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Abstract

Closed form solutions are presented [or sound
propagatien from a line sourge In or nesr a shear
layar, 'The onalysis ks exact for pll frequencles
and is deveoloped agsumlng a lincar veloeity proflle
in the phear layer. ‘Thils assumpblon allowa the
solution to ba expressed In terms of porabollie cy-
linder functlons. Tho solutlon ig presented for a
line monopole source Lirst embedded L{n the uniform
flow and thon In the shear layer., Solutions are
also discussed [or certain types of dipole and
quadrupole sourcos, Asymptotic oxpanslons of the
exant solutlons for small and large valuea of
Strouhal number give expressions which corvespond
to solutiens previously obtalned for these limiting
easos,

Introduction

Sound woves passing through o shear layer arc
altored both Ln amplituda snd directlon, Hence an
obgerver situnted (n the far [icld on the opposite
#.de of o shear loyer [rom o sound source will, in
peneral, heor sound which differs {rom that origl-
nally produced by the socurce, Any soupnd produccd
by an alrcraft engino must puss through a shear
layar or combinotion of shoar layers. Consequently
a thorough understanding of this phonomenon Ip es-
sentlal for determining the far Licld sound pres-
sure amplltude directivity gencrated by on alrernft
engine In flight., Such knowledge in also necespory
for developing adequate corvectlon procedurcs for
data from open-jet onecholie wind tunnels used fop
glimulating £lipht clffects on nolse sourees.

There have been several studics el che elfeek
of relative motlon between two media on tho propa-
gation of mound waves. Ritner! ond Miles? Inde-
pondently Investlgated plane waves Emplinglng on a
velocity Interfoce between two maving streams,
Gottliohd studied a sound source near g velocity
discontipuitcy. tlo obtained for Field solutions by
evaluating the cxact sound ficld inteprals by the
method of atatlonary phaae. Slutshy, Tamapno and
Moretti%=0 extended Gottlieb's analysis to inelude
quadrupolo sources embedded in the meon {low.

Their analyses were doveloped for the sources situ-
ated in on axisymmetric slug (low. Graltam ond Gra-
ha treated the propagatlon of plane waves through
a Elnite ahpar layee, The same suthers® Loter fn-
vestigoted the effect of a [Enlte shear layer on
sound waves from a point source. They obtained
velocity potential solutions by means ol & serles
expansion about a singular point and presented re-
sults for very low frequencies with geoustic waves<
lengthy mueh greater than the sheor layer thickiess,

Goldstein®» 10 obtained solutlons for low fre-
queney gound Crom multipole sources in asxisymmelele
shear [lows with arbitrary velocity profiies. The
repults of his onalysig show bow the mean flow af-
feers the radiation pattern [rom the sources.
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approximation.

Balsall gives expresstons for presoure flelds of
virious high frequency convected sources embedded
in a unidircctional shearsd Elov, The expresslons
inelude rhe simultancous effects of fluid and source
convection and refractfon, Those results are for

axleymmetrie Llows with arblitrary voloeity profiles.

Tha next step in determining the effeet of a
shoar layer upen pound propagatlon is to obtain
analtycic solutions for the far fleld pressure for
the entire acoustic frequency ronge, This hag been
accomplished In the present ancnclgati)nl2 at NASA
Lewlas Reaearch Center by using an exaet onalytical
solution obtalned by Goldatein ond Riceld not only
for a monepole source in a uniform flow neor &
Linenr sheor layer but for dipole and quadrupole
sources a8 well. 'This anzlysis Ls further cxtended
to the case in which the source la emboedded in the
shear layer for o monepole, and a quadyupole type
of gource for the entlre [requency spectrum,

Symbols

Ak) arbitrary coefflefent Ln cquation f12)

Bik) arbitrary coeffictionk Ih equotion (14}

b translormation paramecar defined by equa-
cipn (18}

6, (k) arbitrary cocffictents in equation (20)

c, gnced of gound, 340.46 mfsec

[J arbitrary unlt source term in uniform Elow

' region

ij Fouricr transform of Ej

£ oxternally applied force

gj arbltravy unbt gouree torm in shear layer

STJ Fourier transform of BJ

h coordlnate of gource location {n -y di-
rection, meters

k, ﬂfcn

kg wave sumbep in x  divection In repion 1,
ko cos o

ik wave number in x direction

H Maeh number In shear layer

M, Mach numbey of uniform flow

Ply,k)  PFourjvr transform of p(y.x)

el perturbation pressure, N/m
q external volume flow souree, equation (42)
T radial coordinate of abservation point Ln
cylindrical coopdinate system, mcters
ole

