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ABSTRACT

This report summarizes the progress under NASA Grant NSG 1213
from July 1, 1975 to November 30, 1977. Section I provides a pre-
sentation of the problem under consideration. In Section II, we
consider the effects of system parameter variations on the over-all
system stability. Section III contains results from the application
of numerical minimization to reduce system coupling. In Section V,
some future research directions are outlined.



1. Pfoblen description

Consider a given linear time-invarient system described by ;he

following equations:

x(t) = Ax(t) + Bu(t) + Lw (t) ' (1a)
yu(t) = Cx(t) + wg(t) (1b)
Ye(t) = Dx(t) - e

where x(t) is the state véctor, u(t) is the input vector, wy(t) ié
the gust disturb#nce, y‘(t)'is the neasur;ble output, y.(t) is the
output vector to be controlled. The gust wg(t) is assumed to
satisfy the following equatibn:
wg(t) = Fywg(t) + Fan(t).
n aﬁd Wg are white noises.
in the above system, we assume that the matrices A. B, L, Fy
and Fp may vary under different operating conditions. Let Ag and
Bp denote the nominal values of A and B at sowc chosen operating
condition,
Since the full state vector x(t) is not directly accessible,
the following full-order state observer is used to estimate x(t):
2(t) = (Ag=GOIR(t) + Bou(t) + G(Cx(t)+wg(t)] (2)
where G matrix is chosen to assign a set of desired poles for (Ag-GC)
in order to guarantee x(t) +x(t) as t-+ =,
The above estimated state X(t) is used in the following feedback

control law:

u(t) = Fv(t) + Kx(t)
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where v(t) is the external command input. By using decoupling
~theory, one can find appropriate matrices F and K such that the
transfer function from v to y. is diagonal.

The complete system is described by the lollowing equations:

. - - v
x(t) = Ax(t) + B |wg (3a2)
!
Yo (t) = Cx(t) (3b)
where
(A BK L
A =]GC Ay-GC+BgkK O | (4a)
| 0 0 F
BF 0 0
B ={BgF G 0 (4b)
L O 0 Fo
C =D 0 0] (4¢)
X
x ={x (4d)
Vg

The following diagram shows the complete structure of the whole

Vg
system: ' W
Plant  ¢__ 5 Observer
X = x:-(Ag—GC) X +Bau
¥ : )U ym“gzix-’-l‘wgc; '+G(gx+w) ° 3
+ Ye = px s
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The aircraft model studied is based on the¢ report by Miller,

Deal and Champine[!) The system input consists of throttle deflection,

horizontal-tail deflection and flap deflection. The system state

consists of pitch angle, pitch rate, angle of attack and forward

speed{‘ The system outputs to be controlled are flight path angle,

" pitch angle and forward speed.

and forward speed.

system parameters A and B vary.

condition and its parameters as the nominal AQ and Bo.

The measurable outputs are pitch rate

For different values of aungle of attack, the

We choose o = 10° as the trim flight

From the

decoupling theory, the decoupled system transter function has the

following form:

o

where \j1 , 12 y A3 %11 * 921

-

A

s - 011

0

Ay

§2-0215-922

0

0 P
_M . i
S~-0 31 B | u J

Ogg + O3) Can be arbitrarily assigned

by choosing appropriate feedback and feedrorward matrices F and K.

The external disturbance ag

the vertical wind of gust wg

: w
a, = _ 8%
8 u

on the angle of attack « is due to

u is the forward velocity and Vg is assumed to have Dryden power
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spectrum density of the form:

iw 1 +3 (4wd)?

H = 0 T T3 Lw)*)7

{w is the scale of turbulence, Oy is the variance of the pust

velocity. Hence “g can be modeled as the output of a second-order

filter

w 1 + /3 4ws
T(s) = o/ + (1 + tws)2

driven by white noise 7. The sensor noises iu the measurement of
pitch rate and forward speed are assumed to be white noises Veq and
L) respectively.

The complete system has the following configuration:

K

T v,

f)
5t 32

3 “3 J' ! oo —

Vv, . — - 1)

U, L~ - = (L
. o
Y Ry By2 Mgz Mgy hys by v
81 =] ha1 hap Maz by hpg by Ys
u " h3y  hzy  hgg  hgy  hgg  hg A

A .
wsl
‘ ws2
‘ 4
|
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II. Parameter variations and Systems stability

The design of observer and feedback-control law is based on the nominal
system parameters Ao and B° corresponding to 10 degrees of ‘angle of attack.
We have assumed that the angle of attack varies betweeﬁ 5 degrees and 15
degrees. Different sets of poles have been assigned to the observer and the
system based on the nominal system parameters Ao and Bo . It turns out
that the overall system poles are very sensitive to system parameter variations.
In Figure 1 and Figure 2, the overall system root locus are plotted as the angle
of attack varies from 5 degrees to 15 degreeg. For the case in which the nominal
system poles are -8, -5, -5, and -10, the system remains stable in the whole
range cf variations of o . However, if one assigns -8, -9 + 7j and -10 as the
nominal system poles, the overall system becomes unstable as « approaches 5§
degrees. In the former case, the time history of the system response are shown
in Figure 3-6. It can be seen that system parameter variations have caused
significant coupling among system inputs and outputs. Hence the straightforward
application of observer theory and decoupling theory to flight control system

may not always be practical.
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II1. Reduction of coupling by using numerical minimization algorithm

In this section, we apply Box Complex Algorithm [2] to the
adjustment of feedback and feedforward control law (F, K) in order
to reduce the coupling of the system under parumeter variations.
Two different cases were tried; each with a ditferent function to

be minimized and different explicit and implicit constraints.

Case 1

The function to bhe minimizedais

10 0
€2 A\ (ot .
) h | )
Fop = L L 3 l L'.)(Jw, ,
0 «=5°,10° 15° z,j=1 w=0

t#
which is the sum of the magnitude squared of the off-diagonal
elements of the over all system transfer function when alpha is
5°, 10° and 15°.
There are three constraints imposed when searching for optimal
(F, K),

1) All elements of F and K, (totalling 21 in our cis5e), can
differ from the initial value of F and K (compuﬁed by
Gilbert's decoupling program) by no more than # i5.0. This
provides an explicit feasible region for the search of F and
K.

2) The determinat of F must be greater than certain value.
This prevents the trival solution where } becomes a zero

matrix.
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3) The new pair (F,K) must produce a stable over-all systenm.
This requirement is guaranteed by using Routh criterion.

The results are summarized as follows:

Before optimization - FOD = 13.52.
After optimization - FOD - 0.914.
Z :,_ 'L g h, (3w
FDG - .

%=5°,10°,15° z=1 w=0
be a measure of the magnitude of the diagonal «lcments of the over-
all transfer function. Then we have the following:

Before optimization - FDG = 57.40.

After optimization - FDG = 33.9).

In the following table, we give details on the mag.iitudes of

diagonal and off-diagonal elements of the over-all system transfer

function when of = 5%, 10° and 15°.

ALPHA Diagonal Offt-~-Diagonal
(degrees) Elements Elements
5 21.54 9,07
Before 8
Opt. 10 18.86 5.5 X 10
15 17.01 4.45
5 10.59 0.787
After
opt. 10 11.76 0.0213
15 11, 54 0.130
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Although there seems to be # substantial improvemen} in the =
reduction of coupling after optimization‘procedures; however; time

histories of the optimized sysfcm show that {here is nol a siuﬁili-»

cant difference. 1In fact, some steady state values ol the optimized

system actually increased as shown below:

Let H(s) be the transfer function of the dJdecoupled system,i.e.,

v Ve
8| = H(s) Qe
u Vu.

The steady state values of the transfer sunction,i.e., lim H(s),

are shown helow: Before iiter T
opt. Opt.

100, 2.7 6.7 100. 3.9 4.1

o =5° 19. 100, 8.8 24.2 100. 6.3
| 1.64 2.1 100, 1.2 23.1 100.

é 100. 0.007 0 100, 1.72 0.584

4=10° 20.001 100. 0 5.4 100. 2.9
.0.007  0.001  100. 3.34 21,96  100.

é 100, 9.7 7.9 100, 3.8 9.1

-15° ¢ 3.7 100, 2.7 0.04 100, 4.1
| 2.6 2.8  100. 5.9  24.6 100,

Each column has been normalized so that Lhe diagonal elements

are 100,

This result suggests that minimization of the steady state




-‘ : ls -

f;%f fgféﬁiuﬁéﬁd} theiééépiiﬁgqﬁight improve the system performance.

u}f‘Tﬁis&has geén'pa§riédfdut as follows:

.

Case 2 |
The function to be minimized is
. 3
v 5 Ih,.(O)l2
FSOD - ‘[..' L L |
o =5°,10°,15° ¢, j=1
TS

'which is the sum of the square ot the steady-state v#]ue of the orf-
diagonal elements of transfer function, for alpha equals 5°,10° and
15°.

The following constraints are imposed for Lhe optimization
algorithm:
1) All elements of F and K can differ from ithe initial
values of F and K (computed by Gilbert's decoupling
program for the nominal system, i.e, whend= 10°) by no
more than.* 3.0. A
2) The diagonal elements of H(0), i.e, hy4(0), h22(0) and
haa(0) are constrained to be greater than certain positive
values,

3) Every pair (F,K) should result in a stable system.

The results are as follows:

Before optimization =~ Fgn, = 7.85X 1072
After optimization - F - 6,73 X 1072,
SDA
3
-t F . ) "‘11“’" 2
SDG = -

=59 10°,15° =1
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Before optimization -~ FSDG = 8.95

After optimization - FSDG = 7,69

The following table shows the steady state values of the transfer
function matrix before and after optimization, (normalized by

columns with diagonal elements being 100)

Before Optimization After Optimi<ation
100. 2.7 6.7 100. 1.14 9.9
of =50 19. 100, 8.8 14.8 100. 4.4
1.64 2.1 100. 3.5 0.69 100.
100. 0.007 (] 100. 2.8 3.1
4=10° lo0.001 100. 0 6.1 100. 3.9
0.007 0.001 100 5.6 2.3 100.
100. 9.7 7.5 100, 2.0 4.3
{=15° 3.7 100. 3.7 9.4 100. 0.5
2.6 2.8 100. | 8.02 5.0 100.

Time histories for the decoupled system with optimized (F,K)
are given in the next four pages. It can be scen that there is an
improvement in the steady-state coupling ror the (2,1) element,
which has been reduced from 19 to 14.8 for thex =5° case. For other
elements such as the (3,1) element in the o{= 15° case, the steady
state value has heen increased abhout threc times,

Based on these results, it seems that the decoupling matrices
(F, K) has to he finely adjusted for the parameter variations in

(A,B,C). Although we are able to find (F,K) tlkrough optimization
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‘procedure so that some couplings are reduced, iiowever, it seems to
be very difficult to achieve significant reduci.ions for all couplings,
Therefore, un alternative approach will be adopted., Details are

given in Section IV,
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IVv. Future research directions

The following derivation is based mainly on (3, (sce Chapter
10). |

Let the system plant transfer function be denoted by P(s),
which has m inputs and m outputs. Let E(s) and G(s) boih be square
rational matrices which are the compensators to be designed.

e e
==

— E é‘)—»—(§‘-—o P v
! -

Due to system parameter variations, the plant transfer function

may become P‘(s). Let L 4 pg and L’ 8 p’G. The over-all transfer

function T = (I + L)"! LE. It is easy to see that

-1 -IL-I

T " =E (I +L).

