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ABSTRACT

A major difficulty in the practical application of linear-quadratic
regulator theory is how to choose the weighting matrices in quadratic
cost functions. In this work, the control system design with optimal
weighting matrices is applied to a helicopter in the hover and approach
phase. The weighting matrices are calculated to extremize the closed
loop "Total System Damping" subject to constraints on the determinants.
The extremization 1s really a minimization of the effects of disturbances,
and interpreted as a compromise between the generalized system accuracy
and the generalized system response speed. The trade-off between the
accuraé& and the response speed is adjusted by a single parameter--the
ratio Pf determinants, which is the only arbitrariness left for designer's
choice,

By this approach an objective measure can be obtained for the design
of a control system. The measure is to be determined by the system re-

quirements.
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CHAPTER I
INTRODUCTION

This study will explore the use of linear optimal control methods
to design the automatic controller of a hovering helicopter. Generally
the pilots workload 1s rather high for stabilizing a hovering helicopter
[Fig. 2] and keeping position in the presence of gust over a designated
point. Furthermore, to keep an accurate position may become more diffi-
cult if the motions [Fig. 3] among each axis are highly coupled.

In design of the multivariable and multi input systems, the conven-
tional techniques such as root locus, frequency response, and describing
function analysis which are based on the single input-single output systems,
have been employed in trial and error fashion. Design techniques using the
optimal control theory applied to multivariable systems in the state space
have become popular and have been applied for the flight controller design
or optimal control of aircraft [Ref. 1§2}].

The optimal control design technique utilizes the minimization of a
performance criteria; one of which is a quadratic cost function, such as
Eq. (3:1). Adequate selection of weightings in the quadratic cost function
yields a stable closed loop system [Ref. 3]. However, the following questions
remain to be answered:

How should the weighting matrices be.selected. i

Where are the poles of the closed locp system in s plane located whén
control technique is used.

What are the system responses for a command input.

How is the system influenced by random gust inputs.



This work attempts to provide an answer to these questions and exa-
mines two methods for selecting wéighting matrices, namely; the method
of authorities [Ref. 6] and the optimal weighting selection method (OWEM)
[Ref. 7]. The approach used in this investigation is as follows: First,
the equation of motion of a helicopter comparable to a CHS54B are decoupled,
and the results are confirmed by an analogue computer study. Secondly,
for each set of decoupled equations are derived the optimal controls with
its feedback gains. For a range of selected factor weightings, analysis
has been made for the root loci of the closed loop system, optimal feed-
back gains, the integral squared position error (ISE), attitude errors (IS8,
IS¢) and controls (ISU) to a command mnput. Also are investigated the root
mean squared position errors, attitude errors and control motion for a ran-
dom gust input. For the chosen pole location in s plane, the closed loop
gains are determined, and command inputs response (ISE, ISO, etc.) and gust
responses (rms errors) are calculated.

In Chapter 1I, isw;;;iewed the application of optimal linear control

theery, and an outline of the performed work is given. Also is discussed

- - - - = I
e
v -

———

the areas that need further study and investigatléﬁ.
In Chapter III, the details of optimal controller design are described
for the vertical and yawing motion, followed by the longitudinal and lateral
motions of the hover helicopter.
In Chapter IV, conclusionsand recommendationson the optimal flight con-

troller design using these methods are discussed.



In the appendices are reviewed some of the theoretical aspects of
linear optimal control theory and model following. It appears that the
OWEM design method is also applicable to model following, as outlined in
Chapter II. Theoretical work has been extracted from Ref. [7], applications

and calculations from Ref. [34] and th\Appendix [6] from Ref. [35].



CHAPTER 2

REVIEW OF THE APPLICATION OF LINEAR OPTIMAL CONTROL THEORY

The purpose of this study is to apply optimal control methods for a
controller design for helicopter at hover and in the approach phase. The
design procedures in this report utilize first the decoupling of the heli-
copter dynamics (Appendix B). The system to be controlled consists of the
decoupled helicopter dynamic equations.

In state variable form, the equations of motion are given by:

x(t) = Ax(t) + Bu(t) (2-1)

In most cases, x (n dimensional state vector), represents the state
variables of motion of a hovering helicopter, which are, respectively, x,

u, 9, 9, z, W, ¥, v, ¢, p, ¥, and r. The control variable u (m dimensional
vector), represents control inputs which are respectively Bls’ Als’ Gr, and
Gc. In a few cases, the state vector x also can include the output of servo
controller and so on.

The output vector y(t) of helicopter is assumed to be the state vector

x{t) itself,

y(t) = Hx(t) = x(t) 2-2)

H=1I:n xn identity matrix



The advantages of state variable formulation is significant in
the case of multi-variable and multi-input systems.

The design method uses an optimal control method with a quadratic
performance index that minimizes the performance index given by the

following equation:

.
n
N =

f (x" () Qx(t) + u' (t) Ru(t)) dt (2-3)
(o]

The matrices Q and R in Eq. (2-3) are respectively n by n and n by
m weighting matrices which place relative weights on quadratic quantities
x?, u?, 62, ...,8152 ...,802. These state variables represent small dis-
placements and their incremental rates from an equilibrium point. There-
fore, the minimization of the performance index (2-3) minimizes the energy
in the state and control displacements.

The linear optimal quadratic control law yields linear feedback of
states and results in a reascnable damped,stable closed loop system. The
gquadratic cost function may be regarded as a generalized weighted mean
square error criterion for the multi-variable system working under the
penalties on the control variables.

The quadratic cost function for this problem is written with a
weighting matrix Q for the state (or the output), and a scalar weighting

R = p® for the control as follows:

J* = Min f [xT(t) Qx(t) + p*u? ()] dat (2-4)
(o]



The optimal control law u(t) is obtained as
u(t) = -R1BTkx (1) (2-5)

It has been shown that the gain matrix K must satisfy the algebraic

matrix Riccati equation:

kA + ATK - 1;’ KBB'K + Q = 0 ; where Q > 0 (2-6)

p

which yields a feedback control system with the stable, closed loop roots:

R {} [F1} = R_{}, [A - l-Z--BBTK]} < 0 for all i = 1,2,3,4
P
To solve Eq. (2-6) for XK matrix, the weighting matrix Q must be selected.
For example, the longitudinal dymamic equations for a hovering helicopter
(4th oxrder system), one can write:

ue) = -R8Tke(t) = -G X () = Gyx,(t) - Gpxg(t) - 6,%,(t) (2-7)

where

K= {kiJ} s0i, § =1,2,3,4

1= (gikop * Mpik,) /o
= (X

[#p]
|

piKag * MpiKyp) / 0

- 2
Gy = (Xpykyz + Mpikys) /0

2
g = (Xpykoy + Mprky,) /0



After the Laplace transform, the control law Eq. (2~7) can be written as:

Bls(sj = - GX(TXS + 1) x(s)} - Ge(Tes + 1} 8 (s) (2-8)
where

G, = 6, 6 =65 T_=Gy/G, Ty = G,/G, (2-9)

The optimal control system theory attempts to provide an analytical
design procedure that lessens the designer's load in the design task, and
locates more of the load on the computational machines. The problem 1s to find
an optimal linear controller for a linear plant by minimizing the above
quadratic system pérformance criterion or a quadratic cost function. The
optimal linear-quadratic control theory provides a well organized design
procedure for a linear system with a feedback structure. The linear feed-
back structure would probably be, from the practical point of view, the
most beneficial result of optimal linear-quadratic control theory. The
application of the theory, even the multiloop system design, which is often
difficult in the conventional approach, may be thought to become easily
accessible for system designers. All the possible feedback loops are taken
into account and all the corresponding feedback gains are determined in
the design procedure. The resulting closed loup system appears to be not

only a stable system, but also a mnimum weighted mean square error system.



The benefits and the mathematical beauty of the optimal linear-
quadratic control theory -might give a false impression that almost all
the difficulties in linear system design have been eliminated. The
entire theory has been developed under the presumption that the weighting
matrices in the quadratic cost function are somehow given a priori. They
are completely left open for the designer's choice.

The weighting matrices are usually selected only for their diagonal
elements by the practical system designer on the basis of his engineering
experience, coupled with simulation runs for different trial values. One
can be obliged to do a tediously long trial-and-error approach, especially
in the design of multiloop systems. Many of the attractive features of
optimal linear-quadratic control theory seem to disappear. The optimal
linear-quadratic control theory may be even worse than the conventional
methods for multiloop system designs, because the weighting matrices have
no apparent quantitative relationships with the closed loop system dyna-
mical characteristics, None the less, the weighting matrices determine, to
a large extent, on the resulting system dynamical characteristics. Hence,
the selection of weighting matrices often become a considerably difficult
task. One may be able to say that most of the potential difficulties of
multiloop system design have been concentrated on the selection of weighting
matrices, and the optimal control theory does not ease essential difficulties
in the system design.

