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by 

G. S c h e i f c l c ,  A. hluellcr and S. Sta rkc  

T h i s  r e p o r t  is brnkcn down into three parts. 

PART I (by G. Scheifele)  gives the connection between 

the existing Delaunay-Similar (DS) and Poincarg-Similar (PS) 

satellite theories i n  t h e  true anamaZy version for the J2 
perturbation and the new drag approach. It also gives an 

overall description of the carcept of the approach.  The ne- 
c e s s a r y e x p a n s i o n s  and t h e  procedure to arrive at t h e  computer 

program f o r  the canonical forces is then outlined in detail. 

PART 11 (by A. Mueller) describes the procedure for the 

analytical integration oP the equations developed in PART I. 

In a d d i t i o n ,  some numerical  results are g i v e n .  

- E % E U I  (by S ,  S t a r k e )  describes and uocurncnts the corn- --- 
p u t e r  program for the algebraic multiplication of the i o u r i c r  

series which creates the FORTRAN coding in an automatic manner. 
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PART I 
THE EQUATIONS OF MOTION FOR THE DRAG PROBLEM 

AND THEIR EXPANSION INTO FOURIER SERIES 

by 

G ,  S c h e i f e l e  

1 INTRODUCTION 

The o b j e c t i v e  of the t h e o r y  described i n  t h i s  report is 

to arrive at a  fuzzy anaZyticaZ t h e o r y  fo r  t h e  mot ion of a n  

a r t i f i c i a l  s a t e l l i t e  which is p e r t u r b e d  by  t h e  J2 term of 

t h e  zonal goopotential expansion and by a drag  force which  is 

tangential t o  the o r b i t  a n d  p r o p o r t i o n a l  t o  t h e  square of t h e  

v e l ~ c i t y  m a g n i t u d e .  The d e n s i t y  f u n c t i o n  

does n o t  have  t o  be s p e c i f i e d  f o r  developing the t h e o r y  a t  

h a n d .  T h i s  is probab ly  one o f  the most s i g n i f i c a n t  f e a t u r e s  

of the  theory. I t  is a c h i e v e d  by postponing the process of 
c r e a t i n g  t h e  f i n a l  computer  source  - language c o d i n g ,  w h i c h  

is FORTRAN - c o m p i l a b l c , t o  t h e  v e r y  l a s t  s t a g e ,  I n  t h i s  l a s t  

stage ( s t e p  No. 2 below) t h i s  coding for t h e  f i n a l  expressions 

is c rea ted  i n  an automatic manner by a min icompu te r .  The  

c o r r e s p o n d i n g  p r o g r a m  is written i n  BASIC language which a l -  

lows easy a l p h a n u m e r i c  string m a n i p u l a t i o n .  T h i s  program may 

a l s o  be executed  o n  a large compu te r  i f  n BASIC compiler i s  
a v a i l a b l e  ( a s  f o r  i n s t a n c e  on t h e  UNIVAC 1110). 

The two-body eZsmznks  u s e d  a re  of Poincar6-type (PS- 

e l e m e n t s  i n  l . i e  true anoma ly ) .  These e l e m e n t s  have been de- 

d r i ved  from the DS (Delaunay-Similar) elements wbich were 
f i r s t  p r e s e n t e d  i n  R e f e r e n c e  I. T h e  corresponding r e g u l a r  s e t  

of  elements (PS-e l emen t s )  has been d e r i v e d  i n  Reference 2 ,  



and t h e  cor respond ing  d i f f e r e n t i a l  equations f o r  t h e  p e r t u r b e d  

motion are given i n  R e P n r e n c ~  3. 

Tho d r a g  t h e o r y  i s  b u i l t  on top  of t h e  J2-theory in PS 
eZernents which is the subject of References  9 and 10.  Only 

t h o  first o r d e r  s h o r t  period and secular p e r t u r b a t i o n  of t h e  

J2-theory have been t aken  i n t o  a c c o u n t .  The l o n g  p e r i o d  ef-  

fects o f  J2 and of t h e  higher harmonics have been  o m i t t e d  

because  t h e y  are of t h e  same o r d e r  of magnitude as the uncer- 
t a i n i - c i e s  i n  t h e  drag force and d e n s i t y  model. Some c o u p l i n g  

of  drag and J2 i s  obtained i m p l i c i t l y  because t h e  total 

energy  is used as a c a n o n i c a l  variable,  and is e v a l u a t e d  for 

t h e  drag forces .  

I n  general, t h e  t h e o r y  d e s c r i b e d  h e r e  is very  similar t o  
t h e  one c a r r i e d  ~ l l t  by  Lane (Refe rence  7)  and Lane and Cranford  

(Reference 8)  except f o r  the fact t h a t  t hose  approaches are 
b a s e d  on t h e  c l a s s i c a l  Brouiver- -or9 approach (Refe rence  6 )  which 

uses c l a s s i c a l  e l ements  (Lime as independent  v a r i a b l e ) ,  w h i l e  

here t h e  new PS formalism of p e r t u r b e d  tivo-body mot ion  is 

u s e d  (true anomaly a s  the independent  v a r i a b l e ) .  I n  a d d i t i o r ,  

t h e  d e n s i t y  model used  here c a n  be  d i f f e r e n t  fram t h e  ones used 
by  Lane and by BrouwexzHori and 2s n o t  a fixed i n p u t  t o  t h e  t h e o r y .  

No reference i s  made t o  noncanon ica l  approaches  t o  t h e  

s o l u t i o n  of t h e  d r a g  problem. The a u t h o r  c o n s i d e r s  t h e s e  non- 
c a n o ~ i c a l  approaches  t o  be n o t  adequate because t h e y  do n o t  

make use  ak t h e  powerful  t o o l s  which a r e  t y p i c a l l y  p rov ided  

by  a l l  hami l ton  mechanics approaches  t o  orbital mechanics 

problems. 

Canonical  t r e a t m e n t  of  t h e  drag effects is done b y  u s i n g  

t h e  t ransformat ion r u l e s  f o r  the  l l c a n o n i c a l  f o r c e s "  as o u t l i n e d  

i n  References 4 and 5. I n  order t o  allow an analytical i n t e -  

gration of these c a n o n i c a l  forces t h e y  must  be expanded i n t o  

f o u r i e r  series with r e s p e c t  t o  t h e  t r u e  l o n g i t u d e  which 
1 

is one of t he  c a n o n i c a l  angle variables i n  t h e  PS-theory. 

These expans ions  are c a r r i e d  o u t  i n  two steps: 



1 s t  Step. NunuaS computation of the f o u r i e r  axpnnsionw 
of individual expressions which are n o t  t o o  compl ica ted  t o  
expand.  T h e s e  are for i n s t a n c e  t h e  p o s i t i v e  and negative 
powers of r (as t L e y  may occur in ( I  ,I;), expansions  a i  expres- 
s ions  of the type r2v, r2v3 and of the derivatives of the 

c a r t e s i a n  c o o r d i n a t e s  and of the time with respect to t h e  PS 

elements. These e x p a n s i o n s  arc c a r r i e d  o u t  i n  such a way 

that terms of o r d e r  magnitude 0 ( e 4  ) (e=cccentr ic i ty)  are 
maintained, Subsequently each o f  theso expans ions  has been 
tested out on a minicomputer to v e r j  Fy the expected convergence 
properties. 

2nd S t e p .  O r  a  WANG 2200 minicomputer a >rogram was estab- 

lished which automatically d i s c a r d s  higher order  terms, carries 
o u t  the multiplication l o g i c  of a p roduc t  of up t o  four P o u r i e r  
series, and then produces a FORTRAN c a m p i l a b l e  a l p h a n u m e r i c  out'- 

put. T h i s  llcustam ta i lo red"  a lgebra ic  processor is d e s c r i b e d  

and documented i n  PART I11 of t h i s  r e p o r t .  

