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ABSTRACT

In this thesis four design problems are considered: two on the
optimal minimum order observer—based compensator design and two on the
cptimal limited state var:.able feedback controller.

Chapter II considers the problef of desigring an opt:.mal discrete
time lineax time~invariant chsexrver-based compensator for the regulation
of an n dimensional linear discrete time time—-invariant plant with m
independent outputs. This is a stochastic design problem to the extent
‘that the initial plant state is assumed to be a random vector with
known first and second order statistics. The compensator parameters
are obtained by minimizing the expectation, with respect to the initial
conditions, of the standard cost, quadratic in the state and control
vectors with the inclusion of cross terms. The time interval con~
sidered is [0, +w).

' The emphasis is on the necessary conditions for optimality. It
- is shown that for a given plant in state~output canonical form the '
optimal compensator parameters are non migque but are related by a
similarity transformation on the observer. Questions on the nature of
the Riccati eguations obtained as well as the invariants of the design
under a state-output similarity transformation are answered.
' Chapter IXY deals with the discrete~time version of the optlmal
output feedback controller problem. This problem is treated on the
- basis of solving two discrete-time versions of the optimal limited
state variable feedback controller problem [T1;S2). Two different
design methods are presented. The emphasis is on the necessary condi-
tions for optimality.

In Chapter IV the optimal limited dimension control problem for

linear systems is tackled in the context of aggregation theory [al].



The analysis is done in contlnuous tlme for the sake of notational
simplicity.

Chapter V considers the problem of designing an.opt.wal time-
varying observer-based compensator for the regulation of a linear time
varying plant with a known input disturbance. The initial plant state
is assumed to be a random vector with known first and second order
statistics. The compensator parameters are to be obtained by mini-~
mizing the expected value, with respect to the initial plant state, of
the standard cost, quadratic in the state and control vectors. The
time interval of intexest is [0, T). The analysis is in continuous
time and stresses the necessary conditions for optimalifty. The enphasis
of the chapter is in showing the separation property of the design
method proposed. That is, the control and state reconstruction problems
are decoupled and can be solved independently.

~ Thesis supervisor: o . .- . Timothy L. Johnson

Pitles ' _ Associate Professor of Electrical Engineering
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CHAPTER I

I.I Bzief Historical Review

Among the many contributions wf Professor R.E. Kalman ta éhe
modern control theory is the rigorsus formulation of the linear state
regulator problem and its solutiﬁﬁ in the context of the calculus of
variations [Kl1]. he philosoph& behind this design criterion is to
obtain aﬁ optimal closed loq? system with the property that deviations
from the nominal plant stite are kept near zero without excessive
expenditure of control energy. The problem was formulated as a com~

pletely deterministijZ one; namely, the initial condition vector was

‘assumed to be knowh completely. Basically the solution to this
broblem leads t¢ an thimal feedback control law which requires know-
ledge of the ghole'state vector. When this formulation and solution
are analyzed;érom the practical point of view we find that they con~
stitute an idealization of a real problem in the sénse that quite
often neither the initial condition'vector nor the complete plant
.stéte vector are available as measurements. For this reason the
problem was reformulated as a stochastic one to the extent that the
initial plant state was assumed to be a random vector with known first
‘and second order statistics. The cost was also modified to be the

ensenble average cost due to the random initial state. Surprisingly

enough, it turned out that when the problem was formulated in this



way, the optimal (in an “average sense") contrel law obtained was the
same as in the completely deterministic case. The technicality of

the absence of complete state measurements now had to be solved.

Guided by the previous results (that the optimal control law is a
linear function of the state vector) a reasonable approach for solving
this problem would be to reconstruct or approximate in some sense the
plant state vector. In fact, Luenberger [L3] proposed the use of an
"obsexver" to reconstruct asymptotically the state vector based on all
the available information {plant model and measurements). OFf course,
the state reconstructor is not the only solution to the Pprcblen of
regulating the plant state. For instance, in 1969 Levine [L1] proposed
the use of an optimal output feedback controller. In these design
methods the optimal control law is a linear function of the measurement
vector. This latter design technique may have important practical draw-
backs that force the designer to use a dynanic compensater. Namaly,
‘sometimes the plant cannot be stabilized by means of output feedback,
or the performance is not satisfactory for the application at hand.

The deterministic Luenberger cbserver design has a slight draw-
back: the observer parameters may be selected rather arbitrarily. This
motivated some researchers (Newmann [N1]}, Ytksel and Bongiorno [vi},
Miller [M1], Rom and Sarachick [R3], Blanvillain [B2] and many others)
to determine the compensator parameters {control law plus observer) by
minimizing a performance index. ihen posing this optimization problem

the following two facts are strongly considered: the initial plant
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state is szldom known perfectly and second, if the initial plant state
is known perfectly then a Luenberger observer, with arbitrary dynamices,
can be designed so as to reconstruct perfectly the compléte state.

These are reasons for treating this optimization problem in a stochastic
contex£. 2nother important point, when this. problem is being forma--.
lated, is the dimension of the cbserver. (n-m)* was selected because

it turns out to be the minimum dimension the cbserver should have in
order to reconstruct asymptotically with the aid of the output vector,
the entire state vector {see Luenberger [L3]). BAll these elements gave

rise to what is called the optimal minimum order observer—pased com-

- pensator problem. 2an approach to this problem in continuous time was i

proposed independeptly by Miller iMi], Blanvillain [s2] and possibly
by others. The second chapter of this thesis considers the discrete
time version of this problem. We note thaé very recently approaches

to this problem had been proposed independently by two authors.

Roberts [R1] mimicking Blanvillain's approach only presented the
necessary conditions for optimality. O'Reilly and Newmann [Ol] tackled

the problem guite similarly to the present treatment but took one of

the design parameters to be the identity matrix.

Several approaches to the reduction of compensator dimension
have been reported. The work of Johnson and Athans 1] is one such

contribution. In this paper, the compensator structure is assumed to

* n - dimension of the plant state vector
m - dimension of the measuremant or output vector
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be of a fixed form and a quadratic cost is in#roduoed in order that
the problem be well;pose&. Later in.1975; Sirieeﬁa.and choiepzeSEnﬁea
a sllght modlflcatlon in the performence lndex. One of the megor
advantages of these “two formulatmons is that the problem can be reFor=
mulated (vla augmented matrloes) as in Levnne s optlmal output feed~ :
.back controller problem. For this reason Chapter ITY presents the
dlscrete time versmon of the optlmal output feedback controlle::prdblem.
Two completely dlfferent epproaches are presented, so as to give more
1n51ght into the problem 1ssues and as ways of‘presentlng useful dig-
crete time qptlmlzatlon technlques. We also present an approach to
the optlmal reduced oxder oompensator problem v;a Acki’ s aggregatlon )

theory. Thls lS the subject of Chepter Iv.

T.IT 'Outline of contents

In Chapter IT the pxoblem of" desmgnlng an optlmal*ﬂlscxete tlme
linear tlme—lnvarlant observernbased compensator for the regqulation of
an n-dimensional linear discrete time time-invariant plant with m
independent vutputs ie considered. It is assumed that the initial
: plant state is a random vector with known flrst and second order staﬂ.
tistics. The performance 1ndex isg taken to be the expectatlon, with
respect to the lnltlal condltlons, of the standard cast, quedratlc :
in the state and control vectors with the inclusion of cross terms.
‘The time_interval_of interest is [0, 4+®), The emphasis is on the

necessary conditions for optimality. It is shown that for a glven
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plant in state output canonical form the optimal compensator parameters
are noﬂ-—uniéue but are related by a similaritﬁ' transformation on the
observer. Questions on the nature of the Riccati equations obtained

as well as the invariants of the design under a stata—ouﬁput similarity
transformation are answered.

Chapter III deals with the discrete~time version of the optimal
output feedback controller problem. This problem is tzfeated on the
basis of solving two discrete-time versions of the optimal limited
state variable feadback controller problem [J1;52]. Two diffexent
design methods are presented. The emphasis is on the necessary condi~
" tiond for optimality. ~ T . o ]

Chapter IV considexs the optim;l limited dimension compensator
design problem in the ccntext. of aggregation theoxry [All. The analysis
'is done in continuous time for the sake of simplicity.

Chapter v considers.the problem of designing an optimal time-
varying obsexver-based compensator _for the :&_egulation of a linear time-
vafying plant with a known input disturbance. The initial plant state
-i_s._asgt_:med to be a random vector with known first and s_:’_econd_- oxder
statistics. The performance index is taken to be the expectation,
‘with respect to the initial condition vector, of the standard cost, -
guadratic in the gtate and control vectors. The time interval con~-
sidered is [0, T]. The analysis is in continuous time and stresses
© the necessary conditions for optimality. The emphasis of the chapter

is in showing the separation property of the design method proposed.

R —



) ____-the. subscr:l.p'l: E fcn: nota.t:.onal ccnvem.ence. -A(n % n) denotes ‘the . . _ - -
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That is, the control and state res_::onstructi_qn problems are decoupled
and can be solved independently.
The conclusions and discussion of results appear in Chapter VI.

Also, possible research extensions are discussed.

1I.ITT Notation and Texmirclogy

Small boldface Roman letters will denote vectors and cap:.ta.l
letters the matrices unless otherwise stated. A' denotes the transpose
of A, T the identity matrix and 0 the zero matrix with appropr;.ate
dimensions. Discrete tiwme vectors funct:.on of time t are denoted with

matrix A which is d:.mensn.on n X 0. It is stressed that a glven matr:.x

nay have different meanings and dimensions according to each chapter.

This is because the chapters axe independent of each other in contents
and reguized a large guantity of different matrices..

If Ri{n x n) is positive (semi-) definite, we write R > 0

"(R>0); R>Qmeans (R - Q) > 0.

The expected value (ensemnble average) is denoted E (usually not

' followed by brackets) . ' The covariance matrix of a vector-valued

random var:i.ab le:

DBk x' (£)} - Blxte) JE(x Wl

is denoted by:

cov{x(t)} o : , | )
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A reference for the.concepts of controllability, ohservebility

and stabilizability used is W.M. Wonham [Wl].



CHAPTER II
* DISCRETE-TIME OPTIMAL MINIMUM

ORDER OBSERVER-BASED COMPENSATOR

II.I Introduction

| In this chapier, the problem of designing a concpensatos with _1
dynamics constrained to be those of a discrete time minimum order
._observeﬁ is f__con's_i_.de'z_:ea_.'_ The necessary conditions will be developed
.fdr a discrete~time lLinear time invariant plant with random initial

state. - The cbs‘t. to_-be"lﬁinimi"zea' is the’ e:apectatibn; with reéPBct to

-

-'I:he 3.n::t1al sta.te : of the si‘andar& qua&rat:r.c cos-i: for the d:.screte _

S pdime 1:1.near regulator problem. The e_mphasz.‘s. of (.ha.s chap.ter is on
‘the necessary conc'l:z:t:.ons for optimality; A histsrical‘ account: of

- the prohlem, 1nclud:mg sal:u.ent features of observer des:s.gn, is pre-e .'
, senteﬂ. =

| ' ‘I’hzs chapter is struc'tmxed as follows.' .Ih. .. fixe secohd sestion
_the dlscrete—-t:.me ln.near regulato.r problem is presented. The thlrd
sect:.on _presents 'I:he structure of the mlnlmmu order observer——-based
o ccm_pensator. _ In sect:.on II. IV the sygeclf:.c opt:r.mal control problem
is. :Eormula'ted and. necessary condltz.ons for o;gtmalz_ty are found. |
_-.-Sectlon fz.ve d:.scusses ;bu:n.efﬂ.y Ihmw the suffmienc«y pea:i: ©of *bhe proof

of o_pt:u.mal:r.ty is worked out (based on Miller's paper [Ml]). The con- -

- da.ta.ons for ex:.stence of pos:a..t:we aerlm.te anc'i posz.t:n.ve sem:.defa.n:.te

—15-
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solutions of the Riccatl equations obtained from the necessaxy
conditions are given in section IT.VI. The last section deals with
- peripheral issues pertinent to this prohlem, and discusses the rele-

vant literature.

II.II The .digcret.:e 'tiﬁte_lj;near regqulator problem

_fhis sectiqﬁ_cqnsiders the problem of designing a full state
.feedbéck contrai'fdf a-ﬁiscrete;time linear time invariant piant.
The problgm is iormulated as a stochastic problem because the-initiél
condition is assuméd to be .a. r;a.ndom veétor with known first and second
.. -ozdexr 5;atisticsff-Thgjqptimal control sequence is defined as that -
control sequence which minimizes the éﬁpectation wifh respect to the
initial conditions of the_discrete time standard qost,_quadratic in
the states and contxol with the inclusion of cross terms. Only the
problem formulation and results are presented since this problem is

solved in the literature.

Optimization Problem Statement
Givens .
;.) the .fof!..lowing m:r.n:.mal diécrete-—tiﬁe linear time inﬁariant
plant: | _
x(t+l) = A x(t) + B ult) ; t ¢ [0, =) (2.1)
- where
x{0) is an Rn valued random vector with known Ffirst

and second order moments
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Cx(0) js an Rn-valuad i:andor_n process with statisties
- dexived from (2.1) and i:he initial condition
statx.sta.cs
ul*) is an R¥ valued random process that is a linear
" funetion of x(:). |
-The known matr:.ces Al % n) anc‘i B(n ® ) have real entries
anc'l are d:.mens:.oned accorda.ngly to x( ) and u{ ) I 'rhe

}_:az.r (A B) is controllable.

b) the real we:.ghtn.ng matrlces Q(n x n) ’ S(n X r} and R(r X r)

- .such that .
g s , : -
o >0 and R> 0 _ o {2.2)

. Find: .the optimal full-state fesdback control¥, .dé'finé.d--as :

that control sequence which minimizés the following costs

J(w) =B ]2, x0x, + xSu, + wisix ¥ utRut : (2.3}
S =0 ) )

" fhe solutioh to. the above optimization problem is well lmown

fp1] to be

g u(t) B x(t) = ~(R +B'TB) "Hm'Ta + s¥)xtey ~  (2.4)

where T satisfies the discrete tirme algebraic Riccati equation:

* More precisely, adm1551ble controls are those which depend on the

- past history of x(-}, () € [0 t]

T
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o

'I'_ =A'TA+0 - (BT A+ S')(R+ BT B) I®'T & + s'Y  (2.5)

'Ii.III The structure of the discrete time minimum order cbservex

hased compensator

In the prevlous sectloe the.prcblem of desrgnlng a control
law (under the assumptron of perfect full state measurements) for a
'dlscrete tlme linear tlme 1nvar1ant plant was posea.and the solutzon
was given. In this sectlon the assumptlon of perfect measurements
is no loagexr valld and a minimum order observer based compensator 15
_reguired _ ThlS section only presents a review of the dlscrete trme
rminieum‘oraer dbserver. The qptlmlzatlon problem for deternenrng
the_compensatoreparameters is treated in the next sectrqn.

.The assumption of perfecr full state measuremenits in the linear .
reguiator problem (see previous section} is an idealization very
seldom encountered in applications. Most of the time a linear combina=

© tion 'of the states is available instead:

| yit) = C x(t) ;. te {0, +) '_ o - (2.8
where: |
:yff)' is an Rm_random;preceee_with statieries_derived_from_
those of x(+) as given by (2.1).7 m<n
¢’ ° is a real m%'n full rank matrix.. The peirf(A,c}.is--

'observahle.

In this case, guided by the résults in seéction IL.II (that the ‘optimal
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control law is a linear Ffunciion of the states}, a reasonable approach _.

for solving this problem is +o -reconstruct oxr approﬁma.te in some

sense the state vector._ Then the "suboptimal control" would have the
same form as the optimal contxol, but wa.th x(t) (the “approm.mata.on"
to x(t)) instead of x(t). OFf course this is not the only solution to
this problem; one might alsc use an optimal output feedback controller

- (Levine [T1]). However, this control might not stahilize the plant,

or the performance obtained might not be satisfactory for the appli-~

cation at hand. Forsthese or related reasons, the designer may be-
forced to use a state reconstructor as part of the compensator.’

In the eerly 31xt1es, D. G. Luenberger (see tutorial paper [LS])
proposed a solution to the ahove problem- to vse what is known as an
ohserver. In an observer, all the available lnfbrmatlon (plant model,
measurements and external control) is used o reconstruct aSymptotl-
.cally a lineaxr functlon of the stete vector. In the pxesent problem
'observers can. be used in dz.fferen‘- foms. E‘or :I.nstance, us:mg what
is known as an 1dent1ty obsaxver, the whole state vector is recon-

: _’structed v:La a ln.near t:.me J.nvarlant dynam.c system of order n:._

' 'Another~approaoh would be to put the plant moael in state—output
:oanonlcal EOrm (Luenbnrger [L3], Rom and.Saraohlck [R3]} and use an
-observer of order (n~m) to reconstruct only the states missing in the
. dutput veoeo;;_ The third agproach would be-to use the observer to .

recoest:uct asymptotlcally the optlmal contxel law w = Px vhich is

. ‘ancther 1ineax function of the stete:(see_Fortmann end_Williamson:
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[FL1) . In this last approach the;v:e is the possibility of reduvcing
the order of the cbserver to a number less than (n-m). The former
approach has the disadvant_age that the oxder .of‘ the observer may be
too large for implementation. On the other hand, the third approach
presents a ser.i.es of mathematical complications (séé I-Iﬁtazedi [M21)
which do not permit the simpiicity of the rfirst épproai:hes. Another
point ié that the multi-output, multi-input case has not been worke’é
out. In the following pages the discussion is centered around the
second approach: the minimum order obsexver.