Accordingly, the selection of weighting matrices really has a crucial
significance in the practical system design through the optimal linear-

quadratic control theory. Some of the qualitative properties of weighting



matrices are summarized in Ref, [26]., They may help designers to select
the trial weighting matrices, In order for the theory to be practically
applicable, however, it is necessary to develop a reasonable and unified
way for the quantitative selection of weighting matrices, This is one of
the topics considered in this work.

Two methods for the quantitative selection of these weighting matrices
have been available.

1. Method of Authorities of Variables (Refs. [27] and [28])

This method is based on the normalization of output variables and
control variables. Every weighting factor for the output variables and
the control variables is inversely proportiocnal to the square of the pre-
scribed maximum for that variable. The quadratic cost function becomes
a linear combination of normalized mean square errors and controls. This
method only provides an initial estimate for the weighting matrices, which

are assumed to be of diagonal forms. However, there are no clear-cut

reasons for the weighting matrices to be necessarily of a diagonal form,
since the output components are usually coupled with one another. In order
to refine the resulting system, a trial-and-error approach would be inevi-
table. Besides, it is often a difficult task to estimate the maximm values
of all the output and the control components. Even if it 1s possible, there
is no guarantee that all the outputs and the controls of the resulting sys-
tem are suppressed within the prescribed maximum values.

2. Closed Loop Pole Allocation (Refs. [20] and [6])

This method achieves the specified closed loop poles by appropriately



choosing the weighting matrices in the quadratic cost function. The ori-
ginal work for this method has probably been done by E.J. Ellert (Ref. [6 ]).
W.M. Wonham proved in Ref. [35] that 1t is possible to aimplement arbitrarily
assigned poles on the complex plane with some linear feedback control law,
1f the open loop system is completely controllable. However, this has been
proved independently of quadratic cost functions. More recent studies (Refs.
[36] and [37]) on the inverse problem of linear feedback control show that
every linear feedback control minimizes a quadratic cost function with cer-
tain weighting matrices., Combining Wonham's work and the results out of the
inverse problem, it is possible to place the closed loop poles anywhere on
the complex plane by choosing appropriate weighting matrices. However, the
difficulty is how to allocate all (but not some) of the closed loop poles,
especially in high-order systems. The dominant closed loop pole allocation
has also been studied (Ref.[20]). This is a method to approximately obtain
the desired dominant poles., However, this does not answer the essential
difficulties in deciding the number of dominant poles, and in choosing the
dominant poles. Besides, this approach usually yields a system with vexy
high feedback gains, and requires complicated computational procedures.
If the desired closed loop poles can be assigned, the optimal linear-quad-
ratic control theory may not be necessary, but some other direct approach
may be more convenient (example: Ref. [31]).

Thus, there is still a large gap between the optimal linear-quadratic
control theory and its application to practical system design. Until such
a gap 1is bridged by developing a reasonable, simple, and well-unified method
to select the weighting matrices, the optimal linear-quadratic control

theory would remain to be just a ''theory" and would not be accessible to the
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designers of practical systems.

This work is based upon Ref. [7], which attempts to bridge the gap.
Below and in Appendix E is given a summary of the two new methods described
in Ref. [7]), to select the weighting matrices of general forms (not
necessarily diagonal matrices).

3. OWEM Design Method (Ref. [7])

Based on the thought that the quadratic cost function is a legitimate
system performance measure in the linear-quadratic control theory, the
mnimum quadratic cost function with the optimal linear feedback control
law is actively used as the criterion to select the weighting matrices.
First, the nature of the minimum quadratic cost function has been examined
for particular sequences of weighting matrices. It leads to the necessity
of some constraints on the weighting matrices, as a minimum equal to zero
occurs when the weighting matrices are zero. In Ref. [7], reasonable con-
straints are explored to make the optimal weighting matrices not equal to
zera or finite, and this appears to be a determinant constraint. Under this
constraint, the minimum quadratic cost function is further minimzed with
respect to weilghting matrices. The resulting weighting matrices are based
upon the system noise characteristics, and hence, the minimum of the quad-
ratic cost function becomes a function of the noise N or Jmin(N,Q,R). The
resulting closed loop system dynamiecs is a system that minimizes the effect
of the noise or disturbance for which it was designed. It was also shown
that the resulting optimal weighting matrices Q and R were inversely pro-
portional to the output covariance matrix, and the induced covariance matrix
of optimal controls, respectively. Obviously, they are not necessarily dia-
gonal matrices. Note that these results are quite similar to the weightings

proposed by Gauss for the weighted least-square estimation problem.
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The optimal weighting matrices appropriately normalize the output
and the control variables, and also equalize in groupwise all the addi-
tive terms appearing in the quadratic cost function. The two functions,
i.e., the normalization and the equalization, are fundamental roles re-
quirred for the weighting matrices in quadratic cost functions. Because
of the normalizing effect of weighting matrices, the resulting closed
loop system dynamics became irrelevant to the physical dimensions which
were used to express the plant dynamical equations.

It was also shown that the ratio p = |R|/|Q| between the prescribed
determinants of R and Q represented some kind of measure about the trade-
off between the contribution of control variables, and that of system out-
put variables to the quadratic cost function. The tradeoff parameter p
would play the key role for determining the closed loop system bandwidth.

The method described above provided a well formulated set of necessary and
sufficient conditions for reasonable optimal weighting matrices with only
one unknown parameter or trade-off parameter equal to p. It required the
a priori knowledge about the system noise intensity matrix N since the
criterion Jmin(N;Q,R) was a function of N. The a priori knowledge about
the plant noise may not be available in many cases. Then, the second
method for the selection of the weighting matrices was developed by intro-
ducing a new criterion which is independent of the noise intensity matrix N.

The concept of n-dimensional hyper error ellipsoid (state error set)
is used and a measure of the state error set was defined by its n-dimensional

yvolume (V(t)). The '"Relative Rate of Convergence of Error Sets'" was defined

1 aven)
as | V) dt

sponse speed. This new criterion is independent of the plant noise intemsity

|, and this represents a sort of generalized system re-
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matrix N, and was shown to be exactly the same as the so-called "Total
System Damping'". The well formulated necessary and sufficient conditions
for the noise-free optimal weighting matrices are derived as the solution
of the Mini-Max problem for the RERACES (or TSD).

It has been shown that, using the second method selection of the Q
matrix yields the same result as the first method, if the noise character-
istics (see Fig. 1) are assumed to be white noise disturbances with Ne=kR_1.
In other words, a white noise disturbance in u(t). The effect of noise or
disturbance bandwidths in the helicopter application is discussed in Chap-
ter 3, and is often small for the range of operating conditions used in
that application.

The initial application of this method for determining the Optimal
Weighting Matrices to second through fifth order example in Ref. [38] in-
dicates the advantages of this approach. For these examples, the conven-
tional and optimal methods have been used extensively, and the results are
well known. For these examples, the area of the pole location for the pre-
cision hover of a helicopter has been well established, and each of the
above methods can be applied yielding(often by trial and error), about the
same results. However, it has been demonstrated, by these examples, that
the application of the OWEM method yields,without a trial and exrror method,
a good and well damped solution to the problem.

This solution is independent of scaling (dimensions) of the problem
statement, and assumes in the first instance, that there is no a priori

different penalty on error, gain,frequency, etc., among the state variables.
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In summary, for the OWEM design method it is required to know:
1. the system matrix
2. the control matrix
3. the noise or disturbance matrix
The OWEM design method then determines the weighting matTices Q and
R for minimizing éhe quadratic performance index under the assumption
that all errors are equally important, and hence, these matrices for the
calculation of the feedback gains. When the noise N is unknown, Q and R
can be computed by the mini-maximization of TSD with respect to Q and R
under prescribed determinant constraints. This is equivalent to a white
noise disturbance with a magnitude Ne inversely proportional to the con-
trol weighting R, and the minimization of TSD is equivalent to the mini-

mization of Jmin(Ne; Q,R).

The OWEM design method is based upon minimization of known or esti-
mated disturbances and results in a control system with adequat;A;;ability
or damping. In the generalized formulation no consideration is given to
system limitations, such as acceleration laimits, gain limitations, and so
on. Hence, in the design of a flight controller, the performance and con-
trol boundaries must be considered. These boundaries are essential in the
practical application of the design method. For example, take the case of
a hovering helicopter (longitudinal).

A design is to be made for an automatic control system. However, the

assumption is made that when the system 1s switched to manual control, it

is desirable that the mode frequencies do not change appreciably. Hence,
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the houndaries for the automatic system should be similar to those of manual
control. The longitudinal control of the precision hover of a helicopter
is in principle dominated by 2 modes; a ''position' mode corresponding to
the "outer loop" and a "attitude mode" corresponding to the 'inner loop"
of the feed control system.