E=11@a 4+, (5

let T’ denote the over-all transfer function when the plant

changes to P/, z.e.,

-1

T/ = (1 + L) " L'E

=1 -1

e B (1)

Hence

ool opml o g1l (4L

"L (1 4 1)
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-1

gl oy,

et o r e @t -

- =re @t

-

Let {T s T',' T, then from the above equation and (5),

-1 -
AT = T {L 1(1 + L)T} - 1)'r'

-+t a-whr,

1

-1+ a-rppHr,

Suppose AT is relatively small, ¢.e., T = T’, then the above

equation can be further reduced to the followiig,
' -1 =1
AT » (I + L) (1 - PP )T (6)

This equation is very useful in the case that the nominal
plant transfer function P is diagonal., It is natural to assume L
is also diagonal, then G a P-IL is also diagonal; Since both P and
P’ are known, the matrix W & (I - PP’"1)T is also known. Consider

the simple case where m = 2, then equation (6) can be rewritten as

At;y Atyo 1 0 : w ,ﬁ
. +—T; ; 11 12
btyy  Stypl 0 T% — Yo Yoo
- . - 2 J

Supposg that the variations of T(s) are 1equired to sitisty
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]Atij(Jv)] < kjj(w), where kij(w) are some given bounds on the
‘elements of Atjj(jw), then ‘ )

wijCiw)

— 17__” v < kij")'

or

'13 (jW)

(7)
kij(w)

1+ li(jw)

The above equation shows that in order to keep the variations
of T(s) within certain bounds, (i.e., kij(wj)u then the loop
transmission L & diag (13, 15) has to be above certain vélue.

Our next task is to find G & diag (g;. gy) such that L ~ PG
satisfies the above requirement. Furthermore, all zeros of (1 + 1)
must be stable, i.e., the over-all system must be stable. This
will be done on a cut and try basis on Bode plot, Finally.lE(s)
is choosen to realize T(s) as close as possible.

In summary, the given system (A, B, C) will fifst ﬁe decqhbied
by using Gilberts' decoupling program, the decoupled system trans-
fer function is called P. Then we design compensators E and G to
reduce the effect dve to paraneter variations of (A, B). | |

New results on robust servomechan;sus [4] shouid be very useful

in the desizn of connensators E and G.
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An Example in Decentralized Control Systems

by
Shih-Ho Wang
Abstract - This note provides an example of a system which cannot be stabilized
by decentralized state feedback, even though the over-all system and each local
subsystem are completely controllable.

In[ 1], Aoki and Li have made some interesting studies on the controllability
and stabilizability of decentralized dynamic systems. They have suggested the
following result:

Consider a linear dynamic system described by

x, = + +
X AGX A% B Y

. = + + .
Xy S A X A X, T B, Y, N A 5 o T
17711 " 12 11 .
Assume that the pairs (All. Bu), (Azz. Bzz) and l_A A 0 B '

21 7°22; 5 - 22_|

are completely controllable, then one can find a set of decentralized (local) state

feedback u, = Ci X, (i=1, 2) such that the resulting system matrix
+ B
A11 Bll Cl AIZ f
i
A1 A22% P22 &

is stable, (see Proposition 7 of [ 1] ).

This work has been supported by the National Aeronautics and Space Administration,
Langley Research Center, under Grant No.: NSG 1213. The author is with the
Department of Electrical Engineering, University of Maryland, College Park, Md.




In the following example, we consider a system with three local control
stations and the pairs (A, B), (Aii’ Bii)’ {i=1,2,3) are all controllable. Yet

the system cannot be stabilized by local state feedback.

- - [~
5 o bl 1 T 0o i _—
1 101 ,// - \\) ”‘11.] |- !
. I B )
! .0 0 | ) , I |
|12 | A N *1 I L AN “2
"—_‘ "—_0-.:’-0——70--—— '—J‘ _N-T-O-“
‘x ﬁ i1 ; 1 1 Xy ] | ! u
1 : A ; | 21! ‘ : 3
§o - ‘ . i + l -
"'x | . ; {
22 i0 0 10 0o .0 O X I W
. — :—---....-.-.L ..... —_— L-_.i.---,
. z ! ! —_ :
[ i ; H X \.‘ ‘ t
32 i_ .10 0 50 0 ’x32 - :
- - . - - L ! .l

where ui is the contro! input at station i, (i=1,2,3). The set of decentralized

loczl state feedback is of the form

u, = [kil. kiz] X (i=1,2,3).
X, »

; i2
.

Applying the above set of feedback, the over-all system matrix is as

follows:
' L]
0 1 N
;' I ' J
: ]
| , /
kll klZ| e !
——-———T--——_——_T —————
1 0o |+ 0 1 ;0 1
!
|
0 o | k k 0 0
L2122 )
— e A e e e
0 0 .+ 0 1 :o 1
! H
! | '
0 o o o k31k32
' |
- p—

| SO




It can be easily seen that the first, secoad, third and fifth rows of the
above matrix are linearly dependent for arbitrary kij's. In other words, the
above system has a fixed mode [ 2] at the origin. Hence the closed-loop system

cannot be asymptotically stable.
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RELIABILIYY OF SELF~PURGING REDUSDANGY W1TH MULTIPLE VOTERS

shih~-Ho Wany
Dwunmmtutﬁnurhulhmmmwhm
tniversity of Coloradoe
- goulder, Culorado BUOY

ABSTRACT

For the design of highly celfable computer hardwire systersi, vurinu‘rrndundancy techniques have

peen proposed.  Due to the simplicity of its switehing mechanisms, sclf-purging redundancy is a use-

ful scheme for certain applications. Various aspects of selT-purging redundancy with single voter

have becn studied in {1] - [3). In this paper. o Celt-purping redundancy scheme with aultiple

voters is proposed to further improve the overall svstem performance. This configuration is cate-

tully studied and compared with several other redundancy schumes.
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Summary--

In this study we outline a design approach -for developing
control systems in the presence of large parameter variations.
The decoupling problem is of practical interest in flight
control problems, especially in the landing mode where it is
desireable to independently control certain output variables, e.g.
flight path angle, foward speed, etc. A common source of
parameter variations in flight control problems is the result
of linearization about a number of different operating points.
It is assumed in this study that parameter variations may be
represented by a discrete finite set of possible values, cor-
responding to different flight conditions and that the complete
system state is not available.

The theory of decoupling with no parameter variations is

well developed. See, for example, references [1l] and [2].

Some work hés been done by Fabian and Wonham, [3], on decoupling

*Phis research has been supported by NASA Langley Research
Center under grant NSG 1213 at The University of Colorado.
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with small parameter variat;ons. However. very lxttle work

- has been done on decaupling with large parameter variations.

In teference [4], Dorato. Wang, and Asher develop condxtxons
g for perfect decoupling with a discrete finite parameter set.

However, in most pfactical cases the conditions for perfect

decoupling are not satisfied. Thus in general, with parameter

variations it is necessary to minimize some measure of inter-

action in any decoupling design.

A classical approach to the problem posed here is to
use large loop gain aroung the plant to reduce the matrix
transfer function to a good approximation of the unit matrix

and then precede the feedback system with a known diagonal pre-

compensator. An outline of this approach may be found in

chapter ten of reference [5]. This approach has considerable

merit, however, it is a trial and error approach which in
addition requires a large number of graphical displays.

The design approach suggested here involves the following
steps.
1. A full order observer,

[6], is designed, based on a set of
nominal parameter values, to generate a state estimated, X.

2. A feedback control law of the form u = Fv + XKx is selectoed
with design parameters consisting of all or sclected
entries of F and K.

3.

An interaction function is minimized with respect to F

and K, subject to constraints on the diagonal elements of
the closed~loop transfer function. The minimization problem
is then solved via a nonlinear programming algorithim,

The interaction function is selected to be of the form

2

F = I I Tooth, (3

oD o 1'3 w l i](Jw) !
irj




”*7ﬁhé£éﬂa'a;notss'éne porameter set, w the frequency variable,
if@;a"d h‘j the 1~J entry of the closed~-loop transfer function.

The ‘above procedure involves a considerable amount of
cowputation for any practical problem. However, all the steps
are based'on well documented algorithim which have been
computerized. Some preliminary computational results indicate
thet the interaction measure can be reduced compared to a

! design based entirely on nominal values.
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TECHNICAL NOTES AND CORRESPONDENCE

1. INTRODUCTION

The design problem is to determine a fixed state feedback control law
of the form

u(t)= Fx(t)+ Go(1) (n

which decouples the linear dynamical system, with input v(7) and output
y.

{.&(:)-A,mn Bu(r) @)

(1) =C,x(r)

for all admissible system parameters (4,.B,.C)). The index ; ranges over
a finite set of integers J, and represents a discrete uncertainty set for the
system matrices 4. 8. and C. This type of uncertainty appears naturally
in systems which are linearized about a finite number of operating
poinis. such as flight control systems and process control systems. In
addition. this discrete model may be used as an approximation to
problems with continuous parameter uncertainties. The literature on
decoupling of systems with no uncertainty is rather extensive. See, for
example [1]. [2]. [6). [8]. and [9). The literature on decoupling with
parameter uncertainties is much more limited. In (3] the problem of
decoupling in the presence of conlinuous parameter uncertainties is
considered from the geometric point of view. Necessary and sufficient
conditions are presented for the existence of a fixed state feedback law
which preserves input-output properties of a system, including decou-
pling and stability. for sufficiently sraall parameter vanations. The
present study differs from [3] in the following respects.

1) The uncertainty set i1s discrete rather than continuous.

2) No restrictions are placed on the size of the parameter vanations.

3) The diagonal elements of the decoupled system transfer matrix are
not required to remain invariant or stable with respect to parameter
vanations.

4) The output matnx C also may be variable.

In (3] the invariance with respect to parameter variations of the
input-output properties is referred to as data insensitivity. The relaxation
of the conditions of data sensitivity and stability for the diagonal
elements in the closed-loop system permit the inclusion of a wider class
of problems. Problems of invariance and stability of the diagonal ele-
ments can be treated. if necessary, by single-loop techniques such as in
(4]. However, even with relaxed conditions on diagonal elements many
practical systems cannot be perfectly decoupled, as illustrated in Exam-
ple 2 in Section I1I.

In Section II conditions are given for perfect decoupling. These
conditions lead diiectly to the required control matrices F and G.

