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SECTION I

" INTRODUCTION

_The purpose of this report is to: =
(1) Give a tutorial presentation of pseudo-random digital

- sequences, their generation and. properties; and ... .. - ---

(2) Report the results of a study of filtered pseudo-random sequences,

1h
n
]

- and their statistical properties.- -

.thiS study_resulted from a need for-specific design information for
‘a*pseudo~random signal generator. The generator, to be used in a telemetry
communications system.test unit, must generate its-pseudO-random:signéis
by filtering-a long digital -sequence. -Désired signal-pfopérties-include: -~

= (1) ApproximatelyaGaussian-amplitudé—prébabilfty~deﬁsity~fuanionfand

~2n.or(2Y- "Signal gpectral "envélope -dppionimately lhat of itheTrlter being
“ie.l. =lused in -the generator, -—--IITi5I ZLL LT LT oR ZTEUIL-TLOOC

sz7 _.Filtered maximum-length sequences have been used for this, and similar

2,3 The results reported were good for low-pass

applications in the past.l’
filtered sequences when the ratio of digital clock frequency to filter
cutoff frequency was between fifteen and twenty. However, for higher
values of this‘ratio, a definite skewing of the amplitude density function
has been observed.4 This skewing effect has been -confirﬁed experimentally
(See Section VI) for several digital generator configurations.
R. P. Gi%son has reported that the skewing effect can be averted by
- using a digital sequence composed of the Modulo-2 sum of the outputs of two

maxinum-lengtﬁ digital sequence generators, His paper included the results

of experiments with nine and eleven stage generators. Near Gaussian shaped



probability density functions were obtained for clock to cutoff ratios of
up to eighty.
Experiments supporting this study have confirmed Gilson's results;

however, it was found experimentally and by computer simulation, that

sequence generation by summing two maximum-length sequences did not always

result in a non-skewed amplitude probability density function. To the contrary,

in some cases a single maximum-length sequence gave better results in this

respect than did the sum of two maximum-length sequences, Therefore, finding
-a relation between the digital sequence generator feedback configuration and
_-the sequence statistical structure was important to meeting the objectives of

=:the .study. TS -

——— e - [ N - e -

-z This effort includes an iﬂVestigatioq_pf the phase distribution of the
s-spectral components—of various binary sequences, and a direct.analysis of the

z-relation between third moment (skewing indicator) of subsequences of long

"‘"‘\"h@"“' fSrrmItAT™YA Ao O‘I‘\f‘ f“"lf\ S AATLAY Y A ﬂT\ﬂ'\"Qf!"Q"‘;
R I e bl e e e A

z.yields useful .information_when evaluating the quality of a pseudo-random

-.BequencCe., _.... ... _..: _ I_TET_T.i .. oo =



" SECTIGN II

HE
RODUCIBILITY OF T
- %ggﬁmAL PAGE IS POOR

SEQUENCE GENERATIOCN

as "linear suift-register generated

The type sequences to be considered in this section can be described

sequences'. The sequences are linear

wherr the generator feedback operations—are restricted~to addition, and not

multiplication. Such sequences obey the laws of linear mathematics such as

the law of superposition. Figure II-1 is an example of a sequence geherator.

Each box represents a digital storage element, and feedforward and feedback

are accomplished with the use of Yexclusive-or®, or "modulo-2 half adder"

gates., The unit is clock driven, and the output sequence

any stage.

because of the presence of

orvrard

(£

o .
PR

register, then the unit is

Fégu&e 11-2 illﬁstiates a geﬁerator

several feedforward

"simple shift regi

can be taken from

The generator in the figure is called a "multiple-return generator"

1 -
ithe

ster generator" (SSRG).

of this type.

-

Figure I1-1, Multiple-Réturn Generator .
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o - These digital generators are capable_of producing repetitive sequences

of length
L=2"_1 bits, - (I1-1)

where n is the number of stages in the register. Depending upon the particular

—_—

-féedback—configuratiﬁn;~the~sequéhCE"may eycle in less than L clock periods.

If this is the case, the generator is called a ‘mon-maximum length saguence

generator . .

- - = —
-— - = o= ———— e

"

s—r—

The sequence output of a nop-maximum length generator may depend._upon

the initial loading of the generator. 1In this case, the generator register

e = T

may pass tbroubh a few iaitial stages:~to which it never returns, before

settling 1nto a nqp-maxlmum repetlt;ve cycle. The 1n1t1a1 output (befor=

F o e Ml R TSl e e .

aslr. ¥ —_— - sl EEIIAEL o~ = e

gatting 1nto the repetitive cycle) is called a "tramsient output". TFor

example, con31der the generator shown in figure TI- 3. If the initial .loading

- _— e - = A - = e & Lo oWl R R

L3.5 IT=la i -z

.is 0111 for the four stages respect1Ve1y, the output is 11100110@110 teeucaon

* Ty~ T osooy
TOT LSBT TIIZTESIE. o B —J—n-—\——-‘.‘_ T

LD el e e

The 1110 is the transient portion of the output and 0110 is. Lhe cycllc portion.

- - [P e —— - m o~
LT YT PR -:'- VCETE e TTT TOTT.I EECULNL S elaee 1T e oy~

In this case, the cycle is of length f r.

— -~z = e R Py
Tnhis tesoTl olls DIoImIT I._ :_. Tan Sae

iy

- e

ATIEIET DI ITon e
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Figure II-3. Non-Maximum Generator with Transients.

. Figure II-4 is an example of a non-maximum generator with no transients;

however, the cycle's sequence depends on initial loading.

n,..{

T p— - v wa - e
=1 —_—-C s S 2L wELEL = - .

Figure I1-4. Non-Maximum Generator with no Transients.

e Ema s as .z e e —a — o - - -
SET DL FZil.. LBEL TN TTN. ULl el T TE DD T osA e el s R = T i T

- -

Table I1-1 lists inigiqisianing éqdhégq%iczéeduence:butﬁut for _the generitor

in.figure II-4... .. e

L e — -~ ~
- p —sz

W

- =

Figure II-5.is a "maximum-length generator:'.. The output sequence (except

— - D e - -~

-fgp:gb§§e reﬁgrqggg):49g§:qq§:Qeggpd_upqn_initial_loading,, 1f the reference

(initial loading) were 1111, the output sequence would be 111101011001000,
) &

.

- - -~ - — —_—til

This report.deals primarily.with simple shift register generators. :Rt..



Table 1I-1. TInitial Loading and Cyclic Sequence Output.

INITIAL CYCLIC
LOADING SEQUENCE
1111 11110
1000 00011
’ 1010 01010

Figure I1-5. Maximum Length Generator.

“can be shown that every multiple-return generator (that has no transients)

possesses an equivalent ‘simple generator. That is,a simple generator ex-

ists that generates exactly the same sequence.

-

Before describing a formal analysis procedure for simple shift register
" generators, several chardcteristics of these generators and their sequences

will be given.