T h i s  two s t e p  procedure has the advantages t h a t , f i r s t  the 
e r r o r s  are avoided which are created by manua l ly  m u l t i p l y i n g  

fourfer  series, secondly t h e  t h e o r y  is flexible i n  t h e  sense 

that s t e p  number two can be r e p r o d u c e d  a t  a n y  l a t e r  time t o  
e i t h e r  i n c l u d e  a dif f e r c n t  model f o r  t h e  density and drag 

force o r  t o  increase o r  reduce t h e  number of terms accounted  
for in t h o  expansions which were carried o u t  in t h e  f i rs t  step. 

The resulting t h e o r y  is of re la t ively  concise form and 
t h e  r e s u l t i n g  FORTRAN program compiles an t h e  UNIVAC 1110 
EXEC 8 system and it is executable in the i n t e r a c t i v e  mode, 

Some numericaZ resuLts  are g i v e n  i n  PART 1 1 ,  where t h e  

a n a l y t i c a l  i n t e g r a t i o n  procedure is o u t l i n e d  e x p l i c i t l y .  

We can concZude that the use of the  new Poincar6-Similar 

e l e m e n t s  i n  t h e  t r u e  anomaly v e r s i o n  is very well  s u i t e d  for 
deve lop ing  a conc ise near earth s a t e l l i t e  t h e o r y  t h a t  accounts 

f o r  a suitable d e n s i t y  model. An a t t e m p t  w i l l  be made to 



further reduce the coding of the r e s u l t i n g  FORTRAN progayam 

and t o  incorporate some accurate densi ty  models. 

2, THE BASIC SET OF PS ELEMENTS USED 

The true anomaly DS e lemonts  are transformed i n t o  t h e  

s i n g u l a r i t y  free PS e l e m e n t s  by t h e  fo l lowing  canonical 
transformation 

(moment as)  ( c o o r d i n a t ~ s )  

The DS-elements are i n t e r p r e t e d  as follows: 

G: total angu la r  momentum 

H: x -component of angula r  momentum 
3 

L: total e n e r g y  
; related to two-body energy 

canonically conjugated elements 

g: argument  of  p e r i g e e  

h :  a rgument  of ascending node 

R :  time e l e m e n t  

: canonical  t r u e  anomaly 

With q be ing  

the t r a n s f o r m a t i o n  f rom t h e  time t t o  t h e  new i n d e p e n d e n t  
variable T r e a d s  



The 1-lamiltonitin %or tht! pusturbed two-body motion is then 

(V=pcrturbing pc>tr-:n t, i u l  ) 

and the i n i t i a l  c o n d i t i o n s  must be chosen such t h a t  F will 

i n i t i a l l y  vanish, 

From Reference 2 we can ~ e c o r d  tho  followfng abbreviations 

and expressions which will be used l a te r .  

(I. ID) 



By u s i n g  t h e  above relations the transformntions from car- 
tes ian coordinates and velocity components to PS variables 

can be written as follows: 

( I .  20) 

(I .21) 

where r, ' and R are g iven  by 

The last 'transPorrna.tion e q u a t i o n  that ~ e e d s  t o  be g iven  

h e r e  is t h e  one far t h e  transformation of the physical time t : 

(I. 28) 





( I .  35)  

R :  mczn radius o f  ea r th ) .  

The canonical forces  af t h e  x-type, X o J  X I ,  Xz, X 3  , 

are absent at this i n i t i a l  stage and t h e  c a n o n i c ~ l  forces 
PI, P2, P3 arc the or ig ina l  Pclrccs givsn by t h e  drag: 

C(xk, t) is t h e  product o.t the densit5 wi:h t h e  S a l l i s t i c  num- 

ber of the body. In t h i s  repor t ,  C 9 s  r o n t r i c t e d  t o  be a 

f u n c t i o n  of r c s i y ,  namely t h e  Laurtinf seriee g i v e n  i n  ( I .  1). 

According to the rules given in References 4 and 5, a 
canonical  force Pt, must be in t roduced which is  de f ined  by 

(I. 37) 

The left hand p a r t  o f  t h i s  expression is zora and f o r  the 

right hand part we ob ta in  

(observe that (1.30) and (1.31) imply pk = v k ) .  

It t h i s  p o i n t  we are ready t o  t r a n s f o r m  t h e  i n d e p e n d e n t  
variabZe from t t o  T as p u s i e d  i n  ( 1 . 4 ) .  Again ,  accord- 

ing t o  References 4 and 5 we can proceed as follows: 



Iu the n e x t  x t c p  we w i l l  g i v ~  the t r u n s f o r m n t i o n  o f  t h e  

can;~nical  for~tfs  u n d t ~ r  t h e  ~ ' : ~ n [ ) n  i ('.it l t r n n s f o r m u t  f on which 
~t?ar ls  Cx*om Lahe r:ul I .csian v a r i ~ h l  os t o  the PS-ele inents ,  Tilo 
t rnns l'ormat i t l n  :;t*Iic?na> t:dn kt,? t i ~ w ~ ~ r  ibed 13y 

a.nd t h e  e x p l i c i t  fc)rrnulns arc? 

They reduce t o  

2, 

and by inse r t ing  the  nxgressiuns (1 .40)  and (1.36) f o r  Pk 

we o b t a i n  

(Observe t h e  relab i o n  x, = t )  . 



These equat ions  form t h e  basis  f o r  a l l  of the subsequent t h e o r y  

which will deal w i t h  the e x p l i c i t  expressions and with t h e  ex- 
pansions of T and U 

3 3 

The final form of the equations of m ~ t i o n  is 

(I. .47)  

For t h e  case Tk = Uk = 0 ( n o  d r ag )  t - equations (1.47) 
have been solved. This is tho JZ-perturbed solution 

of the motion of an artificial satellite described in Refer- 

ences 10 and 9 .  The corresponding equations have been -p ro -  

grammed and t e s t e d  ou t  (Program PSANS). This J2-solution 

is not discussed here and we will proceed to t h e  expansion 

of the canonical forces TI, T2, T 3 ,  T4, UI, U2 , U3, Ut+ into 
Pourier series. 

4 FOURIER EXPANSION OF THE CANONICAL FORCES 

TO enable an integration by quad ra tu r e  of t h e  canonical 

system (1.47), we have to expand t h e  canonicai faces Tk and 

Uk i n t o  iour ic r  series w i t h  respect t o  the t r u e  longitude 

The prncess to arrive at this expansion is rather lengthy, and 

we will only outline the major steps and give the results. No 

intermediate c a l c u l a t i o n s  will be given here. 

Throughout the expansions, terms of order magnitude 0 ( e 4 )  

will be maintained. In some cases where derivatives of the 

expanded expressions will bs needed, the terms had to be ex- 

panded to order magnitude 0 ( e 5 ) .  



L e t  us  list some ndditional t tbbreviat ions  f a r  quantities 
which occur very o f t e n :  

q 2  = s 2 g 2  = 0 ( e 2 )  ( I .  53)  

The quant i t ies  , G 2  and q are dimensionless ( t h e i r  

physical dimension i s  U P  u n i t y ) .  

For t h e  v e l o c i t y  magnitude v t h e  expression 

which stems from F=O is used ,  g i v i n g  

The expression f o r  r i n  PS var iables  is 

v and r , as well as p r o d u c t s  of mixed powers of v and 

r will be expanded l a t e r .  

