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SUMMARY 

Concepts of using d i g i t a l  t i m e  series a n a l y s i s  f o r  f l i g h t  
f l u t t e r  t e s t i n g  a t  t h e  A i r  Force F l i g h t  T e s t  Center  (AFFTC) are 
discussed,  The AFFTC F l i g h t  F l u t t e r  F a c i l i t y  i s  described. U s e  
of a minicomputer-based t i m e  series ana lyzer  and a modal a n a l y s i s  
software package is  described, as are the  r e s u l t s  of s eve ra l  
eva lua t ions  of t h e  software package. The reasons fo r  employing a 
minimum phase concept i n  analyzing response only s i g n a l s  are 
discussed. The use of a Laplace algorithm i s  shown t o  be e f f ec -  
t i ve  f o r  t h e  modal a n a l y s i s  of t i m e  histories i n  f l u t t e r  t e s t i n g .  
Sample r e s u l t s  from models and f l i g h t  tests are provided. The 
l i m i t a t i o n s  inhe ren t  i n  t i m e  series a n a l y s i s  methods are d iscussed ,  
and t h e  need f o r  e f f e c t i v e  noise  reduct ion  techniques is noted. 
The use of d i g i t a l  t i m e  series a n a l y s i s  techniques i n  f l u t t e r  
t e s t i n g  is shown t o  be f a s t ,  accura te ,  and cost e f f e c t i v e  a t  AFFTC. 

INTRODUCTION 

A basic mission of t h e  A i r  Force F l i g h t  T e s t  Center (AFFTC) 
i s  t h e  f l i g h t  t e s t i n g  of new o r  modified a i r c r a f t ,  The t e s t i n g  
of t h e s e  aircraft  and their e x t e r n a l  store conf igura t ions  has  pro- 
duced the  need f o r  a support  c a p a b i l i t y  i n  t he  area of f l i g h t  
f l u t t e r  c learance ,  Because of t h e  na tu re  of t h e  AFFTC mission,  t h e  
f l u t t e r  t e s t i n g  method must m e e t  t h e  following requirements and be 
e f f e c t i v e  under t h e  following circumstances: 

(1) The a n a l y s i s  c a p a b i l i t y  must be usable  during t h e  t e s t i n g  
of a l l  types of  a i r c r a f t ,  and it must be genera l  enough t o  cover 
c o n t r a c t o r  t e s t i n g  requirements. 

(21 The test engineer  may not have complete knowledge of 
t h e  expected f l u t t e r  c h a r a c t e r i s t i c s .  F l u t t e r  p red ic t ion  ana lyses ,  
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FLIGHT FLUTTER FACILITY 

The AFFTC F l igh t  F l u t t e r  F a c i l i t y  w a s  designed t o  permit tes t  
engineers  t o  use t r a d i t i o n a l  s t r i p  c h a r t  ana lys i s  techniques i n  
conjunction with advanced d i g i t a l  t i m e  series ana lys i s  methods. 
Pulse  code modulation (PCM) o r  frequency modulation (FM/FM) f l i g h t  
d a t a  are converted o analog s igna l s  which can be analyzed by 

prevent a l i a s i n g  ( equency foldback) i n  t h e  d i g i t a l  analyses.  

