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THE DEVELOPMENT OF THE POINCARE-~-SIMILAR FLEHENTS WITH
THE TRUE ANOMALY AS THE INDEPENDENT VAHIABLE
By Alan C, Mualler

Analytical and Computational Mathematics, Inec,

‘ ' 1.0 INTRODUCTION
o i i

— L
AR I\

In reference 1, Scheifele established the Hamiltonian of the unperturbed
two-body problem in extended phase space. Depending on the type of time
transformation, eight canhonical elements were developned with the true
anomaly or the eccentric anomaly as the Independent variable, These two -
new sets, DS(¢) and DS(u), however, contain singularities for small eccen-
tricities and inclinations. In reference 2, these singularities are removed
by a transformation from DS(u) to eight canonical PS(u) elements. As

in the DS(u) variables, the PS(u) variables have the eceentric anomaly
as the independent variable.

In refereénce 3, the DS(¢) variables are transformed to the PS(#$)
elements to réemové the singularities., However, no direct relation was
established between the eight canonical PS(¢) elements and the Cartesian
coordinates, It is the purpose of this report to establish those relations
and to develop the perturbed equations of motion in the PS{%) space.

As will be seen, the relationships are not trivial to establish; however,
once obtained they are found to be rather simple axpressions.'

Lastly, this report will demonstrate the accuracy of this new set
when

BT
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it is applied to numerical orbit prediction problems. -
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2.0 TRANSFORMATION FROM DS(s) TO PS{4) VARIABLES U
In reference 1, Scheifele presents the Delavnay-similar (DS) elements

with the true apomaly as the Lndépendent variable - DS{¢ ). The angular
variables are as follows,

The DS(é)-alements, héwever, become 1ill defined for vanishing eccentric-
ities and inclinations. To remove these singularities, one should transform

5 . f; é 7)

¢ = the true anomaly.
g = the argument of perifocus,
h = the argument cf the ascending node,
Tl L = the time element. )
é . The action variables are as follows.
{ | o = conjugate to ¢, related to two-body energy. )
; G = the ﬁgtal angular momentum,
E H = the Z-;omponant of the angular momentum.
'% L = the totalzenergﬁ (two-body energy plus perturbing potential),
E .Ehe corresponding Hamiltonian with a perturbing potential Mw,ié gilven
TJ b .
i u e ' \ .
5 Feoé-o+—1V (1) £y
t
where q = G - g . (2)
I 2 221 -
The equations of motibn éan be written as
} E‘\g_"....',:EF_ £ = 4, g, h, 1
: dr aL!
i (3)
SE gél = - %%7 ) L',? ¢, G, H, L | "
i i
3% Note that in unperturbed motion (v = 0) ] )
i -
| PRI (1)
i
E where t 1is the independent variable. All other variables remain constant.
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to a type of element similar to the Poincare variables. These PS(¢) elements
will be named o (ecordinates) and »  (momenta). As In the DS(4) -
elements, the P3(%) elements have the true anomaly ag the dependent variable.
These elements should not be confused with the PS(u) 'variables presented
in reference 2; 'however, in many aspects they are similar:

The PS5(4) elements can be defined by a canonical transformation from
the D3{s) elements by the génerating function 8§,

i
S=1toay+ (s +2+h)pq = 5 po% [tan(g + h)]
1 2 “
~5°3 tan Fh) : » (5}
whare
¢ .g. . ‘a—S ' L‘ - ?_5._‘ 4‘\[
ﬂ_n_ ?”' I ~
and
o7 = (o1, 92y 93, ay)
-ET = (p‘l, 02' 93' Pl')

The transformation yields the coordinates,

¢ + 7 + h

-\fz(a - G) sin(g + h) ;;)
- JQ(G-- H) sin(h) =

£

91

"

a2
73
oy
and the momentas,

‘)126
V2(# ~ G cos(g + h) . FESe
p3 =\2(G - H) cos(h)

oy = L -

The Hamiltonian now written in PS(4) elements reads

F=oy- 2o s Ty (8)
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where

1 o
qzné(oza-bpza;-p.l-—_—)

JZPH
The equations of motion can be written as

' dr

de W RS,
dr - T %%

For the

solution in the unperturbed case (V = 0),

0'1 = T + 010

Uu:—-—'u—q—/—é'["-gllo
(2oyq)-

All other variables are constants. B
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3.0 EQUATIONS OF MOTION