Let u s  f i rs t  concent ra te  on t h e  terms 



which occur i n  (1.45) and ( 4 6 )  After h a v i n g  i n s e r t e d  
t h e  P$ elements i n t o  the expressions (1.56) and by  making 
e x t e n s i v e  use of t h e  formulas (1 , l .g )  t o  (1.271, a consid- 

erable number of c a n c e l l q t l o n s  w i l l  o c c u r .  The r e s u l t  i s  an 
a s t o n i s h i n g l y  s imple  f i n a l  result f o r  t h e  above eight expres- 
s i o n s .  The e x p l i c i t  a l g e b r a  to a r r i v e  a t  these s i m p l i f i e d  

e x p r e s s i o n s  takes several pages of h a n d - c o m p u t ~ t i o n  even if 
presen ted  i n  a compressed form. These d e r i v a t i o n s  are no t  
presented here, we shau ld  l ike ,  however ,  t o  p o i n t  ou t  that 
the resulting formulas  have been  tested for correctness with 
a computer program that compares the o r i g i n a l  expressions 

w i t h  t h e  ones o b t a i n e d  after t h e  l e n g t h y  c a l c u l a t i o n s .  By 

t a k i n g  into account t h e  results of t h e s e  a lgebra i c  manipula- 

t i o n s  w e  arrive a t  a new form of  t h e  canonical  equat ions ,  

which  will serve as a s t a r t i n g  basis for t h e  f a u r i ~ r  expansions: 

The expressions which need t o  be expanded into f o u r i e r  

s e r i e s  are now 

We will now proceed t o  t he se  expansions. Expanding r and 

its powers is s t ra ight forward .  As an example of t h e s e  



binomial  expansions we will give t h e  one f a r  r ; 

The expansions f o r  Q nra found by .binomial e x p a n s i o n  t oo ,  
r e s u l t i n g  i n  

Q~ = 02(l- s 2 f i 2 )  
2 

( e x a c t )  (1.61) 

I ~3~ = fi4(l- s Z f j 2  + s 4 f l t i )  ( e x a c t )  ( 1 . 6 3 )  

The I o u r i e r  expans ions  ol. z': however ,  are becoming ra ther  

complicated since 21, for i n s t a n c e ,  w i l l  create twelve terms 

w h i c h  are  powers of cr2  , pa , sin01 , ccscrl , which each Ilavc 

t o  be expanded i n t o  i n d i v i d u a l  f o u r i a r  polynomials .  For t h i s  

reason it was decided t o  expand all the  express ions  in (1.58) 

into power series w i t h  t h e  general  term 

and t o  mult iply  these powei. series nC t h e  e n d  i n  an  a u t a ~ n a t i c  

way with each other, establishing a table for t h e  f o u r i c r  
ser ies  of cxpressir3ns of t i i t .  t y p e  ( I  .G5). By observ ing  the  
r e l a t i ons  



the h i g h e s t  power 09 Zz  which w i l l  o c c u r  can be restricted 

to j=1, 

I f  these general g u i d e l i n e s  are followed, t h e  expressions 
f o r  t h e  quantities i n  (1.58) can be expanded w i t h  respect to 
t h e  e c c e n t r i c i t y  t o  ob ta in  power series with the general tern) 
(1.65). Where these expans ions  ar@ more o r  l e s s  straightfor- 
ward no i n t e r m e d i a t e  steps are given. Here again, t h e  forlnula 

m a n i p u l a t i o n  t o  arrive at t h e s e  expressions i s  generally very 
t e d i o u s  and lengthy. For this reason, the r e s u l t i n g  expres- 

s i o n s  have been programmed and t h c i y  expected convergence 

properties have been tested o u t  numerically by c o m p a r i n g  w i t h  

the exact expressions (1.65). The dimensionless quant i t ies  
, and C 2  are used,  

Some remarks are In order concerning the lust term in this 

express ion .  Ry evaluating the drag on a J2 orbit the $rder 

of magnitude of the potential V will be of order magnitude 

J2, i. e .  Siacl! we are only taking into a c c o u n t  terms 

of order magnitude 0(e4  ), and  w e  a re  l i m i t i n g  t h e  eccen- 

t r i c i t y  t o  t h e  interval Oce<O.l, terms which -lave V a s  a 
common fac to r  need only to be expanded to order  magnitude 

O(e), t h u s  g i v i n g  f o u r  significant digits i n  the l i m i t  case 
e=O.T. The expression for V can be ob ta ined  from t h e  con- 

dition t h a t  t h e  h a m i l t o n f a n  mus t  v a n i s h  i n  e x t e n d e d  phase 
space : 



Becnuse t h i s  expression con ta tns  information bcyand t h e  t h i r d  

d i g i t  only, i t  can be simplified by u s i n g  

(I, 71) 

i , e ,  replacing Q by B , resulting in 

v - = I -  
P 

p: p i ' + 2 t ; l ( 1 - p : :  * (1.72) 

By observ-jng in addition 

4%' = B ~ I J  (I. 73) 

and neglecting 0 ( e 5 )  terms we obta in  the f i n a l  expression: 

Expressiov? f o r  r Z v 3  : 

Similarily, we ob ta in  f o r  r2v3: 

(I. 75) 



ar Expressdons for - ar 

a Pj 
and ;ia: 

j 

The e x p r e s s i o n s  for t h e  derivatives of r are Found by 

e v a l u a t i n g  equation (1.59). T h i s  equa t ion  w a s  g iven  t o  t h e  

f i f t h  o rde r  accuracy because t a k i n g  the partial d e r i v a t i v e s  
w i l l  reduce t h e  order by one .  Using t h e  expanded v e r s i o n s  

of t h e  Q - powers, which are given in (1.60) to (1.64) we 
ar can write a g e n e r a l  express ion f o r  - : 
a p j  

(j=1,2,3,4) 
ar and an e q u i v a l e n t  expression holds for 

j 
The eight p a r t i a l  d e r i v a t i v e s  of f3 ( t h e y  are  needed 

f o r  the Q - d e r i v a t i v e s ) ,  of Q ,  of p and of Z1 which 

occur in the above express ion  are listed below. D e r i v a t i v e s  
of these expressions which are n o t  listed are v a n i s h i n g .  

(I, 77) 

(I. 80) 



Inserting these exprcs:iions inti) (f,7G) y i e l d s ,  a f t e r  t h e  

t r u n c a t i o n  of  h i g h e r  order  terms and collection of  t h e  terms 

h a s  been carried o u t ,  t h e  following expressions: 



a t  Expressions f o r  - a t  and -: 
aPk 

Let us first record the time e q u a t i o n  (1.28) again ,  and 
write it by u s i n g  t h e  new abbreviations. For t h i s  purpose 

we may first list some bas ic  r e l a t i o n s  



Thus t l ~ c  t i m r ?  c1qu:~licln may norv bcl writtran in L h c ~  Iortn 

L e t  us in t roduce  t h e  quantity I' 

ancl f f  rst rxpand E - 4 , S i n w  t h i s  is t h e  dirf(arencc3 brl- 

twcwn the truta and Lhv twcbr~ntric ;~uom:lly i t  is oi' tho order 

of the ecccn t r i c i t y ,  T h i s  i l n p l i u s  LIlnt thc :t~*gumcnt o f  the 

arctnn runct ic)n  is small, al lcxving us to cxpand it i n t o  n 

power scric.s about t h t a  pc l in t  xilso,  Thcl result is 

In t h r  nbovr? nnrl a l l  111~. sullsc~l~lcna t c~) rpans ic>ns  for t wc> 

have to be c~:trc~l'ul to taktx i n l n  :lct:ount trrrns up t r )  nild i n -  
c l u d i n g  0 ( ~ "  , lb~r::tus.;t o f  111(. d ~ r i v : ~ t i v r s  to  b c ~  1 alcrn I n t o i i ,  

I n s e r t i n g  ( I  .A71 i n t o  i 1 1 ~  L i m c l  ctluni i u n  ! 1.94) y i e l d s  
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n In Lhc t u r t k r i *  ~ ~ r o c r ~ d w r t ~  t .ho powr?r.r 0 1  ( 2  urc? r~dur:c:cl t o  

n=l by using thr* relation 

w h i c h  is cguivulcnt t o  (1,GG). The fallowina e x g r c s s i a n ~  
need t o  be i n s c r t s d  in (1,100). The results of t h e i r  ex- 

pressions arc given below. 

