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A one-dimensionrl.electren fluid. model. is investipgated wsing

dissipative equilibrium. canonical distributions are determined in a

Phaﬁif?,‘,,S"P?-Q,,e‘:,,.ﬁf?}f’s,s%,,‘99:0!.,1.79‘153.%%-.5‘-5\..?r.%le Ihe real.and Jmaginery.parte.ef, s
the Fourier.coeificients for the field variables. Spectral depsities
are calculated, yielding a, wavenmumber. slectric. field cnergy spectrum
prmpomtionai.to-kfzwfor largu ngenuﬁberg. he quupiongléflmgﬁiqpm
are numerically integrated and the resulting spectra. are found to

compare well with the theoretical predictions.
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I. INTRODUCTION

Though not yet a completed pregran, th? statistical theory of
fluid turbulence has made remarkatvle strides in the last two degades.
Many of these ad{ances have not been digested by the plasra turbulence
comrmunity, however. Plasm# turbulence theory, consequently, has
developed in a‘considerably less convincing conceptual framewcrk and
has achieved less detailed verification of its predictions in experi-
ment anﬁ numerical simulation than f1luild turbulence has.

It is of interest 1o see how many turbulent plasma situations
can be treated by methods borrowed from fluid turbulence theory:
Though no survey of the plasma turbulence literature is attempted
here, we remark upon some recent treatments of incompressible magneto-
hydrodynamic turbulence'™ in both two and three dimensions. The

present article concerns a compressible situation: the electrostatic

turbulence of an electron fluid plasma model. The challenging problenm
of the Viasov plasma, despite its enormous literature, does not appear
to us to be quite ripe for an'approach through modern turbulence
techniques, except possibly in the so-called "weak turbulence" limit,
which has been extensively studied.

The prihcipal eoncern in fluid turbulence has been with high
Reynolds number situations. . For these, the nonlinear terms are so

much larger than the linear ones that the dominant physical effect



can be accurately said to be the transfer of the excitations from
one spatial scale to another. Often, migrations of energy across
orders of magnitude in spa’ial seale are involved. These migrations
cen ‘be toward either shorter or longer wavelengths, depending uron
the circumsiances. Therz is an acccmpanyihg emphasis in the ?heory
on the wavemunber spectéum, on energy transfer functions, on cascades
thréugh wavenumber space, and so on. An unanswered question (almcst
an unasked one) in electbrostatic plasma turbulence concernsg the
extent to which the phenomena also involve large migrations of energy
from one spatial scale to another. With few excepiions, theories
have been.formulated in ways that implicitly assume that no suph
migrations occur, and pfovide no methematical machinery to descrite
the trensfer. MNumerical simulations typically have not involved
sufficiently fine spatial resolution to see such migrations, and the
inténsity of the search for a stable, quiescent eguilibrium has often
led simulators to stop computing as scon as spatial fine structure
has begun to develop. Spectral-method computing techniques,®-1%
which are well suited to computing simultaneously on a wide range of
spatial séales in Navier-Stokes and magnetohydrodynamic fluids, have
not yet had much impact on plasma simulation. Configuretion-space
computations are less than satisfac%ory for following evolving
turbulent fields.

There are some good reasons for thg neglect. Plasmas do not

obey the same dynamical equations over as many orders of magnitude



in spatial scale as Navier-Stokes fluids or-stellar-interior MDD
fluids typically-do. For examﬁle, while MHD fluid desecriptions may
satisfactorily represent the largest-scale dynamics of a tolkamak
placma, on the gcale of éhe ion gyroradius there are important
phenomena which are not contained in }HD at all., The incorporation
of quite different mathematical descriptions within the calculation
of a single turbulent situastion liesA out_ of reach of known procedurez.
All this implies that most situations about which we can make logically
compelling quantitative assertions will be "unrealistic" in the sense
thét they will omit phenomena of importance for real experiments.
One of two alternatives must be chosen: (i) continue to ignore the
possibility that interesting plasmaé are, like other Tluids, turbulent
in a sense that involves transfer of the energy in the field from
one,spatial scale to snother; or‘(2) study highly simplified models
that, while certain never to tell the whole story about a turbulent
plasma, may at least tell a part of it accurately. In the present
article we opt for the second choice as being historieally the more
likely one along which progress may be expected.

In Sec. II we present the details of the model of an electron
plasma to be studied. It is important to recognize that in restricting

attention to an electron plesma with uniform immobile ions, we will

be omitting one of the more popular phenomens of the day: "Langmuir
solitons", and other related situations in which the ponderomotive

force is involved in a fundamental way. In Sec. III the statistical-



mechanical predictions are derived. Section IV is a presentation of
some preliminary numerical tests of the materisl presented 'n 3Bec.

ITI. BSection V summerizes and discusses the resulis.



II. THE MODEL

We talke the simplest posSible model in which “glectrostatic
effects in a plasmo will be exhibited: the one-.dimensional 2lectron
placsr: with a locally adiabatig eqnation.of state. If the electron -
density is n, the fluid velocity is v, the electric field is E, and
the ratio of specific heats y is 2, we have, in dimensionless units,

%%.+ 5@}_{_ (ov)y =0 , (1)

é‘{"i'v—axz-E-%%-i-v"——Q' s (2)

E
Q—-:l---rl o (3)
We may replace Poisson's eguation, Eq. (3), by

8 = v (%)

which is an equation for the time advancement for the electric field,
7

if we invcke Poisson's equation as an initial condition. Eqguations

(1), (2), and (&) will then preserve the Poisson relation in time.