In reference ¥, a method 1s presented in which the equations of motion
in extended phase space are extended to include forces that cannot be
defined as derivatives of the potential. The equations.of motions in
Cartesian space may be written as : s

. u - ay ;/’—J . ) . .
X o+ g X=- gL E f12)

0o

where F 13 the pérturbihg foree, V 1is the perturbing potential, and
P is the force not expressed as a potential, If the unperturbed Hamilbonian

Fo = 09 =" -—-——%:.E_ | (13)

then the equations of motion in PS(s) space now beoome

Q.I =
-+ liQ
14

aF 2, 2
r-—-o + V a_.(...':_.../_g._). + r‘_. (ﬂ) - B .
dp 3p q \ip .

- (14)

[= 1
A-

[ 5

pe
q

<

-y 3 (r2/q) N 2

g

!

+ 8

o

-
o
K\

where § and R are the canonical forces and are defined as follows,

3]

r T X
= — A+ P A = ==
. q = ap
2
s=—nr'p, =3 _
q e (15)
- ?.E = AT a—-‘!
. Ip 3%
- ﬂ = BT ?—Y
. ~ 3 Ix
N\
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i
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where i i

2= {xy, xp, %3, t = t}pe)_
= (Py, Py, Py Py)

Py = ~ {%q°Py + X2'Pp +_i3-P3} .

YRy, %, %3 = velocity veotor

L
"
:

:
l

Fquation 14 can now he written as

2 v
dg  oF \a) 2 v
.«.g = ....._9‘ + ¥V me—— E_. AT 3— - B
ar  ap ap q ax _
de : ;- 2 av
- TR \UUAR A - 1 O A
dr v do q o (.3)! 'B) ) -

The matrices A and B can be found from the equations relating the
Cartesian coordinates and time in terms of 5 and 4. Here, also, it
is worthy to note that T - - ST

- i
. i

n ‘
= {16a)

is the time transformation equation., However, this eguatiopn is not used
bo_integrate bo find the time. - ~;
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= , 4.0 CARTESIAM COORDINATES (xy, Xp, X3, &, %y, %z, X3)
é) _ IN TERMS OF PS(¢) ELEMENTS (s, o)

N

Although the PS(s) eilements are uniquely defined by equations (6)
and (7), their relations with the Cartesian state vecior must be given

directly, without making use of the DS(¢) w«lements, since ¢ and g are
N numerically ill def'ined for near-circular orblts and h s 1ll defined
A for small inelination orbits. However, the DS(s) elements G and H
| <~w} may be used occasionally as abbreviations since they are always well defined.
)
Lt From reference 1, the coordinates and the time can be ohtained from
P “ the DS{¢) elements as’
o Xp =0 [cos(s + gleos h - 8in(¢ + glsin h cos I}
e %a,z r [cos(s + g)sin h + sin{s + glcos h cos I]:' (17
1 - -]7
%3 = r sin(e + g)sin I
b r 2
Xy =t = 4 ——— (- - - 1 - e g sin
i ) PRELE ( b N/ in 4)
H " where i
Lo . i
£
| Pz ——f o . (18)
1 1 + e o3 4 o~ 7
&‘: . 2
~T - - - 4
P-u(G o+2L) (19)
L ' - 3L
| J1 - e2 = — P (20)
! .
l ’ “
) T = o .
cos I = & “ (z21)
.  E = 2 are taﬁ( 1% tan f) | (22)
1 + e 2
‘Note here that these notations are used as abbreviations in the DS(s)
iR theory to transform from the coordinates to DS(4) elements., Although
! they are similar in foprm to Keplerian elements, bhey are the same only
i <7~ when the perturbing potential V.= 0.
Fom _ _ :
1- (QL) By trigonometriec identities, ehuations (17) mav be rewritten as

Xq{ = p sin? % cos [h - (¢ + g)) +p cos? os(¢ + g + h)

3V o]

T

S S R e R TR IS L T L e T R R o SR R IR S T 2




e

. p 3in? ; sin [h = (s + g)}] + pr cos?

