than a pass ive l i n e r ,  i f  designed 
w i t h  t h e  branch p o i n t  impedance components. Th is  unexpected behavior may be 
p o s s i b l y  understood i n  terms of t he  modal " c u t - o f f "  phenomenon, f o r  which modes 
below t h e i r  c u t - o f f  frequency decay e x p o n e n t i a l l y  i n  t h e  duct .  Apparent ly  t he  
e f f e c t s  o f  c u t - o f f  a r e  so s t rong  t h a t  even an a c t i v e  impedance leads t o  s t rong  

a 

The lowest o rde r  mode reg ion  has 
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decay i n  t h e  presence o f  un i fo rm f l o w .  

the  r e a l  y ax is ,  where a new branch p o i n t  appears, as shown i n  F igu re  6, pro-  
v i d i n g  a new optimum c r i t e r i a .  F igure  7 shows the  rev ised optimum impedance 
and suppression curves for  Mach -0.4 and n = 2 where o n l y  pass ive l i n e r s  a r e  
al lowed. The reg ion  between 0.20 < q < 0.36 i s  where t h e  lowest o rde r  mode ex- 
i s t s  i n  i s o l a t i o n  o f  t h e  second mode. Note t h e  s u b s t a n t i a l  d rop -o f f  i n  optimum 
a t tenua t ion  below q = 0.36. F igure  8 shows the  rev ised optimum res is tance,  re-  
actance, and suppression curves fo r  the  Mach +0.4 case. Note t h e  decrease i n  
suppression below q = 0.2. 

A t  s u f f i c i e n t l y  low q, t h e  modal reg ions r e u n i t e  on the  r igh t -hand-s ide  o f  

CONCLUSIONS 

The Cremer o p t i m i z a t i o n  theory  f o r  l e a s t  a t tenuated  modes has been modi- 
f i e d  t o  account f o r  t h e  e f f e c t s  o f  mean f l o w  a t  low q-values. I t  i s  seen t h a t  
t h e  branch p o i n t  c r i t e r i a  no longer ho lds  below c e r t a i n  c r i t i c a l  q-values, and 
t h e  optimum pass ive  l i n e r  impedance must be determined from the  modal maps. 
Revised optimum impedance and suppression curves have been presented f o r  Mach 
k0.4. I n  f u t u r e  s tud ies ,  i t  would be u s e f u l  t o  p rov ide  exper imental  v e r i f i c a -  
t i o n  of the  rev ised optimum c r i t e r i a .  I n  p a r t i c u l a r ,  i n v e s t i g a t i o n  o f  the  ac- 
t i v e  l i n e r  concept might  prove o f  p r a c t i c a l  va lue,  i f  such a dev ice can be 
shown t o  e x i s t .  
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Figure  1 . -  Optimum res i s tance  f o r  lowest o rde r  mode as a f u n c t i o n  o f  rl, 
f o r  va r ious  Mach numbers, based on Cremer optimum c r i t e r i a .  

4 ,  1 

Figure  2.- Optimum reactance f o r  lowest o rde r  mode a s  a f u n c t i o n  o f  rl, 
f o r  var ious  Mach numbers, based on Cremer optimum c r i t e r i a .  
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Figure 3.- Optimum attenuation as a function of q for various Mach numbers 
for lowest order mode, based on Cremer optimum criteria. 
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Figure 4.- Complex eigenvalue-admittance mapping for symmetric modes; Mach 
-0.4; kH = 2.2619; (q = 0.36); Continuity of  Particle Displacement. 

Constant I BkH I , ----- Constant Phase (BkH). 
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Figure 5.- Complex eigenvalue-admittance mapping for symmetric modes; Mach 
-0.4; kH = 1.885; (q = 0.3); Continuity o f  Particle Displacement. 

Constant 1 BkH I , ----- Constant Phase ( BkH) . 
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Figure 6 . -  Complex eigenvalue-admittance mapping for symmetric modes; Mach 
-0.4; kH = 0.9425; (q = 0.15); Continuity o f  Particle Displacement. 

Constant I BkHl , ----- Constant Phase (BkH). 
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F igu re  7.- Lowest o rde r  mode optimum suppression r a t e  and impedances 
as a f u n c t i o n  o f  q f o r  passive 1 i ne rs ,  Mach -0.4. 
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F igu re  8.- Lowest o rde r  mode optimum suppression r a t e s  and impedances 
as a f u n c t i o n  o f  for  passive l i n e r s ,  Mach +0.4. 
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INLET NOISE SUPPRESSOR DESIGN METHOD BASED UPON THE 

DISTRIBUTION OF ACOUSTIC POWER WITH MODE CUTOFF RATIO 

by Edward J. Rice 
NASA Lewis Research Center 

SUMMARY 

Higher order spinning modes must be considered in the design of efficient 
noise suppressors with outer wall treatment such as in an engine inlet. These 
modes are difficult to measure and are in fact impossible to resolve with flush 
mounted wall microphones. 
here which potentially circumvents the problems of resolution in modal measure- 
ment. The method is based on the fact that the modal optimum impedance and the 
maximum possible sound power attenuation at this optimum can be expressed as 
functions of cutoff ratio alone. Modes with similar cutoff ratios propagate 
similarly in the duct and in addition propagate similarly to the far field. 
Thus there is no need to determine the acoustic power carried by these modes in- 
dividually, and they can be grouped together as one entity. With the optimum 
impedance and maximum attenuation specified as functions of cutoff ratio, the 
of f-optimum liner performance can be estimated using a previously published 
approximate attenuation equation. 

An alternative liner design procedure is presented 

INTRODUCTION 

The need to consider higher order spinning modes in the design of aircraft 
inlet suppressors with wall treatment only has been demonstrated in references 
1 and 2. Using spinning modes in the propagation theory to simulate an engine 
inlet requires information on the modal power distribution, which is very diffi- 
cult to measure. Assumptions of equal modal amplitude (ref. 3 )  or equal modal 
power (refs. 1 and 4 )  have been made. These assumptions may be valid for static 
test data (ref. 5) where the dominant source of noise may be from the inter- 
action of the rotor with random inflow disturbances. However, in flight the 
character of the noise source changes considerably (ref. 6) and the modal struc- 
ture giving valid liner designs has yet to be established. 

Because of the difficulty of modal measurement, an alternative and more 
easily used method has been proposed (ref. 7). This method involves the use of 
the distribution of acoustic power as a function of mode cutoff ratio (hereafter 
called acoustic power-< distribution) rather than the actual modal power distri- 
bution itself. This is much simpler since many modes may have nearly the same 
cutoff ratio and need not be separated because they a l l  behave the same when 
liner design is considered. This similar behavior is demonstrated by showing 
that the optimum wall impedance and the maximum possible sound power attenuation 
obtained at this optimum can be expressed as functions of cutoff ratio alone. 
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When these quantities are expressed in this way there is only a very small re- 
sidual modal dependence (lobe m and radial mode p), which can be ignored in 
a multimodal liner design. 

It was established in reference 7 that modal optimum wall impedance was 
The reference also implied that maximum intimately related to cutoff ratio. 

attenuation and the radiation pattern were dependent upon cutoff ratio. 
paper the method will be developed into a quantitative tool useable for liner 
design. 
optimum impedance and the maximum possible attenuation. 
identity occurs in these required inputs, modal decomposition of the noise 
source is replaced by the acoustic power-5 distribution which treats all simi- 
larly propagating modes as a single entity. 
usual input quantities such as flow Mach number, boundary layer thickness, noise 
frequency, and duct dimensions. 
tioned above involve only the optimum quantities, an off-optimum estimate pro- 
cedure is also provided. This involves the approximate equation of reference 8 
in which the off-optimum behavior is shown to be uniquely determined by the op- 

In this 

Approximate expressions are provided in terms of cutoff ratio for the 
Since no explicit modal 

These equations also contain the 

Since all of the correlated quantities men- 

timum impedance and damping along with the actual off-optimum wall 
The procedure outlined in this paper requires only the addition of 
ing of the acoustic power-( distribution. 

Methods for estimating the acoustic power-6 distribution from 
directivity pattern are nearing completion and should be available 
desirable method using direct duct measurements with flush-mounted 
transducers is currently being studied. 

impedance. 
the quantify- 

the far field 
soon. A more 
wall pressure 

The problem of changes in acoustic power-( distribution in going from a 
hardwall duct to a soft wall section is discussed. 

SYMBOLS 

A 

C 

D 
AdB 
AdBm 

F 

f 
G 

Jm 

K 
k 
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function of eigenvalue phase 
angle, eq. (15) 

speed of sound, m/sec 
duct diameter, m 
sound power attenuation, dB 
maximum possible sound power 

boundary-layer refraction 

frequency , Hz 
function of maximum possible 

Bessel function of first kind, 

wave number , k.r 
w/c, m-1 

attenuation, dB 

function, eq. (11) 

attenuation, eq. (18) 

order m 

L 

MO 
m 

N 

P 
R 
Rm 
r 
‘0 

vg 
t 

X 
a 

acoustic liner length, m 
axial steady flow Mach number, 
free-stream uniform value 

spinning mode lobe number 
(circumferential order) 

normalized expected number of 
modes versus cutoff ratio 

acoustic pressure, N/m2 
amplitude of eigenvalue a 
hardwall eigenvalue 
radial coordinate, m 
circular duct radius, m 
time, sec 
group velocity ( a m /  aK) 
axial coordinate, m 
complex radial eigenvalue (a = Re i+ 



B AdBm/AdB 
6 boundary-layer thickness, m 
E dimensionless boundary-layer 

thickness, 6/ro 
cm optimum specific acoustic 

impedance 
cm0 optimum specific acoustic 

impedance for E = 0 
rl frequency parameter, fD/c 
8 specific acoustic resistance 
8, optimum specific acoustic 

resistance 
w 

radial mode number 
cutoff ratio 
cutoff ratio in hardwall duct 
attenuation coefficient 
propagation coefficient 
angular coordinate, rad 
phase angle of eigenvalue, deg 
specific acoustic reactance 
optimum specific acoustic re- 

circular frequency, rad/sec 
actance 

DEFINITION OF THE CUTOFF RATIO 

Some preliminary expressions are given here to establish the notation and 
terminology. 
region). 

The modal pressure solutions are given by (in the uniform flow 

p = ~~(5) eiwt-im@-k(a+iT)x 

where P, a, 5 ,  and T should actually have m, 1-1 subscripts to associate 
them with the my 1-1 mode. For soft walled ducts the radial eigenvalue is com- 
plex and is given by 

a = Rei4 (2) 

The damping and propagation coefficients are given by 

(3) 
1 - Mi 

or 

L 
-iM + i d 1  - (1 - Mi)(+) (cos 24 + i sin 24) 

( 4 )  
0 a + i ~ =  

2 1 - Mo 

where rl is the frequency parameter given by 

Q = fD/c (5) 
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For hardwall  duc t  t h e  d e f i n i t i o n  of cu to f f  r a t i o  is  q u i t e  d i r e c t  s i n c e  t h e  
eigenvalue c1 i s  real and can be given by ( i n  a manner s i m i l a r  t o  r e f .  9 ) ,  

Th i s  d e f i n i t i o n  causes t h e  expression i n  t h e  r a d i c a l  of equat ion ( 4 )  (with 
4 = 0) t o  change s i g n  a t  
d i s t a n c e  f o r  5 < 1. 

= 1 and causes t h e  p re s su re  t o  be damped with 

For s o f t  walled duc t s  t h e  d e f i n i t i o n  of cu to f f  r a t i o  i s  no t  so simple. 
The modes possess  propagating c h a r a c t e r i s t i c s  a t  a l l  f requencies  so  there i s  no 
precise c u t o f f .  A d e f i n i t i o n  of cutoff  r a t i o  used i n  r e fe rence  7 w a s  

which causes t h e  real p a r t  of t h e  r a d i c a l  i n  equat ion ( 4 )  t o  be zero a t  5 = 1. 
The d e f i n i t i o n  w a s  q u i t e  a r b i t r a r y  w i t h  t h e  only advantage being t h a t  i t  re- 
duced t o  t h e  hardwall  d e f i n i t i o n  when I$ + 0. A b e t t e r  d e f i n i t i o n  might be 

3 3 5 =  

which is  thought t o  be  a new r e s u l t .  This w a s  der ived by i n s u r i n g  t h a t  t h e  
group v e l o c i t y  (v = a w / a K )  be  a t  a minimum when 
mum a c o u s t i c  power propagation. Fortunately t h e r e  i s  n o t  much d i f f e r e n c e  be- 
tween t h e  5 d e f i n i t i o n s  f o r  t h e  s m a l l  ang le s  @ encountered a t  t h e  optimum 
impedance. For t h e  l a r g e s t  d i f f e r e n c e  5 from equat ion (8) is  about 0.87 of 
t h a t  from equat ion (7). Thus t h e  ca l cu la t ed  r e s u l t s  of r e fe rence  7 are used 
h e r e  without modif icat ion.  

5 = 1, which impl i e s  a mini- g 

MODE CUTOFF RATIO AS THE BASIC PROPAGATION PARAMETER 

I n  t h i s  s e c t i o n  t h e  cu to f f  r a t i o  w i l l  be  shown t o  be  t h e  b a s i c  parameter 
governing n o i s e  propagation i n  a c o u s t i c a l l y  l i n e d  ducts .  This w i l l  be done by 
showing t h a t  t h e  optimum w a l l  impedance f o r  a l l  of t h e  modes can be  a c c u r a t e l y  
c o r r e l a t e d  by t h e  c u t o f f  r a t i o  a lone  and t h a t  t h e  maximum a t t e n u a t i o n  a t  t h i s  
optimum can be  adequately c o r r e l a t e d  by the c u t o f f  r a t i o .  A l l  of t h e  ca l cu la -  
t i o n s  presented h e r e  w e r e  obtained using t h e  c a l c u l a t i o n  procedure of r e fe rence  
10. 
l a y e r  p re sen t  n e a r  t h e  w a l l .  The classic uniform-flow sound propagation solu- 
t i o n s  w e r e  coupled t o  a Runge-Kutta i n t e g r a t i o n  s o l u t i o n  through the boundary 
l a y e r .  The d e f i n i t i o n  of modal optimum impedance is  t h e  same as i n  r e fe rences  

A uniform f low region w a s  assumed i n  t h e  duc t  i n t e r i o r  w i t h  a boundary 
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2 and 1 0  as w e l l  as t h a t  of r e fe rence  11 but  w i t h  the a d d i t i o n a l  cons ide ra t ions  
of Mach number, boundary-layer t h i ckness ,  and hrgher  o r d e r  modes. 

Optimum W a l l  Impedance 

The discovery that t h e  optimum liner w a l l  impedance depends only on mode 
F igure  1 is repeated from refer- c u t o f f  r a t i o  w a s  documented i n  reference 7. 

ence 7 f o r  completeness. 
p l o t t e d  i n  t h e  w a l l  impedance plane.  
General Electr ic  TF-34 engine. 
d e s p i t e  t h e  wide range of modes used. 
higher  l obe  number modes d e v i a t e s  from t h i s  common l i n e ,  and th i s  d e v i a t i o n  i s  
q u i t e  s m a l l .  (The first r a d i a l  i s  t h e  f u r t h e s t  p o i n t  toward the l e f t  s i d e  f o r  
a given lobe  number.) 
i n s e r t  t a b l e .  
r a t i o .  Addit ional  r e s u l t s  w e r e  shown i n  r e fe rence  7 which i l l u s t r a t e d  the ex- 
c e l l e n t  c o r r e l a t i o n  of optimum impedance with cu to f f  r a t i o .  

Figure l s h o w s  sample optimum impedance c a l c u l a t i o n s  
The cond i t ions  used are those  f o r  a 

Note that a common locus  of optima i s  ev iden t  
Only t h e  f i r s t  r a d i a l  of each of t h e  

Two co inc iden t  modes are s i n g l e d  out  and compared i n  t h e  
The only t h i n g  t h e s e  two modes have i n  common is t h e  cu to f f  

Maximum P o s s i b l e  Sound Power Attenuat ion 

The maximum p o s s i b l e  sound power a t t e n u a t i o n  is  gene ra l ly  expressed as 
AdB/(L/D) and p l o t t e d  a g a i n s t  t h e  frequency parameter (TI = fD/c) as i n  f i g u r e  5 
of r e fe rence  2. This t ype  of p l o t  has  been recast i n  t e r m s  of t h e  c u t o f f  r a t i o  
( f i g .  2). Seve ra l  r a d i a l  modes (p = 1, 2 ,  5, and 10) f o r  l obe  numbers of 
m = 1, 7 ,  and 20 are shown. I n  each case f o r  a given m, t h e  p = 1 curve i s  
t h e  lowest and t h e  a t t e n u a t i o n  inc reases  monotonically wi th  inc reas ing  1.1. Ex- 
cept  f o r  t h e  f i r s t  two r a d i a l  modes of t h e  lowest- l obe  number (m = l), t h e  
curves c l u s t e r  t oge the r .  I f  a n  average curve i s  used through t h e  c l u s t e r  of 
curves,  most of t h e  modes w i l l  be adequately represented wi th  t h e  maximum e r r o r  
dev ia t ion  from t h e  average being about a f a c t o r  of  two f o r  t h e  lowest o rde r  
modes. I n  a multimodal l i n e r  design,  t h i s  e r r o r  i n  only a few of t h e  lower 
o r d e r  modes is  n o t  a n t i c i p a t e d  t o  be  s i g n i f i c a n t .  I n  those  cases where a few 
low-order modes are known t o  c a r r y  t h e  bulk of t h e  a c o u s t i c  power, t h e  method 
proposed i n  t h i s  paper should no t  b e  used since f o r  these cond i t ions  t h e  d i r e c t  
modal approach i s  both s impler  and more accurate .  

With t h e  except ion noted previously,  t h e  maximum a t t e n u a t i o n  of t h e  multi-  
tude of modes can be  adequately represented by a s i n g l e  func t ion  of t h e  cu to f f  
r a t i o  a lone.  The equat ions involved wi th  t h e  a t t e n u a t i o n  w i l l  be given i n  t h e  
next  s e c t i o n  where approximate c o r r e l a t i o n s  are discussed.  

APPROXIMATE CORRELATING EQUATIONS 

I n  t h i s  s e c t i o n  approximate equat ions are developed f o r  t h e  optimum imped- 
ance and t h e  maximum p o s s i b l e  a t t e n u a t i o n .  The c o r r e l a t i o n  between exac t ly  
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c a l c u l a t e d  optimum impedance and cu to f f  r a t i o  i s  considered t o  be  f i r m l y  estab- 
l i s h e d ,  bu t  t h e  optimum impedance c o r r e l a t i o n  equat ion given he re  must b e  con- 
s i d e r e d  prel iminary.  I f  more exact results are requ i r ed  a t  th i s  t i m e ,  t h e  com- 
p l e t e  c a l c u l a t i o n  procedure of reference 10  is  suggested w i t h  a r e p r e s e n t a t i v e  
mode used a t  each cu to f f  r a t i o  v a l u e  under considerat ion.  

Optimum Impedance Cor re l a t ion  Equation 

The c o r r e l a t i n g  equat ion w a s  der ived us ing  the approximate equat ion o f  r e f -  
erence 10  as a s t a r t i n g  p o i n t ,  which i n  t u r n  w a s  der ived from t h e  t h i n  boundary- 
l a y e r  approximation theory of r e fe rence  12. 
10 is  

The s t a r t i n g  p o i n t  from re fe rence  

where 5, i s  t h e  optimum impedance with a boundary l a y e r  and where 

i s  t h e  optimum impedance w i t h  t h e  boundary-layer t h i ckness  
q u a n t i t y  F is given by 

E = b / r o  = 0. The 

F = (T)(l + 5) 
where t h e  f i r s t  t e r m  i s  t h e  s imples t  form of the equat ion i n  r e f e r e n c e  1 0  and 
t h e  second i s  an empi r i ca l  c o r r e c t i o n  needed i n  t h e  v i c i n i t y  of u n i t y  cu to f f  
r a t i o .  This  c o r r e c t i o n  is needed s i n c e  t h e  r e s u l t s  of r e fe rence  1 0  and thus 
presumably r e f e r e n c e  12 are no t  v a l i d  near  c u t o f f .  

The q u a n t i t i e s  i n  equat ion (10) must now be  cast i n  terms of t h e  cu to f f  
r a t i o  5 i f  equat ion (9) i s  t o  be a func t ion  of cu to f f  r a t i o  as it  i s  known t o  
be from t h e  exact c a l c u l a t i o n s .  Because of l i m i t e d  space,  t h e  d e r i v a t i o n s  can 
no t  b e  included here .  Equations (21)  t o  (23),  (30) and (31) of r e f e r e n c e  8 a- 
long wi th  equat ion (31) of r e fe rence  2 w e r e  used. The v a r i a b l e s  Mo and n ‘  
on which boundary-layer r e f r a c t i o n  e f f e c t s  s t r o n g l y  depend ( r e f .  10)  w e r e  car- 
r i e d  i n t a c t  through t h e  de r iva t ion .  Ce r t a in  l i b e r t i e s  w e r e  taken w i t h  t h e  o t h e r  
v a r i a b l e s  such as r ep lac ing  n e a r l y  f i r s t  o r  second powers of  t h e  mode numbers 
with f i r s t  and second powers of  t h e  eigenvalue. The eigenvalue had t o  be  re- 
covered i n  t h e  equat ions i n  o r d e r  t o  in t roduce  t h e  cu to f f  r a t i o  from equat ion 
(8). The f i n a l  equat ion,  which must be considered as empi r i ca l ,  i s  
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Equation (12) is surprisingly accurate for the zero boundary-layer thickness 
optimum resistance, but large percent errors can occur in the reactance for very 
small values of reactance. 

With equations (11) and (12) used in equation (9) the optimum wall imped- 
ance with a boundary layer can be calculated as a function of cutoff ratio. 
These approximate calculations are compared with the exact calculations (from 
ref. 7) in figures 3 and 4 .  The approximations predict the gross behavior of 
the exact calculations and are probably accurate enough for most liner design 
studies. 

Maximum Attenuation Correlation 

An expression for maximum possible sound power attenuation can be derived 
by using the real part 0 of equation ( 4 )  and the cutoff ratio from equation 
(8) in the following 

which then yields 

-17.4R AdB, 
- -  - 

LID I n 

expression (ref. 2) 

AdB, 
-17. ~ITY~O - =  

L I D  

@ d l  - 2($ cos 24 + ($ + cos 24 - (iyJl2 A (14) 

where A is given by 

3 - fi sin 3 
3 

Equation (14) was used to generate the curves in figure 2 with the eigenvalues 
(R, 4 )  used for each mode and with Mo = 0. 
tained by using the values of R and 4 near the center of the cluster of 
curves such as the 20, 1 (m, u )  mode (R = 26.662, 4 = 5.46') or the 7, 10 mode 
(R = 41.881, 4 = 3.53').  An approximate form of equation (14) can be derived 
for large 5 as 

An averaged equation can be ob- 

-40 AdBm 

LID 
-8.7RA sin 24 ~ 

N 

541 -MG 

where the average-curve values of R and 4 were used to arrive at the final 
expression. This corn ares favorably with the expression in reference 7 except 

that the term a is missing in reference 7. When expressed on a modal 
basis, the Mach number would not appear in equation (16) as discussed in refer- 
ence 2, but it is reinserted along with the cutoff ratio when equation (8) is 
used. Equation (16) is valid for the linear portion of the curves in figure 2 
but it will underpredict the maximum attenuation near 5 = 1. 
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OFF-OPTIMUM ATTENUATION 

A s  seen in figure 1 for any chosen impedance, at best only one value of 
cutoff ratio would be at an optimum. 
associated cutoff ratios would be the usual case encountered, off-optimum damp- 
ing must be considered. Since the optimum impedance and maximum damping are 
now known for any cutoff ratio value, the approximate attenuation equation of 
reference 8 is ideally suited for use here. This equation is expressed as 

Since a distribution of modes and their 

where 

and 

8.7 L/D 
2 G =  

AdBm(l + Mo) 

AdBm 
E = -  

AdB 

The off-optimum attenuation to be solved for is AdB occuring at an impedance 
given by 0 and x with optimum input values ern, x,, and AdB, and with the 
usual design inputs of L, D, and Mo. When operating off-optimum AdB cannot 
exceed AdB,, and B is always greater than unity. Thus a possible procedure 
for solving equation (17) is to increment f3 upward from unity until the equa- 
tion is satisfied and then solve for AdB from equation (19). 

OUTLINE OF USE OF THE ACOUSTIC LINER DESIGN PROCEDURE 

In the example that follows the use of the equations presented in the pre- 
ceding sections will be illustrated. 
is needed is the distribution of acoustic power as a function of cutoff ratio. 
Because of space limitation as well as the preliminary state of the development 
of this subject, the equations will be presented without proof and are intended 
for illustrative purposes only. 

The final element of the technique that 

The modal population density as a function of cutoff ratio is expressed as 

If equation (20) is integrated between 5, and E,, the normalized number of 
modes between these limits is 
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Note that N is normalized since, if 51 = 1 and 52 = Q), then N = 1. For 
simplicity equal energy per mode will be used, which may be a reasonable as- 
sumption for static test data (ref. 5). 5, and 5, is also given by equation (21). Next, choose 10 increments so that 0.1 
of the power falls in each interval with 0.05 of the power on each side of the 
interval center. The 10 5 intervals thus have centers located at 5 = 1.026, 
1.085, 1.155, 1.24, 1.35, 1.49, 1.69, 2, 2.58, and 4.47. 

Then the acoustic power between 

Now the attenuation calculation can be made for each value of cutoff ratio 
5 at the desired values of resistance 8 and reactance x. Assume that 
boundary-layer thickness E, Mach number Mo, frequency parameter 11, and the 
allowable duct diameter D and length L are known from other considerations. 
For each center value of 5, then, calculate the optimum impedance components 
em and xm from equation (9) using equations (11) and (12). Next, calculate 
the maximum possible attenuation AdB, for each 5 from equation (14) using 
equation (15) and the R and 4 values given just after equation (15). Now 
all the inputs are available (e ,  x, Om, xm, AdB,) to calculate f3 from equa- 
tion (17) and then AdB from equation (19), again, for each of the 10 values of 
5. 
overall AdB calculated by applying the AdB for each 5 catagory to its re- 
spective input power, summing the output powers, and comparing this sum with the 
total input power. The calculation is now complete at the selected value of . e  
and x. If a multimodal optimization study is being made, new values of 8 and 
x would be selected, and the calculations repeated until the total attenuation 
is maximized. 

The estimated liner output acoustic power can then be calculated, and an 

CONCLUDING RENARKS 

The acoustic liner evaluation method presented in this paper should provide 
a useful alternative to the more usual modal analysis approach. Some of the 
problems in the modal approach, which are not problems in the present approach, 
are as follows: The phase speed of a mode is inversely proportional to the pro- 
pagation coefficient T given by equation (3).  If the cutoff ratio from equa- 
tion (6) is used in equation (3), the term 41 - l/Cz will be found to contain 
all of the modal information. For well propagating modes (5 >> 1) this radical 
is essentially equal to one and the axial phase speed of all these modes is 
nearly identical. Also in a multimodal situation several modes may have almost 
equal cutoff ratios even though 5 z 1. These modes would also be indistin- 
guishable in an axial direction since they have the same axial phase velocity. 
Thus the modal acoustic power can not be uniquely determined by using axial 
microphone traverses, and radial traverses (which are undesirable) must be used. 
Modes with nearly coincident cutoff ratios do not present a problem to the 
method of this paper since they all behave similarly in the acoustic liner (with 
respect to optimum impedance and maximum attenuation) and are thus lumped to- 
gether. 
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Some s impl i fy ing  condi t ions  have been t a c i t l y  assumed t o  hold i n  the devel- 
opment of t h e  technique presented here.  It has been assumed t h a t  modal c ros s  
coupling is  not  important i n  t h e  a t t e n u a t i o n  c a l c u l a t i o n s  i n  t h e  l i n e d  duct  sec- 
t i o n ;  t h a t  i s ,  t h e  reduct ion  of a c o u s t i c  power of each mode can be ca l cu la t ed  
independently of a l l  t h e  o t h e r  modes. Theore t i ca l ly ,  t h e  c ros s  coupling should 
be considered (refs. 13 and 1 4 ) ,  but  f o r  p r a c t i c a l  purposes t h i s  coupling might 
be n e g l i g i b l e  (0.5-dB e r r o r  i n  t h e  r e s u l t s  of r e f .  15) .  Although not  d i r e c t l y  
a f f e c t i n g  t h e  r e s u l t s  presented here ,  t h e  problem of a p o s s i b l e  change i n  acous- 
t i c  power-6 d i s t r i b u t i o n  i n  going from a hard walled s e c t i o n  t o  a s o f t  walled 
s e c t i o n  must be recognized. 
hard duct  be used f o r  a t t e n u a t i o n  c a l c u l a t i o n s  i n  t h e  l i n e d  duct  s e c t i o n  o r  what 
modi f ica t ions  must be  made? This  can not  be answered d e f i n i t e l y  a t  this time, 
but some i n s i g h t  can be of fe red .  The cu tof f  r a t i o  should be r e l a t e d  t o  t h e  
angle  of inc idence  wi th  t h e  duc t  w a l l .  
wi th  angles  s i m i l a r  t o  those  i n  t h e  hard duc t ,  then  t h e s e  modes should be  ex- 
c i t e d .  Thus angle  of inc idence  is  preserved i n  much t h e  same way as t h e  lobe  
numbers are preserved. This analogy is no t  exac t  s i n c e  modes wi th  exac t ly  t h e  
same lobe  number are a v a i l a b l e  i n  both duct s e c t i o n s  whi le  angles  of inc idence  
can only be approximately t h e  same. Thus some s c a t t e r i n g  of acous t i c  power 
among t h e  va r ious  cu to f f  r a t i o s  should occur,  but i n  a multimodal s i t u a t i o n  t h i s  
is  not  suspected t o  be an extremely important e f f e c t .  A no tab le  s ingu la r  ex- 
cept ion  occurs  when a p lane  wave i n  t h e  hard duct  reaches t h e  s o f t  walled sec- 
t i on .  The plane wave wi th  5 = oJ is s c a t t e r e d  i n t o  s e v e r a l  s o f t  w a l l  modes 
wi th  f i n i t e  and poss ib ly  even small cutof f  r a t i o s  (depending on frequency param- 
e t e r ) .  
s i n c e  t h e r e  i s  no mode i n  a very s o f t  duct  t h a t  matches t h e  angle  of incidence 
of t h e  plane wave. 
acoustic.power-6 d i s t r i b u t i o n  i s  more a v a i l a b l e  than an a c o u s t i c  power-modal 
d i s t r i b u t i o n .  I n  r e fe rence  7 i t  was  implied that t h e  f a r - f i e l d  d i r e c t i v i t y  pa t -  
t e r n  is  in t ima te ly  r e l a t e d  t o  t h e  acous t i c  power+ d i s t r i b u t i o n .  This  approach, 
which has  been pursued and i s  near ing  completion, should al low a t  least a crude 
approximation t o  t h e  power d i s t r i b u t i o n .  Also, t h e  present  method o f f e r s  t h e  
p o t e n t i a l  f o r  avoiding some of t h e  problems a s soc ia t ed  wi th  modal measurement. 
Measurements of t h e  a c o u s t i c  power-5 d i s t r i b u t i o n  using w a l l  mounted micro- 
phones i n  t h e  duct  should be developable and u l t ima te ly  ava i l ab le .  

Could a power d e n s i t y  d i s t r i b u t i o n  determined i n  a 

I f  modes are a v a i l a b l e  i n  t h e  s o f t  duct  

This  s i t u a t i o n  does no t  comply wi th  t h e  condi t ions  assumed earlier, 

Perhaps t h e  most s e r i o u s  assumption of a l l  i s  t h a t  an 
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Figure 1. -Example higher order spinning mode optimum im- 
pedance locus. Frequency, 2890 hertz; frequency parameter, 
9.47; Mach number, -0.36; boundary layer, 6/r0 = 0.059. 

Figure 2 -Maximum possible attenuation a s  
function of mode cutoff ratio. Zero Mach 
number. 
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ORIFICE RESISTANCE FOR EJECTION INTO A GRAZING FLOW 

Kenneth J. Baumeister 
NASA L e w i s  Research Center 

SUMMARY 

Experiments have shown t h a t  t h e  r e s i s t a n c e  f o r  e j e c t i o n  from a n  o r i f i c e  
i n t o  a graz ing  f low can be less than  f o r  t h e  no-flow case over  a range of o r i -  
f i c e  v e l o c i t i e s .  
t i o n  of graz ing  flow, t h e  f low from t h e  o r i f i c e  w a s  modeled by us ing  t h e  in-  
v i s c i d  a n a l y s i s  of Golds te in  and Braun, which i s  v a l i d  when t h e  o r i f i ce - f low 
t o t a l  p re s su re  i s  n e a r l y  t h e  same as t h e  free-stream grazing-flow t o t a l  pres- 
su re .  
can e n t e r  t h e  main graz ing  f low i n  a n  i n v i s c i d  manner wi thout  gene ra t ing  l a r g e  
edd ie s  t o  d i s s i p a t e  t h e  k i n e t i c  energy of the je t .  
closed-form s o l u t i o n  w a s  developed f o r  t h e  s t eady  r e s i s t a n c e  f o r  e j e c t i o n  from 
an o r i f i c e  i n t o  a grazing-flow f i e l d .  
a b l y  wi th  t h e  p rev ious ly  publ ished d a t a  of Rogers and Hersh i n  the f low regime 
where t h e  t o t a l  p re s su re  d i f f e r e n c e  between t h e  graz ing  f low and t h e  o r i f i c e  
flow i s  s m a l l .  

To exp la in  t h i s  dec rease  i n  o r i f i c e  r e s i s t a n c e  w i t h  t h e  addi- 

For s t eady  out f low from an  o r i f i c e  i n t o  a graz ing  flow, t h e  o r i f i c e  f low 

From t h e  a n a l y s i s ,  a s imple 

The c a l c u l a t e d  r e s i s t a n c e s  compare favor- 

INTRODUCTION 

Pe r fo ra t ed  p l a t e s  w i t h  back cavities are commonly used i n  f low duc t s  t o  
d i s s i p a t e  a c o u s t i c  energy. 
by t h e  l i n e r ,  t h e  impedance of t h e  l i n e r  must be es t imated .  E l t h e r  a t h e o r e t i -  
ca l  o r  a n  empi r i ca l  model i s  r equ i r ed  t o  relate t h e  w a l l  impedance t o  t h e  con- 
s t r u c t i o n  of t h e  l i n e r ,  t h e  magnitude of the graz ing  flow, and t h e  sound pres- 
s u r e  level. 

To p r e d i c t  t h e  amount of a c o u s t i c  energy absorbed 

Many i n v e s t i g a t i o n s  of grazing-flow impedance have been performed t h a t  l e a d  
t o  impedance models f o r  u se  i n  duc t  sound-propagation s t u d i e s .  
s imu la t ion  s t u d i e s  ( r e f .  1 )  have revea led  t h e  b a s i c  phys i ca l  f low process  t h a t  
occurs  a t  t h e  o r i f i c e  i n  t h e  presence of graz ing  flow. These v i s u a l  s t u d i e s  
have l e d  t o  both  e m p i r i c a l  ( r e f .  2)  and t h e o r e t i c a l  ( r e f s .  3 and 4 )  impedance 
models bo th  without  and w i t h  graz ing  flow. 

Recent v i s u a l  

The t h e o r e t i c a l  s t u d i e s  of r e f e r e n c e s  3 and 4 p r e d i c t  t h e  r e s i s t a n c e  and 
r eac t ance  f o r  o s c i l l a t o r y  f low i n t o  a n  o r i f i c e .  A s  yet ,  however, no t h e o r e t i -  
cal model has  been proposed f o r  t h a t  p o r t i o n  of the o s c i l l a t o r y  f low c y c l e  
where f l u i d  is  e j e c t e d  from t h e  o r i f i c e  i n t o  t h e  grazing-flow f i e l d .  For s teady 
o r i f i c e  f lows i n  t h e  presence  of a graz ing  flow, r e f e r e n c e  2 p r e s e n t s  a n  expres- 
s i o n  f o r  the s teady  o r i f i c e  resistance f o r  small i-nflows o r  outf lows.  
p re sen t  s tudy  develops a p o t e n t i a l  f low model f o r  p r e d i c t i n g  t h e  r e s i s t a n c e  of 

The 
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an orifice during steady outflow in the presence of grazing flow. 
closed-form solution is presented, and the calculated resistances are compared 
with measured values for the case where the total pressures of the orifice and 
main grazing flows are nearly the same. 

A simple 

SYMBOLS 

cD 
C 

d 
H 
h 

M 
P 
P 

Q1 

C 

m 

pa 
Se 

ve 
v: 

- 
V jet 

vQ1 

Z 

6 

E 

0 

0 

P 
P 

discharge coefficient 

speed of sound 

width of orifice 

width of channel, fig. 2 

width of orifice jet at infinity, fig. 2 

grazing-f low Mach number, vw/c 

total chamber pressure 
total grazing-flow pressure 

static grazing-flow pressure 

slip factor 

jet velocity upstream 

grazing-flow velocity upstream 
average jet velocity equal to total flow rate divided by actual area 

grazing-flow velocity 

imp edan c e 
boundary-layer thickness 

total pressure difference parameter, eq. (8) 

steady orifice specific resistance 

steady orifice specific resistance predicted by inviscid flow theory 
density 

of hole 

STEADY FLOW MODELS 

Zorumski and Parrot (ref. 5) found for thin perforated plates that the in- 
stantaneous acoustic orifice resistance without a grazfng flow is equivalent to 
the flow resistance of the orifice. The flow resistance is defined as the ratio 
of the steady pressure drop across a material to the steady velocity through the 
material. Feder and Dean (ref. 6) also show a close correspondence between the 
acoustic and steady flow resistances in the presence of a grazing flow. 
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Figure 1 shows, schematically, t y p i c a l  steady r e s i s t ance  da ta  f o r  a i r f low 
through an o r i f i c e  both with and without a grazing a i r f low.  
s t r a i g h t  l i n e s  represent  r e s i s t ance  f o r  flow i n t o  and out of t h e  o r i f i c e  wi thno  
grazing flow. Without grazing flow, vor tex  r ings  form a t  t h e  o r i f i c e  l i p  (see 
i n s e r t  photographs i n  f i g .  1). 
flow, near ly  a l l  t he  k i n e t i c  energy of t h e  j e t  passing through t h e  o r i f i c e  is 
l o s t .  I n  t h i s  simple case the  r e s i s t ance  8 can be co r re l a t ed  by considering 
the  one-dimensional energy equation ( re f .  2) 

The symmetrical 

For e i t h e r  inflow o r  outflow with no grazing 

where the  symbols are defined i n  the  preceding sec t ion .  
c i e n t  CD 
hole. 

The discharge coef f i -  
i s  equal t o  the  a c t u a l  area of t he  flow divided by the  area of t he  

In  t h e  more general  case with grazing flow, t h e  k i n e t i c  energy of t h e  j e t  
(assumed t o  be equivalent t o  t h e  instantaneous acous t i c  energy from r e f .  5) w i l l  
be d i s s ipa t ed  i n t o  heat by f r i c t i o n  o r  t r ans fe r r ed  back i n t o  t h e  mean flow f i e l d  
through t h e  i n t e r a c t i o n  between the  j e t  and t h e  grazing flow. 

POTENTIAL OUTFLOW MODEL 

Experiments (ref.  2) have shown t h a t  t he  steady outflow r e s i s t a n c e  of an  

This is shown i n  f i g u r e  1 by t h e  schematic representa t ion  
o r i f i c e  with grazing flow can be less than f o r  t h e  no-flow case over a range of 
o r i f i c e  v e l o c i t i e s .  
of t h e  steady o r i f i c e r e s i s t a n c e  as a function of t h e  j e t  v e l o c i t y  and t h e  
grazing-flow Mach number. 
t he  r e s i s t ance  i s  less wi th  grazing than without g ra t ing  flow. 

A s  shown i n  t h e  lower l e f t  photograph of f i g u r e  1, 

The photographic i n s e r t s  i n  f i g u r e  1 i n d i c a t e  t h e  na tu re  of t h e  flow 
f i e l d s .  A s  reported i n  re ference  1, dyes w e r e  i n j e c t e d  i n  t h e  v i c i n i t y  of t h e  
o r i f i c e  and the motion of t h e  f l u i d  (water) w a s  observed. A s  shown i n  t h e  
upper l e f t  photograph of f i g u r e  1, f o r  no grazing flow, e j e c t i o n  from the  o r i -  
f i c e  forms l a r g e  eddies around t h e  exit l i p  of t h e  o r i f i c e ,  r e s u l t i n g  i n  t h e  
d i s s ipa t ion  of t h e  k i n e t i c  energy of t h e  jet .  
from the  o r i f i c e  i n t o  a grazing flow, t h e  lower l e f t  photograph i n  f i g u r e  1 
shows much smoother flow pa t te rns .  The flow leaves t h e  o r i f i c e ,  i s  turned by 
the  grazing flow, and blends i n  with t h e  grazing flow. 

On t h e  o the r  hand, with e j e c t i o n  

With the  sharp-edge o r i f i c e  under consideration here,  some separa t ion  and 
assoc ia ted  v o r t i c i t y  are generated immediately downstream of t h e  o r i f i c e .  
ever, under t h e  condition where t h e  t o t a l  pressure of t h e  j e t  and t h e  t o t a l  
p ressure  of t h e  grazing flow are equal, t h e  o r i f i c e  flow can e n t e r  t h e  main 
grazing flow i n  a nea r ly  inv i sc id  manner (refs.  7 t o  9) without t h e  generation 
of l a r g e  eddies t o  d i s s i p a t e  t h e  k i n e t i c  energy of t h e  j e t .  Therefore, t h e  
flow from t h e  o r i f i c e  i s  now modeled by using t h e  steady inv i sc id  ana lys i s  of 
Goldstein and Braun ( r e f s .  7 and 8 ) ,  which is v a l i d  when t h e  orifice-flow t o t a l  
p ressure  is  near ly  t h e  s a m e  as t h e  free-stream grazing-flow t o t a l  pressure.  

How- 
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To determine t h e  s p e c i f i c  o r i f i c e  steady flow r e s i s t a n c e  as defined i n  
AP and equation ( l ) ,  t h e  r e l a t i o n  - between t h e  dr iv ing  pressure d i f f e rence  

the  average j e t  v e l o c i t y  v$et must be determined. This r e l a t i o n  w a s  esti- 
mated based on an inv i sc id  low model shown p i c t o r i a l l y  i n  f i g u r e  2. 

The one-dimensional con t inu i ty  equations can be w r i t t e n  
boundaries as shown i n  f i g u r e  2 

V, H = v,(H - h) (Negative domain) 

(Pos i t ive  domain) + - 
vjet  d = veh 

Combining equations (2)  and (3) y i e l d s  

across t h e  two ce l l  

The r a t i o  of v: t o  v i  i s  defined as the  s l i p  f a  t o r  Se, and the  r a t i o  h/d 
is defined as t h e  cont rac t ion  r a t i o .  These f a c t o r s  are estimated from t h e  
inv i sc id  theory of reference 7 ,  which presents  a so lu t ion  f o r  t h e  i n j e c t i o n  of 
an attached steady-flow inv i sc id  j e t  i n t o  a moving stream. The a n a l y t i c a l  solu- 
t i o n  i n  re ference  7 a p p l i e s  t o  a two-dimensional ( s l o t ) ,  i nv i sc id ,  incompres- 
s i b l e  j e t  i n j ec t ed  i n t o  a semi-infinite moving stream. The so lu t ion  uses small- 
per turba t ion  theory; consequently, t h e  so lu t ion  is v a l i d  when t h e  d i f f e rence  
between t h e  t o t a l  p ressure  i n  t h e  main stream is not too l a rge .  Also, l o s s e s  
a t  sharp corners ,  i n  turning, and i n  generating eddies have been neglected. The 
agreement between theory and experiment w i l l  be  used t o  j u s t i f y  these  s i m p l i f i -  
ca t ions .  

The duct flow area i s  assumed t o  be l a r g e  i n  comparison w i t h  t h e  t o t a l  o r i -  
f ice  flow area, so tha t  f o r  a t y p i c a l  flow duct (such as i n  r e f .  2 ,  t o  which 
the  theory w i l l  be compared) 

h - << 1 
H 

- H ~ L  
H-h - - 1  

For t h i s  condition, t he  semi-infinite model of re ference  7 should apply. There- 
fo re ,  equation ( 4 )  becomes 

By using t h e  graphical r e s u l t s  of f i g u r e  l l ( e )  of re ference  7,  t h e  extrap- 
o la ted  vlalues of t h e  s l i p  f a c t o r  f a r  downstream from t h e  o r i f i c e  s l o t  can be 
co r re l a t ed  as a func t ion  of t h e  d i f f e rence  between t h e  t o t a l  p ressure  and t h e  
t o t a l  upstream pressure,  as follows: 
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where 

Here, E is a small perturbation parameter that can be legitimately varied be- 
tween +0.2 and -0.2. For E = 0, the slip is zero (ref. 8, eq. (4)) along the 
entire length of the interface between the grazing- and jet-flow streams. 
the generation of vorticity in a real fluid will be minimized for this condi- 
tion. 

Thus, 

By using the results of figure 9 of reference 7, the ratio of the final 
height of the jet to the slot width h/d can be correlated as a function of E 

- =  0.8 (1 +;) 
d 

Substituting equations (7) and (9) into equation ( 6 )  yields 

Since the analysis performed in reference 7 is valid for only a first-order 
power of e, equation (10) can be simplified to 

Recall that the steady orifice resistance is defined - as the ratio of the  
pressure difference Pc - pm to the jet velocity vjet. Since the relation of 
total to static pressure is defined as 

it follows that 

From the definition of E,  equation (8), the specific orifice steady-flow re- 
sistance can also be written as 

- 
Substituting the expression for vjet from equation (11) yields 
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Mb, 
1.6 ep = - 

where N, 
assuming a uniform flow i n  t h e  duct. Equation (15) cannot be applied t o  t h e  
zero-grazing-flow case s ince  t h e  assumed flow model does not apply. 
s c r i p t  p has  been added t o  8 t o  i nd ica t e  t h a t  t h i s  r e s i s t a n c e  has been 
evaluated by using a p o t e n t i a l  flow model. 
is only a func t ion  of t h e  grazing-flow Mach number and is  independent of 
t h i s  l i nea r i zed  theory. 

is t h e  Mach number of the grazing flow upstream of t h e  o r i f i c e ,  

The sub- 

S ign i f i can t ly ,  t h e  r e s i s t a n c e  eP 
e i n  

The t h e o r e t i c a l  equation (15) i s  based on an i n v i s c i d  model f o r  which no 
boundary l aye r  exists up- o r  downstream of t h e  o r i f i c e .  I n  t h e  next s ec t ion  
t h i s  model is compared with t h e  da ta  of Rogers and Hersh Cref. 2) i n  which the 
r a t i o  of boundary-layer thickness 6 ,  t o  o r i f i c e  hole  diameter i s  less than 
1 (6/d = 0.71). A word of caut ion  i s  necessary; f o r  a c t u a l  i n l e t s  w i th  l a r g e  
6/d,  a co r rec t ion  f o r  boundary-layer thickness would most l i k e l y  be required. 
For example, f o r  a 6/d of 4.09, t he  da ta  of reference 2 show t h a t  t h e  acous t i c  
r e s i s t ance  could increase  from 5 t o  25 percent depending on t h e  r a t i o  of j e t  t o  
grazing (mean) flow ve loc i ty .  For app l i ca t ions  of equation (15) t o  l a r g e  6 /d  
r a t i o s ,  i t  i s  suggested, therefore ,  t ha t  an empirical  co r rec t ion  f a c t o r  be used 
based on da ta  such as those presented i n  re ference  2. 

Equation (15) i s  a t h e o r e t i c a l  expression f o r  t he  r e s i s t a n c e  of an  o r i f i c e  

However, 
t o  steady outflow. Equation (15) is a p r i o r i  l imi ted  t o  s m a l l  E, t h a t  is, 
small d i f fe rences  between the  cav i ty  and free-stream t o t a l  pressures.  
as shown i n  t h e  next s ec t ion ,  t h e  theory does f o r t u i t o u s l y  s e e m  t o  c o r r e l a t e  
t he  da t a  f o r  negative values of E .  A s  shown i n  f i g u r e  3, t h e  c l o s e  proximity 
of t h e  w a l l  prevents wave growth and thereby reduces t h e  l o s s e s  of t h e  j e t ,  
making inv i sc id  theory more appropriate.  
ences (pos i t i ve  E), as shown i n  f igu re  3, eddies form a t  t h e  i n t e r f a c e  between 
the  j e t  and the  stream. Obviously, t he  flow cannot be assumed inv i sc id  i n  t h i s  
case. 

For l a r g e  p o s i t i v e  pressure  d i f f e r -  

EXPERIMENTAL COMPARISON 

The expression f o r  t h e  s p e c i f i c  o r i f i c e  r e s i s t a n c e  eP given by equa- 
t i o n  (15) i s  now compared with the  measured a i r f low da ta  from reference  2. 

Case a: Jet- and Grazing-Flow Tota l  Pressures Equal (E = 0 )  

The theory is f i r s t  compared t o  t h e  experimental d a t a  f o r  E = 0 ,  I n  t h i s  
case, t h e  s l i p  along t h e  streamline separa t ing  t h e  j e t  and grazing flow i s  zero; 
thus,  v o r t i c i t y  generation should be a t  a minimum. Therefore, t h e  inv i sc id  
theory would be bes t  applied f o r  t h i s  case. 
inv i sc id  theory f o r  t h e  o r i f i c e  r e s i s t ance  g ives  exce l l en t  agreement with ex- 
periment over t h e  range of grazing-flow Mach numbers t e s t e d  i n  re ference  2. 

A s  seen i n  f i g u r e  4 ,  t h e  s i m p l e  
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Case b: E > 0 

The theory i s  now compared t o  t h e  da ta  of re ference  2 f o r  a range of E.  

Invisc id  theory should not be ex- 
For l a r g e  
and assoc ia ted  v o r t i c i t y  a t  t h e  in t e r f ace .  
pected t o  work i n  t h i s  range. 
da ta  curves, t h e  devia t ion  between theory and experiment increases  wi th  

E ,  t h e  j e t  w i l l  i n t e r a c t  wi th  the  grazing flow and generate waves 

A s  seen i n  f igu re  5, f o r  t h e  E > 0 po in t s  on t h e  
E. 

Case c: E < 0 

For t h e  case where t h e  chamber pressure  i s  less than t h e  free-stream t o t a l  
pressure (E < 0) ,  t h e  flow from the  o r i f i c e  is  observed t o  be a smooth t h i n  
flow with no v i s i b l e  wave growth along t h e  i n t e r f a c e .  The c l o s e  proximity of 
t h e  w a l l  t o  t h e  jet-grazing-flow i n t e r f a c e  reduces t h e  growth rate of t h e  
waves. Reducing wave amplitude ( re f .  9, p.  83) reduces the  ra te  a t  which t h e  
energy of t h e  j e t  i s  d iss ipa ted .  This could expla in  why the  inv i sc id  theory 
and experiment s t i l l  agree (which may be f o r t u i t o u s )  f o r  l a r g e  negative va lues  
of E,  a s  shown i n  f i g u r e  5 .  

DISCUSSION OF RESULTS 

The acous t i c  flow re s i s t ance  a t  a suppressor w a l l  can be r e l a t e d  t o  a 
t r a n s f e r  of acous t i c  energy across  t h e  boundary of t he  duct. Normally, t h e  
acous t ic  energy l o s t  by t h e  suppressor is  assumed t o  be d i s s ipa t ed  i n t o  heat 
i n s i d e  o r  i n  the  near f i e l d  of t he  absorber. I n  t h i s  p a p e r ,  an inv i sc id  flow 
model i s  used t o  p red ic t  t h e  steady orifice-flow r e s i s t a n c e  f o r  e j ec t ion  from 
an o r i f i c e  i n t o  a grazing flow. 
as p a r t  of t h e  resistive component of t h e  w a l l  impedance i n  an  acous t i c  sup- 
pressor ana lys i s .  How can an inv i sc id  ( f r i c t i o n l e s s )  flow r e s i s t a n c e  account 
f o r  t h e  energy d i s s i p a t i o n  assoc ia ted  wi th  t h e  acous t i c  r e s i s t ance?  

This i nv i sc id  flow r e s i s t a n c e  i s  commonly used 

A poss ib le  explanation is  t h a t  t h e  steady outflow r e s i s t a n c e  i n t o  a grazing 
flow is  not r e l a t e d  t o  t h e  instantaneous acous t ic  r e s i s t ance .  However, many 
inves t iga to r s  assume t h a t  these  r e s i s t ances  are r e l a t ed .  An argument t o  support 
the  l a t te r  assumption follows. 

Acoustic energy can be d i s s ipa t ed  ( i n  a resonator f o r  example), sent 
through some flanking path i n t o  t h e  surrounding environment (such as through 
t h e  s t r u c t u r e ) ,  o r  transformed i n t o  a mean flow f i e l d .  The las t  case i s  now 
considered i n  d e t a i l .  I n  an  acous t i c  f i e l d ,  t h e  acous t i c  energy can be trans- 
formed d i r e c t l y  i n t o  t h e  mean grazing-flow f i e l d  only i n  t h e  presence of vor- 
t i c i t y  (eq. (1.87) of r e f .  10). However, f o r  E = 0, t h e  asymptotic va lue  of 
t he  j e t  v e l o c i t y  leaving the  o r i f i c e  w i l l  be equal ( r e f .  7, eq. ( 4 ) )  t o  t he  
grazing-flow ve loc i ty .  Therefore, t h e  j e t  k i n e t i c  energy (usually assumed t o  
represent  t h e  induced acous t ic  j e t  ve loc i ty )  e f f e c t i v e l y  becomes a p a r t  of t h e  
grazing-flow f i e l d ,  s i n c e  the  two f l u i d s  are now indis t inguishable .  Since t h e  
marging of t h e  two streams occurs i n  an  i r r o t a t i o n a l  manner, t h e  flow f i e l d  i n  
t h e  v i c i n i t y  of t h e  o r i f i c e  i s  not acoustic.  I n  f a c t ,  t h e  o r i f i c e  v e l o c i t i e s  
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generated by t h e  f a r - f i e l d  a c o u s t i c  p re s su res  can be descr ibed  by t h e  incom- 
p r e s s i b l e  momentum equat ions  ( r e f s .  3 and 4 ) .  

The f low f i e l d  near  t h e  w a l l ,  t he re fo re ,  i s  termed t h e  nonacoust ic  bound- 
a r y  r eg ion  ( f i g .  6).  The a c o u s t i c  flow reg ion  is ad jacen t  t o  t h i s  reg ion ,  as 
shown i n  f i g u r e  6. 
t h e  boundary of t h e  nonacoust ic  reg ion  (dashed l i n e  i n  f i g .  6 )  are v a l i d  bound- 
a r y  cond i t ions  f o r  t h e  reg ion  where t h e  a c o u s t i c  equat ions  apply.  The r a t i o  of 
p re s su re  t o  v e l o c i t y  a t  t h i s  boundary i s  def ined  as t h e  impedance z. I n  addi- 
t i o n ,  t h e  s teady  flow r e s i s t a n c e  i s  assumed t o  be equal  t o  t h e  ins tan taneous  
a c o u s t i c  r e s i s t a n c e  (real p a r t  of impedance). 

It i s  commonly assumed t h a t  t h e  p re s su re  and v e l o c i t y  a t  

From t h e  preceding d i scuss ion ,  t h e  i n t e r p r e t a t i o n  of a d i s s i p a t i v e ,  resis- 
t ive boundary cond i t ion  developed by a n  i n v i s c i d  theory  must imply that t h e  
a c o u s t i c  energy i s  l o s t  by a process  o the r  than  f r i c t i o n a l  d i s s i p a t i o n .  I n  
t h i s  case ( f i g .  6 ) ,  t h e  k i n e t i c  energy of t h e  a c o u s t i c  j e t  becomes p a r t  of the 
s teady  graz ing  f low i n  t h e  nonacoust ic  reg ion  ad jacen t  t o  t h e  o r i f i c e .  Since 
t h i s  t r a n s f e r  of energy occurs  o u t s i d e  t h e  a c o u s t i c  f i e l d ,  t h e  usua l  a c o u s t i c  
flow l a w s  ( r equ i r ing  v o r t i c i t y  f o r  energy t r a n s f e r  t o  a graz ing  flow) are n o t  
v i o l a t e d .  Therefore ,  t h e r e  i s  no conceptual  problem i n  r e l a t i n g  a f r i c t i o n l e s s  
s teady  f low r e s i s t a n c e  t o  an a c o u s t i c  r e s i s t a n c e .  

I n  summary, sound impinging on a r e sona to r  c a v i t y  i s  p a r t i a l l y  r e f l e c t e d  
and p a r t i a l l y  absorbed. During t h e  p o s i t i v e  p o r t i o n  of t h e  sound p r e s s u r e  
c y c l e  (with o r  without  graz ing  f low) ,  t h e  nonre f l ec t ed  p o t e n t i a l  energy of the 
impinging p res su re  wave induces flow i n t o  t h e  o r i f i c e .  The k i n e t i c  energy of 
t h e  induced flow i s  s t o r e d  i n  t h e  back c a v i t y  (system reac tance )  and p a r t i a l l y  
d i s s i p a t e d  by v iscous  scrubbing and flow expansion. During t h e  nega t ive  por- 
t i o n  of t h e  sound p res su re  wave, t h e  c a v i t y  g i v e s  up i ts  s t o r e d  energy and 
d r i v s s  t h e  f l u i d  out .  I n  t h e  absence of graz ing  flow, t h e  k i n e t i c  energy of 
t h e  a c o u s t i c  j e t  undergoes a n  abrupt  change i n  flow area t h a t  l e a d s  t o  d i s s ipa -  
t i o n  of i t s  k i n e t i c  energy. With graz ing  flow, some of t h e  k i n e t i c  energy of 
t h e  j e t  can be d i v e r t e d  back i n t o  t h e  graz ing  flow. I n  bo th  cases, a l l  t h e  
k i n e t i c  energy of t h e  jet  i s  l o s t  t o  t h e  a c o u s t i c  f i e l d .  

CONCLUSIONS 

Experiments have shown t h a t  the resistance f o r  e j e c t i o n  from an  o r i f i c e  
wi th  graz ing  f low can be less than  f o r  t h e  no-flow case over  a range of o r i f i c e  
v e l o c i t i e s .  A simple closed-form i n v i s c i d  s o l u t i o n  w a s  shown t o  e x p l a i n  the 
decrease  i n  o r i f i c e  resistance w i t h  graz ing  flow. 
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A SIMPLE SOLUTION OF SOUND W S M L S S I O N  THROUGH AN ELASTIC WALL TO A 

RBCTANGULAR ENCLOSURE, INCLUDING WALL D m I N G  AND AIR VISCOSITY EFFECTS 

A m i r  N. Nahavandi, Benedict C. Sun, and W. H. Warren B a l l  
New Jersey  I n s t i t u t e  of Technology 

This paper presents  a simple so lu t ion  t o  the  problem of t h e  acous t i ca l  
coupling between a rec tangular  s t r u c t u r e ,  its a i r  content,  and an e x t e r n a l  
no ise  source. This s o l u t i o n  is a mathematical expression f o r  t h e  normalized 
acous t ic  pressure  i n s i d e  the  s t r u c t u r e .  
f o r  t h e  sound-pressure response 

The paper a l s o  gives numerical r e s u l t s  
f o r  a spec i f i ed  set of parameters. 

INTRODUCTION 

The formulation of t he  problem is based on t h e  following assumptions: 

1. The s t r u c t u r e  cons i s t s  of a three-dimensional chamber, o r ien ted  wi th  
respect t o  a Car tes ian  coordinate system as shown i n  f igu re  1. 
of t h e  chamber are r i g i d  except f o r  an elastic w a l l ,  of homogeneous material, 
exposed t o  an e x t e r n a l  no ise  source and clamped a t  a l l  edges. 

The boundaries 

2. The external no i se  source i s  assumed t o  be  a pure-tone (i.e., s ing le-  
frequency) s i g n a l  of known amplitude and frequency. 

3 .  The air i n s i d e  the  chamber i s  considered t o  behave as a compressible 
viscous f l u i d  undergoing o s c i l l a t i o n s  of s m a l l  magnitude. 

4 .  The e l a s t i c  w a l l  is considered t o  behave as a v i b r a t i n g  p l a t e  w i th  
l i n e a r  damping. 

The external,  i nc iden t  noise-pressure disturbance causes t h e  elas t i c  w a l l  
t o  v i b r a t e  i n  the  t r a n s v e r s a l  d i r e c t i o n ,  inducing pressure  f luc tua t ions  i n s i d e  
the  chamber wi th  a subsequent i n t e r n a l  pressure loading on the  elastic w a l l .  
The so lu t ion  f o r  t he  acous t i c  pressure  in s ide  the  chamber, when damping and 
viscous e f f e c t s  are neglected,  has been presented i n  re ference  1; t h e  e f f e c t s  
of air v i s c o s i t y  and w a l l  damping are included i n  t h e  ana lys i s  given i n  t h i s  
paper. 

907 



SYMBOLS 

W 

4 V 

height ,  width, and length of t h e  chamber 

c o e f f i c i e n t s  i n  t h e  expression f o r  t h e  elastic-wall de f l ec t ion  

speed of sound 

elastic-wall bending s t i f f n e s s ;  

Young's modulus f o r  t he  elastic w a l l  

a function of a, $ , y , and , defined by equation (28) 

thickness of t he  e l a s t i c  w a l l  

2 D = Eh3/12(l-o ) 

- -  - 

i 2  = -1 

air v i scos i ty  damping c o e f f i c i e n t  

cons tan ts  of i n t eg ra t ion  

coe f f i c i en t s  i n  the  expression f o r  t he  acous t ic  pressure 

sound-pressure level in s ide  t h e  chamber 

sound-pressure l e v e l  at z = c 

sound-pressure level at 

e x t e r n a l  sound-pressure level a c t i n g  on t h e  elastic w a l l  

amplitude of t h e  time-harmonic, ex te rna l  sound-pressure l e v e l  

weighting function used i n  the  weighted-residual method 

t i m e  

components of a i r  ve loc i ty  i n s i d e  the  chamber 

de f l ec t ion  of t h e  elas t i c  w a l l  i n  t h e  p o s i t i v e  z-direction 

mode shape of t he  elastic w a l l  

Cartesian coordinates 

wall-to-air m a s s  r a t i o  

wall-to-air  s t i f f n e s s  r a t i o  

wall-to-air i n t e r a c t i o n  damping r a t i o  

dimensionless air v i scos i ty  damping 

z = c/2 

a 4  a 4  = -  a 4  + 2  2 + -  
ax ax ay ay4 

w a l l  damping c o e f f i c i e n t  

rl 

h rlA ,I, separa t ion  cons r a n t s  

Vmn 

c h d  er width-to-hei ght r a t i o  

separa t ion  constants i n  the  expression f o r  t he  acous t i c  pressure  
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5 
P dens i ty  

d Poisson's r a t i o  f o r  t he  elastic w a l l  

w 
Subscr ip ts  : 

a r e f e r s  t o  t h e  a i r  i n s i d e  t h e  chamber 

maX denotes "maximum value" 

W r e f e r s  t o  t h e  elastic w a l l  

Superscript:  

- . r e f  e rs t o  dimens ion  les s q u a n t i t i e s  

dimensionless parameter defined by equation (29-b) 

c i r c u l a r  frequency of t h e  e x t e r n a l  no i se  

MATHEMATICAL FORMULATION 

The governing dynamic equation f o r  t h e  e las t ic  w a l l  is: 

The acous t ic  wave equation f o r  t he  a i r  contained i n  t h e  chamber is: 

2 2 2 2 U + a + + = L ( h  
ax ay2 az ca 2 2 a t  2 + ka -3 
The boundary conditions f o r  t he  problem are as follows: 

a) The edges of t h e  e las t ic  w a l l  are considered t o  be clamped: 

W(o,y,t) = W(a,y,t) = W(x,O,t) = W(x,b,t) = 0 (3) 

aw aw aw aw 
aY aY K ( O , Y , t )  = a , ( a , y , t )  = -(x,O,t) = -(x,b,t) = 0 ( 4 )  

b) The normal component of t h e  i n t e r n a l  a i r  ve loc i ty  near a r i g i d  boundary 
is zero: 

c) The normal component of t h e  i n t e r n a l  air  ve loc i ty  near t h e  elastic w a l l  
is equal t o  t h e  w a l l  ve loc i ty :  
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The r e l a t ionsh ip  between t h e  i n t e r n a l  a i r  pressure  and components of i n t e r n a l  
air ve loc i ty  are: 

The e x t e r n a l  no i se  pressure  is  considered t o  be harmonic i n  t i m e  and expressed 
by : 

i w t  = P  e PO 0 

and the  objec t ive  is t o  find: 

The so lu t ion  of equation (2) , by separation-of-variables technique, is : 

m m  

2 nr  2 2 w -iwk a mv 
where v 2 =  2 - - ( , T I  llm 

'a 

Application of equations (6) and (7) y i e lds :  

m w  i w t  mm Sin v c a w =  e K,, vm COS- COS 
llm a t  p a (ka+iw) a 

m=O n=O 

The value of - is found by in t eg ra t ing  equation (1) under t h e  loading 

conditions as indica ted  below: 
a t  

For a so lu t ion  of t h e  form: 

i w t  
W(X9YYt) = w(x,y)e 

IilITX 
llm 

cos- c o s y  cos v a 

equation (13) reduces to:  
w m  

(15) IUITX 4 i U Y  
v w  +w D w - pww2 = B[((F )- Km COS- a COS= b COS vWc) - Po] 

m=O n=O 
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Galerkin's method is  used t o  f ind  an  approximate so lu t ion  t o  equation (15). 
I n  t h i s  method, an approxxnate so lu t ion  which s a t i s f i e s  t h e  boundary con- 
d i t i o n s  of equations (3) and ( 4 )  is  f i r s t  assumed as follows: 

Coeff ic ien ts  are found such t h a t  equation (16) s a t i s f i e s  equation (15) 
and the  sum of t e weighted r e s idua l s  is  i d e n t i c a l l y  zero over t he  region 
of i n t eg ra t ion ,  i.e. : 

This process is  known as the  weighted r e s idua l  method and R is the  weighting 
function. 
shape func t ion  def in ing  t h e  approximation. I n  genera l ,  t h i s  leads  t o  the  b e s t  
approximation when 

I n  Galerkin's method, t he  weighting func t ion  is made equal t o  t h e  

1 (2i-1) 2nx  ] [ l - c o s  f 2 J b  ' -1) 2lTy 
a R = 1 - Cos 

Equation (17) app l i e s  f o r  every p a i r  of-  i n t ege r s  i and j . Generally the re  
are M * N  simultaneous equations of t h i s  form t o  be solved f o r  the coe f f i c i en t s  

For t h e  case of low-fre uency, normally-incident e x t e r n a l  no i se  only the 
diaphragm motion of t he  w a l l  ( f i r s t  mode) w i l l  be excited.  For t h i s  case, 
M = 1 and N = 1 , and i n t e g r a t i o n  of equation (17) l eads  to :  

a i j  P 

and W(x,y,t) = all (1 - Co-) (1 - C o e )  eiwt a 

The values of 

from equation (20) i n t o  equation (12): 
K22,K20,K02, and Koo are found by s u b s t i t u t i n g  the  de f l ec t ion  

When t h e  l e f t  and r i g h t  s i d e s  of equation (21) are equated t e r m  by t e r m ,  i t  
is found t h a t  a l l  t h e  constants 
These are e a s i l y  found and s u b s t i t u t e d  i n  equation (19) t o  give: 

are zero except K O O , K ~ ~ , K ~ ~ ,  and K22. 
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all 0 2 . a  

00 V 

Cot v20c Cot v c 
+ + O2 f 

2v20 2v02 D 

Referring t o  equation (lo), t he  acous t i c  pressure  i n s i d e  the  chamber can now 
be w r i t t e n  as: 

P(X'Y,Z,t) = e iwt (Koo COS vo0z + K co+ cos vo2z + 
02 

K20 COF 2TX Cos v20z + K22 Cos- 2TX Cos* Cos v ~ ~ z )  
a a b 

To genera l ize  t h e  so lu t ion  obtained above, t h e  following dimensionless 
q u a n t i t i e s  are introduced: 

Using the  above dimensionless q u a n t i t i e s ,  equation (23) can be w r i t t e n  as: 
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and 
- <W 

5 --2-3 - (1 + 1.056n ) p C  h 
1 $ =  S Y '  - 

0.9221(3n4 f 2n2 + 3) 

- - -  PWh a = p h =  - 
ac 0 .0284g4 Paca 

a a '  (1-a2) ( 1  + 1.056n5) 
E =  ' b  g t l = - = -  - - 6 = -  

'a 

(29-a) 

(29-b) 

Equations (29, (28) , and (29) c o n s t i t u t e  the  a n a l y t i c a l  s o l u t i o n  t o  the  acousto- 
s t r u c t u r a l  problem. 
t r i b u t i o n  wi th in  t h e  chaniber is a harmonic function of t i m e  and depends on the  
following dimensPonless parameters: 

These equations show t h a t  t he  normalized pressure  dis- 

- 
- 1) wall-to-air  mass r a t i o ,  cc 

2) w a l l -  to-air s t i f f n e s s  r a t i o  , 6 
3) 
4) 
5) dimensionless frequency , w 
6) 
7) enclosure dimensions, a,b ,e 

- 
wall-to-air i n t e r a c t i o n  damping r a t i o ,  y 
dimensionless air viscous - damping, F 

dimensionless space coordinates,  x,y , z 
- - -  

- - -  

NUMERICAL RESULTS 

To obtain q u a n t i t a t i v e  values of sound-pressure level as a func t ion  of ex te rna l  
no i se  frequency, a cub ica l  chamber (a=b=c) is assumed, and t h e  amplitude of 
t h e  dimensionless sound pressure  a t  the  center  of t h e  chamber (x=y=z=c/2) is 
found: 

(30) 
- - Numerator 
P - 

42-  Denominator 
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1 + where, Numerator = 1 

2 JZ w -i6w sins2 JT- w -16w J-- w -4~ i  -1601 Sm/z  . Jm 
1 + 

2 ,/ ;2-8~2-ix; Sin4 

2 
Cot Jz2-4Tr - iJ i  + I n -  -4Ti 1 6 w  

+ 

(30-a) 

Cot /- LO - 8 ~ i  -16w 

4 ,/ z2-8r2-i% 

(30-b ) 

The response of t h i s  "advanced" three-dimensional model, as given by equation 
(30), is  compared wi th  t h a t  of a "simplified" one-dimensional model obtained 
by replacing t h e  e las t ic  w a l l  by a simple spring-mass system. For t h i s  sim- 
p l i f i e d  model t h e  amplitude of t h e  sound pressure a t  the  center  of t h e  cubica l  
chamber is: 

1 

I f  t he  e f f e c t s  of  w a l l  damping and a i r  v i s c o s i t y  are neglected,  t h e  r e s u l t s  
given by equations (30) and (31) agree with the  so lu t ion  i n  re ference  1, i n  
which damping e f f e c t s  were no t  considered. 
response, f o r  a p a r t i c u l a r  set of dimensionless parameters a and $ , over 
the  audio-frequency range, f o r  the  s p e c i a l  case of 7 = 0 and 3 = 0, i .e.  , 
when damping e f f e c t s  are neglected. These f igu res  show t h a t  a t  intermediate 
frequencies and a t  t h e  high-frequency end of t he  audib le  spectrum, the  pre- 
d i c t i o n s  of "advanced" and "simplified" models are q u i t e  similar. 

When damping e f f e c t s  are included, i .e. ,  when both 7 and 8 are not  zero,  
t h e  d i g i t a l  computer program f o r  the  frequency response i s  very complicated, 
involving complex numbers and requi r ing  double-precision (16 d i g i t s )  accuracy. 
Results f o r  t h i s  case w i l l  be published later. 

Figures 2 and 3 show the  frequency - 
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ELASTIC WALL SUBJECTED 
TO EXTERNAL NOISE 

Figure 1.- Three dimensional model of sound t ransmission through an  
elastic w a l l  t o  a rec tangular  chamber. 
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Figure  2.- Chamber frequency response t o  e x t e r n a l  n o i s e  source  a t  low - - - 
frequency f o r  a = 25 $ = 3.125, y = 0, and 8 = 0. 
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9 16 



PARAMETRIC ACOUSTIC ARRAYS - A STATE OF THE ART REVIEW 

Francis Hugh Fenlon 
Applied Research Laboratory, The Pennsylvania State University 

SUMMARY 

Following a brief introduction to the concept of parametric acoustic inter- 
actions, the basic properties of Parametric Transmitting and Receiving Arrays 
are considered in the light of conceptual advances resulting from experimental 
and theoretical investigations that have taken place since Westervelt's (ref. 1) 
landmark paper in 1963. 

INTRODUCTION 

It 'is interesting to observe that the concept of a Parametric Acoustic 
Array which was first introduced by Westervelt (ref. 1) in 1963 can be viewed 
retrospectively as the inevitable consequence of his earlier investigations 
(ref. 2) of the scattering of sound by sound. Adopting this perspective as a 
framework for discussion, we begin by considering the propagation of isentropic 
finite-amplitude acoustical disturbances (i.e., waves of maximum Mach Number 
c0 < 0.1) in an unbounded dispersionless, thermo-viscous fluid at rest. 
disturbances, as shown by Westervelt (ref. 3 )  are governed by a second-order 
nonlinear wave equation which can be derived from Lighthill's (ref. 4 )  'acoustic 
analog equation' [i.e., a cleverly rearranged form of the Navier-Stokes (ref. 5) 
equations]. The excess pressure p' induced in the fluid by a finite-amplitude 
disturbance of initial peak pressure 

Such 

is thus described by the equation, PO 

a21? = -:BE (P 2 Itt 
2 0  

where the coefficient of nonlinearity of the fluid (ref. 6 )  B has a value of 
-3.5 in water at 20°C and atmospheric pressure. 
of eq. (1) gives, 

Taking the Fourier transform 

where the effect of viscous absorption can be included by treating 
complex wavenumber. 

k as a 

Pol 'PO2 If two finite-amplitude plane waves of initial peak amplitudes 
and angular frequency-wavenumber pairs (ul,Icl) , (W k ) , termed 'primary' 2 '-2 
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waves i n t e r a c t  weakly ( i .e. ,  wi thout  i n c u r r i n g  s i g n i f i c a n t  d i s t o r t i o n )  t h e i r  
combined f i e l d  i s  obtained t o  a f i r s t -approximat ion  v i a  l i n e a r  supe rpos i t i on  
g iv ing ,  

- r ) )  + o(E 2> Re{Pol exp(jw t - j l  - - r )  + Po2 exp(jw2t - jk2 - 
0 

P ( r , t )  = 
1 

(3)  

The right-hand-side of eq.  (2) t hus  c o n s i s t s  of f o r c i n g  func t ions  a t  t h e  second 
harmonic and combination f requencies  s o  t h a t  as i n  t h e  case of a l i n e a r  
harmonic o s c i l l a t o r  i ts  response t o  any one of t h e s e  app l i ed  f o r c e s  remains 
s m a l l  un l e s s  t h e i r  f requencies  co inc ide  wi th  c h a r a c t e r i s t i c  f requencies  of t h e  
homogeneous equat ion.  For weakly i n t e r a c t i n g  primary waves t h i s  occurs  a t  t h e  
combination f requencies  whenever t h e  fol lowing ' resonance '  cond i t ions  are 
s a t i s f i e d  ( r e f .  7 ) :  

w + w  = w  k + k  = k ( 4 )  --+ - f -1 - -2 - 1-  2 

Since t h e  second of t h e s e  cond i t ions  can be  reexpressed f o r  i n t e r a c t i o n  i n  a 
d i s p e r s i o n l e s s  f l u i d  ( i . e . ,  wl/kl = w2/k2 = w /k = c ) as, + +  0 _ -  

w 2 + w 2 + 2 w w  case = w 2 
+ - 1 2 - 1 2  

where 0 i s  t h e  ang le  of i n t e r s e c t i o n  between t h e  wave normals, it fol lows 
from t h e  f i r s t  cond i t ion  t h a t  8 = 0 i s  t h e  only  ang le  of i n t e r s e c t i o n  f o r  
which eq. ( 4 )  can be  s a t i s f i e d .  A s  Westervelt ( r e f .  2 )  concluded t h e r e f o r e ,  
two p e r f e c t l y  co l l ima ted  over lapping  f in i te -ampl i tude  p l a n e  waves can only 
i n t e r a c t  ' r e sonan t ly '  when t h e i r  wave v e c t o r s  lcl and lc2 are a l igned  i n  
t h e  same d i r e c t i o n .  On t h e  o t h e r  hand, i t  should be  noted as Rudenko, e t .  a l .  
( r e f .  8) have shown t h a t  ' resonance '  occurs  a t  non-zero i n t e r s e c t i o n  ang le s  i n  
d i s p e r s i v e  f l u i d s .  

I n  t h e  case of 'non resonant '  o r  'asynchronous' i n t e r a c t i o n s  t h e  combina- 
t i o n  tones are s u b j e c t  t o  s p a t i a l  o s c i l l a t i o n s  which i n h i b i t  t h e i r  e f f e c t i v e  
ampl i f i ca t ion .  A l t e r n a t i v e l y ,  ' r esonant '  o r  'synchronous' i n t e r a c t i o n s  r e s u l t  
i n  cont inuous energy t r a n s f e r  from t h e  primary waves t o  t h e  non l inea r ly  generated 
'secondary'  waves ( i . e . ,  combination tones ,  *etc.). If t h e  i n i t i a l  ampli tudes 
of t h e  'secondary'  waves are zero  they w i l l  t hus  grow l i n e a r l y  wi th  range a t  t h e  
expense of t h e  primary waves u n t i l  t h e  l a t t e r ,  and hence t h e  ampli tudes of t h e  
' f o r c i n g  func t ions '  on t h e  right-hand-side of eq. ( 2 ) ,  are s u f f i c i e n t l y  
diminished by t h i s  type  of " f in i te -ampl i tude  absorpt ion" and by convent ional  
' l i n e a r '  l o s s e s  such as v iscous  absorp t ion  and s p h e r i c a l  spreading.  
from t h e  source  of t h e  d i s tu rbance  where t h e  primary waves are no longer  of 

A t  d i s t a n c e s  
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finite-amplitude, nonlinear interaction ceases, and the secondary waves formed 
in the "interaction zone" eventually decay at rates determined by their viscous 
attenuation coefficients and by spherical spreading losses. The range at which 
this occurs defines the 'far-field' of the secondary waves which is generally 
much greater than that of the primary waves. The interaction zone can thus be 
viewed as an extension of the source itself, the generation of secondary waves 
within it resulting from the establishment of volume distributed "virtual 
sourcest' created by the primary fields which formed as envisaged by Westervelt 
(ref. 1), a "virtual acoustic array". Moreover, the term 'parametric' which 
Westervelt (ref. 1) used to describe such arrays was chosen, by analogy with 
the concept of electrical parametric amplification, to convey the idea that 
their performance is dependent on parameters of the medium (i.e., 
attenuation characteristics, etc.) and of the source distribution (i.e., 
primary wave amplitudes, frequencies, and aperture dimensions). Since the 
spatial directivity of the secondary waves is in most instances equivalent to 
that of the primary waves, highly directive low frequency "parametric trans- 
mitting arrays" can thus be formed by bifrequency projectors simultaneously 
radiating highly directive primary w6ves of nearly equal frequencies to generate 
a low difference-frequency signal via nonlinear interaction in the medium. 
converse task of directive low frequency reception, can likewise be accomplished 
by means of ';parametric receiving arrays". 

6,  Po, coy 

The 

PARAMETRIC TRANSMITTING ARRAYS 

When the primary waves are radiated by a plane piston projector of area 
A , they propagate as essentially collimated plane waves within their mean 
Rgyleigh distance ro = A,/X, , ho being the mean primary wavelength, and as 
directive spherical waves beyond this range. If a, is the mean primary wave 
attenuation coefficient, then 2a0r0 represents the total 'linear' loss 
incurred by the primary waves within ro . Consequently, when 2a0r0 is such 
that the primary wave amplitudes are reduced to small-signal levels within 
ro 2a0r0 >> l), a plane wave primary interaction of the type considered 
by Westervelt (ref. 1) occurs in the fluid. This type of parametric interaction, 
which is described as 'absorption-limited', results in the virtual sources being 
phased in such a manner that they form a "virtual-end-fire array whose 'far-field' 
spectrum contains only the difference-frequency (and possibly some of its 
harmonics). In most instances the latter signal overrides the primary waves 
and upper sideband components to survive in the far-field 
been amplified throughout the interaction zone and 
significantly lower rate of viscous absorption. The 'far-field' pressure of an 
axially symmetric 'absorption-limited' parametric array obtained from eq. (2) 
thus becomes (refs. 1 and 9 ) ,  

(i.e., 

(i) because it has 
(ii) because of its 
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wher_e ax = aa + a2 - a _ -  
fire arr y an its directivity-function D - (0) is given by, 

is the effective length of the virtual-end- ' - 2"o 

2a r >> 1 (6) 
IDB 1 

ID-(e)l = 0 0  
/1 + (20l,/k-)~ sin4(0/2) 

D 
difference-frequency - a necessary modification of Westervelt's (ref. 1) 
solution for k a > 1 , introduced by Naze and Tjotta (ref. 9), where 2a is 
the characterisiic dimension of the aperture. If k a < 1 then DB (0) 1 

directivity function defined by eq. (6) assumes the form originally derived by 
Westervelt (ref. 1). This directivity function has no sidelobes, a most 
attractive feature of 'absorption-limited' parametric arrays, which has been 
confirmed experimentally by Bellin and Beyer (ref. lo), Berktay (ref. ll), 
Zverev and Kalachev (ref. 12), and by Muir and Blue (ref. 13). Using a 25 cm 
square projector simultaneously radiating primary waves of frequencies 1.124 MHz 
and 0.981 MHz at finite-amplitudes in fresh water, the latter (ref. 13) showed 
that the far-field directivity function of the 143 kHz difference-frequency 
signal was in very good agreement with that predicted by eq. (6), thus 
demonstrating that in this instance the parametric array was capable of achiev- 
ing the same directivity as a conventional source operating at 143 kHz, but 
with an aperture of characteristic dimension approximately eight times smaller. 

(0)  being the far-field directivity function of the radiator at the B 

over the angular domain of interest, so that in this-instance the - T 

If the near-field primary wave absorption loss 2a0r0 is very small 
(i.e., 2a0r0 << al), significant nonlinear interaction occurs beyond ro where 
the primary fields propagate as directive spherical waves. A parametric array 
formed by this type of interaction is termed 'diffraction-limited' because the 
virtual-end-fire array which now extends beyond ro is effectively truncated 
by spherical spreading losses at a distance 
power beamwidth of the virtual-end-fire-array begins to asymptotically approach 
that of the mean primary wave directivity function. Lauvstad and Tjotta (ref. 
14), Cary (ref. 15), Fenlon (refs. 15 and 16), and Muir and Willette (ref. 17) 
have investigated the properties of 'diffraction-limited' parametric arrays, 
whose 'far-field' difference-frequency pressure for axially symmetric primary 
waves is given by eq. (2) as, 

r: = ro(wo/w ) where the half- 

1 the effective array length 
less than the 'absorption-limited'aTrO length 

r; In in this instance being considerably 
l/aT . Moreover, as shown by 
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Fenlon (ref. 18) and Lockwood (ref. 19) the 'far-field' difference-frequency 
directivity function D - (e) 
is given by, 

for an axially symmetric diffraction-limited array 

<< 1 (8) D-(e) = D,(e> D2(e> 2aoro 

where Di(@) , (i = 1,2) are the far-field primary wave directivity functions. 

Combining the asymptotic solutions defined by eqs. (5)-(8), Fenlon (ref. 
20), Berktay and Leahy (ref. 21), and (although not explicit in their analysis) 
Mellen and Moffett (ref. 
in the 'far-field' of an 
for all values of 2a0r0 

where 

1 
-+ In - a r' T o  

22) have shown that the difference-frequency pressure 
axially symmetric parametric array can be expressed 
as 9 

a r' >> 1 T o  

\ = r /r' being the effective length of the parametric array L O  with respect to r: = ro(Wo/w-) . The dependence of RL on aTrA obtained 
from refs. 19 and 20 is shown in figure 1. Again, the general form of the 
difference-frequency directivity function D-(e) is obtained by convolving 
eqs. ( 6 )  and (8), as shown implicitly by Lauvstad and Tjotta (ref. 13) and 
explicitly by Blue (unpublished report). It should be noted that Berktay and 
Leahy (ref. 21) have evaluated the convolution integral numerically to obtain 
D (e,$) 
the computed directivity functions being in excellent agreement with experimental 
results. 

rL , normalized 

for both axially symmetric and asymmetric 'diffraction-limited' arrays, 

Returning to eq. (9) it is convenient to reexpress it in terms of the 
equivalent peak primary wave and difference-frequency source levels at lm giving 

A 

SL - = gL1 + gL2 + 20 loglo(w - /27r x 1 kHz) + 20 loglo % - 290 dB re 1 pPa at 
Im in water (10) 

Since the dependence of 5 on a r' depicted in fig. 1 has been confirmed 
T o  
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experimentally (refs. 23 and 24) over the range 
that eq. (10) can be applied over the entire range of sonar frequencies pro- 
vided that the combined peak primary wave pressure does not excede the shock 
threshold (i.e. the amplitude at which the primary waves become so distorted 
due to repeated self interaction that shock formation occurs within the inter- 
action zone). 
shock threshold as SLoc it can be shown (ref. 20) that, 

< aTrA 6 10 , it follows 

Denotkng the critical peak source level corresponding to the 

2Loc 20 loglo GOc - 20 loglo(wo/2r x 1 kHz) + 287 dB re 1 VPa at lm 

where the parameter aOc is given as a function of aorO in fig. 2 for a 
plane piston projector. It can also be shown that the half-power beamwidth 
20 of the difference-frequency directivity function obtained from the 
convolution integral (refs. 13 and 21) is given to a good approximation by the 
expressions , 

0 
20 0.88 A 

for a square piston of 
side length d m a )  

d 20 ,.# 20 = 
0 0 - -fi 

for a circular piston of 
diameter d . (12b) 

Several examples illustrating the application of eqs. (10)-(12) to experiments 
reported in the literature are included in Tables la and lb, the "frequency 
response index'' 

- 
n which appears in Table lb being defined as, 

l S n S 2  

and \(aTro) are both defined by the characteristic in fig. 1. 
that from eq. (13), E +  2 for 'absorption-limited' arrays - (i.e., 2aoro >> 1) and likewise n + 1 for 'diffraction-limited' arrays 

(i.e., 2a r << 1) , as required. The difference-frequency pressure distribu- 

has been analyzed by Berktay (ref. 25), Hobaek and Vestrheim (ref. 26) and by 
Novikov et. al. (ref. 27). A 'near-field' solution for 'diffraction-limited' 
arrays has also been obtained by Rolleigh (ref 28) although it can be shown 
that this approximation is only valid for < a r' S 1 . A more comprehen- 
sive 'near-field' which include both 'absorption-limited' and 'diffraction 
limited' interactions has recently been derived by Mellen (ref. 29). However, 
this approximation has not as yet been sufficiently tested to confirm its 
applicability over a wide range of the parameter 
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More complex parametric interactions between spatially separated primary 
sources have been treated analytically by Lauvstad (ref. 30) and by Cary and 
Fenlon (ref. 31). 

An 'absorption-limited' parametric transmitting array was first formed in 
air by Bellin and Beyer (ref. 10) but the formation of 'diffraction-limited' 
arrays in air was only recently accomplished by Bennett and Blackstock (ref. 32) 
and independently by Muir (ref. 33).. The latter, who made use of a small 
bifrequency transducer (i.e., operating simultaneously at 15.5 kHz and 16.5 kHz) 
located at the Newtonian focus of a 55.9 cm diameter parabolic reflector to form 
the primary waves, concluded from the success of his experiment that the advent 
of directional parametric megaphones is virtually assured. 

Muir (ref. 33) also formed and successfully steered over a 36" sector a 
21 kHz difference-frequency signal resulting from the interaction of primary 
waves (i.e., 185 kHz and 206 kHz) simultaneously radiated by small bifrequency 
transducers located on the focal surf,ace of a 43 cm diameter solid polystyrene 
plastic refracting lens in water. Widener and Rolleigh (ref. 34) have sub- 
sequently shown that the difference-frequency pressure and directivity are not 
adversely affected by mechanically steered primary waves if the frequency of 
rotation is small compared to the difference-frequency. 

In another recent experiment Ryder, Rogers, and Jarzynski (ref. 35) 
generated difference-frequencies of 10 kHz - 20 kHz via an 'absorption-limited' 
parametric transmitting array formed by primary waves of mean frequency 1.4 MHz 
propagating in a 16.5 cm diameter, 23 cm long silicone rubber cylinder immersed 
in water, the primary waves being radiated by 2 cm diameter circular piston 
centered at the back end of the cylinder. Although the axial field dependence 
of the difference-frequency signals was found to be in good agreement with 
eq. (5) when l/aT was replaced by a 'slow-waveguide-antenna-absorption- 
distance-parameter', the 'far-field' difference-frequency directivity functions 
were much more directive than those predicted by eq. (6). However, despite the 
fact that the coefficient of nonlinearicy in silicone rubber exceeds that of 
water by a factor of -1.4 whilst its sound velocity is -1.5 less than that of 
water, parametric arrays are formed less efficiently in this material because 
of its significantly greater rate of absorption per wavelength. 

Attempts to address the problem of defining the maximum realizable conver- 
sion efficiency of parametric transmitting arrays have been made by Mellen and 
Moffett (ref. 22) and by Fenlon (ref. 36) via saturated parametric array models. 
Differences between these models at very high primary wave amplitudes however, 
have not yet been resolved experimentally. 

Following Muir and Blue's (ref. 37) demonstration of the broadband (.low Q) 
nature Gf parametric transmitting arrays, resulting from the transfer of primary 
wave bandwidths to the difference-frequency signal, it was evident that pulse 
compression techniques could be used, as in the case of peak-power-limited 
radars,. to offset the poor conversion efficiency of these arrays. 
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Furthermore, when it was realized that the process of simultaneously 
radiating finite-amplitude tones of angular frequencies w and w each of 

carrier wave of angufar frequency w = (wl + w ) / 2  
0 modulated by a cosine envelope function of angular frequency R = (w - w2)72 , 

it became obvious that parametric amplification is simply the converse of 
'pulse demodulation' - a concept introduced by Berktay (ref. 11) and confirmed 
experimentally by Moffett, Westervelt, and Beyer (ref. 38) to explain the 
enhanced demodulation of a narrow-band-modulated finite-amplitude carrier 
resulting from propagation in a fluid (i.e., in addition to demodulation caused 
by viscous absorption) in terms of energy transferred by the carrier to its 
squared envelope frequency components. These components, being of lower 
frequency than the carrier survive the latter in the 'far-field' having been 
endowed with spatial directivities and bandwidths closely related to those of 
the carrier via angular and frequency convolution of the time waveform squared 
in the interaction zone. Eller (refs. 39 and 40)  who investigated biased cosine 
modulation (i.e., a.m. with carrier) and narrow-band N-spectral line modulation 
showed, independently of Merklinger's (ref. 41) analysis of rectangular envelope 
modulation, that in principle, a maximum gain of 6 dB in conversion efficiency 
relative to that afforded by cosine modulation of angular frequency 
be realized for the same average carrier power by a periodic impulse function of 
repetition frequency R . In practice, however, since this form of modulation 
cannot be implemented by conventional band-limited, peak-power-limited acoustic 
sources, Merklinger (ref. 41) suggested the alternative of using a periodic 
rectangular envelope with a 25% 'mark-space-ratio' which results in a 5.1 dB 
gain in conversion efficiency for the same average power as a cosine modulated 
wave, provided that the source has sufficient bandwidth to form the rectangular 
envelope, and can at the same time sustain a 50% increase in peak pressure. On 
the other hand, if the source is peak-power-limited but not band-limited, a gain 
in conversion efficiency of 2.1 dB can still be realized for the same average 
power as a cosine modulated carrier, via periodic square wave modulation (i.e, 
rectangular modulation with a 50% mark-space-ratio) without incurring any increase 
in peak power. In general therefore, rectangular modulation is a very 
advantageous means of launching a parametric array, particularly as it can 
readily be implemented via switching amplifiers. 

initial amplitude P is equivalent to radiating a sinusoidal 1 f inize-amplitude 
and peak amplitude 2P , 

1 

Q/2 could 

More recently, a procedure for optimizing the performance of parametric 
transmitting arrays by spectral design of the modulating envelope has been 
outlined in a preliminary study by Clynch (ref. 42). 

PARAMETRIC RECEIVING ARRAYS 

Parametric Receiving Arrays are formed in a fluid by projecting a finite- 
amplitude 'pump wave' of angular frequency w into the medium to serve as a 
'carrier' wave for a weak incoming signal of angular frequency w , where in 
general 
compressibility of the fluid amplitude dependent, the presence of any other wave, 

0 

S w /us >> 1 . Since the pump wave is sufficiently intense to make the 
0 
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such as the spatial component of a weak signal traveling along the pump axis, 
will result in a combined pressure field which is effectively squared by the 
inherent nonlinearity of the medium. The nonlinear interaction thus gives rise 
to sinusoidal modulation of the pump wave by the spatial component of the signal 
along its axis which in turn produces an intermodulation spectrum, the "sum" 
and "difference" components of angular frequencies w + us being of greatest 
interest. For an efficient nonlinear interaction the resonance conditions' 
require that the spatial component of the signal along the pump axis be 
propagating in the same direction as the pump wave. On account of the fact that 
wo/ws >> 1 
but unlike the latter, their directivity is equivalent to that of a virtual-end- 
fire line array of length (in wavelengths of the signal frequency), where 
L is the distance from the pump projector along its axis at which a receiving 
hydrophone resonant at w + w or w - w is located. Upon reception the 
up-convertkd" signal is Ped to a low pass filter to remove the pump frequency 
and recover the signal of frequency w . 

0 1- 

these sidebands are in close spectral proximity to the pump frequency, 

L/As 

S 0 11 

S 

Although implicit in Westervelt's (ref. 2 )  work, the process of Parametric 
Reception was identified and made explicit by the extensive theoretical and 
experimental investigations of Berktay (ref. 4 3 )  who in cooperation with Al- 
Temimi (refs. 44 ,  4 5 )  and Shooter (ref. 4 6 )  considered the practical implications 
of the up-conversion process. Subsequent experimental work by Barnard et. al. 
(ref. 4 7 )  and by Berktay and Muir (ref. 4 8 )  has been directed to long wavelength 
up-conversion in fresh water lakes and to the consideration of arrays of 
parametric receivers, respectively, thus involving significant practical 
extensions of the original scaled laboratory experiments. Further theoretical 
extensions by Rogers et. al. (ref. 4 9 )  and by Truchard (ref. 5 0 )  have also been 
made to provide a more precise description of the pump fields radiated by 
practical sources and the resulting effect of such refinements upon the 
analytical form of solutions for the up-converted fields. More recently 
Goldsberry (ref. 51) and McDonough (ref. 5 2 )  have derived optimum operating 
conditions for parametric receiving arrays from systems analyses based on 
Berktay and Al-Temimi's analytical model (ref. 4 5 )  for a spherically spreading 
pump wave. It should be noted however, that Goldsberry's (ref. 51) analysis 
which attempts to include the effect of noise is much more realistic than that 
of McDonough (ref. 5 2 )  who neglected to include this vital effect. With the 
exception of a preliminary study by Bartram (ref. 5 3 ) ,  no systematic analysis 
had been made prior to Fenlon and Kesner's analysis (ref. 5 4 )  of the effect of 
finite-amplitude absorption on the performance of parametric receivers, which 
although insignificant at low pump amplitudes, ultimately determines the maximum 
achievable efficiency of these arrays when the pump wave becomes saturated. 
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NON-DIMENS'IONN, GROUPS I N  TEE DESCRIPTIOH OF FINIE-MLITUDE SOUND 

PROPAGATION THROUGH AEROSOLS 

David S. Scott 
University of Toronto 

Several parameters, which have fa i r ly  t ransprent  physical hterpreta- 
tions, a p p w  in the analytic description of f iniTe-3mplitude sound prqagatlon 
through aerosols. Typically, each of these parameters characterizes, in some 
sense, either the sound or the aemsol. 
conibinations of these parametem yield non-dimensional groups which, i n  turn, 
characterize the nature of the acoustic-aerosol interaction. 
veloped i n  order t o  i l l u s t r a t e  how a quick examination of such parameters and 
groups can yield information about the nature of the processes involved, w i t h -  
out the necessity of extensive mathematical analysis. This concept is  devel- 
oped primarily from the viewpoint of sound propagation through aerosols, al- 
though complimentary acoustic-aerosol interaction phenomena are briefly noted. 