~ Given that the vwhole state vector is not available for imple-

mentation of the opti:ﬁal control law a realization of the control

- signals given by the following compensator is considered:

z(t+l) = F z{t) + G y(t) + D ult) - o (2.7

#(t) = N yle) + M z(t) | R (2.8)

ult) = P R o (2.9)
wheres

z(*}) is an R random process with statistics derived
PEEIE
_ y() is tl_’_le Irandqm .éxocess rc'lescribed by _(2.6)
2 J.S an Rh random process .with statistics derived
- _from (2.8)
The matrices F({n-m x {n-m)), G{(n-m} % m), B{{n-m} x x),

 N{n xm), M{n x (n-m)) and P(r x n} are real valued matrices



to be designed.
For the above dynamic system to be an observer (Luenbexgexr

[1.3]) the following relation must hold:
z{t} = T x(t) + e(t) | (2.10)

vhere z({t) approximates T x(t) if and only if (for the continuous

time version see Fortmann and Williamson [FP131):

a) F is an asymptotically stable matrix
b) TA - FT = GC _ | (2.11)

¢) D=1B | | £2.12)

s 5';(‘.:) in (2.8) estimates x(t) if and only if T, in-addition to a), b),

¢}, satisfies the following relation:

NC+ M =T ' ) | o ' (2..13}'.
As a result:the_error dynamics described by

e(tsl) = F elt) | (2.14)

are guarénteed to decrease asymptotically to zéré .a's time progresses
(see condition a) above). | |

: dné. ﬁs_'e'fﬁl' éE;ua_tio'n that ﬁbﬁies ﬁp .as é reéuit'of ﬂs.:.i.ngAfz;G') ¢
(2.10) and (2.13) in (2.8) is:

Z(t) = x(t) + ¥ el(t) . {2.15)
The dynamics of the observer as well as the error is determined

by the eigenvalues of F. This suggests the conclusion that the closer

- the eigenvalues of F are tc the origin the better the observer (since
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the error approaches zero much fastex}. It can be shoun that very
small eigenvalues of ¥ do nct necessarily minimize the standaré
guadratic cost (see Blanvillan [B2] for a historical account in con~
tinuous time). This precaution caused engineers to design dbservers‘
with dynamics a little bit faster than the plant dynmamics. This also
excludes the poséihility of having observer and plant with common
eigenvalues which may preclude the existence of solutions to condition
b). The reason for this technicality is the nature of eéuation (2.11)
(for a good analysis of thié eguation see Gantmacher [Gi] and Luen-
berger [13]). _ |
© " 1n the late 60's and early 70's (Newmann [N11, Yikksel and
Bqngidrno {¥l]l, Miller [M1], Rom and Sarachick [R3] and others) much
interest in obtaining the parametérs F,G,D,N,M and T by minimizing a
cost was expressed. An approach in the gohfinuous fime case was
proposed independently by Miller [M1] and Bianvillain [B2] (and
possibly by o@hers)._ Miller's_épproach_minimizes the standard quad-
.ratic cost, constraiﬁiﬁg tﬁe.ﬁontrol 1aw-£n be aﬁ affine function of
x(t). ‘Blanvillain's derivation. transforms the_system to_the state
éutéﬁt caﬁﬁniééi f&rm,.aséumes the,ﬁptima; confrol.to have tﬁe same
 form as the oPﬁimgl control. for the 1inéar regulator problem, and

minimizes the increment in cost due to the use of the observer. Miller

. . by contrast, proved that the optimal gain on the reconstructed x(t)

has the same form as in the linear regulator problem. The only slight

‘drawback of Miller's analysis is that he does not use the state-output
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ca:_mnical transformation to simplify the problem. As a result his
equations are complicated and sometimes confusing. For the discrete
time problem an approach similar to Miller's will be followed, but
.‘Ehe sinmplicity obtained when the plant is put in state output canon-
Adcal fowm will be exploited.

in order to simplify (2.42), (2.12) and {2.13) the plant (2.1),
(2.8) will be transformed to state-output canonical form*. Then (2.6)

has the following form:

é]x(t) - {2.16)

vt} = [I
vhere I is the m.x m identity matrix and 0 is an m x {n-m) zero matrix.

The partitioning (2.13) in the same way (2.16) suggests:

. . I
- [ . ] ‘[ i1 TIr-’] J:o

(2.17)

3 .
[ RN

e
R o
e )

where:

re g

| (nem) x-fn (ﬁ-m) x {n-m)

Ny gt
nxm 1nx.(n-m

T

the I's are identity matrices, in accordance with the Partition. Con-

“#This is no loss of generality since, given that C in (2.6) is full
rank, we can always find a similarity transformation J such that:
~1
[x [ 0l=c¢cJ

*
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—2

sidering the partitions :Ln (2. 17] separately, eguations for M and B

are obta:med in terms of Tl and T

2
0 : .. .
. 1. =L -1 : : ‘ ‘
w= | o, ewr (2.18)
I .
_ . . T . .
10

T2~1 must exist for (2.17) to make sense. Using the sbove parkition

for T and C, equation (2.11) becomes:
A Ay
T T h 21 - pir T = Glz
i, T2 A a 1 2
- '_. . 21 22 R . -

Then, the matrices F and G can be expressed in terms of . and T_-

LE NN ]

0] - {2.20)

3 2
F=(FTa +Ta )T_I;TALT—]' . (2.21)
171, © T2z, 2 “a
G = Tlnll + T-zazl -F T (2.22)

IT.IV The specific control problem

As was shown in the previous _section, all the parame_ters of the
- compensator (see (2.12), (2.2.8), (2.19), (2.21) and (2.22)) can be
determined once the matrix T is known. 1In this section an optimal
contrxol problerﬁ for determining £he matrix T and the feedbac}; gain P
of '(2.9} is posec’i a.nd solved. The performance index usec‘i is the ex—
pectation with respect to the initial cond:.tzons of the standard .

_discrete-time quadratic cost. It is shown that the necessary condi-
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tions to have a stationaiy point are satisfied by the feedback gain P
for ﬁhe case of perfect méasuremeﬁts. The solution of the optimiza-
tion problem reduces to finding the solution of two independent dis-
crate~time algebraic Riccati eguations. These are necessary for com-~
puting the feedback gain P and fhe matrix T independently. The former
_ depends only on the weighting matrices an&.the-plant model while the
latter depends on the initial condition statistics and the plant model.
As a result we cconclude that the control and estimation problemﬁ are
decoupled and a kind of separation theorem holds. The sufficiency

part of the proof is the subject of the next section.

Optimization Problem Statement

- Given:

a) E{x(0)} = m,, and E{x{0)x'(0)} = £ for the process

x(t+l) = A =z{t) + B ult) (2.23)

yie) = [I

b) the matrices A and B for the model (2.23)-(2.24)

[ ENE]

o] O | - (2.24)

c) the weighting matrices Q{n x n}, R(n 2% n) and S{n x r}

such that

Q St - _
' 20and R>0

s R

Find:  the matrices P(r x n), Tl((n—m) x m) and Tz{(nrm) % (n-m))

and the vector zo(n—m) such that the Ffunctional:
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- ° . ) ) m -
J{p, T, T =R N + u's” + x!
(e, 1t Tor ZO} { Z tgxt ut xt XtSut + utRut}

=0
{2.25)
svbjeut to:
w(e+l) = A x(t) + B ult) L o S ' - {2.26)
u(t) - P x(t) + L-rz"le(t) | T {2.27)
e(t+l) =T A L Tz"le > B o (2.28)
e(0) =‘zo_- T %x(0) {2.29)

is mini.mized {Recall that T = [Tl Té]) -

The above optlmlzatlon problem can bhe 31mpllfled as follows.

Us:.ng (2.28) in (2.25) the cost becomes:

) (=2
J(®, Ty, T, zg) = E E,} [xlel] -

Q+SPHP'ST+P'RD o SPLT2"1+P!RPLT2"1 X, }
" -1 -1 -1 -1

T LIPS =yt 1Y Wy IT Pt

{ 2 }'LYP'S (Tz YILTP'RP (TZ ) L P RPLTZ et

(2.30)
Constraints (2.26)-(2.28) can be written in closed loop system form:

T -1 _
sl + $2J i
( ,) _ A+BP B LT2 x{t) | (2.31)

e{t+l) 0 TALT 2'1 elt) |

Using (2.29) the initial state second moment matrix can be obtained:

Il

E [x' (o) e(O)]
e(0) zom'-TZ zozé—zom‘T'-Tmza-l-T L T

(2.32)
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It is important to note that using the observexr approach the
closed loop system dynamics (see (2.31)) is composed of two decoupled
sets of eigenvalues: closed 106p system eigenvalues for the perfect
measurement case plus the error or compensator eigenvalues., Also, we
should keep in mind tha£ the optimization problem considered makes
sense only when these sets of eigenvalues can be placed in the left
half complex plane. This restriction imposes certain properties on
the system matrices A, B, C that will be discussed later.

The ghove dynamic optimization problem can be transformed to a
static optimization problem of the following fbrm.(the steps taken are

““similar to the ones in Appendix D for the output feedback controller) :

= 'y, N1
J(p,T_,T_,2 LK) BX 1 21 .
172" T r
. l2 22
2 mz'-Z7’ —I' 'y
. Y 4 L= 11 12 o+
v _i | [T L X ] s
| zm T 202" % oM m Tmz0 TET | _Plz Pzz
™ ——
(A+BP) * ] Tl Pl
. + - - i 2 |.
(BPLT, )° (TALT, )° I‘i r,
L 2 g J
i -1
(3+BP) (BPLT2 )
. +
0 (TALT2 ll
L.

O+SP+P'S'4+P'RP SPLT2“1+P'RPLT2’1 K, K
+ -1 -1 -1 gl 2
(T Y'L'P'SY (T JIL'P'RP {17 YILYP'RELY X! ®

2 2 2 2 L, 2,
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T K,. : - im .
where K=} 13.- L J"2.' M= 1 .
- 1 -
i 1, _Kéz o,
T T Iz 5
r=Yh L, z=1|14 1,
T: T nro z
;.12 .22_ 12 22

with dimensions accordingly.
The necessary conditions for (2.33) to have a statioﬁary point

at p*, e T3, z5r K*, * are the following:

P} , ' (2.34)
L5
e | . (2.35)

aJ ' )
3] =0 . | . (2.36)

7 =0 : ' | : (2.37)

x| =0 | (2.38)

=0 - (2.39)

vhere means "evaluated at P%*, T;, T;, zg, K&, I'&n
*
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Using Athans {A3] the above conditions become:

From (2.34):

[S* 4+ Re* 4 B'I'* (A + BP#)]K* + [S8' + RP* 4+ B'T¥* (A + BP¥*)1*
R 1 1 ‘ X
_ 1 1 . i
-1
» *
_ Kl )

1854
a2 2

T+ [RE% & BT BRRILOF KA 4
1 1
"+ [RP® 4 B'IF BRR]LE* Ikx (p¢lyvnt 4 BUPF meanms L .
, I, 2 T2, 2 1
1 2. 2
R e LI AL I (2.40)

From {2,35):

-

21 - -l -1 -1
Tt [— L+ (A + BP*)K¥ (T% ")'al, + BP*LT¥ "K¥ (7% ) 'A
1 o X 1 72 1.2 2 2,2 1
2 . 2 2 2
...12

: _ -1 ~1
+ T® |-zkm! + PFY_ 4+ TEL ¢+ (TFA_ & TEA_)TH CKE {TF Ty »
2, L 01 1 11 12 11, 22, 2 22 2

- A ]= 0 ' | ' (2.41)
12 _

From (2.36):

L. '
It [" Y2+ @+ BoMIKE (73 Yyrar & pprmraRE (7Y ear ]'
1, 5 2,72 2 | 2 T2 2 2

5 2 2 2 2

=] ~1 .
+ T {—z*mé + TFL., + TEL, + (TFA, + TEFA_ )TE TKE (rE ) 'Al }
, 3 2 ]

22 0 1 12 2 22 12 2 2 2 2 2 22

- |TE"Ig#r (SP*L + P*'RPL + (A' + P#'B')T* (T*A_  + T#A
[Tz Klz(SP L+ P ¢ }Plz( 11, " 2 22’

+ (A' + P*'B')T* BP*L)T*"l]' -
1, 2
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- -1
- | 7% 11:* {7 T)'{LTP*'RP*L + L'PH'B'IE BEYL +
2 22 2 : 11

+ L'P#'B'TY (T*Al + THR, ) + (B] T*' + A ;_‘)I'*'BP*L +

X 2, 171 22 %2
+ @ myt o+ By mE0TE (0, + TR })T* 1] a (2.42)
171 2,27 29 12 22,

 From (2.37)

%1 % (g% ~ TEm) = '
lem'+ T22(20 T*m) = 0 o : (2.43)

From {(2.38):

P T A + BP*}' T I's
I';'_' 4 (Bp*m*;"l)' (T*ALTé'—l) ' I'i' Ty
2 2 2 2
(a + BP¥) (B?*L-I';'l)
- +
0 (T*ang"l)
Q + SPF + P*'S' + PH'RP* szzn*r:.'rg"l + P*'RP*LT;"J‘
+
iyt peias Iy i ipk i ppE *-1 T tmd 1 oD, -1
(s )ILIRHIS + (T3 ) 'L RR (T3 ) 'L'P*RPALTS
(2.44)}

From (2.39):

-1

X* K* (n + BP*) BR*1T* K* K*
11 1, _ 2 1, 1, .
_1 )
%1 * * * Y %
.Kl LS o by AL'I‘2 34 K%

2 2 2 2
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{a + BR®)T 0 ’
(BP*I.T:?'*H:') ' (T*ALT;’Z'-l)'
7 z mzk! - ZTH
+ o (2.45)
s okl o pdm et %t NI
b I zozo zom i T"-‘m.'.?.cl + PELT

The above conditions can be simplied as follows:

Expanding (2.44) the following matrix equation is obtained:

I.'E’Lf = (A + BP¥) 'Pi (& + BP*) + Q + SP* 4 P*1g! 4 prrgps
1 1
(2.46)
C - démpari_ng his equation with (2.5) we can ses that _3£ P* is given by:
P* = ~(R + B'T§ B) HB'Tr A + g7y (2.47)
i L
1 1
Equation (2.5) is obtained with I'i = I'. We will suggest such a salu~
l . .
tion to the necessary conditions. Whether the results will be suffi-
cient for optimality is a question to be answered later.

Another partition of (2.44) is as follows:

3

I'* = (A + Bp*)'T» (BP*LT*'l) + (A + Bp*) 'T* (prppos ™) 4+
1 1 2 1 2
2 , 1 2
+ SP*LT;”:L + P*'RP*LTE"I = 0 {2.48)
Using (2.47) in (2.48): .
T¥ = (n+ BP¥)'T} (T*Ayr;"l) | (2.49)
2 2 .

+

If the analysis of this problem is done for the finite time interval
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[0, T1 and then the limit is taken we will f£ind that the boundary -

condition for (2.49) ig Pl (T) = 0, which implies that
2

T, (t) =0 | o (2.50)
1 |

for all .
With Pl = 0 and P given by (2.47) the third matrix equation

2

from {2.44) becomes:

Iz = (T*ALT;”J‘)'I'g (‘I‘*ALTE-J') + (Tg_l)'iL'P*'B'I'i BP*L, +
2 2 1

1

+ L'p*'RP*L}Tg" (2.51)

Studying this eguation (see Appendix B} we will Ffind that P; has to

‘ 2
be positive definite in order that a minimal order observer be

obtained.

Using the above argument and Tf = 0, from (2.43) is obtained
2
that:

since r;—l exists. EBven if one cannot conclude that r;-I exists,

2 2
(2.52) is sufficient for (2.43) to hold. BAs will be shown later this

condition is sufficient for optimality.

Using (2.47) and Pi = 0, (2.40) reduces to:
2 ‘

[RP* + B''* BP*]LT*-J‘K*' + [RP* 4 B'T=* BP*]LT*_]K* (T*_l) L, = 0
1, 2 12 1; 2 2,2

{2.53)
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And (2.41) to:
-1
THE, - mpmd) + THE," - mpm) + (TR, TER, )'.v* K5 -
L 2 . 2 2
. {T*“l)lat =0 (2.54)
2 1 °

Equation (2.42) reduces to:

E3 k3 - - ]
r_22[T1(212 mlmzi + T (Z 2, mzmz) +

N T*p.z Y5 RS (T "1y a1
3,0

4+ (THA
: k¥ 72,

)

= poxtkx (e Yy (nrpe R L + L'RIBITH BPAL +
2 73,072 _ 1,

+ La' ‘I‘*' + At T*')I‘* (T*A + T#*A )) pE 1]' = 6] {_2.55}

i, 1 252 772, 11, 22

Using eguation {2.51), (2.55) becomes:

=1,

* 3 ! ok - % -
I‘2 [Tl.(El - ma.mi’ + *13;5—.(;2 m2 2) + ;:'r1 3+ T3, )Jr* K3
2 2 : : 2 2 2
gy 1 - @R T ) =0 | | (2.56)
25 2 29 4y ‘
Therefore: -
-1
(L, - m.ml) + T3 (Z - m,ml) + (THA. + TEA, )TE TKE -
1 12 172 2 22 gk .12 2 ,222 2 ,22
- (T*-il'A' - K% (T*"l)' =0 . {(2.57)
3 2~ K5 (T35 ’
2 .
Qr:
K* = (T*¥A. + T*A yrsTxx (T~ Yy ar pat o+ TE(D. - mom!)TE' £
2, 1L, 2 22 2 T2, 72 2,2 272, 22 "2
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4+ PE(E

3 - mlm:‘Z) Tg'- ' {2.58)

ta

If one expands {2.45) in three matrix equations, from one of them ik
can be shown that {2.58) has been satisfied ailready if (2.54) holds.

That is, from (2.45)

' -1 -1
KXokt - oEpTPRt o % *t = e * * & ® % '
z§2E z¢n'T TrmzE! 4 T FaEt 4 (T gx.'rz )K22(-1‘ ALTS )
= K . . - .
2, : (2.59)

Using (2.52), (2.5%8) becomes:

[Tie_(xl - mm,) + '1‘5(21' - mzm') + (TiAl + T3R, ) -

1 2 s 2 2
- T*—]'K.* x~Lyrn1 * 4 Mk - TypET 4
5 K3 (T3 1A NI R TE, - mgmp)T3
2 2 2
1
+ (R -~ mom!)TE - KY¥ 4+ (TRA. 4+ TEA_O)TE TKE -
22, " T2’ 2 2, T, T2z, 2 T2,
- e hyr g =0 (2.60)
2 2,72

Tt is clear that given that (2.54) and (2.60) are satisfied, (2.58) is
satisfied already. This suggesﬁs that the optimal cost as well as the
optimal ccmpensator structure are invariant with respect to the matrix
Tz’l‘. A formal proof of this statement would reguire a similarity
transformation on the compensator to show that the optimal cost as well
as the optimal compensator structure are invariant under such transfor-

mat:i.oh. For instance, a similarity transformation Tzul would make T to

T Remark: The solution T*, 28 is nonunique to the extent that any
choice of T, (full rank) gives a corresponding T¥.
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be of the fbrm: o
T=[Tl . I] (2.61)

In the continuous time version of the above problem an identical

situation to the one explained akove cceurs. For instance, in the

thesis of Blanvillain, Tz' was assumed identity while in Miller's it

is arbitrary.