n, B, and v in Eqs. (1)—(4) are lunctions of only one space
coordinate x, and the time t. n iz measuraé in units of N the
equilibrium average number density of the electrouns and (irmobile)
positive ion background. Times are measured in units of the inverse
electron plasms frequency m;i, and velocities in units of the electron
thermal velocity; lengths are in units of the Debyc length. The
mechanical pressure gredient enters in the second term on the right-
hand side of éq. (2). Any relation_between the pressure and density
other than (p/ng) = constant would have complicated the pressure
grqdien& term in Eg. (2), but we believe that no qualitative restric-
tions are introduced in the physies by this particular choice of ¥y = 2.
The term v is a dimensionless viscosity which can be thought of as
the reciprocal of a large Reynolds number. The limit v = ¢ will be
called the "non-dissipative" limit, and is the only limit in which
Egs. (1)—{(}4) are a conservative system. [A linear term proportional
to v and containing a collision fregquency is also possible in Eq. (2).]

There are typically two standard situations in which the pos-
.sibility of a tractable stéady-state statistical theory of theANavier—
Stokes equation hes existed: (1) the non-dissipati&e initial value
problem; and (2) the driven, dissipative, steady-state problem in
which some external agency supplies energy at a given spatial scale
while dissipation occurs at some shorter spatial scale as a consequence
of viscosity. The second problem is much more physically realistie

than the first, but valuable insights are obtained from studying the



non-dissipative provlem as a preliminary. If we want to study the
driven, dissipa£ive cese for Eqs. {(1}—(4), it is necessary to add
to the right-hand side of Eq. (2) & driving term which represents an
external source of the excitations, and to allow v to be non-zero.

The really new feature present in Egs. (1)—(4) vhich to our
knowledge has not yet be;n incorporated into either MHD or Navier-
Stokes theories is the finite compressibility. Incompressibility has
been a useful simplifying feature of Navier-Stokes and MHD fluids as
far as turbtulence goes, but its introduction into z one-dimensional
plasma model would render the model meaningless. Compression is
essential for electrostatic fields to fluctuate, since they are
generated by density inhomogeneities.

That some guelitatively new and unantisipated features are to
be expected as a consequence of the finite compressibility can be
seen-'by looking at the right-hand side of Eq. (2) when v = 0. Compare
the two surviving terms with respect to order of magnitude, for an
excitation of typical wavenumber k. For a given perturbation of the
density of magnitude ﬁnk, say, Poisson's equation tglls us that the
pagnitude of the electric field to be expected is ~ ank/k. The
magnitude of the pressure gradient term, on the other hand, will be
~ kank. Thus at very long wavelengths (>> & Debye length) the pres-
sure gradient term will be negligible, while at very short wavelengths

(<< & Debye length) the electric field will be negligible. The

excitations will go from being very like a nonlinear cold plasma
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oscillaiion at long wavclquths to véry like & nonlinecar sound vave
at short wéveleng%hs, with & continuous transition in the spatial
scales of the order of a Debye length. ({This is one respect where
the behavior of the model will differ sharply from that of the Vlasov
plasma, which, lacking collisions, will also lack the coherence at
short wavelengths to exhibit the sound waves. )

The short wavelength behavior of Ig. (2), then, should be that
of the PFuler equatlons of a compressible perfect gas. Compressible
turbulence usually occurs in gases as a perturbation on incompres-
sible turbulence, and has been studied in isolation very litt;g. One
thing our“experience with the Fuler equations of compressible flow
strongly suggests as & possibility, however, is a tendency toward
the formation of shocks, or discontinuities. A picture is suggested
in which long—w&velengtﬂ turbulent plasma oscillations feed short-
waveiength sound waves, which steepen towards the develop&ent of
shocks, which in turn are eaten away by the action of the dissipation.
The shocks may be very weak ones, and it is imaginab;e that dissipa-
tion might destroy them before their formation becomes complete.’

This is a grosé, highly conjectural picture for the short wave-
length behavior, but is reminiscent of that which is krown to occur
for Burgers' equation.lf‘l4 [Burgers' equation is just Eq. (2) minus
the first two terms on the right-hend side.] Our program here is to
first apply the statistical methods of turbulence theory to the

non-dissipative limit of Egs. (1L)—(U4), and then to test some of our
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predictions by numerical solutions. ~Inelusicn of finite dissipation

is a larger matter, and is deferred Lo a later publication.
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IXY. BTATISTICAL FORMULATION

We ilmpose periodic boundery conditions over a length T and

Fourier-decoripose, in a plane-wave expznsion, v, n, and E:

V=3 vik, t) exp (ikx) ,

=]
i

5 nlk, %) exp (ikx)

=
1

e E(k, t) exp (ikx) (5)

where £, 1s over all wave numbers 2mu/L, with m =0, #1, 2, ... Tt
is essential for complete generality to include m = O. It can be

shown thet n(k = 0, t) = constant = 1, but it is not true that we

cen automatically set B(k =0, t) =0 or v(k =0, ) = 0. It is a
common belief that the option of setting the k = O components of B
and v identically zero is the only option avallable or the most
natural and acceptable one. Appendix A is devoted to clarifying and
correcting This widespread misconception.

