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E Attitude control +techniques for the pointing and stabilization
', of very large, :therently ilexible spacecr'art systems ave :anest:l.crated

) "Ihe attitude dynamics a.nd control, of a long, homogeneous fle‘u_ble beam

'whose center of mass is assumed to follow'a chcular orbit is analyzed. :

§
' In this study, first order effects of grav1ty—grad1ent are mcluded, whereas
;&; i external perturbations and relatéd brbi'tal station kéeping méneﬁver‘s aife
“ﬁij g ne.glecte.d. A mathematical model Wthh descr:tbes the system rota‘c:.ons 7_
d%? k \_ ‘ a.nd deflectlons wrth:m the orbrtal Dlane has bean developed by tr'ea't:l.ng

Yr *
;
¢

JI

Lhe beam as a number of d:.scretlzed mass parft:i.cles connected by massless,

- 'elastlc struc‘*wal elementq The uncon‘t:colled dynam:l_cs of this Sysiem

s-»“_ -

are s.mulated and, in adCllflon,_ 'the e:.fec‘ts of the corri:ml dev:.ces are

n~

DU I o

consa.derec‘l . The concept of dlsto:bute& moda.x. -con ’t:ool whlch prov1des a

means for' contr’ollmg a system mode mdependently of all o‘ther- mod 1::53 a.s e

| 3 I _ o
4 ps E . examlned The effect of va:cymg the number of modes in the medel as well

R *:T | as the number and location of the conirol devices are also cons_:Ld_ered.
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. NOMENCLATURE
location of mass m, (or ml) fmm “che origin point

of the main body

location of mass mb from the origin point of tne
main body :

bending stiffness of uniform beam
control vector (includes ‘torques and forces)

scalar actuator variables; also, feedback control

) .

comrirol force vector acting on the discrete mass system
residual coupling coefficent
principal moments of inertia of the main body

stiffness matrix of the system

length of the beam (L = 24)

mass matr*ix of fhé “sy's-teixi_:

mass of -i:he main body

mass of the _nd mass

generalu.ed wass for mode iy also refers to end masses
mass of the mterlor masa located in between ml and my.
number of modes

number of actuators |

nbdal coordinates

radn.us of ’che C)I‘ble._

radiis vector from cerrt@ of ear"th 1.0 MASS, My

~k:m.e1.1c ener'gy of the system, also, comtrel transformation

mateix which Drovn.des tr*ansfonna‘tlon Trom discrete actuator
variables +o d_stmnuted actuator variables (F = Tu).
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v ’Vb

a

© orbital --ang(:;lar velocity

orbital energy of the system
rotational energy of the system

translation energy of the system

| torque acting on the main body

elasf:?_.c energy of the system

indepéndent distributed actuator varisbles
poten'tla__ energy due to g;oav:r.ty forces
6ef.LectJ_ons of the end masses. (ml = mz.‘ m)
deflection of masses, m, _a._f;;d My s respectlvely

state vec:tOr of the system (discrete coordinates) "

local ver'i:mal coord_na tes in the ‘orbit plane (z - along
the local verftlcal with the oru.gm at the sjrs-i:em center
of mass)

pitch angle of the main body

‘eigen values(modal frequencies)

eigen vectors (mode shapes)

coordinate transfomxation matrix which provides trang- -

- formation from discrete : coor\iinates to modal co&t’dinafés'

relative angular motions of both end masses relab.ve B
- to the undeflected coni“:.gurat.lon of the beam

coordlnate system with origin at the interior po:L:rt of ‘the
beam m (parallel to the x, z axes)
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1. INTRODUCTION

In the _rfecently completed "Outlook for Space S‘tudy"l & number
of proposed new space missions were shown to requi:r'e large-scale,
light-weight space sﬁ*uctures. Three representative proposed future .
missione utilizﬁng such syeterrls‘ are: | 7
(1) ocean data systems involving a 100 m. wide structure
for the purpose of collecting data on the state of the
oceans, pollution (both in the atmosphere and the oceans),
and salinity. |
(2) electronic mail systems requiring a 50 m. diameter antenna- -
receiver system to be placed in a synchronous eguatorial
orbit. |
(3) a space-based solar pdwer collector system, also oper'ating‘
in a synchronous equatorial orbit where the va’m"ays' for
collecting the incident solar energy would have the d_‘LmenSlons
on the orde_ of kilcmeters.
Tt is evident that a complete new technology mue"l: be cons:.dered and

developed so that these stmctures can be delivered into orbit (using

Cthe Shuttle Tr-anspor\tat.:l.on System) deployed and then ftﬂ_ly assembled

in a space envmrmtent. Because of ’che:r inherent sz.'?e, the Lestlng

of such evs‘cene in a ground envmoment is not prao.tlcal. Mcdelmg

’cechn:t.queq and ecalmg algom thns must be develomd SO ‘i:ha"{: the perfomanee

:of these evc"c""-m can be accura‘te.{.y predlcted pmor' to 1aunch and assembly. _ |
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ﬂ ! In many ciroumstances, it will be necessary to control the shapes 3
‘ j of the antenna or coliector surfaces to within centimeters or even 4
‘ ' I ' m:I.ZL‘i:*'Imeter*s. by uéing a variety of sensor-actuator systems to be positiéhed 1
s I throughout the flexible menbers . | | 1
¢ ' ' To address some of these uhprecedented problems a special Industry
fn\*} ! Workshop on Large Space Structures® was held at NASA Langley Research
Lu I Center 1.n Feb. 1976. Among ‘the principal conclusions was 'that'technology
1 5 E development is most critically needed in: the de_finition of large space
ft - ;;5 E B stbuctwcéal configtjra"tions; improved modéling'and scaling techﬁiques; and 7
.; ; the inferaction between the cor_ri:ml system and structural dynamic responses. :5
3 ;’: i R It was 'a_'.!.so' stated that.some of ‘these deveiopmant techniques would utilize ;
;: ‘ iurprovéd computerized analytical models. Concern was also expressed over _
; ! possible rvesonant intevactions between some of the flexible structural '
_i' { { modes _4(Wi‘th frequencies greatly reduced as compared with more conventional ]
1 w : ) structures) and the frequencies associated with the attitude comtrol
, ; ! o -systems. Analytic areas reguiring model development also include the )>
_ “"‘5 % ? precision determination of Figravi‘ty—g,r'adient forces and momenisacting on - 3
4 ?& ' such large t'::1:;:*1.1(31111:’es.2 j
1 % E B The ATAA Symposium ori Dyncm:r.cs and Control of large Flexlble Space— i
%: cr-aft3 held at Vl:c*gz.ma Polytechmc Institute and State Um_versrty, é
i E : June 1977 provided a review of the s*l:ate of *he art in ‘th:LS area. It | i
é’» E : - reflected the '{:remenc'ious strides made in modeling and analys:.s of space-—. - ,
3! - craft in the last two decades. Yet, the next ‘two decades are l:_ke_.y to _ ‘5

B Dlace. a severe gtrain on +he cu::rent s“n:ate of 'the art :_f some of the

LS

advanced concs‘pts, such as solar Dovfer' sateL..es or space colon:x.es are

=

'i:o be converrf.ed into rea_:l.ty
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In this _ragard, +his symposium raised as many questions as it answered
and, in the process, it pointed to areas of fuhure research.