An estimate of the boundaries of the "position'' mode is given in
Ref. [22], and summarized below.

A massless point controlled according to a linear error control law,
& = -Ke, would result in a first order system with a closed loop bandwidth
Wep, = 1/TCL = K. Instantancous spced changes not being possible, even the
simplest model has to incorporate the inertia. This leads to a second order
system for control. The most significant assumption in this very simple
model is that tilting the thrust vector and changing i1ts magnitude, is pos-

sible with negligible delay compared with the position keeping bandwidth.

The block diagram of such a simplified model is shown in Illustration (2-1 ).

Acceleration

i~ 1 -(gust) = =
— =g 22
! 18 A L.{f
1
A4 + + A
ABT An v AUy
—¥ G “*““f’<:> 1 g/s §<:> 1/s
X X
Helicopter
M G,
[- X AuN - Au
AXV ~ Ax
A
Iliustration 2-1. Simplified Block Diagram of a Hovering Helicopter
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The input to the longitudinal positioning loop 1s shown as AaN, the
acceleration disturbance. The gains gGX and gGﬁ determine the accelera-
tion per foot error and per ft/sec error rate, respectively. The following
fundamental relationships are easily deduced from the block diagram.

The natural frequency and therefore, the bandwidth of the position

loop is

w. = /g6, ; (2-10)

Y

ng is the "spring constant" of the position loop. The relative damping

ratio is
t, = (/8/2) (63/VG) = 2.85 (Gy/YG) (2-11)

The relationship between the bandwidth and the damping ratio is determined

by
oSG o= 2 2-12
G3/6, = 2(5,/w) (2-12)
and, for a predetermined bandwidth and damping ratio

G = (1/8) mZP and G = (2/g) ;P W,

In the case of a constant acceleration disturbance, the steady state errox

is ag/w?'P = a/Gx. The simple model provides reasonable estimates of the

16



relationship between bandwidth gains and errors as long as the bandwidth
of the attitude control loops is several times faster than that of the
station keeping loop. Such a separation is feasible and appears desirable
in most applicatioms.

For the choice of bandwidth of the position loop, the following con-
siderations can be made. A large @P leads to a high error gain GX, a small
mP results in a large steady state error for constant acceleration distur-
bance.

The table below shows some characteristic values of bandwidth, gain

and error.
qp (rad/sec) .1 .2 .5 1.0
Gx (deg/ft) .018 .07 .45 1.8

steady state error (ft)

for .lg acceleration 320 80 13 3.2

This table helps to narrow the choice of wp t0 between approximately
.3 and .5. With values under .3, the error becomes excessive, above .5 the
thrust angle variations with even small errors are rapidly becoming too
large.

The desirability to make the bandwidth of the "attitude'" mode faster
than that of the "position" mode is limited by the manual attitude control
loop. This results in an "attitude'" mode of frequency in the oxder of w >
1.0 to 2 rad/sec.

In the conventional control system design method, the gain limitatioms

are taken into account for choosing the "inmer" and "outer'' loops. In these
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hovering helicopter examples a "tight" immer loop (altitude) is designed
wit? sufficient damping hy adjusting Ge and Gé, the outer loop (position)
is determined by the position gain limitation Gx; the velocity gain Gi is
adjusted to provide sufficient damping.

In the OWEM design method as developed does not take into considera-
tion gain limitations. When there are no gain limitations, the operating
point in the Iinear quadratic optimal design is determined by the control
weighting. This number is determined by the control limitations, and the
maximum expected disturbances, and/or command inputs.

However, the OWEM design method can be easily adapted by additional
information, into the design.

When no additional information is used, the computational procedure
regards the errors and the associated feedback gains, etc., equally im-
portant. Hence, in this design method, the root location tends to be cir-
cular with more damping than the Butterworth configuration. After the
initial design is made, the resulting mode frequencies, errors, gains, etc.,
can be analyzed. When the value of these quantities are not in conflict
with the practical design requirements, then one can consider the design
to be completed.

However, in many cases, practical physical limitations have to be
imposed on errors, loop gains, mode frequencies, etc. For example, in
the hovering helicopter, the position mode frequency is acceleration limited
e.g., -3 to .5 radians/sec.

On the other hand, the attitude loop should be a much higher frequency,

e.g., 1-3 rad/sec.
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In Appendix E is shown in the calculation of the optimal weighting
matrices the groups wise equalization matrix (S5) is equal to the unity
matrix. This imposes an equal weighting on the elements of the yf g y*.

In engineering terms,this implies that all the mean square error associated
control, gaims, etc., are of equal importance.

The initial design is done on the digital computer using S = I. The
resulting design is then examined with respect to errors, contrel and gain
limitations. For example, one can examine errors and mode frequencies as
a function of the control weighting p. When this examination shows that the
control weighting p determined by the control limitation, no other boun-
daries (imposed or desired) are violated, then the design is finished. If,
however, one finds that for the desired control weighting p, one of the pre-

determined requirements 15 not met or gain boundaries are violated, then one

should determine the violated boundary on the Optimal Root Location (ORL) plot.

In the example shown for the longitudinal hovering helicopter, the
position acceleration limitation limits the p to approximately equal to 800
(.3 to .5 rad/sec.)}, while the desired altitude boundary yields a
O approximately equal to 3200. This implies that in order to reach the con-
trol boundary and acceleration boundary at the same time, one should use an
equalization matrix whach has a value of 1/4 for the state variables associated
with this limitation.

In other words, one can assign a different weighting on the system
errors 1f this also is equivalent to assigning a diagonal Error Scaliné Matrix
(ESM). The designer is free to investigate the effect of the ESM matrix upon
the final system design. Note that the ESM matrix is a diagomal matrix, so

that the elements of the matrix are easily interpreted.
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In this manner, an objective measure of an error criteria 1s used
to determine the weighting matrices. The approach taken in this work
imposes the boundaries more or less by engineering judgement in terms
of errors. A very important further theoretical investigation with
significant practical aspects 15 the introduction of constraints in the
OWEM design.

The OWEM design method 1s also directly applicable in model following
for the determination of the weighting matrix 8 (Appendix G1, Eq. G1-22)}.
The weighting matrix 6 in the model reference system is composed of the
original weighting factors Q of linear feedback systems. The OWEM method
determines the Q matrix for minimization of disturbances. Hence, a weight-
ing matrix determined by this principle should yield a prefilter model
reference control system that minimizes the errors due to the disturbances.

Another important investigation will be the practical aspects of the
use of OWEM design criteria for incomplete measurement and feedback of all

state variables,
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CHAPTER 3

CONTROLLER DESIGN FOR A HELICOPTER (OWEM)

. A Helicopter system and control equations

In this chapter the optimal control design will be illustrated on the
controller design of a helicopter. The system to be controlled is a sys-

tem representative of an uncoupled hovering helicopter CHS4B given by Eq.

3-1,
—.--w r= ' l ] ]
u X -g X ; 0 0 0 0 , 0
u q ) ! H
'
. ' :
] O 0 i : ] ! 0 0 0 . 0
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For the optamal design, the following equations are used and solved

with the aid of a digital computer.

Ax(t) + Bu(t) + Ca(t) (3.2)

System dynamics: x(t)

v(t) = mx (%) (3.3)
where x(t): n dimensional state vector
u(t): m dimensional control veetor (m<n)
v(t): p dimensional output vector (p<n)
n(t): 2 dimensional noise vector (2<n)

En(t)l =0
Covi{n(t);n(t)} = NS6(t~T)(unknown)
A,B,C and H: nxn, nxm, nx? and pxn constant
matrices, respectively.
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= 1 [y (s)ay(s)+u” (6)Ru(t)]at)

1 7
Min {Lim S
u(t) ‘Toe =T

Cost function: Jmin(N;Q,R)

Tr{cNC'K]. (N: unknown) (3.4)

Ir § = ke BRIB(¢T)E, then
© o (3.5)
Jmin(Ne;Q,,R) = kTr{BER "B K]

where C+: Lxn pseudo-inverse matrix of C,i.e.,
(=(cTe) 2cT)

Optimal control law: u{t) = - R-IBTKx(t) (3.6)

where K: nxn unique positive definite solution of (3.7)

KA + A'K - KERT'B'K + HlGQH = 0 (3.7)
The optimal control law (3.7) can be computed without know?ng
N if Q and R are given.

If the Q and R matrices are estimated, then for these Q and R values the
optimal control law can be calculated.

When the values for the matrices § and R are not estimated, then one needs

an additional criteria. For example, minimizing total system error in total
system damping, etc. as discussed in Ref. (7). Assuming that gust or noise
information is not available, the selection of optimal weighting matrix is
donme by minimizing the criterion L(Q,p%), as discussed in Ref. 7 znd Appendix

E.

