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INTERACTING TURBULENT BOUNDARY LAYER

OQVER A WAVY WALL

oy
A. Polak and M.J. Werle

University of Cincinnati
Cincinnati, Okio 45221

ABSTRACT

This paper is concerned with the two-dimensional superscnic
flow of a thick turbulent bounda laver over a train of relatively
small wave-like protuberances. The flow conditicons and the
gecmetry are such that there 2xists 2 strong interacticn between
the viscous and inviscid flcw. The problem cannot be solved with-
out inclusion of interaction effacts due tc the occurrence of
the separation singularity in classical boundary layver meticds.
Here the intaracting socundary laver sguations ars solved
numerically using a time-like relaxation method with turbulence

ffacts reprasentad by the inclusion of the eddy viscosicy
model of Cakeci anéd Smith. Results ars presentad for flow cover
a train of up to six waves for Mach numbers of 2.5 and 3.5,
Revnclds numbers of 10 and 32 x 10°/meter, and wall tsmperaturs
rations (TJ]“O) of 0.4 and 0.8. Limitecd comparisons with
independent axperimental and analytical rasults are also given.
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This paper presents new and detailed rssults on the influences
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of small protuberances on surface heating by boundary layers.
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ABST®ACT

the two-
chick tur-

cela-
.

This paper is concesrned with
dimensional supersonic flow o 2
sulant soundary layer over a train of
tivaly small wave-like protuberances. 1T
£lo "n"-'ons and =he geometry are such
that thera axists a strong ilanteraction te-
~ween =22 viscous and iaviscid Zlow. -“e
sreblam capnot Se solved without inclusion
intaraction affacts due =90 the .C'"-'-nce Q
the separation siagularicy ia classical
soundary layer nethacds. dera =he interactin
soundary layer sguacions ars solved numeri-
cally using sime~lika relaxa=ion machod
with fursulenca affects reprasented zhe

cn of nhe addy viscosity modal of
and Smith. Resulss are srasentad
over a “rain of up %9 six waves Zor
aumpazrs of 2.3 and 3.3, Reynolds anumbers
and 32 x J°'ﬂet--, and wall tampera-
racions 9f 0.4 and 0.3. Limitad

comparisons with iadependent axperimental and
analytical rssultss are also given.
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A Zi viscosity damping function.
c Qe+ Band e d AFB3 g Y ST ,'2/-,
s Skin Zricticn ccefficienc,. 7, /o 1_"/2.
:3 snstant pressure sveciiic aeat.
r Normalized longitudinal velacity,
o s Y g b G
2
S Nermalized =otal =2nchalpy, § = /2
- deat transfer coefificient.
* )
2 Nondimensional =3tal anthalpy, d=# /u_~
X,/&, Constants 12 addy viscosity models.
L Viscssity carameter, l=cu/o e
z Mixing langz=h.
-
b Refarence length.
M Mach number.
- Nondimensicnal static pressur
-~ = pp=l *2
o] 0=/ 53 .
s = Rl
°r Prandtl number.
. Turbulent Prandtl number.
-
S Nondimensional turbulent heat flux
o rats.
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Peynclds number sasec on rsferaencs
* . ) -
viscosity, Re_ = Pea_u /u '-"C:)
Revnolds 1umber :asad on free straam
- -
viseosity, 28_= 0. ul L"/u] .
d e Bl -
Time.
Nondimensicnal static tsmperacurs,
T = ‘:.C:/'Q e &
=) =

Vendizensional x, and x, velocic

'., - -' L,:/ .
comgonents, us=u /u_, vev e _ Q.
Transformed v velocicy ia ths Soundary-
layer.
Nondimensional coordinates (surZace or
- : - A * .
Car=asian), x.=x7/L%, t,=Re=/*? xz;_'.
Wavelangti.

v}

‘5/?'
b A

Pressure gradiant carametasr, (23I/1
(du_/4¢g) .
E

Ratio ¢f specific
Transversa Latsrmittancy
Nondimensional disclacement

s
Incompressibls displacement thickness.

Displacement sody height
2ddy wviscosity.

7iscosity garamat

g, €

V1iSCOosS1ty parametsr,

ransformed normal wvariabla.
Skatic temperacure rzatio, 3 = T/T
" S
Surfaca inclination of the displaces-~-

ment body.

Longitudin incermictancy function.
Wond-wensxgra; scosity,
L=y /J ,l"’:.).

b 2
.-ans..r:ed longitudinal variable.
Functicnal grouping in inner regicn
eddy viscosisy mcdel.



Subscripts

2 Conditions 2valuatad on the displacement
Sody or at the outer adge of the bound-
ary layer.

£.p. Flat plate value.

i Index for the longitudinal finite dif-
ference mesi.

w Conditions a2valuatad at the wall.

© Conditions 2valuatad ia =he upstream
irsestraam.

Suzerscripts

" Canotes dimensional gquanticies.