It also tms out that  fa i r ly  obvious 

This theme is de- 

NOMENCLATURE 

The nomenclature used is consistent with that of reference 1, from which 
the analytic results discussed in th i s  paper w e r e  taken. 

local wave propagation speed 

inf ini tes iml  sound speed h a 
clean gas ( Y R T ~ ) %  

particulate specific heat 

gas specific heat at  constant 
pressure 

c /cv 
dimensionless length = 
dimensionless distance 
formation 

dimensionless distance 
formation in clean gas 

wx/co 

t o  shock 

t o  shock 

mass of a s ingle  particle 
equilibrium particulate mass 
loading = %/p0 

particulate number density 
radius of a single particle 

R ideal gas constant 

T temperature 
U gas velocity amplitude 
u dimensionless gas velocity 
~ ( i )  ith order solution t o  u 

x dimensional distance 
Xo dimensional piston-displacement 

amplitude 

P V  y = c / c  
6 T ~ o  = local change in infinitesimal 

speed of sound due t o  tempera- 
ture change 

0 
E 

1.1 gas dynamic viscosity 
p gas density 

acoustic Mach nLfmber U/C 

particulate materid density pP 
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T particle momentum relaxation time w frequency 
= (2pp/9p)r2 

INTRODUCTION 

Interactions between sound and aerosolshavereceived increasing scientific- 
engineering attention in recent years. Moreover, m y  of the more important 

In regard to the latter, the intensities are often sufficiently high 
applications involve hi@ particulate load aerosols and intense acoustic 
fields. 
that finite-amplitude , or non-linear , effects become important. 

first results from considering the effect of the aerosol media upon the sound 
which is propagating through that media. The second results from considering 
the effect of the acoustic field upon the aerosol itself. 
plications of the former viewpoint include sound propagation through fogs in 
marine navigation and the attenuation of rocket or jet noise by particulate 
matter in the exhaust stream. From the latter viewpoint, the most remarkable 
result is an enhancement of the aerosol agglomeration rate; the result of a 
marked increase in aerosol particle-particle collision frequency. Perhaps the 
most promising application of this agglomeration phenomenon is in the condi- 
tioning of industrial atmospheric aerosol emissions (ref 2). Very recently, 
however, interesting prospects for application in the mitigation of LMFBR' ac- 
cidents have appeared. 

sol upon sound propagation. 
to theoretical treatment and hence presents greater opportunity for examina- 
tion of meaningful analytical results. 
through gaining insight into the hprtant parameters of acoustic-aerosol in- 
teractions from this viewpoint, we simultaneously identify those physical para- 
meters of most importantance to phenomena associated with the effect of sound 
upon an aerosol. 

Acoustic-aerosol interactions can be examined from two viewpoints. The 

Illustrative ap- 

This paper will concentrate on the viewpoint of the influence of the aero- 
It is this aspect which has succunibed most readily 

It can be our hope, however, that 

, FUNDAMENTAL PARAMETERS 

To introduce our approach to the examination of acoustic-aerosol inter- 
actions, it is appropriate to first beiefly review what we mean by an aerosol 
and, secondly, to remind ourselves of the mst well-known features of finite- 
amplitude acoustics. But it will also 
allow us to choose two parameters which we shall use to characterize the aero- 
sol, and two further parameters which we shall use to characterize the acoustic 
field. Moreover, as we shall see, simple combinations of these parameters can 
then subsequently be used to allow physical. interpretation of the acoustic- 
aerosol interactions. 

Such a review is worthwhile in itself. 

'Liquid metal fast breeder reactor. 
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Of course to properly describe an aerosol or finite-amplitude acoustic 
field, many more than two parameters for each would be necessary. 
is the theme of this paper that by choosing what might be considered the two 
"most important" pareters in each case, a non-rigorous, but interpretively 
useful, appreciation of the major processes can be gained. 

However, it 

Aerosol 

An aerosol m y  be defined as 'a suspension of solid and/or Liquid particu- 
late matter in a gaseous media. 
fumes and atmospheric dust clouds. 
aerosol to be the combined particulate cloud and gaseous bath gas, rather than 
the particulate cloud itself. 
remainder of this discussion. 

such as volatile or non-volatile, spherical or non-spherical particles, mono- 
disperse or polidisperse particulate size distributions, etc. A monodisperse 
aerosol (sometimes also referred to as homogeneous) is one which contains 
particles of only one size (strictly speaking, in only one small size range). 
Next, in even the briefest outline of the nature of an aerosol, the remarkable 
phenomenon of continuous and spontaneous particulate agglomeration must be 
noted. 
such that, 

Well-known examples include smokes, mists, 
The author's preference is to consider an 

We shall use this interpretation through the 

The particulate component is typically characterized by classifications 

The rate of agglomeration is proportional to the number density squared 

-A a n2. (1) 

Of course, the appropriate constant of proportionality depends upon several 
factors, such as, whether the aerosol is quiescent or in turbulent motion, 
electrical field and charge effects, particulate characterization and, what is 
of particular import to the phenomena we are treating, the absence or presence 
of acoustic fields and their nature. Figure 1, which has been abstracted from 
reference 3, is included to give some feel for the order of magnitudes involved 
in aerosol dynamics. 

terize the aerosol, it is expedient to choose a simply defined aerosol in 
order to focus on the major features of the acoustic-aeroso_l interaction. As 
such, we shall consider a monodisperse particulate cloud of spherical non- 
volatile particles, spacially uniformly dispersed throughout an inert, quies- 
cent bath gas which will exhibit no molecular relaxation processes when under 
the influence of these acoustic fields we shall consider. 

the size of individual particles, and do so in terms of the gas in which they 
are immersed, since any parameter chosen to characterize the aerosol must in- 
clude features of both the particulate cloud and the carrier gas. 
meter is the momentum relaxation time, T, which under assumptions consistent 
with the application of Stokes 

To facilitate selection of these parameters which we shall use to charac- 

Clearly, a parameter of importance will be one which Will characterize 

Such a para- 

Drag Law, becomes 

T (2pp/9v)r2. (2) 
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The obvious choice for the second aerosol parameter Will be one which gives a 
m e a s u r e  of "how mch" particulate mtter is present. 
must be given in terms of the bath gas. 
mass loading ratio, M y  given by, 

Again, -the "how much" 
As such, the natural  choice is the 

M = h n ) / p .  (3 )  
W e  now have two very simple parameters which we shall  use t o  characterize 

the aerosol. 
a "how much?" parameter, while the other , '2: , is in some sense a "what type?" 
parameter. It w i l l  be useful t o  retain these simple "how much?" and "what 
type?" concepts when choosing the two parameters which shall represent the 
acoustic f ie ld  

It is of interest  t o  note that  one of these, M y  can be considered 

Finite-Amplitude Sound 

Consistent with our approach when we chose a simple aerosol as a vehicle 
t o  introduce the aerosol parameters, we shal l  now direct attention t o  a simple 
finite-amplitude acoustic field.  
pess ive  wavetrain generated by the sinusoidal motion of a piston at  x = 0 and 
pmpagating into the semi-infinite region x > 0.  By referring t o  figure 2 ,  we 
can review the mst well-lazown phenomenon associated With finite-amplitude 
sound propagation; that  of the distortion of the i n i t i a l  sinusoidal wavetrain 
into a wavetrain more sawtooth in form containing higher harmonics. 

so through the i r  effect on the local wave propagation velocity, C y  at each 
point i n  the wavefoxmy 
that  it is made up of the linear superposition of three velocities. 

In particular, we shall  consider a plain pro- 

There are two dominant mechanisms which cause th i s  distortion and they do 

If we consider C at  each point i n  the wave, we note 

Here, co is  the quiescent speed of sound, that  i s  the speed of infinitesimal- 
amplitude sound through the quiescent media. 
changes in  the local speed of sound due t o  variations in the temperature of the 
media caused by the presence of the acoustic f ie ld  itself. 
is a convective term, resulting f r o m  the fact that  the media itself is  moving 
with a local velocity. 

sound, C y  at each of three points , x1, .x2 and x3, i n  the "early wave fom" of 
figure 2 ,  the mechanism of wave form distortion is easily understood. 
compression effects have increased the temperature of that  part of the wave 
above that in the quiescent gas. Moreover the 
convective velocity u is positive. 
"part" of the wave mves faster i n  the direction of propagation than would an 
infinitesimal amplitude wave. By similar arguments it is  apparent that C at 
x2 equals co and C at XI is less than Q. These conibined effects lead t o  the 
distortion shown by the "later wave 

a h e &  canheyue~ce of the finite-amplitude nature of the acoustic field. A s  

The second term accounts for 

The third term, u, 

3 If we apply these physical considerations t o  determine the local speed of 

A t  x3 

As such, ~TC,, is positive. 
Thus, C at  x3 is greater than co, and that  

of figure 2 .  

Now the important thing f r o m  our point of view is  that  both ~ T C ~  and u are 
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such, in seeking parameters to characterize the acoustic field, we necessarily 
require a parameter which will measure the magnitude of finite-amplitude ef- 
fects, or, the degree to which the field is a "finite-amplitude" field. The 
most appropriate parameter for this purpose is the acoustic Mach nmiber, E, 
given by, 

- E SPL(dB) (Watts/m2> 
114 2.5~10-~ 

10-3 134 2.5~10 
10-2 154 2.5~103 
10-I 174 2.5xl05 

E = u/qy  (5) 

T(sec) r(p) 
1. 2x1~-7 0.1 
1.2~10-5 1 
1. 2x10-3 10 
1.2xlo-1 100 

Note that U is the acoustic velocity amplitude and not the local convective 
velocity, u, discussed earlier. 

it is evident that E may be thought of as a "how much?" parameter. 
leaves us with the choice of a "what type?" parameter, which for the acoustic 
field is clearly w, the fundamental sinusoidal frequency. Interestingly, in 
t e r n  of the displacement amplitude, X,, for sinusoidal motion, the two 
xoustic parameters are related through the expression, 

Now by comparison with the parameters introduced to describe the aerosol, 
And this 

and 

E = (Wxo)/Co. (6) 

Towards the end of this "early evolution" stage where non-linear effects 
x i n g  about a relatively rapid transfer of energy fromthe fundamental to the 
zigher harmonics, the waveform can resemble a series of low amplitude shocks. 
Ris distance to shock-formation has been given by Blackstock (ref 4) as, 

!It shock-formation, the ratio of magnitudes of the fundamental to its harmonics 
we "semi-stable", resulting from a balance between the concomitant processes 
2 f  energy flow from the lower harmnics to the hiaer harmonics, and the pro- 
?ortionally greater dissipation of the higher hmnics. 
first introduced by Fay (ref 5 ) .  The development of the wavetrain beyond the 
Fint of shock-formation to extinction might be thought of as the "late evolu- 
tion" phase during which the progressive dissipation of the energy associated 
dith the waveform causes the "semi-stable" waveform to decay to an infinitesi- 
rial sinusoidal form. 

3riate to give some feeling for typical orders of magnitudes involved in units 

This concept was 

Before leaving the interpretation of these four parameters, it is appro- 

as.so&ated With either aerosol science or non-linear acoustics. This is 
?resented in Table 1. 
- M (grains/ft3) - (gms/m3) 
10-4 0.057 0.013 
10-3 0.57 0.13 
10-2 5.7 1.3 
10-1 57 13 

TABLE 1: Illustrative conversions of parameters M, E and T, for 
pp = 1 gm/cm3, po = 1.29~I-O'~ gm/cm3, 

p = 1.83xlO-4 poise. 
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INTERACTIONS 

Intuitive 

O f  the four parameters, the two "what type?" p a r m t e r s ,  ~ [ t ]  and 
w[t-l], have inverse units, and the i r  simple product, UT, is a non-dimensional 
group which represents the physical ra t io:  

time of particle dynamic relaxation 
time of acoustic cycle UT = 

As such, we expect the magnitude of UT w i l l  t e l l  us something about how ef- 
fectively the aerosol ami sound are coupled. In particular, as WT -+ 0 ,  the 
t h e  of particle dynamic relaxation is very short with respect t o  the time of 
an acoustic cycle, and hence we expect the particles t o  behave much as i f  they 
w e r e  an element of f luid in  the bath gas. 
t o  play a minimal role  affecting the sound being transmitted through the aero- 
sol media. 
the same order as the t i m e  of an acoustic cycle, and hence we might expect, i n  
some sense, a maximum acoustic-aerosol interaction. A s  WT -+ 00, the long dyna- 
mic relaxation t h e  with respect to  an acoustic cycle indicates that  the aero- 
sol particles are essentially stationary. 
ence of the acoustic f ie ld  has minimal effect upon the aerosol. We might fur- 
ther expect that  although the aerosol could influence the sound, it would do so 
in only a minor way, since the sound can be expected t o  propagate primarily 
through the gaseous media in  the interstices between particles, which is large 
w . r . t .  the particle volume. 

group, M / E ,  even more simply interpreted. 

That is, we expect their  presence 

As w -+ 1 the dynamic relaxation time of the aerosol particles is of 

W e  therefore expect that  the pres- 

The two remaining "how much?" parameters corribhe t o  give a non-dimensional 
Specifically, 

"how much?" particulate matter 
"how much?" sound M/E = (9) 

With th i s  interpretation, we expect that  as M/E -+ 0 ,  finite-amplitude sound ef- 
fects w i l l  dominate processes of interest. 
amplitude and aerosol effects influence various phenomena With approximately 
equal importance. 
rather than that  of finite-amplitude nature of the acoustic fireld, w i l l  be of 
predominant importance. O f  course these M/E interpretations should be viewed 
in terms of the magnitude of the associated UT parameter which gives informa- 
t ion on the effectiveness of the acoustic-aerosol interaction. 
the WT product indicates a weak acoustic-aerosol coupling, the significance of 
the M/E parameter might be unimportant a' priori .  

As M/E -+ 1, we expect that  finite- 

As M/E -+ 00, we expect that  the presence of the aerosol, 

That is, i f  

Analytic 

We now consider the role o f t h e  preceedhg acoustic-aerosol interaction 
p a r w t e r s  by examining the analytic results of reference 1. 
shall examine the influence of the aerosol upon waveform distortion. 

In particular, we 
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The assumptions and analytic details of the results we shall consider are 
presented in reference 1, and will not be repeated here. The work involved a 
perturbation solution of a set of equations and boundary conditions which des- 
cribed the attenuation, dispersion and h m n i c  growth, of an initially shu- 
soidal finite-amplitude plain progressive wavetrain propagating towards infin- 
ity. The solution,in terms of the dimensionless gas velocity, u, was given in 
the form: 

Al+hough not rigorously correct (see 
of our discussion to consider each term in this expansion, E~u(~), to be the 
ith harmonic. 
distortion by examining the evolution of u(~) with increasing distance from 
the initial sinusoidal mtion. 

constant at unity and M is increased from 0 to 10-1. 
responds to the growth of the second harmonic in a clean gas. 
the amount of particulate mtter, thejharmonic growth is retarded as the ener- 
gy is m v e d  fmmthe harmonic by particulate-gas dissipative mechanisms. 

which we hold the mass loading ratio constant at M lo-*. 
in figure 4 which shows the influence of the UT parameter over the range 
0 5 UT 5 03. 

ible, at UT = 0 the presence of the particulate matter does not alter the 
growth of the second harmonic from that which it would be in a clean gas. 
the UT product moves to UT = 
the growth of the second hamionic is somewhat retarded over tKat which would 
be found in a clean gas. 
the maxhum retardation of h m n i c  growth occurs at approximately UT = 1, 
after which the aerosol influence diminishes until, as UT -t 00, the sound pro- 
pagates as if there were no particulate matter present. 

ref.l), it is possible.foq the purposes 

With this interpretation we consider the magnitude of waveform 

First consider the case, shown in figme 3, where the UT product is held 

As we increase 
The M = 0 result cor- 

Turnkg to the influence of the parameter UT, we can consider the case for 
This is illustrated 

In spite of the fact that the particulate loading is non-neglig- 

As 
the acoustic-aerosol coupling improves, and 

If we further increased UT through unity to infinity, 

We see how the presence of particulate matter, as given by the mss load- 

Butthe effectiveness by which the 
ing ratio M, acts to X W d  the rate at which the growth of the second harmonic 
distorts the original sinusoidal waveform. 
aerosol retards the distortion is strongly affected by the effectiveness of 
the acoustic-aerosol coupling as indicated by the UT parameter. 

that of the distance to shock-formation. 
thing, the demarkation between the "early evolution" and "late evolution" 
stages of waveform development. 

of terns in the perturbation solution of equation (10). In reference 1 it is 
shown that, in an inviscid clean gas, the ratios of the second order solution 

?"ne next question which can be examined from this parametric approach is 
Or, what may be considered the same 

Analytically, this problemhas been approached by comparing the magnitude 

to the fbst,and the third to the-first, at the point of shock-formation, 
come, 

be- 

(11) 

939 



and 

respectively. 
cri terion for the case M = 0.  
amplitudes of the harmonics at  the point of shock-formation in an aerosol are 
also given by equations (11) and (121, the difference between the two predic- 
tions will give some indication o f t h e  uncertainty associated With th i s  as- 
s q t i o n .  
i n  figure 5. 

greater than the distance to  shock-formation in the clean gas. 
which was  indicated by figures 3 and 4 - that  the presence of an aerosol re- 
tards the rate at which an in i t i a l ly  mnochromatic finite-amplitude wave dis- 
t o r t s  - is reinforced by the shock-formation distance results.  But the matter 
of particular interest  which is il lustrated by figure 5 ,  is the role  played by 
the interaction parameters M/E and UT. 

distance t o  shock-formation i n  the aerosol i s  about 1.35 times that  found in a 
clean gas. 
shock-formation approaches that  found in the clean gas, while as M/E becomes 
greater than unity, the shock-formation distance rapidly approaches infinity 
and the systemmoves into a regime where shock-formation is precluded. Thus 
our earlier speculation, that  the M/E interaction parameter should be a measure 
of the relative h p r t a n c e  of aerosol effects as compared t o  finite-amplitude 
effects is realized. Put simply, for the case M/E = 0 .1 ,  the wave distortion 
proceeds essentially as i f  there w e r e  no aerosol present and is determined 
to ta l ly  by the magnitude of the acoustic field.  
M/E 10 ,  the acoustic f ie ld  is damped out so rapidly by the presence of the 
aerosol that finite-amplitude distortion effects have no opporctunity t o  signif- 
icantly alter the harmnic ratios. 
crbhoRLL;te magnitude of either M or E. 

Now consider the effect of the parameter WT, by examining the cases 
WT = 0 . 1  and UT = 1 0 .  A s  we move away f r o m  WT = 1, the coupling between the 
acoustic f ie ld  and the aerosol becomes less effective, thereby weakening the 
influence of the aerosol upon waveform evolution, and allowing t h i s  evolution 
t o  proceed more closely t o  that  which it would i n  a clean gas. 
conforms 
expectations discussed earlier. 

criteria do predict somewhat different shock-formation distances. 
crepancy becomes m k e d  as the ra t io  1"dl"Cg z 2 
the fact that the semi-stable waveform characteristic of the newly formed 
shock can be quite different i n  an aerosol than in a clean gas. 
other matters, w i l l  be mentioned briefly in the next section. 

Either equation (11) or (12) may be used as a shock-formation 
If, however, it is assumed that  the relative 

This was  the approach taken i n  reference 1 and the results are shown 

W e  note that the distance t o  shock-formation i n  an aerosol is always 
Thus, that  

If we direct  attention t o  the case WT = 1, we note that  at M/E 1 the 

On the other hand, as M/E decreases f r o m  unity the distance t o  

Conversely, for the case 

In both cases, this is  independent o f t h e  

Again, t h i s  
not only t o  the results of figures 3 and 4,  but also t o  our intuit ive 

Before leaving figure 5,  it should be noted that  the two harmonic r a t io  
This dis- 

or weater,and results f r o m  

This, and 
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MORE GENERAL THEORIES AND ADDITIONAL PfYRAMEERS 

The theme ofthis paper has been to introduce a means of performing order- 
of-magnitude evaluations of the relative importance of different processes in 
finite-amplitude sound propagation through aerosols, by means of quick examin- 
ation of the four parameters, U, T, M and E, as well as their conhination in 
the interaction parameters M/E and UT. Nevertheless, the subject should not be 
left without noting that additional parameters enter mre general theories, and 
giving some indication o f  where these theories may be found in the litera- 
ture. 

of years, and is perhaps best known from the mnograph by Mednikov (ref 6) in 
which the mtion of individual particles is given in terms of a ApeeLdied 
acoustic field. This same parameter plays a major role in the formulation by 
Terrikin and Dobbins (ref 7 )  of the attenuation and dispersion of infinitesimal- 
amplitude sound propagation through aerosols. 
phenomena play a role, such as heat or mass transfer, other "what type?" pro- 
ducts, UT:, where i corresponds to the transport process of interest, can be- 
come important. 
the present paper, even though one of these transport processes cannot be ne- 
glected (heat transfer in the present case), the judicious choice of other par- 
ameters (in our case setting H = 1) can remove this additional dependence such 
that the prbblem collapses to a dependence on UT only. 
as when volatile aerosols (ref 8)  or compressibility of the particles (ref 9) 
are treated, it may be somewhat more difficult to collapse all "what type?" 
parameters into one. 

treatments analogous to those referred to here, by the introduction of integrals 
over the size distribtution using the appropriate size dependent parameter, 
such as T, as a weighting function (e.g., references 1, 7, 10). If the semi- 
stable waveforms of the "late evolution" regime are of interest, in addition 
to the parameters we have introduced in the body of this paper, the parameter 
H plays a major role and cannot be neglected. 
treated by Davidson (ref 11). 

The UT product has been found in acoustic-aerosol literature for a nmber 

In the event other transport 

Sometimes, such as in the case of the theory drawn upon for 

In other cases, such 

The trea-hnent of polydisperse aerosols is fairly readily accomplished by 

This "late evolution" regime is 

CONCLUSIONS 

It is the author's view that if an estimate of the relative magnitude, or 
importance, of different effects encountered in phenomena associated With fin- 
ite-amplitude sound propagation through aerosols are of interest, a fairly 
quick appraisal of these can be made, by examining the magnitude of what are 
probably the two most important acoustic-aerosol interaction parameters M/E 
and UT. In many cases, examination of these parameters will show that one or 
mre effects will either dominate, or are unimportant, to the situation being 
considered. 
arise naturally in rigorous theoretical treatments) from the physical viewpoints 
discussed, the underlying physical mechanisms may be better appreciated. 

Moreover, it may be hoped that by considering these groups (which 
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Ffgure 3.-  Magnitude of u(*’ versus dimensionless distance from wavetrain berth 
as finite-amplitude pure sinusoid showing functional dependence on M. 

Figure 4. -  Magnitude of u(~) versus dimensionless distance from wavetrain berth 
as finite-amplitude pure sinusoid showing functional dependence on UT. 
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ONE-DIMENSIONAL WAVE PROPAGATION I N  

PARTICULATE SUSPENSIONS 

Steve G. Rochelle and John Peddieson, Jr. 
Tennessee Technological University 

SUMMARY 

One-dimensional small-amplitude wave motion i n  a two-phase system consist-  
ing of an inviscid gas and a cloud of suspended p a r t i c l e s  is analyzed using a 
continuum theory of suspensions. 
several  approximate solutions.  From these solutions a re  inferred some of the 
in te res t ing  propert ies  of acoustic wave motion i n  par t icu la te  suspensions. 

Laplace transform methods are used t o  obtain 

/- 

INTRODUCTION 

This paper is concerned with small-amplitude wave propagation i n  a particu- 
la te  suspension contained within a semi-infinite tube. Small-amplitude wave 
propagation i n  par t icu la te  suspensions ‘is of i n t e r e s t  because of applications 
t o  problems involving sound attenuation i n  fogs, flow visual izat ion,  nuclear 
reactor  cooling systems, and combustion i n s t a b i l i t i e s  i n  rocket motors. Most 
previous work is devoted t o  various aspects of the problem of harmonic wave 
propagation i n  a suspension of i n f i n i t e  extent.  Representative of ear ly  papers 
on t h i s  subject are  those by Sewell  ( r e f .  I), Epstein (ref.  21, and Epstein and 
Carhart (ref.  3 ) .  
i n  d e t a i l ,  a t  least i n  pr inciple .  
phase continuum models of suspension behavior. In  general, these models are 
appropriate when a representative volume element of the  suspension, which is 
small compared t.0 the cha rac t e r i s t i c  dimensions of the flow f i e l d ,  contains an 
amount of f l u i d  and an amount of pa r t i c l e s  su f f i c i en t ly  large t o  allow the  for-  
mation of meaningful averages of the properties of the two phases within the 
volume element. Then the  volume is t rea ted  as a d i f f e r e n t i a l  element ( a  point)  
and the averages are t rea ted  as continuous variables.  
approach t o  problems of small-amplitude wave propagation i n  suspensions are  the  
work of Temkin and Dobbins ( r e f .  41, Morfey ( r e f .  51, Schmitt von Sehubert (ref. 
6 ) ,  Marble and Wooten ( r e f .  71, Goldman ( r e f .  81, Mecredy and Hamilton (ref.  91, 
and the review articles by Marble ( r e f .  lo), and Rudinger ( r e f .  11). Marble 
( r e f .  10) points out t h a t  comparison of the predictions of continuum theories  
with the more de ta i led  analysis  given by Epstein and Carhart ( r e f .  3 )  shows t h a t  
the  continuum approach is completely adequate f o r  wavelengths t h a t  are iong com- 
pared t o  the  p a r t i c l e  dimensions. 

In  these papers the  flow past  each p a r t i c l e  w a s  considered 
More recent  calculat ions have employed two- 

Representative of t h i s  

In  the present paper a simple continuum theory of par t icu la te  suspension 
behavior is  applied t o  the problem of small-amplitude wave motion of a suspen- 
sion i n  a semi-infinite tube. In  contrast  t o  the  la rge  amount of work on 
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harmonic wave propagation, there  appears t o  be l i t t l e  ( i f  any) work avai lable  
on the  propagation of non-harmonic waves. In  order t o  focus a t ten t ion  on the  
basic  re laxat ion mechanism inherent i n  such two-phase flows, several  simplify- 
ing assumptions are made. the motion is one-dimensional, the f l u i d  
phase can be modeled as an inviscid gas obeying a l i n e a r  pressure-density rela- 
t ionship,  the interphase force is d i r ec t ly  proportional t o  the  vector difference 
between the  ve loc i t ies  of the  two phases ( thus,  contributions due t o  added m a s s ,  
h i s tory ,  etc. are neglected), and the  volume f rac t ion  of the  p a r t i c l e  phase is  
small. 
solved by the Laplace transform method €or a s tep  input of veloci ty  a t  the end 
of the  tube. 

These are: 

The l i n e a r  acoustic equations which follow from these assumptions are 

GOVERNING EQUATIONS 

L e t  po be the i n i t i a l  gas-phase density,  yo be the  i n i t i a l  par t ic le -  
phase density,  
M = U/a be a Mach number, and 
Marble, reference 10). If the usual acoust ic  l inear iza t ions  are made, the bal- 
ance equations f o r  m a s s  and l i nea r  momentum and t h e  equation of state t ake  the  
dimensionless forms 

a be the clean-gas speed of sound, U be the i n l e t  gas veloci ty ,  
-c be the relaxat ion t i m e  of the  suspension (see 

a p + aXu = o, a u = -a p + K(v-u), p = p (1) t t X 

f o r  the  gas phase, and 

a y + a v = o ,  ~ V = U - V  ( 2 )  t ' X  t 

f o r  the  pa r t i c l e  phase. In  equations (1) and (2)  a-cx is the  a x i a l  coordinate, 
T t  is  t i m e ,  Uu is the gas-phase veloci ty ,  Uv 
poMp is the  difference between the current and i n i t i a l  gas dens i t ies ,  yoMy is  
the difference between the  current  and i n i t i a l  particle-phase dens i t ies ,  poUaP 
i s  the difference between the  current and i n i t i a l  pressures, and K = yo/po. It 
can be seen t h a t  equations (1) and ( 2 )  are  f ive  equations involving five 
unknowns. Thus it i s  not necessary t o  consider the balance-of-energy equations 
f o r  the two phases i n  order t o  determine the mechanical behavior. This is the  
reason f o r  the second simplifying assumption discussed i n  the previous section. 

is the  particle-phase veloci ty ,  

Equations ( l a ) ,  (a), and ( IC)  can be combined t o  y ie ld  the modified wave 
equation 

- u + K(a v - atu) (3) attu - axx t 

Equations (2b) and (3 )  can be solved simultaneously f o r  u and v .  Then equa- 
t i o n  ( l a )  can be solved f o r  p and equation (2a) can be solved fo r  y.  

I t  should be noted t h a t  t he  dimensional form of the equation of state i s  
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Thus the dimensional clean-gas speed of sound is 

d(poUap)/d(poMp 1 = a2 ( 5 )  

as originally stated. Because of the way a was used in the nondimensionaliza- 
tion process it can be seen from equation (IC) that the dimensionless clean-gas 
speed of sound is 

dp/dp = 1 (6 )  

LAPLACE TRANSFORM OF SOLUTION 

The suspension is contained in a semi-infinite pipe beginning at x = 0 and 
extending along the positive x axis. The suspension is at rest until t = 0 
when a constant gas inlet velocity is suddenly created. Thus 

where the symbol A(6) is used to denote a unit step function. That is 

0 ,  E < O  

1, 5 > 0  ( 8 )  
A ( S )  = 

Taking the Laplace transforms of equations (la), (lb), (2a), (2b), (31, and (7 )  
one obtains 

sp f U' = 0, sy -t 3' = 0 

where s 
transform, and a prime denotes differentiation with respect to x. 
(9~) and (9d) can be combined to yield 

is the Laplace transform parameter, a superposed bar denotes a Laplace 
Equations 

Solving equation (11) subject to equation (10) and the condition that ;(XI 
should remain bounded for all x > 0, and substituting this solution into equa- 
tions (sa), (9b), and (9d) leads to 

- u = exp(-sbx)/s, 

' 6 = b exp(-sbx)/s, 

v = exp(-sbx)/(s(l + s ) )  

7 = b exp(-sbx)/(s(l + s ) )  (13) 
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It appears t h a t  no exact inversions of equations (13) can be obtained i n  t e r m s  
of elementary functions. In subsequent sections several  simple approximate 
inversions w i l l  be found and used t o  i l l u s t r a t e  some of the  properties of the 
solut ion t o  t h i s  problem. 

INVERSION FOR SMALL TIMES 

Approximate solutions f o r  t << 1 can be obtained by expanding various func- 
t ions  appearing i n  equation (13) f o r  s >> 1. 
and re ta in ing  the  first two terms leads t o  

Expanding b (eq. (12)) i n  t h i s  way 

b 1 + K/(2S) (14) 

If only the  first t e r m  i n  equation (14) is retained the  corresponding 
inversions of equations (13)  are (see Roberts and Kaufman, reference 12) 

u A p f A ( t  - X )  

v y 5 (1 - exp(-(t  -x) ) )A( t  - x) (15) 

Equations (15a) and (15b) represent the  solut ion f o r  a clean gas. Thus immedi- 
a t e ly  after the  beginning of the  motion,the motion is  independent of the pres- 
ence of the  pa r t i c l e s .  

If the  first two terms i n  equation (14) are retained the  corresponding 
inversions a re  found t o  be 

u exp(-~x/2)A(t  - x)  

v 2 exp( -~x /2 ) (1  - exp(-(t - x)))A(t  - x)  

Equations (16) i l l u s t r a t e  the coupling between the  motions of the two phases 
which manifests i tself  as the  t i m e  since the  beginning of the  motion increases. 
T o  i n t e rp re t  these r e s u l t s  most ea s i ly  it is useful  t o  remember t h a t  nonzero 
r e s u l t s  are obtained only f o r  t > x. Thus the  condition t << 1 implies t ha t  
equations (16) are va l id  only f o r  x << 1 and ( t -x)  << 1. Simplifying equations 
(16c) and (16d) for (t-x) << 1 leads t o  

v ~ x P ( - K x / ~ ) ( ~  - x)A(t - X) 

y i exp( -~x /2 ) ( t  - x)A(t - x)  
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Some observations based on equations (17) are as follows. For small t 
a l l  disturbances propagate with the  clean-gas wave speed 1. 
a l l  variables decrease with increasing x. 
loading K t h i s  effect can be s igni f icant .  For a given value of t-x ( the  t i m e  
since the  wave f ront  passed posi t ion x)  the degree of s p a t i a l  attenuation 
increases with x. For a given value of x, the  terms p ,  v, and y are 
increasing functions of the  t i m e  s ince passage of the  wave f ron t .  

The amplitudes of 
For la rge  values of t he  p a r t i c l e  

INVERSION FOR LARGE TIMES 

Approximate solut ions f o r  t >> 1 can be found by expanding the various 
functions appearing i n  equation (13) f o r  s << 1. 
way and re ta in ing  the  first two terms gives 

Expanding b (eq. (12)) i n  t h i s  

b I (1 t K )  - KS (18) 

Retaining only the  first term i n  equation (181, subs t i tu t ing  i n t o  equations (13), 
and invert ing y ie lds  

4 
U A(t - (l+K)%), p A (1+K)'A(t-(ltK)k) 

V 5 (1 - e X p ( - ( t - ( l t K ) 2 x ) ) ) n ( t - ( l + K ) ~ )  
4 5 

4 
(19) y 2 (1+K)  k ( 1 - e X p ( - ( t - ( 1 t K ) " X ) ) ) A ( t - ( 1 + K ) ~ X )  

I t  can be seen fro equations ( 1 9 )  t ha t  f o r  t >> 1 a l l  quant i t ies  propagate 
with wave speed l / ( l tK)  E . For values of x away from the  wave f ront  u and 
v a re  essent ia l ly  equal as are P and y. For values of x near t he  wave 
f ront  differences between the  ve loc i t ies  and dens i t ies  remain f o r  a r b i t r a r i l y  
large values of t. 
the gas veloci ty  has a value of unity f o r  a l l  x. Thus the  amplitude of u a t  
a given x More insight  i n t o  t h i s  matter w i l l  be pro- 
vided by the  r e s u l t s  obtained i n  the next section. 

I n  contrast  t o  equation (17a), equation (19a) predicts  t h a t  

must increase with t i m e .  

It w a s  attempted t o  inver t  equations (13) using the  first two terms of the  
expansion of b .  fo r  s m a l l  s (eq. ( l8)).  No inversion i n  terms of elementary 
functions could be found. 

INVERSION FOR SMALL PARTICLE LOADING 

Expanding equation (12) f o r  K << 1 and re ta in ing  the  first two terms one 
gets  

If equations (13) are inverted using only the  first t e r m  of equation ( 2 0 )  the  
r e s u l t s  are equations (15). For the  important spec ia l  case of negl igible  
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p a r t i c l e  loading equations (15) represent the  exact .solution. 
t i o n  f o r  f i n i t e  values of K two terms of equation (20) must be retained. If 
equation (20) is subst i tuted i n t o  equation (13) no simple inversion of the  
r e su l t i ng  expressions appears possible. Further s implif icat ion is achieved by 
expanding the  exponentials involving b for small K and keeping the  first two 
terms. This r e s u l t s  i n  

To f ind a correc- 

Inverting equations (21) yields  

u (1 - KX exp(-(t  - x))/2)A(t - x )  

p 

v 

(1 + ~ ( l  - (1 + x)exp(-(t - x))) /2)A(t  - x)  

(1 - exp(-(t  - X I )  - Kx(t - x>exp(-(t  - x)) /2)A( t  - x )  

These expressions appear t o  be computationally useful  f o r  s m a l l  x and a l l  t. 
Equation (22a) shows t h a t  f o r  a given x the  value of u a t  the  t i m e  of pas- 
sage of t he  wave f ron t  is 1 - Kx/2. (Note t h a t  t h i s  is the  two-term expansion 
f o r  s m a l l  K of the exp(-~x/2)  appearing i n  equation (16a)). A s  the  t i m e  t -x  
since passage of the wave f ron t  increases,the amplitude of u 
unity. Similarly it can be seen t h a t  the value of v fo r  large t-x is uni ty  
while the  values of both p and y f o r  P r g e  t-x are 1+K/2 which is the  two- 
term expansion f o r  s m a l l  K of the  ( 1 + ~ ) 2  appearing i n  equations (19b) and 
(19d). Thus the  large-time l imit ing values predicted by equations (22) are 
consistent with those predicted by equations (19). Equations (22) do not pre- 
d i c t  the  change i n  wave speed indicated by equations (19). It can be shown 
t h a t  t h i s  is due t o  the  process of expanding the arguments of the  exponentials 
appeying  i n  equations (13)  before inversion. 
(1+~)2 and unity is  s m a l l  so t h i s  i s  not a serious matter. 

increases t o  

For K << 1 the  differencebetween 

DISCUSSION OF RESULTS 

From the  three sets of approximate solut ions developed i n  the previous 

All 
For s m a l l  t i m e s  t h i s  is unity and f o r  

I t  is 

sections (eqs. (161, as?, and (22)) it i s  possible t o  put' together a f a i r l y  complete 
p ic ture  of the wave motion produced by a s t ep  veloci ty  input a t  x = 0. 
waves t r a v e l  with the s q e  wave speed. 
la rge  t i m e s  it is l/(l+~)4. The former is  cal led the  frozen wave speed. 
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t he  wave speed associated with the  clean gas. 
librium wave speed. It  i s  the  wave speed associated with wave motion i n  a gas 
having i n i t i a l  density equal t o  the  i n i t i a l  suspension density. These r e s u l t s  
are t o  be expected on physical grounds. For small t i m e s  the  motion of the gas 
(through which the  waves propagate) is independent of the  presence of the  par- 
t ic les  as indicated by equations (15) .  For  large times the  ve loc i t ies  of both 
phases are e s sen t i a l ly  equal. 
e f fec t ive  dimensionless density 1+#. The exact manner by which the  t r ans i t i on  
from the frozen t o  the equilibrium wave speed is accomplished is  not revealed 
by the approximate solut ions obtained i n  t h i s  work. 

The la t ter  is cal led the  equi- 

Thus the  suspension behaves l i k e  a gas with 

The gas veloci ty  u 
decreases t o  a minimum value a t  the wave front .  The value of u a t  each point 
behind the wave f r o n t  increases with t i m e  and eventually approaches unity. The 
pa r t i c l e  veloci ty  v and the  f luid-  and particle-density perturbations,  P and 
y respectively,  are a l so  decreasing functions of x. Their values for  all 
values of x (including x = 0 )  increase with t i m e .  F inal ly  p approaches a 
constant value throughout the region of motion while v and y approach con- 
s t a n t  values except near the wave f ront .  
veloci ty  must be transmitted t o  the  p a r t i c l e s  through the  interphase-momentum- 
t ransfep mechanism the pa r t i c l e s  i n  the  immediate v i c in i ty  of the wave f ron t  
can never qui te  catch up t o  the  gas. 

has the  prescribed value of unity a t  the  i n l e t  and 

Because the  s tep  increase i n  gas 

I t  should be pointed out t h a t  for t > 0 a par t ic le - f ree  zone e x i s t s  adja- 
cent t o  the  i n l e t .  
t h i s  region is  O ( M ) .  
numbers, and since the  speed of the wave f ront  is  0(1) , the length of the 
par t ic le - f ree  zone is negl igible  compared t o  the length of the region of motion. 
For t h i s  reason the par t ic le - f ree  zone w a s  neglected i n  t h i s  analysis.  For 
waves of f i n i t e  amplitude t h i s  could not be done. 
boundary of the par t ic le - f ree  zone would have t o  be computed as pa r t  of t he  
solution. This would grea t ly  increase the complexity of the  analysis.  

I t  can be shown t h a t  t h e  speed of the  forward boundary o f  
Since the  acoust icequat ionsare  va l id  only f o r  small Mach 

The posi t ion of the  forward 

CONCLUSION 

In t h i s  paper the  problem of small-amplitude wave propagation i n  a particu- 
la te  suspension w a s  analyzed using a continuum theory of suspensions. 
erning equations were solved approximately by the  Laplace transform method. 
Three approximate inversions w e r e  developed and f r o m  these were inferred some 
of the propert ies  of the  wave motion. 

The gov- 
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A CORRESPONDENCE PRINCIPLE FOR STEADY-STATE WAVE PROBLEMS * 
Lester W. Schmerr 

Iowa State University 

A correspondence p r i n c i p l e  has  been developed f o r  t r e a t i n g  the  steady- 
state propagation of waves from sources moving along a plane sur face  o r  i n t e r -  
face.  This new p r inc ip l e  allows one t o  obta in ,  i n  a un i f i ed  manner, e x p l i c i t  
so lu t ions  f o r  any source ve loc i ty .  To i l l u s t r a t e  the  correspondence p r inc ip l e  
i n  a p a r t i c u l a r  case, the  problem of a load movcng a t  an a r b i t r a r y  constant 
ve loc i ty  along the  sur face  of an elastic half-space i s  considered. 

YNTRODUCTION 

Cer ta in  problems i n  the  l i n e a r  theory of wave propagation are of fundamen- 
t a l  importance t o  a wide v a r i e t y  of f i e l d s .  One of these  is t h e  response of a 
plane i n t e r f a c e  between two d i f f e r e n t  materials t o  moving t r a n s i e n t  sources of 
disturbance. The r e f l e c t i o n  and r e f r a c t i o n  of plane t r a n s i e n t  waves a t  an in- 
t e r f ace  ( r e f s .  1-3) and the  generation of waves from s p e c i f i e d  sources moving 
a t  a constant ve loc i ty  along an i n t e r f a c e  ( r e f s .  4-7) are two important exam- 
p l e s  of t h i s  type of problem. I n  such cases i t  i s  usua l ly  assumed t h a t  t he  
surrounding media i s  i n  plane motion and t h a t  a steady-state wave p a t t e r n  ex- 
ists relative t o  an observer moving with the  source of disturbance. The re- 
s u l t i n g  two-dimensional steady-state boundary value problem can then be solved 
e i t h e r  by transform techniques o r  by the  use of complex function theory and 
the  method of c h a r a c t e r i s t i c s  ( see  r e f s .  8 and 9).  

I n  many problems, however, both of these t r a d i t i o n a l  methods are very in- 
e f f i c i e n t .  This is because i t  is necessary t o  pose and so lve  sepa ra t e ly  the  
s p e c i a l  cases when the  source ve loc i ty  is less than o r  g r e a t e r  than each of the 
c h a r a c t e r i s t i c  wavespeeds i n  the  surrounding media. This paper demonstrates 
t h a t  i t  is poss ib le  t o  treat a l l  such s p e c i a l  cases i n  a simple, un i f i ed  manner 
through the  app l i ca t ion  of a newly developed correspondence p r inc ip l e .  I n  ad- 
d i t i o n ,  t h i s  correspondence p r inc ip l e  leads  t o  a new and d i r e c t  representa t ion  
f o r  the general  s o l u t i o n  of s teady-s ta te  i n t e r f a c e  problems. 

PROBLEM STATEMENT 

Consider two homogeneaus, i s o t r o p i c  semi- inf in i te  media ( e i t h e r  f l u i d  o r  
s o l i d )  which are i n  contac t  along the  plane 7 = 0 and which conta in  disturbances 
t r i v e l i n g  a t  a constant ve loc i ty  U i n  t he  negative %direc t ion .  W e  assume t h a t  
these disturbances are uniform i n  the  ;-direction and t h a t  a s teady-s ta te  motion 
e x i s t s  i n  the  semi- inf in i te  media. Under these conditions,  the  governing equa- 
t ions  of motion i n  t h e  two media reduce t o  ( r e f .  8): 

*This work w a s  supported by t h e  Engineering Research I n s t i t u t e ,  Iowa 
State University. 
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2 2 2  2 
(1 - u a +m/ax + a2+ m /ay2 0 (m = 1, ... j)  

- - - 
i n  a set of moving coordinates (x,y,z) defined by x = x + U t ,  y = y, z = z. I n  
equation (l), +m = +,(x,y) and % are the  displacement p o t e n t i a l s  and t h e i r  
corresponding wavespeeds, respec t ive ly ,  f o r  t he  two media. 

Along the  sur face  y = 0, the  4, must s a t i s f y  a c e r t a i n  set  of boundary o r  
cont inui ty  conditions which, i n  general ,  can be w r i t t e n  i n  terms of the  second 
order p a r t i a l  de r iva t ives  of t he  +m as 

2 2 2 2  2 
E n ( a  +m/ax Y a +,/axay, a + m /ay ) = Pn(X) (n = 1, ... j )  

where the En a l s o  depend on the  source speed U and the  material proper t ies  of 
the two media and are l i n e a r  functions of t h e i r  arguments. The vec tor  P = 
{Pn(x)} is determined by the  values of t h e  source disturbances along t h e  plane 
y = 0 and is assumed t o  be given. 

Since the  l i n e a r  operators which appear i n  equation (1) are hyperbolic i f  
U > c, and e l l i p t i c  i f  U < h, the  steady-state so lu t ions  of these equations 
w i l l  depend on t h e  r e l a t i v e  s i z e  of U and the  wavespeeds cm Consider f i r s t :  
t h e  " t o t a l l y  supersonic" (TSS) case ( i . e .  where U > % is  s a t i s f i e d  f o r  a l l  m 
i n  equation (1)). 

Tota l ly  Supersonic Case 

In  the  TSS case, the  general  so lu t ions  t o  the  equations of motion (1) can 
be w r i t t e n  as 

where Bm = (U2/ci - 1)1/2 and the  bars  denote "absolute value of". 
( 3 ) ,  so lu t ions  of the  type Fm(x + Bmlyl) have been r e j ec t ed  s ince  they repre- 
s e n t  disturbances t r ave l ing  i n  the  p o s i t i v e  x-direction and, hence, would vio- 
late the " rad ia t ion  conditions" ( r e f .  8). 

I n  equation 

The second order p a r t i a l  de r iva t ives  of t he  0, then become 

a 2 Om/aY2 = Bm 2 Fm " 

I? 

where Fm 
and sgn s tands  f o r  "sign of". 
y i e l d s  a set of l i n e a r  equations i n  the Fm 
convention can be  w r i t t e n  as 

denote the  second de r iva t ives  of Fm with respec t  t o  t h e i r  arguments 
Placing equ t t ion  ( 4 )  i n t o  equation (2) thus 

on y = 0 ,  which using the  summation 
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11 

AnmFm (XI = Pn(x> (n = 1,. . . j) (5) 

Here, the  A is  a real j x j  matrix involving only the  material p rope r t i e s  of the 
given media and the  disturbance speed z. Assuming t h a t  the  matrix is  non- 
s ingular ,  we can then so lve  f o r  t he  Fm , obta in ing  formally 

(6) 
-1 11 

Fm (XI = AmPn(x) 

and these  r e s u l t s  can be continued i n t o  the  two media, using equation (3 ) ,  t o  
give : 

The stresses i n  each media can be  ob ta ine i  d i r e c t l y  from equation (7)  s ince  
they are simply l i n e a r  func t ions  of t he  $m . 
however, must be found from these r e s u l t s  by a s i n g l e  in t eg ra t ion .  This TSS 
case i s  of fundamental importance f o r  s teady-s ta te  i n t e r f a c e  problems of the  
type w e  have been d iscuss ing  because i t  contains i m p l i c i t l y ,  through equation 
( 6 ) ,  the  so lu t ion  f o r  a l l  o the r  cases when t h i s  equation i s  i n t e r p r e t e d  i n  an 
opera t iona l  sense. 

The displacements o r  v e l o c i t i e s ,  

To prove t h i s  w e  now consider the  general  case. 

General Case 

Consider the  general  case when U/cm < 1 f o r  m = 1, ... k, where k < j .  
Then the governing equations (1) are hyperbolic f o r  m > k and e l l i p t i c f o r  
m - < k, and t h e i r  general  so lu t ions  are 

- 
where Bm = ( 1  - U~/C;)'/~, R e  denotes "real p a r t  of", and the  G, f o r  m 
a n a l y t i c  functions of t he  complex va r i ab le s  x + igmlyl .  
order p a r t i a l  de r iva t ives  of the  $ J ~  are again given by equation ( 4 ) .  
we now obta in  in s t ead  

k are 
For m > k, t h e s e c o n d  

For m - < k, 

I 1  

a24m/ax2 = R e i G  m I 

11 a2$ /ay2 = - -2 Bm Re{G 
m m I 

where Im denotes "imaginary par& of". 
and imaginary p a r t s  of these  Gm 

However, on the  boundary y = 0 t h e  real 
s a t i s f y  a p a i r  of H i l b e r t  transforms 

11 I 1  

Re{Gm 1 = HIIm(Gm 11 

ImIG, 1 = - H[Re{Gm 11 
1: 11 
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where the  Hi lbe r t  transform is  
W 

HEfI  = I/R .f fdE/(< - X) 
-00 

and the  i n t e g r a l  is understood t o  be taken i n  t h e  p r i n c i p a l  
the  p a r t i a l  de r iva t ives  on y = 0 can be wri t ten i n  terms of 

I 1  

a2+m/ax2 = Re{Gm 1 

11 - 
a 2 Om/ay2 = - Bm2 3 I 

Note now t h a t  on the  boundary y = 0, equations (4) and (10) 

valuel1sense. Hence, 
Re{Gm 1 only as 

w i l l  be i d e n t i c a l  
i f  we make the  following replacements i n  the  TSS expressions (4) f o r  m k. 

fim+ -Gm 
11 

and i d e n t i f y  the  Fm i n  the  
the  add i t iona l  replacements 

1 1  11 

Fm + RecGm 1 
I 1  I1 

i F  + H[Re{Gm 11 
m 

Thus, on the  boundary y = 0 

I I  
TSS case with the  Gm 
f o r  m - < k given by: 

i n  the  general  case through 

J 

t h e r e  is a one-to-one correspondence between the  
complex-valued TSS problem obtained by making the  s u b s t i t u t i o n s  given by equa- 
t i o n  (11) and the  general  case problem i f ,  as equation (12) shows, t he  appear- 
ance of the  imaginary number i i n  the TSS problem is in t e rp re t ed  as represent- 
ing  the  Hi lbe r t  transform operator i n  the  general  case. This correspondence 
a l s o  means t h a t  the  complex-valued matrices 4 and 4-1, which r e s u l t  i n  equations 
(5) and (6) from the  s u b s t i t u t i o n s  given by equation ( l l ) ,  must be in t e rp re t ed  
as represent ing  matrix opera tors  i n  t h e  general  case. I n  p a r t i c u l a r ,  breaking 
4-l i n t o  i ts  real and imaginary p a r t s ,  w e  have 

where amn and bmn are both real. 
we see t h a t  on y = 0 the  general  case so lu t ion  is given by 

Using t h i s  r e s u l t  and equations (6) and (12),  

Since the general  so lu t ions  f o r  m > k arel,constant along the real cha rac t e r i s -  
t ics  x - B m l Y l  (see equation ( 8 ) ) ,  the Fm 
adjacent media and the  general  case so lu t ion  w r i t t e n  as 

can be continued d i r e c t l y  i n t o  the  
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11 
For m 
which are a n a l y t i c  i n  the  upper h a l f  of t he  complex-plane and whose real p a r t  is 
given on the  real a x i s  by equation (14). This is a standard problem i n  a n a l y t i c  
function theory whose so lu t ion  may be  w r i t t e n  as 

k, however, our problem c o n s i s t s  of f ind ing  the  functions Gm (x + iEmlyI) 

OD 
11 

m < k  G = l / i n  I A-lP mn n (<)d</ (<  - zm) - 
-m m 

provided t h e  i n t e g r a l  converges, where z 
can be obtained d i r e c t l y  from equations Tl5) and (16) although a f u r t h e r  i n t e -  
gra t ion  is necessary f o r  displacements and v e l o c i t i e s .  

= x + iEmlyl.  A s  before,  t he  stresses 

With the  genera l  so lu t ions  given by equations (15) and (16), i t  is now 
p a r t i c u l a r l y  easy t o  ob ta in  t h e  so lu t ion  t o  s teady-s ta te  i n t e r f a c e  problems f o r  
a r b i t r a r y  source ve loc i ty .  
the  TSS case so lu t ion .  In  t h e  general  case t h i s  matrix becomes complex-valued 
when the  s u b s t i t u t i o n  i n  equation (11) is toade. A simple a lgebra ic  decomposition 
of 4-1 i n t o  i t s  real and imaginary p a r t s  f o r  each s p e c i a l  case then gives the  
necessary matrices f o r  the  expressions i n  equations (15) and (16). To i l l u s t r a t e  
the  use of t h i s  method w e  now consider a p a r t i c u l a r  problem. 

A l l  t h a t  is needed is the  inverse  matrix 4-1 from 

MOVING LOAD ON A HALF-SPACE 

A number of authors ( r e f s .  4-7) have previously considered the  respmse of 
an elastic half-space t o  loads t r ave l ing  a t  a constant ve loc i ty  on the  plane 
sur face .  H e r e ,  w e  w i l l  so lve  f o r  t he  waves generated i n  the half-space 
-a < x <a, -OD < z < 00 by a moving d i s t r i b u t e d  load of i n t e n s i t y  P(x) i n  the  mov- 
i n g  coordinates x = f + U t ,  y = 7, z = z ( f igu re  1). 
t and shearing stress, t on the  sur face  are given by 

0, - 
- 

Then the  normal stress , 
YY' XY' 

t 

t 
YY 

XY 

where 0 is  the  
space sur face .  

1 = -P(x)sine 

= p(x)cose 

angle between 
I n  t h i s  case 

the  d i r e c t i o n  of the  appl ied  load and the  ha l f -  
there  are only two displacement p o t e n t i a l s  and 

$2, which correspond t o  d i l a t a t i o n a l  and shear wave disturbances , respectzvely , 
and two corresponding wavespeeds c 1  and c2. Application of t he  boundary condi- 
t i ons  (17) y i e l d s  the  matrix A and vec tor  P given by ( r e f .  8): 

v - [ (M; - 2) 2-2B2] 

= [ -2B1 -(Mz 2) pcose /p 

A =  (18) 

-1 where 1-1 is  the  shear  modulus and M2 = U/c2 .  
given by 

Then the  inverse  matrix A is - 
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1-2B1/D -(Mi - 2) /D] 

where D = (Mi - 2)2 + 4B1B2. 
i n t o  i t s  real  and imaginary p a r t s .  
D2 = (M3 - 2)2 - 48x82. 
and (16), the  problem is  then formally complete. To i l l u s t r a t e  t he  use of these  
expressions f o r  a p a r t i c u l a r  loading, consider t he  case of a moving concentrated 
l i n e  load, i.e. P(x) = P6(x) where P is  a constant and b(x) is t h e  Dirac d e l t a  
function. Then we obtain: 

Table 1 shows the  breakdown of t h i s  inverse  mat r ix  
I n  t h a t  t a b l e  D 1  = (M5 - 2 ) 4  + l6g1B2 and 

When those r e s u l t s  are placed back i n t o  equations (15) 

Tota l ly  Supersonic Case (U > c > c2) 1 
I 1  

Transonic Case (c < U < cl) 2 
11 - 

1 G1 - (allsin@ - a cose)P/inyZ + (b s ine  - b cose)P/nyZ 1 2  1 11 1 2  
I 1  

0, = (-a21 s ine + a22cose)P6(x - ~ ~ y ) / p  

+ (b21sinB - b22cos8)P/ny(x - B2y) 

Subsonic Case (U < c2) 

11 

G1 - - (allsine - ib12cos0)P/isuZ1 
11 

2 G2 = (-a22cosf3 + i b  sine)P/i?ryZ 2 1  

S i m i l a r  r e s u l t s  t o  these  have been derived by the  t r a d i t i o n a l  complex va r i ab le  
and c h a r a c t e r i s t i c s  approach i n  the  treatise by Eringen and Suhubi ( r e f .  9) .  

CONCLUDING REMARKS 

The correspondence p r inc ip l e  developed above has l e d  t o  a new un i f i ed  form 
of the  so lu t ion  f o r  steady-state i n t e r f a c e  problems (equations 15 and 16) which 
can be e f f i c i e n t l y  used t o  treat a number of problems. I n  addi t ion ,  t h i s  prin- 
c i p l e  c l e a r l y  demonstrates t he  c lose  r e l a t ionsh ip  t h a t  exists between the  s t ruc-  
t u r e  of the general  so lu t ion  and the  TSS case. This r e l a t ionsh ip  is  cu r ren t ly  
being extended t o  s teady-s ta te  problems i n  an i so t rop ic  media. 
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TABLE I. - REAL AND IMAGINARY PARTS OF 4-l 

CASES 

u > c1 

c 2 < u < c  1 

u < c2 

MATRIX a 

2 4  D = (M2 - 2) + 16ElB2 1 

D2 = (M 2 - 2)’ - 4B1B2 
2 

MATRIX 

b = O  

0 2E2/D2 

if 
Figure 1.- Moving load  on a half-space.  
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ACOUSTICAL PROBLEMS I N  HIGH ENERGY PULSED E-BEAM LASERS 

T. E .  Horton and K. F. Wylie 
Un ive r s i ty  of M i s s i s s i p p i  

During t h e  pu l s ing  of h igh  energy, C 0 2 ,  electron-beam (E-beam) lasers, a 
s i g n i f i c a n t  f r a c t i o n  o f  i n p u t  energy u l t i m a t e l y  appears  as a c o u s t i c a l  d i s t u r -  
bances. 
Acous t ica l  and shock impedance d a t a  are presented  on materials (Rayleigh type)  
which show promise i n  c o n t r o l l i n g  a c o u s t i c a l  d i s tu rbance  i n  E-beam systems. 

The magnitudes of t h e s e  d i s tu rbances  are q u a n t i f i e d  by computer a n a l y s i s .  

INTRODUCTION 

The r e p e t i t i v e l y  pulsed electron-beam (E-beam) laser, f i g u r e  1, has  proven 
t o  be a n  e f f i c i e n t  and compact means o f  achiev ing  h i g h  power levels i n  C 0 2  a t  
atmospheric p re s su re ,  ( r e f .  1, 2, 3 ) .  I n  such a system t h e  E-beam s u p p l i e s  h igh  
energy primary e l e c t r o n s  which through secondar ies  produce a plasma i n  t h e  
laser c a v i t y  f o r  a per iod  T t h e  t i m e - t h e  gun is  pulsed on. A s u s t a i n e r  vo l t -  

age app l i ed  a c r o s s  t h e  plasma s u p p l i e s  t h e  energy f o r  e x c i t a t i o n  of t h e  laser 
states. By a d j u s t i n g  t h e  s u s t a i n e r  f i e l d  s t r e n g t h ,  t h e  pumping of t h e  laser 
state is  optimized. 
t i m e  of t h e  lower l a s i n g  state) optimum l a s i n g  output  is achieved. 
less than  T I  t h e  l a s i n g  process  is  se l f - te rmina ted  by t h e  incapac i ty  of t h e  
lower s ta te  t o  r e l a x ;  wh i l e  f o r  longer  pu l se s  t h e  lower s ta te  capac i ty  is  
reduced by gas hea t ing .  
dependent upon gas composition and temperature.  For t h e  1:2:3 (C02:NZ:He) . 
mixture a t  300 K considered i n  t h i s  work the  va lue  i s  5 usec. 

P Y  

A s  t h e  l a s i n g  p u l s e  du ra t ion  approaches T I  (the. r e l a x a t i o n  
For pu l ses  

P r a c t i c a l  va lues  of T I  range from 1 t o  10 psec and are 

I n  pulsed ope ra t ion  t h e  sudden and sometimes nonuniform d e p o s i t i o n  of 
energy i n  t h e  e x c i t e d  states of t h e  laser media l e a d s  through v i b r a t i o n a l  
energy cascading t o  p re s su re  and temperature  g r a d i e n t s  which d r i v e  a c o u s t i c a l  
d i s tu rbances  ( r e f .  4 ,  5, 6 ) .  Clearly,  f o r  e f f i c i e n t  o p e r a t i o n , t h e s e  a c o u s t i c a l  
d i s tu rbances  must be  c o n t r o l l e d  s i n c e  nonuniformity i n  t h e  laser gas  can  
lead  t o  a r educ t ion  i n  beam q u a l i t y  and a l s o - t o  c a t a s t r o p h i c  a rc ing .  
modate t h e  h e a t i n g  of t h e  laser gas ,  one must either execute  a pulsed duty  
cyc le  of s u f f i c i e n t  d u r a t i o n  t o  a l low d i s s i p a t i o n  of t h e  energy o r  remove t h e  
energy from t h e  c a v i t y  by flowing t h e  gas  through t h e  cav i ty .  The changes i n  
gas p r o p e r t i e s  and v e l o c i t i e s  which r e s u l t  from forced  m a s s  t r a n s p o r t  through 
t h e  laser c a v i t y  and from hea t ing  t h e  laser c a v i t y  have been des igna ted  as 
aero-acous t ica l  e f f e c t s .  

To accom- 

The purpose of t h e  p re sen t  i n v e s t i g a t i o n  is  t o  quan t i fy  t h e s e  e f f e c t s  and 
suggest  promising means of c o n t r o l l i n g  them. Cons t r a in t s  considered w e r e  
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(1) power i n p u t s  up t o  500 j o u l e s / l i t e r  of c a v i t y  gas ,  (2) laser c a v i t y  gas  
i n i t i a l l y  a t  s tandard  temperature  and p res su re  and composed of a 1:2:3 molar 
mixture  of carbon d iox ide ,  n i t rogen ,  and helium, (3) t h e  laser c a v i t y  has  a 
200-cm dimension a long  t h e  o p t i c a l  a x i s ,  a 15-cm dimension between anode and 
cathode,and t h e  d i scha rge  is considered t o  be  15 c m  wide. 

The f i r s t  s e c t i o n  of t h i s  paper d e l i n e a t e s  t h e  magnitude of t h e  problem 
c r e a t e d  by bu lk  hea t ing  of t h e  laser gas.  
h e a t i n g  w i t h i n  t h e  laser c a v i t y ,  cathode waves, et a l ,  have been t r e a t e d  i n  
r e fe rences  4 ,  5,  and 6 and are n o t  considered i n  t h i s  work. The second s e c t i o n  
treats t h e  c o n t r o l  of t h e  d ischarge  shocks by m u l t i p l e  r e f l e c t i o n  from low- 
pressure-drop,porous absorbers  mounted i n  p lanes  normal t o  t h e  f low a x i s .  I n  
p a r t i c u l a r ,  t h e  measured p r o p e r t i e s  of Rayleigh materials, absorbers  composed 
of t h i n  wal led tube r s  o r  honeycomb, are p resen t  i n  t h i s  second sec t ion .  The 
paper concludes wi th  a d i scuss ion  of t h e  f e a s i b i l i t y  of us ing  t h e  Rayleigh 
materials i n  a m u l t i p l e  r e f l e c t i o n  a p p l i c a t i o n .  

The problem posed by nonuniform 

MAGNITUDES FOR ACOUSTICAL DISTURBANCES 

For optimum pulsed performance,the volumetr ic  hea t ing  of t h e  laser gas 
occurs  by two r e l a x a t i o n  pa ths .  I n i t i a l l y  dur ing  l a s i n g ,  t h e  r a p i d  r e l a x a t i o n  
through t h e  lower laser level r e s u l t s  i n  a s m a l l  temperature  rise. The magni- 
tude  and t i m e  scale of t h i s  rise are i n s i g n i f i c a n t  a c o u s t i c a l l y .  The primary 
hea t ing  t akes  p l a c e  a f t e r  l a s i n g  as t h e  major f r a c t i o n  of t h e  pumped energy 
cascades out  of t h e  upper states over t h e  comparatively long per iod  T t h e  

r e l a x a t i o n  t i m e  of t h e  upper laser l e v e l  -- 60 psec.  Thus t h e  a c o u s t i c a l l y  
s i g n i f i c a n t  temperature  rise occurs  on a t i m e  scale which is long f o r  optimum 
l a s i n g  b u t  which i s  s h o r t  f o r  s i g n i f i c a n t  changes i n  l i t e r  s i z e  systems. 
j u s t i f i e s  t h e  assumption of cons t an t  volume hea t ing  of t h e  gas  i n  the laser 
cav i ty .  These changes w i t h i n  t h e  laser c a v i t y  l ead  t o  t h e  formation of 
expansion and compression waves which are t h e  sou rce  of a c o u s t i c a l  problems i n  
subsequent pu lses .  

U Y  

This 

For modeling the performance of an E-beam system, a computer program i s  
d e s i r a b l e  which, from a gasdynamic po in t  of view, s a t i s f i e s  t h e  coupled s t a t e ,  
c o n t i n u i t y ,  momentum, energy, and k i n e t i c  rate equat ions  as a func t ion  of t i m e  
over  a three-dimensional a r r a y  of p o i n t s  which inc ludes  t h e  laser c a v i t y  and' 
ad j acen t  gas.  When t h e  gas i s  confined between two e l e c t r o d e s ,  as i t  is along 
t h e  E-beam a x i s ,  and when some of t h e  dimensions such as t h e  o p t i c a l  a x i s  are 
an  o rde r  of magnitude o r  more g r e a t e r  than  t h e  o t h e r  s i g n i f i c a n t  dimensions, 
then  a one-dimension s o l u t i o n  is  a meaningful f i r s t  approximation. Furthermore,  
w i t h  t h e  s h o r t  p u l s e  cond i t ion  argued above, t h e  laser k i n e t i c s  may b e  r a t i o n a l -  
i zed  t o  b e  decoupled from t h e  gasdynamic. 
coupled t o  t h e  k i n e t i c s  i n  such a way t h a t  t h e  problem can be  posed as one of 
s a t i s f y i n g  t h e  one-dimensional m a s s ,  momentum,and energy conserva t ion  equat ions  
s u b j e c t  t o  a laser c a v i t y  h e a t i n g  rate p red ic t ed  by cons tan t  volume laser code 
of r e fe rence  1. 

The gasdynamics behavior  i s  t h u s  
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A computer code inco rpora t ing  t h e  above assumptions i s  descr ibed  i n  
r e f e r e n c e  7 and has  been exe rc i sed  t o  genera te  t h e  r e s u l t s  given below. 
t a t i o n s  have been performed f o r  a 1:2:3 mixture  a t  power i n p u t s  ranging from 
200 j o u l e s / l i t e r  t o  500 j o u l e s / l i t e r  f o r  beam turn-on t i m e s  of 2 ysec and 10 
psec.  
expansion wave are i l l u s t r a t e d  over  a 380-ysec i n t e r v a l  i n  f i g u r e  2. 
a f t e r  140 ysec,  t h e  expansion wave w i l l  be  r e f l e c t e d  from t h e  p lane  a t  t h e  
E-beam center ,and  a reduced d e n s i t y  wave w i l l  propagate  back through t h e  7.5-cm 
dimension of t h e  d ischarge .  
considered occurs  a t  between 200 and 220 psec.  The v a r i a t i o n  of t h e  minimum 
d e n s i t y  i n  t h e  r e f l e c t e d  expansion wave w i t h  power inpu t  is i l l u s t r a t e d  i n  
f i g u r e  3. These waves determine a r c i n g  l i m i t s  f o r  t h e  s u s t a i n e r  f i e l d .  
energy i n p u t s  cons idered ,  t h e  compressive waves were equ iva len t  t o  t h e  fol lowing 
Mach number shocks i n  a i r :  

Compu- 

For a 4 0 0 - j o u l e / l i t e r  i n p u t , t h e  development of t h e  compressive shock and 
Shor t ly  

The d e n s i t y  minimum f o r  t h e  range  of power i n p u t s  

For t h e  

AP 
P 
- Energy Input  Shock Mach 

( j o u l e s / l i t e r )  Numb 8r 

500 1.35 .960 
400 1.28 .745 
300 1.22 .570 
2 00 1.15 .376 

The s t r e n g t h  of t h e s e  shocks are f a r  g r e a t e r  than  t h e  usua l  d i s tu rbances  
encountered i n  acous t ics ,  w i t h  t h e  equiva len t  sound i n t e n s i t i e s  of 100 w a t t s / c m 2  
and 1000 w a t t s / c m 2  f o r  t he  2 0 0 - j o u l e / l i t e r  and 5 0 0 - j o u l e / l i t e r  energy loadings .  
Thus t h e  shocks l i s t e d  above f a l l  i n  t h e  180- to  190-db i n t e n s i t y  range -- 40 t o  
50 db above t h e  threshold  of pa in  and 110 t o  120 db above t h e  normal speech 
l e v e l .  

Another way t o  pu t  t h e  magnitude of t h e  "acous t i ca l  problem'' is t o  cons ider  
t h e  amount of t h e  energy inpu t  which i s  depos i ted  i n  t h e  ad jacen t  gas as t h e  
laser c a v i t y  gas  expands. 
wi th  subsequent i s e n t r o p i c  expansion back t o  atmospheric p re s su re  y i e l d s  t h e  
r e s u l t s  given i n  f i g u r e  4. C lea r ly  about  one t h i r d  of t h e  energy input  goes 
i n t o  "acous t i ca l  energy" wh i l e  t y p i c a l l y  only 10% of t h e  inpu t  goes i n t o  l a s i n g .  

A simple a n a l y s i s  based on cons t an t  volume hea t ing  

ATTENUATOR CONCEPT AND MATERIALS 

The problem i s  c o n t r o l l i n g  d i s tu rbances  of t h e  magnitude d iscussed  above 
i n  i n t e r p u l s e  t i m e s  a t  10 t o  100 vsec without  caus ing  excessive p r e s s u r e  drop  i n  
t h e  flow. 
m u l t i p l e  r e f l e c t i o n s  from porous materials loca ted  on p lanes  p a r a l l e l  t o  t h e  
E-beam axis and o p t i c a l  a x i s  i n  c l o s e  proximity t o  t h e  discharge.  

The concept considered i s  t o  d i s s i p a t e  t h e  a c o u s t i c a l  energy i n  

The i n t e n t  below is t o  examine t h e  p r o p e r t i e s  of porous materials f o r  t h i s  
a p p l i c a t i o n .  The p r o p e r t i e s  of i n t e r e s t  are t h e  r e f l e c t i o n  c o e f f i c i e n t  and t h e  
a t t e n u a t i o n  c o e f f i c i e n t .  These p r o p e r t i e s  are f u n c t i o n s  of t h e  permeabi l i ty  and 
po ros i ty  of t h e  material. The r e f l e c t i o n  c o e f f i c i e n t  is a s t r o n g  func t ion  of t he  
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f r o n t a l  po ros i ty .  A h igh  permeabi l i ty  is  d e s i r e d  t o  reduce t h e  s teady  flow 
p res su re  drop, b u t  t h i s  means a reduced a t t e n u a t i o n  c o e f f i c i e n t .  C lea r ly  what 
is  d e s i r e d  i s  s u f f i c i e n t  p o r o s i t y  t o  g ive  rise t o  r e f l e c t i o n s  of s i g n i f i c a n t  
f r a c t i o n s  of t h e  a c o u s t i c a l  energy wi th  s u f f i c i e n t  permeabi l i ty  and l eng th  t o  
f u l l y  d i s s i p a t e  t h e  energy inges t ed  by t h e  absorber .  

The d a t a  of r e fe rences  8, 9 ,  10, and 11 i n d i c a t e  t h a t  Rayleigh type  
materials may be  i d e a l l y  s u i t e d  as  a c o u s t i c a l  absorbers  f o r  shocks.  Three types  
of Rayleigh materials w e r e  used i n  t h i s  i n v e s t i g a t i o n .  A l l  w e r e  7.5 c m  long and 
made from Therma Comb ceramic. The s i z e  and co r ruga t ion  geometr ies  are shown i n  
f i g u r e  5. For i d e n t i f i c a t i o n  t h e s e  have been r e f e r r e d  t o  as f i n e ,  medium, and 
coarse.  

For t h e  d a t a  r epor t ed  below t h e  materials w e r e  mounted i n  a 7.5-cm diame- 
t e r  shock tube  w i t h  t h e  d r i v e r  a t  atmospheric pressure .  
p r o p e r t i e s  of t h e  materials w e r e  determined by t ransmiss ion- l ine  standing-wave- 
r a t i o  tests. For t h e s e  measures t h e  shock tube  w a s  fashioned i n t o  an  a c o u s t i c  
t ransmiss ion  l i n e  wi th  te rmina tors  of known impedance so t h a t  i n f i n i t e  t h i ckness  
( f r o n t  s u r f a c e  r e f l e c t i o n  only) impedances, W/pc, could be  determined. The 
va lue  f o r  W found i n  t h i s  manner w e r e  real (e 
pendent (2 10%).  Typical  va lues  W/pc were 2 .2  f o r  t h e  f i n e ,  1 .5  f o r  t h e  medium, 
and 1 . 3  f o r  t h e  coarse .  

0.14, 0.04, and 0.017, r e s p e c t i v e l y .  Based upon Rayle igh ' s  theory  f o r  impedance 
of small p i p e s , t h e  r e f l e c t i v i t y  R 

The s m a l l  amplitude 

= -I- 10') and frequency inde- max - 

Thus, f o r  s emi - in f in i t e  l a y e r s ,  t h e  R2  va lues  would b e  

The va lues  

P 

i s  a func t ion  of t h e  p o r o s i t y  0.  
P 

f o r  R y i e l d  p o r o s i t i e s  of 0.45 f o r  t he  f i n e ,  0.67 f o r  t h e  medium and 0 . 7 7  f o r  
P 

t h e  coarse .  These va lues  are i n d i c a t i v e  of t h e  flow areas t o  t o t a l  area shown 
i n  f i g u r e  5. 

Values of t h e  a t t e n u a t i o n  cons t an t  a obta ined  i n  t h e s e  experiments are 
shown i n  f i g u r e  6 .  
flow p res su re  drops.  When t h e  measured s ta t ic  f low resistivities of 5150, 2470, 
and 717 mks rayls /m ( f i n e ,  medium, and coarse)  are co r rec t ed  t o  a common veloc-  
i t y  base  by mul t ip ly ing  by t h e  po ros i ty ,  they  are i n  t h e  r a t i o  of 4.3:3.0:1.0. 
S i m i l a r l y  a t  100 Hz the a t t e n u a t i o n  c o n s t a n t s  are i n  t h e  r a t i o  4.0:2.7:1.  The 
Rayleigh materials considered i n  t h i s  i n v e s t i g a t i o n  a l l  have a c o u s t i c a l  proper- 
t ies  which are of t he  same o rde r  of magnitude as those  of t h e  foameta ls  which 
have previous ly  been considered as shock abso rbe r s  ( r e f .  8).  

The a t t e n u a t i o n  cons tan t  should c o r r e l a t e  w i t h  t h e  s teady  

Using t h e  shock tube  i n  i t s  intended conf igu ra t ion ,  a series of tests were 
run on Rayleigh materials wi th  v e l o c i t i e s  and p res su re  ampli tudes of bo th  
r e f l e c t e d  and t r ansmi t t ed  waves being observed. A s  shown i n  f i g u r e  7,  t h e  
r e f l e c t e d  wave v e l o c i t i e s  f o r  t h e  medium Rayleigh materials are comparable t o  

' t h e  foametal  d a t a  of r e f .  8. The r e s u l t s  of t h e  series of tests are depic ted  
i n  f i g u r e  8 as t h e  double cross-hatched area w i t h  e x t r a p o l a t i o n  depic ted  by 
s i n g l e  cross-hatching.  
is t h e  p re s su re  d i f f e r e n c e  between t h e  r e f l e c t e d  and i n c i d e n t  waves. I n  addi- 
t i o n  t o  tests on t h e  Rayleigh type  a t t e n u a t o r s ,  a l i m i t e d  number of tests w e r e  
made on s t a i n l e s s  steel sc reens ,  O-grade s teel  wool, and polyurethane foam. 
tests on t h e  foam and steel  wool were not  pursued because of adverse  charac te r -  
istics of t h e s e  materials. The steel wool a t t e n u a t o r  f a i l e d  t o  t r ansmi t  t h e  

Here Pa i s  t h e  p re s su re  behind t h e  i n c i d e n t  wave and AP 

The 
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wave s i g n i f i c a n t l y  b u t  w a s  deemed imprac t ica1 ,s ince  a f t e r  each shock s m a l l  fqag- 
ments of steel  wool w e r e  found i n  t h e  tube.  The r e f l e c t e d  wave p r o p e r t i e s  of 
t h e  steel wool (7  r o l l s  compacted i n  a cy l inde r  14  c m  long  and 7.5 c m  i n  
diameter)  w e r e  similar t o  foametal  and h e x c e l l  ceramics as shown i n  f i g u r e  7. 
Screens appear t o  b e  q u i t e  promising materials from our  l i m i t e d  t e s t i n g .  
can be  e a s i l y  s tacked o r  t a i l o r e d  t o  achieve  a p resc r ibed  set  of p rope r t i e s .  

Screens 

CONCLUSIONS 

The cogent ques t ion  is: Can Rayleigh o r  o t h e r  shock a t t e n u a t o r s  mounted i n  
t h e  flow of an E-beam system achieve  r educ t ion  of shock and a c o u s t i c a l  d i s tu rb -  
ances  t o  s u f f i c i e n t  ampli tudes t o  a s s u r e  good beam q u a l i t y  i n  r e p e t i t i v e l y  
pulsed ope ra t ions?  
t h e  a t t e n u a t o r  d a t a  of t h i s  s tudy  i n  a comprehensive a n a l y s i s  of a system t ak ing  
i n t o  account r e f l e c t i o n  of waves back i n t o  t h e  system a f t e r  t ransmiss ion  through 
t h e  a t t e n u a t o r s .  However, i f  t h e s e  waves which are r e f l e c t e d  back i n t o  t h e  
system are neglec ted ,  one f i n d s  t h a t  Gmping of Mach 1.35 waves t o  less than  
1/10 t h e i r  o r i g i n a l  va lue  can be e a s i l y  achieved i n  4 r e f l e c t i o n s .  
20-db r educ t ion  and a r educ t ion  t o  s m a l l  ampli tude waves. 
r educ t ion  i n  5 r eve rbe ra t ions  can b e  achieved i f  t h e  f i n e  Rayleigh material 
(R2 = 0.14) i s  used. 

than  10 r eve rbe ra t ions  is  t h e  o rde r  of r educ t ion  des i r ed .  

A conclus ive  answer t o  t h i s  ques t ion  can b e  made by us ing  

This  is a 
A f u r t h e r  43-db 

This  63-db r educ t ion  of a 5 0 0 - j o u l e / l i t e r  pu l se  i n  less 
P 

Fur ther  suppor t  f o r  t h e  u s e  of t h e  flow a x i s  a t t e n u a t i o n  concepts  i s  
achieved by a comparison of t h e  p re s su re  traces i n  f i g u r e  9. I n  f i g u r e  9a t h e  
success ive  r e f l e c t i o n  of an  i n i t i a l  Mach 1.35 p res su re  wave from t h e  d r i v e r  end 
of a shock tube  is depic ted .  I n  f i g u r e  9b t h e  7.5-cm l eng th  of t h e  f i n e  
Rayleigh material has  been i n s e r t e d  90 cm from t h e  p re s su re  gage. 
of both t h e  5-msec r e f l e c t e d  wave and t h e  1 2 - t o  20-msec r e t r ansmi t t ed  wave is 
q u i t e  dramatic .  The 90-cm d i3 tance  between t h e  absorber  and backp la t e  of t h e  
d r i v e r  and o v e r a l l  3.3-m l e n g t h  of t h e  system d i c t a t e s  a t i m e  scale which i s  f a r  
l a r g e r  than  t h a t  of t h e  s h o r t e r  E-beam flow a x i s  dimensions. 

The damping 
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HIGH VOLTAGE 
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OV E RP RESSU R E 
SHOCK WAVE 

I 
I .  

E-BEAM GUN 
f- HIGH VOLTAGE 

VACUUM PUMP d w  
-250 KV 

Figure 1.- Schematic views i n  op t i ca l  
electron-beam laser .  Overpressure 
operation are shown. 

and E-beam plane of an 
waves typ ica l  of pulsed 

Figure 2.- Density va r i a t ion  a t  20 psec in t e rva l s  f o r  
a 1:2:3 mixture and a power input of 400 J/liter. 
The expansion and compression waves start a t  t h e  
edge of t h e  discharge (x = a) .  The expansion wave 
propagates t o  the E-beam center plane (x = 0) where 
i t  is  re f lec ted  and propagates back through t h e  
discharge . 
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Figure 3.- Dependence of minimum densi ty  achieved a t  E-beam 
center  plane on power input. The power input pulse length 
w a s  2 usec. The mixture w a s  1:2:3. 
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Figure 4 . -  Acoustical wave energy and conversion eff ic iency fo r  a 1:2:3 
mixture with 10% la se r  efficiency. 
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Figure 5.- Rayleigh absorber materials. 

FREQUENCY (Hz) 

Figure 6 . -  Attenuation constant vs  frequency for t h e  
t h r e e  Rayleigh materials . 
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Figure 7.- Dependence of re f lec ted  shock ve loc i ty  on incident shock 
Mach number. .Solid boundary re f lec t ion ,  rmedium Rayleigh 
material, $.steel wool between screens, Ofoametal ( re f .  8). 
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Figure 8.- Shock wave r e f l ec t ion  propert ies .  The dependence 
of re f lec ted  shock waves on incident Mach number i s  shown 
f o r  a t tenuator  materials l i s t e d  i n  f igu re  7. 
re f lec ted  pressure increase, AP/P2, is  shown as a function 
of normalized shock wave velocity.  

The normalized 
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(a )  Without a t t enua to r .  

(b) With a 3-in. thickness of t h e  "fine" Rayleigh 
a t t enua to r  located 8 in .  from t h e  d r i v e r  diaphragm 
and 3 f t  from t h e  endplate pressure  transducer.  

Figure 9.- Pressure  h i s t o r y  a t  t h e  d r i v e r  endpla te  of a 11-ft  closed 
shock tube wi th  a n  i n i t i a l  shock of Mach number of 1.35 i n t o  a i r  
a t  standard temperature and pressure.  Time base  10 rnsec/div. 
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A MICROSCOPIC DESCRIPTION OF SOUND ABSORPTION I N  THE ATMOSPHERE 

H. E. Bass 
The Universi ty  of I E s s i s s i p p i  

SUMMARY 

The var ious  mechanisms which con t r ibu te  t o  sound absorpt ion i n  t h e  atmos- 
phere have been i d e n t i f i e d  and a technique f o r  computing the  cont r ibu t ion  from 
each is presented.  The similarities between sound absorpt ion,  laser f luores-  
cence measurements, and t h e  opto-acoustic e f f e c t  are discussed. F ina l ly ,  
experimental  sound absorpt ion r e s u l t s  w e r e  compared t o  p red ic t ions  t o  test t h e  
microscopic energy t r a n s f e r  approach. 

INTRODUCTION 

Perhaps the  most a t t r a c t i v e  aspec t  of a comprehensive knowledge of b a s i c  
phys ica l  phenomena i s  t h e  c a p a b i l i t y  of applying t h a t  knowledge t o  t h e  s o l u t i o n  
of p r a c t i c a l  engineering problems. Too o f t en ,  t h e  p h y s i c i s t  i s  s o  engrossed i n  
h i s  e legant  esoteri!c t heo r i e s  t h a t  he neg lec t s  p o t e n t i a l  appl ica t ion .  Too 
of ten ,  t h e  engineer i s  so  busy parameterizing h i s  observat ions that he  f a i l s  t a  
i d e n t i f y  t h e  b a s i c  physics involved wi th  a view towards a r igorous so lu t ion  t o  
h i s  problems. 
where p h y s i c i s t s  and engineers  have worked together  t o  so lve  problems of mutual 
i n t e r e s t .  The f i e l d  of acous t ics ,  due t o  the  way i n  which i t  has  evolved, i s  
one of t he  b e s t  examples of t h i s  exchange of knowledge and i n t e r e s t .  

Although these  extremes are much too  common, the re  are many cases 

This paper i s  going t o  d e a l  with t h e  top ic  of sound absorpt ion i n  the  
atmosphere. 
when p red ic t ing  community no i se  around a i r p o r t s  o r  when c e r t i f y i n g  a i r c r a f t  is  
hopeful ly  obvious t o  most of you. 
t i o n  between sound absorpt ion and t h e  design of high energy lasers o r  t he  study 
of t he  i n t e r a c t i o n  p o t e n t i a l  between i n t e r a c t i n g  molecules. 
t h i s  paper desc r ibe  a procedure f o r  computing sound absorpt ion,  i t  w i l l  a l s o  
attempt t o  poin t  out  t h e  c lose  r e l a t i o n  between these  apparent ly  q u i t e  d i f f e r e n t  
subjec ts .  

The need f o r  a r e l i a b l e  procedure t o  c a l c u l a t e  sound absorpt ion 

Perhaps not  so  f a m i l i a r  i s  t h e  c lose  rela- 

So not  only w i l l  
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SYMBOLS 

a 

c 

C 
V 

c m  
V 

c -  
P 

C’ 

f 

‘r 
c 

-1 absorption c o e f f i c i e n t ,  db - m 

speed of sound, m - sec 

s p e c i f i c  hea t  a t  constant volume, J - (kg mole) 

s p e c i f i c  hea t  a t  constant volume a t  frequencies w e l l  above t h e  r e l axa t ion  
frequency, J - (kg mo1e)’l - K’l 

s p e c i f i c  heat a t  constant pressure a t  frequencies w e l l  above re laxa t ion  
frequency, J - (kg mo1e)‘l - 
re lax ing  s p e c i f i c  hea t ,  J - (kg mole) 

acous t ic  frequency, Hz 

r e l axa t ion  frequency, Hz 

-1 

-1 - f1  

K’-l 

-1 - K-l 

L 

f 

v i b r a t i o n a l  r e l axa t ion  frequency of oxygen a t  atmospheric pressure ,  Hz 

v i b r a t i o n a l  r e l axa t ion  frequency of n i t rogen  a t  atmospheric pressure ,  Hz 
r YO 

r , N  

h 

P 

P 

R 

0 

S 

T 

T 

X 
0 

” 

absolu te  humidity, percent 

ambient pressure ,  N - m 

reference pressure ,  1.01325 x 10 N - m 

un ive r sa l  gas constant,  8.31432 x 10 J - (kg mole) K 

r e l axa t ion  s t r eng th  

temperature, K 

re fe rence  temperature, K 

mole f r a c t i o n  

-2 

5 -2 

-1 -1 3 

L c o l l i s i o n  number 

a 

r o t  
-1 at tenuat ion  c o e f f i c i e n t ,  nepers - m 

a a t t enua t ion  c o e f f i c i e n t  f o r  c l a s s i c a l  absorption, nepers - m -1 c l  

c r  01 combined c l a s s i c a l  and r o t a t i o n a l  re laxa t ion  a t tenuat ion  coe f f i c i en t ,  

nepers - m -1 

i 
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-1 
L r o t  

I r a t i o  of s p e c i f i c  hea ts  

r o t a t i o n a l  r e l axa t ion  a t t enua t ion  c o e f f i c i e n t ,  nepers - m 

-1 -1 
: coeffi$ent of thermal conductivity,  J - (kg mole) - Kvl - kg - m 

-1 
I coe f f i c i en t  of v i s c o s i t y ,  kg - m - sec  

-1 re l axa t ion  time, sec 

-1 
I angular acous t ic  frequency (2nf ) ,  rad - s e c  

DI S CUSS I O N  

Sound absorption i n  the  absence of turbulence can be divided i n t o  two cate- 
,o r ies :  c l a s s i c a l  apsorption due t o  v i s c o s i t y ,  thermal conduction, and d i f fus ion ;  
nd r e l&a t ion  absorption due t o  v i b r a t i o n a l  and r o t a t i o n a l  r e l axa t ion  of a i r  
olecules.  
r e s su re  waves provtided t h e  c o e f f i c i e n t s  of v i s c o s i t y ,  thermal conduction, and 
i f f u s i o n  are known ( r e f .  1 ) .  
i c roscopic  basis, i t  is  found t h a t  each can be expressed i n  terms of t h e  poten- 
i a l  of i n t e r a c t i o n  between co l l i d ing  molecules ( r e f .  2 ) ;  hence, they are not inde- 
endent q u a n t i t i e s  and need not be measured separa te ly .  
uken equation (ref,. 3 )  

Class ich l  absorption can be rigorously computed f o r  s m a l l  amplitude 

I f  these th ree  q u a n t i t i e s  are considered on a 

A s  an example, t he  

K = (15R /4)[cV/(15R) + 3/51 (1) 

an be used t o  express t h e  c o e f f i c i e n t  of thermal conductivity i n  terms of the  
oe f f i c i en t  of v i scos i ty .  S i m i l a r  expressions e x i s t  f o r  t h e  d i f f u s i o n  coeffi-  
i e n t s .  However, i n  a i r  the  masses of t h e  cons t i t uen t  molecules do not d i f f e r  
ppreciably; hence, d i f fus ion  need not be considered i n  absorption ca l cu la t ions  
re f .  3 ) .  

By s u b s t i t u t i n g  numerical va lues  i n t o  the  equation f o r  sound absorption i n  
viscous medium and using equation (l), t h e  absorption due t o  classical mechanisms 

:comes 

(2) 
2 a = [ 2 ~ f  / P ~ ) ] ( 1 . 8 8  ) 

p a t i o n  (2) has  been v e r i f i e d  under a wide v a r i e t y  of pressures,  frequencies, and 
mperatures ( r e f s .  4 and 5) and has been found v a l i d  provided t h e  wavelength of 
mnd does not approach the  mean f r e e  pa th  (f/P<lOOMHz/atm). 
mnd absorption f o r  cases where the  frequency is  t h e  same as o r  less than the  
?an f r e e  pa th  is s t i l l  an a c t i v e  area of study ( r e f .  3) bu t  f o r  problems i n  
mospheric acous t ics ,  classical absorption can be considered known. 

The study of 
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The second source of sound absorption, t he  most va r i ab le  and hence most 
d i f f i c u l t  t o  p r e d i c t ,  i s  t h a t  due t o  relaxation. When two o r  more atoms j o i n  
t o  form a molecule, t h a t  molecule is f r e e  t o  r o t a t e  and v i b r a t e  as w e l l  as t o  
move t r a n s l a t i o n a l l y .  
cal absorption; the  r o t a t i o n  and v ib ra t ion  give rise t o  r e l axa t ion  absorption. 
For now consider only a gas composed of one spec ie  of diatomic molecules. 
t h e  sound wave period i s  genera l ly  much s h o r t e r  than t h e  t i m e  required t o  esta- 
b l i s h  thermal equilibrium wi th  the  surroundings, thewave propagates ad iaba t i -  
ca l ly .  Under these  conditions,  as t h e  p o s i t i v e  pressure p a r t  of t h e  sound wave 
impinges on a gas segment, t h e  l o c a l  temperature rises and t h e  molecules seek 
t o  promote a larger4number t o  a state of e x c i t a t i o n  i n  order t o  maintain a Boltz 
mann d i s t r i b u t i o n .  But molecules can only reach a higher state during co l l i s ion  
and even then t h e  p robab i l i t y  of e x c i t a t i o n  is  less than uni ty  so  some t i m e  is  
required f o r  t h e  gas t o  react t o  the  change i n  temperature. The r e s u l t  is a 
phase l ag  which tends t o  dampen t h e  acous t ic  s i g n a l  i f  t h e  period of t he  sound 
wave i s  of t h e  same order o r  less than t h e  t i m e  t o  achieve a new d i s t r i b u t i o n  of 
of exc i ted  molecules. 

The t r a n s l a t i o n a l  degrees of freedom give rise t o  c l a s s i -  

Since 

The t i m e  required fo r  t he  molecules t o  reach a new equilibrium once 
d is turbed  is characterized by the  r e l axa t ion  t i m e .  
r e laxa t ion  process can be w r i t t e n  as ( r e f .  6) 

The absorption due t o  a 

s = -Rc'/[c m ( c V ~  + c ' ) ]  
P 

The r e l axa t ion  t i m e  f o r  a s p e c i f i c  i n t e r n a l  mode (v ibra t ion  o r  ro t a t ion )  of a 
gas i s  propor t iona l  t o  the  p robab i l i t y  t h a t  a s i n g l e  c o l l i s i o n  w i l l  r e s u l t  i n  
e x c i t a t i o n  and the  frequency of c o l l i s i o n s .  Since t h e  c o l l i s i o n  frequency i s  
inverse ly  proportional t o  the  gas pressure,  i t  is  obvious t h a t  t h e  relaxatkon 
t i m e  w i l l  vary inverse ly  with pressure.  

Each i n t e r n a l  mode of t h e  molecule w i l l  respond t o  changes i n  temperature 
a t  a d i f f e r e n t  rate so,  normally, each w i l l  have a separa te  r e l axa t ion  t i m e .  
The r o t a t i o n a l  energy l e v e l s ,  a t  reasonable temperature, are more c lose ly  spacec 
than v i b r a t i o n a l  l eve l s ;  hence, a t r a n s i t i o n  from one r o t a t i o n a l  state t o  anothc 
is  genera l ly  more rap id  than a v i b r a t i o n a l  t r ans i t i on .  I n  f a c t ,  fo r  atmospheric 
cons t i tuents ,  only about f i v e  c o l l i s i o n s  are necessary t o  e s t a b l i s h  r o t a t i o n a l  
equilibrium ( r e f .  7 ) .  Hence, a t  atmospheric pressure ,  t h e  r o t a t i o n a l  re laxa t ior  
t i m e  is  less than a nanosecond. 

I f ,  as i s  customary, w e  w r i t e  t h e  r e l axa t ion  t i m e  as t h e  value it has a t  
atmospheric pressure,  then t h e  r o t a t i o n a l  r e l axa t ion  t i m e  f o r  a i r  i s  on the  ordc 
of a ha l f  of a nanosecond. For acous t ic  frequencies less than 10 MHz, equation 
1 f o r  r o t a t i o n a l  r e l axa t ion  of a i r  becomes 

01 = 01 * ,0681 Zrot ( 4 )  r o t  c l  

where t h e  c o l l i s i o n  frequency has been expressed i n  t e r m s  of t he  v i s c o s i t y  
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and Zrot is t h e  number of c o l l i s i o n s  necessary t o  e s t a b l i s h  r o t a t i o n a l  e q u i l i -  
brium. 
approximation, over t he  temperature range 213 K t o  373 K, t he  combined c l a s s i -  
cal  and r o t a t i o n a l  r e l axa t ion  absorpt ion is  given by 

Using experimental  values  of Zrot, i t  can be shown t h a t  t o  a good 

cr = 18.4 x 10-12(T/To)1/2 f2(P/Po) 

This  equat ion has  been thoroughly v e r i f i e d  experimentally ( re f .  4 ) .  

Vibra t iona l  r e l axa t ion  represents  a more formidable problem. The vibra- 
t i o n a l  energy l e v e l s  ava i l ab le  i n  a i r  are shown i n  f i g u r e  1. I f  each of t hese  
v i b r a t i o n a l  modes exchanged energy only with t r a n s l a t i o n ,  t he  problem would be 
r e l a t i v e l y  simple. But t h a t ' s  not t h e  way na tu re  p l ays  t h e  game. Ins tead ,  i f  
t h e r e  are water vapor molecules around, oxygen v i b r a t i o n  i s  more l i k e l y  t o  
ga in  a quantum of v i b r a t i o n a l  energy during a c o l l i s i o n  wi th  a water molecule 
than i t  is  d i r e c t l y  from t r a n s l a t i o n .  I f  t he re  is no water vapor i n  t h e  a i r ,  
oxygen i s  most l i k e l y  t o  become exc i t ed  by energy t r a n s f e r  from carbon dioxide 
during an oxygen-carbon d ioxide  col l i /s ion.  
pa ths  make t h e  r e s u l t i n g  mathematical equat ions more complex. The equat ions 
and t h e i r  so lu t ions  are q u i t e  similar t o  the treatment of coupled spr ings  
( r e f .  8 ) .  I n  both cases, a normal mode ana lys i s  is  appropriate .  

