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ABSTRACT

Demand for light weight aireraft structures results in the use of
“Jas small a safety margin as is practical. As a comsequence of the
small safetf margin and other uncertainties, cracks or partial damages
are likely to occur before the economical life of the aircraft is
expended. TFatigue is one of the pfincipal causes for the cracks. -
Fatigue loading and fatigue crack growth also contain uncertainties.

The suséeptibiliﬁy of the aircraft structure to crack or partial
damage during tha_uséful life of the structure imposes the requirement
 that the Strucﬁﬁre should be capéble of supporting the service loads
with these cracks. .Furthermore, it must be pbssible to detect these
cracks hefore they extend to critical sizeé and caﬁse.catastrcphic’
fallure of the structure. Therefore any fail safe design that can
achieve this objectlve needs a knowledge of the probablllty of the
presence of a crack of a certain length at a given location after
certain number of £light hours, .A stochastic model ﬁés beeﬁ'dévelbped
to describe such“ahprqbability_for fatigue process by assuming a varying

hazﬁrd rate, This stochastic'modﬁl can be'uséd to obtain thé dééi%ed“:
_probability of a crack of certain length at a givgn_iocatiqn after certain
number of cycles or tlme; |

Quantltatlve estumatlcn of the developed model has also bean
ﬁscussed._ Appllcatlon of the mudel to. develop a procedure f01 rellablllty-
. _based_costeeffective_fail-safg_structural QEsign has_begq dispussed.

This design procedure includes the reliability improvemenﬁ due to
inspection and repair. Methods of obtaining'optimum inspection and

maintenance schemes have also been discussed.



- Alternate methods of fatigue reliability improvement byAcold
working processes have been discussed. The associated stress éorrosion
problem has been studied. Application of statistical decision theory
to select suitable test options and safety factors subject to a reli-
ability constraint have also been investigated.

Most of the investigations under this projeect have either been

published in journals and conference proceedings or pending publi-.

cation,



INTRODUCTION

It is now generally accepted that all structural materials are not
"fiaWHfree“. Sometimes, a maximum acceptable fiaw-size can be specified
as a part of the structural specifications, Thus, an initial flay size
(ao) and the.assdciatéd prcﬁability' distribution characterize tﬁe
stricture. Due to fatigue loading, these initial "micro-sized™ flaws
groﬁ'to detectable sizes, Time or number of cycies required fot this
growth to detectable size of crack length is often called the "crack
initiaﬁion.time.“ In many cases, this growth ﬁime amounts to a
significant function of the total fatigue life of the structure. Due
to further fatigue loading, crack sizes increase uﬁtii they attain critical
~ sizes. These critical sizes dgpeud‘upon the critical stress intensity
factors and tﬁe external loads, Thus, the pfobability distriﬁution for
crack sizes is chapging continuously with time or number of eycles at
all loéations 6f the étrucﬁure. Thereforé, the probabilistic.description |
of ;Eatigue._ process can be expressed as the probability that for_t:_iTme. £t ST,
the crack size a = A. This is a shochastic frocess. |

In most of the reported works ;" ,

the varying crack lengths "a'
associated with the fatigue process are ignored, In these ﬁorks,
stochastic process is not considered. .The entire fatigue_process-is
described by a single random variable "t' which is the time for fatigue
failure, The quantitative description consists of the probability that for

time t £ T fatigue failure will take place. Because of the simplicity of the




model, probability distributions such as the Weibull Distribution have
been used to describe the time for fatigue failure,

The use of such a description that relies on a single random variable
is very limited becagse such a model neglects many important aspects of
fatigue process, TFor example, one question that needs an answer is as
follows. What is the length of the crack that corzesponds to the defined
failure time? Is this length the initiation lemgth or critiecal crack
length or some arbitrarily chosen length? Initiation length can vary
depending on the available non-destructive inspection capability.
Furthermore, such 2 model does not provide any information for optimizing
repair threshold crack length, crack arresting devices, N.D.I. capabilities
and differénﬁ loading process. Another arguement used by the users of a
single random variable is to assume that the effect of varying crack
length is.negligable and a stbchastié process is not needed. In order
to verify if such a statement could be true fatigue data from speciilie
fleet bf.aircraftaréﬂanalyzed as a first Steﬁ of the investiéation; As

explalned in later sectlons, these 1nvest1gat10ns demonstrated that a

stochastlc model is neceasary to descrlbe fatlgue of structure .

Further investigationms durlng the pIOJECt perlod are descrlbed as follous.

a) 'Development of a Smele stochastlc model for fatlgue by using

the concept of a varying hazard rate and a birth process .
b) Quantitative estimation of the parametefs of the stochastic

model by u51ng fracture mechanlcs con51derat10nsg

c) Quantltatlve estlmatlon of the parameters of the stochastlc

1
model from available data ;flz.

2



d) Application of the stochastic model to develop a reliability-
based, cost effect fail-safe design prucedure'g.

e) Development of procedures for devising optimum inspection and
11, 12

maintenance schemes
f) Application of statistical decision theory to select appropriate
test options and safety factors subject to reliability restraintsls.
£) Investigation of alternate methods of improving fatigué iife and
fatigue relisbility by using interference fit techniques and the
associated.stress corrdsion conéidérationsl4’15.

h) Application of the principles of analysis ofvafiance to study
the significance of preseﬁt methods of grouping fatigne failure
dgt#li

Aé a bﬁ—ﬁro&uct ﬁf fhe above investigaﬁiQRS;an improved matheﬁatical
technique has.begn developed, This technique_;nd its applipation can be
.deséribéd as foliowé: |

i) An improved numerical technique of multiple integration with respect
té one indépendent vériaﬁle 12 |

j)_ Application of new technique of integration to deve}op a procedure

for the study of some random vibration problemslsl



Analysis of Fatigue Failure Data

In order to investigate if fatigue provess can be described by a single

random variable "tY that denotes time for fatigue, fatigne data from two

specific fleels were analyzed; A typical inspection record contained the

following information.

10.
11,
lzl

A two parameter weibull model was hypothesized for the fatigue failure time "t".

Identifiéation number of the airplame

Number of flight hours completed before the inspection
Inspection daﬁé'

Nuﬁber of veinspection(s)

The command

The base

Facility of inspection

Crack location by numbers of the critical regions as has been
previously identified |

Number of_such cracks in a given region

Direction of eracic growth |

C?ack length

Information as to whether the crack has been repaired

Fle) = 1= exp [(4/8)%] o

In the equatiomn, o and 8 are shape and scale parameters respectively. These

parameters were estimated from the data by using the method of maximum likelihood

19
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.The chi~-square and Kolmogrnvzgests_were used to verify the goodness of

fit of the estimated parameters, The following conclusions were reached,

(1)

@

3)

For a given critical location or a2 selected group of critical
locations, no acceptable Weibull distribution was obtainéd
unless the data were censored_in Some way. In genevral,
censoring of both high-level outliers and low level outliers
were needed, TLow-level outliers refer to those fatigue failure
times that lie below a selected failure time for purposes of
censoring. Similarly, high-level outlier refers to those
failure times that lie above a time corresponding to high=
censoriung level. Use of a low level outlier cemsor was not con—
servative. Any'model derived by the use of low ie?el censoring
can result in serious errors in decisions concerning design and
maintenance. Similarly, models derived by the use of high level
Ceﬁsoring can resuit in iﬁc?eaSEGﬁﬁéight and cost.