II. DecoupLing Dision

As shown by Gilbert [1]. any control matrices F ana g which decouple
the system (2). for fixed 1, must be of the form

m P m ‘mel
Fe-D 'A*+ 3 % (0, =mu), Z 2 ok, (3)
=] k] el hw|

Ll
G= 3 \G, (4)

where D, A®. r .2 P 74, Ju. K, and G, are parameters fixed by
(A,.B,.C,). We refer to these parameters as the Lulbert decoupling
parameters. The parameters A, a,, and p, are free parameters which
may take on arbitrary real values. To stress the dependence of the
control matrices and Gilbert decoupling parameters on (4, 8,.C,) we
denote F as F(y), J, as J,(/), etc. As further shown in (1], the free
parameters a,, determine the poles of the closed-loop diagonal elements
and A, determine the gain factors for the diagonal elements. A detailed
program for the numerical computation of the Gilbert decoupling
parameters 15 described in [2). We can now state the condition and
design procedure for decoupling, given any index set J= (/, /o * ).

The system (2) can be decoupled for all ; belonging to J if and only if
there exists a set of free parameters A(/), 0,,(/). and p, (/) for every j,
such that

0 POOR QUALITY 499
F(j))=ily)m - =F(;) (5)
C(j)=G(jy)=" - =G(y,) (6)

If a suitable set of free parameters exists, the required control matrices
are given by the common value of F and of G in (5) and (6). If the same
free parameters can be used in each F(j) and G (/) to sausfy (5) and (6),
then ithe system is data insensitive in addition to decoupled. Finally if the
free parameters can be selected so that the poles of the diagonal
elements all have negative real parts, the decoupled system aiso will be
input-output stable.

It should be noted that (5) and (6) represent a system of linear
equations in the variables A (), 0,, (/). and p,()).

III. EXAMPLES

Example |: Consider the system
x=Ax+Bu, y=Cx, J={1.23)
where

T P e (e
(3 1) e=(3 )

The control matnices for this example are

pn=(_{ D)enntify “g)emin(y 9)

AG(n-x,m((') g)u,m(g ‘;)

o=} )y p)m(s )

.G(Z)-A,(Z)((') 0)+a(9 9)

[rorm( 9 3)emn(} ~b)encr(3 9)

! Ga=A3(3 O)er(d 9)

The following values of free parameters satisfy (5) and (6).

o (l)==1 0, ,(2)=-1, 0,(3)=0

oy ()= =1 0,(2)=0, 0, (3)= -]
A=A (2)=X (3=, A (1) =A(2)mA,(3) =]

The resulting control matrices are

(0 1) oo V)

In this problem (he diagonal elements are given by

A())

;—:-;":(—/’. :-I.Z.

h(s)=

Note that the closed-loop poles of the diagonal elements vary with the
parameter vanations. The condition for data insensitivity required in (3]
is not met by this example. However, it can be perfectly decoupled for
J=1.273.

Example 2: The numerical values in this example are obtained from
the lineaiized longitudinal dynamics of a STOL aircraft (7). The uncer-
tainty corresponds to two possible operating conditions, one correspond-
ing to an angle of attack equal to 5° and the other 10 an angle of attack
equal to 10°. For convenience we select /= (5,10).

L e O
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imAx+Bu, y=Cx 0.1289 0 0 o)

*Oa(lo)(-O.dle 00 0

0 1 0 0 016191 0 0 O
Am| O -1.288 -06725 0.209
’ 0 | -0403 -0570 0 0 0 9551
l -0.286 0 0.1105 -0.0785 +c,,(l0)(o 0 0O )
0 00O
0 0 0
B.=|0 -2.515 0.127 o A
s“lo -0.0646 -0.19 Note that the free parameters are missing from the f,, and f, entries of
0.1047 -0.00383 -0.1247 the F(5) and F(10) matrices; hence no choice of free parameters can
satisfy F(5)= F(10). Thus, this system cannot be perfectly decoupled for
0 1 0 0 all admissible parameter variations. The only reasonable decoupling
A= g - :'23 :gg:: _g:z‘g design criterion in this case is to minimize some measure of interaction
-03195 0 0157 -0.018 sinls)
g _g - gl o IV. ConcLusions
Bio 0 -00676  =0.1712 Conditions are presented for perfect decoupling of linear systems with
(0.1047  -0.01406 -0.11% discrete parameter uncertainties. The conditions involve a test for the
1 0 -1 0 existence of a solution to a system of linear equations. An actual solution
C={1 0 0 o). of the linear equations yields the fixed decoupling control law. While
00 01 there exists systems which can be perfectly decoupled in the presence of
) o parameter variations, e.g., Example 1, many practical systems cannot be
The control matrices F(/) are in this case perfectly decoupled, e.g., Example 2. However, it is of some interest to
273161 018503 34599 - 2.79854 know when perfect decoupling is possible.
F(S)-(O -0.50231 -0.36818 -0.06724)
0 0.17079 -1.99587 -—297714 ACKNOWLEDGMENT
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b 5217432 0 -S:|7432 0 NASA Langley Research Center, for supplying a practical examp!s and

pointing out the limitations of perfect decoupling for systems with
0 01440 0 O uncertain parameters, and to O. Lopez for the numerical computation of
+0y5(5{0 -03909 0 O the Gilbert decoupling parameters in Section lII.
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An Algorithm for Obtaining the Minimal Realization of 4 Lincar

Time-Invariant System and Determining if a System is

Stabilizable-Detectable

by

i 'y t
E.J. Davison , W. Gesing , S.H. Wang

ABSTRACT

A definition of centralized fixed modes of a system, which is an adoption

of the definition of fixed modes for a decentralized system [1], is made. It
is shown that the centralized fixed modes of a system can be easily and effi-
ciently calculated in terms of the eigenvalues of the system, and that the
calculation of such fixed modes enables one to determine, in a numerically

efficient may, whether a system is rontrollable, observable, stabilizable,

detectable. An efficient algorithm for reducing a system to minimal realization

form is then given. The algorithms have been effectively used on systems of

order up to 100.

1. INTRODUCTION

Although the concepts of controllability, stabilizability, observability,
detéctability, etc. are well known for linear time-invariant systems, the
actual deétermination whether a given system has one of the above properties
is non trivial especially when the order n of the system is high (e.g. n>>10);
this is because (i) most methods usually require the calculation of the rank
of a certain matrix (which gets larger as the order of the system increases),
and this always involves a decision, more or less arbitrary, as to what value
to choosc for zero (i.e. zero % 10'8 or % 10-20). (ii) often the rank of a
large number (n) of matrices of order n must be found or the rank of a single
matrix, (of order n), but ill-conditioned, must be found.
For example, it is well known that the pair (A, B) ¢ RVM x MM s

controllable if:

*
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rank (B, AB,-.., A" ') = n ()

In this case, howcver, the determination whether (1) is true will be extremely
difficult for large n (e.g. n>>10) duc to the ill-conditioning of the con-
trollability matrix (B, AL, ..., An'lB) (i.c. the columns of the controllability
matrix tend to become lincarly dependent for large n ). Altcrnately, it is

well known that the pair (A, B) is controllable if:
rank (A-xil, B) = n, ) W75 U TSP | (2)

where Ai’ i=1,2,...,n are the eigenvalues o~ A [2]. In this case, however,
the rank of a nx(n+m) matrix must be determined n times, and this is non
trivial to do for large n . It will be shown that the above problems can be
eliminated by calculating a set of p scalars for the system (0 < p < n)
(called the centralized fixed modes of the system), which only requires the
determination of tﬁé eigenvalues of two nxn matrices for the system.
Similarly, although the concept of the minimal rcalization of a linear,
time-invariant system is well-known, the actual determination of a minimal
realization for a linear system is non-trivial, especially when the order
n of the system is high (e.g. n »10). This is becausc most cxisting algor-
ithms, e.g. [3])-[8], involve a branching process, which depends on whether
a certain number is zero, and subjective decisions must be madc as to what
valuc to choose for zero. Different realizations may then be obtained
depending on what value to choose for zero (i.e. zero = 10'8 or = 10'16).

It will be shown that the above problem can be eliminated if the centralized

fixed modes of the system are known.

2. DEVELOPMENT

The following definition is required in the devclopment to follow; it

is adopted from Wang and pavison [1], who defined fixed modes of a decentralized

system.

pefinition

Consider the triple (C,A,B) € RT % x RT T x R™™ . then the sct of

centralized fixed modes of (C,A,B), denoted by A(C,A,B) is defincd as

follows:

A(C,LA,B) = n —_ o (A+BKC) (3)
KeR

where o(A+BKC) denotes the list of cigenvalues of (A+BKC) .

g
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Remark 1

The sct of centralized modes of a given triple (C,A,B) can be calculated
as follows. Let k(i, j) denote the (i, j)*M clement of K. Since K
contains the null matrix, then A(C,A,B) < o(A) = {Al,...,kn} . For cach
Xi € o(A), det (Ail - A - BKC) is a polynomial in k(i, j), i = 1,2,...,m ;
j=1,2,...,r, and if det (xil - A - BKC) 1is identically zero, then clearly
xi € A(C,A,B)‘. On the other hand, if ,det (Ail - A - BKC) 1is not identically
zero, then there exists K e Rmxr so that det (Ail - A - BEC) # 0, and
hence Ai { A(C,A,B) . This procedure Hetermincs the fixed modes of A(C,A,B).

The following lemma is obtained by using identical arguments as used in

the proof of theorems 1-3 of [9].

Lemma 1

T

nx nxm y . mx
x RO x R , then the class of matrices K ¢ R,

Given (C,A,B) ¢ R* "
which does not result in the centralized fixed modes of (C,A,B) being equal to
those‘eigenualucs of A+BKC which are common with the eigenvalues of A, is either

empty or lies on a hypersurface [9] in the parameter space of K.

The above lemma forms the basis of the following algorithm to deter-

mine the centralized fixed modes of (C,A,B).

Algorithm I: to Determine the Centralized Fixed Modes of (C,A,B)

1. Find the eigenvalues of A .
2. Select an arbitrary matrix K e R (by using a pseudo-random number
generator, say) so that || A]| = || BKC]| .

3. Find thc eigenvalues of A+BKC .

4. Then, the centralized fixed modes of (C,A,B) are contained in those
eigenvalucs of A+BKC which are common with the ecigenvalues of A (if
there are any). Moreover for "almost any'" K chosen, the centralized
fixed modes will be identically equal to those cigenvalues of A+BKC
which arc common with the cigenvalues of A , i.e. the class of matrices
K which does not result in the fixed medes being identically cqual to
the cigenvalues of A which arc common with the cigenvalues of A+BKC
is either empty or lies on a hypersurface [9] in the parameter space of
K.

5. Repeat steps 2 to 4 using a different K if therc is any doubt which

cigenvalues of A are the fixed modes of (C,A,B).



Proof

The proof of statement 4 in the above algorithm follows dircctly from

lemma 1.