The equations for the Fourier coefficients are (with time

arguments suppressed for economy)

a’ﬁ‘} #ik T nlx)vp) =0 , (6) .
ptr=k
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) b1k S (o) vip) = -2 - B (1)
) ptr=k
ikE(k) = -n(k) . (8)

Equations (6) and (7) hald for all k. Equation (8), however, holds
only for k £ 0. The use of Eq. (8) will eliminate E(k)} in favor of

n{k) for k # O, but an equation is nesded E(0). From Eg. (4)

ot

2E(0) _ § n(k) v(-k) . (9)

w4

Eqﬁations (6)—(9) are, in general, an infinite set of ordinary dif-
ferential equetions for the Fourier coefficients in the infinite
Fourier series and as such are intractable. If further progress is
to be made, some simplification has to be made. The simplification
nmade in a linearized theory would bhe to ;eplace the convolution sums
in Egs. (6) and (7) with the two terms where either p = O or r = O,
thus eliminating all Fourier coefficients from the equations except
those with wavenumberg k and 0. The resulting eguations are then
easily solved. Basically the assumption in the linearized theory is
that all non-zero wavenumber Fourier coe=fficients are small compared
to the zero wavenumber Fourier coefficient n{Q). The vefy nature of
strong turbulence, however, does not allo? one to moke this approxi-

mation. The standard practice in fluid turbulence is rather to
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truncote the Fourier series af a large, but finite, wavenumber kmax'
This truncation can be reasonsbly justified for the dissipative
problem. In that situatipn one envisions taking kmax go large that
for any wavenumbers larger than km&x’ dissipation wipec out any
Fouricr coefficient before it attains any significent value. This
is not true, howvever, in the non-dissipative limit. WNevertheless
ingights into how the nonlinear terms.act to . shuffle energy between
he various length scales can be obtained through this truncation
Just as these insights are gained in-the Navier-Stokes and MHD
ﬁroblems.

The difficulbies encountered in trying to solve the large, but
finite, trunceted system of eéuations is not significantly different
from those encountered in the éynamics'for e large, but finite,
system of point particles (also described by ordinery differential
equa;ions) in statistical mechanics. In a seﬁse, vwhat we intend o
do here is 8 statistical mechanics of Fourier coefficients.® Ina
phase space consisting of the real and imaginary pasrts of independeﬁt
Féurier coefficients we can write down a Liouville equation and ask
for a stationary solution. As we know from elementary statistical
mechanics, such solutions depend critically upon the "constants of
the motion." We have discovered three conserved quantities for Egs.
(6)—(9). Two of t@éﬁ are the energy & and the current (or momentunm)

J, vhich in terms of the Fourier coefficients are
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. :
e =3 Z 5(ky + Ky + k) nli) v(k,) vi)

1y () |2 +2 0 P +: L B0, ()

k#0 k£0 k#0

T= 0 o) vi-k) . (11)
¥£0

Notice that the total curvent (momentum)} is not conserved in time,

but only fhe currént associated with the k # O modes. b(kl + k., + k3)

2
in the first term of & is a Xronecker gelts which has the value 1

., T = - 1 V. .
whenever k; + k, + ks = O-and the value O whenever k, +k, + ks 40 .

bl

Ag & result the first sum in € is a sum over all sets of three wave-
numbers with 0 < ]kil <k . 1=1,2, 3 alloved by the periodic
boundary conditions which add to zero. This first term we will
colloquially call the "triples". The remaining sums in € and the
only sum in J are over all wavenumbers allowed by the pericdie
toundary conditions with 0 < |k| < kmax. To our knowledge & is the
first non-quadratic constant of the motion for a truncated Fourier
system to appear in a turbulence calculation. tSee Appendix B.)

The constancy of the current reduces the equations for the

k = O Fourier coefficients to a pair of linear equations

0 - w0y (22)
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B—E;Tol;v(o) + J (13)

where n(0) = 1 has been used. As a result

Q= [E(0)1% + [v{0) #29] v(0) (%)

is also a conserved quantity. Equations (12) and (13) have the exact

solutions

v{0)

-J + (vb + J) cos t - E,sint , (15)

It

E(0) (vo +J) sint + E_ cos t (16)

where v, and E_ are the initial values of v(0) and E(0), respectively.
We believe that g, J, and Q are the only conserved quantities
which survive the truncation of Egs. (5)—(9) to a large, but finite,
number of %ourier coefficients. A conditicn that we cannot show and
do not believe is true is that the number density n{x, t) formed from
the finite Fourier series will remain non-negative at all configura-
tion space points for all time even though the initial number density
was non-negative at all points. It would not be totally sﬁrprising

that & truncated Fourier series would yield a non-physical number

density after a finite time in the non-dissipative limit.
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The quantities vhich receive the most attention in turbulence
calculations ere the vevenumber enersy spvecira. These spectra here
can be calenluted as moments of a cencnical ensenble constructed in
the usual mamner from the conserved grantities with an inverse tenp-
erature (Lagrenge multiplier) for esch conserved guantity. Unfore
funately the triples maée the caleulation of moments using the full-
'cénonical distribution impossible. We, therefore, consider a "weak
turbulence"” 1imit in which the product of three Fourier coefficients
can be considered small compared to products of two coefficients. If

* . . ¥* o 2
g -represents £ without the triples and § = [E(0)1° + [v(0)]" then

we propose to use the canonieal distribubticn

* * N
D=1 exp (-0& ~PBJ -~ 79 ) (17)

to calculate the moments of Fourier coefficients. 1) is 2 normalizing

congtant determined by the normslization
Jpax=1 (18)

whexe I d¥ is an integral over all the independent real and imaginary
. * *

parts of Fourier coefficients. Since n(k) = n (-k) and v(k) = v (-k),

: 1
independent Fourier coefficients are associated with only half the

wavenumbers. Furthermore B(k) and n(k) for k # 0 are not independent

since they are relafted through Poissoﬁ's equation. &, B, and 7y play
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the role of inverse temperatures and are constoained by Lhe requirsrcnt
thet D be norrmalizable.
* LR} Fa * »
Ve can nake a further simplification. ¢ involves only the
* : .