r technique ( g. 1). The analog f i l t e r s  improve t h e  s t r i p  
analyses  by ducing noise  and i s o l a t i n g  modes. They also 
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The alphanumeric/graphics d i sp l ay  te rmina l  i s  t h e  primary input /  
ou tpu t  device.  
u n i t  which gene ra t e s  a reproducible  copy i n  9 seconds. A 
mul t ip lexer  permits  t h e  simultaneous sampling of  up t o  1 6  channels 
of data. An t i a l i a s ing  f i l t e r s  (low pass  f i l t e r s  set a t  30 h e r t z  
o r  60 h e r t z )  prevent higher  f requencies  from a l i a s i n g  o r  fo ld ing  
back t o  lower frequencies  during t h e  d i g i t a l  ana lys i s .  The 
sampled d i g i t a l  t i m e  h i s tor ies  and t h e  analyzer  s e t u p  information 
are s to red  on two 1.2-million-word d i s k  u n i t s .  One d i s k  u n i t  
permits t h e  t i m e  h i s t o r y  data used i n  t h e  nea r ly  real-time 
a n a l y s i s  of selected data channels t o  be s t o r e d  p r i o r  t o  ana lys i s .  
Mul t ip le  a n a l y s i s  approaches may be applied t o  t h e  s t o r e d  data. 
The data d i s k  also enables  an engineer  t o  recall a d d i t i o n a l  
channels of data w h i l e  t h e  a i rcraf t  i s  tu rn ing  or  r e f u e l i n g  
o r  when s t r i p  charts i n d i c a t e  t h a t  a p a r t i c u l a r  channel i s  of 
i n t e r e s t .  The second d i s k  u n i t  is  reserved f o r  s t o r i n g  t h e  pro- 
gram software. The s i x  tunable  bandpass (12 l o w  pass o r  high 
pass )  filters improve s t r i p  chart ana lyses ,  permit  more f l e x i -  
b i l i t y  i n  the s e l e c t i o n  of a n t i a l i a s i n g  f i l t e r  c u t o f f s ,  and 
allow bandpass-f i l tered s i g n a l s  t o  be analyzed d i g i t a l l y  without  
having t o  use d i g i t a l  filters. A patch panel l i n k s  the  va r ious  
system components. N o t  shown i n  t he  photograph are t h e  three 
s t r i p  chart recorders  and a programmable c a l c u l a t o r  w i t h  i t s  
associated terminal .  

It i s  opera ted  i n  conjunct ion w i t h  a hard copy 

A reduced system can and has been used a t  AFFTC during f l u t t e r  
t e s t i n g .  The  panel-operated, two-channel spectrum analyzer  can 
be used i n  conjunct ion w i t h  s t r i p  chart analyses ,  bu t  t h i s  
approach r e q u i r e s  more f l i g h t  t i m e  and r e s u l t s  i n  less o v e r a l l  
accuracy than  can be obtained by us ing  t h e  e n t i r e  c a p a b i l i t y .  
The  cu r ren t  AFFTC conf igura t ion  is  considered t o  be a minimum 
f a c i l i t y  for e f f i c i e n t  opera t ion ,  

graphics  d i s p l a y  te rmina l  and selected AFFTC- o r  con t r ac to r -  
w r i t t e n  software. The engineer  uses  one ox more of  t h e  available 
a n a l y s i s  techniques (described later i n  t h e  paper) t o  gene ra t e  
t r e n d s  of modal frequency, damping, o r  amplitude. During AFFTC 
tests i n  which c o n t r o l  su r f ace  impulse e x c i t a t i o n  i s  used, a t  
least t w o  response channels are analyzed before  t he  p i l o t  is  
cleared f o r  t he  next  test  condition. For tes t  planning purposes, 
approximately 4 minutes are allowed pe r  test p o i n t ,  a l though t h i s  
estimate i n c r e a s e s  i f  t he  aircraft  is t o  be power l i m i t e d  dur ing 

The primary mode of system ope ra t ion  uses t h e  alphanumeric/ 
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TIME SERIES/LAPLACE ~ ~ Y S I S  

The d ig i t a l  t i m e  series a n a l y s i s  t e c h n i  
u t i l i z e  t h e  FFT t o  l i n e a r l y  transform a s t  
h i s t o r y  i n t o  a complex frequency domain f u  
p r i s e d  of s inuso ids  w i t h  s p e c i f i c  amplitude and phase character- 
istics. The squared magnitude of a response as a func t ion  of  
frequency (au to  power spectrum) can be obta ined  as follows: 

S ( j w )  = Y* ( j w )  .Y ( j w )  (1) YY 

where Y ( j w )  i s  t h e  Four ie r  t ransform of a response t i m e  h i s tory  
and Y* ( j w )  i s  t h e  complex conjugate  of Y ( j w )  
force t i m e  h i s t o r y  ( x ( t ) )  i s  also measured, a c r o s s  power 
spectrum can be computed: 

I f  t h e  i n p u t  

The amplitude and phase r e l a t i o n s h i p  between t h e  response and a 
given inpu t  i s  used t o  d e f i n e  a system t r a n s f e r  func t ion  (complex 
frequency response func t ion)  as follows: 

The use of t he  cross spectrum and i n p u t  au to  spectrum removes 

removing the  effec of n o i s e  t h a t  is no t  c o r r e l a t e d  w i t h  t h e  

he need fo r  complex d i v i s i o n ,  and, more important ly ,  t h e  cross 
pectrum t e n d s  t o  prove t r a n s f e r  func t ion  estimates by 