)

k.
n

1]

X3 = 2 r cos é sin % ain (¢ + a}

From equations (%)} and (6), it is easilv shown that

_ 1
¢-G=§ (p22+022)
and
i
G -~ H = 3 (032 + 032)

Then, using equations {(21) and (24), we find

JE(G - H) = Eﬁsin g = ‘;}3 + UBE

Equation 19 may be writtau as

g 2
pe Mo eE, 2 u
P = " [w E CDE + ﬂg ) + p_‘i]

From the identitv

sin oy sin (g + h} + cos oq cos(g + h) = cos ¢

we find by multiplication with J2(s - GJ
. ~ vy 8in oy + p3, €O8S gy = Jﬁf?-:_ET cog ¢
Hsimilarly, one can derive

paisin 0y + o5 CO5 aq = \J2(e - G) sin 4
From the identity |

8in g4 sin h + cos oy cos h = cos (& + g)

une can derive

2

“ ) .
~a3 sin ¢y + p3 cos oq = 2 VG sin = cos(s + g)

and, similarly,

b3 Sinigg + o3 €0s oy = 2/ sin % sin(s + g)

g

s i T T R e e

sin{s + g + h)

(23)

(24)

(25)

(26)

(27}

(28)

i

R e

IR T

ST TR T
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3 -
kr?'nl
<’ Although & is ill defined for small eccentricities, the right- hand sides
4 of equations (27) and (28) remain well defined because multiplicatlon
iR factor J2(3 - G) becomeo quite small, The same argument applies for
_ equations (28) and 29) if the inclination is small where |(s + g)| is_
i ill defined. ST
133, .
o B By using equations (20), (27), and (28), one can derive expressions
;uﬁ : B b
z L 3 e 608 ¢ = ;1Q {317
|[ - - B . ! "
! | e sin 5 = Z,0 _ (32)
| ) where |
[ ‘ﬁ : 741 = 92 cos a9 - 02 sin 91 0 T " (33)
Yo - ":;. -4 Zy = pp sin oq + 0p 208 ©oq ‘ 0 {34)
'f4 " and
aE 1 o - /2 B
b3 \ o [pll( ’Epu 2 ( 2 p2 {35
a0 There is no numerical problem in computing O except in the case where
-‘C/(; d ; )
g 2u 1
R e =1 or a2 w {o + pa°)
:.?J i JEEE 2 %2 a
: ? Q;HJD "I _We can now make use of equations (6), (7), (29), and (30) to substitute
. o in equations (23). .
|
: L %q = -g* 03 + I cos g9
z Xa = -R e+ T sin o1 (36)
b xq = R* 306 + H)w
A where - “ §
© % rit .
: } R" =3 (37)
] _
i ' and
‘! e R 2 p3 sin oq + U3 COS 04 (38)
Note that the second terms in ¥4 -and xp are dominant for small eccentri-~
citles and inclinations. ’
%
¥ o V]‘ - —1
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‘é The radius, - ﬁg;#)

P

| R I (39)
; 1 + € eo8 ¢ X
? "1 1s evaluated by using equations (26) and (31).
‘ The time equation, % a?
;5 — ¢
| Xy = b =opy + ,__w&_7§ (E -4 - z Jl - €2 e sin 6} (u0)
: . (204)3 L N
is evaluated by using equations (20) and (32) and by ;
e sin (41) i

1+ 1 - + @ cos ¢)

We may now proceed to the computation of the veloeity comnonents. .
In the case of the DS(s ) elements, the veloeclty components were preferably
1! computed by forming the time derivabives of the transformation equations
! for the coordinates, The reason was to avoid the numeripal difficulties
that are encountered at some pitints of the orblt, These numerical dif-
i ficulties were caused by the irtermediate step of computing the spherical
coordinates.

E -4 = =2 arg tan (

s

The time derivatives of the DS(y) elements are different from zero
and depend on the current value of the perturbing potential; V,. We
denote the "“unperturbed orbit" that is obtained from the Hamiltonian,

2
- EE Ve (4§2)

’ FDS =P - —
A | V2L
where' V, 1s a constant, the "DS orbit."

i " Because g, h, ¢, and H do not appear in the Hamiltonian, the
DS(¢) orbit hasa the following properties,

1 G = const., H = const.,, L = const., h = const. {43)

w0

& Thi.” means that the orbital plane and the total energy remain unchanged
,g or kllat G, H, L, and h are osculating elements., By examination
i - of equation (17), one must conclude that, in faet, the quantitv ¢ + 2

} is osculating, Thus, from the angular momentum 1aw, )

i : -

{

d : .