(I ,105) 

(I. 106) 



Last, t h e  de r iva t ives  of t i ,  C z  and q 2  need t o  be l i s t a d ,  

The one; which v a n i s h  a re  o m i t t e d  in t h e  l ist .  

a r  1 - c 1 a 5 2 - -  - - -  -- - a r z  
- G I  , - t 3 s i n c r r  ( I .  109) 

3 ~ 4  4 ~ 4  2 0 1  a P 2  

A t  t h i s  s t a g e ,  all t h e  i n f o r m a . t i o n  is provided t o  insert t h e  

n e c e s s a r y  q u a n t i t i e s  into (1.100). However, a t  t h i s  s t a g e  too ,  
t h e  i n d i v i d u a l  expansions f o r  t h e  rn and for t h e  d e r i v a t i v e s  

have been  t e s t e d  o u t  n u m e r i c a l l y  b e f o r e  p r o c e e d i n g  with the 

a l g e b r a .  After a considerab1.e amount of e x p l i c i t  c o m p u t a t i o n s  

t h e  f o l l o w i n g  f i n a l  e x p a n s i o n s  for t h e  partial d e r i v a t i v e s  of 

the time with respect t o  t h e  PS va r iab les  r e s u l t .  



(1.114) 

(I. 115) 



+ O ( e S )  ( I .  119) 

Now all the necessary d e r i v a t i v e s  and  e x p r e s s i o n s  a r e  

expanded  which will be needed  t o  e v a l u a t e  (1.57)  except f o r  

t h e  d e n s i t y  f u n c t i o n  C . To t e s t  out t h e  t h e o r y  and  t h e  

general p r o c e d u r e  o u t l i n e  i n  t h e  n e x t  s e c t i o n  w e  w i l l  i n s e r t  

a c o n s t a n t  d e n s i t y  f o r  t h e  p r e l i m i n a r y  numerical tests. Var- 

ious e x p a n s i o n s  of simple rppresentations of t h e  d e n s i t y  
function are c u r r e n t l y  b e i n g  i n v e s t i g a t e d .  The general form 

o f  t h e  r e s u l t i n g  e x p r e s s i o n  fcr a s p h e r i c a l l y  symmet r i c  den- 

sity f u n c t i o n  i s  a n  express ion  w h i c h  is v e r y  s imi lar  t o  t h e  

o n e s  for the partial d e r i v a t i v e s  of r , and o n l y  powers  of 

will occur .  If l a t i t u d e  and time dependent d e n s i t y  func -  

t i o n s  are c o n s i d e r e d ,  t h e  resulting e x p r e s s i o n s  become more 

c o m p l i c a t e d ,  and w i l l  be dependent on powers  of ~2 . 
5,  AUTOMATIC GENERATION OF THE F INAL  EQUATIONS 

A s  i t  was o u t l i n e d  i n  t h e  i n t r o d u c t i o n ,  t h i s  t h e o r y  is 
of a "dynamic' i  c h a r a ~ t e r .  T h i s  allows for example a c o n t i n u o u s  

u p d a t i n g  o f  t h e  d e n s i t y  model .  I t  is o f  c o u r s e ,  n e c e s s a r y  t o  



develop such a f u n c t i o n  into an expans ion  in powers of 5 1 ,  

~ 2 ,  sinul, cosal by e x p Z i c d *  nlanuaZ cornputat ton.  Also the 
expansion must be complete t o  s certain order  of  t h e  eccen- 
tricity; i n  our case 0 ( e 4 )  ternls must be i n c l u d e d .  Then, 

before the expansion may be used f o r  an i n p u t  to t h e  auto- 

matic algebra ic  multiplier its expected numerical convergence 
behavior  must be tested o u t .  

Let us here record t h e  expressions (1.57) f o r  t h e  canon- 

i ca l  forces 

(~=1,2,3,4) (I. 120) 

and denote t h e  U terms by 
j 

The expressions which were given in the previous section are 

-L 

I n  addition, the expression for t h e  middle t e r m  is 

(I. 123) 



which can be simplified to 

needs t o  be considered. 

By deno t i ng  t h e  left hand terms by Tk lef t  , the middle 
terms by T ! ~ ~  and the r i g h t  hand terms by ~i~~~~ we can 
write the following multiplication table 

~k~~ = (r2v) * (C) (k=1,2,3,4,5,6,7,8) (1.1251 

(I ,126) 

( I  ,127) 

( I  .128) 

(I. 129) 

(1.130) 

(I ,131) 

(I. 132) 



,I""" = 
a t  

(1v2v3 ) (7) * ( C )  
a(32 

The terms which arc not  listed here a r e  absen t ,  as can 
be seen b y  i n s p e c t i o n  of  the cxprcssions developed i n  t h e  l a s t  

sec t ion ,  

I t  i s  of r n t e r e s t  to note, t h a t  due to(I.125), Tg and 

T7 arc equnl  up t o  a d i f f e r e n t  common f a c t o r ;  T5 is the 
o n l y  canonical  farce which gets  c o n t r i b u l i a n s  from a11 three 
terms in (1.123). 

Of s p e c i a l  i n t e res t  is t h e  force TI. I t  is t h e  o n l y  

v a n i s h i n g  one.  The consequence is t h a t  t h e  variable a1 

(true longitude) is r io t  a f f e c k c d  by th t :  d r a g  p c r t u r l ~ a h i o n ,  

This is n p e c u 1 i n r i l . y  o f  t h ~  PS-theory. Even t l~ough t h i s  

seems s t r a n g e  on a first l ook ,  i t  must be e m p l ~ a s i z e d  t h a t  it 
does by no means imply that there would bs n o  in-track e f fec t .  

This in-track a r  t i m i n g  e f l ec t  of t h e  moving body within the 

orbit is accountrd f o r  by T4 , which  dctcrmines the motion 

of t h e  time element a,, . T h i s  i n t e r e s t i n g  obse rva t i on  re- 
f l e c t s  tbe Tact, t h a t  tl~c geometry of t h o  motion is f u l l y  

separated from t h e  dynamics within the o r b i t ,  w h i c h  is typ-  

ical f o r  tllc ncw c a n o n i c a l  var i : ib lc  formulation 01 t h ~  DS 

and  PS theor ies  i n  t h e  t r u e  or e c c e n t r i c  anomaly casp.  

The ten products displayed in (I  -125) t o  (I. 134) a r e  

carr ied  out  w i t h  t h e  nu ton la t i c  algebraic multiplier whic'h is 

docunlcnted in PART 111 of t h i s  r cpor t .  The task t o  be per- 

formed b y  this mu1 L i p l i e r  i s  twofold:  

(1) I t  1vil1 determine i T  n t o r m  is of order magnitude 

0 ( e 5 )  or h i g h e r .  If  t h i s  is t h e  case, the term 

is discarded .  P r ac t i c a l  experience show t h a t  

about 85% of the terms occu r ing  in thcsc p r o d u c t s  

will b e  discarded. 