T h e  Four ie r  t ransform of the  r a n s f e r  func he impulse 
response func t ion ,  which is a t i m e  h i s t o r y  comprised of  damped 

t i n d i c a t e  s t r u c t u r a l  response t o  an impulse type  
e frequency, damping, amplitude, and phase of t h e  

s inusoids  t h a t  make up t h e  impulse response func t ion  (or complex 
frequency response func t ion)  d e f i n e  t h e  modal characteristics 
of the  s t r u c t u r e  a t  t h e  measured l o c a t i o n  f o r  a specific 
f l i g h t  condi t ion ,  
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input .  

It  is assumed t h a t  t h e  response i n  t h e  response only case 
is  c h a r a c t e r i s t i c  of  a minimum phase system. This  impl ies  t h a t  
t h e  system is phys ica l ly  r e a l i z a b l e ,  t h a t  damping i 
a l l  modes, and t h a t  of a l l  t h e  impulse responses w i  
au tocor re l a t ion ,  t h e  one selected has  t h e  most 
buildup of energy, When t h e s e  con 
t h e  Hilber t  t ransform can be used 
of t h e  system given only i t s  amplitude charac 
minimum phase c a l c u l a t i o n s  are described and 
t h e  more common a u t o c o r r e l a t i o n  t e c h n i  
calculate t h e  t r a n s f e r  func t ion  accura 
derived minimum phase spectrum, Y8 ( j w )  
is  made as follows: 

where X ( j w )  is a co 

noise ,  and swept s i n e  

been proven i n  f l i g h t  test, I f  t h e  inpu t  i s  n o t  f l a  
response may i n d i c a t e  high energy a t  a l o c a t i o n  t h a t  corresponds 
t o  a pole  of t h e  d r i v e  func t ion ,  Th i s  p o s s i b i l i t y  must be con- 
s i d e r e d  by t h e  engineer  because it occurs  i n  a l l  techniques of 
response only ana lys i s ,  

rum is  n o t  per fec  s s m p t i o n  s t i l l  pro- 
reasonable accur of t h e  technique has 
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ce a n a l y s i s  uses t h e  concept o f  a p a r t i a l  f r a c t i o n  
he complex frequency response func t ion  t o  d e f i n e  

if modal parameters f o r  each pole,  s = s i n  t h e  Laplace p lane ,  
as follows: 

- j e i  (n/180) jOi(s/180) R . e  R . e  
1 

= ! { s  + (2ncti - j2ski)  s ' +  (2sai -i- j2ski)  3 (5 1 1 + 
1 

A graph ica l  d e s c r i p t i o n  of t h e  po le s  and t h e  r e l a t e d  modal 
parameters is given i n  f i g u r e  3 .  
t h e  absolu te  damping, ai, and t h e  frequency l i n e  number, ki, of 
t h e  mode. 
composed of  a magnitude, Ri, and a phase, Bie This  r e s i d u e  de- 
f i n e s  t h e  modal e igenvector  when measurements are made over an 

' 

e n t i r e  s t r u c t u r e .  For s t r u c t u r e s  with nonproportional damping, 
t h e  residue de f ines  a complex mode; bu t  f o r  modes with propor- 
t i o n a l  damping, t h e  phase r e l a t i o n s h i p s  of t h e  e igenvec tor  
p o i n t s  on ly  d i f f e r  by approximately 0"  o r  180°, The impulse 
response func t ion  i n  t h e  form der ived  by t h e  Laplace sof tware 
demonstrates t h e  phys ica l  meaning of t h e  modal parameters: 

The pole  l o c a t i o n ,  si, d e f i n e s  

The numerator i n  equat ion ( S ) ,  ri, is  a complex r e s i d u e  

cos [2nkit + Cli(n/180)] 1 h ( t )  = C {2Rie (-2nai) t 
i 

The abso lu te  damping 
t o  t h e  more f a m i l i a r  
and frequency, f ,  as 

and t h e  frequency l i n e  number can be r e l a t e d  
damping r a t i o ,  5 ,  o r  s t r u c t u r a l  damping, g ,  
fol lows : 