No simple shift-register generator which utilizes an odd number of feed-



back taps can produce a maximum length sequence. Any shift register generator
producing a maximum length sequence would necessarily include the all 1 state
of the shift register. If the modulo-2 feedback includad an odd number of
taps, the feedback would be 1, and the next state of the register would be

the all 1 state. 1In fact, the generator with an odd number of feedback taps

would "lock-up" in the all 1 condition, and no maximum length sequence could

be produced.

If an N-stage simple shift register generator has feedback on stages

-~ - =

n, k, m, cees the reverse generator w111 have taps on stages n, n-k, n-m,

ceeee ¢ For example,_ghe generator in figure I1I-5 has taps on stages 1 and 4

and generates the sequence 111101011001000. The _reverse gemerator has taps

on stages 3 and 4 and generates the s queﬁce 111100010011010 The Justlflcatlon

T m - - e
- - —_——E 3 ol - -~ -l -— -~ - -
S T i e e T e m i Tl - % oA -5

for this is as follows:

Seem I s ¢ e 21T e mm Toi e mm i mE o TNT =t = s = s

Represent the state of the reglster as

I LT I ._.._..;.._ ey =l LI L IZTLIILT trErICoLTe oI oMot s —.
_ . A,y Epy aee A .
Toers ol menfizz ==l 720 T ML i - p -

After one clock perlod _the state Of the revlsfer becomes

) SEnLlmltes LI 2ELL .= Taml - o TR HIITE -2 ToAL JHEIEIZEIL TNzD o
e b, *_xi + %y X +...x =0, (II 1)

k, etc. are the _stages included in the feedbackc Now con31der

the state )
Ge T O TOTL I LD 2= E:_.:,E.. e LB =T “.":".E TRE&T TR IT S ZE L OSETLIL.

-

n}’. _—}‘cn-i‘, e Xl - o

in_a generator whose feedback is from stages n-i, n-j, n-k, ete. The

B I T JETITEIOT DT I TETmIIISCILI LD o TLITIL CnnTotoit oo
previous state of the register was
= o ZINier . L=ITIn Iow CME TR T, TLITai. worlzer Toe T wiITon. o DLl
X X X C
DT InD omntT T mawme o u-:“-n-l—’--n 2’ e 1 1
e . {1r-1

X{31}: content vecror auring 1 clock pericd



vhers

+ + + + = .
€p TF T FE TR T O (11-2)

Comparing (1I-1) and (1I-2)

by = e (I1-3)
notice that

xn~1’ xnwz, cee X, b1
is the reverse of

bl’ Ris see X 4

and the second generator produces a Sequence that is the reverse of that
produced by the first generator.

An important characteristic of maximum length sequences that is used
extensively in the study of their statistical structure is the "shift-and-add"
property, A statement of the shift-and-add property is as follows:
1f a ML sequence is modulo-2 added with a shifted version of iiself, the
result is a shifted version of the original sequence.

Another similar Ehar&p;g;igticmgﬁ maximum length sequences is the sampling
property:

If the sequence is sampled every k bits where k=25, g an integer, then the
resulting sequence is a shifted vers;on of the original sequence. These two
properties will later be verified using the generator characteristic equation.

The contents of a shift register has been represented as a vector,

X= xl,-xz, vee X v (11-4)
The operation of the generator can be represented as a matrix operating on
the content vector. The operating matrix, called the "A" matrix, operates
on the content vector such that

AX() = X(3+1), (11-5)
where

X(§): content vector during J, clock period

REPRODUCIBILITY OF 1HL
ORIGINAL PAGE IS POOR



"X(j*1): content vector during j*1,, clock period

Then, from (I1-5) _h - n
x, (it} = & a_, (i) * {(II-6)
=t ik “k
where oot E

% (j11): i,y element of the content vector

durmg the (;|+1) clock period,

- ()t k_, element of the content vector during
e e e R Ky

the jth clock period.

_As an example, ccnslder the generator, shown in figure II-6.

Figure 1I-6. Five Stage Shift Register Generator.

0,21, 0 0 1
R 1 0 0 0 O
whers L LE oTnz ::‘::‘“"__: 6‘:1 -0 O 0 t.- wIozTo. o< ) (I1-7)
a2
Ere nl orac e Fozzew 100 0.1 O O
0.70_ 0 1 0
b ta e
I
wixll, 313 I .- celormmiinols S L2 .. - C.. -



This can be verified by noting

xl(j+1) = xz(j) +-x5(j)
x,(j*1) = xl(j)

x3(j+l) = x,(3)
%, (31 = x3(j)

xg (1) = %, (1)

stage to the i, stage. 1f

F

“then the i

th

(11-8)
The A matirz can be interpreted as representing the feed from the jth
a,.=1

1]

a.. =0, -
ij

stage is part-of the feed to the ith stage, otherwise

-Notice that the matrix representation can be used to represent both maximum
and non-maximum length sequences.

ROtk = ATX(H).

An éxtension of the operation-of rthe A matrix yields the relatioa

*Now, if the generator is a maximum length type, then

T ¢ & £-))
7RG = ARG = x(D Ti1-10)
‘&here ST ee. FLTLTal Wl TLSLTe i~ TEL IBELIE.
= 21, (11-11)
*Then - T e 8 .
=FEL =T IIT T :T:AL‘=.15“?";‘:L::;: ST ALILIT ZIZT I~ LuiET=- T L (II-12)
*where-I is the identity matrix. -Likewise; if the sequénce wers noa-maximum
fand of length P where P<L, then —7- --T-.2Z. 22 .7 zos
TETI 1T oZ.t.Tal o t:--:thP = 1.

“The-characteriStic polynomial of the A matrix is

(11-13)
Gogd -7 -

-

/P

which is the determinate value of A - £ I.



The charactefistic,equation of the A matrix is
IA - & 1[ = 0. (II-14)
A formal relationship exists between-the characteristic cquatién of a
simple shift register generator and its feadback taps. If stages n, k, m,

etc. are part of the feedback, then the characteristic equation is

*

- £+ §n'k + M4 41 =0, (mod”2) (11-15)

A short notation for the characteristic polynomlal is

(n, n-k, n-m, ... 0). (I1-16)

As an example of a characteristic polynomlal, c0n31der the SSRG of

flgure II 6. fhe characteristic polynonlal is

"

gs + £+ 1. (nod 2) (11-17)

o mm - . - B it - e e er—e ma mma —zme——z- s -z

The short form variation of thls polynomial is

(5,3,0).