k = O modes while E and J involve only modes with k # O. Sinee we
already have exact gsolutions for the k = 0 modes and are interested
in expectation values for the energy in the k 7! 0 modes we can use,

for the purposes of the czlculation
* o
D=1 exp (~c& -pJ) (19)
*
Furthermore, since £ and J are sums of terms indexed by a single
wavenumber, D factors into a product of distribiuions, one for each

k. The cingle~k distribution is

£ [0, (x), n; (), v, (&), v; ()]

= T, exp -a{i(k) + v?(k) + (1 + i’g)[ni(k) + ng(k)]}
- ésfnr(k) vr(k) + ni(k) vi(k)] (20)

where n(k) = nr(k) + ini(k) and v{k) = vr(k) + ivi(k). The normslizing

constants are given by
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o 1 EE
T =3 "*fl’f’?)*“&‘ - (1)

kb k
The }equirements thet the distributions be normalizable are that

a>0

(22)

52

25 7§->-0 for all k.

1+ =
2

94

The latter condition can be met for 81l k if it can be satisfied for
k.
max

Expectation values can now be computed.

wa(k)y = (S(x)) = 3 Lo, (25)

- [a(l o4 L - E_

k2) o

52

. v
(\f(k)) = (Vf(kb =% -é-% C:’L 2l (2b)

[a(l + '1—:"2" - -'a-}

(n (k) v, (k) =, (8) v, (6)) = - £ . (25)

o

1
3
1+—12- -B]
%

2c
[a




Henee the wavenunabor energy specirn are siven by

)
ea) By = 2+ 5 L , (26)
o o - 1 f_.2
oy + ; ~
() Py = —— @7)
[a A f:._]
k2',' o
and
(EE) |2y = 1 (28)

o IT.J)

lpe3)-%]

¢ and B are determined by the condition that the expectation wluss
*
of ¢ and J match their initial values; that is, @ and B are solutions

of the algebraic eguations

2
2y , (85,2
ST é+éa(l+k)+(—&2~}k ’ 29)
kA0 a1 + 6% - (B]8
2 .
J=- ) B K . (30)
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The electric field enerpy spectrum as a Tuncuion of wavere ey
N )
has one basic shape: concave doun, proportional to k¥ ° for k> L
. -1 . ) .
and approaching the constant valve a & for k << 1 with a continnoas
transiticon renion in betiueen.

In the particular case that J = O we have that & = 0 and ihe

spectra reiuce to the simpler forms

20312y = 1 51
(12(k) % D (31)

and
(e =2 . (32)

It is this particular case which we will examine numerically in the

following section.



TV. LUSRICAL BESULTS
Eruations (6)—{9) zre solved numerically using the spectral

method of Orszag end Tultorcon.” ™ Tna éssence cf the gpectral
method is to evaluate the comvoluiion sums vhich gppear in these
eauations by using the convolution theorem and a Fast Fourier
Transform. Unfortunciely the conmvolution theoran does not recognize
truncetions in k-space. Modes with |k > k . can be generated,
leading to vwhat are termed aliaging errors. Ve have eliminated
these aliasing errors by setting to zero the cuter one~third of our
‘computational erray at the end of each time step. That is, if ¥ is
the total number of ‘corﬁ‘ig,ura.tion gpace grid points, we have re"cained
only the EIV 5 wavenurbers of smallest magnitude out of the possible
N Fourier modes by setting X = (2/5) k ¢ Vhere k . is the smallest
non-zero vwvavenumber allowed by the periodic boundary conditions.

The time advencement is done using a fourth-order Adams-
Bashforth-Moulion predictor-corrector with the first two time steps
being calculated by a fourth-order Runge-Kubta method.l®

Table T gives a list of parameters Tor three bypical runs in
whic‘h there is no initial J and hence § = 0. Each run begins with
a highly non:-therma.l equilibriuvn spectrum and the Fourier coefficients
are then followed in time. The initial loading sets n(k) with

x| = 6kmin"_ T in? 8k in’ 9

- ., and lOkmin initielly non-zero end

mn
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8ll other coefficients t» zero., Tio Fagnitudes of the nou-zero
coefficienls are given, but the phases are c£osen randonly.

Tun 2 uses 42 wavenumbers {71 positive and 21 neg&ti&e} with
magnitudes which lie precominanily above k= 1. BRun 3 consists of
42 wavenumbers with 2 gisnificant murber of them having pacnitudes
below k = 1. Run 7 has 340 vavenumbers with seversi in both wave-

_Inmmer ranges.
‘ The computing time necessary for a run varied from less than
2 minutes for RBun 2 to spproximately 1 heur for Run 7 on the MFE
CDCT7600 computer. This drastic chenge in computing time is not only
hecause éhe system of equations is larger in Pun 7 than in Run 2 but
also because of the nabture of the équations themselves. Bquations
(6)~—(9) are examples of stif'f differential equations.r®s*7
Typically one has a set of stiff differential equations whenever the
largest time scale in the problem is orders of nezgnitude larger than
the smallest time scale in the problem. Good numerical techniques
for stiff differential equations are one of the current frontiers in
mamerical mathematics. Eﬁmrical metheds which perform excellently
on non-stiff equations may fare poorly on stiff equations. Time steps
in ﬁany standerd schemes must be chosen small enough to fit every time
gc&le in thg problem even if the faster scales are transient. The
time step in our current problem was chosen to meet stability reguire-
ments} the time step was halved whenever the errors in the conserved
quantities indicated that numerical instabilities were beginning to

arise. -
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Tine-averayred electric field enerrxy specira were compubed at
various intervals during the course of a run: The final time-avcraged
spectra arc-ccmpared with the ensemble-averaged spectra in Eq. (%1).