1 1 rn ~ = z g = a  

a f o r  lowly damped modes " E  

(7 1 

f =  
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mode genera t ion  approach has made it poss ib l e  fo r  engineers  t o  
gene ra t e  known funct ions  d i g i t a l l y  and t o  perform circle checks 
on t h e  modal r e s u l t s  c a l c u l a t e d  from t h e  t r a n s f e r  func t ion ,  

The Laplace software conta ins  procedures t h a t  a t tempt  t o  
i d e n t i f y  t h e  modes which have the  highest  spectral energy and t h e  
lowest damping. A modal energy value is c a l c u l a t e d  f o r  each pole 
as a percentage of t o t a l  energy i n  t he  frequency band being 
analyzed. 
a selected c u t o f f  value and w i t h  an a t t e n u a t i o n  (absolu te  damping) 
less than  a specified cu to f f  are included i n  t h e  mode l i s t  p r i n t -  
out .  T h i s  procedure e l imina te s  long mode l i s t  p r i n t o u t s  and makes 
it much easier f o r  t h e  a n a l y s t  t o  i d e n t i f y  and track t h e  modes 
t h a t  are of i n t e r e s t  t o  him, 

Only the  modes w i t h  a percentage energy greater than  

The accuracy of t h e  Laplace algori thm and i t s  a b i l i t y  t o  
separate c l o s e l y  spaced modes has been i n v e s t i g a t e d  a t  AFFTC 
by using d i g i t a l l y  generated t r a n s f e r  funct ions.  S ingle  o r  b i p o l a r  
modal parameter l is ts  were input ,  a complex t r a n s f e r  func t ion  
w a s  der ived,  t h e  Laplace r o u t i n e s  c a l c u l a t e d  the  modal parameters, 
and a comparison w a s  made between i n p u t  data and the  extracted 
data i n  order t o  assess program l i m i t a t i o n s ,  The s i n g l e  mode 
study verified t h a t  frequency w a s  derived accura t e ly  and t h a t  
damping w a s  ca l cu la t ed  t o  wi th in  1 0  percent  of t h e  correct value 
f o r  t h e  modes w i t h  v iscous damping ratios less t h a n  0,10, except  
for  modes near  t h e  upper c u t o f f  frequency, A t y p i c a l  error 
envelope showing the  maximum values  of damping which r e s u l t e d  
i n  a 10-percent error i n  damping is  shown i n  f i g u r e  4 .  The 
a t t e n u a t i o n  curve  demonstrates t h a t  t he  i n t e r f e r e n c e  effect of  
the  ends of the data frame can be s i g n i f i c a n t .  Knowledge of t h i s  
effect and t h e  r e l a t i o n s h i p  between damping r a t io  and absolute 
damping (eq. ( 7 ) )  is  used by the  a n a l y s t  t o  i n s u r e  t h a t  appropriate 
frame s i z e s  and sampling rates are selected i n  order t o  e x t r a c t  
t h e  modes of i n t e r e s t  accu ra t e ly ,  

a parametric v a r i a t i o n  of dampinq r a t io  and frequency r e s o l u t i o n  
The bipolar d i g i t a l  complex frequency func t ion  study used 
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e e r r o r  i n  he c a l c u l a t i o n  of t h e  c h a r a c t e r i s t i c s  of 

ion-element i on  between modes w a s  t h e  m i n i m u m  
35) w a s  less than  1 0  percent ,  A 

a i n  t h i s  accuracy. 

wo modes converged i n  frequency, t h e  accuracy of 
e estimates w a s  deg aded, Light ly  damped modes ( 5  < 0.035) 
re eva lua ted  accura e l y  r e g a r d l e s s  of t h e  presence zf other  

imates of c l o s e 1  spaced modes i c h  had h igher  
e i n  e r r o r ,  bu t  he accuracy of he estimate improved 
es were h igh ly  d 

g i t a l  s t u d i e s  v e r i f i e d  a11 s i g n i f i c a n  
energy and l o w  damping uld be accurate 

ace software er func t ion ,  (The 
o AFFTC engineers  

ce program, When d e s i r e d ,  
w e r e  analyzed sepa ra t e ly  by using more appropr i a t e  