5

h%

ERRATA
Figures 3 to 6 and 7(c). The dashed lines in the keys should be

reversed; that is, the short-dash line denotes the high-frequency
approxnnatlon, and the long-dash line denotes the low-frequency

Strouhol number {reducod frequency)
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£ time, sce

U volaelty in x directlon in the shear
layer, metors/uce

u, velocity of uniform flow, meters/soc

V(y,k} Fourler transform of v(y,x)

v porturbation veloeity in y direetion

x  coordinate in direction of uniform flow

v coordinate L to direction of uniform
flow

71'2 dofined by equationa (13} ond (15)

5(y) dirac dolta funetion

& ohear layer thickness, metors

1] pelar coordinate (polar angle) or dirae-

tion between line connecting rource and
observation points and direction of uni-

farm flow
o, ceitical angle below which sound waves
will not propagate through shear layer
A wavelength
£ transformation variable dofined by cqua-
tion (16)
1 densicy 1.23 kg/nP
4 angular Erequency
Subseripts!
d dipole
I mongpole
q quadrupola
Analysis
A typleal turbofan engine ls ropresented in
Fig, 1. This Indleacos how sound poncrated by such

an enging might encounter various shear layers.

A simplificd formulaklon of thia problem is
based on the flow geometry shown in Fig. 2 where a
mediuei moving with a uniform veloclty U (region
2) and a medlum at rest (region 1) ore sgparutnd
by a single shear layer having a linear velocity
profile. The no flow case Lo uaed on one side of
the shear layer for simplicity, and the solutions
can be ¢asily oxtended to the more general casc of
finite unkfomm flow on both sidea, Cases will be
consldered In which a line source is located in the
uniform flew and in the shear layer.

The governing equotions for sourd prupapation
in each of these reglons may be found In Ref. 14
(p. 10) and are glven in terms of acoustle preos-
gure as follows:

L. In the no Elow reglon, U += O (regien L}

2

vip, =+ 0L (L
L)1 )

oﬂnl"‘

2. In the unlform flow reglon U = l.ln (reglon 2)
vzp--*-—nz-p-f Je12 (@
¥
27 22Ty
0
whaore
D .
o . 3]
Dbltb+uoﬁ
and
B(x)b(y + hyelt® ge1
EJ L
0 _ j=a2

accounts for the presence (f = 1) or absence
{j = 2) of the source (of unit strength) is the
uniform E£low.

3. In the shear layor

2 2
Dofy2, oL 0 Y oy R a
pe|YP- 27 gl 5 i=1.2
c_ DE
[+]
(3)

where the prime denotes differentintion with re-
spout ta ¥y,

LA
Yy = dy
| R A
e aetVix
and
0 jul
By =

1wg

ﬁ%(&(x)ﬁ(y + h)e j=2

accounts for the absenee {§ ~ 1} or presence
(} — 2) of the source In the shoar layer.

‘The vadiatlonship between the transverse pars
ticle velocity and the acoustic pressure is glven

by

po(%%) i gg

The linear velocity profile in the shear
layer is glven by

Uiy} - -t y/é

Far the boundary conditions we have the
acgustic radiation condition which requires out-
ward propagating waves at y = *:, At the edges
of the shear loyer we require continuity of pres-
sUTe

pEpy 4t ye 0 oand p Py at'y s -b

4)




and continuity of particle dlaplacement vhich can
be oxpreased ln tuerms of the transverse porturba-
tion velocity (since there Is no slip)

yrv atys= ¢ md v V, At y® b

%)

Assumlng o simplc havmonie time dependence and
applying the Fourier tronsforms

sup
Pk = 5= fptay) e
-0

thx dx

Eiﬂt
Viy,k) = S fvixy) e

1kx dx

m
L ; ikx L
o 6{x) o dx = o

-

giﬁis the follewing system of second order ordinary
differential equations and boundary condicions.