( 2 )  I f  R non-discnrdable  term i s  encountered, i t  is 
i d e n t i f i e d ,  and a p o i n t e r  is e s t a b l i s h e d  i h i c h  

ro f e r s  t o  one of the elements  l i s t e d  i n  ~ I I L  

"Tablew below (TI, T2, - . I ,  T27). The p e r t i -  

nent factors as well a s  the p o i n t e r  are t h e n  

t e m p o r a r i l y  s t o r e d  nnd saved on tape i n  such n 
manner that t h e  r e s u l l h g  statements arc FORTRAN 

compilabls ,  

A c a r e f u l  i n s p e c t i o n  04 t h e  expressions occuring i n  

(1.125) t o  (1.131) and of  the expansions  o f  t h e i r  p r o d u c t  
terms whit% were given i n  Section 3 shows t h a t  t h e  o n l y  terms 
of order magnitude O(el') and s m a l l e r  a r e  t h e  ones g iven in 

t h e  fo l lowing  "TABLEu. The  exprcssians For  tho r i g h t  hand 

sides are computed in n sepnrntc FORTRAN s u b r o u t i n e  and are 
t r a n s f e r r e d  by  means of a common b lock .  



TABLE 

order : .  i g n i t u d s  O f  I )  kerms: 

o r d e r  magni tude  O ( e l  terms:  

5 1  s-Lnul I I 
= T2 = B ( -  3 02 + 2 p l  sin201 

1 + u2  C Q S Z U ~ )  

5 1  COSCfl 
1 1 = T3 = B(z p a  - a 02 sin 2 0 ~  
1 + - p z  cos2u1) 2 

F 2  = T23 = @ ( p 2  s$nal + 4 2  cc su l )  

o r d e r  m a g n i t u d e  O ( e 2 )  termts: 

(I. 137) 

( I  .I381 

(I, 139) 

(I. 140) 

1 
2 

c 1  C 2  C O B 0 1  = T6 = e 2  (p:-0:) sinul + p p z o 2  ~ 0 8 0 1  

1 3. 
i- - ( p ~ - u ~ ) s i n 3 u 1  + - p202cos30, 4 2 

c : = T7 = p 2 E  (pf-0:) - p 2 a ~  sin201 
I 
(I. 144) 

1 + - (pi-0:) cos2u1 2 I 
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order magnCtudc. O ( c f ' )  terms : 

r 4 = T19 = 13' (p:+o$)2 - p z o 2 ( p $ + o ; )  otn201 I 
1 I (I. 156) + - ( ~ 1 - o Y )  cos2a1 - p p202(p$-o$) sin401 2 
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ANALYTICAL INTEGRATION PROCEDURE 



PART I 1  
ANALYTICAL INTEGRATION PROCEDURE 

by 

A ,  hfueller 

1 INTRODUCTION 

The s u b s e q u e n t  considerations are concerned w i t h  t h e  

a n a l y t i c a l  i n t e g r a t i o n  of the equations of motion d e f i n e d  i n  

PART I .  These  equations have the form 

where F is the hamiltonian which includes the two-body a n d  

J2 p o t e n t i a l  and t h e  drag p e r t u r b a t i o n  is included i n  the 
canonical forces Ti . Because of the coupling c o n s i d e r a t i o n s  

given in PART 1 we will assume t h a t  the integration may be 

separated into t w o  integrals. 

The i n t e g r a t i o n  of t h e  p a r t  due t o  the hamfltonian has 
already b e e n  treated i n  Reference 9 and we proceed to t h e  

integration o f  t h e  c a n o n i c a l  f o rce s ,  



2 0  CANONICAL FORCES 

As d e s c r i b e d  i n  PART I ,  t h e  c a n o n i c a l  f o r c e s  Ti have  
been  expanded about t h e  e c c e n t r i c i t y  so  t h a t  t h o s e  f o r c e s  may 

be w r i t t e n  a s  a f o u r i e r  series i n  t h e  f a s t  v a r i a b l e  o l  , 
which  i n  t u r n  w i l l  f a c i l i t a t e  t h e  i n t e g r a t i o n .  However, to 
a n a l y t i c a l l y  I n t e g r a t e  t h e  f o r c e s ,  t h e y  must b e  e x p r e s s e d  as 

a f u n c t i o n  of t h e  i n d e p e n d e n t  v a r i a b l e  and t h e  i n i t i a l  con- 
d i t i o n s ,  As is s t a n d a r d  i n  p e r t u r b a t i o n  t h e o r y ,  t h i s  i s  done 
by i n s e r t i n g  t h e  two-body e x p r e s s i o n s  fo r  t h e  motion of t h e  
e l e m e n t s  i n t o  t h e  e q u a t i o n s  f o r  t h e  c a n o n i c a l  f o r c e s ,  These  
two-body e x p r e s s i o n s  are o b t a i n e d  from t h e  i n t e g r a t i o n  of t h e  

c a n o n i c a l  d i f f e r e n t i a l .  equations due t o  t h e  two-body part of 

t h e  hami l ton ian ,  I t  is known t h a t  t h i s  i n t e g r a t i o n  is a 

oanoniaa2 transformation in $*self, thus t o  be c o n s i s t e n t ,  
t h e  c a n o n i c a l  forces must unde rgo  another t r a n s f o r m a t i o n .  

The t r a n s f o r m a t i o n  i n  t h e  e l e m e n t s  is def ined  b y  t h e  

f o l l o w i n g  e q u a t i o n s  

uk(') = ak(0) f o r  k=2,3 

p k ( ~ )  = p k ( 0 )  f o r  k=1,2,3,4 

A s  defined i n  Re fe rence  5 t h e  c a n o n i c a l  t r a n s f o r m a t i o n  
of t h e  f o r c e s  i s  given b y  



and the c o n j u g a t e  forces 

, o n s i d e r i n g  (11 .3 )  o n e  F inds  t h a t  t h e  t r a n s P a r m a t i o n  reduces 

t o  t h e  fa l lowing  

Tj ( - c , [ f t )  = Tj fo r  J=1,2,3,5,6,7,8 

(11.5) 

The c a n o n i c a l  fo rces  are now i n  a form t o  be e a s i l y  i n t e g r a t e d .  

3 INTEGRALS 

Set u s  d e f i n e  t h e  r i g h t  hand integral of (11.2) as 

Due t o  t h e  fact  t h a t  the canonica l  forces have been ex- 

pressed in a f o u r i e r  series, t h e  i n d e f i n i t e  i n t e g r a l  Ri may 

be expressed by a s u m m a t i o n  of terms which are multiples of 

t h e  following i n t e g r a l s  



Forms marked by the arrow appear o n l y  In the i n t eg r a l  R4 

and are a resul t  of t h e  independent  v a r i a b l e  appearing i n  
( 1 1 . 5 )  a:; f a c t o r .  