& do _ dle + g) | E_ - ST (4h) -
i dt dt e , U
4 ' - !
ih If these facts are taken into account in the PS(y ) element system, we | )
i can conclude from equations (6) and (7) that :
i '

5
; . 5. = 0 0, oy = G .
; 3 ) 03 = 0oy = =5, by =0 (45)

A e b e
AN e o
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where ( )7= T :

_ The time derivatives of the remaining PS{4) elements can be compubed
by establishing the canonlohl equabions bto the Hamiltonian.

Fpe = By = —— + 'f v (NG)
|35 1 ,’2{)" g @ 7 T"‘"W\ )
] .
qQ = -é (022 + 022}' Py = -—s—‘;-l-;> : (”7)

Vi

First, the equations for ey and oy are established.

) :
s
doy a(q ) ‘
I - S o (18)
dr 205 e 3 .
2 02 b
da oF 3 ﬁ)
2 _ by d (49)
T Ay Q APy

Noting equation (fﬂa), w; find i

I " ". "2 l\T\i
{ii dha  g¢ - “;;0 3 ﬁ‘) "
- e R S — 1\1 - r
R T R o (50)
af B2
dop gy (O ) .
B w2, 4T a \% :
S T e R (51)

Hdwevar, Lhe ﬁime derivatives of ey and o5 are nob needed diraectly
bub as combinations - as are -

oy by + b by (52)
Before we proceed to the computation of expression éSE)i we will observe
that if & is a funcbtlon of the expréssion 022 + 922 -

€= £{o2 + 05%) .. (53)

‘and does not depend on o3 or ep in any other fashion; bhen

2k Jae | {(sh)
Q — = — = 0 -
2 392 2 302 B

for symmefrical reasons ’ i

(i —




::f‘gx»u‘.wm__—#u.;m%”squ-m»

s Ak O o 30
s

P AT

g

Observe that
(53).

Thus,

Py Oy

agop + p2e2 =

Noting egquations (32}

upip * 6pig =

v, AL
¢ 2 La ap °2 305 .
- 2
v. L 1 E v . ar y_ T e 234
¢ N2 | @ 2 3 P2 30q q YT 302
o A et
o
and (39), we find
2\r 3 3 p2 {e cos &)
v, 215 (op 2B - 0y RN W S . $
Crjop 02 302 p p2
A e et
0
ale cos &)
- gy ——

app

z1Q,2

l aQ 1

Q
— - —_— : Q cos . ain
- p2 3u2> + (fa 08 o1 *+-02 3 a1)j

_..._-—"‘-’—'-—H-’

ho8 el
as oy

= -—" VC Q oy COS 09 + p2 sin q-!) (55)
Next, letb ﬁs compute 51, where we note that g1 occurs in r only by
e cos ¢ in equation (31). ' -
oo ey 9y b rB)_z2y ar
P17 T2 4y  p2 %aoq\a IR TR
op - ale cos &) _ =2r _
= S Pl s — Y, ' ing co 6
p.e 7o P Q (oo singq + o2 COS oy (56)

Finally, we Broceed to the computation of the time derivative of the distance;

#, on a "PS orbit."

For this purpose, it is convenient to give the derivative

12




| 2
" T of —, which is
| a
o *2 2
3 vope
.#', L = 2._1" P om —aq (57)
a _ ] ’[/‘ 02
u
A SV E | 9 de AT ) ok
a/ ~ L. dv T 2 aoy dr apy dr
) k=1
N Y N A R R
a :E : a a Q a
- = v. —_— -
c p2 da ) 20 3p dgy
k=1 - ~ )
[0}
2 - o ilf:‘)
3 I‘.E " 3 l"_ i} - '
0 4 — + - o
pd 399 39y (p5,) 3/2 "
s _
0
. ar .
J_ ﬁ \? - -]5— o (92 gin 0y + 02 cos 01) . o i (58)
To obtain 4, we use eguations (55) and (56),
i oy
g .
. - aa 3g . 1. . .
{ a =Z- (5_;:“ p'k+ﬁ—ok>:§° - (o272 + PaP2)
: k k
|
? =3 Vo0 (pp 8in oq + 05 cos o) o (59)
§.!" ) -
} Finally, equation (58) is solved for p,
o S - .
| R P T -
i - “ P=530+ 5 (q ) : i (60)
-% 3 E) - ) {t .
and expressions (59) and (60) are inserted, with the result that
| 2
N F‘:g(vcg—'i"tf])(ﬂa cos UI1+02 sin U])
- 13
= g i HEPH R iy e iy . t R e

o e T et i e
T RS g i, 3 e

PO

Er e

ey




i) il
rjé B 1)
lf Noting equations (31} and (33), we find .