Remark 2

The only possible source of difficulty which may occur in the above
algorithm is in making a decision as to what cigenvalues of A arc common
with the eigenvalues of A+BKC . For example, it may occur that an cigen-
value of A only differs from an eigenvaluc of A+BKC in the 7th significant
figure. Such cases can normally be decided upon by utilizing the physical
properties of the plant associated with the mathematical model (C,A,B).

For example, if the plant data is only accurate to 3 significant figures,
then in the above case, it can safely be assumed that the eigenvalue in

question is a fixed mode.

3. APPLICATION OF CENTRALIZED FIXED MODES

An application of the above algorithm can immediately be made to deter-
mine certain properties of (C,A,B) and to find the minimal realization of
(C,A,B) . The following results follow directly from the definition of

centralized fixed modes:

To Determine if (A, B) 1is Controllable

(A, B) is controllable if and only if (In, A, B) has no centralized

fixed modes.

To Determine if (A, B) 1is Stabilizable

(A, B) is stabilizable if and only if (In, A, B) has no centralized

fixed modes which lie in the closed right half part of the complex plane.

To Determine if (C, A) is Obscrvable

(C, A) is observable if and only if (C, A, In) has no centralized

fixed modes.

To Determine if (C, A) is Dectectable

(C, A) is detectable if and only if (C, A, In) has no centralized

fixed mod>s which lie in the closed right half part of the complex plane.

To Determine if (C, A, B) is Controllablc-Observable

(C, A, B) is controllable and obscrvable if and only if (C, A, B) has



no centralized fixed modes.

To Determine if (C, A, B) is Stabilizablc-Detectable

(C, A, B) is stabilizable and detectablc if and only if (C, A, B) has
no centralized fixed modes which lie in the closed right half part of the

complex plane.

Remark 3

The centralized fixed modes of (In, A, B) , (C, A, In) correspond to
the input-decoupling zeros, output-decoupling zcros of (C, A, B) respectively,
defined by Rosenbrock [2].

To Determine the Minimal Realization of (C, A, B)

The following algorithm is obtained:
Algorithm II

1. Determine the centralized fixed modes of (C, A, B); let these modes be

denoted by {A .,AP} , 0<psn. For non-trivality, assume

1,)\2,..
p<n.

2. Apply a arbitrary output gain matrix K to the system (by using a
pseudo-random number generator, say so that || All = |l BKC]| ), so that
the controllable-observable modes of (C, X, B) , A 3 A+BKC are all

. distinct and disjoint from the fixed modes of (C, A, B) . This will

be true for "almost all" gains K from [9].

3. Determine the eigenvalues of A . Let these eigenvalues be denoted by

(Al,lz,...,kp, Ap*l’xp+2""’xn} .

4. Determinc the cigenvectors of A for the cigenvalues Xi’ i = p+l,p+2,...,n .

Lect these eigenvectors be denoted by X i =%+1,p+2,...,n respectively.

' 5. Decterminc the eigenvectors of A' for the cigenvalucs Ai’ i = p+l,p+2,...,n

Let thesc eigenvectors be denoted by Yy i = p+l,p+2,...,n respectively.

6. Normalize the eigenvectors yi, i = p+1,p+2,...,n so that y'ixi =1,

i = p+l,p+2,...,n .

75 Then the minimal realization of (C, K, B) has order n-p and is given

by (C, A, B) wherc:



¢ 8
C = c(xp’lixp‘qt l“n)
= A
A = dlag(A ‘l' p‘ql -'An) (4)

A 1~ 3
B = yﬁ’l B

Vhe2
el )

and the minimal realization of (C, A, B) is given by (C, A-BKC, B).

The above algorithm produces a minimal realization which in general has
complex elements appearing in (C, A, B); the following algorithm gives a

minimal realization which has only real elcments appearing in (C, A, B).

Algorithm I11 (to Determine Real Minimal Realization of (C, A, B))

Assume that steps 1 to 5 in the above algorithm have been carried out,
and assume that the ordering of the eigenvalues of A has been carried out so

that:

~ ~

(Ap+l'lp¢2’°"’xn} = {Ap+l’kp+2""’xp+t; Ap+t+l’xp+t+l’xp+t+2’xp+t+2’"'
...,xp*t+q,1p+t*q} (s)
where A are all real eigenvalues, are

N A A yi s o 0 1A
p+1 P+t ptt+l’ p+t+2 P*t+q
all complex eigenvalues and t+2q = n-p . Steps 6, 7 of the previous algorithm

now become:

6' For i = p+l, p+2 +t, let y* 4 yi_
= p+l, p+s, ..., P*t, Yi ')','Fl
For i = p+t+l, p+t+2, ..., p+t+q, let y? 8 Eﬁfiff Re(y.) - —59—; Im(y.)] +
- a +b : a +b” 8
A
J[ Rc() ) Im(y )] where a = Re'(yi)Rc(xi) + lm'(yi)lm(xi),

a *b

b 2 Rc'(yi)lm(xi) - lm'(xi)Rc(xi).



Y Let rl ¢ Rn!(n-l’)' I, « R(n-p)’(m. A '(n-p)V(n-p) be detfined as follows:
4 . /3 17
r, * {xw.xwz,....xm. /zao(xpm,).v’:lm(xlm,l)./:Re(xpmz)./zlm(.\p,t,:)
2
.,/:Rc(xp¢t*q),/§lm(xp’t‘q)} (6)
v A J * e
r, = {y;”d,y;‘z,...,y;*t, /Z—Re(y;‘ul),/flm(y;’t*l),/§Rc(yp¢“2)./ilm()p+t¢2)
...,ﬁRe(y;*t’q),v’flm(y;”uq)} (7)
o FRe()‘p#»t*l)’ MO p)
A = block diag Ap+1’xp+2""’xp+t’ oy
:Im(xp+t+l)’ Rc(xp+t+ll
: - 7
Re(lp+t+q)’ lm(xp+t+q)
’ (8)
; [1"Cpeteq) ReOparag)]

Then the minimal realization of (C, A, B) has order n-p and is given by (C, A, B)
where C : crl, B 8 rZB, and the minimal realization of (C, A, B) is given by
(C, A-BKC, B).
Proof

The proof of statements 7, 7' in the above algorithms follow directly by
applying a Jordan decomposition to (C, K, B) and using the definition of fixed

modes of (C, A, B). The details arc omitted.

Discussion

In step 7' of algorithm ITI, the matrices Fl, rz. A are all rcal, so that

the minimal realization (C, A, B) obtained contains only real clements.

In steps 3-5 of algorithm 1l and ITI, the calculation of the eigenvalues
and cigenvectors of a matrix with only distinct cigenvalues is required. It
should be noted that many extremely effective algorithms cxist to do this
(e.g. the QR family of algorithms) and are rcadily available (e.g. the EISPACK
set of subroutines). It should also be noted that the computation time required
to carry out all steps of algorithmIIT only varies as n3 (the computation time

required to carry out steps 3-5 of algorithmIl,III only varying as (n-p)s.)
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Example 1
It is desircd to find a state space minimal rcalization of a boiler furnace

model |10) whose transfer function matrix is given by:

1 0.7 0.3  0.2]
1+4s 1+45s 1+5s 1+5s

0.6 1 0.4 0.3
145s 1+4s 1+5s 145s

G(s) = (9)

0.35 0.4 1.0 0.6
1+5s 1+5s 1+4s 1+5s

0.2 0.3 0.7 1.0
1+5s 1+5s 1+5s 1+4s

— -

i th i : : "z 3
In this case, a 16 order nonminimal s*ate space recalization of (9) is directly

obtained as:

Ay = -0.25n, + 0.25u) ng = -0.20ng + 0.07u,
h, = -0.20n, + 0.14u, hyo = -0-20n ) + 0.08u,
63 = -0.20n; + 0.06u, 511 = -0.25n,, + 0.25u
n, = -0.20n, + 0.0du, Ny, = -0.20n, + 0.12u, i
ng = -0.20n + 0.12u Ry = -0.20n 5 + 0.0du,
ng = -0.25n + 0.25u, ny, = -0.20n,, + 0.06u,
n, = -0.20n, + 0.08u, njg = -0.20n ¢ + 0.1dug
ng = -0.20ng + 0.06u, hyg = -0-20n + 0.25u,
Y= Nyt gt

Y3 = Mg * Mo * "1t M2
Y M3 "a st Me

and on applying the feedback u = Ky to (10), where K is given b& (arbitrarily

chosen) :

-.368462 . 255606 -.041349 .032768

K = -.28104 -.452955 . 178865 . 179297
.434693 -.116497 .019417 . 330966
-.465427 -.446538 .029701 .17115
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the following open loop and closed loop cigenvalues of (10) were obtained
(sce Table 1):

Table 1 Open and Closed Loop Eigenvalues of (10) with u = Ky
Eigenvalues of A LEigenvalucs of A+BKC

-0.200000 *-0.200000

-0.200000 *-0.200000

-0.200000 *-0.200000

-0.200000 *-0.200000

-0.200000 *.0.2060000

-0.200000 *.0.200000

-0.200000 *.0.200000

-0.200000 *-.0.200000

-0.200000 -0.343009 * j0.0571058
-0.200000 -0.236782 * j0.0630918
-0.200000 -0.225945

-0.200000 -0.164543

-0,250000 -0.170378

-0.250000 -0.201203

-0.250000

-0.250000

*Fixed modes of (10)

which implies that the fixed modes of (C,A,B) for (10) are given by {-0.2, -0.2, -0.2,
-0.2, -0.2, -0.2, -0.2, -0.2}, and thus that the minimal realization of (10)
has order 8. '

Remark 4

It should be noted that the eigenvalues of the open loop and closed loop
system corresponding to the fixed modes agree with each other to 15 signi-
ficant figures (using double precision arithmetic on an IBM 370 digital
computer).

On applying algorithm III to the system (10), the minimal realization
of (C, K, B) is directly obtained and is given (truncated to 6 significant
figures) in Table 2. The minimal realization of (C, A, B) is then immediate-

ly obtained and is given in Table 3 (truncated to 6 significant figures).

Remark 5

It should be noted that the transfer function represcntation obtained
for (C, A, B) agrces with (9) to 15 significant figures.



