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1., Introduction

Systems of nonlinear equations can seldem be solved exactly. Usually,
one must obtaln approximations to the solutions of such systems by iteration,
Quasl-Newton methods (also lmown as variable metric, variance, secant, update,
or modification methods) constitute a class of lterative procedures which may
be regarded as generalilzations of the secant method for solving a single
equation in one unknown., Indeed, not only is the quasi-Newton equation (the
eguatlon characteristlically satisfied by the iterates produced by these methods)
a direct extension of the equation which defines the iterates of the secan:
method, but also these procedures share many of the computational advantages
of the secant method over Newton's method.

Quasi-Newton methods were first introduced in the papers of Davidon (2],
Fletcher and Powell {41, and Broyden [13. In spite of their recent origins,
these methods have proved themuelves in dealing with practical problems and
have become the subject of a large amount of research. The paper of Dennis
and Mor€ [3) provides both an excellent in-depth survey and an elegant unified
development of quasi-Newton methods and thelr theory as understood in the mid-

1970's. The main body of this note 1s a rearrangement and condensation of



matorial in £31.

In the followineg, w2 flrst formulate preeloely the problem to be golved
and motivate the introductlion of quasi-Newbon methods by consldering the
elanocicnl Newton and secant methods and thelr properties. We then survey
three highly successful quasi-Newton methods: Broyden's method for fhe
golution of general nonlinear equations, and the Davidon-Fletcher-Powell
and Broyden-Fletcher-Goldfarb-Shanno procedures for unconstrained minimization,
(The last two methods will henceforth be referred to as the DFP and BIGS methods,
respectively.) Finally, we compare the properties of these methods to those of
Newton's method and UHMLE in potential applications to maximum=~likelihood estil-

mation of parameters in mixture distributions.

2. The problem

We consider the problem of solving W(x) = 0 1in an open convex subset

D of R' under the following assumptions on the mapping F:D » R"

(2) P 4is continuously differentiable on D.

(b) There iz an x* in D such that F{(x¥) = 0 and
F'(x#) is nonsingular.

Newton's method for iteratively approximating the solution x* begins with

an initial approximation x, to x* and attempts to obtain improved approxi-

0
mations by the lteration

Xeq = X " F'(xk)'lF(xk) k=0,1, ... .

The convergence properties of Newton's method which are lmportant here are

sumarized in the following theorem.

R TR ST




Thoorem: ‘Vhonover X, ic suffielently near x#, there 1o a sequence
{mk} of nen-negative numbers whleh converges to zero and for whdeh
o k=0,1,.,,

If, in addition to saticfying ascumptions (a) and (b) above, F has a derivative

which is Lipschitz conbinuous at x¥#, i.e., there existos a « for which
IF*{x) « PY{x¥)] 5 rglx - x#| for all x sufficilently near x¥, then there

exlstc a constant £ such that
(2) | |x - x#] 5 Blx, - x*l2 k= 0,1
le+l Xk amy rre

whenever Xq is sufficiently near x¥%,
A sequence vwhich satisfies an inequallty of the form (1) with a sequence

{o } which converpges to zero is said to converpge superliinearly. If
k‘k=0,1,...

a sequence satisfies an inequality of the form (2), then it is said to converge

quadratically. Superlinear convergence is fast; quadratic convergence is very

fast. Since Idpschitz contimuity is a very weak assumption, one mipght say that
the theorem asserts that the convergence exhibited by the Newton iterates 1s
always fast and almost always very fast.

The rapid coﬁvefgence of the Newton iterates is the major advantage of
Newton's method. Another advantage is that Newton's method is "self-corrective"
in the sense that Xyew1 depends only on F and X, 80 that bad effects of
previous iterations are not carried along. (Quasi-Newton msthods are not self-
corrective in this sense.) Balanced agalnst these advantapes is the fact that
Newton's method often requires a great deal of computation at each iteration.