Assuming T, to be the identity matrix the equations to be solved

"in order to obtain the optimal discrete time obsexrver based compensa-

tor are:
Feedback gain:

(2:62¥

P% = —(R + B'T# B) "L('T# A i s')
1 1
1 1
where:
T% =AT} A+ Q- (B'TH & +8")"(R+ B'T* B)—l(B'Pi A4 gY)
L o h 1 j 1 1
(2.63)
For parameters of the compénsa.tor:
T* = (87 ~mm' + A KFA' J(E. —mm? + B Kf AT -1
; 1, 21 2, 22.12 14 U 1, 25 1,)
- (2.64)
where:
K* =A_ K:A' 4+ E_ -~ mm -
2, 2,72, 2, 2, 22

S (Z' - mm' + A Kt A! (2. ~mm! +A K* A’ )‘1 .
1, 21 2525 1,0 C1, 11 1,2, 1,

P (B - mmy By K325 ) | | (2.65)
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Before proceeding with the next secktion some discussion on the exis—

tence of the inverses (R + B'F; B)-l and (Zl - mlm' + A K+ A' )"l

1 1 o2,

is necessary. To guarantee their existence, the matrices R and

(211 - mlmi) should be constrained +o bhe positive definite. This is
because, given that the added terms are quadratic and the matrices
K;z, P;l are at least éositive semidefinite, then the resulting matrix
sums are invertible.

It is also important to point out the separation property im-
plicit in the above eﬁuations. Notice that the optimal control law
gain P* given by (2.62)-(2.63) depends only on the plant model and
weighting matrices while the observer parameters (sge {2.64)~-(2,65)})
Gepend only on the plant model and ini?ial condition statistics. &As

a consequence the control and estimation parts of the problem are

completely decoupled and can be solved independently.

II.V Sufficiency part of the proof of optimality

As pointed out in section IT.IV, the equation (2.47) was
assumed of special form and then the consequences were examined. This
value of P* was Proposed because of the known similarity of equation
(2.48) with equation (2.5) for the case of perfect measurements. 1In
other words, the solution (2.62-(2.65) satisfies the necessary condi-
tions, but these may not be sufficient for the minimization of (2.33).
The original approach proposed to answer this question is due to

R.A. Miller for the continuous time version {M1]. The discrete time



version mimics such results, so they are not repeated here. Instead
the following paragraph outlines the most important issues of the
éroof. 7

In order to prove the suffi;iency part, Miller [M2] expressed
the cost functional (2.3} as a linear conbination of the optimal
cost for the linear regulator problem with perfect measurements plus
an increment in cost due to the use of a control different from it.
This is done using a least squares approach analogous to Brockett's
[B4]. Then by means of a similarity transformation theldeterministic
and stochastic aspects of the control problem may be separately exam-~
ined. 1In this way it_is shown th;t the increment in cost consists
of two parits: one dependent on ﬁ(t) and another completely independent
of u(t). Also a set of constraints on u(t) are cbtained. Since the
second term of the increment in cost is independent of the optimal
control law, only the first term is considered in the minimization.
Thus, an expression for u(t) which minimizes this term to zero is
obtained. Recall that this u(t) is subject to a set of constraints.
Then, what is lefit to prove is that the observer-based control law
proposed in section II.IV realizes this optimal control law and

satisfies the constraints.

II.VLI Conditions for the existence of positive definite and positive

semidefinite solutions of the Riccati equations (2.63),(2.85)

Traditionally, the problem in modern control theory that has
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been solved and studied first has been the linear regulator problem
with no cross term in the cost. In part this has been so because the
linear regulator problem with a cross term in the cost can be refor-
mulated as a linear regulator problem with no eross term and because
in this format the problem is simpler to solve. For instance the
necessary conditions for existence of positive definite and positive
semidefinite solutions of algebraic discrete time Riccati equations
in Appendix A are for linear regulator problems with no cross texm
in the cost.

in order to show that the eguations (2.64)~(2.6§) can be under-

stood as an eptimal feedback gain for a discrete time linear regulator

problem with a cross term in the cost they are written as follows:

-1
gt = (%, - m,m! + A, Ki A% ) (Z. - m'm, + K& A!' )
3
1 1, T T RS R 1, ~ M2 %22222 |
{2.66)
where:
K*¥ =a KfA' +% -mm - (3} ~mm +A, KEA; ) -
2, 252;2; 2, 22 L, 2T,
-1
- (Z. -mmuw +A KfAF) T(E -mmytA K% A, )
PR A W P e ) 1, 12 1,2,%2,

(2.67)

Comparing these with (2.62) and (2.63) the following equivalence is
obtained:

R~Z; - mmj ' ' _ : (2.68)
1
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B ~A' - {2.69)
1o
T ~ K¥ _ (2.70)
2, _
A~ Aé {2.71)
2
S b Z‘ - m m‘ ) | 2-72
1, 21 (2.72)
~Z. - mn o - 2.73
Q 222 m ( )
P# o The ' (2.74)

where ~ means “equivalent to". Then using the following matrix
identity reported by Sain [S1ll the problem with a cross texm in the
cost can be formulated as one with no cross term in the costs

{x, + 28) - I, - A(I, + Ba) e ' (2.75)

whereas -
In 3 0 xn identity matrix
A :nx .r' Idatri::-
B:rrzx nr metrix

the following results are obtained:

gep-sy 2.76)
| '13.':(3:)' = k) + Rnls'x(t). | | | (2.77)
A=a~-®R's' N R )
F=3B | | | (2.79)
R=R - (2.80)
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whare the matrices 5; Erand so forth are the appropriate matrices for

- the discrete time linear regulator problem with no cross term (the

formulation of this problem as well as the optimal control law can be
cbtained making § = 0 in the material presented in section IT, II}).
Now the results in Appendix A can be applied. These conditions

require among other things that for positive definiteness of Pi and

, 1
X .
Kll.
a) (A - BRTlS', B) be a controllable pair,
1
by {(a - BRfls', {(Q ~ SRfls')z) be an observable paix
and

&) (a! ~a' (Zl -m m‘)"l(z ~mm'), Ai‘).bé a controllable

2, 1, 1 MM 1, 12 )
pair,
@ (A -ar (¢ -ma) I - mm)
- 2, 1,71, 11 L, 12'f
' 1
(Z, -mm! ~ (2 =-mm)(X -~mm) 2@ - m'))ad
2, ~ "2 R "I S A s i L

be an cbservable pair
respectively. The controllable conditions a) and c) are satisfied if

the following conditions (see Gopinath [G2]):

~e) (A, B} be a controllable pair

and

£) (&, , A, ) be an observable pair
22 l2

are satisfied respectively. The f) condition is satisfied if the



i)~

pair (a, ©)F is cbservable (see Gopinath [G2]).

IL.Vi Other issues related o this problem and comments on the

[ ]
literature

As pointed out in secﬁion II.IIX, considerable simplicity is
~gained in section IT.3v if the plant is initially transformed to a
state-output canonical form. It happens that the'transformation used
to obtain such a canonical.form is not unique although the piant
dynamics are conserved, It can be shown that any two such realiza-—
tions of a plant yield the same compensator dynamics (eigenvalue
structure) and even more, any two realizations of the optimal compen—
'satorryield the same performance. For continuéuéﬂsys%éms'this ié thé
subject of a paper by P. Blanvillain and ?.5L. Johnson [B3]. In the
discrete time domain the analysis is quite similar (see Appendix C}.
Rgcently it was discovered that the necessary conditions
obtained in section II.IV were reported independently by G. Roberts
[Rl] and J. O'Reilly-M.M. Newmann [0l]l. The approach followed by
Roberts mimics the approach taken by Blanvillain [B2]. He only
reports the necessary conditions. O0'Reilly and Newmann, on the other
hand, take the same approach of section IX.IV but assuming 22 =.I.

They also prove in detail the sufficiency of the above solution and

present sufficient conditions for the existence of positive definite

% Recall that the triple A,B,C was transformed to state-output canoni-
cal form and therefore C has the form [I : 0]l.
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and positive semidefinite solutions of the resulting Ricecati

eguations.



Chapter III

THE DISCRETE OPTIMAYL OUTPUT FEEDBACK CONTROLLER

ITXI.I Introduction

One way of posing (via augmented matrices) the problem of reg-
ulating & linear time invariant plant with a linear compensator of
limited dimension is to use the format established by Levine [L1l] for
the output feedback controller problem. This approach was taken by
Johnson and Athans [J1] in 1970. Later in 1975, Sirisena and Choi [S2}
presented a "new way" of defining the performance cost.* As will be
discussed below, the only difference between these two approaches ié
the way the performance criterion is structured.

This chépter is structured as folloﬁs. Iﬂ‘section iII.II'the
discrete time versions of the optimal constrained dynamic compensator
problem by Johnson-Athans and Sirisena-Choi are presented and briefly
compared. Later in that section the differences between these
approaches and the one suggested by Luenberger cbserver theory [L3]
are pointed out. Section ITI.III deals with the formulation of the
optimal constrained dynamic compensator problem as an optimal output

feedback controller problem. In the fourth section the optimal outpui

*The performance cost of the systenm composed of the plant and com—
pensator. ‘
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feedback controller problem is solved by posing the problem as a
static optimization pProblem. In section ITIT.V a "Direct Approach"

is presented.

IIT.IT The Optimal Constrained Dynamie¢ Compensator (Discrete Time)

Tl;.e problem studied by Johnson and Athans in 1970 came ﬁp as
a result of studying the requlation of a high order determinis tie
system with a small number of outputs. This problem can be attacked
using an optimal compensator which incorporates a minimum order obser-
ver, but the order {n-m)* of this compensator may still be too high
for implementation. One possible approach to this Problem would be
t'o mimic Miller's [M1l] results for an obse:;ver__of dimension less than
(n-m} , but this is not possible due to the fact that a crucial rank
condition+ is not satisfied. Johnson and Athans proposed a formulation
in vhich the dynamic part of the compensator is not constrained to bhe
an cbsexver of the plant state vector. This formulation in discrete

time yields the following results:
Considexr the linear time invariant plant:

.x.(t-'l-l) = A x(t) + B ult); E{x(0)} = mb, t e [0, +=) (3.1)

. with output equation:

v(t) = C x(t) : ) (3.2)

*n = dimension of the plant state vector space
m = dimension of the output vector space

~I'See..eq;ur:;.i_::i.t:ufz. (2.12) in Miller's [M1].
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x2(+) is an R™-valued random process with known first and
second order statistics.*

u(-) is a linear function of x{-) gencrated by {3.3) and
(3.4). |

¥{-) is an R™ valued random précess with statistics derived

from x(-).

The matrices A, B, C have real valued entries and dimensions accord-
ingly.
The compensator dynamics are represented by the following linear

time-invariant system:

z{t+l) = F z{t) + G y(t) : (3.3)
with output eguation (control law for the plant):
u(t) = M z(t) + N y(&) | (3.4)

where:

z({t) g R° ¥ t g [0,+o)

and the matrices ¥, G, M, N have real valued entries and dimensions
accordingly to z2(-), v({*) and u{*).
Given the form of +the nompensator, the cholce of performance

index for this design problem is c¢rucial for cobtaining a well posed

*We will assume that x(0) is veztor valued random variable with known
mean and covariance and therefore (3.1) is a representation of a
Markov process and it's first and second order statistics can be
computed recursively.
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problem as will be indicated laterx.

Optimization Problem Statement I (see Appendix B):

Given:

Finds

a) E{x(0)} and cov{x(0)) for the process in (3.1)
b) the matrices A, B, € for the model (3.1)-(3.2)

Q0 S
>0, R, >0
- 1

'R

c¢) the weighting matrices[

for 1 = 1,2

The matrices with real entries: F(sxs), G(sxm).

M(rxs) and N (xrxm) .

such that the funr_:tional:

=]

t o t

J{G,N,F M) = E{Z xi':gx +uls'x_ + x{_'Sut +

+=0

+ 1 1 ] EN 1 ] o+ t
yt[G RZG + N RlN]yt zt ir R2F M R].M]zt}

with constraints:

x{t+1)
y{t) =

z {t¥+l)

Il

A=) + B ult)
C x{t)

= F z(t) + G yi{t)

uf(t) = M z(t) + N y(t)

is minimized.

Notice

the presence of the terms y

t t 2t

'G'Rszt, z!F'R_Fz_ and

(3.5)

{3.6)
(3.7)
(3.8)

{3.9)

z'M‘Rle in the cost functional {3.5). In the usual formulation of

t

+

the time-~invariant Linear Plant Quadratic Cost requlator problem [A4]

these terms are not included.

However for the problem formulated
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above, with the absence of these terms, the corresponding solution
becomes a trivial one. That is, since no constraints are imposed on
F, G and N then these matrices in the closed loop‘plant-compensator
system will tend to zero in order to minimize the cost functional.
another reason for selecting the cost functional structure as in (3.5)
is that this problem, when reformulated, is equivalent to the output
feedback controlier bProblem [L2].

The choice of the welghting matrices in (3.5) is not a trivial
task. As usual the matrices Q and $ can be chosen based on the
physical limitations on +the plant state and control vectors. On the
other hand, the matrices Rl and R2 can be chosen based on the limita-
tions of the physical elemants respon51ble for produclng the gains N-M
and G-F respectively. Rl is the same for Nyt and Mzt because we are
assuming that the same kind of physical elements are used for the
. gains N and M.

One slight drawback of the ahove formulation is +at the control
law obtained is more difficult to compute than in Sirisena and Choi's
approach [S2]. The only difference in formulation between these two
approaches is the structure of the cost functional. The discrete-time

version of Sirisena and Choi's approach is presented next.

Optimization Problem Statement T7I:

Given: (a) E{x(0)} and cov(x{0)) for the process in (3.1)

(b) the matrices a, B, C for the model (3.1)-{3.2)
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o) g
{c} the weighting matrices 1 >0,
8 R

92 >0, R; >0 for i = 1,2

Pind: the real valued matrices F(sxs), G(sxm), M(rxs) and
N {zxm)
such that: the cost functional

oo

J{E,8,F,M =& t + u'S'x + x'Su + z'Q=z + y'R
(G,N,F, M) {tz:;) xthxt ut xt x‘l'. ut zt 2t vt 2"1:

[ ] R . .
+ ut lut} {3.10)

subjeqt to:
vit) = F z2(t) + G y{t) (3.11})

and (3.6)~(3.9) is minimized.

In this formulation it is easier to determine the aﬁpropriate
veighting matxices. As usual the matrices Qy, 8 anq Rl can be chosen
based on_standérd considerations (see Bryson and Ho [B5]). R2 is chosen
chosen as to limit the input to the time delay element (see Fig. 3.1)
in the compensator dynamics. The only problem with the above cost
functional is that the state of the compensator dynamics is also being
penalized. There is no physical reason for weighting this term since
we are not interested in minimizing the deviations of z(t) from zero.

In the two formulations described above, no specific constrain-

ing relation among the plant and compensator states is established.




T

This fact constitutes the crucial difference between these design
criteria and the one based on the theory of minimal Luenberger cbser-
vers [B2;Ml], However, it should be noted that any system (3.6) may
be interpreted as an observer [R2]. then an observer is used as the
dynamic¢ part of the compensator a linear relation between the observer
and plant state is implicitly assumed. Using observer theory one of
the design objectives is to reconstruct asympiotically a linear com-

bination of the plant states.

III.IIXI Formulation of the optimal constrained dynamic compensator

controller problem as an optimal output feedback controller

problem

in this section the central problem analyzed in this chapter
is posed and then a discussion of how to formulate this problem as an
thimal ocutput feedback controller broblem is given.

Consider the optimization problem statement IXI. This problem
can be suitably modified as to correspond to an output feedback con-—
troller design problem as follows:

(a) Note that the dynamics of the closed loop system (using

(3.8)~(3.9}) is given by:

x{t+l) A+ BNC BM][x(t)

= (3.12)
z(t+1}) GC ¥ z{t)
(b) Using (3.6)-(3.9) and (3.12) in (3.10) and after some

algebraic manipulation the cost functional bhecomes:
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b Ql'f‘c Nt RlNC+C "™N'SHSNCHC'G 'RZGC
J(G’N,F;M} = E Z [x;:zt] L R R R R R T T
=0 M'RlNC + M's' + F'RaGC

. C'N'R MtSMTC'GIR, B X
S P U t } (3.13)
. ] y ‘wmr
: 9 *MRH4FRE z
{c) Let:
—I\T MT A 0 B o
p 4 , = A . g4
G F 4] 0] 0 I
C o R, O 9. 0
= A =A™ ~
c= r R= r @ é 1
R
_0 I._ 0 ) 0 Qz
s 0
g8 (3.14)
0] 0
(d} Then (3.12) becomes:
)| o a4k
= [A + B P C} (3.15)
z{t+1} | - z(t)
and (3.13),
o X
— = e == | By
@) =e! Y. [%{2I]1[Q + § 2 C+ C'P'S' + C'P'R P C
=0 z
t
(3.16)
Remark: The optimization problem:
min J(P) (3.17)

r



such that
z2{t+1) . _af %) _
= [A +B P c] \ (3.18)
z{t+1) 2z ()

is in the format of the optimal output feedback control problem for
vhich a solution is given in Section IIX.IV.
A refinement to the optimization problem II is cobtained by

replacing the constraint (3.11) by the following:

V(E) = F z(t) + G ylt) - z(k) ' (3.19)

This cost component (see (3.10}) constrains the "size"™ of the jumps
allowed to the compensator state in successive time intervals which is
usually a physically desired condition. However, a heavily penalized
compensator state difference v(t) decreases the speed of response
{to perturbations in the nominal plant state) of the compensator.
Thus the choice of R.2 should be made taking in consideration this
tradeoff.

With the modification suggested above the corresponding formu-
‘lation of the optimal output feedback controller problem develops as
follows:

{a) Frﬁm (3.19):

v(t) = (F-I)z(t) + G y(t) {3.20)
(b) Eet:
F=F -1 (3.21)

(c) Then the closed loop system eguation becor.s:
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x{t+1) A + BNC BM %x{t)
(3.23)

z(t+i) cc F+Iijlazt)

(d)  After some matrix manipulations (3.10) becomes,

=]

T(GN,F,M) = E{ 2, CHETI I
£=0

Ql+C'N'R1NC+C'N'S'+SNC+C'G'R2GC C'N'RIM&SNHC'G'RQE

M'R,NCHM'S FE R,GC gy lef' RyF

. ' {3.23)

Note that if metrices P and & defined as

N M _ A 0
P 1+ &
¢ P 0 I

I
L e}
w
[ ]
%)
-
L=

and B, €, R, O, § are as in {(3.14) then the formulation of the optimal
output feedback controller design corresponding to this case is iden-—

tical to the ones given before.

