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VARIATIONAL ENERGY PRINCIPLE FOR
COMPRESSIBLE, BAROCLINIC FLOW
I. FIRST AND SECOND VARIATIONS

OF TOTAL KINETIC ACTION
Lawrence A. Schmid

Goddard Space Flight Center, Greenbelt, Maryland 20771

ABSTRACT

As a preliminary te the construction of the effective total free-energy functional for
general inviscid flow that is carried out in the following paper, the special case of a cold
gas in the absence of external force fields is considered. Siece the only energy involved
is kinetic eneréy, the total kinetic action (i.e.,fthespace—time integral of the kinetic enefgy
density) shouid serve as the total free-energy qur;ctional in this case, and as such should be
a loc_al minimum for all possible fluctuations about stable ﬂow. This conjecture is tesfed
by calculating explicit, manifestly covariant expressions for the fifst and second variations
of the total kinetic action in the context of Lagrangian kinematics. The first variation
vanishes if the motion of every particle is rectilinear, and the second variation depends on
the velocity shear. If the Lagrange surfaces are parameterized SO as te correspond to in-
compressible flow, a generalization of Kelvin’s Energy Theorem results, in.the sense that
the total kinetic action is shown torbe a minimum not only for potential flow, but also
for steady Beltrami flow and for uﬁsteady flow that satisfies Euler’s equatior‘l' with spaﬁally

homogeneous Bernoulli constant. Which of these cases arises depends on the imposed

- boundary and terminal conditions, which are more general than those of Kelvin’s Theorem.

Finally, the general question of ‘the correlation between physical stability and the convex-
ity of ‘any' action iqtegl'ai that can be intei'prete,d as the total free-energy functional of the

flow is discussed aﬁd‘illustrated for the cases of rectilinear and'rotating shearing flows,




The type of instability in question is characterized by an evolution that is consistent with
the preservation of a specified average-velocity proﬁle for the flow, and so corresponds to

the ohset of ordered turbulent motion within a given large-scale flow.
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VARIATIONAL ENERGY PRINCIPLE FOR
COMPRESSIBLE, BAROCLINIC FLOW
I. FIRST AND SECOND VARIATIONS
OF TOTAL KINETIC ACTION

I. INTRODUCTION AND SUMMARY

It is the purpose of this paper and the one that follows (which will be referred to as

Paper II) to construct a variational principle for inviscid, compressible, baroclinic flow in

a gravitational field that can serve as a basis for direct solution of the kinds of problems
encountered in dynamic meteorology. By “direct solution” is meant the trial-and-error
procedure in which the desired solution is expressed in terms of parameterized trial func-
tions, and the numerical values of the parameters are determined by minimizing the action

integral of the variational principle.

In Paper II this objective will be accomplished by constructing an action integral Q7 ‘
whose first variation vanishes when 'the known equations of motion are satisfied, and whose

second variation has the form of the time-average change in the total free-energy of the

system that is produced by arbitrary fluctuations in the different variables of the problem

- about the extremall trial functions that satisfy the equations of motion. Thus . can be

interpreted as the time-average total free-energy of the flow, and its construction amounts

to the extension of the formalism of thermodynamic potential functions to include a ﬂuid

o in arbitrary motion. A stable flow corresponds to a local minimum (in parameter space)
of this total free-energy, whereas an unstable flow corresponds‘to a saddle point whose

: properties are correlated to the physical nature of the instability.

The various thermodynamical questions will be left to Péper 1. The present paper

deals with the kmematics of the problem, and the only energy discussed will be the kinetic

1



energy. The kinetic action integral 9¢ is the time-average of the total kinetic energy, and

the variational principle based on 9¢ can be regarded as the fluid generalization of the

Least Action Principle for particle motion. It is shown in Section IV A that the flow for

i
|

which 9¢ is an extremum is pure rectilinear motion of the individual particles. This cor-

- responds to the motion of a cold compressible gas in the absence of any external field.

In Section V it is shown that, if the trial functions are parameterized so that the
fluctuations are density-preserving, then the extremal flow is no longer limited to recti-
linear motion. Rather, it is the flow that satisfies Euler’s equation;for spatially uniform

Bernoulli constant, a condition that can result from irreversible turbulent mixing. In other ,

words, the extremal flow is of the kind that results after mixing has caused the fluid to
“forget” its initial energy distribution. For time-independence, the extremum corresponds
§ ‘ to Beltrami: flow, which includes potential flow as a special case. For density-preserving
x ’ ﬂuctqatipné, the extremum is always a minimum. Thus the variational principle based on

P¢ with density-preserving fluctuations is a generalization of Kelvin’s Energy The‘orem,Q’10 L

which says that the total kinetic energy is less for potential flow than for any other in- f

R compressible flow having the same normal velocity component at the boundary. The
reason that the extremal flow discussed in Section V is more general than the steady po-
tential flow of Kelvin’s Theorem is that the imposed boundary conditions are correspond-

ingly more general. ‘ o -

Section VI A is a discussion bf the relation between physical stability a.ynd,the second
variation of any action integral M whi’ch, like the one discussed in Paper II; can be in-
terprefed as the total free-energy of ‘the/ flow. (Tﬁe‘ action integral 9, whose extremal
ﬂows are restricted by the complete aBsence of any potential energy, is a rather uninter-

esting special case.) It is shown that the requirement that §(2) . > 0 for all possible




fluctuations about the extremal flow constitutes a sufficient, but not necessary, condition
for stability. The explicit expression for §(2) 9¢ that is given in Section IV A is applied
in Section VI B to derive sufficient criteria for stability of parallel shearing and rotating

flows.

It is pointed oufl in Sections IV C, D and VI A that any stability criterion derived
from a variational energy‘pﬂnciple refers to a different kind of instability from that which
is predicted by a normal-mode analysis of the linearized inviscid differential equations of |
motion. This latter variety, which is called “laminar instability” in this paper, is typified
either by the onset of a self-excited growing sinuous oscillation, or else by the transition |
to an entirely different mode, such as the onset of convection. In both cases, the original
velocity profile of the base flow is destroyed by the instability. In the case of the criterion
8(2) o7 > 0, however, the instability, which is called “internal instability,” is constrained

to preserve the average-velocity profile of the base flow. The jet streams in the upper

) troposphere provide an example of both types of instability. A large-scale undulation,

which completely changes the original velocity field of the jet is an example of “laminar
instability,” whereas the high-level clear-air turbulence that is encountered near the jet
maximum, and consists of eddies embedded in the jet wind and carried with it, is an ex-
ample of “internal instability.” Iﬁ Section VI B 2,.it is noted that observations of high-
level clear-air turbulence confirm that, for this type of instability, the internal stability |
criterion is indeed'- the appropriate one to use. In Section IV D it is pointed out that both

kinds of instability are necessary.for a complete description of tutbulent flow.

The fact that a stability analysis based on a variational energy principle involves dif-
ferent modes of instability from those predicted by an analysis of the differential equations

of motion is intimately related to the fact that, in order to solve the differential équations,




it is necessary to specify the initial velocity of every particle, whereas in the case of a vari~
ational principle, it is effectively the time-average velocity that must be specified. This
means, as explained in Section IV B, that a variational analysis corresponds to an eigen-
value problem which in general does not have a single unique solution as in the case of
the differential-equation analysis, but rather has a whole ensemble of dyﬁamically accept-
able solutions. This difference, and its physical interpretation, is elaborated in Sections

IV C and D.

At the end of Section VI A, it is pointed out that one way of partially bﬁdging the
gap between the extreme idealizations represented by the ‘laminar” and “intemal’; sta-
bility criteria is to relax the terminal and boundary conditiens imposed on a variational
analysis. ‘A simple example inveIVing the vertjcal mixing of different leyers in a horizontal

wind shear is given in Section VI C.

In Section VIIL it is shown that the first variation of 9 is invariant under a Galilean
transformation, but not the second variation. This means that the convexity of 9¢ (or of '
ahy action integral of which it is a part) can be interpreted as a stability criterion enly if
the fluid velocity is referred to an appropriately chosen Galilean frame which must be

identified with the “momentum reservoir”” with which the fluid system under study is in

equilibrium. The interpretation of the terminal and b'eundary conditions of the variational

pnnmple in terms of a momentum reservoir in interaction with the ﬂow system under study

is made.in Section IV D

s

The central analytical result of th1s pan r i the explicit expression for §(1 + 2) gy

that is given in Equatlon (48) of Secuon IV A As a preliminary to deriving th1s expres-

sion, the formalism of Lagrangian kinematics is developed in Section IL It is absolut‘e’if‘y

N

ER 1

“/necessary that the Lkagrapge, rather-than-the Euler, descnptlon be used The physwal
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reason for this is that, in order to find a functional that behaves like the total free-energy
of the flow, it is necessary that the fluctuations of the trial functions imitate the physical
fluctuations that actually occur in an inviscid fluid. First and foremost, this means that
the éfluétuations must be such that the conservation equation is identically satisfied for all
triai fuﬁctions, not just for the set of extremal functions. This is possible in the Lagrange
formalism, which uses the three families of Lagrange surfaces A2 (, t), (A =1, 2, 3), as
the basic kinematical variables, but it is not possible in the Euler description, which treats
the four functions n(a, t) and Vj(x, t), G =1, 2, 3), as primitive and independent, In the
Lagrange form;ﬁsmyn and V are secondary functions that are expressed in terms of the
derivatives of A® in such a way that the conservation equation is identically satisfied for

arbitrary AA(a;, t).

_In Section III the necessary functional differentials are deriired. It is emphasized that,
in order to obtain second-order functional differentials that can be assigned an absolute
physical meaning in the sense of a stability criterion, fhe expressions must be manifestly
covariant with respect to transformations both of the inertial coordinate system and of the
system of Lagrange surfaces. I’he derivation can be done more straight—forwardly in an

inertial frame than in the convected frame. However, in applying the variational prin-

- ciple to the numerical solution of a problem, only an evaluation cf the total action integral .

is involved (rather than the derivation of a local functional differential), and this can be

- done as conveniently in the convected frame as in an inertial frame (much more so, in

fact, if a free boundary is involved).




II. KINEMATICS OF LAGRANGE DESCRIPTION

A. Reciprocal Tripod Fields
The entire kinematics of the Lagrange description is generated either by the three
functions AA («;, t), or by the three functions XJ(AA, t) (or the single vector function

X(A, t)). The respective spatial derivatives of these functions generate two reciprocal tri-

pod fields GA and G, :

GA = o(pAhjax]), = VAL (1)
G, = (@X/oAr), = 3,X . ' )

Thesé tripod fields satisfy the following identities:

G, GP = 82; GAGA = G"“GA =7 (3a; b)
where the summation converiign with respect to the index A is used, and Sﬁ and J are
respectively the Kronecker deita and the idem dyadic. The tripod field G, can be ex-
pressed directly in terms of the vectors GB, and hence in terms of derivatives of AA («, 1),
rather than those of X(A, t), by means of the following relation: |

| G, = G® x G¢/sA @
where JQ is the functional detenhinant (Jacobian) whose elements are the deriVatives_
GJA = aAA> /3x3. A similar relation Texpres‘ses the GA tripod directly in terms of the de-

rivatives 0XJ/aAA.