Indeed, the determination of each iterate requires O(ne) function evaluations
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and 0(n3 ) arithmetic opeorations. Thus one ic led to ask whether there
arc methods which retain fast convergence while requiring fewer function
evaluatlong and avithmetice cperations at each iteration.

tlith this question in mind, consider the seeant method in the case

ne=1l, This method begino with an initial approximation Xg to x* and
defines successive approximations by the iteration

I
F(xk) = Pl )

P(x

i1 7 xlt lc) '

One may regard the secant method as belng obtained from Newton's method by
replacing the derivative W (xk) by a finite-difference approximation. A
particular consequence 1s that the number of function evaluations per itcration
1s reduced from two for Newton's method to one for the secant method while the
number of arithmetlc operations per iteration is not sipnificantly increased.
It can be proved that, for Xq sufficiently near x¥, the iterates produced
by the secant method exhibit superlinear convergence rather than quadratic
convergence g3 in the case of the Newton lterates. Nevertheless, supsrlinear
convergence 1s still fast, and experience has shown that, as a general-purpose
algorithm, the secant method is more effleient in total computation time than
Newton's method. This suggests that generalizations of the secant method to
higher dimensions might be simllarly successful.

3. Quasli-Newton methods

Quasi=Newton methods are generalizations of the secant method which are
applicable to problems of the type at hand invelving an arbitrary number of
independent variables. The key properties of these methods are that the



iterates exhiblt cuperlinear leeal convergoncee and that each iteration
requires n function evaluations and O(ne) arithmetic operations, In
oplte of the fact that quasi-Newbton methods do not have the quadratic conver-
genee property of Nswton's method, the comparatively cmall number of runction
evaluations and arlthmetic operations make thoem preferable to Nowton's mathod
in many applications.

Quasl-=Newton mathods have the geneval form

. -l
Xieel = B~ By P(xk) 2
where Blc satisfles the quasi-Newton equation

(3) B, (g, = %) = Flx,) = F(x)_4) .

Note that Bk has the action of a finite~-difference approximation to
F'(%. 1) In the directlon (x, - 1)+ Thus quasi-Newton methods in general
bear the same relation to Newton's method as the secant method in the case
nesl,

It 1s clear that the secant method is a quasi-Newton method. In fact,
if n =1, then the quasi-Newton equation determines the scalar %{ exactly,
and so the secant method is the only gquasi-Newton method in this case. If
n > 1, then the quasi-Newton equation alone does not determine Blc uniquely;
hence, there is no unique natural extension of the secant method to the case
of an arbitrary number of independent variables. This lack of uniquensss in
the general case may be regarded as an advantage, for it allows a variety of
guasi-Newton algoritims which may be drawn upon to take advantage of any

special sﬁrueture which may be present in specific problems of interest.



Yhan n » 1, one muct dmpose relations betvicen cucecessive matrices
Bl: and thelr predecesgors whlch, topethor with the quasi-Nowton equation,
uniquely determine these matrices inductively. In genoral, those relationg
are chogen with an cye toward minimizing the computational complexity of the
resulting update formula for determining Bk +1 from By K)o and F unlle
talting manimal advantage of whatever ppeclial structure may be chared by the
particular problems under consideration. Of the three quasi-Newton methods
presented below, the first (Broyden's method) is intended to be a general
purpose algorithm which can be applied to all problems without remard to
gpeelal strueture. Consequently, in Broyden's methoed, Blc+1 1s obtained by
adding, a rank-one "correction tem" to Blc in such a way that the quasl-
Newton equation is satlsfied and Elc +  aerees with Bk an the orthoronal
complement of (xk+1 - Kk). In a gense, thls way be repgarded as the "simplest"
vay to obtain Bk+l from Blc In such a way that the gquasi-Newton equation 1s
catisfied. On the other hand, the second two methods (the DFP and BFGS methods)
are designed for unconstrained minimlzation problems, in which the Jacobian
F''(x) can be expected to be symmetric and positive-definite. Thus the update
formulas for these methods are such that the successive Bk's "inherit"
syrmetry and positive-definiteness from the preceding ones. Not swprisingly,
thes? formulas are more corplex than the update formula of Broyden's metheod.
In fact, In order to guavsantee hereditary symmetry and positive-definiteness,
it Is necessary in these formulas to determine Blc+l from Bk with a

cor'rect;ioh term of rank two.