INTRODUCTION

This parer is concernmed with =he =wo-

dinensicnal supersonic flow of zhick =ursu-
lant scundary layers cver a =rain of rala-

tively small wave-lirke nrotucerancas. Ia-
terest 1n =215 subject arises Zrom =he need
0 precdict the axtent =0 which an inis=i 1ly
flac slace soundary layer has bseen distursed
DY 2 regular corzugation in =he wall sur=acas.
The flcw conditions ancé =he jeometIy <on-
sidered nare ars such zhat =hers axists a
STIONg Lateraction setwaen zhie viscous and
taviscid Zlow. The sroblem zannot se sclved
wizhout iacludiag interaczion 27facts hecause
classical soundary layer methods would =sr-
minata in 2 saparation zeint singularity.

To 2andls the present subjacs DYy boun-
dary-layer methceds, a taciinique for traatment
Of the intsracting soundary layer =aquaticns
as well as mocdels for turbulance and for =4
715C3us-Lnviscid Lataraction 2rocess musc

e 2vailable. A aumerical method Sor addras-
sing closed >2ubbls saparation ragions was
devalcped by Warle and Vatsa (1) . It was

appliad =0 2 number of lamizar sevaratad

Zlow problams including Zlcw over a train of

.

Sile~wave zrotuberancas (2). This methed
2Ses the lncaracting boundary laver aguations

Wwith a zime-~lika rslaxatioc concent which
iccounts Ior the soundarv-value nature 9fF =he
Problam. This apeoroach is adoptad in =he
Sresent study wizh the inclusion of =&

2ddy viscosity modal of Cabec:i and 3Smith ines
the solution scheme. The arssant “arm Af

modi-

numerical algorichm includes several

o
-2

ficaticns o zhat of =he 2arlisr work (2, 3)
L2 ordar =2 iccommocdata :he sursulanrt nacura
Of the flow, the =hick boundary laver, and

the rather dramatic variations of

tle wavy wall.

jecmatzv

It was fcund zhat the nethed was Capable
of handling =he interactiag =urbulant 7lows
of present intsrest. 3clutions werse obrained
for flow of zhick =urbulans bound ry layers
over a train of waves. The results are pre-
sentad in tarms of surface pressurs, skin

friction and heat zransfar dissrizutions.
The predictad trends are compared with avail-
able analytical resulzs based on small <is-

“"rbance theorv and with experimental Zdata.

GOVERNING EZQUATICNS

L. Boundarv Laver Zguations ian Shvsiczal
Coorcinatas
p Lot LA 2 5

The suitability of :he interacting
coundary laver aguations for describing =he
relatively strong streamwise variations L
the soundary layer charactaristics due =2
sudden changes .n the scdy jecmersry nas =
at least for che laminar case, veriZizad
darlier (1, 2). This acoroach is used in
the present study in which 2rand=l's classi-
cal boundary laver aguaczions are adopted
with the only modification shac =4 sressures
variaticn was 1ot prescribed sut salculitad
simulcanecusly viscous-inviscid
interaction medel.

rom a

The boundary laver approximation in =wo=-
dimensional visco 2 cblems impliss

7iscous flcw 2

zhat the pressurs variation is assumed Lo

9ccur only along one cocrdinate, =akan in =he
general direc=ion of che wall shear layar.

The degree of =ais acproximat:ion dapends on

the choice of =he coordina+a system. Whilas
for vary chin bdoundary lavers aver a ssr=u-
jatad wall, or thick scuncary lLayers ovar 2
relatively flac wall, surface cacordinacas
wers suizable, (sae R2ef. ]) far =mizk sound-
ry layers ilowing over a“small amplicude
wavy wall, Carzesian ccordinatss wers scunc
%2 be mcre aprvropriaca. Accordiagly, =he
JoverTllag 2quations will first ne writcetan

22 apply =20 bcth zhe usual sursacs socrdinacas
(s*, n*) and =he Car=ssian =sorsinacas (x=*
Y*) usiag the notation (xY, z%) =2 danore

2icher of zhese. VNondimens:ional varianlas oS¢
Jrder one irs now dafined according to the
scheme.
SRS g B L - i A
Xy = ./ X% R " K./L (1a)
* - ;/,'_ * - ~ d -:
s Rl 7 = Re /4, e faa,
= : = I b - 2
- * ® c‘_) =
e e P R s (ib)
v
i - - * : %
with L S L e e T Y s St (le)
- = = = o
* L4 - bl -
ane 1 , ¥, 2, 3 and T rspresant =he mean
72locitlss, odressurs, densi:y and tampera-
turs resvcectivaly

e turbulsat boundary layer aguacions
in these variables ares:
centinuitv Scuation
3 3
T (p) + == v) = 0§ 2)
ED o X » y 3
1 -
Momentum Zcuation
-
st s ol s o e b i
4 — ] — — — - e— P
e S %% e e dx, PR3 3% T’
1 2 1 2 2
%)
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Snergv Zguacion
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whers Tr and g, are the nondimensicnal =ux-

bulent stress and heat flux

cively.

s=urbulant

The gas 1s assumed =2 De air wizh con-
stant speciiic neacs and constant 2randel
“umber, 2r = 0.72 with the perfact gas law,
State Zguation

y=1 %

5 = .(—_ T (:)

» v
3oundarv Conditions

1(X4, X,) = 0

& 2
V(xl, x:) = 0 aT X, = %, {xl)
w

T(xXy, %,) = Tw’x,)
and (8)