Fipgures 1, 2, ahd'B show spectra for Runs 2, 3, and 7,
reapactively. Euch of the three figures écnsists of three panels:
panel (a) shows the initial spectrum; panel (b) shows a time-averaged
_spectrum during the middle of the run, agd panel (c¢) shows the final
time-averaged spectrum. - The solid eurve in penel (¢) of each figure
is the theoretical prediction. In Figure 1, panel (b) shows the
spectrum Tor Run 2 averaged between times t = 8.0 and t = 16.0 vhile
the spectrum in panel (c) is averaged b;twéen times t = 24.0 and.

t = 32,0. In Figure 2 the spectrum in pznel (b) is averaéed bebween
times t+ = 64.0 and + = 128.0 and in panel (c) the spectrum is averaged

between times £ = 192.0 and + = 256.0 for Run 3. The times in Figure

i

3 for Run 7 are t = 8.0 and ¢t = 16.0 for panel (b) and & = 24,0 and
’t = 32.0 for panel (c). Every wavenumber is plotted in Figures 1 -
and 2. ﬁecause the-density of points in a loéarithmic plot becomes
80 gre;t at the high-k end of the spectrﬁm for Run 7 only every ﬁther
point is plotted for 3 <k < 10 and every fourth point is plotted
for k> 10 in Figure 3.

Time histories of two typical Fourier coefficients are showvm in
Figure L for Rﬁn 2. TFigure 4(a) shows the real part of n(k = 1),
.or equivalently the imaginary part of E(k = 1), as a function of

time. TFigure L(b) shows the real part of n(k = 8), or equivalently

the imaginary part of 8E(k = 8), as a function of time.
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Figure 5 shows time histories of two Fourier cocfficients for
Run 3. Figure 5(&) shows the real part of n{k = 1/18) vs. time and
Figure 5(b) shows the real part of n(k = 1/2) plotted against time.

In both Figurss 4 and 5 éhe oscillations predicted by the
linear thoory seem to be present. A linear theory for Egs. (6)—(9)

.gives, in our dimensionless units, the dispersion relation

o =1 4K (53)
relating the_frequency w to the wavenumber k. For k = 1/16 this
relation gives a period T = 2n/m== 6.1. Counting peaks in Figure 5(z)
and dividing into the total time interval between the first and }ast
peak gives T o 6.2. A similar caleulation for k¥ = 1/2 gives a
theoretical period of T = 5.6 and from Figure 5(b) T= 5.8; for k = 1
the theoretical period is T = 4.4 and from Figure 4(a) T = L4.1; for
k = 8 the theoretical period is T = 0.785 while from Figure 4(b)
T = 0.778. It appears that the linear oscillations are present but
that clearly something else is happening as well.

Figure 6 shows the electric field energy as a function of time
for the two modes of Run 2 shown in Figure L. Figure 6(a) shows
|E(k = 1)[2 versus time and Figure 6(b) shows |E(k = 8)]2 versus time.
One should notice the orders of magnitude variation in the amplitudes
of the modal energies. Because of this a time instantaneous wave-

number spectrum has congiderably more scatter in the points compared



to the tinc-averczed spactra of Fijures 19, Tae tine hiclory npiols
also shov thic more rapid flow of cnergy into 2ad cut ol i hizher
modes.  This can be expected Tron. Dyse {(O)e={x} vhors ve om see the
the terms respousible for this enercy trensfer are projortionzl to
the wavenumber itself. Kot only d2 the higher vavemabor Fourier
coefficients oscillate bn a more rapid time scale bui th:cy also
equiliﬁrate faster as indicated by the spectrsl nlots in Figjures 13,
This fast rush of energy to the large wavenwsrers and hence smaller
spatial scalez would inaicate the possibilily for shock formation.
Figures 7, 8, =nd 9 show configuration space plots of number
density;-velocity, and electric field, respectively, at four varicus
times in “the course of Run 7. The shock formation is most clear in
the velocity profilss of Ficure 8., Initially the velocity is zero.
The first thing to occur is the linear transfer of energy from the
electric and pressure fields to kinebtic energy. At this point the

nonlinear term in Bg. (7) begins to have effect. A simple analysis

of the equation

ORIGINAL PAGE IS

OF POOR QUALITY
-g—-._;;—r- + v _g_:{r_ =0 (54)

gshows that discontinuities form in a finite time. The time to this
discontinuity given the data of Figure 8 at time t = 0.5 predicts the
discontinuity to form at time t = 1.7, later than the profiles indicate.

The fact that something drastic has happened is even more clear in the
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last density profile of Figure 7T in Vhich {the plot is virtuwally up
and dovm vebween grid points. - beyond tims t = 1.0 the conflypuration
spoace profiles czmiot mean mack.,  Yhis doés net mean that the nomeri-
eal solutions of Fas. (6)-—{9) are incorrect or that the computed
spcetra of Figures 1—3 are matherntically wrong. ecauge the time
tp discon@inuity is much shorter than the time to equilibrium peans
- -

only that the %truncated Fourier representution in Egs. (6)—(9) is
no longer an adequate approximation %o the continuous Egs. (1) —(l)
in the non-dissipetive limit. Ve expeét that with the addition of a

-finite dissipation at higﬂ wavenumbers that the discontimuities will
noé occu&. If enough grid points are used‘(and hence more modes

are kept in the truncation) we expect to be able to determine a ;hock
wvidth and the truncated Fourler equations will be adeguate for very
long times. The séectral laws may be different Tor the dissipative
problem than they are here for the non-dissipative one just as the
dissipative problem is significantly different from the non-dissipative
one in Navier-Stokes fluiés and MAD. What the above calcﬁlations do
seem to indicate is that migrations of energy over large spatial
scales is possible in a one-dimensional electron fluid. Any accurate

assertions involving turbulent electron plesma oscillations must take

these migrationsg into account.