]

These tripod fields suffice to generate all of the mathematical quantities encountered

in curvilinear tensor analysis,3 For example, the metric tensor g, 5 and the Christoffel

~ symbol s are given by

Gap =G, Gy, e ®)

v I‘iB = (a,{ Gy) * G = (0,05 X) ° GC . o (6)

U RCEDING PAGE BLANK NOT FILME®



Thus the option exists either to work directly with the tripod fields, or else to use G, s
and I‘gc in the conventional Riemannian formalism. In general, the first course is the

simpler.

If U is an arbitrary vector, its contravariant form UA" in the convected frame is con-
structed by projection onto the G* tripod, and the covariant form U A bY projection onto
the G, tripod:

UAEU°GA;UA'=‘U°GA§?- (7a, b)
Although any vector can always be cast into either contravarfm,t or covariant forms, it
turns out that every physical vector has a preferred or “natural’%; form in terms of which
the equations of motion assume their simplest form. For example, in the case of fluid
dynamics the natural form of the velocity vector is VA whereas the natural form of the
molar momentum vector is MV, . It is typical that canonically conjugate pairs such as

these have natural forms that areiés\:;ontragredient so that a direct contraction yields a scalar.

The definition of the Lagrangian surfaces A at the initial time t; is arbitrary and so
also is the resulting Jacobian (J;c\)l. " Thus the normalization of the Lagrangian surfaces
must be specified. In this paper and in Paper II they will be normalized so that at t
the volume contajned in every parallelepiped defined by neighboring pairs of A*-surfaces
that differ by unity is equal to the molar volume /\7 of th'é fluid. Because these surfac,es
move with the fluid, this normalization will be maintainéd for all later tirne. Because |

A\
V-1 = n, the mole density, it follows that for the specified normalization

V= X = det <a_x1> e 2 (8a)k
A T \aas
n=JA = (9Al) - (VAZ x VAR) @)

: (where the indices have been underlined in order to indicate that they are numerical values

of A rather than of j).




The following identities are very useful:

aV/aG, = VGA; 3n/aGA = nG,; (9a, b)
2,VGA) = 0; v+ G,) = 0; (10a, b)
3G, /0GP = -G,G,; 9GA/aG, = -GBGA; (11a,b)
DG, =G, *VV; DGA = «(VV) « GA (12a, b)

where D, is the material time derivative (defined in (13) and (45c) below).

B. Convected Frame

In the convected frame of the fluid the independent coordinates are (A?, t) and the
kinematics is generated by the vector function X(A#, t) which gives the time-dependent
position vector X (referred to an inertial frame) of the particle that is identified by the
Lagrange parameters AA.  The molar volume ¥ is given in terms of X(A, t) by (8a), and
the velocity V is given by

V = (8;X), = D,X. (13)

Because of the normalization chosen for the A-surfaces, the volume element d3(A) in the

convected frame can be identified with the infinitesimal mole number dN.

Thus the total instantaneous kinetic energy W is given by

W= f MR, X) ¢ (3,X)) d3(A) = / WdN (14)
A) : N
where M is the molar mass, and W = 1AMV + V is the molar kinetic energy, and N is the
total number of moles of fluid contained in the region of integration.  The total kinetic
action 9 is defined by |

W = f " wat = / BMEX)p ¢ X dtdP(A)  (5)
ty (ot N) ' | |



where At = t, - t; is the time range of intégration. Note that except for the factor At,

2¢ can be interpreted as the time average of the total kinetic energy:

tp
(W, = f Wdt = 9 /At . (16)

t. -t
( F I) ! tI'
In fact, the time unit can be chosen so that At = 1, in which case 9¢ and (W), are numer-

ically equal, and the two can be regarded as conceptual equivalents. -

C. Inertial Frame

In the inertial (i.e., laboratory) frame the independent coordinates are (a;? t). (Note
that a is used to denote the 'position vector when it serves as the aggregate of independent
spatial coordinates wherea§ X is used to dethe jthe dependent variablé X(A, ’f)fthat gives
the position vectdr of 'a.giv_en particle. . T he» fwo are, of course, numerically e;lual, ie.,
x = X.) The position vector & '\}\./ill be taken to be expressed in Carteéi\éﬁ cogrdinates S0

that the volume element d3(x) is equal to the physical differential volume element d\/. |

The kinematics is generated by the three families of Lagrange surfaces A (a, t).v The
mole density n is given in terms of VAA by (8b). As indicated in (7), the velocity V can
be written in the form ‘ ,
| V=VAG,; VA=V .Gr. a7
Because V, and hence VA, is not ai primitiire variable (as in t}‘ile. ﬁuler descl;i;)tléon) it

is necessary £o express VA in terms of AA(«, t). Such a relation results from substitu-

tion of dA® = 0 and dX = V dtinto dA® = GA - axX + (3,A*), dt. Making

_use of (17), the result is

VA = (9AR), 3 V= @AM, G, . (18)
The vectors G, are éxptessed 1n terms of VAB by meéils df (4). Thus the exptession td

be used for V in Lagrangian kinematics in an inertial ‘framek is

10




3
V== ) (3,AM), (VAR x VAC)/n; (A, B, C cyclic) (19)
A=1 :

where n is given by (8b). When n and V are given by (8b) and (19) respectively, the con-
servation equation is identically satisfied:' 4

(@¢n), + V* (V) = 0. (identity) o (20)
This means that, for an arbitrary choice for the three functions AA (&, t), the Lagrangian
kinematics will always satisfy conservation of mattef. This is not the case for the Eulerian
descriptionxin which Y(x, 1) and n(«, t) are primitive and independent variablés. This is
the reason why ﬂuctuatibns in the functional forms of A® (&, t) may be regarded as gen-
erating valid descriptions of the physical fluctuations in a turbulent fluid, whereas fluctu-

ations in the functional forms of V(x, t) and n(a, t) may not be so regarded.

i

In the inertial frame, the total kinetic action ¢ is given by

gr= [ UMV . Vnd3(x)thf wd3(x) dt 21
v, At) (v, At)

where V and n are given by (19) and (8b) respectively, and V is the total instantaneous

volume of integration, and w = nW is the instantaneous kinetic energy density.

D. Steady Flow
jA,limiited;‘cla’ss of steady flows can be-treated very easﬁy in the Lagrangian formalism
-~ by eliminating the ﬁﬁe;dependent functions AA (&, t) in favor of the time-independent
" functions A (&) by means of the relations | 5 | |
AS (2, t) = \NA (@) - VAL ‘ | (22)
: where‘ the VA afe three given constants. Then o B : ;
n=h = =@l - @ xnad), | 23)
A= (VAA), = VN = gA | & (24

11




G, = G* x G®/n 3 g* x g8 = g, » (A, B.Ccyclic) 25)
@E V= -0A%), G, = Vg, " ,
3 ' (26)
= Y. VAWM x VXO)/n. (A,B,C cydic)
A=1

It follows directly from (26) and the constancy of the VA that
V. (aV) = 0. (identity) Q7

From (23) and (é6) it is evident that the tptal rkinetic energy W is
w = f %MV Vnd®(x) =f YM(g, 5 VAVE) IX 3 (x), (28)
v v

whereg,, = g, * g, and 8, Is given by (25).

The relation of the A-formalism to the usual stream function formalism can be shown
by considering the special case VA = (0, 0, 1). Then (é6) becomes
nV = VAl x va2 ‘ 29)
’which is the standard way of'expressing. the flux density nV in terms of tworsitrezam func-

tions AL (x) kand A2 (x). The A-formalism differs, however, from the stream function

i iz

formalism in that the former is basedA on the three functiohs Xl (a:), )\'g'(x), and A3 @)
whéreas the latter is based on the th’ree functions A1 (@), )\2'@)’ ;and n(ax) (where n is set
équal to a constant forA,agi5vin<:{ompreési51e fluid). The fact that tﬁe stream function for-
, malism suppresses one of the three A (@) in favqr of -n(x) means that the complete map~ -
ping necessary to transform from the x#frémei to”&the A-frame is ndt available, s0 the stream
= g funcﬁon formalism can only be applied in the & -frame whereas the A-formalism can be

: o applied in both the & —frame and the A~frame.

12
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In the A-frame (28) becomes -

‘ - ox ox
W= / 1MVA VB (—) (—) 3. ~ (30)
\ A/ \oxs
For the special case VA = (0, 0, 1) this becomes
| ox ox
W= f l/zM(——3) . (——3)d30\) @31)
y a2/ \aa?

and it is evident that A2 has taken over the role played by t in the time-dependent

formalism.

Only a limited class of steady ﬂdws can be represented in the form (22). It will now
be shown that the physical nature of this limitation consists of the fact that for closed
(i.e., re-entrant) steady flows represented by (22) the average of the covariant strain-rate
tensor taken over any closed streamline is zero. The same is true of many open-ended
flows. This means that only steady flows that are shearlessr in this average sense can be
represented by (22). The proof starts with the observation that the strain-rate tensor can

be referred to the “natural’ coordinate system defined by the A-surfaces as follows:

ej(aivk + akVlye, = g, (VAVE + VBVA) g, (32)
where VA VB s the covariant gradient of the velocity defined by k '
oVB
AyB = JAC[ B D}
VAVE = gA (axc + FCDV) 33)
‘ where;l‘gD is the Christoffel symbol defined on the tripods g, and g® in the mannér

- analogous to that given in (6). For the flow under consideration dVB /€ =0 and ap-

plicétioh of Gauss’ theorem leads to the following result: |

[ (VAVE + VBVA)n i3(x) = ',/ APV - 49, G4
v g

13
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When the volume and surface integrals involved are taken over the volume and surface of
a very fine elemental flow tube, the desired proof results. For simplicity, it will be stated

for the special case VA = (0, 0, V2). Then (34) becomesi

3
1 >‘F _
(VAVB + VByA) —_— (VAVB + VByA) g\?
pEE: A2 -aH J,s
FOT0 9N 35)

3 3
=-vig” - P0G - N)

~where 7\5 and )‘1% are respectively the values of A2 at which the fluid enters and leaves

the elemental flow tube. Thus the tube-average of the covariaﬁt strain-rate tensor is pro-
portional to the difference between the values of the metric tensor g2 B at the two ends
of‘the tube. If the flow is closed, this difference vanishes, and so too does the tube-average
of the strain-rate tensor. The same is true for open-ended flow for which the geometry
defined by the A-surfaces is the same at the entry and exit surfaces of the flow. In this

sense, we can say that (22) describes steady flow that on the average is shearless.

“%hen the flow is independent of the A2 -coordinate, the covariant strain-rate tensor
vanishes at every point in the flow. This is the case for axially-symmetric rotational flow
in which A2 is the azimuth angle. In this case V2 is the angular velocity, and the fact that

it is a constant means that the fluid moves as if in rigid rotation. Thus in this case (22)

. is unable to represent those non-rigid vortices, such as the pbtential vortex, that involve

non-vanishing velocity shear.

It is possible to generalize the representation given in (22) so that ‘the V“f aré no
longer constant and hence restricted fo shearless flows. In faét; ‘besides admitting arbittary
shear, bdth VA and AA can be made time—depende‘nt.’ This formalism, which combines
thetgdvahtages of the Eulér and Lagrange representations, will hot be developed in this

3
paper.