The Laplace package software w a s  a l s o  eva lua ted  by using 
analog compu er models. Table 1 shows t h e  r e s u l t s  of a four-mode 
case i n  which a pulse  e x c i t a t i o n  w a s  used. These response only 
cases were analyzed by using t h e  m i n i m u m  phase algori thm before 
performing t h e  Laplace ana lys i s ,  The frequency w a s  g e n e r a l l y  

ined f o r  w e l l  e x c i t e d  modes when damping r a t i o s  
20. The a n a l y s t  used t h e  frequency response 

t o  v e r i f y  t h e  estimates v i s u a l l y ,  The frequency 
ermined accu ra t e ly  f o r  modes t h a t  

envelope of t h e  Laplace sof tware 
ed modes o f t e n  exh ib i t ed  low calcu-  

l a t e d  damping d e r  of 0.001), although t h i s  
e r r o r  w a s  read he engineer  by observing t h e  
t r a n s f e r  func p l o t s ,  The f a l s e  modes were a l s o  iden- 

w ene rg ie s  and/or l o w  r e s idues  on t h e  
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and analog simula 
he Laplace pa 
f critical mo de 
e analyzed wi 

i n  advance, and a 1 nonh~ghly 
s imultaneou~ly  wi h good accuracy, 
only data w a s  eva uated well by usin 

FLIGHT FLUTTER TEST APPLICATIONS 

f l i g h  nd 
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Typical hard copy output  f o r  a est i n  which c o n t r o l  sur- 
face pulses  were used is  shown i n  f i g u r e s  8 and 9 and table 2, 
The AFFTC software w a s  w r i t t e n  t o  u t i l i z e  t h e  Laplace software 
package subrout ines  e f f i c i e n t l y  during a real-time f l u t t e r  
ana lys i s ,  Figure 8 con ta ins  a t i m e  h i s t o r y  of sampled response 
data for an e l e v a t o r  pu l se  during a B-52D aircraft/store 
c e r t i f i c a t i o n  program. The dashed l i n e s  i n d i c a t e  t h e  6,25 
seconds of data which w e r e  analyzed by using t h e  minimum phase 
assumption, The maximum response peak w a s  used as a s t a r t i n g  
loca t ion  because it r e s u l t e d  i n  more c o n s i s t e n t  data t r ends ,  
(The p i l o t  i npu t  did n o t  r e s u l t  i n  a t r u e  sp ike  inpu t  because 
t h e  dynamics of the  c o n t r o l  system caused s m a l l  overshoot o s c i l l a -  
t i ons . )  The magnitude of t h e  t r a n s f e r  .function i s  shown i n  
f i g u r e  9, The engineer could a l s o  view t h e  co inc ident ,  quadra- 
t u r e ,  o r  phase spectrums o r  phase plane p l o t s .  The v e r t i c a l  
l i n e s  i n  f i g u r e  9 were drawn automat ica l ly  a t  frequencies  
selected for  a n a l y s i s  by t h e  Laplace software. The a n a l y s t  
t hen  had t h e  opportuni ty  t o  change the  frequency a n a l y s i s  band, 
damping (alpha) c u t o f f ,  and energy threshold?,  or he could have 
the  mode l ist  (table 2 )  displayed and copied. If  t h e  i n p u t  w a s  
known, t h e  t i m e  h i s t o r y  would not  normally be d isp layed  and 
t h e  minimum phase assumption would no t  be needed t o  d e r i v e  
t h e  t r a n s f e r  funct ion;  bu t  the rest of  t h e  a n a l y s i s  would be 
t h e  same. 

I n  table 2,  t h e  damping l e v e l s  of t h e  4,16-hertz and 
5.76-hertz modes would be questioned by t h e  a n a l y s t  because of 
low ene rg ie s  and r e s idues  (poor e x c i t a t i o n ) .  I t  is  s i g n i f i c a n t  
t h a t  t w o  high energy, high res idue ,  c l o s e l y  spaced modes were 
i d e n t i f i e d .  The frequency and damping of these modes could no t  
be determined e a s i l y  by using t r a d i t i o n a l  s t r i p  chart logar i thmic  
decrement analyses.  The t o t a l  t i m e  required t o  perform t h e  
a n a l y s i s  and obta in  the hard copy r e s u l t s  shown w a s  1.1 minutes, 
Additional t i m e  histories were analyzed from d i s k  data as 
desired. Mult iple  data t r ends  w e r e  p l o t t e d  by hand dur ing  t h e  
f l i g h t ,  b u t  mode r e s u l t s  s to red  on the  d i s k  w e r e  p l o t t e d  during 
p o s t f l i g h t  sess ions  using t h e  graphics  d i s p l a y  u n i  
copy device. These hard copy outp  
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i o  h 