% . PR m—— (Vc 35 * q) : (61) !
i _3 In DS theory (and, accordingly, PS theory), one prequires that the Hamiltonian %
P vanish on the DS {(or PS) orbit. Noting equation (46), one can see that A !
i for the Hamiltonian to vanish, - ; G;ﬂ/; |
I : i
: 2 . :
| r H ;

:; — Vg = — - 0 (62) o
i q N __ i
j But from equation (47),

' M

1 20 = by + - (n 2 . 0,2

| 1 VE;E 2 2 )

i : 1
2(0 = 0y) + 02 4 8% = 2o _ o __ (63). B
g - 2Py - n

; Inserting -equations .{62) and (63) into equation (61), we obtain the final

: fusn for o, '

i R e 1- & o T N
st ()] e ()
: B . |
; We now can obtain the velocities by differentiating -eauations (36). i
i | . oaa !
? Xq = - §'°3 + I cos 94 - r&1 siﬁ °1;?-ﬂ'-’""u |
é Xg = - ﬁ'o3 + Prain 9 4+ r&1 coslf1 (65)

[ . . g .

i X3 = R \‘E(G + H)

L where

b -x PR + R .

: ! - R" = 2; r‘, = "1({’3 cos oq - 03 sin “1)

i .

i ;T
o

|

n Ly -

o A i ;
A ) ~
L
Sl ¥
: 1% ' B - _ -

i S —— -

I



(66)
(67)
(68)
(69)

N
. -
_/
g
-
o
o o
puy '
0
ML
: i _
— — xh
o 5 & h P
= o “
P 0 M ﬂ ]
0 o 5] :
oy _,
- o

N

rR + Rr
2G

-
TR

Noting-equation (45) and grouping terms, we arrive at the final form of
G
r
G
r

the velocities,

5
— M Vun
- o T M
s = i
= L
ﬂ\..éz.
: §
. ®
T *
T K 5]
i} - o : Wvl..:ﬁ e ||LFlw>4l|rr{[{.p ,1[}.!‘1 b Gld..llvrf.l‘t,r e T b it
. 3 + ] ,T . 2, - SRR % g SSP o CEo  7 Y Hita ey ittt
. {*? e e e R e e e R LT T T i e St M g 5 P it e R g . P A e

L EA S R e

R = e mp e e e = o

- E e e i e N P e o e s e,

I i - TR e e e
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PS( e) ELEMENTS { &

7)

IN TERMS OF THE -

CARTESIAN COORDINATES (x4, xp, X3, t, X1, %z, X3)

From reference 3, we obtain

01 =

03
)
H

=
1

where

r

3 = X3k

- X1i3

- XpX1

X
JG12 + 022 + 032

\/31-2 + )CE + X3

(70)
(71)
(72}
(73)
(74)

(75)

(16)

Sincé the value of thée value of the homosReneous. Hamiltonian {eq. (1)) must
: vanish, one finds that in DS{ ) theory,

$ =

G-\‘GQ—ET‘V-I-

e

From egquation {(7),

Moo=

Inserting these values in equabtions (2) and {19), one arrives at

3
Hn

And noting equation (24), we find that ecuation (35) can be bfpressed

as

=i —

= ] =

3, oy = L

-

: LAY . 1]1/2
- O
Py (]E?E- + H (: )

bok
)

Sev—

16

(77)
(78)

(79)

" (80)

(81)