These d i f f e r e n t  energy t r a n s f e r  

Before continuing t h i s  d i scuss ion  of sound absorpt ion,  consider  t h e  s i m i -  
lar i t ies  between the  above problem and t h a t  of designing a high power carbon 
dioxide laser. 
l o s e s  l i t t l e  energy through c o l l i s i o n a l  processes;  t h a t  i s ,  i f  t h e  r e l axa t ion  
t i m e  f o r  t h e  upper l a s i n g  l e v e l  is  long. The r a t e  of energy t r a n s f e r  between, 
f o r  example, carbon dioxide and n i t rogen  is  t h e  same no matter where t h e  gas  is. 
So many of t h e  s a m e  r e l axa t ion  times important i n  laser design are the  same as 
those  considered i n  sound absorpt ion ca l cu la t ions  ( r e f .  9) .  I f  i s  o f t e n  most 
convenient t o  measure those r a t e s  using laser e x c i t a t i o n  of a test gas and then 
monitoring t h e  f luorescence decay ( r e f .  10) r a t h e r  than t ry ing  t o  determine t h e  
rates d i r e c t l y  from sound absorpt ion measurements. Another technique, t h e  opto- 
acous t i c  e f f e c t  ( r e f .  l l ) ,  involves  t h e  use of a pulse  from a carbon dioxide laser 
which gives  an acous t i c  pu lse  i n  the  test gas. 
rate, the  experim'ental approach which g ives  the  rate most accura te ly  should be  
employed without regard f o r  what type of ca l cu la t ion  t h e  rate is  going t o  be 
used f o r  (e.g., sound absorpt ion o r  laser design).  

E f f i c i e n t  laser opera t ion  i s  achieved i f  t h e  upper l a s i n g  l e v e l  

When determining a p a r t i c u l a r  

But now back t o  sound absorpt ion.  Table 1 lists t h e  rate of energy t rans-  
f e r  amongst var ious  atmospheric cons t i t uen t s .  The var ious  rates were measured 
using a v a r i e t y  of techniques ( r e f .  1 2 ) .  It should also b e  noted t h a t  this 
t a b l e  w a s  taken from a t h e o r e t i c a l  paper  on t h e  rate a t  which a carbon dioxide 
laser beam w i l l  defocus due t o  atmospheric absorpt ion and subsequent heat ing 
( r e f .  13) ,  another app l i ca t ion  of a complete k i n e t i c  desc r ip t ion  of energy 
t r a n s f e r  i n  the  atmosphere. 
can p red ic t  sound absorpt ion as w e l l .  
r eac t ions  numbered 1-6 i n  Table 1 are impor tan t ; , the  o the r s  a f f e c t  t he  important 
r e l axa t ion  times only by an immeasureably s m a l l  amount. 

Once t h i s  l i s t  of rates is  accura t e ly  known, one 
When considering sound absorp t ion ,  only 

9 79 



The b inary  energy t r a n s f e r  rates from Table 1 can be subs t i t u t ed  i n t o  a 
rigorous formalism f o r  sound absorption i n  a multicomponent gas t o  give t h e  
r e l axa t ion  t i m e s  and s t r eng ths  rigorously.  This has been done ( r e f .  14) with 
t h e  r e s u l t  t h a t  only two r e l axa t ion  processes need be considered t o  c a l c u l a t e  
sound absorption i n  air .  Further,  i t  w a s  found t h a t  t h e  r e l axa t ion  s t r eng ths  
of t hese  two processes are given t o  wi th in  a f r a c t i o n  of a percent by t h e  
re lax ing  s p e c i f i c  hea t s  of n i t rogen  and oxygen. From t h e  Planck-Einstein 
r e l a t i o n  ( r e f .  15) ,  t h e  v i b r a t i o n a l  s p e c i f i c  heat is given by 

2 -8/T -8/T 2 c '  = X(B/T) e / ( 1  - e ) 

For t h e  atmosphere, t h e  mole f r a c t i o n  of n i t rogen  is c lose  t o  0.78 and from 
spectroscopic d a t a  ( r e f .  16) ,  8 f o r  n i t rogen  is  3352.0 K. The mole f r a c t i o n  of 
oxygen i n  t h e  atmosphere is  about 0.21 and 8 is 2239.1 K. 
percent is argon which does not con t r ibu te  t o  t h e  r e l axa t ion  s t rength .  

The remaining one 

Referring back t o  equation (3),  i t  can now be seen t h a t  f o r  v i b r a t i o n a l  
r e l axa t ion  t h e r e  are two terms which must be  added t o  give t h e  r e l axa t ion  
absorption. The s t r eng th  of each process i s  a l s o  given by equation (3) with t h e  
re lax ing  s p e c i f i c  heat from equation (6). The only quant i ty  ye t  t o  be determine( 
i s  t h e  r e l axa t ion  t i m e  f o r  t h e  two v i b r a t i o n a l  r e l axa t ion  processes. 

The r e l axa t ion  t i m e s  f o r  n i t rogen  and oxygen i n  t h e  atmosphere can be 
determined exac t ly  from t h e  binary energy t r a n s f e r  rates i n  Table 1. 
out  t h a t  due t o  r eac t ions  3, 5, and 6, these  re laxa t ion  t i m e s  are s t rongly  depen- 
dent on t h e  water vapor concentration o r  relative humidity. 
accuracy t o  which t h e  r e l axa t ion  t i m e s  can be computed are l imi ted  by t h e  accur- 
acy of rate measurements f o r  pure w a t e r  vapor ( reac t ion  6) and t h e  ra te  a t  which 
n i t rogen  i s  deexcited by w a t e r  vapor, ( reac t ion  5) .  For t h i s  reason, t h e  
r e l axa t ion  t i m e s  as a func t ion  of humidity predicted from t h e  rates i n  Table 1 
must s t i l l  be compared t o  values of absorption measured i n  moist a i r  and t h e  
r e l axa t ion  t i m e s  re f ined  t o  give t h e  bes t  agreement wi th  labora tory  a i r  da t a  
( r e f .  5). Defining t h e  r e l axa t ion  frequency, f t o  be 1/2.rr.r, t h e  b e s t  
a v a i l a b l e  va lues  fo r  t h e  two r e l axa t ion  frequencies are 

It tu rns  

A s  a r e s u l t ,  t h e  

r ?  

(7) 
4 f 

f 

= (P/P0)C24 + 4.41 x 10 h E(0.05 + h)/0.391 + -h ] l  
r , O  

r , N  0 0 0 

-1/3 
= (P/P ) (T/T ) - l l 2 [9  + 350h expi-6.142 [ (T/T ) -11 11. 

a = 8.686 (T/To)1/2[f2/(P/P )]C1.84 x + 2.1913 x 
0 

(8) x (T/TO)-'(P/P ) (2239 .1/T)2 [exp(-2239 . l /T ) ]  / [ f + (f 2 / f rY0)]  

4- 8.1619 x 10-4(T/T )-'(P/P ) (3352/TI2[exp(-3352/T)I/[f 
0 r , O  

+ ( f  2 / f rYN)] )  
0 0 r , N  
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T h i s  express ion ,  t h e  procedure descr ibed  previous ly ,  and suppor t ing  documenta- 
t i o n  i s  now being prepared f o r  submission as a proposed American Nat iona l  
Standards I n s t i t u t e  Standard.  

A comparsion of equat ion  (8) t o  experimental  r e s u l t s  is given i n  f i g u r e s  2,  
3 ,  and 4 f o r  d i f f e r e n t  ranges of frequency and atmospheric condi t ions .  It is  
obvious t h a t  t h e  agreement i s  q u i t e  good. 

Concluding Remarks 

Sound absorp t ion  i n  s t i l l  a i r  i s  now w e l l  understood. There is  s t i l l  a 
l i t t l e  problem wi th  t h e  r e l a x a t i o n  frequency f o r  mois t  n i t rogen  but  t h a t  problem 
is  now being reso lved  by s t u d i e s  i n  ou r  l abora to ry  and a t  Langley Research 
Center.  Once t h a t  problem is  reso lved ,  t h e r e  seems t o  be  l i t t l e  need f o r  
f u r t h e r  s t u d i e s  i n  air .  However, f o r  laser development, laser i s o t o p e  
sepa ra t ion ,  and o t h e r  a p p l i c a t i o n s ,  sound abso rp t ion  measurements i n  gases  w i l l  
cont inue t o  be  a f r u i t f u l  f i e l d  of s c i e n t i f i c  s tudy .  
t i o n  through t h e  atmosphere should now focus  on e f f e c t s  of ground cover  and 
turbulence.  Hopeful ly ,  t h e s e  s t u d i e s  w i l l  aga in  b r i n g  toge the r  p h y s i c i s t s  and 
engineers  t o  t h e  s o l u t i o n  of p re s s ing  s o c i e t a l  problems. 

S tud ie s  of sound propaga- 
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TABLE I .  REACTION SCHEME 

Reactions 
co2*(v3) + 0 2  Z CoZ***(YZ) + 0 2  

C02*(V2) + 0 2  s e02 + 0 2  

coz + 02* = CO2*(v2) + 0 2  

C02*(V1) + 0 2  e CO2**(v2) + 0 2  

COz"(v2) + CO2 = c02 + c02 
CO2*(v3) + CO2 e CO2***(v2) + e02 
CO2*(v1) + c02 G2 CO2**(v2) + c02 
C02*(v2) + N2 e CO2 + N2 
COa + N2* t CO2 + N2 
co2*(v3) + N2 L CO2 + N2* 
co2*(V3) + N2 s COz***(vz) + N2 
C02*(vl) + N2 e C02**(~2) + N2 
C02*(v2) + H20 G C02 + H2O 
N2* + 0 2  e Nz + Oz* 
0 2 *  + N2 -2 0 2  + N2 
N2* + 0 2 -  Nz + 0 2  

0 2 *  + 0 2  e 0 2  + 0 2  

H20*(v2) + 0 2  ;-. H20 + 0 2 *  

0 2 *  + H20 e 0 2  + H2O 
H20*(v2) + 0 2  :e H20 + 0 2  

N2* + N2 
N2* + H20 ;-. N2 + H20 
H20*(v2) + N2 : H2O + N2 
H20*(~2)  + H20 

N2 + N2 

H20 + HzO 

Forward rate 
constants 

(sec - 1 atm- 1) 
6.0 x 104 
3.0 x 104 
3.0 x 105 

1.8 x 105 
1.5 x 105 

3.4 x 104 

1.8 x 107 
6.0 x 104 

4.5 x 108 

4.5 x 108 

1 .o 

4.5 x 108 
4.2 X 108 
1.5 X 102 
4.0 X 10 
1 .o 
6.3 X 10 

1.1 x 106 

1 .o 

1.4 X lo6 

4.6 x 107 

6.0 x 104 

1.1 x 105 

1.0 x 109 

DENOTES VIBRATIONAL EXCITATION 
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PROPAGATION OF SOUND I N  TURBULENT MEDIA* 

Alan R. Wenzel 
I n s t i t u t e  f o r  Computer Applications i n  Science and Engineering 

SUMMARY 

A review of some of t h e  per turba t ion  methods commonly used t o  study t h e  
propagation of acous t ic  waves i n  turbulen t  media is presented. Emphasis is  on 
those techniques which are appl icable  t o  problems involving long-range propaga- 
t i o n  i n  t h e  atmosphere and ocean. Charac t e r i s t i c  f e a t u r e s  of t he  var ious  
methods are i l l u s t r a t e d  by applying them t o  p a r t i c u l a r  problems. It is  shown 
t h a t  conventional per turba t ion  techniques, such as t h e  Born approxitaation, 
y i e ld  so lu t ions  which contain secular  terms, and which the re fo re  have a rela- 
t i v e l y  l imi ted  range of v a l i d i t y .  I n  con t r a s t ,  it: is found t h a t  so lu t ions  ob- 
tained with t h e  a i d  of t h e  Rytov metgod o r  t h e  smoothing method do not conta in  
secular  t e r m s ,  and consequently have a much g rea t e r  range of v a l i d i t y .  

INTRODUCTION 

I n  many real problems involving wave propagation i n  random media, such 
as those a r i s i n g  out of i nves t iga t ions  of sound propagation i n  t h e  atmosphere 
or  ocean, t h e  propagation medium may be regarded as weakly inhomogeneous i n  
t h e  sense t h a t  it dev ia t e s  only s l i g h t l y  from a uniform state. This i s  con- 
venient from a t h e o r e t i c a l  s tandpoin t ,  s ince  it allows such problems t o  be 
solved by per turba t ion  methods. However, conventional per turba t ion  methods, 
such as t h e  Born method, s u f f e r  from t h e  drawback t h a t  approximations obtained 
with them are genera l ly  l imi t ed  i n  t h e i r  range of v a l i d i t y .  A s  a consequence, 
such methods are appl icable  only t o  problems involving r e l a t i v e l y  short-range 
propagation. For example, under conditions of moderately s t rong  daytime tu r -  
bulence, t h e  Born approximation f o r  acous t ic  propagation i n  t h e  atmosphere 
may break down i n  as l i t t l e  as 100 m e t e r s .  

The f a i l u r e  of t h e  Born approximation i n  cases of long-range propagation 
arises from t h e  f a c t  t h a t  i t  is  a f in i te -order  approximation; i.e., it includes 
only a f i n i t e  sum of t e r m s  of t he  complete per turba t ion  expansion of t h e  solu- 
t i on .  Since such expansions usua l ly  involve secu la r  terms (i.e., terms which 
increase  i n d e f i n i t e l y  i n  magnitude with propagation d i s t ance ) ,  t h e  Born approx- 
imation i t s e l f  is  secu la r ,  and hence can not  genera l ly  be  uniformly v a l i d  i n  
t h e  sense t h a t  t h e  r e s u l t i n g  e r r o r  is bounded independently of Propagation 
d is tance .  

*This r epor t  w a s  prepared as a r e s u l t  of work performed under NASA Contract 
No. NAS1-14101 while t h e  author w a s  i n  residence a t  ICASE, NASA Langley Re- 
search Center, Hampton, VA 23665. 
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It follows t h a t  any uniformly v a l i d  approximation must inc lude  a t  least 
It t h e  sum of an i n f i n i t e  subse r i e s  of t h e  complete per turba t ion  expansion. 

i s  f o r  t h e  purpose of obtaining such approximations t h a t  in f in i te -order  
methods, such as t h e  two-variable method, t h e  Rytov method, t h e  smoothing 
method, diagram methods, etc., have been applied t o  problems involving propa- 
gation i n  inhomogeneous and random media. 
method and t h e  smoothing method, are discussed i n  t h i s  paper. 

Two of t hese  methods, t h e  Rytov 

1x1 sec t ion  1 the advantage of t h e  Rytov method over t h e  Born method i n  
t h e  case of long-range propagation is i l l u s t r a t e d  by applying both methods t o  
a simple non-random problem which can be solved exactly.  I n  sec t ion  2 t h e  
e s s e n t i a l  f e a t u r e s  of t h e  smoothing method are brought ou t  by f i r s t  developing 
t h e  method i n  a genera l  context,  and then applying it t o  a p a r t i c u l a r  problem 
involving propagation of sound i n  a turbulen t  f l u i d .  

1. COMPARISON OF THE BORN AND RYTOV METHODS 

The p r e c i s e  na ture  of t h e  f a i l u r e  of t h e  Born method i n  t h e  case of long- 
range propagation, as w e l l  as t h e  improvement represented by t h e  Rytov method, 
can bes t  be i l l u s t r a t e d  by means of an example. 

Consider t h e  one-dimensional, non-random problem defined by t h e  equation 

(1) 2 2 u" + k (I+€) u = 0 , 
where t h e  primes denote d i f f e r e n t i a t i o n  with respec t  t o  x . Here k and E 
are real constants,  with k>O and E a mall parameter. We seek a so lu t ion  
of (1) representing rightward-propagating waves i n  t h e  region x>O, subjec t  t o  
the boundary condition u(0) = 1. The exact so lu t ion  of t h i s  problem can, of 
course, be  wr i t t en  down immediately, and is  

Now l e t  us  so lve  t h i s  problem by t h e  Born method, wi th  E as the  per- 
tu rba t ion  parameter. The procedure is as follows. W e  assume a so lu t ion  of 
(1) of t h e  form 

¶ (3)  
u(x;E) = u (XI + EUl(X) + E 2 u2(x) + ... 

0 

s u b s t i t u t e  i n t o  (l), expand i n  powers of E , and equate t h e  ind iv idua l  coef- 
f i c i e n t s  of t he  r e s u l t i n g  series t o  zero. This y i e l d s  a sequence of d i f f e r -  
e n t i a l  equations and boundary conditions f o r  t h e  func t ions  

which can be solved successively.  By i n s e r t i n g  t h e  r e s u l t  i n t o  (3) w e  obta in  
t h e  expansion 

uo,u1,u2, etc., 

u(x;&) = (1 + iEkx - %E 2 2 2 +  k x "')exp(ikx) , ( 4 )  
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which w e  recognize as being j u s t  t h e  series expansion i n  powers of 
exact so lu t ion .  Termination of t h i s  procedure a f t e r  t h e  ca l cu la t ion  of n+l 
terms of the  series y i e l d s  t h e  n t h  Born approximation f o r  t h i s  problem. 
t h a t  t h e  r e s u l t  i s  a f in i t e -o rde r  expansion; i.e., i t  c o n s i s t s  of a f i n i t e  sum 
of t e r m s  of t h e  complete per turba t ion  expansion given by ( 4 ) .  

E of t h e  

Note 

It i s  clear t h a t ,  f o r  any f ixed ,  bounded range of x, t h e  n t h  Born approx- 
imation can be made t o  approximate u as c lose ly  as w e  p lease  by choosing n 
s u f f i c i e n t l y  la rge .  However, f o r  any f ixed  n ,  no matter how l a rge ,  t h e  n t h  
Born approximation is not uniformly v a l i d  f o r  a l l  x . This is due t o  t h e  
presence of secular  t e r m s  ( i - e . ,  terms which involve x r a i sed  t o  some posi- 
t i v e  power) i n  t h e  expansion given by ( 4 ) ,  which causes t h e  r e s u l t i n g  approx- 
imate expression f o r  u t o  increase  i n d e f i n i t e l y  i n  magnitude as x -t 00 . I n  
con t r a s t ,  t h e  exact so lu t ion  is obviously bounded as x -t ~0 . 

This secu la r  behavior, which is c h a r a c t e r i s t i c  of f in i te -order  approxima- 
t i o n s  and which l i m i t s  t h e i r  range of v a l i d i t y ,  c o n s t i t u t e s  t h e  main drawback 
of t h i s  type of approach. This is  a p r a c t i c a l ,  as w e l l  as a t h e o r e t i c a l ,  
problem, s ince ,  f o r  example, i nves t iga t ions  of sound propagation i n  t h e  atmos- 
phere and ocean o f t e n  involve propagation ranges t h a t  are g r e a t e r  than t h e  
range of v a l i d i t y  of t h e  Born approximation. 

The ana lys i s  given above, i n  add i t ion  t o  de l inea t ing  t h e  d i f f i c u l t y  
a r i s i n g  from t h e  presence of secular  t e r m s  i n  t h e  per turba t ion  expansion, a l s o  
furn ishes  a c lue  as t o  how t h i s  d i f f i c u l t y  may be overcome. Comparison of 
equation (2) with equation ( 4 )  shows t h a t  t he  sum of an i n f i n i t e  series of 
secular  terms may be non-secular. This suggests t h e  general  idea  of avoiding 
secular  behavior by summing i n f i n i t e  series of s ecu la r  terms. Of course, when 
dealing with more complicated problems involving propagation i n  inhomogeneous 
or  random media, w e  cannot expect, i n  general ,  t o  b e  a b l e  t o  sum t h e  e n t i r e  
per turba t ion  series, as we d id  i n  t h e  simple example t r e a t e d  above, s ince  t h a t  
would be tantamount t o  wr i t i ng  down t h e  exact so lu t ion .  It may, however, be 
poss ib le  t o  sum an i n f i n i t e  - sub-series of the  complete per turba t ion  series, 
thereby obtaining a non-secular approximation. This idea; i.e., t h e  idea  of 
summing an i n f i n i t e  sub-series of t h e  complete pe r tu rba t ion  series, is c e n t r a l  
t o  methods such as t h e  two-variable method, t h e  Rytov method, t h e  smoothing 
method, diagram methods, etc., which we ca l l  in f in i te -order  methods. 

With these  thoughts i n  mind w e  t u r n  now t o  a d iscuss ion  of t h e  Rytov 
method. 
t he  so lu t ion  of (1) i n  t h e  form 

To apply t h i s  method t o  t h e  problem considered above, w e  f i r s t  write 

u = exp(i$) , 
where $ , t h e  new unknown function, i s  assumed t o  have an expansion of t h e  
f orm 
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The func t ions  6 ,11, ,11, 

a f t e r  which t h e  r e s u l t i n g  equation f o r  
a per turba t ion  technique s i m i l a r  t o  t h a t  described above. 
procedure are given i n  re ference  1 f o r  t h e  general  case of propagation i n  a 
multi-dimensional random medium. 
method as t h e  method of smooth perturbations.)  An a l t e r n a t e  approach, which 
makes use of t h e  corresponding Born series, has been suggested by Sancer and 
Varvatsis ( r e f .  2). I n  t h i s  approach equation (6) i s  subs t i t u t ed  i n t o  
equation (5), t h e  right-hand s i d e  of which is then expanded i n  a power series 
i n  E . Since t h e  r e s u l t i n g  series must be i d e n t i c a l  t o  t h a t  given by equa- 
t i o n  ( 3 ) ,  we can equate c o e f f i c i e n t s  t o  obta in  

etc., can be determined by s u b s t i t u t i n g  (5) i n t o  ( l ) ,  
0 1 2’ 

11, is  transformed and then solved by 
The d e t a i l s  of t h i s  

(Note t h a t  Ta ta r sk i  r e f e r s  t o  t h e  Rytov 

2 
uo = exp(iqO) , u 1 = iqlu0 , u 2 = (i@2-%+l)uo 

etc., from which it follows t h a t  

. ul 

u O  
$o = -i logu 0 Y Q1 = -1- 9 

Y 

Y (7) 

etc. 
t h e  ca l cu la t ion  of n+l terms i n  the  expansion of 11, and s u b s t i t u t i n g  t h e  
r e s u l t i n g  truncated series i n t o  (5). 

The n t h  Rytov approximation is obtained by terminating t h i s  process a f t e r  

The e s s e n t i a l  f e a t u r e  of t h e  r e s u l t i n g  n t h  Rytov approximation i s  t h a t ,  
f o r  n>O, it  is  equivalent t o  t h e  summation of an i n f i n i t e  sub-series of t h e  
complete per turba t ion  expansion of u. For example, t h e  f i r s t  Rytov approxi- 
mation, 

is obviously equivalent t o  t h e  summation 

which, cram (7), i s  t h e  same as 

It is f o r  t h i s  reason t h a t  t h e  range of v a l i d i t y  of t h e  Rytov approximation is, 
i n  general ,  much g r e a t e r  than t h a t  of t h e  Born approximation. 
t he  f i r s t  Rytov approximation f o r  t he  problem t r e a t e d  above is, from (8), (71, 

A s  an  example,  

and (41 ,  
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(R)= expCik(l+€)x) , 
1 U 

which is t h e  same as t h e  exact so lu t ion .  Thus, i n  t h i s  case, t h e  f i r s t  Rytov 
approximation is equivalent t o  t h e  summation of t h e  e n t i r e  perturbat5on series 
f o r  u, and consequently has an i n f i n i t e  range of v a l i d i t y .  

More d e t a i l e d  d iscuss ions  of t h e  Rytov method can be  found i n  re ferences  
1, 2, and 3.  

2. THE SMOOTHING METHOD 

One of t h e  more use fu l  per turba t ion  techniques f o r  t r e a t i n g  problems 
involving wave propagation i n  randam media i s  the smoothLng method. 
l i k e  the  Rytov method, an  in f in i t e -o rde r  method, as w e  w i l l  show. However, t h e  
smoothing method i s  more convenient than t h e  Rytov method f g r  t r e a t i n g  proble.?ns 
involving propagation i n  random media 
t h e  des i red  statist ical  p rope r t i e s  of the wave f i e l d .  

of Keller ( r e f .  4 ) .  W e  should emphasize here  t h a t  t h e  ana lys i s  which follows 
is  e n t i r e l y  formal; except f o r  some s p e c i a l  cases, rigorous proofs of con- 
vergence of t h e  series involved have not  y e t  been given. 

It is, 

since it y f e l d s  d i r e c t l y  equations for  

Our development of t h e  method is q u i t e  general  and follows c lose ly  that 

W e  begin our d iscuss ion  of t h e  smoothing method by considering the  equa- 
t ion  

where D and R are l i n e a r  opera tors  on some vec tor  space and E is a s m a l l  
parameter. Here D i s  assumed t o  be de t e rmin i s t i c  with a known inverse,  
whereas R is  assumed t o  be random with <R> = 0 ( t h e  angular brackets denote 
an  ensemble average). The source term f i s  assumed t o  be de te rminis t ic .  

Since R i s  random, t h e  so lu t ion  u of (11) w i l l  a l s o  be random. W e  
s h a l l  t he re fo re  be i n t e r e s t e d  i n  solving t h e  following type of problem: 
t h e  operator D and t h e  source term f , along wi th  some appropr ia te  statis- 
t i ca l  p rope r t i e s  of t h e  operator 
of t h e  so lu t ion  u. I n  t h e  ana lys i s  which follows w e  s h a l l  be concerned pr i -  
marily with <u>, t h e  ensemble average of u. 

Given 

R, f i nd  some spec i f i ed  s ta t i s t ica l  p rope r t i e s  

W e  begin t h e  ana lys i s  of <u> by multiplying equation (11) by D-' and 
wr i t i ng  t h e  r e s u l t i n g  equation i n  t h e  form 

-1 u = D-lf - ED Ru . 
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Solving (12) by i t e r a t i o n  y i e l d s  

(13) 
-1 -1 -1 2 -1 -1 -1 u = D  f - E D  RD f + & D  RD RD f + " '  , 

which is j u s t  t h e  Neumann series f o r  u. By averaging (13) and using t h e  f a c t  
t h a t  <R> = 0 we ob ta in  

(14) <u> = D-lf + & 2 D -1 <RD-'R>D-lf 4- * . *  . 
The series expansion f o r  <u> given by equation (14) is analogous t o  

t h e  Born series ( i . e . ,  equation ( 4 ) )  of s e c t i o n  1. It can be shown t h a t ,  l i k e  
t h e  Born series, t h i s  series genera l ly  conta ins  secu la r  terms, and hence no 
f i n i t e  sub-series of i t  can be expected t o  y i e l d  a uniformly v a l i d  approxima- 
t i o n  f o r  <u> . 

I n  order  t o  ge t  a uniformly v a l i d  approximation f o r  <u> , w e  proceed as 
follows. F i r s t ,  w e  no te  t h a t ,  from equation (14), 

2 D'lf = <u> + O ( &  ) . 
It follows, by rep lac ing  t h e  t e r m  
s i d e  of (14) by <u>, t h a t  

D-lf i n  t h e  second term on t h e  right-hand 

Now l e t  
order from (15); i.e., l e t  w be a so lu t ion  of 

w be a so lu t ion  of t h e  equation obtained by dropping t h e  t e r m  of 

(16) 
- 2 -1 w = D l f  + E D <RD-lR>w . 

Then by wr i t i ng  w as a Neumann series; i.e.,  by wr i t i ng  

w e  see t h a t  w i s  t h e  sum of an i n f i n i t e  series i n  E , and a l so ,  by comparing 

(17) with (14) , t h a t  w - <u> = O(E ) . Thus, by solving equation (16) w e  
ob ta in  an approximation t o  <u> which is t h e  sum of an i n f i n i t e  subser ies  of 
t h e  complete per turba t ion  expansion of <u> , and which d i f f e r s  from <u> by 

terms of order E . 

3 

3 

The procedure leading t o  equation (16) is c a l l e d  the  Smoothing method; 
t h e  r e s u l t i n g  equation is  re fe r r ed  to  as t h e  f i r s t -o rde r  smoothing approxima- 
t i o n  f o r  t h e  mean f i e l d .  The above ana lys i s  shows t h a t  t h e  smoothing method 
is  indeed an inf in i te -order  method. 
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The approach described he re  can a l s o  be used t o  obta in  higher-order sta- 
tistics of u,  such as t h e  mean square, t h e  c o r r e l a t i o n  function, e t c .  These 
and o ther  aspec ts  of t h e  smoothing method are discussed i n  more d e t a i l  i n  
reference 5. 

W e  present now r e s u l t s  obtained by applying t h e  smoothing method t o  a 
problem involving propagation of acous t i c  waves i n  a turbulen t  f l u i d .  The 
s t a r t i n g  poin t  of t h e  a n a l y s i s  is  equation (60) of re ference  6 which is wr i t t en  
here  i n  t h e  form 

This is  a convected wave equation governing t h e  propagation of high-frequency 
acous t ic  disturbances i n  a moving, inhomogeneous f l u i d  medium. Here p i s  t h e  
acous t ic  pressure,  c is t h e  sound speed of t h e  medium, and D = a t  + - u * V  , t 
where 2 [=(u1,u2,u3)] is t h e  f l u i d  ve loc i ty .  Also V = (a a a ), where 1’ 2’ 3 

a a .  I - a a I- 

Since t h e  bas i c  flow i s  assumed here  t o  be  tu rbu len t ,  both c and 2 are t o  
be regarded as random funct ions  of - x and t . 
t a t  ’ 1 axi ; t i s  t i m e  and 5 [=(x ,x ,x ) ]  is  t h e  pos i t i on  vec tor .  1 2 3  

W e  assume t h a t  t he  bas i c  flow represents  a s m a l l  per turba t ion  of a uniform 
f l u i d  a t  rest. Accordingly we w r i t e  

where 1.r and 6 are dimensionless random funct ions  wi th  zero mean, c i s  
t h e  average souzd speed of t h e  medium, and is a small parameter measuring 
t h e  devia t ion  of t h e  medium from a uniform motionless state. By i n s e r t i n g  
(19) and (20) i n t o  (18), expanding i n  powers of E and ( i n  accordance wi th  
t h e  assumption of high-frequency waves) dropping d e r i v a t i v e s  of flow q u a n t i t i e s ,  
w e  ob ta in  

0 
E 

where the  opera tors  Lo, L1, and L2 are given by 

-2 a 2  2 -1 -2 2 Lo = c O t  - v , L* = 2c0 ( g * v ) a t  - eo pat , 
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L~ = G fi a a - 2c -1 ~ ( g .  v)at + 3 - 2  ,J 2 2  at . 
i j i j  0 

Equation (21) can he  w r i t t e n  i n  t h e  sane form as equation ( l l ) ,  provided w e  
de f ine  

- <L > + E(L~-<L~>)  + O(E 2 1 . 1 R = L1 

It follows t h a t  t h e  smoothing method, as described above, is  appl icable  t o  
t h i s  problem. 

A d e t a i l e d  ana lys i s  of t h i s  problem based on t h e  smoothing method is 
described i n  re ference  6 . The main r e s u l t  of t h a t  ana lys i s  is an approximate 
expression f o r  t h e  quant i ty  <p> ( the  coherent wave) which, €or t h e  case of a 
plane, time-harmonic wave propagating i n  t h e  x d i r e c t i o n  through a statis- 
t i c a l l y  homogeneous and i s o t r o p i c  medium which is slowly varying i n  t i m e ,  can 
be  w r i t t e n  i n  t h e  form 

1 

where A i s  an a r b i t r a r y  amplitude f a c t o r ,  W is  t h e  frequency, and 

2 2 2 k = ko + %E ko [4v (l+%im k R)+<p >(1+5' 21mo ' k  0 l)] . 
0 0  

2 2 A2 A2 Here ko = &/eo , v = <O > = <u > = <u > , m and m'  are p o s i t i v e  con- 1 2 3 0 0 
s t a n t s  of order one, and 2 i s  t h e  c o r r e l a t i o n  length  of t h e  turbulence. 

Equation (23) shows t h a t  Imk > 0 and a l s o  t h a t  Rek > ko . Thus, t h e  
turbulence causes an a t t enua t ion  of the coherent wave as w e l l  as a reduction 
i n  i t s  phase speed. The aspect of t h e  so lu t ion  given by equations (22) and 
(23) which is of most i n t e r e s t  t o  us, however, i n  view of the  preceding 
development, i s  t h a t  it i s  non-secular i n  t h e  propagation d i s t ance  x 

a l s o  t h a t  t h i s  so lu t ion  can be  wr i t t en  as t h e  sum of an i n f i n i t e  sub-series 
of t h e  complete per turba t ion  series f o r  <p> , as can b e  seen by s u b s t i t u t i n g  
(23) i n t o  (22) and expanding i n  powers of E . 

Note' 1 '  
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NOISE PROPAGATION I N  URBAN AND INDUSTRIAL AREAS 

Huw G. Davies 
University of New Brunswick 

SUMMARY 

Simple acous t i ca l  ideas  can be used t o  descr ibe  t h e  d i r e c t  and multiply 
r e f l e c t e d  paths involved i n  the  propagation of no ise  i n  regions with compli- 
cated shapes such as those found i n  urban and i n d u s t r i a l  areas. Several 
s t u d i e s  of propagation i n  streets, and the  discrepancies between t h e o r e t i c a l  
analyses and f i e l d  measurements are discussed. Also a cell-model i s  used t o  
es t imate  the  general  background l e v e l  of no ise  due t o  vehicu lar  sources 
d i s t r i b u t e d  over t h e  urban area. 

INTRODUCTION 

This paper descr ibes  some aspects of the  propagation of sound i n  urban 
areas and i n  open i n d u s t r i a l  p lan ts .  Of the many f a c t o r s  t h a t  are important 
i n  determining noise  levels due to  various sources i n  such areas only the  
geometric o r  topographic e f f e c t s  w i l l  be discussed here.  Sound propagation 
i n  urban areas involves multipath propagation, and r e f l e c t i o n ,  absorption and 
s c a t t e r i n g  must a l l  be taken i n t o  account. The geometries discussed are of 
i n t e r e s t  f o r  sources such as automobiles, cons t ruc t ion  sites, machinery i n  
open i n d u s t r i a l  sites, and, i n  some cases f o r  low-flying a i r c r a f t .  

Factors such as wind and temperature grad ien ts  are not  included. These 
are not thought t o  be of g r e a t  importance over s h o r t  d i s tances .  Atmospheric 
absorption i s  included only i n  the  estimates of genera l  background noise  
l e v e l s .  

Much of t h e  au thor ' s  work t h a t  is  described he re  w a s  done a t  MIT as 
p a r t  of a program on Transportation Noise. 
R. H. Lyon. Much of t h e  work of t h e  group has been reviewed by Lyon ( r e f .  1 ) ;  
t h e  present paper extends and complements Lyon's review. 
g r a t e f u l  f o r  t h e  he lp  and encouragement of fe red  by Professor Lyon. 

The program w a s  d i r ec t ed  by 

The author is  

Each s e c t i o n  of t h e  paper dea l s  w i th  a p a r t i c u l a r  approach t o  t h e  
problem of noise  propagation. The top ic s  include simple source models and 
eigenfunction models f o r  es t imat ing  noise  l e v e l s  due t o  i d e n t i f i a b l e  sources,  
and a c e l l - l i k e  model f o r  estimating general  background noise  l e v e l s .  
Acoustic s c a l e  model experiments are discussed b r i e f l y .  

Barriers such as e a r t h  berms are used q u i t e  ex tens ive ly  now f o r  noise 
cont ro l  along highways. D i f f r a c t i o n  over b a r r i e r s  i s  a top ic  i n  i t s e l f  and 
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i s  not  discussed here. 

SIMPLE SOURCE MODELS 

Incoherent Poin t  Sources 

The most obvious and important geometric f a c t o r  i n  sound propagation 
from a s i n g l e  po in t  source i s  the 6dB/dd (dB per doubling of d i s tance)  due 
t o  geometric spreading. Salmon ( r e f .  2)  has charac te r i sed  the  propagation 
from various shapes and a r r ays  of incoherent po in t  sources. 

Manning and o the r s  ( r e f .  3) have shown how the  very s i m p l e  technique 
of adding the  energ ies  from incoherent po in t  sources can be used very 
e f f e c t i v e l y  i n  determining noise levels ad jacent  t o  c e r t a i n  types of open 
i n d u s t r i a l  p l an t s .  The technique has been used t o  help design new p lan t  
layouts  t o  reduce noise  l e v e l s  i n  nearby communities. 

Application t o  Propagation i n  Ci ty  S t r e e t s  

Noise propagation i n  c i t y  streets involves mul t ip le  r e f l e c t i o n s  i n  the  
bui ld ing  facades bordering the  streets. Typical f i e l d  d a t a  taken by Delaney 
and o the r s  ( r e f .  4 )  i s  shown i n  f i g u r e  1. The L50 l e v e l  i s  shown ( t h e  l e v e l  
exceeded 50% of the  time). The source of sound is  f r e e l y  flowing t r a f f i c  
i n  the main a r t e r y .  The v a r i a t i o n  of no ise  l e v e l  with d is tance  from the  
source is q u i t e  complicated. 

Lyon's group a t  MIT has done considerable t h e o r e t i c a l  and experimental 
work on the  propagation of sound i n  c i t y  streets, so c a l l e d  channel propaga- 
t i o n  (see,  f o r  example, r e f s .1 ,  and 5 t o  10 ) .  The r e s u l t s  t o  d a t e  are 
encouraging y e t  no firm conclusions can be made about the  important r o l e  t h a t  
s c a t t e r i n g  seems to  play i n  the  propagation, and no theory can p r e d i c t  
accura te ly  a l l  t h e  f ea tu res  of experimental r e s u l t s  such as those shown i n  
f i g u r e  1. Several  aspects of t h e  problems involved are discussed below. 

Wiener and o the r s  ( r e f . l l ) ,  S c h l a t t e r  ( r e f . 5 ) ,  and L e e  and Davies ( re f .6)  
have described t h e  mul t ip le  r e f l e c t i o n s  i n  channel propagation interms of 
image sources along the  l i n e  perpendicular t o  the  street through the  source 
pos i t ion .  None of them consider sur face  s c a t t e r i n g .  The noise  level i s  
estimated by adding the  mean square sound pressure l e v e l s  due t o  each source 
i n  a simple extension of Salmon's work. 
decay must be a t  6dB/dd except when the  absorption c o e f f i c i e n t  a of t h e  
building w a l l s  equals one, i n  which case t h e  decay (from an i n f i n i t e l y  long 
l i n e  source) is  only a t  3dB/dd. S c h l a t t e r  showed t h a t b o t h  incoherent and 
pure-tone sources l ead  t o  e s s e n t i a l l y  s i m i l a r  r e s u l t s  provided an average 
of t he  sound level is taken f o r  various rece iver  pos i t i ons  across  t h e  width 
of t h e  street. 

S u f f i c i e n t l y  f a r  down the  street the  

L e e  and Davies ( re f .6)  summed the  source and image f i e l d s  numerically, 
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and included a l s o  the  e f f e c t s  of propagation ac ross  i n t e r s e c t i o n s  and around 
corners. 
levels. 

A l l  t h e  d a t a  w e r e  reduced t o  a s i n g l e  nomogram f o r  estimating noise  

Typical values obtained from t h e  nomogram are shown i n  f i g u r e  1. 

The sound power output w a s  chosen a r b i t r a r i l y  t o  be 105 dB. 

A 
s i n g l e  source a t  t h e  cen t r e  of t h e  a r t e r y  and s i d e  street i n t e r s e c t i o n  w a s  
used. 
estimates using d i f f e r e n t  values of t h e  absorption c o e f f i c i e n t  are shown. 

Two 

There are marked discrepancies between measured and estimated values 
p a r t i c u l a r l y  a t  l a r g e  d is tances  from t h e  source. The houses along t h e  
street are typ ica l  B r i t i s h  suburban two-storey semi-detached with gaps 
between t h e  bui ld ings .  a = 0.2 seems a reasonable number f o r  t he  average 
value of t h e  absorption c o e f f i c i e n t  of the  building w a l l s .  Several f a c t o r s  
should be  included t o  improve the  t h e o r e t i c a l  estimates. Donovan ( re f .7)  
has suggested t h a t  the e f f e c t  of s c a t t e r i n g  can be  approximated by using an 
a r t i f i c i a l l y  high va lue  f o r  t he  e f f e c t i v e  absorption c o e f f i c i e n t .  
case the comparison between observed and estimated d a t a  f o r  a = 0.5 is 
hardly improved. 
clear. 
Delaney's f i e l d  s i t u a t i o n .  

But i n  t h i s  

The p rec i se  r o l e  t h a t  s c a t t e r i n g  plays i s  by no means 
Cer ta in ly  a considerable amount of s c a t t e r i n g  must be involved i n  

Donovan's suggestion w a s  made on the  b a s i s  of scale model s t u d i e s  with 
a r t i f i c 2 a l l y  roughened bui ld ing  facades. Delaney and o t h e r s  (ref.12) comment 
t h a t  s c a l e  model experiments can only be made t o  reproduce f u l l  scale f i e l d  
d a t a  i f  the model bu i ld ing  sur faces  are made i r r e g u l a r .  The r o l e  of scatter- 
ing  i s  an important one t h a t  needs f u r t h e r  i nves t iga t ion .  

An equally important e f f e c t  no t  accounted f o r  i n  the  estimates shown i n  
f igu re  1 involves the  d i f f e rences  i n  s p a t i a l  ex ten t s  of t h e  sources. Those 
sources with no l i n e  of s i g h t  along the  s i d e  street are not included i n  the  
estimates. Such sources would increase  markedly t h e  sound f i e l d  c lose  t o  the  
a r t e r y  b u t  would have a neg l ig ib l e  e f f e c t  on noise  l e v e l s  f u r t h e r  up the  
s i d e  street. Quant i ta t ive  work on t h i s  aspect remains t o  be completed. 
However, prelgminary estimates suggest t h a t  including no-line-of-sight sources 
does not expla in  the  d iscrepancies  completely. 

I n  t h i s  context i t  is  i n t e r e s t i n g  t o  note t h a t  t he  nomogram of Lee  and 
Davies p r e d i c t s  a drop of between 10  and 20 dB as t h e  rece iver  "turns" a 
corner away from a source. This i s  cons i s t en t  with measured va lues .  However, 
t he  amount of t h e  drop depends very much on the  absorption c o e f f i c i e n t ;  high 
absorption c o e f f i c i e n t s  give l a r g e  drops. This may w e l l  have a bearing on 
Donovan's scale model s tud ie s .  .7c 

It is  reasonable t o  ask i f  s i m p l e  s t u d i e s  such as those above with 
s t a t i o n a r y  sources can estimate the  noise  l e v e l s  due to  flowing t r a f f i c .  
Kurze (ref.13) has estimated the mean and standard devia t ions  of no i se  from 
f r e e l y  flowing t r a f f i c  when the  rece iver  can see e i t h e r  a very long s t r a i g h t  
road o r  is  sh ie lded  from p a r t  of t he  road by b a r r i e r s .  H e  showed t h a t  t h e  
value of t he  mean noise  l e v e l  can be estimated from s t a t iona ry  sources spaced 
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1 / X  a p a r t  where X i s  t h e  average number of veh ic l e s  per u n i t  l eng th  of yoad- 
way. 
where d is  the  perpendicular d i s t ance  from t h e  observer t o  t h e  road. "he 
mean l e v e l  is equiva len t  e s s e n t i a l l y  t o  the  L level. Higher levels such as 
the  L level are important i n  determining no i se  in t rus ion .  Kurz,e f inds ,  as 
mightlge expected, t h a t  l e v e l s  such as L and L are f a r  more s e n s i t i v e  than 

propagation, bu t  i t  s e e m s  reasonable t h a t  he re  again mean levels a t  least can 
be estimated from s t a t i o n a r y  source d i s t r i b u t i o n s .  

For long s t r e t c h e s  of roadway t h e  standard devia t ion  is 1. 8(Ad)-5 

50 

L50 t o  non-uniform t r a f f i c  flows. Kurze 4.0 s work Aid not  include channel 

The geometry of Delaney's experiment ( re f .4)  is  very s i m i l a r  t o  t h e  
geometry involved when a he l i cop te r  o r  V/STOL a i r c r a f t  f l i e s  low over a 
c i t y  street. 
t h e  a i r c r a f t  is  almost overhead. Pande ( re f .8)  and P ie rce  and o the r s  ( re f .9)  
have shown t h a t  the  sound l e v e l  when the  a i r c r a f t  i s  overhead may be  increased 
typ ica l ly  by 5 dB over the  d i r e c t  o r  open t e r r a i n  l e v e l  because of t he  mul t ip l e  
r e f l e c t i o n s  . 

A receiver a t  street l eve l - i s  shielded from the  noise u n t i l  

OTHER MODELS FOR NOISE PROPAGATION I N  STREETS 

Sound propagation i n  co r r ido r s  with absorbing w a l l s  has been discussed 
by Davies (ref.14).  The r e s u l t s  are appl icable  mainly t o  i n t e r i o r  no ise  
propagation. The sound f i e l d  is  described i n  t e r m s  of t he  eigenfunctions f o r  
a hard-walled co r r ido r  and each eigenfunction i s  expressed as a set of four 
plane waves. Each wave lo ses  energy when i t  is r e f l e c t e d  i n  absorbing 
material. This approximate ray  t r ac ing  technique appears  t o  work q u i t e  w e l l  
c lo se  t o  the source. It works w e l l  a l s o  when only two opposite w a l l s  of t h e  
cor r idor  absorb energy+ and p red ic t s  c o r r e c t l y  i n  t h i s  case a 3 dB/dd rate 
of decay a t  l a r g e  d is tances  from the  source. However, when seve ra l  w a l l s  
are absorbing such as i n  a street (where t h e  "top" of t h e  co r r ido r  is open) 
the  theory underestimates the  a t t enua t ion  q u i t e  considerably. Many of t he  
r e s u l t s  presented i n  re ference  14 are f o r  t h e  most p a r t  n e i t h e r  adequate nor 
very appropr ia te  t o  propagation i n  streets. 

A d i f f e r e n t  eigenfunction approach has been taken r ecen t ly  by Bullen and 

I n  p a r t i c u l a r ,  p ro t rus ions  on bui ld ings  
An example 

Fricke ( re f .15) .  
t he  building w a l l s  along the  street. 
are regarded as c o n s t i t u t i n g  a change i n  the  width of t h e  street. 
of t he  geometry discussed is shown i n  f i g u r e  2. The w a l l s  are hard. Eigen- 
func t ion  o r  modal expansions are wr i t t en  f o r  each region with cont inui ty  of 
pressure and ve loc i ty  used t o  match the  expansions a t  the  boundaries between 
regions. 
i n  region 1 and t h e  mode i n  region 2 t h a t  has t h e  c l o s e s t  wave number. The 
agreement obtained between t h e i r  theory and s c a l e  model experiments i s  
exce l l en t  f o r  t h e  range t h a t  w a s  measured, namely up t o  e i g h t  street widths 
from the  source. But the  types of pro t rus ions  used s t i l l  lead  over most of 
t he  measured range t o  a t t enua t ion  rates of less than 6 dB/dd, It remains t o  
be seen whether t he  theory can be extended t o  include absorbing w a l l s  and a 

They attempt t o  account f o r  some aspects of s c a t t e r i n g  a t  

The assumption i s  made t h a t  coupling occurs only between a mode 
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s t ronger  amount of s c a t t e r i n g .  

An i n t e r e s t i n g  l i m i t i n g  case can be evaluated i f  t h e  s c a t t e r i n g  is suf f -  
i c i e n t l y  s t rong  t h a t  t h e  sound f i e l d  may be  assumed d i f f u s e  a t  a l l  poin ts ,  
t h a t  is, there  i s  equal energy propagating i n  a l l  d i r e c t i o n s  down the  street. 
I n  f igu re  3 only a f r a c t i o n  of the  energy propagating i n  a given d i r e c t i o n  
i s  r e f l e c t e d  a t  t h e  w a l l  w i th in  t h e  d i s t ance  dx, 
14 
dx i s  

From t h e  r e s u l t s  of re ference  
f o r  equal energy i n  a l l  d i r e c t i o n s  t h e  t o t a l  power inc ident  on the  element 

+ 2 -1 2L + dx p ( 1 - - t a n  - ) z P  - 
7T dx 7TL 

+ 
where P 
assumed t h a t  a f r a c t i o n  a of t h i s  i nc iden t  power i s  absorbed, and the  remainder 
of t h e  inc iden t  power i s  sca t t e red  equal ly  i n  a l l  d i r e c t i o n s  so as t o  maintain 
the  d i f fuseness  of t h e  sound f i e l d .  

represents  t h e  t o t a l  input  acous t ic  power a t  s t a t i o n  x. It i s  

An energy balance then gives 

+ dx + dx dx 
I x+dx = P 1 ( 1  - z) + %(l-a)P 1 - + + ( P a l p -  * I x+dx X x 7rL 

+ 

where P- represents  power propagating i n  the  negative x d i r ec t ion .  
equation exists f o r  P-. 

A similar 

The so lu t ion  of t h e  r e s u l t i n g  p a i r  of d i f f e r e n t i a l  equations f o r  P+ and 
P- gives 

+ P =  

where P,,, i s  the  known 

k x  exp(- a -) I N  TL 

power input a t  x = 0. The noise  l e v e l  decays l i n e a r l y  
wi th  dikvance. 
by Leehey and Davies. 

Attenuation such as t h i s  has  been measured i n  coa l  mine tunnels 

CELL MODEL FOR ESTIMATING BACKGROUND NOISE LEVELS 

The s t u d i e s  above have a l l  been concerned wi th  estimating no i se  l e v e l s  
due t o  i d e n t i f i a b l e  sources,  even though t h e  source may be  out  of s i g h t  around 
a corner. 
t h a t  heard when no s i n g l e  source can be i d e n t i f i e d  and when the  noise seems t o  
come from a l l  around. 
s p e c i f i c  events can cause annoyance. 
approximately t o  the L 

The r e s idua l  background l e v e l  t h a t  e x i s t s  i n  any environment is 

Noise i n t r u s i o n  above t h i s  l e v e l  due t o  i s o l a t e d  and 

A reasonable level is  acceptable,  and i n  fact  
This r e s idua l  background level corresponds 

l e v e l .  90 
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serves  t o  mask sounds t h a t  would otherwise be in t rus ive .  

Several f i e l d  s t u d i e s  have been made of t h e  background no i se  level. A 
p a r t i c u l a r l y  complete study is  the  Community Noise Survey of Medford, Mass- 
achuse t t s  (ref.16).  Theore t ica l  estimates have been made by Shaw and Olson 
(ref.17) and Davies and Lyon (ref.18).  

In t h e  Shaw and Olson model t h e  urban area is  t r e a t e d  as a uniform, 
c i r c u  ar, s p a t i a l l y  incoherent source of r ad ius  a t h a t  r a d i a t e s  power 
NW/na per u n i t  area. 
W. Extensions t o  t h e  r e s u l t s  can be made e a s i l y  t o  include source-free 
regions representing parks, f o r  example, wi th in  an  urban area. Since now 
cont r ibu t ing  sources may be l a r g e  d is tances  from t h e  receiver atmospheric 
absorption must be included i n  the  model. 
estimated values about 10  t o  15  dB higher than t h e  values they measured i n  
O t t a w a .  

3 N i s  the  t o t a l  number of sources each of power output 

The Shaw and Olson model l eads  t o  

The d i f f e rence  i s  a t t r i b u t e d  to  a sh ie ld ing  f a c t o r  due t o  bui ld ings .  

The Davies and Lyon c e l l  model includes b a r r i e r s  and may be used t o  
estimate t h i s  sh i e ld ing  f ac to r .  The urban area is modelled as a c i r c u l a r  
source region broken up i n t o  an a r r a y  of square cells of dimension L. The 
cells each conta in  n sources of power output W. The cel l  w a l l s  are s e m i -  
permeable and r e f l e c t ,  absorb, and transmit sound. Figure 4 shows the  cell- 
l i k e  s t r u c t u r e  i n  an urban area. The absorption i s  t h a t  due to  the  w a l l s  of 
t h e  buildings; the  average absorption c o e f f i c i e n t  of t he  w a l l s  of t he  cel l  
is denoted by a. The transmission c o e f f i c i e n t  T of t he  w a l l s  is  given 
approximately by the  r a t i o  of street width t o  d is tance  between streets. 
accura te  estimates would include d i f f r a c t i o n .  The r e f l e c t i o n  c o e f f i c i e n t  of 
t he  c e l l  w a l l s  is (1-a-T). 

More 

The e f f e c t i v e  absorption c o e f f i c i e n t  6 f o r  t h e  c e l l  accounts f o r  both 
absorbed and transmitted power: 

2 - 
a A  = L + 4Lh(a+~)  

2 where A = 2 L  + 4Lh 

2s t h e  t o t a l  sur face  area of a cel1,and t h e  room constant f o r  a cel l  i s  
R = (l-a)/(EA). 

The no i se  l e v e l  i n  each cel l  has both d i r e c t  and reverberant components. 
The d i r e c t  f i e l d  can be ca lcu la ted  from Shaw and Olson's r e s u l t s .  
assoc ia ted  with t h e  reverberant f i e l d  i n  a cel l  i s  p2/4pc where p i  is the 
mean square reverberant sound pressure i n  the  m h c e l f e ,  p i s  dens i ty ,  and 
is  t h e  speed of sound. 

The i n t e n s i t y  

c 

A power balance equation c2n-be w r i t t e n  as follows. The power removed 
from the  reverberant f i e l d  is p aA/4pc. The power inpu t  is t h e  cont r ibu t ion  m 
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nW(1-a) from t h e  contained sources a f t e r  t h e  sound has undergone one r e f l ec -  
t i on ,  p lus- the  contribut3ons 4nWLh-c/A from the  d i r e c t  f i e l d s ,  and four  con- 
t r i b u t i o n s  of the form p Lh-c/4pc from t h e  reverberant f i e l d s  of t h e  fou r  

adjoining cells. 
mt.1 

I f  t h e  number of cells i n  the  source region is  l a r g e  t h e  r e s u l t i n g  
power balance equation can b e  t r e a t e d  as a d i f f e r e n t i a l  equation f o r  t h e  
reverberant mean square sound pressure  p2 i n  the  cells d i s t a n t  rl cells  from 
the  cen t r e  of t h e  source: 

where 6' 

Well wi th in  t h e  source region 
4PcNw/ M 
constant 
Shaw and 

2 
1 L +4Lha = -nw * (1 - 

LhT A 

= (L -t 4Lha)/Lh-c . 
t h e  approximate so lu t ion  is p 

2 

2 = 4pcnW/R = 
R where M is  the  t o t a i  number of cells. 
f o r  t h e  whole urban area. When the  d i r e c t  f i e l d  as ca lcu la ted  from 
Olson is  included t h e  t o t a l  mean square pressure  i s  

MR represents  t h e  room 

2 Jw 4L2 p ( b a r r i e r )  = pc  (-2) (1 + %lnN + - - %lnM). R na 

The corresponding estimate from Shaw and Olson's work is 

2 NW 

na 
p (no b a r r i e r )  = pc (- )(1+ 41nJi). 2 

The numerical d i f f e rence  i n  these  estimates t y p i c a l l y  is not l a rge ,  suggesting 
as might be  expected t h a t  most of t h e  noise  is generated by nearby sources. 

The s i t u a t i o n  when the  rece iver  is ou t s ide  t h e  source region, f o r  
example i n  a park i n  an urban area is  q u i t e  d i f f e r e n t .  Davies and Lyon f ind  

2 -pr 2 TL e 
p ( b a r r i e r )  = pcNW(;;ii- ) 7 , 

r 

where r is  the  d i s t ance  from the  source cen t r e  and p r ep resen t s  t h e  atmospheric 
absorption constant.  Comparison with Shaw and Olson's work g ives  

- 
( b a r r i e r s )  - a A  2 

2 
- 

p (no b a r r i e r s )  z ~ L ~ ( 1 - z )  
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Numerical estimates of t h i s  r a t i o  f o r  t y p i c a l  values of a and T give a b a r r i e r  
a t t enua t ion  of 7 t o  15 dB which is cons is ten t  with t h e  values measured by 
Shaw and Olson. 

The no i se  f i e l d  i n  a t r a f f i c - f r e e  cell  can b e  estimated, modelling, f o r  
example, t he  no i se  a t  an i n t e r s e c t i o n  when t h e  t r a f f i c  a t  the  i n t e r s e c t i o n  is  

The Davies and Lyon model gives t h e  estimate 'halted temporarily. 

2 16  pcnWLhT p ( b a r r i e r s )  = 
R(L' + 4Lha) 

Comparison w i t h  t h e  corresponding Shaw and Olson r e s u l t  again suggests a 
bui ld ing  sh ie ld ing  f a c t o r  on the  order of 10  t o  15 dB. 

F ina l ly  i t  is  of i n t e r e s t  t o  estimate the  no i se  f i e l d  d i r e c t l y .  For a 
source dens i ty  N = 50 vehic les  pef2square kilometer and a power l e v e l  output 
from each source of 105 dB re  10- 
estimates of 67 dB and 51 dB when sources are and are not ,  respec t ive ly ,  
present i n  t h e  rece iver  cel l .  
tive of measured l eve l s .  

Watts, t he  Davies and Lyon model gives 

These levels are considered f a i r l y  representa- 

CONCLUSIONS 

L i t t l e  has been added t o  our knowledge of urban sound propagation s ince  
Lyon reviewed work i n  t h i s  area th ree  years ago. 
estimates and f i e l d  d a t a  i n  general  i s  q u i t e  poor. The discrepancies se rve  t o  
emphasize q u i t e  s t rongly  Lyon's conclusion t h a t  s c a t t e r i n g  plays a very 
important r o l e  i n  no i se  propagation. 
beginning. 
i n  urban areas. 

Agreement between t h e o r e t i c a l  

Work on t h i s  aspec t  of t h e  problem i s  
Work is  needed a l s o  on t h e  s t a t i s t i c a l  aspects of t r a f f i c  no ise  

Several groups are f ind ing  s c a l e  model s t u d i e s  of use ( see  f o r  example 
DeJong and o the r s ,  r e f .  10) .  However i n  view of the  comments of Delaney and 
o t h e r s  (ref.12) g r e a t  care must be taken t o  ensure t h a t  scale model r e s u l t s  
compare accura te ly  with f i e l d  data.  

1004 



REFERENCES 

1. Lyon, R.H., Role of Multiple Reflection and Reverberation i n  Urban Noise 
Propagation. J. Acoust. Soc. Am. 55, 1974, p. 4 9 3 .  

2. Salmon, V.,  Sound Fields  Near Arrays of Sources, 83rd Meeting of the  
Acoustical Society of America, paper 02, 1972. 

3. Manning, J .E . ,  contribution to  Handbook of Indus t r i a l  Noise, Cambridge 
Collaborative Inc. ,  Cambridge, Mass., 1973. 

4. Delaney, M.E., Copeland, W.C., and Payne, R.C. ,  Propagation of Traf f ic  
Noise i n  Typical Urban Si tuat ion.  NPL Acoustics Rpt. A c  54, 1971. 

5. Schlat ter ,  W.R., Sound Power Measurements i n  a Semi-confined Space,  MS 
Thesis, MIT Dept. of Mech. Eng., 1971. 

6. Lee, K.P., and Davies, H.G., Nomogram f o r  Estimating Noise Propagation 
i n  Urban Areas, J. Acoust. SOC. Am. 57, 1975, p.  1477. 

7. Donovan, P.R., and Lyon, R.H., T ra f f i c  Noise Propagation i n  City Streets. 
89th Meeting of t he  Acoustical Society of America, paper 48, 1975. See 
a l so  Donovan, P.R., Ph.D. Thesis, MIT Dept. of Mech. Eng., 1975. 

8. Pande, L., Model Study of Ai rcraf t  Noise Reverberation i n  a City Street, 
MS Thesis, MIT Dept. of Mech. Eng., 1972. 

9. Pierce, A.D., Kinney, W.A., and Rickley, E . J . ,  Helicopter Noise Experinients 
i n  an Urban Environment, J. Acoust. SOC. Am. 56, 1974, p. 332. 

10 

11. 

12. 

13. 

14. 

15. 

DeJong, R. ,  Lyon, R.H., and Cann, R. ,  Acoustical Modelling fo r  S i t e  
Evaluation. 89th Meeting of the  Acoustical Society of America, paper 
H5, 1975. 

Wiener, F.M., M a l m e ,  C . I . ,  and Gogos, C.M., Sound Propagation i n  Urban 
Areas. J. Acoust. SOC. Am. 37, 1965, p.  738. 

Delaney, M.E., Rennie, A . J . ,  and Collins,  K.M., Scale Model Invest igat ions 
of Traf f ic  Noise Propagation. NPL Rept. Ac 58, 1972. 

Kurze, U.J . ,  S ta t i s t ics  of Road Tra f f i c  Noise. J. Sound Vibn. 18, 1971, 
p. 171. 

Davies, H.G., Noise Propagation i n  Corridors, J. Acoust. SOC. Am. 53, 
1973, p. 1253. 

Bullen, R., and Fricke, F., Sound Propagation i n  a Street, J .  Sound Vibn. 
46, 1976, p. 33. 

1005 



16, A Community Noise Survey of Medford, Mass. U.S. Dept. of Transportation 
' Rept. No. DOT-TSC-OST-72-1, 1971. 

17. Shaw, E.A.G., and Olson, N., Theory of Steady-State Urban Noise for an 
Ideal Homogeneous City, J.Acoust. SOC. Am. 51, 1972, p. 1781 

18. Davies. H.G., and Lyon, R.H., Noise Propagation in Cellular Urban and 
Industrial Spaces, J. Acoust. SOC. Am. 54, 1973, p. 1565. 

1006 



MA1 N 
ARTERY 

0 
O O  0 

0 

00 

SOUND 7o 

LEVEL, 
d B A  

60 

50 

a = 0.2 ' A 
a = 0 5 '  I' 

0 

5 IO 20 5 0  100 200 

DISTANCE FROM NEARSIDE CURB , METRES 

Figure 1.- Varia t ion  of no i se  level with d i s t a n c e  along s i d e  street 
due t o  n o i s e  sources  i n  main a r t e r y .  
t h e o r e t i c a l  estimates f r o m  re ference  6. 

F i e ld  da t a  from reference  4 ;  

I REGION I 
REGION 2 

Figure 2.- Typical  geometry of scale model street 
discussed i n  re ference  15. 
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Figure 3. -  Geometry t o  estimate power inc iden t  on w a l l  
element dx from given d i r ec t ion .  
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Figure 4 . -  Geometry of c e l l - l i k e  s t r u c t u r e  i n  urban area ( r e f .  18). 
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DIFFRACTION OF SOUND BY NEARLY R I G I D  BARRIERS 

W .  James Hadden, J r . , and  Allan D .  Pierce 
Georgia I n s t i t u t e  of Technology 

SUMMARY 

An ana lys i s  is presented of the  d i f f r a c t i o n  of  sound by b a r r i e r s ,  
whose surfaces a r e  charac te r ized  by la rge ,  bu t  f i n i t e ,  acous t ic  
impedance. The discussion is l imi ted  t o  idea l i zed  source-bar r ie r -  
r ece ive r  configurations i n  which the  b a r r i e r s  may be considered as  
s emi - in f in i t e  wedges. P a r t i c u l a r  a t t e n t i o n  is  given t o  s i t u a t i o n s  
i n  which t h e  source and rece iver  a r e  a t  l a rge  d is tances  from t h e  
t i p  of t h e  wedge. 
l i m i t i n g  case is compared with t h e  r e s u l t s  of  P i e rce ' s  ana lys i s  
of d i f f r a c t i o n  by a r i g i d  wedge. An expression f o r  t h e  i n s e r t i o n  
lo s s  of a f i n i t e  impedance b a r r i e r  i s  compared with i n s e r t i o n  lo s s  
formulas which are used ex tens ive ly  i n  s e l e c t i n g  o r  designing 
b a r r i e r s  f o r  no ise  cont ro l .  

The expression f o r  t he  acous t i c  pressure  i n  t h i s  

INTRODUCTION 
I 

The d e s i r e  f o r  e f f e c t i v e  measures t o  p r o t e c t  r e s i d e n t i a l  
areas from noise  assoc ia ted  with various modes o f  t r anspor t a t ion  
has l e d  t o  a resurgence of  i n t e r e s t  i n  t he  problem of sound 
d i f f r a c t i q n  by b a r r i e r s .  
i n t e r e s t  because of t h e i r  ubiquity both as physical e n t i t i e s  and 
as sub jec t s  o f  s c i e n t i f i c  i nves t iga t ions .  L i t t l e  a t t e n t i o n  has 
been given, however, t o  t he  e f f e c t  of t h e  f i n i t e  . acous t ic  imped- 
ance of  a b a r r i e r ' s  surfaces on i t s  performance as a noise  
s h i e l d .  The inc lus ion  of  t h e  effect of la rge ,  bu t  f inite; '  
a cous t i c  impedance i n  ca l cu la t ions  of t h e  i n s e r t i o n  l o s s  f o r  a 
b a r r i e r  is  cons is ten t  with cur ren t  i n t e r e s t  i n  b e t t e r  b a r r i e r  
design and s e l e c t i o n  procedures. This paper describes some of  
t h e  r e s u l t s  of  a t h e o r e t i c a l  study of d i f f r a c t i o n  by hard  wedges 
and suggests a method of adapting these r e s u l t s  t o  widely used 
formulas ( r e f s .  1 and 2) based on r i g i d  wedges. 

Wedge-shaped b a r r i e r s  are of p a r t i c u l a r  
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SYMBOLS 

Values are given i n  dimensionless form. 

P 
r, 6, z 
w 
C 
k 
Q 
8 
L 
R 

Y 
a 

I L  

acoust ic  pressure 
coordinate axes i n  cy l indr ica l  coordinates 
angular frequency 
acoust ic  wave speed 
acoust ic  wave number 
normalized acoust ic  impedance (eq. (2)) 
e x t e r i o r  angle of wedge 
modified spreading dis tance of d i f f rac ted  ray (eq. (4 ) )  
spherical  spreading dis tance (eq. (14)) 
complex angle . (eq.  (5)) 
angle between source-receiver path and wedge ver tex 

i n s e r t i o n  loss  (eq. (12)) 
(eq. (6)) 

PROBLEM STATEMENT 

We s h a l l  r e s t r i c t  our a t ten t ion  t o  an idea l ized  case i n  which 
t h e  source may be ideal ized as a point  source and the  b a r r i e r  as a 
wedge whose faces occupy t h e  planes 8=0 and e=8 .  
configuration of source, wedge and receiver  i s  depicted i n  f igure  1. 
The acoustic pressure f i e l d  must s a t i s f y  the  reduced wave equation 
(exp (-iwt) time dependence suppressed throughout; k=w/c) 

The geometrical 

k 2  sin2 ‘I * = O [S + 7 5  + 7 ae” 
i a  i a  + 

i n  the  region O:< e < @  ( R  <#32 ZIT). 
a t  the surfaces 8=0,8 may be expressed as 

The impedance boundary conditions 

where the upper s ign  i s  talien f o r  8=0 and Q i s  a dimensionless 
impedance. 
condition (outgoing waves from t h e  wedge). 

In addition, the  pressure f i e l d  must obey a rad ia t ion  
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The so lu t ion  f o r  t h e  po in t  source case has been obtained from 
the  exact so lu t ion  f o r  t h e  d i f f r a c t i o n  of  p lane  electromagnetic 
waves, p a r t i c u l a r l y  use fu l  versions of which have been given by 
Williams (ref. 3) and Malyuzhinets ( r e f .  4) .  The d e t a i l s  of t h i s  
ana lys i s  are presented i n  reference 5. 

PRESSURE FIELD I N  THE SHADOW ZONE 

The plane wave so lu t ion  can be modified, following Keller's 
geometrical theory of d i f f r a c t i o n  ( r e f .  6 ) ,  t o  y e i l d  a so lu t ion  
f o r  t h e  pressure  f i e l d  due t o  a poin t  source. For s i t u a t i o n s  i n  
which both the  source and rece iver  are many wavelengths away from 
t h e  t i p  of t h e  wedge, with t h e  rece iver  loca ted  within t h e  acous t ic  
shadow o f  t h e  wedge, t h e  acous t ic  pressure a t  a po in t  ( r , e ,z )  due 
t o  a source a t  ( r O , e O , z O )  may be approximated as 

which contains t h e  modified spreading f a c t o r  L ,  

which i s  in t e rp re t ed  as t h e  n e t  distance a wave t r a v e l s  along a 
l i n e  from t h e  source t o  t h e  wedge t i p  and then along a d i f f r a c t e d  
ray  t o  t h e  rece iver .  An addi t iona l  condition f o r  t h e  v a l i d i t y  of  
equation (3) i s  t h a t  t h e  quan t i ty  (krro/Lrr) be much l a r g e r  than 
unity.  The function G ( 8 , 8 0 , a )  i n  equation (3)  descr ibes  t h e  
v a r i a t i o n  of t h e  s t r eng th  o f  t he  d i f f r a c t e d  pressure  f i e l d ,  with 
respec t  t o  source and rece iver  angles 8,80, and with respec t  t o  
t h e  impedance through the  parameter a which i s  defined by 

-1 
cos a = (n s i n  a )  

where y i s  the  angle t h e  inc ident  ray makes with t h e  wedge ax i s  

cos y = (z-zo)/L ; s i n  y=(r+rg)/L (6 )  
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The functional form of G(8,80,a) f o r  a r b i t r a r y  values o f  t he  
impedance is  qui te  complicated; it is discussed f u l l y  i n  ref- 
erence 5. 
t i on  i n  the  case of  a hard wedge. 

It i s  possible  t o  effect a considerable simplifica- 

NEARLY R I G I D  WEDGE 

For a wedge with very large impedance q, t h e  sca t te r ing  
function G(8,80,a) can be simplified t o  the  form 

i n  which w e  have used 

and 

The function Q (-e) takes on a ra ther  simple form f o r  wedge angles 
given by $ = pg/Zq, with p an odd integer  and q and p r e l a t i v e  
primes. In such a case, w e  may use 

2 

n= 1 

p-l 

fl-1 0 0) 

-v sin(v.rr) 
Q B ( - ~ )  = C s i n  v(2nx-e) s in~v(2n- l )n-e l  

If we neglect t he  term involving SB(8,eo) i n  equation (7), we 
recover the  f a r - f i e l d  l i m i t  of Pierce 's  expression f o r  t he  
d i f f rac ted  pressure f i e l d  of a r i g i d  wedge (ref. 7 ) .  
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PRACTICAL APPLICATIONS 

The combination of equations (3)  and (7) l eads  t o  an expression 
f o r  t he  acoustic pressure i n  t h e  shadow zone a t  la rge  dis tances  
from the  t i p  of t he  wedge which included a f i r s t -o rde r  correction 
f o r  f i n i t e  wedge impedance: 

A pa r t i cu la r ly  useful  measure of a b a r r i e r ' s  shielding e f f ec t  is  
the inser t ion  l o s s ,  defined as 

I L  f 20 log,, IPNo Barrier I 
:]'Barrier I 

No Barrier For the  present case we may take a s  p 

ikR e - -  
~ N . B .  - R 

with 

Thus we may express t h e  inser t ion  loss i n  terns of t ha t  f o r  a 
r i g i d  wedge 

= 20 loglo (L/R) + 1 0  logi&2nkrro/L) ILRigid 
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and the  f i n i t e  impedance correction 

The r e s t r i c t i o n  t o  b a r r i e r  angles of the form prr/2q presents no 
r e a l  problem: 
c lose ly  enough by su i tab le  choices of p and q, o r  one may in t e r -  
po la te  f o r  design purposes between the  inser t ion  losses  f o r  wedge 
angles with values of p,q which a re  convenient f o r  computations. 
A s  an a id  t o  the  inser t ion  l o s s  computation values o f  t he  func- 
t i o n  Q (-e), given by equation ( l o ) ,  may be computed f o r  several  
wedge lng les  6 and then p lo t ted  t o  provide the  des i re  i n t e r -  
polation. 
f igure  2 .  
t o  the  inser t ion  lo s s  f o r  an obtuse @edge with the  i n t e r i o r  
angle 120 
i n  f igure  3 f o r  several  combinations o f  source and receiver  
locations.  
ance i s  stronger f o r  source and/or receiver  locations nearer the  
surface of the  wedge. 

a desired barrier angle may be  a p p r o x i m a t e d  

A se lec t ion  of t he  resu l t ing  curves i s  presented i n  
Numerical values f o r  the  finite-impedance correction 

and surface admittance q-l = 0.1 - i0.05 a re  presented 

As might be expected, the  e f f ec t  o f  the  f i n i t e  imped- 

0 

ADAPTATION TO CONVENTIONAL DESIGN PROCEDURES 

The most widely used b a r r i e r  design char t s  ( ref .  1 , 2  and 8) 
consider only r i g i d  ba r r i e r s  and generally deal only with the  
e f f ec t ive  path difference,  L-R, i n  the form of the  Fresnel 
number N = Z(L-R) /h .  In reference 9,  Pierce has shown that  i n  
general t he  inser t ion  l o s s  formula thus obtained ( r e f .  1, equa- 
t i o n  7.15), 

= 20 logla [*] anh 2rrN + 5dB ILRig i d  

i s  va l id  pr imari ly  near t he  edge of the  shadow boundary, which 
corresponds t o  having one o f  the  functions (eq. (8)) very smal l .  
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In such cases it would seem t o  be an acceptable p rac t i ce  t o  add 
the  correction term, equation (163, t o  t he  r i g i d  wedge inser t ion  
lo s s  computed from equation (17). 

CONCLUDING REMARKS 

The r e s u l t s  of a theore t ica l  study of t h e  d i f f r ac t ion  of 
sound in to  the  shadow of a wedge with large but f i n i t e  acoust ic  
impedance have been presented. The finite-impedance correction 
f o r  the  inser t ion  lo s s  of t he  wedge is  cast i n  a’form which 
is  amenable f o r  some wedge angles t o  calculat ions using modern 
desk calculators .  The inser t ion  lo s s  correction can be used 
i n  conjunction with other  calculat ions f o r  r i g i d  ba r r i e r s ,  
although 
is of greater  u t i l i t y  and involves l i t t l e  addi t ional  computa- 
t i ona l  e f f o r t .  

the  r i g i d  wedge inser t ion  loss formula obtained here 
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Figure 1.- Source-wedge-receiver configuration. 
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THE LEAKING MODE PROBLEM I N  ATMOSPHERIC 

ACOUSTI C-GRAVITY WAVE PROPAGAT ION * 

Wayne A. Kinney and Allan D. Pierce 
Georgia I n s t i t u t e  of Technology 

SUMMARY 

Previous attempts t o  p red ic t  t h e  t r a n s i e n t  acous t i c  pressure  pulse a t  long 
hor izonta l  d i s tances  from l a rge  explosions i n  t h e  atmosphere have adopted a 
model atmosphere bounded above by a ha l fspace  of  f i n i t e  sound speed and have 
represented t h e  waveform as a superposit ion of cont r ibu t ions  from d i spe r s ive ly  
propagating guided modes. Certain modes a t  low frequencies decay exponentially 
(leaking modes) with increas ing  propagation d is tance .  
has  been t o  neglec t  t h e  cont r ibu t ions  from such modes i n  such frequency ranges. 
The lower frequency cu to f f s  f o r  such modes are extremely s e n s i t i v e  t o  the  
nature of  t h e  upper ha l f space  i n  cont rad ic t ion  t o  t h e  reasonable supposit ion 
t h a t  energy ducted i n  t h e  lower atmosphere should be i n s e n s i t i v e  t o  t h e  
assumed form of t h e  upper halfspace.  In t h e  present  paper t h e  ove ra l l  problem 
is  reexamined with account taken of  po les  o f f  t h e  r e a l  ax i s  and of branch l i n e  
i n t e g r a l s  i n  t h e  general  i n t e g r a l  governing t h e  t r a n s i e n t  waveform. Perturba- 
t i o n  techniques a r e  described f o r  t h e  computation of  t he  imaginary ord ina te  of 
t h e  poles and numerical s t u d i e s  a r e  described f o r  a node1 atmosphere terminated 
by a halfspace with c = 478 m/sec above 125 km. For frequencies less than 
0.0125 rad/sec,  t h e  G R 1  mode, f o r  example, i s  found t o  have a frequency 
dependent amplitude decay of t h e  order  of nepers/km. Examples o f  
numerically synthesized t r a n s i e n t  waveforms are exhib i ted  with and without t h e  
inc lus ion .o f  leaking modes. The inc lus ion  of  leaking modes r e s u l t s  i n  wave- 
forms with a more marked beginning r a t h e r  than a low-frequency o s c i l l a t i n g  
precursor of gradually increasing amplitude. Also, t h e  rev ised  computations 
i n d i c a t e  t h a t  waveforms inva r i ab ly  begin with a pressure  r ise ,  a r e s u l t  
supported by o t h e r  t h e o r e t i c a l  considerations and by experimental da ta .  

The p r a c t i c e  up t o  now 

INTRODUCTION 

One o f  t h e  standard mathematical problems i n  acous t i c  wave propagation i s  
t h a t  of  p red ic t ing  t h e  acous t i c  f i e l d  a t  l a rge  hor izonta l  d i s tances  from a 
loca l i zed  source i n  a medium whose p rope r t i e s  vary with he ight  only. This 
problem, as w e l l  as i t s  counterpart  i n  electromagnetic theory, has received 
considerable a t t e n t i o n  i n  t h e  l i t e r a t u r e  ( r e f .  1) , i s  reviewed ex tens ive ly  i n  
various t e x t s  ( r e f s .  2-7), and, f o r  t h e  most p a r t ,  may be considered t o  be 
well understood. 

A t y p i c a l  formulation of t h e  t r a n s i e n t  propagation problem (refs: 8,9) 
leads ( a t  s u f f i c i e n t l y  l a rge  hor izonta l  distance r) t o  an intermediate r e s u l t  

* 
Work supported by A i r  Force Geophysics Laboratory 
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which expresses t h e  acous t i c  pressure  as a double Fourier i n t e g r a l  over angular 
frequency w and ho r i zon ta l  wave number k so t h a t  

W A  co 

J [Q/D(w, k) ] eikrdkdu). (1) 
- i w t  p = S ( r )  R e  { I  f(w)e 

0 -co 

Here S( r )  is  a geometrical spreading f ac to r ,  which 2s l/& f o r  ho r i zon ta l ly  
s t r a t i f i e d  media and 1/ [aesin(r/ae)] i f  t h e  e a r t h ' s  curvatgre (ae = rad ius  
of ear th)  i s  approximately taken i n t o  account. The quan t i ty  f(w) is  t h e  
Fourier transform o f  a time-dependent function t h a t  cha rac t e r i zes  t h e  source. 
Q i s  a function o f  r ece ive r  and source heights zr and zs, respec t ive ly ,  as w e l l  
as of w and k, and poss ib ly  of t h e  hor izonta l  d i r e c t i o n  of  propagation i f  winds 
are included i n  t h e  formulation. 
no poles i n  t h e  complex k-plane when w i s  real  and pos i t i ve .  

In  any case, given zr and zs, Q should have 
The denominator 

D(w,k) (which i s  termed t h e  eigenmode d ispers ion  function) may be zero f o r  
c e r t a i n  values kn(w) of  k .  

The k i n t e g r a t i o n  contour for  Eq. (1) i s  chosen t o  l i e  along t h e  r e a l  
k-axis  except where it s k i r t s  below o r  above poles which l i e  on the  real ax i s  
(see Fig. l a ,  where branch l i n e s  a r e  i d e n t i f i e d  by s l a s h  marks, po les  are 
ind ica ted  by dots ,  and t h e  k in t eg ra t ion  contour is  marked by arrowheads t h a t  
show t h e  d i r e c t i o n  o f  i n t e g r a t i o n ) .  Let i t  s u f f i c e  here t o  say t h a t  t h e  p lac ing  
o f  branch cu t s  and t h e  s e l e c t i o n  o f  t h e  contour must be such t h a t  t h e  expression 
f o r  t h e  acous t i c  pressure  d i e s  out  at long d is tance  as long as a small amount 
o f  damping i s  included i n  t h e  formulation. 
formulation arises when. t h e  contour i s  deformed [permissible because of  Cauchy's 
theorem and o f  Jordan's lemma ( r e f .  l o ) ]  t o  one such as i s  sketched i n  Fig. l b .  
The poles ind ica ted  the re  above t h e  i n i t i a l  contour are enc i rc led  i n  the  
counterclockwise sense,  and the re  are contour segments which e n c i r c l e  ( a l so  i n  
t h e  counterclockwise sense) each branch cu t  t h a t  l ies  above t h e  r e a l  ax i s .  
The i n t e g r a l s  around each pole  a r e  evaluated by Cauchy's res idue  theorem so 
t h a t  what remains i s  a sum o f  residue terms p lus  branch l i n e  i n t e g r a l s .  
res idue  term i s  considered t o  correspond t o  a p a r t i c u l a r  guided mode of 
prop agat i on. 

w a s  t o  neglect cont r ibu t ions  from poles [i.e.,  t he  kn(w)] which were located 
above t h e  real k-axis ( r e f s .  8,9). The thought behind t h i s  omission was t h a t  
most o f  t h e  cont r ibu t ions  i n  t h e  synthes is  o f  waveforms f o r  long propagation 
d is tances  would come from poles  which were on t h e  real k-axis.  
approximation was t h a t ,  f o r  long d is tances ,  t h e  cont r ibu t ion  from branch l i n e  
i n t e g r a l s  could be neglected as well. Given these  two approximations, t h e  

The guided-mode descr ip t ion  i n  t h e  

Each 

One approximation t h a t  was previously made i n  t h e  guided-mode formulation 

Another 

expression f o r  t h e  acous t i c  pressure  i n  Eq. (1) can be approximated as follows: 
%n 

p = C S ( r )  J An(@) cos[wt - kn(w)r + @,(w)] dw, 
Ln n w 

where A,(w) and +,(w) are defined i n  terms of  t h e  magnitude and phase of t h e  
res idues  of  t h e  integrand i n  E q .  (1) and t h e  kn(w) are t h e  real roo t s  for  
D(w,k) (which are numbered i n  some order with n = 1,2,3, e t c . ) .  I t  i s  under- 
stood t h a t  i n  Eq. ( 2 ) ,  f o r  any given n, kn(w) should be a continuous function 
o f  w between t h e  l i m i t s  uLn (lower) and uUn (upper). 
i t  should be poss ib le  t o  eva lua te  t h e  r e s u l t a n t  i n t e g r a l  over w approximately 

With t h i s  understanding, 
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by t h e  method of s t a t i o n a r y  phase o r  by some numerical method. 

t h e r e  i s  a s e t  of  circumstances i n t r i n s i c  t o  low-frequency in f r a son ic  propa- 
ga t ion  f o r  which they a r e  n o t  v a l i d ,  even f o r  d i s t ances  of propagation of 
more than 10,000 km. I t  is  these  circumstances and t h e i r  r e l a t i o n  t o  the  
a n a l y t i c  syn thes i s  o f  guided-mode atmospheric i n f r a s o n i c  waveforms t h a t  are 
o f  c e n t r a l  i n t e r e s t  i n  t h i s  discussion.  

In  s p i t e  o f  t h e  seeming p l a u s i b i l i t y  o f  t h e  above two approximations, 

t 

SYMBOLS FREQUENCY USED 

defined i n  Eqs. (6) 
sound speed f o r  upper ha l f space  
sound speed as a funct ion of he igh t  
eigenmode d i spe r s ion  funct ion def ined i n  Eq. (5) 
def ined i n  Eq. ( 3 )  
g r a v i t a t i o n a l  modes 
ho r i zon ta l  wave number and i t s  imaginary and real p a r t s ,  
r e spec t ive ly  
ordered r o o t s  of  D(w,k) 
acous t i c  pressure  
ho r i zon ta l  d i s t ance  o f  propagat 
[1,1] and [ 1 , 2 ]  elements of  t h e  
r e spec t ive ly  
t ime 
phase v e l o c i t y  (w,k) 
complex phase ve loc i ty  obtained 
r o o t s  of R11(w,v) and RI2(w,v), 
r o o t s  o f  D(w,v) 
he igh t  

on 
t ransmission matr ix  [R],  

by first i t e r a t i o n  with Eq. (sa) 
r e spec t ive ly  

he ight  o f  bottom o f  upper ha l f space  
de r iva t ives  o f  R 1 1  and R12 with r e spec t  t o  v, r e spec t ive ly ,  and 
evaluated a t  va and vb, r e spec t ive ly  
amb i e n t  dens i ty  
angular  frequency 
c h a r a c t e r i s t i c  f requencies  used i n  Eq. ( 3 )  
cu to f f  po in t  i n  t h e  (w,v)-plane f o r  a non-leaking mode. 

INFRASONIC MODES 

An atmospheric model t h a t  i s  f requent ly  adopted i n  s t u d i e s  of infrasound 
i s  one i n  which t h e  sound speed c(z)  va r i e s  cont inuously with he ight  z i n  some 
reasonably r e a l i s t i c  manner up t o  a spec i f i ed  he ight  ZT and is  constant  (value 
CT) f o r  a l l  he ights  exceeding zT ( see  Fig. 2 ) .  Should winds be included i n  
t h e  formulation, t h e  wind v e l o c i t i e s  are a l s o  assumed t o  be constant  i n  t h e  
upper halfspace z > z . I t  would seem reasonable  t o  say t h a t  t h e r e  is  some 
choice i n  spec i fy ing  The values  f o r  both zT and cT, even though t h e  computa- 
t i o n s  of such f a c t o r s  as Q and D(w,k) i n  Eq. (I) become more ,lengthy with 
increas ing  zT. 
CT t o  be c(zT) so t h a t  t h e  sound-speed p r o f i l e  would then be continuous with 
he igh t .  I n t u i t i v e l y ,  it would a l s o  seem t h a t  i f  t h e  source and r ece ive r  are 
both nea r  t h e  ground and i f  t h e  energy a c t u a l l y  reaching t h e  r ece ive r  t r a v e l s  

Whatever t h e  choice o f  zT, it would seem reasonable  t o  choose 
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v i a  modes o f  propagation channeled pr imar i ly  i n  t h e  lower atmosphere, then t h e  
a c t u a l  value of t h e  i n t e g r a l  i n  Eq. (1) would be somewhat i n s e n s i t i v e  t o  t h e  
choices of  ZT and CT. 
r igorous sense. I n  t y p i c a l  ca l cu la t ions  performed i n  t h e  pas t ,  ZT was taken 
as 225 km, and CT was taken as t h e  sound speed (z 800 m/sec) a t  t h a t  a l t i t u d e  
( re f .  8). 

t o  infrasound €or frequencies a t  which g r a v i t a t i o n a l  e f f e c t s  a r e  important 
(corresponding t o  periods g r e a t e r  than one t o  f i v e  minutes) is based on t h e  
equations of  f l u i d  dynamics with t h e  inc lus ion  o f  g r a v i t a t i o n a l  body forces ,  
t h e  assoc ia ted  nea r ly  exponential decrease of ambient dens i ty  and pressure with 
he ight ,  and a loca l ized  energy source. 
incorporation o f  g r a v i t a t i o n a l  e f f e c t s  i n  t h i s  formulation leads t o  a d isper -  
s ion  r e l a t i o n  fo r  plane waves propagating i n  the  upper halfspace which i s  
(winds neglected) ( r e f s .  8 ,s )  

This  idea ,  however, remains t o  be j u s t i f i e d  i n  any 

The formulation leading t o  t h a t  version of Eq. (1) which is appropriate 

When cT is taken t o  be f i n i t e ,  the 

where t h e  so lu t ion  of  t h e  l i nea r i zed  equations of f l u i d  dynamics f o r  z > ZT 
i s  of t h e  form 

i k z z  - i w t  ,ikx e p / J r  0 = (Constant) e (4) 

I n  these  equations p is  again t h e  acous t ic  pressure,  po i s  ambient dens i ty ,  x 
is the  hor izonta l  space dimension, and k, is  t h e  ver t ical  wave number ( a l t e r -  
na t ive ly  wr i t t en  as i G  f o r  inhomogeneous plane waves). 
c h a r a c t e r i s t i c  frequencies (wA > w ) f o r  wave propagation i n  an lsothermal 
atmosphere where WA = (y/2)g/cT a n i  wB = (y - 1 ) l l 2  g/cT (g y 9.8 m/sec2 is  
the  acce lera t ion  due t o  g r a v i t y  and y x 1.4 i s  t h e  s p e c i f i c  hea t  r a t i o  f o r  a i r ) .  
The values of  k (pos i t i ve  and negative) a t  which G2 is  zero tu rn  out t o  be t h e  
branch poin ts  i n  t h e  k in t eg ra t ion  i n  Eq. (1). 
and downwards from t h e  p o s i t i v e  and negative branch poin ts ,  respec t ive ly  
( r e c a l l  Fig. 1 ) .  

The eigenmode d ispers ion  function D(w,k) i n  t h e  case of atmospheric 
infrasound can be  wr i t t en  i n  t h e  general form ( r e f .  8) 

wA and uB are two 

The branch l i n e s  extend upwards 

I n  t h i s  expression, Rll  and R12 a r e  the  elements of's transmission matrix [R].  
They depend on t h e  atmospheric proper t ies  only i n  t h e  a l t i t u d e  range zero t o  
z , and are independent o f  what is assumed f o r  t h e  upper halfspace.  In general ,  
t ; f e i r  determination r equ i r e s  numerical i n t eg ra t ion  over he ight  of  two simul- 
taneous ordinary d i f f e r e n t i a l  equations [termed t h e  r e s idua l  equations ( r e f s .  
8,9,11)]. They do depend on w and k (or ,  a l t e r n a t e l y ,  on w and phase ve loc i ty  
v = w/k), but are f r e e  from branch cu ts .  The o the r  parameters A 1 2  and A 
depend on t h e  p r o p e r t i e s  of t h e  upper ha l f space ,  and on w and k .  A 1 1  anA1Al2 
are given (winds excluded) as 
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I t  may be noted t h a t ,  s ince  every quan t i ty  i n  Eq. (5) (with t h e  poss ib l e  
exception of G) i s  real when w and k are real, t h e  poles  t h a t  l i e  on t h e  real 
k-axis ( r e c a l l  t h a t  they  are t h e  real roo t s  of D) must be i n  those  regions of  
t h e  (w,k)-plane [or,  a l t e r n a t i v e l y ,  t h e  (w,v)-plane] where G2 > 0. Since a t  
height; above ZT, t h e  integrand o f  Eq. (1) divided by 6 should vary with z 
as e 
modes t h a t  correspond t o  t h e  above poles.  Such modes are termed f u l l y  ducted 
modes. Modes f o r  which t h e r e  i s  leakage of energy are termed leaking. If D 
i s  considered as a function o f  w and phase ve loc i ty  v, t h e  locus of i t s  real 
roots  v(w) (d ispers ion  curves) has [as has been found by numerical computation 
with the  program INFRASONIC WAVEFORMS ( re f .  S ) ]  t h e  general  form sketched i n  
Fig. 3. The nomenclature f o r  labe l ing  t h e  modes (GR f o r  g rav i ty ,  S' fo r  sound) 
is  due t o  Press and Harkrider ( r e f .  12).  I t  may be noted from Eq. ( 3 )  t h a t  
t he re  a r e  two "forbidden regions" (slashed i n  t h e  f igure)  i n  the  (w.v)-plane. 
Within these  regions these  are no r e a l  roo t s  of t h e  function D(w,v) because G 
i s  imaginary. 
implies t h a t  t h e  phase v e l o c i t i e s  f o r  propagating modes a re  always l e s s  than 
t h e  sound speed chosen f o r  t h e  upper halfspace.  
ve loc i ty  "forbidden region" appears t o  be due t o  t h e  incorporation of g rav i t a -  
t i o n a l  e f f e c t s  i n t o  t h e  formulation. 
i n f i n i t y ,  t h e  lower "forbidden region" disappears.  Thus, it can be seen t h a t  
t h e  f u l l y  ducted GRO and GR1 modes both have a low-frequency cutoff [ w ~  i n  Eq. 
(2)]  which depends on cT. 
cu tof f  frequency becomes. 

A t  t h i s  po in t ,  t h e r e  should appear t o  be t h e  following paradoxes. 
t h a t  frequencies below wB may be important f o r  t h e  syn thes i s  of a waveform, an 
apparently p l aus ib l e  computational scheme based on t h e  reasoning leading t o  
Eq. (2)  w i l l  omit much of t h e  information conveyed by such frequencies. Also, 
i n  s p i t e  of  t h e  p l a u s i b l e  premise t h a t  energy ducted pr imar i ly  i n  t h e  lower 
atmosphere should be i n s e n s i t i v e  t o  t h e  choice f o r  CT, it can be seen t h a t  
t h i s  choice governs t h e  cu tof f  frequencies f o r  c e r t a i n  modes and t h a t  c e r t a i n  
important frequency ranges could conceivably be omitted by a seemingly log ica l  
choice f o r  cy. 
of  t h e  approximations made i n  going from Eq. (1) t o  Eq. (2).  The latter 
equation may not  be as nea r ly  co r rec t  as e a r l i e r  presumed, and it may be 
necessary t o  include cont r ibu t ions  from poles o f f  t h e  real ax i s  as w e l l  as from 
t h e  branch l i n e  i n t e g r a l s .  Even f o r  t h e  case when t h e  propagation d is tance  r 
i s  very long, it may be t h a t  t h e  imaginary p a r t s  of t h e  complex hor izonta l  wave 
numbers a r e  so  small t h a t  t h e  magnitude of e l k r  i n  Eq. (1) i s  s t i l l  not small 
compared t o  uni ty .  In addi t ion ,  a branch l i n e  i n t e g r a l  may be appreciable i n  
magnitude a t  l a rge  r i f  t h e r e  i s  a po le  r e l a t i v e l y  c lose  t o  t h e  assoc ia ted  
branch cu t .  

T ,  t h e r e  i s  no leakage of energy i n t o  t h e  upper ha l f space  f o r  those  

The ex is tence  o f  t h e  high-frequency upper "forbidden region" 

The low-frequency lower-phase- 

However, if CT is  allowed t o  approach 

In f a c t ,  t h e  l a rge r  cT becomes, t h e  smaller t h i s  

Given 

The r e s o l u t i o n  of  t hese  paradoxes seems t o  l i e  i n  t h e  na ture  

ROOTS OF THE DISPERSION FUNCTION 

In l i g h t  o f  t h e  paradoxes mentioned, it would be des i r ab le  t o  modify t h e  
so lu t ion  represented by Eq. (2) so as t o  remove t h e  apparent a r t i f i c i a l  low- 
frequency cu tof fs  of t h e  GRO and GR1 modes. 
t he  eigenmode d ispers ion  function D i n  t h e  v i c i n i t y  of  t h e  d ispers ion  curve f o r  

A s  a first s t ep ,  t he  nature of 
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a p a r t i c u l a r  mode i s  examined. The curve of  values vn(w) of 2hase ve loc i ty  v 
ve r sus  w for  a given (n-th) mode is known f o r  frequencies g r e a t e r  than the  low 
cu to f f  frequency WL. Given t h i s  curve, analogous curves va(w) and vb(w) can 
be found f o r  values of t h e  phase ve loc i ty  w/k a t  which t h e  functions Rll(w,v) 
and R12(w,v) i n  Eq. (S), respec t ive ly ,  vanish. 
curves vn(w), va(w), and vb(w) which has been checked numerically fo r  w > WI; 
(see Fig. 4) is  t h a t ,  f o r  a given mode of i n t e r e s t ,  t hese  curves a l l  l i e  
s u b s t a n t i a l l y  c l o s e r  t o  one another than t o  t h e  corresponding curves f o r  a 
d i f f e r e n t  mode. 