_____

A short notation for describing the feedback arrangement for a SSRG

will now be illustrated. If the feedback is from stages n, k, m, ete., the

- P

short notation for the feedback iz °

14

n, k, m, ... 0] (11-18)

—— -

The generator illustrated “in-figure II1-6 has feedback

P e TTIITn. &t ‘{5 2 0] - -7 TETI L =T S T

using the above notation.: 5= | - =

- —— T =

rdhe sequence generator characteristic- equation can be related- to the -
statistical properties. of -the: sequence, and therefore is important to this
study. The relation between -thé characteristic equation and the feedback --
taps is.derived as follows! .. sc.ozior. —&s sITolnss DToose

Erom Algebra,. with eVery ppolynomial of the fomm ::7- .. -f::is=

“““““

) 108



there exist a matrix {(called the Companion Matrix) of the form

o 1 o o0 . . . 0

0o 0 1 0 . B ¢

— 0 0 o 1 - N . 0
c= 1 1 1 .1 . | (11-20)

C. €., C ., C .4 - . .G

If lA - t_',II = 0 is evaluated, then the resulting p-olynomial has a C matrix

given by i

} c = Ak, T T T T T T ailan

or the companion matirx is the rotate of the A matrix. Since the A matrix

is related to the feedback taps, the companion matrix is also related to the

feedback taps. Specifically,

if tap k is part of the feedback, then

IETI T IZe tl_ital o= il’k -
§}nce .
c Z AR. = - Fhm e memn o~ n D ———— = _ - -
SITmiIo.. Tmt e L al’k . n,ntl-k T (11-22)
and . .. :
Fre ssiTieznzezoo sn;nfl-k _;Ek f.%' 1 CoeIliis. Ui Ine ;:3§§§:§§?
The- characteristic equation will then have a term of the fowm L=
S _ .n-k n-k n-k
Tanis T = = :—_-'.'.i:-. i L= =_£ « o = - - 11_24)
i & SR RN
5

TEE EFyom- the Caley-Hamilton Theorem; a'matrix satisfies its own characteristic
equation, The- characteristic eqhation can therefore be written- _

. n, ,n-k ,n-m

=. A. Tt A TA Lt L. 21 =0 . (mod 2) (I1-25)
"%.2-% Using- thet.characteristic equation, the sampling principle stated earlier
can be justified. If x is an initial content vector the succeeding content

2 3 & : o

vectors—are Ax, A'x, A"x, Ax, ... If every second output bit is samplad,

the output sequence could have been produced by a gencrator with content

vectors

J2



X, Azx, Aax, Asx, ceay
and this is equivalent to having an A matrix of form "Az". Now the character-
istic equation is
A"+ AR AP e 4 1= 0. (mod 2) (11-26)
Squaring this equation, \

a?n, 20R) 20w 4120 (med 2)  (1I-27)

where all cross-terms drop out because of the properties of modulo-2 addition.
Notice (I1-27) implies that a? satisfies the segquence characteristic equation.,
Therefore, two sequenceé generators with A matrix of form "A", and "Az"
respectivelf, produce the same sequence since they each satisfy the same
characteristic equation. Because sampling every seczond bit can be represented
as operating with A matrix of form A2, then the sampled sequence must be equiva-
lent to the original sequence.

This principle can be extended to sampling every k bits, where k=zg, g

an integer. The sampling principle is not only useful in the study of seguence

structure, but can also serve as the basis for the design of high data rate

—error checking systems-.

Tﬁe "shift-and-add" principle can also be justified with the character-
istic equation. Consider figure 11-7 which depicts two identical sequence
generators. Each generator has the same A matrix. Assuming that generator A
was started g bits earlier than generator B, there is a g bit phase shift
between the two content vectors. Tﬂe generator A content vector is

x, Ax, Azx, A3x, cecvee

while the generator B has content vector

F F 3 LI N

+ + +
Agx, AE lx A8 2x AB 3x

or THE
oDUCIBILITY
B CINAL PAGE IS POOR

.
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Partial Correlation of Two Identical Sequences.

Figure 1I-7,
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where X is the reference content vector. The content vectors of the sum

register are

‘ + s +
) (a+ a8y, 4% + 4872y, % + a8y, ...,

or rewriting, and dsing the properties of modulo-2 addition,
+ + +
© a8y, A+ a8 hy, A% a8y, Ll

This is equivalent to-operating the generator with an initial loading
t

+
x = (A +a8 1)y, (11-28)

and. the sequence of content vectors are

1- 1 1
x, ., A%, 2%, ... . o

The "A" matrix for the new sequence generator is the same as the original

A matrix that satisfied the original characteristic equation, only the initial

content_is_different.. _Therefore, the sum sequence must be a shlfted version of

-the. original sequence.

It is of interest to investigafte the number of maximum length sequences
available from a given number of register stages. It can be shown that every
generator with n stages iezcepabﬁe of PF9§“°in§ at least one maximum length
sequence depending on the feedback programming . Assuming a maximum leﬁgth
sequence from an n stage generetornis;eamgled every k bits (one sample each

k bits of the sequence), the new sequence Wlll be maximum length if k is

-relatively prime :to L = 2.1, The Euler's Ph1 functlon, ¢(K) is defined as

the, number of integers_ less than K and relatlvely prime_ to £, therefore,

o - — - - —_—— -

$(2"-1) is the number of sampllng rates that are relatively prime to the

maximum sequence length. Tﬁe set of sequences obtained by sampling at rates

P s e —— e

KK relatlvely prlme “£6°2"-1) includes all possible maximum length seguences

v AT -

. zoEL T Sh-TS
of length'L = 2 -I. Howevcr, the set inéludas" “repetitions of the-same scquence

Pzv=s = = i e e o en

'because if an A matrix sdtisfies-a- particular ‘characteristic “equation;-so

&555 :ﬁ fsnafé_s "eté: "If the sampling rate k, is related to the sampling

0,,

1
rate k2 by
2
k2 = kl & g an integer

15



and both are relatively prime to L (k. relatively prime to L implies k

1 2
relatively prime to L), then both produce the same maximum length sequence.
The number of times the same sequence appears in the set with population
4(2".1) must be determined in order to find the number of different maxi-
mum length sequences available from a given generator. Reference 5
gives a qualitative proof that the sampling rates fall into groups of
size n, vhere n is the number of stages in the generator., The number of
maéimum length sequences available then is -
N= 221 (11-29)
n
As an example, consider the case where n = 5. 2.1 = 31 and the set
of sampling rates, 1, 2, 3, ... 30 are all relatively prime to 21,
Those sampling rates related by the square relation (Mod 2°-1) are listed
in sets below:
1, 2, 4, 8, 16
-3, 6, 12, 24, 17
5, 10, 20, 9, 18
.7, 14, 28, 25, 19
il, 22, 13, 26, 21
i5, 30, 29, 27, 23

notice the size of each set of equivalent sampling rates is n=5. The number

of different maximum length sequences available from a five stage generator is

g1 _ 30
. 5 - 5 = ’

including reverse sequences.
Equation (I1-29) is exact, however, it becomes tedious to evaluate for
large values of n, and an upper bound on (II-29) is useful. Such an upper

bound is devised as fellows:

16



g(2™1) = 2" (11-30)

if n2-1 is prime, and this is the largest péssible value of ¢(2n-1). Then

e —— - m e -

n n n n
6221 o 22 2 .~ 2 pu-logyn (11-31)
n - 'n n log.n
) 2-%82
An upper bound is then
' U = 2R logm (11-32)
For example, if n= 16 ~
S i meeree et g pl60h L 5120 450,

“*Most of-the mathematics necessary for—the dfialysis of the statistical

of the connections mecessary to-produce’a“maximum léngth sequence with an n
stage genérator is néf central to the purpbsés of this report; however, a few
comments-are in orderi--It can beproven®that-Ao déquénce generator whose
chgrécie%iéiic equation-is a ieduciblé-ééiiﬁomial can produce a maximum length

sequence. Some generators whose characteristic equations are irreducible do

not produce maximum length sequences; however, all generators that are of the
maximum length type do-have irreducible characteristic-equations. It has
already -been proven that only those generators which utilize an even number of
feedback taps (odd number bf:té}ﬁs'in the characteristic equation) produce
maximum length éeqﬁéncesl Therefore the starting-point in the search for
maxifium iength §equénce generators is the sef 6f irreducible polynomials with an‘
odd-fitmber- of terms. This defines the class of polynomials to be. related to the

statistical properties of maximum length sequences of modulo-2 sums of maximum

length séhﬁ‘éﬁées"-_ T TUmEeETnITTT T Th.



