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Abstract

This paper contains an explicit pararetriza-
tion of a subclass of linear constant gain feedback
raps that will not ¢ stabilize an coriginally open-
loop stable system. These results can then be used
to cbtain several nev structural stability zesults
for multi-input linecar-quadratic feedback eptirmal
designs.

1. Introduction uni lNoutivation

This paper prescnts preliminary resclts which,
in cur copinion, represent a first necessary step in
the systepatic corputer aided cdesign of reliable
control systems for rultivariable control systems,
2 specific potivating exarple arises in the context
of future high porforrance aircraft., It is widely
recognized that advances in active control aircraft

rZ control configurcd vehicles will reguire the
zatic contro) of scveral actuators so &s to be
to fly future aircrafy characterized by re-

As 2 starting point for our rotivaticn we must
postulate that the design of future stability aug-
rpentaticn systems will have to be a rulti-variable
cesign prublenm. As such, traditional sirgle-input-
single-cutput sycten design teols based on classi-
cal control theory carnot be effectively used,
ecpecially in o computer aided design context.
Sin~e rodern control theory provides a ccicepiual
thcoretical and algorithric tooul for Jdesicen, especs
izlly in the Linear-Quauratic-Caussian (17 con-
text (see Athans (1) for exziple), it doservos a
special look as & starting paint in the irvestiga-

tican,

Ir. spite of the tiercndous explosion of re-
Forted reeults in LG multivariahle design, the
robustness propertics have been neglected. Exper-
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icrce has shown it 106G desigus "work™ very well
i€ the ratheratical radels upon which the design
is Yased pre sorowt -t accurate. Therc are scveral
sersitivity studies inwlving “srall parameter
goerturbations® esnociated with the LOGC prohlen.

We suvimit, hovevoer, that the general problem of
sensitivity and evel stability of multivariable
LG designs under larce perarctric and structuvel
changes is an open researcih area.

It is useful to reflect upon the dbasic metho-
gology in classical servomechanisnm theory which
deelt with such larces parameter changes. The
overall sepsitivity and stahbility consicderaticus
wove captured in the definiticn of gain and phaca
rmarcins. 1f a closeli-loop syster was charactcrized
by reasonable gain and phase rargins, then

(a) reasonakla changes in the paraneters cf
the open luup transfor functions

(b) changes in the loop gains due, for e:-
ample, to saturation and other non-
linecarities

coulé be acconrlatel with guaranteed stability and
at the price of scr.awhat degraded performance.

Although 105G cesigns are time-domain oriented
nonetheless their freguency-domain interpretetions
are important, altnmcugh not .aiversally spprecia-
ted. Tor cxample, fcr the cese of single irput
single output line:r-quadratic (1Q) optimal designs
andcrsoa and Moors [2] have shcwa that ILL-optime
designs sre characterized by

(i) an infirite gain rargin prcperty
(ii) a phase rsrgin of at lecast 60 degrees.

Such results arc valuable becausc it can be read-

ily eppreciated that at least in the single-irnput-
single-output casc, rodern control theory dosigns

tend to have a good cegree of robustness, as poea-

sured by the classlical criteria of gain and phave

Sargin.

Advances in the rulti-input-zmulli-output case
scattered ond certainly Lave not

howvaver have bea
arrived at the co:l.ook design stage. Multivari-
able systen dusign is extrerely coiplex*. To a

o —— e e e e @

.
Peor the paticn 2f viat constitutes a "zero” of a
tultivarisihle trirsfer matrix vas not fully spupro-
A . .

ciated mntit o itliys
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corL extent the ¢ rical salu f Lo optinal
HE s Iy ¢ Y Tieewer ntal wndag-
sta g of the &! rlencies apd
<\ TS S . J the weighting ratrices 13 not
a trivial matter. wWe believe that such funda-

tal undesstanding crucial for robust designs
o wulil as for reltable designa that involve a
vertain degree of rodundancy in control and sen-
L 2

The tecent 5.M. thesis by Wong {3] represents

& prelirinary yet jositive contridutior in this
area. In fact, the technical portica of the papex
rerrescnts a slight modification ° some of the

trviults reported in [3). In particular we focus
cur atteation on the stability properties of closed
loop systers designed on the basic of LD-optinal
technigues vhen the system Patiices and loop gains
undergo large variations.