One c h a r a c t e r i s t i c  of t he  

D = 0 f o r  a s i n g l e  
sion, as 

Given t h e  d e f i n i t i o n s  above of va(w) and vb(w)y t h e  d ispers ion  r e l a t i o n  
mode may be approximately expressed, through a simple expan- 

D - "  

where a = dRll/dv, 
( f o r  s impl i c i ty ,  D 
than of w and k) . 

and 6 = dR12/dv, evaluated a t  v = va and vb, respec t ive ly  
i s  considered here  as a function of w and v = w/k r a t h e r  
The above equation may a l s o  be wr i t t en  i n  the  form 

where 

Eq. (sa) may be considered as a s t a r t i n g  po in t  fo r  an i t e r a t i v e  so lu t ion  which 
develops v i n  a power series i n  va - Vb. With v = va as the  zeroth i t e r a t i o n ,  
t h e  r i g h t  hand s i d e  o f  Eq. (sa) can be evaluated f o r  t h e  value of v required 
f o r  t h e  next i t e r a t i o n ,  etc. This i t e r a t i v e  procedure should converge provided 
t h a t  V a  o r  vb i s  not  near a po in t  a t  which G vanishes and provided t h a t  G i n  
t h e  v i c i n i t y  o f  va o r  Vb i s  no t  such t h a t  t h e  va r i ab le  X i s  c lose  t o  uni ty .  
Among o the r  l imi t a t ions ,  t h e  i t e r a t i v e  scheme i s  inappropr i a t e - fo r  those 
values of w i n  t h e  immediate v i c i n i t y  of wL. 

As an i l l u s t r a t i o n  of  t h e  pe r tu rba t ion  technique, d e t a i l e d  p l o t s  ( fo r  t h e  
GRo and GR1 modes) versus angular frequency a r e  given i n  Fig. 5 of w/k ( top 
por t ion  of  t h e  f igu re )  which i s  t h e  r ec ip roca l  of the  real a r t  of l / v b ) ,  and 
of k I  (bottom por t ion)  which i s  t h e  imaginary p a r t  of 
real and imaginary p a r t s  of  k, r e spec t ive ly ) ,  where v 

v('7 (kR and kI a re  the  
i s  t h e  r e s u l t  of first 

The values shown i n  Fig. 5 are appropri- 
i t e r a t i o n  f o r  t h e  phase v e l o c i t y  using Eqs. (8). 
t h e  corresponding cu tof f  frequencies. 
a t e  t o  t h e  case of  a U. S. Standard Atmosphere ( r e f .  8; see a l s o  Fig. 2) 
without winds which i s  terminated a t  a height of 125 km by an upper halfspace 
possessing a sound speed o f  478 rn/sec. 
t h e  agreement between vC1) and vn has proven t o  be exce l len t .  The w/kR serve  
as approximate extensions of  t h e  d ispers ion  curves down t o  frequencies near 
zero, thus  enabling t h e  computation of  waveforms with leaking modes included. 

Note t h a t  kI  is zero above 

For frequencies a t  which Vn is  computed, 

TRANSITION OF MODES FROM NON-LEAKING TO LEAKING 

A more p rec i se  approximation t o  D(w,v) i n  t h e  v i c i n i t y  of cu to f f  [ i .e. ,  
near t h e  p o i n t  ( w ~ , v ~ ) ]  revea ls  t h a t  a d ispers ion  curve becomes t angen t i a l  t o  
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t h e  l i n e  G 2  = 0 a t  (wc,vL). 
frequency range i n  which t h e r e  a r e  no poles  i n  t h e  k- ( o r  v-) plane correspond- 
ing t o  a given n-th mode. 
mode and rad/sec f o r  t h e  GR1 mode. 

(corresponding t o  a mode) may e x i s t ,  it i s  evident t h a t  evaluation of t h e  
i n t e g r a l  over  k i n  Eq. (1) by merely including res idues  may be i n s u f f i c i e n t  f o r  
c e r t a i n  frequencies.  
from branch l i n e  i n t e g r a l s .  
demonstrates t h a t  a l l  cont r ibu t ions  from branch l i n e  i n t e g r a l s  a r e  i n s i g n i f i -  
can t  as previously assumed. 
reference 13, 

For w < %, t h e r e  is a very narrow gap i n  t h e  

This gap i s  of  t h e  order  10-13 rad/sec fo r  t he  GRo 

Since the re  is  a gap i n  t h e  range o f  frequencies far which a pole  

Thus it would seem appropr ia te  t o  include a cont r ibu t ion  
However, t h e r e  is  a l i n e  of reasoning which 

Further d e t a i l s  on t h i s  matter are provided i n  

EXAMPLE (HOUS ATONIC) 

Values of w/kR and k I  ca l cu la t ed  by t h e  per turba t ion  techniques out l ined  
above were used [with a rev ised  version of INFRASONIC WAVEFORMS ( re f .  14)] t o  
compute waveforms f o r  t he  case o f  s i g n a l s  observed a t  Berkeley, Cal i forn ia ,  
following t h e  Housatonic detonation a t  Johnson Is land  on October 30, 1962. 
A comparison of t h e o r e t i c a l  and observed waveforms f o r  t h i s  case i s  given by 
Pierce, Posey, and I l i f f  ( r e f .  9).  This case  a l s o  serves  as t h e  main example i n  
t h e  1970 AFCRL repor t  by Pierce and Posey ( r e f .  8 ) ,  and is  discussed by Posey 
( r e f .  15) wi th in  t h e  context of t h e  theory of t he  Lamb edge mode. 
atmosphere assumed here (winds included) i s  t h e  same as i n  Fig. 3-12 of refer- 
ence 8, except t h a t  i n  t h e  present  model t h e  upper halfspace begins a t  125 km 
r a t h e r  than a t  225 km. To avoid repeating tedious ca l cu la t ions  of the  k I  f o r  
t h e  GRo and GR1 modes f o r  t h i s  model atmosphere, it was assumed t h a t  t h e  k I  
would be c lose  i n  value t o  those shown i n  Fig. 5. 

In Fig. 6, s e t s  of  p l o t s  f o r  t h e  Housatonic case are shown with and without 
leaking modes. The waveform t h a t  includes leaking modes is  regarded as an 
improvement i n  t h a t  among o the r  th ings ,  t h e  spurious i n i t i a l  p ressure  drop shown 
i n  t h e  o r i g i n a l  waveform is  not  present  here. 
observed and t h e o r e t i c a l  waveforms are shown f o r  t h e  Housatonic case. On t h e  
b a s i s  of  t h e  ca l cu la t ions  described above, t h i s  f i g u r e  was redrawn and i s  
given here as Fig. 7. The only d i f f e rence  between t h e  two f igu res  l i e s  i n  t h e  
cen t r a l  waveform. The false precursor is absent i n  t h e  waveform shown i n  Fig. 
7 ,  and t h e  first peak t o  trough amplitude has been changed from 157 
170 ba r  ( l e s s  than  a 10% inc rease ) .  The remainder of t h e  c e n t r a l  waveform is  
v i r t u a l l y  unchanged. 
diminished and remains a t o p i c  f o r  f u t u r e  study. 

The model 

In Fig. 7 o f  re ference  9 

bar t o  

The discrepancy with t h e  edge-mode synthes is  has not been 

CONCLUD I N G  RE MARKS 

I t  was shown i n  t h i s  paper t h a t ,  f o r  a model atmosphere i n  which t h e  sound 
speed is  cons tan t  above some a r b i t r a r i l y  l a rge  he ight ,  t h e  GRo and GR1 modes 
have low cutof f  frequencies and are leaking below t h a t  height.  
facts, pe r tu rba t ion  techniques were provided f o r  t h e  computation of t h e  imagi- 
nary and real  p a r t s  k I  and kR, respec t ive ly ,  of t h e  hor izonta l  wave numbers f o r  
these  modes. 
a synthes is  o f  waveforms, cont r ibu t ions  from the  GRO and GR1 modes a t  frequen- 
c i e s  where these modes were leaking. 
inclusion' y ie lded  waveforms t h a t  were more real is t ic  than before.  

Given these  

Knowledge o f  t h e  k I  and kR then made it poss ib l e  t o  include, i n  

F ina l ly  it w a s  demonstrated t h a t  t h i s  
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THE PREDICTION AND MEASUREMENT OF SOUND RADIATED BY STRUCTURES 

Richard H. Lyon and J. Daniel Br i to  
Massachusetts Xns t i tu te  of Technology 

INTRODUCTION 

This paper is  a review of c e r t a i n  t h e o r e t i c a l  ideas  about t h e  radi-  
a t i o n  of sound and shows how these  ideas  have been implemented i n  s t r a t e g i e s  
f o r  explaining o r  measuring t h e  sound produced by p r a c t i c a l  s t ruc tu res .  
s h a l l  be e spec ia l ly  i n t e r e s t e d  i n  those aspects of t h e  sub jec t  t h a t  relate 
t o  the  determination of t h e  relative amounts of sound generated by various 
p a r t s  of a machine o r  s t r u c t u r e ,  which can be very use fu l  information f o r  
no i se  reduction e f f o r t s .  
unce r t a in t i e s  o r  questions remain i n  t h e  t h e o r e t i c a l  and experimental a spec t s  
of t he  subjec t .  

W e  

W e  w i l l  a l s o  poirst o u t  areas i n  which s i g n i f i c a n t  

I n r e n s i t y  and Energy Density 

Since the  acous t i ca l  equations are f i r s t - o r d e r  per turba t ions  of t he  
underlying fluid,dynamical,and s ta te  equations, i t  i s  not  obvious t h a t  
acous t i ca l  i n t e n s i t y ,  which i s  a second-order quant i ty ,  can be determined from 
the  f i r s t - o r d e r  q u a n t i t i e s  only. It i s  shown i n  advanced t e x t s ,  however, t h a t  
i n  a nonmoving i d e a l  f l u i d ,  an energy conservation statement can be w r i t t e n  
i n  the  form 

a& 3 -+  V*I = 0 ,  a t  

-t -f + &p2/poc2 is  t h e  acous t i ca l  energy dens i ty ,  I = pu i s  t h e  where E = 3pou. 
i n t e n s i t y ,  p and u are t h e  f i r s t -o rde r  "acoustic" pressure  and particle veloc- 
i t y  respec t ive ly .  This  formulation, while i n t e r n a l l y  cons i s t en t ,  does leave 
c e r t a i n  second-order t e r m s  ou t  of t he  i n t e n s i t y  and energy dens i ty  which cor- 
respond t o  the  t r anspor t  of i n t e r n a l  energy of t h e  f l u i d  by streaming flows, 
These terms are usua l ly  of l i t t l e  p r a c t i c a l  importance. 

j. 

+ 
From eq. (l), it is  clear that t h e  add i t ion  t o  I of any salen-oiilal 

vec tor  f i e l d  w i l l  leave t h e  conservation r e l a t i o n  unchanged, bu t  can g r e a t l y  
al ter the  i n t e n s i t y  vec tor  a t  any p o s i t i o n  (and time). Such so lenoida l  in- 
t e n s i t y  f i e l d s  do exist i n  reverberant f i e l d s  (even when t i m e  averaged) and 
represent one way t h a t  reverberant sound can contaminate a measurement of 
sound i n t e n s i t y .  
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Simple Radiators 

A simple r a d i a t o r  i s  a r i g i d  plane sur face ,  v i b r a t i n g  wi th  a v e l o c i t y  

When a l l  dimensions of t h i s  v i b r a t o r  are l a r g e  compared t o  a wavelength, 
u 
plane. 
then t h e  magnitude of t h e  i n t e n s i t y  is I = u2poc. 
c u l a r  p i s ton  of rad ius  a, then the t o t a l  time-averaged radiated-sound power is 

i n  a d i r e c t i o n  perpendicular t o  i t s  own sur face ,  set i n  an i n f i n i t e  r i g i d  

Zf the  v i b r a t o r  is a cir- 

where 
shown graphed i n  f i g .  1. 

S is t h e  area of t h e  p i s ton  and urad i s  t h e  r a d i a t i o n  e f f i c i ency ,  

The i n t e r e s t i n g  f e a t u r e  of f ig .  1 i s  t h a t ,  as expected, Orad approaches 
un i ty  a t  frequencies such t h a t  t he  wavelength i s  s m a l l  compared t o  p i s ton  
diameter, bu t  a l s o ,  t h i s  l i m i t  i s  e s s e n t i a l l y  reached when the p i s ton  diameter 
i s  only about one-third of t h e  wavelength of t h e  sound wave. This geometric 
e f f e c t  i s  very important i n  sound r ad ia t ion  by machines s ince  many machines 
have s i z e s  comparable t o  t h e  wavelength of sound a t  frequencies of i n t e r e s t .  

The r a d i a t i o n  of sound by waves on a plane can be p ic tured  as shown 
i n  f i g .  2. Above t h e  c r i t i ca l  frequency, t h e  f l e x u r a l  waves become super- 
son ic  ( acous t i ca l ly  fas t ) ,  and the re  i s  h ighly  d i r ec t ed  sound rad ia t ion .  Be- 
low th i s ' f r equency ,  t h e  f l e x u r a l  wave is  subsonic (acous t ica l ly  slow), and t h e r e  
is no sound r a d i a t i o n  from an i n f i n i t e  p l a t e .  The cr i t ical  frequency i s  deter- 
mined by elastic p rope r t i e s  of t h e  p l a t e  -- a simple formula f o r  steel, 
aluminum, o r  g l a s s  is: 

f = 500/h ( in )  
C 

where t h e  thickness h is  expressed i n  inches. This e f f e c t  of bending wave- 
speed on r ad ia t ion  e f f i c i ency  is very important f o r  l a r g e  f l a t  s t r u c t u r e s ,  
bu t  less so f o r  highly curved, segmented,or s t i f f e n e d  s t ruc tu res .  

generally has a l a r g e  effect on t h e  amplitude of v i b r a t i o n  (determines 
P l a t e  damp- 

>),but has l i t t l e  p r a c t i c a l  e f f e c t  on t h e  r ad ia t ion  e f f ic iency .  . 

Above t'he c r i t i ca l  frequency, t he  t h e o r e t i c a l  sound i n t e n s i t y  i s  
uniform over the surface.  
p l a t e s ,  as shown i n  f i g .  3. With a s i n g l e  mode of v ib ra t ion ,  t h e r e  are nodal 
l i n e s  i n  t h e  i n t e n s i t y  t h a t  correspond t o  zero ve loc i ty  node lines on the  
p l a t e .  
uniform. 

This is  a l s o  t h e  case f o r  l a r g e  f i n i t e  supported 

When t h e  v i b r a t i o n  i s  multimodal, t h e  i n t e n s i t y  p a t t e r n  becomes more 
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Below t h e  c r i t i ca l  frequency, any i n t e r r u p t i o n  o r  d i scon t inu i ty  
i n  t h e  p rope r t i e s  of an i n f i n i t e  p l a t e  (such as the  l i n e  of support shown i n  
f i g .  4 )  w i l l  r e s u l t  i n  r a d i a t i o n  of sound a t  frequencies less than t h e  
c r i t i c a l  frequency. 
t o  f l e x u r a l w a v e s  r e f l e c t i n g  from it a t  normal incidence i s  shown i n  f i g .  4 .  
Note t h e  a l t e r n a t i n g  regions of p o s i t i v e  and negative i n t e n s i t y ,  with the  
region next t o  the  support l i n e  being pos i t ive .  The n e t  r a d i a t i o n  due t o  the  
l i n e  support is ,  of course,  pos i t i ve ,  bu t  var ious  regions of t h e  p l a t e  are 
emitt ing and absorbing sound over an extended area. 

The normal component of i n t e n s i t y  f o r  such a support due 

When the  p l a t e  i s  f i n i t e ,  i t  has been shown t h a t  below the  c r i t i ca l  
frequency, t he  r a d i a t i o n  e f f i c i ency  i s  proportional t o  t h e  perimeter of t h e  
p l a t e .  
p l i c a t i o n  t h a t  t h e  sound i s  r ad ia t ed  from the  edges of t h e  p l a t e .  The average 
r a d i a t i o n  e f f i c i ency  f o r  a supported p l a t e  i s  shown i n  f i g .  5. A d i r e c t  cal- 
cu la t ion  of t h e  sound i n t e n s i t y  f o r  a supported rec tangular  p l a t e  shows t h a t  
t he  region very c lose  t o  the  edge i s  nea r ly  always r a d i a t i n g ,  p a r t i c u l a r l y  f o r  
t he  edge modes t h a t  have t r a c e  wavelengths g rea t e r  than t h e  wavelength of 
sound. 
supported p l a t e  f o r  a s i n g l e  mode of v i b r a t i o n  mode (17, l), which c l e a r l y  
shows t h i s  edge r a d i a t i o n  e f f e c t .  I n  f i g .  7, t he  case of multimodal r a d i a t i o n  
is shown. Thus, although t h e  t o t a l  rad ia ted  sound power from t h e  p l a t e  is  
propor t iona l  t o  i t s  edge length,  t h e  pattern of i n t e n s i t y  i s  more l ike t h a t  of 
a set  o f  su r face  r a d i a t o r s  and absorbers wi th  a l i n e  of r a d i a t i o n  along the  
edge. 

This has l ed  t o  the  concept of "edge radiation",  with t h e  s t rong  im-  

I n  f i g .  6 ,  w e  show a scan of i n t e n s i t y  across  a sec t ion  of a simply 

I n  addi t ion  t o  r a d i a t o r  s i z e ,  p l a t e  th ickness ,  and framing o r  sup- 

Curved su r faces  are s t i f f e r  than  f l a t  s t r u c t u r e s  and may 
p o r t  s t r u c t u r e  e f f e c t s ,  curvature e f f e c t s  can a l so  p l ay  an important r o l e  i n  
r ad ia t ion  e f f i c i ency .  
v i b r a t e  less, bu t  t h e i r  r a d i a t i o n  e f f i c i e n c i e s  are genera l ly  h igher ,  I n  f i g .  
5 ,  w e  show t h e  e f f e c t  of curva ture  by comparing t h e  r a d i a t i o n  e f f i c i ency  of a 
f l a t  supported p l a t e  with t h a t  of a cy l inder  formed by r o l l i n g  the  plate. 

EXPERIMENTAL METHODS 

A number of experimental techniques are ava i l ab le  f o r  determining 
the  amount of sound power rad ia ted  by a s t r u c t u r e  (o r  machine). Some methods 
simply g ive  the  t o t a l  r ad ia t ed  power 
allow one t o  measure, o r  i n f e r ,  t h e  amount of sound produced by var ious  p a r t s  
of t he  s t r u c t u r e .  Present concerns about machinery noise  and no i se  reduction 
by design create special i n t e r e s t  i n  techniques t h a t  allow one t o  scan t h e  near 
f i e l d  of t h e  machine and determine no i se  rad ia ted  by var ious  el'ements o r  sur- 
f aces. 

and possibly the  d i r e c t i v i t y .  Others 

The most commonly used technique i s  t h e  reverberd t ion  method, i n  
In such a which the  machine is placed i n  a room of f a i r l y  low absorption. 

room, the  reverberant mean square pressure  <p& i s  r e l a t e d  t o  the  rad ia ted  
power II rad 
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<pp = 4nradP o 
R (3) 

- 
where R = Sz/(l-z) 
t h e  room,and S i s  i t s  i n t e r i o r  area. The measurement of <pg> can only be  done 
r e l i a b l y  when t h e  wavelength of sound i s  less than h a l f  of a t y p i c a l  room 
dimension and i f  t he  source does not conta in  dominating pure tone compohents. 

i s  the  "room constant", a is  t h e  absorption c o e f f i c i e n t  i n  

Another w e l l  known procedure 
room t o  measure the  d i r e c t  f i e l d  <p& 
the  rad ia ted  power by 

employs a"ef1ection f ree ,or  anechoic, 
from the  r a d i a t o r ,  which i s  r e l a t e d  t o  

where Q i s  the  d i r e c t i v i t y  function and r i s  t h e  d is tance  from the  
acous t i c  center" of t h e  source. Since one does not know where t h e  acous t ic  I 1  

center  of a source is, 
don't m a t t e r .  Typically,  r must be  g rea t e r  than t h e  l a r g e s t  dimension of 
t he  source f o r  t he  measurement t o  be i n  the  " fa r  f i e l d "  o r  Frauenhofer zone of 
t he  r ad ia to r .  
r e c t i v i t y  function Q and the  t o t a l  power by an i n t e g r a t i o n  over s o l i d  angle. 

r mugt be l a r g e  enough so  t h a t  such unce r t a in t i e s  

This measurement technique allows one t o  determine t h e  di- 

A v a r i a t i o n  of t h e  methods i n  t h e  two preceding paragraphs is  t h e  
window" technique i n  which t h e  machine i s  wrapped and then various pos i t i ons  I 1  

of the  machine are exposed. 
power (and d i r e c t i v i t y )  can be determined, i f  w e  assume t h a t  t h e  process of 
wrapping does not  d i s tu rb  the  relative r o l e s  of var ious  elements i n  sound 
rad ia t ion .  
is  shown i n  f i g .  8. This procedure is  conceptually simple, bu t  t he  process of 
wrapping and unwrapping and t h e  r e p e t i t i o n  of t h e  sound measurements f o r  each 
case can ge t  q u i t e  t i m e  consuming and cumbersome. 

In  t h i s  way, t he  cont r ibu t ions  t o  t h e  t o t a l  no ise  

A sketch of a machine with i t s  wrappings undergoing t h i s  process 

The d i r e c t , o r  f r e e  field,method is e s s e n t i a l l y  a measurement of sound 
i n t e n s i t y  with a microphone. 
su r f ace  requi res  both a ve loc i ty  and pressure  measurement. 
measurement may be done using e i t h e r  a pressure grad ien t  microphone o r  an 
accelerometer mounted t o  the  sur face  of t he  s t r u c t u r e ,  as shown i n  f i g .  9. The 
required f i l t e r i n g ,  mu l t ip l i ca t ion ,  and t i m e  averaging can be done by e i t h e r  
analog o r  d i g i t a l  methods. 
phase v a r i a t i o n s  i n  t h e  pressure  and ve loc i ty  channels are kept t o  a minimum. 

An i n t e n s i t y  measurement c lose  t o  t h e  machine 
The ve loc i ty  

The p r i n c i p a l  challenge i s  making s u r e  t h a t  r e l a t i v e  

Measurements of t h e  i n t e n s i t y  near t h e  su r face  of a supported p l a t e  
using a microphone-accelerometer scheme are shown i n  f i g s .  6 and 7. These 
measurements are i n  good agreement wi th  t h e  t h e o r e t i c a l  p red ic t ions  shown i n  
these ' f i gu res ,  but t hese  examples demonstrate one of t h e  d i f f i c u l t i e s  of apply- 
i ng  t h i s  method. 
sound absorption, a c o r r e c t  assessment of tota1,radiated-sound power requi res  

Since the re  are some areas of sound generation and o the r s  of 
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a very c a r e f u l  and accura te  scan of t h e  surface.  
two, phase-matched, measurement channels adds t o  the complication. 
p r a c t i c a l  u t i l i t y  i n  measuring machine component no i se  is l i k e l y  t o  be f a i r l y  
l imi ted .  

Also, t h e  requirement f o r  
Thus, its 

Since measurements a t  the  sur face  of a s t r u c t u r e  t o  de t e  
r e l a t i v e  sound generation of i t s  var ious  p a r t s  are s o  des i r ab le ,  schemes have 
been developed which, although they lack a strict t h e o r e t i c a l  basis, are used 
because they s e e m  t o  g ive  use fu l  answers, are very easy t o  implement, and t h e  
r e s u l t s  are easy t o  i n t e r p r e t .  The methods are t h e  near  f i e l d  pressure  scan 
and the  acce le ra t ion ,o r  r ad ia t ion , e f f i c i ency  method. 

The nea r - f i e ld  pressure scan t akes  note  of t h e  f a c t  t h a t  t h e  inten- 
s i t y  of sound i n  a p lane  wave is  Sp2>/poc and i n  a d i€ fuse  f i e l d  (over 
s o l i d  angle 21r) i s  <p2>/2poc t o  assert t h a t  near a machine su r face  t h e  in- 
t e n s i t y  is  <p2>/6poc, where 6 i s  t o  be determined. Each p a r t  of t h e  
machine has an area S i  and, consequently, t he  t o t a l  power i s  

I f  nFad i s  known from a reverberant measurement, 8 i s  determined. 
s tud ie s  suggest a value of 4 f o r  6 .  In f i g .  10,  w e  show t h e  tota1,sound-power 
output measured f o r  a consumer sewing machine and t h e  relative cont r ibu t ion  t o  
the  t o t a l  r ad ia t ed  power from i ts  var ious  sur faces  as determined by t h i s  
method. Also shown are t h e  iso-pressure contours on t h i s  machine f o r  t h e  500- 
Hz octave band. 

Most 

The r a d i a t i o n  e f f i c i ency  method assumes t h a t  t h e  sound r a d i a t i o n  is 
dominated by v i b r a t i n g  s t ruc tu re .  
determined f o r  var ious  p a r t s  of t he  s t ruc ture ,and  t h e  rad ia ted  power i s  deter- 
mined by a v a r i a n t  of eq. (2), 

Mean square acce le ra t ion  values <a$> are 

<a?> s i i  
'rad = i .2 '0' 'rad,i 

One can assume t h a t  Orad i is the  same f o r  a l l  su r f aces  and determine i t s  value 
by a measurement of t o t a l  rad ia ted  power. Then, t h e  relative sound produced by 
each p a r t  of t he  machine is  propor t iona l  t o  i t s  cont r ibu t ion  <a$>%. This has  
been done f o r  t he  sewing machine,and t h e  r e s u l t  i s  shown i n  f i g .  If. 
viously,  t h i s  technique does not  rank t h e  sound output of t h e  var ious  elements 
i n  t h e  same way t h a t  t h e  pressure  method does. 

Ob- 

Of course, t h i s  last  method can be improved by using t h e  ideas  pre- 
sented i n  the  sec t ion  on "Simple Radiators" t o  make b e t t e r  estimates of 
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arad,if 
compared t o  the pressure method. 
acceleration f i e l d  than i n  the pressure f i e l d  so tha  
f i c u l t  t o  determine. 
method (6) compared t o  several (Orad,%) i n  the acceleration method. 
acceleration method requires tha t  s t ruc tu ra l  vibrat ion dominate the sound 
generation process, while no such assumption is made i n  the pressure method. 

Clearly, more research and applications s tudies  are required t o  de- 

However, on balance, t h i s  vibrat ion technique has several  drawbacks 
There is generally more va r i ab i l i t y  t o  the  

average is more dif-  
There is only a single,unknown parameter i n  the  pressure 

Also, the  

f i n e  the basis  f o r  and l imitat ions of these simplified methods fo r  determining 
the sound produced by various p a r t s  of a machine o r  structure.  
there  is good reason t o  carry out these s tudies  because of the importance of 
Such measurements i n  developing noise reduction treatments f o r  machines, par- 
t i cu l a r ly  i n  the important area of redesign for  reduced noise emission. 

Moreover, 
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Figure.1.- Sketch of vibrating piston and theoretical radiation efficiency. 
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Figure 2.-  Sketch of radiation of sound by vibrating plate, associated a i r  
motion, and resulting radiation efficiency. 
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Figure 3 . -  Normal component of i n t e n s i t y  vec tor  a t  sur face  of v ibra t ing ,  
simply-supported p l a t e  above i t s  c r i t i c a l  frequency. (a) Single mode, 
(b) multi-modal. 
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Figure 4 . -  I n t e n s i t y  near a l i n e  of support on an i n f i n i t e  p l a t e  showing 
regions of p o s i t i v e  and negative i n t e n s i t y .  
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Figure 5.- Radiat ion e f f i c i ency  of f i n i t e  supported p l a t e  and cy l inde r  of 
s a m e  area. 

Figure 6 . -  I n t e n s i t y  scan ac ross  mid-section of rec tangular  supported 
p l a t e  showing region of sound absor-ption near  the edge. 
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Figure 7.- Measured i n t e n s i t y  along mid-section of simply-supported 
p l a t e  below the c r i t i ca l  frequency. 

i 

Figure 8.- I n  t h e  window method, var ious  p a r t s  of a wrapped machine 
are exposed f o r  measurements of no i se  using e i t h e r  reverberant  
o r  anechoic m e t  hods. 

1040 



MICROPHONE ACCELER- PRESSURE-PRES- ','\ 
OMETER METHOD SURE GRADIENT METHOD 

Figure 9.- Two methods f o r  measuring t h e  l o c a l  sound i n t e n s i t y  
a t  t h e  su r face  of a s t ruc tu re .  
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Figure 10.- Tota l  and relative cont r ibu t ions  of var ious  machine 
sur faces  t o  sound power rad ia ted  by a sewing machine as 
determined by t h e  near f i e l d  pressure method. 
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Figure 11.- Tota l  and r e l a t i v e  cont r ibu t ions  t o  sound power rad ia ted  
by sewing machine as determined by t h e  acce le ra t ion  method, assuming 
a uniform r a d i a t i o n  e f f i c i ency  for all surfaces.  



ON THE RADIATION OF SOUND FROM BAFFLED FINITE PANELS* 

P a t r i c k  Leehey 
Acoustics and Vibrat ion Laboratory 

Massachusetts I n s t i t u t e  of Technology 

SUMMARY 

This paper i s  a survey of some recent  t h e o r e t i c a l  and experimental  
research  on s t ruc tu ra l - acous t i c  i n t e r a c t i o n  c a r r i e d  ou t  a t  t h e  M.I.T. Acoustics 
and Vibrat ion Laboratory. 
acous t i c  loading of b a f f l e d  rec tangular  plates and membranes. The topics 
discussed include a c r i t e r i o n  f o r  s t rong  r a d i a t i o n  loading, t h e  " m a s s  l a w "  
f o r  a f i n i t e  panel ,  numerical ca l cu la t ion  of  t h e  r a d i a t i o n  impedance of a 
f i n i t e  panel  i n  t h e  presence of a parallel mean flow, and experimental  
determination of t h e  e f f e c t  of v ib ra t ion  amplitude and Mach number upon panel  
r a d i a t i o n  e f f i c i ency .  

The emphasis i s  upon t h e  r a d i a t i o n  from and 

INTRODUCTION 

The problem of sound r ad ia t ion  from a ba f f l ed  f i n i t e  panel  is fundamental 
t o  our understanding of problems of r ad ia t ion  from s t r u c t u r e s  and of t h e  
inf luences  of the  acous t i c  f i e l d  upon t h e  s t r u c t u r a l  v i b r a t i o n  i t s e l f .  A 
rec tangular  panel  i s  a reasonable representa t ion  of a s t r u c t u r a l  element of an 
a i r c r a f t  fuse lage ,  a machine casing,  o r  of a s h i p ' s  h u l l  o r  sonar dome. These 
are a l l  cases where t h e  quest ion o f  acous t i c  r a d i a t i o n  i s  of engineering 
s igni f icance .  More gene ra l ly ,  t h i s  s t r u c t u r a l  element forms a b a s i s  f o r  
t h e  development of techniques f o r  dea l ing  withmulti-modal excitation of 
complex s t r u c t u r e s .  

I n  t h e  1940 ' s  Lothar C r e m e r  recognized t h a t  acous t i c  r a d i a t i o n  from 
panels  becomes important when t h e  bending wave speed of t h e  panel  v i b r a t i o n  
equals  o r  exceeds the  sound speed i n  the  ad jacent  medium. For an i n f i n i t e  
plate,  when t h e  bending wave speed i s  less than t h e  sound speed t h e r e  is no 
r a d i a t i o n  whatsoever. Modal r a d i a t i o n  from f i n i t e  pane ls  can be c l a s s i f i e d  
according t o  t h e  c h a r a c t e r i s t i c s  of t h e  component t r a v e l i n g  waves which make 
up t h e  s tanding  wave p a t t e r n  of t h e  mode. Thus, if t h e  speed o f  t h e  t r a v e l i n g  
waves i s  g r e a t e r  than t h e  sound speed one speaks of  an a c o u s t i c a l l y  f a s t  
mode. It is possible f o r  a t r a v e l i n g  wave t o  have a speed less than t h e  
sound speed, b u t  t o  have a trace of i ts  wave f r o n t  t r a v e l i n g  along a panel  

*Work supported by the Sensor Technology Program, Off ice  of Naval Research. 
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edge a t  a speed exceeding t h e  sound speed, see f i g u r e  1. Such a mode is c a l l e d  
an edge mode. 
speeds which exceed t h e  sound speed. Such modes are c a l l e d  corner modes. One 
might say whimsically that t h e  trace becomes supersonic as it t u r n s  a panel 
corner. 

F ina l ly ,  w e  have t h e  case where no traces on any edge have 

The e f f i c i ency  of r a d i a t i o n  from a f i n i t e  panel follows t h i s  c l a s s i f i c a -  
t i on .  Essen t i a l ly  t h e  e n t i r e  surface area of  t h e  panel con t r ibu te s  t o  t h e  
r ad ia t ion  f o r  an acous t i ca l ly  f a s t  mode. W e  say t h a t  such a mode has a 
r a d i a t i o n  e f f i c i ency  of unity.  S t r i p s  along two p a r a l l e l  edges of a 
pane l ,  each one quarter of a bending wave length  w i d e ,  con t r ibu te  t o  the 
r a d i a t i o n  from an edge mode. H e r e  t h e  r a d i a t i o n  e f f i c i ency  i s  of t h e  order 

a qua r t e r  of  a bending wave length  on edge con t r ibu te  t o  t h e  r ad ia t ion  with an 
e f f i c i ency  of approximately 

Lastly,  f o r  a corner mode, small r ec t ang le s  i n  each panel corner about 

Although t h e  physical concepts of modal r ad ia t ion  r e s i s t ance  are 
straightforward t o  grasp,  t h e  p rec i se  ca l cu la t ions  of r a d i a t i o n  impedance 
including r a d i a t i o n  r e s i s t ance ,  added m a s s ,  and mode coupling terms presents 
a non- t r iv ia l  problem i n  numerical ana lys i s .  The double i n t e g r a l s  involved 
are improper, have integrands t h a t  are highly o s c i l l a t o r y ,  and contain l i n e s .  
of indeterminacy. Wallace ( r e f .  1) has ca l cu la t ed  modal r ad ia t ion  r e s i s t ance ;  
Sandman ( re f .  2 )  has ca l cu la t ed  modal added m a s s  as w e l l .  W e  have extended 
these  ca l cu la t ions  t o  include the  c a p a b i l i t y  f o r  computing modal coupling 
terms f o r  zero mean flow. In  addi t ion  w e  can compute t h e  e f f e c t  upon modal 
r ad ia t ion  r e s i s t ance  and added m a s s  of a subsonic mean flow over a panel i n  a 
d i r e c t i o n  p a r a l l e l  t o  one p a i r  of edges. A s l i p  flow boundary condition i s  
imposed. Thus, t h e  e f f e c t  of t h e  boundary l aye r  over t h e  panel i s  ignored as 
are a l s o  any i n t e r a c t i o n  e f f e c t s  with flow r e s u l t i n g  from f i n i t e  amplitude 
displacements. 
r a d i a t i o n  r e s i s t ance  i s  given. 

A physical  i n t e r p r e t a t i o n  of t h e  e f f e c t  of mean flow upon 

It is customary t o  analyze t h e  problem of panel response and r ad ia t ion  
using in vacuo mode shapes. 
acous t ic  f i e l d  upon t h e  panel v ib ra t ion  r e s u l t s  i n  an i n f i n i t e  set  of l i n e a r  
equations i n  an i n f i n i t e  number of unknown modal coe f f i c i en t s .  The presence 
of modal coupling precludes the  d iagonal iza t ion  of t h i s  system. For l i g h t  
f l u i d  loading such as i n  a i r ,  t h e  coupling t e r m s  are on one hand ignored but  
on t h e  o the r  hand are t r e a t e d  as t h e  mechanism by which one ob ta ins  
equ ipa r t i t i on  of v ib ra to ry  energy among panel modes resonant i n  a narrow 
frequency band. This concept i s  fundamental t o  t h e  method of s ta t i s t ica l  
energy ana lys i s  of multi-modal systems as developed by Lyon and Maidanik 
(ref. 31 and Smith and Lyon ( re f .  4). When multi-modal responses are 
important, statistical energy methods permit t h e  use of  average r a d i a t i o n  
r e s i s t ances .  Such usage appears i n  some of t h e  experiments t o  be discussed 
later. 

When t h i s  i s  done t h e  back r eac t ion  of t h e  

Building acous t ic ians  have long u t i l i z e d  t h e  so c a l l e d  " m a s s  l a w "  i n  
ca l cu la t ions  of transmission lo s ses  through room p a r t i t i o n s .  This l a w  states 
t h a t  t h e  acous t ic  power t ransmi t ted  through a panel i s  reduced by 6 dec ibe ls  
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per frequency doubling or per mass doubling. 
for the case of an infinite panel without stiffness, see London [ref. 5). 
Practically the mass law is found to apply for reasonably damped plates at 
frequencies below that for coincidence of free bending wave speed with the 
sound speed. 

The law was originally derived 

For finite panels the mass law is demonstrated here to apply to those 
panel modes which are driven at frequencies well above their resonant 
frequencies. 
becomes acoustically fast. 
in high frequency radiation for they set a limit on the effectiveness of panel 
damping treatments in reducing radiated sound. One must keep in mind that the 
mass law applies to radiated power levels, not to sound pressure levels. For 
a finite panel we shall discuss the implications of the effect of directivity 
upon the interpretation of the mass law. 

The responses of these modes are mass-like and eventually 
These considerations have particular importance 

If the fluid loading is heavy it may so affect the panel vibration that 
the in vacuo modes lose their physical significance. 
define heavy loading as that condition when a layer of fluid over a panel, 
an acoustic wave length in thickness, has a mass of the same order as the 
panel surface mass. Davies (ref. 6) has quantified this idea by analyzing 
the problem of a free wave on a semi-infinite membrane normally incident on 
a rigid baffle in the presence of an acoustic medium. He finds that there is 
a sharp division between heavy and light fluid loading when the parameter 
1.1 = m/pc is equal to unity. 

Intuitively one would 

We conclude this review by a brief discussion of some recent experimental 
results of Chang (ref. 7)  on the influence of mean flow Mach number and 
vibration amplitude upon panel radiation efficiency. 

SYMBOLS 

A 

C 

b C 

'm 

t C 

D 

k 

k2 

kmn 

= R,R,, panel area 

sound speed 

bending wave speed 

membrane wave speed 

trace wave speed 

plate flexural rigidity 

= w/c, acoustic wave number 

longitudinal and transverse wave numbers 

= [ [m'rr/!?,l) + (n'rr/!?,,) '1 'I2, modal wave number 
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k 
P 

R1,R2 

M 

m 

N 

'mn 

R 

T 

mnPq 

U 

V 
Pq 

x1'x2 

Y+ 

1-I 

V 

P 

CT mn 

RAD 

rad 

CT 

CT 

xmn 
w 

resonant  wave number 

rec tangular  panel  l ong i tud ina l  and t ransverse  lengths  

= U / c ,  Mach number 

panel m a s s  per area 

number of  panel resonances i n  a frequency band 

modal acous t i c  pressure  a t  panel  

modal coupling impedance 

membrane tens ion  

mean flow i n  x d i r e c t i o n  1 

f r i c t i o n  v e l o c i t y  

v i b r a t i o n  v e l o c i t y  spectral dens i ty ,  averaged over panel  

modal v i b r a t i o n  v e l o c i t y  of panel  

l ong i tud ina l  and t ransverse  coordinates  

T 
v i b r a t i o n  amplitude i n  viscous lengths  v/u 

bending wave speed 

= wm/pc,  r a t i o  of membrane m a s s  impedance t o  f l u i d  
c h a r a c t e r i s t i c  impedance 

2 micro-Pascal, 1 Pa = 1 newton/(meter) 

f l u i d  kinematic v i s c o s i t y  

r ad ia t ed  sound power s p e c t r a l  dens i ty  

f l u i d  dens i ty  

modal r a d i a t i o n  e f f i c i ency  

panel  r a d i a t i o n  e f f i c i e n c y  

non-dimensional r ad ia t ed  p o w e r  (Davies) 

modal added m a s s  c o e f f i c i e n t  

frequency, radians/second 

1046 



MODAL RADIATION IMPEDANCE 

A useful  c l a s s i f i ca t ion  of panel modes i n  terms of t h e i r  radiat ion 
charac te r i s t ics  i s  given i n  f igure  2. This graphical representation, due 
or ig ina l ly  t o  Maidanik, shows panel modes a s  a la t t ice  of points  i n  a wave 
number p lo t .  For a given frequency, wave numbers are inversely proportional 
t o  wave speeds. 
acoustic wave number k i s  a slow mode. The s l o w  modes are fur ther  subdivided 
i n t o  edge and corner modes. 
typif ied by the k23 mode i n  f igure  2. 

Hence any mode whose wave number k, i s  grea te r  than the  

The edge mode radiat ion shown i n  f igure 1 is  

W e  have t a c i t l y  assumed sinusoidal mode shapes. This assumption is qu i t e  
good, even f o r  a f u l l y  clamped p la te ,  beyond the  lowest few mode number pa i r s .  
For a p l a t e ,  the  resonantly responding modes are those f o r  which kmn = kp 
where kp s a t i s f i e s  t h e  dispersion r e l a t ion  

k4 = mw2/D (1 1 P 

Obviously, the g rea t e s t  radiat ion response w i l l  occur when a mode is  both 
resonant and acoust ical ly  f a s t ,  i.e. when one also has kp < k. 
frequency f o r  which t h i s  can occur is  the  acoust ical  c r i t i c a l  frequency 

The lowest 

(2 )  2 w = c ( m / D ) l i 2  

For a membrane, kp = W/cmn where cm = (T/mI1/* i s  the fixed membrane wave speed. 
Thus a l l  resonant membrane modes a r e  e i the r  f a s t  (% > c) or  slow (cm < c ) .  

By performing frequency transforms and modal expansions of the governing 
d i f f e r e n t i a l  equations fo r  the  panel and the acoustic f i e l d ,  one obtains a 
r e l a t ion  

03 

between the  modal coef f ic ien ts  vpq of normal panel veloci ty  and the  
corresponding modal coef f ic ien ts  Pmn(w) of t he  acoust ic  pressure f i e l d  a t  t he  
panel. The modal coupling impedance k n p q  i s  a function of the acoustic wave 
number k and the  panel geometry. The ( s e l f )  rad ia t ion  impedance may be wri t ten 

where pc i s  the  cha rac t e r i s t i c  impedance of the f i e l d .  Typical p l o t s  of t he  
modal radiat ion eff ic iency Omn and the  modal added mass coef f ic ien t  Xmn a s  
functions of the  r a t i o  of acoustic wave number t o  modal wave number are shown 
i n  f igures  3 and 4, respectively. 
A t  high wave numbers a l l  modes become acoust ical ly  f a s t  with e f f ic ienc ies  of 
unity and disappearing added m a s s .  It i s  fur ther  t rue  t h a t  modal couplings 
disappear a t  high wave numbers. 

Both peak i n  the  neighborhood of k/.k,, = 1. 
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EFFECT OF M E A N  FLOW UPON RADIATION IMPEDANCE 

An analy t ica l  treatment of t he  e f f ec t  of mean flow U over a vibrat ing 
plate has been given by Chang (ref. 7). 
di rec t ion  a t  a Mach number M = U / c  less than one. A l inear ized solut ion is  
obtained i n  which 'both the  kinematic and dynamic boundary conditions are 
s a t i s f i e d  a t  the mean posi t ion of t he  panel. 
of a boundary layer  a re  neglected. 
solved earlier by Dowell (ref. 8).  

The mean flow is  i n  the  pos i t ive  x1 

Viscous effects and the  presence 
The t r ans i en t  version of t h i s  prpblem w a s  

, 
,/ 

The pr inc ipa l  physical feature of the  e f f e c t  of mean flow upon radiat ion 
The circle of radius eff ic iency is readi ly  grasped by reference t o  f igure  5. 

k i n  f igure  2 is  replaced here by an ellipse centered on the negative x1 axi-s2- 
The upstream travel ing longitudinal bending wave component of a mode need only 
exceed c - U i n  speed i n  order f o r  t h a t  mode t o  become (ha l f )  f a s t .  Except 
f o r  those modes t h a t  a r e  converted from slow t o  f a s t  by the mean flow, the 
influence of mean flow upon radiat ion eff ic iency i s  qui te  s m a l l  a t  moderate 
Mach numbers as is evident i n  f igure  3. Much more s igni f icant  increases i n  
added m a s s  are obtained as the  Mach number is  increased (see f igure 4). 

MASS L A W  FOR A BAFFLED RECTANGULAR PANEL 

Since the rad ia t ion  impedances a re  computable, it is  possible t o  express 
the  modal response coef f ic ien ts  as a l inear  system of equations driven by the  
modal excitations.  Once the modal response ve loc i t ies  are obtained, the  
radiat ion f i e l d  can then be predicted using Rayleigh's equation. 
not write these expressions here. It w i l l  su f f ice  to  say t h a t  the system is  
one of an  i n f i n i t e  number of equations i n  an i n f i n i t e  number of unknowns. 
Customarily an approximate solut ion is obtained by truncating the  system and 
invert ing the coef f ic ien t  matrix. This method works w e l l  fo r  frequencies 
corresponding t o  the f i r s t  few modal resonances. Variational techniques a re  
avai lable ,  Morse and Ingard (ref .  91, but they appear t o  o f f e r  no s igni f icant  
advantage i n  t r ea t ing  t h i s  case. 

W e  sha l l  

From earlier remarks, it is  evident t h a t  the  coeff ic ient  matrix becomes 
diagonal i n  the high frequency l i m i t .  A l l  t e r m s  of the  radiat ion impedance 
matrix vanish except f o r  the radiat ion resis tances ,  a l l  of which represent 
uni ty  eff ic iencies .  
being driven w e l l  above t h e i r  resonant frequencies. 
f o r  panel vibrat ion and acoustic radiation can be obtained because t h e  series 
involved may be summed expl ic i t ly .  

Moreover, these modes respond a s  masses f o r  they are 
Closed formed solutions 

The r e s u l t s  of one of a series of experiments by Sledjeski  k e f .  10) a re  
shown i n  f igure 6. A nearly plane acoustic wave was directed normally through 
a baffled rectangular membrane. 
R 2  = 0.203 m. 
uniformly t o  produce an in vacuo wave speed cm of 100 m / s e c .  

The membrane dimensions w e r e  R1 = 0.305 m, 

The measuring 
Its surface densi ty  was 0.36 kg/m2, and it was tensioned 
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microphone w a s  placed one meter away d i r ec t ly  over the membrane center on the  
s ide  opposite t he  sound source. Measurements were taken of t he  sound 
transmitted through the  membrane while t he  input t o  the  sound source w a s  very 
slowly swept i n  frequency with output controlled t o  provide an incident 
sound pressure l eve l  of 84 dB a t  the  membrane. 

Figure 6 shows a successive pa t te rn  of resonances and "anti-resonances". 
The resonances occur a t  the loaded na tura l  frequencies of each odd/odd mode. 
Both the frequency of resonance and the transmitted leve l  can be predicted 
from a s i m p l e  s ing le  degree of freedom analysis  using the calculated radiat ion 
impedance and the  measured t o t a l  loss factor  fo r  the  mode and frequency i n  
question. The "anti-resonances" occur a t  approximately the  in vacuo 
resonant frequencies of nodes such as ( 2 , 2 ) ,  (3 ,2) ,  (2,3) (i.e. modes 
with a t  least one even mode number). Such modes cannot be excited by a 
normally incident plane wave. The response a t  these "anti-resonances" comes 
from the  non-resonant responses of adjacent odd/odd modes and is  great ly  
weakened by the  f a c t  t h a t  the contributions of those driven above resonance 
a r e  out of phase with those driven below resonance. 
contributions of only a few of these adjacent modes are required t o  achieve 
a good cor re la t ion  with experiment. 

Here the  computed 

A t  high frequencies, the "anti-resonances" become less and less 
pronounced and there  is  a tendency f o r  the  sound pressure leve l  t o  asymptote 
t o  a fixed value. This is the mass l a w  regime where the  leve l  i s  maintained 
almost en t i r e ly  by the  lower non-resonant acoust ical ly  f a s t  modes. 

Such behavior seems anomalous i n  terms of t h e  classical m a s s  l a w .  
However, a s  remarked earlier, it is  the sound power, not the on-axis souhd 
pressure, which must  decrease by 6 dB per  frequency doubling. In  fact, our 
closed form solution fo r  t he  sum of a l l  non-resonant modes y ie lds  precisely 
the  vibrat ion of a r i g i d  rectangular piston. A t  high frequencies, the 
d i r e c t i v i t y  index fo r  t h i s  case is  well-known t o  be 20 log ( k f i )  plus  a 
constant. The mass l a w  is  not violated,  f o r  although the  on-axis pressure 
leve l  approaches a constant value, the  d i r e c t i v i t y  increases by t h i s  ru le ,  
insuring t h a t  the radiated power decreases by 6 dB per frequency doubling. 
This conclusion was ve r i f i ed  experimentally by measuring the d i r e c t i v i t y  
pat terns  of the membrane radiation. 

\ 
\ 

\ 

1 '  EFFECT OF FLUID LOADING 

\ 

Davies (ref.  6) has solved the  problem of an acoust ical ly  slow wave on 
a semi-infinite membrane normally incident  on the  edge of a semi-infinite 
r i g i d  ba f f l e  i n  the  presence of an acoust ic  medium. 
w a s  used t o  obtain t h e  re f lec t ion  coef f ic ien t  a t  the  edge and the  acoustic 
power per span radiated from a neighborhood of the  edge, both 'as functions 
of the parameter = clun/pc, t he  r a t i o  of the  membrane mass impedance t o  t h e  
charac te r i s t ic  impedance of  the  f luid.  H i s  r e s u l t s  f o r  a non-dimensional 
radiated power 0 

A Wiener-Hopf technique 

as a function of 1-( and the ra t io  Cm/C a r e  shown i n  rad 
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f igure  7. 
an e f fec t ive  radiat ion eff ic iency f o r  a zone of t he  order of an acoustic 
wavelength wide along the  edge. Note, as f igure 7 shows, t h a t  it i s  possible 
fo r  t he  in vacuo membrane wave speed Cm = (T/m) t o  be supersonic. The 
f l u i d  loaded f r e e  membrane wave speed, however, must remain subsonic. 

H i s  orad is not d i r e c t l y  a radiat ion eff ic iency,  ra ther  orad p is  

/ 

It is  c l ea r  by comparison of the  exact calculat ions with the  asymptotic 
l i m i t s  f o r  large and s m a l l  1-1 t h a t  there  i s  a clear demarkation a t  1-I = 1 
between the heavy and l i g h t  f l u i d  loading regimes. Davies shows fur ther  t h a t  
fo r  Cm/C << 1 and p >> 1, the acoustic power i s  radiated by a l i n e  source of 
a quarter membrane wave length volume velocity.  The’inference is strong t h a t  
f l u i d  loading e f f e c t s  upon mode shapes are negl igible  f o r  p > 1. 

EFFECT OF VIBRATION AMPLITUDE 

W e  concluded t h i s  survey with a br ie f  mention of a few experimental 
r e s u l t s  of Chang (ref.  7 )  on the e f f ec t s  of vibrat ion amplitude and Mach 
number upon panel radiat ion efficiency. A rectangular steel p l a t e ,  0.33 m 
by 0.28 m, 0.152 mm thick w a s  mounted f lush i n  one wall of our wind tunnel 
t es t  section. The back side of the  p l a t e  w a s  enclosed i n  a highly absorbent 
and damped box which a l so  housed a non-contact solenoid exc i te r  and 
non-contact Fotonic opt ica l  displacement sensors. The opposite w a l l  of the 
tes t  section was removed i n  the  neighborhood of the  p la te .  When the p l a t e  
was excited essent ia l ly  a l l  of i t s  radiat ion w a s  directed through the  
opening in to  a f a i r l y  large reverberant chamber enclosing the  tes t  section. 
The p l a t e  was excited by various 50 Hz bands of white noise a t  mean flow 
Mach numbers M = 0 and M = 0.23. 

The r e s u l t s  of these experiments a re  shown i n  f igure 8. The radiat ion 
e f f ic ienc ies  ORAD fo r  each of the bands w e r e  determined from the  expression. 

where ]T,, i s  the  spec t ra l  density of radiated sound power and <V(W)>pUTE is  
the  vibratory veloci ty  spec t ra l  density,  averaged over t he  p l a t e  surface. 
This radiat ion eff ic iency can be re la ted  t o  the  modal radiat ion e f f ic ienc ies  
O;nn by 

where N is  the number of resonant modes i n  the  band and the summation extends 
over these modes. Equations (5) and ( 6 )  are f o r  multi-modal resonance 
dominated radiation. 
arguments referred t o  i n  the introduction. For t h i s  p l a t e  approximately 
10 modes are resonant i n  a 50 Hz band. 

Their va l id i ty  is  based on t h e  s t a t i s t i c a l  energy 

1050 



A t  Mach number 0.23 w e  see a s i g n i f i c a n t  increase  i n  r a d i a t i o n  e f f i c i ency  
Both with increas ing  v i b r a t i o n  amplitude y+ measured i n  viscous lengths  V/uT. 

boundary l a y e r  thickening and amplitude change wer.e  used to  vary y+. 
computed va lues  are from t h e  l i n e a r  " s l i p  flow" theory f o r  resonantly 
responding modes. 
d a t a  and with t h e  no flow computations. 
ind ica ted  t h a t  changes i n  non-resonant mode cont r ibu t ions  with Mach number w e r e  
a l s o  too s m a l l  t o  account f o r  t h e  increases  i n  r a d i a t i o n  e f f ic iency .  It thus  
appears l i k e l y  t h a t  a non-linear i n t e r a c t i o n  with t h e  boundary l a y e r  is  
involved. Unfortunately, it w a s  not poss ib l e  t o  vary M independently of y+ 
over a s u f f i c i e n t  range t o  determine whether o r  no t  t h e r e  w a s  an independent 
Mach number e f f e c t .  

The 

The no f l o w  r e s u l t s  corresponded c lose ly  with t h e  y+ = 128  
Some ca l cu la t ions  w e r e  made which 
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Figure 1.- Edge mode radiation. 
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Figure 2.- Classification of panel modes in wavenumber space. 
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Figure 3.-  Modal r a d i a t i o n  e f f i c i ency ,  
from Chang ( re f .  7). 
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Figure 4.- Modal added mass c o e f f i c i e n t ,  
from Chang ( r e f .  7). 
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Figure 5.- Effect of mean f l o w  Mach number upon 
rad ia t ion  c l a s s i f i ca t ion  of modes, M = 0.6. 

0 0 ACOUSTICALLY 
SLOW 

a: I \  

F A S T  
0 0 0 

0 0 0 

A 

*kl I/i 0 k/ I +M 
0 0 0 

w 
-1 

v, 
I I I I I l l  I I 

2 0 0  500 1000 2000 
FREQUENCY1 H z 

Figure 6 . -  Sound transmissed through a rectangular 
membrane, from Sledjeski  ( ref .  10).  
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Figure 7.- Radiated power fo r  a semi- inf in i te  
membrane, from Davies ( r e f .  6). 

Figure 8.- Ef fec t  of v i b r a t i o n  amplitude upon 
r a d i a t i o n  e f f ic iency ,  M = 0.23 ,  from 
Chang ( r e f .  7) .  
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ACOUSTOELASTICITY* 

E a r l  H. Dowel1 
Pr inc  e t  on Uni ver s i t y  

INTRODUCTION 

We consider i n t e rna l  sound f i e lds .  Spec i f ica l ly  t h e  in te rac t ion  between 
the (acoust ic)  sound pressure f i e l d  and t h e  ( e l a s t i c )  f l ex ib l e  w a l l  of an 
enclosure w i l l  be discussed. A good introduction t o  t h i s  subject  i s  given i n  

the  author has b r i e f l y  discussed t h i s  subject  i n  h i s  book, "Aeroelasticity of 
P la tes  and Shells" ( r e f ,  2 )  This paper i s  a highly condensed version of 
reference 3. 

Sound, Structures  and t h e i r  Interaction" by Junger and Fe i t  ( r e f .  1). Also 11 

Such problems frequently arise when the  vibrat ing w a l l s  of a transporta- 
t i on  vehicle induce a s igni f icant  i n t e r n a l  sound f i e ld .  The w a l l s  themselves 
may be exci ted by ex terna l  f l u i d  flows. 
and the i n t e r n a l  sound f i e l d  i n  an automobile are representat ive examples. 

Cabin noise i n  various f l i g h t  vehicles 

Br ie f ly  considered are mathematical model, s implif ied solut ions,  
and numerical results and compzirisons with representat ive experimental 
data. An overa l l  conclusion i s  t h a t  reasonable grounds fo r  optimism exis t ,  with 
respect t o  avai lable  theo re t i ca l  models and t h e i r  predict ive capabili ty.  

MATHEMATICAL MODEL 

Here the  e s sen t i a l s  of t he  mathematical noise transmission model w i l l  be 
summarized. No mathematical derivations a r e  included, however, A complete 
description of the  analysis  i s  contained i n  reference 3. A modal representa- 
t i on  of the  s t r u c t u r a l  w a l l ( s )  and acoust ic  cavi ty( ies )  i s  used. For the 
s t r u c t u r a l  w a l l  

w - physical w a l l  def lect ion 

Q - modal coordinate; function of t i m e  

coordinates x, y IJm 

Associated with t h e  IJ m masses, 

Mm 5 I /  m(x,y> $m dxaY 
"This work w a s  performed under NASA G r a n t  NSG 1253, Langley Research Center. 

- na tu ra l  mode shape ( i n  vacuum) ; defined over an appropriate area with 

are na tura l  mode frequencies, wm, and generalized 

m - s t r u c t u r a l  mass per  un i t  area (2) 
2 Mn 
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For the  acoustic cavity 

p - physical acoustic pressure Tn - acoust ic  modal coordinate 

p - a i r  density 

c - air  speed of  sound 

Associated with t h e  F 
masses 

F 

Za - absorbent w a l l  impedance 

a re  acoustic n a t u r d  frequencies, w A, and generalized 

- acoust ic  na tura l  mode ( f o r  r i g i d  w a l l s )  n 

n n 

r r j F  
4 dxdydz V E t o t a l  cavity volume A -  n 

V M =  n (4) 

E The external  pressure f i e l d ,  p a i s  represented i n  terms of i t s  general- 
ized forces 

%E E -rrpE(x,y,t) +m(x,y)cixdy 

The minus sign a r i s e s  from the s ign convention t h a t  w i s  pos i t ive  outward and 

p i s  pos i t ive  inward with respect t o  the cavity. See Figure 1. 

%w z (ex terna l )  s t r u c t u r a l  wal l  a rea  ( 5 )  
%W on area, 

E 

The data given are  : 

% is  determined from ( 5 )  

p, e ,  Fny wn, Za f o r  the  cav i ty ( i e s )  

E p fo r  the  external  sound f i e l d  

mY 
A wm fo r  t h e  s t r u c t u r a l  wall  

Mm i s  determined from (2 )  MA i s  determined from (4) n 

gm, P n are then determined from t h e  modal equations of motion, i .e.  

. i , C  2 r n r  -!EX ** 
.. 2 
Pn + w A  P + AApc C -= - n n  r M A  v E G Lnm 

r 
where 

F F  dA n r  

'a 
rr - 

over AEW over A - - 
9 'nr - A , A Z absorbent cavity w a l l  area, 7& - modal 

AA damping 
Lnrn - --)hLEw 

These are two coupled systems of  spring-mass-damper-oscillators and ( 6 )  and ( 7 )  
are familiar and computationally e f f i c i e n t  descriptions of  t h e i r  dynamics. 

- - 
A 
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Moreover multiple w a l l s  or cavi t ies  may be r ead i ly  included i n  a similar 
fashion, 
two cav i t i e s  may be treated as a (common) s t r u c t u r a l  w a l l  and i n  an obvious 
notation (where we have cav i t i e s  a and b )  (6)  and (7 )  are replaced by 

For two connected cav i t i e s ,  see Figure 1, t h e  common w a l l  between the  

cw .* a .. 2 Ca -A 
gmL nm 

Pa + wnAa P a f AaApc2 C ;r & _ n r = - C  
n n r MAa 'a m r 

( 9 )  

Fna*m where La 

For s implici ty  we have considered t h e  external  w a l l s  r i g i d .  However, c lear ly  
(6), (7)  , ( 8 ) ,  ( 9 )  , (10 )  can be combined t o  allow for  both external  and 
( i n t e r n a l )  common w a l l  motion with multiple cavi t ies .  

E ss- dxdy, etc. .  and t h e  subscr ipt  CW denotes common w a l l .  
nm ACW 

Once g, and P are determined, the'physical  def lect ion,  w, and sound pres- 
sure ,  p, a r e  knownnfrgm (1) and (3) .  The f l e x i b i l i t y  i n  the model i s  i n  
t r ea t ing  am, qm and w F as given. For simple shapes, these a re  known 

ana ly t ica l ly ,  In  some cases it w i l l  be possible t o  approximate t h e  s t ruc tu ra l  
w a l l  and cavi ty  by a simple shape or several  component simple shapes. 
cases it w i l l  be necessary t o  determine the  na tura l  modes by numerical methods 
( f i n i t e  element analysis)  o r  experiment ( sca le  models ) . 

n' n 

In  other 

Before leaving t h e  mathematical model, two of i t s  widely applicable con- 
sequences should be noted. 
s t ruc tu ra l  w a l l  i s  gyroscopic. 
acoustic pressure,  p ,  by the  corresponding veloci ty  potent ia l .  
r e l a t ed  through Bernoulli 's  equation (ref.  2 and 3). The importance of 
recognizing t h a t  the  coupling i s  gyroscopic i s  t h a t  one can then invoke 
Meirovitch's algorithm f o r  determining t h e  eigenvalues of t h e  acoust ic-s t ructural  
system using standard numerical techniques ( r e f .  4). 
a l t e rna t ive  formulations which lead  t o  t r i a l  and e r ro r  solut ions t o  transcen- 
dental  equations, e.g. ref. 5. For addi t ional  detai l ,  see reference 3. For- 
tunately the  coupled acoust ic-s t ructural  w a l l  na tura l  frequencies are normally 
l i t t l e  changed from t h e i r  r i g i d  w a l l  acoustic mode and i n  vacuum s t r u c t u r a l  
w a l l  mode counterparts. This s implif ies  matters considerably, of course , and 
w i l l  of ten permit one t o  avoid a completely coupled analysis  altogether.  
w i l l  be said of t h i s  i n  the  next section. 

F i r s t l y ,  the  coupling of t h e  acoust ic  cavity- 

These are 
This can be seen d i r e c t l y  by replacing the 

This i s  preferable  t o  

More 

The second theo re t i ca l  consequence and one of more p rac t i ca l  importance i s  
the  d i r ec t  way i n  which two in te rac t ing  cavi t ies  can be t reated.  (Recall  
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Fig.1.) 
damping, and s t i f f n e s s ,  then (8)  becomes 

If there  i s  a pure opening between two cav i t i e s ,  i.e. one of zero mass, 

a a  b b  
nL nm - 

n 

- c  - 0  nL nm 

n 

c 
n db n MA" (11) 

To determine t h e  na tu ra l  frequenciesaof t h i s  two cavi ty  system, one assumes 
simple harmonic motion, solves fo r  P 
subs t i tu tes  t h e  result in to  (11) t o  ogtain ( f o r  Z 

, Pbn from (g),  (10) i n  terms of % and 
-+ -) a 

Lb Lb 
(12) - 1  n r  1 n r  nm = - - c  + - - c  

Qrm 'a n Ma[-w =", '1 'b n M [-w +wn '1 

La La 

b 2 Ab 2 A a  1 % Qm = 0 
m 

The na tura l  frequencies are determined by t h e  condition t h a t  t h e  determinant of 
Q must vanish. This i s  a non-standard eigenvalue problem because of t h e  form 

The s i z e  of t he  ma&ix i s  determined by the  number of two-dimensional pure 
o ening modes, qm, r a the r  than the number of three-dimensional cavity modes., Fn, 

desired accuracy. 
s t r u c t u r a l  member  of f i n i t e  s t i f f n e s s ,  e t c . ,  o r  there  are more than two cavi t ies  
( r e f .  3 ) .  

where 

n n n 

w2 takes i n  Q m ?  see (12) .  However it has one overwhelming advantage: 

a 

Fn. % The former w i l l  be much smaller i n  number than the  l a t t e r  f o r  a given 
This advantage w i l l  p e r s i s t  even when t h e  opening i s  a 

Once the  na tura l  frequencies of t he  multiple cavi t ies  have been determined, 
they may be t r e a t e d  as an equivalent s ing le  cavity s o  far as determination of 
i n t e r i o r  sound leve ls  i s  concerned. 

SIMPLIFIED SOLUTIONS FOR INTERNAL SOUND LEVELS 

The mathematical model may be solved numerically without fur ther  approxi- 
Indeed one of i t s  advantages is  t h a t  the  calculat ion would be no more 

However it i s  of i n t e r e s t  t o  m a k e  fur ther  s implif icat ions if l i t t l e  
Here 

mation. 
(nor less!) tedious than i s  frequently performed today fo r  s t r u c t u r a l  vibrat ion 
response. 
accuracy i s  l o s t  and/or subs tan t ia l  computational reduction i s  possible.  
a summary of highl ights  from ana ly t i ca l  and numerical s tudies  i s  provided. 

It is  usually t r u e  t h a t  complete coupling between t h e  s t r u c t u r a l  wal l  and 
acoustic cavi ty  can be neglected. Hence it i s  normally permissible t o  first 
calculate  the  ex terna l  w a l l  motion due t o  an external  pressure loading (neglect- 
ing t h e  acoust ic  cavi ty)  and then determine the  in t e rna l  acoustic cavi ty  pres- 
sure due t o  the  now known w a l l  motion. 

There are two known circumstances where t h e  complete coupling m u s t  be 
taken i n t o  account (see ref, 3 fo r  d e t a i l s ) :  

(1) If t h e  fundamental w a l l  resonant frequency i s  well  below t h e  funda- 
mental acoustic resonant frequency ( i n  the  direct ion perpendicular t o  the w a l l ) ,  
the Helmholtz mode of t he  cavi ty  w i l l  provide a spring s t i f f n e s s  which may 
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subs tan t ia l ly  raise t h e  panel w a l l  mode frequency above i t s  i n  vacuum value. 
But then only t h e  s ing le  Helmholtz mode of t h e  cavi ty  need be considered. An 
example i s  discussed i n  t h e  following section, 

(2 )  If a s t r u c t u r a l  w a l l  mode and acoustic cavity resonant frequency a re  
i n  close proximity, then again a f u l l y  coupled analysis  may be required. But 
then only t h e  two closely coupled modes need be examined, 

Assum5ng tha t  t h e  more usual s i t ua t ion  appl ies ,  one may make fu r the r  pro- 

A l s o  for broad band 
gress ana ly t ica l ly  if one considers simple harmonic external  exc i ta t ion  at  
e i t h e r  a s t r u c t u r a l  w a l l  or cavity resonant frequency. 
random exci ta t ion ,  s i m i l a r  results may be obtained by invoking power spec t r a l  
analysis  s ince fo r  s m a l l  damping the  in t e rna l  cavity response w i l l  be dominated 
by t h e  w a l l  and/or cavi ty  resonances, 
own dominant harmonics then the  following simple results w i l l  not  hold and one 
must re turn t o  the  f u l l  analysis  (but  hopefully s t i l l  being ab le  t o  neglect 
full wall-cavity coupling). 
ever,  and tha t  i s  a precise  knowledge of damping w i l l  not be so important i n  
these of f  resonant conditions and hence t h e  bas ic  mathematical model should be 
a more accurate representation of t h e  physica1,system. Here only the  simplest 
type of external  exc i ta t ion  w i l l  be considered. 

However i f  t h e  ex terna l  f i e l d  has i ts  

There i s  one advantage i n  such a s i tua t ion ,  how- 

External Exciting Frequency, wE, = Struc tura l  Resonant Frequency, ws 

The response w i l l  be dominated by t h e  sth s t r u c t u r a l  mode and t h e  cavi ty  pres- 
sure is  given by 

E 
If ws < wnA fo r  a l l  conA # 0,  then typ ica l ly  lpcl > p and conversely. 

A 
*C 

External Exciting Frequency , wE , = Cavity Resonant Frequency, 

The cavity response w i l l  
t i o n  there  i s  a dominant 
given by 

be dominated by t h e  cth cavi ty  mode, and i f  i n  addi- 
s t r u c t u r a l  node (say sth), t h e  cavity pressure i s  

E 
FG J P 

on AF 

E E c E  From (I&), a t  most pc N p , 
F 

For p % Fc on +, p = p . In  pa r t i cu la r  i f  
E 

It i s  in t e re s t ing  t o  note t h a t  ne i the r  (13) nor (14) involve the  impedance 

and pc are approximately uniform over A 
C F’ then pc N p . 
or damping of t h e  cavity. This is  t r u e  under even broader circumstances, i .e. 
t he  w a l l  absorbtion is  not important i n  determining in t e rna l  sound l eve l s  due 
t o  external  sources (ref.  3). 
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NUMERICAL RESULTS AND COMPARISONS W I T H  EXPERIMENTS 

For a s ingle  cavity with a f l ex ib l e  w a l l  and an external  sound source, 
t h e  theo re t i ca l  model has been v e r i f i e d  experimentally by several  authors 
( r e f s .  6-11). Hence we f i r s t  assess t h e  capabi l i ty  of t h e  model t o  describe 
accurately t h e  acoust ic  na tu ra l  modes i n  multiply connected cavi t ies .  
combined na tura l  modes of t h e  multiply connected cavi t ies  are determined and 
ve r i f i ed  experimentally, they may be treated as one s ingle  cavity. Then the 
e a r l i e r  work f o r  a s ingle  cavity may be taken as experimental ve r i f i ca t ion  f o r  
the forced exc i ta t ion  of multiply connected cavi t ies  as well. 

Once t h e  

Acoustic Natural Modes i n  Multiply Connected Cavities 

The experimental s tudies  discussed here were conducted by Smith (ref.  12) .  
A representative configuration consis ts  of two acoustic cav i t i e s ,  one twice t h e  
dimensions of t he  other ,  with r i g i d  w a l l s  and a p a r t i a l  opening between them, 
In Figure 2 ,  t he  longi tudinal  pressure d is t r ibu t ions  (along with t h e i r  resonant 
frequencies) are  shown f o r  t h e  f irst  s i x  (symmetric with respect t o  height)  
acoust ical  modes with a f u l l  opening between cavi t ies .  The agreement between 
theory and experiment i s  very good. 

In  these experiments, co = 343.5 m/sec, a = d = 25.4 cm and t h e  width 
dimension w a s  10.16 cm t o  provide two-dimensional conditions i n  t h e  frequency 
range of i n t e r e s t .  The thickness of t h e  pa r t i t i on  (assumed zero i n  t h e  theo- 
r e t i c a l  calculat ions)  i s  1.27 cm as i s  t h e  thickness of a l l  external  w a l l s ,  
The cavity i s  constructed from plexiglass.  

Forced Response of a Single Cavity with a Flexible Wall 

Experimental Arrangement: 

For t h i s  discussion, Gorman's work ( r e f s .  8, 9 )  i s  used; however, a l so  see 
references 6 ,  7, 10  and especial ly  11. 
50.8 cm x . l27 cm aluminum a l loy  p l a t e  t h a t  w a s  bonded onto a s t i f f  rectangular 
frame. By bonding t h e  p l a t e  i n  t h i s  way, a clamped edge boundary condition w a s  
approximated. A sealed cavi ty ,  a l so  25.4 cm x 50.8 em¶ w a s  constructed beneath 
the  panel so  t h a t  t h e  cavity depth could be varied. The cavity enclosure w a s  
made of 1.27 cm th ick  plexiglass.  

The f l ex ib l e  w a l l  panel w a s  25.4 cm x 

The panel w a s  exci ted acoust ical ly  by a Wolverine LSl5, 20 w a t t  loud- 
speaker driven by a B & K Beat Frequency Osc i l la tor ,  type 1022. By using a 
s ing le  speaker, an external  f i e l d  d is t r ibu t ion  t h a t  w a s  modestly var iable  i n  
space was  obtained. Measurements w e r e  made of panel deflections and cavity 
pressures due t o  a pure tone. Only t h e  l a t t e r  are considered here,  

Cavity Pressure Measurement: 

The sound pressure l e v e l  within the  cavi ty  w a s  measured using a B&K 1/4" 
microphone, type 4136 with a type 2615 cathode follower with type UA0035 connector 
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I n  Figure 3 t h e  cavity pressure i s  p lo t t ed  against  frequency. This pres- 
sure i s  t h e  difference between t h e  dB l e v e l  ins ide  t h e  cavity and t h a t  outs ide 
the  cavi ty  on t h e  upper surface of t h e  panel. The dominant features are  t h e  
three primary resonant peaks occurring a t  113 cps , 210 cps , and 518 cps. 
first two resonances correspond t o  the first and t h i r d  panel modes , and 'thus 
ind ica te  t h a t  t h e  panel i s  driving t h e  cavity a t  these freqGencies. 
nance a t  518 cps i s  t h e  fundamental cavi ty  depth mode. 
external  pressure w e r e  uniform over the f l ex ib l e  panel, it should be motionless, 
and t h e  pressure l e v e l  difference between t h e  ex terna l  and in t e rna l  measurements 
should be zero when t h e  external  frequency equals t h e  cavity resonant frequency. 
This i s  near ly  t h e  case, see Figure 3. 

The 

The reso- 
Theoretically,  i f  t he  

Results : 

Panel Resonant Frequency Changed by Cavity 

In  Figure 4 ,  a comparison between theory and experiment i s  made. 
of panel frequency (modified by coupling with t h e  cavity) t o  "in-vacuo" panel 
frequency i s  p lo t t ed  against  panel length t o  cavity depth r a t i o ,  a/d. 
vacuo" panel frequencies were computed from Warburton's theory,  ( r e f .  13) and 
t h e  panel frequencies' var ia t ion  with cavity depth were computed from Dowel1 
and Voss' theory ( r e f .  10) which i s  an e a r l i e r  version of t h e  present analysis.  
There i s  excel lent  agreement between theory and experiment a t  the la rge  cavity 
depths, with some var ia t ion  from theory occurring a t  shallow cavity depths. 
Again it should be emphasized t h a t  t h i s  i n t e re s t ing  change i n  panel frequency 
occurs only f o r  f l ex ib l e  panels and s t i f f  (shallow) cavi t ies .  

The r a t i o  

The "in- 

Panel Damping 

Three types of damping w i l l  be re fer red  t o  i n  t h i s  discussion: constant 
damping, frequency damping, and experimental damping. Constant damping is the 
value measured f o r  a 30.48 em cavity depth and assumes t h a t  there  i s  no varia- 
t ion  of panel modal damping r a t i o  with cavity depth. Frequency damping allows 
f o r  var ia t ion of damping r a t i o  with frequency and employs the  data  measured a t  
a 30.48 em cavi ty  depth fo r  various panel resonances. Thus, t he  only e f f e c t  
changing t h i s  type of damping i s  t h e  var ia t ion of panel modal frequency with 
cavi ty  depth (Fig. 4 and re f .  8) .  Experimental damping i s  t h a t  measured f o r  
t he  exact conditions under study. 

Cavity Pressure and Damping Effects  

Figure 5 p lo t s  t h e  var ia t ion  of cavity pressure with cavity depth fo r  the  
three  different  t heo re t i ca l  damping models, i.e. constant damping, frequency 
damping, and experimental damping. The exc i t ing  external  frequency i s  equal t o  
t he  fundamental panel resonant frequency. Recall t h a t  t he  damping r a t i o s  used 
i n  these calculat ions are  those of t h e  panel and not of t h e  cavity;  t he  l a t t e r  
were neglected. Even though cavity damping has not been considered, there  i s  
excel lent  agreement between experiment and the  theo re t i ca l  model using experi- 
mental damping. 

Similar r e s u l t s  have been obtained fo r  random external  pressure exci ta t ion 
(ref.  9 ) .  Pretlove ( r e f .  7) has made measurements of panel na tura l  frequency 
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variat ion with cavity depth; Guy and Bhattacharya (ref. 11) have measured. 
cavi ty  pressures and panel na tura l  frequencies. Generally good agreement with 
theory has a l so  been shown i n  references 7, 9 and 11. 

CONCLUDING FU3MARKS 

A comprehensive t h e o r e t i c a l  model has been developed f o r  i n t e r i o r  sound 
f i e l d s  which are created by f l ex ib l e  w a l l  motion r e su l t i ng  from ex te r io r  sound 
fields. Included i n  t h e  model a re  t h e  mass, s t i f f n e s s  and damping character- 
i s t i c s  of the  f l ex ib l e  w a l l  and of t he  acoust ic  cavity. Fu l l  coupling between 
t h e  w a l l  and cavity is  permitted although de ta i l ed  analysis, numerical results 
and experiment suggest t h a t  it i s  t h e  exceptional case when t h e  s t r u c t u r a l  w a l l  
dynamic charac te r i s t ics  are s ign i f i can t ly  modified by t h e  cavity. 

Based upon the  general  theory,  an e f f i c i e n t  computational method i s  pro- 
posed and used t o  determine acoustic na tu ra l  frequencies of multiply connected 
cavi t ies .  Simplified formulae a re  developed fo r  i n t e r i o r  sound levels i n  terms 
of in-vacuuo s t r u c t u r a l  w a l l  and ( r i g i d  w a l l )  acoustic cavity na tura l  modes. 

Comparisons of theory with experiment show generally good agreement. The 
pr inc ipa l  uncertainty remains t h e  s t ruc tu ra l  and/or cavi ty  damping mechanisms. 
For external  sound exc i ta t ion ,  cavity damping i s  demonstrated t o  be generally 
unimportant; however it may be of importance f o r  i n t e r i o r  sound sources. The 
results of Wolf, Nefske and Howell ( r e f .  X 4 )  and Pe ty t ,  Lea and Koopman (ref. 
15) using f i n i t e  element techniques and H o w l e t t  and Morales ( r e f .  16) using 
modal analysis a l so  suggest t h a t  e f fec t ive  ana ly t ica l  models are available.  
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CAVITY a 

CAVITY b 

Figure 1.- Acoustic cavity-structural wall geometry. 
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Figure 2.- Comparison of t h e o r e t i c a l  and 
experimental  cav i ty  acous t i c  modes. 
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Figure 3 . -  Cavity response t o  sinusoidal external f ie ld.  
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Figure 4.- Cavity effect on panel natural frequencies. 
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Figure 5.- Cavity pressure  versus  cav i ty  depth. 
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SOUND RADIATION FROM RANDOMLY VIBRATING BEAMS 

OF FINITE CIRCULAR CROSS SECTION 

M.W. S u t t e r l i n  
Bolt  Beranek and Newman Inc. 

A.D. P i e rce  
Georgia I n s t i t u t e  of Technology 

INTRODUCTION 

Previous tud ies  of t he  r a d i a t i o n  of sound from v i b r  t i n g  c y l i n d r i c a l  
beams have been concerned wi th  r a d i a t i o n  from resonant modes of these f i n i t e  
beams, with spec i f i ed  end boundary conditions.  
Yousri and Fahy ( r e f .  1 )  and Kuhn and Morfey ( re f .  2) .  The r a d i a t i o n  e f f i c i en -  
cy o r  r a d i a t i o n  l o s s  f a c t o r  determined i n  t h i s  manner represents  t he  con- 
t r i b u t i o n  of a s i n g l e  mode t o  t h e  r a d i a t i o n  a t  a given frequency. 
r ecen t ly ,  Yousri and Pahy have presented ( r e f .  3) a more general  de r iva t ion  
which shows t h a t  t he  r a d i a t i o n  e f f i c i ency  f o r  a c y l i n d r i c a l  beam i s  a sum- 
mation of terms t h a t  represent  cont r ibu t ions  from var ious  modes. 
over modes is necessary whenever more than one mode is excited i n  the  fre- 
quency band of i n t e r e s t .  

These include s t u d i e s  by 

More 

This summing 

The results of t h e  present study are given i n  a form which depends only 
on t h e  frequency of t h e  beam v i b r a t i o n s  and the  physical c h a r a c t e r i s t i c s  of 
t h e  beam and i t s  surroundings. 
v ib ra t ions  allows t h i s  r e s u l t  t o  be independent of t h e  boundary conditions a t  
t h e  ends of. t he  beam. 
mined from a knowledge of t he  frequency band v i b r a t i o n  d a t a  without a 
knowledge of t h e  ind iv idua l  modal v i b r a t i o n  amplitudes. 

A s t a t i s t i ca l  cons idera t ion  of random beam 

The acoustic'power rad ia ted  by t h e  beam can be deter-  

A p r a c t i c a l  example of t h e  usefulness of t h i s  technique i s  provided by 
t h e  app l i ca t ion  0.f t h e  t h e o r e t i c a l  ca l cu la t ions  t o  t h e  p red ic t ion .o f  t h e  
octave band acous t ic  power output of t h e  picking sticks of an automatic 
t e x t i l e  loom. 
l e v e l s  based on measured acce le ra t ion  da ta .  These t h e o r e t i c a l  levels are 
subsequently compared with a c t u a l  sound pressure level measurements of loom 
n o i s e .  

Calculations are made of t h e  expected octave band sound pressure  

THEORY 

A beam of f i n i t e  l eng th  is  modelled as a cy l inder  of i n f i n i t e  length  
s i t u a t e d  on the  z axis (see Fig. 1). The transverse v e l o c i t y  of t h e  beam 
v ib ra t ions  i s  assumed t o  be zero except on the  segment of t h e  cy l inder  which 
l i e s  between the  po in t s  z= R/2 and z=- R/2 . On t h i s  v ib ra t ing  segment 
t h e  t ransverse  v e l o c i t y  c o n s i s t s  of x and y components, v and v ,which 
are expanded i n  a Fourier series of a r b i t r a r y  fundamental timeXperiod 



The individual components of the Fourier series are represented as the super- 
position of two traveling waves moving in opposite directions on the beam 

where 
relative phase between the two traveling waves. Furthermore, vn(z) can be 
written as 

k,, is the wave number of the beam vibrations, and $ represents the 

and the radial or normal velocity is 

The acoustic pressure due to these transverse vibrations is found by 
applying the acoustic boundary condition at the surface of the cylinder to the 
solution of the linear acoustic wave equation in cylindrical coordinates. The 
partial differential equation and the appropriate boundary condition are 

The solution to Eq. 5 can be written as a general linear combination of the 
seperable solutions (see ref. 4 ) .  The solution for outgoing waves of fixed 
frequency W n= nuoC can be written 
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Ju cs 

P(r,B,z) =E 5 [Am(a )cos(m6) 4- Bm(ol ) s i n ( ~ 6 ) ] H ~ ) ( k r r ) e i o i z  d% 
M z c  ..JO 

(7) 

i s  the  Hankel func t ion  of t h e  f i r s t  2 2  where kr=(k - a ) , k=w / c  and H 
kind and of order  m . Applying themboundary condi t ion  of Eq. 6 t o  t h e  above 
expression,  one f i n d s  t h a t  

where 

Th t i m  V 

z( a , r )  

rage a c o u s t i  

= i w p  
n krHil) ’ (krro) 

power r ad ia t ed  by t h e  beam i- a given frequency 
is  found by taking the  t i m e  average of t he  i n t e g r a l  over  t he  su r face  of t h e  
cy l inder  of t h e  product of t h e  acous t i c  pressure  a t  t h e  su r face  of t he  cy l inde r  
P ( r  ,B,z) and t h e  normal v e l o c i t y  vr(6’Z> 

0 

where R e  denotes t h e  real p a r t ,  and * i n d i c a t e s  t h e  complex conjugate.  The 
ensemble average acous t i c  power r ad ia t ed  i n  a given frequency band is  found by 
tak ing  t h e  ensemble average of a sum over t h e  f requencies  wi th in  t h e  band of 
t h e  r e s u l t  of Eq. 10. The ensemble average is  performed assuming a l l  r e l a t i v e  
phases t o  b e  equal ly  probable. 

The r e s u l t  of t h e  6 i n t e g r a t i o n  in Eq. 10  is  R , and t h e  z in tegra-  
t i o n  produces a d i r a c  d e l t a  func t ion  27~8(a-a’) . This allows one of t h e  a 
i n t e g r a t i o n s  t o  be performed by in spec t ion ,  y i e ld ing  

where Zo(cl) = Z(a,ro) = iw,p 

This expression f o r  t h e  acous t i c  power r ad ia t ed  by a f i n i t e  cy l inde r  can 
be s impl i f i ed  by applying some of t h e  p rope r t i e s  of Hankel func t ions .  For 
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2 k < a2 t h e  r um n t  f o r  t h e  Hankel functions is  imaginary and Re(Z ( a ) )  is  
zero. For k > a the  argument is real and t h e  Wronskian r e l a t i o n  ?or t h e  
Hankel functions gives ( r e f .  5 )  

2 g  9 

Referring back t o  Eqs. 2 and 3, one can write $(a) as the  inverse  
transform of <(z) , which when evaluated gives 

Theref o re  

R s in(%+ a)? sin(kb- a)? 
2 

2 R s i n  (%- a)? + 2 cos* 
(%- a)= ( < - a )  

The cos$ term goes t o  zero i n  taking t h e  average assuming a l l  II, t o  be 
equal ly  probable. It can be shown, by taking the  t i m e  average of vov , t h a t  
t h e  mean square ve loc i ty  i n  a given frequency band is  equal t o  a sum over t h e  
frequencies i n  the  band of t h e  magnitude squared of 

A 2  

n 

assuming x and y v ib ra t ions  t o  be  uncorrelated.  

acous t i c  power r ad ia t ed  i n  a given frequency band is  
All t hese  r e s u l t s  are incorporated i n t o  Eq. 11 with the  r e s u l t  t h a t  t h e  

where a l l  frequency terms are evaluated a t  the  center  frequency of t he  band. 

This r e s u l t  can be w r i t t e n  i n  t h e  form of a r ad ia t ion  e f f i c i ency  €or  t h e  
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beam. For a cy l inde r  t h e  r a d i a t i o n  e f f i c i ency  is 

W 
2 2 o =  

pc?’rroR(<vx> + <V Y >) 

With the  change of  va r i ab le s  @ = a / k  and the  above expression,  one can w r i t e  
t h e  r a d i a t i o n  e f f i c i e n c y  f o r  a c y l i n d r i c a l  beam 

2 kR s i n  (E+@)- 
d$ 

4 1 
2 2  l,’ (1-B2) /Hi1) * ( m k r o )  I (E+@) 

G =  
T k r o R  

where 
expression. 

E = \/k and a symmetry of t h e  i n t e g r a l  w a s  used t o  s impl i fy  t h e  

RESULTS 

I n  the  low frequency o r  small rad ius  l i m i t ,  k ro  is s m a l l .  An approx- 
imation may be used i n  p lace  of the  Hankel func t ion  i n  order  t o  s impl i fy  the  
i n t e g r a l  i n  Eq. 19 .  The f i r s t  term i n  
of t h e  Hankel func t ion  gives  

With t h i s  approximation and the  change 

kf (€+l)- 2 

kg 
[1 2 

( E - 1 ) 2  

c T =  

t he  series expansion f o r  t h e  d e r i v a t i v e  

41 
2 4  

T Z  

of va r i ab le s  u = (E+B)kR/2 , one g e t s  

2 2u 2 s i n  u du - (a-1 1 7  
U 

i n  the  denominator can 2 Well below the  coincidence frequency ( 
be  approximated as u2 = (kR/2)2 . The approximation is  

This expression is d i r e c t l y  comparable t o  the  r e s u l t s  of Kuhn and Morfey ( r e f .  
2) i n  t h e i r  low frequency approximation of t h e  Yousri  and Fahy ( r e f .  1) ex- 
press ion  f o r  t he  r a d i a t i o n  e f f i c i ency  of a simply supported beam. The radia-  
t i o n  e f f i c i ency  f o r  t h e  simply supported case gives  a r e s u l t  which is exac t ly  
twice t h a t  given by Eq. 22when evaluated a t  the  same resonance frequency. The 
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reason f o r  t h i s  d i f f e rence  lies i n  the  f a c t  t h a t  t h e  simply supported boundary 
condition i m p l i e s  a s p e c i f i c  phase 9 i n  Eq. 2. This phase happens t o  be one 
which maximizes t h e  r ad ia t ion  e f f ic iency .  Other poss ib le  phase r e l a t ionsh ips  
r e s u l t  i n  lower values f o r  t h e  r ad ia t ion  e f f ic iency .  
t h a t  these  d i f fe rences  disappear a t  higher frequencies. 

It w i l l  be shown later 

A t  fiigh frequencies the  major cont r ibu t ion  t o  the  i n t e g r a l  i n  Eq. 19 
comes from the  v i c i n i t y  of B = -E . Expanding the  Hankel function term 
Taylor  series about t h a t  po in t  and keeping only t h e  f i r s t  t e r m  one g e t s  

i n  a 

(23) 

This is ehe r ad ia t ion  e f f i c i ency  f o r  a 
(1-E2)ll2kr >> 1 , then the  de r iva t ive  
i n  terms of i t s  asymptotic l i m i t  and 0 

(kro)2 

2 2 u =  
(1-E ) (kro) +1 

cyl inder  of i n f i n i t e  length.  
of t h e  Hankel function may be 

I f  
expressed 

( 2 4 )  

For purposes of a numerical evaluation of Eq. 19, t h e  r ad ia t ion  e f f i c i ency  
is  considered as a function of t h ree  independent va r i ab le s  only one of which is  
frequency dependent. These are kro , R / r o  and 

where m is  the  mass per  u n i t  length of t h e  
s t i f f n e s s .  This last  parameter is  chosen so  

beam and B is  t h e  bending 
as t o  e l imina te  the  frequency 

dependence of 
ca l cu la t ion  of t h e  r ad ia t ion  e f f i c i e n c  Each graph shows 0 as a function 
of kro f o r  several values of &(kro) !I2 and €or one value of R/ro. A 
v a l i d  comparison wi th  the  modal approach can be made by leaving the  phase angle 
i n  Eq. 15  and continuing t h e  der iva t ion  of t he  r ad ia t ion  e f f ic iency .  The r e s u l t  
is 

E = %/k . Figs. 2 and 3 show the  r e s u l t s  of a numerical 

2 kR s i n  (&+6)-- 
2 +  

(E+B) 

(26) 

1 
2 2  u =  

T2k2r09, ) - E  (1-B2) IHil) '(kroh-B ) I 
sin(&+B)- s i n ( E - 6 ) T  

kt ]df3 

kR 
2 

2 2  + cos@ 
(E -6 1 f 

Fig. 4 gives t h i s  comparison f o r  the  two extreme cases,  where t h e  cos@ term 
is e i t h e r  always p o s i t i v e  o r  always negative a t  t h e  modal resonance frequencies. 
It is  c l e a r  from the  f i g u r e  t h a t  t he  cont r ibu t ion  from t h e  second t e r m  t o  the  
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integrand i n  Eq. 26 diminishes a t  higher frequencies,  as t h e  two extreme cases 
converge towards the  average. 

APPLICATION TO TEXTILE LOOM P I C K I N G  STICKS 

I n  order  t o  apply these  r e s u l t s  t o  the  picking s t i c k s  of an automatic 
t e x t i l e  loom, it is  necessary t o  genera l ize  them t o  allow f o r  d i f f e r e n t  
r ad ia t ion  e f f i c i e n c i e s  and perhaps d i f f e r e n t  e f f e c t i v e  r a d i i  f o r  t h e  x and y 
v ibra t ions .  This i s  necessary t o  account f o r  t h e  f a c t  t h a t  t h e  picking s t i c k  
is more near ly  rec tangular  i n  c ross  sec t ion  than c i r c u l a r .  With t h i s  i n  mind 
one can w r i t e  t he  acous t i c  power as 

2 2 W - p c ~ R  [rox<vx> ox + r <v > CT 3 
OY Y Y 

Values f o r  t he  parameters were chosen t o  correspond t o  t h e  c h a r a c t e r i s t i c s  
of the  picking s t i c k s .  The numerical technique used t o  eva lua te  0 and 
measured v ib ra t ion  da ta  were used t o  determine t h e  octave band acous t ic  power 
output f o r  each of t he  two picking s t i c k s  on a loom. Fig. 5 shows a graph of  
t he  r e s u l t i n g  power levels. 

ted  a t  a reference poin t  one meter from t h e  f r o n t  of t h e  loom, assuming 
symmetric c y l i n d r i c a l  spreading, 

From these  power l e v e l s ,  octave band sound pressure  l e v e l s  were calcula- 

1 (28) 2 PC < p >  = - <P2> 

'ref 
2nRR ['left + 'right SPL = 10 loglo 

where R is  the  d i s t ance  t o  t h e  re ference  poin t  and 'ref = 2 X 
the  re ference  pressure.  
with sound pressure l e v e l s  ac tua l ly  measured a t  t h i s  pos i t i on  is shown i n  
Fig. 6. 
r e s u l t s  f o r  frequencies above 125 Hz. The agreement is  p a r t i c u l a r l y  c lose  
i n  the  range of frequencies which have the  h ighes t  sound pressure  l eve l s .  
curves i n  the  f i g u r e  represent  an o v e r a l l  A-weighted l e v e l  of 94 dBA. It is 
c l e a r  however t h a t  t he  low frequency predic ted  r e s u l t  f a l l s  s h o r t  of t h e  
measured values. It is thought t h a t  t he re  may be o the r  no ise  sources on the  
loom which cont r ibu te  t o  the  higher l e v e l s  a t  these  low frequencies. 

N/m2 is  
A comparison of t h i s  pred ic ted  sound pressure  l e v e l  

This graph shows good agreement between t h e o r e t i c a l  and experimental 

Both 
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Figure 1.- Beam loca t ion  and w o r d i n a t e  system. 
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Figure 2.- Radiat ion e f f i c i ency  of a beam f o r  R / r o  = 50. 
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A PHENOMENOLOGICAL, TIME-DEPENDENT TWO-DIMENSIONAL 

PHOTOCHEMICAL MODEL OF THE ATMOSPHERE 

George F. Widhopf 
The Aerospace Corporation 

ABSTRACT 

A two-dimensional atmospheric mofel whyh  describes the time-dependent 
distribution of the t racespecies  03, O( P), O( D), NO, NO2. NzO, HN03, 
OH, H02,  H 0 
cycle has  beg, geveloped. The two-dimensional atmospheric transport 
coefficients used in the model have been tested by calculating the time- 
dependent distributions of atmospheric nuclear debris resulting from past 
nuclear weapon tes ts  and the results a r e  in good agreement with observations. 
The resulting calculated model distributions of 03,  NOZ, NO, N 2 0  and HNO 
in the natural atmosphere a r e  in good agreement with available measuremen& 
of these species. 
agreement with observations throughuut the year, a s  a r e  the individual ca1,- 
culated vertical ozone profiles at all latitudes. 
variations of these trace species a re  significant. 

CH4, CO, N,  and H throughout the entire yearly seasonal 

The monthly variation of the ozone column is in good 

The seasonal and latitudinal I 
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THE DIFFUSION APPROXIMATION - AN APPLICATION 
TO RADIATIVE TRANSFER IN CLOUDS 

Robert F. Arduini and Bruce R. Barkstrom 

The George Washington University 
Joint Institute for Advancement of Flight Sciences 

INTRODUCTION 

Water droplets and ice crystals, the constituents of clouds, are very 
nearly transparent (i.e. they absorb almost no radiation in the visual wave- 
lengths (400 nm to 700 nm)). Clouds are also optically thick with optical 
depths for a one kilometer path ranging from 10 to 50, depending upon droplet 
size and number density of droplets. Therefore, visible light which enters 
a cloud is scattered many times before being absorbed or exiting the cloud. 
This type of process is well described by a diffusion model. 