A three parameter weibull distribution or a log-normal distribution
did not improve the results.

Howéver, WHen the observed failure times at a given location

were reduced by regressioﬁ techniques to correspond to the time

for initiation of crack of a given length acceptability of the

£Wo—pérameter weibull model improved in many'césés. Prbbability'

distributioﬁ-ums‘different for differentrcrack lemgths.

Necessity for a Stochaétic_model was evident.



Development of A Stochastic Model for Fatigue

It is assumed that a single crack ié present in a fatigue critical
region, Multiple cracks can be treated by order statistics or other
procedures, Then, the variation of crack length with time is quali-
tatively of the type shown in Figure 1. This consists of a continuous
variation of crack.length with continuous variation of time or number
of.cyc;es. The corresponding model for the stochastic proceés for
fatigue crack sizes involves the consideration of continuous state
space of crack lengths and continuous time. It is difficult to develop
such a model. The developmenﬁ of the model is simplified by considering
the statehspgce of crack length to be discrete as shown in Figure 1,
Accuracy can be increased by decreasing the magnitude of Al of
discrete erack length increments. This process of considexing the
state space of crack length can also accomodate consideration of crack
initiation i.e,probability of a crack of length a; initiating at fime £
less than or equal to ti as shown in Figure Z. Even though the crack

lengths are assumed to increase in discrete steps the mean crack growth

‘rate can vary continuously as a function of time., Because the resulting -

process is nonstationary, the probability that a crack of length k(aL)

el ,.&.times A&f; is present at a time t <t, depends on the initial

k

value of time t . This is denoted by P(k, tD, tk)'
o

By considering the different ways iﬁ'whichfthe-gvant of the develop-

ment of a crack of length-&(ﬁgj can occur in time interval £ tot AL

the following equation can be writﬁen

A
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Pk to,tat) = 5 P (k:%, )P (d-4,ta, t+at)

by assuming orderliness of crack growth i.e.,

Liw  Sa (&, HAC) . (=)
Lt Ak -

and
Lim S (AR @
At AL

where

ol
s (t) ___)_P(ﬂ,ra,t)z j— P(e,t, &) (s)

and r
S, () =S, PCktot) = 1= Ploito,t £) =Pt} (G

ko
‘It can be shown.that the following differential equations are for k'>1
L [Pkt t)] = E[RE] P, %) = Eldet)] Pk tat) (7
'in this equation, E [ﬁ(t)j is the mean éfack QIOWth rate at t. For
k =1, the equation (7) takes the following special form.

‘fE[P[M” )7 - Zéé(z-),_“;_:[a:ce)] PLte, k) (%)
vhere fe(t) is the probability density for crack initiaﬁion. These
équations can bevéoived by methods similar to thoSé discussed in Reference
@an. Howaver, P(k t) can be obtained only if & [a(t)] s £ (8D,

" and the probablllty dlstrlbutlon for initial flaw sizes are
- known. This procedure will be discussed in a Separate‘nbté;. The method

of obtaiﬁing E[é(t)j is discussed in the next'section.'

Mean Crack Growth Rate
Knowledge of the mean crack growth rate is essential to estimate
the erack length at a given time. According to Forman 1‘the rate of

‘crack growth is given by



(AK) ()

dﬁ- - M

W i (f"%)[{_g_(’. 'f—AK

where 01 and n are material comstants, AKX is the range of stress intensity
factors, K,  1is the eritical-stress intensity factor, r is the ratio
of minimum stress intensity factor to the maximum stress intensity factor
'‘a' is the half crack length and 'N' is the number of cyeles, ¥or a
stiffened panel the range AK is given by

AK = AL (Ta- -{—-—))" cp (4, b) (10)
where AL is the range of applied loads at a given time? fQ%) is the
finite width correction factor, GR (2, b) is the tip stress reduction
factor, and b is half the strxinger spacing. TFor a fixed value of ‘a‘,
da

:ﬁ;-is a function of the random load parameters AL and r. Thus at a

given crack length say a - T the growth rate is a random variable.

The expected value of teh growth rate is given by

£[4s] 5 5 ;‘; I}“(ﬂJAL)_ dn dfaL) ()

=,
Ay;m
are the density functions of the random variables

" where £(r, AL)
r and AL respegtively. %ﬂL,r is the range space for AL and r
respectively.: Equation (11), ﬁhus giveé the mean crack gfowth'ratenat
any value of crack length under the randem loading. This quantity
e#pfesséd in terms of the discféte length ﬁﬁits.aL  15 reqﬁire& in the -

_equation for P(k, t) of previous section



-

The méan erack growth rate as given by Equation (11) is a compli-
cated integral to be solved and does not have a closed form solution.
Hence, numerical methods have besen used to solve the equation., However,
for a special cases where r and AL are stationary Gaussian processes,
Taylor's series expansion has been used to obtain approximatirn, Then

E[4] at any value of a;is given by the following equation.

] - Al oo
TV maacpmog [IBOM Fe par]

3
"f'f*/“j:.{ 'of o+ 1310-‘;17'}/[8(1—/{4,1)4— Cf/*h:.] (12)
Alternate Method of Estimation of Parameters
An alternate method of estimation of parameters is to use the
fatigue failure data from the same fleet, similar fleet or from tests.
Such a method requires the following steps.
(1) The first_required step is the solution of equation {7) and
(8) to obtain P(k, t)}. This could be jeft in the form of
quadratures.
(2) The next step needed is the normalization to a realistic maximum
crack length N (AL).
(3) Next step is to estimate the parameters. This has been done
by using maximum likelyhood method and by using loss function
concept in decision statisties.
This work has been carried out as a part of the project investigation.

‘Prelimiﬁary results are>pubiished in references 1l and 12, These papers



iriclude the consideration of data from a specific fleet supplied by NASA. A

detailed analysis ineluding the model verification will be publishedlz,

Applicatipns of the Developed Model
One of the appiications of the devélopéd-mddel is to develop a
feliability-based, cost-effe;tive design procedure. This method has
been.devéloped and reported by.the investigatoré in reiereﬁce 18. |
Some of the significant items aﬁd example problems are.discussed here.

Problem Setting

The problem setting can be best explained by considering an example.
In this veporkt, the deispn of a built-up structﬁre éuch as é.sheet—
stiffener combination is considered. Figure 3 illustrates the stiffened
panel; fhe panel is of width w and thickness t. The panel is assumed
to be made.of a specific material and_the“particular structure is assumed
to be a sub-assembly of an aircraft structure. It is also assumed that

large number of aircraft will be produced as a vesult of this design.

-Even though the discussed methodology considers a specific material, an

optimum choice among several candidate materials can be made by following
a similar procedure and statistical deéisinnztheqry; _External loading
T consists of a sustained loading Fl’ ﬁnd a random fatipue loading Fz.

It is assumed that the random fatigue loading has been quantified.
probabilistieally, Thus, the totaljléading ¥ is specified probabilistically.
" For a particular choice of the- thickness t; thgzstringer spacing . .

2b, and the choice of the materiai, the initial ultimate lead carrying

capacity'Fu is known. ' If the ipitial microsized flaws or cracks are'

10



specified by a probabilistic distribution, the initial load carrying
capacity Fu is characterized by an appropriate probabilistic distribution
which depends on the initial flaw size distribution, the material and the
dependence of the load carrying capacity of the structufe on the flaw
size and other dimensions.