Auxiliary performance index

Total System Damping = TSD: the negative sum of the closed Ioop roots

L*¥ =Min Max {TSD} = Min Max {Tr[-(A-BR‘lBTK)]_} (3.8)
Q R Q R

or equilvalently
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L* = Min Max {Tr{BR_lBTK}} (".' A = constant matrix)
Q R
1. T

subject to KA + A'K - KBR™'BTX « HIQH = 0
Note: (1) TSD is equivalent to the Relative Rate of Change of Error Sets

(RERACES, see Ref. [7], Chapter IV), and is a generalized system

response speed.

(2) The extremum (minimax) of TSD does not exist unless Q and R are

appropriately constrained.

Constraints on Q and R

Q] =1, [R] = p*
where

[ ()] : the determinant of (¥) (3.9)

Optimal weighting matrices

Q = ®/ |weH’] - @puy? (3.10)

T T
R = pz/m B'KB - B KPKB 3.11)
U/ 187kE - BIKPKB
where FP + PE. + BR™VB! = 0 (3.12)

F=A- BRIBK
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The latter equations are solved on the digital computer for the
matrix Q. The optimal weighting matrices are then used in the Riccati
Eq. 3-8 which yields the optimal control law (Eq. 3-7).

For a hovering helicopter CH54B, the numerical values for Eg. 3-2

are shown in Eq. 3-13,

[-.0169  -32.2  .661 , 0,0 . 0.0 O 0.0 | 0.0
1.00 | , ,
0024 0 -.257 | 0.0 | 0.0 0 0.0 | 0.0
0.0 0 0.0 | -.260 . 0.0 0 0.0 | 0.0
0.0 0 0.0 | 0.0 |-,0405 32.2 -.895 0.0
A = ! ’ i 1
, , 1.00
0.0 0 0.0 . 0.0 ,-.0200 0  ~1.14 . 0.0
0.0 0 0.0 | 0.0 | 0.0 o 0.0, -.591
— 1 i 1 ey
35.6 , 0.0 , 0.0 , 0.0
I i I
o , 0 , 0 , o
] 1 i
| -5.66 , 0.0 , 0.0 , 0.0
- i I : -
0.0 , -292. , 0.0 , 0.0 (5.13)
[ I 1
0.0 , 0.0 , 36.1, 0.0
i [ 1
O H 0 1 O i 0
I i i
0.0 0.0 , 24,6, 0
T 0" L
| 6.0, 0.0 , 0.0 ,-10.9
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These equations can be divided into four separate systems of equatinmns,
namely:

1. Vertical Control System

2. Yaw Control System

3. Longitudinal Control System

4, Lateral Control System

For a helicopter in the approach phase, the numerical values for

Eq. 3-2 are shown below in Eq. 3-14.

-.0221  -32.2  1.515 ' 0.0 . 0.0 0 0.0 ,0.0
Lo L :
20020 0 -~4251 ' 0.0 ! 0.0 _0__0.0 ! 0.0]
A* = 0.0 0 0.0 !-~.5333 ' 0.0 0 0.0 | 0.0
o T o e LA s Wi o
S Lo
0.0 0 0.0 ' 0.0 ! -.0113 0 -1.488; 0.0
_:0_0” T 0 oo 00 00 0 0.0 *--9%2j
33,12 0.0 0.0 0.0
0 0 0 0
~5.35 0.0 0.0 0.0 (3-14)
B* = 0.0 -304.4 0.0 0 0
0.0 0.0 35.35 0.0
0 0 0 0
0.0 0.0 24.06 0
| 0.0 0.0 0.0  -9.53]
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B Controller Design for Vertical and Yaw Control

In hovering, the helicopters have inherent rate damping in vertical
and yawing motions with stable vertical speed and yaw rate characteristics.
However, with regard to the position stability, both the position control equa-
tions are neutrally stable due to pole located at origin. This means that
the helicépter, if uncontrolled and if exposed to dismrbances, will drift
away from desired hover points. Taking these into account, the following
design objectives arsc recommended for precision hovering.

(1) To obtain the stable well damped position control system

(2) Good system response to position command input, with a small or

no overshoot, and minimizing integral square error (ISE)

(3) Minimizing root mean square position errors and resulting controls

to random gust input.

Some of these requirements oppose each other and a compromise becomes
necessary.

The characteristics of the decoupled (uncoupled) motion of vertical and

yawing equations are of the second order rate command systems as in Eq. (3-14).

X(t) +ax(t) = b6(t) + (ewg() ) (3-15)

where

X(t) : position 7, £t or ¢, rad
x(t) : rate of position Z, ft/sec or r, rad/sec

a : rate damping Zw or Nrssec T
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b : control derivatives ZG’ ft/sec®rad or N6 , rad/sec?®rad
- r M - R

S(t): control 1nput5c orﬁr » rad

Wg(t): vertical gust or sideway gust, ft/sec

Cc : gust derivatives, Zw, 1/sec or N, 1/sec ft
v

We assume for calculation purposes that disturbances even in decoupled yaw
equation has effect on control through Nvterm.

Design Method by Conventional Selection of Weighting Factors

The optimal control is derived by minimizing, in a disturbed system

the following integral without Wg

[=2]
2 -2 2
.%. f (ay; X (t) + q,, X (t) + x6 (t))dt' (3-16)
o
Where qq7 ° weighting facter for position
959 weighting factor for rate
r : weighting factor for control

Selection of Weighting Elements 9y1» 999 and r

In both systems the closed loop system characteristics are covered by

selection of non-zero diagonal dy1s 922 and T only, as shown in Appendix D.

The weighted quadratic terms in the integral should be non-dimensionalized.

The following units are selected for 4112 922 and .

Vertical Yaw
a, £ rad”™’ (3-17)
ayy 72, sec? rad”sec
T rad’z rad—2
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The values of weighting factors are specified by choosing an equiva-
lence of the values of position errors (Z,¢),rate errors (i,r) and re-

sulting control [Gc, Gr ). The selection is as follows:

Vertical (10 ££)° = (5 £t/sec)® = (0.1 rad)? (3-18)
Yawing (0.2 rad)? = (0.1 rad/sec)’ = (0.1 rad)®  (3-19)
These weighting factors correspond to the case (5) with r = 100 in

Table 1 below, where a number of computed numerical examples are listed.

Table 3.1. Computed Numerical Examples

Case No. Weighting factors
1 922 T

(1) 1.0 0 0+ o
(2) 1.0 0.25 0+
(3) 1.0 1.0 0+ =
(4} 1.0 2.0 0+ e
(5) 1.0 4.0 0+
(6) 1.0 16.0 0+

Note that only the relative magnitudes (values) have effects on the

characteristics of the closed loop system (see Appendix D).

Optimal Control. The optimal contrel to minimize the performance index (Eq.

3-16) is given as function of dy1» 95, and r (Appendix D).

949 2 2 i1 %22\ .
Sop = T x- (% *\/(%) RN T T ) RO 20
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Substituting this into Eq. (3-15) gives the closedqloop system

" q Gy » q
X(t)+‘/a2 + 2b1’ ——i:}- « b2 —%—2—3({1'—} +b" —%}-—x(t] =0 (3-21)

Tﬂis derivation and its propertléé-are shown in Appendix D.

The optimal contrel, in general, has been solved for the system without
noise as shown in Appendix D. The separation theory in Refs. (3%, 27, 39)
warrants the optimal control to be optimal for the system with gaussian white
noise. However, unfortunately it 1s not guaranteed to be still optimal for
the system with nonwhite or nongaussian gust.

Root Locus for some q22's and 91 = 1.0. The root loci with varying r are

shown in Figs. (6 and 7) for vertical and yaw equations, respectively. The
complex roots are circumferently distributed to the origin. These numerical

examples are of the following numbers.

Vertical
as= Z;;- = -,269 1/sec
b=z, = -292 ft/secz/rad (3-22)
c = —Z: = -,269 1/sec '

Yawing

a = Nr = ~,482 1/sec
b = NS = -8.95 rad/secz/rad (3-23)
c = —Nz = ~,0019 rad/ft/sec
Notice that the closed loop system 1s sufficiently stabilized by weighting
dq1 and r only, and the dampaing ratio approaches .707 as r becomes smaller.
These poles are called 2nd order Butterworth poles (Ref. 9 ). Addition of 955

30



gives rise to a more damped system. The damping ratio and undamped natural

frequency are given as:

(3-24)
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q
W = o bel il (3-25)

The latter determines the system response speed, or accuracy, which is in-
versely proportional to quartic root of control weighting r. When the

weightaing 95s satisfies the following inequality

‘) o« |a] (3-26)
422

L

q
- . . 11
Then all roots are on negative real axis, since s1 = - E;; has the role

of a zero in the root locus, It is observed that such selection of weightings
as in this case 'that 1s' no cross product terms in Eq. (3-16), place the
closed loop system poles in certain limited left half plane. A desirable re-
gion of pole location closely relate with the requirements (2) and (3). In
spite of increasing accuracy or speed of response, placing poles too far away
in the left half plane, by increasing feedback gains or control action, is

likely to excite the structural vibration mode of the helicopter. On the other

hand, poles near the origin present a slow response and roughness of control.