— --~———SECTION II1-—7 — =

SPECTRAL PROPERTIES

ey

DIGITAL SEQUENCES

A characteristic of white noise is that the spectral components have

T — — o e ——— - — = —er e e - =~ -~

a uniform phase distribution because all the signal spectral phases must
be independently and uniformly distributed. It is of interest to study

the phase distribution of the spectral components of a filtered pseudo

random digital sequence. The pseudo random sequences considered here
are the maximum length sequences produced by simple linear shift register
generators, or the modulo-2 sum of several such sequences.

~z# z:"The=phase distribution of the “sequence spectral compcnents can be

investigated by calculating the Fourier transform of the entire sequence.

5

As & fivst siep, a Lime reference is established. A maximum length sequence

- - -~ v e . = w———_ e e

Sl A S | - SRR ¢ + 3 D)

Tbits in its sequénce. If the true reference (t=0) is chosen as the center

of themthbitwhere P S —- I

YOAYL o . el s feol EWOE 2n-__1__ (I11-2)

then .thére are mts bits during the time interval t<O0 and the same number

in the time interval t=> 07 If the bit interval is T,» the total sequence

period is - T

T=1,(2"1) = T, (2atl), (11I-3)

j— - - —_ a——

Figure TII-1 gives g graphic presentation of the time frame and time

»reference. During the bit interval -the time function is defined as follows:

S S

Y

. n = =
-
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BIT VALUE TIME FUNCTION
1 P(t)
S ) -P(t)

-nTb o> Q—M , l‘“T—bB’ B mTh

1
s
~
vl

~a

et _ T

Figdgg"III-l. Time Frame and Time Reference.

- -— - - ~Z ——— — e

The time representatlon 'of the sequence is

BN T = i e
b = = x(£).= L -A Ple-gT,) B (II1-4)
- TET LT - . £F=-mn g = b -
where A is the blt value durlng ‘the gth t1me _interval. .

MOat storage devices available for use in Shlft reglster geﬁerators Have

time functions of form = T, - .
ooz ogmroioce cz- oo 2zaoBCE)L S UEIT/2) ~u (t-Tb/2) (111-5)

vhere u{t) is the unit step function,

The Fourler transform of the sequence is ST,

ST o T et .
. . = T - s
Fx(e)'= [°2 A P(t-gTb) e 3%,
_ -0 g“.:-m g
Py —-; A= L2 o ‘..,_._-_:“-_. ..-:‘.:m......._.d_:- XSl

SO, s cmmen oo s -

Sreorpirer Tromres 13 Ag- [ Plergry) € e TTRTE 9T 39S SI(IIN-6)

g._-m -
- - et hm ey - e —— - - —_—r -_——

—_—-- - - — o — emasSa - == — —— e m me e

Row, changlng the variable of integration,

. 0

_ m ) o
Flx(e)) = 3 A :[ pep) ¢ JXErgTd)
g=-m T
- jo - jux (111-7)
=3 A E- III“?
LA :L P(t) € Taet 4

g=-m
©



A repetitive binary sequence (Period T) can be represented as

[s2]
P(t) = I 1, ¢ J* Wt (I11-8)
a:_m
where
. 27,
=T (1I1-9)
and

Sin{y &% Tb/2)'

(I11-10)

T~ Q@ T/2
o
Substituting (II1-8) into (III-7) and integrating,
. % Sin(w T, /2)
Fa(e)) = T a3y n PMTGT e,
£= -1 o o= - UJOT/Z 0 {I11-11)
Reversing the order of summation,
2. Sin(@T /2) m jtogT
Fe(e)) = B PIUNN20 swwy  Zoa 9B, (II1-12)
o=-® &LTIZ g=-m

wﬂich is‘a set of unit impulse functions at uh%xah, =0, *, #2, ..... .
Each unit impulse répresents a harmouic of the time frunction, x(t), and the
phase of each harmonic (referenced to =0, the mid point of the m oy bit in
the sesquence) can be calculated from (iII-lz);

m
= Sin(mg) (A -4 )

-1 o= n_ g -8 -
8(x) = Tan 1 g=1 m 27 -1 e . (11I-13)
A + » cos o (A A )
o g.'."..l . 2 -1 g g

The Ag array is, of coursa, the digital sequence.
A compater program was written to calculate the phase of each harmonic.
The program generates the Ag array from the binary set {—l,l} rather than

from {1, 0} o

20



As an example, consider the genexator shoua in figure IIT-2, With initial

loading [-l, -1] the sequence output is__ - ,__1,,1.___Erom..(III 13), the phase

of the ¢, h harmonic is - S —

£ 2
Sln(——) (2)
6 (o) = Tan'L { } . (I11-14)

—l

mod 2 - } \
z o
1 1 2 L
Fz.gure III 2, Two Stage Sequence Generator. e v
) F:.gure III-3 depects the sequence spectrum.

Tre momT TTT eanadiapuesreaivl mUtLTm AR s T ~_ComL It omoeTt T L TermLIn T T
pEToeeTn C TITIZET. EBRT EIET A 2 BT L DaTIE BT LRI ELIL LS T e
o wre mem—omee: --Yelative - -- s s-mmoomt 2T TooTeTinml LD E® TEZILC

amplitude
oIS TE =" pTme T Tt -
sinc envelope

o Figure ITI-3. Spectrum of Output Generator [2, 1, 0]. .

—

Notice,- that in figure II1-3 the third, sixth, etc. hamonic has zero ampli-
< - .-
tude. These are the harmonics that fall at multiplies of the clock frequency,

ro

! -
e -~

wo. Table III-] lists the phase of ‘each hareonic., The phases listed for the cl—/



third, sixth, etc. harmonics are meaningless because their amplitudes are zero.

Table 1I1-1. Phase of each harmonic from generator 2,1,0

HARMONIC PHASE (RADIANS)
1 47/3

21/3

'

4mi3 + 7

27/3 + 7@

A

41/3

21/3

0 ~J o Ut I L N

fﬁe additioral T added to the fourth, fifth, and sixth harmonics is
required because of the negative values of the sinc envelope for thess
harmonics. A maximum length sequence (sequence lengéh L) has L harmonics
before the zero crossing of the sinc envelope.