4., Preyden's mothod for soneral nonlincar equationo

Broyden'c mothed ic, in a oenoe, the "simplest" of the most popular
quani=Ncwton methods and 1s intended to be o peneral-purpoce 2lgoritim for
colving arbitrary nonlinear cquatlons, To derive the formala used in groyden's
method o updateé the matrices BL:’ suppoce that, for come Il 2 0, one has

arrived at Ky and Ek' Thcn Kpqp €N be generated by the formula

Kewy © ¥ = B Tl

Qur objective 1 to uce Ky Hpeaqs Bk and P to update Bk in the
"simplest" way to obtain a matrix Blc +1 which satisfles the quasi-Newton
equation.

For convenience, we adopt the followlng notation:

K = %o Bk = B, Bk+:l. = B, Kepl = e © 5 F(xkﬂ) - F(xk) =

In this notation, the quasl-Newton equation which we wish Bk +1 to satisfy
is Bs = y. This equation uniquely specifies the action of B in the
direction of s. Since there is no apparent reason for B to differ from
B on the orthogonal complement of s, it seems reasonable to impose on B
the condition that Bz = Bz for all 2 such that z's = 0. Tt is easily
verifled that there is a unique B which satisfies both this condition and
the quasi-Newton equation. This B is gilven by the formula

E:B-}M)_S_T.

is]2

Note that B and B differ by a rank-one operator. Restoring subscripts,

we cobtain the iteration formulas for Broyden's method:



ol
Kpopy © Ko = B I(xk)

ok
B (y k” Bltslt)‘_‘_lt_
- 5 .
Io, |

et © B *

where ¥ © F(xlcﬂ) - I"(xk) and By, Ky = By

Doco Broyden's mothod exhibilt the key properties attributed to quaci-
Nawton mothode in the preceding ceetlon? It can be chowm that if X5 and
BO are cufficlently near x® and P'(x®), respectively, thaen the Broyden
iterates are well=defined and converge superlinearly to x#. (The proof 1S
very lnvolved, and we omlt it.) Aloco, it 15 elear that, for a given value of
k, the determination of K41 and Bk+1 requires only the n function
evaluations necessary to opecify F(xkﬂ), ascuming that I‘(xk) ean be
provided from storage. Finally, it is evident that, for a piven I, Xea1
and Blc+1 can be determined with O(na) arithretic operationg if BI'EIF(xk)
can bz evaluated with t';)(n2 ) arithmetic operations.

There are two ways of evaluating Bl'élF(xk) trith 0(n2) arithmetic
operations, both of which require information about Blc-l‘ The first way 1s

1

based on the Sherman-Morrison formula [81 and produces B-! from B™ with

0(n2) arithmetic operations in the following way: write

T
ﬁ:Ba}-Lg;—E?-)—q.—:Bq-uvT

-]
1512
o7
where u= (y -Bs), v= -“’—E 3 then
: s
glepta 1 Fluwis? .

1+ <y ,B"lu>



Tno ceeend vay 4o baced en 2 gpeelnl factorization procedure dun to G :)

ond Muxzay £51 vindeh boging with o fastordeation e QR ond yiolds a
factorizotlon ©o @ W with o(n®) avithmotle oporations.  (Here, Q ond

§ ore epthiopoml ond R and W ore uppor-trionmalor.) Sinee an n=dimoncional
linear cyotaa wiooe coofficlent matrin 1o foctorod In thic way eam be solved with
O(na) avithmetie operations, thio allows the evaluation of the termo iBi:II"(szk)
vith O(na) arithmetic eperations ao desired. For reaconog of mmerleal ctabilitsy,
the Gill-Murray factorlzation procedure 1o penerally preforable to the method

using the Shermon-Morrlsen formula,

5. The DIFP and BFGS methods for unconstrained minimization

For the purposes of thic note, the batle problem of unconctralned minimization
miy be regarded as the problem of colving VE(x) = O in an open convex cubcet D
of Rn, vhere £ io0 a nonlinear functional from D to Rl. Clearly, thic
problem ic of the type introduced in Seetion 2, with Vi playings the role of F.
The speeial feature of this problem 1o that the Jacoblan of the funection whose
zero 1s belng sought is actunlly the Hessian VEI‘, a matrix which is certainly
symmetric, In fact, in most problems of practical interest, VQi‘ iz positive-
definlte near the minimum of f.