The pain contributions reprorted in this paper
are the eventual results of generalizing the con-
cepts of gain rargin and of performing large-per-
turbation sensitivity analysis for rultivariable
lincar systems designed via the 1Q approacn. For
& corzesponding gencralization of the phase gain
targin results to the multivariable problem se»
the pazer by Safonov and Athans (7).

we wern the reader that much additicnal theo-
reticel and applied research is needed bafore the
irplications of these thecoretical results can (a)
be fully understood and (b) translated into sys-
teratic "cookbook" procedures that have the sanre
valuz 2s the conventional results in classical
servorechanisn design.,

Tnis paper is organized as follows: in Sec-
tion & w2 presernt an explicit parametrization of a
sulcless of lincar constant fecedback raps that
never ccstabilize an originally open-loop stable
systcr, and establish some of its properties. In
Sectioun 3, we apply this construct to octtain sev-
eral 1.« closed-loop structural stability charac-
terizations of multi-input IQ-optimal feedback
raps. we conclude in Section 4 with a brief dis-
cussicn of the relevance of the results of this
paper for computer-aided iterative feedback cesign.

Batetica
1) The lincar time-invariant system
x(t) = A x(t) + B u(t)

2(0) - BT

x(t)

x(t) ¢ "
u(t) € "

z(v) ¢ RF

where x(+) = state vector
u(*) = control vector

z(s) = output vector

and A gh.

b E Rﬂ!ﬂ*
h 4 ¢ Rrxn

T 4
will }o Zenoted by L(A, B, H). Vhore H is irre-
he discuseion, wi will shorten the no-
(A, i), and vhere the choice A, ¥ is

clear from the context, we wil! just use L.
1f the ratris A i stable (i.c. 2ll eigen-

valu of A have striculy negative real parts),
we vill zefer to I{A, E, § ) as a stable systenm.

2) R(¥) = range space of K
N(E) nullspace (kerncl) of K
Ek(K) = rask of K
T
3) Given the systea I(A, B, H),

RiA, B) e contrellablé subspace of the
pair (A, B)

dam) v anm + ... + 2" mm

n(_lf. A) £ uncbservable subspace of the
pair (4T, A)

a -
R Y
i=l

4 1fge R™ i positive semidefinite,
we will write

2 1
1f Q is positive ‘definite, we will write

'

5) ) denotes the ratrix M whose (i,j)-

l'.ﬂj
element is m_ ..

ij

2. Parametrization of non-destabilizing
feecback maps

¥We begin our discussion with

Given the stable system L(A, B), let

s 2 (" € ™| (2 + B 6" is stable)
i.e. 5(¥) is the set of zll feedback maps that
will rot destabilize an originally open-loop
stable system, viere

u(v) 4 g.rg(t.)

Ideally, one would like to be able to expli-
citly parametrize S(I), but as this is a well-
known intractable prorlen, our strategy here is to

look for a sirple parametrization of a (hopefully) -
sufficicntly cancrel subset of S(N).

ve begin by first recalling some standard
Lyapunov-type results:

Lenma ! (vnnhaw)
(i) If A is stable, then the Lyapunov equation

Phoé_‘!-oﬂ..(.

-

‘oo
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fi1) 84
(1) P20, D>0satisfyPAC AP +0~0
(2) (g"'...' is d tavle
Then A is stable.
1/2 . .
(aid) 1t O ? Q and (, b 5);{ orqervad! (tcTect-
able), then for all

¥ : e, R >0 ané for all g, ¥, the pair

Jgererre.aeeeh
is cbservadble (detectable).

Proof:

for (1), see (4], pp. 298

for (ii), see [4]), pp. 299

for (iii), cee (&), pp. €2,

To proceed, the following definition will be
useful:
Pefinition 2

For any stable 2, let

L (A) : (k>olxz+a’k <o
' L x> olxae a’k <ol

Rerark: LP(A) is in gencrel a proper subset of the
set of all positive-senidefinite matrices of dimen-
€100 h.

!.):.l' nle

-~

Suppose that

l‘ o
A = e A, S8 A ¢ 8
- 0 2 1 2
2
Then
K K K >0
LP(A) - { 3 3 : .
¥ >
12 Kz ‘2 -*
2
b}
KK, 2> (1012, ]Kz
- g
32 L 4 12 _} 12
= K Fy,)
ticte that 2 20 iff Kl 20, l(2 > 0,
ka2 K4
' X’
“1 + ) ,)?
and the .—TX;Xz - > 1, with cquality i€f )1 . )2.
lerza 2
i) LP(A) is a c.ivesr cone: i.e.