In reglon 1

2
tw 2

P'£+|;2-k]PL=O (6)
‘o

In reglon 2

2
w 2
Pg+[(c—-o-ﬂok) -k:ll‘znf,rj ] j=12
7
where
= o(y + h) i1
ar
ij =
0 J=2
and .
Mo = Un/co

In the shear layor

2
2k . w 2]
py - (F}[- u{) P! + [KFJ!- ;%;) -k ] Pou Bpy

v} i-1
by ™3,
b ey 4+ h) } = 2

vhere

a

Pon o, (‘=—o - ku)v (9)
and

=L

%o

with the boundaty conditione
Pe Pl; Vo Vl st y=0 {10)
e P25 Ve Vz it y = -& (11)

The solution of this system will depend on
whether the source {s located in the uniform flow
or In the shear layer. Howaver, the proccdure is
the soma in clther case,

The solutlon of equation (6) Ln the no Elow
reglon which saetefies the padlstlon condition has
the form

Y
Py = Alk)e

(12)

where

v = YKE - (e’ (13)

When the source is In vhe uniform flow reglon
Y s 1y £, = Y6y + h), gp = 0 the solution to
T, e 3}

equation (7) which satisiies the radintion copdi-
tion has the form

p TYplyh|

\7%4
Py = B(k)a + Z;;; e (14)
where
vy = Y - (e - ki) (15)

The assumption of a lincar veloclty profile
in the shear permits use of the golution obtained
by Goldatein and Riceld which cxpresses the acous-
tic pressurc in the shear layer in terms of the
parabolle ylinder functions of Weber.l3:16 Renee,
following Goldstein and Riceld, the new Independent
variable & -and dependent varioble U are defiped
by

1 #)
b Vi (2 - ) (16)
[+
and
2
pe2sa PRy
Pog & (e bt "zu) an
Ly &
2
where
] .
b (18)
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and
[
H [

These tranoformations are lntroduced into
equation (8) which (s then {ntegrated once as in
Raf. 13 to obeain Weber's cquation.

U - (14 EF + DU = 0O (19)

where the primes now denote differentation with
respect to £, Thip cquaclon has as its solutlons
an arbiteary linear combination of parabolle ey-
linder functiona U{b, * &), (AbramowiczlC), Thus
the solution to ecquation {(8) {s wrltten as an arbi-
trary linear combinatlon

P e C0OPT(R) + C (0P (8) (20)

pf the functlons

P (E) e

fu (b,‘Fi + by (b, t4) ] (21)

'i'-l- b
or
POGEY ¢ osU(h = 1, 0E) 4 (b = 1/2)U(b + 1,'E) (22)

Having obtalned chepe solutlons (Bya. (12}, (14)
and £20)) the boundary conditions (Bqs. (10} and
(113} are applied at the edges of the phear layer
to wyaluate the following coxpresaion [or the cool«
fielent A(k) In the far fleld prespure cxprossion
(Bq, (12)),

T CE Tt e - et e )]

AR) 5 F— - -
7 vt - ¢t
(23)
whete
G = P (E,) - Y (E)) (24)
RO BU(E) + vl (5 (23)
and
. dp (F) ol
ey - S 4 tone 9
E::Fl
dE vrwery
dy < w21l
whuere
. 20 [/ LB
bty Vi () eey s o

and

1
2 M Sy

ek a‘f—"-!l(-l‘-‘-mo) at y = -

Putting tho sppropriate expressions for vy, and
for P (;}) )nnd P'E(t)) In the numeratof of
21

cquation ylalds,
2 2 .
-‘/k e Y=kt 17 (-6th) N2
A = 2o VTR TCE) (:?l)
o
‘/._1.."3 1
Tmok (b + 1/2)rb - 1/2)
x (26)

ant - ot
This exprossion for A(k) can be put Into
equatlon (12) for P; which Is the Fourler Trana-
form solutlon for the far ficld pressure pattern in

reglon 1. The actual pressure (s then obtained
from the Fourier {nvorsion Integral

, v = (Lkxty, y)
pltx.y)nu“’“_[mnck)o YU @n

with  A(k) given by equation (26),
togral La of the form

f ploye L0 gy

-

Tha above li-

were
E(k) = dkx + v ¥ (28)

with vy, defined by equatlon (13). This type of
integral econ be evaluated by the method of atatlon-
ary phase or saddle point methodl?+18 (for large
positive r = Fx? + y2)

The detalls of the ovaluotion of equation (27)
aro presented lp Ref, 12, The reoulk, given here
in eylindrical coordinatey, is the followlng ox-
presslon for the far field prossure directivity for
a linc monopole spurce located in the uniform flow

" 26 nin u
~rd  cop o (b + L/2)1¢{b ~ 1/2)

p = R -
;m ¢ R 4 . RN Gﬂ"fo
L 2 2
'i'c_ {V l-MQcou ) -gop u(-l-+h)+r+cut} (29)
wa B
where