14
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It should be "‘;‘empga%ized that the general time~-dependent A-formalism, which will be
employed throughout the rémainder of this paper, does not share any of the restrictions
discussed al;ove in connectién with (22). The general A-formalism is'perfectly‘capabl‘e of
describing either sfteady or time-dependent éheaﬁng flow. However, steady shearing flow
in thé A—fofmalisfn is characterized by the fact that one or more of the G, fields is timé— “

dependent, even though the velocity field as seen in the inertial frame is time-independent.
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HI. FIRST AND SECOND FUNCTIONAL DIFFERENTIALS

A. Calculational Methods
If the objective were merely to calculate §(! * 2)9P¢ je., the first and second vari-
ations of the total kinetic action, then this could be done either in the convected frame
~using the expression for 9¢ given in (15), or in the inertial frame using (21). In either
case the result wodld be expressions that would show the sensitivity of the total kinetic
action to changes in the functional dependence of the three functions that describe the.

kinematics.

If, however, the objective is to obtain a local second-order expression that can be
interpreted as a stability criterion, then the desired second-order expression must have
an absqute significance that is independent of the choice of coordinates and of the_ defi-
nition of the AA. This means that both the independent coordinates and the displace-
ments (i.e., variations) appearingr in the expression must be referred to an inertial frame.
The reason for this is that second-order virtual changes in kinetic energy are being ’used
" as a measure of stability, and kinetic energy must be defined with respect to an inertial_
' 'frame. Correspondingly, the Prinicple of Virtual work can be related to changes in kinetic
energy only if the displacements involved are the particle d'isplacements. 5X. Then the
virtual work done on the particle can be related to‘its change in kinetic energy. ,'Iluvls it
is necessary to derive an expression involving SX(x, t) whose coefﬁcients are also functions

of (a, t).

In the convected frame the second of these requirements is violated because the in-
dependent variables are (A?, t), and in the inertial frame the first requirement is violated
because the vanatlons involved are SAA (a, t) rather than oX(x, t) Thus in erther case

1t would be necessary to transform the original expressron for the varratlon in order to
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give it absolute significance. It turr;s out to be more straight-forward to perform the cal-
culation in the inertial Kframe, and then eliminate A («, t) in favor of §X(«, t). It can
be shown that these t&o displacements are related by

-8X(x,t) = G, 8A* + %G, TS SAABAP + 0%(5A) (36)
where EA and -fiu are calculated from KB(x, t) by means of (4) and (6) respectively.
The overhead bar is used to indicate the particular arbitrarily chosen functional dependence
of AB(a, t) about which the expansion is carried out. Thus SAA = AA(a, t) - Al (x, 1)
where the functional form of A («a, t) differs slightly from that of AA («, t). The minus
sign on the left side of (36) results from the fact that, if the fluid is carrying particle‘s

toward a region of larger A2 -values, then the A®-values that flow past an observer fixed

in the inertial frame appear to decrease in value.

Except for the minus sign, the f'n_'st-order part of (36) is just the statement of the
standard transformation l‘aw of a.;/ector. The extra second-order contribution results from
the fact that -86X and A% are not really different expressions for the same vector, but
rather they are two physicaily different vectors. The vector 86X is the displacement of a

single particle as it traverses many Cartesian coordinate planes, whereas the 8AA are the

~ changes in Lagrange parameters of many different particles that flow past an observer fixed

at the intersection of a single giVen set of Cartesian planes.

It is evident from (36) that an’ expression that is of first order in 8X will appear to

- be of both ﬁrst and second order in BAA, and correspondmgly for a first order expressmn

in SAA that is converted into one involving §X. Thus, when the first-order variation of
Y 4 expressed in terms of A2 is converted into an expressmn in X, this expression will

contain second-order terms which will contribute to the stability criterion.
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Note that none of these subtleties enter into a first~order calculation of the variation,
ora di‘reCt application of the Euler—Lagrangé equations4 to find the differential equations
that must be satisfied if the first variation of the action integral is to vanish. What little
attention the second-van’atioﬁ hés received in the classical mathematical literature has con-
centrated on the problem (Jacobi’s Accessory Prol:yl“em5 ) of establishing a sufficient con~
dition for a positive—défmzite Evsec':'ond variation (in the form of the; existence of solutions
to a certain set of partial differential equations that can be dérived from the action inte-

gral). From this point of view, the question of the absolute significance of the variation

never arises.

it should be noted that, except for the sign on the left side of (36), this relation is
identical to the one used in Riemannian geometry to introduce geodesic coordinates.® In
the present context, the introduction of geodesic coordinates amounts to redefining kthe
Lagrange parameters AA in such a way that at a giveh instant t;, (the moment at which
the variations are being calculated) the redeﬁhed Lagrange surfaces coincide everywhere
with the Cartesian planes of the inertial frame. This coincidence will not hold for t # t, . |
but at t = t;, the Christoffel symbol for the geodesic coordinates (i.e., the redefined
Lagrange paramétérs) is everywhere zero. ‘ This fact can be used to simplify the calculation
of 81 * 2) 9¢ at t, and because t, is arbitrarily chosen, the expressions that are de-

rived can be applied at any instant of time.

The results given below in Section III B were calculated by the geodesic method just
ouﬂined, and in addition by an entirely independent, somewhat less abstract methdd. This -
second métﬁod involves using (36)idirect1y to replace A” by 8X. It also involves taking
intb éccount that the tripod vectors GA andk G, ﬂuctuatc: when the functional forms of |

AA («x, t) fluctuate. In construbctir’lg an absolute vector, the componénts, of the vector
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after the change in the functional forms of A2 (a, t) must be contracted with the appro-
priate tripod vector§ as calculated also after the change. This change in tripod vectors is
most easily expressed in terms of §X by making use of several simple identities. If X and
X = X + 8X are the old and new particle positions respectively, and G A> ‘E}A) and (G,,
G*) are the old and new tripods, then

G, = (0X/aA%) = 3(X - 5X)/AA = G, -3, 8X. (37
Contracting this with GA and using (36), the desired identity results:

o GAG, = T - V&X | - (38)
which shows that GAG A can be regarded as a generalization of the idem dyadic J =
GAG a- The reciprocal of (38) gives another identity:

GAG, = (GBGy)! = T + VsX + (V8X) * (V6X) + 03 (8X). (39)

Similar identiﬁes can be found th“at’involve SAA instead of X ‘
GAG, = 7 + (V3AM)G, | (40a)
L= 7+ (VeAM) G, + (V8AR) (3,8A%) Gy + 0%(8A);  (40b)

GAG, = T - (VoAY)G, + (V8AR)(3,5AB)G, + O3(5A)  (41a)
= 7 - (WAY)G, o . (4lb)
where 3, =G, * Vand 9, =G, *V. Expressions for 8! * 2)G, and 5! * 2)GA re~

sult from the contraction of (39) and (38) with G A and GA respectively:

1t

s1+2)g, =G, -G G, * V86X + G, * (V8X) * (V5X) (422)
A A A A A

~(V5X) + GA. | (42b)

s(1+2)gA = GA - GA

As an examplé of the transformation of an expression from one involving A4 into

one involving &X, consider the expression for 81+ 2) g(AA t) = S(AA, t) - S(AA, 1)

where S(AA, t) is a specified functional relation. -In this case itis easy to show that it is‘

necessary to use nothing more than (6) and (36) in order to change the expression for
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8(1 * 2) S from one involving SAA into one involving §X:

501+ 2) §(A, 1) = 5AA(3, S) + %BAABAP (3, 3,5) (43a)

-5X * VS + %(6X6X : VVS). (43b)

B. Functional Differentials of n, V, and w
The functional differential of the mole density n results from substitution of AA =
| AA + 5AA into n = det (dAA /axj) and subseqﬁent conversion of the resulting expression
in 8AA into one involving §X. This was done by both of the methods outlined above,

with the following resuits:

8 = - Ve m6X); (44a)
51+ 2),n =~ Ve 50+ 2y . | (44b)
where '
51+ 2 p = X + 86X *» V8X) - 1V « (6XT 6X) - (440)
or
81+ 2 = 1 + 15D (ax'+ 118X * V8X). (444d)

From (44b) it follows that (! * 2) n may be regarded as being caused by a density flux

81 * 2) g produced by the field of particle displacements 6X.

‘The functional differential of V results from substitution of AA = AA + 8AA into
(19) and subsequent conversion of the resulting expression in 8AA into one involving 8X.
ThlS was done by both the geodesic coordiﬁat.: method; and by the more direét method

“involving the identities given in (37)-(42), and the following results were obtajned:

8V =D, sX - 8X + VV; - (453)
§1+2)y = ﬁt(ax +8X ¢+ V8X) - 86X » V(V + ﬁt“'a‘x’)‘ , (455)
D=tV | s
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Since V = ﬁt-f, it follows that ﬁt 8X is just the change in V that is required by the change
8X. The term -8X * VV in (45a) can be iﬁterpreted as the advected change in V as
follows: The matter that is located at the observation point a after the displacement 6X
was originally located at the point & - §X before the disp]ace’ment; If velocity behaved
like an embedded property of the matter, then -6X - V'V would be the change in veloc-

ity that would result simply because the matter at the observation point had been changed.

The expression for 8! * 2) w results simply from substitution of n=n+ §1 * 2)n
and V=V + 50 * DV into w=%nMV * V where §1 * 2)n and 81 * 2)V are given
by (44b) and (45b) respectively: -

51+ Dy = = e 50+ Dn( = 5K + VI + MV » D, §X)]
+ nMV - ﬁt(ax + 86X * V8X) + ¥%nM(D, 8X) * (D, 6X) (46)
- %nM(SX8X :VVV) + V,
All of the terms on the right have simple intuitive interpretations. The first term says that
the effective flux of kinetic energy density is just equal to the density flux §(1 * 2)p
multiplied by the molar kinetic energy W, corrected for the average advected molar kinetic
energy —%26X * VW and the increase MV * D, 86X that results from the velocity increase
5t 6X. The second and third terms on the right give the expected increaée in kinetie
energy that results from the velocity chanige cansed by 8X. The last term on the right
side of (46) can be interpreted in terms of advection as follows: If V were an embedded
fluid i)reperty like the fllfnct;ion S in (43), then the second-order change in it produced
by 8X would be 83 V = %(6X8X : VVV) and the:eorresponding change in molar kinetic

energy woﬁId b‘eB)(f)W = YM(8X8X : VVV) « V. Thus the last three terms in (46) can

" be interpreted as the mole density Tl multiplied by the increase in molar kinetic energy at

the observation point that exceeds the second-order energy that is advected to the ob-

servation point.
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IV. VARIATIONAL ENERGY PRINCIPLE BASED ON TOTAL KINETIC ACTION

A. General Expression for §(1 * 2) gy

The expression for §(1 * 2) @¢ follows directly from (21) and (46). By means of
partial integration the expression can be cast into the form presented below. This will be
written in terms of [6¢1 * 2)W’]T, (6t + D], and [6(1 * 2)9¢1,, which are respec-
tively the terminal, surface, and volume contributions, the last of these being represented
as the sum of five contributions;

4 N
[6(1+2)W]v = [5(1)W]V + Z [5(2)9”3‘1) . (47)
N =1

The general expression for 8! * 2)9¢, which in no way restricts the choice of trial func-

tions (indicated by an overhead bar) about which the fluctuations take place, is the

following:
501+ 2)gyp = f [ * Dw] d3(x) dt
(v, At)
_ (48a)
=[50+ Z)W]T + [5(1+ Z)W]S + [8(1)W1V + Z [S(Z)W]%N)
N=1 :
where

[5(‘1 + 2)6)(/]T / MMV « (6X +8X -W>‘X)]t = tir d3(x)

A
P

(48b)

- [ [N MV« (6X+8X VeX)), - 4 d?-(x) ;

Vi
(6 + Dy ] = -f (W - 15X + YW+ MV + D,6X + MA + 8X) 80 * Vn - d.Fdt ;
L ' (48c)

(&, At)
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(gl = - f MA -+ §Xn d3(x)dt; (48d)
l (v, At)

(6911 = f M[-(8Mn) A + 86X + %n(6X8X : VA)] d>(x)dt; (48e)
(v, At)

(6@ = 1M(D,8X) * (D;6X)n d3(x)dt ; (481)
(v, At)

[5<2>W]§,” =f M(8X8X : VA) n d3(x) dt ; (48g)
(v, At)

[(82971() = -f | AM(SX8X :VVV) + Vi ddw) dt (48h)
(v, At) '

where A = ﬁtv = atv + V « ¥V is the local acceleration.