5 From expresaions (31) and (39), one obtains
_(P/e = 1) - g
2 o — i — 2
2 Q : i (82)
and if we note that
1 2 i
G =P - § (022 + 02 ) ‘ | (83)
L then one obtains from expressions (32) and (64) N
L ,) . ) ;‘P | . ]
! i 22 = Qj———Hq =G (84)
1 i" where
E_’ \ _x_ . i N Fo]
' r = (85)
| r
| %; By the definition of the angular momentum, its components can be written
: : as - .
R Gy = G sin I'sin h _-
f %%? - Gy, = -G sin I cos h (86)
% 5%“ é;t) Gy = G cos I -
i féj ““From expressions (6), (7), (25), and (86), one can derive
PR - 26, ‘ " o)
i : ‘L 1 o D e e ——— . 7
u 37 fa(e + 1172 -
\ i"; - 20,
o 37 T2(c +» M1172 !
: : By eouations (26) and (37), we obtain
R | 2G(x3/r) : o
1. o R = 7 (89)
| (2(c + H)]1/2
. e r 1 o r cos g4 = Xq + R‘ 93 - i (90)
oo G ~rosin iy oz oxp + RV (91)
L o : :
P and thus
B T sin g4 .
I . 94 = arc tan r oos o7 (92)
L . _ )
Co 7
N
I
._J}
L ;g
BRI
Ly
’L% e v b i Sk b Beresate e R S ] i;:‘:;—*-'::.-.-__-;rw  rTae s R '-*1—*




Solving equations (33) and (34) for o, and oy, we find

ﬂz_.x: 22 cos 0'1 - 21 Sin 01 i

027= Z5 sin o4 + Z; €08 o

Noting equations (20), {31); (32),
element

i

IJ P
- .-—.-.-———--(‘?c‘u)y2 (E =4 - p=22? J] - '3E )

oy =
where

E -4 =

-2 are tan[

and

\’1 - e':- =] F P

£
t‘f

(g3)
(94)

(40), andg(ﬁi), one obtains the final

- (95)

@
i
: -

(97)

A sequence of the computations thathive the transformations to and from
the eléments and coordinates will be definitely outlined in the appendix.
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To solve the equations of

derd aﬁives of the Cartesian position vectop (eqs.(36)), time (eas.(h0)),
and the

g and

18 lengthy

) X
“ A = 2
: . ]
1 P a “‘ ax] ) UBB
;. _ ;
3 : ag, = 1 ¥t g
3 12 * 6, as, 32 §
i 7 g {4 ;
%y -ogr z
EE T L
] a - f_-axT _ X1 2p
4= 3oy T r 2oy
i
\‘;;-‘: . aXE pBR' | ‘
; B A N B
¥ |
] a2 X2 X2 ar  p" - |
1‘ 22 = 30, 1 des G P3P2 § :
(38)
%2 »  P3r ‘
S r—— D - - e—— i
32:3 T R oG sin o4 a
: a' B axa _ X ar -
B T T
. 3X3 H N
Y 3
L il
Ae o X3 oo —at L 23 r T
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' axy " a(E - ¢j P a(e ain ¢} Gx.)
| ayy * = 5 \‘1 -
‘ ‘ ’!{ aDk (apu)-"/é [ apk p apl‘i
- ) apk p aok
: ST ‘ . .
k= 1,2, 3, 4
It - 3 xl-l = Uu ' X R
auy = Ay = 5\ T
ST
| 3y X ap a3r
\ byy = 7o i i r ain “-1, - 55 (0q cos oy - o3 sin oq) - (\
i ™y Xy pp i
: bia = To, T 7 ey T 3%
oy
“3 % 5a R - g 008 M
; T 3}(1
i P g, 2 0
T b = .a_}ig = f.g aL. + " CO8 G4 = 3 (pq cos o4 -« oq 8in o4) i
i 21 © 2oy T p 30y : 1 3G 3 =" 3 n 9
2 X2 ap . ‘
bop = a_p')-z- T r 33—2. - %2 ?21 7 rim:—f\
. | ()
3}(2 ; Lo . -
b23 = TIB =- E 93 cos 0-1 . - (99)
; ax o
; . 2 iR
bau = 55, = © :
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The deprivatives %%— and ;%- are determined from equation (39). Q&_ 9
| k K =
-'?L = 0 ¥ =1 and 3
aok
m . ) Z B L
ar P 4 _ i) :
— E - - EI - p— O f‘,‘ \.
i5p " B 205 ﬁr r (Q eos 94 % 2)] kx.,_,»j"
ap p [ ~2u JF' Q 21 )
— = | —— - = Pz p—— = A—————— (101)
Wy P (20372 W 1(291; 2ua(20,)1/2
i, = 0y k = 3 and 4 ]
Bﬂ'k i
ap pé _
oy S F 20
() 7 by0
1./ air _r 17472
3_;5 -_P ["'?_02 J;r I‘(Q Qo8 01 2,;20 )]
. - a -
The derjivatives gigz——il and “igE;'il are determined from eQUation (41). \
k ’
@
a(E ~ ¢) ~r/P ] 2{e sin #)
= (1 + 1 - 8% + € €08 ¢) <magm——r
doy (1+ 41 -e2) 1-‘ K
- g2 -y
v e sin 6 [ 3 vl - e . :! cos ¢)]]
a0,
: {(102)
W(E - ¢) -r/P : — , ale sin &)
- - {1 + 1 = e% 4 e cos &) —— .
2k O+ i =D Py ;
- e sin ¢ J: - e2 a(e cos ¢) .
Pk ¥ oy
k "‘. 1] ) {ﬁID
\‘j'.; 1&3—