4 PERTURBATIONS 

Part ia l  coupl ing  effects may be introduced by e v a l u a t i n g  

t h e  integrals w i t h  the elements uk(r )  which are p r e d i c t e d  

from the J2 satellite t h e o r y .  The p rocedure  by which t h e  

integrals a r e  e v a l u a t e d  and . h e  p e r t u r b a t i o n s  due to the J2 
and drag are summed requires f o u r  s t e p s  

1. given  r=o  , ak(o) + ( 1 1 . 6 )  + Ri(o) 

2 .  given T ,ok(o) 
+ J2 + ok(d 

3 .  given ok(r), + (11.6) + Ri[ ' r )  

5 .  g iven  Rk(r) and Rk(o) update uk(-r) , pt ( ' )  

The a lgor i thm r e q ~ i r e s  no i t e r a t i o n  process to de te rmine  

the v a l u e  of  the t r u e  anomaly as a f u n c t i o n  of b o t h  drag and  
the J~ p e r t u r b a t i o n s  as i n  Reference 8.  This is due to the fact 



t h a t  the anomaly i s  a canonical element and i s  o n l y  perturbed 

by the ob!stoness pocenntial .  

5 I THE i%AN MOTIOW 

I n  t h e  i n t e g r a t i o n  of (11,G) we cons idered  the energy p ~ ,  

t o  be fixed. However t h o  d r ag  f o r c e  d i s s i p a t e s  energy and 

t h u s  t h e  mean motion is chnriging w i t h  t h e  independent v a r i -  

able. I n  the ~ x p r e s s i o n  f o r  T4(r,ok) in (11.5) the error in 

the mean notion is multiplied by T agaln, so t h a t  t h e  resul- 

ting error f o x  c o n s i d e r i n g  t h e  mean motion f i x e d  is of order  

y 2 ~ 3 ,  y be ing  the r e l a t i v e  magnitude of the drag force. 
This error may n o t  be n e g l e c t e d  f o r  l a r g e  T . 

L e t  us assume t h a t  t h e  energy d i s s i p a t e d  by drag is a 

linear f u n c t i o n  of t h e  iridependent va r i ab le .  For large v a l u e s  
of -r this d i s s i p a t e d  energy DL can be expressed as 

This is true because the  secu la r  term d r l ~ u i n a t e s  $he per iodic  

terms fcr l a ~ g e  r in R o ( r )  . 
Also if t h e  d i s s i p a t e d  energy AL is small compared to 

the total energy L then one may express t h e  mean motion 
term i n  ( I T  . 5 )  as  



T h i s  new term in t roduces  i n t e g r a l s  of t h e  form 

r 2  sin nul(T) d-r = -- I [ ] n 1 3 { - n 2 T 2 c o s ~ a l ~ ] + ~ n ~ s i n ~ o ~ ~ ~ ~  

+ . cosea,(T;l]  

I 

These terms are  p r e r n u l t i p l i e d  by f a c t o r s  of o rde r  y 2  , Also 

it should be noted t h a t  the procedure to evaluate t h e  drag 

p e r t u r b a t i o n s  a n  t h e  solution remains  unchanged except for the 

fac t  t h a t  perturbatj .un of t h e  energy e l ~ m e n t  must  be known 

be fo re  t h e  p e r t u r b a t i o n  of t h e  time element may be computed. 

Also t h e  a d d i t i o n a l  terms due t o  t h e  mean motion i n  t h e  per-  

t u r b a t i o n  of t h e  time element do not r e q u i r e  a d d i t i o n a l  FORTRAN 

coding t o  be developed by the a l g e b r a i c  manipulator. From 

(11.5)  one can see that t h e  expression f o r  T, may be used 

t o  compute t h e  a d d i t i o n a l  t e rms .  

The p rocedure  o u t l i n e d  i n  t h i s  s e c t i o n  cor responds  t o  

what  I s  commonly known as " t h e  second i n t e g r a t i o n  o f  t h e  mean 

mot i o n f f  . 



6 NUMERICAL EXAMPLES 

To demonstrate the accuracy of t h e  expansions and t h e  

integration procedure,  t h e  a n a l y t i c a l  s o l u t i o n  has been com- 

pared t o  a n u m e r i c a l l y  i n t e g r a t e d  s o l u t i o n  f o r  several t es t  
orbits. Both the numerical a n d  a n a l y t i c a l  t e c h n i q u e s  .tssume 

a drag model of t h e  form 

where 

The d e n s i t y  p , is t o  b e  a c o n s t a n t .  The va lue  con- 

sidered is t h e  a p p r o x i m a t e  density of t h e  ea r th ' s  atmosphere 

at the very low h e i g h t  of 175 km. The value of t h e  b a l l i s t i c  
number ,  2 , is the average f o r  t h e  S h u t t l e .  Also, both numer- 

i ca l  and  analytical modelq neglect t h e  i n e r t i a l  v e l o c i t y  of 

the earth's atmosphere. 

Both  t h e  numerical and analytical s o l u t i o n s  w i l l  i n c l u d e  
t h e  perturbation due t o  t h e  o b l a t e n e s s  of t h e  earth. 

T h r e e  d i f f e r en t  orbit cases (Table 1) with e c c e n t r i c i t i e s  

of e=O, e=.O15,  e=.l, were chosen for integration. In T a b l e  2 

t h e  position d i f f e r e n c e  between t h e  n u m e r i c a l  an>, analytical 

solutions are compared a f t e r  20 r e v o l u t i o n s .  Also d i s p l a y e d  

is the position difference if drag is neglected i n  t h e  a n a l y l i -  

c a l  s o l u t i o n .  

I n  a l l  three cases t h e  analytical t h e o r y  a c c o u n t s  very 

w e l l  f o r  t h e  large perturbation due to drag. The large posi-  

t i o n  d i f f e r e n c e s  when d r a g  is n e g l e c t e d  i s  from t h e  " i n  t r a c k "  
er ror .  The r e s u l t s  in T a b l e  2 confirm that the basic analyti- 

cal f o r m u l a t i o n  is sound. 



TABLE I 

O r b i t  Cases ( i n i t i a l  c o n d i t i o n s )  

a(km) 

TABLE 2 

Differences of a n a l y t i c a l  v s  numerical i n t e g r a t i o n  

hlo de 1 

Neglect  

Drag 

With 

Drag 

e w I 

e=O 

0 

0 

0 

30O 

30° 

Case 1 

Case 2 

Case 3 

n 

e- .  015 

M 

0 

0 

6678 0.0 

e = . l  

P o s i t i o n  d i f f e r e n c e  

20 O 

20°  6678 

7300 

1481 lrm 

.97 krn 

0,15 

0.1 

1 
1506 km 1920 km 

1,Ol km 2.18 krn 
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PART 111 
THE i", .tiEBRAIC MULTIPLIIER 

S, Starke 

1, INTRODUCTl ON 

The algebraic m u l t i p l i e r t  was programmed i n  BASIC on a 
Wang 2200-T minicomputer (16k bytes). E x t e n s i v e ' u s e  was  made 

of t h e  alphanumeric character s t r i n g  manipu la t ion  offered by 

BASIC,  

The program documented below has the c a p a b i l i t y  o f  multi- 

p l y i n g  up t o  four  f o u r i e r  series w i t h  respect t o  and each 
1 

i n d i v i d u a l  fourier series may be multiplied by a common factor 
AK$. The trigonometric terms are stored in a s e p a r a t e  alpha- 
numer ic  array ZK$(J) , and t h e  corresponding factors  are  
g iven  i n  array elements EK$(J). 

The program input consists of fourier series, which are 

stored on t ape ,  and up t o  ten f o u r i e r  series can be loaded  
into core s e q u e n t i a l l y  to allow a u t o m a t i c  (buffered) opera- 

t i o n  of the m u l t i p l i e r  w i t h o u t  manual i n t e r a c t i o n .  