V. DISCUSSION

In the previous sections we have produced o statistical mechon-
ieal deacripticn Tor turbulent moiions in 2 one-dimensional eleetron
fluid plasma. Tie prominent aspect of this peper is the application .
of the techniques of fIuid turbulence to a compressible situation.
Much-needs to be done, however, before applications to physical
systems can be ccnsidered. The first obvious generalization is the
addition of aufinite dissipation to the problem. Dissipatioﬁ will
undoubteély alter the results here as it has in the anaiysis of other
flﬁid equations. For example, Kolmogoroff arguments postulating an
energy cascade would lezd to IE(R)|2 ~ k"5/3. Although migrstions
of energy across many léngth'scales seems likely in tﬁis digsipative
proﬁlem, it is uneclear at this point whetirer the transfer of energy
will'be able to produce large scale électric fields through some
sort of inverse éascade proceés, aﬁd there is no suggestion of tham
in the theory thus far. Shocks are alsc likely to play some role in
this problem.

Along other lines the inclusion of mobile ions could have
unknown effectg. Extensions to multiple space dimensions could also
produce a variety of results. We already know that two-dimensional
Navier-Stokes and MHD fluids behave differently from ﬁheir three-

dimensional counterparts. It is not inconceivable that a
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multi-dimension electron fluid plasma may behave differently than
the onc-dimensioiinl plasma studied here.

Ve are also aware that Largmuir turbulence spectra vhieh fall
off as k“e at lerpe k-have arisén in simulations fér more complex
than this one (see, e.g.,-Thomson et alals) and.may result from a

variety of arguments. We refrain from speculating as to whether :L:11e

k-e behavior should characterize either (1) mobile ion situations,

or (2) situations with finite dissipation.
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APPEIGIX A
Frequently in studies of fluid equations via planc wave expan-
sions the k = 0 mode is neglected. The k = O Fourier cocfficlent can

be thought of as the mean value per unit length of the quantity under

digcusgion. For .example

B(k = 0) = g [ E(x) ax

n{k

i

0)

il

L
-ej:ﬂfo n(x) dx

That the E(k = 0) mode cannot be auiomatically set to zero can be
j1lustrated in the following exemple. Suppose we were Lo start our

electron fluld initially with no number density fluctuations. Then
E(x) = ['* [1 - n(x)] ax

implies that E(k = 0) = 0. Assume also that the initial velocity
fluctuztions are such to produce at a later time a surplus of elée-
trons in one regicn and a deficit of electrons in another, main-
taining overall charge neutrality. (See Figure 10.) E(x) in the

situation depicted in Figure 10 no longer has an average value of



zero and hence #(k = 0} # 0. L(i = 0} is just the jump in the
scalar potertisl ascross one pericdicity lengih, and periodic electric
fields <o nob imply its vanishing. It is trae that there are situa-

tions in which B{k = O) remains zero for ell time, but these are not

the moul foneral sitaasbions oo ean envision.



APPEIDIX B

In previous applications of truncated Fourier-series to INavier-
Stokes or M fluids thg conserved guantities are all quzdratic in
the Fourier coefficients. 1In this appendix we will. demonstrate the
consgrvation of & in Eq. (10) which involves ﬁroducts of three TFourier
coefficients. There are four terms in £: the trinles, the rensining
kinetic energy, the mechanical enerzy assoclated with the pressure
field, a@d the electric field energy. We will differentiate each of
the four terms, apply Egs. (6)—(8) and sur the results. For this

purpose it is helpful to rewrite Bgs. (6)—(8) in the form

W) ok T oslp+r - k) n() v(r) - ikv(k) - ikv(0) n(k)

3% oo
(B1)
D) - E T st - %) vip) v - 5w(0) vlk)
pr#0
- ikn(k) - £ n(k) ()

where we have separated all terms with zero wavenumber coefficients

and eliminated E{k) in favor of n(k) for ¥ £ 0. &(p + r - k) is the
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Kronecker delta which has the value 1 whenever its argument vaniches

snd the value O otherwise. Differeutisting the triples we obbain

B\."(l’-.)
2L sl + ky + 1:3}‘:11(}:1) v(ky) —z—

231
kbl £0

v (k2) dn(k,)
+ + ————— .
(k) ) vlieg) —5= + v(k,) vl(g) —
Since the labels by which we refer to wavenumbers is immaterisal, we
notice that with the interchenge of the labels k2 and k3 in the second
term that it is identical to the first term. Conseguently, afier

applying Fgs. (BL) and (B2) we cbtain

—aE (triples)

- klkzlj: B (k) +k, +k5) (i) v(ky)
2

ik

il e (0) v
X |- s{p+r~kg) v(p) v{r) - ik.v(0) v(%kx)

2 prdo 3 3 3

-ik; n k)-:—n(l%)
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I r{‘,{
5(1414 t, !-k}.) \\-2) v(]%)

X |-ik }: s(p+r -k ) nip)vir)
[ b pro e

- :‘Lklv(kl) - ikln(fkl) v(o')} (8%

which consgists of seven teyms. In the first term we sum over k5'
Again sinc-:e the labels by which we refer to wavenumbars is immaterisl,
after we have summed over k5 we replace the labels p and r with the
labels k3 and kh' In the fifth term, which also involves four
Fourier coefficients, after we have sumsed over kli. we replace p .and

T vith kl and klt’ ;respectively- The result for those two terms is

fa

: IZ{IKL}%O b0y +k, +15 ) k) ) vlky) vlicg) vli,) 10k +y)
1555

+ Y 8k, +k, +k, +k ) n(k,) v(k.) vie ) v(k ) ik, +k, )
gk}_kgkjsklfo - R S 1/ V\Ep) Vs i 1%y

.In the last term we may exchange the label k1+ with the lé.bel k2. The
resulting overall sum of these terms with factors n(kl) v(ka) v(kB) v(kh)

contains a factor (kl T hy tky t kl;) a(kl Tk, t Ryt kl;) which



alwoys vanishes. lience the first and £ifth terns of (B5) cancel.