In this paper it is shown how the radiative transfer equation reduces 
To keep the mathematics as simple as possible, to the diffusion equation. 

the approximation is applied to a cylindrical cloud o f  radius R and height h. 
The diffusion equation separates in cylindrical coordinates and, in a sample 
calculation, the solution is evaluated for a range of cloud radii with cloud 
heights of 0.5 km and 1.0 km. 

The simplicity of the method and the speed with which solutions are 
obtained give it potential as a tool with which to study the effects of 
finite-sized clouds on the albedo of the earth-atmosphere system. 

THE DIFFUSION APPROXIMATION 

The diffusion approximation has long been used in nuclear reactor theory 
(refs. 1-3) and has recently been applied to the transfer of visual radiation 
in snow (ref. 4). In the diffusion approximation, the radiation is assumed 
to have an almost isotropic angular distribution, so that the specific 
intensity at space point y for radiation traveling in direction is 
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is the  mean in tens i ty ,  D is the diffusion coef f ic ien t ,  and - V is  the  gradient 
operator. Because the ne t  vector f lux 

@ E 1 QI dQ - - -  

is  proportional t o  the  gradient of J: 

it follows t h a t  J satisfies the  diffusion equation 

2 -2 V J - L  J = O  

where the diffusion length, L ,  is  re la ted  t o  D according t o  

2 
L = D/K 

K is  the absorption coeff ic ient .  

The net  f lux  through a surface with normal A i s  

(3 )  

(5) 

where a/an denotes the  direct ional  derivative.  The f lux  i n  the d i rec t ion  of 
+A i s  

and the f lux i n  d i rec t ion  -fi is 

= nJ + 2 n D  aJ/an n @ 

The plus and minus s igns indicate  the  pos i t ive  and negative senses of fi. 
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The diffusion coefficient and the diffusion length are related to the 
extinction coefficient x and the phase function of the cloud droplets 
according to 

and 

In these equations, w is the single scattering albedo (or fraction of light 
scattered in a single interaction with a cloud droplet) and g is the mean 
cosine of single scattering. Equations (9) and (10) are essentially approxi- 
mations to the dispersion relation derived by Mika (ref. 5) for the largest 
singular eigenvalue in the singular eigenfunction solution for a plane- 
parallel atmosphere and expanded by van de Hulst (refs. 6 and 7) in his 
scaling laws. It may be noted that the diffusion equation (5) is identical 
to the Eddington approximation in a plane-parallel medium, in that for this 
geometry, the second moment of the radiation field, K, in a conservative 
atmosphere is equal to one-third of the mean intensity 

deep in the medium. Equation (11) uses the assumption of the plane-parallel 
atmosphere and describes the direction of propagation il in terms of a polar 
coordinate system with a polar angle 8 = cos-11.1 such that 8 = 0 is perpendi- 
cular to the plane of symmetry. 

THE CYLINDRICAL CLOUD 

Clouds in the atmosphere vary markedly in shape and size. 
mathematics as simple as possible, we have applied the diffusion approximation 
to a cylindrical cloud of radius R and height h. The cloud is illuminated 
from the top by a diffuse source, which is normalized to unit flux. .It is 
assumed that none of the radiation that escapes the cloud returns. 

To keep the 

With this choice of geometry and boundary conditions, the diffusion 
equation (5) separates. The solution for the mean intensity may be found 
as an expansion of standard mathematical functions in the form 

m 

J(r, z )  = C [A exp(amz) + Bm exp(-cimz)1Jo(B,r) m m=O 
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with Jo(B,r) being the zeroth order Bessel function of the first kind. 
separation constants am and Bm are related through the diffusion length in 
the following manner: 

The 

2 2 -2 
m a = B m + L  (13) 

@m is the solution of the transcendental equation that results from the appli- 
cation of the boundary condition at the sides: 

where 

R c = - -  
2D 

Equation (14) is solved numerically using a Newton-Raphson method of root 
finding. The application of the boundary conditions at the top and bottom 
yields expressions for the expansion coefficients 

Ill - - 
2 2 "'mR J1 ('mR) [ ( 1+2Dam) - (1-2Dam) exp (-2amh) 1 Bm 

and 

( 2Dam- 1 ) 
Am - - (2Dam+l) exp (-2amh) Bm (17) 

Our primary interest in this study is in the fate of the energy incident 
on the cloud. As one might expect, the energy may be reflected back out the 
top, may be transmitted out the bottom, escape out the sides, or be absorbed 
within the cloud. The power incident on the cloud top is 

2Tr d$ J R r@L-) (z=O)dr = RR 2 
0 = ro + 

TOP 
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If we normalize the reflected and absorbed power by this amount, we find that 
they may be expressed in terms of the expansion coefficients and geometrical 
properties of the cloud in the form 

m 
E ' = 27r C [A m (1+2Da m 1 + B m (1-2Dam)1J1(BmR)/BmR (19) 

m=O TOP 

m 

= 2n 2 [Am(exp(amh)-l) + Bm(l-exp(-amh))] 
m=O E~~~~ 

m 

= 27-r C [A exp(a h) (1-2Dam) + B exp(-a h) J. 
E m m m m m=O BOTTOM 

and 

to 

= 8 n ~  C [Am (exp(amh)-l) + Bm(l-exp(-a m h))]. 
m=O ABS E 

A SAMPLE CALCULATION 

In a sample calculation the above expressions were evaluated for clouds 
of heights 0.5 and 1.0 km and a range of cloud radii from 0.5 to 10.0 km. 
The cloud droplet radius was assumed to be 10 microns with a number density 
of 100 The mean cosine g was assumed to be 0.8516 and the single 
scattering albedo w was chosen to represent nearly conservative scattering 
(l-w = and non-conservative scattering (1-61 = loB2). 
typical of cumulus clouds as seen in Deirmendjian's model C1 (ref. 8). 

These values are 

The effect of the finite radius is marked, as can be seen in Figs. I and 
2. The albedo of an isolated cloud, 1 km thick, may be reduced by 5 percent 
or more if the radius is less than 5 km. This reduction in albedo is due,to 
the leakage of energy out the sides of the cloud. 
smaller, the escape out the sides becomes more and more important. Clouds 

As the radius becomes .' 
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whose radii are about equal to their height lose nearly as much energy out the 
sides as is reflected back out the top. 

As the radius increases we expect the results to closely approach those 
from a plane-parallel treatment. 
results using the diffusion approximation for a cylindrical cloud and those 
using the Eddington approximation for a plane-parallel layer. 
is quite small for clouds whose horizontal extent is much larger than the 
vertical. 

Table 1 shows the difference between the 

The difference 

It is generally known that Monte Carlo techniques, which are currently 
being used to study the effects of finite-sized clouds (refs. 9 and lo), 
consume great amounts of computer time. 
approximation required less than 30 seconds execution time on a CDC CYBER 175 
computer. The simplicity of the approximation and the speed with which 
results are obtained give the diffusion approximation potential as a tool 
to study the effects of finite-sized clouds on the earth-atmosphere system. 

The above results using the diffusion 

CONCLUDING ITEMARKS 

Clouds represent an optically thick medium for visible radiation in which 
the internal radiation field is very nearly isotropic. Such a medium is well- 
suited to a description by a diffusion model. 
approximation to a cloud of cylindrical geometry, the fraction of the incident 
energy emerging from each of the cloud's surfaces has been calculated. The 
amount of radiation escaping from the sides becomes significant when the 
cloud's horizontal extent is less than ten times its vertical extent. The 
speed and simplicity of the method argue for its use to study the effects 
of finite-sized clouds on the earth's albedo. 

Applying the diffusion 
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TABLE 1.-COMPARISON BETWEEN EDDINGTON (PLANE-PARALLEL) AND 
DIFFUSION (CYLINDRICAL) APPROXIMATIONS 

(Cloud Height = 1 km) 

109 1 



ABSO_R_BE& - -_ __ 
CI--------- 

0 2 4 6 8 10 
CLOUD RADIUS, R, km 

Figure 1.- Fa te  of energy inc ident  upon a c y l i n d r i c a l  cloud of 
height 0.5 km as a func t ion  of rad ius  ( so l id  l i n e :  
broken l i n e :  l-w = 

l-w = 10-8; 

FRACTION 
OF .6 

INCl DENT 
RA DIAT ION 

.4 

.2 

0 2 4 6 8 IO 
0 

CLOUD RADIUS, R, km 

Figure 2.- Fa te  of energy inc ident  upon a c y l i n d r i c a l  cloud of 
height 1.0 km as a func t ion  of r ad ius  ( so l id  l i n e :  
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C A L I B R A T I O N  A N D  VERIFICATION OF ENVIRONMENTAL MODELS 

Samuel  S .  Lee,  S u b r a t a  S e n g u p t a ,  
Norman Weinberg ,  a n d  Homer Hiser 

U n i v e r s i t y  o f  M i a m i  

I N T R O D U C T I O N  

One o f  t h e  w e a k e s t  l i n k s  i n  d e v e l o p i n g  v i a b l e  n u m e r i c a l  
models  f o r  e n v i r o n m e n t a l  t r a n s p o r t  p r o c e s s e s  i s  t h e  n e e d  f o r  
l a r g e  c o m p r e h e n s i v e  da t a  bases  f o r  c a l i b r a t i o n  and  v e r i f i c a t i o n .  
The s p e c i f i c  n e e d s  vary  w i t h  t h e  c h a r a c t e r i s t i c s  o f  t h e  model  
u n d e r  c o n s i d e r a t i o n .  However, it h a s  b e e n  f o u n d  t h a t  t h e  more 
complex t h e  model  i s ,  t h e  more d i f f i c u l t  it i s  t o  o b t a i n  t h e  
a d e q u a t e  d a t a  b a s e .  I n  f a c t ,  o f t e n  e v e n  b e f o r e  c a l i b r a t i o n  and  
v e r i f i c a t i o n ,  t h e  p rob lem m a n i f e s t s  i t s e l f  i n  t e r m s  o f  s p e c i f i -  
c a t i o n  of  a d e q u a t e  boundary  c o n d i t i o n s  f o r  a w e l l  p o s e d  mathe-  
m a t i c a l  f o r m u l a t i o n .  T h i s  p a p e r  d e a l s  w i t h  t h e  u n i q u e  p r o b l e m s  
o f  c a l i ' b r a t i o n  a n d  v e r i f i c a t i o n  o f  m e s o s c a l e  models  a p p l i e d  t o  
i n v e s t i g a t i n g  power p l a n t  d i s c h a r g e s .  

P o l i c a s t r o  ( r e f s . 1 , 2 , 3 )  i n  a s e r i e s  of  r e p o r t s  h a s  c a l i -  
b r a t e d  a n d  v e r i f i e d  a l a r g e  number o f  t h e r m a l  plume mode l s  w i t h  
f i e l d  d a t a .  H e  u s e d  a s i n g l e  d a t a  base t o  o b t a i n  c o m p a r a t i v e  
r e s u l t s  f rom d i f f e r e n t  m o d e l s .  Very f e w  s t u d i e s  o f  t h i s  n a t u r e  
have  b e e n  done  p r i m a r i l y  owing t o  t h e  l a c k  o f  c o m p r e h e n s i v e  d a t a  
bases .  Lee e t  a 1  ( r e f . 4 )  summarized t h e  i m p o r t a n c e  o f  r emote -  
s e n s i n g  da ta  i n  t h e r m a l  p o l l u t i o n  s t u d i e s .  S e n g u p t a  e t  a 1  
( r e f . 5 )  have  d e m o n s t r a t e d  t h e  i m p o r t a n t  r o l e  o f  r e m o t e - s e n s i n g  
d a t a  i n  t h e  deve lopmen t  o f  n u m e r i c a l  m o d e l s .  However, remote-  
s e n s i n g  d a t a  u s u a l l y  p r o v i d e  o n l y  t h e  s u r f a c e  c o n d i t i o n s .  For 
t h r e e - d i m e n s i o n a l  m o d e l l i n g  it i s  i m p e r a t i v e  t o  have  v a r i a t i o n s  
w i t h  d e p t h .  The r o l e  o f  i n - s i t u  measu remen t s  i s  t h e r e f o r e  
e s s e n t i a l  u n t i l  r e m o t e - s e n s i n g  t e c h n i q u e s  a r e  d e v e l o p e d  f o r  
v e r t i c a l  p r o f i l e  measu remen t .  Some s t u d i e s  o f  t h e r m a l  p lumes  
have  b e e n  made u s i n g  g round  t r u t h  and  r e m o t e - s e n s i n g  d a t a .  
Madding e t  a 1  ( r e f . 6 )  u s e d  a Texas I n s t r u m e n t  RS-18A s c a n n e r  
mounted on a DC-3 t o g e t h e r  w i t h  i n - s i t u  measurements  made b y  
Argonne N a t i o n a l  L a b o r a t o r y  t o  s t u d y  p lumes  f rom P o i n t  Beach 
N u c l e a r  Power P l a n t  l o c a t e d  on t h e  s h o r e l i n e  o f  Lake Mich igan .  
D i n e l l i  e t  a1 ( r e f . 7 )  have  d i s c u s s e d  t h e  u s e  o f  t h e r m a l  i n f r a r e d  
s c a n n e r  d a t a  i n  e v a l u a t i n g  p r e d i c t i v e  mode l s  f o r  t he ' rma l  p lumes .  
They s t u d i e d  t h e  power p l a n t  s i t e s  a t  Vado L i g u r e  and  P o r t o  T y l l e  
i n  I t a l y .  They d i s c u s s e d  t h e  u s e  o f  I R  d a t a  t o  d e v e l o p  plume 
models  as w e l l  as v e r i f y  them. 
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The t h e r m a l  p o l l u t i o n  g r o u p  a t  t h e  U n i v e r s i t y  o f  M i a m i  i s  
d e v e l o p i n g  a p a c k a g e  o f  t h r e e - d i m e n s i o n a l  mode l s  t o  p r e d i c t  
and  m o n i t o r  t he rma l  a n o m a l i e s  c a u s e d  b y  power p l a n t  d i s c h a r g e s .  
Remote - sens ing  I R  d a t a  f r o m  s a t e l l i t e s  and  a i r b o r n e  r a d i o m e t e r s  
i n  c o n j u n c t i o n  w i t h  g r o u n d  t r u t h  and  i n - s i t u  measu remen t s  a re  
u s e d  t o  c a l i b r a t e  a n d  v e r i f y  t h e  models .  The a p p l i c a t i o n  s i t e s  
a r e  B i s c a y n e  Bay and  H u t c h i n s o n  I s l a n d  i n  S o u t h  F l o r i d a  where  a 
number o f  power p l a n t s  a r e  l o c a t e d .  The d e t a i l s  o f  t h e  e f f o r t  
a r e  p r e s e n t e d  i n  a s e r i e s  o f  r e p o r t s  by  Lee e t  a1  ( r e f s .  8 and  9 ) .  
H i s e r  e t  a 1  ( r e f . 1 0 )  have  p r e s e n t e d  t h e  r e m o t e  s e n s i n g  e f f o r t .  
A b r i e f  d e s c r i p t i o n  o f  t h e  o v e r a l l  s t u d y  i s  p r e s e n t e d  by 
S e n g u p t a  e t  a 1  ( r e f .  11). F i g u r e  1 shows t h e  r e l a t i o n s h i p  be tween  
t h e  d a t a  a c q u i s i t i o n  e f f o r t  and  m o d e l l i n g  e f f o r t  f rom t h e  model  
deve lopmen t  s t age  t o  v e r i f i c a t i o n  and  a p p l i c a t i o n  s t a g e s .  

THE MATHEMATICAL MODELS 

The hydro-  and  thermodynamic  b e h a v i o r  o f  a body o f  wa te r  i n  
a n  e c o s y s t e m  i s  a f f e c t e d  b y  n a t u r a l  i n f l u e n c e s  as  c h a r a c t e r i z e d  
by t h e  m e t e o r o l o g i c a l  and  h y d r o l o g i c a l  c h a r a c t e r i s t i c s  o f  t h e  
domain a s  w e l l  a s  t h e  a n t h r o m o r p h i c  d i s t u r b a n c e s  g e n e r a t e d  by  
i n d u s t r y ,  a g r i c u l t u r e  and  u r b a n  a c t i v i t y .  The method o f  numer i -  
c a l  m o d e l l i n g  i s  t o  d e s c r i b e  t h e  s y s t e m  i n  t e r m s  o f  g o v e r n i n g  
e q u a t i o n s  and  b o u n d a r y  c o n d i t i o n s  t h a t  e x p r e s s  t h e  r e l e v a n t  
p h y s i c a l  l a w s  and  domain c h a r a c t e r i s t i c s  and  t h e n  t o  s i m u l a t e  o r  
s o l v e  t h e  e q u a t i o n s  w i t h  n u m e r i c a l  t e c h n i q u e s  , a f t e r  a p p r o x i -  
m a t i o n s  a r e  made r e g a r d i n g  v a r i a b l e s  as  w e l l  a s  d i m e n s i o n s .  We 
w i l l  c o n s i d e r  t h r e e - d i m e n s i o n a l  "comple t e"  models  o n l y ,  t h e  d a t a  
r e q u i r e m e n t s  b e i n g  l e s s  s t r i n g e n t  f o r  s i m p l e r  m o d e l s .  

The g o v e r n i n g  e q u a t i o n s  a r e  t h e  c o n s e r v a t i o n  o f  t o t a l  m a s s ,  
momentum a n d  e n e r g y .  The c o n s t i t u t i v e  e q u a t i o n  d e s c r i b i n g  den-  
s i t y  as  a f u n c t i o n  o f  t e m p e r a t u r e  c o m p l e t e s  t h e  s e t .  The system 
c o n s i s t s  o f  c o u p l e d ,  n o n - s t e a d y ,  n o n - l i n e a r ,  s e c o n d a r y ,  t h r e e -  
d i m e n s i o n a l  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  The e q u a t i o n s  a r e  
p r e s e n t e d  by  S e n g u p t a  e t  a l ( r e f . 5 ) .  T u r b u l e n c e  i s  m o d e l l e d  by  
eddy t r a n s p o r t  c o e f f i c i e n t s .  

The r i g i d - l i d  a s s u m p t i o n  i s  made, t h e r e b y  e l i m i n a t i n g  s u r -  
f a c e  g r a v i t y  waves a n d  t h e r e f o r e  t h e  r e s t r i c t i v e  Courant -Levy 
F r e d r i c h s '  c o n d i t i o n .  T h i s  a s s u m p t i o n  h a s  b e e n  u s e d  e x t e n s i v e l y  
i n  o c e a n i c  m o d e l l i n g  b y  Bryan  ( r e f . 1 2 )  a n d  o t h e r s .  S e n g u p t a  
and  L i c k  ( r e f . 1 3 )  d e v e l o p e d  t h i s  i d e a  f o r  e c o s y s t e m  m o d e l l i n g .  
However, where  s u r f a c e  h e i g h t  f l u c t u a t i o n s  a r e  d o m i n a n t ,  a f r e e -  
s u r f a c e  model  h a s  t o  be used. T h e r e f o r e  two s e t s  o f  m o d e l s ,  
name ly ,  r i g i d  l i d  a n d  f r e e  s u r f a c e ,  h a v e  b e e n  d e v e l o p e d  by  t h e  
U n i v e r s i t y  o f  M i a m i  g r o u p  t o  s t u d y  t h e r m a l  p o l l u t i o n .  
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The d e t a i l s  o f  t h e  r i g i d - l i d  model have  been  p r e s e n t e d  by 
Sengupta  and L i c k  ( r e f . 1 3 )  and Lee e t  a1  ( re f .  9 ) .  The g o v e r n i n g  
e q u a t i o n s  a r e  c o n t i n u i t y ,  two h o r i z o n t a l  momentum e q u a t i o n s  , t h e  
h y d r o s t a t i c  e q u a t i o n ,  t h e  e n e r g y  e q u a t i o n  and t h e  equa t io r l  of 
s t a t e .  A p r e d i c t i v e  e q u a t i o n  f o r  s u r f a c e  or l i d  p r e s s u r e  ( n o  
l o n g e r  a t m o s p h e r i c )  d e r i v e d  from t h e  v e r t i c a l l y  i n t e g r a t e d  momen- 
tum e q u a t i o n s  c o m p l e t e s  t h e  system of  e q u a t i o n s .  The boundary  
c o n d i t i o n s  a r e  n o - s l i p  and no-normal v e l o c i t y  a t  s o l i d  s u r f a c e s .  
A t  t h e  a i r - w a t e r  i n t e r f a c e  wind s t r e s s  and h e a t  t r a n s f e r  co- 
e f f i c i e n t s  a r e  s p e c i f i e d ,  The s o l i d  s u r f a c e s  a re  c o n s i d e r e d  
a d i a b a t i c .  I n f l u x  c o n d i t i o n s  f o r  v e l o c i t y  and t e m p e r a t u r e  a r e  
s p e c i f i e d  a t  open b o u n d a r i e s .  E x p l i c i t  schemes a r e  used  t o  i n -  
t e g r a t e  t h e  momentum and e n e r g y  e q u a t i o n s .  I t e r a t i v e  schemes 
a re  u s e d  t o  c a l c u l a t e  t h e  s u r f a c e  p r e s s u r e  f rom t h e  p r e d i c t i v e  
e q u a t i o n  for p r e s s u r e .  Forward t i m e ,  c e n t r a l  s p a c e  schemes a r e  
used  f o r  t h e  d i f f u s i o n  t e r m s  which u s e  t h e  Du F o r t - F r a n k e l  
scheme, S i n g l e - s i d e d  schemes a r e  used  a t - t h e  b o u n d a r i e s .  A 
v e r t i c a l  n o r m a l i z a t i o n  w i t h  r e s p e c t  t o  l o c a l  d e p t h  i s  u s e d  t o  
map a v a r i a b l e  d e p t h  domain t o  c o n s t a n t  d e p t h .  

The f r e e - s u r f a c e  model u s e s  e s s e n t i a l l y  t h e  same s e %  of  
e q u a t i o n s  as  t h e  r i g i d  l i d  e x c e p t  t h a t  h e i g h t  i s  now a v a r i a b l e .  
T h e r e f o r e  an  e q u a t i o n  f o r  s u r f a c e  h e i g h t  i s  o b t a i n e d  from t h e  
v e r t i c a l l y  i n t e g r a t e d  c o n t i n u i t y  e q u a t i o n .  The p r e s s u r e  a t  t h e  
s u r f a c e  i s  a t m o s p h e r i c .  The bo-undary c o n d i t i o n s  a t  t h e  a i r -  
wa te r  i n t e r f a c e  a r e  o b t a i n e d  from w i n d  s t r e s s  and s u r f a c e  h e a t  
t r a n s f e r  c o e f f i c i e n t ,  A t  s o l i d  w a l l s  s l i p  c o n d i t i o n s  a r e  used, 
e x c e p t  f o r  t h e  bot tom.  A l l  s o l i d  w a l l s  a r e  assumed a d i a b a t i c .  
An open boundary ,  t e m p e r a t u r e  and e i t h e r ,  h e i g h t  or v e l o c i t i e s  
a r e  s p e c i f i e d .  E x p l i c i t  schemes w i t h  c e n t r a l  d i f f u s e  i n  t i m e  
and s p a c e  a r e  u s e d .  

Both t h e  r i g i d - l i d  and f r e e - s u r f a c e  models  a r e  a p p l i e d  t o  
f a r - f i e l d  and n e a r - f i e l d  s i t u a t i o n s .  The n e a r  f i e l d  i s  t h a t  
r e g i o n  a f f e c t e d  by t h e r m a l  d i s c h a r g e s .  The f a r  f i e l d  a f f e c t s  
t h e  n e a r  f i e . l d  and n o t  v i c e  v e r s a .  S p e c i f i c a l l y ,  i n - B i s c a y n e  
Bay t h e  whole bay i s  c o n s i d e r e d  f a r ’  f i e l d  whereas  t h e  n e a r  f i e l d  
i s  t h o s e  r e g i o n s  where s i g n i f i c a n t  t h e r m a l  a n o m a l i e s  a r e  c a u s e d  
by d i s c h a r g e s .  Thus we have f o u r  sub-models (1) f r e e - s u r f a c e  
f a r  f i e l d ,  ( 2 )  f r e e - s u r f a c e  n e a r  f i e l d ,  ( 3 )  r i g i d - l i d  f a r  f i e l d ,  
and ( 4 )  r i g i d - l i d  n e a r  f i e l d .  

DATA REQUIREMENTS 

T a b l e  I shows t h e  d a t a  r e q u i r e m e n t s  f o r  t h e  models  f o r  
i n i t i a l i z a t i o n ,  s p e c i f i c a t i o n  of boundary c o n d i t i o n s ,  c a l i b r a -  
t i o n  and v e r i f i c a t i o n .  It i s  n e c e s s a r y  t o  s p e c i f y  v a l u e s  of  a l l  
dependent  v a r i a b l e s  t h r o u g h o u t  t h e  t h r e e - d i m e n s i o n a l  domain as  
i n i t i a l  c o n d i t i o n s .  Remote s e n s i n g  can  a t  p r e s e n t  p r o v i d e  s u r -  
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f a c e  t e m p e r a t u r e s  t h r o u g h o u t  t h e  domain bu t  v e r t i c a l  p r o f i l e s  
have t o  be o b t a i n e d  b y  i n - s i t u  m e a s u r e m e n t s ,  wh ich  a r e  u s u a l l y  
s p a r c e  a n d  n o n - s y n o p t i c .  T h e r e f o r e  compromises  i n  s p e c i f i c a t i o n  
o f  i n i t i a l  c o n d i t i o n s  h a v e  t o  b e  made. One o f  t h e  common assump- 
t i o n s  i s  t o  s t a r t  w i t h  i s o t h e r m a l  domain and  z e r o  v e l o c i t y  f i e l d .  
Where d a t a  i s  a v a i l a b l e ,  i n t e r p o l a t i o n  schemes a r e  u s e d  t o  ap- 
p r o x i m a t e  c o n d i t i o n s  i n  t h e  domain u s i n g  a v a i l a b l e  measu remen t s .  
Boundary  c o n d i t i o n s  on c l o s e d  b o u n d a r i e s  a r e  eas i e r  t o  s p e c i f y  
s i n c e  t h e y  c a n  b e  d e r i v e d  f r o m  s t r i c t  r e q u i r e m e n t s  o f  n o - s l $ p  
and  no-normal  v e l o c i t y .  A d i a b a t i c  c o n d i t i o n s  a r e  commonly u s e d .  
Boundary  c o n d i t i o n s  on open  b o u n d a r i e s  a r e  c o n s i d e r a b l y  more 
d i f f i c u l t  t o  p r e s c r i b e .  F o r  t h e  f r e e - s u r f a c e  model ,  v a l u e s  or 
g r a d i e n t s  o f  any  t h r e e  v e l o c i t y  components  and  s u r f a c e  h e i g h t s  
a r e  r e q u i r e d .  S u r f a c e  h e i g h t  v a r i a t i o n s  may b e  o b t a i n e d  f o r  
t i d e  gauge  s t a t i o n s .  F o r  t h e  r i g i d - l i d  model  a t  open  b o u n d a r i e s  
a l l  v e l o c i t i e s  and  t e m p e r a t u r e s  have  t o  b e  s p e c i f i e d .  F o r  open 
b o u n d a r i e s  which  s e p a r a t e  n e a r  f i e l d  f rom f a r  f i e l d  t h e  b o u n d a r y  
c o n d i t i o n s  a r e  s p e c i f i e d  f rom f a r - f i e l d  c a l c u l a t i o n s  i n  c o n j u n c -  
t i o n  w i t h  r e m o t e  s e n s i n g  and  i n t e r p o l a t e d  i n - s i t u  measu remen t s .  
The s u r f a c e  c o n d i t i o n s  f o r  b o t h  models  c o n s i s t  of s u r f a c e  wind  
s t r e s s e s  and  h e a t  t r a n s f e r  c o e f f i c i e n t s .  F o r  c a l i b r a t i o n  and  
v e r i f i c a t i o n  t h e  r e q u i r e m e n t s  a r e  s i m i l a r  t o  t h o s e  f o r  s p e c i -  
f i c a t i o n  o f  i n i t i a l  c o n d i t i o n s .  A t  d i s c h a r g e  l o c a t i o n s  t h e  
v a l u e s  o f  a l l  d e p e n d e n t  v a r i a b l e s  h a v e  t o  b e  s p e c i f i e d  a t  a l l  
t i m e s ,  e x c e p t  f o r  s u r f a c e  h e i g h t  which  c a n  b e  c a l c u l a t e d  s u b s e -  
q u e n t l y  f rom t h e  v e l o c i t y  f i e l d .  The eddy t r a n s p o r t  c o e f f i c i e n t s  
h a v e  t o  b e  s p e c i f i e d ;  t h e y  a r e  n o t  i s o t r o p i c .  These  a r e  o b t a i n e d  
e i t h e r  f rom e m p i r i c a l  r e l a t i o n s  or b y  t r i a l  and  e r r o r  d u r i n g  t h e  
c a l i b r a t i o n  p r o c e s s .  

DATA G A T H E R I N G  PROCEDURE 

The t h e r m a l  I R  d a t a  u s e d  f o r  t h e  s t u d y  i s  r e c e i v e d  a t  Wal lops  
I s l a n d ,  V i r g i n i a ,  f rom t h e  NOAA-2 and  NOAA-3 s a t e l l i t e s  and  i s  
p r o c e s s e d  a t  t h e  N a t i o n a l  E n v i r o n m e n t a l  S a t e l l i t e  S e r v i c e s  
(NESS) f a c i l i t y  i n  S u i t l a n d ,  Maryland .  Data f o r  t h e  F l o r i d a  
a r ea  a r e  a v a i l a b l e  on s o u t h b o u n d  p a s s e s  a t  a p p r o x i m a t e l y  0945 
EDT (1345  Z )  and  on n o r t h b o u n d  p a s s e s  a t  2100 EDT ( 0 1 0 0  Z I ( r e f . 1 4 ) .  

T h e  NASA-6 s y s t e m  i s  a D a e d a l u s  s c a n n e r  which  u s e s  t h e  8-14 
m i c r o n  window f o r  w a t e r  s u r f a c e  t e m p e r a t u r e  measurement .  I t ' s  
f i e l d  o f  v i e w  i s  2-5 m i l l i r a d i a n s  and  it s c a n s  t h r o u g h  7 7 O  20 '  
d e g r e e s  of a r c  n o r m a l  t o  f l i g h t  p a t h .  It h a s  a n  10°C u s e a b l e  
dynamic r a n g e  and  f o r  t h i s  s t u d y  i s  c a l i b r a t e d  t o  m e a s u r e  t e m -  
p e r a t u r e s  f rom 24OC t o  3 4 O C .  
m a g n e t i c  t a p e  a b o a r d  t h e  a i r c r a f t .  Data i s  l a t e r  t r a n s f e r r e d  t o  
70 mm f i l m  a t  Kennedy S p a c e  C e n t e r .  A c a l i b r a t i o n  o f  t h e  f i l m  
g r a y  s c a l e  d e n s i t y  i n  t e r m s  o f  t e m p e r a t u r e  i s  p r o v i d e d .  

The a n a l o g  r e a d o u t  i s  r e c o r d e d  on 
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The major  f u n c t i o n s  f o r  i n - s i t u  measurements  a r e  t o  p r o v i d e  
(1) ground t r u t h  f o r  e v a l u a t i o n  of r e m o t e l y  s e n s e d  measurements ,  
( 2 )  boundary  c o n d i t i o n s  and v e r i f i c a t i o n  o f  t h e  m a t h e m a t i c a l  
model,  p a r t i c u l a r l y  v e r t i c a l  p r o f i l e s ,  and ( 3 )  a s s i s t a n c e  i n  t h e  
development  of new t e c h n i q u e s  for r emote  s e n s i n g .  

The most s i g n i f i c a n t  measurements  a r e  t h o s e  o f  c u r r e n t  mag- 
n i t u d e  and d i r e c t i o n ,  h o r i z o n t a l  and v e r t i c a l  t e m p e r a t u r e  p ro -  
f i l e s ,  s u r f a c e  t e m p e r a t u r e s  u s i n g  i n f r a r e d  d e t e c t o r s  and s a l i n -  
i t y .  C u r r e n t  i s  measured by an  i m p e l l e r  t y p e  i n s t r u m e n t ,  t h e  
Endeco 110 .  It has been  m o d i f i e d  t o  measu re  low f l o w s .  D i r e c t  
c o n t a c t  t e m p e r a t u r e s  a r e  measured u s i n g  t h e r m i s t o r s  a c c u r a t e  t o  
w i t h i n  0.2'C. 
mete r  . S a l i n i t y  i s  measured u s i n g  a n  i n d u c t i o n  t y p e  

C A L I B R A T I O N  AND VERIFICATION 

The c a l i b r a t i o n  and v e r i f i c a t i o n  p r o c e d u r e  f o r  t h e  r i g i d - l i d  
model f a r - f i e l d  a p p l i c a t i o n  w i l l  be  d i s c u s s e d  h e r e .  The a p p l i -  
c a t i o n  s i t e  w a s  B i s c a y n e  Bay i n  Sou th  F l o r i d a .  T h i s  i s  a s h a l l o w  
bay open on t h e  n o r t h e a s t  s i d e  t o  t h e  A t l a n t i c  Ocean. A t  t h e  
n o r t h  end a causeway e f f e c t i v e l y  i s o l a t e s  t h e  bay ;  a t  t h e  s o u t h  
end a s e r i e s  o f  banks  e n c l o s e  t h e  bay.  F i g u r e  2 shows a map of 
B i scayne  Bay. A t  t h e  m i d d l e  i s  t h e  F e a t h e r b e d  Banks which i s  a 
s h a l l o w  r e g i o n .  The re  a r e  a number of  c r e e k s  i n  t h e  s o u t h  bay  
open t o  t h e  ocean .  

The p r o c e d u r e  f o r  o b t a i n i n g  an a d e q u a t e  d a t a  b a s e  w a s  t o  
u se  t h e r m a l  s c a n n e r  f l i g h t s  on a n o r t h - s o u t h  r o u t e .  F i g u r e  2 
shows t h e  f l i g h t  l i n e s .  The cove rage  i s  n o t  e x a c t l y  s y n o p t i c  
s i n c e  t h e  t i m e  l a p s e  between t h e  e a s t e r n  most f l i g h t  and t h e  
w e s t e r n  most f l i g h t  i s  a round  3 h o u r s .  The I R  d a t a  was c o r -  
r e c t e d  u s i n g  ground t r u t h  d a t a  f rom b o a t s .  The r e s u l t i n g  d a t a  
was t h e n  i n t e r p o l a t e d  t o  draw s u r f a c e  i s o t h e r m s  f o r  t h e  whole 
bay.  The b o a t  measurements  a l s o  p r o v i d e d  v e r t i c a l  p r o f i l e s .  

Many d i f f e r e n t  m e t e o r o l o g i c a l  c o n d i t i o n s  were mode l l ed .  The 
d e t a i l s  a r e  p r e s e n t e d  by Lee e t  a1 ( r e f .  9 ) .  The c o n c l u s i o n s  
i n d i c a t e d  t h a t  t i d a l  f l o w s  domina te  wind d r i v e n  e f f e c t s .  The 
t i d e  f l o w s  p r i m a r i l y  i n t o  and o u t  of  t h e  s o u t h  bay .  The c r e e k s  
o n l y  p l a y  a l o c a l i z e d  r o l e .  The v e l o c i t i e s  a r e  s m a l l  o v e r  t h e  
F e a t h e r b e d  Banks. They a re  h i g h  i n  t h e  d e e p e r  r e g i o n s  a d j a c e n t  
t o  t h e s e  banks .  The t e m p e r a t u r e  d i s t r i b u t i o n  i s  p r e d o m i n a n t l y  
d e t e r m i n e d  by bot tom topography .  V e r t i c a l  d i f f u s i o p  i s  t h e  
dominant heat  t r a n s f e r  mechanism. 

I 
A f t e r  v a l u e s  f o r  eddy v i s c o s i t i e s  and  h e a t  t r a n s f e r  co- 

e f f i c i e n t s  were c a l i b r a t e d ,  t h e  model w a s  r e a d y  or v e r i f i c a t i o n .  
The v e r t i c a l  eddy d i f f u s i o n  c o e f f i c i e n t  w a s  5 cm / s e c .  The 5 
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2 0  s u r f a c e  h e a t  t r a n s f e r  c o e f f i c i e n t  w a s  176 W/m - C (750  BTU/day- 
OF- f t2 ) .  The t i d e  w a s  t a k e n  as incoming a t  1 0  cm/sec and  t h e  wind 
w a s  f rom t h e  s o u t h e a s t  a t  4.8 m/sec ( 1 0  MPH). On A p r i l 1 5 ,  1975 
a f i e l d  expe r imen t  was made. NASA-6 I R  d a t a  w a s  u s e d  t o  draw sur- 
f a c e  i s o t h e r m s .  The model w a s  r u n  f o r  6 hour s  w i t h  an i s o t h e r m a l  
i n i t i a l  t e m p e r a t u r e  of 2 4 . 5 O C  a t  8 A.M. 
p a r i s o n  between t h e  s u r f a c e  i s o t h e r m s  from model p r e d i c t i o n  and 
I R  d a t a .  The model no t  o n l y  a c c u r a t e l y  p r e d i c t s  t h e  q u a l i t a t i v e  
n a t u r e  of  t h e  t e m p e r a t u r e  f i e l d ,  b u t  t h e  a c t u a l  d i f f e r e n c e  i s  
w i t h i n  l0C t h r o u g h o u t  t h e  bay .  T h i s  i s  r e m a r k a b l e  c o n s i d e r i n g  
t h a t  t h e  I R  d a t a  i s  no t  t r u l y  s y n o p t i c .  The compar ison  o f  
v e r t i c a l  t e m p e r a t u r e  p r o f i l e s  o b t a i n e d  from i n - s i t u  measurements  
and model a g r e e d  t o  w i t h i n  l 0 C  ( r e f .  11). 

F i g u r e  3 shows a com- 

C O N C L U D I N G  REMARKS 

It i s  i m p e r a t i v e  t h a t  model development  b e  i n t e g r a t e d  w i t h  
a d e q u a t e  da t a  a c q u i s i t i o n  e f f o r t .  Remote s e n s i n g  i s  t h e  o n l y  
way t o  o b t a i n  r e q u i r e d  d a t a  b a s e s ,  f o r  most complex models .  
S a t e l l i t e  d a t a  i s  n o t  d i r e c t l y  u s e a b l e  a t  p r e s e n t  f o r  m e s o s c a l e  
s t u d i e s .  However, a i r b o r n e  r a d i o m e t e r  d a t a  i s  i n v a l u a b l e .  It 
h a s  been  d e m o n s t r a t e d  t h a t  even  w i t h  i n c o m p l e t e  d a t a  b a s e s  a 
t h r e e - d i m e n s i o n a l  model h a s  been  c a l i b r a t e d  and  v e r i f i e d  t o  g i v e  
r e s u l t s  w i t h i n  l 0 C  a c c u r a c y  f o r  B i scayne  Bay i n  Sou th  F l o r i d a .  
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ON THE ABSORPTION OF SOLAR RADIATION I N  A LAYER OF OIL 

BENEATH A LAYER OF SNOW 

Jack C. Larsen and Bruce R. Barkstrom 
J o i n t  I n s t i t u t e  f o r  Advancement of F l i g h t  Sciences 

The George Washington University 

SUMMARY 

Calculation of s o l a r  energy deposit ion i n  o i l  l aye r s  covered by snow i s  
performed f o r  t h ree  model snow types, using r a d i a t i v e  t r a n s f e r  theory. 
suggested t h a t  excess absorbed energy is  unl ike ly  t o  escape, so t h a t  some 
melting is  l i k e l y  t o  occur f o r  snow depths less than about 4 cm. 

It is  

INTRODUCTION 

The increase  i n  Arctic o i l  exploration has r a i sed  concern about t he  e f f e c t  
of a l a r g e  o i l  s p i l l  on Arctic sea ice o r  tundra. Weir ( r e f .  1 )  has shown t h a t  
when o i l  covers Arctic sea ice, i t  w i l l  absorb s u f f i c i e n t  sunl ight  during t h e  
Arc t ic  summer day t h a t  t he  ice may be destroyed wi th in  one o r  two years ,  
leaving open ocean. 
of t he  sur face  and increase  the  absorbed energy, perhaps t o  t h e  point t h a t  t he  
permafrost would m e l t .  
measured o r  ca lcu la ted  when the  o i l  l ies  atop t h e  sur face ,  such a ca l cu la t ion  
becomes much more d i f f i c u l t  and uncertain when t h e  o i l  is covered by a l a y e r  
of snow. 
s p i l l e d  o i l  may spread under an e x i s t i n g  snow pack, such absorption is of 
more than academic i n t e r e s t .  
amount of v i s u a l  r a d i a t i o n  t h a t  i s  absorbed by o i l  and overlying snow f o r  
t h ree  d i f f e r e n t  types of snow. 

A l a r g e  o i l  s p i l l  on tundra a l s o  w i l l  reduce t h e  albedo 

Although the  amount of absorbed energy is e a s i l y  

Because snowstorms may deposit  snow on s p i l l e d  o i l  and because 

This paper provides some ca l cu la t ions  of t h e  

SYMBOLS 

a (uo) albedo of a sur face  under collimated l i g h t  inc ident  
a t  a zen i th  d i s t ance  9 = arc cos (p0) 

0 

D mean snow gra in  diameter 

K absorption c o e f f i c i e n t  f o r  snow (eq. (1)) 

absorption c o e f f i c i e n t  f o r  i c e  ‘i 

c m  

-1 
Clll 

-1 c m  
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cosine of s o l a r  zen i th  d is tance  

snow dens i ty  

s o l i d  i c e  dens i ty  

s c a t t e r i n g  c o e f f i c i e n t  f o r  snow 
-1 c m  

OPTICAL PROPERTIES OF SNOW AND OIL 

Solutions t o  the  r a d i a t i v e  t r a n s f e r  equation i n  snow have been shown t o  
give reasonable agreement with a number of f e a t u r e s  of r e f l e c t i o n  of sunl ight  
from snow l aye r s  ( r e f .  2 and 3 ) .  U s e  of t h i s  equation requi res  spec i f i ca t ion  
of absorption and s c a t t e r i n g  c o e f f i c i e n t s  K and 0, as w e l l  as the  phase 
function p. 
Barkstrom ( r e f .  4 ) ,  K and CT are r e l a t e d  t o  t h e  mean gra in  diameter D, and 
the  s p e c i f i c  dens i ty  of snow ps/pi ,  according t o  

According t o  a preliminary theory developed by Bohren and 

K = 1.26Ki(ps/pi) 

and 

0 = 1.5D -1 (pS/pi) 

Three kinds of snow have been modeled here. The f i r s t  is  "new-fallen powder", 
f o r  which w e  assume a g ra in  diameter of 0.01 c m  and a s p e c i f i c  dens i ty  of 0.2. 
The second is "clean, Antarc t ic  snow", whose gra in  diameter i s  0.03 c m  and 
whose s p e c i f i c  dens i ty  is  0 . 4 3 ,  corresponding t o  the  measurements of 
L i l j e q u i s t  ( r e f .  5 ) .  The t h i r d  i s  "old, weathered snow" wi th  D = 0.1 cm and 
p s / p i  = 0.5. To convert these proper t ies  t o  absorption and s c a t t e r i n g  coef- 
f i c i e n t s ,  w e  need the  absorption coe f f i c i en t  f o r  pure ice. 
have adopted are given i n  t a b l e  1. 

The values w e  

The phase function f o r  snow appears t o  be considerably more uncertain.  
Barkstrom and Querfeld ( r e f .  3) have given a phase func t ion  based on matching 
the  b i d i r e c t i o n a l  r e f l ec t ance  measured by Middleton and Mungall ( r e f .  6 ) .  
The mean cosine of s i n g l e  s c a t t e r i n g  f o r  t h i s  phase function is about 0.51. 
Bohren and Barkstrom ( r e f .  4 ) ,  on t h e  o ther  hand, have suggested t h a t  geometri- 
cal o p t i c s  could be used t o  c a l c u l a t e  t h e  phase function because t h e  g ra ins  
are so  la rge .  When geometrical o p t i c s  is used t o  c a l c u l a t e  t h e  phase func t ion  
f o r  spheres of ice, t h e  mean cosine i s  considerably l a r g e r ,  about 0.84. I n  
t h i s  paper, w e  have adopted t h e  phase func t ion  given i n  Barkstrom and Querfeld 
because it seems t o  give b e t t e r  agreement with observations of snow albedos. 

-1 The absorption coe f f i c i en t  f o r  o i l  is much g rea t e r  than 5 c m  ( r e f .  7) 
i n  t h e  v i s u a l ,  s o  t h a t  none of t h e  energy reaching an o i l  l a y e r  t h i cke r  than 
a few mm w i l l  be transmitted through it. This allows us t o  treat the  o i l  
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l aye r  as a l a y e r  t h a t  absorbs a l l  of t h e  energy i t  does not r e f l e c t .  Because 
o i l ' s  index of r e f r a c t i o n  is  d i f f e r e n t  than a i r ,  ice or w a t e r ,  it does r e f l e c t  
l i g h t .  The dependence of o i l  albedo upon angle of s o l a r  incidence is given 
by Weir ( r e f .  1) f o r  a l a y e r  of o i l  on ice. 
a l i n e a r  r e l a t i o n  i n  

Approximating t h i s  dependence by 
po, we f ind  t h a t  t h e  hemispherical albedo of an o i l  l aye r  

is 0.1197. a(vo) is  the  albedo of t he  o i l  f o r  a s o l a r  
zen i th  angle 
reported below as the  albedo of a Lambert r e f l e c t o r  a t  'the base of t h e  snow 
l aye r .  

I n  t h i s  expression, 
Bo = arc cos (po). This albedo has been used i n  t h e  computations 

RESULTS OF NUMERICAL SIMULATION OF RADIATIVE TRANSFER I N  SNOW 

The r ad ia t ion  f i e l d  wi th in  and emerging from a l a y e r  of snow w a s  calcu- 
l a t e d  using t h e  f i n i t e  d i f f e rence  method described i n  reference 8. 
t r a n s f e r  problem i n  snow is  l i n e a r  with respect t o  inc ident  r ad ia t ion ,  so 
t h a t  energy balances under any conditions of incidence may be found by s u i t a b l y  
weighing the  so lu t ions  fo r  a given wavelength and angle of incidence by the  
amount of f l u x  inc ident  and adding t h e  weighted proper t ies .  Collimated radi-  
a t i o n  a t  f i v e  wavelengths between 0.45'pm and 0.65 pm w a s  inc ident  a t  t he  four  
po values 0.0694, 0.33, 0.67 and 0.031. To compute the  changes i n  energy 
balance of a snow sur face  due t o  t h e  addi t ion  of an o i l  l aye r ,  we  may begin 
by computing t h e  d i f f e rence  i n  hemispherical albedo between a deep snow l a y e r  
and a th inner  l aye r  with o i l  underneath. I f  t h i s  albedo d i f f e rence  i s  then 
mul t ip l ied .by  t h e  f l u x  incident on t h e  snow, we have the  power p e r  u n i t  area 
which i s  t o  be absorbed e i t h e r  i n  t h e  snow or i n  t h e  underlying o i l .  F ina l ly ,  
the  power deposited i n  the  o i l  is  t h e  product of t h e  excess power put i n t o  t h e  
upper sur face  of t he  snow and the  transmission through the  snow. 

The 

The ca lcu la ted  frequency in tegra ted  albedos are l i s t e d  i n  t a b l e  2 f o r  
new, Antarc t ic ,  and o ld  snow as functions of l a y e r  depth and po. 
are summarized i n  f i g u r e  1 which shows t h e  hemispherical albedo (eq. (3 ) )  as a 
function of depth f o r  var ious  kinds of snow. 
nea r ly  independent of wavelength. 
than those given by L i l j e q u i s t  ( r e f .  5) and Rusin ( r e f .  9 ) f o r  Antarc t ic  
snow, which have hemispherical albedos between 0.75 and 0.80, and they are 
somewhat higher than those  observed by Grenfell ,  who has hemispherical 
albedos near 0.97. W e  have been unable t o  lower t h e  hemispherical albedos 
t o  t h e  Antarc t ic  values except by introducing an  a d d i t i o n a l  absorber wi th  
an absorption c o e f f i c i e n t  amounting t o  about 0.3 cm-1. This would be con- 
s i s t e n t  with 109 completely absorbing p a r t i c l e s  of r ad ius  0.1 pm i n  each 
cubic cm of snow. The m a s s  mixing r a t i o  fo r  such a substance would be about 

kg pe r  kg of snow, which is  probably undetectable except by microscopic 
examination. 

The values 

The hemispherical albedos are 
The ca lcu la ted  values are markedly higher 
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I n  t h e  ca l cu la t ions  t h e  f r a c t i o n  of inc ident  net  f l u x  t h a t  is  transmitted 
through a snow s l a b  depends only upon t h e  snow p rope r t i e s  and t h e  physical 
depth of t h e  s lab .  It is independent of angle of incidence. Figure 2 shows 
the  transmission of n e t  f l u x  through a snow s l a b  as a func t ion  of depth f o r  
various types of snow. The predicted p S / 6  dependence suggested by Bohren and 
Barkstrom ( re f .  4 )  is  followed. The e f f e c t  of increas ing  the  absorption coef- 
f i c i e n t  as seems t o  be needed t o  match the  Antarc t ic  d a t a  w i l l  be t o  increase  
the  ex t inc t ion  c o e f f i c i e n t  and decrease the  transmission. Thus, t he  trans- 
mission values given i n  f i g u r e  2 may be somewhat high. 

ENERGY ABSORBED BY THE OIL 

Because we have no way of knowing when an o i l  s p i l l  w i l l  occur, w e  cannot 
c a l c u l a t e  t he  h i s t o r y  of t h e  energy balance and p red ic t  how soon t h e  snow w i l l  
m e l t .  
l aye r  of o i l  a t  var ious  depths t o  determine whether so much w i l l  be absorbed 
t h a t  melting i s  nea r ly  c e r t a i n  o r  so  l i t t l e  w i l l  be absorbed t h a t  melting is 
unl ike ly .  Accordingly, we  have ca lcu la ted  t h e  excess energy deposited i n  t h e  
o i l  as a function of t i m e  of year f o r  each of t h e  th ree  kinds of snow. When 
snow overlying an o i l  l a y e r  is compared with deep snow i n  a surrounding region, 
we can see from f i g u r e  1 t h a t  t h e  albedo of t h e  o i l  covering snow is  decreased. 
Because t h e  decrease i s  s m a l l  compared with t h e  surrounding medium, t h e  in- 
coming shortwave f l u x  is  not g rea t ly  a f fec ted .  A s  a r e s u l t ,  t h e  o i l  covering 
snow rece ives  an excess f l u x  given by 

However, we  can examine t h e  amount of s o l a r  energy deposited i n  the  

AF E Fo (l-aoil covering) - Fo (l-asurrounding I =  

- a  1 - - 
Fo (asurrounding o i l  covering 

where Fo i s  the  shortwave f l u x  i n  unperturbed conditions. 
a f r a c t i o n  T,  given i n  f i g u r e  2 ,  is transmitted through t o  the  o i l .  The excess 
f l u x  absorbed by the  o i l  i s  

Of t h i s  excess f lux  

- a  - 
- T(asurrounding o i l  covering)Fo (5) 

We have taken t h e  shortwave f luxes  quoted i n  Weir from Fle tcher  ( r e f .  10) and 
used these  t o  c a l c u l a t e  t he  excess energy deposited i n  t h e  o i l .  
deposited i n  t h e  o i l  during a given month is l i s t e d  i n  t a b l e  3 together with 
the  equivalent number of grams of i c e  pe r  cm2 t h a t  would be melted by t h i s  
amount of energy. 

The energy 

The p rec i se  f a t e  of t he  absorbed energy i s  uncertain because the re  are a 
number of pathways by which it  might escape such as conduction o r  l a t e n t  heat 
l o s s .  However, w e  expect t h a t  t h e  energy exchange a t  t h e  sur face  of t h e  snow 
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is  not appreciably a l t e r e d  by tho underlying o i l ,  and t h a t  conduction i n t o  
underlying ice is  i n s u f f i c i e n t  t o  remove l a r g e  q u a n t i t i e s  of hea t .  
r e s u l t ,  the  excess energy deposited i n  t h e  o i l  is  l i k e l y  t o  cause a temperature 
rise t o  O°C followed by melting. 
deeper than 8 cm are un l ike ly  t o  be a f f ec t ed  by absorbed s o l a r  energy. 
i f  an o i l  s p i l l  w e r e  t o  occur during Apr i l  o r  May, o r  i f  o i l  were on the  sur? 
f ace  i n  August o r  September, i t  appears l i k e l y  t h a t  any new snow with a depth 
less than th ree  t o  four  c m  woulg not survive.  A s  a r e s u l t ,  a l a r g e  o i l  s p i l l  
opens t h e  p o s s i b i l i t y  of not  only melting tbe Arctic ice but: of shortening 
t h e  t i m e  required t o  do so by lengthening the  summer season. 

A s  a 

It i s  clear from t a b l e  III t h a t  o i l  l aye r s  
However, 
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TABLE I. - ABSORPTION COEFFICIENT FOR ICE 

Wavelength “i 
-1 I-lm em 

.45 .000774 

.50 ,001032 

.55 .001472 

.60 ,002299 

.65 .004068 

TABLE 11. - WAVELENGTH INTEGMTED ALBEDOS UNDER COLLIMATED LIGHT 
FOR SNOW SLABS OF VARIOUS THICKNESSES 

Slab Depth Wavelength Integrated Albedo 

cm ~0’. 069 .33 .67 .931 
New-Fallen Snow 

1 .9600 .9405 ,9168 ,8988 
2 .9785 .9681 .9558 .9466 
4 .9881 .9823 .9755 .9705 
8 ,9924 .9887 .9844 .9812 
16 .9938 .9907 .9872 .9846 
32 .9940 .9911 ,9877 a 9852 

Antarctic Snow 
1 .9461 .9196 .8870 .8630 
2 .9702 .9556 .9385 .9253 
4 .9827 .9743 .9645 .9573 
8 .9886 .9822 ‘9754 .9704 
16 .9894 .9843 ,9784 .9’740 
32 .9897 .9847 .9789 .9746 

Old Snow 
1 .8766 .8138 .7423 .6905 
2 .9261 .8895 ,8451 .8133 
4 * 9573 .9365 .9115 ,8925 
8 .9735 .9606 .9457 .9346 
16 .9797 .9699 .9585 .9502 
32 ,9811 .9720 .9614 .9537 
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THE INFLUENCE OF THE DIABATIC HEATING I N  THE 

TROPOSPHERE ON THE STRATOSPHERE 

Richard E. Turner, Kenneth V. Haggard, 
and Tsing Chang Chen 

NASA Langley Research Center 

SUMMARY 

I n  order t o  simulate t h e  seasonal v a r i a t i o n  of t h e  s t r a t o s p h e r i c  c i rcu la-  
t i o n  i n  a zonal mean c i r c u l a t i o n  model, a Newtonian,heating func t ion  and a 
de ta i l ed  heating func t ion  are applied t o  t h e  troposphere and s t ra tosphere ,  
respec t ive ly .  The purpose of t h i s  study i s  t o  i n v e s t i g a t e  t h e  response of 
s t r a tosphe r i c  c i r c u l a t i o n  t o  a l t e r a t i o n s  of t h e  r a d i a t i v e  equilibrium tempera- 
t u r e  of t he  troposphere. 

INTRODUCTION 

A time-dependent, zonal, mean c i r c u l a t i o n  model of t h e  atmosphere w a s  
developed a t  t h e  Langley Research Center t o  study t h e  mutual i n t e r a c t i o n s  of 
dynamics, r ad ia t ion ,  and photochemistry i n  t h e  s t r a tosphe re ,  and t h e  poss ib l e  
impact of s t r a t o s p h e r i c  c i r c u l a t i o n  on t h e  Ear th ' s  climate. 

It w a s  found (Charney and Drazin, r e f .  1, and Dickinson, r e f s .  2 and 3 ) ,  
t h a t  t h e  c i r c u l a t i o n  of t h e  lower s t r a tosphe re  i s  mainly dr iven  by t h e  upward 
propagation of energy from t h e  troposphere. The purpose of t h i s  study i s  t o  
inves t iga t e  t o  what ex ten t  t h e  s t r a tosphe r i c  c i r c u l a t i o n  is a f f ec t ed  by tropo- 
spheric c i r c u l a t i o n  i n  a zonal mean c i r c u l a t i o n  model. 

The study is  performed by imposing a spec i f i ed  increment on t h e  hor izonta l  
g rad ien t  of t h e  r a d i a t i v e  equilibrium temperature i n  t h e  troposphere. The 
r e s u l t i n g  change i n  t h e  s t r a t o s p h e r i c  c i r c u l a t i o n  would ind ica t e  how a l t e r a t i o n s  
of physical  va r i ab le s  i n  t h e  troposphere propagage i n t o  the  s t ra tosphere .  

* 
SYMBOLS 

eddy a v a i l a b l e  p o t e n t i a l  energy 

zonal a v a i l a b l e  p o t e n t i a l  energy 

!E 

AZ 

PIE to AZ C(+,Az) conversion rate of 

C(K A ) conversion rate of KZ t o  AZ z' z 
*cgs u n i t s  are used throughout unless s p e c i f i c a l l y  denoted otherwise, 
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z C(%,Kz) conversion rate of % t o  K 

eddy k i n e t i c  energy 53 

zonal k i n e t i c  energy KZ 

P pressure  

Q d i a b a t i c  hea t ing  

T temperature 

transformation of A by t r anspor t  

transformation of K by t ranspor t  

T (Az) Z 

T (Kz) Z 

v nor ther ly  ve loc i ty  

W vertical v e l o c i t y  

Operators : 

(3 
( ) '  

[ (  ) I  vertical average of ( ) 

zonal average of ( ) 

depar ture  of ( ) from (-), ( ) '  = ( ) - (-) 

<( 1' l a t i t u d i n a l  average of ( ) 

@ l a t i t u d e  

DESCRIPTION OF MODEL 

The model is  developed i n  pr imi t ive  equations on a pressure- la t i tude  coordi- 
n a t e  system (MacCracken, r e f .  4 ) .  The prognostic va r i ab le s  are d i s t r i b u t e d  on 
a 10" gr id  wi th  zonal  v e l o c i t y  and meridional ve loc i ty  defined a t  t h e  poles  and a t  
loo i n t e r v a l s  po le  t o  pole. 
g r id  po in t s  5" from t h e  poles and a t  10' i n t e r v a l s ,  
i n  t h e  vertical  d i r e c t i o n  between t h e  prognostic v a r i a b l e s  on 1 9  pressure  levels 
of approximately equal a l t i t u d e  increments, from 1000 mb t o  0.1 mb. 

Temperature and s p e c i f i c  humidity are defined a t  
Vertical v e l o c i t y  is staggered 

The eddy t r anspor t  of p o t e n t i a l  temperature and s p e c i f i c  humidity is t r ea t ed  
i n  t h e  mariner of Stone ( r e f .  5) i n  t h e  troposphere and i n  t h e  manner of Reed and 
German ( r e f .  6) i n  t h e  s t ra tosphere .  For pressure  l e v e l s  above 30 mb, where 
Reed and German ( r e f .  6) d a t a  are not given, t h e  30-mb d a t a  are used. The eddy 
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t r anspor t  of angular momentum i s  spec i f i ed  from observed d a t a  following Harwood 
and Pyle ( r e f .  7 ) .  

The f l u x  of thermal energy, w a t e r  vapor, and angular momentum i n t o  t h e  
atmosphere through t h e  lower boundary is t r ea t ed  following MacCracken ( r e f .  4 ) .  

The governing equations of motion are approximated by second-order f i n i t e  
d i f fe rences  and in tegra ted  temporally by the  l eap  f rog  technique. 

The tropospheric heating func t ion  is a simple Newtonian type t h a t  is par- 
t i c u l a r l y  w e l l  s u i t e d  f o r  simulating v a r i a t i o n s  i n  heating rates t h a t  r e s u l t  
from v a r i a t i o n s  i n  r a d i a t i v e  equilibrium temperatures. The s t r a t o s p h e r i c  heat- 
ing func t ion  is  a d e t a i l e d  heating func t ion  developed by Ramanathan ( r e f .  8). 
It incorporates a d e t a i l e d  treatment of t h e  s o l a r  hea t ing  and inf ra red  cooling 
from CO2, w a t e r  vapor, and 03.  

NUMERICAL EXPERIMENTS 

Two numerical experiments w e r e  performed. The f i r s t  experiment, Run A, 
used r a d i a t i v e  equilibrium temperatures i n  the  tropospheric heating func t ion  
compiled by Trenberth ( r e f .  9).  The second numerical experiment, Run B, used 
r a d i a t i v e  equilibrium temperatures obtained by adding a l a t i t u d i n a l l y  dependent 
temperature increment (5 K a t  t h e  Equator and mul t ip l ied  by t h e  cosine of t h e  
l a t i t u d e )  t o  Trenberth 's  ( r e f .  9) r a d i a t i v e  equilibrium temperature. This par- 
t i c u l a r  v a r i a t i o n  w a s  chosen f o r  two reasons: F i r s t ,  t h e  genera l ly  higher 
r a d i a t i o n  equilibrium temperature i n  t h e  troposphere would increase  t h e  tropo- 
spher ic  temperature; second, t h e  add i t iona l  l a t i t u d i n a l  temperature grad ien t  i n  
t h e  midla t i tudes  would create add i t iona l  dynamic motions i n  t h e  troposphere t o  
d r i v e  t h e  s t ra tosphere .  
t h e  s t r a tosphe re  responds t o  a l t e r e d  thermal and dynamic states i n  t h e  
troposphere. 

The comparison of Runs A and B would then show how 

The i n i t i a l  conditions f o r  t h e  model temperatures w e r e  taken t o  be observed 
mean temperatures i n  t h e  troposphere and r a d i a t i v e  equilibrium temperatures i n  
t h e  s t r a tosphe re  (Trenberth, r e f .  9 ) .  The i n i t i a l  zonal winds w e r e  balanced 
geos t rophica l ly  and t h e  meridional flow w a s  set t o  zero. Both experiments w e r e  
begun a t  a heating condi t ion  corresponding t o  August 15 and run  f o r  16  months, 
by which time near p e r i o d i c i t y  w a s  es tab l i shed  i n  t h e  prognostic va r i ab le s .  

Although t h e  model v e r t i c a l  s t r u c t u r e  extends t o  0.1 mb, experience has 
shown t h a t  predicted flow f i e l d s  i n  t h e  top t h r e e  l a y e r s  are dependent on t h e  
top boundary conditions;  furthermore, i t  has been found t h e  flow f i e l d s  are 
d i s t o r t e d  near t h e  poles  by t h e  l a r g e  l o o  g r i d  spacing. 
made only from 1000 mb t o  1.5 mb pressure  and through t h e  midla t i tudes  and a t  a 
model time corresponding t o  December 15. The con t ro l  run, Run A, was previ- 
ously found t o  compare favorably (Turner et a l . ,  r e f .  10) with  ehe observed 
atmosphere, as compiled by N e w e l 1  ( r e f .  11) and wi th  t h e  U.S. Standard Atmosphere 
( r e f .  12), r e l a t i v e  t o  t h e  pressure- la t i tude  d i s t r i b u t i o n s  of temperature, zonal 
wind, and meridional flow l i n e s .  Herein, Run A is compared writh Run B, 
relative t o  t h e  pressure- la t i tude  d i s t r i b u t i o n s  of temperature, zonal wind, and 

Thus, comparisons are 
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t he  meridional flow t o  demonstrate t h e  response of the  model s t r a tosphe re  t o  
a l t e r a t i o n s  i n  t h e  model troposphere. Also, t h e  model s t r a tosphe re  a l t e r a t i o n s  
are in t e rp re t ed  i n  t e r m s  of boundary conditions (at t h e  tropopause) and i n t e r n a l  
react ions of t h e  s t ra tosphere .  

RESULTS OF EXPERIMENTS AND DISCUSSION 

I n  general ,  both runs have well-developed tropospheric c i r c u l a t i o n  below 
150 mb with t h e  c h a r a c t e r i s t i c  temperature d e c l i n e  from 1000 mb t o  t h e  tropo- 
pause. The observed tropospheric temperature grad ien t  from t h e  t r o p i c s  to  t h e  
polar regions is a l s o  properly represented. The tropospheric temperature d i s -  
t r i b u t i o n s  from Run A 
t h e  d i f f e rence  i n  t h e  r a d i a t i v e  equilibrium temperatures. 
rates are approximately equal f o r  both runs.  The l a t i t u d i n a l  temperature d i f -  
fe rence  f o r  Run B,  is about 2 K l a rge r  than f o r  Run A (less than ha l f  of t h e  
5 K increment i n  t h e  l a t i t u d i n a l  grad ien t  of t h e  r a d i a t i o n  equilibrium temperature). 

and Run B, d i f f e r  by an amount which is  s i m i l a r  t o  
The v e r t i c a l  lapse 

The tropospheric zonal winds show two well-developed midla t i tude  jets. 
qaximum v e l o c i t y  of t h e  Run B j e t  w b d s  (about 30 m/sec) i s  
higher than Run A, but t he  j e t  cores f o r  both runs are located a t  i d e n t i c a l  
pos i t ions .  

The 
about 1.5 m/sec 

The meridional flow from both runs is  e s s e n t i a l l y  i d e n t i c a l ,  each having 
the  c h a r a c t e r i s t i c  s ix -ce l l  s t r u c t u r e  observed i n  t h e  real atmosphere. 

The prime d r iv ing  fo rce  i n  the  a l t e r ed  model troposphere is t h e  increased 
l a t i t u d i n a l  grad ien t  i n  t h e  r a d i a t i o n  equilibrium temperature d i s t r i b u t i o n .  
The model troposphere responds d i r e c t l y  t o  increased t r o p i c a l  r a d i a t i o n  equi l ib-  
rium temperatures by developing higher t r o p i c a l  temperatures t o  prevent l a r g e r  
t r o p i c a l  d i a b a t i c  hea t ing  rates. The r e s u l t i n g  stronger l a t i t u d i n a l  temperature 
grad ien t  causes s t ronger  tropospheric j e t  winds by t h e  thermal wind e f f e c t  and 
increases  t h e  midla t i tude  eddy heat t r anspor t  i n t o  t h e  polar  regions. Conse- 
quently, t h e  increase  i n  polar temperatures tends t o  decrease t h e  l a t i t u d i n a l  
temperature grad ien t  t o  s t a b i l i z e  t h e  model troposphere. The increased eddy 
hea t  f l u x  from t h e  t r o p i c s  must be balanced by a drop i n  t r o p i c a l  temperature 
t o  decrease t h e  l a t i t u d i n a l  temperature grad ien t  f u r t h e r .  The n e t  r e s u l t  i s  
t h a t  t h e  model l a t i t u d i n a l  temperature grad ien t  f o r  Run B i s  g rea t e r  than f o r  
Run A but t h e  increment i s  less than the  l a t i t u d i n a l  grad ien t  of t h e  increment 
i n  r a d i a t i o n  equilibrium temperatures. The inc rease  i n  tropospheric j e t  winds 
is d i r e c t l y  a t t r i b u t e d  t o  the  thermal wind e f f e c t .  The weakness of zonal mean 
c i r c u l a t i o n  models is evident i n  the  weak response of t h e  model meridional flow 
t o  the  a l t e r e d  r a d i a t i o n  equilibrium temperature f i e l d .  Because of t h e  domi- 
nance of t he  eddy t r anspor t  of angular momentum and Cor io l i s  acce le ra t ion  i n  
the  zonal v e l o c i t y  equation, t h e  p re spec i f i ca t ion  of eddy t r anspor t  of angular 
momentum is  tantamount t o  t h e  s p e c i f i c a t i o n  of t h e  meridional flow. The model 
meridional t r anspor t  of heat and angular momentum is e s s e n t i a l l y  inva r i an t  
between t h e  two runs. 

The model tropospheric response t o  t h e  a l t e r e d  r a d i a t i o n  equilibrium tem- 
pera ture  causes a tropopause temperature increment of about 5 K i n  t h e  t rop ic s ,  

1118 



about 3-1/2 K i n  t h e  midlati tudes,and about 2-1/2 K i n  t h e  polar  regions.  
model tropopause zonal winds are strengthened through t h e  thermal wind e f f e c t  
while t h e  tropopause meridional v e l o c i t y  is nea r ly  inva r i an t  due t o  the'pre- 
s p e c i f i c a t i o n  of eddy t r anspor t  of angular momentum. 
tropopause conditions d i r e c t l y  a f f e c t  t h e  s t r a tosphe re  along t h e  tropopause 
where t h e  flow is  from t h e  troposphere i n t o  t h e  s t ra tosphere .  
a f f e c t i n g  t h e  s t r a tosphe re  is t h e  d i a b a t i c  heating term. 
tropospheric thermal state i n  tu rn  causes a n  a l t e r a t i o n  i n  t h e  r a d i a t i v e  hea t  
f l u x  from t h e  troposphere i n t o  the  s t r a tosphe re  and, consequently, alters t h e  
r a d i a t i v e  equilibrium temperature i n  t h e  s t ra tosphere .  

The 

These a l t e r a t i o n s  i n  t h e  

A second source 
The a l t e r a t i o n  i n  t h e  

The a l t e r a t i o n  i n  t h e  s t r a t o s p h e r i c  temperature is similar t o  t h e  altera- 
t i o n  observed i n  t h e  tropospheric temperature but diminishing wi th  d i s t a n c e  from 
t h e  tropopause a t  150 mb and near ly  vanishing a t  10 mb. The zonal wind altera- 
t i o n s  i n  t h e  s t r a tosphe re  pene t r a t e  t h e  e n t i r e  S t ra tQsphere  wi th  a s l i g h t  
enhancement from t h e  increased l a t i t u d i n a l  temperature grad ien t  through t h e  
thermal wind e f f e c t .  
summer hemisphere (3 m / s e c  o r  3 percent) as i n  t h e  winter hemisphere (1.5 m/sec 
o r  1.5 percent).  
tropopause but increases  t o  about 0.05 m/sec (or 10  percent) a t  t h e  s t ra topause .  

This  enhancement is  approximately twice as strong i n  the  

The a l t e r a t i o n  i n  t h e  meridional flow is  small near t h e  

The relative r o l e s  of dynamics and r a d i a t i o n  i n  maintaining the  a l t e r a t i o n s  
i n  the  s t r a t o s p h e r i c  thermal state can be in fe r r ed  by considering t h e  prognostic 
equation f o r  p o t e n t i a l  temperature which equates t h e  t o t a l  t i m e  d e r i v a t i v e  of 
p o t e n t i a l  temperature t o  t h e  d i a b a t i c  heating (which, in. t h i s  case, arises 
s o l e l y  from rad ia t ion ) .  
a l t e r a t i o n  w e r e  zero, then t h e  dynamic motions wi th in  t h e  s t r a tosphe re  would 
uniformly mix t h e  a l t e r a t i o n  throughout the  s t ra tosphere .  I f  r a d i a t i o n  i s  domi- 
nant i n  sus ta in ing  t h e  a l t e r a t i o n ,  then the re  would be no d i f f e rences  t h a t  could 
be a t t r i b u t e d  t o  c i r cu la t ion .  The summer s t r a tosphe re  (having a genera l ly  r i s i n g  
air  mass) has a 3 K p o t e n t i a l  temperature a l t e r a t i o n  a t  t h e  tropopause and a 1 K 
a l t e r a t i o n  at  0.15 mb. The winter s t r a tosphe re  (having a genera l ly  sinking air  
mass) has a 3 K p o t e n t i a l  temperature a l t e r a t i o n  a t  t h e  tropopause, vanishing a t  
t h e  midstratosphere and going 3 K negative i n  the  upper s t ra tosphere .  The 
deeper pene t ra t ion  of t h e  p o t e n t i a l  temperature a l t e r a t i o n  i n t o  the  r i s i n g  air 
m a s s  i nd ica t e s  a s t rong  dependence on both hea t  advection and r a d i a t i o n  t o  sus- 
t a i n  t h e  a l t e r a t i o n .  
a l t e r a t i o n  i n t o  t h e  summer s t r a tosphe re  is cons i s t en t  w i th  t h e  temperature alter- 
a t i o n  and t h e  thermal wind e f f e c t .  The a l t e r a t i o n  of t h e  meridional flow i n  t h e  
s t r a tosphe re  i s  i n t e r e s t i n g  but should be viewed with susp ic ion  because i t  is 
near t h e  top boundary. 

I f  t h e  d i a b a t i c  heating f o r  t h e  p o t e n t i a l  temperature, 

The s t ronger  pene t ra t ion  of t h e  tropopause zonal wind 

I n  summary, t h e  perturbed r a d i a t i v e  equilibrium temperature ( i n  t h e  tropo- 
sphere) g ives  rise t o  a smaller a l t e r a t i o n  i n  t h e  tropospheric thermal state 
with a l t e r a t i o n s  i n  t h e  zonal wind f i e l d  which are cons i s t en t  wi th  t h e  thermal 
wind effect. The tropospheric meridional flow remains e s s e n t i a l l y  constant due 
t o  t h e  prespec iSica t ion  of eddy t r anspor t  of angular momentum. These altera- 
t i o n s  are ca r r i ed  i n t o  t h e  s t r a tosphe re  p r i n c i p a l l y  by thermal energy t r anspor t  
with energy advection and r a d i a t i o n  having l a r g e  influences.  A l t e ra t ion  i n  the  
s t r a t o s p h e r i c  temperature vanishes near t h e  10-mb level, with a l t e r a t i o n s  i n  
zonal wind penet ra t ing  t h e  whole s t r a tosphe re  cons i s t en t  with t h e  thermal wind 
e f f e c t .  A l t e ra t ions  of t h e  meridional wind increase  i n  t h e  upper s t ra tosphere ,  
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probably t o  balance mass t r anspor t  i n  t he  troposphere. 
g r a l s  of t h e  model prognostic equations v e r i f y  t h e  apparent model i n t e rac t ions .  

Surface and volume in t e -  

A n e t  increase  i n  hea t  transported through t h e  midla t i tudes  by eddys of 
10 percent {see t a b l e  I) as opposed t o  a s m a l l  increase  i n  hea t  transported by 
meridional flow 
na l  temperature grad ien t  while t h e  meridional flow remains e s s e n t i a l l y  s teady  as 
w a s  observed i n  t h e  prognostic va r i ab le s .  The peak d i a b a t i c  cooling and hea t ing  
i n  t h e  t r o p i c s  and polar  regions (see t a b l e  I ) is s i g n i f i c a n t l y  strengthened. 
Thever t ica l lyaveraged  prognostic equation f o r  meridional ve loc i ty  shows a c l o s e  
geostrophic balance t h a t  e s t a b l i s h e s  the  thermal. wind effect: i n  maintaining 
t h e  zonal wind f i e l d  a l t e r a t i o n .  The vertical i n t e g r a l  of t h e  zonal wind k i n e t i c  
energy prognostic equation shows a general  balance between t h e  eddy advection of 
zonal wind and t h e  Cor io l i s  force; t h i s  v e r i f i e s  t h a t  t he  eddy t r anspor t  of angula 
momentum con t ro l s  t h e  meridional flow. The ho r i zon ta l  i n t e g r a l  along t h e  tropo- 
pause of thermal energy transported out  of t h e  s t r a tqsphe re  by eddys and by 
meridional flow (see t a b l e  I )  shows a ne t  reduct ion  of about 1.5 percent. The 
ho r i zon ta l  i n t e g r a l  of t h e  d i a b a t i c  heating (see t a b l e  I) shows a 10-percent 
reduction near t h e  tropopause t o  compensate f o r  decreased cooling from thermal 
energy advection out of t h e  s t ra tosphere .  Volume i n t e g r a l s  of t h e  a v a i l a b l e  
p o t e n t i a l  energy and k i n e t i c  energy prognostic equations ( see  t a b l e  11) help t o  
f u r t h e r  determine t h e  i n t e r n a l  r eac t ion  of t h e  model atmosphere t o  the  a l t e r e d  
tropospheric r a d i a t i o n  balance. 

i n d i c a t e s  t h a t  t h e  eddy hea t  opposes an  increase  i n  l a t i t u d i -  

The tropospheric zonal a v a i l a b l e  p o t e n t i a l  energy is  increased by about 
20 percent i n  Run B over Run A, r e f l e c t i n g  t h e  increased l a t i t u d i n a l  tempera- 
t u r e  gradient.  The cause is a t t r i b u t e d  d i r e c t l y  t o  a 20-percent increase  i n  t h e  
generation t e r m  G(Az) .  The increased generationof zona lava i l ab le  poten t ia lenergy  
is  primarily balanced by an  increased conversion of zonal a v a i l a b l e  p o t e n t i a l  
energy t o  the  eddy a v a i l a b l e  p o t e n t i a l  energy; t h i s  i n f e r s  a growth of trapospherl  
eddy a c t i v i t y  cons i s t en t  with t h e  previously observed midla t i tude  hea t  t r anspor t  
i n t o  the  polar regions. I n  t h e  lower s t r a tosphe re ,  t h e  zonal a v a i l a b l e  poten- 
t i a l  energy is  decreased by about 5 percent (probably due t o  t h e  increased tem- 
pe ra tu re  t r anspor t  through t h e  tropopause i n  t h e  t r o p i c s  which acts t o  reduce 
temperature grad ien ts  i n  t h e  s t ra tosphere) .  

The tropospheric zonal k i n e t i c  energy is observed t o  increase  by about 
10 percent with energy from t h e  zonal a v a i l a b l e  p o t e n t i a l  energy ac t ing  as 
source and eddy k i n e t i c  energy ac t ing  as a s ink .  The j o i n t  increase  of zonal 
a v a i l a b l e  p o t e n t i a l  energy and zonal k i n e t i c  energy are mutually cons i s t en t  and 
are cons is ten t  with t h e  thermal wind e f f e c t .  The s t r a tosphe r i c  zohal k i n e t i c  
energy i s  seen t o  decrease about 5 percent as is cons i s t en t  with t h e  observed 
decrease i n  the Z O M ~  a v a i l a b l e  p o t e n t i a l  energy. 

CONCLUDING REMARKS 

I n  general ,  t h e  model response t o  increased tropospheric r a d i a t i o n  equilib- 
rium temperature suggests t h a t  temperature a l t e r a t i o n s  i n  t h e  s t r a tosphe re  
decrease with d i s t ance  from t h e  tropopause, and t h a t  t h e  zonal wind a l t e r a t i o n s  
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penetrate  through the  e n t i r e  stratosphere.  Unfortunately, t h e  model predict ion 
of meridional flow response i s  not thought t o  be  r e l i a b l e  because of t h e  pre- 
spec i f ica t ion  of angular momentum transport .  

It would seem proper (s ince zonal v o r t i c i t y  is  generally transported up 
gradient)  t h a t  the  increased eddy a c t i v i t y  i n  the  tropopause would act t o  
strengthen the  tropospheric j e t  stream as w e l l  as the  meridional c i r cu la t ion  
(because of t h e  dominance of eddy t ransport  of angular momentum and Coriol is  
force i n  the  zonal wind prognostic equation). Stronger j e t  streams would i n  
tu rn  cause stronger l a t i t u d i n a l  temperature gradients through the  norther ly  geo- 
s t rophic  balance. 
a l t e r a t i o n  in to  the  stratosphere.  

The ne t  e f f e c t  would be a stronger penetrat ion of zonal wind 

Based upon the  work presented here, one must conclude t h a t  thermal altera- 
t ions  i n  the  tropospheric thermal state penetrate  i n to  the  s t ra tosphere mildly, 
but zonal wind a l t e r a t i o n  penetrates t he  s t ra tosphere completely. Meridional 
flow a l t e ra t fons  have not been illuminated. 
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TABLE 1. ELEMENTS OF THERMAL ENERGY TRANSPORT 
~~ 

Run A Run B 

[QI 4-0 0.475 K/day 0.499 K/day 

-.221 K/day -.318 K/day 

+.704 x 10  

+.255 x 10 

* * 
* * 

[Q14,/2 

[T 14=n/4 

[T v14=Ti/4 

3* +.802 x 10 3* 

3* +.260 x LO 3* 

n 

- -  
- 

<T'iJj'> .797 x 10-I ,780 x 1O-I 

.138 x LO-' <T w>p=150 mb 

.683 x lo-' K/day <'>p=125 mb 

p=150 mb - -  
,147 x lo-' 
.770 x 10-1 K/day 

* 
St ra tosphe re  p l u s  t roposphere.  

TABLE 11. ENERGETIC DIAGNOSTIC VARIABLES 

* ** * ** 
Run A Run A Run B Run B 

8 

2 

2 

.414 x 10' 

1 

9 

2 

2 

2 

0.369 x 1 0  lo 0.631 x lo8  0.444 x 10 lo 0.591 x 10  

.517 x 10  -.862 x 10  

-.263 x 10  

3 

4 

.344 x 10 4 

3 

9 

3 

3 

0 

- . n o  x 10 

-.318 x 10  

2 

.505 x l o 2  
1 

1 

9 

2 

2 

2 

.526 x 10 2 

4 

4 

3 

9 

2 

2 

0 

-.502 x 10 

.413 x 1 0  .287 x 10  

-.568 x 10 -.562 x 10 

.206 x 1 0  .654 x 1 0  ,213  x 10  

.517 x 1 0  -.110 x 10  .526 x 10 -.862 x 10  / 

.335 x 10 - . lo1  x 1 0  .353 x 1 0  -.752 x 10 

.257 x 10  .373 x 10 .262 x 10 

-.144 x 10 -.131 x 10  

.590 x 10 

.331 x 10 
fr 

* 
Troposphere. 

S t r a t os pher e. 
** 
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USE OF VARIATIONAL METHODS IN THE DETERMINATION 

OF WIND-DRIVEN OCEAN CIRCULATION 

Roberto Gel& 
Instituto Argentino de Oceanografia 

Patricio A. A. Laura 
Instituto de Mecgnica Aplicada 

SUMMARY 

Simple polynomial approximations and a variational approach are used to 
Stommel's and predict wind-induced circulation in rectangular ocean basins, 

Munk's models are solved in a unified fashion by means of the proposed method. 
Very good agreement with exact solutions available in the literature is shown 
to exist. 
exact solution seems out of the question. 

The method is then applied to more complex situations where an 

INTRODUCTION 

Stommel (ref. 1) has performed an interesting study of the "wind-driven 
ocean circulation in a homogeneous rectangular ocean under the influence of 
surface wind stress, linearized bottom friction, horizontal pressure gradients 
caused by a variable surface height and Coriolis force." 
flat rectangular ocean Stommel shows that his model is governed by the 
differential system: 

In the case of a 

E E  
b v2+ + a 2 = y sin 

where 2 a and b are the sides of the rectangle , 
in the x and y directions, respectively; y a F.T/R.b; R is the coefficient of 
friction; F is the Coriolis parameter (in general it is a function of y); 
a = D/R aF/ay; and D is the constant depth of the ocean when at rest. 

is the stream function; 

In equation (1) it is assumed that the wind stress is defined by the 
simple functional relation -F.cos -tTy/b. 
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Consider the case of Munk's model governed by the partial differential 
equation (ref. 2): 

v 
A V4 $(x,y) - B ?& = - (VXT). k ax 

where A and f3 are constant parameters; $ is the stream function; and '1: 
is the tangential wind stress. 

Since the boundary constitutes a streamline one has: 

J, = 0 on the boundary 

As a second boundary condition one may have: 

a) no slippage against the boundary (ref. 2): 

where n denotes the normal to the boundary, or 

b) free slippage (no lateral shear against the boundary): 

- 2  an 

(3) 

( 4 )  

Equations (5) constitute highly idealized situations. As an intermediate 
condition one must take: 

?$ =: a a2rlr 
an 1 an2 

on the boundary 

For al = 0 one obtains equation (Sa) and 

for al = -)co one has the free slippage condition. 

Since the solution of the differential system governed by equations (3) 
and (61 fs quite complicated, even in the case of a rectangular ocean basin, 
it seems reasonable to make use of an approximate method to solve it. 
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Taking the approximate solution: 

(74 
2+2k *2k] 4+2k N N  

Q = QA = C C A [a x4+j+b.x2+j+xj][cky + dkY j=O k=O jk j 3 

where each coordinate function satisfies identically the boundary conditions, 
and substituting in equation (1) one obtains a residual function E(x,Y). 

Galerkin's method is used to minimize the error or residual function 
e(x,y) and a linear system of equations in the A 

In order to assess the accuracy of the method, it is used first in a few 

' s  is then obtained. 
jk 

cases where an exact solution is available. 

Some new problems are then studied. A similar approach is followed in 
the case of Stommel's model. 
functional relation: 

The stream function is approximated by the 

N 
2Y c A .  J (a2 - x2) xj sin b 

j =O 
$(x,y> 

where each coordinate function satisfies identically the boundary conditions 
in equation (2). 

STOMMEL'S MODEL 

Substituting equa#ion (7b) in equation (1) one obtains the error or 
residual function: 

2 j 2+j 2 EN(x,y) = sin(-) 2 j-2 
j=O 

[j(j-I>a x - (2+j) (l+j)xj - (a x -x + 
2 j-1 j+l a(j a x - (2+j) x 11 - I> 

Galerkin's orthogonalization condition requires that: 

( 9 )  
b lo dy la (x,y) $K (x,y) dx = 0 (k=O,l, ... N) -a 

where 

2 k  TJ 
b x sin $k = 4, (a2 - x (10) 
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From equations ( 8 ) ,  (9) and (10) one finally obtains: 

j+k+l (2+j) (l+j) 
(1- (-1) + 3+j+k 

N j+k-l) 2(l+j+j 2, 
j C -0 A i  (w (1- (-1) - j+Hl 

j+k+3 j+k+l (14-1) 3+k+3) + 1 
j+k+5 (1- (-1) 1 - p  

c 

1 34-k) (l-(-l)k+l) - 3+k (l-(-l) 1 
k+l 

= -  

where: 

A system of cN+1) linear equations in the A . ' s  is then obtained. 

Numerical and graphical results are shown in table I and figure 1, 
J 

Ta%le 
I depicts results obtained making a = 0 (analogous to the torsion problem of 
a bar of rectangular cross section). 

Three terms of equations (7) have been used. 
solution is very good. 
corresponds to a nonrotating ocean. 
latitudes. 

The agreement with the exact 
It is important to point out that the case a1 = 0 

It is also a valid approximation at high 

The case where a is a constant (in other words, the Coriolis parameter 
is a linear function of latitude) is presented in figure 1. One can easily 
see that the approximate solution converges to the exact, known solution in 
a convenient fashion. 

MUNK'S MODEL 

Munk's model yields a differential system similar to the one governing 
the static bending of a rectangular plate subjected to uniformly distributed 
loading when the Coriolis parameter is a constant and the wind shear stress 
obeys a linear law: 
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Then equation (3) becomes: 

4 A V  $ = T  
o/bl 

Equations (12), ( 4 )  and (5a) are equivalent t o  t h e  mathematical r e l a t i o n s  
It has a l ready  been shown governing t h e  p l a t e  problem previously r e fe r r ed  to.  

(ref.  3) that t h e  polynomial approach y i e l d s  exce l l en t  accuracy f o r  t h i s  
s i t u a t i o n .  

Consider now t h e  case where B is  a constant and the wind shear stress 
is given by a func t iona l  r e l a t i o n  of t h e  type 

Equation ( 4 )  becomes now: 

The boundary conditions are given by equations ( 4 )  and ( 6 )  which i n  t h e  
case of a rec tangular  ocean of s i d e s  2 a x 2 b become: 

For x= -a and y= -b one obta ins  func t iona l  r e l a t i o n s  similar t o  equations 
(15b) and (c). 

The stream func t ion -  $J is now approximated using t h e  polynomial expansion 
of equation (7a). 

As shown i n  t a b l e s  I1 through V I 1 1  t h e  e f f e c t  of t h e  c o e f f i c i e n t s  K,. 
and K2 on the va lues  of the stream funct ion  9 is  q u i t e  appreciable which, on 
t h e  o the r  hand, w a s  t o  be expected. 
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It is  important t o  poin t  ou t  t h a t  t h e  determination of t h e  ve loc i ty  
components r equ i r e s  obta in ing  p a r t i a l  de r iva t ives  of t h e  stream function. 
has a l ready  been shown ( re f .  3) t h a t  s u f f i c i e n t  accuracy may be a t t a i n e d  
working wi th  a r a t h e r  small number of polynomials. 

It 
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Table I.- Values of X Y 

{Stomel's model, a = 0. First number i s  exact value; second number is 
the result obtained by the present approach. ] 

I Values of X for y/b of - Y 
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Table 11,- Values of % X lo3 
Fa 

4 

X - 
A 

0 

0.2 
0.4 
0.6 
0.8 
1.0 

3 Values of JIA X 10 f o r  y/b of - 
F.a A 

0 0.2 0.4 0.6 0.8 1.0 

6.012 5.701 4.744 3.143 1.182 0 
5.541 5.254 4.372 2.897 1.089 0 

4.242 4.022 3.347 2.218 0.834 0 
2.462 2.335 1.943 1 , 287 0.484 0 
0.779 0.739 0.615 0.407 0.153 0 

0 0 0 0 0 0 

Table 111.- Values of &L- 103 
F.a X 

X - 
A 

0 
0.2 
0.4 
0.6 

1.51 A = - =  a [Kl/a = K2/b = a; f3 = 0; b 

3 
X 10 for y/b of - 3 Values of 

F.a A 
0 0.2 0.4 0.6 0.8 1.0 

19:826 19.020 16.581 12.484 6.812 0 
18.880 18.113 15.790 11.889 6.487 0 
16.121 15.465 13.482 10.151 5.539 0 

11.775 11.296 9.848 7.415 4.046 0 
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X - 
A 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

0 

15.879 

15.176 

13.101 

9.756 

5.310 

0 

X - 
A 

0 
0.2 

0.4 

0.6 
0.8 

1.0 

0.2 

14.825 

14.169 
12.232 

9,109 

4.958 

0 

Table 1V.- Values of -&- 103 
F.a A 

11.801 

11.279 

9.737 

7.251 

3.946 

0 

7.309 2.532 0 

6.986 2.420 0 
6.031 2.089 0 

4.491 1.555 0 

2.444 0.847 0 

0 0 0 

3 Values of X 10 f o r  y/b of - 

0 0.2 0.4 

13.260 12.880 10.644 

12.628 12.266 10.137 

10.782 10.473 8.655 

7.875 7.650 6.322 

4.163 4.043 3.341 

0 0 0 

‘ F.a”A 

0.4 I 0.6 I 0.8 1.0 

0 ..6 0.8 1.0 

6.183 2.191 0 

5.888 2.086 0 

5.028 1.781 0 

3.672 1.301 0 
1.941 0.608 0 

0 0 0 

-&-. 103 
3 Table  V.- Values of 

F.a A 
a 

[Kl/a = 0; K2/b = Q); I 0; A = - b - - 1.51 

I 
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Table VI.-  Values of 3 103 
F . a  X 

1.51 a [K1/a = a- , ~ / b = O ; @ = O ; A = - =  b 

0 
6.751 
6.222 
4.764 
2.765 
0.875 
0 

0.6 
0.8 
1.0 

0.2 0.4 0.6 0.8 1.0 

6.560 5.928 4.698 2.701 0 
6.046 5.463 4.329 2.489 0 
4.629 4.183 3.315 1.906 0 
2.687 2.428 1.924 1.106 0 
0.850 0.768 0.609 0,350 0 
0 0 0 0 0 

0 

28.264 
27.013 
23.320 
17.365 
9.451 
0 

103 
3 Table VI1 . -  Values of 

F.a 1 

0.2 0.4 0.6 0.8 1.0 

24.350 18.147 15.261 9.603 0 
23.272 17.344 14.505 9.178 0 
20.090 14.973 12.591 7.923 0 
14.961 11.150 9.376 5.900 0 
8.143 6.068 5.103 3.211 0 
0 0 0 0 0 

1.51 [K,/a = 03; K2/b = 2; B = 0; A = - b = a 

X - 
A 

0 
0.2 
0.4 
0.6 
0.8 
1.0 

x - 
A 

3 Values of X 10 for y/b of - 
F,a, X 

0 0.2 0.4 0.6 0.8 1.0 

26.331 25.270 22.072 16.717 9.258 0 
25.165 24.151 21.095 15.977 8.848 0 
21.725 20.849 18.211 13.793 7.638 0 
16.178 15.526 13.561 10.271 5.688 0 
8 805 8.450 7.381 5.590 3.095 0 
0 0 0 0 0 0 

0 
0.2 
0.4 
0.6 
0.8 
1.0 

I 1 

Table V I I 1 . -  Values of L&- 103 
F.a X 

1.51 a = - b = [Kl/a = 2; K2/b = 2; = 0; 
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OPTICALLY RELEVANT TURBULENCE PARAMETERS 

IN THE MARINE BOUNDARY LAYER* 

K. L. Davidson and T. M. Houlihan 
Naval Postgraduate School 

SUMMARY 

Shipboard measurements of temperature and velocity fluctua- 
tions were performed to determine optical propagation properties 
of the marine boundary layer. Empirical expressions describing 
the temperature structure parameter, CT', in terms of the 
Richardson Number, Ri, overland were used to analyze data ob- 
tained for open ocean conditions. Likewise, profiles of mean 
wind and velocity fluctuation spectra derived from shipboard ob- 
servations were utilized to calculate associated boundary layer 
turbulence parameters. In general, there are considerable differ- 
ences between the open-ocean results of this study and previously 
determined overland results. 

INTRODUCTION 

Optical propagation through the atmosphere is affected by 
the refractive nature of the medium. In addition to the regular 
variation of atmospheric refractive index with height, there ex- 
ist small inhomogeneities in the refractive index associated with 
fluctuations in the temperature of the air. These cause random 
phase and amplitude distortions in propagating wave fronts and 
thus degrade spatial and temporal coherence in the transmission. 
The magnitude of these effects places limitations on optical sys- 
tem performance and must be included in design considerations. It 
is desirable to have a theory sufficiently well-developed to per- 
mit derivation of propagation statistics from bulk measurement of 
meteorological variables. 

Descriptions of small scale fluctuations which affect laser 
propagations have not been as complete nor in the quantity for the 
overwater regime as for the overland regime. Overwater descrip- 
tions are necessary, even though considerable progress has been 
made in overland investigations (ref. - 1). The necessify exists 

ftThis work was supported by the Navy High Energy Laser Project 
(PMS-221, CAPT A. Skolnick, Director. 
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because of the increasing evidence of the influence on atmospheric 
motions by oceanic waves (ref. 2 ) .  This wave influence has been 
observed to be significant enough to Marrant re-examination of em- 
pirical expressions relating small scale properties of the atmos- 
phere to mean wind and temperature profiles. 

C 
4 

cH 

cN2 

cT 

5 0  

LOP 
C 

clo E 

L 

P 

AQ 

9. 