ra l  ~ e s p o n s e  
he r e l a t i o n  between frequen 

t i m e  frame w a s  f i l l  
t h e  no i se  level. The response s igna tu re  f o r  modes w i t h  higher 
damping o r  h igher  f requencies  may be considerably sho 
the  example, and t h e  r e s o l u t i o n  would end up by being lower, 
( I f  the  frame s i z e  is  n o t  shortened appropr i a t e ly ,  t h e  data 
appear t o  have l o w e r  damping because of t h e  cont inuously 
e x c i t e d  data i n  t he  noise  l e v e l  and s ta t i s t ica l  v a r i a b i l i t y , )  

As demonstrated i n  f i g u r e  10 ,  t h e  reduct ion  i n  r e s o l u t i o n  
has seve ra l  effects on the data: (1) he d a t a  cu rves  are 
smoothed and less noise  i s  evident ;  (2 the  a b i l i t y  t o  separate 
c l o s e l y  spaced modes decreases; and (3) t h e  min mum damping l e v e l  
which can be def ined  increases .  The last  effec 

as t roph ic  i n  f l  

S igna l  To Noise R a t i o  

The resol t h e  s i g n a l  
ra t io  i n  f l i g h  h i s  ~ a p p e n s  
smoothing of t y. However, 
frequency r e s o l u t  i o  es, Both h igher  force levels 
and longer  sweep t improve t h e  signal. t o  n o i s e  
ratio. The c a l c u l a t i o n  of t h e  t r a n s f e r  fun 
correct measurement of i n  u t  and output .  I 
e x c i t e d  s i g n i f i c a n t l y  by urbulence or  buff 
i n p u t  i s  wrong; therefore 
is  wrong, and t h i s  d i s to r  

I n  f i g u r e  11, t h e  s i g n a l  to no i se  ra t io  i n  he response is  
poor, speed f ~ u t t e r  
po in t s ,  so t h e  l i n e a r  sweep times were restricted to 7 seconds. 
The t r a n s f e r  func t ion  for  t h i s  t i m e  h i s t o r y  is shown is f i g u r e  12, 
Most of t h e  energy i n  f i g u r e  1 2  is i n  a symmetric mode (between 
t h e  dashed l i n e s ) ,  bu t  t h e  s t u r e  w a s  being e x c i t e d  a n t i -  
symmetrically by ae 
estimate prevented 
analyzed accu 

The aircraft  w a s  power limited a t  i t s  h ig  
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For c e r t a i n  condi t ions ,  there i s  a d e f i n i t e  one-to-one re- 
ionship  between the  frequency response characteristics P and 

Q where 

The amplitude, A b ) ,  and t h e  phase, Cp(w) ,  are uniquely related 
to  t h e  real and imaginary components of t h e  t r a n s f e r  funct ion:  

I t  can be noted t h a t  t h e  logarithm of t h e  t r a n s f e r  func t ion  is  
related t o  the  log amplitude characteristic and t h e  phase 
characteristic i n  t h e  same manner t h a t  H ( j w )  i s  related t o  
P and Q i n  equat ion ( A l )  . 

I f  t h e  system is both s t a b l e  and causa l ,  Hi lber t  t ransforms 
can be derived which relate P and Q (ref. 4 )  : 

Q(u) du 
u - w  (A5 ) 

The s i m i l a r i t y  of equat ions  ( A l l  and (A41 makes it p o s s i b l e  t o  
c a l c u l a t e  e i t h e r  t h e  amplitude or  phase given t h e  o t h e r ,  I n  t h i s  
case, the logarithm of H ( j w )  must have n e i t h e r  uns tab le  po le s  nor  
zeroes  , 

(A7 I 
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Of more prac ical  i n t e r e s  he phase i n  d i g i t a l  
t u d i e s  is t h e  following equat ion,  which u t i l i z e s  t h e  Four ie r  
ransform ( r e f ,  51, 

where 

DFT 

IFT 

T 

d i r e c t  Four ie r  transform, 

inverse  Four ie r  transform, and 

a r b i t r a r y  t i m e  i n  t h e  d a t a  frame wi th  t h e  funda- 
mental Four ie r  per iod going from 0 t o  T 

0 t = o ,  T T  2, 1 T - U ( t  - 2) = 

The @ ( w )  which is  c a l c u l a t e d  is known as a minimum phase, and 
t h e  system is  a minimum phase system,, The complete frequency 
response func t ion  i s  est imated by combining t h e  minimum phase w i t h  
t he  square r o o t  of  t h e  autospectrum. The frequency response may 
then be inverse  Four ie r  transformed t o  give the t r u e  impulse 
response func t ion  f o r  t h e  minimum phase system. 