The feedback gains are shown in Figs. {(8) and (9), which also show
the corresPonding augmented damping and stiffness. The feedback gains
increase as r becomes smaller, and increase in 99 raises the rate feed-
back gains.

The optimal feedback controls for both vertical and yawing systems do
not yield a system which has an overshoot for a step input. Hence, some

_of our design objectives (stable, no overshoot) are definitely obtained.

ISE and ISU Evaluation for Commnd Input. In general, the ISE and ISU for

the second order system to a unit command step input are given as

1 1
ISE = o= (¢ + 7P (3-27a)
n
OO
= [ x2dt (3-27b)
5 x(0) = 1.0
X{0) = 0.0
2 2
uﬁl(a + u%Q
ISU = 43 (3-282)
= f §2dt (3-28b)
A x{o) = 1.0
X(o) = 0
where
w

n : closed loop undamped natural frequency rad/sec
£ : closed loop damping ratio

a : open loop damping
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which are sketched as a function of £ in Figure 10 where the minimum ISE
is attained when & = 0.500, and the ISU is inversely proportional to 7.
In the s-plane the curves for ISE = const. and ISU = const. are shown in
Figure (18).

Using Eqs. (3-24), (3-25), (3-27) and (3-28), the integrated square
errors and controls to command step input are computed with varying T,
some q22's and qpq = 1.0 as shown in Figs. (11) and (12). The ISE value
approaches the minimum as 1 goes zero, while the ISU goes to infinity.
The minimum ISE value of the optimal control system is given by substituting
Egs. (3-24) and (3-25) into Eq. (3-27),

Min. ISE = + ‘/%% (3-29)
at r = 0 where the ISU becomes infinity. This value would become criterion
for selection of 41 and Qs known as that of the model equation given by
Eq. (D2-21) in Appendix D. For reference of ISE values, it is desirable to
compare with the ISE of the first order system of which command response 1s
easily depicted in mind. Therefore, the following time constant may become

an index:

Te = time constant of the first order system with same ISE

(3-30)
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which is labeled in Figs. (10), (11), (12), (38) and (63). Similarly , one

may define the following equation as mean control acceleration.

1
Y (3-31)

which would be a rTule of thumb for the upper limit of ISU. It is interesting

to see that ISE of the optimal control system is a little bit larger than the

true minimum ISE as shown in Figure 10.

Gust Response. The requirement for gust response supercedes that for com-

mand input in position keeping such as hovering. In additiom, knowledge of

the gust response is important since the optimal control is obtained in-

dependently of the random gust. The assumed gust model is of the following
power spectrum density (p.s.d.).
20%d

SI‘I' [LU) = m (3-‘.32)

where

d : bandwidth of p.s.d. of the random gust
¢ : s value of random gust

The numerical examples are given by

0

g = 10 ft/sec

(3-33)

d= .314, 1.0, 2.0 rad/sec
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which is a considerable gusty condition.

The rms position error and control ars calculated with varyving r as
shown in Figs. (13) to (16) for both vertical and yawing equations. From
these figures, the gust response would be alleviated by increasing Qpqys OF
increasing rate feedback (see Figs. 8,9), with less control effort. It is
much more reduced by decreasing r 'that is' increasing rms control actiom.
As T goes to zero, the rms control force (acceleration) increases to cancel
the random gust force with little excess as shown in Figs. (13) and (14).
Note that excess control action is caused by control system time lag.

For different bandwidths of p.s.d. of random gust under its constant
intensity, the rms position errors and controls are studied in Figs. (15)
and (16). These results show that random gust with higher frequency compo-
nent bring 1less effect on both rms position error and resulting control.

These results are explained by the frequency domain analysis as follows:

The tms value of the gust response is described as (Appendix G1-3)

L0
- 1 .Sz
RMS value = = f |6 Gw) | § (w) dw (3-34)

0
where G(juw) is the frequency response of the transfer function to the gust.
For example, the frequency responses of the transfer function of ver-

tical position error and contrel to the gust input are shown in Figs., (17)

and (18). The following three cases are pictured here:
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Weighting factors Undamped

Case No. 11 dsp T Damping Natural Frequency
(1) 1.0 0 13130 0.71 0.9
(2) 1.0 0 8180 0.71 1.8 (3-35)
3) 1.0 4.0 8190 1.9 1.8

The broken lines indicate the p.s.d. of the random gust. The rms position
error in case (1) becomes larger than the others because of the higher gain
as shown in Fig. (17). On the other hand, the control action becomes smaller
since the relative magnitude of control is smaller. In case (3), though the
control response can be influenced by a high frequency component of random
gust, the gust under consideration doés not include such frequency component,
and therefore the rms resulting control is smaller compared to case (2},
Similarly, it is recognized that the random gust with higher bandwidth of its
power spectrum density has less effect on both rms position errors and con-
trol.

Now, assume that requirements are chosen as follows:

rms vertical position error < 5 ft (3-36a)
Integral squared position error < 5 £t? sec(T_=1.0) (3-36b)
Integral squared control < 9.0 ft® sec™® (Up=3.0 ft/sec?) (3-36c)
Eq. (3-36a) would supercede the others in keeping position.
The lower limit of r is prescribed by only ISE requirement. We should

choose 93 and q,, 8s necessary,

qy/q7; £ 1.0 (3-37)
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and r should satisfy the following inequality

1200(8.5) < q—r— < 2,200(6.2) (3-38)
11

for 11 = 1.0 and Qs = 0.0.

The requirements for yawing cases are chosen as follows:

s yawing error < 1.0 degrees (3-39a)
ISE <.50 deg’sec (T, =1.0 sec) (3-39b)
ISU < 9. deg?sec ?(Up=30 deg/sec ) (3-39c)

Then, we should choose as necessary

Ayy/qy7 £ 1.0 (3-40)

and r should satisfy, for 7 = 1.0, Gyp = O

1.1 (8.8) < v/qq; < 3(5.2) (3-41)

Note that numerical numbers in the parenthesis indicate ratios of expected
controls and position errors due to weightings,and the ratios are almost the
same in both cases. There 1s a big difference between selected r due to the
differences in control derivatives.

The desirable root location to meet all reguirements (Eq. 3-36), which

varies as requirements alternate, is sketched in Fig. (18).

Owem Design Method. The optimal control is given by, as shown in Appendix

EZ.

1

L (3-42)
= b3 2 5/ a2 3 % (t
Sopt(t) = - —-r _‘z;“[t)- (- = + [b) + 2 2) x (t)

> B3 3



Note that the optimal control is determined only by v which is called 'trade
off parameter' in the Appendix E. This optimal control is also designed to
be optimal for the system with a gaussian white noise as shown in the Appendix

E, but not for a nonwhite gust.

The close loop system is given by, (See Eq.E2- )

(3-43)
2
_ b3 .
Y —T (3-44)
*3
2 ¥
2 -
1 a £ {3-45)
L= -E-Jf:"'?—i‘ r =z
. °3

Root Locus for Varying r

The root loci are Sketched in broken lines for vertical and yawing
equation in Figs. (6) and (7), respectively. The closed loop system app-

roaches the system with damping ratio = .866 while the poles are pushed away
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in the left half s plane as r goes to zero. The distance of the complex
roots from the origin is inversely proportional to cubic root of control
weighting r. By this method, no overshoot and sufficiently stable system

can be obtained and some of our design objectives are achieved.

ISE and ISU for Command Input

The ISE and ISU values are shown in broken lines im Figs. (11) and (12),
respectively. These(ISE and ISU with varying r)are calculated by substituting

(3-44) and (3-45) into (3-27) and (3-28) and as r goes zero, obviously

ISE_, = O (3-46)

IsSU

=0 infinity (3-47)

The requirements described in Eqs. (3-36b,c) and (3-39 b,c) would be satisfied

by choosing r properly.

Gust Response

The mms position errors and controls of the gust responses are also
shown with broken lines in Figs. (13) and (14). Decreasing a weight r on
control or increase in available control reduces the rms position error.