Example 2
It is desired to determine if the system (10) is controllable. In this
*
.case, on applying the feedback u = K'x to (10), where K is given by (arbi-

trarily choscn):

[ -0.368 -0.492 -0.452 -0.063 ]

0.256 -0.116 0.237 0.267 °
-0.041 -0.433 -0.171 -0.022
0.033 -0.062 0.133 -0.262
-0.261 0.167 0.257 0.225
-0.452 0.089 0.492 -0.140
A e P 0.431 -0.134 -0.333
0.180 0.347 -0.252 -0.013
0.435 0.027 0.483 0.398
-0.116 -0.408 0.223 0.410
0.020 0.154 0.254 0.439
0.331 0.064 0.152 0.405
-0.465 0.202 -0.427 0.005
-0.446 0.411 0.132 0.017
0.030 0.263 0.385 0.160

| 0.172 -0.237 -0.227 0.487 _

:he following open loop and closed loop eigenvalues of (10) were obtained

(Table 4):
Table 4 Open and Closed Loop Eigenvalues of (10) with u = K*x

Eigenvalues of A Eigenvalues of A+BK.
-0.200000 *-0.200000
-0.200000 *-0.200000
-0.200000 *-0.200000
-0.200000 *-0.200000
-0.200000 *-0.200000
-0.200000 *-0.200000
-0.200020 *-0.200000
-0.200000 *-0.200000
-0.200000 0.042654
-0.200000 -0.426849
-0.200000 -0.227648 * j0.072282
-0.200000 0.166892
-0.250000 -0.220722 + j0.004844
-0.250000 -0.212503
-0.250000
-0.250000

which implies that the fixed modes of (In,A.B) for (lu) are given by {-0.2, -0.2,

*Fixed modes of (10)

-0.2, -0.2, -0.2, -0.2, -0.2, -0.2), and thus that the system (10) is not

controllable.



S. CONCIUSIONS

A definition of centralized fixed modes of a lincar, time-invariant
multivariablc system is made, and an algorithm (algorithm 1) for calculat-
ing the fixcd modes of a system is given. The calcuiation of the fixed
modes only requires the calculation of the cigenvaluces of two nxn matrices
for a nth order system. It is then shown that the determination of whether
a system is controllable, observable, stabilizable, dectectable etc. can be
easily carried out in a numerically cfficient way by calculating the cen-
tralized fixed modes of the system. A direct a~plication of fixed modes
of a system is then made to obtain an extremely efficient algorithm
(algorithms II, III) for obtaining the minimal recalization of a lincar
time invariant system. The algorithms have bcen successfully used on
systems up to 100‘“ order.

“
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Table 2

Minimal Realization of (C, :. B) Obtained For Example

[-.343009 -.0571058

0 0 0 0 0 0
.0571058 -.343009 0 0 0 0 0 0
0 0 -.236782  -.0630912 0 0 0 0
e 0 0 .0630918 -.236782 0 0 0 0
' 0 0 0 0 -.225945 0 0 0
0 0 0 0 0 -.164543 0 0
0 0 0 0 0 0 -.170378 0
L 0 0 0 0 0 0 0 - 201203)
27667 .550161 -.0783017 -.0686386)
.734103 .102412  -.0332C67 -.0851425
-.0948559  -.352436  .263659 57111
B« | -212113 .465087  .1244]1 -.223794
-.0280578 -.058489 -,00590984 .0748105
-. 36691 .057034  .433436 .350038
-.413059 .124359 .215827 .178217
| .0268964  ,059385  .00925714 -.0262933
( .190429 .266941 .12385 .123835 .0553281 .123578  -.0813695 .00454014
Cw | +431295 -.0556493  .17273 .20436 -.012404 .201877 - -.215097  -.0209016
Ky -.180345  .0613934  .36793 .665509 .037844 .181602  -.0917767 -.0614214
| .436308  -.0539819 .347657 -.0890121  -.199607 .386107  -,355563 -.00109043
Table 3 Minimal Realization of (C, A, B) Obtained For Example
LT .0.0028601  0,009953775 9,0211942  0,023%153  0,0177737  “3,0143217 3.99242262
0.9252:3u 2,257011 0.09294719  0.9301366  0,0213759  "2,00004782  0.0216205 0.7941916)
2,0906UL16 9,096N00uY  T0,230220 J0.00E)7603  0,024303%  T0,00603203  0,00377108 "0,93%21337
0.0:22432 9,7102847  0,22337 2,25u010 0.0:70632  "2,928345u 0,9201" 8 0,973148114
A=| o.nnc7uuer _0.00247873  0.9946932  ),02178%93  T0,22530) 7.00553786 T9,294%9373  T3,979070u3s
9.2332535  “2,0ug5113  T),0u7006: 2.93732) 0.926503%  70,202373  2,317280)  70,03u$1677
0.3521047  T0,04(3500  T0,920253 _1,n1%))54 9.€0205266  70,7136092  T0,173u67  T3,99301074
0.23320733  0.00223468  T0,39300911 T0,7018370¢  0,002133%  "0,00234733  0,0015533% "0.29979$
[ 0.27609 9,5501n1 T0.07893037  “0,06éC306
J2.73u1m _0.102v12 ©0.0332067  T0,3u51w2%
2.0)48559  0,352436 0.263559  _0,57111
0.21211) 0.4650C7 9,12uu11 0.22372
B[ Zalazua7e  “alnsaus)  “ol03saadee  0.074e13s
T9.3u671 0.05723% 0.,433436 0.35700
d.,433281 0.124389 0,215027 0.173717
[ 0.200960 0,059335 0,0042571%  T0,2201223)
[ 9.135u29 0,206 0.12208 0.123838 0,0553261  0,123870  T0.0013G695 _9,00u3ua1
Cs-2-421295  Ta0sscery 0.172md 0,200 T0,n12u0u 0.201077  73,215977  n,0203016
2.16)34% 0,001213%  0,3,79) 0.6.55%99 0.9370u4 2.10109? 2.0717767 T3 3nyu3se
[ 0.436300 "3,0837m19 0.347657 “0.0322121  T0,192007 0.306107 T0,35%563-  ©9,911023e3
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An Algorithm for the Calculation of Transw:ission Zeros of

the System (C,A.B,D) Using High Gain (witput Feedback

by

2 +
E.J. Davison , S.H. Wang

ABSTRACT

A new algorithm, which is an extension of algorithm II given in [1], 1s
given to determine the transmission zeros of the system X = AX + Bu, y = Cx + Du
denoted by (C,A,B,D) . The algorithm is based on the observation that for
nondcgenerate (C,A,B,D) systems, the transmission zeros of (C,A,B,D) are
contained in the finite eigenvalues of the closed loop system matrix

1 T

I
{A+ BK(TF - DK)"°c} , where K is any arbitrar; matrix of full rank, » « R

and p » = .

1. INTRODUCTION

This paper is concerned about the efficient calculation of the trans-
mission zeros of the following linear, time-invariant system denoted by -
(C,A,B,D):

i = AX + Bu

(1)
y = Cx + u
n . m . . r .,

where x ¢ R is the state, u ¢ R is the input and y ¢ R is the output.
It is not necessarily assumed that (1) is controllable or observable nor that
rank B =m , rank C = r neccessarily.

In [1] —[3] the transmission zeros of (1) werc defined to be the set
of complex numbers X which satisfy the foliowing incquality:

A-11 B]

rank <n ¢+ mnin(r,m) (2)

C D

in particular, the transmission zeros are the zcres (multiplicities inciuded:

-
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of the greatest common divisor of all (n + min(r,my)x(n + min(r,m)) minors

A-AI B '
of . Two algorithms for calculating the transmission zeros of
c D

(1) were given in [1]. The purpose of this paper is to give a new algorithm

for finding the transmission zeros of (1), which is an extension of algorithm

IT given in [1]'.

2. DEVELOPMENT

The following definition is required in the development to fnllow:
Definition [1]

(C,A,B,D) is degenerate if for any specified n+l distinc' real scalars
A;, i=1,2,...,n+1 , the following is true:

*
[A-A.I , B
1

rank <n + min(r,m) , i=1,2,...,n1 (3)

c , D

A system which is not degenerate is called a non-degenerate system. A degenerate

system has transmission zeros which include the whole complex plane.

The following lemmas follow by observation:

Lemma 1

Assume that (A-AI) is nonsingular; then
A-A1 B‘l o
rank = n + rank [D - C(A-AI) "B] (4)
¢, o

Lemma 2

Assumc there exists a scalar X ¢ € so that:

A-AI B
rank = n + min(r,m) ;
C D

then (C,A,B,D) 1is non-degencvrate.

Lemma 3

mxr

. rxm . . . .
Given D e R , KeR witn ranl. K = rin(r,m} , then there exists

a constant ¢* > 0 so that (—E - bi)  iv nensinpular ¥ > p*

J

* 1§ should be notcd that an interesting algorithm which is quite differcnt from
the onc presented here has recently been suggested in [o].



>3

The following lemma is required in the development to follow:

Definition

Given the polynomial equation in A:

p-1 . .
C(Xp + Z C.Al) + gf g C.(e)kl) =0, qz2p (5)
. i ' i
1=0 i=0
with real coefficients c,ci,Ei with ¢ # 0 such that:
E&(c) £0, IEi(e)I <M, i=1,2,...,q, Ye €[0,=), let the roots of (5) be

denoted by Aj’ j + 1,2,...,4. Let the roots of the polynomial equation in
A:

p-1 -

cP + J caly=o0
. 1

i=0

be denoted by o j = 1,2,.c0,ps

Lemma 4 [1]
For any (5,8), 6 > 0, & > 0, there exists an ¢*(§,8) > 0 so that

Ve €[0,e*), p roots of (5) suitably ordered, have the property that

IAj - ojl <68, ) 1,2,...,p and q - p roots of (5) suitably ordered, have
the property that [Aji > T, j = p+l,p*+2,...,q.
The following lemma follows by observation from the definition of

transmission zecros given in (2).

Lemma 5

x
Assume that (C,A,B,D) 1is nondegenerate and that K e Rm ¥ has

rank K = min(r,m) . Then:
(i) If m>r for "almost all" K , the system (C,A,BK,DK) is nondegencrate.
(2) If m<r for "almost all" K , the system (KC,A,B,KD) is nondegenerate.

i.e., the class of K matrices in which the above statements are not truc

is either empty or lies on a hypersurface [4] in the paramcter space of X .

Lenma 6
Assume that (C,A,B,D) is nondegencrate and that K e R™T has rank

K = min(r,m). Then:

(1) If m > r, for "almost all X', the transmission zeros of (C,A,B,D) are
contained in the transmission zcros of (C,A,BK,DX).

(2) If r <m, for "almost all K", the tronsmission zeros of (C,A,B,D) are
containud in the transmission zeros of (KC,A,B,KD).

i.c., the class of K matrices in which the above statements are not true is

eithcr empty or lies on a hypersurface in the parameter space of K.



Proof
The proof of this result follows from lemma 5 on using the definition

of transmission zeros given by (2).

3. MAIN RESULTS
The following initial result is obtained:

Theorem 1

Assume that (C,A,B,D) is nondegenerate; then for "almost all"
A e €, rank [D-C(A-AI)-IB]-= min(r,m), i.e. the class of A which results
in rank [D-C(A-AI)-IB] < min(r,m) or in (A-AI) being singular is either

empty or lies on a hypersurface [2] in the parameter space A e C.

Proof

The proof follows directly from lemmas 1, 2 on using identical arguments

as used in the proof of theorems 1, 2 of [4].
Definition

Given the system (1), let o(p) denote an eigenvalue of

I
Mp) & (A + Bx(-pl - oK) "y

where K € R™T with rank K = min(r,m) and p € R . Assume now that there
exists a scalar A* ¢ € with the property that for any € > 0 there exists
o(e) >0 so that |o(p)-A*| < e V¥p > o(e) ; then A* is called a finite

eigenvalue of M(p)

Remark 1

From lemma 3, the matrix M(p) in the above definition is well defined

if p 1is =ufficiently large.