1 irplies

2,¥ ¢ 2K, ¢ LP(A) forall a :o,uzy_o

3= =2 1
i £ O, IPA) dnplies K € LPGA, ¢ A)
110 £ € LML irilies K€ LR ¢ BIS - DA'E)
for all £, & such that i * ~§?. & > Q,
grovid ¢ B(8 - E}h? ) is stable.
Feesé
st : |
Straightforsar?, i

We are row rea’ly to introduce our first
crucial resule:
jer-as ) ‘
Let A be staile. i
Then (A ¢ (- M)¥) is stahle for all '

_v; LP{A) and for .un>g.n--u‘l'wamt
Rr{ w k( i
|
14 K e w’(_:g. the the condition i
P(N) C R(M) can ke cnmitted. z
proc.l '
Let 5 '
gf-waedm - =

Since K C LP{i), we have D > 0, and A stable

irplies (g/ s &) is always detectable. '
Now
KA+ANE+D =2, s
so X(A + (N - M) « (A + )N - MK )502}_550
Q-EEE4XE K =0 butKNE+KN K=0

L
since N = ~N".

rerere’n), theng >0

so (V2 + 25 L K, (& + (N - M)K)) is cbservable,
which irplies (A + (" ")K) is stable by Lerma 1
(is).

Otherwise, ascum= k() C R(M)  which inmplies
that there exists vV ;uch that I = V Mor that
(8 -2)K= (¥ - ‘)

By defining B {‘ (v - I)M

sl i
ir Lezrma ) (idid), wa have that
( §4 2256, 5+ (- MK is detectable.
a 1 (ii), we therefore havae (A + (N - MIK)

Q.E.D.

BB HE
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2 5 5 . 4 2 ) was ¢ ) ished by
Earocte " 1

‘, vl liz L s i, WE US 't an : &=
ta s 8t tzization ) la C
‘a tecdo irst we intry

tos
»
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\
|

siven the stable system E(a, B), let

4

A .7 T ; T 1
$.(5) = {g ¢ & G = (S-LBYK S~ -5,

i o= - - - -

.
.
-

L>0, and either K ¢ LP (M) or else
K € LP(A) with B(S) © R}
We can now state the result as:
Theorenm 1
Given the stable system L(A, B), then
s

i) g €5 (1) wplies (A+ B

A%y at
(11) e g ae
o
- 7.7
>/ ARG
o

9_1) is stable

T
+ t
gc(ﬁ-.--c') dat

vhereg’Q_usucht‘m'onQ_’_x_og-g_
am(. {-‘ (s - L)arcS(Z).
kroof

(1) LctH=bl.lT, !.»B“ll, in Lerma 3, end

the result followe ducctly.

(ii) let @ > 0 be such that
EA+AE D=0 *)

Next rewrite (%) as

vhere ¢ = (5 - L)JBK € sl(")
- T T
L+
which irplies K = e‘-‘g Er e,
v
- EBLBE s peNREN g

*EkEBLEEe - 4 or
= - . G .
& QR s :f (A )
o }
= = =
. ge'MEENT, 0.r.0.
| [

It can be casily shoun that all the eigen-
valies of the fee'tuck term B(S - LISTK have non-
§ositive gyeal parts. Tnit observation, and the
cortent of Theorer 1(11), makes it conveniert to
interyret s,( ) as a ratural gencralization of
the concept of ‘negative’ feedback to the multi-
varianle and multi-input case. :

The next two corollaries are easy conse-
quences of Theoren ).

Coroilary 1.1

let T(A, B) be & system with a single input,
i.e. let B bc a column (nxl) vector b. If H

Gy+ ceee 8 € 5,3, B)), then

e —— —a—

b)
:Zx 0‘3: € 5,(0) for all o, 20, i=1,....3
Proof
T T ¢
Each g, is of the forn -rBE, for some i

ahxssﬂ»lc e >0, x >0 so !
19-1 {:"’

But from Lezza 2(i), 5_‘ € LP(A) implies

j
T
- b (Lark).
m ' e

I

i
Zc £ %, € LP(A) for all a;r, > O hence i
i=l !