{(1 ~ M ocon o) }[(1 - W cos n)z - conzn}

w i{h - 1)52)

+ {(1 - Hu vog ) - (1 - Mo <oy u)z - cunzn}




x (b = 1/2)U(b + 1,24,) G0

ond

+ -l
[}

+ (L ain o) (b » L/2)U( + 1,28)) (31)

The frequoney is defined fn terms of Serouhal
nunber as follown !
Recall thot

and that

28 [fw
e Vi (3 ) -

whers k= kl = ko cos B wag uped,

zL-E“—’-a
a

W cos & (L - M cos &)
Q

Mote that n(cho%/Ho 13 a nondimonsional group of

paramcters thot oceurs several places In the pres-
gure cxpressien, llence we define

Strouhal pumbor w § » n 2 (a2)
o
Then
b=1/2 £ 8§ cos ©
and

218
E = ‘/nna m (1 - M con 0)

This $trouhal number is cesentially o comparison of
the aheor layer thickness to the ncoustic wave-
longth, and is referced to as o nondimensional fre-
quency.

Now placing the source In the shear tayer,
= o <
(3~ 2, sz =0, grz oy t{y+h) in Egs. (7) and

(8)) and follaowinp exactly the same procedure
yields the f{or fleld oxpression for ocoustic pros-
gure

/2
i (-1 ain 1)
R P f -8y cos #)?
it 3 { T M, cos )
[+]
TR e
O A S (T i B
« 1 : @ 33)
Tim i Vg Ve " (
G R -G R
where

2L /W
R AR TA N

It is noted that when the aource is placed at
the uniform flow cdge of the shear layer, in which
cage hhe & apd &4 w By, equation (33) becomes
equal to equation (2%), Both cquations (23} and
(33) reduce to the aame speclal reeult regardleso
of source location when the line between the source
and observer L orlentod at 90° to tho flow direc-
tion (L.0,, U = 909 in Eqa. (2%) and (33)). This
result is

172
I -1-;“—"-(11-26+r)+1wt
1 o
P = e {35)
Im 8rrL £y
0ag0? o

This also ogrees with Gottlich's reault? at
i+ = 809 when the shear thickness 6 is set equal
to zero.

Approximote Solukions for Limiting Coscs
of Lov ond lliph Frequency

When conaldering the far fleld presaure for
Limieing volues of frequency it is actuclly limlt-
ing values of nondimenasionnl Ercguency or Strouhal
numbor {defined by Eq. {32)) which are of interest.
Careful examination of the for flold pressure cqua-
tions {Fgo. {29) and (33)) along with the defindi-
cions of b and £ reveuls the strong dependence
of the prossure upon Strouhal number. This depond-
ence comen about thyouph the parabolic eylinder
functlons which can be evaluated for amall or large
arguments by meeng of oppropriate asymptotic ox-
pangions Lound In Refs, 16 and 19. The parsbplic
eylinder functions nppear only through A(k) ao
ovaluated for k= k) = we, cos v, By cvaluating
these exprosoions for the Limiting cascs of vepy
small and very large values of the Strouvhal number
the appreximate exprenslons for the far fleld pres-
pure will be obtained. These opproximaote expres-
sions for the far Efeld pressure con also be ob-
tained by solving the differential equations asymp-
torically for avbitrary veloclty prolites ualng
methods digeusned in sec 6,7.1 of Ref, 14,

By replocing the parabolic cylinder funcclons
Ln equations (29) and (33) with thelr asymptotic
exponsionsl® [ov amall arguments the low freguency
approximations for far ficld pressure are obtained.
For the gource in the uniform Flow

"1112
i
P R
Im A
2r rel il
[+

~1:&{h/(1~ub cusa})z-cunzn(~6+h)+r—cu€}

, Lot sin e e

{(1 - Ho,'r.nn")z ains + ‘l(l - Mo Eus:?)z- caszw}

i _
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For the source In the shear layer voglon

1/2 2
{ (L oin #){1 - M_ coa 0)
lemZIr—m-r 1-'—'H o 0)2
eo ( s i SO¥
-Lcﬁr-flux:
a [+]
X

(1= No cos!?)z slni + '/(t " Hﬂ cos 6)2 - cos’o

(an

It ohould be polinted cukt that when the source
1o lovated ot the cdge of the sheor layer joining
the uniform flow (6 = h) cquationa (36) and {37)
redugn ko the same result,

Replacing the parabolic eylindoy funcklong
with thelr apymptotic expancionsl®1¥ for lorge
arguments glves the approximote high frequency ex-
presafons for the for £ield pressure, Tha results
are as [ollows.