™n & similar woy the second end scventh terms of (BS) cancel; thair

sum is
SL T syt 1) nly) WOy Vi) v(0) (s + 2)
2 e windo 12 T30 ML TRl TS Pl + Ay
ko

Again exthange one k3 for a k, to obtaid a factor (kl +k, + k3)
+ I
G(kl + kg ks

permmtations of wavenumbers k

) which always vanishes. The sixth tern, after cyclic

1 k2 4|k5, can be written as

- % L L Bl Ry ¥ k) vliy) vlig) ik vls))

T8y 15%740 Blicy + Iy + ) 3k + Ky + kg vy ) v{iey) v)
12 .

vhich alsc vanishes. Hence in summary

3 . v de L2
% (briples) = - klk);;j%o b (1 +1, +1eg) (k) v(iy) nliss) (k5 +1_%.]

(B4)

Differentiating the remaining kinetic energy terms of £ gives

by & similar process
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-a“['l“ 1v(k)le]” Y vk 24E
st {2 Jrgo : K40 ot

_ kgo'v(—-k) Ii"' ‘i_éli Z 5(p+r - k) v(p} V‘(I‘)'

pri0

- 1kv(0) w(k) ~ iimlk) - %n-(k)]
= «i k§0 n{k) v(-k) (k + %) . (B5)
Differentiating the pressure terms gives
= [% & ln(k)le] "y MY np
- lg n(-x) [-ik T 6(p+x~k)nlp) v(x)
0 pT#0

- ikv(k) ~ ikv(0) n(k)]

c1 ¥ 80k +k, +k) n(k) v0k,) nlk )k
k1k2k3;€0k125 1/ Vi) Diky )} i

+ i g n(k)v(-k)k . (B6)
k#O



fnd Tiuzlly the electric Tield energy terms give

320 a2l s 2 (1 e I ?
SiE L BRI =5plE 2
o p K70 ¥

9

=3 n—(“—;‘)— [:-ik > s(prr-x) alp) v(z).
kG kK pI¥0

- ikv(x) = ikv(0) n'(k)]

) ‘ 1
=i klk§k§%0 60k +1ey 5] () v(iey) i) B

+1 go n(e) v{-)§ - (1)

Sumning Egs. (B4)—(B7) then gives 2&/at = O.

/3t = 0 can
-be proven in a similar mehner,



Table T

List of Parameters for Three Typical
Humerieal Caleulations

Rup 2 Fun, 5 Ron 7
N (number of grid point's) 64 T 64 512
"L (Length of system in 25) on 32n 16y
K in = on/L 1 1/16 1/8
1
Kpax 21 21/16 170/8
Size of time step (63+)-l (614)-1 (512)-1
(1021;)’:L
Duration of run (in ‘”;i) 32, 256. 32.
Initial non-zero velocity
coefficients None None None
Tnitial non-zero density k=6,7, k=6/16, k=6/8,7/8,
(electric rield) 8, 9, 10  T7/16,8/16, 8/8,9/8,
coefficients 9/16, 10/16  10/8
Initial & 0.134 0. 641 0.260
Final € 0.135 5 0.64k 0.250
Percent change in & 6.67 %10 2.1 %10 8.2 x10
Initiel J o s o 4 0 g
Final J -35.3 10 -1.2 x10 8.7 %10
Initial Q [¢] 0 0
Final Q 1.5%1077 * 4.3%1077  -5.0%107%7
o 0.00336 0.0173 0.0009
Triples at end of run ~0. 00k -0.055 ~0.01L
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FIGURE CAPTICHS

Fig. 1 Flectric field enerpy spectra iE(h}ie vs. k¥ for Run 2:
{a) initial conditions; (b) time sveraged over tires t = 8.0
to 16.0; {c) time averaged over tines t = 24.0 to 32.0.
Theoretical curve is the solid line in Fig. 1(e).
Fig. 2 Flectric fleld energy speclra lE(k) 2 vs. k for Run 5:
(2) initial conditions; (b) time averaged over times
£ = 64.0 to 128.0; (¢) time averaged over times t = 192.0
to 256.0. Theoretical curve is the solid line in Fig. 2{c).
Fig. 3 Electric field energy spectra |E(x) {2 vs. k for Run T3
(a) initial conditions; (b) time averaged over times
t = 8.0 to 16l0; (¢) time averaged over times t = 2L.0
to 32.0. Theorebical curve is the solid line in Fig. 3(c).
For clarity, only every other value of k is plotted for
3 <k < 10 and every fourth value for k > 10.
Fig. 4 _ Time histories of two typical Fourier coefficients in Run 2:
(&) the real part of n(k =1, t); (b) the real part of
n(k = 8, t).
Fig. 5 Time histories of two typical Pourier coefficients in Run 3:

(a) the real part of n(kv= 1/16, ©); (b) the real part of

n(k = 1/2, t).



Fig.

Fig. T

Fig.

Fig._

Fig.