On the other hand, if it is assumed that the effect of initial
flaw size distribution can be described by a crack initiation prcbability
distribution, the load carrfing capacity Fu can be expressed as a determinis-
tic quantity'if the material properties are also assumed to be deterministic.
The corresponding initial ultimate stress is defined to becxu.‘ Similarly, |
for a2 given thickness, stress corresponding to external loading is denoted
by gy - xfrxa agd oy, are deterministic, the initial safety margin i.e.,
'before fatigue effects arg.present,.is'giveﬁ.by thé ratiO'of &u to o .
‘As eﬁpidiné& ea?lier; bqth gu'andicL haﬁe.uncertainties and ﬁeed probabilis-
tic‘rgﬁreéentation. 'Thgn the initial reliébility can be considered aé a
safety méasu;e. This can be represented by the probability that Gu/-&L
is greéﬁer tﬁan 1. Due to the pfésenée of'fatigue loading, cracks grow
in size. Crack growth_;ates and the crack sizes depend on the material
froperties, stress and £he number of éfcles;t The;pfesence df a cfaék
of size ai_reduceé theﬂulpimgte strengtﬁ from Uu-tO‘Sui' ihen the reli-
ability which is defined by the probability that the raﬁio;:c;uito_ or is
greater than_l is algo_reduced. _Conseqﬁentiy, the probabi}ity_pf_failure
which is the probability of the.ratio  ¢£1 2 th ;..fhe é?obabiliﬁy |
~of failu:e.iﬁcreases_és_tgh=crack_IEngths increase. Thg_probability :

of failure can be reduced by increasing the initial margin

11



" of safety or reliability;.'ThiS'of course, increases the weight
of the strueture. Another way of decreasing the probability
of failure is to inspect the structure at selected times so that the
cracks can be detected and repaired before they reach their eritical
sizes. In this process;allowéﬁle initial margin.of safety can be small
because cracks are not allowed to grow to their critical sizes., 'This
prbcéss howevef, increases the cost due to inépecﬁion.. Increasing |
weight also inereases the initial cost and the cost of operation. There-
fore,:the raquired design procedure consists of selecting the &esign |
variables such as the thickngss, stiffener 8pacing, and insﬁection fre-
quency during the projected service life éo.as to miniﬁize ﬁhe total
expected cpst or Weight. The cost and weight can be considered as interj
cﬁangeable'functions that éan be optimized. Many a time if ié eaéy to
express the objective fqnction to.be optimized as an_equivalent weight
funetion, This entire proéedure, however, is subjected to the restraint
that the margin of safety orsreliability does not fall below an accept-
able limit during the projected life of thé.strﬁcture. |
Therefore, reliability-based fail-safe fatigueﬁdesign prqcedgxe
consisté of selecting specified design variables including inspection
frequency, subject to constraints, so as to minimize the expected cost
. or weight function while the probability of failure is kept below
specified limits during the projected Life of the structure. In order.to
make the design procedure aéceptable to a designer who is not familiar
with the statistiéal methods, fhe reliability or probability of failure

can be related to a 'variable' safety factor or safety margin.

12



Methodology

The following are the steps that need to be followed in the method-
ology for the reliability-based fail-safe fatigue design procedure dis-
cussed in this paper.

. The first step consists of specifying the design vgriables and
constraints, This step identifies the design variables that can
be selected by the designer to minimize the objective-function
(weight or cost).

. The second step is to specify the probabiligtic distribution of
the external loading. This can be a stochastic process.

. The third step is to Formulate the objective function, This
can be a weight or cost function and is related to the probability
of failure, the projected life of the sﬁructure,'the specified
and selectabie design variables, and external loading.

. The fourth step is to select trial design vﬁriaﬁles and obtéin‘
the initial margin of saféty or reliability.

. The next‘steﬁ'ié to obtain tﬁe variatibn 6f crack size and crack
growth probabilities with time. A stochastic model for crack
éfbﬁtﬁ develpped bylfhé auﬁhors.ié.ﬁéed iﬁ'thié feport.to‘bbtaiﬁ
the probabilistic description:of.qrack sizes. This probabiiity
deﬁeﬁdé.oﬁ ﬁhe.matefial,-1oad:&éscfipfion and the number 6f:¢yé1es.

. From this.knqwledgg_of the pfobabili?y distribgtion,oﬁ erack
sigesifeduction in sﬁrangﬁh énd ﬁrdﬁ#biiiﬁy of faiiure'is estimatgd.,, 
Ihe.inspection and repa?: frequgncy during_thg projected design

life is included in this estimate of the probability of failure.

13 -
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. The seventh step.is to substitﬁte all theAinformation in to the
cost or weight that was formulated in the third step. This yields
the cost or weight due tc'ﬁhe par£icu1ar selection of the trial
design variables.

. Steps two to seven are repeated ﬁith différént trial variables.to
minimize the oujective function by search method,

. Thé fiﬁal design variables are selected‘subjgct to restraints such
as reliability bounds, minimum spacing, ete,

These are the general steps that are necessary in the design_pruce—
dgre developed in this report. This needs the description of a stochastic
model for fatigué crack growth and drack sizes, methods of estimation
_of the probability of failure, methods o6f including the.effectg of in-
spection and repair frequency dufing the projected design life in the
probability of failure, and an objective function in terms Qf gost_or
ﬁeigﬁt. The étoéhastic model and the estimation of the parameters of the
model are alrgédy discussed in previgus sactions.‘The estimation of the
probability of failure, reliability improvement due to inspection and
repair, formulation of the objgctive_functiog and its minimization are

digscussed in the following sections.

Probablllty of Falgure

| In thls sectlon, method OF estlmatlng probablllty of féllure is
dlscussed The xmprovement 1n rellablllty due to 1nspectlon; repalrland
consequent renewal and the estlmatlon of thlS rellablllty 1mprovement
are not dlscussed lﬁ thls sectlon.. These are dlscussed in the next
sectiqn.

14



The First step in estimation of probability of failure is to
~ identify the possible failure modes. 1In addition to the fatigue failure
mode, other failuve ﬁodes such as the sﬁdden over stress or buckling are
possible, If the event.of fatigue failure is denoted by‘LEf, the event
of sudden over stress by ES And the event of buckling failure by Eb'
The probability of fgilure Pf is given‘by the union of the all the
possible events of.faiiure; |
B=P[EUEUE] | 3)
Probability of occufrence of each of these events dapénds on the
strength of the structure to resist.that particular type of failure and
the probability of occurrence ot.tﬁe load ﬁhat.cén result in that'pérti-
cular type of failure, Because the discussions of the paper ave primarily
restricted to fatigue failure, it will be assumed.that only fatigue |
failure are possible. This means that only failure mode ﬁossible is
due to the growth of fatigue cracks and con;equent reduction in.strengtﬁ.
Before discussing the probability of failure under conditions of
uncertainty, a deterministic design procedure is briefly reviéwed here.
This review is useful in identifying the different probabilistic fatigue
failure modes. Consider the stiffened panel shown in Figure 3. Let it
be assumed that a central crack is likely to dgvelopvin;this structure
due to fatigue., For given w and assumed length between stiffeners 2b,

the variation of the residual-streﬁgth.audwith half the length of the
29-31

central crack ig shown in Figure 4, The value of the maximum
external load L is precisely known in dete;ministic*deSign; Then, for

a particular choice of the initial safety margin S, the thickness t and

15



the cofresponding stresé g, eritical crack length a, can be obtained.
These are shown in Figure.4. As the fatigue cracks initiate and grow,
failure is not possible until the érack atﬁains a length of ac. The

- length of a, can also be obtained apalytically from the ﬁqllowing |
formula in the case of a stiffened panel, -

Kc = 'é— 77—@:: l,"(%;) CE(#‘/&) S _ | (’4)

£y

In this Equation.f(ac/w) is the wid;h correction factorzz, Cp is the
tip stress reduction factorZB, KE is the fracture toughness bf the |
material,

Because the maximum load L is known precisely in a deterministicﬁ
cése, the stresses due to external lead never exceed the redidual strquth
for crack 1engths a<a,. Alternately, it can be stated that probability
of failure is zero for crack lengths -a<:ac_and the probabiliﬁy of failure_
is one for a.zac.