For the source in the uniform flow

be of {atercet hare, Thus £ar field pressure due
to a lateral line dipole source in the unifomm
Flow Lo the {iret dorivarive with respect to tranae
varse source lecation (h) of the monopole expres«
alon (Eq. (29)).

3p
im & L . 2
Pld = “Sh o Pim '/cna @ = (Ll -4 cos @)

()

The lateral line quadrupole exprcsslon im che
tained by differentioting the monopole expression
(Eq. (29)) twlee with respect to transverse source
location (h).

2
p 2
lm ) 2 2
mq- MF ucg) hmEMI"(I‘HuCM'Q]

(41)

To obtain far tield presaure solutions for
multipole pourcer located In the ghear loyer the
equation for wave propoagation in a tranpveroely
aficarcd maon flow must bo conaidered, Thin is

172 e . F] 2
-1-—{" (1-M_ cos 1) ~cop’ u(—b+i|)+r} Flut o
L aln . g © ° 16 =
P I’l_n a exp n ;
Is Bry == (1L -~M cos #){(l - M coso u)z - ccszﬂ]1/4 2N, cos u
/900 o © °

k]

32 1/2 2 ; 2 3 1/2
- (%% can o= 1)[‘1 - M, eos 6)" - couﬂ;] = cos®y In (M cos 4 - 1) + @1 - No cos i1)" - con H)

For the source In the shear layer

+ 6in oo+ cnszu In{oln i+ = 1{} (34)

/2 N
-l:—r+1mt " o
o Lofn ;. e ° - exp o
im Brr —— (1 -h M cos !‘)[(J. - % M. coa ﬁ)z - cmgﬁ] 1a 2“«: cos o
nf9gY ‘a boo e

L/2 ' 172
x {(% “‘, o8 - 1) [(1 - % Mu cos .u)z - cuaze-] .- coazn ln[(%‘£ Mu cog o - 1) + ((1 - % Hu cos {92 -ctmzr? ]

Note that agoly these results voduce to the same
expreaslon when the gource is located at the cdge
wi the sheae layer joining the uniform flew; thac
ig, & = h.

Multipale Sources

Thila analysis con be extended to mulcipole
sourcea loecated vither in the uniform flow or in
the shear layer. ¥For a multipole line source lo-
cated In the unlform flow repion, the far ficld
presoure may be obrtained by differentiating the
mopopale solution with respect to souree lecatlon
(Ref, 12). Since the source locatlion Is only de-
pendent upon the transverse coordinate direction
(y = direction) only loteral multlpele sources will

4+ nin o+ +.cou2H In(sin 0 = 1{} (39)

given in Chapter | of Goldsteinl? In o gencral
form as;

2 ¥ 2
v s 0B, .7_,dr T m
KR Tieraeril S i R R R

e

whpre T s externally applied volume force
arising from the momentum cquotion ond q L5 an

~extornal volume flow gsource witbin the Fluld which

ariges from the continuity cquation. If the vol-

i
P ]




ume flow nource is put cqual to zero (L.¢., no masa
{0 addod to the flow) the two romoln®ag terms on
the right hand nide of cquation (42) arc due to the
extornally appiied force £, Goldstoindd shows
that in flows with no moan veloclty &u cxtornal
furco bohaves o8 a volume dipole nource of errength

Now o dipole source is not uniquely defined in
a tranavergsely shoared mean flow. If we want to
axtond lts definition so that its strength sclll
coinciden with an external force wa gon define Lt
po that T on the right hand side of equatlon (42}
Ls the ptrength of a goneral dipolo,

Bimitarly o quadrupole con be dafined so thot
it corresponds to en uxternal strass,  This is done
by roplacing T with + T whare T 18 now o
tengor, Henco In particular the sourco torm re=-
presenting a lateral quadrupole of strength f In
the tronpvarso direction is

%o 7, au AT
Dr dyZ dy ax Jdy

Henee, the solution te equation (42) with q - 0
con be obtoined by differentiating the monopole
solution with reopect to source leeation h once
for the dipole (psooclated with the forca vector)
and twica for the quadrupole {onsocioted with the
stress Ltopsor),

Only the more luroresting quadrupole rosult
will be given hero.

M cos c)
[4]
o

T e et e .