10

Time hislories of electric field energies for 413 modes

in Bun 20 (a) |E(k =1, $)1%, () {E(k = 8, 6)'2, .

Number dengity profiles at four different tinas in the
evolution of Ru-.n T-

Velocity field profiles at four different tines in the
evelution of Run 7.

Electric field.proi'iles 2t four different times in the
evolution of Bun 7.

Tllustration sﬁowing the necessity for the E(k = 0) Fourier
coefficlent. The top graphs show the initial n(x) and E(x)
with E(k = 0) = 0. The battom graphs show the final n(x)

and E(x) with E(kx = 0) # 0.



([E(k)|2)

1o

10

C~G77-23

L 1 L] T T Ty l ] 1 llr'li ) L LA H

. 1]
d !
1
o ure I v = =
i 7 \ ol
C ] I - o
- - 1) 1
j -3
5 L - 4
i
o L3 533 ] = -
1}
k. - |.. - 4
° !
L 4L 4 1
' |
- I o 4 !
- 1 F == x
e - e [ - = -
- = | o - 62 -1
r - - ° - - -
- . - - - .

°
L -]

r ' T F . v eX ‘
i
. J 3 ;
— - - - Y -
0 \ - i
\ N
. ._+ o — [ Uo-% _‘
. ? !
' oo I
1]
AN NI v ath oy g L ],

1o i 10 10

Figure 1



Cle®)

A~GT7-235

Q. !

OR|

Figure 2

) .a °
o 8
- o o° 1’ ]
S
o h‘;;\
— —
| 1
O.l |



el

WP

10

v

10

Figure 3

- . . C-GT7-2i1
t. ¥ 1 liillll : 102: T T ‘|1111l R T I'[lllll T : . 102: 1 T l‘l'l-"lll'] T 1 1[11]5‘ ll =1
- ] - 3 - -
» - n L] = | » -
o - I~ ~ ™ .

a

1 I .._-4 -3 o * o —3__ .
c = S SN 5 9F :
= 3 o . D 3 " ]
- 4 - - _
i ] i ~ N i 4

L 11 Y tu
LI
- - -

2 o 0 @ o4 6% =
- 3 - o8 - o =
N N C ' - - o ]
- e [ - - -

] b,
2 L o, - L -

- - . -

SF o 6oL = 8ok S S,
= ] - e b [ b
- - T ‘o - K
- . - &2 - “&

- - - '\% ™ b* "i
o -1 = ﬁ ™ “'3
. ¢
4 o g nnl 166 IR RARIL! RN i 10‘6 el Lttt ) -I
0.} H D | 0 Ol ! 10



B-G6G77-3iG

.
-}

f(wpe)

Figure 4(a)



Begt (K= 8,1)

777777777

W 1L A P\ i {f fﬁ;
| .J'g"*‘f‘ﬂ\ LA n.ggﬁ‘ ; & il d&gf

t (wpgll)

Figure 4(b)



B-G77-314

1T [T 1T T

(g1 =3) PP
T

20 130

HO

€0 S0 100
)

70,

60
-1
t(wpe
Figure 5(a)

20 30 40 30

10




B-G77~315

b T T T

]

o

10 07 N A Y N e N

SO . (00 1O 120 30

30 40 50 60 7O 80

{0 20

0

-
f!wpe )

Figure 5(b)



LI L] 1 H. *_._s_n_ ..- l_l._——_._ ] } ___Jnaa ] [}
o :
]
7—.. fﬁ
~ P _
n_b o o . s
< il - -
i i ——t
— = utii ) -
e e
Sl .vllilllhua
P, P e
r-lJl.nfl...l...ll..n.
I Till.h..'!ll.l\l._\..brltll J
s
. ll.l:l..rll.dtOi:
"
(’ll'?lll,]llv{
" K Qe Crrmn R P ﬂ..u. -
I T O I | ] 0 A O R IO i VLT g os— ot ol
o b xS o 7
C o g= Q e

S 1=%) 3

35

30

25

20

i5

10

t twpg’ )

Figure 6(a)



G77~313

G-

e e T Y

P
OIl-hlI\uuleAHh.o
o © — D)
—— g o
_ P >
~ e
- O
e
e vt

25

20

I-B

1'g=4%)3
Nz } 3}

0

t (w pé-l)

Figure 6(b)



n(x,t=0.75)

C-G77-233

T r‘w | I T 2 T T T ] i
| 1 =
@]
- N :.- 1k
' X
g wf x . . =
o 1 L I 1 0 1 l | | 1
0 IC0  &CO 30D 4C0 500 o 10O 200 300 400 SCO
2 T | T T 2 T ] I 1 i
}_ - » . -
[ 3 _..| N — l , - =]
N IR RARA !
RS EN AU Ve ':”\‘ W i
* ol \!/ W !/ 7
c B § i .
| . i 1
- _ F ) .
o 1 1 1 ) 0 I L |

0 100 200 3C0 400 500 Q 0 200 300 400 X

Figure 7



vix,t=0.5

v(x,1=0.75)

|
=
]
:!:b
{ T, L { {
vix,1=4L0)
Q
I 1 ii
T“-\L‘E.

//’/

! 1 . 1 | o § 1 1 !

00 200 300 400 300 0 00 200 300 400 .




=0)

E {x,1

=075)

E(x}

C-GYT-232

m
Ll

{

I

100

200 30

a0

1.0}
|

E{x,1

1 ! I ! -

200 300 400

Figure 9



A=-G77-337

h £
H i 0. |
Xz0 X=L X=0 X=L
INMITIAL ~
H - E

X

It
o
>

]
-

L

FINAL

Figure 10



