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SUMMARY

A closed-form asymptotic expression for the mutual admittance between
two clrcular waveguide-fed apertures is developed for large element
spacings. A comparison with calculations obtained by a numerical
integratioﬂ mefhod indicates that the present analysis gives good results

for spacings greater than two wavelengths.
INTRODUCTION

In the analysis of mutual.coupling effects between radiating elements
of a finite size antenna array, a calculation of the complex mutual
admitténce (or imﬁedance):between each pair combination of the array is
needed.. For examplé, an array of N elements réquifes N2 values of
complex mutual admittance to form:the ﬁom@lex admittance matrix from
which the complex scattering matrix is obtained (see ref. 1).

A considerable reduction in the actual number of calculatioms can
be achieved by taking advantage of ghe ﬁeriodicity and syﬁmetries'of ﬁhe '
array configuration; however,.thexe still exists the need tojcalculate

the mutual admittance between elements which are many wavelengths apart.

" An earlier analysis (:ef.-l) requires the numerical evaluation of an

integral for the calculation of mutual admittance between elements of the

array. It has been found that the computer time required for the numerical

integration increases as the distance between the pair of elements

increases. The purpose of the present paper is to present an asymptotic

evaluation of the integral for large element separations.
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SYMBOLS

redius of aperture

electric field vector
funetional form of ﬁl
Fourier transform of ﬁl(x,y)

x and y components of El

Fourier trensforms of El end El
X ¥

functional notatioﬁ
first derivative of £(B) with respect to £
second derivative of f(B) with respect tc B
guantity defiﬁed by équation (T

quaﬁtity defined by equation (8)

functional notation |
ﬁagnetic field wvector
functionel form of K,
Fourier transfofm af ﬁe(x,y)
x and y components of ﬁ_

2

Fourier transforms of HE and H2 _
' x ¥ IR
Bessel function of the first kind of order n and argument w

first derivetive of Jn(w) vith respect to w

plane wave propegation constent in free space

“wave propagetion constants in x,y,z direction

it outwerd normel to. sperture 1.

center-to-center spacing of apertures
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spherical coordinate variaebles

area of aperture 1 |

quantity defined by equation (11)

quantity defined by equatien (12)

modal volteges

variables in Cartesian coordinate system

complex mutual admittance

unit vector im z direction

sngular Fourier transform variable in cylindrical
coordinate system

normelized radial Fourier transform veriable in

- cylindricel coordinete system

iafinitesimal wvelue

permittivity of ffee space

free space wave length

permegbility of free space



THECRY

The mutugl admittance between two waveguide-fed spertures can be
determined by the electromegnetic reaction between the equivelent electric

and magnetic currents (ref. 1), i.e.
Y, =5 JSIE xE]-n as (1)

ﬁhere YlE is the mutual admittence between gpertures 1 and 2, Vi and V2

are the normelized modal voltages, S1 is the area of aperture 1, Hl is

the outward unit normel to Sl’ El is the assumed electric field excitation
of aperture 1, and EE is the short circuit magnetic'field due to an assumed
excitation §f apérturé 2.

If the two apertures lie in the'x,y.plane, es shown in figures 1 end 2,
then the magnetic field outside aperture 1 due to the'eXCitation of
aperture 2 qah be expressed in the form .

_ _ -szz
H2 = He(x,y) e | | (?)

where kz is the wave propagetion constant in the =z direction. Then (1)

can be written as
o o L _3k.§ R o
Y, = -\;l—v— ff[El(x,y) x :ginol(Hz(x.y)e g )] z dx dy (3_)

The evalustion of (3) can be facilitated by letting § = r cos 8 end using

a form of Parseval's theorenm {ref. 2, eq. (Cf15)). Then
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where kx and ky are the wave propagatlon constants in the x and ¥y
directions.