It ceems reasonable to reguire that the matrices Blc appearing in a quasi-
Newton method applied to an unconstrained minimization problem be symmetric and
positive-definite. Since each Bk 1s to be determined from 1tc predecessor
by an update formula, it 1s reaconable to impose conditions on the update formula
which puarantee that symmetry and positive-definiteness are inherlted by the
successive matrices Bk Unfortunately, imposing hereditary synmetry as well as

the quasi-Newton equation completely determines a rank-one update formula, and
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thic foimula doco not puaranten horedlvary posisivo=definitonocs,  Concoquontly,
an2 10 led to lagk fer ronlettio undote formmlos whieh incure thab the ocueeoscive
matrlecn Ek Inhepdt oymmctry ond perltive=definitonooo,

A peneral rontt=tin update formuln whileh punvronteos horoditary cymnotry

io the fellowing:

. o 111 - T .
FopsLoBole telyoBo) aveBse 0

<@ ,0 g ,05¢
vhore ¢ 1o ony veetor in K such that <¢,0> # 0, A "natural” choice of
¢ thich inoures horeditary positive=definitencos whonever <y,s> > 0 4o
e =y, (Jince <y,o» = cvaf(xﬁ)a,s> near k%, one expeets <y,or to be
pocltive near x%,) 'The reoulting update formula ic that used in the
Davidon-Fletchor=Powell (DFP) mzthod. Denotine by the updated motredx
obtalned from B by applyling thic formula, one hag
)'1

— 5 B+ (v - leyT + yly - g <y - BS.Sbyyq
Bpypp - '

d
<Y ,00 <y ,0>

T T T
= (1 - 2EB(1 - ) + K
y,5> 9,05 T 5

-

As with Broyden's method, one can chow that the DFP  iterates converge
superlinearly to x# whensver 2 and BO are sufficiently near x# and
ng(x“), respectively, and that each iteration requires n  function
evaluations onad O(nz) arithmetic operations. Although the DFP update
formula 15 a bit more complicated thon the Broyden update forrula, experilence
nas chown that the DFP method is menerally superior to Broyden's method for
problems in unconstraincd minimization.
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At B9 ftoration, both Broyden's moth ' und the DPF mothad
rcauive f£ivct the detorminatlon of I%Ell-‘(xk) ond thon the updating of Bk'
b 45 miuesl to oolt wiothior o more offlelont mothod mirht be obiaincd by

aoplyinsm en undote formuln diveetly to Es;l o If w2 donote B“l

by 0
ond B by W, the quosieNowton equation Eo ey beemes o o fy,
Covpying cut @ doveleopment ceompleotely analerous to that leading to the DIEP
update fornmla ylelds the update formula of the Broyden=Fletehor=ihanng-

(oldfarb (BFG3) mothod. Denotins by Hopgg  the updated m-teix obtained from
H by applyine thio formula, one hap

. {}VT VBT G0
HBFGS o (I = 'ES;-;E;)H(I - <éy,s>) + o

It 1o not diffdcult to see that, as in the eace of the LiP update, thic
update odds a rantt=two ecorrection torm to H and puarantces hueroditary cymmetry
and, 1f <y,0» » 0, positive=definitencss. Araln, 1t can be shown that the
BF@S dterates converpe cuperlinearly to x# uhercver Xq and Hy are
cufficlently near x# and Vai‘(xﬂ')'l, reopectively. It ig clear that each
lteration requires n  funetion evaluatlons and O(ng) arithmstic operations.