IXX.IV 24 Solution of the Discrete Optimal Output feedback controllexr

problem via Lagrange Multipliers

In this section a procedure for solving the optimization problem
{3.17)-{3.18) is discussed.

Recall that the problem to be solved has the following form:

Given: (a) E{x(0)} and cov(x{0)})



N~

{b) the weighti_ﬁg matrices:

g s -

pd 0, R>0

w]
)

(c) the system matrices:
Al(nts)x(nts)) , Bl(n+s)x(s+r))
C({s+m) x(n+s))
Minimize with respect to P({r+s)x(s+m)) the following cost functional:
w0 2 I
— e = e = — t
J(e) =E{ 2, I[x} z]{Q+SPC+C'B'S' +C'P'RPC] ]
=0 Ze s

{3.25)

stbject to:
x(t+1) AU B 4~
=t1tA+BPC ) . {3.26)
z(£+1) z(t)
Tt is easy to show that this problem can be solved by solving the
following equivalent problem:

Given {a), (b}, {c} as above, minimize the following cost

functional:

2 ?
J{P) = E Z §':me + ¥'Su + u'S'x, + n'Ru 5 (3.27)

Attt St Sy,
Ixy
I
o
o
rt
ot
e
+

subject to:

X(e+l) = & ={t) + B ult) (3.28)
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C ®(t) (3.29)

v {t)

u(t) = P y(t) (3.30)

]

vhere:
z{t)

x(t) corresponds to [ :l and the matrices a, 'S—, I_i, —A-, E, E, P

z(t)
have the same properties and dimensions as before. Notice

E{x(0) }] . cov(x(0)) o]

E{X(0)} = [ and cov{k({0)} = [

z(t) 0 0

The above dynamic optimization problem can be Posed as the

following static optimization prohlem (for details see Appendix D) @

Given: (a) E{X(0)%'(0)} = :'Eo

(b) the matrices with real entries:
A((nts)x(n+s)), B((n+s)x(str)), Cl(stm)x(nts))

O( (n+s) x(nts)) . S((nt+s)x (s+r)), R{{s+r)x (s+x))

with the properties as before.
Minimize:
I, P) = tr {I x,} ' (3.31)

subject to:

RA+BPQTE+B 20 (3.32)
The optimization problem (3.31)-(3.32) can be solved by a standard
Lagrange Multiplier technique:

Let:
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T, P, 8 =tr {TX +2'[-T+0+8PC+C'E'S +

4+ C'P'RPC+ (A+BPCYT(R+BPC) (3.33)

The necessary conditions for (3.33) to have a statlonary point at
Tx, p*, Z* are:

33y _
ar|, = 0 ~ {3.34)
aT| _
5], = ° (3.35)
a3l .
o], = © | (3.36)

means "evaluated at I'*, P*, E¥", From (3.34) it follows that
*

I* = (A + B P*C)I*(A + B P*C) ' + Xg (3.37)
From (3.35):
S!TAC! + R P*C L*C' + B'T#A E#C' + B'T*B P*C L*C' = 0 {3.38)

{(3.36) gives (3.32) with T = T* and P = P*,
Solving simultaneously algebraic equations (3.37), (3.38) and
{3.32) with T' = I'* and P = P¥ we obtain I'*, P*, EB#*.
if Er >0 forog=T, P, Z then the zbove solution is a
a‘k
minimum. This condition is not easy to test due to the fact that it

is a tensor.



TIT.V A solution to the discrete optimal output feedback controller

problem by a calculus of variation method

In section III.IV a solution was given for the discrete optimal
output feedback controlier problem equivalent to the reduced compen-—
sator scheme described in III.ITIL. tn this section an alternate
procedure for solving this problem is given. The basic difference
between this technique and the one given in IIT.IV is that in the
latter a two sﬁep parameter optimization procedure was followed in
order to determine the unknown —arameters of the compensator (the
matrix P) while in this section a direct optimization procedure is
followed.

The technique to be presented is very similar to the one used
by Levine [L2] when he solved the output feedback controllexr problem.
It is presented for the sake of giving more insight %o the problem
and as a way of presenting several tools which are useful when solving
discrete time optimization problens. It uses the discrete time
version of Bellman's result on perturbation theory [Bl, p- 174) and
Kleinman's results [K4] for finding gradient matrices. These are
presented in Appendix E for +he sake of completeness. |

The approach used here is termed a direct methed because the
closed loop system eguation {cbtained combining (3.28)~{3.30)) is used
directly in the cost. Then, given that the cost is only a function
of the unknown matrix P, we proceed to find the necessary condition

for the existence of a stationary point obtaining:
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57 :
] =0 (3.39)

P*
In order to obtain this condition Kleinman's lemma {K4] is used. It

reads as follows:

o'
tr(-ﬁ.;—' AP) = %'(J(P* + eAR) - J(P*i) (3.40)
P‘.’:

where £ is a perturbation parameter and AP a perturbation matrix.
This is where the result by Bellman on perturbation theory for
@+5rC+e5ApO)°
is used.
The necessary condition obtained is the following (for details

see Appendix E):

3T e o J N -
20 -2 ) Y {C@E+ E T x (&' + C'PAB') -
oP 0
- £=1 T=0
-@+Ewwﬁwﬁ+§m€+Eww§1ﬁ+ﬁpﬁﬁ*ﬁnﬁt

o
+ Q) i’E(K +B P*E)txO(K'-x- Tp* 5 ) F(C PR + "s_)%
£=0

=0 (3.41)

Tn order to compare {3.41) with the necessary conditions obtained for
the equivalent problem in section III.IV, equations (3.32), (3.37) and

{3.38) are written in compact form:
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For (3.32):

oo
Tt = 3 (& + T+ B Y@ + § 54T + O'P*E! + G'P*IR p* T -

£=0
" E+Be )t | (3.42)
For {(3.37):
=), (Bs E'P*E)tio('i{' + C'P**B) (3.43)
t=0

It can be seen that (3.43) is identical to the second term in the
L.H.S. of (3.41). The first term in the L.H.S. of (3.41) is, if

we expand all the involved terms and use (3.42)-(3.43), identical to:
T 5*(@p* B + B )T+'E i
After adding the above term to (3.43) we obtain (3.38).

Therefore it has been ;proven that the set of sguations (3.32),

(3.37) and (3.38) are equivalent to ‘the wompact equwtion (3.41).



CHAPTER IV
REDUCED ORDER TIME INVARIANT COMPENSATOR DESIGN

IN THE CONTEXT OF AGGREGATION THEORY

IV.I Introduction

In the last chapter a method for designing suboptimal reduced
order linear time invariant compensators was given. The design method
consisted of assuming linear reduced order dymamics for the compensator
and determining its parameters so as to minimize a quadratic design
criterion. In this chapter the optimal reduced order compensator
probiém is.tackled in the context of aggregation theory. The chapter
is inspired by M. Boki's paper “"Control of Large Scale Dynamic Systems
by Aggregation" [Al]. -

Por notational convenience, all the analysis will be done in
continuous time. Althoudh there are important technical differences
between discrete and continuous time systems, the technigues developed
in t} is chapter can be easily translated to corresponding techniques
for discrete time systems.

This chapter is diﬁided into four sections. In the second sec~
tion the heart of the design philosophy named “aggregation theory" is
briefly reviewed. Section IV.III presents a soluntion to the optimal
output feedback control problem via aggregatién theory. The subject

of the fourth section is limited dimension control (using suboptimal

~50~
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chservers) via the aggregated model.

IV.IT ‘Review of ‘Aggregation “Theoxy for Linear Systems

It has become an almost standard step in systems oriented
engineering analysis and/or design to develop a mathematical repre-
sentation (called *a model”) of the dynamics of the system. DModels
may assume many different forms, e.g., time domain or frequency
domain. For instance, in applying modern control methods, it is
often advanéageous to use a set of first order linear differential
eguations (see Kalman [K2]) as a model. In cbtaining the parameters
of such differential equations a compromise between simplicity and
accuracy must be made. Sometimes certain inherent physical properties
of the system must be ignored and a reduced model is sought. The
topic of interest in this section is one class of linear reduced

order models called "aggregated models".

 REAL WORLD .___,.

REDUCED
MODEL

ABSTRACTION MODEL

REDUCTION AGGREGATED

MODEL

Figure 4.1
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The main idea of aggregation theory, in the context of lipear
dynamical systems, is to obtain a model of state space dimension less
than the dimension of the "true model" (see Fig. 4.1). The state of
this "aggregated" model is to be linearly related to the state of the
true model. The aggregate model must reflect the most significant

portion of the dynamics of the true system.

Consider the plant described by the true model given by:
x(t} = A x(t) + B ule); t e [0, +) (4.1)

where:
x(-) is an RP-valued random process with statistiecs computed
using (4.1) given E{x(0)} and E{x(0)x'({0)}

u(-) is a linear function of x(-) contained in R*
and the reduced order model given by:

z{t) = F z(£) + D ul(t) ; t € [0, +=) (4.2)
where

z(-) is an RP—valued random process with statistics computed

using (4.2) and the knowns E{z(0)} and elz(0)z' (0} }; p<n

. . . . . ¥
u(*) is a linear function of z(-) contained in R

The matrices A, B, F, and D have real entries and are dimensioned

accordingly with z(-), x(-) and u(-). Assume (A,B) and (F,D) be

+Recall that the control vectors in the reduced and true models are
in the same vector space.
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controllable pairs.

Following Acki [Al], a linear reduced order model (4.2) for
2 given linear true model (4.1) iz called an aggregated model if
there exists a full rank matrix H(p x n) such that the trus state

%(-) and the aggregated state z(*) are related by:
z{t) = H x{t) {4.3)
Thus, the following conditions hold:

FH = HA (4.4)

D = HB {4.5)

where A(n x n} and F(p x p) are the system matrices for the true model
and aggregeted model respectively. B(n x r) is the control matrix

for the txue model and D(p x x) is the resulting aggregated control
mabrix. See {(4.1) and (4.2). 'The matrixH(p x n) is +the :so~called
aggregation matrix because, -given the welative dimensions of x(-) and
z(-), the vector z(:) aggregates the properties of an n-dimensional
system in a p-dimensional space.

Given the matrix F, a nontrivial solution H for (4.4) exists
only if the matrices F and A have eigenvalues in common (Gantmacher
[Gl, p. 215-220]). Intuitively this .result suggests that if F and A
have the same dominant eigenvalues then the true and aggregated
models represent similar dynamics. for a method for obtaining H see
Appendix G.

Given that H is known and H and A satisfy the matrix equation:

ottt tea Kb SRR Aka it e
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HA=HAH(@®EE) {£.6)
then F is given by:
F=HAH' (HE)T (4.7)

Remark: In both cases, whether H or F is known, eguations (4.4) and
(4.5) have to be satisfied exactly in order for (4.2) to be called an

aggregated model.

The initial condition statistics for the aggregated model can be com-

puted@ From the initial condition statistics of the true model as

follows =
E{z(0)} = H.2{x(0)} {4.8)
E{z(0)z'(0)} = # E{x(0)x' (0) }u" (4.9)

The notion of "the most significant portion of the dynamics of
the true model® {see introduction to this section) is left to the
engineer's judgement. However, three properties which must be con-
sidered ares
i) all eigenvalues with positive real parts must be included

in the aggregated model
ii) the dominant eigenvalues (very close to the imaginary

axis) must be strongly considered for the aggregated

model

iii) a "good" representation of the weak eigenvalues* may

*The initial condition distribution may be such that the behaviour of
the plant 1s strongly influenced by the weak eigenvalues.
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also be included in the aggregated model.

A possible approach for considering these three factors is to
study the relative position of the true eigenvalues* and to make an
educated judgement {i.e., based on simulations and/or experience} to
allocate the position of the eigenvalues of the aggregated model

accordingly.

-

IV.III Suboptimal output feedback control via the aggregation method

In this section, the problem of controlling a plant with a
linear combination of the available measurements is studled from the
aggregation theory point of view. First, the problem is posed and
solved as suggesied by aggregation theory (see previous section}.
Then, the method is compared with the one developed by Levine [L1l]
when a suboptimal controel, similar to the one proposed by aggregation
theory, is used. The main advantages of the aggregation method over
the one proposed by Levine are its computational simplicity and
independence of initial condition statistics.

One way of posing the limited dimension compensator problem is
augmenting the state and compensator dynamics in such a way that the
results of the problem considered in this section can be used, e.q.

as in Johnson and Athans [71] or Sirisena and Chei [S2, p. 662-663].

*There exists software that computes the eigenvalues according to
magnitude starting with the largest one. Such programs may prove
to be useful in determining the most significant part of the true
model dynamics without having to compute all the eigenvalues of the
system,
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Suppose that the linear regulator problem {athans and Falb
{A4]) has been posed for the true model. That is, for the standard
quadratic cost, the true state and control weighting matrices are
known (the time interval of interest is [0, +®)}. Assume that a
control 1$w constrained to be a linear function of the output vector
is to be usfwu. Then, the approach suggested by aggregation theory
would be to find an aggregated model with state vector equal to the
output vector of the true model. Suppose the original quadratic cost
is modified to weight the aggregated state and the linear regulator
problem for the aggregated model is solved. The suboptimal output
feedback control is then taken to be the suboptimal aggregated state
féedbaék coﬁtrolg

In mathematical terms the method suggested above requires:

i) the output vector and the aggregated state vector are the
same:
z{t) = H{t)x(t) = y{t) = c(t)x(t) (4.10)

where y(t) is a p-dimensional output vector of the plant

described by (4.1).

ii) After obtaining the aggregated model (see section IV.IT)
z2(t) = F z{t) + D ult}) {4.11})

we have to modify the guadratic cost given for the true model

as follows (using the Penrose inverse, e.y. see Aokl [ap2]):
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o«

Jla) = B f {z'0 z + W'R uldt (4.12)
a
where:
o= @wE) Mouwmun™t (4.13)

and R,Q are known from the linear regulator problem for
the true model.
iii) It is well known [24,K61 that the optimal steady state feedback

control for (4.12), (4.11) is given by:
uw=-R'D'T 2 (4.14)

where I'(p % p) is the solution of the following algebraic

Riccati equation:

F'T+TF-TDRIDT+0=0 (4.15)
Sufficient conditions for the existence of positive definite
and semidefinite solutions to (4.15) are given in Kucera [x5].

In order to compare these results with the ones proposed by
Levine [L2, p. 787-788], premultiplication by H' and postmultiplica-

tion by H of (4.15) is wvery convenient:
HF' TH+H T'FH~-H TDRDTH+HQH=0 (4.16)

Notice that if (4.15) is satisfied then (4.16) is satisfied, but the
converse is not necessarily true. Using (2.4) and (4.5}, (4.186)

is simplified:
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A'(HT H) + (6'T H)A - (4'T W)BR B'(®'T H) + H'QH = 0
(4.17)

and the optimal feedback control:
-1
u=-R B'H'T Hx (4.18)

In order to compare the above results with the equations of
the optimal output feedback controller obtained by Levine, his results

are repeated here*:
Optimal output feedback control:

ul{t) = P H x{t) {4.19)

where:

1 1

P=-R B'WEH'(GEZIH (4.20)

and X,) satisfy the following two equations:

Riccati equation: K(a + B P H) + (A' + H'P'B)K + Q + H'P'RP H =10

(4.21)
Liapunov equation: X(A* + H'P'B') + (A + B P H)E + Xb =0
where Xb = E{x(0}x*(0)}. {£.22)
Let:
K=H'TH (4.23)

be a solution+ of (4.21), then (4.19-4.21)*% become:

*Phe notation has been changed to facilitate the comparison.

Trhis is a suboptimal control in the sense that the optimal K may be of
rank greater than the number of outputs while this K is of rank equal
to the number of ocutputs.

**Note: Given that the coupling between (4.22) and (4.20)-(4.21)
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ule) = -R “BU(H'T H)x(t) (4.24)

@'T ma+amT E - @l A R st (‘T H) +0=0 (4.25)

Equations (4.24) and {4.25)-are jdentical to eguations (4.18) and
(4.17) respectivelj if Q is chosen equal to H'Q H. Of course this
equality is not possible unless Q is chosen with rank equal to the
nurber of outputs. For instance, if the cost of the true model
penalizes only the output vector then there are no problems.
Aggregation theory simplifies the problem since now only a
Riccati egquation has to be solved to determine the optimal control,
compared with three coupled egquations ((4.19)-(4.22)) in the solution
proposed by Levine. Recall that even if we find a solution to Levine's
set of equations, there would always be the doubt of whether the
solution cbtained is optimal ox not. BAnother advantage of the design
method dériVEd from aggregation theory is that the suboptimal control
doss not depend on the statistics of the initial conditions. One may
argue, however, that Aif the aggregated model is fixed by the measure-
ment equation and if the cost used to obtain the optimal control only
weights those modes selected by the aggregated model, design defi-
ciencies may result. Notice also that H has to be such that (4.4} is
satisfied exactly and this will not always be possible. Even if {(4.4)

is satisFfied exactly, H fixes the dynamics of the aggregated model

disappears, egquation (4.22) is not used anymore in obtaining the
feedback control gain. Equation (4.22) is used only fox obtaining
the steady state second moment: X.



and F will not necessarily have "the most significant portion of the
dynamics of the true model®. It may also happen that some unstable
eigenvalues in the true model are not included in the aggregated

wmodel. In this case, since no control is applied for these unstable

modes, the plant will be unstable undex the control law (4.24).

IV.IV Limited Dimension control using suboptimal observers via the

aggregated model

In this section an approach to the optimal linear reduced
order compensator design problem by means of aggregation theory is
presented. In this methodology the nature of the system matrix A
and observations matrix O (see (4.10)) is not so restricted as in the
approach presented in the previous section (see (4.4)). Assuming the
linear regulator problem has been posed for the true model, the main
idea of the method consists of the following:

i) Obtain an aggregated model with the most important
bart of the dynamics of the true médel. Leave out only
asymptotically siable modes.

ii} Design an optimal minimum order cbserver-based compen-
sator for the aggregated model (the required matrices are
obtained using the Penrose inverse in the appropriate
true model linear régulator parameters).

It is shown that when this control law desicned for the aggregated

model is used on the true model the resulting closed loop system is
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asymptotically stable.

Consider the problem of designing an optimal observer hased
compensator for a large-scale dynamic system. In this problem there
are two major difficulties:

i) computation of the Kalman gain (usual Riccati equation)

ii)} computation of the parameters of the optimal observer

l[BZ;Ml]; this requires solution of another Riccati

equation.
One may consider the possibility of reducing eithexr the number of
states of the true model or the number of states to be reconstructed
so that the dimension of one or both Riccati equations menticned
above is reduced. Of course,-the resulting control law would not he
optimal but its effects might be acceptable for the application at
hand. To prove vwhether the particular results are acceptable or not
would reguire simulations and comparison with the optimal control law.