The following main result is now obtained: .

Theorem 2 (lligh Gain Cutput Fcedback Thcorem)

: o , mxr
Given the nondcgeanerate system (C,A,3,D), let K e R be an arbitrary

matrix with rank K = min(r,m). Then if m = r, the finite ecigenvalues
I
., T ) | o . .
of (A + Bk{;— - DK) 'C} as p + e« coincide with the transmission zcros



g s
of (C,A,B,D): if m # r then for "almost all" K, the transmission zeros

- 1
of (C,A,B,D) are contained in the finite eigenvalues of {A + BK(EE - DK) 1C},
i.e. the class of K matrices in which the above statrement is not true is

either empty or lies on a hypersurfurce in the parameter space of K.

Remark 2

This theorem is an extension of theorem 8 of [1] and is a generalization
of the classical result for single-input, single-output systems, in which it
is well known that for high gain output feedback, the poles of the closed loop

system approach the zeros of the system.
I roof

.The proof of this result follows very closely the .proof of theorem 8
in [1]. 1In particular following [1], assume with no loss of generality
(theorem 7 [1]), that (A,B) is controllable and that (A,B) is in Brunosky's
canonical form. ket n., i=1,2,...,m be the controllability indices [5]

A ;
of (A,B) with § n. =n. Let C= (C,C,,...,C ) be the output matrix
j=1 1 1772 m
(not necessariiy unique) which results from transforming rL%’B) into this
1 x
canonical form and let D e (DI’DZ""’Dm) where Ci eR ' and Di e R¥ 1.
Then the transmission zeros of (C,A,B,D) are given by the set {A} which

satisfy the condition

A-»1 , B
rank < n + min(r,m)
c , D

which after substitution and simplification may be written as

rank T'(A) < min(r,m) (6)
wvhere
A r . - .
re) = [(€,.o)( 1 I. (€,,0,0[ 1], ..., (€0 1 (7)
A A A
n | ’ n
1 2 m
L A A7l A |
I Assumc now that m =r and that p 1is sufficicntly large so that
(35 - DK) is nonsingular (lemma 3;. Consider the cigenvalucs of the matrix

|
M(p) ¢ (A + BK(;£ - DK) 1LS}; they arc given by the solution for A of the

following equation:

det (M(p) - AI) =0 (R)




which can be simplified to the following equation (see Appendix 1):

n n, Kege
det {p K T() - diagx ",A %,...,A D} =0 (9)

and on expanding the determinant of the left hand side of (9), the following

is obtained:

n-1 P
o™ det (K T(M)] + A"+ ] e (A} =0 (10)
i=0
where the coefficients ci(p) have the property that

lim Si(p) _ oy
P s " 0,1i=0,1,...,n-1. (11)

p
Since K is nonsingular, (10) may be written as:

n-1 :
det Jr(0] v === a0 3T Ce(p)A ) ® 0 (12)
phdet K i=o 1!

Now since it has been assumed that (C,A,B,D) is nondegenerate, then
det [r(A)] 1is a nonzero polynomial in X and hence from lemma 4, it follows
that the finite eigenvalues of the matrix M(p) are given by the solution

of the equation:
det [T(A)] =0 (13)

for ). This means, trom (6), that the finite eigenvalues of the matrix
M{p) are equal to the transmission zeros of (C,A,B,D) for the case m =T.
The proof of the case m # r follows directly from this result on using

lenmas 5,6.

4. AN ALGORITILM FOR FINDING TRANSMISSION TEROS OF A SYSTEM

Theorems 1, 2 form the basis of a new algorithm for finding transmissicn

zeros of (1). The following algorithm is obtained from theorem 1.

Algorithm to Determine if (C,A,B,D) is Non-depenerate

1. Choose an arbitrary rcal A* (by using a pscudo-random number gencrator
say) so that || \'InH = || All) so that (A - A*I) s nonsingular.

This will be truc for "almost all" A* chosen.

2. Calculate rank (D - C(A-A*[)'IB). I[f rank (D - C(A-A‘I)'IB) = min(r,m),
the system (C,A,B,D) is nondegencrate; if runk (D - C(A-A'I)'IB) < min(r,m),
then (C,A,B,D) is "almost always' deecnerare, i.e. (C,A,B,D) can only be
nondegencrite provided A*  lies on 4 hypersurface in the parameter space

A e T



3. If in doubt as to whether (C,A,B,D) is degenerate, repeat step 2 using
a different real A* ; if rank (D - C(A-A'I)'IB) < min(r,m) for
min(r,m)+ 1 distinct rcal values of A* , the system (C,A,B,D) is
degenerate,

The follpwing algorithm follows from theorem 2. In this algorithm, it
is assumed that (C,A,B,D) is nondegenerate, but it is not necessarily assumed
that (C,A,B) 1is controllable or observable or that rank B=m, rank C = r
or that m = r.

Algorithm to Find Transmission Zeros of a Nondegenerate (C,A,B,D) System

1. Choeose an arbitrary matrix K e i (by using a pseudo rondom number

generator say) so that rank K = min(r,m).

I
2. Calculate the eigenvalues of the matrix M(p) Las BK(EF - DK]'IC} for
*

large o (e.g. p = 1015 ) ; then if m = r, thc transmission zercs of

(C,A.B,D) are equal to the finite eigenvalues of M(p), and if m # 7T,
then for "almost all" K, the transmission zeros .of (C,A,B,D) are
contained in the finite eigenvalues of M(o).

3. If in doubt as to what the finite eigenvalues are, repeat steps 1, 2
with a different K and diffcrent o (e.g. p = 1016).

Remark 3

In case the condition m = r is not satisfied, those finite eigen-
values of M(p) which do not satisfy (2) should be discarded; the remaining

finite eigenvalues are then the transmission zeros of the system.

Remark 4

Note that it is not nccessary to actually calculate the rank of matrices
. : . B -1 .
in the above algorithms, e.g. let N = (D - C(A-A*1) "3) — then if r <m,
rank N =1 if and only if NN' is nonsingular, and if r > m, rank N =m

if und only if N'N 1is honsingular.

15 J|A
[[BKC
arithmetic is used with this value of & . If single precision arithmotic is

More precisely, p = 10 Here, it is assumed that double precision

; 8 fere .
usced, a smal'er valuc of ¢ is suggested, say p = 107, to minimize the efrect

of rounding crrors in the digital computer.



Remark 5

Note that many effective algorithms exist to find the eigenvalues of
a matrix (e.g. the QR family of algorithms); because of the large value of
p occurring in M(p), it is essential however that balancing techniques (7]
be used in finding the eigenvalues of the matrix M(p) to prevent problems
of ill-conditioning arising in the eigenvalue calculation. Most existing
eigenvalucs packages have this feature (e.g. the EISPACK set of subroutines).

5. NUMERICAL EXAMPLE

It is desired to find tlie transmission zeros of (C,A,B,D) where:

(01000 0 x
001000 0 0

L.loaooo0l 110 IS E RN
0 00 et il 4ol 0 0o 1-10 1
000001 0o
0o 0 0 00 O] (0 1

In this case, it is observed that r =m = 2 and that for a choice
of A* = 2.17 (arbitrarily choscii] Fafik gn-C(A—x*I)'ls] = 2, so that the

system is nondcgenerate. On applying the algorithm of the previous

section, the following eigenvalues of (A + BK(:} - DK)-IC} were obtained,
)

for the case K = [1 0

], on an Ibd 370 digital computer using double precision
01

arithmetic; the eigenvalue al_orithm used was a QR algorithm with balancing

features (taken from the EISPACK set of subroutines).
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Eigenvalues of A + BK(% - DK)_IC]

P Eigenvalues
108 0.9999999899
0.3411639019 * j1.161541399
-0.6823278038
-0.4999999949 * j0.1000000004 x 10°
1012 0.9999999999
0.3411639019 * j1.161541399
-0.6823278038 ’
-0.4999999999 * §0.1000000000 x 10’
10%4 | * 0.9999999999

I+

* 0.3411639019
* -0.6823278038
-0.4999999999

j1.161541399

j0.1000000000 x 108

I+

*finite eigenvalues of A + BK(% - Dx)’lc

In this case, it can be seen that the transmission zeros of (C,A,B,D)
are given by (to 10 significant figures): 1.000000000,

0.3411639019 * j1.161541399, -0.6823278038. The transmission zeros obtained
in this case agree with the exact values (given by the solution of

(A-l)(A°+A+1) = 0) to at least 12 significant figures.

6. CONCLUSIONS

This paper has shown that for a gencral linear multivariable system
described by (1), the poles of the closed loop system approach the trans-
mission zeros of the system when high gain output fecdback is used (thcorem 2).
This rcsult has formed the basis of a new algorithm for the numcrical
calculation of the transmission zeros of a écncral system. In the proposed
algorithm, the typical computation time/storage space required corresponds
to that cf finding the cigenvalues of a single n x n matrix, where n is
the order of the system. The algorithm has been successfully used on systems

of up tu Lol uracr,
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Simplification of Fquation (8)

It is desired to show that (8) can be simplified to (9). It is assumeg'xn

that m = r and that (Ir - DKp), K are nonsingular matrices. Let Ai ¢ R & 5
n,
bi ¢ R 1, i=1,2,...,m, () be defined as follows:
f010...0 0
001...0 0 _
AiQ s o - 1, bié‘ |, @ & Ke(1, - DKo) I aa
000 ...1 0
000 . 0 1 .
Then (8) can he written as: .
det [A + BKp(lr - DKo)'lC - AI] =0 (2a)

which can be written as:

dct[:block diag(/\1 - Al.....Am - 1)
+ block diag(bl,....hn) 1 ] = () (3a)



- 11

which can be simplified to:
n n .
det | -diag(X Lo o

+ ® block diag oy Taddhalic o

e != 0 (4a)

which can be written as:

det | -diag() 1,...,x )+ - ;e
1
A ,
block diag & FR 3 . =0 (5a)
l "
Equation (5a) now can be written as:
n, n
: det| (p~1k7! -D)°-dlag(A s "
1 1
. A A
+ C block diag 5 Z (6a)
gl
A
or alternately as:
= WS R | "m
det{ -p K = diag(A ",...,A )+
1 1
A A
+ C block diag p 5 0808 0p . +
n -1 n'-1 (7a)
1% A" J
n T n

+Ddiagr L,...oa™ =0

which can be written as: i [ i ]
n n . .
det| -diag(A L,...,A ™) pK[; block diag [[ *  f weeenf 2 ql]
n1 n A : s W ]
+ D diag(A *,...,A ™ =0 (82)
or as nl n
det [p K I'(A) - diag(r *,...,A™] =0 (9a)

which is the desired result.,
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OBSERVING PARTIAL STATES FOR SYSTEMS

WITH UNMEASURABLE DISTURBANCES
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ABSTRACT

This paper considers the problem of observing a set of linear functionals of
states for systems with unmeasurable disturbances. A transfer function approach
is adopted to characterize the set of observers for a given system. The result
also has direct application to state estimation in decentralized control systems.