The computer program calculates the plots, the phaée as a function of
hamonic number, and also calculates and plots the statistical distribution
of phase. The statistical distribution is calculated based on a truncatio&
of the harmonics at & k" This is equivalent to filtering with a perfect

Y“brick-wall™ filter as illustrated in figure I1I-4,

The impulss response of the brick-wall filter is

h(t) = F L), (111-15)
o }
i -
. . :'[.T ) —
he) = [ I s (111-16)
e
vhere T, = O ax. (¥11-17)
L
Evaluating (II1-16)
heL) = Sin(tI})TT
tT,/2 - ol ol (111-18)

/4
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Figure II1.5 is a block diagram of the generation of the time function

r(t) where

t-
r(t) = [ x(Dh(c-7)ar (111-19)
..——-m— o
S
SEQUENCE FILTER 5 L
- | GEiERATOR “ " re) )
- T Impulse

Response, h(t)

Figure III-5. Generation of r(t)

e - PARRE -

+ - The pseudo-randomness. qualities of r{t) can be investigated by a study

of the phase distribution of its harmonic components. The fumctiom, r(tl,
is comprised of the harmonics of the sequence truncated at o ax? and there-

fore the plot of the distribution of phase provided by the computer program

L}

is the distribution of phase of r(t)._ Secrion VI egives plate of the phoge

-t b Y

and phase distribution for several maximum length generators, and maximum

length sum generators. A maximum length sum generator is .one.in which the

sequence is generated by modulo-2 summing two or more maximum length sequences.
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SECTIOR IV

FILTERED SEQUENCES

In Section III an analysis of the spectral properties of low-pass

filtered maximum length sequences was based upon a filter with frequency

¥
response assshovm in figure IV-1 .

FREQUENCY RESPONSE

——riW LT - —_ - o - -
bt ke ST A o e A o - e e -
R Y - s o e 3me eer Ee ——— w

e P o —
- - - Land e -

it

Figure IV-1. Frequency Response of Type 1 "Brick-Wall" Filter.

-This filter has an impulse response given by equation (111-18),-

ol TTT. LD oEmocnLoT

i Skin_ (tTT) _ P
h(t) = T /D) B

TD

In Section V an“éﬁalir?i‘s ‘of the statistical properties of a low-pass

filtered maximum length sequences is based upon a filter with an impulse

* Yesponse of the "Brick-Wall'type as -shown int-figure -IV-2.. —Io =t



TMPULSE RESPONSE

t
MTb
Figure IV-2, Impulse Response of Type 2 "Brick-Wall" Filter.
The frequency response of the Type 2 "Brieck . -Wall! filtar ig
© . Sin{wMT /2) |
H(jW = i h() € 3%%¢ = s b ¢iMT, /2 (1v-1)

Both of these filters are idealizations, no filter has a frequency response
as shown by figure IV-1, and no filter has an impulse response as shown in
figure IV-2, However, each filter serves as an approximation to a realistic
filter. As an example, consider a first order filter with transfer function

1 . W, 7

HGjW = —— (1v-2)
3 1&#ﬁ9
wO

Figure IV-3 represents the frequency response of the first order filter.

.26
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Figure IV-3, Frequency Response of First Order Filter.

The impulse response is -

20
T oh@ =F EGw]= [ —Lei%0
(¢}
= 27y et o<t <o, (v-3)

Figure IV-4 depicts the impulse response, h(t).

IMPULSE RESPONSE

210
[

t

Figure V-4, Impulse Response of the First Order Lowpass Filter.



The forms of the frequency response and impulse response, of course,
depend on filter type and order. For example, as the order of the filter
increases the quality of the "Brick-Wall" approximations usually increases.

The primary justification for using the idealized filters in the analysis is

the degree of correlation between the results of the analysis and experimental

data obtained, by filtering.
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_STATISTICAL PROPERTIES

This section is an analysis of some of the statistical properties of

maximum length sequences. If x(t) is a random digital sequence, the auto-

correlation function is

; T/2
Rxx (7) = ;_i_"gi 3 T}fz x(E)x(t+7)de, (v-1)

vhere the digital sequence is from the binary set {-I} 1} . If x{(t) is

-<random, then the autocorrelation function will have the form shown in

figure V-1 , - = -

o gozTT cmewe= =l es Deemaems e Tane e e menm

Rxx(f)
S 'ﬁ\l - z - -
. . -
- -.T
S b
Sr=- =31~ T~ Figure V-1. "Autocorrelation of a Random Sequence, X(t).

v e ———— ~e e e - —— -~ —_— — - —— —_——

TIf x(t) is a maximum length anuence (sequence length L) an appro-

priate autocorrelation function is )
';le' 1= oIt 7 -

. Rux(7) = x(t)x(tFNde (vV-2)

EoTToLLIATT -l AT - <172

| ...a]w-

where T=L Tb, and Tb is a bit pariod.j .

FES
___. J— hy e~ -— E

Now assume the sequence, x, is generated by Summing (modulo-2) k

_maximum, length. sequences, . = T T

e PR
h -

]

RO P SR Y

29



k

n
x(t) = 2 xi(t) Modulo 2 (V-3
i=1
when x(t) is from {l, 0},
or
k
: x(e) =T x_ (t) (v-4)
i=1 *

when x(t)} is from {-1, 1}.

The length of each constituent sequence is

I
= 1.
Li 2 1

where n, is the number of stages in the ith generator. If none of the sequence

“lengths have common terms

k
L= L,. (v-5)
. i
i=1 .
The autocorrelation function from (V-2) becomes
T/2
Rex(T) = 2 f O x(6) § xCmrie (V-6)
\ i , i
_ -T/2 i=1 (=1
or
1 T2
Rex(T) = & S = (e (x+T)de. (v-7)
. i i
-F/2 i=1

When using binary digits from the set -1, 1 , the equivalent of the "“shift-
and-add" property becomes the "shift-and-multiply" prOpefty, and if

&
T # L, for i=l, 2, 3, ...k,

. F

x,(Ekx, (e+T) = x, (&1, (7)),
i i i i

(v-8)
Substituting (V-8) into (V-7)
. 1 ?FZ X
Rex(7) = 0 x,;(t+7.)de (v-9)
T gy o=t E

where each'ri is some function of T. Since the sequence lengths have no

common terms, all possible phase arrangements of the constituent sequences are
cycled during the total sequence length T, This characteristic of the product !



sequence can be used to change (V-9) to the form

I T T oo
RXX(T-':'ID) = 'I—" z 2 S soe o 2 H % (T )
T1=1 T2=1 T3=1 Tk=1 i=1 i 1l
. L Ly Ly
= = z P . -
I §~1 %y (1)) - %, (T,) .... . x, (T, ). (v-10)
1 2" k-
Now in each sequence there is one more -1 than +1 and
k
Rex (r#0) = L2 (V-11)
- If =0, there is no shift and
Rxx (1=0) = 1. (v-12)
For the case where T=Li for =<k, then
1 T/2 k
R}_{X(T) =% I il;Il xi(t)xi(t-m'). (V-122)
. ; -~ q/2 i#]
From the shift and multiply property
3 T/2 &k
Rxx(7) = F f 3._1;__11 xi(t+'ri)dt
“T/2  i#j
T %ok
= I 2 E 2e a0 Z igl xi(Ti)
=t Tt Tl e
L
j k L -
) [ n st oy (1) (v-12b)
L . =1 i1
T,= . g.  T,=1
3 #3 0 d
or
Rxx(T=nL,) = °§ . . k-1,
i I (-1} ‘ (v-12¢)

Figure V-2 given an example of the autocorrelation function as a function of Tt

for even and odd values of k, The scale is exag

A1a

erated for the purposes of

F/a



itlustration.