_ T \:‘ﬂas stated in Ref. 2 (Page 12) that to assure the availability
of ‘the 1arge space structures technology to support fulure missions
a comnbehénsive research and development program must be defined.
Thr'ee of the objec‘t"ves of such & program are'2 | |

(l) developmem: of active surface control 'i:echmques and
systems Whl(lh can measure and correct surface deformat:.ons

to within nuJ.J_uneters of accuracy

(2) development of attitude control 'tecl'mques for the
pointing and stablllza‘l:lon of very la:oge, J.nherently
flexible space S'tructm:'es.
(3) development of Emalysz.s and snmlatlon techn_ques which
can extend subscale ground test experlence to_mgh-confq.dence
-~ predictions of full-scale perfoménce in the spac:é environment.
The present study represents a preliminary contribution to the accomplishment
of the second stated objective.

In this report, Chapter 2 deals with the development of a mathematical
model which descr'ibes the rotation and deflection of a long, thin, flexible
beam in the orbital plane. It is assamed that the beam is. représented
by & main body and a series of discretized particles and +he mcdel-pfe—_ s
vously dé\}éloned by Meirovitch and Nelson is used as a starting point, = .
'Thn.s mcdel is extem‘zed to include First orden efrects of g‘antyvgond_.em

torques .
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The discrete models are developed under the assumptions, first, that
the beam lS represented by a massless rod connected by two end masses,
and, secendly, that the beam is represented by four discrete particies,

two at theﬂ‘._ ends and two located at points taken half-way between the ~

center of the undeflected beam and the end points. The eguations are

developed and linearized for the cases of small amplitude rotations and
deflections. These equations are then cast in the proper form fér the
applicafion of the mode control concept ( Chaptepr LL) as eprundeél ina |
recent contract report by Rockwell In'!:ema't:.onal |

A more general case of a flex:l.ble beam system using three dlscretlzed

masses w::thous. a centr’al body is cons:ﬁered m Chapter 3. The nonlinear

: equa:.lons of mot:.on are developed using the Lagranglan formilation. These

equa‘tlons are then 1mear:i.zed assumlng small an@lrtude deforma'tlons about

o equilitrium positions : K> allgnment along the local vertical and

(2) allgnmexrt along 'I:he local horlzontal or OI'bl‘t' tangent  Stability

condrtlons Tor system motion taken about these eq_u:.lz.br*:.mn POSl‘thDS

are obta:med

 The mode contml concepts for céntmlling a spacecraft by inde;

~ pendently controlling motions of the rigid body and the v:i_braf_;:i_onal modes is

- presented in Chapter L. Develdpmentrof the mode control concépf is based

on two ccordinate transformations.

" In Chapter 5, “thé mode control concept described in Chapter u i

- appll_-n_e.d to 'the llnearlzed equatlons developed in Chaa‘cer 3 for the three—- '

mass system. The uncontbolled dynamics, as well as the- d}mamlcs of the

e Nk ke

"
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system with two actuators (equal to the mmber of vibrational modes),

or ohe actuator, are simtlated numerically using closed form expressions.
The concluding comments from this study and suggestions for firture

work are summarized in Chapter B.
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9. MATN BODY WITH TWO FLEXTRIZ BEAMS

2.1 Equations of Motion-—Tor'qué E:'eé System

2, _.l Each beam modelled by an end TASS
The configuration of the sys‘l:em cons:Ldmed is shown in Fig. 2.1.' .

The system cente:o of mass. ig assumed to move :L'n a c:rcujlar orbit. and

‘Lhe system is constr'a_u_ned to move in the orbital plane 'Ihe system '

consists. of a main body (Mc) wrth WO beams a'i_—tached to. the ma_'l.n body

Fach beam, mdelled by an end Mass fml) is a*‘tac:hecl 'to the ma;r_n body

as shown in Fig. 2‘.1.. - The equat:i.ons of mtlon for Lhe syste:n w111 be :
derived by use of the Iagranglan fomulat*on. ‘_ One generallzed foordn_nate
. of the 'sys*f:el"l'w:i.ll be ‘che -anglé e whlch represents ﬂ'\ :m.gld body prtch

angle. The other generallzed coordmates will be the deflectlons vl

and v

undeformed (but rota'ted) body = ax:.s. »

 The total }G_ne'i::r.c ener'gy of d’le system, in ‘terms of 'i:he l”Ota.t.lOIlal

‘ and translatlonal energles, is

=T, + T, + const. due to cireular or'bltal mot:i.on (e

) _l__'i‘he ro’t_a'l:loml ]G_ne't:z_c: energy of the main body is

22

m, =it £ 2)
‘ 5 7;'

22

and 'I:he toanslatlonal ener ) due to ‘the end masses can be Wr':r'-ten as;
_ 2

bX CV V ) - = (EV . V. } . | (2 3

‘T'E:.='2-

¥v. = 0-X Ts
s Ti

i~ ‘body ‘ -:(2\”:!_;,)" e

_:_n M g 2111 “‘1 mz e Erasin (25)

2 of the end msse»a ml and m2, respec‘tlve].y, I’ela‘thP 'to the (L o
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- vhere q. assumes_'l:'h.e values: .8, v, and v

— the form

The coordinates of the two masses m and m, with respect to point

2
0 (Fig. 2.1) are given in terms of the position vectars,

Flzvljjl-a}«:» | | , o :(2.8)
52 = - V2j_ -ak ) ' s _(2.?)_

After substitution of Egs. (2.2) - (2.7) imto Eq. (2.1), the resulting

expression for the kinetic energy is

Ll ooy a2
T = 3 12 8
mo 2, 2, .2 2. 82, Lttt
s [vl~2-v2+(v1 +v2)9+2Qanl+v2)]
- 123 [ (vl - v-2)2 + 'cvl - vzjz 9-2 1 + const. (2.8)

_ wWhere _

L' =T, +2m’ adm=n/H

‘ In:ut:.a:l_ly the effect of gravity-gradient forces will be neglected so that

‘the potential energy consists of the elastic energy, plus a constant due

to the assumed cinilar orbital motion of the mass center.

( 2

'V = U + const. = K vy ) + const. | (_2.9)

2
where k is the stiffness of each beam (k = Sz.I/a. ).
The Lagranglan equatlons of mot:.on for the system have 'the fom

(a/ar) a/ad; ) - (3L/3q =0 L aw

9 ‘The langrangian has =~

_L=‘1‘_ V=T- U+co*15't.__.

where T is the kinetic ene:rlgy and U is Qhe elastlc potentn_al energy of

- the- system.
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Ccﬁnsidex':l'ng bﬁly the linear téﬁms, the equafions of motion can be

- represented in matrix form as

L, m m 8 0o 0 0] 8

Wt i ‘ g + = : .
ma  mem 1 | vl 0 x 0 vy _ &U} (2 l_l) E
_ma me R | v2 _ 0 0 k v2- }

€ the don’csi'q;l.'fdr*ces (:includjng:'-i:h'e control ‘torques also) actihg on the -
systerﬁ are represented by, F, then Fg. (2.11) is reduced to the standard
Form | o | o

| MX+KX=F | | o (zan
. For the sPe.ci:al dése; .wh'eri the defléctions of the end ﬁéss.e.s ave asaumed |
o be an‘tiéyﬁﬁne*l:oic_: (vy = v, = v), Egs. (2.11) and (2.12) veduce to ‘the

" following equation:

I’ 2m e Jo oy Ye | {m}yo o o
; A .. + ' _ = 3 (2.13)
Zma  Zm v 0 Zkj (v Fv

2.1.2 Each beam modelled by two masses

The mathemztical model For-the _sys*t:ém considéred now consists of
a main body and two. flexible heams which ave attached to the mair body.
Each beam is modelled by two masses as shown in Fig. 2.2, Tor simplicity,
it is assumed also that the elastic motion of the beamsl Is antisymmetric,

- Phat 3 =g ! . = 1
_ﬂiatls\;é_ Va and\,rb vy
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‘:1 = ozg_l fl + u12f2 et Opy £,
1 ] v
Inmatmx form, we can write
vl o= gE]
. g