BiXe s Ra) & g (%,)

5 . at x, = »
T(X,, Xq4) = T_(x,) h
G 2 R S
whersa xlw{x,) describes the :zody surface con-

tour Cx:w = Q0 in surface csordinates, X =
v, (%) for tesian ccordinatces) .
2. Turbulence Model

To obtain closuxe of the system of
eguaticns (2-9), models for =he sursulane
stress and turbulent heat flux terms are
1geded. The addy viscosity -*nﬂent used ina
csnjunction dl:n Prandtl's mixin ength
aypothesis for the wall layer —=~“n 13 the
Tost widely ‘sed 2‘;55:3;: 2odel Zor turbu-
lant strass. A well <nown sepresentaticn is
he two layer eddy wvisc osx'v modal of Cabeci
and Smich which has been very successsul in
modeling =urbulance 2£facts for flat slace
Soundary layers and other attached scundary
lLayers with moderata pressurs gradientcs
Less favorabls rasulzs ars sbtained when
4Sing this model for strongly intaracting
and separatad Zlow segions wheras it aprears
to fail conceptually.

In general turbulent gquantitsies lika =h
Reynolds stress ara governed 5v =ranscors
2quations, thus requiring that the turbulenc
Ristory be accounted Zor. The addy viscosity
cSncept rslates the Reynolds stress =o only
the local mean flow gradient This corre-
sponds o =he ;nys;:aL idea that production
oZ turbulence at a goint due =5 intaractian
with the mean Ilow is cancelled sy the dis-
sipation due to its self-;ntarAF:;:n (this
s refsrred :to as the "local eguilibrium”
concept) . Ia other words, the eddy viscosity
mcdel is the soluticn =2 a =runcasad transpors

equation. In an 2£ffort to better align =h
predictions Ior saparatad flows with 2Xperi-
mental data, previous invesz=igaters (see
Refs. 4 and 3 for a%amnles) lave empirically
modifiad che aguilibrium ecddy viscosity

model =0 account :ar cthe history effect.

Thus 'frozen', 'relaxation', and other models
were devised and :vc:ess:uLLv appliad in
several of separated Zlow predictions. One
of the present authors (5) also used zhe
'frozen' and 'relaxaction” models in =he
interacting toundary laver aguaticns Zor
separatad Ilows with 10 significanct imprava-
ments i1n the predictad results cver =aose
ohtaizned with the zasic addy-visceosity modal.
It appears znat =9 achiave more satisfactory
results, a turbulance ncdel amploving :zhe
turbulent transcort par=ial 4iffarsncial
2quacions wi1ll have =2 e Zeveloped “or usa
in strongly intsracting and secaracad

zalculacions.
Sax the somputing

these calculations.

lLayer

-n-q--he—

Soundazry
caursze,
required for

siles

With the above mentioned limitatiocns &
mind, the basic form of =h abeci-3mith
addy viscosity nodei was -_antsd for the
cresent study wnere Lateraction 2£5acTs =an
<3 reduce -sn~-:"d.“a- gradients and only
small separaticn r29ions are ancouncarad.
Thus we =zaks

T =

T IR
and relats 3, %o t., ov =urbulsnt Prandsl
number as = =
-
P:m = '_“”'3‘1 )/ (q = :‘. ) -
il B o e T
The =urbulent andtl number i3 hers =aksn
Snstant, ?r, = 0.30. The two layer (outer
and inner ragion) Cabeci-Smith nodal i3 =he
given as:
Ianer Region
- -ﬂ: -
S/u) o —— A 3
; - = -
i’ 1:(2'
- - - - 4
wnere - = K, %,(1 = exp(=x./X )| 3
with %, = 0.40 and
- . | o
¥ * |34 Bt
A = 26(u /s EiEs e 2 3
3K, | W
-

D - b d » .
where tne absoluts value of 3u /3x., 2as
been intrcduced in agquation (8¢) as*a modi-
fication 9f che Cakeci-Smith model Zfor
reverse flcws
Quter RPegion

A -

2 3
A = & R B -
./'..l)3 W \z 4(‘2‘_.: ;i
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where y is =h
function

transverse intasrmittency

.

y s (1 = arf[S(x:/xz -0.78)]1}/2 (9b)

2
The variable X2y is th
w/u, = 2.395, and 35, is

displacement =hickness.

value of x, at which
the incompressible

3. 3oundarv Laver Zzuations in Transicrmed

Varranlas

The coundary Laver aguacions Jiven in
Section L1 are hers recast using the Lavy-
Lees u:ansi:::A:;on.