In reality, the éxfernal load is not precisely known. The load is
usually characterized by a random variable. This is the case in which
reliability based design procedures are needed, In this paper, external
loading is assumed to be characterized by a stationary stochastic process.
Evéﬁ iﬁ.this'casé, a value of a_ can be selected in the Figure 4, & This
curve is assumed to be known deterministically. This means that for a
giéen Wi&th of thé.paﬁel w and 2’ choice of stiffener spacing 2b, a.value .
_of.qritibal crgck ;ength“ac isIchpsen. ‘This value of a, corresponds Lo
a definite Galue.of Gi on the cﬁrvé in Figﬁre 4; ﬁﬁf;.ﬁﬁe"external'load-
ing is not.known pregisely as.in_thg dgterministic case. Therefore, the

value of a, and.UL canndt'bé related to initial safety margin and choice

16



of thickness t. However, the probabilistic descfipﬁion of the external
loading L is known. As Will be shown later, the choice a.,s aps and
thickness t can be related to reliability or probability of failure.
From a knowledge of_the specified bounds on reliability, a, and t can
be chosen.

Alternately, the following procedure can be used instead of starting
with a choice, ac. A value ofz§:is selected such that

&= pe)+ Tk 5

Wher%kié%) is the mean value of external load divided by the choice of
thickress t . and Z'(%) is the corresponding variance. The quantity ;— is
constant which is similar to safety margin in a deterministic design.
Howeﬁér, ;fis not'arbitrary. The quahtities;(; t and ac are related to
reliability, They can be.selected on the basis of the prescribed reli-
ability bounds. As can be seen in the figure, a selected value of
corresponds to a value of  which corresponds to a value of a,-

.Uﬁliké the ecase of deterministic 1oading, failure may take plaﬁe
even for wvalues of crack sizes smaller than a,- Spch a fgilure is
possible Because the externally indubed stress (L/t) hés a probability
distribution and does not represent the absolute maximum_pqssible_
stres.s. .For values of é< a,s 'f.atigue f;iilure is pbssiblé if thé. externally -
induced stfess exceeds the res%dual strength at any time during
the ser#icé.life.bf the éifcféft. This failure is.defined'aé.stafic
fatigug féilgre_?sff | | o
| In order to simplify ﬁhe procéduré for estiméting-the reliabiiity,

the concept of critical crack size fatigue failure has been introduced.
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At any time during the service of the éricraft, tue crack size at
a given location can be either greater than or equal to a spacified
length a, or less than a, - Then, the following two mutually
exclusive events can be defined.
(a) failure occurs when the crack length at the location is
less than O,
(b) failure occurs when the crack lemgth at the location is
greater than or equal ta a, -
The event (a) has been denoted by P g» the event (b) will be denofed

by Pfc.' Then Py can be written as follows.

1

P 2P 4P | »
I{ J{c + 's,c | | - (18)

In this equation

laya, , t .
"?5; Plxzx .t ]ara.,t) (17)

In many cases, for practical reasong, a particular value of critiqal
erack length can be defined. The structure is considered to have
failed‘if the crack length at a givgn location exceeds thié value,
For example, this absolute critical crack léngﬁh can be the critieal
length corresponding to the sustained lpading. Fl . Then
B Plazact) s P Chatzhat 4],

In this case P can be called critical size fatigue failure.

fe
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Reliability Impzbvement Due to Inspection and Repair

I1f no inspections are done during the projected design life,

the probability of critical crack size fatigue is given by

Nonone
7 P cesn ) TORAL T,

In this equation N ax’ is a number that has been defined during the
normalization of the probablllty dlstrlbutlons- As pointed out

' earller probability distributions are normalized to a realistic‘
maximum crack length. The reason for uormali#ation is‘tﬁat cracks

in reality do not grow to-infimite lengths. Then,

maximum crack length

max = ﬂ i

The quantity TD , in equation (19), is the projected design life
of the sturcture. The probability of critical crack size fatigue

fialure P can be improved due to inspections. This change in

fc
brobability of failure and hence in reliability can be obtained in
the folloW1ng way .

The progected de81gn 11fe is still assumed to be g TD

number of hours or cycleé. It 1sassumed that one 1nspectlon is

done at I number of hours or cycles. it is further
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. and the probabil:.ty of repa:r.r }?

assumed that this inspection is conducted at T, = 0.5 Ty

At the time of inspection, if cracks of length k(p, )= kr(-L\L) are ob-
served, the cracks are repairéd. The quantity kr(Al) is the repair
threshold crack lemgth. It is further assumed that structure is as good
as new after repair. This means any further crack initiation and growth
are td be caleculated as though the struqture is put into service at

= To and not at t = o, It is also to be noted that only structures
with kré k<1cc are repaired because the structures with k(al) 7k, (al)
have failed due to critical size fatigue failure. Ii is implieit that
the cracks of kv(Al)z-“.vkr(A‘l) are not repaired,

| There is still anothex qﬁantity to be considered. This is the
probability of detecting a crack by nondestructive ’inspection'techniques_
if a crack exists. In the first step of the derivation, it rwi.ll be
assuﬁled that 't.he.‘ repair threshﬁl& erack length kr(AL”.) is chosen that
the d_et:e_ctionr probabllity ié one. Then, the probability of critical
size fatigue .fa.iluré in the two intervals cam be obtaiﬁed as Follows.