Three assumptions must be made about t h e  d a t a  f o r  t h e  minimum 
phase procedure t o  be used, F i r s t ,  it i s  assumed t h a t  a l l  modes 
have s t a b l e  damping. Second, t h e  system i s  assumed t o  be causa l ;  
t h a t  is, t h e  impulse response i s  considered t o  be zero f o r  nega t ive  
t i m e  and it is assumed t h a t  t h e  system cannot respond t o  an inpu t  
before  it occurs.  Third,  of a l l  frequency responses with t h e  same 
autospectrum, t h e  one s e l e c t e d  is assumed t o  have t h e  smallest 
t o t a l  change i n  phase angle  from zero t o  maximum frequency. This  
impl ies  t h a t ,  of a l l  impulse responses with t h e  s a m e  au tocorre la -  
t i o n ,  t h e  one s e l e c t e d  has t h e  most r a p i d  i n i t i a l  buildup of 
energy . 

The f i r s t  t w o  criteria would almost c e r t a i n l y  be t r u e  i n  an 
a i r c r a f t  response,  The t h i r d  c r i t e r i o n  i s  more d i f f i c u l t  t o  
v e r i f y  f o r  a p a r t i c u l a r  s t r u c t u r a l  response,  but  t h e  minimum phase 
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0 oca 

ed i 

(A161 

ollowing au  i o n  derivative 
n be obtained: 

s ev iden t  from equat ions  (A17) and ( A l 8 )  t h a t  w h i l e  t h e  
o s c i l l a t i o n  rates of an  unknown impulse response 
ermined without  knowing t h e  phase by c a l c u l a t i n g  
ion  or  t h e  d e r i v a t i v e  of the  a u t o c o r r e l a t i o n ,  

t be determined except  for a very l i g h t l y  
has also been found t h a t  the  au tocor re l a t ion ,  

of the  p a r t i c u l a r  impulse response i s  n o t  always 
impulse response, 

he derivation of he system parameters from t h e  response 
as good an answer as can be ob- 
are Used, However, t h e  auto-  

and the  minimum phase approach o f t e n  give 
e estimates of frequency and damping, An ad- 
he  minim^ phase a sumption, when it is  appli- 
mode shape (wi th  e except ion of a p o s s i b l e  
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TABLE 2,- AFFTC FLUTTER TEST RESULTS: 
MODE L I S T  PRXNTOUT, 

(27 ,000  ft = 8239 m) 

RUN NO. = 18 
SPEED = 350.E 
ALTITUDE = 27000 
X-DUCER = 7. 

SETUP NUMBER = 1 
ENRG. THRES. = .01 

ALPHA CUTOFF = 25.6 
% TOT. ENERGY = .9789 

MODE NO: % ENERGY: FRE(1: S-DAMP: RESIDUE: PHASE: 

1. 28.73 2.24 .0967 1.511 -79.78 

2. 69.15 3.04 .0536 1.756 -76.61 

3. 1.038 4.16 .0507 .2792 -58.11 

4. 1.072 5.76 .0447 .3597 -134.3 
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Figure 3.- Transfer function parameters. 
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Figure 4 .= Ten-pexcent' exror limitation plot .  

311 



10. 

-10. 
0. 8.0 

TIME 

Figure 5.- Truncation of data frames. 
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Figure 7 . -  Analysis of model data using 
swept sine input. 
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Figure 8.- AFFTC flutter test results:  
t i m e  history select ion.  

(27 ,000  f t  = 8230 rn) 
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Figure 9.- AFFTC flutter test results: 
transfer function magnitude. 
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Figure 11.- Forced response i n  t h e  
presence of noise. 

0. FREQUENCY 30. 

Figure 1 2 , -  Magnitude of t h e  
ion  f o r  a forced  response 

i n  t h e  presence of noise ,  
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