The new iLndepencdent variadblas are de-
£ined by

Xq X
1 a, *2
2 = [ - i 12 s A B e— s dx
:: S @ e p e 2
2 Yeh - O

(loa,b)
The normalizad derencdent variaplas ars now
defined as:

velocity ratio,

F = a/u (11
/ > a)
mean static anthalpy ratio
~/m (11
3= ./.e (11b)
er, mean tatal 2anthalpy
3 = 3/32 (llc)
Wich these definitions, aguations (2-4)
seccme:
continuity Zquation
37 3F re
= 225 === + T 3 ] 2)
in 288 T
Momentum Icuation
3P = 2 3 - AP
237 = -7 E a7 2 o B
- R Jn in an lld.)
Qr
4 37 3 F 3 ; 2 3 - a7
22 P ==+ ¥ === (14 % GuPP) 4 il Su
& n i‘) 3\, ) :q.ha .’n)
(13b)
Static Tamperature Znergy Sguation

P - 3P ) 18
2.-;__’5..')_.“_ LR s R
= 33 in S\ h n. - BF -\)
- (l4a)
Total Temperature Snergv Sguation
- . -2 - é I
0 r S v S e 2 (1T -esPn)F
g an 2+a n
5= . fe 5
i 4b)

where 2 is the viscosity parameter dafined bv

. = gu/p (15)
' / 9-‘3 (15)

nerlands viscosity law
and the rbulant parameta2rs, : and ¢ re

defined as

with u given from Sut

¢c=l1l+ (g/u) 0 (lsa)

4 ) ( 2z -

t =1 + (¢/u) o= (16b)
T

wne'e { is the streamwise intarmittancy
function: for fully laminar flow = 0 and

for fully =urbulent flow [ = 1, whnile for the

':ans‘-'ona- region Lts value varies smoothly

from zers to 2ne. The paramecars = and 3
are obtained Zrom the local iaviscid flow as
2
‘.- (17
a s Je/-e L/4)

3 = E— :s '.-ID)
2

Stata Sguation

0 /2 =3 .l8a)

2
g B e =
O 5 /o = S (B = g P (13b)
- a® -
2

3oundarv Conditions

F(g,n) =0

viz,n) = )

&t n = (13a)

3(3,n) = ’.'J, '_‘e
or g(g,n) = 5i
where B 0 for surface coordinataes and
e @ 1w15} for Cartesian coordinatas. Also
~e nave zhat

P{€.n) =1

B 47 g D as n - = 19b)
or g({d.n} =1

The =urbulence ralaticns given in 3Sac-
ticn 2 can be axpressad in transformed
7ariablas as:

PR e e e
By Ug Py Xs ¥5 - op ia
(e/u), = /Re_ S 20a
< e 3 2N
Uy veg 18
wheze r, = 1l = expl(=7,) 20b)
- ~



v, s <29 (3/Ra. - ]??f
r 262 3%y LS L ‘W

(204)

-~ E]
5 X1 © 3(l-F) 4n (20e)
Xinc rp— -
'rf@8_ o B =]

Not2 =nat, as Zar as =he form of she Jovern-
85 3guaticns .5 soncerned, the only dis-
ferencea between zhe use of surfzcs coordi-
nataes and Cartssian soordinates i3 in the
wall bcundary conditics 3quacion (l3a). This
can ze =2liminated using L

Prandtl's ~Tanscosi-
Sion theorsm sy writiig =hatc

=g (21a)
" = n - ~w,£) (21b)
?sve-2 e ¥ (2le)
Wizh these =ransZormacion 2guacicns (12-14)
and (1l9) wviald:
Contiauiszv Sguation
3T .- 3P -
—_-.:E—f*?‘;' (22a)
in ig

- 37 - 3P = 3 - 3F
W=+ TS =30-7%+ 2 (43 =i (22w
52 in in in
or
- IF - 37 - 2 3 - P
7 =+ T 2= (1r P 3(g-p)+ (g7 2
3E in = in in
222)
Snersv Icuation
pd -
- 3 3 el p Lz
et e 8L 0 385, L =3
35 in in 3n "7 3n (228)
or
- 3 - 3 R - 4 -
k238 + 0 3% . 23, (L(z=c/2) @ 3E;
P - evg " -
33 in in
3 L2 3g
* == (5= =2) (22e)
S 3N
3oundaxrs Condizions
P(£,0) = V(£,0) = 0
8(£,0) = g t8)
or g(3,0) = Gy £ §) (23a)
and =
F(,?) = ]
§{,») =}

LUAN

The iateracsing Scundary layer calcula-

tlions reguire an inisial velocizy and tam-

feracure profile at some station anead £ the
effactive interactio region (sae Tigure 1)
This profile was 2ota.rned nere from a non-
interacting =wo dimensional laminar-=ran i-
tional-turbulanc Soundary layer czalculacion
2y an ordinary marshing zechnig is1ng a2

43 s} 1
-=3TJ124Tlo

IS
T =a—.f
x /

Prescribed pressurs

Rexp=10.82 « .O?’mq‘

e

mihial Velecity

T ~—Profiie '

/

‘ 574 K ! : .l |
| ! i l |
L / i i ! i
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T IS G IITI TGS E I