Ri 

AO 

SYMBOLS 

drag coefficient for given height ( z )  

moisture exchange coefficient for given height 

temperature exchange coefficient for g2ve.n height 

refractive index structure function parameter 

temperature structure function parameter 

drag coefficient value at 10 meter height 

(,-2/3 1 

(K/m -2/3) 

drag coefficient value calculated using mean 
wind profile data 

drag coefficient calculated using velocity 

Monin-Obukhov length (m) 

barometric pressure (mb) 

average water vapor density (g/m31 

vari.ance spectral estimates of E 

average water vapor density at surface (g/m3> 
(assuming saturated air at surface) 

c 

( O s  - Qa) 
water vapor density fluctuation (.g/m3 1 

Richardson Number (dimensionless) 

Average potential temperature ( K )  

Average sea surface temperature ( K )  

Virtudl potential temperature. (IS1 
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T'  t empera ture  f l u c t u a t i o n  CK1 

u average  wind speed a t  h e i g h t  Z Cm/s )  

Ul0 
- 

average  wind speed a t  1 0  m e t e r  h e i g h t  b / s )  

(u,w) h o r i z o n t a l  and v e r t i c a l  v e l o c i t y  f l u c t i o n s  h / s )  - 1/2 &, f r ic t ion velocity Ws); = C-.uw> 

E 

P 
Ut's 

R3 

Z 

B 

K 

X 

Y 

fi 

'i 
X 

zO 

LO 

0 
R 

T 

characteristic virtual temperature (K) 

d i s s i p a t i o n  ra te  o f  t u r b u l e n t  k i n e t i c  e n e r  y Cm2/s  9 ) 
f r i c t i o n  v e l o c i t y - c a l c u l a t e d  us ing  mean wind 
p r o f i l e  d a t a  C m / s l  

f r i c t i o n  v e l o c i t y  c a l c u l a t e d  us ing  E d a t a  

constant detemxhed by hulk aerodynamk exchange 

measurement h e i g h t  Cm) 

Ceq. (18)) 

coefficients 

empi r i ca l  c o n s t a n t  ( 3.20 1 , (eq  (4 

Von Karman c o n s t a n t  ( 0 . 3 5 1  

d i s s i p a t i o n  rate of tempera ture  v a r i a n c e  C K 2 / s >  

g r a v i t a t i o n a l  a c c e l e p a t i o n  C9.80 m/sec1 

k inemat ic  molecular  v i s c o s i t y  Ccm2-/s> 

e m p i r i c a l  f u n c t i o n s  of Z / L  ( i  = 1, 2 ,  3 )  

e m p i r i c a l  f u n c t i o n s  of R i  ( i  = 1, 4) 

bulk aerodynamic s t a b i l i t y  parameter Ceq. (11)) 

p r o f i l e  roughness parameter  ( m )  

o u t e r  t u r b u l e n c e  scale 

i n n e r  t u rbu lence  scale 

ambient atmospheric temperature (K) 
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THEORETICAL CONSIDERATIONS 

General expressions for CT2 

On the basis of the isotropic nature of small scale fluctua- 
tions, only one parameter is necessary to describe the intensity 
of the atmospheric refractive index fluctuations over many scales 
(ref. 3). It is the refractive index structure function parameter, 
Cn2, where 

2 2 / 3  
cn2 = [nl(x> - n*(x t r)] /r 

Here, n'(x) and n'(x t VI are refractive index fluctuations at 
two points on a line oriented normal to the mean wind direction 
separated by the distance, r. This distance, r, is less than the 
outer scale, Lo, (the lower end of the inertial subrange) and 
greater than the inner scale, lo (the smallest scale of naturally 
occurring turbulence.) The brackets in equation (1) designate an 
RMS evaluation of the quantities contained therein. 

A parallel expression, which defings the temperature structure 
function parameter, cT2, is 

CT2 [T'(x) - T'(x t r)]/r  2 2/3 

where T'(x) and T'(x t r) are temperature fluctuations at two 
points separated by the distance r. 

Fortunately, Cn2 is related to the temperature structure 
function parameter, cT2, as 

2 2  Cn2 = (79 x P/T CT2 

( 2 )  

(3) 

where P is the barometric pressure and T is the atmos heric tem- 
perature. Equally fortunate is the fact that both CNp and CT2 
are readily measurable by optical and meteorological means, 
respectively. 

An alternate relationship for CT2, which involves measurement 
of the rates of dissipation of turbulent kinetic energy ( E )  and 
temperature variance ( X I  is 

-1/3 
CT2 = f3 XE ( 4 )  

f3 is an empirical constant with a value of 3.2Q. This last 
form enables indirect estimates of C to be made from mean con- 
ditions, since E and x are easily rexated to boundary layer 
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fluxes and profiles if steady, horizontally homogeneous conditions 
exist. 
boundary layer are desirable because the small scale measurements 
are impractical to obtain in most operational or tactical situa- 
tions 

Since turbulence is nearly synonymous with temperature fluc- 

Expressions which relate CT2 to mean proper 

tuations, it is ultimately desirable to describe mean thermal 
stratification in terms of the atmospheric bulk stability parame- 
ters such as the Richardson Number (Ri) or Monin-Obukhov Length , 
(L). In this regard, measurements of both atmospheric mean pro- 
files and fluxes are required for a completg determination of at- 
mospheric transmission behavior. Profile (aov/aZ and aiJ/aZ> and 
boundary flux (U, and Tfc) parameters appear in the following ex- 
pressions for Ri and L, 

g a$/az 
Q (aD/azP 

Ri = - 

- 2  0 u+ L =  

In unstable conditions (Ri and L<O) the ratio Z/L is approxi- 
mately equal to the Richardson number. 

The following similarity predictions for the dependence of E 

and x on momentum and heat fluxes and height were considered by 
Wyngaard, et al. (ref. 1) k ,deriv?ng an empirical expression for 
estimating CT2 from mean stability parameters, 

The form of the empirical expression for CT2 is obtained by 
direct substitution of equation ( 6 )  into equation (4) which 
yields 

CT2 = T,2Z-2/3f3(Z/L) ( 7 )  

Furthermore, since (Z/L) and Ri can be functionally related, 
a parallel dependence on Ri can be obtained, viz., 
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The functions and + 3  in equations ( 6 1 ,  (71 ,  and ( 8 )  
are empirical and on the basis of observations of both 
temperature fluctuations, momentum and heat fluxes and mean gradi- 
ents of wind speed, temperature and humidity. 

The relation expressed by equation ( 8 )  provides a desired 
dependence of CT2 on more readily measured mean stability (Z, 
ao ' /aZ and Ri). 
from the extensive AFCRL study o B turbulence structure over a 
flat, unobstructed Kansas plain are presented in reference 1. As 
will be shown later, available marine data does not appear to 
agree for f as well as expected with the overland predictions. 
The overland predictions, based on the separate, empirical ex- 
pressions for f and f in equation ( 6 1 ,  were as follows for un- 
stable (Z/L<O) And stagle (Z/L>O) conditions, 

The forms for f and @4 and the data obtained 

, Z/L 0 -2/3 f3(Z/L) = 4.9 (1 - 7 (Z/L)) - 
(9) 

f3(Z/L) 4.9 (1 t 2.75 (Z/L)), Z/L - > 0 

The utility of equations ( 7 )  or ( 8 )  f o r  estimating CT2 
from routine observation is not satisfactory in most cases, since 
they require mean measurements of either the boundary fluxes 
(eq. ( 7 ) )  or profile gradients (eq. ( 8 ) ) .  Therefore, it is 
desirable to obtain general expressions for CT2 which are based 
on bulk formulae for estimating the fluxes. 

A bulk aerodynamic formula relates boundary fluxes to the 
wind speed at one level and the temperature difference between 
that level and the surface. The derivation of such formulae in- 
volves several assumptions regarding the stability conditions of 
the boundary layer and the turbulent processes.within it. If 
valid, however, this type of formulation is very useful f o r  most 
practical needs. 

The form of bulk aerodynamic formulae for momentum, tempera- 
ture and humidity fluxes are, respectively, 

Friehe (ref. 4 )  combined Wyngaard, et al.'s (ref. 1) general 
expressions for C 
to obtain an alteTnate expression for the estimation of CT2. This 
derivation yielded the following expression for the nondimensional 

(eqs. (7) and (9)) with bulk aerodynamic formulae 
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2 temperature structure function parameter ( C T 2  Z2/3/(Ag) 

where 

3.12 x (1 + 1.62X) 2/3 stable 

3.12 x low3 (1 - 0 . 6 4 X ) .  unstable 
(11) 

CT2 z2’3 
( A W 2  

X is a bulk aerodynamic stability parameter and R3 is a con- 
stant determined by the values of the exchange coefficients 
(Cz, CH and C 1 in the bulk aerodynamic formulae and depends on 
the height ofqthe measurement in the air. 

General expression for small scale 
properties of velocity fluctuation 

Small scale velocity fluctuation properties are of interest in 
optical propagation because image resolution has been empirically 
related to the inner scale lo which is defined as 

1/4 a = (Y) 
0 E 

(12) 

where y is the kinematic molecular viscosity and E is the.dis- 
sipation rate of turbulent kinetic energy similar to CT2. 
be obtained from either one-dimensional velocity variance spectral 
estimates in the inertial subrange or from velocity structure 
function estimates. 

E can 

E and hence to can be functionakly related to mean profile 
and flux est’imates (U, and Ri or Z/L) on the basis of an empirical 
expression presented previously (eq. (6a)). F o r  the purpose of 
examining overwater E results from different stability conditions 
described by Richardson numbers (Ri), equation (6a) can be 
expressed in the following form, 

(13) 
u, 

E = - -  cpl(Ri) Kz 

since Z/L and Ri are functionally related. 

Overwater E values can also be evaluated on the basis of&: 
values estimated from them. Such estimates can be evaluated by 
comparing them with U, estimates computed from mean wind profile 
measurements. Both U, estimates utilize the following expression 
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for the  mean wind g r a d i e n t ,  

where (p ( R i )  i s  t h e  same as t h a t  appear ing  i n  equa t ion  (131  and 
i s  equa l  t o  1 . 0  under n e u t r a l  c o n d i t i o n s .  
c o n s t a n t  w i t h  h e i g h t  i n  t h i s  express ion .  

U, i s  assumed t o  be 

I n t e g r a t i o n  of equa t ion  (14) f o r  n e u t r a l  c o n d i t i o n s  y i e l d s  

where Uo i s  assumed t o  be  z e r o ,  Z is  the roughness parameter  and 
K i s  t h e  von Karman c o n s t a n t  equa? t o  .35 .  One must r e a l i z e  t h a t  
both u n s t a b l e  and s t a b l e  c o n d i t i o n s  a l t e r  t h e  loga r i thmic  p r o f i l e  
suggested by equa t ion  (15). Z can be e l imina ted  from equa t ion  
( 1 5 )  by s e l e c t i n g  mean winds a? two a p p r o p r i a t e  l e v e l s  so that  

It i s  important  t o  n o t e  t h a t  t h i s  expres s ion  r e l a t i n g  U, t o  mean 
wind va lues  ( U 2  and U 
on ly  f o r  nea r  

a t  two l e v e l s  ( Z 2  and Z,) i s  a p p l i c a b l e  
n e u t r a l  c o n d i t i o n s  C R i  0 1 .  

I n  nea r  n e u t r a l  c o n d i t i o n s ,  t u r b u l e n t  k i n e t i c  energy produc- 
t i o n  is assumed t o  be equal  t o  t h e  ra te  o f  molecular  d i s s i p a t i o n  
of  t u r b u l e n t  k i n e t i c  energy and yields the  fo l lowing  r e l a t i o n ,  

Combining equa t ions  (14) and (171, assuming @ l ( R i )  = 1 and 
s o l v i n g  f o r  U,, y i e l d s  

Thus, under n e u t r a l  c o n d i t i o n s ,  t h e  f r i c t i o n  v e l o c i t y  (U,) can  
be estimated f r o m  e i t h e r  mean wind p r o f i l e s  u s ing  equa t ion  (16) 
or from f l u c t u a t i o n  data ( invo lv ing  t u r b u l e n t  energy d i s s i p a t i o n ,  
E) ,  us ing  equa t ion  (18 1. 

(18) 1 / 3  
ufi = ( E K Z )  

Having determined va lues  f o r  U, it i s  p o s s i b l e  
a momentum drag  c o e f f i c i e n t ,  C z ,  t h a t  ccwrespnds to  
h e i g h t  i n  the  s u r f a c e  l a y e r  

T T  2 

t o  . c a l c u l a t e  
a given 
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Studies have been conducted to determine a representative 
value of C, at a 10 meter height, (e.g.? Cardone (ref. 5)). 
calculations of Cl0 employing U, determined from both mean wind 
profiles and dissipation rates were performed in this study. 

Check 

EXPERIMENTS 

Shipboard observational experiments to describe the small 
scale properties of atmospheric turbulence were performed aboard 
the Naval Postgraduate School research vessel, ACANIA, anchored 
off Pt. Pinos in Monterey Bay. The shipboard sensor arrangement 
appears in figure 1. 

Mean wind measurements were made with a cup anemometer wind 
profile register system. The set has a characteristic low start- 
ing speed with a small amount of internal friction which aids in 
checking inertial overshoot. Quartz crystal probes were used to 
measure mean temperatures at each level. The resolution for each 
probe was 0.005OC. Lithium chloride sensors were used to measure 
relative humidity valves. Both mean temperature and humidity sen- 
sors were housed in aspirated shelters at each measurement level. 

Data logging for the mean system was accomplished using an NPS 
developed micro-processor based data acquisition system. 
MIDAS (Microprocessing, Integrated Data Acquisition System) util- 
izes a central processing unit to control the sampling, averaging 
and recording of mean meteorological data. The operator is inter- 
faced with the system via a teletype unit €or full duplex input/ 
output communication and program control. Once initiated, the 
system is fully automated in sampling the tailored list of sensors 
every 30 seconds and periodically printing output values averaged 
over the selected interval of from one minute to one hour. Output 
values are printed on the teletype in columnized format with the 
time of print as the leader. The teletype features a paper tape 
punch to produce a data copy concurrent with the printout. 

This 

Velocity fluctuation measurements were performed using a hot- 
wire anemometer system. The system featured a linear frequency 
response from DC to 2KHz. Temperature fluctuations were measured 
using resistance wire bridges with platinum wires. 
portion of this system is a balanced bridge excited by a 3KHz 
signal with a synchronous detector on the output. The system 
featured a response to temperature variations as small as 0.004°C 
in magnitude and up to lKHz in frequency. Both wind grid tempera- 
ture fluctuation data were recorded on a 14-channel FM Analog 
tape recorder. Real time readout on an 8-channel chart recorder 
was used to check the quality of the signals from the instruments. 
The charts were also used to select the periods analyzed for the 
investigation. 

The baseband 
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ANALY S I S 

In the analysis of the recorded data, first the individual 
mean wind (01, mean temperature ( 8 1 ,  and mean humidity ( q )  values 
were plotted on a logarithmic scale. From best fit lines drawn 
through the data points, values were chosen and applied to the 
expressions developed by Wyngaard. Secondly, values of 0, 8 and 
0 from individual levels were applied to the bulk aerodynamic ex- 
pressions developed by Friehe. Variance spectra were interpreted 
to estimate CT2 and E values. 
velocity signals were obtained by processing recorded signals on 
an analog spectrum analyzer. 

The spectra of temperature and 

Friction velocity values, U,, were calculated in two ways. In 
the first method, profiles of Log Z versus mean wind were plotted 
and the best fit profiles were determined subjectively. After the 
profiles were thus developed, five and ten meter wind speeds were 
abstracted and were used to solve equation ( 1 6 )  for U,p. In the 
second method, turbulent kinetic energy dissipation rates ( E )  were 
determined from velocity spectra and together with measurement 
height values, were used in equation ( 1 8 )  to solve for U f c ~  values. 
Finally, friction velocity results were used to compute the momen- 

and CIQE. tum drag coefficients, C 
for CZ at the ten meter level for both U, and UgcE values. 

Equation (19) was solved 1OP 
"P 

RESULTS 

A comparison of overwater and overland results is presented in 
figure 2. The solid curve therein represents overland determina- 
tion based upon Wyngaard's results. Overwater data appear as dots 
while averages over Ri intervals of 0.25 appear as dots within a 
larger circle. The error bars are standard deviations from the 
means within each interval, while the number at the top of the 
e r ro r  bars is the number of observations defining the mean value. 

For both stable (+Ri) and unstable (-Ri) stratification cases, 
there appears to be little agreement. However, the trend for the 
unstable conditions appears to be correlated. The scatter in the 
observed results can be attributed to scatter in both CT2 and 
(ao /az>  measurements. Deviation of temperature spectra from the 
predicted (-5/3) slope in the inertial subrange caused errors in 
CT2 estimates. 
urements caused severe distortions in final results since these 
generally small gradient values are squared and entered into the 
denominator of the normalized ordinate value. 

Likewise, deviations in temperature gradient meas- 
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In figure 3, 5' r e s u l t s  are evaluated With regard t o  the i r  predicta- 
b i l i t y  by bulk aerodynamic parameters. The curye figure (31 represents 
Fkiehe's (ref. 4) bulk aerodynamic expression Ceq. CllI1 of kijmgaard et d.!e 
overland empirical expression. 
observed re su l t s .  
with overwater results but both sets indicate a signifkant difference be- 
tween the overland and overwater regimes. 

Again, there is considerale scatter in the 
The agrement is as satisfactory as that found by €kiehe 

In figme 4, E resul ts  are compared  With predictions based on equation 
(13) expressed in its logarithmic form In the latter form, the coordinates 
in figure 4 would yield the indicated -1 slope for the E values. 
4 ( R i )  corrects the E plots t o  the expected -1 slope in figure 4a but not in 
@ m e  4b. The latter could have been due t o  improper specification of R i .  
In plotting "not-corrected" results in f igu re  4 ,  +lW) ~ims set equal t o  1. 

Figure 5 is a plot of friction velocities computed from profiles 
(U2\ eq. (16))  and dissipation estimates eq. 0-81 I .  The scatter is not 

neutral conditions. 
basis of resulting C 

The function 

too P' large, considering the errors inherent in b t h  methods, e.g. , assuming 
Further evaluation of the E estimates can be made on the 

values. In figures 6a and 6b, plots of ulo versus 
respe&vely, are compared With a curve Ccardone, ref. 5 )  wkich 

ues considerable overwater results. Both sets of results agree satis- 
factorily w i t h  the summary curve but the scatter, indicated by error bars, is 
less for  the CIDE results. ?"ne latter-feature lends more credence t o  the Ugcc 
values and, hence, the E estimates. 

CONCLUSION 

Correlation of spectrally derived 5' results With s tab i l i ty  parameters 
( R i  and x) w a s  not good for the data obtained in this study of themarine en- 
vironment. Likewise, verification evaluations for f r ic t ion velocity resul ts  
frommean (profile) and turbulent (dissipation) data were inconclusive. How- 
ever, credible agreement between previously derived resul ts  and present tur- 
bulent data for  drag coefficient values was,obtained. 

It is concluded that the turbulent temperature f ie ld  i n  the mine 
layer is subjected t o  several anomahus effects which can cause the disruption 
of the inertial subrange. Thus, errpirically, expressions for describing over- 
land transmission characteristics (5') will undoubtedly have t o  be altered 
t o  provide operational determh&tions for util ization in the marine ehviron- 
m a t .  
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Figure 2.- Overwater results for nondimensional temperature structure 
function parameter versus R i .  (From reference 6) 
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SUMMARY 

The numerical p red ic t ion  of loca l ized ,  severe weather events such as 
tornadoes bred by s q u a l l  l i n e s  is  being sought by extending foundational 
concepts of turbulence theory. Rather than treat such turbulen t  b u r s t s  as 
being purely s ta t is t ical  i n  nature,  a mathematical framework has been founded 
upon the concept of a de te rmin i s t i c  cascade of energy-momentum which bridges 
the  gap between t h e  longest and s h o r t e s t  of atmospheric wave phenomena. 
This cascade r e l i e v e s  macroscale wavelengths (>lo00 km) of mass-momentum 
imbalances by exc i t i ng  convective phenomena ( < l o  km) through a soph i s t i ca t ed  
t r a n s f e r  process involving intermediate,  mesoscale wavelengths. 

INTRODUCTION 

Atmospheric dynamics has  t r a d i t i o n a l l y  been approached from a p a r t i c u l a r  
s p a t i a l  and temporal scale. Sca lar  ana lys i s  became a primary mathematical 
t o o l  which w a s  o f t e n  employed t o  study the  dominant forc ing  func t ions  a t  
a given wavelength (frequency). This concept served t o  simplify t h e  governing 
set of conservation equations as one attempted t o  numerically simulate a 
given dynamical process. 

To numerically model a tornado, one must be ab le  t o  simulate t h e  
e f f i c i e n t  t r a n s f e r  of energy momentum beginning wi th  wavelengths g rea t e r  than 
1000 km and ending a t  those less than 1 km. 
of t h i s  scale i n t e r a c t i o n  problem from t h e  vec tor  form of t h e  three-dimensional 
equation of motion: 

We may approach t h e  complexity 

dg + +  - = g + 29xv - aVP + qV23 d t  

Momentum is  conserved when t h e  four righthand forc ing  func t ions  sum t o  zero. 
W e  note the  f i r s t  two terms involving the  g r a v i t a t i o n a l  acce lera t ion  and 
Cor io l i s  force  are s p a t i a l l y  independent and both are known a t  any given 
height o r  l a t i t u d e ,  respec t ive ly .  The remaining two forcing functions,  
namely the  pressure  grad ien t  fo rce  weighted by t h e  s p e c i f i c  volume p lus  t h e  
f r i c t i o n  term expressed as the Laplacian of ve loc i ty  weighted by the  
c o e f f i c i e n t  of eddy v i s c o s i t y ,  are both highly scale dependent. I f  t h e  l o c a l  
temporal de r iva t ive  of momentum is  equated t o  t h e  s p a t i a l  de r iva t ives  of 
momentum advection, w e  may set these  s p a t i a l  de r iva t ives  equal t o  t h e i r  
respec t ive  summation of fo rces  i n  x-, y-, and z-space: 
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i a l x  iB,y y z 

i a2x  iB2y y z 

where u = u e e e l  

a2u + B2v + y2w - - _?T. where v = v e e e 2  

FX a lu  + B,v + ylw = - 
U 0 

F 

V 0 

u 

v = 
a1 B1 y1 

a2 $2 y2 

a3 B3 y3 

P 
z ia3xeiB3y e y3z a3u + $,v + y3w = - where w = w e 

W 0 

F (u‘l) 

F (v-’) 

F (w-’) 

X 

Y 
z 

with a 8/8x ,  B E 3/8y, and y f 8/82.  W e  are mathematically s t a t i n g ,  given 
t h e  g r a v i t a t i o n a l ,  Cor io l i s ,  and pressure  grad ien t  t e r m s  as known q u a n t i t i e s ,  
t h a t  

0. 

and hence qV2? = 0 o r  V2v’ = 0. Thus i n t e r n a l  v i s c o s i t y  becomes t h e  loca l ized ,  
se l f -cance l l ing  accelerations/decelerations with in  t h e  f l u i d  system manifested 
a t  i n f l e c t i o n  po in t s  i n  t h e  curvature of t he  momentum f i e l d .  I n  t h i s  closed 
atmospheric dynamic, ex te rna l  v i s c o s i t y  i s  neglected.  A graduate student a t  

’ Cornell, Miguel Larsen, f i r s t  suggested, and now is  studying t h e  f l u i d  
p rope r t i e s  which emerge when momentum conservation is expressed i n  t h e  r e s u l t -  
a n t  form of the  following tensor  matrix: 

(4) 

The scale dependence mentioned with regard t o  t h e  Newtonian equations of 
motion may be a l t e r n a t i v e l y  expressed as t h e  divergence of both the  pressure  
and ve loc i ty  grad ien ts ,  a mathematical measure of t h e  geometry of t h e  m a s s  and 
momentum f i e l d s  taken together.  I n  equation (4),  t h e  scale dependence of t h e  
former forc ing  func t ions  c i t e d  i n  equation (1) i s  now r e f l e c t e d  i n  t h e  scale 
dependent s p a t i a l  r ad ien t s  of momentum. Apparently, as evidenced by t h e  
dimensions of sec-’ expressed i n  t h e  righthand column of t h e  tensor  matrix, a 
given kinematic flow regime charac te r ized  by i t s  advection of momentum evokes 
a p a r t i c u l a r  conf igura t ion  t o  both t h e  m a s s  and momentum f i e l d s  t o  y i e l d  a 
prefer red  class of waves. Furthermore, as t h e  s t r eng th  of momentum advection 
wi th in  an atmospheric volume changes, t h e  f l u i d  w i l l  undergo a rap id  r o t a t i o n  
of i t s  prefer red  a x i s  of spin which may be evaluated as an exchange through 
t i m e  between t h e  hor izonta l  and vertical  components of relative v o r t i c i t y  
( s e r 2 ) .  A s  w e  s h a l l  see i n  t h e  following case study, extreme g rad ien t s  of 
momentum and momentum advection evoke a chain r eac t ion  toward ever decreasing 
wavelengths which culminates i n  a severe family outbreak ‘of tornadoes. 

Data Base 

The d a t a  base f o r  t h i s  p a r t i c u l a r  study w i l l  inc lude  radiosonde d a t a  col- 
l e c t e d  a t  1200 GMT (Greenwich Mean Time) 11 Apr i l  and 2400 GMT 12 Apr i l ,  1965. 
We w i l l  a l s o  engage observed hourly sur face  d a t a  f o r  t h e  s ix t een  hour period 
beyond 1200 GMT 11 Apr i l  during which 37 tornadoes devastated po r t ions  of Iowa, 
Wisconsin, I l l i n o i s ,  Michigan, Indiana, and Ohio. 
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THE INITIAL STATE PRECEDING THE TORNADO OUTBREAK OF PALM SUNDAY 1965 

A t  1200 GMT 11 Apr i l  t he re  is a modest sur face  depression of 986 mb 
(1013 m i l l i b a r  = 101.3 kPa = 1 atm) near t h e  border  of Iowa and SJebraska. 
A l a r g e  upper vor tex  extends northwestward t o  t h e  distended tropopause boundary 
over southwestern South Dakota. The region between t h e  upper vor tex  over 
South Dakota and an elongated r idge  of high pressure  over t h e  Gulf of Mexico i s  
dominated by a zonal pressure  p a t t e r n  with r e l a t i v e l y  l a r g e  meridional 
grad ien ts  of pressure.  These g rad ien t s  are most s i g n i f i c a n t  across  Nebraska, 
Iowa, Kansas, Missouri, and Oklahoma. 

The j e t  stream wind maximum, comprised dominantly of zonal k i n e t i c  energy, 
l ies near 350 mb as shown i n  Figure 1. The j e t  maximum centered near south- 
c e n t r a l  Kansas is unusual no t  only because of i ts magnitude i n  excess of 
75 m sec-l and i t s  r e l a t i v e l y  low e l eva t ion  of 8 km, but most markedly because 
of the ex t raord inary  meridional shearing of t he  u-velocity component between 
Dodge City (#) and North P l a t t e  ( e ) .  The former s t a t i o n  has a u-component of 
60 m sec'l, the  la t ter  s t a t i o n  has a u-component of 6 m sec'l, represent ing  one 
order of magnitude shear i n  400 km. This meridional shear y i e l d s  a r e l a t i v e  
v o r t i c i t y  due t o  -&day alone between these  two s t a t i o n s  of approximately 
+14 x sec'l. 

The atmosphere's response wi th in  t h e  next few hours south and east of t h i s  
shear zone i s  t o  generate: 1) an elongated mesoscale high pressure r idge ;  2) a 
major dus t  storm; 3) a low-level shea r l ine  associated with mesoscale divergence 
i n  excess of l o m 4  sec-l and microscale divergence i n  excess of 
4) two mesoscale low pressure  troughs; 5) and several l a r g e  tornadoes embedded 
within a rap id ly  moving s q u a l l  l i n e .  

sec"; 

TOTAL TIME TENDENCIES OF DIVERGENCE GOVERNING TROPOSPHERIC FRONTOGENESIS 

To understand what t r i g g e r s  t h i s  response, w e  t u rn  t o  t h e  two-dimensional 
(2-D) divergence equation i n  a z v e r t i c a l  coordinate system: 

C las s i ca l ly ,  both i n  scale ana lys i s  work and i n  conjunction with i n i t i a l i z a t i o n  
f o r  synopticscale dynamical p red ic t ion  models, t h e  t o t a l  t i m e  tendency of 
divergence on t h e  lefthand s i d e  of equation (5) is assumed t o  be of t r iv ia l  
s ign i f icance  and a quasi-balance' i s  assumed t o  e x i s t  between t h e  following 
t e r m s  : 1 2 3 4 5 

;IV au au av af -Va*VP -aVZP - 2(- - - - -) + f g  - -u 
ax ay ax ay a Y  

This group of t e r m s  represents  t he  so-called non-linear balance expression. 
Computations a t  the  Langley Research Center have ind ica ted  a s u b s t a n t i a l  scale- 
dependence b u i l t  i n t o  the  terms i n  t h i s  expression. More s p e c i f i c a l l y ,  when 
t h i s  expression i s  evaluated using f in i t e -d i f f e rence  opera tors  a t  seve ra l  d i f -  
f e r e n t  space scales i t  becomes apparent t h a t  t h e  terms -aV2P and -2(av/ax au/ay 
-au/ax av/ay) d i sp l ay  the  most s i g n i f i c a n t  scale-dependent va r i a t ion .  

1155 



over 
with 

For example: wi th in  t h e  c r u c i a l  shearing region below t h e  tropopause, 
t he  c e n t r a l  P la ins ,  t he  o rde r s  of magnitude of t h e  above terms evaluated 
a 168 km (% global  mesh) space opera tor  are: 

TERM 1 2 3 4 5 UNITS 
Typical +10-10 
Order of t o  +io+ +10-9 +io+ -10-10 sec-2 
Magnitude +10-9 

... and with a 42 km (1/8 g loba l  mesh) space operator:  

Order of +10-8 +10-8 

and Sign +io- +io- 
Magnitude +lo- t o  t o  -10-9 sec12 

The NASA Langley c a p a b i l i t y  of co lo r  coding t h e  magnitudes of such mete- 
o ro log ica l  q u a n t i t i e s  has  proven invaluable i n  i n t e r p r e t i n g  these  multivalued 
forcing func t ions  a t  t h e i r  respective s p a t i a l  scales. A s  a s p e c i f i c  ins tance  
of scale dependent q u a n t i t a t i v e  information being reduced t o  an e f f e c t i v e  
v i s u a l  d i sp lay  of information, w e  c i te  the  following example. 
which eva lua tes  t h e  geometry of the  mass f i e l d  a t  a p a r t i c u l a r  height i n  t h e  
atmosphere, var ied  from .025 a t  1/16th mesh (21 km) t o  .000036 a t  f u l l  mesh 
(336 km) i n  absolu te  magnitudes (x l o 6 )  when diagnosed a t  2750 m. To i l l u s -  
t ra te  t h e  t e r m ' s  scale dependence more e f f e c t i v e l y ,  t he  terms v a r i a t i o n  i n  
magnitude a t  the  1/16th mesh w a s  assigned t h e  f u l l  range of 64 colors.  Strong 
g rad ien t s  from deep blue t o  b r i l l i a n t  red w e r e  evident j u s t  upstream of the  
eventual zone of tornado formation. 

The term, aV2P, 

I n  con t r a s t ,  t h e  range of co lo r s  weighted aga ins t  t h e  absolu te  variance 
from 0 t o  64 a t  t h e  1/16th mesh required t o  depic t  t h e  diagnosed va lues  of 
aV2P a t  t h e  o ther  mesh lengths  are l i s t e d  wi th in  parentheses as a func t ion  of 
f r a c t i o n s  of t he  f u l l  mesh length: 1 /8 th  (10 t o  5Q co lo r s ) ;  1 /4  (34 t o  38); 
1 / 2  (35.5 t o  37.0); and f u l l  mesh (36.6 t o  36.7). The l ack  of forc ing  exhib- 
i t e d  by t h e  geometry of t h e  m a s s  f i e l d  a t  the  longer length  scales w a s  e a s i l y  
discerned by t h e  unaided eye as an unvarying co lo r  scheme which sa tu ra t ed  the  
d isp lay  screen a t  both t h e  1 /2  and f u l l  mesh d iagnos t ic  evaluations.  I n  l i e u  
of t h e  i n a b i l i t y  t o  provide co lo r  p r i n t s  i n  t h i s  paper, i l l u s t r a t i v e  samples 
of t h e  diagnosed amplified imbalances i n  t h e  2-D divergence equation w i l l  be 
used t o  e s t a b l i s h  the  mesoscale order of magnitude increase  i n  terms 2 and 3 
above. 

The diagnosed p o s i t i v e  imbalance i n  t h e  region of t h e  aforementioned 
s t rongly  shearing flow fo rces  t h e  divergence dependent terms i n  equation (5) t o  
increase  and compensate, as would be expected from the  terms -uau/ax and -vav/Py 
i n  the  2-D Navier-Stokes equations. Thus t h e  appropr ia te  kinematic flow regime 
w i l l  lead t o  t h e  production of divergence approximating 
period of 1 t o  3 hours. Figure 2 shows the  inversion which develops i n  t h i s  
atmospheric volume as i sen t ropes  become compacted i n  the  vertical. 
t he  r e s u l t  of mid- t o  upper-tropospheric frontogenesis influencing t h e  320-328 K 
isentropes,  as found over Peoria,  I l l i n o i s  12 hours later a t  t h e  break i n  the  
tropopause. This same crass sec t ion  a l s o  captures  t h e  distended i sen t ropes  
along a dashed l i n e  loca ted  where the  tornado-prdducing squa l l  l i n e  is approach- 
ing  F l i n t ,  Michigan a t  2400 GMT 12 April .  I n  the  next sec t ion ,  we w i l l  d i s cuss  

sec-l over a 

This marks 
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t h i s  f rontogenes is  and r e s u l t a n t  ex t rus ion  of s t r a t o s p h e r i c  a i r  feeding i n t o  
the  s q u a l l  l i n e  from the  perspective of p o t e n t i a l  v o r t i c i t y  theory. 

THE GENERATION OF POTENTIAZ, VORTICITY BY THE SOLENOID TERM 
TRIGGERING THE EXTRUSION OF STRATOSPHERIC AIR INTO THE TROPOSPHERF, 

The scale dependence assoc ia ted  with terms 2 and 3 mentioned above may be 
l inked t o  another equation synthesizing atmospheric dynamics i n t o  a s i n g l e  
mathematical statement f o r  t h e  conservation of m a s s ,  energy, and momentum. 
Ertel 's p o t e n t i a l  v o r t i c i t y  theorem (ref.1) states: 

a b C 

where the  quan t i ty  aV0.q represents  p o t e n t i a l  v o r t i c i t y  and terms a-c are the  
d i a b a t i c  heating, c u r l  of  f r i c t i o n ,  and solenoid terms, respec t ive ly .  
a-c are sourceisink t e r m s  f o r  p o t e n t i a l  v o r t i c i t y .  I n  the  absence of substan- 
t i a l  d i a b a t i c  heating, i t  seems cons i s t en t  t o  expect t h e  solenoid t e r m  t o  be a 
major source of kth-component p o t e n t i a l  v o r t i c i t y  and t h e  c u r l  of f r i c t i o n  term 
a major s ink  i n  t h e  mid- t o  upper-troposphere. It a l s o  i s  cons i s t en t  from a 
mathematical perspec t ive  t o  expect an increased r o l e  t o  be played by t e r m  b 
when pa rce l s ,  a l ready  having l a r g e  p o t e n t i a l  v o r t i c i t y  va lues  wi th in  t h e  strong 
cyc lonica l ly  shearing region, encounter a region of s u b s t a n t i a l  p o t e n t i a l  vor- 
t i c i t y  increase  generated by t h e  solenoid term. Thus s i g n i f i c a n t  l o c a l  
increases  i n  p o t e n t i a l  v o r t i c i t y  can occur when t h e r e  i s  a l a r g e  three-dimen- 
s i o n a l  t r anspor t  of p o t e n t i a l  v o r t i c i t y  i n  proximity t o  a maximization of t h e  
solenoid t e r m .  

Terms 

I f  we  r e t u r n  t o  t h e  350 mb j e t  maximum configuration, a poss ib le  l i n k  may 
be made between t h e  t o t a l  time tendencies of divergence and p o t e n t i a l  v o r t i c i t y .  
F i r s t ,  t h e  maximization of -V*VP i n  equation (5) is linked t o  t h e  k t h  component 
of -ciVO*VaxVP. 
changes s u b s t a n t i a l l y  over a shor t  d i s tance  such as i n  d i f f lueng  zones imbedded 
within the  broad pressure f i e l d .  Likewise, negative va lues  of k-VaxVP are en- 
hanced where aP/ax i s  s u b s t a n t i a l l y  smaller than aP/ay and of the  appropr ia te  
sign, namely negative,  and the  f l u i d  i s  s t a b l y  s t r a t i f i e d ,  i .e. ae/az>>O. One 
would then expect l a r g e  p o s i t i v e  va lues  of t h e  solenoid t e r m  t o  be highly 
scale-dependent i n  order  of magnitude as is  V*VP. 

Large mesoscale values of -V*VP occur where the  Vr*VyP f i e l d  

Calculations of -CrVB*VaxVP i n d i c a t e  a one t o  two order  of magnitude 
increase  when evaluated on a 42 km mesh as opposed t o  168 km mesh. This rep- 
r e sen t s  a v a r i a t i o n  from to as an extreme example. The pos i t ion ing  
of the  maximum p o s i t i v e  solenoid term is  displaced 100-300 km t o  t h e  south and 
east of t h e  maximum p o s i t i v e  va lues  of (-V*VP) sloping back towards t h e  north- 
w e s t  between t h e  1200 and 7650 m levels. Thus t h e  pos i t ion ing  of t h e  maximum 
p o t e n t i a l  v o r t i c i t y  source term shown i n  Figure 3 is j u s t  t o  t9e southeast  of 
maximum k i n e t i c  energy, cyclonic v o r t i c i t y ,  p o t e n t i a l  v o r t i c i t y ,  and divergence 
equation imbalance. 

Pa rce l s  high i n  p o t e n t i a l  v o r t i c i t y  while experiencing s u b s t a n t i a l  pos i t i ve  
divergence equation imbalances w i l l  be def lec ted  t o  t h e  south and east of t h e i r  
o r i g i n a l  quasi-geostrophic t r a j e c t o r i e s .  The downward component of motion due 
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t o  l a rge  d Div/dt i n  t h i s  volume characterized by t h e  southeastward d e f l e c t i o n  
w i l l  cause parcels t o  ca r ry  t h e i r  tropopause momentum downward while generating 
high p o t e n t i a l  v o r t i c i t y  i n  t h e  region of l a rge  p o s i t i v e  (-aVB*VaxVP), thereby 
tapping the  f l u i d ’ s  ava i l ab le  p o t e n t i a l  energy, and thus  forc ing  t h e  c u r l  of 
f r i c t i o n  term t o  r ap id ly  m i x  t h e  f l u i d  and act as a s ink  of p o t e n t i a l  v o r t i c i t y .  
These processes are f u r t h e r  amplified i f :  1) there  i s  a component of d i a b a t i c  
heating parallel t o  t h e  maximum component of absolu te  v o r t i c i t y ,  forc ing  the  
d i a b a t i c  term t o  act as a p o t e n t i a l  v o r t i c i t y  source mechanism; 2) t h e  depth 
through which vertical wind shear e x i s t s  i s  q u i t e  shallow, thus enhancing t h e  
waw/az term i n  t h e  v e r t i c a l  equation of motion; 3) 3/82  aP/az i s  s u b s t a n t i a l ,  
as is o f t en  t h e  case near t he  tropopause because of l o c a l  p o t e n t i a l  temperature 
s t r a t i f i c a t i o n .  

. In  sho r t ,  t h e  t o t a l  t i m e  tendency of t h e  three-dimensional divergence is 
important and t h e  f l u i d  is e f f e c t i v e l y  forced t o  be a compressible medium, 
implying unusually e f f i c i e n t  energy-momentu9 t r a n s f e r .  
modified, leading t o  a maximization of Vw-aV/az. 
these  i n  which temp a and b play an important source/sink r o l e ,  t he  t o t a l  t i m e  
tendency of (av78E*qa) o r  equivalent p o t e n t i a l  v o r t i c i t y  i s  a more complete 
representa t ion  of t h e  t o t a l  dynamics within the  f l u i d  (See r e f .2 ,  Paine and 
Kaplan). 
t u r e  i sen t ropes  a t  1200 GMT 11 Apr i l  leading t o  l a r g e  nega t ive  g rad ien t s  of 
30E/az over t h e  s t i p p l e d  region. Such gradien ts  y i e l d  atmospheric columns 
which w i l l  become absolu te ly  convectively uns tab le  as moisture convergence 
beginning within the  next few hours s a t u r a t e s  narrow mesoscale zones leading t o  
squa l l - l ine  formation. 

It i s  thus  acous t ica l ly-  
Under circumstances such as 

Figure 4 dep ic t s  t h e  s t rongly  deformed equivalent p o t e n t i a l  tempera- 

THE PRESSURE TENDENCY EQUATION AS A LINK BETWEEN SEVERE TURBULENCE 
GENERATED NEAR THE TROPOPAUSE/TOPOGRAPHIC BOUNDARIES 

It i s  t h e  mechanism of t h e  low-level pressure  tendency which acts as t h e  

The pressure tendency equation 
f i n a l  l i n k  between t h e  fo ld ing  and eventual break of t h e  tropopause boundary 
and the  planetary boundary l a y e r  mesogenesis. 
states: 

A t  1100 CST (Central  Standard Time), 5 hours a f t e r  t he  1200 GMT sounding, t h e  
maximum low-level divergence and sur face  pressure  rises are i n  NE Kansas. The 
southeastward and downward de f l ec t ion  of zonal k i n e t i c  energy which began over 
NW Kansas beneath t h e  tropopause f o r c e s  parcels towards t h e  r i g h t  of t he  mid- 
and upper-tropospheric j e t  maximum, leading t o  in tegra ted  ve loc i ty  convergence 
and su r face  mesoscale pressure  rises across  NE Kansas. 

For t h e  previous 6 hours very low v i s i b i l i t i e s  associated with blowing 
dus t  from southwest of Wichita, Kansas t o  nor theas t  of Kansas City, has been 
t h e  s igna ture  of t h e  aforementioned downward t r anspor t  of high p o t e n t i a l  vor- 
t i c i t y  values i n t o  the  l a r g e  solenoid t e r m  region i n  t h e  lower troposphere. 
The sur face  wind vec tor  a t  t h i s  t i m e  at  Kansas City is  blowing nea r ly  perpen- 
d i c u l a r  t o  the  sur face  i soba r s  with a sustained value i n  excess of 20 m sec-’. 
This i s a l l o b a r i c  flow carries low va lues  of s p e c i f i c  volume northeastward 
towards t h e  tornado outbreak zone i n  NE Iowa. This process s u s t a i n s  super- 
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ad iaba t i c  l apse  rates over a s u b s t a n t i a l  po r t ion  of t h e  lower troposphere as 
microscale eddies  of heat and moisture are mixed i n t o  t h e  downward extension of 
high p o t e n t i a l  v o r t i c i t y  values. 
tained as t h e  mesoscale pressure  rise p a t t e r n  accelerates northeastward. 

Thus low Richardson number regimes are main- 

Hourly sur face  pressure,  wind, and dewpoint observations shown i n  Figures 
5a-d i n d i c a t e  a continuance of t h i s  process f o r  t h e  next eleven hours, culmin- 
a t i n g  an ex t r ao rd ina r i ly  occluded low-level f r o n t a l  s t r u c t u r e .  
Mesopressure rises proceed northeastward from NW Missouri, NE Iowa, t o  NW I l l i n o i s ,  
northern and c e n t r a l  Indiana, southern Wisconsin and Michigan, and northern Ohio. 
A s  t he  mesoridge bu i lds  northeastward under t h e  in tegra ted  convergence t h e r e  is 
accompanying divergence of t h e  isodrosotherms, l i n e s  of constant dewpoint, while 
t h e  enhanced su r face  ve loc i ty  convergence along t h e  leading edge of t h e  rise 
area associated with t h e  i n t e n s i f i c a t i o n  of t he  i s a l l o b a r i c  wind i s  increased. 

(See r e f .  3 . )  

The tornadic  storms are organized when t h i s  r ap id ly  moving dry momentum 
surge fo rces  a negative s lope  i n  the  f r o n t a l  s t ruc tu re .  This allows enough 
v e r t i c a l  v a r i a t i o n  of convergence coupled with l a r g e  vertical  g rad ien t s  of 8, 
t o  p e r m i t  t h e  maximization of vor tex  tube s t r e t ch ing ,  i .e.,  w aw/az within t h e  
moist l ayer .  (A s i t u a t i o n  i n  which the  term V w * 8 / a z  i n  t he  divergence equa- 
t i o n  i s  maximized and the  source/sink terms i n  t h e  equivalent p o t e n t i a l  
v o r t i c i t y  theorem are a l s o  maximized.) 

I n  the  area of t h e  mesoscale trough formation ahead of t h e  ageostrophic 
momentum surge, sur face  pressure f a l l s  have occurred due t o  in t eg ra t ed  diver- 
gence. This, i n  t u rn ,  enhances low-level convergence. The maximization of 
low-level convergence ahead of the  surge-line i s  a func t ion  of t he  proper jux- 
t apos i t i on  of low-level - V * V P  and -2J(u,v) as w e l l  as negative solenoid f i e l d s .  
The maximum negative solenoid value i n  the  lower troposphere i s  i n  western 
I l l i n o i s  i n  c lose  proximity t o  t h e  sur face  mesotrough formation, i n t e n s i f i c a -  
t i on ,  and i n s i p i e n t  tornado development beginning a t  1300 CST. 

CONCLUSIONS 

I n  summary, .it has been hypothesized t h a t  mesoscale pressure,  k i n e t i c  
energy, and moisture d i s t r i b u t i o n s  are t h e  product of hydro-thermodynamic 
processes which involve the  nonconservation of both 2-D ve loc i ty  divergence and 
p o t e n t i a l  v o r t i c i t y  following parcels. These deep, quasi-hydrostatic,  diver- 
gence-convergence p a t t e r n s  flanking t h e  j e t  s t r e a m  are amplified over sho r t  
t i m e  periods when t h e  appropr ia te  phasing occurs between t h e  configuration of 
the  ve loc i ty  components and t h e  divergence of t h e  pressure grad ien t  f o r c e  p e r  
u n i t  mass. 
momentum from the  longer c l a s s  of atmospheric wavelengths e n t e r s  i t s  smallest 
spat ia l  and temporal envelope t o  be characterized as i n t e r n a l  v i scos i ty .  

The f i n a l  s t ages  of family tornado development arise where energy- 
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-+ 
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Y 3-D v e l o c i t y  vec tor  

D i v  Os$, au/ax+av/ay, 2-D ho r i zon ta l  

P pressure  

-+ 

X Y Z  -+ 

v e l o c i t y  divergence 
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Figure  1.- 350 mb ( E  8 km) wind i s o t a c h s  i n  m sec-l f o r  1200 GMT 11 A p r i l  1965. 

1 0 0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
9 1  atn 

Figure  2.- P o t e n t i a l  temperature  (4 K intervals) ver t ical  c r o s s  s e c t i o n  
f o r  2400 GMT 12  A p r i l  1965. 
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Figure 3.- Potential vorticity (x 10-10 cm2g-1 K s-1) plus soleno 

6 \ 

bdge  City Topeka Columbia Peoria 
I I I I I 

id source term. 

Figure 4 . -  Equivalent potential temperature (5 K intervals) vertical 
cross section fo r  1200 GMT 11 April 1965. 
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(a) Surface c h a r t s  with sea level i sobars  (mb) 
as s o l i d  l i n e s .  

(b) Dashed isodrosotherms (OF), and 
winds ( f u l l  barb = 2.5 m sec'l; 
f l a g  = 12.5 m see-1). 

Figure 5.- Surface weather during t h e  Palm Sunday tornado outbreak. 
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(c) Stippled areas i n d i c a t e  radar  echoes and 
arrows show d i r e c t i o n  of motion of tornado 
echoes. 

(d) Palm Sunday tornadoes of Apr i l  11, 1965. 
(See r e f .  3 . )  

Figure 5.- Concluded. 
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SIMULATION OF THE ATMOSPHERIC BOUNDARY LAYER IN THE WIND TUNNEL FOR 

MODELING OF WIND LOADS ON LOW-RISE STRUCTURES 

Henry W. Tieleman and Timothy A. Reinhold 
Virginia Polytechnic Institute and State University 

Richard D. Marshall 
National Bureau of Standards 

SUMMARY 

In this paper a description is given of the simulation of the lower part 
of the atmospheric boundary layer (strong wind conditions) in the low-speed 
wind tunnel for the modeling of wind loads on low-rise structures. 
bulence characteristics of the turbulent boundary layer in the wind tunnel are 
compared with full-scale measurements described in the open literature and 
with measurements made at NASA Wallops Flight Center. 
sured on roofs of a 1:70 scale model of a small single-family dwelling are 
compared with results obtained from full-scale measurements. The results in- 
dicate a favorable comparison between full-scale and model pressure data as 
far as mean, r.m.s. and peak pressures are concerned. In addition, results 
also indicate that proper modeling of the turbulence is essential for proper 
simulation of the wind pressures. 

The tur- 

Wind pressures mea- 

INTRODUCTION 

It has become clear that damage to low-rise structures is not usually 
due to wind loads acting over the entire structure, but it is initiated lo- 
cally as a result of peak fluctuating pressures. The repeated application 
of these loads on small exterior areas may result in local failure of win- 
dows, cladding and roofing. These fluctuating pressures are associated 
with local separation and reattachment of the flow and the formation of 
strong vortices along the roof edges. The intensities of the pressure fluc- 
tuations are dependent on the turbulence intensity and the direction of the 
oncoming flow. Modeling of the pressures on scaled models in the wind tunnel 
can only be successful if the turbulence intensity and the turbulence inte- 
gral scale in the approach flow are modeled adequately (ref. 1). Full-scale 
pressure measurements show that under certain conditions the amplitude proba- 
bility distribution of the local pressures has a marked skewness in the nega- 
tive direction (refs. 2 and 3 ) .  

In recent times, the results from research concerned with wind loads on 
high-rise buildings and other large structures have significantly influenced 
design practice. 
these results with data obtained from model studies in low-speed wind tun- 
nels have confirmed the validity of design coefficients for load and struc- 

Full-scale measurements of wind loads and comparison of 
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t u r a l  response. 
f o r  low-rise s t r u c t u r e s ,  and eventually t h i s  should r e s u l t  i n  t h e  update of 
those sec t ions  of building codes dea l ing  wi th  these  problems. 

A similar approach needs t o  be taken f o r  wind load problems 

SYMBOLS 

C- 
P 

P 
Ca 

C A  
P 

n 

P 
- 

Pmax 
h 

P 

U 

uR 

U* 

X 

*, Y l  

R z 

c1 

B 

Mean pressure  c o e f f i c i e n t  F/%pUR 2 

2 r . m . s .  p ressure  c o e f f i c i e n t  a /+pUR 
P 

Negative peak pressure  c o e f f i c i e n t  p/4p A u; 
Weibull c o e f f i c i e n t s  

Turbulence i n t e g r a l  s c a l e  

Frequency 

Mean pressure  

Negative peak pressure 
- 

'ma, ' P  

P robab i l i t y  d i s t r i b u t i o n  func t ion  

Power s p e c t r a l  dens i ty  of t h e  streamwise turbulence components 

Power s p e c t r a l  dens i ty  of pressure  s i g n a l s  

Turbulence components i n  x, y and z d i r e c t i o n s ,  respec t ive ly  

Corre la t ion  between x and z turbulence compdnents 

Mean v e l o c i t y  

Mean ve loc i ty  a t  t h e  re ference  he ight  z 

Shear ve loc i ty  

Reduced variate, (pneg - p)/op 

Coordinace d i r e c t i o n s  (see f i g u r e  1) 

Reference height (LO m f u l l - s c a l e  and 14.3 c m  f o r  model) 

Power index of t he  mean-velocity p r o f i l e  

R 

- 

Mean wind d i r e c t i o n  r e l a t i v e  t o  t h e  d i r e c t i o n  normal t o  t h e  length  
of t h e  model measured counter-clockwise 
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0 Standard deviation of the fluctuating pressure 

P Air density 
P 

WIND TUNNEL MODEL TECHNIQUE AND SIMULATION OF THE now 

In order to achieve adequate simulation of the wind loads on low-rise 
structures, the following problems need to be considered: 

a. Simulation of the approaching flow in the wind tunnel appropriate to 
a particular site. 

b. Reproduction of the actual site and the prototype structure at the 
chosen geometric scale. 

c. Measurement of the exterior surface-pressures (static component as 
well as dynamic component) on the model. 

d. Statistical description of the fluctuating pressures which should in- 
clude mean, r.m.s. and peak pressure coefficients, cross-correlation 
coefficients of pressures at various points, probability distribution 
of the peak pressures and pressure spectra. 

e., Comparison of the statistical quantities representing the fluctuating 
pressures on the model with those obtained from full-scale measure- 
ments. 

Preferably, the flow simulated in the wind tunnel should be compared with 
velocity measurements made near the prototype. In most cases, however, the 
full-scale velocity data are limited to measurements at one point. 
ternative one has to rely on wind data taken over similar terrain or results 
from review articles (refs. 4 and 5). 

to be developed over a short distance. 
a system which depletes the momentum close to the tunnel floor and introduces 
large scale vorticity at the test section entrance. 
to pass over a fetch of boundary-layer roughness elements (fig. 1) which 
should create the appropriate simulation of the atmospheric boundary layer. 

Models (1:70 scale) with different building geometries, including varia- 
tions in roof slope ( 0 ,  10, 20 and 30 degrees), length to width ratio, length 
of roof overhang, as well as single- and two-story models were investigated 
for mean and fluctuating roof pressures with six pressure transducers. 
the test models is a 1:70 scaled model of a full-scale test house at Quezon 
City (ref. 6 ;  fig. 2 ) .  The location of the test house is not the most ideal 
site, because several large structures are located nearby. However, some full- 
scale data are compared with model results and discussed in this paper. 

As an al- 

In short test-section wind tunnels, a thick turbulent boundary layer needs 
This can be achieved with the use of 

This flow is then allowed 

One of 

EXPERIMENTAL TECHNIQUES AND MEASUREMENTS 

Mean velocity and turbulence measurements were made initially at the mod- 
el location (fig. 1) of the flow generated by the spire-roughness method. The 
flow was checked for two-dimensionality and for homogeneity in the direction 
of the flow. The experimental techniques used for the measurement of the mean 
velocity and the turbulence as well as the data analysis are described in 
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reference 7. Similarly, the full-scale as well as the model pressure measure- 
ments and their analysis are described in reference 6. 

floor is maintained at 3.81 cm of water which corresponds to a velocity of 
27 m/s. 
the mean velocity at the scaled reference height, zR, of 14.3 cm corresponding 
to a full-scale height of 10 m. 

The free-stream dynamic pressure at a height of 1.5 m above the tunnel 

The reference velocity, UR = 12.8 m/s, used throughout this paper is 

DISCUSSION OF FLOW MEASUREMENTS 

The mean-velocity profile measured at the model location (x,y = 0,O cm) 
is shown in power-law form in figure 3 and semi-logarithmic form in figure 4. 
The results show a "smooth" velocity profile (a = 0.117 and zo = 9.5 x 
up to a height of z/zR = 0.2, and for heights 0.2 < Z/ZR < 0.7 a "transition" 
profile. 
profile shows a power index of 01 = 0.286 and a roughness length zo = 0.69 cm. 
Figure 5 shows the turbulence-intensity distribution for the longitudinal 
velocity component measured at the model location. 
z/zR = 1.0, the intensities for the x, y and z turbulence components are 19.5%, 
21.5% and 18.75%, respectively. Full-scale measurements show longitudinal 
turbulence intensities of 30% and 19.5% at the 10 m reference height for a 
power index of 0.29 and 0.125, respectively. The wind tunnel results show a 
19.5% turbulence intensity for a power index of 0.29. 
cates that reproduction of the velocity profile does not automatically mean 
a correct turbulence intensity. As a matter of fact the simulation of the ve- 
locity profile needs to be relaxed if the primary requirement is the simula- 
tion of the turbulence intensity. In order to achieve a certain turbulence 
intensity in the wind tunnel simple geometric scaling of the upstream rough- 
ness is not sufficient. To the contrary, the upstream roughness elements 
need to be exaggerated in size which will result in a larger power index. 

stress layer up to a height of z/zR = 1.75 (17.5 m full scale). 
stress layer should be thicker according to full-scale measurements. 
could be achieved by increasing the length of the fetch of upstream roughness- 
elements. In this case this length was limited because of the location of the 
turntable which was used for rotation of the models through 360 degrees. 

The vertical distribution of the measured turbulence integral-scales, Luy 
is shown in figure 7 for several positions near the model location. Using the 
mean-velocity power index of 0.29 and 0.125 the full-scale turbulence integral 
scale at the 10 m reference height should be 50 m and 150 m, respectively (ref. 
5). 
2.14 my respectively would be required. 
achieve in a wind tunnel whose test section has a cross section of 1.8 m x 
1.8 m. The actual measured integral scale at the reference height is 0.23 m 
which is nearly twice as large as the largest model dimension. 

0.55, 1.0, 2.12, 2.88 and 4.27 at the model location are shown as a composite 
in figure 8. 
tion which also provides an excellent fit to full-scale velocity spectra. 

cm) 

For heights of Z/ZR = 0.7 and up to z/zR = 4.5, the mean velocity 

At the reference height 

This observation indi- 

The turbulent shear-stress distribution (fig. 6) indicates a constant- 
The constant 

This 

For the 1:70 geometric scale ratio, a model integral-scale of 0.71 m and 
These requirements are impossible to 

Spectra of the longitudinal turbulence component at heights of Z/ZR = 0.2, 

The spectra compare quite well with the von Karman spectrum-func- 
The 
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parameters def in ing  t h e  flow obtained with t h e  spire-roughness method and ob- 
tained i n  a long tes t - sec t ion  wind tunnel wi th  smooth f l o o r  are compared with 
the  fu l l - s ca l e  d a t a  from references  4 and 5 and independent measurements made 
a t  NASA, Wallops Island. These d a t a  are l i s t e d  i n  Table 1. 

COMPARISON OF THE PRESSURE MEASUREMENTS 

Results of t h e  f u l l - s c a l e  and model tests on t h e  bui ld ing  configuration 
shown i n  f i g u r e  2 are discussed i n  t h e  following paragraphs. 
t i ons  do not correspond exac t ly .  
ab l e  runs are l i s t e d  i n  t a b l e  2. 

f u l l - s ca l e  da t a  
height i n  t h e  wind tunnel,  are shown i n  t a b l e  3.  
and f u l l - s c a l e  f o r  t h e  mean pressure  c o e f f i c i e n t s  i s  f a i r .  Some of the  d is -  
crepancies can be explained t o  be a r e s u l t  of long-term d r i f t  of t he  trans- 
ducers. 
f l uc tua t ions ,  and t h e  agreement between f u l l - s c a l e  r . m . s .  c o e f f i c i e n t s  f o r  
nearly i d e n t i c a l  wind d i r e c t i o n s  i s  s i g n i f i c a n t l y  b e t t e r .  
t he  negative peak pressure  c o e f f i c i e n t s  i s  f a i r .  The values of C i  f o r  t h e  wind 
tunnel d a t a  w e r e  obtained from s t r i p c h a r t  recordings taken during r o t a t i o n  of 
t he  model and, therefore ,  are not assoc ia ted  with any s p e c i f i c  record length.  

s t r i p  cha r t  while t h e  model w a s  exposed-to t h e  simulated flow and ro t a t ed  
through 360 degrees a t  t h e  same t i m e .  
the  negative peak-pressure c o e f f i c i e n t s ,  
shown i n  f i g u r e  9 .  The r e s u l t s  c l e a r l y  i n  i c a t e  t h a t  t h e  negative peak pres- 
sure  c o e f f i c i e n t s  are much l a r g e r  i n  magnitude than t h e  mean pressure  coe f f i -  
c i en t s .  Wind loads on s m a l l  areas needed f o r  design of cladding a r a  governed 
by t h e  peak pressures  and not  by the  mean pressures.  The r e s u l t s  i n d i c a t e  
t h a t  t hese  peak pressures  occur near t h e  edges of t h e  roof wi th  the  wind nor- 
m a l  t o  t h e  roof edge and d e v i a t i n g ?  60 degrees from t h i s  normal d i r ec t ion .  

peaks than p o s i t i v e  peaks. Similar r e s u l t s  are obtained f o r  both model and 
f u l l - s c a l e  measurements as shown by t h e  pressure  records i n  f i g u r e  10. 
r e s u l t ,  t h e  amplitude p robab i l i t y  d i s t r i b u t i o n  assoc ia ted  with the  negative 
pressure f l u c t u a t i o n s  depar t  s u b s t a n t i a l l y  from a gaussian d i s t r i b u t i o n  a t  
l a r g e  amplitudes. 
tua t ions  can be described by a Weibull d i s t r i b u t i o n  ( f igu re  11) 

The wind d i rec-  
The f u l l - s c a l e  wind d a t a  f o r  t he  four  avail- 

The pressure  c o e f f i c i e n t s ,  based on t h e  dynamic pressure  a t  10 m f o r  t h e  

The agreement between model 
and based on t h e  dynamic pressure  a t  t h e  sca led  re ference  

Considerably more confidence can be placed i n  the  f u l l - s c a l e  pressure  

The agreement of 

The output s i g n a l s  from t h e  s ix  pressure  transducers w e r e  recorded on a 

The mean pressure  c o e f f i c i e n t s ,  Cp,  and 
obtained from t h e  s t r i p  c h a r t s  are ci3 

It i s  well-known t h a t  t h e  f l u c t u a t i n g  pressures  show l a r g e r  negative 

A s  a 

For both f u l l - s c a l e  and model, t h e  negative pressure  f luc -  

where c and k are c o e f f i c i e n t s  determined by curve f i t t i n g .  

frequency end of t h e  spectrum show t h e  s i m i l a r i t y  of t he  model and f u l l - s c a l e  
r e s u l t s  ( f ig .  1 2 ) .  This matching procedure leads  t o  a scale r a t i o  of 1:'45, 
which compares favorably wi th  t h e  geometric scale r a t i o  of 1:70. 

s t r u c t u r e  of t h e  flow. I n  order t o  show t h a t  t h i s  i s  necessary, one of t h e  
models w a s  t e s t ed  i n  a smooth flow as w e l l .  The r e s u l t s  show t h a t  t he  mean 

Two spec t r a  of t h e  f l u c t u a t i n g  pressures  which are matched a t  t he  low 

A grea t  d e a l  of a t t e n t i o n  w a s  paid t o  t h e  simulation of t h e  turbulen t  
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pressure coefficients for smooth and turbulent flow are very similar (fig. 13). 
However, the negative peak pressure coefficients for smooth flow are negligible 
when compared with the negative peak pressure coefficients for turbulent flow 
(fig. 14). Consequently, the proper simulation of the turbulence is essential 
for the simulation of the fluctuating pressures. 

CONCLUSIONS 

The spire-roughness method is an excellent method for the reproduction of 
the flow of the atmospheric surface layer in a short test-section wind tunnel 
for the simulation of wind pressures on models of small-rise structures with 
a model scale of the order of 1:70. 
sionless pressure coefficients, probability distributions and power spectra, 
it can be concluded that valid roof-pressure data can be obtained from models 
with relatively large geometric scale ratios. 
model all flow features of the atmospheric surface layer with the technique 
described in this report. However, results obtained from this study and com- 
parison with results from previous investigations suggest that the simulation 
of the turbulence intensity with a sufficiently large turbulence integral 
scale are the key factors for the success of the simulation of the fluctuating 

Based on the agreement betwegn the dimen- 

It is not possible to accurately 

roof 

1. 

2. 

3 .  

4. 

5. 

6. 

7. 
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Fig. 1 - Wind Tunnel Configuration 
(Plan) and Spire Geometry 
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Fig. 3 - Mean Velocity Profile - 
Power Law Representation 

Fig. 2 - Experimental Building, 
Quezon City, Philippines 
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Fig. 4 - Mean Velocity Profile - 
Semilogarithmic Representation 
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Fig. 5 - Turbulence Intensity - 
Streamwise Component - x,y = 0,O cm 
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Fig. 10 - Records of Pressure  Signals ,  
Model and Ful l -scale ,  Quezon City 

Fig. 11 - Probab i l i t y  Di s t r ibu t ion  of 
Negative Pressure  F luc tua t ions  
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Fig. 1 2  - Pressure Spectra ,  Comparison 
of Model and Ful l -scale ,  Quezon C i ty  

Fig. 13 - Mean Pressure Di s t r ibu t ion  
€or  one of t h e  Models (Pi tch 30°, 
L/W = 1.2, 2 S t o r i e s ,  No Eaves) 
f o r  Turbulent and Smooth Flow 

Fig. 14  - Peak Pressure  Di s t r ibu t ion  
f o r  one of the  models ( P i t c h  30°, 
L/W = 1.2, 2 S t o r i e s ,  N o  Eaves) 
f o r  Turbulent and Smooth Plow 
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NUMERICAL SIMULATION OF TORNADO WIND LOADING ON STRUCTURES 

Dennis E. Maiden 
Lawrence Livermore Laboratory 

A numerical simulation of a tornado interact ing with a building w a s  under- 
taken i n  order t o  compare the pressures due t o  a ro ta t iona l  unsteady wind with 
t h a t  due t o  steady s t ra ight  winds currently used i n  design of nuclear f a c i l i t i e s .  
The numerical simulations were performed on a two-dimensional compressible hydro- 
dynamics code. Calculated pressure prof i les  for  a 
jected t o  a tornado wind f i e l d  and the  r e su l t s  a re  
steady design calculations. The analysis indicates 
a re  conservative. 

typ ica l  building i s  then sub- 
compared with current quasi- 
that current design practices 

INTRODUCTION 

A major concern i n  the  nuclear industry i n  t h e  design of power, fue l  fabri-  
cation, and fue l  reprocessing plants  i s  that  the  Nuclear Regulatory Commission 
( re f .  1) requires tha t  the plants remain safe i n  the  event of t he  most severe 
tornado that i s  l i k e l y t o  occur. 
geographical frequency-of-occurrence dis t r ibut ion i s  commonly used. 
physical properties have largely been based on eye-witnesses, movies, photographs, 
and damage assessment. The most important i s  t h e  curve f i t t i n g  of the  r e su l t s  
of Hoecker (ref. 2 )  fo r  the  Dallas tornado of 1957. Determination of wind speeds 
i n  tornados a re  only rough approximations (Mehta r e f .  3). A s  a result of these 
studies,  however, tornados have been characterized by a s e t  of properties that 
are  useful for  purposes of s t ruc tura l  design and s i t i ng .  These properties a re  
defined i n  Table 1 ( re f .  1 and 3) fo r  a regionalized Design Basis Tornado (DBT). 
(See r e f .  4 . )  

PURPOSE OF NUMERICAL ANALYSIS 

Tornados a re  d i f f i c u l t  t o  predict ,  and a 
Their 

The meteorologists provide informat ion on the va l id i ty  of vortex models , 
t h e i r  interact ion with t h e  ground, and t h e  maximum at ta inable  wind speeds. With 
this information they have constructed a simple vortex model of a tornado. They 
assume t h a t  the  rotat ional  component ac ts  as a s t ra ight  wind on interact ion 
with a s t ructure  and thus they can compute the aerodynamic pressures with the  
a id  of experimentally determined pressure coeff ic ients .  The pressure drop is  
t reated independently and added t o  the  previous result only t o  obtain t h e  worst 
case. This is cal led the  quasi-steady or "ANSI" ( re f .  5) approach. The purpose 
of t h i s  paper i s  t o  bridge t h e  gap between the  vortex models and the s t ruc tura l  
design c r i t e r i a  by u t i l i z i n g  two-dimensional numerical f l u id  mechanical models 
i n  a self-consistent manner. 

Wen ( re f .  6) calculated significant dynamic loads on a structure due t o  a 
t rans la t ing  vortex by employing an empirical re la t ion  that accounted for  t he  
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added mass" or acceleration effect  as the  f lu id  i s  forced around the structure.  
Hunt ( re f .  7 )  l a t e r  disproved Wen's analysis by computing exactly the  loads on a 
cylinder and found them t o  be much less .  
rotat ing f luid.  
e t  a l .  ( r e f .  8) i n  which they point out that  Hoecker's data requires careful 
interpretat ion,  t ha t  scaling relat ions fo r  other tornados have l i t t l e  or no 
physical basis ,  and t h a t  the  simple models a re  not physically consistent with 
f lu id  mechanical equations of motion and continuity. 

11 

He a t t r i bu te s  them t o  lift i n  a 
A further cr i t ique of tornado modeling i s  provided by Redmann 

Therefore the  important questions t o  be considered are:  based on f lu id  
mechanics, does the  ANSI approach give a reasonable approximation t o  the forces 
due t o  the  tornado model described by the  meteorologists? What are  the engi- 
neers missing by taking the  simplified approach? What are the  l imitat ions of 
the f lu id  mechanics? 

TORNADO WIND MODEL 

The simple vortex model i s  described fu l ly  i n  McDonald et  a l .  ( r e f  9 )  and 
Rotz e t  a l .  ( re f .  10). The parameters o r  the model a r e  given i n  Table 1. The 
tangential  velocity V i s  assumed t o  be a combined Rankine vortex defined by e 

R m - 
r 'em 

where r i s  the  radius from the  center of t he  core, Rm i s  t h e  radius at maximum 
tangential  velocity,  and Vern i s  the  maximum tangent ia l  wind velocity. The rad ia l  
velocity Vr = V9/2 and the ve r t i ca l  velocity Vv = 0 for  our purposes. 
rotat ional  velocity i s  defined as Vro = Y/V2 + V i  = 1.12 V g ,  V t  i s  defined as  
the  t rans la t iona l  velocity,  and the  maxim&*velocity i s  V 

The 

- - vro + vt. 
IIBX 

The atmospheric pressure drop Pa i s  obtained by integration of the  cyclo- 
The r e su l t s  strophic wind equation dPa/dr = pV$r where P i s  the air  density. 

are : 

The vortex model i s  depicted i n  f igure 4. 
NUMERICAL ANALYSIS 

The numerical simulation was  performed on t h e  two-dimensional hydrodynamic 
code BBC ( re f .  11). Equations (1) and (2) along with the parameters of Table 1 
were taken as i n i t i a l  conditions. This allowed a DBT t o  t r ans l a t e  and interact  
with a typ ica l  structure.  BBC i s  first order accurate with a numeFical viscosity 
D = Vk/2  and the  diffusion distance of the veloci ty  i s  approximately d = 
where V i s  t h e  velocity,  Ax i s  the  mesh spacing, and t i s  the t i m e .  In  a typ ica l  
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case V = 80 m/sec, Ax = 10 m, t = 1 sec and d = 20 m. 

DESIGN ANALYSIS FOR TORNADO WIPJDS 

Physical damage t o  buildings and s t ructures  i s  caused by two types of 
tornado-induced forces: (1) forces due t o  aerodynamic e f fec ts  and (2)  forces due 
t o  atmospheric pressure change. 

Aerodynamically, buildings experience an inward acting force on the  wind- 
ward w a l l ,  and outward act ing forces on the  roof and on leeward and side w a l l s  
a s  shown i n  figure 1. Forces due t o  atmospheric pressure change cause outward 
acting forces on a l l  surfaces of a t i g h t l y  closed building as shown i n  f igure 1, 
and could cause explosive failure. 
conventional f a c i l i t i e s  have suff ic ient  openings t o  allow inside a i r  t o  escape 
and hence do not experience forces due t o  atmospheric pressure change. 

With the  exception of nuclear f a c i l i t i e s ,  

Essentially the  design procedure ( re f .  9 and 1 0 )  i s  t o  calculate wind 
Uti l iz ing the  loadings on s t ructure  by the  ANSI Standard (ref. 5) method. 

parameters of Table 1 the velocity is  imposed on the  building i n  the  manner 
depicted i n  figure 1. The velocity pressures a re  then calculated by 

P = .5 c c pVma 2 
V P S  (3) 

where Cp a r e  aerodynamic pressure coefficients obtained from wind tunnel data 
for s t ra ight  winds, C, i s  the  s ize  coefficient,  (ref. 9 or lo), p i s  the  density 
of a i r ,  and V i s  the maximum horizontal velocity component. The maximum 
pressure drop-om equation ( 2 )  i s  

P = p V i m  a 

Equation ( 4 )  predicts a pressure l e s s  than tha t  of Table 1 so the  l a t t e r  value 
i s  used for  design. The design pressures are (ref .  9 or 10) :  

P + 1 / 2  Pa) pv' v P = max (pa, ( 5 )  

RESULTS AND DISCUSSION 
Problem 1 

I n  order to' check out BBC a sample problem i s  considered of flow around a 
building 100 x 70 m (328 x 230 f't.).- The r e su l t s  of BBC a re  shown i n  figures 2 
and 3 for  the case of a uniform velocity of 89.4 m/sec (200 mph). 
ment with experimental pressure data i s  shown i n  Table 2. 
numerical viscosi ty  provides a for tui tous pressure drop on the leeward side. 

Good agree- 
Apparently the  

Problem 2 
This i s  a typ ica l  design problem of a tornado interact ing with the  building 

of Problem 1. 
translat ing toward the shorter s ide (s ide A) .  The parameters of t h e  problem a re  
from Table 1 with exception o f  the  pressure drop i n  which equation (2)  i s  used. 
Design pressures computed from equations (3)  t o  (5) are given i n  Tables 3.1 t o  
3.3. Care should be 
taken i n  interpretat ion of the results since the  t a i l  on t h e  free  vortex w a s  cut 
off  a t  150 m fromthe vortex center. 
effects .  

This example was  taken from reference 9 i n  which the tornado i s  

BBC r e su l t s  f o r  t h i s  example a re  shown i n  figures 4 t o  6. 

This w i l l  lead t o  short time t ransient  
The tornado i s  160 m from the  building and it w i l l  take 5 sec t o  get 
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there  and 3 sec more t o p a s s  over. 
o f t h e  aerodynamic pressure and atmospheric pressure drop. 
t akes  a t  various times (f ig .  5 ) ,  however, are more representative of the aero- 
dynamic forces since the  building destroys the  vortex and t h e  pressure drop. The 
two-dimensional nature does not allow maintenance of t h e  pressure drop. The 
corresponding velocity vector plots are  shown i n  figure 6. 
r e su l t s  should be made i n  conjunction with each other. 

Therefore, the t o t a l  pressures w i l l  be a sum 
The pressure prof i les  

Interpretation of t h e  

A comparison of BBC with design calculations are provided i n  Table 3.1 and 

The individual w a l l  and 
3.2. 
and 50 per cent lower fo r  the leeward and s ide forces. 
roof panel results are low. Table 3.3 are  the  f i n a l  design loads fo r  t he  frame. 
The atmospheric pressure drop controls. 
at  the  w a l l  corners as there  are i n  the  s t ra ight  wind calculations. 
importance of this i s  that the design of t he  corner framing and edges of t he  
building i s  cost ly  due t o  the  high loads predicted by a s t ra ight  wind analysis. 
It i s  interest ing t o  note tha t  recent experiments by Cermak and &ins ( r e f .  12) 
show that the  pressure coeff ic ients  are reduced by 50 per cent i n  a gradient 
wind f ie ld .  

into the  building at 31.3 m/sec (70  mph). 
i s  redirected around the building. 
with the  pressure drop. 
by a t a l l  building. 
funnel clipped off  but t he  pressure drop would continue t o  t rans la te  and the  
rotat ing flow would recover due t o  shear by the time the tornado passed over the  
building. In  the  absence of a three-dimensional calculation it does appear t h a t  
the superposition technique ( i .e .¶  aerodynamics and pressure drop t rea ted  
independently) i s  reasonable because the building i tself  tends t o  decouple the 
flow. 

The values of average pressure a re  comparable f o r  t h e  windward acting force 

Furthermore, there  a re  no high values 
The 

Figures 4 t o  6 are the  velocity vector p lo ts  as  the tornado t rans la tes  
The vortex is  peeled off  and the  flow 

The strength of vortex is  thus reduced along 
This resu l t  corresponds t o  the  dissipation of a tornado 

In r e a l i t y  the  tornado would have the  bottom part  of the  

Finally,one may argue tha t  the  flow i s  too complicated t o  be captured by 
BBC. However, Hunt ( re f .  7 )  provides the argument tha t  i f  the time scale of 
t h e  tornado t ranslat ion Tt = Rm/Vt i s  greater than the  time scale of t he  flow 
Tf = L/Vmx past t he  building then the  separated flow region i n  the  wake tends 
t o  shrink and potential  flow model i s  a good approximation. 
Tt /Tf  = V,,/L * %/Vt = 360/240 0 150/70 = 3.5. 
the corners should be the standard values. 

For our case 
Furthermore, the  C values at P 

Problem 3 
This i s  an interest ing example where the  tornado i s  directed toward side B 

but more head on as opposedto a glancing flow of problem 2. 
shown i n  figures 7 and 8. 
t o  150 m and should be much larger .  
experiences a negative pressure as i n  an a i r f o i l .  

The results a re  
It should be noted tha t  the  f ree  vortex t a i l  i s  out 

Note tha t  the  w a l l  B (or the  top T )  

Problem 4 

resu l t s  were similar t o  problem 2. 
The building of problem 2 w a s  reduced t o  40 x 40 m (131 x 131 ft. ) . The 
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CONCLUDING REMARKS 

A two-dimensional numerical model was  developed fo r  the study of dynamic 
wind ef fec ts  on structures.* 
f romthe numerical examples. 

A number of qual i ta t ive conclusions can be drawn 
They are summarized as follows. 

1. Calculated pressure prof i les  for  steady flow w i t h  s t ra ight  winds are  
i n  good agreement with experimental data. 

2. Calculated pressure prof i les  for  rotat ional  winds reveal no serious 
unsteady dynamic effects .  
approach. 

The results are within the bounds of the ANSI 

3. The quasi-steady engineering approach of uncoupling the  aerodynamic 
forces and the  pressure drop i s  conservative. 
supported by recent work of C e r m a k  and &ins (ref. 12)  who have performed wind 
experiments on a three-dimensional building placed i n  a turbulent 'boundary 
layer and also i n  a flow with a l inear  velocity gradient. In  reference t o  
tornado flows they say: 

This conclusion is  further 

"In the meantime wind loading for  these more complex flows may 
be est.imated by using force and moment coefficients determined 
i n  two-dimensional turbulent boundary layer f l o w s  and the maxi- 
mum wind speed that i s  probable (see ANS proposed standard, 
1976) for  t he  meteorological event. 
evidence presented i n  this  paper such a procedure w i l l  lead t o  
a conservative estimate." 

On t h e  basis of 

4. The results in.the paper .represent .the fir& ewI;Lcu3.slt-i,oz: o f  a tornado 
like rrortex i n t e r a c t h g  with a structure.  Further calculatfons and refinements 
wi.l.1 be made i n  the f'uture. A three-dimensional computer model would, however, 
provide a be t te r  representation of the flow f i e l d  and corresponding pressures. 
These calculations sAauld-be done ir? conjunction -with pXanned experiments of 
the t n e  suggested by Cermak and &ins (ref. 12) .  

"This  work was performed under the auspices of the U.S. Energy Research and 
Development Administration, under contract No W-7405-Eng-48. 
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TABm 1 - DESIGN BASIS TORNADO CHARACTERISTICS, REGION 1 

bars 

+. 032 

-. 07 

-. 04 

-.lo 

V = 129.6 m/sec (290 mph) 

Pa(0) = .207 bars  (432 psf 

Rm 

ro V = 160.9 m/sec (360 mph) max 

V = 115.8 m/sec (259 mph) m 

Vt 

*Region 1 i s  E a s t  of t h e  Rocky Mountains 

= 45.7 m (150 f 't) = 31.3 m/sec (70 mph) 

psf 

+66.8 

-146. 

-83 5 

-208.9 
- 

TABLE 2 - COMPARISON OF EXPERIMENTALLY DERIVED DESIGN PRESSURE WITH BBC 
FOR STEADY FLOW (Problem 1) 

.8 

-.7 

- 9  5 

Locat ion 

Windward 

Roof o r  Side 

Leeward 

Windward Sidc 
Wall Corner 

+*  039 

- .034 
-. 025 

Desi Pressure 

-2.0 -.Og8 -205. 

+81.5 

-71.0 

-52.2 

Pressure 
bars Ipsf bars  psf 

+. 065 
+.054 

TABLE 3.1 - COMPARISON OF AVERAGE PRESSURES WITH BBC FOR FRAME 
DESIGN (Problem 2) 

+136 3.05 1+104 
+113 I 

Location 

-.ob1 
-.034 

-.057 
-.Oh7 

Windward 

Leeward 

Roof 
o r  Side 

-85 -.02 -42 

(+63) T 

-119 (+.03: 125 B 

-72 

-99 +.06 

Wind 
Direct ion 

A* 
B" 

A 
B 

A 
B 

p /P 

CS 
max ave 

0.512 
0.425 

0.512 
0.425 

0.512 
0.425 

- 
C 
P 
- 
0.8 
0.8 

-0.5 
-0.5 

-0.7 
-0.7 

- - 

Design 1 BBC 

"A = Toward short side of building. 
"B = Toward long s ide of building. 
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TABLE 3.2 - COMPARISON OF LOCAL PEAK PRESSURES WITH BBC FOR LOCAL 
MEMBER DESIGN. (Problem 2) .  

Pv + 05 Pa 

Lo ca t  ion 

Wall Corners 

Roof Corners 

Windward Wall 

Leeward Wall 

Side Wall 

Roof Panel 

A .-.038 -80 -.I44 -301 -.160 -335 
B .-.Oh9 -103 -.138 -288 m.151 -315 

TABLE 3.3 - TYPICAL TOFU!TADIC DESIGN LOADS FOR FRAME DESIGN (EQ.5) 
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FORCES DUE TO AERODYNAMIC 
EFFECTS OF WIND 

2 
.A 
3 

V 

Rm ‘2 

FORCES. DUE .,TO. ATMOSPHERIC PRESSURE 
CHANGE EFFECTS ON ENCLOSED B U I L D I N G  

Figure 1.- Decomposition of tornado wind fo rces  i n t o  aerodynamic and pressure  
drop f o r c e  components; a lso shown i s  a t y p i c a l  v e l o c i t y  p re s su re  loading 
diagram. 

.O 5 
W I N D W A R D  1 

I L E E  W A R D  

- .o 5 

0 1 
- . I  

Figure 2.- Steady state p res su re  p r o f i l e s  f o r  problem 1. 
(Distance i s  normalized.) 
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Figure 3.- Steady state velocity vectors for 
problem 1 with Vmax = 114. m/sec (255 mph) 
at T = 2.0 sec. 

d 

- 

I 

W 
W 
co 
c.. 
I- 
D 
1 
P 
I 
0 
m 
m 

1 , # , . ~ " . . . . . . . . . . . . .  

\ b ' , t d , . - . *  . . . . . . . . . . .  
- \ \ , & , , . * - - * . . . . . . . . . . . .  g.: \ \ I L L / , # - - - - - *  * . . . . . . . . . . .  

c 

. . . . . . .  

. . . . . . .  

. . . . . . .  

. . . . . .  1 ~ ~ 1 :  : 
. .  
. *  

Figure 4.- Initial velocity vectors f o r  the 
tornado of problem 2 with V,, = 156. m/sec 
(350 mph) and T = 0.0 see. 
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0 I 
- . I F  * ' ' ' ' ' ' ' ' ' ' ' 

. I  

.05 - 
U l o  
Q 1  

0 I 

'I 

0 I 

Figure 5.- Pressure p r o f i l e s  f o r  problem 2 taken a t  var ious  t i m e s  and on 
t h e  s i d e s  ind ica ted  i n  f i g u r e  4 (distance i s  normalized). 
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i . l . . . . . . . . , ( , ( ) , , . . . . ' . .  . . . . . . . . . . . . . . . . . . . . . . . . .  
vmax = 76.4 m/sec (171 mphl V max = 73.7 (165 mph) 
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. . . . .  .. \,....~-v-.-.~~-+-.-. . . ... . . . . .  . . % . T w w - . 9 5 T T ~ . . . . - . .  , . . . . . . . - - - - ~ ~ T ~ . C C . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . .  ......................... ........................... . . . .  

at t = 3 sec. 

V = 72.4 m/sec (162 mph) V = 48.2 (108 mph) 
m51X max 
at t = 5 see.  at t = 10 see. 

Figure  6.- Veloc i ty  vec to r  p l o t s  f o r  problem 2. 
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0 I 

- I  I 

0 I 

T 

-' 0 I O  I 

Figure 7.- Pressure p r o f i l e s  for problem 3 taken at various times and on 
the  s ides  indicated in f igure  4 (distance is normalized). 
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........................ ......................... ........................ 

....... 

........ 

V = 49.9 (112 mph) max 
at t = 10 sec, 

Figure 8,- Velocity vector plots for problem 3.  
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THE MAKING OF THE ATMOSPHERE 

Joe l  S. Levine 
NASA Langley Research Center 

SUMMARY 

The Earth 's  atmosphere and oceans are assumed t o  have accumulated as a 
r e s u l t  of v o l a t i l e  outgassing from t h e  Earth 's  i n t e r i o r .  The bulk of t h e  out- 
gassed v o l a t i l e s  were o r ig ina l ly  trapped within t h e  so l id  Earth during t h e  
planetary accret ion process, while other  v o l a t i l e s  resu l ted  from radiogenic 
decay within t h e  so l id  Earth. Atmospheric oxygen resu l ted  from the  photo- 
dissociat ion of water vapor during t h e  Earth 's  ear ly  h is tory  and from photo- 
synthetic a c t i v i t y  i n  more recent t i m e s .  The or ig in  and evolution of 
atmospheric ozone i s  c lose ly  r e l a t ed  t o  t h e  growth of oxygen. 
ozone and t h e  evolution of l i f e  i s  discussed i n  t e r m s  of an evolving oxygen 
atmosphere. 

The r ise  of 

THE ATMOSPHERES OF VENUS, EARTH 

AND MARS: A COMPARISON 

Before w e  can accurately assess and c r i t i c a l l y  evaluate t h e  e f f e c t s  of 
anthropogenic a c t i v i t i e s  on t h e  atmosphere ( i - e . ,  t h e  possible inadvertent 
depletion of s t ra tospher ic  ozone, increased concentrations of atmospheric 
carbon dioxide, e t c .  ) , we must understand t h e  na tura l  v a r i a b i l i t y ,  as w e l l  as 
t h e  longer-term evolution of t h e  atmosphere. 
Earth's atmosphere most relevant t o  l i v ing  systems, oxygen and ozone, a r e  both 
recent additions t o  t h e  atmosphere on a geological time-scale. 

Two of t h e  const i tuents  of t h e  

To consider t he  complexities of t h e  question of t h e  evolution of t h e  
Earth 's  atmosphere consider t h e  atmospheric composition of our two neighboring 
worlds - Venus and Mars. The atmospheric composition of Venus, Earth and Mars 
i s  summarized i n  t a b l e  I and references 1 t o  8. 
t h a t  a l l  th ree ,p lane ts  formed from t h e  same mater ia l  a t  about t h e  same t i m e  
(about 4.5 X 109 years ago).  Y e t  t a b l e  I shows t h e  atmospheric Composition 
of these neighboring worlds t o  be qui te  d i ss imi la r .  
both Venus and M a r s  are almost devoid o f  nitrogen and oxygen, t h e  two 
major const i tuents  of the Earth' s atmosphere. Furthermore, carbon dioxide, 
t h e  major atmospheric const i tuent  of both Venus and Mars i s  only a t r a c e  
const i tuent  of t h e  Earth' s atmosphere. 

It i s  generally believed 

The atmospheres of 

I n  t h i s  paper a scenario f o r  t h e  evolutionary h is tory  of the Earth 's  
atmosphere w i l l  be discussed. Recently scenarios fo r  t he  evolutionary his tory 
of t h e  atmospheres of Venus (Reference 9 )  and Mars (Reference 1 0 )  have been 
discussed. 
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THE OUTGASSING HISTORY OF EARTH: 
TRAPPED VOLATILES 

There i s  considerable and var ied evidence (astronomical, aeronomical, 
geological, geochemical and b io logica l )  t o  suggest t h a t  t h e  Earth's atmosphere 
and hydrosphere formed over geological t i m e  due t o  v o l a t i l e  outgassing from 
the  i n t e r i o r ,  as opposed t o  being a remnant of t h e  primordial so la r  nebula 
t h a t  enveloped t h e  Earth during i t s  formation (References 11-17). 
v o l a t i l e s  were e i t h e r  o r ig ina l ly  trapped i n  t h e  s o l i d  Earth during t h e  
planetary accret ion process or resu l ted  from radiogenic decay. 
of oxygen i n  the  Earth 's  atmosphere i s  an important exception t o  t h e  outgassing 
hypothesis and w i l l  be t r ea t ed  separately i n  a la ter  section. 

The outgassed 

The presence 

The gases trapped i n  t h e  so l id  Earth during the  planetary accret ion 
process r e f l ec t ed  t h e  cosmic abundance of t h e  
gave b i r t h  t o  t h e  so la r  system: H = 2.6 x lo1*; He = 2.1 X l o 9 ;  0 = 2.4 X l o7 ;  
C = 1 . 4  X lo7; and N = 2.4 X l o 6 ,  normalized with respect t o  S i  = 1 X 1 0  6 
(Reference 18). 
highly reducing due t o  t h e  overwhelming presence of excess hydrogen. 
been suggested t h a t  i n  t h e  ear ly  h is tory  of t h e  Earth, before t h e  migration 
of meta l l ic  i ron t o  t h e  core,  t h e  outgassed v o l a t i l e s  w e r e  highly reduced 
consis t ing of methane (CH4)  and smaller amounts of ammonia (NH3) , molecular 
hydrogen (H2) and water vapor (H20) (References 1 4 ,  1 5 ) .  This ear ly  methane- 
ammonia atmosphere appears t o  be t h e  most su i t ab le  environment f o r  i n i t i a t i n g  
t h e  development of complex biological  molecules and t h e  chemical evolution of 
l i f e  (References 19-23). 
e f f ec t  of  increasing the  average degree of oxidation of t h e  mater ia ls  outside 
t h e  core because t h e  core formation removed free m e t a l ,  mainly i ron ,  from t h e  
remaining material, which became t h e  mantle. Hence, after core formation t h e  
outgassed v o l a t i l e s  should have been much less reduced - methane was replaced 
by carbon dicxide (C02) , ammonia was  replaced by molecular nitrogen ( N 2 )  and 
molecular hydrogen w a s  replaced by water vapor (References 1 4 ,  15 ) .  The t i m e  
of t h e  formation of t h e  Earth 's  core i s  uncertain. The best estimates suggest 
t h a t  core formation occurred a t  least 3.5 x lo9 years ago during the  Earth 's  
f irst  b i l l i o n  years  (Reference 17).  The s t a b i l i t y  of an ear ly  methane- 
ammonia i s  another unresolved question. It may have lasted from only l o 5  t o  10 
years (Reference 13)  t o  as long as l o 9  years (Reference 24).  

r imordial  so l a r  nebula t h a t  

The conditions i n  t h e  primordial so la r  nebula must have been 
It has 

The formation of the Earth 's  metal l ic  core had the  

8 

-2 
t The t o t a l  v o l a t i l e  outgassing inventory of Earth i n  grams-cm 

his tory  has been estimated as: 
C1 = 5.88 X 103; N = 8.23 x 102; 8 = 4.31 X 102; H 
and F = 78.43 (References 12 and 13). 
Earth 's  i n t e r i o r ,  water vapor has condensed out of t h e  atmosphere and i s  
present mainly i n  l i q u i d  form i n  t h e  Earth 's  extensive oceans. The bulk of 
t h e  carbon dioxide, t h e  next most p l e n t i f u l  outgassed vola t i le ,prec ip i ta ted  
out i n  t h e  presence of l i q u i d  water i n  the  form of calcium carbonate (CaC03) 
on the ocean f loo r  and t o  a much lesser degree formed f o s s i l  fuels .  
being qui te  chemically inert ,has la rge ly  remained i n  t h e  atmosphere and forms 
t h e  bulk of t h e  Earth 's  present atmosphere. 

over it 
H 0 = 3.25 X lo5 ;  t o t a l  C as C02 = 1.78 X 10 ; 

The most abundant gas released from t h e  
1.96 X 102 and B y  Br, A, 

Nitrogen, 

About 10% of atmospheric nitrogen 
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has been removed from the  atmosphere and placed i n  geological deposits and a 
f rac t ion  (10-8) of atmospheric nitrogen i s  f ixed each year,  mainly by 
b io logica l  processes. The nitrogen t h a t  undergoes f ixa t ion  i s  mostly 
returned t o  t h e  atmosphere within a f e w  years or decades (Reference 17). 

OUTGASSING OF RADIOACTIVE VOLATILES 

I n  addition t o  the outgassing of trapped v o l a t i l e s  discussed i n  the  last 
section, radiogenic v o l a t i l e s  (argon-40 and helium-4 ) cons t i t u t e  an important 
c l a s s  of outgassed species i n  t h e  Earth's atmosphere. On the  cosmic abundance 
scale,  t h e  isotopic  abundance r a t i o s  of argon-36, argon-38, and argon-40 are 
84.2%, 15.8%~ and O%>rrespectively (Reference 18) ,  while t h e  i so topic  abundance 
r a t io s  of argon i n  t h e  Earth's atmosphere a r e  0.33%, 0.063%, and 99.6%,respec- 
t i v e l y  (Reference 2 ) .  
sphere has resu l ted  f r o m t h e  radioact ive decay of potassium-40. 
i s  a r e l a t i v e l y  heavy atom it cannot escape from t h e  Earth 's  atmosphere and 
argon-40 has accumulated over geological time t o  become t h e  t h i r d  most 
abundant permanent const i tuent  of t h e  Earth' s atmosphere. 

Therefore, the bulk o f  t h e  argon i n  t h e  Earth 's  atmo- 
Since argon 

Helium-4,  r e su l t i ng  from the  radiogenic decay of uranium and thorium, i s  
t h e  major source of atmospheric helium on Earth ( the  r a t i o  of radiogenic 
helium-4 t o  helium-3 i n  t h e  Earth 's  atmosphere i s  about 8 X 105) .  The radio- 
genic decay of uranium and thorium results i n  a helium-4 surface mixing r a t i o  
of about 5 ppm by volume. Since helium i s  such a l i g h t  gas it readi ly  escapes 
from the  Ear th ts  upper atmosphere resu l t ing  i n  an accumulation t i m e  of only 
about 2 X 1 0  6 years f o r  t he  helium-4 abundance present ly  i n  t h e  Earth 's  
atmosphere. 

THE O R I G I N  AND EVOLUTION OF OXYGEN 

From a geochemical point of view, the presence of la rge  amounts of free 
oxygen i n  t h e  Earth 's  atmosphere is  puzzling. 
oxidized and outgassed v o l a t i l e s  do not contain free oxygen - i n  fact t h e  
in te rac t ion  with surface material and volcanic gases i s  ac tua l ly  a sink f o r  
oxygen. 
t h a t  are under-oxidized i s  a s igni f icant  drain on t h e  atmospheric oxygen 
supply = 

The s o l i d  Earth i s  under- 

Crustal  rock heathering and t h e  continual exposure of f r e sh  minerals 

Free atmospheric oxygen results from t h e  photodissociation of atmospheric 
water vapor w i t h  t h e  subsequent atmospheric escape of t h e  hydrogen atom. 
However, t h i s  i s  a self- l imit ing process, s ince as oxygen bui lds  up i n  t h e  
atmosphere it sh ie lds  water vapor, which i s  confined t o  the  troposphere, from 
fur ther  photodissociation. 
concentration t h a t  can evolve from t h e  photodissociation of water vapor before 
the process shuts  itself of f  i s  about one-thousandth of  the present 
atmospheric level (P.A.L. ) of oxygen (Reference 25). However, a reexamination 
of this problem suggests t h a t  the photodissociation of water vapor may account 

It has been shown t h a t  t h e  l imi t ing  oxygen 
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f o r  as much as 1/4 P.A.L. or more of t h e  oxygen i n  t h e  Earth 's  atmosphere 
(Reference 26). 

Another source of atmospheric oxygen i s  photosynthesis. I n  the  photo- 

The beginning o f  photosynthetic a c t i v i t y  has been established 
synthetic process carbon dioxide, water and energy y ie ld  f r ee  oxygen and a 
carbohydrate. 
at  about 2.7 b i l l i o n  years ago [Reference 25). 
organisms were probably photosynthetic protozoa or green algae or  t h e i r  
evolutionary predecessors. 