The prob lity of failure P(l) 1.n the f:l.rst mterval correspondmg

to O<t<T is given by Mononss

PO) = = P[{(ﬂi)rfﬂ (z0)
for % ( . . .
By referring to F:.gure 4, the probablllty of surv:.val in O< t<’l'

is l - P(L) because there 15 the probab:l.llty P(l) that structures fa:Ll
in 0 <¢<T . For th s

[t‘(f-{-[;;)loj—;’-P[{ﬂﬁé"(c)ﬁj‘f‘P[é?L”R] "i (‘_])

R is g1ven by v

priedk<k,ml Gy

l'l

"2
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Then the total probability of critical craek»size fatigue failure
in 0 <t _<_2'1‘ T can be written as follows:
Be = PO + P, PO) + Fi[P@2= PO) /D‘“ Po]  (23)
where F1 o= P E k< 2y, 18 ] (2¢)
- and Pe) = PLk2 c,z_'ﬁ:rj
Equation (23), for the probability of failure under one inspection is
_obtained by considering ﬁhe'three mutually exclusive and exhaustive
events Fl’ PR_and P(1) [ see Equation (Zi)]. The quantiey in the paren-
' thesis of the last term of Hquation (23) is tﬁe conditional probability
 that the structures will fail in T§<'tg§2T° given that they survived |
IQOéLthTO.i This expression for Pf satisfies all the limiting conditions.
For example When P, =0, P, reduces to P(Z), as expected

R

When PR. 1 and hence P(l) ?fc becomes zZero. Sxmllarly, the
probebility of failure under any numbe_:;' of. inspectione can be obtaj.ned._

If the crack detection probabiiity due to nondestructive insPec_t:‘Len
teehniques is considered, the probabilify of repadr_PR changes. The
repair is now poseible only if a crack of size kr(A1}<:k(ﬁl)f£kc(A1)
exists and is detected by the NDI capability, with a proba_b_:_'.l_:i.i;y D(k),
Here, D(k) is the probability of detecting a crack of size k( 1).
D

" depends upon the HNDI acecuracy. A representative function for

Dk is assumed as follows.

*ALDR = .0 '&{@
_ a-a '
E .1 a.&aga
a,-a, N
= 1.0 3232
In the illustrative problem, it is assumed that a) = 0.02" and a, = 0.3".
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Then, the unconditional probability of detecting and repairing cracks

of size k (AL) <k(ﬁL)<k (AL) at T is given by

n———

fa - plk, =7 D) (9

k«Ln
Then, of the repairable aircraft given by PEc Lk< 1~: ; T 3 only P are

repaired and the others are not repaired, WNow, equations similar to (23)
can be written with detection probability for cracks included.

Total Weight Function

Every optimization problem involves the so-called objective function
which is a function of the design variables appropriate to the problem
- at handza-zs. _The.optimum'values of the design variables are obtained
by finding thestationary locations of the objective function subje;t to

-
the design _c:onsl:'l:.-a.:i.rn:s?*L 28.

For aircraft structures "weight" is the most crucial consideratibn
in design. 1In the present context, the weight of the stiffened panel is _ e
considered to be minimized. The desipgn variables are the thickness of
the sheet and the width of the stringer spacing, The total 'weight fuuctiog"
comprises of the deterministic weight of the panel and the expected gain
of Wéight is given by the product of the probability_of failure under
a given number of inspections and the deterministic weight of the panel.
The deterministic weight of the pamel comsists of the weight of the
sheet and the stringers. Expressed mathematically, the total weight

function is given by

W (bt) = (”‘ )[Wn‘-‘Lv + N, st:] | (26)

whére w = total width of the sheet.
' ¢ = thickness of the sheet
= breadth. of the sheet
'7” = density of the. sheet materlal‘
Nep 7 ~number of stringers
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2b

stringer spacing

]

W

st weight of one stringer

Equation (26) is the proper objective function for the minimization of
the weight, The effect of increasing the thickness is to reduce to
expected loss of weight because of the reduction in the probability of
failure.  On the other hand, the deterministic weight is increased by
increasing the thickness. Thus, a Balance has to be found between the
“two. Stringer spacing has the opposite effect on the different weights.
The minimization is carried out by the search method. The total
weight function is calculated for a set of thicknesses and stringer
spacings. It is then plotted versus thickness with stringer spacing a
the parameter, Then, the lowest weight is selected. The thickness and
the stringer spacing corresponding to the minimum weight are the optimum
values if the reliability constraint is satisfied at these values. The

weight can be expressed in texms of equivalent costs,

Total Cost Function:
If the problem at hand is the determination of the optimum number

of the periodic inspections, then the total weight function may not be

. the proper objective function. Then the total cost function concept

has to be introduced. The total cost function comprises of the expected
cost of failure and the deterministic cost of the 'periodic inspectionms.
The expected cost of failure is given by the product of the probability

' of failure under the given number of inspections and the detemministic
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cost of structure. The deterministic cost of inspections is proportiomal
to the number of inspections., The mathematical expression for tﬁe total
dést function is given as follows:
¢p(i) =2.C_+ JC - an

where Pf is the prpbability of failvrs under j inspections.

Gs_is the cést 6f new structure

GI is the cost of one ipspection

J Jis the nﬁmber of iﬁspections
Equation (27) gives the proper objective function because as the number
of inspections increasés, the expected cost of failure deergases while
the cost of inspections increases1 The minimum value of the total cost |
function is found by the search method. The minimization is subject to

the reliability constzaint.

I1lustrative Example
In order to illusirate the deﬁelope& metﬁp&, two exaﬁples have been
.considereﬁ. The first problem is that ¢f a minimum weight:design of
7075-76 alloy. The problem'has been deliberately kept simple fog purposes
of illustration. A more detailed problem is discussed in the Appéndix II.
The design life is supposed to be 15,000_cyc1e5 with twe periodie
inspections made during the design life. The reliability is to be
99.5%. The design variables to be seirzcved are the thickneés;t_and.the :

spacing of the stringers 2b. The following data is assumed to be knowm.

25



~-13

W = 0.6lm C, = 5x10

o = 8.9 = 0,3048m

B = 5000 cycles G—fL = 307 x 10% (% /n®
Par= 175200 N/m o G‘"rz = 0.01

P = 055 W, = 0.05Kg

Y - 46.39 Rg/® . =3
K. = 7475/.23 x 16° w2

of : gshape parameter of Weibull distribution fior distribution
for erack initiation

'fg ¢ scale parameter of'Weibﬁli distribution. The probabilistie
description of the loading is givenbiﬁ terms of the'mean
and variancer(cpZ) of the load range AL and load ratio r.

As oﬁtiine& in the freceding sections,'ﬁhe eolution procedure is
carried out. As a first step, the residual strength—critical crack
length diagrams are obtaine&.fof.a choice of number of stringers, e.g.
3, 5, 7 9, 11, ete. (Flg. 6). As the number increaees the stringer
spacing decreases As one mlght expect, the rate-ef growth decreases
with the nuiber af strlngers The tip stress reductlon factor c (a/b)h
whlch is requlred in the expre551un for the re31dual strength ig obtalned
_from references (29 30) as shown in Flgure 7.

| The variation of the static rellablllty w1th reSLdual strength and
’thickness 1s shown in Flgure 8 For a glven loadlng, ln order to
-jmalntaln the same statlc rellablllty, the thlckness has to increase f.

as the design residual strength decreases and vice versa.
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In Figure 9, the relation between the probability of statie
failure, fatigue failure, and total fialure is delineated.

The total weight functions are calculated in the manner explained
prev;ou51y,fo: fixed -RS = (.9996 and-Néﬁringer =3, 5, 7, Q, Figure 10
depicts the minimization curves., From these curves, the minimum W for
each curve can be obtained, and then camparedvﬁith cther minima of
other curves. The overall minum in Figure 10 occurs for a thickness
-of 0.106 inches, N, . = 7.

< stringer _

Figure 1l represents the minimzation curves for RS = 0.9997. As

expected, the minimum values are now changed, and occur at different

thicknesses. The minimum now occurs for N = 7 and thickness

stringer
t = 0.1044 ipnches. From Figure 12, for Rs = 0.9998, the overall

=7 and £ = 0,1052,

minimum decreases to 3.554 and at N .
, stringer
‘Then the statie reliability R is increased further to R = -.9999
the overall minimum is higher than before, i.e. Wmin = 3.630 and occur
for Nstringér = 7 and thickness t - 0.1052, Figure 13.