Because the displacement field §X(x, t) is arbitrary, it follows that a necessary con-
dition for 81)9¢ = 0 is that |
A=DV=0pW, +V.vV=0 (49)
throughoi}t the space-time volume (V, At). The tilde, which has replaced the overhead
bar, indicates quantities that are appropriate to extremal flow, i.e., for which the condition
8Mgy = 0 is satisfied. The condition (49) is necessary for 8(1)9¢ = 0, but is not suf-
ficient because the first-order variation of the terminal and surface integrals given in (48b)

and (48¢c) must also be made to vanish. These integrals will be discussed in Section IV B.

The necessary condition for the first-order vanishing of & ¢ that is given in (49) is

the Euler-Lagrange equation4 for a variational principle for which the Lagrangian density

is just the kinetic energy density expressed in terms of Lagrangian kinematics. The éxtremal

flow described by (49) is rectilinear in the sense that every parﬁcle trajectory in space-time
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is a straight-line. Note, however, that this does not require that the frajectories be

parallel.

If (15) is written in the form

tp o
W=f f wat|dN (50)
N7t

it is evident that the variational principle based on 9#¢ is just the fluid generalization of

. the Least Action Principle of Maupertuis and Euler.” The particle action is simply replaced

by the molar action, and the total action 9¢ is the sum of the individual molar actions.

Such a variational principle can be given a geometric interpretation in the sense that
it generates a geometry whose geodesics are determined by the Euler-Lagrange equation

i given in (49), which are just straigl;; lines. The molar action fw dt plays the role of an
ST 8

s arc-length. This interpretation is ver‘stl‘well known® in the case of partiéle dynamics. This
interpretation can be extended to a more general variational principle, such as the one de-
veloped in Paper 11, in which the kinetic action 9¢ is replaced by a more general total
action .oZ. The Euler-Lagrange equations generated by & determine the system of ‘“‘geo-
descis™ to be associated with . For a complete specification, however, it is necessary to
specify the‘ end-points X; and X of each particle trajectory (geodesic) as well as the
Euler—Lagrange equation that it obeys. The specification of these end-points for all par-
ticle trajectories that traverse the space-time region bver which @ or & is integrated
constitutes the terminal conditions, and part of the boundary conditions, that must be,‘

' imposed on the yariational Iirinciple. Before discussing these in Section IV B, some ‘ob—

servations will be made regarding [6¢2)%/¢ ;.

For the extremal trial functions that satisfy (49), it is obvious that the integrals given

~in (48¢) and (48g) vanish, with the result that
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(8971, = / BMIDX)? - (BX8XVVV) - VITd3ydt,  (51)
(V,At)

where the overhead tilde indicates quantities appropriate to the extremal trial functions
for which (49) is satisfied. The first term in the integrand of (51) is positive—definite re-
gardless of the properties of the extremal flow, but the sign of the second term depends
on the spatial dependence of V(a:, t), and it will be this term that determines the stabiﬁty
of parallel shearingj 'ﬂow,r'which will be discussed in Section VI Bl. The positive-definite

expression (ﬁtiSX)2 can be made small by specifying 6X(a, t) to have the weakest pos-

- sible t—dependence. Because the end-points X, and X must be held fixed during the -

variation, a certain time-dependence of 6X(a, t) is unavoidable if the trajectory X(A, t)‘
is displaced from its extremal value r)\('(A, t).. However, this minimal time-dependence can

be made arbitrarily small by making the time interval At =t - t; arbitrarily large. For

this reason, in calculating the stability of shearing flow, the first term in (51) will be ne-

glected. It will be seen that this is a conservative procedure in finding a sufficient con-

dition for stable flow.

Note that n d3 (x) = JA a3 (x) d3(A) = dN is just the infinitesimal mole number.

Thus (51) could be expressed as an mtegral over mole number (and tlme)

‘B. Terminal and Boundary Conditions

It was noted above that the EuleréLagrange equations of any action integral .M could
be fegarded as the determining equations vof -a'system of “‘geodesics” ,whose complete de- |
termmatmn further requires that the end-points X; and XF of every geodesic (i.e., par-
ticle trajectory) be specified. If &7 or @/’ 1s being dlscussed in the context of the con-
vected frame this means that XA) = X (A ty)and Xp(A) = X(A, tF) are specnﬁed func-
tions oyf A?, and all trial functions X(A, t) must be equal to these specified functions for

t=t; ort=tp. Inthe context of an ‘anal’ySis in an inertial frame A‘f‘ () =AM (=, t;) and
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AR(x) = A% (a, tg) are specified functions of #, and all trial functions A* (#, t) must
be equal to these at t; and t;. In other words,
[6AA] = [AA Alx, t =0 52
t=t,tp A (2, t) - Ala, )]t=tl’tF =0. (52a)
The 8X that appears in (48b) is determined by §AA by means of (36). Thus it follows
from (52a) and (36) that
GXI = 86X, = 0. ’ (52b)
It follows from (52) and (48b) that
| (50 + g¢] = 0 (53)
if all trial functions AA(x, t) reduce to the specified functions Af(a;) and Ag (x) for
t=1t; and t = t; respectively. Note that (53) is valid even if the V that appears in (48b)

is not the extremal velocity field that satisfies the Euler-Lagrange equations.

In discussing the surface integral given in (48c¢), it is necessary to distinguish between two
kinds of surfaces - access surfaces (designated by é?A ), and bounding surfaces (designated by
.9’B ). Access surfaces are thosé thrdugh which fluid passes. These are further subdivided into
entry and exit surfaces depending on whether the fluid enters or leaves the int’egration volume

V. Bounding surfaces, either rigid or free, are those through which fluid never passes.

The surface condiﬁon to be imposed on an access surface is really jusi an extension
of the terminal conditions. This is illustrated in Figure 1. Figure lA shows a case in
which the space-time integration volume (V, At) has been chosen in sucIi a way that no
fluid enfers or leaves V. Thus only bounding surfaces % are involved. The endfpoh1ts
df all the trajectories lie in the terminal volumes V| and Vg. If, however, the space-time
volume ‘of' integration were chosen as shown in Figure 1b, then for the same set of tra-
jectories many of the end-points wéuld fall on %, fatﬂer than on either of the terminal
volumes. It is still necessary that the end-points of the trajectories be specified, but now

this requirement has been partially shifted from the terminal volumes to the acées's ‘surface
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Figure 1. Space-Time Integration Volume. (A) Trajectories Cross Bounding Hypersurface Only at Terminal Volumes V,;
and Vg but not at Bounding Surface #5. (B) Trajectories Also Cross Bounding Hypersurface at Access Surface #,.




&, . From the perspective of four-dimensional space-time, the terminal surfaces 'VI and
Vg and the totality of bounding and access surfaces constitute a single hypersurface that
encloses the four-volume (V, At). ’The combined terminal and boundary conditions then
require that the point at which any particle trajectory crosses the bounding hypersurface
must be specifiéd, and must be the same for all trial functions. Wherever a trajectory is

. tangent to the hypersurface, no condition is imposed except for the one that defines
tangency: , |

: 85X + 4P = 56X + dF, = 0; (58X x dFPy)is arbitrary. ~ (54a)
Wherever the condition §X * d& =0 1s not fulfilled, d is by definition an element of

an access surface and the requirement is

N 8X = 0 if 8X + dF +# 0. | (54b)
| The requirements stated in (54) together with (52b) constitute the conditions to be im-

posed on the trial functions on the bounding hypersurface.

It follows from (44d) that

3 | | §(1+2n = 0 if 6X = 0. (55a)

Moreover, it can be shown that

5A* 2y 4P = 0if 86X » dF = 0. . (55b)
‘From (48c), (54), and (55) it follows that | . |
L ; " ) (61 + 2)W]s =0 ' (56)

. if the sutface conditions (54) are satisfied. From (48a), (53), and (56) it is evident that
8+ gy = [6gy], + Y [N 57)
N =1

if the combined hypersurface conditions of (52) and (54) are satisfied. This is true for

fluctuations about any arbitrary set of trial functions. For fluctuations about the extremal

29




SR

set, the first~order term on the right-hand side of (57) vanishes (as do two of the four “

second-order terms).

The surface conditions (55) guarantee that the total matter N contained within V at
every time instant is the same for all trial functions, i.e. |
6§01+ DN = 0 for t; <t <ty | (58)

if the surface conditions stated in (55) are satisfied.

The terminal conditions (52) can be igiven an equally simple interg:’r.;etation if it is
noted that the time-average '"sfélocity (V) of a particle is given by
V% = Xg -Xp) / (g - tp). ‘ (59)
(For trajectories traversing an access surface instead of a terminal volume, the (V); is given
by an obvious modification of (59).) The point to be made is that the imposed hyper-
surface conditions guarantee that, regardless of the form that the trial func;tidns miéht
assume, the time-average velocity of every particle is always the same. Thus
5V), = 0 | (60)

for every given set of AA Vvalues.

The fact that N and (V) are held constant constitutes a form of “normalization” of

the problem that hasthe Effegt of bounding 9¢ from below. Thus the “Fluid Least Action k

vf Principle” based on 9¢ with the ‘hypersurface conditions discussed above, has many fea—

tures in common with the more familiar variational principle that can be constructed from
any linear eigenvalueeqixation.9 If H is an energy operator and E is one of its eigenvalues,-
and ¢ tﬁe cofr;sﬁondi_ng eigenfunction, then the éigenvalue _equation is Hp = E¢, and
this can be SQlyed by finding the stationary points of the.functional (p|HIp)/{p|¢) where

the brackets représent appfopriate integrals. The normalization (¢l¢) = 1 can be imposed

~ as a constraint, in which case the action integral is simply (¢/Hl¢). This integral is the
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analog of 9%, and the normalization condition on ¢ is the analog of the hypersurface con-
ditions (52) and (54). Both types of normalization bound the respective action integrals
from below. Each is also necessary in order to remove an ambiguity: The normalization
of;:qb is not determined by the liﬁearl eigenvalue equation, and so must be specified; and the
ﬁuler—lagrange equations of 9¢ do not suffice for a unique specification of the trajectories

until the end-points are specified.

This analogy indicates that the variational principle based on 97, or a generalization
0f> it based on the total action .97, may be regarded as a complicated (nonlinear) eigen~
value problem. This way of thinking will now be used to make the point that, whereaé
the extremal flow for 9¢ with given hypersurface conditions is unique, this is not in

general the case for a more complicated variational principle.