/

\ e =
Tunnei Wail est Plate

1 D1 A
- D)

Gecretxy

4. Iaviscid/Viscous lntaraccion Mccdel
The intaracszicn 97 =he soundary laver
with the isentropic surerscnic iaviscii flow
15 mcdalad in =ha 2ressur2 sradiant naramerar
3 By coupling iz =0 =he inclination 3Im of
the tstal displacemens 208y im The adge
Pressure is obtained ‘rom ~he ?randtl-Mever
relaticn aperoximatad nera 2 second arder
L2 Cerms of 3., as
. 7 ]
e “ .
y P (M=l i —
2, T == =~ ~ - - - s 23)
2 1% —_— FoTETTE T
& 4 @2 =il
s M7 -1 a
=
where 3_ = =an “(dd . dx%) 25a)
T .«
5? =¥, t.dcos 5 25b)
a
-1 2 3
3 = Re b3, S L Bt o)
by s J-'.":! &
Once >, is sbtained e lsentrovic rzslasions
LA
and zZuler's eguaczion are i1sed to obtain 3 in
aquation (17b) Thus, the inviscid and
viscous flows muse he solved simulzanesusly
SinCe thev are dirac=ly, connected zharsugh =he



displacament
{2Se) .

chickness gjiven in aquation

NUMERICAL METHOD OF SOLUTION

The numerical method used is an implicit
finite difference scheme writtan far
simil ---y fa:: of the cve:nznq 2quations
that march Zrom scme initial SuQCLOH along
the st -’ace to the terminal point of ter-
est. To account Ior cthe soundary value
nacurs of che zroblsm, Werla and Varsa (1)
nave addad -“a cine iepcndon: =onceec,
simrlar 2o zhe one used for =he solucion of
elliptic aa::‘ax i;:fsrsnt-al quaticns.
This resul in modificaticn of only =h
momencum scua:;on (232B) oy_ —enLac;nc zhe
Pressure parametar 3 wizh 3 Zdafined as

w
o,

—_— (28)

S'S-t' (&

“

This mezhod
laminar separatad
2low configurations

2as been successfully apclied =o
flow oroblems with various
including one with mul-

tiple iatesractiag ions (2, 3). TRe

2XI2nsSion of zhis approach -o cursulent

Soundary lavers Lavolvas, aside fvom inclu-
P { e

71scosity mcdel into the
2 number of modifications

Specifically, th
takan.

sion of =he addy
solution schame
(see alsoc Ref.

follcwing scaps

)
)

jor~

~eras

and conver-

< ntracucine

- LT

SSnTinulty agua-

1. The numerical stabilicy
Tata las seen 2nnancad sy
""e:enc-“q in the

zence
1 new

won. It 2as only secently seen recognized
() chas the longicudinal darivatives in =h
conzlaulicy a2guacion grovide 3 path for

intaracting Ilows =2 sropagata .aformacisn
upstream. To accommocdace zhis aumerically
the use Of scme sor= of a ‘orwars

requires
diffsrance 3rocecurs. In =he Irasent work

~we adopt L2 the continuity aquartion =n
Icllowing Zorward 3iffarencin
g = -7

IR YL S |

93§ -5
wher2 <is superscript (o) denctas values at
the 2Tavious =ime st2p and subscript L rerfars
"2 e lth stacion along the length ofF the
surzace.

2. The resliability cf the prasent
algorithm was snhancad 2y adeor ting the 'up-
wind diZfarsncing’ concepe ior :zhe longi-
tudinal convecticn 2£facts. Ia the reversad
flew ragion upwind i;“s*nn::ng was usad in
the longitudinal direct for the convective
terms in ordar o sat;s:v :ns stabilitcy
f3quirsments. This alininatas :ne sé-zallad

'artificial convactisn' concact used earlisr

(2) for the laminar case. This medification
i3 siqnz:;:axf Decause the velocities in the
reversed Ilow regions are larger in =he
turbulent case than in the lamina Thus
the convective serm Ln the momentum 2guacion
is diffaranced as

® 1 = o
PR =3 (7, + [#,]} (P, =2, 1/4¢ »

ﬂ,
'
el

"

{

1
ofre

i
i L

"y

i is replaced by 7 Zor forward flow,
~(0) Py

i for reversad flow. ay replacing the 7,
with ?:" =he occurrence oF

Point s.n,u$a:;:y 13 avoided
that the first tsrm
2quation (27) vanishas fsr reversed fl:w,
e second carm vanishes for =ne forwazd
flew. The same srocedurs was followed 41-“
the term 733/3f 1a =h 2nerjy aguation.

"y

A separaticn
5). Note

-
-
Iy

Turthermore, :zhe dowind diZfsrencing
was Zfound alsc helpful ia =he 1 dizsction,
i the convective Zominatad surmer regicns sf

e thick turbulant boundarv layer. It was
brcuqn: S0 our aztantian \3) that uapwind
differsncing of the 3F/3n -e—n in =he momen~-

tum aquaticn might be
the convergenca crizeria of =he numer-cal

the boundar-

schere (sae alsa Af. 3. Ia y
Yer near the wall zhe 4iffusion =arm P
iominatss =9e onvect:va~-like term 7. and
i central diffarenca scheme for F.—is
iPpropriita.  However, L1n the Jutar raachas
°f tle soundary lavar =he 2iZfusior t<srcm

decreases significzanciy and aumerical ia-
stabilizies sccux. Trom a study of the model
equation ?1n- 3f = 0 it is fSound chat with

central
TSt 2R
tisns.
faranced when
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whers 5.(5.) is che
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:he taicial