Thus comparing all the minima over the various'variables, the
minimum most ié-wmin = 3.554 for R_ = 0.9997, t = 0.1044 inches and
_Nstringer =7. gs , the static reliability is equal to (l—PfS), where
'Pfs is the static fatigue failure'probébility.v The relation between
Pfs the critical crack fatigue fialure and Pf the total probability
of fialure is as follows = ” |
. o L = Pj'-!-'(l—Pj) Peg-

This is plotted in Fig. 9. '

Rs = 0.9996 does not lead to minimum because (1) the corresponding

thickness is higher than for R, = 0.9997.
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(2) the effect of lower R, (0.9996) implies that the structure
is being designed for a lower residual strength (design stress) from
figure 8. This figure is the plot of the following equation not

quoted in the report. "

]j_cr (}{L+%3) -r]
o 0?. [{; ‘ ) ]

where G?§ is residual strength

R =

)

ﬂiL is_the mean of the load
G‘i is the vafiance of the load
t is the thickness.

The lower design fééidual stress resuits in a higﬁer Pj by
virtue of longer critical crack length (see Fig. 6). The interaction
of all these results in a higher total weightrfunction for RS = 00,9996,

It is to be noted that Wt ral 13 not the determlnlstlc Welght of the
oanel. ThlS corresponds to an overall reliability of 0.99765 and

a design residual strength = 15,500 psi. The reliability constraint:
15 satisfied sinco 0.99765 is.greater than the reliability bound

R, = 0.995.

Check on the Initial Factor of Safety:

The mean and Sﬁahdard:déviotiOn of'ohoioakimuﬁ'ioad Lméx, afe.
obtained; .Then, considering different numbers of standard deviations
'obove the meanFmﬁximumuload L,'tﬁo initial féotofs of'séfety are .
obtained For example, for one standard dev1at10n above L, the

1n1tlal factor of safety of the 0pt1mum de51gn, based on yleld
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strength is found to be 3.067. When two and three standard deviations
are emplﬁyed; the corresponding factors of éafety are 2,60 and 2.32 |
regpectively. This provides a comparison of the optimum design
ﬁalues and the values from equivalent deterministic designs..

Cost Optimization:

To demonétfate.cost'oPtimiéation, the designed étiffened panel
is considered. The only variable now, is the number of periodic
inépectinns br the inspection interval. Sinéé the panel is of a
given configuration, its WEight_is £ixed. Hence the total cost
function O, Eﬁﬁation (34) is_fhe ﬁrbper objéctiﬁé function.fb
be considered in the present context.

As a fir#t step, the probability of fatigue failure uﬁdéf j.
inspecﬁions, j=0,1,2, 3, &,...etc. is calcalated. These
values are graphically depicted in Figure 13. Corresponding to
eagh-éf these numbe?s of inspections the total cost function GT
is caleulated from Equation (34), Figure 15. This is repeated
for various values of the ratio of the cost of one.inspgction Gy
to the cost of the structure CS’ When CI/cS = 0.1, the minimum
occurs - for one inspectiom. Decrgasing;:cilcs to:0.0l, Q.005; Q.OOL.
renders the minimum to occur at two inspections, three inspeétions and

- four inspections respectively as delineated in Figure l4.

Alternate Methods of Improving Fatigue Life
Fatigue Reliability

fhe.ﬁoaélé ﬁof fatigué diécﬁsséd in théuéreceding:secﬁiohé da nﬁt
apply to cases for_which :esidual stresses are present near fastener
holeé due to.a cold Wofking pfdcéss suéh as'stréés cdiﬁiﬁé.: fhe'pufpoée
of stress coining is_-o improve the fatigue 1iﬁe of the strugture, A
simple method of étfess éﬁiﬁiﬁg in aiﬁmiuuﬁ.allby is td ekéand the |
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fastener hole of the structural member by drawing an oversized
mardel hydraulically through the fastener hole, Many.similar
processes are available for cold working fastener holes.
Such cold working processes result in a radial flow of the material,
This results in vesidual stresses. Residual compressive stresses surround-
ing the hole provide protection agéinst the'fatigue damage B? opposing
the applied tensile stresses, However, as shown in the investigation,
there is a zone of sustained residual tensile stresses located éﬁ a Shﬁrt
distance from the holé. The maximum tepmsile stress usually occurs at
the elastic-plastie boundafy. Although the tensile strveésses are not
critical in the point of view of fatigue 1ife of the structure, they can
cause stréss cor#osion.under.cértain conditions,
Thgrefore, the reliability of a stress coined structure needs the
onsideration of both ﬁhe fatigue improvement and stiess corfosiﬁn sus-
 tibility. The firs# step in such a study is to assess the residual
stresses.énd.stress coining susceptibility in such structures The

investigations carried out in the pfioject have been published in references

14 apd 15,

By—froaucts From the Project
As a by-product of the investigations, the following have been
developed. An.iﬁproved'numerical-tEChﬁiqué was négded in quaﬁtitétiﬁé g
estimation of the parametérs of the stochastic‘model. This has beeﬁ
:diécﬁssed iﬁ.AppERdiﬁ iiI; An appliéationnof fﬁé éééhnique.has bééﬁ'
done to random vibrgtion problems. The purpose of the aﬁplicatibn ﬁaé
.tg.vérify tﬁé éééurécy of.tﬁéwfechniéue. | - o |
Anothe; byjprdduct ié the application of the principles_qf énalysis_

of variance to study the signiﬁiéaﬁéé of the piéseﬁt methods of grouping
_fatigug_failu;e data. Prgliminary wqu in the field hqs been disqussed
in.Appeudii v, | | | | |
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.Conclusions and Recommendations

It has been demonstrated that an accurate description of fatigue is
possible by means of stochastiec model. A.siﬁpla mddel has been develdped
This model can be quantitatively estimated. The model has been applied
to develop a proﬁedure for a réliébiiity-based.cost-efféctive fail~safé
design for aircraft structures. In patticular, reliability imprcvement
dué to inspection and maintenance has been'considered. .

Deterministic design procedures that do not consider the involved
vncertainties usually résult in an over design. This results in an
incrgased-weight that affects both cost and performance. Furthexmore,
risks involved in a deterministic design.are not known. On the other
hand, the reliability«based design that uses a stochastic model conSiders
the uncertdinties that are consistent with the model. Risks in a design
can be assessed. <consistent with the model comsidered.. Such a procedure
usually results in lower weight than determinisiic designs. This results
in low operating cost and better performance of the aireraft | A very .
costly item in‘owning and operating an aircraft is the inspection and
-maintenance duriﬁg the life of thé.aircraft;. As has been demonstrated
in the project an optimum schemes can be developed by using a
stochastic médel-for faﬁigﬁé and considering the reiiaﬁility'impréve;
ment duerto inspection and repair, ‘Methods of including such reliability
imprbvémehﬁ at the désign Stégé haé'é1$d beeﬁ'ﬁiscussed.