The requirements described in Eqs. (3-36) and (3- 39 are satisfied

by choosing

2700(5.6)<r<7500(3.4) (3-48)
2.6(5.6)<r<5.8(3.5) (3-49)
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Note that the numbers in parenthesis indicate the ratio of expected controls
and state errors due to r called tradeoff parameter in the single input cases
[see Appendix E].

In this way, all the design requirements would be satisfied by this

method,

Helicopter in Approach Phase

The numerical values for the helicopter in the approach phase (Eq. 3-14),
are not sufficiently different from those in Eq. 3-22 and 3-23 to employ a
control system with variable gain, especially as the control system is of the

first order.
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C Controller Design for Longitudinal Equation

A hovering helicopter can have an unstable, oscillatory mode in
the longitudinal equation, as shown in Figure 2. Furthermore, the position
control equation has another pole at origin. That places much workload on the
pilot for precision hovering, especially in gusty conditions. Therefore, the
design objectives become, for the automatic controller:
1. To obtain the stable system
2. Good response, such as little-overshoet, minimaizing the ISE, 186,
IS to a command input
3. To minimize RMS of the position error, attitude error, and resulting
control to gust imput

The longitudinal equation 1s given by

" . (3-50)
- u - = - u
Mu + 9 qu MBlsBls Mu g
In the state variable form, including position variables
[¥X] o 1 o o} [x} [ o] 0
" B +# X u
u 0 Xu -g Xq uf+ XBls 1s u g
8l=1lo o o 1 8 0 0 (3-51)
q_ 0 Mu 0 Mq_ q PBI;ﬁ -M__
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where

X : longitudinal position ., Tt

u : longitudinal velocity , ft/sec

8 : pitch attitude angle , rad

q : pitch rate s rad/sec
Bls longitudinal cyclic pitch , rad

u, : gust input , ft/sec
Xu : rate of change of longitudinal force, 1/sec

with velocity
Xq : rate of change of longitudinal force, ft/sec

with pitch rate

Mu : rate of change of pitching moment , rad/ft sec
with velocity

Mg : pitch rate damping » 1/sec

XBls : longitudinal control derivatives |, ft/seczfrad
MBls : longitudinzl control derivatives |, rad/secz/rad
g : gravitational force , 32.2 ft/sec2

The performance index to be minimized is given as follows:

1 “ 2 2 2 ) 2
3 4!ﬂ qulx_,+ Q0 * q339 + q448 + rBlS) dt (3-52)

Selection of qii(i = 1,2,3,4) and r.

The selection of diagonal Q o 9% places the poles of the closed loop
system in a restricted part of the left half s plane. (Appendix E). The

following units are selected for 9115 9990 9335 94g and r,
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-2

917 ft
909 ftuzsec2
rad™2
33 (3-53)
44 ra,dhzsec2
T rad 2

Their values are specified by choosing an equivalence of x, u, 9, q and BlS

in the integral of Eq. (3-52). The selection is as follows:

1 ft = 1 ft/sec = 1 degree = 1 degree/sec

1)

0.1 rad
- (3-54)

Equation (3-54) 1s expressed as Case No. (7) with » = 100 in Table 3.2 where

the selected diagonal weighting 955 (i=1,2,3,4) are shown. Note that attitude

errors 0, € are specified in degrees,while in the equation the units are radians.

Table 3-2. Numerical Examples for ;4

Case No. 91 922 933 Y4
1) 1.0 —mm e —em
) 1.0 --- 820  ---
@) 1.0 ~=- 3,280  ---
@) 0.1  --- 3,280  ---
(5 0.01  -—- 3,280  ~=o
(6) 1.0 --- 3,280 3,280
%) 1.0 1.0 3,280 3,280
(8) 0.1 0.1 3,280  -—
(9) 0.1 0.1 3,280 3,280
10) 0.1 0.4 3,280 13,150
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Root Square Locus.

The root loci for the longitudinal system is shown in Figs. (19) through
(27). A stable system is obtained using only a weighting 91 of the Q matrix
and r. Two of the poles approach the asymptote 7 = 0.707 while attitude poles
approach the zerces, as shown in Fig. (19). The root loci starts from stable
poles which are then shifted to mirror image in the left half plane of the origi-
nal unstable poles. Increasing the attitude weighting factors dzz from a zero
value, induces the more damping to the attitude poles, and further increases in
Qg5 MOVeEs the attitude poles away from the asymptote and shifts the position
poles into the left half plane as shown in Figs. (20) to (23). As a result, the
attitude control or inner loop control becomes much faster than the outer loop
or position control. The boundary condition, whether or mnot the locus of the
attitude poles bends inwards, depends on the weighting ratio of qy9 and Azz-

The zero lecus is drawn as a function of q33/q11 in Fig. (22). This indicates
that an increase in the relative weighting Gzz tO qq; brings two zeroes to the
origin, Addition of either dyy OT Gy, yields another zero on real axis and pro-
vides more damping to both the attitude and position poles, as shown in Figs.

{(24) to (27). Especially, imposition of 4z On 8 locate 2 zero near Z, = EEQ__

1 Yq

Hence, only one root goes to infinity along the negative real axis, while the
others approach the zeroes, and the system is more damped. The closed loop sys-
tem with damping ratio more than 0.707 would be achieved by the adequate selec-
tion of 411> 999» q33, Ay and r, where obviously more weighting would be imposed
on g, and Quq-

By the OWEM method, the root locus 1is uniquely determined with choice of T
only. Four poles move to infinaty along T = .65 and { =~ .95, and the closed loop

systems are sufficiently damped.
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In this way, some of the design requirements are attained without diffi-
culty. The feedback gains are shown in Figs. (28) to (37). Using these

diagrams, the optimal control is obtained as:

Bls = Kxx + huu + Kee + qu [3-55)

At infinite r, both feedback gains KG and Kq approaches nonzero gains,
so that the unstable poles are shifted to the mirror image in the left half
plane.For the conventional selection method of a5 and r, the outer loop,

feedback gain is given by:

1
K, = }—I_— (3-56)

which specifies the systems accuracy. From this point of view, Eq. (3-56)

helps select 41 and T.

ISE, ISO and ISU for a Command Input.

The integral squared position and attitude error to a 10 ft. command
input is shown in Fig. (38). In position control, the hovering helicopter is
desirable to follow the command input as fast as possible without excessive
attitude change or its rate. As r goes to zero, the ISE value approaches the
minimum given by that of model equation corresponding the zeroces, while the
158 reaches the maximum as shown in Fig. (38). These values at null r are

sketched as a function of ratio of weighting factors 417 and Az3 in Fig. (39).
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They show that the reduction in ISE increases IS@ in Fig. (39). Hence, a

compromise is necessary, The addition of the weighting factor, de-

Q4
creases the ISO comnsiderably, with iittle increase in the ISE. Finally,
the amount of contrel available in Fig. (40) is limited by the power limita-
tion and mechanical strength of the helicopter.

As shown in Fig. (38), the integral squared control increases as r
decreases and decreases more when a weighting is placed on the attitude or
its rate.

It is observed that the OWEM has features similar to, but better than,

Case 1 in Table 2, indicating ISE = 0, 180 = ISU = @ at v = 0.

Gust Response

The rms position and attitude errors to the random gust are shown in
Figs. (41} and (42), for some qii's and varying r. The assumed gust model is
of the same as Eq. (3-33) and numerical example is made assuming quite strong

gusty conditiomns.

Q
1)

20 ft/sec (3-58]

[a T
il

.314, 1.0, 2.0 rad/sec

The rms position error decreases as r/q11 becomes smaller and depends slightly
on qSS/qll' Effects of %50 and qyy aTE negligible, and hence, not shown in the
figure. On the other hand, the rms attitude error, due to the gust, depends
strongly on r/qll and selected ;5 i=1,2,3,4). Adding a weighting factor, 9
OT Qg4 improves the error considerably. In the range of 94 considered here,

the ratio of q33/q1l governs entirely the order of magnitude of the rms value.
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The rms longitudinal cyclic control and position error is shown in
Fig.(41). The root mean squared position, attitude errors, and different
bandwidths of the power spectrum density for a gust with constant intensity
are computed. It is clear that the rms position errors are less influenced
by the gust with higher bandwidth. On the other hand, the mms attitude errors
are affected less at a large r, but become more affected at smaller r by the
gust components of higher frequency, as shown in Fig. (67).

The gust responses for the OWEM, shown with broken lines in Figs. (41)
and (42} are better than Case 1.