C. Non—Uniquen&sé of Extremal Flow .

In the case of the variational principle based on ¢, the fact that the extremal tra-
jectories must be straighf lines in space-time xﬁeans that; once the end-points of these
lines on the bdunding hypersurface are specified, the solution is uniquely determined

because there exist no other straight lines that can be passed through the same end-points.

In the case of a generalized variational principle of the kind that will‘ be developed in
Paper 11, the extremal trajectories are no longer straight linés, and éo it can no longer be
asserted that a specification of the end-points onithe bounding hypersurface, together
with the Euler—].agrange equations, suffices for ,a' unique determination of the flow. In :

fact, the analogy with the eigenvalue problem discussed above indicates that this is not

the case because an eigenvalue problem in general possesses ’a whole spectrum of solutions;

each one having its own characteristic symmetry properties. .
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The point can be made in terms more appropriate to fluid dynamics as follows: If,
in addition to the kinetic energy, various forms of potential energy are also included in
‘the dynamics described by the action integral .7, then wave motion is pgfssible. Thus, for
givén end-points on the hypersurface, in addition to the “smoothgst pcﬁgsible flow” that
connects these end-points and also obeys the Euler-Lagrange eqt‘iatidhsﬁ it is also possible
to obtain a dynamically acceptable flow by superimposing on the smooth flow one or
more modes of wave motion. Besides the multiplicity that results from such superposition,
there is the nonlinear “flip-flop” type of multiplicity that can involve a change in the
topology of the flow. An example of this kind‘ of rﬁultiplicity is the sudden appearance

or disappearance of a vortex street or a bubble of back-flow embedded in the main flow.

From the point of view of using a variational principle to carry out a direct numerical
soluﬁon of a flow problem, this multiplicity of solutions would be interpreted to mean
that the variational problem had been incompletely specified. In addition to conditions’
imposed at the bounding hypersurface, it would be necessar;j to specify sufficient “internal
boundary conditions” in order to make the extremum unique. This would mean specifying
suCh‘things as the amplitude and mode of any wave motion to be superimpo—sed on the

smooth flow.

‘From a physical point of view, however, it must be recognized that such supplementz}ry

_internal boundary conditions are not in general supplied by nature, and the multiplicity of

solutions must be regarded as constituting an ensemble of dynamically acceptable flows. |

The role of thjs ensemble in the overall description of turbulent flow will be discussed in

- Subsection D vbeIow.

The multiplicity of solutions thaf in general characterizes a variational apringi‘:ple

stands in striking contrast to the uniqueness of the solution of the initial-value )_ljs‘rroblem
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that is based on the same set of Euler-Lagrange equations. In the initial—value problem

for a fluid, instead .of specifying X; and X, or what amounts to the same thing, X; and
(V), we specify X, and the initial velocity V. That is, fhe average velocity in the vari-
ational principle is replaced by the initial velocity in the differential-equation approach in
which the Euler-Lagrange equations are solved directly. This replacement suffices to

make the solution of the differential equations unique. In other words, although the séme
amount of information is specified in the two cases, the fact that it involves average velocity
in one case as compared with initial velocity in the other has remarkable consequences.

This difference is illustrated in Figure 2.

There is a simple physical explanation of this difference. In the initial-value problem,
by specifying initial velocity and particle position, we are also specifying energy and mo-
mentum distribution, as well as all the spatial symmetries and topological features that
characterize the flow at t;. None of these things are specified, however, in the average~
value (i.e., variational) approach. .For example, modes of flow having very diffefent total
energies can satisfy the same conditions on X; and (V);. Thus, in the average-value

approach, we are effectively specifying an ensemble of flows that is characterized by given

“average conditions, whereas in the initial-value approach we are discussing the deterministic

time-evolution of a completely specified single flow...

D. Physical mterprétation of Terminal and Boundary Conditions

The requirement that the average value of the velocity of every particle must be held

~constant can be explained in terms of a thermodyﬁamic analogy. If a system is immersed

ina vheat bath, or, more exactly, an entropy reservoir, then the free eXchange of entropy
between system and reservoir maintains the temperature of the system (or, more exédtly,

the time-average of the temperature, since fluctuations are always presenf) equal to the
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constant temperature of the reservoir. Temperature and entropy are conjugate variables,
and the behavior of an entropy reservoir is typical of any thermodynamic reservoir: The
extensive variable is freely exchanged between system and reservoir, and this keeps the
average value of the corresponding intensive variable of the system equal to that of the
reservoir. In the case of a moving system in contact with a momentum reservoir, this
contact Would keep the average value of the velocity of the system equal to the given
velocity of the momentum reservoir. The same argument applies even if the reservoir
velocity is a function of the spatial coordinates such as (V). Thus the fluid described by
the variational principle may be regarded as a system in contact with-a momentum reser-

voir characterized by the spatially-dependent velocity (V).

Within this system various dynamically acceptable modes of motion are possible, and
these constitute an ensemble of “‘internal” fine-scale motions that are consistent with the
imposed ‘“‘mean” motion (V) (which could be a slow function of time as well as a function
of the sﬁatial coordinates). This decomposition of the velocity field into a mean velocity
and a fine-scale “internal” velocity corresponds exactly to the usual way of discussing
turbulent flow in terms Qf a mean motion that satisfies the Euler equation (in the inviscid
limit) to which a Reynolds force term has been added, and a superimposed fine-scale
motion that determines the Reynolds force. This force is given by the divergence of the
Reynolds stress tensor whose componenté are given by (minus) the local time averages
((AVj X AVk)}t where AV =V - (V) is the deviation of the instantaneous velocity from the
time-average velocity. Obviously, this stress tensor is different for the different mbdes of
internal motion. . The most stable mode will dominate. If this is ‘“‘smooth,” i.e., if the
velocity deviation AV and its derivatives are small, then the Reynolds force is small and
the mean flow satisfies an equation that is nearly identical to the Euler equation, and 'soy '

the flow is called *“laminar.” If, however, the smoothest possible internal mode is not the
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most stable one and the mode with the least free cnergy is considerably less smooth, then
the Reynolds force is significant, and the equation of motion for the mean flow will differ
significantly from the Euler equation. In this case the flow is called “turbulent.” In such
a case the flow problem could, in principle, be solved by the following iterative procedure:
(1) The mean flow is solved using Euler’s equation without the Reynolds force term. (2)
Using the calculated mean flow to specify (V);, an appropriate variational principle is used
to find the most stable fine-scale flow (which may or may not be smooth) that is con~
sistent with the given (V). (3) The Reynolds force field for this fine-scale flow is calcu-
lated. (4) This force field is added to the equation of motion for the mean flow, and

this is solved again in order to determine (V) more accurately. -Step (2) is then repeated,

etc.

This argument shows that whether the mean flow is laminar or turbulent is intimately
related to whether or not the smoothest internal mode is stable. Sufficient conditions for

the stability of several simple smooth flows will be given in Section VI.

The above argument also shows that a complete solution of turbulent flow involves
both the initial-value approach (differential equations) and the average-value approach
(variational principle). Instabilities can enter into either the mean-flow calculation or the
fine-scale calculation. The first typé is the familiar kind of stability problem that is much
discussed in the literature, usually in the context of a normal—fnode analyéis. The fine-
scale or internal stability, however, i_nvolyes an ensemble and is ’nece'ssarily a statistical con-
cept.  Ideally, it shoﬁld be freated iﬁ a statistical context that ass‘igns an appropriate sta-
tistical weight to eVery member of the ensemble.  However; it can also be treated, albeit
moré crudely, in a thermodynamic context that uées the total free energy of each flow
'm'o‘de‘to determjne 'thé; mbsf stable mode of the ensemble which is then regarded as fhé
‘unique ‘solutioin of the infe‘rnal flow problem. R
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In those problems iﬁ which the smoothest iﬁternal mode is stable, the Reynolds force
is small and the first step of the.iteration procedure outlined above suffices by itself to
give a good solutﬁon of the large-scale flow. There exists another type of problem for
which the second step is sufficient by itself. Dynamic meteorology provides many ex-
amples of this type in which the flow configuration of interest, such as a convection cell,

is embedded in a much larger general flow whose velocity profile is given.

The thermodynamic ap})fcach to the determination of the most stable mode of an
ensemble presupposes a knowled’ge of the functional that plays the role of the total free
energy of the flow. In the case of incompressible flow, it is evident that this role must be
played by the total time-average kinetic energy 9¢. The reason for this is that the in-
compressibility constraint decouples the compressive energy of the fluid from the kinetic
energy, so only the distribution of kinetic energy is available to determine the flow. This
special case will be discussed in the next section, and it will be shown that 9¢ does indeed
possess the main characteristic of a free-energy functional, namely that it is a minimum
for flow that is observed in nature, i.e., flow that satisfies the dynamical equations of

motion.
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V. GENERALIZATION OF KELVIN'S ENERGY THEOREM

Kelvin’s Energy Theorem?2:10

states that, for incompressible flow of a fluid having a
spatially uniform density, the total kinetic energy is less for potential flow than for any
other flow having the same normal velocity field at the boundary. Kelvin actually proved
this theorem for time~dependent flow that is driven by the motion of an impermeable
boundary, but all the integrals involved in his proof are time-independent spatial integrals,
so the proof is the same as one for steady flow. Thus, in terms of the present discussion,
Kelvin’s proof effectively involves a (non-Lagrangian) steady-flow treatment of the action
integral in which the terminal volumes V| and Vg have been replaced by access surfaces,
and the specification of AA(«, t) on these surfaces is constrained to be consistent with
potential flow. The consequence of this constraint is the fact that only potential flow
makes the first variation of the action integral vanish. If the specification of A2 («, t) on
the access surfaces were allowed to be completely arbitrary, then the class of extremal
fldws would be larger. It will be shown below that it becomes the class of steady Beltrami
flows.!1 The treatment given below is still more general, in that the full time-dependence
of the action integral is taken into account, with the result that the class of extremal flows
is still further enlarged. The treatment is further generalized in that density stratification
is admitted, although the fluctuations are still constrained. to satisfy the time~independent

conservation equation.

The nature of the implied constraint on the boundary conditions that is involved in
Kelvin’s proof can be clarified by constructing an extended ensemble of steady flows
corresponding to all possible specifications of normatl velocity on ther access surfaces that
are consistent with a given fixed total flux through the surfaées. Then it can be shown
(proof not given below) that, of all the extremal (i.e., Beltrami) flows in the extended

ensemble, potential flow has the least total kinetic energy.
.. 39
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The generalized Kelvir, Theorem is obtained by specializing the general expression for

81 *2)9¢ given in (48) to the case for which the trial functions are parameterized in such

a way that the condition
8n = §@n =0 (61)

L is identically satisfied. Without making any use of (61), the expression for 5(1+2)y given
in (46) can be cast into the following form: 7

§1+Dw = - v+ {80+ Dn[2(W + 145, W) + MV - 5,V + MA + 6X])

+0D¢ [MV + (8X + 58X + V8X)] - Wa(1+2)n
- M(7i + 6()n) 8X - [(3; V), - VX(VXV)] (62a)

+Mi {6X6X : V[(3;V), - VX(VXW)1}

+ VMR [(5,V) * (8,V) + (6, V) * (6, V)]

where

8,V = D,6X; 6,V = -5X - VV; 6, W = - 6X - VW. (62b)

The desired expression is obtained by integrating (62a) over (V, At), making use of Gauss’

:z Theorem to convert the first term on the right side of (62a) into a surface integral, and
converting the second term into terminal integrals by integrating over t in the A-frame.
Upon imposing the incompressibility condition (61), and the terminal and boundary con-

ditions discussed in Section IV B, the following expressions result:

[6 M5 o=~ f "M[(atV)x-VX(va)]: » §Xfid3(x)dt, (63a)
/(v.At), | L '
[6@H 1, = f M {5X8X: V(@ V) - VX(WXV]} ndi(rdt
L | | (v, At SRR (63b) -
+ / VML V) * (8, V) + (6,V) * (85 V)] Td3(x)dt. |
5 o (v,At) , ' .