’Ac-on -
sicw Lmorovement ia

The accsuracy of

the calculated solutions
depends on the dagrse of precision of the
iinicze=diiferance aDoroxinaszion and the step
size. In turbulens :ou:da:7 layers large
changes occur Ln =he velocicsy profile in she
inner layer very aear she surfiace. A susffi-
Sisnt numfer o7 mesh zcints 2re needed near
the wall in ordar tc get a gcod rasolutien
L1 the sradictions of wall shear and surface
heatc transfer At the Quter edge of :he
boundary .a;e: where the Levy-Lees variabla
n aguires lar values, the changes are, on
the other n —:, very small. This is especial

. (27)

and by

(1.,
°n t3e right hand side of
and

b=



sertinent in the case of a cthick turbulent The governing 2guations were linearized

Soundary layer disturded by a ralatively and the partial derivatives were raplaced by
small protuberancs. Thus, for reasons of finite differences. The a2ddy viscosity tarm
efficiency and accuracy a variable mesh size :/u, appearing as a nonlinear =arm .n =he
in =he n Zdirection is used in solving most joverning sguations, is approximated by it
turbulent Soundary layers. A mesh jrowing previcus station value. Cancral diffarences
in size from the wall as a gjecmetric sro- were used to represent partials with respecs
;'oss'an is used in che present algorichm. 29 n (2xcept as noted accove where uswind
3lotzner (10! has shown =hat in terms of a diffarencing fsr I, was raquired ia the sutar
transformed aormal variable N(a) replacing region 2% =he aoun&a:y laver) as well as Zor
the stretched Levv-Lees variable », == : g- 2
Sruncation arror is proportional to iN? as the cerms d :T,.x: and for as./dx,, of ci
¥ = 0, or the method ¢f calculatiocn is second oressure gradiant calculations. Jowind dif-
order accurate. At the jth grid soiat =h farencing was used in -=ha2 Ienvective -arms
shysical coordinate is sotained “rom in che momentum and anergy aguations and
“a/lNa 1/AN fsrw;:c diflsrencing with respect =0 i ia =he
Ny, * n, (R 9 -1) /(R -1) (28) Sontilulcy aguacion.
¢ ‘max
The calculation commencss with certain
where X = in_./An._,, N, =a(j-1)aN, (3max=t) oW initial conditions and then =hrouch the time
= L, and whers iJ :s <he zenstant step in =ne 2rendent aporoach (1) =ne steady stace solu-
transiormed slane. The second order iccuracy SO0 ch a ;Even set of soundary zanditions
s achlaved 5y varving imax and aolding AN, is sought. In the oresent calculations zhe
fixed (l0). It was found hers that if in- s2itial ccndicions wers se= Dy taking ne
staad cne rsplacad AN, 2y AN, whers iN is of 3‘?? =ime displac cemant 20dy <o correspond 2
course 7aryiig wizh lamax, “hile folding X 1 flac place Soundary layer ind the surzaca
fixed =he 2r=or diminisnes wizh AN as srotuberance =3 2e 9f zero seignt=. 3Sussaquent
-1 74N L : a Sime sweeps are conductad witl tle wvava
kS + L.a. mucn Iastar than UN Figure 2 amplitude increasing gradually Sv a small
shows the surZace ieating ‘azamata: s depen- amount. After the desired jeometzxy L3 raached
dance on AN and zhus 3rovides an iccurace (after the first 10-13 _sweeps) zas sime~lika
2rIor astimation srocedure. 3aseé on =his ralaxation 2racess Ls ssntiaued uncil s<he
3t2p size study L1t was Iound that with values  Zlow sroper-ias ars relaxad =o =hmeir fimal
Of Npax™ 200, 3,..® 35, and X = 1.254, 2 7% value. This process L3 shown in Tigure la
ITUncatisn 2rTor was Llacurred ia the calcula- YBer® le skin function oo ::;:;en; i s S
tion of wall heat cransfar. This rapresents cocation (s = 3.358) is shown as a function of
a0 accaptable compromise between the accuracy 208 LT8ration aumber. This lication is neas
and the afficiency of calculaticns. the junction of the £lat plate with 2 siagle
134 sine-wava ;r::::e:ance Jners sagarazion
{ & 5 | occurs. The resulting skin Sxicsion and
M5:233 / ‘ surfacs '=a_-“, distribucions are shcwn ia
i Rep 1082 xI0%m / figures 3o and 3¢ respeccively. Tor iis
R e e .08l / - case with a thin coundary layer, e zalsula-
= B B / tion was periormed in surface coordinacas.
/;3\ 1= 34 / | Figure Ja shows that once the ull srocuber-
\em iy % f ancs height is attainad (1l sweeps) it =akas
R about 30 mora sweeps Zor thae skin Sxiction =2
‘ attain its 'steady stats' value. This cal-
i culation, with 41 normal grid soints and 71
’233 longitudinal grid points was serformad in
) ¢
-

| 5 minutes of computar :time on =he I3M 3
aAN2 x I0*

RESULTS AND DISCUSSION

36— ,

3 : maj nterest of the present lnvesti-
| —= 3 gaint differenca form for q., A S Seith SO -BENRE 9% SN e b
- ; 2 2 » y gation is in the numerical predictions for
g 2 ooint difference form for 3, ot thick turbulent doundary layers over i wavy
wall, as those in the axperiments 2f Refarsance
(L1l) . The geometry and the flow conditicns
2 were thersfore chosen to coiacide with those
AR given in Reference (ll). The amplitude and
\dn/, wave langth are a® =2 0.29 cm, w" = 1,66 e
respectively. A raference length L" = 15.25
c was chosen. The base flow conditions are
defined by M_= 2.53, Re_ = 10.82 x 10%/m,
T = 174°% and T /7 = 0.81. denceforsh,
& o oo
we refar o thesa conditions as standard
| flow conditions.
To obtain the present results it (s
first necessary 5o generats initial profilas
fig. 2 Accuracy Study of Wall Heating Level at some point anead of the first protuberance-