The autocorrelation of a repetitive function is repetitive, as demon-

strated in figure V-2,

Notice the similarity of the autocorrelation function

of a random sequence (Figure V-1) and the autocorrelation of a product maxi-

mum length sequence (Figure

V"Z)n

In Section III the Pseudo randomness qualities of filtered maximum length

sequences was studied from the approach of the phase distribution of the

harmonics in the filtered sequence.

Figure I1I-4 is the amplitude response of

the assumed filter, In this section, a different type filter is assumed,

Rxx(T)
1 k odd
_.,Aub\__}:: A A L_A__.j Lﬂ:f\uf\u A
1 k e;en
“VHVLVMVBVTV \ﬁw’:‘v’_.‘v‘m‘v P e

-L

L

Figure V-2, Autocorrelation Function of Sum Sequencer from k Generators.
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An analysis of the randomness properties can be based upon a calculation
of the third moment of the filtered sequence. Figure V-3 is the impulse

response of the assumed filter.

h(t)
1
t
. be
Figure V-3, Impulse Response of Filter.
The frequency response of this filter is
[~
-3 i MT, /2 . -
- (w2) '
The time outrput, r(t) (See figure III1-5), is
t
r{i) ~ J? x{¥inic-vJar
-?
M
= X x(t-in) (V-14)
i=} ‘

when x is a digital sequence. Equation (V-14) states that r(t) is equal to the
sum of the last M digits that occurred before t. A set of M digits taken from
a long sequence is called a "M-tuple™. A study of the statistical properties

of the filter output can then be based on the weight of the M-tuples whers

M-1
Sm = f.: 24 4 (V-15)
i=0

is the weight function,.
Sm is the number of 1l's minus the number of -1's in the M-tuple beginning at

the m . term of {x} when the sequence binary characters are {-1, 1 } .
N .

N



In statistical theory the following moments are defined, and each indicate

certain characteristics of the probability density of the variable x.

- - -

- - D= _ INDICATED
MOMENT EQUATION - CHARACTERISTIC
- w 1"3\{ -
1st - ___J'kglx)dx. s ] “Mean Value
-0 - i .
© - _
2 .- . . Lo
2nd ' -jlx px)dx - - Variance or
L am. o=~ } Central Tendancy
< ~
- ot PR . B I -3- T = .. o .
3rd J‘x p{xJdx Skewning Tendancy
=)

In the above equations p(x) is the probability density fumetion., -
»..... Forming a set.-of M-fuple weights, Sm, with L=2"-1 members for a maximal

6 .
length. sequence, SP will be defined as £6llows:---

L1 - - -
¢ = L= — sE, . “(V-16)
L _m S
| Vi W)
The. first moment is -1 . =zI<fl v .=l 5 L0858 o2 Shr-Tels ce IELT el
e L-1 L-1 M-1 .
=l ps =t 5 2ok,
— L _ m L - _ mii
e =0 m=0 i= <
Lo i M-1 L-1 M i T .
-—= = Lk - xm’;g =71 SRt (V-17)
== -"i=0 =0

From (V-17) the first moment dgpends_qn the number of bit periods in the filter

impulse response, and on the total séquence length, but not on the particular

meximum length sequence, -~

The second moment is

»=‘T‘3-—"".-'—i,-j—?-
2 1. 7572
g =—— 4 8§
S .
v e L
L-1 M-1 2
= _Flf" 3 5 fnti . (v-is)g
m=0 =0 ]
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Now,

M-1 2 M-2 M-l ,
7 +i = + : M
ii’o i TM T2 i_f_’o s Tt mt g (V-19)

and
, o 3 Lol M-2 M-1 -
S--2 M+2 & 5 x %,
m=0 i=0 j=i+t1 T

w0
]

2 M-2 M-} L-1
M+ T 2 Z
T .- . ~ < _—-- im0 j=i+1 m=0

mHimty T (V-20)

From the shift and multiply property of maximum length sequences

= =
’ o _xm"fi m*j _"m+gn R 4253 9
vhere £ is some fquE}pn of i-j. _ . .

Equation (V-20) can be simplified using (V-21),

T, T o M-27M-1
- 8T =M= Z = (-1, (v-22)
= TR ©l b ot A

-

because over the entire sequence length there is one more -1 digit than

+] digit.

Now - - T )

IrmET T T I e LA TT e M;Z. M-1 - - " T

L 1) _Fz [(M D e-1-0-1 ] - C[M-1]

e = o 3 T -
= ’“_='" [M -3M+2] [M 1] . v-23)

and

% ="M [M -3M+2+2M-2]

_[M -M]

1 -

=M [1 - ‘-"i_l] , (v-24)

1:3&

a——



The second central moment is by definition

L-1
s?-L 3 (s-sh? . (V-25)
c L m .
m=0
Expanding (V-25)
L-1 B-1 L-1
s?=1%5s?.28 £ s + 15 sH
¢ m=0 " w0 T m=0
= 5% _(sh?2, : (V-26) -
From (V-24) and (V-26), the central moment is
2 M-l M2
s, =M [1-55]- 7 (v-27)

The characteristic of the second central moment of the weights of M-tuples

from the maximum length sequence (filter output) is:

1) sc2 = 0 for M=0 and M=L.

M=% (v-28)

=2 (Vv-29)
vhen n is the number of stages in the generator.
3) The value of S.n2 does not depend on the particular
maximum length sequence.
The third moment of the M-tuple weight set, Sm’ is

L-1

s £ s3
L m
m=0
L-1 M-1 .
1 3 X
i TR Y (V-30)
m=0 i=0
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Now

M-1 3 M-1 M-1 M-1 )
r ox oy =( Zox ) M+t2 X Py X L.X
mti mti

4 ¥ mt g
i=0 i=0 i=0 j=itp "M
M-1
= (34-2) T x
+
=0 mti
"M-3 M-2 M-1
+31 L X z X X .. (vV-31)
+ X
120 jHHL k=g M4 MK
Substituting (V-31l) into (V-30),
L-1 M-1
3= & [(M-2) T x .
L .~ mFL
m=0 i=0
- M-3 M-2 M-1
+3! I = L X L% X . (V-32)
1 5
. 40 jeitl k=gt MW k]
The first double summation of (V-32) can be simplified as follows:
L-1 M-l M-1 L-1
= % + = Z X 4y = M. {v-33)
n=0 i=0" i=0 m=0
The quadruple summation can be rewritten
L-1 M-3 M-2 M-l
P D YRS M b X ,.X X =
. 4 F e o
m0 i=0 jeitl k=jr Mo WIER
=3 M-2 M-1 .3
L Z = xm+ixm+jxm+k' (V-34)

i=0  j=itl k=3l m=0
Over the range of m in (V-34), from the shift and multiply property of

maximum length sequences,

¥t m+ j o xm*'g (v-35)

where £ is some function of (i-j).
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Now