During execution products of the type 

Z I $ ( ~ ) * ~ ~ $ ( J ) * Z ~ $ ( K ~ * Z ~ ~ ~ L ~  

are searched f o r  terms which are not of higher order .  I f  a 

low order term is encoun te red ,  t h e  program will i d e n t i f y  the 

term by p o i n t i n g  t o  t h e  "Table" which is  s t o r e d  i n  memory. 
Subsequently, A S C I I  Coding f o r  a FORTRAN compatible s t a t e -  

ment  will be created and saved on an output tape. With a 

separate telecommrinication program, t h e  o u t p u t  tapes are 
dumped to t h e  UNIVAC 1110 computer where they are compiled 

after some m i n o r  modifications have been made (Subroutine 

h e a d i n g s ,  dimension statements, common-bloacks). 

M u l t i p l i e r  and  m a n i p u l a t o r  w i l l  be used i n t e r c h a n g e a b l y .  



For t h e  Pollowing d e s c r i p t i o n  of the program the follow- 

i n g  reference shou ld  be consu l ted .  

"System 2200 A/B Reference Manual, 
Wang Laborator ies ,  Inc .  , 1974". 



2 PROGRAM DESCR I PTION 

The A variables and arrays ( A n a l y s i s )  

A1 = Al(1) 4- A2(1) + A3(1) + A4(1) = power of t h e  Z1 t e r m  

A 2  = A l ( 2 )  + A2(2) + A3(2) + A4(2) = power of the  Z2 term 

A3 = Al(3) + A2(3) c A3(3) I- A 4 ( 3 )  = power of t h e  p 2  terrn 

A4 = Al(4) t A2(4) + A3(4) + A4(4) = power of t h e  o2 t e r m  

A5 Not used 
A6 = A l ( 6 )  4- AZ(6) + A3(6) + A4(6) = power of s i n  ol term 
A7 = Al(7) + A2(7) + A3(7) + A4(7) = power of cos o l  term 

I n  all cases t h e  A1(5)+A4(5) terms are t h e  power of the i n d i -  

v i d u a l  term b e i n g  m u l t i p l i e d .  Therefore, i f  t h e s e  terms arc 
added we have t h e  power of t h e  r e s u l t i n g  p r o d u c t .  T h i s  i s  

usually the p r i m a r y  test  f o r  e x c l u d i n g  a term. 

C l + C 4  are the n u m e r i c a l  c o n s t a n t s  a s s o c i a t e d  w i t h  e a c h  

of t h e  f o u r t e r m s  w i t h  C b e i n g  t h e  p r o d u c t  o f  Cl+C4. 

The general form s f  t h e  term being a n a l y z e d  is 
k 

C Z1 z2 P 2  o2 s i n  ol c o s  o l  

t h i s  term is h e l d  i n  t h e  TI$( )+T4$( ) arrays. 

T$(27)13 t h i s  a r r a y  holds p o i n t e r s  i f  a term is present a f t e r  
a p a r t i c u l a r  m u l t i p l i c a t i o n .  An"*" i n d i c a t e s  t h a t  a 
term is p r e s e n t .  The f i r s t  two characters of this 

s i n  a r r a y  tell i f a Z p  o r  a co6  is p r e s e n t *  D 2 s t j . n ~ -  

t i o n  on t h e  power of Z1 is  made by t h e  e n t r y  p o i n t  

and e x i t  p o i n t  o f  t h e  table. 

The g e n e r a l  form of t h e  arrays b e i n g  m a n i p u l a t e d  is 

Al${~l$(l)El$(l) + T1$(2)E1$(2) + * -t TI$(~o)E~$(IO)) = FACTOR 1 



A l $  contains a character string of up t o  20 characters.  
They are ncvey changed just carried a l o n g .  

A& 

T l $ ( n )  contains t h e  terms being m u l t i p l i e d ,  

sl$(n> t h e s e  terms are considered constants for the 
I 

+ Tl$(n)+T4$(n) arrays. They may have up to 20 char- 

. acters, They are never m a n i p u l a t e d  only carried 

E4$(n) along. 

N(I)---N(4) t h i s  a r r a y  c o n t a i n s  t h o  number of terms in t h e  
TI$( ) + T4$( ) and El$( ) + E4$( ) arrays, 

I , J , K , L  these are the loop c o u n t e r s  f o r  Lho nesLed Do-Loop 

(FOR : NEXT Loops) used by the multiplier. Once in 

the multiplier section these values must n e v e r  be 

changed, 

M Loop c o u n t e r  used within the multiplier. This v a l u e  
may be reused as necessary. 

these are t h e  bookkeeping variables f o r  d e t e r m i n i n g  
how many terms were examined, h i g h e r  order  * * * ,  e t c .  

H;H(9>;H$(9):H1$(9,10):H2$(9,10) 

t h i s  is t h e  density b u f f e r .  I t  can contain  9 terms 

of t h e  t y p e  b e i n g  multiplied. 

H: b u f f e r  pointer (B=l+9) 

H(H) : array h o l d i n g  t h e  (N(4) value)  

H$(H) : array h o l d i n g  the A4$ values. 
HI$(H,M): array holding the T~$(M) v a l u e s .  (M=I+H(B)~10) 

HZ$(H,M): array h o l d i n g  the E4$(M) v a l u e s .  ( M - l + E Z ( K ) < I O )  - 
As can be seen, t h e  d e n s i t y  b u f f e r  will only load into the 

f ac to r  4 array. 



B;B(3);Bl$(3,lO);B2$(3,10):B$(3);Bl 

This is the factor  buffer. I t  w i l l  ho ld  up t o  3 

f a c t o r s  o f  t h e  type being multiplied. 

B buffer p o i n t e r  when l o a d i n g  b u f f e r  B=1+3 

B(B1) array h o l d i n g  the N(2) v a l u e s  
BI$(Bl,M) array h o l d i n g  t h e  T2$(hI) values ( M = l + B ( B l ) L 3 )  

32$(B1,M) array holding t h e  E2$(M) values (M=X+B(B~)< - 3 )  

B $ ( W  array ho ld ing  t h e  A 2 $  value  
B1 b u f f e r  p o i n t e r  when unloading b u f f e r  (B1=1+3) 

As can be seen t h i s  b u f f e r  can o n l y  be loaded 

i n t o  t h e  f a c t o r  2 a r ray  

this a r ray  holds t h e  e x t r a  term generated i f  a 
power of Z 2  is found.  

M9 a f l a g  if an ex t ra  term was generated.  M9=0 i f  no 

term was g e n e r a t e d ,  otherwise M9 p o i n t s  t o  the 
extra t e r m  stored i n  MI( ) 

All the o t h e r  va r i ab les  are  less i m p o r t a n t  a s  t h e y  are used 
for genera l  bookkeeping. 

SUBROUTINES (as they appear in the listing) 

'1 t o  ' 4  general p r i n t  rou t ines  used t o  p r i n t  out 

factors 1 to factor 4 

'37 sub rou t ine  to  p r i n t  the i n p u t  variables 

I 16 used t o  load  t h e  table into mernory 

' 1 7 t o  '20 loads,  r e s p e c t i v e l y ,  f a c t o r  1 t o  f a c t o r  4 i n t o  

memory 

' 22 loads t h e  density buf fe r  f rom tape  

I 23 loads  the f a c t o r  buf fe r  from tape 

' 30 i n i t i a l  entry i n t o  t h e  multiplier ( t h e  s t a r t i n g  

p o i n t )  

I 10 se-entry into the  multiplier i f  i t  has stopped 

because of an  e r r o r  (usually a n  end  of t a p e  e r r o r ) .  

This is t h e  manual re -en t ry  p o i n t .  