With ﬂiese vegtrictions, the id.netic enafgy expression tekes the form

*'T=%Ie+m [(v, + éa)” + &° (v+v)+(vb+9b)]_
+ const. B : : - - o (2.1)
The elastic strai_n energy is V | | ,
2 4 o
U k]_.Lv o+ 2k12v v, + k22Vb o coo o (2,18)

Fon small displacements, 'the equations of motion carn be Wr'l‘i:tm as

L," 2w 2ub g ) o 0 0 e? (Tg
SR Wm0 Vo b ot |0 gy Ay dvay = LE
Zmb 0 | Zm V5 10 2k12 oy l vy va

' where

2,
H
1'2' 12+21n(a. + b*)

Eq. (2. 16) is mihe form of Eq. (2 12) whar'ex- (9 v, Y )T and F =
(T F E, )l

The stiffness matrix [s] for the beam modelled b_v n mEsses can be

obtained from the flexibility matrix [a] using the r'ela:tlon [s] [a]

- The displacements (v ) in terms of ‘the ﬂex:xb:.l:.ty mfluence8 coeff::.c::.en'ts

aig) ‘and the forces (F ) Wh:Lch ave associated m:th the dlsplacements can

be wm't:“*en as

(2.18)
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For the case where each beam is medelled by 'tt«ro"masses, the stiffness

matrix becomes (b = a/ 2) .

kll J<‘12 . - 48 EI 2 -5

[s] = , = 7 23 S . (2.18)
: k12 k22 b an -5 16 . |

2.2 Equa'tlons of Motion - Gravitational Effects

2.2.1 Each beammdelled by an endmass
~ The configmation of the system with main body and two flexible

beams atiached to the main body is shown in Fig. 2.3. Here, each beam

' is modelled by an end mass and the elastic motion is assumed to result

only from antisymmeiric bending (V =V, = v). The Idnetic energy of

“the system can be wm:l:cen 3

22

1 e+29av]

T =35 (I +2ma)8 +m[v +v

+ const. due to c::.r*cular orbital m‘clon (2.19)

‘The elastic strain energy is represented by

U=kt ' | | (2.20)

‘The _po_téntial energy due to gravity forces is .eépriess'ed' as

V=Vy-m (= +-—-)3; where 1 = M (2.21)
Ir’ll. v'?g! g R : S

where the potential due to the main bodyg is

. _3 2. _
Vo=-x 4y (g - Tcos2@

and the radial distances of m:L and m, from the center of the earth - |

‘Ell = [I'02 +a? - 2 vy acos {r - (g + V_/a) }.]%,
_lgzl = [r02 r a9 7, & cos (8 +V/a) E

-10
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=

where

SRR VR VW N

By use of the hinomial theorem and neglecting terms of order (a'/rDJS
and highér', one can develop for the gravitational potential, V, the

expression

3 2
Vv —.Emo (Il
2 mag : v " o :
o = f1+3 cos 2 (8 + '/g)} S

—-13)-_0.0529-.113“—1

o
- 0
lagrange's equations of motion can be cbtained and then lineavized as
I, za | (]  |aw?a@ -1y eg;;?m (q

2ma  2m | v VE-im2ma - Uy, v F.

o™ M EEL v U

R
2 2 2 Each beam modelled by wo masses

| The equatlons of mtlon, wrt:h the assmnpta_ons stated for

the case where each beam is modelled by ‘two masses ("n =my = m), can

be developed in a manner similar to that used in Section 2.2¢1. Heve

only 'the' final matrix form of the lineardzed equations is ‘presented:

where

PP ST SRP O S PP R

I o P T

(2.24)
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3. THREE-MASS SYSTEM
3.1 Equations of Motion-Local Vertical
The long beam modelled by three masses as illustrated in Fig. 3-1
consists of two end masses (m =m, = m) and an interior (point) mass,
Mg The system center of mass is assumed to move in a circular orbit
and the system is constrained to move in the orbital plane. The equations
of motion are derived ' using the Iagrangian formulation. . The 'geﬁe_rél_ized'

coordinates qbl and ¥y represent ‘the relative -mgular motions of both

" end masses :b_elé:tivé to the undeflected ‘orientation of the beam.

3.1.1 Expression for kinetic energy
The total kinetic energy. of the system can be written as
T=T, +T, +T, | | | (3-1)

The rotational and orbital energies are

- . . - 1.2 2 B S ) ’ .
T, = 05 T, = 5 M Ry, | (3.2)
and the translationsl energy is obtained ass’?r
- 1 s . T m 7. = :

vhere M = 2m + mys Wy = orbital angular velocity and R = orbital radius

The velocities 171 and Vz can be obtained from Eq. (2.%) as (Fig. 3-1)

© m—

Vl 'wyl'; b4 (El 4+ ;1 k)

T

7,

w,o J=x (% sinq:li + %, cos d)l.k:) R o (3.4)
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wg =ty * 943 w, = ujo o, o : B ' (3.§)
1 R , |
By substitution of Egqs. (3.2) - (8.8) J.n Eq. (3.1), we find that

T = FHE [Ly + dp) 8y siney + (g + 9 4, sing,}

+ {(mD + q‘:l) %, cos¢, + (wg + §5) &y cos¢2}
— o, L2 2 | s 2 2

+ {(mD + 'sbl) 9,1 + (LuD + ¢2) 29 H

+ 1 R, " /2 - ENER )
where MF = mz/b_{, the system reduced mass, and fn—o =m0/m. Tt should be noted

that the last term in Eq. (3v7) is & constant for the case of a circular

orbit and does not affect the equations of m‘tion.
3.1.2 Expression for potential energy

The potential energy V of the system in an inverse square force

field is given by

V:_.u{ IE + 111 4 mU (3.8)
S U )

where u-= @I is the eartH's gravitational: constant, and’ [Fi! is the distance

of m,; from the center of the sphe;:iczal earth Then ['E'll may be expressed,

in terms of R'= |B| and the coordinates of m; in the Iocal vertical system

with origin at the center of the beam, as |

5] = [R+ gy + g * (& * 6077 (3.9)

=ug 3% (- 8y sindyi - g, cos gk) | 3.5

et i bas.




L I Ry g gy e g Gan
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. = , T fPs 1
f- [l = TR+ 2g)™ + By L& (3,11) .
i_, ;} E where ‘the coordinates of 'the system centeén of mass measured . w:d:h respect
G
% E e ! o point, m e On the beam are given by ?i
i3 )
i E : ‘ ‘ o i
A, - - . = n (T - T/ 12) '
\} Emn = -m (g 52)/M ;L = -m ce,l._, /R (3.12) |
i % The expression for V, aften omitting the tems of order" / R and h_ghe.
T ? E in the blnom_a__ e*cpansvon of 1/ Ir [, becomes '
K ‘. ‘
= & _.--
| E v mD | M [{(.Q, cos:pl + & . cosd),z) (5& smcpl * % s:.nd:z) 2y
" i o . ' ‘ 2 v 4
b + My {(5?,l cos ¢l + 2,2 cos ¢2) - & (Sll sm ¢1 + 51,2 sin ¢2)}] (3 13)

S5t SEabaste e it Kk il kR

e iy ity

3.1.3 Expression for elasw:.u; energy

Thé elastio. enar-gylo

R

Ak

(Flg 3 2).