The following further investigaﬁibns'are sﬁggested in the point

© of view of the pfactical application of the developed pﬁodedutes.
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Development of different types of stochastic models so that

‘the user has a choice depending on the particular application.
It is necessary that all uncertainties be properly included

in the model. Different and more accurate methods of quanti-
tative estimation and verification of the model are needed,

It is.aléo niecessary to develop éimple optimization techniques to
ineclude the combination of discrete inspection costs with other
costs., This is'necessary'to avoid the difficulty with loecal
minhmmmfand provide a simple practical procedure,

The developed procedures should be mﬁﬁifieduto inélude“ﬁultiple
Locations, and multiple cr.agks. | o
It appears aé‘though col& Wofﬁiﬁg procéss will be ﬁSEd to
improve the fatigue life of most existing and future metal
aifcraft. Probabilistic model fox failure of such stfuctures
that inc¥udes_both the life improvement and the stress corrosipn

susceptibility has not yet been devéloped. Such models

are essential to fully. take advantage of the cost and weight

savings potential offered by the cold working pfocesses.
In the point of view of increasing fuel costs,vpresent_levels

of pefformance can be maintained only byfusing a material that

 has a higher strength to weight ratio than that offered by

present aireraft structural meterials. Advanced composites

‘have such a potential. .Mechanical behavior and failure modes

of these advanced composites are different from that of metals.
Tnstead of developing a deterministic design procedure'and

then modifying the procedures to develop probabilistic procedures,
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6.

: reliability~based design procedure should be developed from

the very beginning. By such a process the weight saving
potential of advanced composites can be explored completely.

This needs modification of the project to adopt to failure

modes of composites.

Development of more accurate cumulative damage estimation

techniques are essential for both metal and composite aircraft,
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Appendix T
in this appendix, a method of estimation of the static fatigue

‘failure P_._ has been discussed, This fatigue failure is:pdssible when

£s
the external loading exceeds the residual strength of the structure and
the crack size a is iess than a,- By defining a quéntity Fs air':i.'n the
following way
S = O"‘R/a"i_ S oL = L.MM/.{T (1)
The probability of static fatigue failure can be defined as the proba-~
bility of s being less than or equal tc'u'l. Alternately, rel:i.ab:l.llty
a.ga.lnst the static fatlgue failure can be defined as R
= P[szd] = PEG'RIG'L:;/17 (2)
This probability can be evaluated from the followi‘ng integral if
' the marglnal probabillty ‘density funct:.ons ofG"“ ando"‘ are given.

j j- ’Z/s {f) ?(3/5) dZ ds (3)

Tn this equation, f and g are the marglna.l prcbab:.l:.ty density functions

of 67 and(.'_i‘i respectively, Z is an auxiliary variable and R, is the range

“R Z
space of Z; The integral given in Equation (3) is difficult to evaluate,
Instead of evaluating the integral ,Df Equat;:i_.on _(3), the following
alternate procedure can be adopted to evaluate the static-fatigue
reliability R 29~ 33,,_ The__gengraliz_ed Ghebychev inequality is employed to
determine the reliability RS. For any shape of density function h(s),
the probability that the random variable s lies within a range (d -&)

fas(d +8 ) is given by the following inequality 34
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in this equation E L-J] denotes the expectation operation, 28 is the
width of the strip and d is any particular value of s. The lower
limit of s namely, (d«g) is unity, i.e.8= d - 1. Substituting these
limits in Equation (4) 2
’ , *)2d E®G) .,_d_] (5)
el —~ 4 = = L L |EE /-2
P E]-.‘.'-'. s 2 7 (&[,_1)
Now, recognizing that
E(S) = §, the mean value of 8, and
2 > a2
E(S®) = U5 + 8

the equation(5) reduces to the following form after using Equation (2):

R 217 ghp [ E-4) 1 (&

For RS to be a maximum it is nicessary thatzg’ 32
ggé- =0 5 ipff_' Z 0 (7)
From the first of Equation (7),
X = 54+ oT/E1) (8)
From the second of Equation .(7) and (8)
Rz ) [Ewos ] ()
' 2

which is negative for all § and Us-

Substituting for d from Equation (8) in Equation (6) it follows that

Rs = (3-1 . - (10)
U’s?"a"(;"’,) '
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'Appendix it
Numerical Example:

The problem is to design a stiffened panel subjected to a given
random loading. The panel can have a central crack extending through
the thickness. Also, the panel will be subjected to periodic main-
tenance inspections with attendant repairs of the crack when possible.
Thus, the design variables involved can be categorized as follows:

(1) Material parameters

(2) Geometrical parameteré and -

(3) Maintenance parameters.

The de31gn problem Lherefore consists of (l) selecLlng the optlmum
materlal from a given set of different materlals, (2) selecting the
‘optimum strlnger 5pac1ng and thlckness, and (3) selectlng the 0ptnmnn'
number of nerlodlc 1nspect10ns.

The following are assumed to be glven and the d351gner has no.choice

in these variables R
R . . . . ST wvnits
& = 20.0" 10.5Im
A= 15.0 | 1 0.38 @
of = 7.5 | 7.5
/ﬁ3v= 48,000 cycles 4.8 x 104 cycles
75 = 6.0 % 105 cyéles' 6.0 x 10° cycles
K=99.95% .. . 99.95%

b

 In the above set éﬁ and.Aw are tha overall dxmen51ons of the panel
The quantlgyc(and/g characterize the Weibull niedel for crack initiation

- .
of 0,005 inches. The design life 4 is to be 6.0 x 10° cycles. The
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reliability restriant Rb should be 0,.9995. The material properties
are as follows:
For 707576 Aluminum Alloy

= 68,000 1b./in /2
413

I3
[

C=5x10
n =3

For 2024-T3 Aluminum Alloy

~ 83,000 1b/in>/?

ilc _
=3x102, n=3

K

A computer program has been writter to obtain the probability of failure
for eacﬁ sélected thickness, stringer spacing, material and the number
of periodic inspections N during the design life. This informatioh is
. later used in another computer program to obtain the ezpected cost o¥
‘weight function., The design variables that meet the minimm expeéted-
cosf or weight function subject to reliability constraints are selected.
The’folloﬁing'tables'iliustréte repfeéentétive reéults and tﬁe gselected
-design'ﬁariahles and the material. | |

’ For the first ﬁaterial, i.e., 2026-T3 the overall minimum occurs Ffor
6 periﬁdic in5pectidﬁ§,.3g3" StringefISPacing and.sheét thidkﬁéss:of
0.105", For 7075-T6, the overall minimum occurs for 6 perlodlc lnspec—
'tidns,HS 5" étrlnger spaclng and 0- 103“ thlékness when both minimums
were compared 7075-16 has the 10Wer minimum WElght at 6 1nspect Lons, .
3. 3" str1nge1 épaclng and 0 103“ sheet thlckness.' Hence, 7075-T6
_Would be thé selected materlal All the detalls of the calculatlons
 w11l be publlshed in the Ph D. the51s of Mr. B. Uppalurl and in a
301,11’_“31-
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ﬁpﬁendix III