The BFGS method 1o not the came ac the DFP method. In fact,

R R
Hppge = (Bppp) — + WV

Ve s . _ _Hy
<5,y° <y, Hy> *

gvidenve that B8F3S ic the bzot current update formula for use in unconstrained
minimization”.

where v = <y,Hy> According to [31, there 1s "growing
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6. A potential spplication

e conclude this note by comparing the properties of quasi-Newton methods
to those of Newton's method and UHMIE in a potential appllcation to the
problem of obtaining maxirum-likelihood estimates of the parameters In mixture
distributions. Such estimates, of course, play a fundamental role in certain
approaches to sipnatuwre extension, estlimation of proportions, and elustering.
For a description of the UHMLE algorithm, see {6] and (7],

[et X be an n-dimensional random variable with probability density
function

m

= Lol
px) = & 00 py(x)

where

T g~1
) 1/20-49) 2 ()

py(x) =
1 (Qﬂ)n/2|22|1/2

and the proportions o’ are positive and sum to 1. Suppose that ({x }
i k'k=1,...,N

is a sample of independent observations on X. By a maximum-likelihrod estimate

0 0 0

1040 5ho o

(oo, wys 5}, o which locally maximizes the lop-likelihood function
- ’ LN B ] ,

of the parameters {a , We mean a choice of parameters

N
L= kL log p(x) ,

regarded as a function of the parameters g Mys 21}1:1 m It is known
RS |
that, loosely speaking, there is a unique strongly-~consistent maximum-likellhood
estimate.” (See [7] for a clarification and proof of this statement.) '
The problem which we consider here 1s to approximate numerically the

strongly-consistent meximum-likelihood estimate. This is potentially a very
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diftleuit problem. TIndeed, the number of lndependent variables 1o
m=-1)+m+m Eﬁgill » a number which may be very large. Furthermore,

the evaluation of functions derived from the log-likelihood function usually
involves summation over the entire sample of N cobgervations and, hence, is

a source of computational difficulty when the cample 1s larpe. 1In the table
below, we 1ist the key properties of UHMIE, Newton's method, and quasi-
Newton methods when applied to solving likelihood equatlons obtained by
dlfferentiating the log-likelihocod function. It should be noted that, in
additlon to the arithmetic operations listed in the table, each method requires

at each iteration the evaluation of the functions pi(xk), 1=1,...,m,

k=1,...,N.
P ARTTHVETIC OPERATIONS
METHGD CONVERGENCE PER TTERATION
UHMLE, Linear 0(mnN)
Nowlon's Method uadratic Ol(mgnuN) + 02(m3n6)
Quasi~-Newton Methods Superlinear Ol(mn?N) + Og(manu)

Of course, many factors must be consldered in additlon to convergence
rates and the amount of arithmetic per iteration when deciding what sort of
algorithm is best sulted in 4 particular instance for application to the
problem under consideration.‘ For example, UHMLE is a type of gradlent
method; hence, one might expect UHMLE to enjoy the relatively good global
convergence behavior usually assoclated with gradient methods. Furthermore,
gradient methods are often competitive in speed of convergence to Newton's

method and quasi-Newton methods when only "ball-park" approximations to the
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golubion are desircd. Since the nearness of the maximum~likelihood estimate
to the true parameters w'il be limited by the variance of the cample obcer-

vationg, "ball-park" approximations will certainly suffice except, perhaps,

in the cace of a very larpe sample,

It ic difficult to predlict cilrcumstances In which the advantape of fast
convergence for Newton's method and quasi-=Newton methods will outweigh the
dilsadvantage of having to perform a great many arithmetic operations at each
lteration with these methods. However, it should be noted that if N 1is
very large relative to m and n, then the number of arlithmetic operations
per iteration required by quasi-Newton methods 1s comparable to the number
required by UHMIE. Also, if N is very lavge, one might reasonasbly want
to obtaln very accurate approximations of the maximum-likelihool estimate,
in which case the superlinear convergence of quasi-Newton methods is clearly
preferable to the linear converpgence of UHMLE. Consequently, If N 1is very
large relative to m and n and if particularly accurate approximations of
the maximum-llkelihood estimate are desired, then quasi-Newton methods appear
to have a clear-cut advantage over UHMLE. In such circumstances, one might
retain the good global properties of UHMLE by employing a hybrid method
which inltially behaves like UHMLE and then behaves increasingly like a

quasi-Newton method as the lteration proceeds.
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