Py Pin (} - % M, con ')

2 3
4 i(zu-) [(l - -:-3 Mn coy ») - conziv (1 - {-‘- :’lo cos u)]

(]

(43)

where p " ta piven by equation (33). This ox-
presslon gives the for field preosure for o point
lateral quadrupole source located In the shear
laycer.

Ingpection of cquatlon (43) Indlcates that the

first tirm Ineide che curly broekets will dominate
ot low Frequencles while the sceand berm (contoaln-
ing (vfc ) )} will deminate at high Erequencles,
The the product of these resp.ctive terms with the
tow and high froquency approxin.tions fox p, will
give the Loy ond high f¥equency spproximations for
thte Lar fleld quadvunole pressure pattern, respee-
tively, .. :

The low frequency approximation ip

2(%19- cos r:)z
“Pig T TS (h/on o5 -3 Pm (4a)

whore Py ia glven by cquakion (37)

The high frequency approximatlon is
Prg = 1(“#00)2[(1 ~ (W/B)H cos 0y’
- cunzﬂ(l -(hla)Hocou 0)]plm )

whora M fo given by equation (39).

The doteils of the procoeding onalysis may ba
found ip Ref. 12,

Resules and Discugnion

Thiy Ear field pressure pactern for sound ra-
diating fram o given tyom of polnt pource in o unl-
form flow or a lincar shear laycy may be contralled
by a number of different factors. Among these dre
Maeh number of tho uniform £low, Erequency of the
sound, ghonr layer thickness ond poureco location
with respect te the shear layer. The effeets of
varying these parameters are determined from tho
appropristo pressure solutions givon In the pree
ceding saction. It should be noted that three
dimensional effccts and turbulent seattoring were
{gnorad in obtaining the pressure cxpreacions.

the sound prespure Licld was caleulated by
propramming the various pressuro expressions ueing
standard Fortran tochniques. The parameter r has
been normalized to 0,305 meker, The parabolic cy«
Linder functions ccurrinp tn tho exact prcosure ox-
preaglons were calculated uaing o computer program
wileh wos originally doveloped in conmection with
other rescarch boing performed at NASA Lewio Ra-
seareh Center, This progrom wop copoble of cal-
culubing up Lo 80 tewvms in the saries for parabollc
eylinder functions with complex argumenta. At
higher frequencies thile proved to be inndequoto.
llowever, at the frequencics where computatfonal
difficultles were encountered with tho exact salu-
tions the approximate cxpressions had already shewn
pood agraement with the exoct solutions. These
calculations were made using single precision
arlthmotlc which gave nine significont decimal
digita. The directivity calewlotions were made at
5 depree intevvals,

F&nuruﬂ 3 te 7 show preopure level referepecd
to ocy (t.e., Prespurce Level - 10 logyg pp/ocy
plotted againat ' = 180% - v where o in the
anple Erom the pogitive x-axin {dowmstrcem £low
dircctfon). Those curves are for a source of unit
strengeh, ¢ uniform flow Much number of 0.8 ond 2
shear layer thickaens of 0.153 meter. The plots
gompare the exact and approximote caleulations dow
rived in the previous seetionn as indicated in the
varfous Elgures.

Source_in the Unifurm Flow

Fipurc 3 shows vesults Lor a gource in the
upiform flew. When treating a point goeurce located
In the uniform flow, the source is conoidermd to bo
within a few wovelengths of the shear loyer, 11
the seurce is many wavelengths from the shear layer
the problem depencrates te the plape wave coso al-
ready treated by Graham and Greaham’.

one of Lhe mont aigndficant characteristicn of
the pressure paktern in Fip. 3 is the desipnated
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Yzone of yllence." This reslon 14 dotermined by tha

quantity $/(L = My con 032 - con?n  which appears
in g"' (Eq. €30)) op well as In the oxpcnent of tho
far Eield pressuro oxpression (Eq. (29)). The angle
at which this squoce roat hocomes zero {m referred
to as the criticol angla and Is defined by

o .l 1
0. o (T-;—ﬁ;)

This {8 the omnllest angle, u, that the transmicted
wavo can mpke with the x axlo, Nota that this
angle {o camplotaly controlled by the Mach number of
the uniform flow. ‘The "zone of silence" o deflined
oz the region whare o 1o less than 8,. In this
region the above square roobt berm acte as on expo-
nentiol damplng factor, Hence the “zone of silence™
is actually o zone of attonuated gound propsgation,