A ranking of all requirements for precision hover can be done as shown
below. A compromise between them must be found as it is desirable that all

requirements are simultaneously satisfied. Take, for example, the following

case:

root mean squared position error < 1.0 ft. - (3-57a)

root mean squared attitude error < 0.3 deg. (3-57b)

integral squared position error < 400 ft2sec (Te<8) (3-57¢)

integral sguared attitude < 16 degzsec (6m<2 deg.) (3-57d)

integral squared control 2 0.0 rad?sec (Blsmi .05 rad)
(3-57e)

acceleration limits < mnone

The righthandside of Eqs. (3-57a) and (3-57b) vary depending on rms
gust velocity or its rate. The upper limits on Egqs. (3-57c¢) to (3-57e¢) are

altered proportionally to squared magnitudes of command inputs. However,
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Temax, emax’ and Umax may be independently prescribed.
Equation (3-57a) exclusively determines the upper limts of r, though

ISE and rms attitude error requirements may influence this considerably. The

lower limit of v is described by Eqs. (3-57d) and (3-57e). The way of choosing

%4 could be found out by requirements (3-57b), (3-57d), and (3-57e).

If one considers the above requirements, then the following set of 955

and r can be chosen as one of desirable sets of qs and r.

r=2.0-10"%

(3-58)
9y = .1, Azz = 3280
With the feedback gains
K, =-0071
X
K, = -.026 (3-59)
Kg = 1.58
K = .56
q

It is easily understood in the process of chcoosing these sets that Case
(5) does not satisfy Eq. (3-57c¢) and Case (1) is unsatisfactory with Eq. (3-57d),
because of excessive attitude error. An OWEM method which does not take into
account the difference in position and attitude error weighting should also
be unsatisfactory (for example, see Eq. {3-57d).

Helicopter in Approach Phase

The numerical values for the helicopter in the approach phase are given
in Eq. (3-14). The root location for the optimal roots as a function of the
control weighting r are shown in Figure 67. It appears that the difference
in numerical values compared to the hovering case is not sufficiently large

enough to justify a control system with variable gains.
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OWEM Design Method

Applying the OWEM design method for the longitudinal motion of the
helicopter gives a root location as a function of r = ¢ obtained by a
computer solution as shown in Figure 19.

In the initial approach of an OWEM design, all the constants k3 of
the group-wise equalization of the terms of {y*TQ y*} are chosen to be
equal. This corresponds to an equalization matrix S = I. Making the
equalization matrix not equal to the identity matrix corresponds to an
equalization factor of the diagonal terms of the matrix qu. This prin-
ciple is illustrated in this example in Figure 19.

In this figure is shown the root location obtained by the initial
application of the OWEM method (equalization matrix = identity matrix).

The desired root location with associated optimal Q matrix 1s determined
by the acceleration limitation of the helicopter (corresponding to an W

of .3 to 5 rad/sec). Take, for example, that an equalization was desired
of one to two for the ratio of the position error to attitude error. The
diagonal terms of the Q matrix are associated with the variables x, i, g, 8
respectively. Hence, the equalization is chosen to be 1:1:4:1.

Figure 69 is shown, the root location obtained by the OWEM method, modi-
fied with an error scaling matrix (ESM) of 1:1:4:1. For thas ESM Q matrix a
root square locus diagram is given as a function of the control weighting p.
The ESM matrix should alsc change the weighting of the derivatives of 8, as
this increases the damping. By trial and error, one can investigate the error
scaling matrix for the 8 error weighting. 1In this particular case, 1:1:4:4

was chosen.
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In the same illustration 1s shown the chosen optimal Q matrix, modified
with an equalization matrix of 1:1:4:4,

For this equalized Q matrix a root square locus diagram is given as a
function of the control weighting r = p. (curve no. 2)

-

For a control weighting of 3200, the (negative) feedback gains are:

Gx = -.0015 rad/ft = -.084 deg/ft.

Gi = -,0074 rad/ft = -.420 deg/ft.

Ge = .56 rad/rad = .56 deg/deg. (3-60)
Gé = ,42 rad/rad = .42 deg/deg.

The root locations are shown in Figure 69, with the associated feed-
back gains in Figure 72. The corresponding error and control measures
are shown in Figures 40, 41 and 42.

It should be emphasized that, in this work the acceleration limitations
have been introduced as an "afterthought" in the OWEM design. In the OWEM
calculations the acceleration limitations were simulated by an "error
weighting". In principle, it should be possible to introduce constraints di-
rectly into the OWEM design method, thereby eliminating the trial and error
aspect.

In the hovering helicopter example, feedback gain limitations on the po-
sition state variable (equivalent to an acceleration limit) should more or less
"freeze' the position mode when a certain control power is reached. A fur-
ther increase in control power should only affect the € mode. This procedure
would eliminate the txial and error procedure of the 6 error weighting. How~

ever, these theoretical aspects need first to be further investigated.
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D  Controller Design for Lateral Equation

In a hovering helicopter, the lateral equation uncoupled with yaw be-
comes unstable and poses a comparatively short period mode (see Figs. (2,3)).
Therefore, our design objectives are composed of the same ones as the longi-

tudinal case. The lateral equations are given by:

V—va—Ypp—g¢:=YAlsA -Y v

1s vg
. (3-61)
S Lyve§- Lp¢ = Laisfis - vag
In the state variable form, including position variable
- - - rom F - - .
y 0 1 0 o0 Y 0 0
v 0 YV g YP v YAls _Yv
¢ = 0 0 0 1 o |+ {0 Ag # 0 vg (3-62)
P L0k 0 Lp i P _LAls i _—Lv N
where
y : lateral position ,ft
v t lateral veloclty ,ft/sec
o) : roll angle ,rad
o : Toll rate ,radsec_l
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Als :

Als :

lateral cyclic pitch

gust
rate
with
rate
with
rate
with

Toll

input

of change of lateral foxrce
velocity

of change of 1a£§ra1 moment
roll velocity

of change of lateral moment
velocity

rate damping

lateral control derivatives,

lateral control derivatives,

gravitational force

The performance index to be minimized is given by:

“ 2 2 2 2 2
/ (77 * Qv * Qg3 * Qe * TA{)dE
(8]

Selection of q; - i=1,2,3,4 and r.

srad

,ft/sec

,58c

,5ec

.,rad/sec ft
~1
,sec
-2
sft.sec "rad

,l/sec2

,32.2 f’tsec-2

(5-63)

The diagonal weighting matrices Q might place the poles of the closed

loop systems in restricted parts of the left half plane.

The selection of

Q would be done in the same way as in the longitudinal case and the same

q..'s are used as numerical examples [see Table 3.2].

11
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Root Square Locus

The root loci are shown an Figs. (43) to (51). The stable closed loop
system is obtained by a weighting factor 431 only. Addition of dz3 gives
more damping to the system, especially to attitude control loop. Further
increase in dz3 finally moves the poles of the attitude loop further in the
left half plane, while the poles of position move to the right, fthat is'
the position loop reduces stability as shown in Figs. (45 to (47). It is
seen in Fig., (46) that the attitude poles start going far away for a set of
qll=‘l’ q33=3280 unlike the longitudinal case. These tendancies seem de-
sirable since the inner loop control is desirable to be much faster than the
outer loop position control. The broken line of Fig. (44) indicates the
zero locus as a function of the parameter of qSS/qll' 1t starts from the
poeint 7=-2,33%j4.06 and approaches the zero along the asymptote 7=.707. Addi-
tion of Q5 OF Quu yvields another zero on negative real axis and provides more
damping to both the attitude and position poles as shown in Figs. (48, 49, 50
and 51). Selection of Ay locates the zero 1n the far left of the negative real
axis. On the other hand, selection of Qgy locates the zero on Z1 =iJg§§ . As a
result, only one root goes to infinity on the negative real axis while the
others approach zeroes and the system is more damped. The closed loop system
with damping ratio more than 0.707, if desired, would be achieved by adequate

selection of Ay1s Upps Ggzs dug and r.

The feedback gains are shown in Figs. (52) to (61), where 1t is noted
that the augmented dampings are equivalent to those of longitudinal ones at

the same r/qll, though feedback gains being smaller than longitudinal ones
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except Ky given by

_ /qll
Ky“ - (3-64)

which specify the system control precision. At infinite 3 K¢ and Kp are
nonzerc simularly as in longitudinal cases. Using these gain diagrams,

the optimal control is obtained as:

*®

Als = Kyy + KVv + K¢¢ + Kpp (3-65)

ISE, IS¢, and ISU for Command Input

The integral squared position error, attitude and control to a 10 ft.
command input is shown in Figs. (62) to (63). Effects of r and q;; on these

results are almost the same as the longitudinal case. When compared to the

longitudinal case, the IS® came out larger in spite of the use of less con-
trol amount (ISU) due to the larger control derivative. Accordingly, the
command input response becomes faster, that is, less ISE. The min. ISE and
max. ISO at zero r are nearly equivalent to those of the longitudinal case
because both model equations are almost the same. Note that the ISE goes
zero while the IS8 increases to infinity as r goes zero for the OWEM.