The f i rs t  photosynthetic 

The h i s to ry  of t h e  growth of atmospheric oxygen and ozone ( the  evolution 
of ozone i s  discussed i n  t h e  following sect ion)  and i t s  r e l a t ion  t o  t h e  
evolution of l i f e  on Earth has been investigated (Reference 25). 
assumption i n  t h i s  study is  t h a t  t h e  growth of oxygen from t h e  primitive 
l eve l s  (10-3 P.A.L. ) resu l t ing  from t h e  photodissociation of atmospheric water 
vapor i s  due t o  photosynthetic ac t iv i ty .  The important stages i n  this 
sequence (Reference 25) a re  summarized below: 

The basic 

(1) The Pre-Cambrian Period (p r io r  t o  600 mil l ion years ago) : 

The atmospheric oxygen l e v e l  resu l t ing  from t h e  photodissociation of 
w a t e r  vapor could not exceed 10-3 P.A.L. 
w a s  avai lable  i n  the  waters f o r  t h e  synthesis of amino acids ,  enzymes, e tc . ,  
s ince t h e  t o t a l  oxygen and ozone c ntent  w a s  too s m a l l  f o r  s ign i f icant  
absorption above 2100 By t h e  same token so lar  u l t r av io l e t  
was l e t h a l  t o  l i v i n g  organisms even through 5 t o  10  meters of water. Con- 
sequently, t h e  ecology for t h e  or ig in  of l i f e  and photosynthesis by organisms 
would appear very r e s t r i c t i v e  l imited t o  water, below t h e  penetration of l e t h a l  
so la r  u l t r av io l e t  rad ia t ion  and, consis tent  with t h i s  l imi ta t ion ,  as shallow 
as possible t o  m a x i m i z e  photosynthetic ac t iv i ty .  This pr imit ive ecological 
r e s t r i c t i o n  lasted a very long time - probably about 3 / h  of t h e  Earth 's  his tory.  
Life  may conceivably have a r i s en  independently bn a l a rge  number of discon- 
nected l o c a l i t i e s  t h a t  were w e l l  insulated,  ecological ly  from one another. 

Ample so la r  u l t r a v i o l e t  rad ia t ion  

(1 8 = 1-l8 m ) .  

( 2 )  "The F i r s t  C r i t i c a l  Level" - The Cambrian Revolution (600 mil l ion years ago): 

The t o t a l  rate of photosynthetic production of oxygen f i n a l l y  exceeded 
i t s  rate of photodissociation loss and rose t o  about 
l e v e l  oxygen and ozone r e s t r i c t e d  the u l t r a v i o l e t  zone of l e t h a l i t y  t o  a t h i n  
layer at t h e  waterk surface which grea t ly  enhanced photosynthetic a c t i v i t y  
through new opportunities near t h e  surface and permitting l i f e  t o  spread t o  
t h e  e n t i r e  ocean. 

P.A.L. A t  t h i s  

(3) "The Second C r i t i c a l  Level" - The Late-Silurian Revolution (420 mill ion 
years ago) : 

Due t o  t h e  spread of l i v i n g  organisms and enhanced photosynthetic 
a c t i v i t y  i n  t h e  oceans oxygen rap id ly  rose t o  about 10-1 P.A.L. 
oxygen with an increase i n  t h e  ozone content of t h e  atmosphere permitted t h e  
evolution of l i f e  on dry land now shielded from l e t h a l  u l t r a v i o l e t  radiat ion.  
With t h e  opening of the land, a new ecological niche, evolutionary a c t i v i t y  

This l e v e l  of 
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was again explosive. This enhancement of photosynthetic activity caused 
atmospheric oxygen levels to rise unstably to present or even higher levels 
possibly associated with the lush life of the carboniferous period (350 
million years ago). 
to reach the present, presumably stable level. 
the Earth's atmosphere has been investigated (Reference 27). 

Thereafter , the oxygen level may have fluctuated slightly 
The stability of oxygen in 

THE ORIGIN AND EVOLUTION OF OZONE 

Closely related to the evolution of free oxygen in the Earth's atmosphere 
is the origin and evolution of atmospheric ozone (References 25 and 28). 
photochemistry of atmospheric ozone has recently received considerable 
attention due to the possibility of inadvertent modification or depletion of 
the Earth's ozone layer by anthropogenic activities, i.e., exhaust gases from 
high-flying supersonic transports; the release of chlorofluoromethanes from 
aerosol spray cans; and increased world-wide use of agricultural nitrogen 
fertilizer (Reference 29). NASA's upper atmospheric research programs 
within the Offices of Space Science and Applications were created to foster a 
better urJerstanding of the physical and chemical processes occurring in the 
Earth's upper atmosphere, with immediate emphasis on the question of possible 
inadvertent depletion of atmospheric ozone. 

The 

At the Langley Research Center we have been investigating the detailed 
photochemistry and evolution of atmospheric ozone over geological time using a 
photochemical model for ozone developed within the Aeronomy Section, Planetary 
Physics Branch, Environmental and Space Sciences Division and the Flight 
Applications Section, Computer Mathematics and Programming Branch, Analysis 
and Computation Division. We will summarize our calculations on the rise of 
ozone for an evolving oxygen atmosphere using the classical Chapman photo- 
chemical equilibrium scheme given below: 

(1) O2 + hV -t 0 + 0; A < 2424 

(2) 0 + O2 + M -t O3 + M  
0 

(3) O3 + hV + 0 + 0; h < 11,800 A 2 

(4) o3 + 0 + 202 

(5) 0 + 0 + M +  O2 + M 

5, 1, 10-3 and P.A.L. is shown in Figure 1. The total'ozone 
column density for these levels of oxygen is shown in Figure 2. All 
calculations are for a solar zenith angle of 57.3O, the mean global daytime 
value. 
1966 Spring/Fall Mid-Latitude temperature profile was used. For oxygen levels 
less than 10-1 P.A.L., it was assumed that there is no temperature rise in the 

The vertical distribution of ozone corresponding to oxygen levels of 

For oxygen levels of 5, 1 and 10-1 P.A.L., the U.S. Standard Atmosphere 
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s t r a t o s p h e r e  and t h a t  temperature  decreases  l i n e a r l y  from t h e  t ropopause t o  t h e  
mesopause, as suggested by r a d i a t i v e  equi l ibr ium temperature  c a l c u l a t i o n s  f o r  
reduced s t r a t o s p h e r i c  ozone levels (Reference 3 0 ) .  

The p r o f i l e s  i n  F igures  1 show t h a t  t h e  r i s e  o f  atmospheric ozone t o  
present  l e v e l s  i s  a r e c e n t  event on a geo log ica l  t i m e  s c a l e .  For more reduced 
l e v e l s  of oxygen, t h e  ozone d i s t r i b u t i o n  peaked lower and lower i n  t h e  atmo- 
sphere.  This  i s  due t o  t h e  f a c t  t h a t  f o r  reduced oxygen levels  so lax  ultra- 
v i o l e t  r a d i a t i o n  could p e n e t r a t e  deeper and deeper i n t o  t h e  atmosphere t o  
i n i t i a t e  t h e  ozone formation chemistry v i a  t h e  pho tod i s soc ia t ion  of molecular 
oxy en. A s  a l r e a d y  mentioned, t h e  ozone p r o f i l e s  f o r  oxygen levels of 

no s t r a t o s p h e r i c  temperature  inc rease .  A t  t h e  s t r a topause  ( 5 0  km) t h e  primor- 
d i a l  temperature  p r o f i l e  i s  about 60 K coo le r  t h a a  t h e  p re sen t  s t r a topause .  
The lower tempera tures  wi th in  t h e  pr imordia l  s t r a t o s p h e r e  r e s u l t  i n  increased  
ozone concent ra t ions  a t  t h e s e  a l t i t u d e s .  Therefore ,  w e  f i n d  comparable ozone 
concent ra t ions  between 50 and 60 km f o r  oxygen l e v e l s  of  10-1 P.A.L. w i th  t h e  
present  atmospheric temperature  p r o f i l e  and f o r  oxygen levels of P.P,.It. 
wi th  t h e  pr imordia l  temperature  p r o f i l e .  

10  -5 - and P.A.L. were c a l c u l a t e 6  us ing  a pr imordia l  temperature  p r o f i l e  w i t h  

The v a r i a t i o n  i n  t o t a l  ozone column der ,s i ty  or t o t a l  ozone burden f o r  an 
evolving oxygen atmcsphere is g iven  i n  F igure  2. O u r  c a l c u l a t i o n s  i n d i c a t e  
t h a t  t h e  t o t a l  ozone burden reaches  a maximum a t  about 10-1 P.A.L. and a c t u a l l y  
decreases  somewhat for 1 and 5 P.A.L. This  i s  a s u r p r i s i n g  r e s u l t  and con t r a ry  
t o  t h e  r e s u l t s  o f  Reference 25 which are a l s o  shown. This  i n t e r e s t i n g  r e s u l t  
w a s  a l s o  r epor t ed  i n  Reference 28. Also of p a r t i c u l a r  i n t e r e s t  are t h e  t o t a l  
ozone burdens corresponding t o  t h e  pre-photosynthet ic  a c t i v i t y  l e v e l  o f  oxygen, 
and t h e  "first c r i t i c a l  l e v e l "  and t h e  "second c r i t i c a l  l e v e l "  of  oxygen 
evolu t ion  (Reference 25) .  According t o  our c a l c u l a t i o n s ,  t h e s e  t o t a l  ozcme 
burdens were achieved f o r  s i g n i f i c a n t l y  lower oxygen l e v e l s  than  given i n  
Reference 25. For example, our pre-photosycthet ic  a c t i v i t y  l e v e l  of oxygen w a s  
achieved f o r  10-5 P.A.L. compared t o  10-3 P.A.L. f o r  Reference 25. O u r  t o t a l  
ozone burdens corresponding t o  t h e  two c r i t i c a l  l e v e l s  of oxygen a l s o  cor re-  
spond t o  much lower oxygen levels  than  r epor t ed  i n  Reference 25. Our results 
i n d i c a t e  t h a t  comparable t c t a l  Gzone burdens e x i s t e d  f o r  muck: smaller exyger; 
levels than  r epor t ed  i n  Reference 25. 
l a t i o n s  presented  i n  Reference 28 , ind ica te  t h a t  ozone evolved e a r l i e r  i n  t h e  
Ea r th ' s  h i s t o r y  t h a n  suggested i n  Reference 25. 

Gur r e s u l t s , a l s o  supported by calcu- 

We are j u s t  beginning t o  b e t t e r  understand t h e  evo lu t iona ry  h i s t o r y  of 
ozone i n  t h e  E a r t h ' s  atmosphere. 
f u l l y  l e a d  t o  a b e t t e r  understanding of  i t s  f u t u r e  evolu t ion  i n  t h e  Ea r th ' s  
atmosphere. 

Knowledge of  ozone 's  p a s t  h i s t o r y  w i l l  hope- 
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o3 CONCENTRATION, mol cm-3 

Figure 1. - The ve r t i ca l  dis t r ibut ion of atmospheric ozone fo r  oxygen leve ls  

of 5, 1, and present atmospheric l eve l  (P.A.L.). 

Figure 2.- The t o t a l  ozone burden above the  surface fo r  evolving 
oxygen levels  and comparison with calculations of Berkner and 
Marshall, 1965 (Reference 25). 
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ATMOSPHERIC ENGINEERING OF MARS 

R. D. MacElroy and M. M. Averner 
Ames Research Center ,  NASA 

SUMMARY 

Cons idera t ions  have been made of t h e  f e a s i b i l i t y  of c r e a t i n g  a b rea thab le  
atmosphere on Mars. Assuming t h a t  indigenous l i f e  i s  absent ,  and t h a t  human 
h a b i t a t i o n  w i l l  prove economically j u s t i f i a b l e ,  several methods of in t roducing  
oxygen were considered.  On t h e  b a s i s  of energy requirements ,  photosynthe t ic  
oxygen product ion  appears  t o  be  reasonable ,  assuming t h a t  t h e  amounts of w a t e r ,  
carbon d ioxide ,  and minera l  n u t r i e n t s  a v a i l a b l e  on t h e  Martian su r face  would 
b e  adequate  f o r  t h e  growth of photosynthe t ic  microorganisms. However, optimum 
rates of 02 formation could occur only a f t e r  a s i g n i f i c a n t  i n c r e a s e  i n  average 
temperature  and i n  atmospheric mass. The genera t ion  of a runaway greenhouse/ 
advec t ive  e f f e c t  w a s  considered.  However, n e i t h e r  t h e  energy requirement nor 
t h e  t i m e  cons t an t  f o r  i n i t i a t i o n  could be  c a l c u l a t e d .  There appear t o  b e  no 
insuperable  o b s t a c l e s  t o  t h e  conversion of t h e  Mart ian atmosphere t o  one con- 
t a i n i n g  oxygen, b u t  t h e  conversion would r e q u i r e  many thousands of years .  

INTRODUC T I  ON 

A s  a c l o s e  neighbor t o  Ear th ,  Mars has  long been t h e  o b j e c t  of specu la t ion  
concerning t h e  presence of l i f e  on i t s  su r face .  P e r c i v a l  Lowell ' s  observa t ions  
of t h e  p l a n e t ,  and p a r t i c u l a r l y  h i s  genera t ion  of popular i n t e r e s t  i n  t h e  
"canals ,"  l a i d  t h e  base  f o r  ready pub l i c  acceptance of t h e  p o s s i b i l i t y  of 
i n t e l l i g e n t  l i f e  on Mars ( r e f .  1). A s  more s o l i d  informat ion  about Mars 
becomes ava i lab , le ,  t h e  less l i k e l y  i t  seems t h a t  i n t e l l i g e n t  l i f e  can e x i s t  
t he re .  What w e  know now of t h e  atmosphere and of t h e  su r face ,  thanks t o  t h e  
Mariners and Viking, sugges t s  t h a t  cond i t ions  are very  h o s t i l e  indeed, and 
t h a t  even s imple l i f e  forms may have d i f f i c u l t y  surv iv ing .  However, t he  pos- 
s i b i l i t y  of f i n d i n g  l i f e  on Mars cannot be e l imina ted .  Automated exp lo ra t ion  
of Mars w i l l  cont inue and, wi th  t h e  passage of t i m e ,  Mars w i l l  become more 
a c c e s s i b l e  and more thoroughly explored because of improved, more powerful 
boos t e r  rocke t s  and more s o p h i s t i c a t e d  equipment. It seems i n e v i t a b l e  t h a t  
man w i l l  one day set f o o t  on t h e  p l a n e t ,  explore  i t ,  and set up temporary, 
enclosed s t a t i o n s  on i t .  

During t h e  pe r iod  of exp lo ra t ion ,  cons ide ra t ion  w i l l  b e  given t o  exp lo i t a -  
t i o n  of Mars. 
f a c t o r s ,  as have a l l  similar dec i s ions  i n  t h e  h i s t o r y  of c i v i l i z a t i o n  on Ear th .  
The economic f a c t o r s  t o  b e  considered w i l l  i nc lude  assessment of minera l  
depos i t s ,  i n d u s t r i a l  p o s s i b i l i t i e s ,  and perhaps even of room f o r  popula t ion  
expansion. Our p re sen t  knowledge of t h e  Mart ian environment t e l l s  us  t h a t  man 
w i l l  r e q u i r e  enclosed l i f e  suppor t  systems t o  su rv ive  on t h e  p l ane t .  But i f  

The d e c i s i o n  t o  co lon ize  the  p l a n e t  w i l l  depend upon economic 
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co lon iza t ion  becomes economically f e a s i b l e ,  t h e  ques t ion  arises whether man 
w i l l  always b e  confined t o  p r o t e c t i v e  enc losures ,  o r  whether t h e  Martian 
environment can b e  a l t e r e d  t o  a l low eventua l  unencumbered human h a b i t a t i o n .  

STUDY RESULTS 

W e  have considered whether t h e  conversion of Mars t o  a p l a n e t  h a b i t a b l e  
by humans is f e a s i b l e  by determining some requirements  f o r  conversion of t h e  
atmosphere. S p e c i f i c a l l y ,  op t imal  f i n a l  cond i t ions  w e r e  es t imated ,  energy 
needs were c a l c u l a t e d ,  and t h e  k inds  of information requi red  f o r  a d e c i s i o n  
cha in  were i d e n t i f i e d .  W e  w e r e  a l s o  most i n t e r e s t e d  i n  whether pre l iminary  
exp lo ra t ion  of Mars could inadve r t en t ly  compromise such an  engineer ing  p r o j e c t .  

The s tudy w a s  conducted dur ing  the  summer of 1975 wi th  t h e  p a r t i c i p a t i o n  
of D r s .  S. Berman, W. Kuhn, P. Langhoff,and S. Rogers. A s h o r t  r e p o r t  of t h e  
s tudy has  been r e l eased  ( r e f .  2) and a f i n a l  r e p o r t  w i l l  b e  publ ished s h o r t l y  
( r e f .  3 ) .  

The phys ica l  c h a r a c t e r i s t i c s  of Mars are shown i n  t a b l e  I. Of s p e c i f i c  
i n t e r e s t  are t h e  temperature  a t  t h e  s u r f a c e  ( t a b l e  I ( f ) ) ,  and t h e  atmospheric 
composition ( t a b l e  I ( c ) ) .  The low l e v e l  of 02 i n  t h e  atmosphere prevents  t h e  
formation of  apprec i ab le  ozone, so t h a t  t he  f l u x  of u l t r a v i o l e t  l i g h t  ( t a b l e  
I ( e ) )  a t  t h e  s u r f a c e  i s  s u f f i c i e n t  t o  k i l l  even t h e  most r e s i s t a n t  terrestrial 
microorganisms w i t h i n  minutes.  The dens i ty  of t h e  atmosphere and t h e  concen- 
t r a t i o n  of H20 are too  low t o  permit t h e  development of s i g n i f i c a n t  advec t ive  
o r  greenhouse e f f e c t s .  
e x h i b i t  l a r g e  d i u r n a l  v a r i a t i o n s  ( f i g .  1) and are too  low t o  support  cont inuous 
metabol ic  a c t i v i t y  by terrestrial  organisms. 
is  t o  inc rease  t h e  m a s s  of t h e  atmosphere and, p a r t i c u l a r l y ,  t h e  m a s s  of atmo- 
s p h e r i c  02 and H20: 
i nc reas ing  t h e  average temperature.  

* For t h i s  reason t h e  temperatures  over t h e  s u r f a c e  

Thus a fundamental requirement 

O2 f o r  r e s p i r a t i o n  and ozone product ion,  and H20 f o r  

What methods could b e  used t o  b u i l d  up 02 i n  t h e  Mart ian atmospheee? 
approach suggested by Ehricke ( r e f .  4 ) ,  nuc lea r  mining of 0 2 ,  w a s  i n v e s t i g a t e d ,  
and an  energy requirement  w a s  ca l cu la t ed .  This technique h a s  been considered 
by Vondrak ( r e f s .  5,6) f o r  t h e  formation of a s t ab le - luna r  atmosphere. Assum- 
ing  a similar c r u s t a l  composition f o r  Mars, t h e  need f o r  a n  inpu t  of about  
4 ~ 1 0 ' ~  J i s  ind ica t ed .  
10 m i l l i o n  l-megaton bombs, an enormous amount of energy. 

The 

This  would involve  a n  amount of energy equ iva len t  t o  
The a c t u a l  use  of 

*Atmospheric greenhouse e f f e c t  r e f e r s  t o  a cond i t ion  of increased  warming 
caused by t h e  presence of c e r t a i n  gases  i n  t h e  atmosphere. These gases ,  C02 
and H 2 0  vapor among them, absorb some of t h e  thermal  r a d i a t i o n  (hea t )  r i s i n g  
f rom- the  s u r f a c e  of t he  p l ane t ,  s o  t h a t  no t  a l l  t h e  r a d i a t i o n  i s  l o s t  t o  space 
b u t  i s  re-emit ted down from the  atmosphere, thereby h e a t i n g  the  p l a n e t ' s  sur- 
face .  Advection is  t h e  t e r m  used by meteoro logis t s  t o  denote  h o r i z o n t a l  t r ans -  
p o r t  of a i r .  
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nuclear  bombs would a l s o  pose a severe r a d i a t i o n  hazard and would c e r t a i n l y  
alter t h e  s u r f a c e  s u f f i c i e n t l y  t o  des t roy  i t s  s c i e n t i f i c  va lue .  

A s  an  a l t e r n a t i v e ,  t h e  p o s s i b i l i t y  of gene ra t ing  a s u i t a b l e  atmosphere 
pho tosyn the t i ca l ly  w a s  considered s i n c e  t h e  p r e s e n t  terrestrial atmosphere is  
t h e  product  of such a process .  
Mars ( t a b l e  I ( d ) ) ,  and t h e  amount of energy i n  t h e  wavelengths used f o r  green 
p l a n t  photosynthes is  w e r e  ca l cu la t ed .  
of producing 02 r e q u i r e s  n o t  on ly  l i g h t ,  b u t  C02 and water as w e l l :  

The amount of s o l a r  energy i n t e r c e p t e d  by 

U t i l i z a t i o n  of photosynthes is  as a means 

hv 
C02 + H2O - (CHZO), + 02 

(carbohydrate)  

Although t h e  Mart ian atmosphere c o n s i s t s  of 74 t o  98  percent  C02, t h e  t o t a l  
amount (2x101'g) i s  i n s u f f i c i e n t  t o  suppor t  photosynthes is  f o r  a s i g n i f i c a n t  
per iod  of t i m e .  
condensed on t h e  s u r f a c e ,  could support  growth of  terrestrial organisms f o r  
a n  e v e n . s h o r t e r  t i m e .  
atmosphere i s  necessary  f o r  two reasons:  t o  provide  02 f o r  b rea th ing ,  and t o  
produce 03 t o  p r o t e c t  from l e t h a l  uv. 
02 could 'be imported,  b u t  a t  a t o t a l l y  p r o h i b i t i v e  cos t .  
be  u t i l i z e d  by b i o l o g i c a l  systems t o  produce 02, b u t  i n s u f f i c i e n t  w a t e r  and 
C02 and low temperatures  are important  c o n s t r a i n t s .  
s i d e r  whether any of t h e s e  c o n s t r a i n t s  could be r e l i e v e d ,  and how. 

The amount of w a t e r  i n  t h e  atmosphere (3x1Ol5g), even i f  

To summarize, t h e  product ion of an 02-containing Martian 

Theenergynecessarytoproduce s u f f i c i e n t  
So la r  energy could 

It is  worthwhile t o  con- 

The p o l a r  caps appa ren t ly  con ta in  s o l i d  C 0 2  and, judging by t h e  degree of 
t h e i r  seasonal  r eces s ion ,  s o l i d  H20.  
de sc r ib ing  t h e  genes i s  of t h e  Martian atmosphere suggest  t h a t  water has  been 
a major c o n s t i t u e n t  of t h e  c r u s t  of Mars. Measurements by Houck e t  al .  
( r e f .  9 )  i n d i c a t e  adsorbed w a t e r  i n  t h e  su r face ,  and estimates by Fanale  
( r e f .  10) suggest  major ice d e p o s i t s  below t h e  su r face .  Metal carbonates  
might a l s o  be  considered as a c r u s t  c o n s t i t u e n t  i n  t h e  absence of l i q u i d  water. 
Thus t h e r e  may be l a r g e  r e s e r v o i r s  of H20 and C 0 2  on o r  under t h e  Mart ian sur -  
f ace. 

The arguments of Levine ( r e f s .  7, 8 )  

An i n c r e a s e  i n  t h e  average p l a n e t a r y  temperature  of Mars could have sev- 
eral e f f e c t s ,  ranging from an inc rease  i n  t h e  amount of atmospheric C 0 2  by t h e  
mel t ing  of t h e  p o l a r  caps,  t o  i n c r e a s i n g  the  amount of water vapor due t o  t h e  
mel t ing  of water ice a t  t h e  caps  and a t  t h e  su r face .  Since increased  C02 and 
H20 i n  t h e  atmosphere can cause a n  i n c r e a s e  i n  s u r f a c e  temperature  by green- 
house/advect ive hea t ing ,  
i nc rease  i n  a tmospheric  C 0 2  and H 2 0  con ten t ,  t h e  p o s s i b i l i t y  exists f o r  a run- 
away e f f e c t ,  a se l f -gene ra t ing  i n c r e a s e  i n  atmospheric mass and an  average 
temperature  i n c r e a s e  of about  30 K. Such a runaway greenhouse and advec t ive  
e f f e c t  h a s  been d iscussed  by Sagan ( r e f .  11). 

and because increased  temperature  can cause a n  

Tr igger ing  such a temperature  i n c r e a s e  w i l l  r e q u i r e  ex tens ive  s t u d i e s  of 
model atmospheres;  such s t u d i e s  have n o t  been done t o  da te .  I n t u i t i v e  d issec-  
t i o n  of t h e  problem sugges t s  t h a t  i n t roduc t ion  of energy f o r  a s u f f i c i e n t  
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per iod  i n t o  t h e  p o l a r  caps could i n i t i a t e  a greenhouse/advective e f f e c t .  
Direct, explos ive  energy might b e  used, as could  more slowly r e l eased  r e a c t o r  
energy, b u t  a g a i n  t h e  a v a i l a b l e  s o l a r  energy could a l s o  b e  u t i l i z e d  by decreas- 
i ng  t h e  a lbedo  of  t h e  caps and a l lowing  them t o  absorb more s o l a r  energy. 
complex, d e t a i l e d  a n a l y s i s  w i l l  b e  requi red  t o  determine t h e  t i m e  pe r iod  
r equ i r ed  t o  induce such a n  event .  

A 

Even though some modified terrestrial forms might grow on Mars i n  t h e  
absence of a n  a l t e r e d  atmosphere, t h e  phys ica l  genera t ion  of a more massive 
atmosphere, and t h e  concomitant temperature  inc rease ,  would a l s o  i n c r e a s e  t h e  
a v a i l a b i l i t y  of l i q u i d  w a t e r  and produce a many-fold i n c r e a s e  i n  t h e  rate o f  
photosynthe t ic  oxygen genera t ion .  Even i n  t h e  absence of a p o l a r  cap mel t ing  
program, seeding  t h e  p l a n e t  wi th  photosynthe t ic  organisms i s  no t  unreasonable.  
The ques t ion  arises as t o  which terrestrial photosynthe t ic  organism might b e  
b e s t  s u i t e d  t o  su rv ive ,  grow, and produce oxygen on Mars i n  t h e  p l a n e t ' s  pre- 
s e n t  state. Two members of ou r  s tudy  group, W. Kuhn and s. Rogers, cons t ruc ted  
a model of a terrestrial l i c h e n  m a t  which sugges ts  t h a t  such an  organism might 
su rv ive  t h e  Martian environment and produce O2 a t  a slow rate. This  model has  
encouraged us  t o  cons ider  o t h e r  k inds  of organisms t h a t  might b e  candida tes  
f o r  seeding  ope ra t ions .  It has  a l s o  s t imu la t ed  cons ide ra t ion  of g e n e t i c a l l y  
engineer ing organisms t o  f i t  t h e  environment. A g e n e t i c a l l y  engineered orga- 
nism might have increased  c a p a b i l i t y  of wi ths tanding  u l t r a v i o l e t  i n s u l t ,  o r  of 
growing maximally a t  low temperatures ,  o r  of avoid ing  des i cca t ion .  Perhaps a l l  
of  t h e s e  a t t r i b u t e s  might b e  incorpora ted  i n t o  a s i n g l e  organism. 

The use  of organisms t o  modify t h e  atmosphere of  Mars deserves  some addi- 
t i o n a l  comment and c l a r i f i c a t i o n .  
formed and is  maintained by organisms, and r e p r e s e n t s  t h e  product of a t r a n s i -  
t i o n  from an oxygenless environment t h a t  e x i s t e d  p r i o r  t o  about 600 m i l l l o n  
yea r s  ago. It i s  gene ra l ly  assumed t h a t  anaerobic  organisms, mostly b a c t e r i a  
which d id  n o t  r e q u i r e  02 ,  were predominant be fo re  oxygen accumulated on Earth,  
and t h a t  t h e  evo lu t ion  of a mechanism t o  d i r e c t l y  use  s o l a r  energy, photosyn- 
t h e s i s ,  l e d  t o  t h e  a b i l i t y  t o  produce oxygen. The vast l eng ths  of  t i m e  t h a t  
w e r e  r equ i r ed  f o r  t h e  development of  a n  oxygen atmosphere need no t  discourage 
us  excess ive ly ,  i f  w e  remember t h a t  w e  would start  a Mars atmospheric  conver- 
s i o n  p r o j e c t  wi th  organisms t h a t  have a l r eady  evolved photosynthe t ic  mecha- 
nisms; more s i g n i f i c a n t l y ,  we w i l l  b e  a b l e  t o  t r a n s f e r  gene t i c  information 
from one organism t o  another  and i n  t h i s  way b u i l d  t h e  most e f f i c i e n t  organism 
f o r  ou r  purposes.  

The present  atmosphere of t h e  Earth w a s  

The product ion of oxygen, however, i s  j u s t  one p a r t  of t h e  problem. 
Whether on Earth o r  on Mars, organisms are l i v i n g  i n  a l a r g e ,  b u t  c losed  bio- 
chemical system. This  f a c t  r e q u i r e s  t h a t  r ecyc l ing  of materials must occur ,  
o r  t h e  system w i l l  cease func t ioning .  
i d e n t i f y  a l r e a d y  on Mars inc lude  l i m i t a t i o n s  of  carbon d ioxide  as w e l l  as of 
n i t rogen ,  an  element e s s e n t i a l  f o r  l i f e .  While we  have every reason t o  suppose 
t h a t  o t h e r  elements,  such as phosphorous, s u l f u r ,  o r  magnesium, are a v a i l a b l e  
on t h e  s u r f a c e  of Mars, t h e  absence of any i n d i c a t i o n s  of  n i t rogen  i n  t h e  
atmosphere may s i g n a l  a severe problem f o r  b io logy .  

The s p e c i f i c  c o n s t r a i n t s  t h a t  w e  can 
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Assuming t h a t  t h e  requirements  f o r  pho tosyn the t i c  l i f e  can  b e  m e t  on Mars, 
and t h a t  w a t e r ,  C02, s u n l i g h t ,  and n u t r i e n t  elements are a v a i l a b l e ,  oxygen 
could  b e  produced i n  t h e  temperate regions;  however, t h e  organisms s e l e c t e d  
f o r  t h i s  t a s k  must have s u f f i c i e n t  p r o t e c t i v e  o r  r e p a i r  mechanisms t o  prevent  
decimation by t h e  u l t r a v i o l e t  f l u x .  A s imultaneous accumulation of oxygen and 
organic  material, and a d e p l e t i o n  o f  water and C02 w i l l  occur  ( s e e  eq. (1)). 
To a l low con t inua t ion  of t h e  process ,  i t  w i l l  be  necessary  t o  r e c y c l e  t h e  car- 
bon i n  t h e  organic  material back t o  C02. On Ear th  t h i s  is  done by organisms 
t h a t  use  t h e  organic  material as food. Some of t h e s e  organisms u t i l i z e  oxygen 
i n  t h i s  p rocess  and i f  they  were in t roduced  on Mars, they could d e p l e t e  t h e  
newly-formed oxygen. By s e l e c t i n g  organisms c a r e f u l l y ,  it i s  p o s s i b l e  t o  
o b t a i n  some t h a t  w i l l  f eed  on t h e  o rgan ic s  without  u t i l i z i n g  oxygen. These 
anaerobic  organisms could release C 0 2  and molecular hydrogen. 
t h e  hydrogen from t h e  p l a n e t  would r e s u l t  i n  a n e t  conversion of H20 t o  02. 

The escape  of 

hv 
H 2 0  + C02-(CH20) + O2 Photosynthes is  

(CH20) + H20-C02 + 2H2 Anaerobic (Clostr idium) Metabolism 

hv Sum 
2H20-02 + 2H2 

It i s  obvious from t h i s  simple case t h a t  a t  t h e  minimum a two-component 
b i o l o g i c a l  system w i l l  be  needed. A s  cons ide ra t ions  are made of o t h e r  n u t r i -  
t i o n a l  requirements ,  enlargement of  t h e  e c o l o g i c a l  system t o  b e  formed on Mars 
w i l l  b e  necessary .  I n  a balanced system, t h e  organisms a c t i n g  as t h e  c o l l e c -  
t o r s  of energy and n u t r i e n t s  must b e  o f f s e t  by t h e  organisms t h a t  release t h e  
n u t r i e n t s  back i n t o  t h e  system. The formation of a s p e c i f i c  new Martian atmo- 
sphere w i l l  r e q u i r e  an  unbalanced system i n i t i a l l y ,  one which w i l l  f avor  t h e  
accumulation of 02;  i n  t i m e ,  wi th  t h e  accumulation of s u f f i c i e n t  oxygen, i t  
w i l l  b e  reasonable  t o  in t roduce  oxygen us ing  organisms, and t o  s t o p  t h e  l o s s  
of hydrogen from t h e  p l a n e t .  On Ear th  it would seem t h a t  excessive hydrogen 
l o s s  is  l i m i t e d  by t h e  f a c t  t h a t  anaerobic  organisms are i n h i b i t e d  by O2 and 
t h a t  o t h e r  organisms can use  and conserve hydrogen. Any system t h a t  involves  
i n t e r a c t i o n s  between two or  more organisms is  very  complex. On a p lane ta ry  
scale, t h e  management of such a n  ecosystem w i l l  r e q u i r e  f i r s t ,  a major r e sea rch  
e f f o r t  j u s t  t o  desc r ibe  i t ,  and second, ex tens ive  modeling t o  understand it. 

The p o s s i b i l i t y  p r e s e n t s  i t s e l f  t h a t  i nadve r t en t  i n t r o d u c t i o n  of organisms 
could d i s r u p t  o r  nega te  any a t tempt  t o  develop a n  oxygen-containing atmosphere 
on Mars. Such b i o l o g i c a l  contaminat ion could a l s o  hamper t h e  exp lo ra t ion  of 
t h e  p l ane t .  Explora t ion  nus t  b e  completed be fo re  any scheme such as we  have 
descr ibed  could  begin.  
ecosynthes is  should n o t  b e  at tempted un le s s  overwhelming reasons  are marshal led 
t o  j u s t i f y  t h e  d i s r u p t i o n  of t h e  n a t i v e  populat ion.  However, indigenous organ- 
i s m s  might a l s o  b e  incorpora ted  i n t o  t h e  formation of a new ecosystem. 

I f  indigenous organisms exist on Mars, a scheme of 

A major ques t ion  arises as t o  t h e  t i m e  r equ i r ed  t o  form a n  atmosphere t h a t  
would provide  s u f f i c i e n t  O2 f o r  b rea th ing .  The answer t o  t h e  ques t ion  is 
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dependent upon so many f a c t o r s  t h a t  s p e c i f i c  t i m e s  cannot be  quoted. For 
example, i f  t he  p lane t  w e r e  i d e a l  f o r  t h e  growth of algae,  and a l l  of t h e  sur- 
face  could be  u t i l i z e d ,  with unlimited water and C02, a period of less than 
100 years  might b e  needed. 
with present conditions,  and assuming t h a t  major physical  engineering changes 
would not b e  done, would suggest a t i m e  period of s eve ra l  mi l l i on  years.  The 
most r e a l i s t i c  t i m e  frame, assuming the  s e l e c t i o n  of an e f f i c i e n t  organism, 
some increase  i n  temperature, a v a i l a b i l i t y  of water, C02, and nitrogen, and 
an exponential increase  i n  O2 production rate, would seem t o  be several thou- 
sand years.  

On t h e  o ther  hand, an O2 production rate cons i s t en t  

The preceding specula t ions  w i l l  probably not be  considered i n  a se r ious  
way f o r  a t  least a century, and the  scenario developed then w i l l  undoubtedly 
include t h e  simultaneous use of long-term enclosed s t a t i o n s ,  coupled with t h e  
development of an ex te rna l  atmosphere. The conclusions of t h i s  f e a s i b i l i t y  
study are: (1) t h a t  while much more information about Mars i s  e s s e n t i a l  f o r  
a reasonable cons idera t ion  of ecosynthesis, t h e r e  are no insuperable obs tac les ,  
i d e n t i f i a b l e  a t  t h i s  t i m e ,  t h a t  would prevent t h e  conversion of t h e  Martian 
atmosphere i n t o  one t h a t  could eventually support human l i f e ;  and (2) t h a t  
l ack  of proper concern now f o r  b io log ica l  contamination of Mars may se r ious ly  
obs t ruc t  fu tu re  e f f o r t s  a t  Martian planetary engineering. 

1208 



REFERENCES 

1. Lowell, P.: Mars as t h e  Abode of L i f e .  MacMillan, New York, 1910. 

2. MacElroy, R. D . ,  e t  a l . :  On t h e  H a b i t a b i l i t y  of Mars. In: F i n a l  Report ,  
NASA-ASEE Summer I n s t i t u t e .  1975, Stanford-Ames Research Program, 
D. Bershader,  J. Leveen and J. Mayers, eds . ,  1975. 

3. Averner, M. M. and MacElroy, R. ' D . :  On t h e  H a b i t a b i l i t y  of  Mars: An 
Approach t o  P lane ta ry  Ecosynthesis .  NASA SP 406, 1976. 

4. Ehricke,  K.: Extraterrestrial Imperat ive.  Bu l l .  Atomic. S c i . ,  Nov., 1971, 
pp. 18-26. 

5. 

6. 

7. 

8. 

9.  

10. 

11. 

12. 

13. 

14. 

15. 

16. 

Vondrak, R.: Crea t ion  of a n  A r t i f i c i a l  Lunar Atmosphere. Nature, 248, 
1974, pp. 657-659. 

Vondrak, R. :  A r t i f i c i a l  Crea t ion  of a S t a b l e  Lunar Atmosphere on t h e  Moon. 
EOS. Trans. Am. Geophys. Union, 54, 389, 1973. 

Levine, J.  S . :  Argon on Mars! Where i s  t h e  Water? EOS. Trans. Am. 
Geophgs. Union, 56, 405, 1975. 

Levine, J. S.:  A New E s t i m a t e  of V o l a t i l e  Outgassing on Mars. Icarus, 
28, 1976, pp. 165-169. 

Houck, J. R. ,  Po l lack ,  J. B . ,  Sagan, C . ,  Schaak, P. ,  and Dekker, J. A.: 
High-Alti tude I n f r a r e d  Spectroscopic  Evidence f o r  Bound Water on Mars. 
I c a r u s ,  18,  1973, pp. 470-480. 

Fanale ,  F. P.: Mart ian V o l a t i l e s :  Thei r  Degassing Hi s to ry  and Geochem- 
i ca l  Fa te .  I c a r u s ,  28, 1976, pp. 179-202. 

Sagan, C . :  The Long Winter Model of Mart ian Biology: A Speculat ion.  
I ca rus ,  15,  1971, pp. 511-514. 

Goody, R. M . ,  and Walker, J. C.  G.: Atmospheres. Prent ice-Hal l ,  Inc . ,  
Englewood C l i f f s ,  New Je r sey ,  1972. 

Nol l ,  R. B . ,  and McElroy, M. B. :  Models of Mars' atmosphere. NASA 
Space Vehicle Design Criteria (Environment), NASA SP-8010, 1974. 

McCormac, B. M. ,  ed.: In t roduc t ion  t o  t h e  S c i e n t i f i c  Study of Atmospheric 
Po l lu t ion .  D. Re ide l  Publ i sh ing  Company, Dordrecht-Holland, 1971. 

Barth,  6. A.: The Atmosphere of Mars. Ann. Rev. Ear th  and P lane t .  Sc i . ,  
2, 1974, pp. 333-367. 

Levine, J. S . ,  Kraemer, D. R.,  and Kuhn, W. R.: The d i s t r i b u t i o n  of 
s o l a r  r a d i a t i o n  i n c i d e n t  on Mars and t h e  Jovian  P lane t s .  EOS. Trans. 
Am. Geophys. Union, 55, 343, 1974. 

1209 



1 7 .  

18. 

19 

20. 

21. 

22. 

23. 

24. 

Nawrocki, P. J., and Papa, R.: Atmospheric Processes .  Prentice H a l l ,  
I nc . ,  Englewood C l i f f s ,  New Je r sey ,  1963. 

Crutcher ,  H. L.:  Temperature and Humidity i n  t h e  Troposphere. In:  A 
World Survey of  Climatology, vo l .  4: C l i m a t e  of t h e  Free  Atmosphere. 
Rex, D. F., ed. ,  Elsevier, Amsterdam, 1969, pp. 45-83. 

Woiceshyn, P. M.: Global  Seasonal  Atmospheric F l u c t u a t i o n s  on Mars. 
Ica rus ,  22, 1974, pp. 325-344. 

Conrath,  B. ,  Curran, R . ,  Hanel, R. ,  Kunde, V . ,  Maguire, W . ,  P e a r l ,  J., 
P i r r a g l i a ,  J. ,  and Welker, J.: Atmospheric and Surface  P r o p e r t i e s  of 
Mars Obtained by I n f r a r e d  Spectroscopy on Mariner 9. J. Geophys. R e s . ,  
78, 1973, pp. 4267-4278. 

K l io re ,  A. J., Fje ldbo ,  G. F., Se ide l ,  B. L. ,  Sykes, M. J . ,  and Woiceshyn, 
P. M. :  S Band Radio Occu l t a t ion  Measurements of t h e  Atmosphere and 
Topography of Mars wi th  Mariner 9:  
and In te rmedia te  La t i tudes .  J. Geophys. R e s . ,  78, 1973, pp. 4331-4351. 

Extended Mission Coverage of P o l a r  

Hanel, R.  A . ,  Conrath,  B.  J . ,  Hovis, W. A . ,  Kunde, V. G . ,  Lowman, P. D . ,  
Pear l ,  J. C . ,  Prabhakara,  C . ,  and Schlachman, B . :  I n f r a r e d  Spectroscopy 
Experiment on t h e  Mariner 9.  Mission: Pre l iminary  Resu l t s .  Science,  
175, 1973, pp. 305-308. 

Fanale ,  F. P., and Cannon, W. A , :  Exchange of Absorbed H20 and C02 
Between t h e  Rego l i th  and Atmosphere of Mars Caused by Changes i n  Surface 
I n s o l a t i o n .  J. Geophys. R e s . ,  79, 1974, pp. 3397-3402. 

I n g e r s o l l ,  A. P.: Mars: The Case Against  Permanent C02 F r o s t  Caps. 
J. Geophys. R e s . ,  79, 1974, pp. 3403-3410. 

1210 



TABLE I.- PHYSICAL CHARACTERISTICS OF EARTH AND MARS 

(a) P lane ta ry  and O r b i t a l  Parameters 

Parameter 

Atmospheric m a s s ,  g 
Surface a i r  p re s su re ,  mbar 
Surface  a i r  dens i ty ,  g/cm 

Adiaba t ic  l a p s e  rate,  K/km 
Average o p t i c a l  t h i ckness  
Tropopause he igh t ,  km 
Turbopause h e i g h t ,  km 

Sca le  h e i g h t ,  km 

Parameter 

Mass, g 
Mean dens i ty ,  g/cm3 
Mean r a d i u s ,  km 
Surface  g r a v i t y ,  cm/sec2 
Length of  day, Earth-days 
Length of yea r ,  Earth-days 
Obl iqui ty  , deg 
O r b i t a l  e c c e n t r i c i t y  
Mean d i s t a n c e  from Sun, km 
So la r  cons tan t  , cal/cm2/min 
P lane ta ry  albedo 
E f f e c t i v e  temperature ,  K 

Ear th  Mars 

5 . 3 ~ 1 0 ~ ~  2 . 4 ~ 1 0 ~ 9  
1000 5 

1 . 2 ~ 1 0 - ~  1 .2~10-5  
8.4 10.6 
9 .8  4.5 
2 O . l a  

10  30? 
80 150 

Ear th  

5 . 9 8 ~ 1 0 ~ ~  
5.52 
6371 

981 
1 

365 
23.5 

0.017 
1 5 0 ~ 1 0 ~  

2.00 
0.30-0.35 

253 

Mars 

6 . 4 3 ~ 1 0 ~ ~  
3.94 
339 4 

37 3 
1.026 

687 
23.9 

0.093 
2 2 8 ~ 1 0 ~  

0.866 

4 2 16 
0.15-0.25 

Source of da t a :  Goody and Walker ( r e f .  12)  

a;Much h i g h e r  i n  dusts torms.  

Sources of da ta :  Goody and Walker ( r e f .  12) ;  
No11 and McElroy ( r e f .  13) 
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TABLE I.- Continued. 
Atmospheric Composition ( X  by volume) 

Latitude, 

deg 
90 N 
45 N 
0 
45 s 
90 s 

aDisplays large variations with latitude and season. 

Sources of data: McCormac (1971) (ref 14) ; No11 
and McElroy (ref. 13); Barth (ref.15);Levine (ref. 7 )  

Eartha 

Northern Hemisphere 

Summer Winter 

327? 0 
520 112 
380 419 
99 513 

0 

0 341? 

(d) Average Solar Radiation Incident at the Surface (cal/cm2/day) 

Summer 

320 
315 
2 50 
100 

0 

Winter 

0 
100 
365 
450 
450 

Mars I 

aIncludes attenuation due to atmospheric turbidity 

Sources of data: Unpublished notes of H. H. Lettau 
and cloudiness. 

(Univ. of Wisconsin) (Earth values); Levine, 
Kraemer, and Kuhn (ref. 16) (Martian values). 

(e) Average Ultraviolet Radiation Incident at the Surface 
( cal/cm2/day) 

W Band ~1 10. 6a 

aThis figure is equal to 6x103 erg/cm2/sec. 
Source of data: Nawrocki and Papa (ref. 17). 
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Lat i tude ,  

deg 
90 N 
45 N 
0 

45 s 
90 s 

(g) A Chemical Inventory (g/cm2) 

Eartha Mars 

Northern Hemisphere Northern Hemisphere 

Summer Winter Summer Winter 

2 79 235 185 145 
2 89 261 220 175 
29 7 29 7 200 2 40 
2 79 28 7 16  2 265 
226 263 145 200 

L 

Species 

co2 

H20 

O2 

N2 

O3 

atmosphere: 
c rus t :  

atmosphere: 
c rus t :  

atmosphere : 
c r u s t  : 

atmosphere: 
c r u s t  : 

atmosphere: 

i o  

2 
106 

200 
107 

7 80 
102 

10- 

Earth 

0.3  

? 

Mars 

15 
10-103 ? 

1-103 ? 

0.01 
? 

0.01 

0.5 ? 
1-4 ? 

2x10-7 

Sources of data:  Barth ( r e f .  1 5 ) ;  
No11 and McElroy ( r e f .  1 3 ) ;  Fanale 
and Cannon ( r e f .  23); Sagan ( r e f .  
11); I n g e r s o l l  ( r e f .  24)  
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Figure  1.- Diurnal  su r f ace  tempera- 
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CREATION O F  A N  ARTIFICIAL ATMOSPHERE ON THE MOON 

A t  t h e  
t o  t h e  t h i n  
more dense ,  

Richard R. Vondrak 
S tan fo rd  Research I n s t i t u t e  

SUMMARY 

presen t  t i m e  t h e  s o l a r  wind i s  a b l e  t o  r a p i d l y  remove gases  added 
l u n a r  atmosphere. However, i f  t h e  l u n a r  atmosphere were to  become 
loss  t o  t h e  s o l a r  wind would be  i n e f f e c t i v e  and thermal  escape  

would become t h e  dominant l o s s  mechanism. The l u n a r  atmosphere would then  be 
long-l ived s i n c e  thermal escape l i f e t i m e s  a r e  thousands of  y e a r s ,  Evalua t ion  
of p o s s i b l e  methods of gas  product ion  i n d i c a t e s  t h a t  i t  i s  t e c h n o l o g i c a l l y  
f e a s i b l e  t o  c r e a t e  an a r t i f i c i a l  long- l ived  l u n a r  atmosphere. 

INTRODUCTION 

The p r e s e n t  l una r  atmosphere is  a c o l l i s i o n l e s s  exosphere wi th  s u r f a c e  
-3 

number d e n s i t i e s  less than  lo7 c m  
tenuous s t a t e  is  maintained by t h e  s o l a r  wind, which promptly removes ion ized  
g a s  from t h e  l u n a r  v i c i n i t y  through t h e  a c t i o n  of t he  i n t e r p l a n e t a r y  e lec t r ic  
f i e l d  A s  shown i n  f i g u r e  1, an atmospheric  i o n  formed through pho to ion iza t ion  
by the  s o l a r  u l t r a v i o l e t  or by c o l l i s i o n a l  i o n i z a t i o n  by t h e  s o l a r  wind is  
a c c e l e r a t e d  i n i t i a l l y  i n  t h e  d i r e c t i o n  of t h e  i n t e r p l a n e t a r y  electric f i e l d .  
Half of t h e  i o n s  a r e  t h u s  l o s t  i n t o  space and h a l f  a r e  d r iven  i n t o  t h e  s u r f a c e .  
The mean r e s idence  t i m e  of an atom or molecule i s  t h e  i o n i z a t i o n  l i f e t i m e  
( t y p i c a l l y  lo6 t o  lo7 sec). The a c c e l e r a t e d  atmospheric  i o n s  have been d i r e c t -  
l y  d e t e c t e d  f o r  bo th  t h e  n a t u r a l  l u n a r  atmosphere and gases  r e l e a s e d  dur ing  t h e  
Apollo miss ions  ( r e f s .  1 and 2 ) .  Exponent ia l  decay t i m e s  of t h e  o r d e r  of one 
month were observed f o r  t h e  Apollo exhaus t  gases .  

and a t o t a l  m & s s  less than  lo4  kg. This  

The solar-wind loss  mechanism is  t h e  dominant process  on ly  SO long a s  t h e  
s o l a r  wind h a s  d i r e c t  access  t o  t h e  m a j o r i t y  of t h e  atmosphere. A s  t h e  atmo- 
sphere  becomes more dense ,  newly formed i o n s  of a tmospheric  o r i g i n  load  down 
t h e  s o l a r  wind and cause  i t  t o  be  d i v e r t e d  around t h e  Moon ( s e e  f i g u r e  2) .  
Thermal escape  then  becomes t h e  dominant l o s s  mechanism and t h e  atmosphere 
becomes long- l ived ,  s i n c e  thermal  escape  times a r e  thousands of yea r s  f o r  g a s e s  
heav ie r  than helium. 

I n  t h i s  paper I examine q u a n t i t a t i v e l y  t h e  e f f e c t i v e n e s s  of  the l u n a r  
atmospheric loss mechanisms. 
i n c r e a s e  t h e  d e n s i t y  of  t h e  l u n a r  atmosphere so t h a t  t h e  atmospheric  source  

I t  i s  found t h a t  i t  is  p o s s i b l e  t o  a r t i f i c i a l l y  
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r a t e  exceeds t h e  a b i l i t y  of t h e  s o l a r  wind t o  c a r r y  o f f  t h e  gas .  
p re sen t  l u n a r  
a c t i v i t y ,  and t h a t  should be t r e a t e d  c a r e f u l l y  i f  i t  is  t o  be preserved.  

Thus,the 
(1 vacuum" is  a f r a g i l e  s t a t e  t h a t  could be modified by human 

ATMOSPHERIC LOSS MECHANISMS 

A q u a n t i t a t i v e  e v a l u a t i o n  of t h e  lunar-atmosphere loss mechanisms is  
shown i n  f i g u r e  3 f o r  an oxygen atmosphere. The exospher ic  l o s s  r a t e  t o  t h e  
s o l a r  wind was c a l c u l a t e d  by assuming t h a t  t h e  t o t a l  i o n i z a t i o n  r a t e  was 
5 X 
s i d e .  The l i m i t  t o  mass l o s t  t o  t h e  s o l a r  wind fo r  a t h i c k  atmosphere i s  
taken  a s  equa l  t o  t h e  solardwind mass f l u x  through t h e  l u n a r  c r o s s  s e c t i o n  
(= 30 g-s") , s i n c e  c r i t i c a l  mass loading  of  t h e  s o l a r  wind occur s  i f  i o n s  a r e  
added a t  a r a t e  comparable t o  the  s o l a r  wind f low ( r e f .  3). Venus and Mars 
each  lose about 10 g-s-1 t o  t h e  s o l a r  wind ( r e f s .  3 and 4 ) ,  which i s  1% (Venus) 
and 20% (Mars) of t h e  mass f l u x  of t h e  s o l a r  wind through t h e i r  c ros s - sec t iona l  
a r e a s .  The thermal  escape  r a t e  ( r e f .  5) was c a l c u l a t e d  w i t h  300 K a s  t h e  
weighted average of  t h e  l u n a r  s u r f a c e  temperature .  Absorpt ion of t h e  s o l a r  
wind and u l t r a v i o l e t  by a t h i c k  atmosphere r e s u l t s  i n  exospher ic  h e a t i n g  and 
more e f f e c t i v e  thermal  evapora t ion .  However, a s  t h e  atmospheric d e n s i t y  i s  
i n c r e a s e d ,  t h e  exosphe r i c  base  rises above t h e  s u r f a c e  and t h e  mass l o s t  t o  
thermal  evapora t ion  becomes c o n s t a n t .  

i o n  p e r  atom s-l and t h a t  h a l f  of  t h e  exospher ic  mass was on the  day- 

D e t a i l s  o f  t h e  t r a n s i t i o n  from a t h i n  t o  a t h i c k  atmosphere a r e  s t i l l  un- 
c e r t a i n  because o f  incomplete understanding of t h e  mechanisms by which the 
s o l a r  wind i s  d e f l e c t e d  and t h e  exosphere i s  hea ted .  I n  p a r t i c u l a r ,  t h e  t h i c k  
atmosphere thermal  l o s s  h a s  probably been overes t imated  i n  f i g u r e  3, s i n c e  i t  
i s  u n l i k e l y  t h a t  exospher ic  h e a t i n g  occur s  a s  r a p i d l y  a s  i n d i d a t e d .  However, 
i t  i s  expected t h a t  a c ros sove r  w i l l  occur  between solar-wind l o s s  and thermal  
loss. More impor t an t ly ,  bo th  l o s s  r a t e s  w i l l  approach c o n s t a n t  va lues  so t h a t  
a tmospheric  l o s s  becomes e s s e n t i a l l y  l i n e a r  r a t h e r  t han  exponent ia l .  

O t h e r  f e a t u r e s  of a tmospheric  l o s s ,  such a s  p o s s i b l e  abso rp t ion  of gases  
by t h e  l u n a r  s o i l ,  have been examined i n  d e t a i l  i n  r e f .  6 .  

If gases  a r e  added t o  t h e  l u n a r  atmosphere, t h e  atmospheric  size w i l l  
i n c r e a s e  u n t i l  t h e  source  r a t e  i s  equa l  t o  t h e  l o s s  r a t e .  F igure  4 shows t h e  
atmospheric  masses t h a t  r e s u l t  from va r ious  c o n s t a n t  g a s  a d d i t i o n  r a t e s ,  Q .  
The e f f e c t  of inducing  a t r a n s i t i o n  from an exosphere wi th  r a p i d  l o s s  t o  a 
t h i c k  atmosphere wi th  slow l o s s  i s  i l l u s t r a t e d  by cons ide r ing  t h e  r e s u l t  when 
t h e  g a s  source  i s  s h u t  o f f  (Q = 0).  The t h i c k  atmosphere decays w i t h  an 
exponen t i a l  l i f e t i m e  of s e v e r a l  hundred y e a r s ,  whereas  t h e  t h i n  atmosphere 
decays i n  a f e w  weeks. Although t h e  t r a n s i t i o n  t o  a long-l ived atmosphere 
r e q u i r e s  a t o t a l  mass of lo8 kg, t h e  s u r f a c e  d e n s i t y  would s t i l l  be l o w  com- 
pared t o  d e n s i t i e s  i n  the  t e r r e s t r i a l  atmosphere. For  atmospheres i n  excess 
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of lo8 kg t h e  l o s s  r a t e  cannot  i n c r e a s e  s u b s t a n t i a l l y  and, i n  p r i n c i p l e ,  t h e  
atmosphere can grow i n d e f i n i t e l y  i f  t h e  source  r a t e  exceeds 60 kg-s- l .  

ATMOSPHERIC SOURCES 

The t o t a l  l u n a r  a tmospheric  mass i s  a t  p r e s e n t  less than  lo4 kg and i s  
maintained by a n a t u r a l  source  r a t e  less than  10 g-s-1 ( r e f .  7). A l a r g e r  g a s  
a d d i t i o n  r a t e  w i l l  r e s u l t  i n  an a r t i f i c i a l  l u n a r  atmosphere i n  which t h e  gases  
of n a t u r a l  o r i g i n  a r e  on ly  t r a c e  components. A s  d i scussed  above, an i n c r e a s e  
t o  lo8 kg, s u c h  a s  could  be accomplished by a s u s t a i n e d  r e l e a s e  r a t e  exceeding 
60 kg s-l,  would r e s u l t  i n  a long- l ived  l u n a r  atmosphere. 

Each Apollo mission depos i t ed  n e a r l y  lo4 kg of rocke t  exhaus t  i n t o  t h e  
l u n a r  environment. However, s i n c e  they  occurred  i n f r e q u e n t l y ,  no long-l ived 
i n c r e a s e  i n  t h e  l u n a r  atmosphere was produced. A permanent l u n a r  b a s e  would 
probably r e l e a s e  g a s  a t  a r a t e  equ iva len t  t o  
supply t r a f f i c  equal  t o  one Apollo miss ion  month-' pe r  man. 
l u n a r  c o l o n i e s  would seem t o  p re sen t  no l a s t i n g  hazard to  t h e  l u n a r  environ-  
ment. Another p o t e n t i a l  source  of g a s  contaminat ion i s  mining of t h e  l u n a r  
s u r f a c e .  Examination of the  l u n a r  samples i n d i c a t e s  t h a t  about  of t h e  
m a s s  of  the  l u n a r  s o i l  c o n s i s t s  of t rapped  gases. Perhaps 10% of these  gases  
w i l l  be r e l e a s e d  dur ing  upheaval and hea t ing  of  t h e  s o i l  i n  normal mining 
ope ra t ions .  Cons t ruc t ion  of  l a r g e  s t r u c t u r e s  i n  space  have been proposed by 
O ' N e i l l  (ref. 8) t h a t  would r e q u i r e  t h e  removal of about  lo9 kg of s o i l  from 
t h e  l u n a r  s u r f a c e .  
so t h i s  does n o t  appear  t o  be a s i g n i f i c a n t  source  of  a tmospheric  contaminat ion.  
However, v igorous  l u n a r  c o l o n i z a t i o n  and mining cou ld  r e s u l t  i n  more substan-  
t i a l  r e l e a s e  r a t e s .  

kg-s'l per  man, assuming 
Therefore ,  smal l  

Mining t h i s  amount would y i e l d  o n l y  about lo4 kg of gases ,  

If one wanted i n t e n t i o n a l l y  t o  c r e a t e  an a r t i f i c i a l  l u n a r  atmosphere, 
g a s e s  could  be ob ta ined  by vapor i za t ion  of t h e  l u n a r  s o i l .  Approximately 25 MW 
i s  needed t o  produce 1 kg-s-' of oxygen by s o i l  vapor i za t ion .  
mechanism f o r  g a s  g e n e r a t i o n  i s  subsu r face  mining w i t h  n u c l e a r  exp los ives ,  a s  
shown i n  f i g u r e  5. K. Ehr icke  ( r e f .  9) e s t i m a t e s  t h a t  a 1-kt n u c l e a r  device  
w i l l  form a cavern  approximately 40 m i n  d i a m e t e r  from which lo7 kg of oxygen 
can be recovered.  
o f  g a s  needed t o  d r i v e  t h e  Moon i n t o  t h e  long-l ived atmosphere s t a t e .  

An e f f i c i e n t  

App l i ca t ion  of  t h i s  technique  can e a s i l y  g e n e r a t e  t h e  lo8 kg 

An obvious s p e c u l a t i o n  i s  t h e  f e a s i b i l i t y  of  c r e a t i n g  an a r t i f i c i a l  l u n a r  
I t  atmosphere t h a t  would be  

atmosphere. 
Obtaining t h i s  much oxygen by vapor i za t ion  of l u n a r  s o i l  r e q u i r e s  an amount of  
energy equa l  to  2 X 10l1 k t  of TNT. 
l a r g e r  t han  t h e  t o t a l  U . S .  s t o c k p i l e  of nuc lea r  weapons (ref. l o ) ,  i t  seems 
i m p r a c t i c a l  t h a t  such an amount of g a s  could be gene ra t ed  by c u r r e n t  technology. 

b rea thab le"  or a s  dense a s  t he  s u r f a c e  t e r r e s t r i a l  
Such a l u n a r  atmosphere would have a t o t a l  mass o f  2 X 1018 kg. 

S ince  t h i s  is  approximately lo4 t i m e s  
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S i n c e  t h e r e  a r e  n o  known n a t u r a l  g a s  r e s e r v o i r s  o n  t h e  Moon, i t  would be 
n e c e s s a r y  t o  i m p o r t  g a s e s .  For example ,  a cometa ry  n u c l e u s  of r a d i u s  80 km 
c o n t a i n s  2 X 1 O I 8  kg  of oxygen.  

The d e s i r a b i l i t y  of i n t e n t i o n a l l y  i n c r e a s i n g  t h e  d e n s i t y  of t h e  l u n a r  
a tmosphe re  i s  h i g h l y  q u e s t i o n a b l e ,  s i n c e  t h e  p r i m a r y  a p p l i c a t i o n s  of a l u n a r  
l a b o r a t o r y  i n v o l v e  u t i l i z a t i o n  of t h e  p r e s e n t  l u n a r  "vacuum. Bu t  t h e  a r t i f i -  
c i a l  g e n e r a t i o n  of a n  a tmosphe re  c a n  b e  c o n s i d e r e d  a s  a n o t h e r  p o t e n t i a l  method 

I t  

f o r  m o d i f i c a t i o n  of p l a n e t a r y  e n v i r o n m e n t s .  

CONCLUSIONS 

The p r i n c i p a l  r e s u l t s  of t h i s  s t u d y  a r e :  

(1) An i n c r e a s e  i n  t h e  mass of t h e  p r e s  n t  l u n  p h e r e  c o u l d  r e s u l t  
i n  a n  a tmosphe re  w i t h  a r e l a t i v e l y  l o n g  l i fe t ime.  

( 2 )  Such  a l o n g - l i v e d  a tmosphe re  c o u l d  be c r e a t e d  i n a d v e r t e n t l y  t h r o u g h  
a c t i v e  l u n a r  c o l o n i z a t i o n ,  or i n t e n t i o n a l l y ,  i f  desired,  b y  t echno-  
l o g i c a l  methods  p r e s e n t l y  f e a s i b l e .  Even modest  l u n a r  e x p l o r a t i o n  
r e s u l t s  i n  a l u n a r  a tmosphe re  i n  which  the  g a s e s  of n a t u r a l  o r i g i n  
a r e  o n l y  t r a c e  components .  

(3 )  C r e a t i o n  of a d e n s e  l u n a r  a tmosphe re  comparab le  t o  t h e  t e r r e s t r i a l  
a tmosphe re  is n o t  f e a s i b l e  w i t h  c u r r e n t  t e c h n o l o g y .  

r exo 

1218 



REFERENCES 

1. Lindeman, R . ;  Freeman, J . ;  and Vondrak, R . :  I ons  from t h e  Lunar Atmosphere. 
Proceedings of  t h e  Four th  Lunar Sc ience  Conference.  Geochim. Cosmochim. 
Acta ,  Suppl. 4 ,  vo l .  3, 1973, pp. 2889-2896. 

2 .  Freeman, J . ;  Fenner ,  M . ;  H i l l s , H . ;  Lindeman, R . ;  Medrano, R . ;  and Meister, 
J . ;  Suprathermal Ions  nea r  t h e  Moon. I c a r u s ,  vo l .  16,  1972, pp. 328-338. 

3.  Michel,  F. C . :  Solar-Wind-Induced Mass Loss from Magnetic F i e l d  Free  
P l a n e t s .  P l a n e t .  Space S c i . ,  vo l .  19 ,  1971, pp. 1580-1582. 

4. C l o u t i e r ,  P.  A. ;  D a n i e l l ,  R.  E . ;  and B u t l e r ,  D. M . :  Atmospheric Ion Wakes 
of Venus and M a r s  i n  t h e  S o l a r  Wind. P l a n e t .  Space S c i . ,  vo l .  22,  1974, 
pp. 967-990. 

5 ,  Johnson, F. S. :  Lunar Atmosphere. Rev. Geophys. Space Phys . ,  v o l .  9 ,  1971, 
pp. 813-823. 

6 .  Vondrak, R . :  Crea t ion  of an A r t i f i c i a l  Lunar Atmosphere. Nature ,  vo l .  
248, no. 5450, A p r i l  19 ,  1974, pp. 657-659. 

7 .  Vondrak, R . ;  Freeman, J . ;  and Lindeman, R . :  Measurements of Lunar Atmo- 
s p h e r i c  Loss R a t e .  Proceedings of t h e  F i f t h  Lunar Sc ience  Conference. 
Geochim. Cosmochim. Acta ,  Suppl.  5,  vo l .  3, 1974, pp. 2945-2354. 

8. O ' N e i l l ,  G .  K . :  The Coloniza t ion  o f  Space. Phys ics  Today, vo l .  28,  no. 9 ,  
1974, pp. 32-43. 

9 .  Ehr icke ,  K .  A . :  Lunar I n d u s t r i e s  and The i r  Value f o r  t h e  Human Environment 
on E a r t h .  Acta As t ronau t i ca ,  vo l .  1, 1974, pp. 585-622. 

10. Symington, S . :  Address t o  the  General  Assembly of t h e  United Nat ions ,  
New York, 21  October 1974. 

1219 



- - 
SOLAR WIND 

AND 
ULTR AV IO LET - - 

THIN EXOSPHERE 

t 

Figure 1.- Interaction between a thin exosphere and the solar wind. 
Ions are formed by photoionization or collisional ionization and 
are then accelerated by the interplanetary electric field E that 
results from the convection of the interplanetary magnetic 
field B past the moon at the solar wind velocity V. 

THICK ATMOSP 

Figure 2 . -  Interaction between a thick atmosphere and the 
solar wind. Solar-wind flow is diverted around the 
planet by the formation of an ionopause. 
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Figure 3 . -  Loss rates f o r  an oxygen (mass 16 a.m.u.) 
atmosphere o f  varying s ize .  
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- UV optical depth 

IO 

TIME (sed  
Figure 4.- Growth curves o f  t h e  lunar atmosphere for  various 

constant gas addi t ion  rates, Q. 
t h e  terrestrial  atmosphere a re  ind ica ted .  
i nd ica t e  decay i n  t h e  t o t a l  mass i f  t h e  gas source i s  
shut o f f .  

Comparable d e n s i t i e s  i n  
Dashed l i n e s  
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GAS SEPARATION 
AND STORAGE 

Figure 5 . -  A method, proposed by Ehricke ( r e f .  9), 
f o r  ob ta in ing  oxygen from underground nuclear  
explosions.  Ehricke estimates t h a t  1 kt of  
TNT will y i e l d  about l o7  kg of recoverable  
oxygen. 

1223 





A TWO-DIMENSIONAL STRATOSPHERIC MODEL OF THE DISPERSION OF AEROSOLS 

FROM THE FUEGO VOLCANIC ERUPTION 

E l l i s  E. Remsberg 
Langley Research Center 

Carolyn F. Jones* 
Vought Corporation 

Jae Park 
College of W i l l i a m  and Mary 

SUMMARY 

The eruption of t h e  Volc& de Fuego i n  Guatemala ( 1 5 O N )  i n  October 1974 
provides an excellent opportunity t o  study the  e f f e c t s  of a major incursion 
of volcanic aerosols i n t o  t h e  stratosphere.  Observational da ta  of t h e  pre- 
and post-volcanic aerosols are used i n  conjunction with predictions of a 2-D 
c i rcu la t ion  model t o  gain b e t t e r  understanding of t h e  t ranspor t ,  chemical, and 
sedimentation processes which determTne t h e  s t ra tospher ic  aerosol layer .  

INTRODUCTION 

Knowledge of t he  d i s t r ibu t ion  of  t h e  volcanic aerosols i s  important not 
only fo r  a b e t t e r  understanding of t h e  s t ra tospheric  c i rcu la t ion ,  bvt a l so  f o r  
estimating decreases of t h e  mean temperature of t h e  Earth 's  surface due t o  
increases i n  aerosol amounts. Stratospheric aerosols are predominantly sulfate 
particles-possibly SO2 converted through a s e r i e s  of react ions t o  SO3 and 
then hydrolyzed t o  H2SO4. The major portion of a l l  s t ra tospher ic  aerosols i s  
due t o  volcanic eruptions.  Other na tura l  and anthropogenic aerosol sources 
occur through troposphere-stratosphere exchange processes which may be respon- 
s i b l e  f o r  t h e  background concentrations of 0.5 p a r t i c l e s  per cm3 with sizes 
ranging from about 0 . 1 t o  1.0 micrometer i n  radius.  The propert ies  of t h e  
s t ra tospheric  aerosols and t h e i r  e f f ec t s  on t h e  rad ia t ion  balance can be found 
i n  Cadle and G r a m s  (ref. 1). 

. 

Remote sensing techniques have been used t o  monitor s t ra tospher ic  aerosols 
at f ixed locat ions and from a i r c r a f t .  One such technique, t h e  l a s e r  radar  
( l i d a r ) ,  has been successfully u t i l i z e d  s ince 1963 t o  give v e r t i c a l  p ro f i l e s  
of aerosol layers. The pr inc ip le  of t h e  l i d a r  and t h e  l i d a r  ca l ibra t ion  have 
been described by Northam, e t  al .  (ref.  2 ) .  A l i d a r  measure of t h e  aerosol 
mixing r a t i o  i s  the  sca t t e r ing  r a t i o  

RS 

* Presently employed by Old Dominion University 
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a R = 1.0 + - 
fm 

f 

S 

where fa  and fm a re  t h e  aerosol and molecular backscattering functions,  
respectively.  The f-values are products of t h e  species cross sect ion and 
number density. Any Rs value greater  than one represents backscattering 
from aerosols.  If the  aerosol cross sect ion i s  constant with height,  t h e  
sca t te r ing  r a t i o  p r o f i l e  i s  a d i r ec t  measure of aerosol number density. 

Figure 1 shows two Rs p ro f i l e s  obtained by l i d a r  at Hampton, Virginia. 
The p lo t  fo r  January 2 ,  1975, represents an enhanced aerosol layer  due t o  
volcanic a c t i v i t y  i n  Guatemala i n  October 1974. The February 19 , 1976, p r o f i l e  
resembles a near-background aerosol l eve l  and shows the  depletion of t h e  
January 2 layer  over 13 months. 

A s  a r e su l t  of  t he  subs tan t ia l  quantity of l i d a r  da ta  avai lable  from a 
semi-global observation network, an analysis of t heo re t i ca l  models of t h e  
l a t i t u d i n a l  and v e r t i c a l  dispersion of t he  s t ra tospher ic  aerosol layer  can be 
conducted. This paper spec i f ica l ly  concerns the  Fuego volcanic eruptions i n  
Guatemala (15ON) i n  October 1974 ( r e f .  3).  Chemical processes , atmospheric 
transport ,  and p a r t i c l e  sedimentation processes a re  evaluated f o r  t h a t  event. 
The aerosol property i n  equation (1) i s  then compared f o r  both observations 
and theory. 

MODEL DESCRIPTION 

The r a t e  of change of aerosol mixing r a t i o  i s  defined by 

= =  (E) + (2) + (2) 
ch t r  g r  

d t  

(E) t r  
where N i s  aerosol mixing r a t i o ,  (s) 
i s  the  t ransport  term,and (E) 

i s  t h e  chemical term, 
ch 

i s  t h e  aerosol growth rate t e r m .  
gr  

The SO2 t o  aerosol conversion chemistry w a s  i n i t i a l l y  considered 
with a one-dimensional model t o  determine i t s  importance i n  the  long- 
term aerosol dispersion. A simple SO2 t o  H2SO4 gas chemistry follows 
t h e  route  

SO2 + HSO -+ SO 3 H2S0h 3 3 

1 i L !'* 

(3)  



The SO2 -+ H2SO4 conversion i s  estimated t o  take place within about 100 days. 
Since aerosol chemistry i s  not wel l  understood, t h e  modeling attempt i n  t h i s  

paper neglects t h e  t e r m  (g) 
ch 

The dynamical model developed by Louis ( r e f ,  4 )  includes advect,ion by 
the  m e a n  meridional c i rcu la t ion  and diffusion by large-scale eddies. The 
model extends from 0 t o  50 km i n  a l t i t ude 'w i th  a g r i d  spacing of 1 km and 
from 90°N t o  90°S with a gr id  spacing of 5 degrees. The continuity equation 
fo r  t he  aerosol mass mixing r a t i o  i s  integrated at specif ied t i m e  s teps  using 
a semi-implicit, centered-difference scheme. For simulations presented i n  
t h i s  paper,the c i rcu la t ion  has been specif ied by monthly mean winds and eddy 
diffusion parameters derived from t h e  seasonal c i rcu la t ion  i n  Louis' Model 11. 
Louis' model has successf'ully approximated the  d is t r ibu t ions  of t r a c e  gases 
and radioactive debris i n  t h e  stratosphere.  In pa r t i cu la r ,  t h e  analysis  of 
a volcanic event represents dispersion from a point source, similar t o  t h a t  
f o r  radioactive bomb debris. 

The t ransport  term a lso  includes t h e  sedimentation of aerosol.  Hunten 
( r e f .  5 )  has discussed the  importance of aerosol sedimentation rates fo r  
determining the  residence t i m e s  of volcanic aerosol layers .  Aerosol f a l l  
speeds f o r  various a rosol s i zes  tabulated by Kasten (ref. 6 )  f o r  p a r t i c l e  
dens i t ies  of 1.5g/cm5 have been applied t o  an i n i t i a l  aerosol s i ze  dis t r ibu-  
t ion .  An estimate of t h e  Fuego aerosol s i z e  d i s t r ibu t ion  has been adopted from 
t h e  1963 measurements by Mossop ( re f .  7)  obtained 1 month a f t e r  t h e  eruption 
of Mount Agung. The t o t a l  s i z e  d is t r ibu t ion  has been divided in to  four s i z e  
ranges with mean r a d i i  of 0.16, 0.32, 0.53, and 0 .93~ .  
mixing r a t i o s  of four d i f fe ren t  s i zes  a re  then calculated as functions of 
a l t i t u d e  and t i m e .  

Dis t r ibut ions of  m a s s  

Aerosol growth by both coagulation and condensation mechanisms has been 
evaluated by H a m i l l ,  e t  al.  (ref.  8).  Coagulation processes would be noted 
by a change i n  the  s i ze  d is t r ibu t ion  with t i m e ,  where l a rge r  pa r t i c l e s  grow 
at  the  expense of smaller ones. Observations, however, show a re l a t ive  
decrease i n  t h e  number of la rge  pa r t i c l e s  as a function of t i m e ,  thus indi-  
cat ing t h a t  sedimentation dominates coagulation i n  i t s  e f f ec t  on t h e  t o t a l  
aerosol mass prof i le .  
version, ac tua l ly ,  adds t o  t h e  t o t a l  aerosol mass. The condensation process 
var ies  d i r e c t l y  with H2SO4 gas number density and, f o r  a volcanic event, would 
be a function of a l t i t ude .  
t he  net e f f ec t  of growth by condensation on the  aerosol p r o f i l e  would be t o  
prolong t h e  existence of t h e  aerosol layer .  Because t h e  e f f e c t s  of aerosol 
growth a re  only understood qua l i ta t ive ly ,  they have not been incorporated i n t o  
the  model calculat ions at t h i s  t i m e .  

Conversely, condensation, or €$SO4 gas t o  aerosol  Con- 

For a layer  of aerosol and gas in jec ted  at 20 km, 

I n i t i a l l y  then, it i s  assumed t h a t  any subs tan t ia l  deviations between t h e  
model r e s u l t s  and t h e  observed aerosol p ro f i l e s  can be accounted f o r  within 
the  uncer ta in t ies  i n  t h e  aerosol sedimentation growth rates and chemistry. 
A s  mentioned before, t h e  t ransport  model by Louis i s  assumed reasonable fo r  
studying the  dispersion of s t ra tospheric  aerosol. 
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COMPUTATIONAL METHOD 

The aerosol d i s t r ibu t ion  i s  predicted by t h e  model i n  the  form 

dN 
N(t)  = N ( t o )  + 

dN 
d t  

where - i s  defined i n  equation (2).  I n i t i a l  conditions of aerosol d i s t r i -  

bution N ( t o )  
resolut ion inf ra red  satel l i te  photographs (released by the National Oceanic 
and Atmospheric Administration i n  Rockville , Maryland) were employed t o  
estimate t h e  i n i t i a l  s i z e  and direct ion of  t h e  dust clouds f o r  severa l  days 
after t h e  eruptions of October 1 4  and 17, 1974. Since t h e  photographs and 
l o c a l  wind p ro f i l e s  ind ica te  t h a t  the  October 17 event w a s  responsible f o r  
t h e  bulk of t he  20-km layer ,  a g r id  based on t h a t  event i s  used i n  t h e  model. 
The model i s  s t a r t e d  on October 19 at 12002 t o  allow f o r  some spread of t h e  
cloud. Data taken by l idar  a t  Hawaii ( r e f .  9 )  on October 29 w e r e  applied’ 
t o  ver i fy  the  i n i t i a l  v e r t i c a l  p ro f i l e  of t h e  dust layer .  
width of t h e  layer  at  half  maximum as computed by the  model f o r  October 29 
at  20°N w a s  compared with t h e  observations (half-width of 0.8 km) at Maka 
Loa Observatory i n  H a w a i i  f o r  t h a t  date. 
a l l  l a t i t u d e s  where aerosol had been transported i n  t h a t  10-day period was 
adjusted t o  agree with t h e  H a w a i i  observations. These adjusted p ro f i l e s  then 
represent t he  i n i t i a l  conditions f o r t h e  aerosol source. Amounts of in jec ted  
material  were determined from estimates by Cadle, e t  al. (ref.  1 0 ) .  

f o r  t h e  model w e r e  estimated from several  data  sources. High 

The v e r t i c a l  

The shape of t he  model p ro f i l e s  at  

L 

A constant m a s s  mixing r a t i o  of 2 x 10”O w a s  assumed fo r  t h e  model a t  
a lower boundary of 10  km. 
t h i s  assumption t h a t  t he  aerosol mixing r a t i o  remains almost constant with 
t i m e  after t h e  eruption i n  the  troposphere. 

Dustsonde data from Wyoming (ref. 11) support 

RESULTS AND DISCUSSION 

Figure 2 displays the  integrated aerosol mass density between 16 and 21’km 
as a function of time after t h e  eruption. The s o l i d  l i n e  represents t he  lidar 
data from Hampton, Virginia (3T0N),and considerable v a r i a b i l i t y  i s  present i n  
the  ear ly  returns.  
increments of 

The l i d a r  data were obtained by summations over 1 -km 

- 
where R s ( Z )  i s  t h e  average sca t te r ing  r a t i o  and Nm(Z)  i s  t h e  molecular 
number density (see eq. (1)). Thus, the  r e l a t i v e  aerosol column density 
appl ies  t o  a 5-km column of 1-cm2 cross section. 
nate i s  then equivalent t o  (cla/om) N a ( Z )  where G a  and Om are aerosol 
and molecular cross sect ions,  respectively,  and 
density which i s  d i r ec t ly  proportional t o  aerosol mass density. No attempt 

The quantity on t h e  ordi- 

N a ( Z )  i s  the  aerosol number 
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has been made t o  ac tua l ly  compute m a s s  dens i t ies  from t h e  l idar  data. That 
i s ,  no adjustment has been made f o r  possible var ia t ions  of 

i n  f igure 2 are an average f o r  3 5 O  and 40°N l a t i t ude .  

0, with t i m e .  

The model results 
The model quant i ty  i s  a l i t t l e  d i f f e ren t  from observed quant i t ies  (eq. ( 5 ) )  
because it does not contain t h e  addi t ional  e f fec ts  of various s i ze  distribu- 
t i ons  as does t h e  sca t t e r ing  r a t i o  l idar  measurements which are more sens i t i ve  
t o  l a rge r  s i z e  pa r t i c l e s .  
ground type aerosol s i z e  d i s t r ibu t ion  (ref. 12)  where t h e  mean radius i s  
0.0725~ (see l a t e r  discussion).  
d i s t r ibu t ion  taken from Mossop (ref. 7). 

The c i r c l e s  i n  the  f igure  are f o r  a log-normal back- 

The t r i ang le s  are f o r  a volcanic aerosol s i z e  

The peak magnitudes of t h e  l i d a r  and model data have been arbitrari ly 
adjusted t o  afford a bet ter  comparison of t h e  t i m e  rate of change of t h e  
aerosol column load. The t i m e  of t h e  occurrence of t h e  maximum aerosol load 
has been simulated very w e l l  by the  model, indicat ing t h a t  t h e  meridional 
t ransport  f o r  the  first f e w  months i s  correct.  The l / e  decay t i m e  f o r  t h e  
integrated aerosol column density from l i d a r  measurements (16-21 km) after 
February 1965 i s  about 10  months. 

The da ta  f o r  aerosol column density both with and without sedimentation 
act ing on the  log-normal background d i s t r ibu t ion  compare almost exact ly ,  and 
ver i fy  t h a t  sedimentation has l i t t l e  e f f e c t  on aerosols with radii less than 
0 .1  micrometer. However, inclusion of sedimentation f o r  a volcanic aerosol 
s i z e  d i s t r ibu t ion  ind ica tes  rapid aerosol depletion with t i m e .  

Figure 3 shows t h e  i n i t i a l  s i z e  d i s t r ibu t ion  adopted from Mossop f o r  
t he  Agung eruption f o r  20 km and 15' t o  35OS l a t i t u d e  and then compares sub- 
sequent measured s i z e  d i s t r ibu t ions  w i t h  those determined from the  model by 
including sedimentation processes. 
howwer, i n  a l l  cases observed s i z e  d is t r ibu t ions  possess s teeper  slopes. 
T h i s  t rend  could be affected by t h e  growth of small aerosols by condensation 
of H2SO4 gas. 
on April  30, 1975, over Northern Cal i fornia  ( 4 O 0 N )  i s  a l so  shown. 
measurement, taken some 195 days after t h e  Fuego event, indicates  3, s i z e  
d i s t r ibu t ion  slope steeper than both t h e  model result and the  Agung measure- 
ments. 
contain too  many la rge  pa r t i c l e s  and the  sedimentation rates would have been 
too rapid and therefore  would have affected t h e  r e s u l t s  shown i n  f igure  2 as 
well. That'is, the rap id  depletion of aerosol column densi ty  after January 
i s  due t o  depletion of  l a rge r  s i z e  par t ic les .  This rap id  depletion i s  a l s o  
caused by the  f ixed lower boundary condition of minimum background value at  
10 km, forcing more aerosol m a s s  i n t o  t h e  troposphere. 

I n  general, t h e  comparison is  reasonable; 

A s i z e  d i s t r ibu t ion  of Fuego dust at 18 km obtained by G. Ferry 
This 

Therefore, t h e  i n i t i a l  s i z e  d i s t r ibu t ion  employed i n  t h i s  model may 

Figure 4 displays aerosol p ro f i l e s  f o r  35 t o  40°N f o r  February and May 
1975; t h e  l idar  data are  p lo t ted  i n  terms of aerosol m a s s  mixing r a t i o s  while 
the  dustsonde p ro f i l e s  from the  University of Wyoming (ref. 11) are i n  terms 
of aerosol number densi ty  mixing r a t i o s  f o r  p a r t i c l e s  grea te r  than 0.15 micro- 
meter 
l i d a r  and dustsonde data ,  t h e  mean altitudes of  t h e  layer  peaks and t h e  widths 
at half-maximum are comparable. 
both with and without sedimentation e f fec ts .  The model results c l ea r ly  show 

i n  radius. Although there  are some amplitude var ia t ions  between t h e  

The corresponding model p ro f i l e s  are presented 
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t he  e f f ec t s  of sedimentation. The width at  half-maximum i s  overestimated f o r  
t h e  case with no gravi ta t iona l  s e t t l i ng .  
t h e  t ransport  i s  too rapid or t h a t  there  i s  considerable chemical production 
of aerosol m a s s  i n  t h e  layer  i t se l f .  
comparisons between model p ro f i l e s  a t  20°N and l i d a r  data f romthe  Mama Loa 
Observatory, H a w a i i  (IgON). The prof i les  showing sedimentation e f f e c t s  indi-  
ca te  a very l o w  peak aerosol load at 13 km. 
t h e  boundary condition imposed and too many la rge  pa r t i c l e s  i n  t h e  s i ze  dis-  
t r i bu t ion  chosen. 

This la t ter  r e s u l t  m e a n s  t h a t  e i t h e r  

These same t rends are a l so  evident i n  

Again, t h i s  i s  probably due t o  

This i n i t i a l  study in to  the  dispersion of volcanic pa r t i c l e s  has shown 
t h a t  t ransport  alone does not account f o r  t h e  spread t o  other  l a t i t udes  and 
alt i tudes.  In  order t o  obtain more accurate sedimentation r a t e s ,  it w i l l  be 
necessary t o  have more post-volcanic p a r t i c l e  s i z e  d is t r ibu t ion  data. 
aerosol chemistry may be of importance and should be included i n  fur ther  
s tudies .  Quant i ta t ive knowledge of aerosol growth by gas condensation must 
a l so  be considered. 

The 
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Figure 1.- Aerosol scatf,ering ra t ios  from l i d a r  a t  Hampton, V a . ,  
following the eruption of Volcan de Fuego i n  October 1974. 
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SOLAR ENERGY STORAGE & UTILIZATION 

S. W. Yuan and A. M. Bloom 
The George Washington Un ive r s i ty  

The c r i t i ca l  shortcoming i n  many r e c e n t  schemes f o r  u s ing  s o l a r  energy t o  
h e a t  b u i l d i n g s  r e s i d e s  i n  t h e i r  i ncapac i ty  t o  s t o r e  more than  a few days'  worth 
of hea t .  This  l eads  t o  r e l i a n c e  on f o s s i l - f u e l  backup systems and t o  the  l o s s  
of most of t he  sun ' s  energy because t h a t  energy is most a v a i l a b l e  when t h e  
s t o r a g e  r e s e r v o i r  cannot accept  a d d i t i o n a l  hea t .  The most s t r i k i n g  such exam- 
p l e  i s  dur ing  t h e  pe r iod  from A p r i l  through September; no t  on ly  c o l l e c t i o n  
e f f i c i e n c i e s  can b e  much g r e a t e r  because of h igher  outdoor ambient temperatures ,  
bu t  hea t  l o s s  t o  a i r  i s  much less than t h a t  of w in te r  months. 

This  paper  p r e s e n t s  t h e  concept of a h e a t  r e s e r v o i r  w i t h  t h e  a b i l i t y  t o  
s t o r e  s o l a r  energy f o r  long-duration which can b e  used subsequent ly .  
as a thermal  s t o r a g e  r e s e r v o i r ,  has  s e v e r a l  i n t e r e s t i n g  a t t r i b u t e s .  F i r s t , h e a t  
c a p a c i t i e s  are extremely l a r g e  due t o  t h e  l a r g e  masses a v a i l a b l e .  For example, 
i n  a volume of one acre of area by f i f t e e n  f e e t  deep, a t  a temperature  d i f f e r -  
ence of 50°F, 

The e a r t h ,  

ENERGY =  CAT = 1.47 x 1 0 9 . ~ ~ ~  

Assuming a win te r  h e a t i n g  requirement of 6 0 ~ 1 0 ~  BTU f o r  a s m a l l  home, t h i s  
r e s e r v o i r  has  the capac i ty  t o  supply approximately 25 homes. 

Another a t t r i b u t e  of e a r t h  is  i t s  extremely low thermal  conduct iv i ty .  
Since t h e  system may be  unbounded i n  t h e  downward and sideward d i r e c t i o n s ,  i t  is  
j u s t  t h i s  low conduct iv i ty  t h a t  restricts l o s s e s  i n  those  d i r e c t i o n s .  S ince  the  
t o t a l  energy i n  t h e  s o l a r  f l u x  over  one acre of area f o r  one summer season,  
approximately 1 . 2 ~ 1 0  BTU , i s  the  h e a t i n g  load  of approximately 230 houses, t h e  
energy f l u x  t h a t  is t h e o r e t i c a l l y  a v a i l a b l e  i s  extremely high.  

B r i e f l y ,  t h e  ground s u r f a c e  would absorb t h e  s o l a r  h e a t ,  which would then  
be r a p i d l y  t r a n s f e r r e d  several f e e t  downward by t h e  u s e  of hea t  exchanger p ip ing  
a r r a y s  w i t h  a c i r c u l a t i n g  f l u i d .  
conduction, perhaps a ided  by some convect ive f low of e a r t h  water, u n t i l  t h e  
t o t a l  volume (one acre by about  t e n  f e e t  i n  depth)  would s t a b i l i z e  i n t o  a nea r  
i so thermal  condi t ion .  Ca lcu la t ions  of a f i r s t  o rder  n a t u r e  i n d i c a t e  t h a t  l o s s e s  
downward (assuming no f lowing ground water )  as w e l l  as sideward can be kep t  
w i th in  reason ,  and l o s s e s  upward reduced by m u l t i p l e  g l az ing  techniques as w e l l  
as by keeping t h e  s u r f a c e  temperature as low as p o s s i b l e  through u n i d i r e c t i o n a l  
heat-pipe and c i r c u l a t o r  systems. 

Addi t iona l  movement of h e a t  would occur by 

H e a t  i s  e x t r a c t e d  from e a r t h  s t o r a g e  by use  of h e a t  exchange p ip ing  a r r a y s  
wi th  a c i r c u l a t i n g  w a t e r  l o c a t e d  below t h e  ground. Low temperature  w a t e r  i s  
pumped i n t o  t h e  h e a t  exchanger and i s  heated by t h e  h i g h  temperature  e a r t h .  
The t h e o r e t i c a l  a n a l y s i s  is  formulated by assuming t h a t  t h e  h e a t  t r a n s f e r  i n  
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the  p i p e  flow is  governed by conduction and convection. 
t r a n s f e r  i n  the  pipe i s  assumed t o  be two-dimensional and unsteady. 
flow through the  pipe i s  taken t o  be an incompressible f u l l y  developed turbu- 
l e n t  p ipe  flow. 
the  pipe. Therefore, t h e  heat t r a n s f e r  i n  the  s o i l  i s  a process of two- 
dimensional unsteady heat conduction. 

Furthermore, t he  hea t  
The f l u i d  

The s o i l  region is assumed t o  have c y l i n d r i c a l  symmetry about 

A t  some i n i t i a l  t i m e  t = O  t he  s o i l  and f l u i d  are taken t o  be a t  the  same 
heated temperature due t o  the  ac t ion  of s o l a r  c o l l e c t o r s  on t h e  ground level. 
For t > O  t h e  bulk f l u i d  temperature en ter ing  the p ipe  is  assumed t o  be lower 
than t h e  s o i l  temperature. This represents  a simulated demand load from a 
house. I n  order t o  determine t h e  temperature d i s t r i b u t i o n s  i n  t h e  f l u i d  and 
s o i l  downstream of t h e  pipe entrance,  t h e  i n t e r f a c e  temperature d i s t r i b u t i o n s  
between t h e  f l u i d  and s o i l  must be given. This requi res  an i t e r a t i o n  between 
the  s o i l  and f l u i d  equations. The procedure has been ca r r i ed  out  numerically 
using the  method of f i n i t e  d i f fe rences  on an IEPl 370 d i g i t a l  computer f o r  
various design conditions. 

Design ca l cu la t ions  w e r e  made f o r  t he  space heating requirements of a typ i -  
c a l  house i n  the  Washington-Baltimore area f o r  t he  year 1954. Weather da ta  w a s  
used i n  conjunction with an empirical  house hea t  requirement curve t o  determine 
a simulated demand load based on t h e  outside dry bulb temperature. The un- 
steady heat t r a n s f e r  ana lys i s  is  used t o  compute the  f l u i d  temperature increase  
and s o i l  temperature decrease through one acre of e a r t h  s torage  ten  f e e t  deep. 
20,000 f t .  of p ipe  w a s  used i n  t h e  ground hea t  exchanger. The r e s u l t s  show 
t h a t  f o r  15,000 sq. f t .  of house f l o o r  area and an i n i t i a l  f l u i d  and s o i l  
temperature of 200°F ( f u l l y  hea ted) ,  s i x  months of winter operation reduce the  
f l u i d  and s o i l  temperatures a t  t h e  heat exchanger e x i t  t o  Tf-149OF and Ts=152'F, 
respect i ve  l y  . 

Therefore, it can be  concluded t h a t  one a c r e  of e a r t h  s torage  i s  adequate 
t o  provide space heating f o r  twelve average s i z e  houses i n  most areas of t he  
United States. 
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SOLAR HOT WATER SYSTEMS APPLICATION TO 

THE SOLAR BUILDING TEST FACILITY AND THE TECH HOUSE 

Ross L. Goble, Ronald N .  Jensen, and Robert C. Basford 
NASA Langley Research Center 

SUMMARY 

Two projects have recently been completed by NASA which r e l a t e  t o  the 
current national thrust toward demonstrating applied solar  energy. One 
project has as i t s  primary objective the application of a system comprised 
of a f l a t  plate  col lector  f i e ld ,  an absorption air  conditioning system, and 
a hot water heating system to sa t i s fy  most of the annual cooling and 
heating requirements of a large commercial off ice  b u i l d i n g .  T h e  other 
project addresses the application of solar  col lector  technology to  the 
heatin.g and hot water requirements of a domestic residence. 
however, the solar  system represents only one o f  several important tech- 
nology items, the primary objective for  the project being the appl cation of 
space technology to  the American home. 

I n  t h  s case, 

INTRODUCTION 

Energy systems employing f l a t  plate  collectors have been used for  years 
in various parts of the world as a means of converting readily available 
solar energy to  commercial and domestic needs. Such use has been less  
predominant i n  countries such as  the United States ,  where e l ec t r i c  power has 
been inexpensive. However, the rising cost of energy available from 
centralized supplies has now reached the point where in t e re s t  in broader 
application of solar  systems i s  also increasing. 
therefore, tha t  NASA became involved several years ago i n  this area of tech- 
nology, given i t s  capabili ty to  evolve needed systems, and i t s  need to  
mitigate the impact of an increasing energy b i l l  on i t s  own operation. 

These factors ,  coupled w i t h  the objectives of not only technology 
demonstration b u t  also technology t ransfer  to  the public sector,  led to  two' 
programs which have recently been completed - the Solar Bui ld ing  Test 
Faci l i ty  and the Tech House. 

I t  i s  not surprising, 

In this paper, an overview of the technical aspects of each program is 
Preliminary data comparing expected resu l t s  w i t h  those achieved presented. 

to  date are  also provided. 
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SOLAR BUILDING TEST FACILITY (SBTF) 

System Description 

The SBTF i s  a j o i n t  project of NASA Langley, NASA Lewis, and the En rgy 
Research and Development Agency. The 4 645 square meter2(m2) (53 000 f t  5 ) 
Systems Engineering. Building and i t s  1 189 m2 (12 800 f t  ) Solar Energy 
Field const i tute  the SBTF which represents an operational system housing over 
300 engineering personnel. The collector f i e ld  i s  made up of 12 rows of col- 
lectors  w i t h  50 col lectors  in each row u t i l i z ing  configurations from five 
manufacturers i n  the i n i t i a l  t e s t  program. The collectors are  mounted facing 
due south a t  an angle of 0.6 rad (32') from the horizontal, the angle repre- 
senting an optimum for  a fixed f l a t  plate col lector  system since the hot water 
from the system is used not only for  baseboard heat i n  winter b u t  also as 
input to  a 170-ton lithium bromide absorption a i r  conditioner f o r  summer 
cooling. T h e  system i s  designed to  supply water a t  1040 C (220' F )  a t  a flow 
ra te  of 1.6 m 3 / m i n  (350 gal/min). 
storage t a n k  will provide a constant temperature for  approximately four hours 
during periods when insolation i s  minimum. 
absorption ch i l l e r  system can be operated w i t h o u t  the use of the stored water 
since the design permits d i rec t  use of solar heated water from the f i e ld  to 
the ch i l l e r  d u r i n g  periods when adequate insolation i s  available. 
i l i a r y  steam converter provides backup for  a l l  other required periods. 
other words, the building heating, ventilating, and a i r  conditioning system 
can operate completely independent of the solar  system when necessary. 
schematic showing the system elements i s  given i n  Figure 1. 

gram" (NECAP) was used. 
f a i r ly  reasonable estimates of the expected energy consumption were made. 
In i t i a l  project estimates indicated tha t  approximately 75 percent of the 
year round heating requirements could be supplied by the solar  f ie ld .  
projections of the building requirements compared with the solar system 
energy available a re  given in Figure 2. 
economics were developed i n  the early design phase. Design features such as 
the nighttime setback or  shutoff were determined t o  be the best and simplest 
cost/energy saving, yielding a 30 percent energy saving in the simulation 
case. Other features such as the thickness of wall and roof insulation, 
economy cycles (use of outside a i r  for  cooling), type of a i r  conditioning 
system, and window shading were also incorporated. 