!
2u (3 € St for a1l @, > 0. Q.E.D. |
i=1 i
Corollary 1.2

Suppose there cxists L > 0 such that

BLE €1p),

Then (A - BLE (£ + N)) is stable for all

K>0and K = -8 su ch that R(K) > R

1£ 8 L BT € 12°(a7) actually, then the eondi-

tion R(K) O k() can be omitted.

Proof !

Irmediate ficn ‘taking the transpose' in
Lerea 3. }
Q.E.D.

.
H

Gheorem 1 har illu trated the irportance of
1P(a). It s therefore usoful to have an aucm-
tive characterization of LP(A):



FCLP(A) SFE K A e A Ko N « 0

for some B

¥e claim that

Nib) F(!i.’, A) = uncbservable sulispace of
",
= T
tori-]r&‘y_!‘rr&‘ct
9

o x € l:(_i{t. A) implies g’r‘-‘g =0 for a1l t £ R

shich implies x € N{¥). Conversely, x € NIK)

-
irplies 5’_& x = 0 which irpl ies |§_Te!-tg_lzdt-0
T At . T

or B e-x ~ 0 for all ¢ ¢ R, f.e. x € 2tk , A).
70 cosplete the proof, note that
R = KK = nint

-n, »t

BGA, W)

controllable subspace of
@, B.

But ony controllable subspace of {._1 is necessarily
an i -invariant subspace.
Q.E.D.

Rerark: The significance of Proposition 1 is that
it provides a systeratic peans for gerevating men-
bers of LP(A). For exarple, if A has distinct,
real eigenvalues, then every K € LP(A) is of the
forn

£-E

=

1P

where tho rows of P arc left eigenvectors of A,l.e,,

| A_!. A = diagonal (ll, sosd An)
and ¥ > 0 is such that [=(A, ¢ A ) .] > O, where
M= o, S S S
- ,‘) 2

dhus, 2] merbers of LP(A) can be gonerated
nce Fois known.

¥aile menbershipy in §3(F) is sufficient *o
quarantee closcd-lou, stability, it is of cousse
not necessary, id.e. S (¥) is a strictly proper sud-
sct of S(). Intuitively, if the open-loop systen

steble ‘enough® to beogin with, it can tolerate

a certain amount of *jositive’ fec K without
leawding Lo closud-lous snstability. In other words,
the 3ole f the opn-lap systen can ba shifted to

t vight by feed without desiggoyi stohility

n3 as pone of them get rhafted into the

cirsed zight-Ral?f plane. By alioving such adii-
tior:l randestablilizing fecdbeck, therefoze, we
cuglt to be able %o ‘enlarge’ sx(l). nore jpre-
cicely, we have:

Pelirition &

Siver the stable system L(A, E) and any

wi, P raoracae mprseeg
e, w® polkacaTemerLak <ol

Given the stable system L(3, B), let

s;0 & & e ™™g’ - ey L-L,
£« -5, L 20, L>L and either

Ec 1%, 1) or else K ¢ LP(L, L)
with R(L + §)C k(L - L)}

Thecre= 2

Given the stable system L(A, B), then
T

€ € 5,(D) irplies (A + B C") is stable.

Proof

The proof follows by a straightforvard exten-
cizn of the proof of Lerma 3 and Theorem 1, and
herce is omitted.

Q.E.D.
Perark

It can be ecasily scen that Theorem 1 is_just
a rz2cial case of Theorem 2 (with L = 0and L €0,
£,07)). lote tiat in the general case covered by

Treoren 2, no definiteness assurption is rade of
L, and thus various ‘mixturcs' of ‘positive’ and
'negative' feedbacks are allowed.

The next propcsition provides further clari-
fizetion on our parametrization sclieme. First
cefine: .

Fo2) 26" e " = D E'K, D € K™ arbitrary,
Ee R and £ >0
£ g e R’ < meeh).
Prec ssition 2
rltg)n Fole) = -]
¥ (::) U !.2(5.) & n'.‘n

T PN
i.¢. any feedback rap & ¢ R

got Fyli) ox else ¥ (H).

is either in the



reed anly ¢ that
- - T : 1
r,i3 = (g ¢# X(C B) = BXI(
Rece :
Sisio0e G ¢ FL). dee. there e ts D¢ R™
1rn %
and ¥ ¢« B, K20 such that G = D B K. 7Then
. . 1
ey ~DEELD 280
T T 3 T T T
$0 BE(G B2 MK(S LD ) - RE(CBEB D) « BX(D B K

Sufficiency:
T
Teke D = G 8 and observe that the equation

T T T
¢ =g

T3
1=

has a solution K > 0 if l’b&(g_‘-_’_l_) - b:‘,(_(;r).
Q.E.D.