B ={N_ if &=k
=0 m+g mtk (1 if £k (V-363
Let B3 be the number of ordered 3-tup1es,. ‘(i, j, k), where
0<i<j<k<M-1
such that
(v-37)

X ¥ . FK .
mti mtj “mtk

Using the definition of B3, equation (V-32) becomes

3. (M) a0, 31 | f
8% = . S 4 S [[(3) By (1) # B3L:{.(V-38)

Now
MY M) (M-1) (M-2), ;
(3)— 31 (v-39)
and
3 .
i S3 = "Ei o+ 3-! (E-l.{.l) B,‘.- (‘r-zlo)
4 1a 2
The third central moment is
L-1 )
g3-.L s -sh3
c L _ m
=0
L-}1 :
=2 % (53 .35 %t +3s sHZ . shHh
L m n m
n=0
e ) T 2
= g% = 3sls? + 353 - shHP, (V-41)
or ) oo
¢ 3. a0, 3tar
, ¢ L L 3
2 3
+ 38y ML 20 (v-42)
L L L3
Observe in (V-42) if L is large and M XKL
2 .
Sc o~ 683 . {(V-.43)
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The quantity, B3’ can be related to the maximum length sequence

characteristic equation. If (i, j, k) is one of the B, tiples such that

0< 1< j<k <M-1 and

xm+ixm+j-= xmék’- (V-44)

then this is equivalent to having -a generator as shown in figure V-4 ,

*

- (k-1) < (M-1)

- k-1

~

1 2 b2 e o o p—]Kk-J

s ?igure V-4, Eaﬁivalent Generator of the B3 Class.

e - - = mm— s e e - —— [E—

The feedback equation is
[k‘i: k-3, 0]

for the generator shown in figure V-4.
The sequence, x, must then satisfy the trinomial polynomial of the form
g(2) = 1 + 2314 k1o (V-45)

vhere 2 is the feedback matrix (A matrix of Section I).

The sequence must satisfy the original characteristic polynomial equation,

- i

FA) =1+ % CiA = 0. (V-46)
=1



Multiplying the content vector by A8t s equivalent to stepping the generator

through g, states, and the sequence must satisfy.
g1 n 1
+
ASL (1 + 2 CLAT)

ooy
+ 282 (1+ » ¢
=1 *

- " + ¢ ¢ & = = g(A}- . (V"é"?)

Then - T i

. ] 8o )
LT - fA)Y (AT AT+ L) = gla), (V-48)

E]

or £(A) is a factor of g(A). Restating, B, is the number of trinomials of

3

pover less than M-1 that has a factor £(A), the characteristic polynomial of

the sequence. : - - - s

From equation (V-43) if B, is -Small, the third central moment of the

3

weights of M-tuples (filter output) is samll. Reference 6 g{\;és a procedure

for finding the B, term for maximum length sequences for given M-tuples.
-t - -
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SECTION VI

APPLICATIONS AS A GAUSSIAN
NOISE GENERATOR

The signal obtained by filtering a maximum length sequence has a probability
density function that is approximately Gaussian. This can be intuitively
justified by Eomparing the maxinum length sequence to a random sequence of
binary digits. If the random sequence digits are from the set {-1, 1} s and
if during the bit interval the probability of a (-1) is B, and the probability
of a (¥1) is 1-B, and each bit is independent of all other bits in the sequence,

(-1) bits during m, bit intervals is

then the probability that there will be m 2

i

m,! -
P= 2 Pl (1-p2 . Wi-1)

1 - 1
n; .(m2 ml).

If (-1) and (1) are equiprobable, then equation (VI-1) becomes

N m,!
2 (l) Z (Vi-2)
_ i -
m, !(m2 ml)' pA

F =

From (VI-2), if a long random binary sequence of equiprobable digits is

examined, the following properties are evident:

{(a) If there are k, runs of k, consecutive (-1) or (1) dig.ts there
should be 2k1 runs of kz—l consecutive like digits and k1/2 runs
of k2+1 consecutive like digits.

(b} 1In a long sequence the number of (-1) digits should very nearly
equal the number of (1) digits.

uy
(¢) 1If two long sequences are compared position for position, the \ ;33

number of cases where the digits agree very nearly equals the number

of cases where the digits disagree. This, of course, leads to the

. correlation property.
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In Section V it was shown that maximum length sequences satisfy the
correlation property and property (c) above. -A register generating a
maximum length sequence goes’ through all but one of itg possible states,
therefore, (a) and (b) are also satisfied. The justification for calling
a maximum length sequence a psecudo-random sequence is based on the fact
that maximum length sequences do satisfy the randomness properties listed
above for sequence lengths less than L-2".1 for a n stage register.

Section IV considered filtered sequences, and it was shown that the
filtering process is equi;alent to forming a signal by weighting and adding
digits of the sequence. Likewise; it was_shown that the filtering process is
eqiivalent to adding harmonic components of the sequence up to the filter cut-
off frequency. From the central limit theorem, using either view of the ‘
filtering process,” the output signal-density- function tends toward a Gussian
density function if the sequence .is_random, and the number of digits or

e, Th

vy a vyandoam oa
PILAD A A~ SR L e

1ok

¢ ig bacanss

z

[

density function of individuwal digits are independent, and the sequence harmonic

components are independently distributed in phase.

.- .The digits and harmonics components of a -pseudo random maximum length

———n—

Sequence are not actually independent, but in many cases they approximate the
-random-sequence well enough to approach a Gaussian distribution when filtered,

. The_conditions from. the central limit theorem can be used to § qualitatively

test how well a filtered maximum length sequence approachés a Gaussian

distribution. . | . .. . L. .o ...

-

&
& ——.The_tests are: o s <

1) How random is the distribution of the phase components of the sequence

harmonics passed by the filter.

[ A o~ -~



2} 1f the digits are independent, the veights of M-tuples of the sequence
— --should approach a Gaussian distribution and the third-moment of the
veights should approach zero. Therefore, the value of the third

moment of the weight function serves as a test for the approach to

" & Gaussian distribution-
- 7 To illustrate the properties of filtered maximum length sequences, the
results of experimental tests and computer simulation will now be given.
?igures VI-1 thru VI-6 give exXperimental plots of the probability density

function for the filtered maximum length sequence. The sequence generator is

a twenty stage unlt, the filter is third order, and ratios of the clock to

Tilter cutoff frequency,

S 3 727 A (VI-3)
&re 5,‘16; 20, 22:5, 90, and" 200 respectively. From Section IV, the number of

Qigits added to form the output is approximately B. Therefore, the statistics

[ RS B S Y R Sy | £ 1ot D
FTRIYC OV - WosSEng il o

k]
o

1=— H M ix pa el TR =
=5 X Ly ¥ L3l [}

W

s . -
LHife S

1=n
in
‘e

From Section V, the third mcoment of the M-tuple weights indicates skewing,

and the third moment is related to the number of trinomials of power less
rd

‘than ¥ that have the sequence” ¢haracteristic polynomial as a factor. From
Ti gures VI-5 and VI-6, the density IuncLlon skews, therefore, there must be

many trinomials of power less than 90 and 200 that have the sequence character-

Istic polynomlal as a factor.. ~- - ---

BLA ST TR W A A I o -~ - s >
As gnother example, an eleven stage sequence generator and f£iltering