Gust Responses

Figs. (64) to (67) show that rms lateral position error (ISE), attitude
error (ISP) and resulting control (ISU). From these figures, 1t is confirmed
that the lateral motion is much stronger influenced by gust through large

gust derivatives, Yv and Lv’ compared to longitudinal motion. The control
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necessary to trim the translational force and upset moment due to gust
amounts is twice as large as that of a longitudinal case. Keeping lateral
position as precise as longitudinal control requires more feedback gains
corresponding to smaller r,

Figure (66) indicates the effect of gust with different frequency
components under its constant intensity to attitude errors. It turns out
that the gust with cut-off frequency d = 1.0 rad/s influences the lateral
attitude most, while the pitch attitude is most influenced with cut-off
frequency d = ,314 rad/s at large r. These characteristics are explained by
the fact that the basic helicopter dynamics have modes excited around fre-
quency of .36 rad. in longitudinal motion and frequency of .85 rad. in la-

teral axis.

Take, for example, the following case similarly to the Eqs. (3-57a) to

(3-57e):

Tms position error < 1.0 ft. (3-66a)
rms roll attitude error < 0.3 deg. (3-66b)
ISE < 400 ftzsec (Tem < 8 sec)
2 (3-66¢)
IS8 < 16 deg sec (em < 2 deg)
2 (3"66d)
ISu < 0.05 rad sec Gﬁlsm < .05 rad)
(3-6€8)
Acceleration limits < none

The design approach is similar to that of the longitudinal case.
For the closed loop system, to satisfy all requirements, the following set of

q..:

:5 and T 15 chosen as one of the desirable sets of C and r
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r=1,5-+10 (3-67)
qq, = .1, qgz = 3280
Then, the feedback gains are:
Ky =-,026 rad/ft
KV =-,087 rad/ft/s
(3-68)

K¢ =-4,8 rad/rad
K. =-.46 rad/rad/s
9
In a practical application, the acceleration lamits will show that

these gains are too high.

Helicopter in Approach Phase

The numerical values for the helicopter in the approach phase are given
in Eq. (3-14). The root location for the optimal roots as a function of the
control weighting p is shown in Figure 68. It appears that the difference in
numerical values, compared to the hovering case, is not sufficiently large
enough to justify a control system with variable gains.

OWEM Design Method

Using the approach similar to that of the longitudinal case, the root
locations using the OWEM design is shown in Figure 43. For an eryor scaling

matrix, chosen was 1:1:4:3, and, the feedback gains for p = 1300 are:

K ==.00075
%

K ==.0025

Ky =~.18 (3-69)
¢ - -

Ke ==.09

)

The root locations as a function of r = p are shown in Figure 70 with the

associated feedback gains in Figure 72. The corresponding errors and con-
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trol measures are shown in Figures 62, 63 and &4.
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CHAPTER 4
CONCLUSIONS AND RECOMMENDATIONS

The optimal linear-quadratic control theory provides a well
organized design procedure for the automatic controller design of a
multivariable system. In this design process an optimal linear
feedback control law is found, which minimizes a quadratic cost function.

It is usually assumed that the weighting matrices in quadratic cost
functions are given a priori. However, the resulting optimal feedback
control system 1s a function of the selected weighting matrices. The
functional relationships between the weighting matrices and dynamical
characteristics of the resulting system are rather obscure. Therefore,
the selection of weighting matrices is often a major problem in the
practical applications of the optimal linear-quadratic control theory.

In this report the weighting matrices are selected by the OWEM
design method as described in Ref. [7] and Appendix E. Also in this work
the weighting matrices using the OWEM design method are obtained by direct
calculation and not mainly by a creative trial and error approach. The
OWEM design method is compared with other methods for finding the weighting
matrices. The results indicate that the use of this approach gives at
least as good results as obtained by other classical design methods.

Much work still has to be done, especially in the case of multivariable
input-output systems, and a priori imposed limitations of the practical system.

However, from the examples in this work, it can be recommended that the OWEM
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design method is a good candidate to use for the selection of weighting
matrices. Moreover, the OWEM design method does not require any lengthy
and laborous estimations of weighting matrices in quadratic cost function.
A completely computerized system design becomes possible, which can provide
quick results even for complicated systems. The decision which has to be
made by the designer after the computerized system design is to choose an
appropriate trade-off parameter by considering the corresponding feedback
gains, system dynamical characteristics and other practical situations.
Practically, of ccurse, further refinements for such a computerized system
design would have to be done for a few choices of trade-off parameters. In
the long run, when the given system is highly complicated, for example, a
system with many feedback loops and/or multiple controls, the computerized
system design procedure associated with the OWEM method can save large amounts
of time usually required in the early stage of system designs.

In conclusion, the OWEM method provides an objective measure to deternine
the weighting factors in the performance index based upon an error criteria.
Initially, the system errors are assumed to be equally important, however, di-~
rectly from missions requirements one can determine which are the important
errors, and use this additional information together with the other system re-
quirements to obtain an improved design. The resulting OWEM design 1s a con-
trol system that minimizes the errors due to disturbances and has good transient
Tresponses,

This work explores the application of the OWEM design method to an auto-
matic controller design for a helicopter at hover and approach. The examples
demonstrate that this approach 1is feasible and 1s a good candidate for the

control system design.
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Areas of further studies are:

1. Further investigation of the practical aspects of system dis-
turbances in the selection of the weighting matrices, i.e., how
are the weighting matrices and the resulting optimal feedback
gains changed if the noise characteristics are varied.

2. Investigation of the effect of a priori imposed limitations
(control and/or system boundaries) on the OWEM design methed, i.e.,
in this work imposed limitations were combined with an assigned
error scaling matrix ESM derived from physical limitations. Fur-
ther investigation of the practical aspects of a priori imposing
design limitations would be highly desirable,

3. An investigation of the practical aspects of the effects of an
incomplete measurement system and feedback of the state variables
in the OWEM design method.

4, Further investigation of the application of the OWEM design method
in model following control systems. In theoxry, the OWEM method can
yield the weighting or Q matrix for the prefilter model reference
control system. However, the practical aspects should be investi-

gated.
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Figure 1. Block Diagram for Decoupling

System dynamics: x(t) = Ax(t) + Bu(t) + Cn(t)

y{t) = Hx(t)

where x(t) : n dimensional state vector
u(t) : m dimensional control vector (m<n)
y(t) : p dimensional output vector (p<n)

n(t) : £ dimensional noise vector (2<n)
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Figure 71.

Longitudinal Gains OWEM with ESM (1:1:4:4)
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Figure 72.



APPENDIX Al
REVIEN OF HELICOPTER DYNAMICS

Introduction

In a synthesis or analysis of a control system of helicopters, we are
confronted with the complexity of the overall helicopter dynamics. There-
fore, simplifications often are made and are considered the simplified equa-
tions, However, this can be an oversimplification and when the system is
constructed, the resulting system may have undesirable properties,.

Although the hlghér order equation can be manipulated by the computer,
the analysis and synthesis cannot be easily done. Also the physical in-
sight into the dynamics is often lost during a process of computation. Fin-
ally, we would be obliged to use brute forces of computing all parameter
variations in order to know their effects. The synthesized controller may
become complex, and often becomes more expensive and less reliable. In prac-
tice, the precision of hovering can be diminished because of coupling ef-
fects.

In general, the complicated dynamics are due to many coupling terms
which come from asymmetrical body and power sources. With the exception of
a few terms such as (Lr and Nv) which contribute to dynamic stability, they
usually bring undesirable effects into the dynamics. These effects can be
shown from a sensitivity analysis on coupling terms.

In order to circumvent these things, the dynamics are required to be
decoupled. The control of the helicopter then becomes simpler and easier.
The analysis and synthesis can be applied to such conventional techniques

such as root locus and frequency methods which basically deal with the saingle
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input-single output system. The dynamics can be evaluated by hand calcula-
tion., Even in such modem control techniques as optimal control using state
space concepts, the analysis and synthesis technique becomes more tractable.
This method will be dealt with in the other appendices.

Helicopter Dynamics

In general, the helicopter dynamics are written with respect to the sta-
bility axis [Ref. Al]. The following small angle conditions are assumed and

higher order terms are neglected.

sin & = 0, cos & =1, sin ¢ = ¢, cos ¢ =1 ) (Al-1)

4 ¢=p, p=r

8

u+gcosyoe=}(u+xvv+xww+xpp+xqq+xrr+£\xc
\'r-gcosyo¢=Yuu+va+Yw+YPp+qu+ O:’r-uo)r+mn’C
W gsinyoe= Zu+ Z v+ wa+ pr + (Zq +Uo)q + er+ AZC
f)-:f' i—izi: Luu+va+wa+Lpp-r-qu~:~er+ALC
q = MUt Mve M Mp s