At a given point in space the condition (61) represents a constraint on the spatial deri-

vatives of §X, but not on 6X itsglf. Thus, a necessary and sufficient Condition that
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819y = 0is
@,V - VX(VXV) = 0 ‘ (64)

throughout the space-time volume (V,At). The overhead bar has been replaced by a tilde
in order to designate the extremal flow. Substitution of (64) into (63) yields

BV 15, = 0; (6915, >0. (65a,b)
The fact that the second variation is positive-definite means that 2¢ is a minimum for the
choice of trial functions AA («, t) that causes (64) to be satféfied. Itv is obvious that steady
potential flow satisfies (64). However, even for steady flow, (64) admits the larger class

of Beltrami ﬂows.11 (Non-potential Beltrami flow is characterized by streamlines that

twist like the strands of a rope.)

The physical signiﬁcancg of time—depen&ent flows that satisfy (64) becomes apparent
when it is noted that the Euler equation fér a compressible (or incompressiblé)‘ inviscid
fluid moving in thé presencé of a gravitatibnal field ¢(«, t) can be written in the formﬂ

M[(3¢ V), = VX(VXV)] = _' V(H+M¢ +W) +TVS (66)
where T is the absolute temperature and H, W, and S are respectively the molar enthalpy,
molar;k»inetic energy, and molar entropy. (In the Special case in which the given mole'deﬁsity
n(x, t)has the constant value ng, the right sidé of (66) reduces to - VB, where B, = F Ing +

M¢ + W is the Bernoulli constant for unstratified incompressible flow.)

If S and the molar Bernoulli constéht, B= H + M¢ + W, are both spatially uniform,
the right side of (66) vanishes, and (66) reduces to (64). Thus the most general flow for
which 9¢ is a minimum for density—preserving fluctuations of the trial functions is flow
for which the characteristic thermodynamic quantities S and B have become spatially
“uniform. - This can happen through turbulent mixing, BecaUSe this is ‘an irreveréible pro-

cess, and because complete spatial homogeneity is this final stage of this process, the flow
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that satisfies (64) must be regarded as more stable, in the sense of the Second Law of
Thermodynamics, than any other flow that satisfies the same boundary conditions but for
which B and S are not spatially uniform. Thus maximum stability in the sense of the
Second Law is equivalent to the minimum value of 9¢ that is consistent with the given
boundary and terminal conditions. This equivalence is made self-evident if 2¢ /At is re~
garded as the time-average of the total free energy of the system, i.e., the energy that is
convertible into useable forms. In classical quasi-static thermodynamics, the statement
that stable equilibrium is characterized by a minimum value of the free energy of the sys-
tem is one way of stating the Second Law. When time-dependence is admitted, it is
evident that the instantaneous quantities of quasi-static thermodynamics must be replaced
by suitable time-averages. In the case of an incompressible fluid, the thermal aspects of
the flow are completely decoupled from the mechanical aspects, so it is legitimate to
identify the free energy with the kinetie _energy. The same is true for a compressible but
cold fluid (i.e., T = 0), which is the case discussed in Section IV. Thus the variational
energy principle based on the action integral 9¢ (with either 8n = 0 or én # 0) can be
regarded as a statement of the Second Law of Thermodynamics in the special case of fluid
flow in which the thermal aspects of the flow have either been suppressed or complefely
decoupled froiﬁ the mechanical ‘aspects.

The variational principleé presented in this seetion and the previous one are bofh the
same. The only difference is the respective classes of variations that are admitted in the

two cases. It should be noted that the smaller class of variations (the density-preserving

‘ones of this section) give rise to the larger class of extremal flows. (The class of flows

satisfying (64) is larger than the rectilinear flows required by (49).) The reason for this

- is that each degree of freedom that is added to the class of variations gives rise to a new

Euler-Lagrange equation which represents a new constraint on the extremal flow.

42




VL. INTERNAL STABILITY CRITERION

A. Convexity of Action Integral as Sufficient Condition for Internai Stability

The remarks of this subsection will apply to the variational principle of Paper II that
is based on the action integral &, as well as to the principle of this paper that is based
on %¢. In fact, they apply to any variational principle whose action integral can be identi-
fied with the appropriate total time-average thermodynamic potential function for the sys~
tem under study. In such a case, local stability of an extremal flow is guaranteed if any
conceivable variation about the extremal trial functions causes 7 to increase. (The term
“local” refers to parameter space.) Thus; since 81 ).Q? >0, it can be asserted that
| OG>0 | 67)
is sufficient to guarantee local stability. Such a case is iillustrated in Figure 3A in which
it is assumed that .97 is parameterized in terms of the two variational parameters a and b.
Local stability does not guarantee absolute stability. If the flow in question corresponds
to a point in parameter space that is at the bottom of a well that is connected to a deeper
well by a very low “mountain pass,” then sufficiently strong “jostling” of the system because
of interaction with its s‘urrounding momentumrreservoir could cause the system to jump
over into thé deeper well. A complete statiétical. description would involve an ensemble
in which each of the two extrémal flows would be represented with appropriate sfatistical
weights, The thermodynainical déscriptioﬁ given here and in Paper II is limited to a

discussion of local stability of a single extremal flow.

The other three cases shown in Figure 3 do not satisfy (67). Them,f,ailure to satisfy
this condition doés not, however, guarantee that the extremal flow in question is unstable.

The reason for this is that the flow is unstable only if a dynamically acceptable alternative

i irflow with lower ¥ is available to it. This will be the case only if the “spillway” running
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from the extremum in question leads to a lower extremum. Such a case is illustrated in
Figure 3C. If no such neighboring extremum is available, however, a saddle-point in
parameter space is stable “by default.” Such a case is illustrated in Figure 3B. An example
of such a case is provided by (51) when 9 is regarded as the total time-average free energy
of the system. Because of the second term in the integrand of (51), the extremum can be
a saddle point. (This is discussed in greater detail in Subsection B below.) But for the
variational pririciple based on 0)& the extremal trajectories are straight lines in space-time
which are uniquely determined by the imposed terminal and boundary conditions. Tlms,
the extremum characterized by these rectilinear trajectories is unique, and so necessarily

stable.

Figure 3D illustrates a case in which failure to saﬁsfy (67) (at the point P,) can indicate
neutral stability (along the line P, - P') rather than instability. If a continuum of neighboring
extrema (the line P, - P') exists, then because each must be tangent to a horizontal plane in
parameter space, it follows that ¥ is the same for all these extrema. Neutral wave motion is
an illustration of such a situation. So long as the wave motion is characterized by strict equi-
’partition between its kinetic energy and its conQer-tible (i.e., free) potential energy the total

time—-average free energy (i.c., .ﬁf) is insensitive to the amplitude of the wave motion.

The'co:nclusion to be drawn from these examples 1s rthat the failure to satisfy the
condition 67 dbes not suffice to guarantéé instability. Thus (67) is a sufficient, but nbt
necessary, conditidn for stability. Howeve:, although instability is not guaranteed when
fluctuations e’xist for which 8¢ )j < 0, it is nevertheless true that, in the cése of an
- action integral that (unlike 9¢) includes potential as well as kinefic eﬁergy, the probability
is very large indeed that when 8(2).,(9 <0 there exists‘ at least one neighboring.dynanﬁcally'

acceptable extremum that has a lower value of .7, or one having the same value of .97 but
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larger kinetic energy.’ Asto the second possibility, it should be noted that in a real fluid
with viscosity a transitionto a flow having larger kinetic energy would inevitably lead to
one having a lower value of 7. Thus both types of neighboring flows can be regarded as
being more stable than the orfginal extremal flow. For this reason, it is justifiable to say
that, when 6(2’).53? < 0, the extremal flow in question is “probably unstable,” and this

expressions will be used in which follows to indicate the violation of condition (67).

In asserting that (67) suffices to guarantee internal stability, an extremely important
caveat must be observed, namely the fact that this is true only if the class of admissible
flows is limited to those satisfying the imposed terminal and boundary ccnditions, i.e., those
flows for which the time~-average velocity of every particle is equal to a specified value.
This makes physical sense if the average velocity is the same for all particles of the system,
which corresponds to a system embedded in a constant-velocity momentum reservoir. 1If
the reservoir velocity has shear, however, then turbulent mixing will tend, at least over

short dls‘rances, to ehm*nate this shear. The inclusion of such effects would necessitate

Ve;nla,rgmg the comparison class of flows involved in the stability problem. That is, instead

of compaﬁng &Z-values for the members of the single ensemble of extremal flows that

cdfreéponds to a given specification of the average velocity (V % for each particle Gi.e., a

given specification of X; and Xp), it would be necessary to consider an extended ensemble

‘consisting of the sum of the various individual ensembles corresponding to different speci~

fications of X; (f&:) and Xg (x') This extended ensemble will be defined s0 as to maintain
the constancy of some total time-average quantity sug i as- tcual flux or mtai angular mo-

mentum A s1mp1e example of such an extended ensemble wﬂl be gwen in Subsectxon C

‘below. For stability with respect to the extended ensemble, it is sufflclent that (67) be - i

satlsﬁed for the extended class of fluctuations that results from dr.oppmg the requlrement« .i;

46

ol sl i L b D s




that 6X =0 on the hypefsurf’ace bounding the integration volume (V,At), and replacing it

by the expression for 6X(«, t) on the hypersurface that defines the extended ensemble.

In Subsection B below, the laminar and internal stability criteria will be compared

B for the case of rectilinear flow with shear, and arbitrary axisymmetric azimuthal '(ZOnal)
flow. In making such a compariSon, it is best to regard the two criteria as corresponding

to different modes of instability. The “internal mode’ maintains the time-average velocity

profile of the base flow (i.e., the original extremal flow), whereas the “laminar mode’ leads
to the establishment of a new velocity profile. Thus a ““laminar instability” is “macro-
scopically observable” in the sense that it either leads to growing sinuous oscillations that
tend to eliminate the velocity shear that produced them, or else it leads to an entirely
different stable mode, such as a convection roll, whose velocity pfoﬁle is different from
that of the base flow. An “internal instability,” on the other hand, is necessarily a fine-
scale phenomenon because it is constrained to maintain the given average velocity profile.
The onset of such an instability would not be “macroscopically observable” in the sense
of producing large-scale changes in the flow in the fashion 6f a laminar mode. Rather
o it woulci manifest itself in a sudden iﬁcrease in the degree of turbulence present in the

| main flow. This turbulence would not be random, but-wouﬁ_i have the order of the first
o (i.e.r, most unstable) internal mode to be excited. If, however, the base flow were so un—
stable that many internal modes were excited, then thé turbulence would appear to be

effectively random.

: ﬁ These remarks must be tempered by the caveat that was emphasized above in intro-

g £ ducing the extended ensemble. The introduction of an appropriate extended ensemble is a

¢

[ B ~way of “introducing a bit of laminar instability” into a study of the internal stability

criterion.