. o

operatlon was simulatéd by computer. The maximum length sequence generator

T} [ —_—-

characteristic polynémial was ™ =7 - T%:-
IBTLILY RWFESLIF YT g ILUOWIIL (VI-4)

F gures VI 7 thru VI 21 gch the Lime dependent filLer ouLput ‘and density

':{ t:‘— H b3 ~ 1'--.--——-.:_-4.’\-'- - s - . e = .
- T Clar THa N aiam v . EPa—

funct1on of the wavefomm. The flgures are for {ilter Impulse response periocds

£ r

. - -
- L ries memms =T me e - e
i - v iieme =LA ST DL - -

'6£ 0 12 16 20, 30, 40, 70 and 90 bits. Notice that for impulse response

_— PR

l

™I - o - - N -
LRSS .. R T R T - .
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periods greater than 10 (M-tuple length greatexr than 10) there is skewing.

. . . . 11,,9
This indicates there exists many trinomials that have A""tA"+I as a factor

for the M-tuple lengths given.
_. For the purpose of comparing maximum length sequence generators and sum
sequence generators, a computer simulation was made of two sequences that were

formed by adding two maximum length sequences. The first sum generator forms

its output by summing the outputs of maximum length sequence generators with

characteristic equations (5, 2, 0) and (6, 1, 0). Figures VI-22 thru VI-35 give

output waveforms and output density functions for impulse response periods

- - A

of 10, 12, 14, 18, 20, 40, and 80 bits respectively. It is seen that the

density functions for this generator, which uses eleven total stages, do not

skew nearly as much as for the maximum length generator (11, 9, 0). This

» - - - -

shows that the characteristic polynomial of the sum sequence is not a factor

of many trinomials with power less than the M-tuple lengths (impulse response

neriod). -

It cannot be concluded thatmﬁodulo-z summed sequences aluvays give non-
skewed density function when filtered. To illustrate this,a compﬁter simulation
was run for summing and filtering the maximum length sequences with characteristic
equations (5, 4, 2, 1,‘0) and (6, 1, 0). Figures VI-36 thru VI49 give the out-
put waveforms and output density functions for impulse response periods of
10, 14, 18, 20, 40, and 80 bits respectively. Notice these density functions
skew more than those for the first sum-type generators, indicating the
characteristic polynomials of the generators, are factors of many trinomials of
pover less than the impulse response periods.

To further investigate the randomness properties of the three sequence
generators used in the exanple, a computer calculation of the phase distributions
of the Tourier transforms of the three sequences was made. .Figure VI-50 is a

p}ot of the phase distribution of the first 300 harmonics of the (11, 2, 0)

maximum length sequence. Figures VI-64 and V1-74 are the phase distribution 5/



of the first 200 harmonics of the sum sequences ((5, 2, 0) + (6, 1, 0)) and
(5, 4, 2, 1, 0} + (6, 1, 0) respectively. Figures VI-51 thru VI-63 VI.65
thm VI 73, and VI-75 thru VI-83 give phase density functions for filtered

versions of each sequenge gencrator, The number of hammonics included is

listed on each figure, and the relation between the ratio of clock to filter

cutoff frequencies, B, and number of harmonics included is - - =~ 77
- T harmonics included = % - (Vi-&)

where L is the sequence length and B = fé!: NoLlce that the phase density

functlons for the sum generator ((5 2, 0) + (6 1 0)) has the most uniform

distributions, and this -agrees with the previous statements about the relation

between pseudo randomness quallty and the phase density function of the hammonics

passed by the filter. = - . T -

The phase dlstrlbutlons 111ustrated werérzgiéﬁiaked,by_computer from

—— = ——— —
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SECTION VII

RESULTS AND cdixcwsmns

... . Section II of this report developed a method of describipg a sequence
. generator by a characteristic polynomial -equation.. Section II1 derived the
_equation for describing the.phase relations-belveen harmonic comporients of

a digital sequence, and Sections 1V, V, and VI descrxbe melhods for investigat-

- ———

ing the randonness properties of filtered sequences. Four methods described
..and illustrated in the report are:

1) Experimental method, investigating the statistics 'of an actual

e R

=..- . . Filtered sequence.,. _ -:- zrm, o3, A 1ni TLllIe-T, ETLLLED LI

- ——— T T e
N — TR =

o 2) ~Compuler simulation with calculation of the time dependent output

waveform, and the filter output probability density functionw-- -

3 Cohputer caleulation_of the phase 8istribution of the harmonic

- P | (3] Ll - P < - - P m
COMPUNInTs pLioLG, wy - sl hik CET,SIIICE — o e ~Te e o -

4) Calculation of. the_ third-moment of the filter ouiput by finding

Tt;inomialg; that have_the sequence characteristic-polynomial as-a’

1

= factgr, mm = e v momToT ooDRSrhATOEITr . ERSTrTLTE. UTD TR

A}

~
ey e

All £our methods-have certaln~dlsadvantages;~howaver, the -conclusions “6f

?

4 -

<

this section will beg based on method fource-us

i

s .Equacion (V-42) related the third central moment of the filter output to

—— N ——

the number Lrinomials at power less than the impulse response period of the
filter that has the sequence characteristic polynomial as a factor. Equation
(V-42) showé that the third central moment can oscillate around 0 for various
-filter impulse reséonse periods. This result was confirmed by both experiment-
atioq and computer simulation for both maximum length Sequences‘and for

.

sequences formed by summing two maximum length sequences.
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An ideal sequence generator for a noise source that must produce approx-
imately Gaussian vaveforms for various ratios of the digital clock fregquency
to filter cutoff frequency (impulse response pefiod in bits or M-tuple length),
wvould be one whose characterislic polynomial is a factor of no trinomial of
power up to the maximum impuise response period anticipated. Two maximum

length sequences that have characteristic polynomials that are factors of no

trinomial of order less than 500 are

-t T (23 18 12, 6, 0)

- —_— - .. T _

ST e (23——17 13, 12 11, 9, 8, 7, 5, 3, 0).

etk e

Both these generators have Lwenty three stages, and the following stages are

[P S =T 0 N

part of the feedback f4'§-;. _

- _(23, 18, 12, 6, 0} - feedback tapes on stages 23, 17,

rirg,

i

. Lﬂ-‘um‘"‘_u'-"“_llg ﬂnd 53 (23’ 17 13, 12: 11, 9: 83 7: 53 33 0} -

- Frrw s -

el S B P v S -

reedback tapes on srages 23, ZU, 16, lo, L2, 14, ic,
11, 10, a;d 6.
Impulse response periods (digital clock to filter cutoff ratio) will be less
than 500 for the noise source vnder consideration. Therefore, the filter
outputs f£rom a noise sgurce using one at the mazximum length generators listed
above will have non~skéwing, approximately Gaussian, probability density

functions.
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