1. INTRODUCTION

The problem of observing the state of a linear time-invariant multivariable
system has been investigated by Luenberger in his early papers [1], [2]. Luen-
berger has considered the design of minimal-order observers which estimate the
whole state as well as the minimal-order observers which only estimate a given
linear functional of the state. The problem of constructing a minimal-order
observer which observes a given set of linear functionals of the state has been
investigated in [3] - [6]). In [7] - [9]. different approaches are used to construct
observers which can estimate the states of systems with unmeasurable disturbances.
This paper considers the general problem of observing a given set of linear
functionals of the state for systems with unmeasurable disturbances. In section II,
a transfer function approach is adopted to characterize observers for a given
system see [10] [11]). In Section III, it is shown that based on this transfer function
characterization, one can then apply the minimization algorithm in [11] - [15] to

obtain a lower bound for the order of dynamic observers required. For relatively

low order systems, one can usually construct such observers with arbitrary poles



without difficulty. However, the general problem of constructing minimal-order
observers with arbitrary poles for systems with unmeasurable disturbances has
not been fully resolved. In [6] Taski's decision method has been applied to the
design of minimal-order observers. For more details, see [16], [17]. The
result in this paper also has direct application to state estimation in decentralized
control systems [18].
II. A TRANSFER FUNCTION CHARACTERIZATION OF OBSERVERS

In this section we adopt the transfer function approach to the design of
dynamic observers. This approach has been used by Retallack [10]. In the
following, Theorem 1 gives a complete characterization of dynamic observers
whizh observes a specified set of linear functionals of the state in terms of
transfer function matrices for systems with unmeasurable inputs.
Theorem 1

Consider a completely controllable linear system specified by

x!t) = Ax(t) + Bu(t) (1

y(t) = Cx(t) (2)

where u(t) ¢ Rm is the input, x(t) ¢ Rn is the state, y(t) ¢ Rp is the output and A,
B and C are real constant matrices of appropriate size,
Let A = diag {)‘ii} be a mxm diagonal matrix with } . =1 if u (t) is measurable
and xii = 0 if ui(t) is unmeasurable. Define u(t) = Au(t).
Consider another linear system with inputs ult) e R™ and y(t) ¢ RP. and output

wit) ¢ RY,



z(t)

Fz(t) + Gu(t) + Jy(t) (3)

w't) = Lz(t) + Mu(t) + Ny(t) (4)

where z(t) ¢ Rn is the state, and F, G, J, L, M and N are real matrices of

appropriate size, and the pair (I.,F) is completely observable. (See Figure 1).

Let K be an arbitrary real matrix of size gxn. Then the
following two conditions are equivalent:

(D

(II)

'
There exists a real number y > 0 and a map g: R" xR" = [0.=) with

1
g(0,0) = 0, such that Yx(o) ¢ Rn z(o) ¢ Rn , and for any piecewise

continuous control u: [0,=) =+ Rm, we have
lw(t) - Kx(t)]] < g(x(0), z(0)) x exp (-yt) VYt = 0.

The transfer function from u to w is equal to

H,(s)H(s) = K(sI - A)'IB, (5)
where
-1
Hy(s) =| C(s1- A)T'B
A
-1
Hy(s) = L(sl-F) " [J 1G] + [N | M]
and
Re )\ (F)s -y if )\(F) is a simple root of the minimal polynomial
of F
Re )(F)< -y if A(F) is a multiple root of the minimal polynomial
ot F.



Remark
Theorem 1 states that the class of linear multivariable systems with proper
rational transfer functions, whose outputs w(t) asymptotically approach Kx(t)
as t+® , is characterized by the conditions of (II).
In order to prove Theorem 1, we first state the iollowing lemma.

Lemmal

Consider a completely observable system specified by

x(t) Ax(t)

y(t) Cx(t)

where x(t) ¢ R" is the state, y(t) ¢ RP is the output, and A, C are real constant
matrices of appropriate size. The following two conditions are equivalznt:
(1) There exists a function g: Rn-t [0,=) with g(0) = 0, and a real number

y > 0, such that

HC exp (At). xoﬂ <g (xo) exp ( -vyt), oncnn, Yt =2 0.

(ii) Re )\(A) s -y if A(A) is a simple root of the minimal polynomiaal
of A,

Re )\ (A) < -y if A (A) is a muitiple root of the minimal polynomial
of A.

The simple proof of Lemma 1 is omitted.

Proof of Theorem 1

(I) = (II)
Let x(0) = 0 and =(0) = 0, then for any input u(.}, we have w(t) = Kx(t).
1

Hence the transfer function from u to w 1s equal to K(sl - A) 'B. On setting

x(0) = 0 and u{t) = 0Yt20,



then

w(t) = L exp (Ft) z(0)
and

x(t) =0 VYt =>0.
Hence

lwit)l = [|L exp (Ft)x(0)]] s g (0. z(0)) exp (-yt),¥t 2 0.

Since (L, F) is completely observable and z(0) ¢ Rn' is arbitrary, thenfrom
Lemma 1 the result follows.
(I = (1)

Let x/0) = 0 and z(0) = 0. Then since the transfer function from u to w

is K(sI - A)'IB, we have

0 = wit) - Kx(t) Yt=0, (6)
From (4), (6), and U = Au,
0 = Lz(t) + MAu't) + (NC - K) x(t) . (7)

Assume that u(.) has a discontinuity at time t and that both X(*) and z{(.) are
continuous functions at time t. In order to satisfy (7) , MA must be a zero
matrix.

Taking derivatives of (7).

0 = LF z(t) + [LG" + NCB - KBJu(t) + [LJC + NCA - KA]x(t) (8)
Using the same arguments as above, we conclude that the matrix [LGA+ NCB - KB] -
0. Continuing this process, we have

0 = LFi-lz(t) + Wix(t), (I=1,2,...,n") (9)



where W. = NC-K, W

1 2 = LJC + NCA - KA, etc.

Eq. (9) can be written as

Qz(t) = Wx(t) ,

where Q = —L 7 and W= - Wl
LF o0
----- "o
'-
LF" 1 .
— — wn'

From the observability property of (L, F),the matrix QTQ is nonsingular,

Hence from (10), there follows
T -1_T
z(t) = (Q Q) Q Wx(t)
= Tx(t), Yt20,

where TS (QTQ)-IQTW.

Next we calculate
:—t [z(t) - Tx(t)] = F[z(t) - Tx(t)] + [JC - TA + FT}x(t) + [G/ - TBu(t)
Assume that x(0) = 0 and z(0) = 0, from (l1) and (12),

[JC-TA + FTx(t) + [GA - TBJu(t) =0  Yt=20.

If u(.) has a discontinuity at t, x(.) is a continuous function at time t, hence

[GA-TB] = 0. Furthermore, from the controllability property of (A, B),

(10)

(1)

(12)

x(t) Rn can be any vector at time t > 0. Therefore [JC - TA + FT]=0. From

(12), there follows



S [2(0) - Tx(®)] = Flz(t) - Tx(t)] (13)
for any x(0), z(0), u(.) and t 2 0.

Consider the following,

w(t) - Kx(t) Lz(t) + NCx(t) - Kx(t)

L[z(t) - Tx(t)] + [LT + NC - Kx(t)

L- exp(Ft) [z(0) - Tx(0)] + [LT + NC - K]x(t). (14)

From zero initial conditions x(0) = 0 and z(0) = 0, we know that
w(t) - Kx(t) = 0 Yt 2 0. Then from the controllability property of (A, B), it
follows that LT + NC - K = 0. Hence from (14), there exists a function

g: R x R® 4 [0,®) with g(0,0) = 0 such that
lwit) - Kx(t)] = [|L exp(Ft) [2(0) - Tx(0)]]| < g (x(0), 2(0)) exp (-yt),

for all x(0) ¢ Rn, z(0) ¢ Rn' and u(.), and t 2 0, where y is as specified in
condition (II) of Theorem 1. Q. E. D.
Remark: Part of the above proof was motivated by results in [4].
III. LOWER BOUND ON THE ORDER OF OBSERVERS

The minimization algorithm in [11] - [15] solves the following problem: let
P(s) and Q(s) be given proper rational matrices of apprépriate size: how does
one find a proper rational matrix H(s), (assuming it exists), which satisfies the
following equation

P(s)H(s) = Q(s)
such that H(s) is of least possible order (McMillan degree)?

In the following, we will apply the minimization algorithm to find a lower

bound on the order of a dynamic observer which is required to estimate a




specified set of linear functionals of the state of systems with unmeasurable
inputs.

From (5), we have

HZ(S) ......... = K (sl - A)-IB (5')

where C(sI - A)-IB is the transfer function of the given system in (1) and (2),
Hz(s) is the transfer function of a dynamic system whose output tends to Kx(t).

It is clear that if we take transpose of (5'),

. [ -
[BT(sI - AT) e : A]H;_r(s) = BT(s I-AT) lKT, (15)

we can apply the minimization algorithm to the above equation to construct the
set of solutions HZ(S) of least McMillan degree, Moreover, as pointed out in
[11], [12] the set of observability indices of all minimal-order solutions H,(s)
are equal, Since the solutions Hz(s) constructed by the minimization algorithm
may not be stable only a lower bound on the order of the dynamic observer
required is in general obtained. In the special case, however, whenq =1 or

p = 1, one can rederive from (15) previous results on minimal-order observers
[1] - [4]. For the general case q> 1 and p> 1, the problem of finding minimal-
order dynamic observers with arbitrary pole locations is not yet fully resolved.
As indicated in [6], Tamski's decision method seems to be suitable for this class
of problems. For more details, see [16], [17].

IV. CONCLUSION



required is derived. The result in this paper has direct application to state
estimation in decentralized control systems [18].
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MINIMIZATION OF TRANSMISSION COST IN DECENTRALIZED CONTROL SYSTEMS

Shih-Ho Wang Edward J. Davison
Department of Electrical Engineering Department of Electrical Engineering
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Boulder, Colorado 80309 Toronto M5S 1A4 Canada
ABSTRACT

This paper considers the problem of stabilizing a linear time-invariant
multivariable system by using local feedback controllers and some limited
information exchange among local stations. The problem of achieving a given
degree of stability with minimum transmission cost is solved.