We now relate tlie content of Proposition 2 to

Theorern 2. Observe first that sz(m; ¥ (B), and

hence our parametrization scheme fails to capture
any non-destabilizing feedback map ¢ !2(9_). That

s(HH N rz(_u_) ¥ ¢ is demonstrated by the following

trivial example:

Exarple
)
1 0
_A. - . )1’ Az < O,
4]
L A2
.
1
b= d
b vg =0 1) ¢ F,(b)
0
) 1l
- 1
and (A+bg) = is stable.
0 by

2
Note, however, that if !_ is of full rank, then
the set rz(g_) is NOT ceneric in Rm‘n.

inc pore intererting question, ‘is 52(2) gen-

eric (i.e. dense) in S(Z)N Fi(B)?* is at present
unsolvad,

Our results so far have been on systems L(A,B)
which arc open-loop stadble; the quecztion next
arices a3 to what the situation vould bhe for sys-
ters which are WOT open-loop stable (i.e. A has
unstelle poles). For A unstable it is of course
not possible to write lyapunov-type cjuations. One

is 2evinded, hovewer, of the algehraic kKiccati egua
tiors; indced, we bave the follovring interpretation
ef i taaditional Li-coptimization prollenm:

Definitsne ¢
Givea (A, B) a stebilizable pair, let
»
1w, 8 ¢ oty - kG, B B 1) for seer
T -
B >0 and scre B such that (!‘, &) ic a detectable

Pair;

vhere X(%, KB, R, li?) denotes the unigue positive
senide finite solution to the algebraic Riccati
equaticn:

KA+ A -kaR R Eeup -0

e

For k fixel, we will denote the corresponding set
as oA, B, B).

Definition 7

»
(£

>0,

K e 1Dk, B; B

Proposition 3
Given any stazbilizable system L(A, B),
& € S,(5) implics (A ¢+ B G") is stable.

Remark

The above proposition werely surmarizes the
well-known 'standard' results of LQ-optimal feed-
back theory (see (1), [4)). However, the inter-
pretation here of the LQ-optimal feecback class
(S,(I)) as a parametrization of a subclass of

stabilizing feedback is interesting.

3. Structural Stability Characterization
of Linear Quadratic (1Q) Optimal
Feedback Maps

In this sccticen we show how the paravetriza-
tion scheme developed in the previous section can
be applicd to obtain characteriration of the
closed-leoop structural stebility properties of
systems; under LD-optimal feedback. More precisely,
we establish an explicit parametrization of a gen-
era) c¢lass of structural perturbations in the con-
trol feedback gains as well au in the control
actustion nmatrix (B) that leave the closed-loop
system stebilishd., Thece new results, we believe,
are the natural gerneralizatiors und nontrivial
extensions of some earlier rcsults of Anderson
and loore [2).

Vie begin by first recalling from Lemma 2(iii)
that, for A steble, X € LP(A) always implics
K € LP(A -~ B L B'K); however, for A unstable and
o
K > 0 such that (A - B I, B K) is stable, it need

T
NOT be true that X ¢ LP'(A - B L BK). The follow-
ing exarple underscores this unfortunate state of
affairs:



1 3 ¥ 2 ¢ 1 0
FBLE o
C 0 U] 1 1
1 -1 3
Then (A -BLBK G- is stable, but
0 -1
v T - -2
(- BLBE) ¢ (A-BLEK K= Lo
3 =2

However, woe have the following interecsting
obscrvation:

ler-a 4
-17
If ¥ € 1Q(A, B; E) then K € LP(A - B & lg K)

yroof

Immediate from the Riccati eguation.
Q.E.L,

In other words, the above unfortunate state
of affairs cannot occur if K is an IQ-soluticn.

We are now recady to state our first main
result of the section:

Theoren 3 (Infinite Gain Margin Property)

Let X € LO(A, B; R)

Then
T ~ AT
(n - [BIS + LIB + B(x + 1B 1K) is stable
for all
L2et, w20, 5= -7, R®) CREL-ED
N = -NT, R() C ROD
B arbitrary
Proof

-1 7T
We have K € IP(A - B R B K), so by lemna 3,

-

-3 T
2 -BR BE+ (V- 3K is stable for 211 ¥ > 0,

v = =¥ such that K(¥) C R(¥). Take ¥ = B(L -
-1 .7

o T &
B +BMB andV=FESB +BNB and we

Q.E.D.