' 11 l o a d s / r e s e t s  t h e  dens i ty  b u f f e r  i n t o  f a c t o r  4 



I12 l o a d s / r e s e t s  the factor b u f f e r  i n t o  factor 2 

'35(G$,Z) used to a n a l y z e  the %'I$( )+T4$( ) a r r a y s .  The 

p o s i t i o n  being a n a l y z e d  i s  g i v e n  by Z ; the s t r i n g  

b e i n g  ana lyzed  is given i n  G$, If a v a l u e  is 
p r e s e n t  its power is re tu rned  in A . 

I 3 6  analyzes t h e  G$ s t r i n g  for t h e  presence of a 
s i n  o r  cos .  If a s i n  is found C is set t o  1, i f  

a cos is found B is set to 1. 
I 4 1  s u b r o u t i n e  to make t h e  s u b s t i t u t i o n  for a power of 

Z2 . The extra  term i s  temporarily stored i n  the 
M l  ar ray .  

I 42 subroutine t o  read back t h e  extra term stored in 

t h e  A11 array by '41. 

'43(FO) r o u t i n e  to create a FORTRAN COMPATIBLE statement 
from the input d a t a .  I t  works i n  c o n j u n c t i o n  with 

' 44 .  The  r e s u l t i n g  s t a t e m e n t  i s  i n  F8$ and P9$. 

' 44 r o u t i n e  to pack t h e  AI$+A4$ and El$( )+E4$( ) 

a r rays  i n t o  F8$ and F9$ i n s e r t i n g  an  I t * "  when 
necessary and d e l e t i n g  a l l  unnecessary  b l a n k s .  

The s t o r i n g  of data onto tape i s  a l s o  done by  ' 43  and ' 4 4 .  

The F1$8 s t r i n g  c o n t a i n s  t h e  c h a r a c t e r  used f o r  g e n e r a t i n g  
t h e  continuation c a r d s .  When a I1Z" i s  encoun te red  it is 

reset to an @(in HEX a 1 added to @ = A ) .  

General S t a r t i n g  Procedures  

1. l o a d  program I1MULTPF" 

2 .  load Dens i ty  buffer (S .F.  key 22)  

3 .  load f a c t o r  b u f f e r  (S.P. key  23)  

4 .  l o a d  factor I (S.F. key 1) 

5 .  l o a d  factor 3 (S.F. key 3) 

6. press spec i a l  f u n c t i o n  lcey "START" (S.F.  key 30) 

7 .  when t o l d  i n s e r t  "TABLE" tape and press t h e  c o n t i n u e  

button on t h e  c o n s o l e  not t h e  S .F.  key marked "CONTINUE" - 
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DEFFNIII )V; 
DEFFN ' 12 

In i t ia l i za t ion  
Continue and Checks n reneral I 

Questions - - Tape I 
Reset a l l  
Buffers 

Initialize 
M u l t i p l i e r  

card u s i n g  
A1 , A 2 , A 3  ,A4 

M u l t i p l i e r  [ P h a s e  1 1 
cons t a n  t term ------+(-I - - - - - -  

of  products t 



Start o u t e r  

P h a s e  2 1  

A n a l p s i s  of 
fmportant terms 

C Z~Z2p2uzsin01cauGl C 1 
Analysis of 

4th term T4$ (I) DEFFN'35 

Analysis+A4( ) DEFPN' 36 

Start 1st 
Inner Loop 1 J=l , to N(31 

Start 2nd 
I nne r  Loop 

Ar-alysis of 
- - DEFFN'35 2nd term T2$(k)  - - - - - - - - - - - -  

Analysis-tA2 ( j - - - - - - - 
k - - - -  

DEFFN ' 36 



Inner  Loop 
L-1 t o N ( 1 )  

Analysis of 

Analysis-tAl ( ) 

Q Note:  6 1 0  s t a r t s  t h e  basic 
compariscn of all d a t a  
s t o ~ e d  in A l (  )+A4 ( ) 

-_--I----- --I- - -  - - - - - - -  - - I _ _ - -  
High arder 
term can be 
neglected 

High order  
EIS (L)= - te rm can b e  

n e g l e c t e d  

numerical. 
product: 

C l*C2*C3*C4-G 

I 
etermine powers 
f Z 1  and Z2 

ztl=*l= 8 A i ( 1 )  
i; L 

2t2=~2= I: A i ( 2 )  
i= 1 

M u l t i p l i e r  [ Phase 3 1  

Analysis f o r  
High order and 
I l l e g a l  terms 



Make 
subs t i t u t i o n  
4: = 2n2- t;: 

DEFFN ' 4 1 

us in g DEI?I?N ' 4 1 

Be terminc 
POWBrS 0f 

$2 and (32 1 

A6 
sin c f l  

Error Exit 
cosA70 1 power of 

cosDl 

Error Exit 
product: of 
sinOl coscr; 



M u l t i p l i e r  
Lhase 4 ] 
Table  search and 
Record resul ts  

Create PORTflhN 
ca rd  from input DEFPN' 4 3  

data and Table 
information 

Tab le  error 

fo rgo t t en  term 

term f rom 
memory 

DEPPN' 42 

Yes 

Write 
error 

message 

Multiplier 
Lhase  5 ] 

- 
e 

Incrementation of 
Loops and Buffers 



Close j) 
Print: short 

Load Factor 4 
from dens i ty  j Print out 1st 

b u f f e r  term for check 

+ 

Load Factor 2 
P r i n t  ou t  new Reset 

Buffer from factor Density 
b u f f e r  Buffer 

DEFFN ' 11 

STOP J 



Add opening 
'IJ;('' t o  F9$ 1 

t o  characters 
and place  in 

s t r i n g  F8$ 

Su~brou t lne  c r e a t e s  a FORTRAN 
c a r d  from the given i n p u t  

YO: n flag telling if this is 
t h e  1st card of rlle multipli,ation 

= 1 create a card using A l M 4  
= 0 create a card using 

El$( )+E4$( ) 

t o  the F8$ 
s t r i n g  using DEPFN ' 44 

13EPFNt44 

J 
Place  ID 

tag in F9$ 
(coL 73-80) 

DEFPNt44 inserts an 'I*'' 

between the character s t r i n g s  
and omi t s  all unnecessary 
blanks,  it also c h e c k s  t o  
see i f  an overf low of the 
F8 string will occur. If an 
overf low occurs  t h e  i n f o r m a t i o n  
i s  stored t o  tape, a continuation 
card is  g e n e r a t e d  and the process 
c o n t i n u e s .  

Re t u r n  0 



DEFFN144 adds P$ to the B8$ 
character string and i n s e r t  an "*" 
before insertion, 

Detormj ne the 

l eng th  of P$ 
F8 is the current l eng th  of F8$ 
F 1  i s  the l eng th  of P$ 

Note: F8 always points to the 
NEXT a v a i l a b l e  location 
of F8$ 

~ d d  "*lt  to ~ 8 $  Create new 
Add P$ t o  F8$ con t inua t i on  

Increment F8 

Be turn li 



VARIABLES USED IN ALGEBRAIC MULTIPLIER 

SYSTEM 2200 VARIABLE CHECICLOFF LIST 

PROGRAM NAME DATE 

VERSION PROGRAMMER 

SYSTEM 

PlLPt-IA NUMERIC SCALARS 
FORMAT = MNS 

NUMERIC SCALARS 
FORMAT = MN' 

NUMERIC ARRAYS 
FORMAT = MNI 

ALPHA NUMERIC ARRAYS 
FORMAT = MNS( 

NOTE: 
0 = NON COMMON 
1 = COMMON DEFINED BY THIS 

MODULE 
2 =  COMMON DEFINED BY PRE- 

VIOUS MODULE 



Listing of BASIC Program f o r  A l g ~ b r a i o  Multiplier 
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