'e;l anri 52 is expressed as

s Gy ’312""']“' £yl

2 .2
: 1
1tk }?,2 sin‘g,]

2 b’

.. Fres beam it w:Lll be conven:.ent 'to assume 'thcz.t 2,

l 2

.3’2);‘:'

g gg Ju
) f' V'YH #a;Aq l ”;u.n“ : ’ . _Hﬁﬁ_:_
i! : Eﬁ.wl-_f*”‘;‘ T yoot

is. cbtained hy assmm'ng that the end masses
move a,s cantilevers with respec*t to the r'eference point, mo, on the beam

Thus the elastic energy in terms of elastic deformations

3.8y

For the 1ater' appmxmau.e mde]lmg of the elastlc deflect:z.ons of a free—~

i’. such +that Ty

and the sys*tem centev of mass WJ.ZL'L be coz.nc::.den't when ¢l = ¢2 = 0 (see Fig.

coha PRI




3.1.4 Ilagrange's eguations of motion

~ The general equations of mtioﬁ are aéveloped using the lagrang:l.an

formulation for the varisbles $:5 4 = 132, The lagrange's equations

S

.4 - oT oT oV R:10) o '
— () -5— +t &4 tx— = T R (3.15)
at 805 1 a¢i EL $5 :

The equations of motion are ob‘.:aihed,i .using‘ Eqs (2.7), (3.13) 'and (3.14)

in Ea. (3.;5), as
j‘_lM* [{(}3121 sing, + (wgtey) & cdksdal &Jl# &;2 R, sing,
. T+ (m[']-i—&;z) 5.2,.2 co§qi2.$2} %, sing
+ {(m0+cbl) El.sin _;pl+ (mD-HBQ)- n.é sing,}e, cosy &:1
+ {q;l 8, cosdy -(m0+&)l)' %, sing, &’1 + &;2 ’iz ciosd:zr
- (@6+&:2) %, sin ¢, tb2} %, cosg, |
- {(wo+c'j>l) %q cos¢, + (m0+$2) %, cos¢2} % sin¢l é:l}
R '
~M [{_ (-mﬂ+&)]._5. 2y sz'_ncbl- + ,(‘“o+$2) %y sin¢2} %, cosé; (m0+d'>l)
- {(wn+$l) .Q,ll cosg, (w0+5:2) 2,2_ cos¢2} 'El_ S_in¢l (“’0+§’1)]
+ 2m02ﬁ=“- [{5!.l cosd, + L, cosq':z} % sing, o

vl' S . — .
+ —2-{21_ s:.ntbl t 2, sm¢2} 211 cosg,

M0 .3, ,2 . =
o (5) % sing; cosd, ]
2 _. )
+ kl 11 s:mcbl cos.-jal = T

51

15




M [{e &y sindy 4 (ughdy) &y costy &y ¥ ¢y 4, sindy -

= g

R

o+ agrhy) 8, cose, by} 2, sing, = |

| .+_ {(Q0+él) gl Sinq)l + (mo-i-&)z) 12 Sm¢2} 2‘2 003‘32‘%2

BT mm

T * {¢l'2,l coscbl - (mghf;l) ’Q'l si:id:l ¢1+ ¢2 2.2 cos‘.c{)2

v-—v(mo-l-q’nz'? ,2.2 ';1:1@2 ¢2} ., cosd,

)

- Liagrby) 2y cosdy + (aghy) 2, costyln, sind, &,

N

my v o
o by 27N

CoME [, +¢l) 2 sing, +(w +¢:2) %y s.mcb 1 z cosd, (w +¢2

- {w +¢l) 2 cosd> o (w +¢2) % coscbz} ) s:.n(bz Cm +¢2)]

._zﬁ'-

| + 2 mo 2 [{SL c:osd)l + SL cos¢2} [} sm¢2

R G o N 0 il B et L B B T A T R TN TR

A
ot i
[ & ‘.Ai

A {5?. smd:l + & s:md:z} 9 cosq:,..
i E. +£(—)223ﬁ1 . cosd,]
node m 7 g SNy oSty
g o o
* Ky 4,7 sing, COSsz = T%v: I U o __.(3.1_'7).
3. l 5 _a_nearlved equal_:i.ons of motion

- Egs. (3.18) and (3.1’7) are h.near_zed about the local verts.cal for

i oo small amplitude mtn.ons such that s:«.ncb., o ¢1 a.nd coscb = l Also as

. indicated in section 3.1.3, we now assume, in order' to mcdel a .&ee—f’ree

beam, R,l= 2,2=;2,andAk1-k2=k.




By letting ¢, = Vl/ Land ¢, = v2/ 2, the linearized equations of motion

can be represented as

ME (14 I_Eo) M ' V.

=

+

M M:’:(l-l-mo)_ | ’ ) V2 .

i :;: .
Bug. M (2#mg) + X 0

(3.

i O, . Smo M«(2-|1110) + k

The comtrol forces that are éssumed to act on and m

- L ST
Fv‘-L and sz, respectively. For the special case of a two-mass system

with my = 0, Eq. (3.18) reduces to ©

are represented by

raJ
rof 5

1

m n
2 . 2

The chavacteristic equation for this two—més systém is obtained as

s + (auy” +l/m) =0

P
i

This equation shows that the system is forced to oscillate in an anti- '

synmetric mode if the"‘ﬂexible beam is modelled only by the o end msses

3.1.6 Stability analysis

The characteristic equation for the three-mass syste—:m from Eq. (3.18) 1is

By

17




PUNC R  T
E | (M) (Zm0 + my )s
+ 2MF (L4 {3m02M='= (2+47m) + sl

‘ + {3u) 2 (2) + X ¥ = 0 o (3.19)
] - : - .
3 - -
E E _ 'Ihe magnitudes of “the two natural fﬂequencles, wl and mz, as a function .
?‘ E of the cemifral mass, mo, with M = 2m + my = constant, as obté.ined by
£ solving Eq. (3.19), is given in Table 3.1. - : _ ' ' ' L
- . 1 s T
[ %_M [3u:02+(3};_/n'1)]"E ' [3{3m02+(3k/M)}]”5
TH | BB | (2030, 2@/
_ . L ) . v : ) _ ],’,
in (B0, +(5k/3MDT? | 3w, +(5k/a) 1 ®
% 7 [3:4;0%(31«;/21‘1)]i > {3190’2+('3k/2r/1>}fE

Table 8.1 Variation of w) ‘and w, with my

'Ihe following system parameters and initial conditions arm assmned
for nmnerlcal study: L = 22 = 100m; orbital altitude = - 163 krn 7250 nau'!:lcal )

' miles); EI = 7.707197x10° N-m?;

k = 381/2%; ¥ = 1000 kg; v v;(0) = 0.01m and
VQCD) = v (o) = v (o) . S@ucﬂmalparameters are taken For a beam |
made of vmught alumimm (2014 T6) and G_'yl."LTldI‘..Cal in shane. A ‘The out..r'

7' _d_.ameter of the beam is SDmm and the duc]mess is Gmm. The varlatlon of the

two na.tural frequenc:l.es, and Wy W:L'th is shown in E’J_g. 3 2 A:Lso shown
uy 2 “o

in the f:l.gl:lre ara. 'the variations of oy and W, Wl'l:h m0 when k = 0 J.Ildlc::.‘t&d

by w a.nd u)20

e T

“,_u/x\\l ——




En = S

B3

We observe that wy, remains constant at /3 g (which is the frequency..

at which a rigid dumbell satellite will oscillate), but w,, decreases

20
with an increase of My For the g_neral case, Wy increases with m,,

but W, decreases up to a certain value of mo ‘but then increases wn:f:h

an inarease of my .
3.2 Equatioms of Motion - ILocal Horizontal
3.2.1 ILinearized equations of motion

In order to develop the small amplitude equations of motion for the

| case where the beam is fionﬁ_rm_‘l_“l_y aligned albng ‘the local horizontal,"'we '

becrln by replacing cb in Egs. (3 16) and (3.17) by (m/2 + ¢-) After
appmwr'late smnllflcatlon and subsequent linearization 'i:he equations _

of mq‘tlon may be represented in matrix form as:

ML) V1
M v,
. 2 " =\ . ‘ :,* ‘ F
-Bug M -G ~ 30, vy v
+ B - = ,
o M ) m - R,
—"B‘DO_ M: ._ | - {3LUOZM (}+mg) k} | Vol \'Va)
(3.20)

]




The c:haracrtemsuc equation for the 'two—mass system is ' PR " i !