Multipl_e integration with respect to one independent varia_ble was
needed in integrating the equa.tiens (7} and (8) of the main text to
obtain P(kai,,_ t)., Such a ﬁechnique is also needed in many other
engineering problems. Hunt:er35 developed a method of numerical multiple
integration and ealled it "the integrating matrix method". He applied
the tehhﬁique to forced vibration problem of helicopter rotor blades. Im
Hunter 's method, the derivation of the integrating matrix consisted of
dividing the range of integration into N intervals of equal size and
N+l points. At each of the Wil points, the values of the integrand were
-obtained and represented in a2 column matrix.gfr}. The functional wvaria-
ti_on_ ‘of the integrand in each interval was representec_i -b'y'a;n 2o degree

polynomial. 1In order to obtain the values of the integral, an rtb

‘degree integrating ma.t:_:’ix-[ig_ was constructed b using Newton's inmter-
pelation formula. By multiplying the integration matrix and the
integrand column matrix, the values of the integral were obtained. I‘cﬂ:
multiple integration, the inteprand matrix f was repeatedly multiplied

by the :1.ntegra.t:|.ng matrlx[l'] For example,
5 5 g -b-(x) an c(-,\,. AX o [Tj[—'—ft])}n] {%"j (I)

' Improvement
‘Fhe -ma..themati'cal.'mot'ivatib'n for fhe imprevement' is-Ithe"féce that
when an. '1'tht degree polynom1al is mtagrated an '© + l) By degree.
':""polynom:r.a.l ig obtalned Thus, the :merovement suggested is tha.t the
degree of the mtegrat:.ng matrix be increased by one after each 1ute—-

grat:r_on is a mult:.ple 1ntegra.l For example,
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jf. f § {S(x)dg.c{az i o [Tuee] e 3 (=)

The improved method was applied for the following problems:

(i) Multiple Integration-of an algebraic function 0<x 220

(ii) TForced Vibration respomse of a Canilever beam .

(iii) Free vibration of Ganilever beams
The results were compared with the exact solutions.

In the first example, a constant function £(x) = 1.0 was successively
iptegraﬁéd'faur times using a second degree integrating matrix and number

1 to

of divisions N = 20, The percenf error .ranged from 200.0 ‘a{: X
0i5 at X‘.~=j29;.‘ The iﬁproved method was employed with the same N = 20, |
5ut with integrating matrices of degree 2, 3, 4, and 5 successively.
The perce.nt: ‘errrsr was zZero é.ll tﬁrough .th.e'fa.nge of ‘iﬁtegration.ﬂ

For the forced v1.brat10n problem the span was divided into five
equal intervals (N = 6) and a second degrae 1ntegre_tt1ng mé.f:rn.x :.s.
employed four times comsecutively. The percent error ranged from 6.4
at ZI:/5 spaﬁ t.o. 0.3 ét 5/5 span. Tﬁe Iimproved techni’qﬁ.e with the same

= & but 1ncreasing degree of :.ntegrating ma.tra.x from two resulted 1n
a maximum percent error of omly 0.03. . |

For the free.‘ vibration problem less than 1 percent error in
natural frequency and/or less meaﬁ squa.ré .error iﬁ Vmovde’ shapé wa.s |
: c_:_bt_a.ined at a 1ow,gr numb_er _oﬂ_s,panwise d_ivisions than in the case when
_ thev_v_integrafting matrix was not a‘lterc;..d.v Also,' the mean‘s_‘qu‘a‘t‘_re efrcﬁ:_ :.n
the_ modeshape comp‘a‘lf‘ed to the-exa_ct m_c_u_ie_v shape for any mode was less .

in the improved method than in the method of Hunter,
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The difference between the two methods decreased as the degree nf
the starting integrating matrix is increased. All the results will be

published. At present the manuscript is being prepared.
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Appendix v

Introduction

Analysis of variance i$ a means of determinimg the homogeneity'of
a large collection of data that have been formed by lumping fogether
 several small groups of data. ‘The small'éfoups are denoﬁed as "sub
groups' and the variation between them as '"variation between subgroups'.
The nama, analysis of variance, itself stems from an anaiysis in ﬁhich_
the total variation in the entire data is partitioned into compoﬁeﬁt
parts, These éomponénts are ﬁsed to develop a test statiétiec. |

The total variation is expressed by the total corrected sum of

squares, i.e.

a. T 2 =
55y = Z >, 2{-&' — T/N NG,
L= a";f .

In this equation
a is the number of treatments
' jgyis the data point
'r is the total sum of data points
N is ﬁhe-total number 6f datavpoints, and

ﬂi_is the number of data points in 'i'th treatment. .

' The total variation SST can be split up into two components as follows:

§s, =85, +8§., . @

. The term SSA is variation between subgroups and SSE is variation within
subgroups. - Then, the following table is constructed to. facilitate the

analysis of variance.
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Source of Sum of Degrees of Mesn Sum

Variation Squares Freedom of Squares F
Between sub- _ : - .
groups SSA a-1 88, (a-1} SSA/(a—l)
SSE/(N-a)
Within sub-
groups 885 N-a ssE/ (N-a)
Total SST N-1

The value in the last column is compared with the critical F
value af-a given percent of significance and degrees of freedom of (a=l)
and (N-a) respectively. .The data is homogeneous if the F value is
less than the critical ¥ value36
'if'the above analysis of variance indicates that the_data is non-
homogeneous, ﬁhen it is desirable to find out which of the subgroups
forﬁ a homogenedus'set of data. For this purpose, Duncan's multiple
range test37 can be employed. It consists of comparing the modified
'différence bétween.the Vafious ‘means (mi-— mi)' with the corresponding
qritical'value R'P. -The modified means are calculated from the following

expressions

(my : (3)
. w

I
L,

where T r:I are the number of repllcatlons 1n each group. The eritical

Vvalues can be calculated from Table TT of Duncan' 1537 paper;'.Thén atl
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the possible groups are subjected to Duncan's test and those groups
whose modified mean does not exceed the eritical value of R'p belong to

one homogeneous set of data.

Application
The procedure that has been discussed in the preceding paragraph
is used to analyze the fatigue failure data from a specific fleet of .
aircraft. The objective is to investigatg if the fatigue failure data
from several eritical regions can be lumped together. If it is possible
to lump the data together a small number of probability distributions
can be.used-td deseribe the-fatigue failure of the entire structure.
I is also possible to use the system of lumping to do large number of
inspéétions aﬁ a few ré?feséntativé locations. |
The particular aircraft under consideration has 92 fatigue critical
regions. Investigations show that the station group (2 to 15), (33 to 38),
(41 to 46).and (89 to 92) can be lumped together. Analysis 6f variance
tests indicate that these subgroups form a homogeneous set of fatigue
déta} The ét#tion groﬁps (1492); (61-70) and (71-80) caﬁnct be 1umpéd
foge#her becéﬁse the test results show that theif data varies.signifi-
cantl&. These resulﬁs are quaﬁtitaﬁivelj presented in.tﬁe following

~ table.
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Group Variance Result
Within Groups Between Groups
(2-15) 0.9490 0.7785 - No Significant
o Variation
(33-38) 0.2680 0,5972 No Significant
. Variation
(41-46) 0.5229 0.4460 No Significant
Variation
(4148, o
89-92) 0.8026 0.3890 No Significant
_ Variation
(89-92) 0.8457 L 0.4224 No Significant
Variation
(61-70) 0.6846 1 3.7367 Data Varies
: Significantly
(71-80) 0.6753 1.8720 Data Varies
' ' Significantly
. (33-38,
41-46,
61-72, o ' o
898-92) . 0.7488 3.8284 Data Vaties
s ‘Significantly
1-92 0.7651 Data Varies

Complete details will be publishéd in a Jourmal.
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