For the roglon &n which + is greater than
te the gquare root torm contributcs only to the
phase of the sound wave and no lonper affocts the
amplituda,

The for fleld presoure potterns for dipole and
quadrupole seurces ip the uniform flow are shown in
Fips, & ond 5. ‘hese fov Licld pressure pattorna
aloo exhibit a well defined zone of silence, Hows
eveyr, rathor thon peoking ot the critical angle the
precoure leyvel poes to -+ due to tho fact that
the afbve term ip o multiplicative [actor in the
prengire expregelons (Eqa, (40) and (4l), respee-
tively) which thercforc go to zero ac , in cach
cane,

Yhe curver shown in Fipg, 3, 4, and 5 are all
fpe g troulinl wumber of 1 wlilch means that the
avpust.e wavelengeh 1y approximatply cqual to the
phzar Liyer thickness, Additional caleulotfons
were mady for Strouhal numbers rangivi from 0.25 up
to about L,0., For Strouhal numbers much above 3.0
the computitr pragram Lor caleulacing the parabolle
eylinder functiong eprountered computational diffi-
cultivs for anples near 909. Hencw, the cxact ex-
presstion for the sound fleld ip yoliable only for
cortaln veglons of the gound field ab higher fre-
quencies,  Oukslde of the zome of silehce both of
the upprogimate calculations agrev with the exoeet
result over the ranpe of Stroulial pumbers conslde
ored.  This Dehavior indicatep that nefthevr the
radlotion patiern nor the method of valeulacien are
particularly aenpltive to [requency eutpide of the
zone of ulleace. Thip copresponds to the aspertion
of previous rescacchors?»® that the shear layer
thickneus han essentially o offcct on the sound
radiatlon putkern except imslde the sone of sileace
(4 0 2g)s  These charapcteristics corey over dircet-
ly to the dipole amd quadrupole caleulations,

Fihully note that the pressure level tunds to
- at - 0% ond [BO®. Thin corresponds Lo zora
prepsure at these angles. This is attr{buted to
the cancellation of ineident waves by reflected
wives ab_small incldence anples. This is what
Gottlich? refers to as the “Lloyd's Mirror Etfect,"

Jouree in the Shear Layer

The sound radiation field due to o volume flow
sourcye embedded in the siear layer 16 similar in
nature to that of a monopole wonres lowvared fu the
wnkform £low. A typleal radiation pattern for a

monopele pource In the ahear layor fe shown In
Flg. 6 for a Strouhsl numbor of 1.

For the gource In the shest layer there st+ll
appears to bo o zone of pllonsa again decermined by

}!(1 - Mgeon 032 - cow®s  for rhe oxoet and low
frequoncy xeaultsa; howovek, Lt anters the prespura
oxpresslon (Eq. (38)) only through the cocfEiclonto
of the pavabolic cylinder funckions given by 6**
(Eq. (30)) oand doos not enterp dircctly into the oxe
ponent of the oxact pressure equation or tha low
Ercquency result, llence thore 15 no oxponential
damping factor in cither of these equationn., Howe
ever, the combination of algebraic cerma,

{1 ~ Myeon )2

(L - (h/6)Mgcon 0)?

ain A

x

(L = Mgeon G)2u1n oo Ij(l - Myton 9)2 " coszu

appoaring in the low frequoncy pregaure expression
{Eq. (37)) resultn in a rapld dropoff of the sound
leveln for angles less than o, o eoo~l 17(L + Mp).
This behavior {n mugh like the exponent{al omping
In the zone of pllence at biph frequencies or when
the source is in the uniform [low, It should be
noted that this rather vemarkable Teoture ia in-
dependent of froquency while the cxponential damp-
ing factors found {n the high frequiney approxi-
matien for the gauwea {n by phear Loyer ond in all
regults for the source in the uniform Llow do des-
pend on [requency.

The peak In the low frequency approximation
curve pceurs pb (L.e., when the gquare root {on
the deaonlnator of the second factor Lo zero),

Ao decreoues below -, the depnminator of the
socond fartor gpproaches f {f.e., the square root)
while sin - opppreoaches zero thus cousing the do-
erease In sound lovel os approaches zerd. A
anglog near 902 ain o s near 1 couvping the sound
tevel to "[iacgen out" {n thin repion,

The square ronkt (]/(1 - Myeon )2 v cos? )

does nwt appear in the high frequency approximation

(Ey. {39)). Howover this approximation docs cons
tain the square root (¥ (1 =(h/a)M,con 534 - copd )
beelh in the denominator and in the vxponent. Hence
this sguare ruot determines o "eritical anple" for
the Biph [requency expreocuion given by

1

9 D L
{1 1 @6y

% ool

“hi

forr tiat (/oM 1o the local Mach pumbey of the
flow at the nource locatfon In the shear loyer,)
Ul accounty [er the fact thot the peaks for the
birh frequency approgimatfon oceur at siiphely dif-
ferent angles tham the poalss ot the exoet and low
Erequuncy curven.