The difficulties pointed out above may be avoided by use of
aggregation theory. WwWhen analyzing the approach taken, we have to
keep in mind one of the most important results (in the author's
opinion) of Aoki's paper [Al, p. 250]. The true model will be stable
under a control law designed for an aggregated model if (see Appendix F
for proof):

i} the control law is stable for the aggregated model

ii) the system matrix A for the true model is in Joxdan

block diagonal form with all the unstable modes included
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in the aggregated model

iii) H is of the form [H 0], where H is full rank.

Even if the above three conditions are not satisfied the plant may
yet be stable under a control law designed for the aggregated model.
The importance of the above three conditions is that they are suffi-
cient to guarantee the stability of the plant under any stable control
law desigﬁed for the aggregated model. This is extremely important
when designing any control law. The three basic conditions mentioned

above are satisfied in the following design:
Consider a plant described by a true model given by:

*(t)

1l
|
Kl
&
£y
w1
=1
g
ot
m
o

(4.26) -

n
2]
|
[

y{t) (4.27)
where:
%(t) € R® is a random process with known E{x(0)} = EB
and E{x(0)x' (0}} = Eo
w(t) € R* is a linear function of y(-) and the state of

a minimum order observer.¥®

U]
~

v{t) is a random process with statistics derived from
(4.27)

and E; E} T are known real valued matrices dimensioned accordingly.

*Here we are talking about a minimum order observer design as in
Miller's paper [Ml]. The structure of such compensator is not dis-
cussed here because the design to be presented avoids its use.
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The optimal feedback control law is to be obtained by mini-

mizing the following performance index:
o0
J{n) =;E‘i‘{x'{tjg ®(E) + u' ()R u(t) }dt (4.28)}
4}

where Q >0 and R > 0 are known real valued matrices dimensioned
accordingly.
Using the Jordan transformation obtain the Jordan equivalent

true model given by:

x(t)

A x(t) + B ult) (4.29)

]

y(t} =Cx (4.30)

where A is in Jordan diagonal form. The Jordan blocks in A are
organized So as to have the unstable and other important eigenvalues
in the first Jordan blocks along the diagonal. Also, the cest (4.28)

‘has been transformed:

J=E f {x'(t)o0 x + u'R ulat {4.31)
0

The matrices A, B, C, Q are related to .PT, E, E, and a as follows

. ~1— . . .
(using %x{t) = JO x(t) , where Jo is the Jordan transformation discussed

above) :
A=JOAJ0
..l._.
B-JOB
C=CJ0



Because of the order imposed on A when diagonalizing use H = [I 0l

(see section IV.II) to extract the most significant portion of the
dynamics of the true model and in this way obtain the aggregated
model.

In order to completely transform the problem (4£.29)-(4.31) so
that the aggregated model can be used the following must be done:

i) transform the output vector using the Penrose Inverse:
y(t) = c'm) mrz(e) = € z(v) (4.32)

ii} and performance index:

J=E f {z*' (t) [H(H'H)-lQ(H'H)-lH'Iz(t) + u' (£)R u(t)}at
(]

(4.33)
Now a new optimization problem is defined:
Given:
a2) the real valued matrices F(p x p), D(p x r) for the
aggregated model:
z(t) = F z(t) + D u(t); te [0, 4=) (4.34)

where E{z(0)} and E{z(0)2'(0)} are obtained as in (4.8)-
(4.9).
b) the real valued matrix E(m x p} for the measurement vector:
y{t) = C =z (&) {4.35)
c} the weighting matrices:

¢ = H Tom >0
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Minimize:

2]

J(u) =E f {z'(£)Q z(t) + u' ()R u(t)}dt {(4.36)
o

subject to: (4.34) and (4.35) and the following minimum order observer-

based compensator struckture (Miller [M1] and Blanvillain [B21):
w(t) = F w(t) + D ult) + & y(t) {4.37)

with control law:

~ -~

2(t) = M w{t) + N y(t) (4.38)

u(t) = P 2(t) (4.39)
where:

witi £ RP™  is an cbserver of z(t)

z{t) e &

The real value matrices 5((p-m) x (p-m)), 5((p-nﬂ X r), E((p-m) x m),
ﬁ(p x pY, ﬁ(p x'm) and s(r x p) are to be determined by minimizing
(4.36).

Using this approach the compensator will have dimension (p-m)
which is less that the &imension (n-m) of the Luenbexger cbserver
proposed by Miller and othexs.

If the above control is applied to the true model the resulting
closed loop system is asymptotically stable. This is proved in

Appendix F following the method used by Aoki.



CHAPTER V
OPTIMAL MINIMUM ORDER OBSERVER-BASED COMPENSATOR FOR

A TIME-VARYING PLANT WITH A FMNOWN INFUT DISTURBANCE

V.I Introduction

This chapter considers the problem of designing an optimal mini-~
mum order time varying cbsefver—based compensator for a linear time
varying plant with a known input disturbance. The compensator para-
meters are to be designed by minimizing the standard performance index,
quadratic in the state and control vectors for the time intexval
[0, T]. The problem is treated in the context of stochastic processes
due to the nature of the initial condition vector. The initial condi-
tion is assumed to be a random vector with kncwn first and second
oxder statistics., The problem is considered in continuous time for
the sake of simplicity. Although there exist significant differences
between discrete time and continuous time problems, the results
obtained can be easily translated to discrete time using a similar
approach.

It'will be shown that a kind of separation theorem holds for
this case. 'That is, the control and state reconstruction parts of
the design problem can be solved independently. The approach is based
on minimizing the performance index with respect to the control para-

meters and using the necessary conditions of optimality to simplify

—75-
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the oxiginal problem. The necessary conditions are simplified based
on our knowledge of the solution for the complete state measurement
case. In this way the control and estimation parts may be separately
examined, The result obtained is that the cbserver parameters are
determined by solving an optimization problem which is independent of
of the control law parameters; the control law is the same as in the
bresence of complete state measurements.

This chapter is structured as follows. In section V.II the state
regulator prohlem for a plant with a2 known input disturbance vector is
posed and and solved under the assumption of complete state measure-
ments. In section V.III the problem in section V.IY is solved with
two additional constraints: only an incomplete state measurement is
available and the missing states are to be reconstructed asymptotically
by means of a minimum oxder time-varying observer-based compensator.
The solutions proposed only satisfy the necessary conditions for

optimality.

V.IL Optimal control for a plant with a known input disturbance

In this section necessary conditions for the existence of an
optimal control for a linear time-varying plant with a deterministic
disturbance and perfect observations are derived. The problem is
posed as a stochastic problem due to the nature of the initial condi-
tions. The initial condition is assumed to be a random vector with
known first and second order statistics. The performance index mini-

mized is the standard cost quadratic in the state and control vectors
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on the time interval [0, Tl. The optimal control is assumed to be a
linear combination of a feedback term and 2 bias control term. The
parameters of the optimal control are determined using the Minimum

Principle.

Optimization problem statement

Given: a)} +the linear time-varying plant described by:

%(t) = A(E)x(t) + B(t)u(t) + H(:)w(t); £ & [0, T] (5.1)
where
%x(+) is an R ~valued random process with known first and
and second ordexr statistics.*
u(+) is an R-valued linear function of x(-) generated by
(5.2)
w(+) is an R°-valued known disturbance vector.
The matrices A{t), B(t), H(t) are known matrices with real
continvously time varying entries dimensioned accordingly

to x(*}, u(-), and w(*).

b) the weighting matrices QT >0, 9(t) > 0 and R(t) > 0
are known,

gR % 1
9 E
nxn

o{t) e R

R(¢) e RF* T

*We will assume that x(0) is a random vector with known E{x(0}} and
E{x(2)x'(0)}. Therefore (5.1) generates a Markov process whose first
and second order statistics can be computed recursively.



Assume =

Find:

Note:

-8

the optimal control law to have the following form:
u(t) = P(tyx(t) + g{t) (5.2)
where the first term on the R.H.S. is the linear state feedback
term. The second term is the bias control term and has the
purpose of counteracting the effects of the disturbance term
H{t)wl(t) in (5.1). P(t} and g(t) are real valued, deterministic
and are dimensioned accordingly to x(-) and u{-).
u(t} of the form (5.2) such that the following performance

index is minimized:

T
J(u) = Bi{x* (T)QTx('I-) +f x'{(£yo{eyx(t) + u'(L)R(t)u(t)dc}
0
(5.3)
subject o (5.1).

The expectation is taken with respect to the initial conditions.

The matrices &, B, P and H will be written without explicit

dependence on t for the sake of notational simplicity.

Solution:

Using (5.2) in (5.1} the state correlation E{x(t)x'(t)} and

mean E{x(t)} can be obtained:

%{£) = (A + B P)x(£) + B g(t) + H wit) (5.4)
therefore:
t
x(t) = a(t, 0)x(0) + f e(t, 1) (Bg(T) + H (1))dr {5.5)
0

vhere:
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d{t, T) is the transition matrix of (& + BP). It allows
calculation of the state vecto: at some time t, given complete
knowledge of the state vectdr at time T in the absence of the

term Bg + Hw.

From (5.5) the mean of x(t) can be obtained:

£
E{x(t)} = m({t) =0(t, O}m, + f d{t, T)(Bg(t) + Hw(T))dT
0

(5.6)
where m, = E{x(0)}.
Taking the derivative of (5.6) with respect to time*:
m(t) = (& + B PIm(t) + (Bg(t) + Hw(t)) (5.7)

The correlation is cbtained using (5.5):
E{x(t)x' (t)} = o(t, 0)E{x(0)x'(0)}@' (¢, O) +

t
+f o(t, 1) (Bglr) + Hw{t))dr E{x"(0)}&'(t, 0) +
0
t
+ &{t, OJE{x(O)}f (Bg{T) + Hw(T})'®'({t, T)dT +
0

t £
+f ®it, T) (Bg(T) + Hw(’!.'))dtf (Bg(T) +
0 0

+ Hw{T)) '®' (£, T)aT (5.8)

*Recall two important properties of the transition matrix:

i) %;;@(t, T) = (& + B P)O(t, T)

ii) é(t, t) =1
where I is the identity matrix,
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Taking the derivative of (5.8) with respect to time*:

T(t) = (A + B P)L(E) + L() (A' + P'B) +
+ (Bg(t) + Hw(t))m'(t) + m(t) (Bg(t) + Hw(t))' (5.9)
where
n(e) = Bix(t)x'(B)} (5.10)

and m{t} is given by (5.6).
Using (5.2) in (5.3) the cost functional can be expressed in

texms of the correlation and the mean of x{(t):

T
g(e, g(t)) = f [tr{(g + P'R PIZ(t)} + g'(£)R P m(t) +
0
+ m'(L)P'R g(t) + g’ (t)Rg(t)]dt + tr{Q Z(TM]} (5.11)
Now the optimi:ation problem (5.1)-{5.2) can be expressed as follows:

Obtain the {(r x n) matrix P, the (n x n) matrix E(t), the
r-dimensional vector g(t) and the n-dimensional vector m{t) such that
the following performance index is minimized:

T

J®, g(t)) =f tz{(Q + P'RB)Z(t}} + g' (£)R Pm(t) +
0

* m'(t)P'Rg(t) + g’ (t)Rg(t)dt + trlg Zim} (5.12)

subject to:

*Usually what is found is the autocovariance so that a differential
equation with no driving term is obtained. In our casa we only £ind
E{x(t)x'(t)} because +this is the expression we will need later.
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m(t) = (A + B P)m(t) + Bg{t) + Hw(t) (5.13)
$(t) = (8 + B PYE(E) + E(e){(p+BP)' +
+ (Ba{t) + Hw(t))m'(t) + m{t) (Bg{t) + Hw{t))"® (5.14)

where: m(0) and Z£{0) are known.
Necesaary conditions for (5.12)} to have a stationaxry point at

P* and g*(t) can be obtained using the Minimum principle (Athans and
Falb [A4]). In order to obtain such conditions a Hamiltorian is

defined:
H(P, L(t), m(t), g{t),T(t), £(e))= tx{(Q + P'REIZ(D}} +
+ g'{t)RPm(t) + m'(t)P'Rg(t) + g'(E)Rg(t) +
+ P (e} [(a + BR)E(t) + E(t) (A + Bp}' +
+ {Bg{t) + Hw(t))m'(t) + m(t) (Bg(t) + Hw(t))'] +
+ 28 (L) [ (A + BP)m(t) + Bg(t) + Hw(t)] {5.15)

where:
T'{x) is an n x n costate matrix

Zf({t} is an n-dimensional costate vector

The necessary conditions for (5.12) to have a stationary peint at b*,

I*(t), m*(x), g*(t), T*(x), £(r) are:

an
apP
*

=0 (5.16)
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52_%%__ - T (E) (5.17)
*
- .
sete| = -E ) (5.18)
%
*
H .
Bf?t) = L*(t) (5.20)
®
i R (5.21)
SE(E)] O .
%
where the notatioh means "evaluated at: P¥%, Z*(t), w¥{t), g*(t),

%
I*(t), £%(x)."

From {5.16) it follows that (using Athans [A3]):
R P*L%(t) + Rg*(t)m'#(t) + B'£¥(t)m'* (k) + B'I'*(£)I*(t) = 0
(5.22)

{5.17) becomes:

—;*(t) = (A + B P*)'T'®(t) + I'*(£) (A + BP*) + Q 4 P*'R P*

(5.23)

From (5.18) it follows that:
:f*(t) = ~{(& + B P*)"£*(t) - I'*{t) (Bg*(t) + Hw(t)) - P*'Rg*(t)
{5.24)

{(5.19) is:
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R P*m¥*(t) + R g*(t) + B'T*(t)m*(t) + B'E£*(t) = 0 (5.25)
From (5.20):

5 (£)

= (A + B P¥)T# (L) + TE{t) (& + B P*)' +
+ (Bg*{t) + Hw(t))m*'(t) + m* (L) (Bg*(t) + Hw(t))'
(5.26)
and {5.21):
WE(E) = (A + B P*imt(t) + Bg* (t) + Hw(t) (5.27)

Eguations (5.22)-(5.27) can be further simplified in the following

way:
Using the value of Rg*(t) from (5.25) in {5.22}:
[RB* + B'T*(¢)][Z* () - mE(Eym** (£)] = 0O (5.28)

Since this eqguation has to be valid for any L!/0) and m{0), and there-
fore for any I(t) and m(t), as long as an optimal sélution exists we
conclude that:

P* = ~R 1R'T# (1) (5.29)

Using (5.29) in (5.25):

g*(€) = -R ‘Bre (1) (5.30)
Using ({5.29) and (5.30), (5.24) is reduced *o:

EX(E) = =(A - B R UBUTR(6) E4(8) ~ D* (e (6] (5.31)
Therefore the solution to (5.1}-(5.3) can be summarized as follows:

uf{t) = P¥(t)x(t) + g¥ (&t} (5.32)
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where P* (L) satisfies:

p* (t} =

1-1* (t) =

obtained using

R (L) B () TH (5) (5.33)

AN () TH (k) - Ta(e)a(t) + I+ (£)B(EIR(E)BT (£)T* (t) ~0Q(&)

g¥(t) is given by:

g* (t) =
where:

£+ (£)

where T#%({t) ic

(5.34)
(5.29) in (5.23).
-R ey B () 2% (1) (5.35)
~[A(t) - BCE)R L (x)m' (£)T (£) 17 £+ (&)
P2 (t)H(t)w(t) ' (5.386)

comouted using (5, 24) .

Boundary conditions of the above solution:

i) For the equations (5.26)-{5.27) the knowns m{0) and

2{0) constitute the initial conditions.

ii) For equation (5.34) xhe transversality conditions of

the Minimum principle give the boundary conditions

(Athans and Falb [A4])*.

afa(p, g())}

3% (1) =

therefore:

* Here we use the part of the cost (5.12) that cepends only on the
terminal state second moment: tr{Q I (%)}
T
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Fafq) = Qp

(5.37)
3ii) For (5.36) the boundary conditions are obtained in a

similar way:

B{J(P; g(t))} -
am{T) = £5(m

which gives:

(T} =0 {5.38)

Calculation of the optimal cost

Using (5.29) and {5.30}, the performance index (5.12) can be
expressed as:
T
J(P*, g*(t)) =_/' te{(Q(t) + P*' (LIR(L)P*(£))IT* (£} }
0

+ £%0 (£)BE) R T(£)B? (£) T (£) m (t)
+ m*t (£) T* (£) B(t) R+ (&) B’ () £% (£)

+ f*‘(t)B(t)R_l(t)B' () £*(t)dt + tr{QTZ‘. () }

(5.39)
Using the trace identity:
tr{a B} = tr {B A} (5.40)
and the wvalue of
B{t)g*(t)m*' (t) = -B(t) R"l{t)B' (£) £* (t)m** (&) (5.41)

from (5.26), (3.39) becones:

T
J(P*, g*(t)} =f fer{(0(t) + P*' (£)R{L)P*(£))I* (L)}
0

+ tr{-T*(E)T*(£) + I* (1) (A(L) + B(E)B*(£))T*(E) +
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+

PH(£)Z* () (A(L) + B(t)P*{t))"®

P*(R)H(E)w(t)m*t (&) + D*(E)m¥w' (£} (v)}

+

+

£%¢ (£)B(£) R S (£)B' (£) £* (£} 1dt
+ tr{QTZ(T)} {5.42}

vhich is equal to:

n

T
Jf tr{{Q(t) + PEY(E)R(EIP* (L) + I*(t) [A(t) + B(E)P*(%)]
0

+ [A(t) + B(t)P*(t)l'T*(t)}E*(t)} - tr{F*(t)i*(t)} .

te{l* (D H(E)w(t)m** (£) + ¥ (£)m* (£)w' (£)H' (£)

+ £% (£)B(E)R™L(£) B! (£) £+ () }de + ex{Q £(m) } (5.43)

Using (5.23) and:
S {I*(©)Z*(6)} = T*(E)T*(6) + T*(£)T* (%) (5.44)
(5.43) becomes:
T a
=i]. —tr {EE(F*(t)Z*(t))} + tr{T* (L)H(t)w(t)m** (£} +
0
+ PE(E)m*(E)w' (£)H (E) + f*'it)B(tJFhlct)B‘(t)f*(t)dt
+ tr{gTz(T)} (5.45)
Therefore, using (5.37):
J(P*, g*(t)) = ex{T*x(O)EZ* ()} +
T
+-}r tr{T " (e)Ejwlt)m** (&) +
0

+ TR()m* (Lyw! (£)H' (£} } +
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+ %1 (£)B(E)R L (£)B' () £X{t)at (5.46)

Equation (5.46) can be further reduced using {(5.36) and {5.38), but
it will be left the way it is fox the sake of simplicity of the

derivations that follow in +he next section.