(,'
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rleg. 3 urface ?roperzias Ior One Orotuberanc
(a) Numerical Conversenca Rata
(3) Suriace Heat Transfar
(c) SuxrZace 3kin Triceion
flat slata juncsure. Ffor the standard flow
conditions this station was zaken at x =
72.30, where =he inizial sr2fiiles were cb-
fained from a noninceracs ing calculation to
correspond :=o the hound ary layer as it devel-

OBs along the wall o7 the UPWT Langley Wind

Tunnel (ll). The interacting algorithm was
subsequently 2amploved tetween thAls iaitial
statisn and a downstraam staticn past the
.ash Protuberancs. -"o Problem was firss
crmulated ind solved in the sus-oma \ary sur-
face coordinates. It turned out =hat =he
GeCmetry extremes make the usa oFf =he Carta-

sian coordinates version af =he soundary layer
2guations more reascnapbla. The resulzs af

the calculacions snown Rere were periormed
with a longitudinal st epsize ix = 0.02, and

a 35 point grid across -ae soundary laver.

ced ressults

Zxamples from zhe calcula
ar a train of up ko
‘"

Are presented for Zlow ov
SiX waves, Zor Mach aumber - ® 2.3 and

3.5, for Reynolds numbers 2e = 10.32 x 10%/=a
and 32.46 x 109/m and For wall =3 =oral

femperaturs ratiocs Tw/fg = 0.40 and 0.31.

u ‘l
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3= Interaciing Surface Sressure m:/ face Pressure || -
~\ - ™ ~ - ‘ 4
§. 3= ! F-=4 § =% S I\ . | 1
N F1 | \ | \ | \ i % \ | \ H -
< L___\,/“q;,/*\i,rﬂ j NG
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; Myp2.33 -

Aoy 2 10.82 2 10%m 1

Tw/Ty* Q8 _Totat Qispiacement Soay, 3.+ Yo *8

3eay Surtaca, .

S Y s
L0000 A
70 734 718 7.2 48 %0

7ig. 4 Displacement 30dy and Surface >res-

sure - Stancard Case

figurs 4 shows =he zon=our 2<% 2 train of

six waves, the displacemen= sody ané =h

7iscous and lnaviscid orassure i;st::bu:;:ns

for the standarsd Slow conditions. The dif

ference in the invisciz and 713C0uUs 2ressures
£o

dramatically shows =he 23ffact and need : 4
tateraction. The pressure is calculaced -ranm
in approximatisn %o zhe ?randtl-Mever rela-
=i0n, accurate =2 second arder :a flcw La-
clination angla. The inviseid rassures i3

calculaced using =a .ocal ~cdv sloce, wne:eas

the viscous ;:e 3. L5 obtained Jy using

Re slcpe of zhe Zisplacement Dody (= 5 =
yy i} . The diffaranca in =4 viscous and
1L71scid oressure 135 due 25 =he 4is7 rence in
2

l'“uces 2f =he actzual and iisplacamen=
cc?. It 13 interssting =3 sbserve that the
71SCOUs dressure ls almost zericdic avan
though the iveragsa disvlacament =hickness

U'

- .
dacre2ases. Tigure 3 shows wiza the distri-
suticon 2f sressura =he corrasponding discri-
Sution of surface 2eat =ransfar and skin
fricticn at =he same hase £low conditions.
The oressure geaks and Jeaks in heating asccur
at about the same locazion anead 27 =ne 20dy
surface ceak. The zeak in skin fxiction is
shifted in the opposita direc=ion. Whila
the pressure distribusion is nearly seriocdic,
She heating lavels and =he skin dziction
P2aks rise 1n zhe downs=raanm direction. The
Tate of rise in peak heating is decreasing
very slcwly These rasults ars in con=ra-
distinction to our similar study (3) of shin
laminar flow cver a =rain cf sine-waves,
wnere the ceaks in deacting Jdecreased rapidly
in the strsamwise dirac=ion. Figure 6§ points
Qut the fact that the local wvalue of the
3uTlace parametars i35 almoss unaffsc-ad ov
the presance 2% addirsisnal dewnstreanm distur-
bance for turbulent h urncary layers {(comzares



also Figures 53 and §). Simply, downstream
waves have little upscream influence and the
sroblem seems localized. Heating levels alt
of waves grow as the number Sf waves in-
reases, bHut -he downstream skin friction Lis
ungftec:ad by the number 3f waves.
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Tig. 3 Downstream Zffacts on 3urZace
roverties
Ts Zemenstrata zhe 2£fact on surZface

sroper=ias 2ua T3 Mach fumber, vall tempera-
sura, 5nd =¢v-o;d3 number, =arsae additicnal
zases ar hown Ln Tigures 7 through 9. The
';::ease of Mach aumber (Figuxe 7) Izom 2.3
=5 }.3 causes a decrsase in the ratio of
n /h As in the stancdard Ilow case,

at the flat plats
thickness was

mparison axperi-
1)

camperature oo
hows a siamilar tzeond
increase in Mach

aumber. 35ut =he absolute rate of surface
heating is much h;;ns: than in che srevious
case. Interestingly, the h/hs , ocurva is
smoother heres =han in cother cases.