' 52 + (k/m) - 3m02

‘Ihe ystem behaves like a dumbell for k > Bw m and 3.5 uns._abj_e forl o G '

'k<3m02m : | . e | Do LR

=0

3 2 2 S‘t&bll‘l.‘ty’ analys:. s

The clmracterlstlc equatlon fr:m the "chrae—mass system car. be EA o
‘developed From Eq. (3 20) as A

R e

[0 %u” - 2 (1) Loy e (L 8T

o [fau e () - 107 - 8 cM’)] ca 2115; :

w::l:hm is shoummTable 3. 2w11:hM- ':' N

‘The variation of w, and Wy T

. . B .. v -:‘l!{ . .
o ™ LaI L. dotan, . PR rURTY ) i 5w y - = o y g F R rl it
= S Th g, i ¢ = T h V- Cndhy, M A X
R At ol PRI T T N etk o Y Er o L oA s e £ F v e
PO J | SOIIN P o) R ATE SN A S - R 4) QA D ) AR

RS et T e gy e e e e T
Jop o T e i 9 AL T A “ragar oL
e tlers T TR I "

2m +'.mﬂ' ‘= constamt..

R |
=]
o

2.3
o4

‘w“‘_. .
x|

[(3Kk/F) ~ 8w _[s{(sk/M) = mo“}]'i |

[(2%/M) - 3‘”02]'5' b [2‘[(2k/ﬁ)r~ ,1;5w }]2 e E Lo !

SN
=]

e

[(sk/31D) - 3w 2% | '[—~ {<51<13M> - 3. 8u, }]"’ | .

2|

wir  ojw

. . ~ . . .

= Ly —t = o e 243 — 4
I e e Ut e Lk R T e LT
Le oy Siliieauml et NG SRS WERRAL U il

N
<3

 [Cdk/2M) ~ 3%2];5 -l [—~ {(Skxzzf) ~ 2m }]i

Table 3.2.. Variation:of wy azid_.m'z with mD;» S
The variation of the two natuwal rrequencles 2y and w fo:e the :.hrew—mass |
- 'ASYS'EEIH. with ‘mo is shown in Plg. 3 3 For 'l:he asswned system nmne.mcal L |

 pavameters; both w, and =y decrease w:Lth an mcr'ease of m0 E




4. MODE CONTROL CONCEPT

‘A concept is presented in a recent Rockwell 'Intérnai.:'ionai Report
(Ref. 5) fervcon‘i:ml]ing a flexible space structure 'by indepaldently
_ contoolllng mo*cmns of the stmctures S r'lgld boay and v:br'ai:x.onal
 modes. ‘Ihe mode control concept leads 'to cmter'la for\ 1ooa._:mg
'ae‘ﬁlefors and aJ.gom.les for thein comblned use. Development of the
mode control concept is based on ’two coord:.nate “'r'ansfonnatlons, Dis;'
'. crete d:i.splacanents a.nd d:l.screte forces aye transformed to moda_'i_ coordl—- |
nates a.nd dlsix&buted actua-tor varlables 'thereby completely uncoupl:mg
| the system e@a:tlons In +this chap‘ter the mode eontml conc:ept is
ou'c._:l.ned brlefly for our spec:!.flc aDpllca'tlon bu.t more comu’i ete deta:.ls

.: are ava:!lable J.n Ref 5
o, 1 Dynanuc Equa:tlons

A I'Tl.exlble space structure is moaelled as many l"lgld bodies inmter-
connected by massless elaetlc stmc*i:ural elemen‘t ‘Then small ampla:‘cude B
mtlons are descmbed by ‘the l:i.near dlrrerentlal equa.ts.on

= NRAKE f(°) | | - R
Where_X 1s an Nx1l V‘ector_" of d_isc_:r’ete coorﬂina‘tee neasuring the angular .
 and 'tparxsiatibnai,disﬁlaceﬁents of each body -relativeto_ its inertially

fixzed r'esti,poeii:;;i..on,. M is the real N x N mass ma'l:r"i:é, K,is,a"ﬁ:’eaﬂ.,
gled)

is an N =1 vecror of the

symmetric N x N stiffness matrix, and

.- control, Forces.

21
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- N x 1 e:.genvectors (mode shapes)a @

_ ~L'he homgenous part of Eq. (14 l)

.cocmdmaj:es qi) i.e. X ¢(l) .+ ({J

4.2 Eigen—Analysis'

The elgenvalues (modal freqqencn.es), Wys = = = 5 Wy ‘and associated

(IL)':'.f - _a ¢.N)

The orthogonality properties of

,are obtained from

the ‘modes prov:.dﬁ that

T ey 0 iEd '.
¢(l) (1) 3 S S _ o m.2)
. m. 1=73 ‘ ‘ .
o _ _
¢(:L) K o0 Gy . ) S : (4.3)
i m;mi i =j .

where mi is referred to as the generalized mass for wode i. Next, a

coordinate transformation is -performed utilizing an N x N matrix, @,

constructed from the N eigenvectors

------

' s ! , _ _
A “c:eansfomla‘tlon :Ls m‘b:oduced by assmnmg that a ga.ven dlsplacement

profile may be expressed :m 'l:erms of a sem.es of ‘the shepe funct:.ons' |

. (mode shapes) nml"c:.plled by tme—dependent We:.ghtmc factor's (modal

+--~+¢ )qN,or‘

Substn.tut:.on of Eq (4 4) into Eq. Cu l) and premul-tlpllca't:.on by &°

pmduees

T ()

@M@q+ K@q-éf

(4.5)
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”Finally, he transmrmed equa:t:.on of motion J.S obtained with the aJ.d of

'_"the orthogonalr‘-y cond:;:t ions, Egs. (L} 2) and (]4- 3), as

g+ s \1 a=T .l/_mi NEEA e.6)

"he advantages of me mclal formllatlon are tha't the 1eft—hand s:.de |
of each ecalar equa'l::i.on assocla:ted w11:h Eq (4.8) is uncoupled :1_n q; |
and erlterla can be ea51lv developed for tr*unca'i::f_on purposes. Gene::'alll.yo _

f(c) has low frequency components. Thus a few low Frequency modal

. equations can be used to predi__ct the response of a dynamic model which .

‘has been modelled initially with a langer number of discrete coordinates.

4.3 Actuation -
L.3,1 Number of actuators equal to the number of modes

"Ihe'dis"cre"'ce'con‘cr’ol _ferﬁes, £(e) , are ‘transformed into generalized

c:ontml forces, f(g) by

A

f(g) ~ Yo \3 oT £ () N | .7

~ . Independent: ectua‘tien' ef all of the N modal equations can be achieved if

N actuators are used in such a way so as to produce a generalized foree

in any given mode Wi"':holit._fo"ﬁcing the other modes. Then we obtain’

f(g) = 1. if we let

Where g r'ep‘ﬂesent "'he :Lndependent actuator var:r.ables. After eubsti“tlltion o

of Eq (’+ 8) :m‘to Eq (Lr B) one arrives at

q+[*“ g Jazw o mw

T e R T B T T i R T e e S e i
i N 2 I . .. — t‘ I _ - . '- . _w-, i -‘_ = ._; Ry L e e T Y S TR e

~

o

o -}7‘?\.%.\-*,:%'-5_ Fal B ik v
: B ) L
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The Hbde control implementation for this case, where the number of inde-
pendent actuators is equal tothe mmber of modes of the system,is shown

in Fig. 4.1.