V.ITI Optimal minimum order observer based compensator for a linear

time-varying plant with a known input disturbance

In the previous section the optimal control foxr a linear time
varying plant with quadratic cost was designed. It was showq that
the optimal control law reguires knowledge of the whole state vector.
This is an assumption that is celdom satisfied in practice. Usually
what is known are linear combinations of the states®. In this sec- .
tion the problem of the previous section is considered under the
assumption of incomplete state measurements. It is assumed that the
control law has the same form as in the previous section but x(t) is
replaced by %(t), where %(t) is the state vector reconstructed
asymptotically by means of a minimum order cbserver-based compensator.
The parameters of trhe compensator are to he determined by minimizing
the standard cost guadratic in the stéte and control vectors over the
time interval [0, T}. The optimization problem is tackled by
minimizing the cost with respect to those parameters "independent”

of the ohserver parameters and then using the equations obtained to

*Je are assuming that these linear combinations are independent and
less in number than t+he dimension of the state vector.
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simplify the cost functional. The result obtained is a cost functional
dependent only on the parameters of the compensator. It has the same
form as the increment in cost due to the use of the observer cbtained
by Yuksel and Bongiornc [¥l, p. 6li} for a plant with no input distur-~
bance. The section is organized as follows. First the compensator
structure ié briefly reviewed. Then the optimization problem is
defined. A solution follows.

The plant considered in this section is the same as in (5.1)

with measurements described by:

y{t} = cle)x(t); t e [0, T] {5.47)
where:
v{-} is an Rm—valued random process with statistics derived
from x(-)

C{.} is an {m = n)} time varying matrix.
The structure of the Luenberger observer [L3) is the following:

z{t)

it

Fltlz(t) + G(E)y(t) + D(t)ult) + E(t)w(t) (5.48)

Rt} = N{E)y(t} + M(E)z(t) (5.49)

vhere:
z{t) in an R P-valued random process with statistics derived
from:

z{t)} = T{t)x(t) - el(t) {5.50)

and the matrices F(t), G(t), D(t), B(t), N{t), M(t), T(t) and

the vector e(t) are dimensioned accordingly. These matrices
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are parameters that will be Getermined by minimizing the

quadratic cost functional (5.63).
The control law is assumed to have the same form as in (5.32):
ult) = P{E)&(E) + g(t) (5.51)

The following equalities [¥1, p. 140-141] are obtained vsing

{5.50) and {5-47) in (5.1) and (5.48):

F(E)TiE) + GEIC(L) = T(t) + T(E)AlE) (5.52)
p(t) = T{L)B(E) (5.53)
E(t) = T()H{t) (5.54)

and the error equation:
e(t) = F{t)elt) (5.55)

Equations (5.52)~(5.55) considerably simplify tﬁe optimization problem.
The problem is simplified even more if all the matrices involved in
equations (5.48)—(5.49) are expressed as 2 function of T(t}. The
analysis of these derivations is presented in Yuksel and Bongiorno
[vil.

Notice that if the texm E{t)w(t) were not in (5.48) then the
error (5.55) would become:

e(t) = Fltle(r) + T(LA(EIw(E) (5.56)
which means that the nature of the term H{t)w(t} must be restricted if
we want the error to decrease asymptotically to zero.

Equation {5.49) can be gimplified using {5.50) and the condition

that *(t) is equal to x(t} plus an error-dependent term. That is:
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nie)o{t) + M{e)T(t) = 1 (5.57)

vhere I is the identity matxix. Aand:

2{r) = x(e) - M{t)e(t) (5.58)
Then the control law (5.51) becomes:

ult) = P(t) [x(t) - M{tje(t)] + g(t) (5.59)

The closed loop system equation can be obtained using (5.59) in (5.1)

and (5.48):
x(t) A(£)+B(£) P (t) B () PE)ME) | | x(0) B(£)g(t)
= +
e(t) 0 F(t) e{t) 0
B{t)w{t) .
+ (5.60)
0

in deriving (5.60{ (see Miller [M1] for a similar approach) the error
equations were used instead of equations involving z({t), for the sake
of simplification. Another r?EEQthS that (5.60) gives insight to
the structure of the closed 1025 system. That is, the peles of the
closed loop system are the poles of the plant for the case of complete

state measurement, plus the poles of the observer.

Optimization Problem Statement

Given: a) Elx(0)} = mo and E{x{0)x'(0)} = X for the process*

x(t) = AtE)x(t) + Bl{t)u(t) + H(t)w(t) (5.61)

%#FPor details as dimensions, etc. see section V.II and the introduction
to this section.
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y{t) = c(t)x(t) (5.62)
b) the matrices A(-), B(+), H{*), C(-) for the model
{5.61)~(5.62)
c) the time varying weighting matrices Q(-) > 0, QT >0
and R{+) > O with dimensions (n x n), (n x n) and {r = r)

respectively.

Pind: the matrices’ F*{t), T*(t), N*(t}, G*(t), M*(%), P*(t) and the
vector g¥(t)

such that: the cost functional

J{e({t), T(t), M(t), F(t), wit), G{t)., G(t)) =

T
= E{x'(T)QTx(T)-+.[ %' (£) QY x(t) + u' (e)R(t)u(t)at}

0O
(5.63)
subject to:

ult) = P(Ox() - P(EIM(EVe(E) + g(t) . (5.64)
e(t) = F(t)e(t) ” » (5.65)
F(E)T(E) + G(t)C(t) = T(t) + T(L)A(E) (5.66)
N(t)C(t) + M(£)T(t) = I (5.67)
e(0) = T(O)m, - z, (5.68)

and (5.61)-(5.62)

iz minimized.

TTPhe matrices D{t) and E(t) are not included here because they are
determined from (5.5) and {5.6) once T{t) is obfained.
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Note: The matrices A, B, P, M, F, H, 9, R, etc. are time functions,

but their dependence on time will not be explicitly written.

Solution:
For computing the closed loop system mean and correlation:

From (5.60):

x{t) x(0) t Bg(t} + Hw{T)
= o{t, 0) + oL, 1) at
e(t) e (0) 0 0
(5.69)
Thus,
. A 4+ BP ~BPI [ Bg + Hw(t)
= m + 5.70
K€ o g X, o ( )
and
]
. A + BP *BPMN\ A + BP -BPM
E] z o+ Z
x,e 0 F / X,e X,e 0 F
Bg + Hw(t) Bg + Hw(t)\'
+ m' +m (5.71)
0 Xee X2 0 [
/
wherxe:
§(t, T) is the transition matrix of the system matrix:
A + BP ~-BPM
0 P
¥ (t) m
1113 e = B = x (5.72)
s e(t) e
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Z =5 [:;' () e‘(t)] = 1 2 {(5.73)
*.8 elt) £ L,
: : 2 2

The cost {5.63) can be expressed in terms of m, o and Ex e as follows:
; ’ R

J(e, T, M, F, N, G, @) = E{x'(T)QTx(T) +
_ T Q + P'RP - -P'RPM j|x(t)
+f x' () e'(B)] |+
0 ~-MIP'RP M'B'RPM | 1e (L)
x{t)

+ [g' P -g' RPM] +
e(t)

. . B'Rg
¥ [x' ) e (t}]

' -M'P'Rg

+ g'Rg dt ' (5.74)

which equals, using the trace operator and interchanging it with the

expectation aperator:

N | P Q + P'RP  -P'REM
Co=wrig R (M} +f 2 T BV
T4 0 mp're mrp'reM | )
. P'Ry : , _ ' .
ST o |
+omy o . + [g'®Re - -g'RPM] m , +g'Rg dt
-M'P'Rg

{5.75)

" Now the optimization problem (5.61)-(5.68) can be tackled using

equations (5.70), (5.71) and (5.75) instead of (5.61)-(5.65).

Following Athans and Falb [a4] the Hamiltonian becomes:

g{?, T, M. ¥, N, G, g, zx’e, m}'he, r, £, Kl; Kz’ =
_ Q'+ P'RP ~-PtRPM P'Rg
= tr > +m +
X, e

o~ -M'P'RP M'P ' RPH -M'P'Rg

L
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o A + BP -BPHM
-+ 'RP ~ g'RPMIm + g'Rg + tr{ T +
+ [g g ] e g'Rg o . x,e

A + BP ~BPM Bg + Hw(t)

¥
+ zx,e o . * o et

Bg + Hw(t)

=1
+ 1:11:{"'e o }..+ 2&_. 1m R

Bg + Hw{t)
+ + tr{Ki [FT + GC .~ TAa] +Ké (NC 3+ MD - I]} {5.78)
0

vhere the multipliers I'({2n-m) x {(2n-m)), f((Zn;nn x 1), Kl((n-m) % n),
Kz(n X n} are time varying fTunctions. Note that (5.68) is not in the
Hamiltonian since this constraint is a boundary condition. It has to
be considersd when thé transvexrsality conéitions are found.

In the analysis that follows the necessary conditions for the
existence of a statiomnary point P*, mE, g, zil andlziz WiLL be
obtained. The resulting equations will be compared with (5.32)-(5.38)
for the complete state'measureﬁents case és to simplify them. The
resulting equations will be used to express the cost (5.75) as a
function of the compensator parameters only. Following this procedure
the problgm is considerably simplified. The necessary conditions
for a stationary point M*, F¥%, T#, N*, G*, 23 ’ mé' etc. are to bhe
obtained by minimizing this simplified cost.

Necessaiy'éonditioné.for.the'exisﬁence of a stationary point

p*, mE, g%, Eil and.Eiz :



| "~ °
*
on :
= -2f%
Bmx 1

where the partition: -
£

£ =]t

£

has been used.

8

3g| © q

&

Ind using the partition:

r r
r= 11 1
It T,
L, 3
we obtain:’
| - T
ll 1
%
oH -
— — _Ilic
By 1,
#
oH .
—_— = E*_
arll : _ll
&

~05-

{5.77)

{5.78)

(5.79)

(5.80)

(5.81)

- {5.82)

{5.83)

(5.84)
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ol
arl 12 {5.85)
2
%
whexe . means fevaluated at P*,In;, g*, Zilf Ziz, fi, P;lr P;Z".

With transversality conditions (where J is given by the cost (5.75)) :
'

T = T+ (T) (5.86)

L. (T 1
.
ag i - '
—F— = T% (T) (5.87)
G

From (5.77) is obtained:

RP*

L T ..z__ L
2 RP ;421 RP El M' o+ RP*ML, M + Rg*mi
L 2 2 _ 2 :
- ey § T - et 1T Ve - 1T * L]
Rg meM' + B f.im.;*;' B'E{mM' + B I‘l__ El - B Pl El M -_:.-.
171 172 -
+ BT It — piTs .M = 0O o - (5.88)
From (5.78):
SF% = (B + BP*)'£% + D% (Bg* + Hw) + P¥'Rg¥ " (5.89)
i i | 1, ,
From (5.80) =
RP*m* — RP*Mm + Rg* + B'T* m* + B'T* m_ + B'£¥ =0 (5.90)
X - e o 1y = 1, e 1
From (5.82):
_ —_-Fi = (A + BP¥) 'I‘-='£ S I’_{ (A + BP*) + Q + B*¥'RP* . (5.91)

1 1 1
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From (5.83):

"Ti = (a +'BP*)*ri + T# F — T'. BP*M — P*'RD#M ' (5.92)
2 B B L

‘From (5.84):

IF = (2 + BP*)L* - Bpémz%' + T* (A + BP*)"
R }1___ . ”}zn'¢“11 Lo
- %* M'P#'R' 4+ (Bg + Hu)m*' + m*(Bg + Ha)' (5.93)
12 X X
From (5.85):
f.# = (A + BP*)T% - pp*ME Tx . F' + (Bg + 1 ¢ (5.94) -
212 (A + BDP¥) 1, BP mzzz + _12F {Bg Hw)me ( )
And boundary conditions:
# j—1 -
rll(i) QT ' ‘5 95)
I (=0 . S - | o {5.98)

2
_ Tﬁe aboveréqnations can be simplifiedras foilowss. 7

_COmpgring (5.91)‘with (5.34)_and_(5,95)_withl($.37) is qléérly
éeén Eﬁ;t_if S B TR o

P = ;leg-r; - (5.97)

L :
then the solutions I'# , P* given by (5.97), (5.91) and I'*, P* for

1 : ‘ .
" “the complete state measurements case (see {5.33}-(5.34)) arejidentical L

raspactively.

CIf (5.97) is used in (5.92), then
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T¥ = (A + BP$)'T* - pe p
- with bounda.ry condlt:l.on- (5 96)..
From (5 98)
Py, @ =0, 0TF (0)8,(T, &)
2 "o 7
vhere: &7 is the transition matrix for (A + BP*)' and

@2 is the t¥ansition matrix for F.

| Using the boundary condition (5.97 it is concluded that:
TF (B ;_0 ,_t € .[0, T]
since (5.99) has to ‘be valid for all t.

Us:mg (5 97) J.n (5. 89)

-..f_* = Ky TER 4

- (5.98)

(5.99)

{5.100)

(5.101)

which is identical o (5:36) for thée complete measurements case. It

is elear- that if we use: -

* = R 15 ‘£

(5 102)

| then the parameters B(t) and g(t) of (5 51) are identical to the ones

_obta:.ned for the perfect measurements _case (see (b 32) (5 36))

' Usmng (s 97), (5.100)° and (5.102) in (5.88) :

P*MZ*' =P*MZ M
Ly 25

 Using (5.97), (5.100) and (5.102), (5.90) becomes :

(5.103)
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PR, =0 o o (5.104)

Using (5.97), (5.102), (5.93) and (5.104), (5.75) is simplified as

follows:

il

o | ) _
tr{QTzl (M} + Jﬂ triio + FiléR 1N'ri o+

J(&,M,F,N,G)

+ ri'(a + BP*} + (A + BP*)‘T{ 1% -~ % L*}

1 1 hh
+ : *." PR Sy VT ' |
tr{I‘l Hw m¥' + T4 mhw'H I} +
i T 1 :
*+'tr{M‘P*'RP*MZé } +“fi*anlstidt ' {5.105)
2 .

_ Using (5.97), (5.91) and (5.44), (5.105) becomes:

. T
J{T,M,F,N,G = tx{I'* (0)Z*(0) } + JF tr{T#* Hy m*"' +
| 1y 0 L, =

+ T% mtw'H'} + £%'BR B'£3dt +
rl mgw H'} fl B 12

1
T o . |
+f- tr{M'px RE*ME, }dt (5.106)
0 - 2
where a trace identity has been used to putﬁit in a format similar to
- {5.406).
' In order to compare (5.106) with (5.46) the.following analysis
is dones:
From (5.70):

mE = (A +_BE*)m§‘? BP*m_ + Bg* + Ha (5.107)

Using (5.104), (5.107) becomes:
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-

m; = {A.+ BP*)m; + Bg¥* 4+ Hy {5.108)
Coﬁéariﬁg‘(E;lOS) witﬁ (5,i3) iorrthe,cémélete ététe meaéurémeﬁté case
_itjis clear that mi apduw? a;e”idenﬁiqa; since;A,ZB, ?*, g*,_H,.w are
the same for both cases. | |

Now it is clear that the first four texms on the R,ﬁ.s of
(5.105} are identical.tb the optimal cost (5.46) for the complete state
- measurements case. Therefore these are dug.tq:thgncontrql.laW'(5.51)
and are indepen&entlof the state reconstructor structure. Even without
' comparith(5al06} and (5.46) it can be noticed that the necessary condi-

tions for obtaining the observer parameters are invariant with respect

to these four terms. Therefbre'thé_optimization problem for obtaiming

the compensator parameters can be posed as follows:

 Minimizes

T o : -

J{T,M.F,N,G,zo) =f tr{M‘P*'RP*MZ2 lat e (5.109)
e - Yo 2. o -
_subject to: -

‘5, =FL,6 +I% ¥ L e i (Ba110)

FT +G=T+T | - - {5.111)

m =Fm o o | (5.113)

e(0} = T(0)my - z, o : S (5.114)

where the constraints (5.108)<(5.112) are obtained from (5.65)—(5.68)

and constraints in (5.76) not considered in the previous necessary
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conditions.
The optimization problem (5.109)~(5.114) is equivalent to the
following: | |
minimize:
A o L
7 J(TIMIFINIGJ’ZO) =B f e’ (L)M'P*'RP*Me () dt {5.115}
T Yo S | '

subjeckt to: . ' : : : _ . o e

' Etﬁ) Fe{t) - f_?ﬁ_'c:”chc.f;”t_i- RO L el {S.IIGII
Fr+ce =+ m L B - . (5.117)
Ne+mr=x BRI sy
e =momy =z e e

The impoxrtance of the solution proposed above is the separation
property impliecit in it: That is, the 9°ntr91_earameters:P*(tlgand
g*{t) in the control lew

ule) = PHEIR() + q*-(t) L tsa120)

. are 1ndependent of the state reconstructor optlﬁlzatlon problem. This‘f
.lS concluded because the equatlons for obtalnlng these parametexs

_are 1dent1ca1 to the correspondlng ones obtalned in sectlon V. II for
"the complete state measurements case.' On the other hand, the. state .

_ reconstructor parameters arerchtalned dnflnlng an cptlmlzatlcn problem_

whlch,ls completely decoqpled of P*( ) end g*(t). In fact, the Optl—

‘__nmlzatlon problem (5 115)—(5 119) 1s 1dent1cal to the one formulated

by Yuhsel and Bonglorno IYl] for the casa of no 1nput dlsturhance.
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Therefore; from (5.97), (5.91), (5.102), (5.101) and the optimization
7 problem -(5.115.}""‘-(-5_.3-_19) we conc:ludé that the control and state recon~ .
structor optimizatiori problems can Ee analyzed and solved independently
since no coupling between these fido problems exists.

We have te emphasize that.t‘ne solution proposed satisfies the
necessary E:ohd:‘itidris but "su:fficieney. has hdt 'bé’eri'sﬁbtm yeﬁ.. éiven 3
‘that this part of the proof of opta.ma.lx.ty is 1engthy and smlar to

-Mlller s [Ml . 150-152] it w:.ll net appear here.