1. Introduction

When control theory is applied to solve problems of large systems,
e.g., electric power systems, socioeconomic systems, etc., an important
feature called decentralization often arises. Such systems have several
local control stations; at each station, the controller observes only local
system outputs and controls only local inputs. All the controllers are
involved, however, in controlling the same large system. It is obviously
important to know under what conditions there exists a set of appropriate
local feedback control laws that will stabilize the complete system. Several
different versions of this problem have been formulated and examined in
[1]. A necessary and sufficient conditiﬁn for the existence of local output
feedback control laws with dynamic compensation to stabilize a given system
is given in [2]. This condition is stated in terms of a new notion, called
"fixed modes'" of a decentralized control system. I[f some clement of the
set of fixed modes is unstable, then the system cannot be stabilized via

local controllers only. Some transmission of output information among local

This work has been supported by the National Aeronautics and Space
Administration, Langley Research Center under Grant No. NSG. 1213 and the
National Research Council of Canada, under Grant No. A4396.



stations is nccessavy. An algorithm which minimizes the amount of trans-
mission cost is given in Scction 4. Scction 2 defines the problem and
Scction 3 swmmarizes some previous results. An cxample is given in
Scction 5.

2. Problem Stntcmcqg

Consider a lincor time-invariant multivariable system with Vv local

control stations described by

<

x(t) = Ax(t) + (L) By, (1) (1a)

¥y o1 & RerleY, (i ST, (1b)

where x(t)e R" is the state, ui(t)s Rmi and yi(t)c Rpi arc the input
and output, respectively, of the ith local control station (A =-1;:::;0)8
The matrices A, Bi’ and Ci’ (i=1,...,v), are recal, constant, and of
appropriate size. The problem is to find v local output feedback controi
laws with dynamic corpensation in order to stabilize the whole system. The
set of local feedback laws are assumed to be generated by the following

fcedback controllers:
Zi(t) - Sizi(t) * Riyi(t) (2a)
ui(t) = Qizi(t) + Kiyi(t) + vi(t),
io=1,.0..,v,) (2b)

n, n,
where zi(tlc RY s the state of the ith feedback controller, vi(t)c R1
is the ith local external input, and Si’ Ri’ Qi' and Ki are rcal constant
mitrices of appropriate size. [Lquation (2) can be written more compactly

as follows:



z(t) = Sz(t) + Ry(t) (3a)

u(t) = Qz(t) + Ky(t) + v(t), (3b)

where

ne

block diag [Sl,...,Sv]

>

R

Q
K

block diag [R],...,va

n">

block diag lQl""’Qv]

(>4

block diag [Kl""'xv]

T LA
[z (1) -+ z (V)]
= =
by, (2) ==+ y, (8]

T T
[, (&) -+ u ' (2)]

ne>

21 (1)

ne>

)'T(t)

u' (t)

n>

and

nue>

Vi 2 v v o). (@)

When the feedback control law generated by (3) is applied to system (1),

the closed-loop system is described by

_:'((t)-l [A + BKC  BQ | i_x(t)] |B|
| + l
{

. | = | v(t), (5)
z(t) L RC S | z(t)| 0
where ~

¢, > Py

B = [B): ---;Bv] and C=| . (6)
Vs —— . \
m m -C- P
1 v g vJ/ v

The set of local feedback control laws of (3) is tou be chosen so that
the overall system (5) is asymptotically stable, (i.e., all poles of system
(5) are in the open left-half complex plane ). This then is the problem of
stabilizing a decentralized control system via local output feedback with

dynamic compensation.



3. Solution to the Stabilization Problem -

The following definitions are required to state the necessary and
sufficicnt condition for the cxistence of solutions to the stabilization
problem.

.I}finition__l-

nxn nxm

Consider the triple (C,A,B) € RP*™ X R™™ x R™™ 4nd the two sets of

integers Mot ttomy and pl."'.pv

Vv

v
m = Zi___lmi and p = z'=lpi

1

which specifies system (l1). Let K be the sct of block diagonal matrices
as follows:
K = (K|K = block diag LPEER W

m.xp.
S T T PR R (7

Then the greatest common divisor of the set of characteristic polynomials
of (A + BKC), for all K E‘C(, is called the fixed polynomial of the triple

(C,A,B) wvith respect toX, denoted by ¥(A;C,A,B,9), i.ec.,

P(X;C,A,BK) = ged{det(AI - A - BKC)}.
KeK

Comment:  The map v(Y;C,A,B,):J0+ged{det (Al - A - BKC)} is well defined
KEX
for any subsctk - ,{"'!P and not just for the set K of block diagonal matrices

in (7).

befinition 2

pxn nxn nxm

For a given triple (€,A,B) €R X R X R and the given set K of



block diagonal matrices in (7), the set of fixed modes of (C,A,B) with respect

to K is defined as follows:

ACC,A,B,5%) = oA + BKC]
Ke K
where oA + BKC] denotes the set of cigenvalues off (A + 8KC). Equivalently,
A(C,A,B,X) can be defined as Tollows:
AC,AB,K) = {(A|xe C and Y(X;C,A,B,K) = 0} .

Theorem 1 [2]

Consider the given system (C,A,B) of (1), with B and C defined in (6).
Let K be the set of block diagonal matrices defined in (7). Then a nec-
essary and sufficient condition for the existence of a set of local feedback
control laws (3) such that the closed-loop system (5) is asymptotically

stable is that

AC,ABK) € C

where (> denotes the open left-half complex plane.

Corollary 1 [2]

Under the same assumptions as in Theorem 1, the nccessary and suffic-
ient condition fot the existence of a set of local fecdback control laws
in (3), such that all poles of the closed-loop system of (5) are in S

is that

A(CC,A,BK)C S
where S 1is any noncmpty symmetric open subset on the complex plane (E(i.e..

if A e S then its complex conjugate A* € S).

For the proof of thcorem 1 and some further details, please refer to

[2].

4, Minimum Transmission Cost

In the previous scctions, the problem of stabilizing a linear system

via local output feedback is investigated. In case that a given system

= —————— c—



0

cannot be stabilized via local output feedback then it is necessary to transmit
some observations of local system outputs to other control stations in

order to stabilize the wholc system. It is natural to assuie that there

is a certain amount of transmission cost, say "ij * 055 of trunsmitting

a scalar time Function from station 1 to station j per unit timc.

The problem is to design a control scheme which stabilize a given system

with minimum transmission cost.

Consider the following set of matrices

K(pij,i,j=l,~“,v) ={x|x = block{l(ij}

K120t K g
¢ .-5-5 o - J.ﬁ- , Kij ER’ j,

Kw: ey : Kv

rank Kij = Pij } (8)

The set of matricesf{ defined above corresponds to the set ot constant
output feedback laws u = Ky. Each feedback law u = Ky consists of a set

of (sub)feedback laws u, =

i Kij which requires the transmission of a

%
time function with pij components from station ) to station i. The
total transmission cost required for the implementaticn of

Ke(0; 5500321, ++2,)  is

\Y \Y

(3(pij,i,j=l....,v) = ifl iEl pijoji
Hence the problem is to find a set of integers pi)' 0 < oij < min (mi’pj)
in order to minimize
i (P50 3=1seenyV)
subject to A(C,A,B.K(pij,i.j-l.....v))C {2: (9)

For a given set of pij(i,jsl,....v). the condition of (9) can be

checked as follows: Lach submatrix Ki of rank pij can be written as

j



the product LijM.lj.whcrc l'ij is of size mimij and .-lij is of size
Pijxpj .- Lot “a""'ké} be the set of ecigenvalues of A with nonncgative

real parts. Then condition (9) is satisfied if and only if

) — = -
Hdct(...ll A B[block{l.ijMij}lt.; (/0)

icla ,...,8}
is not identically zcro.
Remark
The above condition implies that all unstable eigenvalues of A have been
shifted by the applicatiorof feedback u = [blockaijMij} ] vy, i.e., none of unsfable
eigenvalues of A is a fixed mode.
Since there is only a finite number of possibilitics in choosing "i_i's’

the minimization problem of (9) can be solved in a finite number of steps.

Once the set (pii,i,j=l....,v) is determined, the actuul construction

of dynamic compensators is basically the same as in tiic proof of ‘ikeorcm 1.

5. Example

Coasider the following system with two control stations,

B o 1 7
X 0o 0 O xl 1 0 ul + 0 ‘ul
2 | 2
xz - 0O 0 O xz " 0 1 ul_; 0 |
-x3 0 0 -2_ %3 | 0 0 _1 J
y1 =[0 0 1] [x 7
1 1
*2
%3
l - - -—
Y, - 1 0 0O X,
2
Y, 21 0 X,
X, .




1

e
Y2
where | L |and y} are the input and output at station 1; u; and| jlare the input
u Y.
2
and output at station 2. Assume that the transmission cost axi =‘a22 =0,
@, = 1 and @, c 2.

In order to minimize the transmission cost, first consider the decent-

ralized feedback

X)) = L 015= €57 0,05,= 1)
1 ]
- ' kll 0 0 l 1
- . | R
K ! K=lky 0 0 |»Kylkypkypkys€® p
|
L ky; Kiz p

With the above set X, the corresponding fixed polynomial of (C, A, B) is

J\ 0 -kj1
¥ (\C,A,B,X) = g.c.d. det| 0 A -k21
R o = 4
ke kapr kg kas® k3z ka3 At2 |
- J
= ).

This shows that with local feedback, there is a fixed mode at the origin.
Hence the system can not be stabilized by local feedback. Now consider the
case in which we transmit the output at station 1 to stat’on 2. The corresponding

transmission cost is

ClPy = Pp9% Py =l 0)5= 0 = 1.
And the set of feedback matrices is
X (on =P517P55 1, Pl2°= 0)



~
k, O
= 9 =
SR ka1 » Ky Kppr Kgpr Kgp0 kg €R
ki) K3y kig
- -

It can be shown that with respect to the above set of X', the fixed
polynomial of (C,A,B) is \. Hence, again the system can not be stabilized
even with transmission of output from station 1 to station 2,

Next consider transmitting a single linear combination of the output

@
at station 2 to stationl. The transmission cost is

=1, p, =0)=2

C ) =P =Py 21

The corresponding set of feedback matrices is

X (o) =pp=0p=h 05°0)

)

-
k11 k12 k13 Kk L
=4 K| K = kZl kZZ k23 , all kij's ¢ R and rank klZ k13 |= 1|
] 0 k32 k33__| 22 23J J
k12 k13
The additional rank constraint on the matrix can be
22 23

expressed as

K2 M3 | = | B I_Yl YzJ
k22 ko3 B2
where Bl' 82, Yl and YZ are arbitrary real numbers.
The corresponding fixed polynominal is
3\
[ N-BYp By TRy
g.;.a. 1 det “8,Y, N-ByY, ks ) =1
kl '18 L -k32 -k33 A+2
i .
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Hence there is no fixed mode in the system. By choosing BI=BZ = kll =1,

Y1=k21r %,,=0, and Y2=k = -1, the resulting system characteristic

33 32

polynomial is )‘3 + 3)\2 + 3) +1. Hence all three system poles have been

assigned at -1. *

6. Conclusions

In this paper, the problem of stabilizing a large scale decentralized
system via local controllers and with minimum transmission cost for information
cxchange among local stations is discussed. Clecarly, a more efficient
algorithm is required if one would like to apply this method to practical

design problems. Several related publications are included in the reference.
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