"
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B. Comparison of Internal and Laminar Stability Criteria

1. Parallel Shearing Flow
It follows from (48) and (67) that if only variations in kinetic energy are involved
(inertial instability) and the extremal flow is rectilinear (X = 0), then a sufficient condition
~ for internal stability is
- (BX8XVIV) - V=0 (68)
‘ throughout the space-time volume (V, At). This is a conservative criterion in the sense that
the stabilizing effect of the term (ﬁtlSX)2 that appears in (51) has been ignored. The
reason for this, as noted in the discussion following (51), is that this term can be ‘made

arbitrarily small by making At arbitrarily large.

As noted following (67), if 9¢ is used as the action integral (thereby excluding

{
it

potential energy), the extremal flow A = 0 is always stable regardless of the sign of the

left side of (68). The reason for this is that, for the given terminal end boundary con~

ditions, no alternative extremum exists.

However, if we anticipate. the results of Paper II, then it can be asserted that (68) is
the internal stability criterion that is relevant to inértial stability of rectilinear flow of a
compressible fluid (neglecting the possible stabilizing effects of the gravitational field). For
: parallel flow in the x-direction with velocity' shear in the z-direction, (68) reduces to the

: - following: The flow is stable if :
, V—/<0 : (69) -
K dZ2 . .
everywhere. Figure 4 sths examples of stable velocity profiles that satisfy the stability
| condition given in (69). Figure 5 shows examples of ‘;probably unstable” prdﬁles that do

_not satisfy the sufﬁcient condition given in (69). A comparison of Figure 4A and Figure SA
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Figure 4. Sample Velocity Profiles that Satisfy the Internal Stability Criterion
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Figure 5. Sample Velocity Profiles that Violate the Internal Stability Criterion




shows that, whereas a jet-type profile is stable according to the internal stability criterion,

”»

a wake-type profile is “probable unstable.” This suggests that turbulence along the center
line of a wake in an inviscid fluid should be significantly greater than the turbulence at
the center of a jet whose velocity profile has equal but opposite curvature. It should be
noted, however, that this assertion is not invariant under velocity transformations parallel
to the flow. That is, by adding a sufficiently large counter-velocity, the wake becomes

a jet and the jet becomes a wake. This shows that, even though perfect slip is allowed at

the wall, it is nevertheless necessary to regard the Vin (69) as referring to the rest—frame

of the walls. The physical reason for this will be discussed in Section VII.

The laminar criterion that corresponds to (69) is that the absence of an inflection
point in the velocity profile is a sufficient condition for stability. This was shown by
Rayleigh12 in 1880. Tollmien!3 showed that the appearance of ah inflection point in a
symmetric proﬁle‘(such as that of Figure 4A or Figure 5A) or a boundary layer profile
(such as Figure 4B or Figure 5C) is sufficient to guarantee laminar instability. That is,

' for the profiles involved, Rayleigh’s condition is not only sufficient, but also necessary, for

stability. Taylorl 4

pointed out that the derivation of Rayleigh’s criterion involves imposing
boundary conditions that amount to forbidding momentum exchange between the flow -
under study and the containing walls (or surrounding fluid in a free~boundary problem).

The question of devising more realistic boundary conditions is the laminar—£flow analog of

the internal-stability problem of defining a suitable extended ensemble.

The literature relevant to Rayleigh’s criterion is vast, but good reviews are available.

18

15-19
(The review article of Drazin and Howard, 18 which is limited to inviscid flow, is most

relevant to the present discussion.)
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According to the Rayleigh-Tollmien criterion, all of the profiles shown in Figures 4 and 5
with the exception of the one in Figure 5C are definitely stable against laminar instability
because they have no inflection point. In comparison, the profiles of Figures 5A and 5B are
“probably unstable” with respect to the onset of internal turbulence as indicated by the
internal stability criterion given in (69). The two cases become unstable against laminar
instability as well if the profiles are made more realistic by imposing no-slip conditions
at the walls, since this introduces inflection points in the profiles. If this is done, the
internal and laminar stability criteria coincide, which means that the onset ¢f internal
turbulence would coincide with the onset of the sinuous oscillations that characterize

laminar instability in parallel shearing flow.

For the sake of making a comparison with the case of rotafional flow treated in the
next subsection, the internal stability criterion given in (68) will now be adapted to the
case of doubly-shearing flow shown in Figure 6, i.e., flow in the x—direction that has
different shear gradients in the y and z directions. The ieft side of (68) in such a case can
be written as follows:

o~ ~ N A b
- LnM(6X6XVVV) -V = wa(&Z-; 8Y)?

o B (70a)
+2 (ac-b2)(5Y)?
a
where e ~ ~
102V 1 2V 1 2V
a:_—f;—-—;b::-—-;(;:—-;——— ‘ (70b,0,d)
V a2 V dyoz vV oy?

and W is the kinetic energy density of the extremal flow. It follows from (68) and (70)
that the sufficient condition fbr'intemal stability of double-shearing parallel flow is
'a>0 and (ac-b2)>0.  (Tab)

For b = ¢ = 0 this reduces to the criterion given in (69).

52

SRR ok 2 e iz e e



g V(y, z)

Figure 6. Doubly-Shearing Parallel Flow
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2. Axisymmetric Zonal Flow

In this case V = V(r, z)e¢ and A=- (’{J’Z [r)e, where (I, ¢, z) are cylindrical coordinates
and (e,,e‘p, e,) are the corresponding unit vectors. Since A+ 0, (51) and (68) do not
apply. In anticipation of the results of Paper II the sufficient cot.dition for internal stability
will be taken to be

8@W = YnM[(6X8X:VA) - (5X8X:VVV) « V1 >0 (72)

everywhere in (V, At). (The. symbol 8)(‘2)'\?5 has been introduced for convenience.) As in the
case of parallel shearing flow, the stabilizing effect of l/zM(’l\)ltBX)2 has been neglected. The
integrand of [8(2)9¢ ]1{}) given in (48¢) has also been omitted. The reason for this is that
it will be shown in Paper II that this ferm exactly cancels a term included in the expression
for the second variation of thé potential energy. If, moreover, 1 is taken to be the same
throughout the fluid, then two terms in the expression for the second variation of the
potential energy that depend on V1 also vanish, and the criterion for inertial internal

stability of rotational flow of an unstratified fluid is given by (72).

This criterion can be written in cylindrical coordinates for the case of axisymmetric

unstratified zonal (azimuthal) flow as follows:

: 8Z B [5R\|?
Qo= Al22_2 __‘
[8¢ w/W] A[r A( r)

, (73a)
1 5
+ = (AC-B?) (—5) + D(®)2 > O
A r
where
2 32K 2 02K
A=-—= B == —; (73b,0)
K 9z2 K oaroz
2 2% - ok |
C=l-m—;D=1-2, (73d,e)
K or? K or :
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Where K =MV is the molar angular momentum, and (R, 6®, 6Z) are the cylindrical com-

ponents of the particle displacement §X. - A comparison of (70) and (73) shows the follow-

ing correspondences: (r, ¢, 2z) <> (¥,x,z) and (A, B, C) <= (a, b, ¢). The term D(6®)2

in (73a) has no analog in (70a). The internal stability conditions arising from (73) are
A>0; AC-B2>0;, D=0 (74a,b,c)

which include the extra condition D = 0 that has no analog in (71).

The comparison between_ (70) and (73) shows that it would beiiconceptually preferable
to write (70) in terms of the molar momentum MV rather than the \}elocity V. The linear
and angular momentum, MV and ’ﬁ, are the respective constants of motion of rectilinear
and axisymmetric flow, and the spatial gradients of these constants of motion determine
the étability of the flow. In the rectilinear case, turbulent mixing would tend to produce

a uniform profile (MV = constant) for which internal instability is no longer possible,

- Similarly, in the case of rotational flow, mixing would tend to produce a vortex-character—

~J

ized by K = constant, which is just a potential vortex, i.e., one for which the velocity is
expressible as the gradient of a scalar. (V(r) = r~lin this case.) For K= constant, it
follows from (73) that A=B =0 and C =D = 1, which by (74) corresponds to internal

stability.

It can be shown that, for vortices for which IN((rj has a simple power-law dependence
onrt and no dependence on z, the vortex is internally stablé according to (74) if
- 0.62 < (dInK/dr) < 1.0. " (75)
For the potential and rigid vortices,‘dlnrl\()/dr is equal to 0 and +2 respectively. Thus some
subpotential vortices (for which dlnﬁ/dr < 0) are internally stable wheryeas‘ the rigid vortex

and all su’brarigid vortices (for which dlnﬁ/dr > 2)are internally “probably 'unstabie.”
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The lower limit in (75) comes from violation of the condition C =2 0 whereas the
upper limit comes from violation of D 2 0. The condition on D can be made more trans-
parent by writing it in terms of the molar kinetic energy W= MV? instead of the molar
angular momentum:

_ LW
2W or

(76)

This shows that the vortex becomes “probably unstable’” when the molar kinetic energy
increases with increasing r. If the criterion D = 0 is suppressed by imposing the constraint
8P =0 so that only the condition C > 0 remains, the upper limit in (75) becomes 1.62

instead of 1.0.

These results for internal stability are to be contrasted with the Rayleigh criterion for

15,16

rotational flow which says that a sufficient condition for laminar stability of rotational

-flow against the onset of an axisymmetric perturbation (i.e., an axisymmetric convection

roll) is that the magnitude of the mdlar angular momentum IK| increase with increasing r.
Rayleigh20 derived this criterion by a simple energy argument involving the interchange of
rings of fluid subject to the constraint that each ring retain its‘ angular momentum. (Con—
trast this constraint on angular momentum with a constraint on the average angular velocity,
which is the specialization of (60) that is appropriate to the case of rotational flow.)
Rayleigh’s argument giveswab sufficient condition for stability. Syﬂgezi showéd that this

condition is also necessary.

In contrasting the internal and laminar (Rayleigh) stability criteria for rotating flow,

it should be recalled that they refer to the onset of different modes of instability - internal

~ turbulence as compared with axisymmetric convection rolls. Subpotential vortices are un-

'stable against the onset of axisymmetric convection rolls, but (if they are not too different
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from a potential vortex) are stable against the onset of internal turbulence. Rigid and
suprarigid vortices, on the other band, are stable against such convection rolls, but “probably

unstable” according to the internal stability criterion.

The fact that different modes of instability are involved is illustrated by the case of
the eastward-flowing azimuthal streams of air (the westerly jet streams) in the upper trop~
osphere. These are subject to the spontapeous onset of sinuous oscillations on a planetary
or continental scale. -Such instabilities clearly fall within the province of the laminar sta-
bility criterion. On the other hand, the clear-air turbulence that is observed near the jet
streams is a spontaneous onset of internal turbulence that is swept along with the main
winds of the jet stream and has no effect on the average velocity of these winds. This
phenomenbn clearly falls within the domain of the internal stability criterion. In fact, if
the turbulent criterion given in (73) and (74) is written in terms of spherical instead of
cyliﬁdrical coordinates and in terms of azimuthal velocity relative to earth’s surface instead
of the absolute molar angular momentum ﬁ, then it can be shown that the north side of
the jet maximum (in the northern hemisphere) is the region of internal instability, whereas

the south side is stable, Observa‘tions22

show, in fact, that clear-air turbulence occurs on
the north side but not on the south side. This prediction of the internal criterion is to be
contrasted with the prediction based on the Rayleigh criterion for rotational flow that the

south side of the jet maximum is where any instability should occur?3 (if it occurs at all).