CHARPTER VI

VI.I Conclusions and Discussion of Resﬁlts_

Cha}_.;tte.t:' Ir

: 'I'he optimal discrete time minimum ordex ebse.rver-.-}'a'a'sed.' conpansa—
tor prohleﬁi has been solved. The necessary cond:.t:.ons for optimality
were obtained and it was shown that a control law :Ldent::.cal to the one
for ..he complete state measurements case sat:.sfa.es these cond:.t:.ons.
ZIThe suffx.c:l.ency part of the proof has been br:r.efly d:.scussed on the
has:.s of Mz.ller s results [Ml]. ) The R:Lccat::. equat:v.ons obtaz.m\\d have
.been analyzed, based on a compaz:::.son wz.i-h the Ricecati eguation for
i:he d:.screte tlme 1:|.nea.r regulator problem w:.th no Ccross term :Ln the
cost. In fack lt has been shown that the stablla.zabz.l:l.ty of the pair
[A, B] and obsexvability of [A, €] play an impertant-;ole in the
obteinreent of an asymptotically stable closed loop system. |

It has been shown that, as in the continuous time case, there _.'is :

a Separation property impl_iciﬁ in the design. That is, the optimal
compensater structure turns 'cui_:' to be obtained by solving two decoupled
and ihdependent design problems: finding the optimal feedback control
‘gains and finding of the state reconstructor parameters. The opt:i'.mal'
control gains have the same form as for the case of complete state
measurements and as such only depend on the plant model and the cost

weighting matrices. On the othér hand the compensator parameters

=103~
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(obtained once two matrices are determined, i.e. Tl and Té) depend only
on the plan£ moéel and the initial conditioh statistics. .It was shown
that the optimal cost is invariant with respect to one of these matrices.
From this result it was shown that the optimal compensator parametexs
‘are nonunigue since this matrix is arbitrary. Nevertheless the com-
pensator 6ynaﬁiés are‘unique since any two optimal chservers are related
by a similarity transformation. Given this equivalency betwgen_optimal
conpensators the compensator structure was fixed {taking this arbitrary
matrix as the identity). Then it was shown that a change in state-out-
put canonical foxrm changes the optimal observer structure by a simi-

' lérity'tiéhsfofmation. Even more, thé_compensator dynamics as well as

+he total optimal cost are invariant under this kind of transformation.

Chapter IIL
 The necessary conditions for optimality of the diserete time

version of the optimal output feedback controller have been cbtained.
The results were achieved by two different methods which illustrated
important optimization fechniques in discrete time systems design.

Also the discrete time versions of the optimal limited dimepsion com-
pensator design by Johnson-Athans and Sirisena-Choi have been presented
and briéfly discussed. These kind of optimization problems are solved
'hy reformulating them, via augrented matrices, as output feedback

control problems.
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Chapter IV

The output feedback control problem has been analyzed in the
context of aggregation theory. It has been shown that is is possible
to simplify Levine's results as to decouple the Riceati and Liapunov
equations and achieve independence of initial conditions. There exist
various difficulties with this approach. For instance, the resulting
aggregated model may not have the most significant portion of the rlant
dynamics and second, the measurement and system matrices are constrained
by an equality that may not always be satisfied.

& way of reducing the compensator dimension by means of aggre-
. gation theory has been Proposed. It was shown that to provide control
oﬁly for the unstable and other siguifirant 50&9" ol the plont dyncomics
reduces the order of the compensator. It has been shown that, fixing
the design method using Acki's results, the design for the aggregated
medal can be applied to the true plant yielding an asymptotically stable

closed loop system.

Chapter v

The regulation of a linear time varying plant with a known input
disturbance by means of an optimal control law with an optimal minimum
order observer has heen studied. The necessary conditions for the
optimality of the compensator structure have been obtained. It has
been shown that the control gains for the case of complete state mea-

surement satisfy these conditions. Moreover the result obtained is a
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decoupllng and 1ndapendence of the control and state reconstructor
~parts of the problem. The sufflcmency of these results can be proved

by an- approach SLlear to Pll;er s [Ml] It also has heen shown that

the qptlmlzatlcn problem for cbtaining the observer parameters is
identical to the;one;obﬁalned-by ¥ukseluand Bongiorno [Y1l for the

case of no input disturbance. An important remark is that these

_xesults:ére'anygvalia whenfthe:obserVe:;has knqwledge_Qf the plant .

input disturbance for all t.

'Vi;II ?6SSible EktEnSibnS'énd-the:Relatéd-Reseérdh 1-.

A possible“ég;egsion_cﬁ_the results cbtained in Chapters II
and II¥I would be a<comparison‘of the'methodsrprESented;'based on
performance and sensitivity analysis. Also-a step response comparison.

may give insight into the problem.  The implementation of these

 designs in a discrete time 1inear_time~inwariant plant, or appropriate

simulation might enhance the analysis.

By means .of a matrix partition similar to the one used in

~ Chapter II the optimal reduced orxder observer-based compensator can

' be studied.  The invariance of the compensatox dynamics under a simi- -

larity_transformatidn on the cbserver may be analyzed. - For instance,

' working out the exaimple of a reduded order compensator by Fortmann and”

Wllllamson [FPi]l using a matrlx partltlon, some 1n51ghL in the problem

is galned ‘For this’ partlcular case it turns out that the corpenqator'

parameters which reconstruct asymptotically the optimal control law
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_are completely determined from a set of constraints obtained from the
partitions. Changing the partition, it can be shown chat the compen-
- sator parameters are non unigue.. The cnlyzéifferencegbetween them is
a similar;ty transformation on the chserver. Surprisingly enough,
the compensator dynamics are always the same. It is glear that in
cases like this to define an optimization problem so as to find the
paraﬁeters cf the'ccmpensetor has no meaning unless the class of
admissible gamns is properly stated.

' Ccncernlng the output feedback control problem in the context
of aggreoatlon theory, the results obtained in Chapter IV indicate that
ccnsiderable simplificatlcn ;s cbtalned 1f an eguality cqnstralnt on
the system and_measuxement matrices is satisfied. A possiLie extension
of the results that appear on this chapter would be to define an
_ apprcxlmatlcn s0 as to valldate the results cbtained for a broader
class of systems. This is a problem Lhat can be StudIEd in further
detail up to the point that significant 51mpllflcat10n of Levine's

results is cbtained. | |

Also, further research effort can be dealcated to 1mplement
the results proposed on the reduced crder observeerased ccmpensator
'_Vla aggregatlcn theoxy. A comparison of thls methcdclcgy Wlth the
ones. presented in Chapters IT and III is desired in crder to demcn-

strate the validity of this approach.



APPENDIX A
Conditions for the existence and uniqueness of positive

definite and positive semidefinite solutions of the standard steady

 state Riceati eguation (see Kwakernaak and Sivan [K6, p. 4951).

Fox ’l:he follow:r.ng cl:.sca:e‘te steady sta'l:e Riccati equat:.on

(obta:.ned when thers is no cross term in the cost (2 3) = 0)
?=§f5+5-xﬁfﬁr§ E?ET%ETB&-;W A1)

or equivalently {see Appendix D for case C = I):

Fe Y a + BB @+ PRPA + BB (3.2)
t= |
= (&' + P B‘)P(A + B p} 'Q"-x-"ﬁﬁ? — S _{1&..3')' '
"whére--: .
F=(®+B7HETH (a.4)

the following results hold. These are derived as a limiting case of

" the following "'equation.:

T'-'l(lt-) (&t + P! (§:+1')§")"I"(t+1) (& + § B(t+l)) + Q0 +

s P DRR® . (&.8)
- | | ‘_ | S
P) = ~(R+ B I'\(‘t))rB) JGB*T{(@LA) F T T ¢ O

with boundary condition -I‘.(TJ .

-108-
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. Theorem A.L

1f (A, B) is a controllable pair, T{T} > 0 is boundary condi-

. tion, then there exists a convergent sequence {bI'-_'(’t:;)} which is element-~.

wise pogitive semidefinite, The limit, as T goes to infinity, T

- satisfies A.1l and is positive semidefinite.

Theorem A, 2

' If theorem A 1 is sat:.sf:.ed and’ {A, Ql/ ) is an observable

' }_::az.r, then i:here exists a un:.que posz.tz.ve det:.n:.te solut:Lon to (A 1}~

{A 3} a.nd ::.t y::.elds an asymptotx.cally stable closed loop system.

The_-"ab_o've; ‘o -suff_i_c‘_i_.ent; conditions, _o_rigj__nally__propo_s_ed by :

‘Kalman [K1:K3] for continuous time version, were weakened by Wonham

- 11 for continuous time in 1968: The discrete time results were

p’resented in 1970 'by Caines and Maine [C11. |

Theorem A 3

If the :Lterat:.on (A 5) is started at I‘(T) >0 and the pa;.r

{A, B) :s.s si:ab:.l:.zable then there ex:.sts 0 < P < +ﬂ° such that the

sequence {I’(t)} converges to a c:onsta.nt steady state solut:.on I‘. _

' Thls I‘ sata.sfles (A.l} (A 3)

- ' Theorem A.4 - .-

1/2

Iff,theorem'A;B is s;'ai:isfied and the pair {A, ) is observable

" then T > 0 is unidue and yields an asymptotically stable closed loop-

~system. -



APPENDIX B

Analysis of eqﬁation'{Z-Sl{

Consider the recursion:
R T N IR
(U3 (v) = (T*ALE! T'x (ttl) (T*ALT
2, '™ = MG 4 2

)

(pe~ Ly g iprgspe g prrpy T & (peTlyepiprigprpprd
2 1, 2 2 2

(B.1)

' notice that if m#r > n, where r is the number of inputs, m is’ the

numher of outputs and n is the nusber of states, then {Tg (t)} is

T2

automatlcally posltlve deflnlte for any F {'T) 2'0 since the sum of

2

'_ the last two te*ms is posmtlve defmnlte. The series {P* (t)} is a

: ) -2
convergent series 1f (”*ﬂLm* ) has e1genvalues of moduli less than 1.

_The latter condltlon 15 an 1np11c1t assumptmon in the well posedness

Df the problem.
.If.the_abqve.conditions are nok gatisfied, then an analysis in

tg#ms of ocbservability and controllability has to be done -to determine

- conditions sufficient for the positive definiteness of the steady

‘state sqlution'rg . Putting (B.1l) in the following form (using equa-

2

Tﬂftidnss(2;18}?&ud;(2&21f);ﬁ’rJ---

- . .0a E B i
R AL; (Fx) (M*'P*'B’Fi BR¥M® + M*'P*TRPHMA) (F¥) T
C2 Rl L e Apo

(B.2)

-110= -
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b

A

we can clearly see {using Appendix 3) that if the paix (F* ,P*M*) is

' observable'thenr{r (v} is aséanEEééht §bSiti§e'definiﬁe sequence -
2 ' _
prov1ded that Pis a stable matle and P Cr) is positive semidefinite.

: 2 : -
All thls condltlon says is that the observer has to be minimal in

order to haﬂe Tg > 0. Thls is an lmpllclt aSSumptlon in section
: II III when the dlmen510n of the observer was flxed to be n~m and

the plant assumed minimal.



APPENDIX C
Invariants of discrete time optimal minimum

order observer-based compensator

' Ih-this-éppendixiit'is'proved3thét any tﬁo'similaf sﬁété4outputﬁuf
disq:ete time canonical plant models yield the SQme optimal compénsator
Jaynéﬁics éﬂd:optimal.cdét; The éhalfsis follows"quite élosélﬁ the |
anélysis for the ﬁbntinuous ﬁime case followed by'Blanvillain‘and
'Jbﬁﬁédﬁ'[BBJ. | | | -

The appendix is structured as follows. First a review of a
ﬁéﬁhod to 6btain:£he éfate4outpﬁt canonical pianﬁ ﬁo&él froﬁ any other
realization is presented. Then, optimal_minimalrorder qbserver—based
&oméenéétors are designéd fof £WO eéﬁiﬁalent state outbuﬁ‘canénical |
_plant models. _As in_Blanvillain and Johnson a matrix decomposition
and ;‘matrix equivalence are used in order to-compa:r these two
_designs. In this_way it_is_shpwn_that aifﬁexent staite output plant
canqnical forms yield obéerver design parameters which are related hy
-a simi;;rity{transfo:mation;. Also-it-is.%hbwn.that these two designs
vield the same optimal cost.

© .. For a plant described by the following linear time invariant
modél (see seétion.II.II for details on dimensions; etec.):

'k(t;ij'ﬁuﬁ&¥ft)-+ 3'utti | _ :_ T fc_lf

y(t) = ¢ x(t) | | | e

~112-
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; R with initial condition statistics:
E{x(0)xi @} = = o e
E{x(0)} = m, (Cc.a)
wz.th opt_.imal___cbnt:rol given by (see Section® II.IV):
ult) = P R(E) = : (c.5)
COR(E) =N oy(E) FMoEE) R {C.6)
T m{EHl) = Foa(t) + 6 y(t) + D ult); z(0) = [P ! Tlm,
g .7
. ;'d:eSignéd ._hy:xﬁini;miz:iﬁg:‘the fﬁllméihg p'erfdrmance index:
F = E‘ er -!-uS‘x +xsﬁ+uﬁu ‘ (c.8)
1 =0 T £k i R X . : : A

.'Consz,der the follow:.ng s:.mlar:.ty transform‘atlon wh:.ch puts (C. l)—
| (C 4) in state-—-cutput c:anona.cal form. - |

R =) =H x(t) | | : , LT ~ {C.9)

L whéfe 'E{né 1) is obtained é.'s fol]idté;.sé |
H= - ' ' - {c.10)
A

vhere A({n-m) x n) is an arbitﬁa:y maj:r_ix such that H is full rank.

The fr_eed_o_m 1n selectipg_.th.:;.s A is _v;hat makes this_trans_fpmtation non-

unique.. The transformation is selected as above because then the

'f'The aste:c:.sks :LndJ.catJ.ng the opt:.nallty of the parameters have been
dropped for notational convenience.
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measurement equation (C.2) becomes:

glt) = c HR(®) = [T

[N}

_since: o _
gt = o o S (c.12)
and:

cH =z

01 e o e
As shown in Blanvillain and Sohnson, the:ré exlsts a unique
matrix décomposition for A: |
ﬂ%ﬁé+m£§¢i=6  | N |  7' ? 'w4Q”
vhere V({n-m) x m) and N((n-m) -% n) are given by:.

1

v=4A~ciicc) {C.15)

ﬁ.: A(I "‘C‘(C Ct)"lc-)_ o . S (c.1'6)
-1 o

- H © can be partitioned in an a_nalogbus form o {C.20}: =

= k. :;_j (.17

where the matrices E(n x m) and ﬁ{'n x. {n-m)) are giveh'by:'

-EEEY o eaw

I

ct(c e’

CR-R@EEnTt o easy

' It can be shown [B3] that for any two A's: % ana 1% with onique

decompositions as in {C.14), there exists a unique nonsingular matrix

i((nom) % (nm) such thak

ﬁ? =y it

. (c.20)
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_Whare Nz, Nl correspond to A and A respectmvely.

The relatlons (C‘lA} (C.20) play a very lmportant xole in the

o proof that follows.
| DUnder the transformation (c 9), the plant model Cc.l} (0.4)

'fbecomaét-

R(e4l) = B A EE@® + 2B ule) . (c.21)

ywmem awme o e

‘s BN

_ qith_initial condition statistics_given by:
glx(0)} = 8 n, | S {e.z3)

CEEOER@OFSEDE O o (e.24)

The optimal control (c,S)-(c.7) is also modified:

Al

u{f)

i

AR ﬁ.m:*-: -.o_']'EE-'+ Emz(e) 0 (.26

z(t—l-l) F z(t) + G y(t) + D ule); 7(0) = [T IIH m
iy’

for the performance index:

)} S o
, o NS S TR
7T L‘?ﬁ xt(H') Q e L ™

e # UER ut} S . S fea2®

";Usihgﬁthg pértiﬁidﬁSjiéilﬂlgand-(C;l?)'sﬁme;of}thg_abqve"matrices_can.

e expressed as follows: o
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CHAH = R o e .29y

- cB} .. . _ R U
e _ AR S e le.30)
AB : S '

Bmy = | S o e.s31)
A g | :
0 Tere erna] | | |
-H L H'= s ' R : : . {C.32)
AZ ¢! AZ A} -

In the analysis that follows optimal minimal order observer—
i:'a:sed "cdméénsét’bté '.a':'s"_'iﬁ_..-'(C_.zs.)";:-(_c."27')_._ a;e :designeq ‘for two réc_x;uiiialent"'- -
systems of the form (C.21)—(C.24).' The only difference between these
B tt&d"sysﬁ'eﬁs is the ~A-matrix used in the transformation (C.10), (C.9).

E'or notatmnal convenience’ ’chese systems and carrespona:.ncf des:.gns

. are qlfferentlated by the superscrlpts 1 and 2.

Followmng the results obtalned ln Sectlon I%.IV. the compensator_

.de51gn parameters corresgondlng to A 1 where i= l, 2, are:

. From (C:25) -(c.26) and (2.18)-(2 .18} with Ty T

)
2
n

(c.34)
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_From (C.27) and _(2.12)_. _(2.21)__,. (2.22) for T2 = Iz

- = ot A* + A

9]
|
3
=
o+
Hd
&)

1
Hj
!

|

>
1

!

‘l-h'
j1r)
[

3
U]

_B CBT'

By | _B_

1

m, {Am

(C.35)
(.36)
(C.3)

e

_ (C.39)

{c.40)

(c.41).

| ;:}:;téiﬁed from .(6.29.):-;_('&-. 31) respectively; with the Iapﬁ:ropriate' super— -

. scripts. According to Section II.IV

Prom (2.62):. -

B* = Z(R + B I"]: shytwt T

1
1

p* and T4 are given by:

Al + _'SJ.

1
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i
whg:;e r 3

is given by (2.863):

- .1 . - - P . . o f
Ty =ab T7a"+Q - (8" T A+ sty -
1 1 1

’ W | ] ._, _.'7 2 - ~ ¥
. (R+ B r; gy~ tet r; at 4+ st (C.43)
1 1 '

Finding Pl from {C.42) and using:

i 1

al =wlawh™ (C.45)
st= @ s (C.46)

obtained £rom (C.21)- (c.32), we obtain:

] - [ - -
Pl = ~{R + B‘I—I'l. I'i HlB) :l'(B'H.:L I'i HlA(Hl) 1 + 57 {Hl} 1)
L L 1 | |
{c.47)
. let: o
T, = Hl.'rll. g R (c.48)
i ! '
. ands
P =-(R+B'T, B) (BT, A+S) (c.49)
" then '
P =P Hl S ' s {C.50)

' . (C-48) .can also be obtained from (C.43) for i = 1.