It should be geeed thot bath of the squoare root
vpressions avipe originally from the expreseion |

Vi = ey = 92 i¢ /e ¥ (1 = M caa )2 - copl -,
Henee the square oot Is zevs atb branch points of

.(JIEII;IBI[&I} l)!i ¥
PAGT
OF POOR QU7 7y




the complex k-plane and as shown obuve these points
determine "eritical angles." It is at thosc polnte
that the hiph frequoncy expansion breake down,

Tio {doa of o dipole source or o quadrupele
source {or for thab imattor any other oyder muiti-
pole source) in o tranaverscly shoaved moon flow is
rathar vague ainco there is no unigue way of de-
fining such a source, In the pravious scetion
theso pources aore dofined oo that they correspond
te an cxternally applicd forco and an oxtarpally
applied ptyesn, veapeckively. The curves ghown In
Flg, 7 are for the quadrupole nourcc located at the
contor of the shear layer, o meon flow Mach number
of 0,8 and Stroubal numbera of 0,5, 1.0, end 6.0,
rospactively,

Tho exponontiol domplng {s most casily seen in
the high frequoney approximation given by equation
(39). MHowovetr, thin foaturc is not as prapounced
ao might bo expocted. This fs becowse of a masking
vapulting from the coefficiont in cquation (45).

fne further point of slgnificonce which applics
in general to this typo of quadrupole is that the
high frequoncy approximation cquation {(44) rvesembles
tha oxnet exprossion for a quadrupele in the unl-
form flow equatlon (45) multiplied by n dopplur
factor (1 = h/v Myeen 4}, whore the Mach number in
cach coso Io that of tho {low at the sourco loca-
tion.

Summary and Conclusfon

An analysis has bedn develuped for calculating
the far fiecld ocoustic pressura for sound waves pro-
poagating throuph & Lincar shear laver, The sound
waves are produced by o line source either lecated
noar the shear layer in o uniform flow or locoted
in tha shear layer itsaelf. Cloacd form onalytle
cxprossions for the far fleld pressure have been
obtained for several different types of soureas
(lL.2., monopole, dipole, cte.), The dofinitions of
these sources depend upon whether the source is lo-
cated In the uniform flow or in the shear layer.
Approxlmate ergressions are given for limiting cosos
of Wigh ond low frequencies for each type of source.
Thene approgimate expressions plve very good agree-
ment with the oxact vesult for their respectlve
limicing cases,

The exact preosgure expression for o monopola
apurce redyces to previously known vesults for such
speelal eases as zero sheoar layer thlickness, pro-
pogation of the gound waves porpendicalay to the
flow direction, and plane waves propapating through
a veloeity diacontinuity, The oxact cxpressions
for muttipole sourccs in the wniform flow are sim-
ple extenalons of the monopole resule. The expres-
sion for the monopole or volume flow source in the
phear layer becomes identical with the monopole ox-
pression in the uniform Elow when the source ls
placed at the edge of the shear layer. The quadru-
pole source solution in the shear layer is an ex-
tenslon of the monopole selution in the shear loyer,
Congequently, all of the preossure cxpressions de-
veloped here con be reduced to kuoun tesults for
speclal limiting cases thuo providing a checikk for
the analysis. Henee analytic expresgions have been
doveloped for caoleulating the sound [ield due to
vorious types of line sourees located in 2 uniform
Elow or in a shear layer for the entire acoustic

frequency spectrum, ‘The ssymptotic expansions of
these exact oxprassions for the limiting casoe of
low and high frequency correspond to resulta pro-
sentod elaewhers for shear layors of arbitrary
velocley profiles.
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Figure 1, - Propagatlon of aircraft noise through shear layers,
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Figure 3. - Comparison of exact and approximate
pressure expressions for a monopole source
in the uniform flow.
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pressure expressions for a transverse dipole
seurce in the uniform flow.
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Figure 5. - Comparison of exact and approximate
pressure expressions for a transverse quad-
rupole source in the uniform flow.
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