\

i 4.3.2 I\hmber of actua‘té\gs less than the number of modes é
ﬁ In most instances, :iidéi)endent control of all the N mode:s c,-"ff a
% E dynamic model using N acmators is impractical since N is LlSU.r_. ‘J.y o i
’ very large number, Aﬁdltlonally, conirol is often requared of only a ;e'w i
E E ' of the lower fr'equency medes.  For these reasons,:[_t is necessary to modify

: E - the forego:mg procedure to establlsh a means of :Lndependently controlling

g on.ly a selected small number' of the sysrem‘s modal. coord;lna'tes. ; . 5
E E Here an expample is :L]_'LuS't:aated taking ‘the number o ac‘tuators ¥
: ' as 2 and 'the nmnber of modes (N) of the system as 3 such tha‘t P < N. ‘
E [The general theor'y is available in Ref 5.] The controL force for

E . ‘this case can be written as . . . | i
E £ = 'f.zcc). =190 1 £ = B f (1.10)

()
fS

T
)
=)
1.

where fl and f repmsem‘: ‘i:he scalar' actugtor vam.ables. The generalized

i |

control foree; Eq. (k. 7) is

=

£ = g 147Fs . (.11)
< A transformation of the form

is required to produce independent generalized controlﬁomes. ‘
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Heve T provides a transformation from discfe‘_tga_ actuator variables to

of the ith

£ - lmyetrTu

Eq. (4.13) can be written, with N= 3 and P = 2, as

(g) 1
£ my
() _
£, = 0
(e
@) |
L
1
0
.

o

a 0
1
/m, 0
1
0 /m3
0 Ty T
1 T21 T

0

Ebwandmg Ea. (3.14), we obtain

(g) 1
fl ﬁi
= (g) - 1
£ m,

(g)
fs | S

"3

e R T R i e AR NI I N A (R W SRR { KR BENNE B i

(019 Tyq * g3 Tpy

25

(933 Tyq * 0y Tpy)

(b1p Tyg + 895 Ton)

)

-

¢1l ¢21 : ¢31

. digtributed actuator variables such that Uy produces independent actuation
model equation. Egs. (K.11) and (4.12) are combined to yield

C(1.13)

419 %39 %32 | x

®13 993 P33
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. the general case, only modesg i=l to P a;’e;?peeded )

S e G S S b § Sty S i S

The transformation matrix, T, is obtained by noting that for independent .

control of the first two modes, e need

v

@ £, -

1 =w; 2~ (1% 186)

After a companison of Fgs. (4. 15) and (4.16) for £, @ and £, & g, we

(rl)

can obtain T. lxnow:l.ng T, the resn.ddal coupling coeff:l.clents,

f(rz), for the third mode can be obt 3

ned by revml‘c.mg Eq (b 15) using

Eq. (4.16) as
f.(g) 3 4
1 ]

hes
. "'u
£ b = 2 (1.17)
()
j":3 J .-"_;:

ple is that, for

detei&rﬁne T, and
only ¢(i) and T az:% \needed 1;0 obtain the resldual co ph_ng élements ftm
(:L = Ptlyeeey W) *\‘Ihus for the case where: P<N J.n. ependent control
of modes 1 =1 to P‘*l* poss:ible and the respons\e. of -th$ modes, N>P,
depends on 'l:he reszdu.al couplmg cdue to the P ac{:uators\ The mede contml

|
concept described in 'Lh.'LS cbapter will be appued \'i:o a ..-onc, beam in space

. modelled by ﬂie "t:hreemmass =ys cem w:m:h the nwnhe?" 04. ac":: tors equal

to or less than Lhe anbeI' c:f mades of ‘the system.

26 oy

i
i
v A s ot o




% ?
3 “ %
3
i :
« z
- : 1
L 5. MODAL CONTROL OF THE 'IHRES-—MASS SYSTEM :]
5.1 Thres-Mass System-Iocal Vertical g
e . " n : %
% 'Ihe modal control of the 'three—mass system (Fig. 3.1) is now j
' :
E considered. The linearized equations of motlon [Chanter 3, Eq (3 18)] i‘
' are
: a b c 0 'vl ;J
b a 0 c Vs !
i
where . o F ]
a = Mk (l+mD) 5 b= ME
g_ ) ) -— 2 XX ‘ — .
o = M (2+m0) +k
@ The uncontrolled dy{namics"of the system is considered first and then the ’
. ) k.
g " mode control concept outlined in Chapter 4 is applied to obtain the |
controlled system response.
§ : 5.1.1 Uncontrolled motion , ' ' : !
g Using the laplace ‘transform method with F = 0, Eq. (5.1) can be ” 3
_ : _ _ : i
§ V. (8) I- s%ica  ob sv., (0)+v. (0)
* | S 1L
' o 2,= \2_ miy2 - 2, .
E v, (s) (s“+ca)“~ (ch) ¢b s™tca | (svy(0)+v,(0) ,
where |
= of (a. 2 ) : o
: 1
i |
B |
:
27 i
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The solu'tlon to Eq (5 2) is ob”ca_'med, under the assumptlon 'tha't:

i

Vl (0)“—'v (O)—v (U)_\-_D but vy (0);50, as

. 'vi('i:). = % [coslgwlt. + cos w,t] vl(-O) | (5..3)
vy (t) = % ,,[cos_;. wlt - COS mgt] vl(O) o (5.1})
vhere

E
1t

L {c/caﬂé')]’f 5wy = [o/(a-n)]"

The motion of ‘the center of the beam, mo, is obtalned "Tom Eq. (3.12),
and noting that &, 9. sin ¢, vi, ” ‘

2t vi(O); Ecm =0 v (5.5)

v.Ecm = - (@fﬁ) cos w
The uncomtrolled motion of the system with the assumed system para—

meters and initial 5gondi'tions ‘.étated in Section 3.1.6 is obtained as

vy (t) = 5 (cos 0.023635t + cos 0.040937t) mm (5.6)

rvz("i:')"-:: 5 (cos 0.023635t - cos 0.0L0937t) m (5.7)
E = - 1—°~‘ cos 0.040937+t mm : (5.8)
an” T 3 - | A

. The time responsebof the beam end deflections, v, and v,, is shown in

Fig. 5.1. When nio = 0, the deflections v, and Vv, &re the same indicating:

1

‘that the systemi)ehaves like a dumbell satellite. The presence of no

produces the second frequency, ©s and the deflec*czons due to w, are

2

super'mposed 0‘1 vl and v, as seen from Egs. (5.3) and (5 l})

.
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5.1.2 Number of achiators equal to the mumber of modes

Considering the homogeneous part of Eq. (5.1), the eigen values are

A, = mlz = o/(ath); A, = w22 = o/(a-b) | - (5.9)

The coordinate transformation matrix, 0, is determined from thee:Lgen—

ve_zc‘i:or's as 1 1 |

=1
i

- - (5.10) -
1 -1

The generalized mass matrix, from Fq. (4.2}, is

-0 - 2(a-b}

The modal equation given by Eq. (4.9) ‘for this case becomes

9 M, 0 gl ul;f
B S T . = o (5.12)
" ey | ey At B

-We assume a proportional displacement and rate _feedback for and

s

u, in the form:

B Tl IR 1 o S (5.13)

u

2 =7 fS__qE e I : (51
The equation for q1 with cozj‘mol uy ig written as

q +E,q + (A,+5) a =0 S (5.15)




The solution of Eq. (5.15) is

E - £,
=zt fo 1
a.(t) = e [eos w,,t + &+ — sin w ,t] g,(0) (5.18)
g 1t o f2" 7T by, 12 S
where , |
! - . - - (F 2 a2, - < N \
E_ | ey T Dy - 0T (0 = v (02 SR \
simil arly, - ) | o | \\\
i e | .
- T e
g qz(‘t) = e [cos gyt + - Eé: sin “’aut] q_z(D_) . (5.1?)
- where
_ R B s L _ .
gy = [A, + fs_;;"‘" (£,"7W17 5 qp0) = v, (0) /2 . (5.19)

The discrete coordinates, vy and v, are related to the modal coordinates,

qp-and q,, using Egs. .{4%.4) and (5.10),

R A - (5.20)

- 'The control forces are obtained from Eq.. (4.8) as

P, =T (€18 v+ (1dy) vy

- E T e A R e L

- A2
vl 3 3 2 3
_ NG TSN C R | (5.21)
| = =/ Vol .
E : CLTm o £ £1Fa g o
_ _sz =g [C28) vy + ClZ8 0w, o
] E . 3 3

+ Fafuy g+ Ffuny ¢
73 . 3

ol B (5.22) -~

2
ik

=
w
o

t
{
I
|

1

t

’
v
L d

A

TR T S T .o T . L
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As & special case, when £ i, = L} and also, le = Wy 5 Ve note ﬂz;t

ql(‘t) = q (1:) “Ud that the displacement v, (€) = 0 and vy = 2q; for

‘the assumed i __'rutx.al condrtlons. This condition is achieved if f =it
ll - Xy and £, = q ‘Thus, by properly selecting the feedback control
ga:Lns, it may be poss:Lble to comtrol a portion of the beam such that it
.'.Tlll not be SUbJECL. to any deflections.

, The uncontrolled motion of the system, obtained by setting £, =0,
1=1 2,3,4 in Eqgs. (5.16) and (5.18) and in turm in Eas. (5.20), is
illustr’a'ted in Fig. 5.1.  The dj}neunic response of the controlled system

with f = 1 is- shown in F:Lg 5.2. Tt is observed that the tip deflection

amplitude, v vy is reduced to 0 01 mn from an mltlr..l value of 10 mm within

o

12 secs. The initial czontro‘l forces 2 vy a.nd E, Vo are calculated 'to be
—2.22N and-1.11N, respectlvely The time his*‘corry of the control forces
is shown in T:'igv'. 53 ¥ The :l..nrtlEL amplitude of Lhe c:ontrol forces can
he 'neduced by 'ﬂeduc:l_ng the feedback gains. Flg.‘ 5. 4 1llustr:'a‘tes the
.'i::r.me response of the system with £5; = 0.1, a value which is 1/10 of the
prev:.ously cons1dered value forF £ In this case, 'i:he time requir'e.d to
reach a d.eflec:tn.on amplitude of 0.0l mm from an m::t:l.al value of 10 mm
for the tip deflection Vi is about 120 secs. ‘Thus a reduc'.tlon :Ln-the -
* control force increases the timeconstants of 'che system pwopor'tlonally,

as expec;ed for a lineanr system.
§.1.3 MNumber of actuators less tl—ra.n the nurber bf modes

“ollow:mg Section 4.3.2, we' obta:m the equatlons for 9y and 4

o ;
- i

: ql "+ Al ql ul . B . (5.23)

13

Gty g = ey | T (5.2m)




Eq. (5.23) can be controlied independently as in Section 5.1.2. Using

u = _f.l 0 - £, rfll, Eq. (5.24? becomes = -

Whef’e'
- g = (atb)/(a-b)

(Note that as long as m0>0, a>b, see Eq. (5.1).) Using Laplace transform

'. techniques, the response of +the mode q2 due to the residual coupling of

- the ac‘u:ua"cor' P is

1

Qo (t) = qz([J_? cos mét t gt q;(0).

sin mzt
Y9
. B Ay sin (w4 ¢ ) vA,e ° sin (mlzt + o] @
- 2 - - (5.26)
whére A
| (£, - D%+ @+ =% 07
o : =
1 } 2.
All_ w, £ 2 - )
: : P 2 )
: (— +uw -0, )° + (Fawa)
, 12
o
£ F o £
2 1 2 2 2pi0 . L 2
1T Qg ) g YR e A 51T
App = ,
2. . 2.2
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E 1. -
o 1 (l+f_2') i 1 *o B

g ¢y " =tan 3 - tan 5

- £.- wy .7
_ 17 202 .
ﬁ o %2 9
- - - +2 %2
E ¢2"’~‘=1:an1 —~tan *
s f2 . f - f2
2 7 R SR U S22,

1 oy g 5 R BT

. For 1a:c=ge 'i: a. (t) is combletely demped out LT-‘C;. (5.16)7 but 02 ) oscllla:i:es

at the frequency, iy Mg. (5.28)]. : | ‘ _.-'f! =

The control force, ‘E‘Vl, is obtained as |
By, = - [fifvl V) f2 _(x}l + 62)] (5.27)
The t:imé responaa of the syst@mﬂ‘x the number of actuators less than the
nurber of modes is shown in Fig. 5.5. 'Ihe figtme shows ﬁlat the vz‘.fesponse
| becomes oscillatory as 'Ijme increases even thm_.gh 18 dnitial value was
ZErQ. 'Ihe maximm amplitude of the osc.lllaLlon for Vo reaches a a value

2
oscillate at the same frequency - i.e. 'tha:c of the (second) uncomtrolled

of 10 mm. It should be noted;fchat as-tf;.me increases both vy and v

made.

: . LI i S T PRI A i s P,
= e S a2 SR :
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§. CONCLUDING COMMENTS

6.1 Summary of the Conclusions
a8 a conseqﬁence of the present analysis and mumerdcal results .

the follow:l.ng conclus:.ons can be made.

1. The equations of motlon are developed for' a 1arge space struc*l:lme"' o

system cons:Lstmg of a main bczdy mth two a‘l:tached flex:f_ble beams, where _

each beam is mode_a_'l_ed by an end nEss or by two masses, (It is assumed |

'that the system cen+er of mass moves .m a c:a.rcular or'b:L‘t and the elastlc

dlsplacsment of ’the beams are ant:.--symnetr'lc.) Tt is seen 'i:ha't 'E:he :

sthfness matrices WJ_'ll contain contributions due. 'l:o both the elasth'.

strain energy coefficients and also the gpav:i.ta,t_‘.onal restom_ng effects.
‘2. The three-mass system is -stab_le about a'th_e_ local vertical for'

small amplitude motions but it behaves like a rigid dumbell satellite

~ when the central m,:ss is removed, Tt 1s also found 'that 'the two-mass

system is stable about the local horizontal system 1:E ' th.e st:.ffness of |

. the begm is. g;:'ea't:er' 'l:han a- certain Value of +He restormg efrec‘i: pro-— .