C. Flux-Averaging in Parallel Shearing Flow

The ekamples of internal stability criteria discussed above refer in every che to the
restricted ensemble of flows that corresponds to imposing the condition that 8X=0on
the hypersﬁrface bounding the space~time yolume (V, At) (except for segmenfs of rigid or

free surfaces on which 86X + d &= 0). This restricted ensemble corresponds td the class
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of dynamically acceptable flows for which the time-average velocity (V); for every particle
equals the specified value. However, the fine~scale motions that appear at the onset of
internal instability sometimes have the effect of mixing neighboring values of (V) and re-
placing the individual values with a single average value. Whether or not such an averaging
process must be taken into account is obviously a physical question that depends on the
ratio of the characteristic amplitude of the internal motion to the distance over which a
significant change in (V) occurs. When the physics of the flow indicates that such mixing
and consequent averaging of (V) does in fact take place, then this effect can be int_roduced
into the formaliém by defining a suitable extended ensemble that is the sum of the individ-
ual restricted ensembles, each corresponding to a different specification of X(a,t) on the
bounding hypersurface. The expression for §(1 *2) 9¢ given in (48) is still valid, but now
the terminal and surface integrals no longer vanish because 6X # 0 on the hypersurface.
Moreover, the volume integrals are also affected because if, for exémple, 6X; =0 and

8X; # 0, then choosing t; = 0 it follows that X # 0 for 0 <t <t;. In faét, if we specify
86X = 8Xp (t/tg), then we simply add a constant velocity 6V = Btax = 8Xg /tp to the |

original velocity V.

The evaluation of 8(1*2)9¢ for the specification of 86X that is illustrated in Figure

7 (and 6X; = 0) will now be carried out. This specification corresponds to the flux (or

‘momentum) averaging that results from “blob-exchange’ between two layers in a hori- '

zontal wind with linear vertical shear.  The layers are separated by the vertical distance
6z. The problém is normalized so that each layer contains one mole of fluid and transfers
half of this to the other layef. Thus the total amount of fluid actually r’no?ed in the ex- |
change is one mole. The final velocities of the upper and lower layers (V and V' fe-
Spectlvely) are both equal to Vo, the. original velomty half—way between them The ong-

inal ve1001t1es of the upper and lower layers are respectlvely V V +146z (dV/dz) and
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Figure 7. Flux-Conserving Miking of Two Layers in a Shearixig Flow. (A) Before Mixing. (B) After Mixing.

(C) Change in Terminal Positions for Particles in Each Layer




V_ = VO - 1/252((1’\7/(12). The extended ensemble in this case consists of the two extremal
flows pictured in Figure 7A and Figure 7B. (They are both extremal because they both
satisfy the dynamical equation of motion, which in this case is just A= 0.) The change in

86X on the hypersurface thatv,chaznges flow A into flow B is 53(1 =0 and

~ o~ av

6Xp), = tre,(Vi=¥) = - tpe, (1/282—(1—2—); (772)
~ o av

(Xp). = tpee (V- = + tge, (%Szd—z (77b)

Substitution of (77) into (48) gives the difference % -~ 9, . For this problem the only
non-zero integrals are (48b) and 48f), so |

o d

MWy - iy = f MV - 5XpdN + f 1M(D8X) + (D, 5X)dNdt
N (N,At) , C(78)

=~ [(1/8)M(dV/dz)? (62) I t.
Since the flow is steady and ty = At, it follows that
Wp- W, = (9 - H)At=-(1/8MAV/d2)?(52)2, (79)
a result that can also be obtained (more easily) by direct calculation of the total kinetic

energy of flows A and B.

This example illustrates how (48) can be used to find the difference between the
action of a given base flow 9¢, that is embedded in an extended‘ensemble and the action
of a particular member of the ensemblé 9¢y that corresponds to particular values of
80X = Xy - X, on the bounding hypersurface. This difference measures the relative Sfa-
bﬂity of the two extremal flows. The minus sigh in (78) means that flow B is more stable
than flow A, which corresponds to" the fact that the mixing involved in the blob exchangev

is an irreversible process.
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If the flow of Figure 7A occurs in a statically stable stratified atmosphere in a gravi-
tational figld, then the destabilizing effect of the wind shear has to compete with the sta-
bilizing inﬂuencé of gravity. It will be shown in Paper II that when (78), which refers to
a transfer of a fotal of one mole of fluid over a vertical distance 8z, is combined with the
corresponding expression for the change in potential (i.e., buoyancy) energy, the resulting
expreséioh constitutes a sﬁfficient condition for stability of horizontal shearing wind in a
gravitatiohaT field that is identical to a well-known criterion that results from the laminar
(_i.e., .initial-value). approach to the stability problem.24’25 This illustrates the remark
made at the end of Section VI A that use of a suitable extended ensemble provides a means

for “introducing a bit of laminar instability” into the internal stability problem.

Finally, it should be noted that the rectilinear flow of this example is a degenerate -

case in the sense that the averaging produced by the blob exchange may be regarded as an

averaging of momentum, velocity, or flux. In general curvilinear flow these averages are
all different, and it is necessary to decide which of them is appropriate to use in defining

the extended ensemble.
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VIL. REFERENCE ENERGY AND VELOCITY
In open-ended flow problems in which V extends over an infinite range, tﬁe kinetic
action integral 9¢ diverges. The flow in such a problem is usually of int_érest only in a
limited region, as in the case of flow past an obstacle, and it would be desirable to elimin-
ate the divefgence by subtracting the known kinetic energy at large distances from the
region of interest. vThis..can often be done by subtracting frbm the kinetic energy W é
reference energy Wy defined by o
| Wr = Wr(A, ) = WR[AA(, 1), t] (80)
where the functional relation Wy (A, t) is specified (but AA (x, t) is not). Thus the vari-
ation Wy results entirely from the variation of its argument functions AA (x, t). If Wy
has the form given in (80), it can easily be shown that
50*”/ Wi nd3(x)dt = 0 (81)
(v,At)
when the ‘bo‘undary conditions (54) are imposed. Thus, the introduction of WR into the

integrand of @¢ has no effect on §(1*2)Py¢ j..,

5(1+2)|iw- f Wg nd3(’x)dt]
(v,At)

s+2) f [AMV + V =Wg (A, )] nd3 (x) dt
(v, Ay '

(82)
= 8U+2gy,
If it }is possible to chbose Wr (A, t) so that it equals W at large distances from the region

of interest, the integral (2¢ - 2¢x) will have a finite value whereas 2¢ diverges, and yet

the two integrals will have the same first and second variations.

It is important to note that Wy must be a specified function of AA and t, and not

of a and t. A specified function of 2 and t would not satisfy (81).

63




Instead of introducing a reference energ; Wy, it is possible to introduce a reference
velocity Vg = ejV{; (A) where the Cartesian components VjR are specified functions of AA,
but not of t. If V' is the relative velocity, then it follows from (18) that

| V= V-Vy = - (ARG, - VEIAA (2, D] (83)
Vg is a rectilinear constant of motion, i.e., for a given particle it always has the same
magnitude and direction (which would not be the case if the components of Vi were
defined with respect to.a curvilinear coordinate system, or if V{; = V{'{(A, t) instead of
Vlj{ (A)). Because of this D, V' = D;V, so if V satisfies the equations of motion, so does
V. Asa éonsequence 8Wgp' = §Q1) P¢ where D' is the space-time integral of nW’' =
LMV’ « V', The introduction of Vi does, however, change the second variation. It
can be shown that, if the terminal and boundary conditions of (52) and (54) are imposed,
then

51 Dgy! = 5D = f YM(X8X:VVV) - V, nd? (x)dt. (84)
(V,At)

The sign of the integrand depends on the choice made for Vg (A), and this is arbitrary.

The conclusion then is that the ﬁrst’ variation of 9¢ (and hence the equation of
motjon) is invariant under a Galilean transformatidn of a very general kind, namely one
that can involve a different velocity transformation for each particle. For example, Vg
could be identified with the time-average velocity {V), in which case W' would be the
kinetkic energy associated with the deviation of the instantaneous particle Velocity from
its time-average. The second variation, however, and hence the internal stability criterion,
is not invariant under such a transformation,or even under the usual Galilean transformation
for which V is a constant vector. This means that an absolute significance can be attached
to the second variation of %# only if a preferred Galilean frame is specified. This point was

made already in Section VI B 1 in comparing the respective stabilities of the jet-type and |
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wake-type profiles shown in Figures 4A and 5A, where it was pointed out that the preferred

frame should be chosen to be the rest-frame of the rigid containing walls.

This choice can be explained very simply in thermodynamic terms. Free energy is

- the energy that can be converted into useful work during the transfer of some extensive

quantity from the system to an available reservoir of this quantity by means of appropriate
idealized engines. Inw the familiar thermodynamic example, entropy is transferred to the
coldest available entropy reservoir by means of -a Carnot engine. In the cases pictured in
Figures 4A and 5A, the extensive quantity involved is momentum, and the only momentum
reservoir available to the fluid consists of the channel walls and everything to which they
are rigidly attached. Thus only the fluid velocity relative to the walls is significant in
calculating the useful work that could be extracted from the fluid by transferring its mo-
fnenttim to the only available momentum reservoir, and the useful work so defined is the
free energy whose magnitude serves as a measure of relative stability. Thus, the velocity

of the walls plays a role analogous to that of the coldest available reservoir temperature in
the case of heat engines. In the case of a planetary-scale analysis of the earth’s atmosphere,
the solid massive earth is the obvious momentum resérvoir, and the velocity of its center of
mass is the appropriate reference velocity. On a local scaIe, however, this need not be the
case. For example, in the case of a coﬁvection ceil émbedded in a large mass of cc;nstant
vélocity air (no Wind shear), the air mas‘s' servés as the only available momentuin reservoir,

i.e., the only one with which the convection cell can interact.

In summary, the internal stability criterion discussed in Section VI should be referred
to that inertiai frame in which the constant-velocity momentum reservoir available to the

system under study appears to be a rest. In this frame the expressions as given in Section VI
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(without the inclusion of a reference velocity) represent valid stability criteria, because

they represent fluctuations in the free energy that could ideally be extracted from the sys-

tem in transferring momentum to the specified momentum reservoir.




VIII. CONCLUDING REMARKS

A necessary preliminary to the construction of a variational energy principle for fluid
flow is a discussion of the first and second variations of the kinetic action 9¢, and of the
terminal and boundary conditions that must be imposed on the trial functions, and this

has been the main business of this paper.

The total kinetic action 9¢ can serve by itself as the action integral for either an in-
compressible fluid, or for a cold compressible fluid, both in the absence of any external
forces. In these simple cases, 9¢ can be regarded as the total free-energy functional of the
flow. In Paper II the appropriate free~energy functional that includes compressive and

gravitational energy will be derived.

The same terminal and boundary conditions on the trial functions describing the flow
kinematics that have been discussed in this paper will also apply to the variational energy
principle derived in Paper II, and the various criteria for inertial stability of the internal

modes that were derived in this paper will also apply to the pfinciple of Paper II.
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Doubly—Shearing Parallel Flow

Flux-Conserving Mixing of Two Layers in a Shearing Flow. - (A) Before
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