~
For & = €, Theorcn 3 is a generalization of
the ‘infinite gain rargin' property of lL{-optirmal
feedbach for single-input systems {irct noled by

Andarsen and Moore (1), vho shiowed that the feed-
: v 3= e

back gain vector § = - - b K can be multiplied Ly

any scalar g 3> } withort 2ontroyang stability; the

wuo anvelyog classical

gront the i
G Theorem 3 nut only gruoralir thi ropoyty
ralti-input systoms, but allows prore ceonlieat
elteratione of the fecrbi k galn wwetora; 1ovrover,

it rakes the proof of this property puch pore
tranilerent
Brazh

For B ¥ 0, 1oocorer 3 allows for changes ia
the B roatrix itself without dostroying stability.
One usaful interj:etatien is the following.

Suppuse that the optimal fecdback gain natrix

¢t a nowinal B , but that the
.

has been computed £
actual value of B curing systen operaticn is
changed to B = b‘ + E-l' Then the feedhack tern
- 1 T

- ¥ -
becones (B _Kk B, K+ Bk -a—o K). As long as -B-l.

>
=B 0 ¢+ MR for some 4 = -N , M > 0, Theoren 3

will guarantee us that the system will remain
stable. (For exargle, P‘l = agv, a > 0). More

complicated cases ave allowed.
Remark

Mternatively, the case _li ¥ 0 can be inter-
preted as allowing for the pocsibility of adding
extre controllers, ard using these extra feecbacks
to 'fine-tuna' the closed-loop behavior of the
original system. (A nore systematic exploitation
of this idea will be dealt with in & future publi-
cation; see also (3]).

Theorem 3 has dealt with the case when the
‘negative’ feedback gains, etc. are allowed to in-
creacse in magnitude; the converse situation, when
the 'negative' feedback gains are reduced in mag-
nitude (or when tiwre is system structural para-
meter changes) is exanined in the next proposition:

Theorer 4 (Gain Feduction and Pobustness Property)
Let K > 0 be the Riccati solution to the LQ-

problem (A, B, k, @) where R > 0 and (21/2, A)
detcctable. Then

(i1 + 1) ‘T:-'.\ is stable

(1) (A -PB Me
3 =}
for all ¥ > 0 such that M > TR
T
L)

/2

1 =
(i1) 1£ (Q o !\_) is actuvally observable, then

(A- B+ MEE+ K (Q+ 1) is stable

.
where M, I' are as above, and

g =@ is such that § < -;— g, n(%g - QIR

-~ o7 1 ~ ~
and & = =i such that R(5Q - Q) D R().

freof
A -1 T
(i) ret I_SL (A-BRBK,B ~I(A, B

)
= ]l -1
Then we have £ € l.P(Zc, 3 R ) from the

kKiccali eguation, and so by Theorem 2,



(A ¢ Bt ~ u . T is stevle for all # < 2 g7 £ 3

g T i, S e If we take @ = | T

N = -N el e
. - 13 &)
- - T
r (A - B( - M+ N)IB K is suible E
. - W= gEeD2B Y o Then we chtain the algebraic Piccati soluticon
» = - ] o) o

let ¥ ¥ R ' . N> ‘-_ "¢ and the proof is e _

orplete. K-

0 1
| T, :
(i1) let A & (A - B(M + X)B'K). From the PRiccati E T
- gl Sy PSR e ) i and the cptiral! fee’back gain g* = -2[1 1]

equation we have -

. B 8120

s  ag -1, 7 1
L.“.‘.'f'. K+ KB(2M-RI)BK+Q=0 For any 6A =

2 -

Since (9 /2. A)-observable implies K > 0, L"lz ¥ 52

K" exists, so we have KR+ kg 4w

+ (E"'c ()&N)) Ko) B(2‘Q-R1)BT:'_ where y ¢ R, <
s lQ-2D) =0 %12 B -
Hence, subject to the condition %9_ 29 we are assured by Theoren 4(ii) that