Hduced by the gravitational forc:es on the end masses (k > 3u, m)

8. Closed~form anal, ‘l_cal solittions are bbtamed: (the slocal-vér*ticai ETI

system) for the 't:Lp dlsplacemen:.s of the 1ong beam which is modellea by

the fhree masses -

4, 'Fhe mc‘al control conceUi: is Very userul for mdependen.. conml |

. of ‘che system‘s 1ower ﬁequency nx:des

B B L N |
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'f'or the three-mass system where only {two modes are present, it 18
'. .'ﬁoesible to keep one, portion of the beam without any displacement by
' pmperly selecting the feedbacﬂc control gains’ for' Lhe assumed initial

- c:ondltlons of the system

S 5 When the: ’i:.'hree—mass system contanns omy one ac'l:uau.or',, the.
modal control- produces & complete control of the.-.r:rst mode, but 't:he

second mode lS not contrdlled' Th:l.s iﬁdicates 'l:he disadvantage of

- ‘i:he mode com:ml concept when all the modcs can not be combletely

- contbolled

6.2 Recomendations for Fu'i:ure Wor-k-

A5 & resul"c of this ,.nvestlga‘tlon the following: "COPILC'.S are suggested

Tor ‘u‘ture \:m:n:’k

L. “In C‘hapter 3, the 1ong beam is modelled by three discrete mASSes -

) For a better' underetand;m:r of 'I:he system response, the modellmg of the

" beam by a g;t:'es:ter- mmber of dlscrete mass po:Lnts should be czcms1 idered.

2, 'Ihe study could be extended to con51der the 'i:h:oee dmensmnal

- VV"‘HD't'lOIl of the beam by followm,:, “the approach descm.bed in 't:h:Ls reporfc Tor

A

: 'fDlana:' I'lO"ClOl‘l

3. Optmal con*i:xel 'theo:c'y could be used 'i:c;u obta:m con‘irol 1aws

© by num.m:l.zmcr cerftaln cost fzmct:r.onals mvolv:'_ng the state varlqbles

and elemen”ts of the c:on%ol vector

. ‘4. 'Ihe mode contfol concept could be aDle_ed 'to conslder- the contml

of & con'tmuum model of the beam and the system response obta:.ned J=mm 'th:Ls

' model comd be compared Wl‘[‘h the system restonse ob'i:a:med her'e Ffor the

il nw-{w i gt~

O P B

dlscre't"lzed model of the long beam.




5.  The deforma‘tlot of the beam due to extermally mduced solar

'radla.t:.on effects should be consn.dered both during steady—sta'te and

. "contmlled responses
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F:Lg 2.1. System conflgura‘tlon with main body and each -
 beam modelled by an end mass. -

e
B
<
-

Fig. 2.2. System configuration with main body and each
: beam modelled by two masses.
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Fig. 2.3. Effect‘ of gc'avi'ta.tional forces on the system with main
body and each beam modelled by an end mass.
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Fig. 3.1. Three-mass s;istem configuration
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deflected beam

Fn.g 3.2. Possible approximation of a free-free beam
two modes
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i Fig. 3.4, Variation of ml'and Wy wich mo"{, ' . _ '
i ' o | (local horizontal system). \j '
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Q4 (t) = 5 cos 0.023835t

. \Ti= 265.8l secs

h q, (t) ='5 cos 0.040987t

O \ /\ _ /
\/Tz = 153.48 Secv Y

—
!
oy}

Rinssond
fin}
[y

{
o
I

iy

vy (B) = ql('t) +_"q2(t)

ozl
b=

- 10, R A ql\(t)}.~~- q, ()

0 100 200~ _ 300
' t (sec) L

Fig. 5.1. Uncontrolled motion of the system (£, = 0).
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q, (&) = 5.7718% ~°*°F cos (0.86698t — 29.97°)

_ (mmm)

t (sec) : : Lt
) !

Fig. 5.2. Dynamic response of the system with the mumber \
of actuators equal 16 the number of modes (fi =1) !
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Fig. 5.3. Time history of the control forces t;riﬂi..i*he;:
- nmmber of actuators equal to the number of modes
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| Fig: 5.1, Djmamlc response of the sys tem wrth the ey

of actuators equal to the mmber of modes (f = 0.1).
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QRI
3 | COMPUTER PROGRAM QUAMTY
1/28/78 1025025 o
TI05 [EEAD IN AT 107491551 SELLAPPAN
IFORT/ZA/B/E/P/S FORT.LLS/L . .
ILISTING
T L — : B
§ ) . C..."+<~-.-nuuwf‘?»wm---cn-';l FGRTR[\N STATEMENT I!_'I-;-.O-ﬂww--l_

C . MODAL CONTROL ,
E . EXTERNAL RGS01,RG802 - :
 DIMENSION PARM(5),X(4),DX(4), SIZE(&):WDRKCS 1)
E ' COMMON F1,Fa,F3,FL,G
] .

3
~calL IMouT(2,5) IR j
tALL OPEN (1, *SELLAPPAN’ ,3,IER) 5
T IF(IER.NE.t) STOP UNABLE 70 OPEN FILE |
READ(2,91) THMAX,STEP,TOL i
READ(2,91) %X - o R - o
READC2,91) SI1ZE ' I - e
]

i
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:

s ]

_ READ(2,91) Fl,F2sF3,F4,G
91 FORMAT( AF10,0 )

| i

| e T PARM(1)=0.0
| C o LPARM(2)=TMAX
E . PARM{33=STEP
3 . N=4
g o o WRITE(S,92) TMAX,STEP,TOL .~ : : o
: l} : 92 FORMAT( ‘1TMAX=',FB.2,10X, STEP=*,F3, ﬂ;lox,'TOL“‘fFB 6) ;
. . CALL RKSCL(N,SIZE,DX,TOL,PARM) o . ’ |
. - CALL RKGS(PARM,X,DX,N, IHLF;RG“Oi;RGSOE:WDRK) e |
T WRITE(S5,99)IHLF - - . S 4
99 FORMAT(*QIHLF=*,I3)
CALL EXIT™
_END
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SURRGUTINE RGSO1(T,X,DX)

O Y O e R S Gk e o W

DTMENSTION X(4), DX(4)
COMMON F1,F2,F3,F4,6
NX(1)=x(2)

“Woe0, 001115
AK=0,0005549
AL1=3,0%xW0xW0+AK '
DX(2)z==F22X(2)= (AL1+FIJ*X£13

DX(31=X(4)
AL2=3.0%AL1

DX ({d)=wFdxX(4)~ fALE+F3)*XC3) G*FE*X(E]-G*Fi*X(I)

CRETURN
END -

" COMPILATION SUCCESSFUL ~~ OBJECT CODE IN FILE NAMED 002.RB

TFORT/A/B/E/P/S FORT, LS/L

’LISTING
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'SUBROUTINE RGS02(T,X,DX,IHLF,N,P)
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- LOGICAL RKNXT
DIMENSTION X(4), DXCQ);DUM“Y(H)
COMMON F1,F2 :FS F4,6

T GALL  RGSO1(T,X,DUMMY)
S ULzeF1xX (1) =F2ax2)
U2E=FIxH(3)=FUxX (L)

AM=1000,0/3,0 .
FVi= AM*CUI+(UE/3 01
FVg=AMx (Ui~ -(ua/3. 0]

V=X (1) +X(3)
V2IX(1)=X€3)
V32X (2)+X(4)

Va=X(21=X(4)
VCM==(2,0/3,0)%X(3)
IF{,NOT, QKNXTCIHLF)) GO -TO -8

WRITECS, 13 TsXC1,XCE), V1, V¢,vcw EVI,FVE, vs,va

1 FORMAT (1X,F9,1,9F13,7)

WRITE RINARY(IJ Tr FVE;FVi VCM, VE;VI:X(Z):XCIJ

. A CONTINUE
RETURN
END

'COMFILATIDN SUCCESSFUL - UBJECT CODE IN FIL: NAMED 003 RB

IRLDR TMP/S SYS/E 001 002 003 DPO §sP.LB FORT, LB
LLOADED - L

IDELETE/V _SELLAPPAN

_LEXEC

DELETED SELLARPAN
ICREATE SELLAP®AN

' OHIGINAL PAGE IS
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