A 136 m3, (25 000 gal)  hot  water 

I t  should be noted tha t  the solar/  

An aux- 
In 

A 

Dur ing  the design phase of the SBTF, "NASA's Energy Cost Analysis Pro- 
All energy conservation concepts were evaluated and 

T h e  

From such information, system 

Because the SBTF represents an ongoing R&D program, the solar f i e ld  has 
been instal led a t  ground level fo r  accessibi l i ty  such tha t  additional panel 
configurations may be evaluated. An aerial  view of the total  configuration 
i s  given in Figure 3. 

Since energy efficiency is  one o f  the objectives of t h i s  program, i t  i s  
important to  note that  the steam requirements for  a building l ike  the Systems 
Engineering Building when operated i n  a non-energy e f f i c i en t  mode would be 
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approximately 1 800 000 kilograms ( k g )  (4 X 106 pounds) annually. 
i n g  energy conservative design in the b u i l d i n g  i t s e l f ,  this annual requirement 
can be reduced to  about 1 035 000 kg (2.3 X lo6 pounds). Further, when 
operated w i t h  the so lar  system, NASA expects t o  require only 270 000 kg 
(6  X 105 pounds) of steam annually. This amounts to  a savings of about 
1 500 000 kg (3.4 X 106 pounds) annually, which,  i n  terms of  the fuel o i l  
required to  generate steam, equates to  a savings of 104 m3 (23 000 gal) .  

By u t i l i z -  

General System Data Methods 

The SBTF i s  designed to  t e s t  i n  an actual f i e ld  application the effec- 
tiveness of d i f fe ren t  solar  collectors and system components. 
flows, and pressures w i  11 be recorded through an automatic data processing 
system. The data will be reviewed on a continuing basis t o  determine com- 
ponent abnormalities, and to  a s s i s t  in making corrective actions to  the 
system as well a s  t o  validate the system "math model." The  ultimate goal of 
t h i s  developmental project i s  to  develop the r e a l i s t i c  math models of com- 
ponents and systems. When th i s  has been successfully carried out, h i g h  speed 
computers will be used t o  optimize the operation of Langley's SBTF and to  
provide design data for  other proposed projects. 

Temperatures, 

System Results t o  Date 

The i n i t i a l  operation of the SBTF began i n  early summer. Since tha t  
time, i t s  operation has been quite successful with some s ignif icant  opera- 
tional character is t ics  being determined. 

f t 2 )  has been used. 
f i e ld .  
solar f i e l d ,  which i s  used to  operate the c h i l l e r ,  run between 77 and 880 C 
(170 and 190° F ) .  
occurred. 
58O F )  chil led'water temperature has been obtained, yielding 80 to  90 tons of 
cooling. T h i s  i s  a substantial decrease from the computed 110-ton cooling 
load to  be supplied, b u t  as  explained e a r l i e r ,  only a portion of the solar 
f i e ld  i s  operational a t  t h i s  time. 

re la t ive  humidity has been established. 
the a b i l i t y  t o  maintain the building w i t h i n  t h i s  c r i te r ion  exceeds expected 
resul ts .  The SBTF i s  located i n  an eastern coastal region having a f a i r l y  
h i g h  humidity d u r i n g  the summer. T h u s ,  dehumidification has always been a 
design c r i te r ion .  The system, however, i s  maintaining comfort conditions by 
discharging 18 to 20° C (64 to  69O F )  supply a i r  to  the occupied space, which 
requires pract ical ly  no dehumidification. One possible reason for  the 
acceptable internal humidity condition i s  the low fresh a i r  ra te  per person 
o f  0.14 m3/min (5 ft3/min) coupled with the nighttime shutdown. 

Up t o  the l a t t e r  p a r t  o f  August, a par t ia l  f i e l d  area of 929 m2 (10 000 
T h i s  i s  about three-fourths of  the or iginal ly  sized solar  

Minor problems, such as low pump flow character is t ics ,  have 

Due t o  t h i s  s ize  reduction, discharge water temperatures from the 

By a natural balance of components, t o  date an 11 to  140 C (52 to  

The maximum summer discomfort level o f  26' C (79' F )  and 62 percent 
With the reduced solar  f i e ld ,  
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During the month of July, the projected energy consumption required for  
(340 X lo6 B t u ) .  A l -  the cooling and heating system was 3.58 X 1011 joules 

though the actual consumption r a t e  must be estimated because the instrumen- 
ta t ion is not yet  fu l ly  operational, the s stem used about 2. 5 X 1011 joules 

obtained from the solar  f i e l d  or  55 percent of b u i l d i n g  requirements. T h u s ,  
as additional solar  collectors are  added to  the solar array,  the prediction 
of 75 percent of the energy from the solar system should be met, i f  not well 
exceeded. 

(280 X 106 B t u ) .  Of this, about 1.62 X loll joules (154 X 10 8 B t u )  were 

T h e  required solar  system temperatures a re  usually developed a t  10:30.to 
11:OO a.m. DST, a t  which time the system is switched over t o  the solar  f ie ld .  
No supplemental heat is  provided dur ing  the remainder of the day. Adequate 
operating temperatures a re  usually available beyond shutoff time due to  the 
mass of the solar collectors i n  the f i e ld .  T h i s  has led to  the conclusion 
t h a t  the f i e ld  should be facing somewhat eas t  of south. Since this is  not 
possible w i t h  our fixed arrangement, preheating of the collectors from 
storage i s  being investigated to  provide ea r l i e r  morning operation. 

These resu l t s ,  coupled w i t h  findings for  numerous other system elements 
and operational character is t ics ,  should provide improved systems for  subse- 
quent design of commercial-type buildings. 

TECH HOUSE 

System Descr i p t i on 

The Tech House project,  which began several years ago, has culminated i n  
the recent completion of a domestic residence embodying many space technology 
elements which appear to  have u t i l i t y  i n  the home-buying market. I t  was f e l t  
that  the home selected should be consistent w i t h  what hous ing  authori t ies  
expected to see as  the single family residence of approximately f ive years 
from now. (1) 140 m2 
(1500 f t 2 )  f loor  area, one story,  a t t rac t ive  and economical; ( 2 )  l a t e s t  
current technology (technology that  may be commercially available i n  approxi- 
mately f ive  years) , some custom made components; ( 3 )  systems Selection where 
any extra cost  would be recovered w i t h i n  l ifetime of system; (4)  total  energy 
management of a l l  heat sinks and sources i n  house; (5 )  best modern practices 
i n  construction, e lec t r ica l  , plumbing,  and materials; ( 6 )  water/sewage par- 
t i a l  reclamation; and (7)  solar heating/cool i n g  considerations. 

were incorporated i n  the project,  an ad hoc review committee was established. 
I t  was comprised of representatives from the National Association of Home 
Builders ( N A H B ) ,  the National Bureau of Standards (NBS), NASA's Technology 
Util ization Office, Department of Housing and Urban Development ( H U D )  , Con- 
sumer Products Safety Commission, Architect-Engineers, and other NASA Centers. 
T h i s  committee helped shape the house design by making many helpful suggestions 
leading t o  the f inal  configuration. 

The s e t  of guidelines established i s  a s  follows: 

In order to ensure tha t  considerations from a broad spectrum o f  interests 
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Before selecting the technology to  be incorporated, a careful analysis 
was performed to  ensure tha t  the items used would have ident i f iable  benefits ,  
whether tangible or  intangible, t o  the future homeowner. Those items f ina l ly  
selected a re  as follows: (1) heat pipe skewer, (2 )  low-voltage l i gh t ,  (3)  
black-chrome col lector  coating, (4) solar  ce l l  , (5) thermistor, (6) f l a t  
conductor cable, ( 7 )  vibrational security detector,  (8) self-locking h i n g e ,  
( 9 )  foams, (10) water reclamation system, (11) NASA control and instrumen- 
ta t ion technology, and (12)  f i r e  res i s tan t  materials. However, only those 
aspects of the Tech House which f i t  the general intent  of this paper will be 
discussed further.  

Solar System 

The so lar  hot water system employs f l a t  plate  col lectors  very similar 
i n  configuration to  those of the SBTF discussed e a r l i e r ,  except tha t  the 
system here i s  designed to  supply only the heating requirements of the r e s i -  
dence. 
system. A NASA engineering analysis was performed t o  optimize the total  
energy.design, yielding panel area requirements of 40 m? (432 f t 2 ) .  T h i s  
array i s  located on a south-facing roof designed w i t h  an inclined angle of 
1.01 rad (58') (d i f fe ren t  from the SBTF because the winter sun angle i s  the 
most important for heating). The house exter ior  is  shown i n  Figure 4 and the 
solar schematic i n  Figure 5. 

One hundred percent of these requirements will be met w i t h  this 

Since the solar  system i s  designed to operate i n  conjunction w i t h  a heat 
pump, which can a l so  use well water as a heat source, a rather unusual co- 
e f f i c i en t  of performance resu l t s  as can be seen i n  Figure 6 .  
water i n  the storage t a n k  i s  below 130 C (55O F ) ,  which indicates t h a t  the 
output of the solar  collectors is  m i n i m u m ,  the heat pump extracts  heat from 
the well water. 
(55 and 105O F ) ,  the heat pump extracts  heat from the stored solar-heated 
water. Above 43' C (105O F ) ,  the solar  hot water can be piped d i rec t ly  t o  
the heat exchanger i n  the forced a i r  system, thus permitting the heat pumps 
t o  be s h u t  down. Coefficient of performance resu l t s  a re  thereby achieved 
which are  qui te  unlike those of any commercially available systems. 

Note tha t  when 

I f  the system water temperature i s  between 13 and 40° C 

Des i gn 

Other aspects of the Tech House energy design which represent a depart- 
(1) foam ure from the standard home construction techniques a r e  as follows: 

insulation, ( 2 )  15 cm (6  i n . )  thick exterior walls, (3) multi-zoned in t e r io r ,  
(4)  south-facing roof overhang w i t h  glass exposure, (5)  exterior thermal 
shutters , and (6) nighttime radiator. 

r e s i s t i v i ty  as well as i t s  improved f i re  safety.  
that  15 cm 
lead to  a s ignif icant  overall cost  benefit when coupled w i t h  the other 

The foam insulation was selected over f iberglass  because of i t s  su?erior 
Engineering studies showed 

(6 i n . )  exter ior  walls w i t h  the tripolymer foam insulation would 
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system energy elements. 
dry walls a re  i n  place. 
and was used only for  the in te r ior  walls. 
the foam from the inside a f t e r  the exterior siding was i n  place.) 

Each zone i s  pro- 
grammed independently by i n p u t t i n g  the desired mode of motorized damper 
operation to  the computer/controller. The control system i s  designed to  
permit a given program for  year round operation to  be developed, t h u s  lending 
adaptabili ty t o  any l i f e  s tyle .  
will or can be bypassed by manual override i f  desired. 

Also, the foam insulation can be instal led a f t e r  the 
( T h i s  i s  not an ins ta l la t ion  requirement, however, 

Exterior walls were sprayed w i t h  

The multi-zoned in te r ior  consists of  four zones. 

The programmed operation can be adjusted a t  

The south-facing overhang i s  designed to  preclude the summer s u n  reach- 
i n g  the l iving space b u t  permits winter insolation through the large glass 
areas. 
qua l i t i es  of the double-glazed windows by providing two insulating cavi t ies ,  
one between the window and the shut ter ,  and one i n  the shutter panel i t s e l f .  

Individually operated exter ior  shutters improve the insulation 

The nighttime radiators have been employed to  permit evaluation of t h i s  
method of  cooling the storage tank water d u r i n g  summer operation. 
stored water i s  used a s  the condensing medium for  the heat pump. The  pro- 
cedure i s  to  pump the stored water through the radiators permitting radiation 
to  the n i g h t  sky of the heat removed from the house d u r i n g  the day by the 
refrigeration cycle. Since a cool condensing medium i s  required primarily 
for the summer mode to  provide increased coeff ic ient  of  performance for the 
system, sat isfactory n i g h t  cooldown of the tank water by the radiators may 
obviate the well requirement, thus yielding a more cost effect ive system. 

nology, are  expected t o  yield a reduction of two-thirds i n  the amount of 
energy required for  this residence as  compared t o  a similar home w i t h  
standard construction. 

The 

The above system elements, i n  conjunction w i t h  savings from other tech- 

System Instrumentation 

To measure actual resu l t s  against estimated performance, the house has 
been heavily instrumented. 
items, i t  i s  desirable to  determine the hourly temperature patterns for the 
home through the diurnal cycle. To e f fec t  this measurement, thermocouples 
have been instal led a t  three la te ra l  positions across each wall and a t  three 
vertical  positions near each wall face. Additional temperature data are  
recorded for  the a t t i c  and crawl spaces to establish total  system performance. 

I n  addition to  data desired from other technology 

System Results to  Date 

During the current period, only a portion of the solar  system i s  being 
Of the 40 m2 (432 f t 2 )  of solar collectors instal led i n  the operated. 

house, 4.5 m2 (48 f t 2 )  a re  u t i l i zed  for domestic hot water preheat. The 
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3 preheat system i s  currently operational flowing 0.004 m /min (1 gal/min) 
t h r o u g h  the col lectors  w i t h  a maximum discharge water temperature of 7 5 O  c 
(167' F) being recorded a t  a maximum solar  intensi ty  of 2 500 000 joules/hr-m' 
(220 Btu/hr-ft2). The domestic water temperature i n  the preheat tank averages 
490 C (1200 F). 
as a r e su l t  of the house not being occupied, actual performance of the 
system has not been evaluated a t  t h i s  time. 
the onset of winter and the occupancy of the house s.uch tha t  the heating 
system performance can be tested.  

Since there has n o t  been a demand for domestic hot water 

Total system resu l t s  await the 

CONCLUDING REMARKS 

Two projects a t  NASA Langley Research Center, both embodying solar  hot 
water systems, have been completed and are currently p r o v i d i n g  measured data. 
These data indicate that  such systems are  cer ta inly feasible  from a tech- 
nology standpoint, and i t  i s  expected tha t  long term resu l t s  will  provide 
valuable information for  the practical application o f  solar systems for  both 
commerci a1 and domes t i c  uses. 
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Figure  1.- SBTF s o l a r  system flow diagram. 

6.0 X IO" 

4.0 

2 .o 

0 

SOLAR ENERGY 
v s  

BUILD1 NG REQUIREMENTS 

ENERGY FROM SOLAR BUILDING ENERGY 
COLLECTOR FIELD REQUl REMENTS 

1 I I I I I I I I I I I 
J F M A M J J A S O N D  

M O N T H S  

Figure 2.- Energy a v a i l a b l e  versus  energy required.  

1244 



Figure 3 . -  Aerial view of solar bui ld ing  test f a c i l i t y .  

F igure  4 . -  Tech house. 

1245 



w 
0 z 
H 
E 

a 

2 
E 

I 

W 

LL 
0 

+ 
2 

0 
LL 
LL 
W 
0 
0 

a 

w 
- 

<ELECTRIC RESIS H E A T  

Figure 5.- Tech house so la r  system schematic. 

/ 

WATER TO AIR H E A T  PUMP 
WITH SOLAR HEATED WATER 

IO 

9 -  

8 -  TO WELL 

7 -  
6 -  

5 -  
4 -  

- 

SWITCH POINT 

------$WATER TO AIR 
HEAT PUMP WELL 

2 -  HEAT SOURCE 

DIRECT 
H E A T  

SOLAR 

WATER STORAGE T E M P E R A T U R E  OC 

Figure 6.- Hybrid system performance curve. 

1246 



B 

D.C. ARC CHARACTERISTICS I N  SUBSONIC ORIFICE NOZZLE FLOW* 

Henry T. Nagamatsu and Richard E. Kinsinger  
General Electr ic  Resear,ch and Development Center 

SUMMARY 

The co ld  a i r  f low f i e l d  f o r  a 1 .27  cm o r i f i c e  nozz le  w a s  determined f o r  
subsonic  flow v e l o c i t i e s .  I n  a d d i t i o n ,  d .c .  arc vo l t age ,  c u r r e n t ,  and diameter  
measurements w e r e  made f o r  a range of v e l o c i t i e s  and arc gaps. Average v o l t a g e  
g rad ien t  increased  r a p i d l y  as an  arc ex t inguish ing  v e l o c i t y  w a s  approached. 
Measured va lues  of c u r r e n t  and diameter were used as a n  inpu t  f o r  r e l a x a t i o n  
s o l u t i o n  of an  energy ba lance  equat ion  t o  compute r a d i a l  temperature  p r o f i l e s .  
Calcu la ted  arc v o l t a g e  g r a d i e n t s  compare favorably  wi th  measured average vol -  
t a g e  g r a d i e n t s .  

INTRODUCTION 

The performance of gas b l a s t  c i r c u i t  b reake r s  depends on t h e  e x t i n c t i o n  of 
The arc cool ing  rate i s  governed a t  low c u r r e n t s  t h e  arc nea r  c u r r e n t  zero.  

p r imar i ly  by t h e  fol lowing phys ica l  parameters:  f low v e l o c i t y ,  p re s su re ,  t ype  
of gas ,  and cha rac t e r  of t h e  arc, laminar  o r  t u r b u l e n t .  The t u r b u l e n t  convec- 
t i o n  hea t  t r a n s f e r  rate from t h e  arc t o  t h e  surrounding cold gas  i n  t h e  nozz le  
is much g r e a t e r  than  f o r  t h e  laminar  arc as observed by Frind ( r e f .  1) and 
Hermann et  a1 ( r e f .  2 ) .  I n  both of t h e s e  i n v e s t i g a t i o n s  t h e  arc near  t h e  up- 
stream e l e c t r o d e  w a s  laminar  and became tu rbu len t  as t h e  arc l eng th  increased  
i n  the  d i r e c t i o n  of t h e  flow. The t r a n s i t i o n  from laminar  t o  t u r b u l e n t  arc i s  
similar b u t  n o t  i d e n t i c a l  t o  t h e  t r a n s i t i o n  of t h e  laminar boundary l a y e r  i n  
subsonic  f low ( r e f .  3 )  and hypersonic  Mach 1 4  f low ( r e f .  4 )  which i n d i c a t e d  
b u r s t s  i n  t h e  t r a n s i t i o n  reg ion .  

Malghan e t  a1 ( r e f .  5) have i n v e s t i g a t e d  t h e  h igh  c u r r e n t  arc behavior  i n  
an  o r i f i c e  nozz le  and c o r r e l a t e d  t h e  measurements w i th  a n a l y t i c a l  p red ic t ions .  
A r c  c h a r a c t e r i s t i c s  i n  a d u a l  o r i f i c e  nozz le  i n t e r r u p t e r  conf igu ra t ion  a t  ve ry  
h igh  peak c u r r e n t s  w e r e  i n v e s t i g a t e d  by T h i e l  ( r e f .  6) who pos tu l a t ed  t h a t  arc 
behavior w a s  completely c o n t r o l l e d  by t h e  turbulence  phenomena. 

To i n c r e a s e  t h e  knowledge regard ing  t h e  e f f e c t s  of f low v e l o c i t y  on t h e  
arc t r a n s i t i o n  a t  low c u r r e n t s ,  an  i n v e s t i g a t i o n  w a s  conducted w i t h  an  o r i f i c e  
nozz le  i n  a s teady  f low f a c i l i t y  w i th  a low c u r r e n t  d .c .  arc. The o r i f i c e  d i -  
ameter w a s  1.27 cm and t h e  f low v e l o c i t y  w a s  v a r i e d  up t o  s o n i c  v e l o c i t y .  For 

* Work supported i n  p a r t  by Electr ic  Power Research I n s t i t u t e  through Contract  
NO. RP246-1. 
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var ious  arc gaps,  t h e  arc vo l t age ,  c u r r e n t ,  r e s i s t a n c e  and diameter  w e r e  de t e r -  
mined. The f i n a l  s e c t i o n  of t h e  paper d e s c r i b e s  a t h e o r e t i c a l  model f o r  t h e  
low c u r r e n t  d.c. arc. 
experimental  measurement wi th  good agreement. 

The c a l c u l a t e d  v o l t a g e  g rad ien t  is  compared wi th  t h e  
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s p e c i f i c  heat a t  cons t an t  p re s su re  

arc diameter  

e l e c t r i c  f i e l d  ( a x i a l )  

electric c u r r e n t  

electric c u r r e n t  d e n s i t y  

arc l e n g t h  

p re s su re  

d i f f e r e n c e  i n  upstream and downstream p res su re  

n e t  r a d i a t i o n  power d e n s i t y  

r a d i a t i o n  power f l u x  

r a d i u s  

arc r a d i u s  

t i m e  

temperature  

a x i a l  v e l o c i t y  

r a d i a l  v e l o c i t y  

frequency dependent c o e f f i c i e n t  of r a d i a t i v e  emission 

laminar  thermal conduct iv i ty  

r a d i a t i o n  frequency 

3.14159 

gas  d e n s i t y  

e lectr ical  conduc t iv i ty  



EXPERIMENTAL APPARATUS 

O r i f i c e  Nozzle and E lec t rodes  

An o r i f i c e  nozz le  wi th  a t h r o a t  diameter  of 1.27 c m  w a s  cons t ruc t ed  o u t  
of Lexan f o r  electrical i n s u l a t i o n ,  as w e l l  as f o r  v i s i b l e  obse rva t ion  of t h e  
arc a t  t h e  upstream e l e c t r o d e .  Hemispherical  upstream and downstream elec- 
t r o d e s  w e r e  made from 1.27 cm diameter copper-tungsten rod. 
are a d j u s t a b l e  relative t o  t h e  o r i f i c e  t h r o a t .  A drawing of t h e  nozz le  and 
e l e c t r o d e s  arrangement i s  shown i n  f i g u r e  1. The a i r  f low through t h e  nozz le  
d ischarges  i n t o  an  exhaust  ven t .  

Both e l e c t r o d e s  

Electrical  connect ion from t h e  MG power supply t o  t h e  e l e c t r o d e  is made 
t o  t h e  m e t a l  p l a t e  which ho lds  t h e  upstream ca thode ,  and t h e  downstream anode 
is mounted t o  a movable i n s u l a t e d  probe holder .  
s teady  flow i s  e s t a b l i s h e d  t h e  e l e c t r o d e  gap is  br idged by a 0.25 mm copper 
w i r e .  

To i n i t i a t e  t h e  arc a f t e r  

Flow System 

The h igh  p res su re  a i r  is  suppl ied  by a 200 hp compressor w i t h  a l a r g e  
s t o r a g e  tank  through a 5.08 cm d iameter ,  500 p s i  p ip ing  system. A 15.24 c m  
diameter  r e s e r v o i r  s e c t i o n  wi th  sc reens  is  used t o  smooth t h e  f low be fo re  en- 
t e r i n g  t h e  c o n t r a c t i o n  s e c t i o n  t o  which t h e  o r i f i c e  nozz le  i s  a t t ached .  
p re s su re  i n  t h e  r e s e r v o i r  is  c o n t r o l l e d  by a F i she r  valve i n  the supply l i n e .  
With t h i s  system it i s  p o s s i b l e  t o  main ta in  s teady  a i r  f low f o r  d e t a i l e d  s t a t i c  
and impact p re s su re  measurements t o  d e f i n e  t h e  f low f i e l d ,  as d iscussed  i n  
r e fe rence  7. 

The 

Power Supply 

A 250 v o l t  MG set s u p p l i e s  t h e  d.c.  c u r r e n t  t o  t h e  arc through t h e  ne t -  
work r ep resen ted  i n  f i g u r e  1. One s i d e  of t h e  gene ra to r  i s  grounded, and a n  
e x t e r n a l  r e s i s t a n c e  of 1 .4  52 i s  connected i n  series t o  l i m i t  t h e  c u r r e n t  t o  
150A. To e s t a b l i s h  t h e  arc wi th  t h e  f u s e  w i r e  and f low through t h e  o r i f i c e ,  
two c o i l s  w i t h  t o t a l  inductance of 0.033 Henry w e r e  added t o  the c i r c u i t .  
Af t e r  t h e  flow i s  e s t a b l i s h e d  i n  t h e  nozz le , the  open c i r c u i t  v o l t a g e  f o r  t h e  
genera tor  is set  a t  t h e  d e s i r e d  v a l u e  and t h e  so l eno id  opera ted  con tac t  i s  
c losed  f o r  approximately 500 mi l l i seconds .  A s t eady  d.c .  arc i s  e s t a b l i s h e d  
i n  approximately 40 mi l l i seconds .  The arc v o l t a g e  a c r o s s  t h e  e l e c t r o d e s  and 
t h e  c u r r e n t  are measured w i t h  Tektronix scopes.  
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FLOW PROPERTIES 

The f low v e l o c i t y  through t h e  o r i f i c e  nozz le  is  v a r i e d  by a d j u s t i n g  
t h e  r e s e r v o i r  pressure ,  wh i l e  the temperature  of t h e  a i r  suppl ied  remains c l o s e  
t o  ambient. A s ta t ic  p res su re  t a p  i s  loca ted  i n  t h e  t h r o a t  of t h e  nozzle .  
This  p r e s s u r e  is used t o  c a l c u l a t e  t h e  Mach number i n  t h e  o r i f i c e  from t h e  
i s e n t r o p i c  flow r e l a t i o n s h i p .  The flow v e l o c i t y  and Mach number are presented 
i n  f i g u r e  2 as func t ions  of t h e  p re s su re  drop a c r o s s  t h e  nozzle .  

S t a t i c  p re s su res  w e r e  measured along t h e  nozz le  s u r f a c e  and on t h e  a x i s  
of t h e  nozz le  wi th  a movable s t a t i c  p res su re  probe ( r e f .  7 ) .  The a x i a l  f low 
Mach number d i s t r i b u t i o n s  f o r  d i f f e r e n t  p re s su re  drops  a c r o s s  t h e  nozz le  wi th  
t h e  upstream e l e c t r o d e  placed 0.89 c m  from t h e  nozz le  exi t  are shown i n  f i g u r e  
3 .  A t  low nozz le  p re s su re  drops t h e  flow does no t  accelerate apprec iab ly  from 
t h e  e l e c t r o d e  t o  t h e  o r i f i c e .  But a t  h igh  p res su re  drops ,  t h e  a c c e l e r a t i o n  of 
t h e  f low from t h e  e l e c t r o d e  through t h e  o r i f i c e  is apprec iab le .  Downstream of 
t h e  nozz le  t h e  f low v e l o c i t y  a long  t h e  a x i s ,  where t h e  arc i s  l o c a t e d ,  i s  
n e a r l y  cons t an t .  

Besides t h e  s t a t i c  p res su re  measurements, impact p re s su re  probe surveys 
w e r e  conducted a long  t h e  nozz le  axis and a c r o s s  t h e  ex i t  of t h e  o r i f i c e  f o r  
v a r i o u s  nozz le  p re s su re  drops.  For a l l  nozz le  p re s su re  drops t h e  a x i a l  impact 
p re s su res  w e r e  c l o s e  t o  t h e  r e s e r v o i r  p re s su re  due t o  t h e  subsonic  speed of 
t h e  flow. I n  a d d i t i o n ,  t h e  f low v e l o c i t y  determined from t h e  r a d i a l  impact 
p re s su re  measurements a c r o s s  t h e  o r i f i c e  ex i t  were uniform, except  a t  t h e  o u t e r  
edge of t h e  o r i f i c e .  

S t a t i c  p re s su res  over  t h e  upstream e l e c t r o d e  s u r f a c e  were measured wi th  
t h e  e l e c t r o d e  placed 0.89 cm from t h e  nozz le  e x i t .  
c u r s  a t  approximately 30" from t h e  a x i s  and t h e  flow d e c e l e r a t e s  t o  lower 
v e l o c i t y  towards t h e  axis, w i t h  f low sepa ra t ing  from t h e  e l e c t r o d e  i n  a stagna- 
t i o n  reg ion .  

Maximum flow v e l o c i t y  oc- 

Sch l i e ren  photographs of t h e  subsonic  and supersonic  f lows downstream of 
t h e  o r i f i c e  nozz le  were taken wi th  a 0.4 microsecond spa rk  source .  For sub- 
son ic  f lows t h e  t u r b u l e n t  mixing reg ion  of t h e  j e t  f low w i t h  t h e  ambient a i r  
without  shock wave is  c l e a r l y  v i s i b l e .  Shock waves are p resen t  f o r  t h e  super- 
son ic  f low cond i t  ions .  

D.C. ARC CHARACTERISTICS 

A r c  Voltage and Current  

Af t e r  t h e  d e s i r e d  f low v e l o c i t y  is  e s t a b l i s h e d  i n  t h e  o r i f i c e ,  t h e  c i r c u i t  
is  c losed  and t h e  v o l t a g e  and c u r r e n t  are recorded on t h e  Tektronix scopes.  
Typica l  osc i l lograms are shown i n  f i g u r e  4 f o r  an arc gap of 1.27 c m  and vari- 
ous f low v e l o c i t i e s .  Three arc gap d i s t a n c e s  of 1.27, 1.59 and 2.22 cm w e r e  
i n v e s t i g a t e d  wi th  t h e  upstream e l e c t r o d e  loca ted  0.89 c m  from the nozz le  e x i t .  
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The d.c. arc i s  e s t a b l i s h e d  i n  approximately 40 mil l i s econds  us ing  t h e  0.25 
mm copper t r i g g e r  w i r e  and t h e  c i r c u i t  i s  c losed  f o r  a t o t a l  t i m e  of approxi- 
mately 500 mi l l i s econds .  

A t  low flow v e l o c i t i e s  arc v o l t a g e  and c u r r e n t  osc i l logram traces are 
q u i t e  smooth, i n d i c a t i n g  s t eady  laminar  arcs. F l u c t u a t i o n s  i n  t h e  v o l t a g e  
trace are evident  f o r  a flow v e l o c i t y  of 108 m/s, i n d i c a t i n g  t h a t  t h e  arc is  
no longer  laminar .  The magnitude of t h e  v o l t a g e  f l u c t u a t i o n s  i n c r e a s e s  w i t h  
t h e  flow v e l o c i t y .  A t  t h e  maximum v e l o c i t y  of 300 m / s ,  where t h e  arc is  f i n a l -  
l y  ex t inguished ,  t h e  v o l t a g e  f l u c t u a t i o n s  are apprec iab le  w i t h  f l u c t u a t i o n s  
p re sen t  a l s o  i n  t h e  c u r r e n t  trace. 

Fr ind  ( r e f .  1) observed s i m i l a r  o p t i c a l  v a r i a t i o n s  of a long d.c.  arc i n  
a qua r t z  tube  wi th  argon a t  low c u r r e n t s .  
w i th  exposure t i m e  of 1.35 microseconds ind ica t ed  a s t eady  undis turbed arc a t  
low flow v e l o c i t i e s .  A s  t h e  f low v e l o c i t y  w a s  i nc reased ,  d i s tu rbances  ap- 
peared i n  t h e  o u t e r  l a y e r  of t h e  arc. A t  h igh  v e l o c i t i e s  t h e  arc column broke 
i n t o  g lobu les ,  similar t o  t h e  obse rva t ions  by Hermann e t  a1 ( r e f .  2) i n  a 
Lava1 nozz le  near  c u r r e n t  ze ro .  The ques t ion  of whether t h e  laminar  t o  t u r -  
bu len t  arc t r a n s i t i o n  i s  similar t o  t h e  t r a n s i t i o n  of a laminar  t o  t u r b u l e n t  
boundary l a y e r  on a s u r f a c e  ( r e f s .  3, 4 )  i s  no t  answered by a v a i l a b l e  knowledge 
of t h e  behavior  of t h e  arc column. Fur the r  i n v e s t i g a t i o n s  must be conducted to  
r e s o l v e  t h i s  problem. 

High speed photographs of h i s  arc 

The mean arc co lumnvo l t age  and c u r r e n t  v a r i a t i o n  wi th  t h e  flow v e l o c i t y  
are presented  i n  f i g u r e s  5a and 5b f o r  e l e c t r o d e  gaps of 1.27, 1.59 and 2.22 
cm. For t h e s e  tests t h e  v o l t a g e  f o r  t h e  genera tor  w a s  set a t  250 v o l t s .  With 
no flow t h e  arc c u r r e n t  i s  approximately 105 amperes and t h e  arc v o l t a g e  in-  
creases from 64 t o  92 v o l t s  w i t h  inc reas ing  e l e c t r o d e  gap. For t h e  e l e c t r o d e  
gap of 1.27 cm t h e  arc v o l t a g e  i n c r e a s e s  slowly wh i l e  ‘the c u r r e n t  dec reases  
from 108 t o  84 amperes w i t h  inc reas ing  flow v e l o c i t y  up t o  approximately 256 
m / s .  
as t h e  arc e x t i n c t i o n  v e l o c i t y  is  approached. S imi l a r  arc v o l t a g e  and c u r r e n t  
v a r i a t i o n  w i t h  flow v e l o c i t y  are observed f o r  e l e c t r o d e  gap spac ings  of 1.59 
and 2.22 cm; however, t h e  arc e x t i n c t i o n  v e l o c i t y  dec reases  d r a s t i c a l l y  w i t h  
t h e  arc  column l eng th .  With a longer  arc column t h e  arc cool ing  i s  increased  
providing a corresponding i n c r e a s e  i n  t h e  arc r e s i s t a n c e .  To extend t h e  in-  
v e s t i g a t i o n  t o  longer  arc columns a t  supersonic  v e l o c i t i e s ,  a s o l i d  s t a t e  rec- 
t i f i e d  d.c.  power supply of 2000 v o l t s  has  r e c e n t l y  been i n s t a l l e d .  

The v o l t a g e  i n c r e a s e s  and c u r r e n t  decreases  r a p i d l y  f o r  h ighe r  v e l o c i t i e s  

A r c  Voltage Gradient  

The mean arc column v o l t a g e  g rad ien t ,  inc luding  t h e  v o l t a g e  a t  t h e  
cathode and anode, w a s  c a l c u l a t e d  from t h e  arc v o l t a g e  da t a .  
shown i n  f i g u r e  6a  as func t ions  of t h e  flow v e l o c i t y  and t h e  arc gap. 
v o l t a g e  g r a d i e n t  over  t h e  f low v e l o c i t y  range of 0 t o  75 m / s  remains n e a r l y  
cons tan t  f o r  each arc gap and t h e  average g rad ien t  decreases  wi th  t h e  arc 
column l eng th .  Topham ( r e f .  8) observed a similar decrease  i n  t h e  v o l t a g e  
g rad ien t  w i t h  arc column l e n g t h  i n  a uniform a i r  flow i n  a shock tube.  For t h e  
s h o r t e s t  arc gap of 1 .27 cm,  t h e  v o l t a g e  g r a d i e n t  i nc reases  s lowly  up t o  a 

The r e s u l t s  are 
The arc 
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1 

v e l o c i t y  of approximately 250 m / s .  
d i e n t  i nc reases  r a p i d l y  as t h e  arc e x t i n c t i o n  v e l o c i t y  is  approached. 

A t  h igher  f low v e l o c i t i e s  t h e  v o l t a g e  gra- 

The cool ing  of t h e  arc column by t h e  h igh  v e l o c i t y  flow c o n s t r i c t s  t h e  arc 
and increases t h e  resistance. Th i s  i n  t u r n  dec reases  t h e  c u r r e n t  w i t h  a f i x e d  
supply vol tage .  An a n a l y s i s  of t h e  arc v o l t a g e  g r a d i e n t  f o r  t h e  c o n s t r i c t e d  
arc, based upon Kins inger ' s  model ( r e f .  9 ) ,  i s  presented  i n  t h e  next  s ec t ion .  
Cooling and c o n s t r i c t i o n  are j u s t  the processes  which occurs  i n  t h e  gas  b l a s t  
c i r c u i t  b reakers .  Hermann e t  a1 (ref. 2) observed a r a p i d  i n c r e a s e  i n  t h e  
v o l t a g e  g r a d i e n t  as c u r r e n t  ze ro  w a s  approached i n  a supersonic  nozzle .  
arc v o l t a g e  g r a d i e n t  w i t h  t h e  f low v e l o c i t y  i s  s i m i l a r  f o r  a l l  t h r e e  arc gaps 
wi th  t h e  r a p i d  i n c r e a s e  i n  t h e  v o l t a g e  g r a d i e n t  occur r ing  a t  lower arc ext inc-  
t i o n  v e l o c i t y  f o r  longer  arcs. 

The 

A r c  D i a m e t e r  

To measure t h e  arc diameter  and t h e  f l u c t u a t i o n s  i n  t h e  arc column, h igh  
speed p i c t u r e s  w e r e  taken wi th  a Dynafax camera w i t h  a n  exposure t i m e  of 8 
microseconds. Photographs of t h e  arc column were obta ined  through o p t i c a l  
f i l t e r s  a f t e r  t h e  arc w a s  e s t a b l i s h e d  a t  va r ious  subsonic  flow v e l o c i t i e s  i n  
arc gaps of 1.27, 1.59, and 2.22 cm. For low subsonic  f low v e l o c i t i e s  w i th  a 
laminar arc and s t eady  v o l t a g e  trace ( f i g u r e  4 ) ,  t h e  photographs show a s teady  
arc column wi thout  any f l u c t u a t i o n  i n  t h e  arc boundary, s i m i l a r  t o  t h a t  ob- 
served by Frind ( r e f .  1) i n  argon a t  low flow v e l o c i t i e s .  A t  h igher  flow 
v e l o c i t i e s  t h e  arc column becomes i r r e g u l a r  w i t h  f l u c t u a t i o n s  i n  t h e  arc bound- 
a ry ,  and t h e  f l u c t u a t i o n s  become apprec iab le  as t h e  arc ex tens ion  v e l o c i t y  is  
approached f o r  each arc gap. 
were measured and t h e  r e s u l t s  are shown i n  f i g u r e  6b. 
stricts slowly as t h e  flow v e l o c i t y  i s  increased ,  bu t  t h e  c o n s t r i c t i o n  becomes 
r ap id  as t h e  c u r r e n t  quenching v e l o c i t y  is approached f o r  each arc gap. These 
arc d iameters  are used t o  c a l c u l a t e  t h e  arc v o l t a g e  g rad ien t  i n  t h e  next  sec- 
t ion.  

From t h e  h igh  speed photographs,  arc d iameters  
The arc diameter  con- 

STEADY STATE ARC CALCULATIONS ASJD CORRELATION 
WITH EXPERIMENTAL DATA 

A r c  Equations 

A t h e o r e t i c a l  model has  been developed f o r  t h e  t i m e  dependent behavior of 
low c u r r e n t  arcs. The o r i g i n a l  purpose of t h e  model w a s  t h e  de te rmina t ion  of 
both t h e  t r a n s i e n t  behavior of a x i a l l y  blown arcs a t  c u r r e n t  zero and t h e  im-  
por tance  of va r ious  energy l o s s  mechanisms t o  t h i s  behavior .  Both as a check 
on t h e  r e s u l t s  of t h i s  model and as a de termina t ion  of t h e  s e n s i t i v i t y  of d .c .  
arc p r o p e r t i e s  t o  r h e  c o n s t r i c t e d  arc diameter ,  t h e  numerical  program w a s  run  
t o  g i v e  r e s u l t s  f o r  s e l e c t e d  s t eady  state arcs as repor t ed  i n  previous sec t ion .  
To do t h i s ,  t h e  arc temperature  p r o f i l e s  were permit ted t o  relax (numerical ly)  
w i t h  f i x e d  c u r r e n t  and arc r a d i u s  u n t i l  a t i m e  independent s o l u t i o n  w a s  ob- 
ta ined .  Resul t s  f o r  electric f i e l d  (and temperature  p r o f i l e )  can then  be  com- 
pared wi th  experiment. 
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The equations and method of so lu t ion  f o r  t h e  numerical model have been 
given earlier ( r e f s .  9 ,  10) and w i l l  be summarized here.  The Navier-Stokes 
equations f o r  gas flow f i e l d s  are s impl i f ied  by t h e  following approximations. 
Local thermodynamic equilibrium (L.T.E.) i s  assumed f o r  a l l  gas proper t ies .  
Cyl indr ica l  geometry i s  adopted and both t h e  a x i a l  g rad ien ts  (temperature and 
flow speed) and t h e  axial convective energy t r a n s f e r  are neglected i n  compari- 
son with r a d i a l  g rad ien ts  and r a d i a l  convective energy t r a n s f e r .  Kine t ic  
energy dens i ty  i s  neglected i n  comparison with enthalpy dens i ty .  Temporal and 
spa t i a l  v a r i a t i o n s  i n  pressure are neglected,  as are viscous and magnetic f i e l d  
e f f e c t s  

With these  s impl i f i ca t ions  t h e  momentum equation i s  decoupled from t h e  
cont inui ty  and energy equations. These later equations may then be wr i t t en :  

(2) 
2 

) + OE 
a (4 r  2 K T ) - -  a T  a 

2 (2r Qrad + -  2 
aT 

ar ar 
aT - - 2 r ~ p c  - PCp at - P ar2 ar 

The f i r s t  t h r e e  t e r m s  on t h e  r i g h t  s i d e  of t h e  energy equation, eq. (2), repre- 
sen t  power l o s s  dens i ty  due t o  convection, conduction, and r ad ia t ion ,  respec- 
t i v e l y .  The fou r th  t e r m  on t h e  r i g h t  of eq. (2) represents  Joule  o r  Ohmic 
heat ing . 

To relate t h e  cur ren t  and e l e c t r i c  f i e l d  of t h e  arc, w e  i n t e g r a t e  t h e  
Ohm's l a w  imp l i c i t  i n  eq. (2) ,  j = DE, t o  ge t :  

I = .rrEoJP 2 2  adr  , 
( 3 )  

where R i s  a l a r g e  enough rad ius  t h a t  t h e  conducting region of t h e  arc is con- 
tained the re in .  Equations (1) t o  (3) then form a closed set t o  g ive  t h e  tempo- 
ra l  h i s t o r y  of t h e  a r c  p r o f i l e ,  T ( r , t ) ,  given t h e  L.T.E. gas p rope r t i e s  (p(T;p), 
c (T;p), K ( T ; ~ ) ,  G(T;p)), a technique f o r  ca l cu la t ing  t h e  r a d i a t i o n  f l u x ,  a 
cgr ren t  o r  e l e c t r i c  f i e l d  h i s t o r y ,  and a n  outer boundary condition on t h e  arc. 

I n  t h e  program used t o  so lve  these  equations, ca l l ed  ARC, t h e  temperature 
is interchanged with t h e  r ad ius  as an independent va r i ab le .  That is ,  t h e  gas 
p rope r t i e s  are tabulated a t  a f ixed  set of temperatures, T and t h e  loca t ions  
of these  temperatures as func t ions  of t i m e ,  r . ( t ) ,  are t h e  so lu t ion  developed 
by t h e  program. 
p r o f i l e ,  w a s  suggested by Ragaller et a1 ( r e f .  11). 

j' 
This transformation, which aJsumes a monotonic temperature 

To avoid t h e  numerical i n s t a b i l i t y  assoc ia ted  with t h e  hea t  conduction 
t e r m  i n  eq. (2) ,  t h a t  t e r m  is  handled using a s ix  point i m p l i c i t  numerical 
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technique. This  technique permi ts  t i m e  s t e p s  which can b e  as l a r g e  as several 
microseconds f o r  t y p i c a l  h igh  p res su re  arc c a l c u l a t i o n s .  

For s t eady  state c a l c u l a t i o n s  t o  compare wi th  t h e  d.c .  arc measurements 
repor ted  i n  previous s e c t i o n , t h e  program w a s  used t o  relax t h e  temperature  pro- 
f i l e  w i th  g iven  and f i x e d  va lues  of c u r r e n t ,  I, and arc r a d i u s ,  R (def ined as 
t h e  l o c a t i o n  of t h e  500K temperature  p o i n t ) .  
start of t h e  c a l c u l a t i o n  w a s  taken  as pa rabo l i c ,  w i t h  T = 500K a t  t h e  f i x e d  arc 
r a d i u s  and some chosen temperature  a t  t h e  c e n t e r ,  
program w a s  run  wi th  f i x e d  I through a number of time s t e p s  s u f f i c i e n t  t o  re- 
lax t h e  temperature  p r o f i l e  to t h e p o i n t  t h a t  t h e  f u r t h e r  change i n  any g r i d  
po in t  i n  one t i m e  s t e p  w a s  less than  0.01 percent .  
t i m e  s t e p  w a s  ad jus t ed  i n  accordance w i t h  eq. (3). 
f i l e  and electric f i e l d  can be used t o  compare wi th  experiment. 

The temperature  p r o f i l e  a t  t h e  

gene ra l ly  30000K. The 
TC, 

The electric f i e l d  a t  each 
The f i n a l  temperature  pro- 

Calcu la ted  Arc P r o p e r t i e s  

For comparison wi th  experiment,  t h r e e  p o i n t s  from t h e  measured arc charac- 
t e r i s t ics  were s e l e c t e d  f o r  c a l c u l a t i o n .  These p o i n t s  are l abe led  1 , 2 , 
and 3 i n  t h e  curves of f i g u r e s  5b, 6a and 6b. The arc p r o p e r t i e s  a s s o c i a t e d  
wi th  t h e s e  p o i n t s  are l i s t e d  i n  t a b l e  1. 

Since themeasurements of arc diameter i n  f i g u r e  6b w e r e  made downstream 
of t h e o r i f i c e  i n  a n  ambient of one atmosphere, t h e  p r o p e r t i e s  of one atmos- 
phere of a i r  were used f o r  t h e  ARC c a l c u l a t i o n .  These p r o p e r t i e s  w e r e  calcu-  
l a t e d  i n  s e p a r a t e  programs which s o l v e  f o r  L.T.E. compositions us ing  e i t h e r  
minimizat ion of f r e e  energy (CHEME) o r  t h e  coupled set of Saha equat ions  (SAW). 
The temperature  g r i d  p o i n t s  and t h e  proper ty  va lues  used f o r  t h e  c a l c u l a t i o n s  
are l i s t e d  i n  t a b l e  2.  

For t h e  c a l c u l a t i o n s  w e  have assumed t h a t  tu rbulence  does no t  p lay  a 
s t rong  r o l e  i n  t h e  r a d i a l  energy t r a n s f e r  of t h e  measured arcs s o  t h e  r a d i a l  
hea t  conduction may be  modeled us ing  t h e  laminar thermal conduc t iv i ty  as given 
i n  t a b l e  2. 

The c a l c u l a t i o n  of r a d i a t i o n  power l o s s e s  i s  d i f f i c u l t  s i n c e  a t  one atmos- 
phere f o r  t h e  arcs of t h i s  s tudy ,  s i g n i f i c a n t  power is  r a d i a t e d  i n  r eg ions  of 
t h e  spectrum both f o r  which t h e  arc is o p t i c a l l y  t h i c k  and o p t i c a l l y  t h i n .  
S ince  d e t a i l e d  c a l c u l a t i o n s  of r a d i a t i o n  t r a n s f e r  i n  a l l  a p p r o p r i a t e  s p e c t r a l  
r eg ions  are no t  j u s t i f i e d  by t h e i r  expected accuracy,  i t  w a s  decided t o  bracke t  
t h e  r a d i a t i o n  power d e n s i t y  by c a l c u l a t i o n s  f o r  two extreme cases. 

I n  one extreme, s o l u t i o n s  of eq. (2)  w e r e  found f o r  no r a d i a t i o n  power 2 loss  by s e t t i n g  a / a r  These s o l u t i o n s  correspond t o  t h e  l i m i t  
i n  which a l l  r a d i a t i o n  emit ted is l o c a l l y  absorbed - zero r a d i a t i o n  mean f r e e  
path.  

(2r Qrad) = 0. 

In  t h e  o t h e r  extreme, t h e  emi t ted  r a d i a t i o n  escapes from t h e  arc wi th  no 
f u r t h e r  i n t e r a c t i o n  - i n f i n i t e  r a d i a t i o n  mean f r e e  path.  So lu t ions  f o r  t h i s  
l i m i t  were found us ing  
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where E ( V )  i s  t h e  frequency dependent c o e f f i c i e n t  of emission. Values of P 
then  depend only  on temperature  and p res su re  and may b s  c a l c u l a t e d  from 
equi l ibr ium compositions,  continuum r a d i a t i o n  formulae,  and d a t a  f o r  t h e  os- 
c i l l a t o r  s t r e n g t h s  of  important  l i n e s .  

rad  

The r a d i a t i o n  emi t ted  i n  t h e  a c t u a l  arc w i l l  i n  p a r t  escape and i n  p a r t  
be reabsorbed. Therefore ,  except  a t  t h e  edge of t h e  arc where t h e r e  may be  a n  
a c t u a l  net  r a d i a t i o n  absorp t ion ,  t h e  two extreme c a l c u l a t i o n s  should b racke t  
t h e  a c t u a l  r a d i a t i o n  power dens i ty .  The c a l c u l a t e d  r e s u l t s  f o r  arc c e n t e r  t e m -  
p e r a t u r e  and e lectr ic  f i e l d  may, t h e r e f o r e ,  be expected t o  b racke t  t h e  a c t u a l  
va lues .  

Using t h e  above information and techniques,  we  have c a l c u l a t e d  s t eady  
s ta te  arc p r o f i l e s  f o r  cases 1 , 2 , and 3 , both  f o r  no n e t  r a d i a t i o n  and 
f o r  no r a d i a t i o n  absorp t ion .  The temperature  p r o f i l e s  c a l c u l a t e d  f o r  case 2 , 
wi th  c u r r e n t  of 8 4 A  and an arc diameter  of 0.12 c m  are shown i n  f i g u r e  7.  A s  
can be seen ,  t h e  presence o r  absence of r a d i a t i o n  l o s s e s  makes a l a r g e  d i f -  
f e r ence  wi th  r e s p e c t  t o  t h e  c a l c u l a t e d  c e n t e r  temperature  and t h e  c h a r a c t e r  of 
t h e  temperature  p r o f i l e  i n  t h e  co re  of t h e  arc. 
temperature  f o r  such a n  arc could provide u s e f u l  in format ion  on t h e  importance 
of r a d i a t i o n  t r a n s f e r .  

A measurement of t h e  c e n t r a l  

The v a l u e s  of c e n t e r  temperature  and e l e c t r i c  f i e l d  from t h e  above calcu- 
l a t i o n s  are given i n  t a b l e  1. 
temperature ,  comparison wi th  experiment must be made on t h e  b a s i s  of arc vol -  
t a g e  g r a d i e n t .  
agreement, t h e  c a l c u l a t e d  va lues  are somewhat h ighe r  ( f o r  cases  1 and 3 t h e  
experimental  v a l u e  f a l l s  below t h e  lower c a l c u l a t e d  bracke t  v a l u e ) ,  
measured average  v o l t a g e  g rad ien t  i nc ludes  e l e c t r o d e  f a l l s ,  it i s  probably a n  
overes t imate  of t h e  a c t u a l  g rad ien t  a t  t h e  downstream l o c a t i o n .  Therefore ,  t h e  
disagreement appears  t o  be sys temat ic .  

S ince  w e  do n o t  y e t  have measurements of arc 

Although t h e  c a l c u l a t e d  and measured g r a d i e n t s  are i n  rough 

Since  t h e  

The e f f e c t  of arc diameter  on t h e  c a l c u l a t e d  v o l t a g e  g rad ien t  i s  shown i n  
f i g u r e  8 and f u r t h e r  d a t a  f o r  case 2 i n  t a b l e  1. From t h i s  d a t a ,  i t  can be 
seen t h a t  v o l t a g e  g r a d i e n t s  equal  t o  o r  s l i g h t l y  less than  t h e  measured v a l u e  
would be c a l c u l a t e d  f o r  arc d iameters  on ly  s l i g h t l y  g r e a t e r  than  t h e  measured 
va lue .  S ince  t h e  photographic  measurements probably g i v e  a v a l u e  of arc d i -  
ameter corresponding t o  t h e  l o c a t i o n  of a n  e l eva ted  temperature  ( f o r  r a d i a t i o n  
c u t  o f f ) ,  t h e  e f f e c t i v e  arc diameter  (at co ld  gas  temperatures)  may indeed be  
somewhat l a r g e r .  A s  an  example, compare t h e  r a d i u s  a t  -10000K (0.052-0.054 cm) 
w i th  t h e  nominal arc r a d i u s  (0.06 cm) f o r  t h e  p r o f i l e s  f o r  case 2 shown i n  
f i g u r e  7.  

S ince  t h e  s e n s i t i v i t y  a g a i n s t  arc diameter i s  l a r g e ,  t h e  comparison of ex- 
per imenta l  and c a l c u l a t e d  v o l t a g e  g r a d i e n t s  is  as good as can be  expected. I n  
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add i t ion ,  t h i s  s e n s i t i v i t y  sugges t s  the importance of c o n s t r i c t i o n  of the arc 
by convec t ive  energy removal i n  t h e  gas  flow f i e l d  i n  determining t h e  proper- 
t ies of low c u r r e n t  (p recu r ren t  zero)  arcs. 

CONCLUDING REMARKS 

A s t eady  a i r  flow f a c i l i t y  capable  of s u s t a i n i n g  .450 kg/sec a t  6.80 a t m  
has  been used t o  produce subsonic  f lows of v a r i o u s  nominal Mach numbers (0.1 - 
0.95) through an o r i f i c e  of 1.27 cm diameter .  Af t e r  c h a r a c t e r i z a t i o n  of t h e  
co ld  f low f i e l d  by s ta t ic  and impact p re s su re  measurements, d.c. arc v o l t a g e  
and c u r r e n t  measurements were made f o r  a range  of f low v e l o c i t i e s  and arc gaps. 
High speed photography w a s  used t o  determine arc d iameters  a t  t h e  o r i f i c e  
exi t  f o r  t h e  same range  of condi t ions .  
s i s t a n c e  increased  r a p i d l y  w i t h  flow v e l o c i t y  as an arc ex t ingu i sh ing  v e l o c i t y  
w a s  approached f o r  a given gap. 

Average arc v o l t a g e  g rad ien t  and re- 

Measured v a l u e s  of c u r r e n t  and diameter were used as inpu t  f o r  a re laxa-  
t i o n  s o l u t i o n  of an arc energy ba lance  equat ion  (modified Elenbaas-Heller equa- 
t i o n )  f o r  t h e  r a d i a l  temperature  p r o f i l e .  
tremes of r a d i a t i o n  power loss.  
reasonably w e l l  w i th  measured average vo l t age  g r a d i e n t s  when cons ide ra t ion  i s  
g iven  t o  t h e  l a r g e  s e n s i t i v i t y  of vo l t age  g r a d i e n t  t o  arc diameter .  

Ca lcu la t ions  w e r e  performed f o r  ex- 
Calculated arc v o l t a g e  g r a d i e n t s  compare 
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TABLE I.- COMPARISON OF EXPERIMENTAL AND CALCULATED DATA 
FOR ORIFICE NOZZLE ARCS 

= 1 a t m ,  L = 1.27 c m  'downs tr e a m  For  a l l  cases: 

C a l c u l a t e d  Data 
Exper imenta l  Data No R a d i a t i o n  F u l l  R a d i a t i o n  Loss 

1 Ap = 1.0 p s i  

U = 122 m / s e c  

I = 104 A 

D = 0.15 c m  T = 31200K 

E = 56 V / c m  E = 67 V / c m  E = 94 V / c m  

\ 

T = 209OOK 
C C 

- 

2 Ap = 5.2 p s i  

U = 256 m/sec 

I = 8 4 A  

D = 0.12 c m  

E = 88 V / c m  

D = 0.10 cm 

- 

D = 0.14 cm 

T = 31400K 
C 

E = 84 V / c m  

T = 34600K 
C 

E = 109 V/cm 

T = 29000K 
C 

E = 68 V / c m  

T = 22200K 
C 

E = 110 V / c m  

T = 24600K 
C 

E = 136 V / c m  

T = 20600K 
C 

E = 94 V / c m  

3 Ap = 7.0 p s i  

U = 290 m / s e c  

1 = 5 0 A  

D = 0.066 cm 
- 
E = 120 V/cm 

T = 32700K 
C 

E = 158 V / c m  

T = 26700K 
C 

E = 181 V/cm 
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TABLE 11.- CALCULATED PROPERTIES FOR ONE ATMOSPHERE 
OF AIR (80% N - 20% 0) 

G C 
P 

(J/gm K) (mho / cm) 
x 10-6 

703 7 1.05 0. 5. 

7.0 

500 

1000 

2000 

3000 

4000 

5000 

6000 

7 000 

8000 

9000 

10000 

11000 

12000 

14000 

16000 

18000 

20000 

22000 

24000 

351.8 1.14 0. 

175 .3  1.38 0. 

114.5 2.75 0. 

12.7 

40.1 

76.76 3.14 0.021 58.5 

58.40 3.03 0.214 61.0 

203. 44.80 7.76 0.893 

31.54 13.39 2 .71  

23.28 8.69 8.19 

351. 

197. 

19 .61  4.63 17.23 118. 

17 .20  5.12 27.4 126. 

15.08 7.60 37.7 157. 

13.05 11.36 47.7 195. 

252. ' 9.197 19.85 66.6 

6.536 18.53 82.2 249. 

5.207 10.35 94.7 

4.507 6.05 106.0 

233. 

245 

4.030 

3.627 

6.18 116.3 

9.75 124 .3  

282. 

331. 

26000 3.218 

28000 2.784 

1 7  25 127 5 

25.33 127.5 

387. 

441. 
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Figure 1.- Schematic of o r i f i c e  nozzle  and electrical network. 

400 

300 
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PRESSURE DROP ACROSS NOZZLE, AP, PSI 

Figure  2 . -  Flow v e l o c i t y  and Mach number as func t ion  of p r e s s u r e  drop. 
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Figure 3. -  Axial flow Mach number as func t ion  of d i s t a n c e  from upstream 
e lec t rode  and nozzle  pressure  drop wi th  e l ec t rode  a t  Xe = 0.89 cm. 

ARC GAP = l.27cm 

V =  185 m / s e c d  k 5 0 m  

V *  44 mfsec 4 p- 100mr 

Figure  4 . -  Typical  arc vo l t age  and current traces a t  var ious  f low 
v e l o c i t i e s  for gap d i s t ance  of 1.27 cm. 
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Figure  5a.- A r c  vo l t age  as func t ion  of maximum flow v e l o c i t y  i n  nozzle  
o r i f i c e  and gap d i s t ance .  
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MAXIMUM FLOW VELOCITY IN NOZZLE ORIFICE, m/S 

Figure 5b.- A r c  cu r ren t  as func t ion  of maximum flow v e l o c i t y  i n  nozz le  
o r i f i c e  and gap d i s t ance .  
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Figure 6a.- A r c  vo l tage  gradien t  as  func t ion  of maximum flow ve loc i ty  
i n  nozzle o r i f i c e  and gap distance.  
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Figure 6b.- A r c  diameter a t  o r i f i c e  exit as func t ion  of maximum flow 
v e l o c i t y  i n  nozzle o r i f i c e  and gap distance.  
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Figure 7.- Calculated temperature p r o f i l e s  f o r  arc i n  one atmosphere 
of a i r  wi th  84A and 0.12 c m  diameter, both assuming no r a d i a t i o n  
lo s ses  and assuming no r a d i a t i v e  reabsorption. 
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Figure 8 . -  Dependence of ca lcu la ted  vol tage  gradien t  on a r c  diameter 
f o r  arc i n  one atmosphere of a i r  with 84A. 
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HYDROGEN-FUELED SUBSONIC AIRCRAFT - A PERSPECTIVE 

Robert  D. Wi tcofsk i  
NASA Langley Research Center  

SUMMARY 

Liquid hydrogen, a ve ry  l i g h t ,  environmental ly  supe r io r  f u e l  which can  be  
produced from v i r t u a l l y  any primary source  of energy, is  be ing  considered by 
t h e  NASA as a cand ida te  f u s l  f o r  aircraft of t h e  f u t u r e .  Th i s  paper compares 
t h e  performance c h a r a c t e r i s t i c s  of hydrogen-fueled subsonic  t r a n s p o r t  a i r c r a f t  
t o  those  us ing  convent iona l  a v i a t i o n  kerosene. Add i t iona l  a s p e c t s  d i scussed  
inc lude  p o t e n t i a l  improvements i n  t h e  exhaust emissions c h a r a c t e r i s t i c s  of 
a i r c r a f t  j e t  engines ,  problems a s soc ia t ed  wi th  onboard f u e l  containment,  r e s u l t s  
of r e c e n t  NASA-sponsored s t u d i e s  of t h e  impact of hydrogen-fueled aircraft  on 
t h e  a i r p o r t  and a s s o c i a t e d  ground-support equipment, and estimates of t h e  c o s t  
and thermal e f f i c i e n c y  of producing s y n t h e t i c  a v i a t i o n  f u e l s  from coa l .  

INTRODUCTION 

The f i r s t  a i r c r a f t - r e l a t e d  u s e  of hydrogen began i n  t h e  1 9 t h  cen tu ry  when, 
because of i ts  very  low d e n s i t y ,  i t  w a s  used i n  t h e  gas  bags of b a l l o o n i s t s  f o r  
buoyancy. 
Zeppelin a i r s h i p s ,  which a l s o  used hydrogen f o r  buoyancy. Zeppel ins  u t i l i z e d  
i n t e r n a l  combustion (I.C.) engines  t o  d r i v e  t h e  p r o p e l l e r s  which provided fo r -  
ward motion, and t h e  engines  used l i q u i d  f u e l s ,  t y p i c a l l y  d i e s e l  f u e l .  A s  is  
w e l l  descr ibed  i n  r e f e r e n c e  1, as t h e  l i q u i d  f u e l  w a s  burned, corresponding 
q u a n t i t i e s  of hydrogen had t o  be  vented i n  o rde r  t o  hold t h e  s h i p  a t  t h e  o p t i -  
mum a l t i t u d e .  I n  1928, p a r t  of t h e  hydrogen which would have been vented w a s  
used as a n  engine performance boos te r  ( t y p i c a l l y  5 t o  30 pe rcen t  hydrogen- 
d i e s e l  f u e l ) ,  t h e  p r i n c i p l e  of which has  been r e c e n t l y  redemonstrated i n  a n  
automobile engine and a n  a i r c r a f t  p i s t o n  engine by t h e  Jet Propulsior,  Labara- 
t o r y  ( r e f .  2 ) .  P r e i g n i t i o n  and b a c k f i r e  prevented t h e  t o t a l  u s e  of hydrogen i n  
I . C .  engines  o f '  t h e  Zeppel ins  u n t i l  i t  w a s  found ( r e f .  1) t h a t  i nc reas ing  the 
compression r a t i o  of t h e  I . C .  engines  t o  16: l  al lowed t h e  u s e  of almost a l l  
hydrogen f o r  f u e l  wi thout  p r e i g n i t i o n .  
reduced t h e  f u e l  load f o r  a g iven  range  and thus  i n c r e a s e d t h e p a y l o a d ,  b u t  would 
a l s o  f a c i l i t a t e  vertical  nav iga t ion ,  e s p e c i a l l y  when l and ing  w i t h  l i m i t e d  w a t e r  
b a l l a s t .  
r e q u i r e  a lmost  5 tons  less f u e l  o i l  ( r e f .  1). 

The e a r l y  p a r t  of t h e  20th  century  s a w  t h e  c o n s t r u c t i o n  of huge 

Burning t h i s  hydrogen as f u e l  n o t  on ly  

A s  a r e s u l t ,  a t y p i c a l  voyage from Northern Europe t o  Egypt would 

It is n o t  a r e b i r t h  of Zeppel ins  t h a t  has  caused a resurgence  of t h e  
i n t e r e s t  i n  hydrogen as a n  a v i a t i o n  f u e l ,  bu t  t h e  growing concern over  t h e  
d e p l e t i o n  of our  n a t u r a l  petroleum rese rves .  

About a year  ago t h e  United S t a t e s  Energy Research and Development Adminis- 
t r a t i o n  (ERDA) r e l e a s e d  a n  overview of t h e  U.S.  energy s i t u a t i o n ,  i nc lud ing  a 
prospec tus  on t h e  domest ic  o i l  s i t u a t i o n .  F igu re  1 is reproduced from t h e  ERDA 
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r e p o r t  ( r e f .  3 )  and shows t h a t  even wi th  enhanced recovery methods, t h e  produc- 
t i o n  of domestic o i l  i n  t h e  U.S. may never s u r p a s s  t h a t  which occurred dur ing  
1970 and w i l l  c o n s t a n t l y  d e c l i n e  a f t e r  t h e  1980's .  
a l r eady  i d e n t i f i e d  r e sources  and est imated undiscovered resources .  

This  e s t i m a t e  inc ludes  

The ERDA document of r e f e r e n c e  3 a l s o  inc ludes  estimates of t h e  remaining 
r ecove rab le  domestic energy r e sources  i n  t h e  U . S . ,  and t h e s e  estimates are 
reproduced i n  f i g u r e  2. A s  can be  seen i n  f i g u r e  2, n a t u r a l  gas  and o i l  
r e sources  are dwarfed by o i l  s h a l e ,  coa l ,  and uranium. 

Nuclear power has  t h e  p o t e n t i a l  of dwarfing a l l  of t h e  o t h e r  energy 
resources  noted i n  f i g u r e  2 bu t  is  g r e a t l y  dependent upon t h e  success fu l  devel-  
opment of t h e  breeder  r e a c t o r .  Successful  development of nuc lea r  f u s i o n  would 
o f f e r  a n  almost  e n d l e s s  supply of energy. Although n o t  included i n  f i g u r e  2, 
s o l a r  energy is expected t o  p l ay  a n  inc reas ing ly  l a r g e  r o l e  i n  t h e  long-range 
energy f u t u r e  of t h e  United S t a t e s .  

O i l  s h a l e  and coa l  can be converted t o  a v a r i e t y  of f u e l s  f o r  bo th  s t a t i o n -  
a r y  and t r a n s p o r t a t i o n  needs. Such is not  t h e  case wi th  nuc lea r  and s o l a r  
energy. Hydrogen, a n  environmental ly  supe r io r  f u e l ,  can be  produced from 
v i r t u a l l y  any primary source  of energy. 
a v i a t i o n  are g e n e r a l l y  regarded as s y n t h e t i c  J e t - A  der ived  from e i t h e r  o i l  
s h a l e  o r  c o a l ,  l i q u i d  methane der ived  from c o a l ,  and l i q u i d  hydrogen which can 
be der ived  from many primary energy sources .  

The most promising a l t e r n a t e  f u e l s  f o r  

The NASA's Langley Research Center is  conducting a Hydrogen-Fueled Aircraft  
Technology Program which is aimed a t  i n v e s t i g a t i n g  t h e  p o t e n t i a l s  of l i q u i d  
hydrogen as a n  a l t e r n a t e  a v i a t i o n  f u e l  of t h e  f u t u r e .  Th i s  paper i s  an over- 
view of t h e  r e s u l t s  of t h e  program t o  d a t e  and addres ses  t h e  areas of a i r c r a f t  
performance, engine emissions,  cryogenic  i n s u l a t i o n  f o r  onboard f u e l  s to rage ,  
ground requirements  a t  t h e  a i r p o r t ,  t h e  product ion  of hydrogen from c o a l ,  and 
t h e  subsequent l i q u e f a c t i o n  of t h e  hydrogen. 

U.S. Customary Un i t s  w e r e  used f o r  t h e  p r i n c i p a l  c a l c u l a t i o n s  i n  t h i s  
paper b u t  t h e  r e s u l t s  are presented  i n  t h e  I n t e r n a t i o n a l  System of Units.. 

AIRCRAFT STUDIES 

The NASA's Langley Research Center ,  as p a r t  of i t s  Hydrogen-Fueled Aircraft  
Technology Program, s e l e c t e d  t h e  Lockheed-California Company t o  perform s t u d i e s  
( r e f s .  4 and 5) of t h e  performance p o t e n t i a l s  of subsonic  t r a n s p o r t  aircraft  
when designed t o  u t i l i z e  l i q u i d  hydrogen (LH2) as a f u e l .  The s tudy  considered 
t h e  performance c h a r a c t e r i s t i c s  of bo th  LH2 and J e t - A  fue l ed  a i r c r a f t  and con- 
s ide red  a v a r i e t y  of des ign  ranges  and payloads. 
a i r c r a f t  w e r e  considered i n  the s tudy .  The des ign  range-payload characteristics 
of t h e  a i r c r a f t  considered i n  t h e  Lockheed s tudy  are shown i n  t a b l e  1. The 
passenger a i r c r a f t  shown i n  t a b l e  1 as having a 9265-kilometer r a d i u s  w e r e  
designed t o  c a r r y  400 passengers  9265 k i lometers ,  l and ,  t a k e  o f f  unrefue led ,  
and c a r r y  400 passengers  another  9265 k i lometers .  The m a x i m u m  nonstop ranges  

Both passenger and cargo 
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f o r  these  a i r c r a f t  w e r e  19 590 kilometers f o r  t h e  LH2 a i r c r a f t  and 19  980 kilo- 
meters f o r  t h e  J e t - A  a i r c r a f t .  

A kilogram of hydrogen contains about 2-3/4 t i m e s  t h e  energy contained i n  
a kilogram of conventional a v i a t i o n  f u e l  (Jet-A). Hydrogen, because of i t s  low 
energy dens i ty  when i n  i t s  gaseous form, must be l i q u e f i e d  (a cryogen a t  20" K) 
i n  order t o  increase  i t s  energy content per u n i t  volume. Even a f t e r  l iquefac-  
t i on ,  4 l i ters of hydrogen are requi red  i n  order t o  have the  s a m e  energy content 
as 1 li ter of a v i a t i o n  kerosene. I n  o ther  words, t o  have t h e  same energy con- 
t e n t  as a given quant i ty  of J e t - A  r equ i r e s  a m a s s  of l i q u i d  hydrogen about one- 
t h i r d  t h a t  of t h e  J e t - A  and t h e  volume of l i q u i d  hydrogen about four t i m e s  t h a t  
of t h e  J e t - A .  

A v a r i e t y  of approaches f o r  housing the  low-density LH2 w e r e  inves t iga ted  
by Lockheed, t he  most promising concepts being those shown i n  f i g u r e  3 .  The 
conf igura t ion  i n  t h e  foreground of f i g u r e  3 would house t h e  LH2 wi th in  t h e  
fuselage,  whereas t h e  conf igura t ion  i n  t h e  background would house f u e l  i n  tanks 
mounted on t h e  wings. The drag p e n a l t i e s  assoc ia ted  with the  wing-mounted 
tanks caused t h e  performance of such a i r c r a f t  t o  be i n f e r i o r  t o  the  configura- 
t i o n  with t h e  f u e l  housed i n  t h e  fuse lage .  For t h a t  reason, t h e  fuel-in- 
fuse lage  conf igura t ion  i s  the  favored configuration. 

Hydrogen's high-energy content per kilogram of f u e l  i s  r e f l e c t e d  i n  
f i g u r e  4 where the  gross  take-off masses and onboard f u e l  masses of t he  passen- 
ger a i r c r a f t  of t h e  Lockheed study are shown as a func t ion  of design range. 
A i r c r a f t  having longer ranges and/or higher payloads r e q u i r e  more f u e l .  
g rea t e r  t h e  amount of f u e l  required t o  perform t h e  mission, t h e  g rea t e r  t h e  . 
mass-saving advantages of hydrogen f u e l .  I n  f i g u r e  4 ,  t h e  lower f u e l  masses of 
t h e  LH2 a i r c r a f t  are r e f l e c t e d  by lower grcjss take-off masses. Although hydro- 
gen's low-energy dens i ty  per u n i t  volume, aga in  one-fourth t h a t  of J e t - A ,  
causes add i t iona l  drag which t h e  a i r p l a n e ' s  engines must overcome, less l i f t  
must be generated t o  support t h e  a i r p l a n e  because t h e  LH2 a i r p l a n e  has less 
m a s s .  L i f t  i s  generated a t  t h e  expense of drag incurred; and o v e r a l l ,  t he  drag 
increases  assoc ia ted  with the  low energy pe r  u n i t  volume of LH2 are overshadowed 
by the  f a c t  t h a t  less l i f t  mus tbegenera ted ,  smaller wings are requi red ,  and 
thus less t o t a l  drag is incurred. This shows up i n  t h e  area of f u e l  consumption. 

The 

Figure 5 shows the  relative energy requirements of t h e  LH2 and J e t - A  air- 
c r a f t  of t h e  Lockheed study. 
k i l o j o u l e s  pe r  seat-kilometer of t h e  LH2 a i r c r a f t  t o  t h e  k i l o j o u l e s  per  seat- 
kilometer of J e t - A  a i r c r a f t ,  as a func t ion  of design range. The energy require- 
ments f o r  t h e  cargo a i r c r a f t  ( r e f .  4 )  are shown as a r a t i o  of t h e  LH2-to-Jet-A 
values f o r  k i l o j o u l e s  pe r  kilogram-kilometer. The energy consumption ana lys i s  
of f i g u r e  4 considers both t h e  onboard energy consumption (exclusive of t h e  
energy required t o  produce the  f u e l s )  and t h e  t o t a l  energy consumption (includ- 
ing  the  energy required t o  produce t h e  f u e l s ) .  
be discussed i n  a later sec t ion .  

The energy requirements are shown as t h e  r a t i o  of 

The t o t a l  energy consumption w i l l  

Figure 5 shows, f o r  t h e  payloads considered i n  t h e  Lockheed study, t h a t  
f o r  an a i r p l a n e  having a design range g rea t e r  than about 4000 kilometers,  t h e  
LH2 fueled a i r c r a f t  w i l l  use  less onboard energy than would i ts  J e t - A  fueled 
counterpart .  The g rea t e r  t h e  range, t h e  g rea t e r  t h e  f u e l  savings assoc ia ted  
with t h e  LH2 aircraft  . 
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Environmental Emissions 

Hydrogen-f ueled a i r c r a f t  would have as t h e i r  only emission, water vapor 
and oxides of n i t rogen  (NOX). 
times those  of J e t - A  fue led  a i r c r a f t .  Studies are cu r ren t ly  underway a t  NASA 
t o  attempt t o  determine t h e  e f f e c t  of water vapor emissions from LH2 a i r c r a f t  
on t h e  upper atmosphere. 

Water vapor emissions should be about 2-1/4 

There is every reason t o  be l i eve  t h a t  t he  NOX emissions of hydrogen-fueled 
j e t  engines could be reduced t o  l e v e l s  w e l l  below t h a t  of J e t - A  fueled engines. 
The flame speed assoc ia ted  with t h e  combustion of hydrogen is about 1 0  times 
t h a t  of hydrocarbon f u e l s  and, therefore ,  sho r t e r  combustion zones should be 
permissible i n  t h e  LH2 fueled j e t  engines. 
dwell time i n  t h e  combustion zone, and shor t e r  dwell t i m e s  mean lower NOX 
formations ( re f .  6). 

Shorter combustion zones mean less 

Because of t h e  very  low flammability l i m i t  of hydrogen when mixed with a i r ,  
( 4  percent hydrogen, by volume, f o r  an  upward burning flame and 8.5 percent 
hydrogen f o r  a downward burning flame), t h e r e  i s  a p o t e n t i a l  f o r  f u r t h e r  NOX 
emissions reductions.  
t h e  formation of NOX can be reduced. Lower maximum flame temperatures should 
be obta inable  v i a  l e a n  burning. Currently,  j e t  engines combine about 25 per- 
cent of t he  a i r f low ( fan  a i r  excluded) with t h e  f u e l  i n  t h e  primary combustor 
where burning occurs. The remaining three-fourths of t h e  a i r  i s  then used t o  
d i l u t e  t h e  combustion products gases,  t he  combination of t h e  two producing the  
turb ine  i n l e t  temperature from whence t h e  power i s  derived. 
i t y  l i m i t  of hydrogen o f f e r s  t h e  p o s s i b i l i t y  of enlarging t h e  diameter of the  
primary combustor and allowing more air t o  be mixed with t h e  f u e l  and burned i n  
t h e  primary combustion zone ( lean  burning). A s  a r e s u l t  of t h e  l ean  burning, 
lower temperatures w i l l  occur i n  t h e  primary combustion zone and, thus,  lower 
NOX formation (order of magnitude) w i l l  occur. There w i l l  bk less air  t o  
d i l u t e  t h e  combustion products and a proper balance of primary combustor and 
d i l u e n t  air could be  s t r u c k  t o  maintain t h e  tu rb ine  i n l e t  temperature required 
t o  power t h e  a i r c r a f t  . 

I f  the  maximum temperature i n  t h e  engine can be reduced, 

The l ean  flammabil- 

Cryogenic Insu la t ions  

Perhaps t h e  most c r i t i c a l  technology i t e m  assoc ia ted  with the  LH2 a i r c r a f t  
is t h a t  of obtaining a cryogenic i n s u l a t i o n  system f o r  s to rage  of t h e  LH2 
aboard t h e  a i r c r a f t .  In su la t ion  concepts must be very l i g h t ,  s a fe ,  r e l i a b l e ,  
economically practical, and have a long service l i f e .  In su la t ion  concepts 
developed f o r  use  i n  space “nay no t  have t h e  u s e f u l  l i f e  required f o r  a i r c r a f t  

. appl ica t ion .  

I n s i g h t  i n t o  t h e  problem of f ind ing  a s u i t a b l e  i n s u l a t i o n  may be gained by 
examining t h e  approach where a foam insu la t ion  is bonded t o  t h e  e x t e r i o r  su r face  
of t h e  f u e l  tank. 

I f  t h e  foam i n s u l a t i o n  i s  porous, t h e  gases surrounding t h e  tank w i l l  en t e r  
the  in su la t ion  and l i que fy ,  causing cryopumping t o  occur. I f  t h e  in su la t ion  is  
s u f f i c i e n t l y  porous t o  allow t h e  l i que f i ed  gases t o  flow downward along t h e  
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outs ide  w a l l  of t h e  tank and t o  d r i p  off t h e  bottom of t h e  tank, continuous 
cryopumping w i l l  occur. I f  t he  gas surrounding t h e  tank is a i r ,  selective 
l ique fac t ion  of oxygen may occur and an  oxygen-rich environment i n  t h e  area 
surrounding t h e  tanks i s  a most undes i rab le  s i t u a t i o n  from t h e  standpoint of 
sa fe ty .  
cur ren t ly  underway. 

NASA-sponsored s tud ie s  of t h e  broader, aspects of hydrogen s a f e t y  are 

Regardless of what t h e  cornpositon of t he  gas  surrounding t h e  i n s u l a t i o n  may 
be, i f  t h e  gas e n t e r s  t h e  in su la t ion  and l i q u e f i e s ,  i t  may quickly gas i fy  wi th in  
t h e  i n s u l a t i o n  when t h e  tank is  emptied and w a r m s  up, and may cause t h e  insula- 
t i o n  t o  pop o f f .  

Another problem with ex te rna l  foam i n s u l a t i o n  is  t h e  d i f f e rence  between 
t h e  c o e f f i c i e n t  of thermal cont rac t ion  of most foam insu la t ions  and t h a t  of 
2219 aluminum, which i s  genera l ly  regarded as the  bes t  material f o r  tank con- 
s t ruc t ion .  The thermal cont rac t ion  of most foam insu la t ions  i s  from two t o  
four  t i m e s  t h a t  of 2219 aluminum. The d i f f e rence  causes high tension stresses 
i n  t h e  in su la t ion  near t h e  tank w a l l  and compressive stresses i n  t h e  ou te r  
por t ion  of t h e  in su la t ion .  Such stresses may lead t o  s t r u c t u r a l  f a i l u r e  of 
t h e  in su la t ion .  

NASA-sponsored e f f o r t s  are cu r ren t ly  underway t o  advance t h e  technology 
s t a t u s  of cryogenic i n s u l a t i o n  systems f o r  LH2 a i r c r a f t  tankage. 
involve t h e  t e s t i n g  of a v a i l a b l e  foam insu la t ions  and t h e  formulation of addi- 
t i o n a l  foam insu la t ions .  

These e f f o r t s  

Our major e f f o r t  during t h e  next year w i l l  be t o  make a n  engineering analy- 
sis of t h e  c h a r a c t e r i s t i c s  of t he  t o t a l  f u e l  system requirements f o r  LH2 air- 
c r a f t .  The ana lys i s  w i l l  include cons idera t ion  of a l l  components of t h e  a i r c r a f t  
f u e l  system, from the  l i d  on t h e  f u e l  tank t o  t h e  combustion chamber of t h e  
engine. 

LH2 AT THE AIRPORT 

As another p a r t  of NASA's Hydrogen-Fueled A i r c r a f t  Technology Program, w e  
s e l ec t ed  The Boeing Commercial Airplane Company ( r e f .  7)  and t h e  Lockheed- 
Ca l i fo rn ia  Company ( r e f .  8) t o  assess t h e  impact of t h e  use of LH2 as a f u e l  
f o r  a l l  wide-body jets a t  two major a i r p o r t s  i n  t h e  United S t a t e s  (O'Hare 
In t e rna t iona l  i n  Chicago, I l l i n o i s ,  and San Francisco In t e rna t iona l  i n  San 
Francisco, Cal i forn ia) .  
a v a i l a b l e  a t  the  g a t e s  of t h e  a i rpo r t s .  Boeing and Lockheed were supported by 
a team of exper t s  i n  hydrogen l i que fac t ion  and s to rage  and i n  a i r p o r t  planning 
and operation. The r e s u l t s  of t h e  s t u d i e s  ( r e f s .  7 and 8) were most encouraging. 
The major conclusions w e r e :  

It w a s  assumed t h a t  a supply of gaseous hydrogen w a s  

1. Such a conversion w a s  t echn ica l ly  f e a s i b l e  and t h e r e  were no t echn ica l  
problems which d id  not  lend themselves t o  s t ra ight forward  engineering so lu t ions .  
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2. S u f f i c i e n t  real estate is a v a i l a b l e  f o r  t h e  necessary  l i q u e f a c t i o n  
p l a n t  and s t o r a g e  tanks.  

3 .  R e l a t i v e l y  convent ional  ground-support s e t u p s  and passenger loading  
f a c i l i t i e s  could b e  used. 

4.  Turn-around t i m e s  f o r  LH2 a i r c r a f t  are c o n s i s t e n t  w i th  those  of J e t - A  
a i r c r a f t  . 

It w a s  es t imated  t h a t  t h e  necessary  l i q u e f a c t i o n ,  s t o r a g e ,  and d i s t r i b u -  
t i o n  f a c i l i t i e s  would c o s t  approximately $470 x 106 f o r  O ’ H a r e  and $340 x lo6 
f o r  San Francisco.  

The method of f inanc ing  w a s  found t o  have profound e f f e c t  upon t h e  c o s t  of 
t h e  d e l i v e r e d  hydrogen product .  F igure  6, t aken  from r e f e r e n c e  7 ,  shows t h e  
LH2 c o s t  of f u e l  d e l i v e r e d  t o  t h e  a i r l i n e s  as a f u n c t i o n  of t h e  c o s t  of t h e  
gaseous feeds tock .  Also shown i s  t h e  e f f e c t  of t h e  c o s t  of t h e  electrical  power 
r equ i r ed  t o  l i q u e f y  t h e  hydrogen on t h e  c o s t  of t h e  l i q u i d  hydrogen. It is 
assumed i n  f i g u r e  6 t h a t  about 15 percent  of t h e  LH2 de l ive red  t o  t h e  a i r l i n e s  
i s  vaporized dur ing  f u e l  loading  and t h a t  t h e  gas  i s  r e tu rned  t o  t h e  l iquefac-  
t i o n  p l a n t  and c r e d i t e d  t o  t h e  a i r l i n e  accounts.  On t h e  l e f t  s i d e  of f i g u r e  6 ,  
a i r p o r t  f i nanc ing  which is t y p i c a l  i n  t h e  United S t a t e s ,  assumes t h a t  t h e  air- 
l i n e s  u l t i m a t e l y  absorb t h e  f i n a n c i a l  c o s t s  through use r  f e e s  over  a per iod  of 
t ime c o n s i s t e n t  wi th  t h e  payoff schedule  f o r  revenue bonds i ssued  by t h e  air- 
p o r t  a u t h o r i t y .  On t h e  r i g h t  s i d e  of f i g u r e  6 ,  t h e  c o s t  r e f l e c t s  p r i v a t e  
f inanc ing .  F igure  6 i l l u s t r a t e s  that t h e  method of f inanc ing  can make 
20 cen t s lkg  d i f f e r e n c e  i n  t h e  c o s t  of t h e  product  de l ive red  t o  t h e  a i r p l a n e .  

A s  a po in t  of r e f e r e n c e ,  t h e  c u r r e n t  p r i c e  of J e t - A  f u e l  i n  t h e  U.S. is  
about 6 . 6  c e n t s  p e r  l i ter  (30 c e n t s  pe r  g a l )  which i s  t h e  equ iva len t  of 
28 c e n t s  per  kilogram f o r  LH2. 

HYDROGEN PRODUCTION AND LIQUEFACTION 

A s  w a s  s t a t e d  earlier i n  t h i s  paper,  c o a l  i s  one of t h e  more p l e n t i f u l  
remaining energy r e sources  i n  t h e  United S t a t e s .  The NASA asked t h e  I n s t i t u t e  
of Gas Technology (IGT) t o  perform a s tudy  of t h e  c o s t  and thermal  e f f i c i e n c y  
of producing hydrogen, methane, and s y n t h e t i c  a v i a t i o n  kerosene from c o a l  
( r e f .  9).  
NASA by t h e  Linde Div i s ion  of Union Carbide ( r e f .  10) t o  determine t h e  c o s t  and 
energy requirements  f o r  t h e  l i q u e f a c t i o n  of hydrogen. 
t h e  IGT and Linde s t u d i e s  are shown i n  t a b l e  2 and f i g u r e  7. 

These r e s u l t s  w e r e  combined wi th  those  from a s tudy  done f o r  t h e  

The combined r e s u l t s  of 

Table  2 ( r e f .  9) summarizes t h e  thermal  e f f i c i e n c i e s  of t h e  c o a l  conver- 
s i o n  processes  analyzed,  where thermal  e f f i c i e n c y  i s  def ined  as t h e  t o t a l  u s e f u l  
energy products  of a p a r t i c u l a r  process  d iv ided  by t h e  t o t a l  energy requi red  by 
t h e  process .  

The most thermal ly  e f f i c i e n t  hydrogen-from-coal process  w a s  t h e  Steam-Iron 
process .  The reason  f o r  t h e  h igh  thermal  e f f i c i e n c y  of t h e  Steam-Iron process  
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is t h a t  a l a r g e  quant i ty  of low-energy gas (low k i l o j o u l e  per kilogram) a t  
1100' K and a t  a pressure  of 1000 IrN/m2 is  a byproduct of t h e  process. 
heating va lue  p lus  s e n s i b l e  hea t  of t h i s  byproduct gas ( a f t e r  energy require- 
ments i n t e r n a l  t o  t h e  process have been s a t i s f i e d )  represents  about 39 percent 
of t h e  hea t ing  va lue  of t h e  coa l  used i n  t h e  process. Depending upon whether 
t h e  byproduct gas (heating va lue  p lus  sens ib l e  hea t )  o r  electrical power gener- 
a ted  from t h e  gas is  c red i t ed  as t h e  byproduct energy, t h e  thermal e f f i c i ency  
of l i q u i d  hydrogen produced v i a  the  Steam-Iron process i s  49 percent o r  
44 percent. 

The 

Synthetic a v i a t i o n  kerosene, produced by hydrocracking and hydrogenating 
the  heavy o i l  product of t h e  Consol Synthetic Fuel process i s  seen i n  t a b l e  2 
t o  have a thermal e f f i c i ency  of 54 percent.  
of hydrogen required t o  hydrocrack and hydrogenate t h e  heavy o i l  consumes a 
l a r g e  po r t ion  of t h e  high-energy gas coproduct from the  Consol Synthetic Fuel 
process and lowers t h e  o v e r a l l  thermal e f f i c i ency  of t he  a v i a t i o n  kerosene 
product. 

Production of t h e  l a r g e  q u a n t i t i e s  

Liquid methane produced v i a  t h e  Hygas @ process and subsequently l i que f i ed  
had the  h ighes t  thermal e f f i c i ency ,  64 percent.  The performance of subsonic 
a i r c r a f t  when designed t o  u t i l i z e  methane f u e l  has not y e t  been addressed i n  
depth. 

I f  one chooses t o  determine how e f f i c i e n t l y  coa l  might be u t i l i z e d  as an 
a i r c r a f t  f u e l ,  t h e  Lockheed a i r c r a f t  study r e s u l t s  can be combined with t h e  
IGT/Linde f u e l  production s tud ie s .  Returning t o  f i g u r e  5, t h e  energy require- 
ments f o r  producing LH2 and a v i a t i o n  kerosene from coal  have been combined with 
t h e  Lockheed a i r c r a f t  performance d a t a  t o  produce t h e  curve shown on t h e  r i g h t  
of f i g u r e  5. The curve ind ica t e s  t h a t  a i r c r a f t  must have design ranges i n  
excess of 8000 kilometers before coal-derived LH2 fueled a i r c r a f t  are more 
energy e f f i c i e n t  than coal-derived a v i a t i o n  kerosene-fueled a i r c r a f t .  

Transfer and s to rage  l o s s e s  are not considered i n  f i g u r e  5, but as pointed 
out  i n  re ference  9 ,  such l o s s e s  should be l a r g e r  f o r  LH2 than f o r  a v i a t i o n  
kerosene. 

The reader i s  cautioned aga ins t  making hard dec is ions  based on t h e  curve 
presented on t h e  r i g h t  i n  f i g u r e  5, because of t h e  s e n s i t i v i t y  of t h e  r e s u l t s  
t o  changes i n  technology. For ins tance ,  a 20-percent decrease i n  t h e  energy 
requirements f o r  t h e  l i que fac t ion  of t h e  hydrogen would move t h e  t o t a l  energy 
curve back over t o  t h e  4000-kilometer crossover poin t .  Such a 20-percent 
improvement p o t e n t i a l  has a l ready  been i d e n t i f i e d  in t h e  Linde study ( r e f .  10). 

Cost estimates f o r  coal-derived f u e l s  ( f i g .  7) are taken from reference  9 
where t h e  IGT r e s u l t s  on f u e l  production w e r e  combined with those of Linde 
( r e f .  10)  on hydrogen l iquefac t ion .  For t h e  Steam-Iron process, i t  i s  assumed 
t h a t  electrical  power from t h e  process can be so ld  f o r  2 cents pe r  k i lowat t  
hour. It i s  l ikewise assumed t h a t  e l e c t r i c a l  energy f o r  l i que fac t ion  can be 
purchased f o r  t h e  same p r i c e  as t h e  byproduct e l e c t r i c  power is  so ld .  
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Advanced hydrogen l i q u e f a c t i o n  technology would drop t h e  c o s t  of LH2 about 
Liquid hydrogen produced via t h e  Steam-Iron process is 50 cen t s  per gigajoule.  

seen t o  be  economically competitive wi th  coal-derived a v i a t i o n  kerosene particu- 
l a r l y  at higher coa l  c o s t s  but considerably more expensive than l i q u i d  methane 
produced v i a  t h e  Hygasm process. 
$3.50 per g iga joule  are the  cause of t he  higher LH2 cos ts .  
purposes, 6.6 c e n t s / l i t e r  o r  30 cents /ga l  J e t - A  corresponds t o  $2.30165.) 

Hydrogen l i que fac t ion  c o s t s  of $3.00 t o  
(For re ference  

CONCLUDING REMARKS 

Studies  conducted under t h e  NASA's Hydrogen-Fueled A i r c r a f t  Technology 
Program have ind ica ted  t h a t  l i q u i d  hydrogen is  an a t t r a c t i v e  a l t e r n a t e  f u e l  f o r  
f u t u r e  subsonic t r anspor t  a i r c r a f t .  
suming less onboard energy when t h e  design range i s  i n  excess of about 
4000 kilometers. Studies ind ica t e  t h a t  the  g r e a t e r  t h e  f u e l  requirement f o r  a 
p a r t i c u l a r  design mission, t he  g rea t e r  w i l l  be t h e  onboard f u e l  savings asso- 
c ia ted  with t h e  use of l i q u i d  hydrogen f u e l .  

Such a i r c r a f t  have the  p o t e n t i a l  of con- 

Liquid hydrogen is a n  environmentally super ior  f u e l  , having combustion 
products of only water vapor and oxides of nitrogen. 
p o t e n t i a l  of s i z a b l e  reductions i n  t h e  oxides of nitrogen. 

Lean burning o f f e r s  t he  

A s u i t a b l e  cryogenic in su la t ion  system f o r  housing the  LH2 f u e l  i s  perhaps 
t h e  major technology gap which must be f i l l e d .  

Studies have ind ica ted  t h a t  t h e  in t roduct ion  of l i q u i d  hydrogen f o r  use as 
a f u e l  f o r  wide-body jets a t  two major U.S. a i r p o r t s  is  f e a s i b l e  and o f f e r s  no 
t echn ica l  problems which do not lend themselves t o  straightforward engineering 
so lu t ions .  

I f  coa l  is  t o  be u t i l i z e d  as t h e  source of f u t u r e  j e t  a i r c r a f t  f u e l ,  
s t u d i e s  i n d i c a t e  t h a t  l i q u i d  methane i s  1eSs expensive and more thermally e f f i -  
c i e n t  t o  produce from coa l  than are l i q u i d  hydrogen o r  syn the t i c  a v i a t i o n  
kerosene. 

The s e n s i t i v i t y  of t h e  parameters used i n  assess ing  t h e  p o t e n t i a l s  of 
l i q u i d  hydrogen as an  a i r c r a f t  f u e l  t o  p o t e n t i a l  changes i n  t h e  technology 
s t a t u s  of f u e l  production, f u e l  handling, and f u e l  use precludes a dec is ion  
a t  t h i s  t i m e  regarding t h e  f u t u r e  of l i qu id  hydrogen as an a v i a t i o n  f u e l .  
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TABLE 1.- RANGE-PAYLOAD CHARACTERISTICS OF AIRCRAFT CONSIDERED 
IN PERFORMANCE STUDY 

1 I I 

TABLE 2,- THERMAL EFFICIENCY OF PRODUCING SYNTHETIC FUELS FROM COAL 
(BASED ON NET HEATING VALUES OF ALL FUELS) 

Product 

Methane 
Aviation 
kerosene 

1 

Process 

Koppers-Totzek 
TM U-Gas 

Steam-Iron 

Consol Synthetic 
Fuel, hydrocracking, 
and hydrogenation 

Thermal efficiency, percent 
I 

Coal to gas 1 Coal to liquid 
51 38 

54 

I 
a 

bIf electrical power is byproduct. 
If heating value plus sensible heat of low Btu gas is byproduct. 
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Figure 1 . -  Projected U.S. domestic o i l  production (ref. 3 ) .  
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Figure 2.-  Available energy from recoverable U.S .  domestic 
energy resources (ref.  3 ) .  
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Figure 3.-  Two concepts fo r  housing LH onboard a i r c r a f t .  2 
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Figure 4 . -  Mass charac te r i s t ics  of LH 2 t ransport  a i r c r a f t .  
and J e t - A  passenger 
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Figure 5.- Relative energy consumption of LH 2 and Jet-A aircraft 
(net heating values). 
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Figure 6 . -  Liquid hydrogen fuel  costs,  delivered to the airl ines  
(1975 $). 
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Figure 7.- The effect of coal cost on synthetic fuel cost. 
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