1 o - it-oa Sconin
R(:‘; 9 -8 R(Q+N) it can be shown that 5+ Bl By + ¥

( (-2)+KB2M-R—1)BYA*K-I(A'f!‘;)) cbg-.'r
Q) +ERMR NMEACE QY Ba-v -2+8,
is observable. Thus by Lemma 1(iii), ——— ——
-~ -1 A ~ i* cé..
(!\_C + K (g + N)) is stable. : 1
Q.E.D. is stable for 211 a > Y

onsid the following special cases:
Thecrem 4(i) is a generalization of the known . - e .. "

‘gain reduction tolerance' property of LQ-optimal (a) y= B =5 =0
fecedback. This interpretation is most transparent 2
in the special case when P = diag. (al,...,cm) We have
and ¥ = ai ag. (41,...,a ), N N ¥ 0. Then the origi-
nal individual feedback loops are of the form 5 28
5 12
T * 1
u =-ab 'K =1, .coom + @b g* stable for all o > 3
e =2
The theorcem states that, in this special case, ———
the systenm remains stable if the feedback gains A+ CI_\_
are reduced to and B such that

~ L
Y = -abE
2 3 3
- 1= % 1. - =« <1l+ =
so long as a; > %‘i' . 312) it 2 812 : 2
iore complicated cases are of course allowed.
(b) o 812 =0,

Remark :
Hy interpreting the additional term Y_l(?» + ﬁ) We have
as a rodel perturbation term 2 of the opcn-loou
ratrix A, we can use Theorem 4(ii) to perforn fin- S+ Bl 0
ite portuzbation sensitivity analysis. + b 9_"1‘ shahis Sow 413
The following simple exanple illustrates the ) -2+ =
usofulness of this agnriach:
Exaisle 1 o
e > = and { g, sue
a 3 an (’1, iy such that
[.5 0 I [1
Lot 2 o= ! b o= 3552 .50 %3
— 52 (1 : 4
b ’ 1) (.95 - ;"-1)(3 - F-z) > 1
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4. Concluding Remarks

Since further gpplications of the pararetri-
zation results established in thic paper to relia-
ble stabilization synthesis and decentralized sta-
biliration coordination will be rad: in a further
publication, we will reserve a fuller dissussion
of the implications of our approach until then,

At this point, however, we would like to point out
an irportant implication for practi-al design thot
is irrediate: the ability to prrforn feedback
‘loop-shaping’ anzlysis.

In any realistic synthesis proehlen (keeping
a sysztem stabilized, localizing particular dis-
turbances, etc.) there is usuilly a large nusber
of fcasible solutions. While the uss of cost-
criterion optimization (e.g. IR) in theo:ry allows
the cosigner to pich exactly one cuch solution,
in practice, thnez difficulties of judging or fully
incorporating the relevant cost consideraticns and
their trade-offs as vell as the often gross podel
uncertainties and phycical variebilities of the
systen and the controllers, necassitate further
sensitivity analysis or trial-and-ervur ‘hedging’
about the nominal sclution. It is therefore very
ipportant in the corputer-aided design context
that the ‘'feasible <olution space' structurc be
known in sore dotails to facilitate and guide the
conduct of iterative search. JIn this regard, a
rojor rmerit of a 'clessical’ desicn technigque like
root-locus is that it provides an explicit func-
tional dependence of the cloced-leur system struc-
tures (distribution of poles &nd zercs) on the
control structwre (fecdh-ck gain). However, such
clacuical approachus become totelly intracteble
vhen there is a multiple nurber ¢f controllers,
while modein 'state-space’ lincar feedbuck design
techiiiques like ‘pole-placcrent' algorithm and
‘dyadi. ~fecedback' design suffer the sericus draw-
bac* of wvoviding little structural information
eboutl the solutions they gererate, end roreowver
such techniques are guided rore by ratheratical
convenience than by physical interpretation.

From this perspective, the pararctrizatiou
results established carlier appzar to be promising
in providing thc Lasis for a new iterative design
algorithn that will overcone the last-mentioned

» e ! P e
Sravhacks.

Several years 190 Posenbroch {£) sucgetted a

forguoncy=domatn tulti-loop feadback dogiza tuche

arzay’ sethod) wi.ch

vt o e 4 at2 2t to CVercore Sohe

o-Teh” 1S I dtasracks, NiL appzoech
enntrast wit! Bre, tch is a *tizc-dorain’

« It will be 2 resting O investigate
ctien, if zry, batweon the twWO appoOraches.
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