The case for i = 2 is treated in the same way as above. The
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resuits obtained are as follows:

For:

I =H ' H {C.51)

P = p° y2 | (C.52)

From (2.64):

i ." - sy . . Py 2 = =g - . O T
'1'1 = —(E;'_ - m;mi + A; R; Ai ) (Ei - mimi + A;: K; Ai' ) 1
T2 2272 1 2 72 "2
(=.53)
where K, - is givea by (2.65)
.2 -
i i i it i i i it i it i 3 _it i
Ko =2, Ko, + L, —~mm, - (27 -~ m.m: + A~ XK~ AT ) '~
2. " “2
5 5 2y 22 22 22 12 my¥1 2 22 1,
i i i_i i -1,.1 idi’ i i it
{Ey - mmy +AYK; A7) (] -mm, + A7 K, a5)
11 11 12 22 12 1, 1 1,72, o
{C.54)

vhere the partitions to he used are (obtained from (C.31)=-(C.32)):

z legzge c T Al

Eli 1
2 . {c.55)
! 2 AZ o AZ A
1, 2,
m C m
= {C.586)
m A n
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and (C.39)-(C.40) with the appropriate superscripts.
Using (C.14), (C.19), (C.39) and (C.55) in (C.53) the following
is obtained:

'T;. = (e’ - mm'c' + A f (N"Nl ) ll{l (ﬁ"n" ) 1NiA*c")' -

22

.' 3 I‘ “4 L) -~ ~ - ) -
. (CEc' - cmmct + call” (ﬁl_ﬁl o ¥ MRaen
. e . . .
(C.57)

Using (C.14), (C.18), (C.39) and (C.55), (C.54) becomes:

K, =f ia ft' (R ) ~1g l (iRt 1N1A F' s A E - )
2 25 -

- F(se' - mm'c' + 2 iii'(ﬁiﬁi')"lr:i (ﬁiﬁi')"lﬁlzvc')-
. . . 2

“(C T C' - Cm'C' + CAR® (Nll\lllKl N }lNJ'AC)l-

“(C 5 - C mm' + CANE (mlu" ) IK" (N"N’") lm Afm

(c.58)

Comparing (c.S?} for i = 1 and 2 based on (C.20), we conclude:
e 1 L 2. o _ Lo
?1 =W(T; +V J -V T {c.59)
Comparing (C.58) for i = 1 and 2 based on (C.20), we obtain:
- - _ . . :
Ky =WK, W . (C.50)
2 2 i

The relations (C.50), (C.52) and (C.59)=(C.61) are useful in simpli-~

fying (C.33)-(C.37) for i = 2 as fOllOWS:

a) From (C.33) with i = 2 and us 1ng fc,l4)
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PZNZ =P H2 ot _TZ. > D o (ele1)
' ' g R 7 _

'ﬁUsihg (C.17)-{C.19) and (C.20) we obtain:

= Pi—ﬁ (ﬁlnl‘) el vz) +c'(c ¢ (c.62)

Finding P Nl the same expression on the R.H.S. of (C.62)

7 is obtained; therefore:

b)

¥ = 1A

p22 = pint _ o ‘ (C.63)

Using (C.iQ) ;, (C.34) For i = 2 becomes:

N T o
P22 =5 g2 ‘:g]-'""'= S  c.64

_ Us:!.ng (C 17) (C 19) and (c 20) s

22 ~1t el - ' ' |
Py =P N (NlNl y Lyt o (c.65)

1.1

‘£ plu® is found as abdve':"an& compared with the

"R.H.S. of (C.65), we conclude that:

PN =M oW B  (c.66)

(C.35) for i = 2 equals:

Pef? a2  (c.en

' Using (C.59), (C.39) ana'(c.lé); (C.67) becomes:

W(T rvh e A Pt "'ﬁ""'l'””fm.'.Tfénﬁs)""

.;J_Uaiqg.IC;lQI,_(C¢29) and (C.14}: . .



a)

&

f}_

g
E(0) = T
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¥ = w(zic A +_.A1Am (\zl -ty (C.69)

Using {(C.19) and {C.39) for i = 1 we conclude:

P = W(Tiﬂi + Az )w ' ' ' (c.70)

In a similar way as above,{C.36) foxr i = 2 can be
simplified:

P 23 - e
G = ?lAl .= F Tl {C.71)

1 1

‘using {C.59), (C.39), {C.14), (C.19), (C.18) and (C.20)

as:

Z=we = | (c.72) .-

{C.37) for i = 2 becomes:

p? = + B2 , (c.73)

2 2
1 1 2

Using (C.59), (C.40) and (C.14), (C.73) is simplifiea:

p?=wpt (c.74)

and (C.38) for i = 2:

2:2 207 ' -

 Using (_c;59-_)-,. - (C.4L).,. '_(jc__,.lé-)?.-; (C.20) and ..(.3.33_)' for =1 .
. we can show that:

'.52I05545W Z (0) PR -_:' 1-7 m-ij L ?(C:76) o
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_::£t is clear from eqnatlons {C. 63), {C. 66), (C 70), (C 72), (C. 74)_
and (C.76) that different state—output plapt canonlcal moaels {obtained
- by changing A ir {(C.10)) yield optimal observers related by a sim;;arlty
transformation. From (0.70} it is also cléar that fhe‘bptiﬁai obéerveﬁ

“dynamics are invariant to a qhange'in state-output plant canonical fomm.

In the analysis that follows we intend to show that the optimal

‘cost for this optimal compensator design prcblem_iSfindependent_of_the

state-output transformation used.

the previous-results are tabulated:

Equation reference

TABLE 1

Correspondlng natrlces '

for design i

‘Before proceeding with this prooi

Corresponding matrices

for design 1 = 2

a2l from (c.21) glamh) wamh ™
Bi ﬁrom (C.Zl) HlB 'HZB
[x ; 01 from (c'._gzy" & 01 fz ;o1
5t from (C.24) i Lo % B
mg ffﬁm.(c.é3) .ﬁl moi '532 mb'.
s* from (C.28) o owhls w?) s
gb from (c.28) @l lom Tt (2" )"19(11 L
® from (€.28) o= R
pi from (C.25) pahyl p (a2t
r_';l £rom (€.43) Gl S G e o
1 | 1
'l‘i from (C.53) T?L- Ti W(T Lyt —v?
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K> from (C.54) | K- - ¥? = wxl e
Tzg on S 2, 2 2
e'n" from (C.33) - plat 22y = plyt
Pt £rom. (C.34) S P?‘Ml_ _gzm‘? = pluly ™
F £rom (c.35) el : 7 = wely t
_G%.fxom.(c;36)_ - Gl G2 = WGl

ot from (c.37) pt p? = wp'

zg from (C.38) n : Zé. o zg = wz;

The optimal cost, when an optimzl minimum order cbserver-hased

compensator (see Chapter II) is used, is given by:

T} + ex{T, (T £ )} . e.T

J% = {7
13 2

This expression is obtained from (2.33} using (2.52) and.I'l = 0,

. 2
Regall that the T¥s have the form: : : :
T= [T, : Il - (C.78)
In (C.77), T, is given by (C.43) and I'_ by:
L Ay : - 25
r, = F1T, F + M (E'_"FJ. B + RIM | {C.79)

2 T2 1

which is cbtained using (2.18)}, (2.21) and T, =Iin {2.51). Analyzing

- {C.79) for designs i = 1 and i =2 the following-résults are obtained:

For design i = 1:

'y ELE !

'y s'l + M (B I‘l Bl + R)Ml . {c.80)
2 1

1
I =F
2
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Eor_design 2: .

T 2 . 1 1 :
I‘2 = Fz T Fz + Mz {Bz I‘2 Bz + R)M2 . {c.81)
: 22 22 11

Using results on Table 1, {C.81) becomes

.

I’g = @) F wr? wrtan ™t +
2 ‘2 |
@) et w?m e muw s (c.e)

1

2

1y

postmultiplying by W we can compare (C.82) with (C.80) and obtain the

© Using Tig, I’ and Bl from ‘Table 1,_premu1tiplying"{c.82) by W' and
1 \ :

fbllowing:

1

Ty

= W'Tg W : T (C.83)
2 2

Calculating the optimal cost for designs i = 1 and i = 2 the following .
results are obtained:

For design i = 1z
* - 1 - - _ 3
s s el 7, @h e s e e
: 1
tr{_I';' (Tl_Hl s T} : . . (c.84)
2 , . . . .

1 1l
This was obtained using Pl and L= from Table 1 in (C.79). Using a
trace identity and (C.32), (C.78), {C.84) beccmes:

1# 1. v, ,l A
J° = txil_ I} + ! zc
w{l, I} + eellD (mc 2 o' 7 + AT Zclrp 4

1 2

+ Tic A Atz Al')} ' {C.85)
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Using (C.14), (C.85) can be expressed as:
® : L i , 1.
gt =tx{I‘l 2}+tr{I'; [{Ti +'vl)cE C'(Ti-&-V}'

Ly a1 (c.es)

3 ‘ _ _ R

il golevh s @+ vhes § 4§
For design i = 2 the saime expression as in (C.86) is obtained but with
swperscripts changed:

37 = tr{I'l o} + tr{I'g_ [('r?_ + v2)c ¢t (Ti % VZ) '
+ 85 e (Ti--i- V?‘)‘ + ('1'_12_ +VICE R + N LN 1}
(c.87)

2

Usi
sing Tl

£2om Table 1 and (C.20), (C.87) becones:

3% = el 2} + exil? WP, + vhe T ¢t (‘I‘l + v1) !

+vie 5 R 4wt s 8wy

S S S L

+ N % o (fi‘i R C:

Using a trace identity-and (C.83) it is obtained that:

as desired!

{c.88) o



APPENDIX D
. Formulation of a specific dynamic‘opﬁimiéation

problem as a static optimization problen

The following dynamic optimization problem can be posed as a

static optimization problem. -

min F{u) = E )Eg% xéﬁkt + xéght + u'Eﬁxf + uéﬁﬁt | (D.1)
subject to:

x(t+41) = A x(t) + B u(t) o (D.2)

y(t) = ¢ x(t) | (D.3)

u(t) = B y(t) | o (D.4)

E{x(0)x'(0)} = X (D.5)

E{x(0)} = m |
Solution:

Using (D.2)-(D.4) the closed loop system equation is:

#{ttl) = (A + B P CYyx{t) (D.6)
.In compact form:

x(t}) = (A + B ¢ C)Tx(0) (D.7)

Therefore the cost Ffunctional (D.1) becomes:

J{P) = E {Z x'(0) (&' + C'P'B')t(Q + 8P C+C'P'S' + C'P'R P )
=0
- (a+ B P ) tx(a) (D.8)
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Using the trace operator and interchanging it with the expectation

ogeré.tor:
J(B) = tr{ 2, (A' + C'P'B') (Q + § P C + C'P'S*
£=0
+C'P'RPC)(A+BP c)’-':x0 : _ . {D.9)
Let:

. « _ | _
F=, (a" + C'P'B'}t(Q + 8P C+ C'P'S' + C'B'RP C) -
£=0 ,

~

- (A+BP c')‘t ' ' © (D.10)
Thg;d (D.9) can be expressed as:
min .J‘(P, I‘)' =. tr{I‘. XO} | ) - (D.11)
subject to (D.10).

Analyzing (D.10) the following identities can-be obtained:

| | -
IT=Q+SPC+C'B'S' +C'P'REC+ 2. (a' +c'e'a))t .
| £=1 |

- (Q+SPC+C'P'S' +C'P'RPC)(Aa+BP C)F (D.12)

1

Q+SPC+C'P'S" + C'P'RP C+ (A" + C'P'B") -.

-

[+~
. t~ .
2 @ + C'P*BY} lCQ + 8P C+ C'P'S* + C'P'RP C) -
=l

. (A-!-BPC)t—lE (A + B P C) ' (D.13)

Using the following transformation:
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_then usmng D. 10), {n.13) becomes:
[=g+SPC+CE s * c'9 R P c-"-z~ (af + CR'BIT(R+BRPC

(D.14)

Adjoining the constraint (D.14) to the sost functional (D.11) via the
Lagrange muitiplier Z the optlmlzatlon problem cun51dered.becomes:-'

min-E'(I‘, L, B) = tr{I' Xq *+ T[-T+o+sSPCH c'p'st +

+ C'P'REPC+ (A" + c'P'B")T(A + B 1?. c)]}
_(D-J_-S_)

which is a static optimization problem.
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Kleinman's Lemma and Bellman's Approximation to (A + EBJt

B.I Xleimman's lemma [K4, Appendix F]
- Let £(*} be a trace function operating on the r ® n space:
£{x} = trace (F(x)) (E.1)

. . . . . X
here F({+) is a continuously differentizble mapping from R xn' whers
% lies, into R

If we can write:
E(x + ghx) - £{x) = etr{M{x) -Ax} (E.2)

vhere € is an arbitrary small scalar and M(x) an nxr matrix functional
then:

Eg.}%{—)- = M? (};) (E-a)

E.II Discrete time version of Bellman's result on perturbation theory
' 2+ ¢B
for eV ) m, bl 1741,
Problem statement:

Find an expression for (A + EB)t for £ arbitrary small.

Solution:
: The expression (A + gB}t is obtazined as a compact form of the
following sequential equation:

x(t+l) = A x(t) + EB x(t) (E.4)

-130-
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. Bnother cowpact solution of (E.4) is cbtained taking €B x(t) as an
input:'

x(t) = atx(0) + At(z pm (D) £B X(T)) - (&.5)
. : =0

 Iterating (B.5):

x(e) = a%%(0) + 2 (2 2™ e p A'."xf_m) * H.0.T.(e)

7=0 o
(8.6)

- If g is arbitrary small:

| | £=1 - , '
x() = (At et 3 a7 4 AT)X(D) (E.7)
" Therefore:
e e . e & sy, oty |

(A + €B) =2a"+ ea Z{A BA} (E.8)

=0
E.III Derivation of Eqﬁation (3.41){
J{p * aﬂP) and J(P) can be obtained from (D.8). .The increment

J(P + €AP) - J(P) can be simplified using the discrete-time version of

Bellman's result given in BE.II. The result obtained is as follows:

J(P+€AP)—J(P)=2EZtr{(A'+CPB) (Q+C‘PRPC+

£=0
t-1 -
; + -
tsepc+cE's)@a+BRC)” Y (a+meo (T .

o3
- BAPC(A + B P c)Txo}Jr £ D, tr{(A‘ + c'p'B)E .
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- (C'AP'RP C + C'P'RAP C) (A + B P c)txo} {E.9)

Using Kleinman's lemma (see F.I)

e -l

%:’:' =22, 3, ;C(A + B P*C)TXO(A' + cprEn) T .
p* £=1 T=0

<(Q + C'P*'R P%C + § P¥C + C'P*'S") (A + B P*C)t"(T+l)B{

2y ’c(a + B P*C)tXD(A' + C'B*'B) T(CIP*'R + S)*
£=0
' (E.10)

which is equation (3.41).



APPENDIX F
On the stability of a plant under

a control law designed for an aggregated model

Following Roki [Al, p. 251] it can be shown that once the
aggregated model:

2(t) = F z(£) + D u(t) (F.1)
is stable under a control law of the form:

u(t) =P z(t), (F.2)
then the true model:

(t) = A x(t) + B u(t) (F.3)
is stable under the same control law if:

1) A is diagonal and the eigenvalues not included in the
aggregated model are stable

ii) the aggregated transformation is of the forms

H=[H 0] (F.4)

vhere H is square and full rank.

Proof:
The eigenvalues of the closed loop system (F.2)-(F.3) are given

by the roots of the following equation in A:
detfAI - (A + BP H)] = det{AI- A] = 0 (F.5)

where:

-133~
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B=1 3 +IBPH " o0 ) (F.6)

th

vhere J; is the i~ Jordan Block. The Jordan Blocks from J.,, to J;

3+l

represent the "unimportant” very stable modes of the true model.

Using (F.4)

g - 0 (I 2 0BPH - 0
.----:---c-- + B EENE NN N NN al:l‘o..l.-lon (F.?)
. T, .
o o I :DBPE I 0
Ji
Therefore {¥.5) becomes:
. ™ ] —_ - -
T4+ (T 0BPH | o
ﬁe‘t 7LI"" vdve e bR PRI EPIYIOIRRTOETY :-ogrer!‘cvvt = (F.B)
: p 9w ©
(0. I)BPH . .
L. . . T
0 i 7
which can be reduced to:
' : - T O
det|AI - {J + (T . 0)B P HJ|* det{AI ~ .. =0
o I
‘ {F.9)
The roots of the equation:
Jj+1 0
det |AT - .. =0 (F.10)

-

o J3,
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‘are all in the L.H.S5. of the imaginary plane by assumption. Therefore

the stability test reduces to investigate the nature of the roots of:

det[AI ~ (J + (I 0)B ¥ H)] . S (F.11)

Before proceeding to analyze (F.1l), let's expand the eguation (4.4)

using (F.4):

FH=HEA

[FH: 0] =(HJ I 0] L

therefoxre:

In order tO obtaiﬁ (F.11) in terms of F, (F.12) is used:

0)B P 'ﬁ))ﬁ‘l] (F.13)

det[’rf(m - (J+ (T

0)B P)] =0 (F.14)

= det[?u: - (F+ -(?f
Using (4.5) and (¥.4), (F.l4) becomes:
detIAT - (F+DPB)] =0 (F.15)

which gives the eigenﬁalues of the aggregated model (F.1) under the
feedback (F.2). It is clear that the roots of (F.15) are in the

L.H.S. of the imaginary plane by assumption.



APPENDIX &
. Method. to obtain thé'aggreéated}matrix Htgiven”-f R A
the structure of the aggregated model
In this method it~is-fundamentallto héve a controllable true
-model as well as a cqnt;ollabie.aggregatednmpdel. o
Method:

Eince the following contiollability matrixs . .

[D : FD ! ... S‘P“ln] | : (G.1)
is full rank and the following two relations must hold:
D =HB ' S o o lG.2)
FH=HA _ (G.3)
Then, augmenting the (G.1) to the nth column* and using (G.2) and
{G.3) :
| H[B ©aB - ...xMEl=(p ! FD I ... Fn—l‘n]
(G.4)
Notice that in the L.H.S. of (G.4) the controllability matrix of the
pair (A,B} is full rank and square.*
Therefore:
*We are assuming that rank B = 1, otherwise we shall use the Penrose v
Inverse in (G.4) for solving for H and then check if (4.6} is
satisfied.
o
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n-1

T eee F

] [B )

~ In the above derivation the following fact was used:

FoF'sF ««« FHB

-+~ F «i+ FH AR

H AR +eee

AR

CE N ]

-1 -1
nlB]_

(.5)

(e.8)
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