..asr.; , an Lncreasa Ln Reynolds number,
is seen to cause an in-
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An interesting aspect of the sresent

-~ &

results is the location 2f zhe peaks in
pressure, heat transfer and shear. The pra-

sant predictions show the peaks in prassur

and heating ©O occur at about the same loca-

tionn. This (s in aq*:cmcn* with axperimental
Observations (ll). The location of the peak

pressura in the preasent results is shifsed

to the richt of the location of the inviscid

Feak pressur2 location (at y * 0) by a phase

angle of about §0°. Theoretical studies by
Inger and Williams (12) and by Lekoudis ac
al. (13) predict such a shift. Daca Zrom
these studies given up ,a M, = 2.0 show a
shift =5 the left which :os :~- quickly
Tcwards zero at Mg, :* is therefore
$Css2isla =0 axrect a zhase anlc in the
opposica sense Ior M_ > 2, as 13 the case in
oresent results. The maxizum wvall shear
location obtained Zzom present calculations
is sh;::ed to the zight of the peaks i
Prassure and suriace *aa:;nq 2y about §
Accord :q 20 =hsoretical sradicsions (L3
qualitcatively such a sa;it is axpectad.
SxXperimental 3ata 3jvailabla at =he same
condicions (ll) show a 2 —:ad;~ czend in
surfaca crassurs as well as the surfacs
heating distzibuticn. The pericdic szend
surfaca pressura .s ocbserved also in =h
sent pradictions with peak values of

/ = “ =
Puax’ ;_':. L.3 ac M 2.5 and Paas

Ll st YN »
7alues

3.5 /
3 a8 3.

21

-‘1
sra-

l/? -

r1 1

Ta
-

fefarence
ars given engz at M_ =
3. While the 1eat-“q

=he 2xrveriments of Refarsnca
rapetitive over consecutive
4.9 = 1.9 ac M_ = 2.3 and

- +9
D,
3.95)

=y

sradicticns show a2 continuous iLncrsase sver
the leng=h of the waves. Nota =hough =hat
in the 2xp er.meq—a- study thers is also
indicaticn that separation occurs, while 2
lack of separation is opserved ia the analy-
Sical resulcs 2f Figurs 5. The cause of LS
disagreement 1s not cer<ain but could well
5e due o Qur :no;:a 9f turbulance mocel”®

or act that the prasent calculaticns
do not simu -at= well 2ncugh all the test
conditions (thrse-dimensicnal 2£feczs or
Soundary layer develocment on the tunnel
wall). Nota the calculatad houndary layer
displacement thicikness 9f che inisial pro-
£ile at station x = 72.90 iz 2.36 cm, close
%9 the value giwven in ?e:e:ence (11) How-
aver the predictad suxfacs neating value at
this scation =0 high when ccmparec
experimental daza of nce 'L‘ (The
4~ —-‘d 73- -
52.35 waszs/m?l
methods a
the same
boundarzy
tunnel
final adjustm
turbulence model

distzributions i
(Ll) are nearly

\ow)
~vave (wich /
§ (VANR- B

=2.2ac M = the prasent

d:ua}

D'U

-
——

L3 ==

‘

V-

feat transier
develoving along
thus indicatiag
encs may De needed
these Ilows.

.‘3_
the wind
that some

==

in

for

Survature
turbulence
sponsible Zor this dis-
Setween :the axperimental data and
predictions.

CONCLUSIONS

A numerical method capable of handliag
auleizle interacting flow regions was
adapted =0 the >roblem of thick surbulant
soundary layer over a wavy wall.
The results of calculations presented
cerms of surface pressure, skin friccion,
nheat =ransfer distributions disclose
distinctly differvsnt from the laminar case.
The 2resent reasults show a shils the
location of the viscous pressure ceaks rala-
tive to the peaks in the Laviscid pressurs
and £9 the jeaks in the wall shear. These
2nase sbilts ara in gqualicative agrsement
with theorstic sredictions based 2n small
disturbance -ueo Ty. The location of peaks i
7iScous Pressurz2 ancd jeat =ransfar coincide,
and che La“c'-"dznax Jressures variation is
periodic. This is in agreement with =he
sxXparizenzal data. The ax:e:;zau:s 3l30 show
sericdicity in surface heating distributicn,
wnlile che present resul:s :rac;:: a contiau-
Jus ilncrease Ln neacing indicating i zossiblae
weakness Ln zhe ::::ulencs mcdel ‘or a

rapidly vazying curvaturs.

in
and
f2acures
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