The mutual admittance cen slso be expressed in terms of the two-
dimensional Fourier transforms of the assumed apertﬁre electric fields
and fhe solutions to the wave eguations fof the réegion outside the aperture
plane. The details ﬁre outlined in ref. 1; therefore (4) becomes

In .
Xk f—il 2
oy . ~e 27 -3k r¥l - B~ cos ©
Y = 0 1lim f J- e o]

12 Vlva(e“)g g+/2 82000

(ct,B)cos o + E, (a,B)éin %)(%é (¢,~Bleos o + E, {a,-B)sin a)
. X

1
| === (=
el ¥ :
+_/1 _.52 (Elx(a,ﬁ.)_s:ln o - E (a,_B)ccé a><E2 (u,—B)sin ¢~ E, (q,—,@)cos a>]

g x Y

.+ B a8 da - (5)

where a change of verisbles haes been made in the transform domairn such that
kx = koB cos o and kY = koB-51n_a.
If poth egpertures ere excited by the circular waveguide TEll mode,

" then the mutusl admittance bhecomes (details are in ref._l)r
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'_[GI(B)(JO(kOBR) + J,(k BR)cos 2¢)
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Now using the semiconvergent series of Hankel (see pages 137 end 138 of

ref. 3), JO(ROBR) and JE(kOBR) can be expressed as

—

_ 3 e JROBR. S —jkOBR N .
I (kBR) = =—e ' |&——8_(kBR)+j° s _(-k_BR) (9)
o 0 ’fé-'l? r—OBR o -0 F—OBR o o] |
5| s pm . _meR
1 e - : e
J,(k BR) = ——e S,{k_BR} + 5,(-k_BR) (10)
S-S I S S A
where
s (k BR) IRV S A GUEE T (S R |- 06 S (11)
o\EPR) = 4 - j(koBR " 128 \E_fR) * ¢ Toak (kOBR> a8
| | B 42 . 3 .
| S cLS {1\ _ 105 /1 \® 315 /. 10\ L "
SplkBRY = 1+ 3 75 (kOBR) 28 (kOBR) * 3302 (kOSR) v (22)
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The mutual admittance then becomes

-} T J—‘*_Z?
. 1 [ . b J im ? esjkor 1l -f cos 6
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If. B is substituted for -B in terms which contain e . and we let

"R =r sin B, {13) can be expressed as
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7 ' ' : ,
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1= My
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[(GQ(B) - Gl(B))SQ(kOBr sin ) cag 2¢

+ (62(6) + Gl(SJ)So(koBr gin e)}e dp _ ._ {lh)

An integral of the form in (14) cen be evalusmted asymptotically for

large values of r (ref. k), i.e.

Jee(B)  are(8)

L o Se®e e o8 Sty %)
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f'(ﬁ)‘ =0 (16)
(g,) = f"(B)\ # 0 o (17).

From (15), we have
2(8) = k(8 stn 0 - 1 - 8% cos 0) (18)

therefore,

B, = -sin 8 (19)
£(B,) = - kg _ | (20)
k
£™(e) = —3 | | (21)
cos 6 o : -

and the asymptotic evaluation of the mutuel admitiance for large spacing becomes

~Jk K

Eo 1 ( ) 2 e
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RESULTS

Caleulations are given in figures 3 and 4 for the mutuel admittance
of circular waveguide-fed spertures in both E-plene (¢ = w/2) ﬁnd H-plene
(¢ = 0) coupling configurations. A comparison is made between the
asymptotic evalustion (equation 22) and the numerical eveluation (ref. 1)
as & function of aperture spacing. Good egreement with the mutual
admittance obtained by numericsal integrat;on is indicated for element

spacings greater than two wavelengths.
SORCLUSICN

The present anelysis has een shown to give geod results for elements
spaced greater than two wavelengths. The judicious use of the asymptotic
expression for mutusl admittance together with the numerical, integration
method covld result in & considerable savings in computer time when

caleulating the effects of mutusl coupling in a large plenar array.
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Figure 1. Circular waveguide-fed apertures in x,y plane.
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