The deéivatives 3(e cos ¢) ale sin ¢) a(e oos 4)

aUk ' aak ' 3 apk . [} and
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7.0 NUMERICAL APPLICATIONS
i

In reference 2, a number of numerical expeliments were performed,
comparing the PS(u) formulation with thé KS formulation described in ref-
erence U, _In reference 2, a complete ' description of the force models
and the initial conditions for different orbits were miven. These same

the use-of F5(¢) elements,

Tl

The first example is a highly eccentric orbit (e = 0.95) about the
Earth, The satellite is subject t9 the perturbing conservative potential
of the Earth's oblateness (J,) and-the perturblng forces due to the Moon,

Example 1

As in reference 2, the PS(¢) elements were integrated with an RK-U45 fixed-
step method., The PS(u), KS, and P3(¢) solutions, at the end of 50 revolu-
tions, were nompared to an extremely accurate reference solution found

in reference 4.

The broblem descrivtion for the first example ismas follows,

Coordinate svstem: X X2 fixed in Earth equatorial plane,
. x3 perpendicular to Earth equatorial plane.
Initial conditions: x; = 0.0 km, xp = -5888.9727 km
. g x3 = =3100.0 km
X1 = 10.691338 km/sec
- M %p = 0 km/sec, %3 = 0 km/sec

The time of comparison is at 288.12768941 days. The Earth oblateness
-and lunar perturbation models are described in section 9.0, parts a and
b of reference 2, 5 g
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Ref.
PSu
KS »
PS4
PSu
KS

PS¢
P3u
Ks-

P8+

Note:

X1, km

-2l 219.0503
8.2157
8.2221

43.7435
0422
0422

21.2402
.0499
.0k49g
1738

TABLE I.~ EXAMPLE 1

X0, kﬁ’

227 962.1064
0072

.0079 -

99.6752
. 1066
.1070

3.4532
1064
}1§gu

1694,

X3, Km

129 753.h421
3843
3883

74,1071
21
Lh2o

b 2147
4z

T

783

value except for the digits shown in the bable. _
dif'ference betwéen the integrated value for the total energy and the total-

Energy
check

0.21
.20
0.33
.22
A1
.98
.18
.14
A2

X

X

x 10-10

in=0
10-6
10~7
10-8
10~8

10~9
10-9 .

109

Steps/rev

40
4o
4o
80
8o
80
160
160
160

Thé values shown are identical to the corresponding reference

The energy check is the

energy computed from position, velocity, and perturbing potential,
by the integrated energy.

for the same step aize,

When a highly

divided

As one can see; the P5(u) and KS solutions produce similar results,
whereas the PS( %) solutions produces results thait are not us accurate
The.reason for this is clear.

eccentric satellite approaches the apogee point, the lunar perturbations

become very pronounced.

Therefore, near the apogee, the

The PS{u) and KS both have independent variables
that are similar to the eccentric anomaly, whereas the PS(¢) has the true
anomaly as the independent variable,

PS(u) and KS formulations are evaluating the strong lunar perturbations
more coften than the PS( ¢) formulation for the simple reason of geometry,

7-2

Example 2

In the second examplé, a satellite is subject to the Jy perturba-

tions and the drag perturbatioﬁh of the form deseribed in reference 3 ,

section 9.C a and b,

an eccentricity of

in the same Wanner as described iny the reference.
IT that all formulations integrate this example easily.

The sateliite is in orbit about the Earth, with
Again, the experiments were performed
One can see from Table

e = 0,174,

i

)

B
i
s

-aes

The problem descriﬁfi&ﬁ“?af the second example is as follows.
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Coordinate system: same as that for example 1

Initial conditions: x4 =z 0.0 km, xp = -5888.9727 km, x3,= -3400.0 km
.’"L:'. i‘l = 8-3 kaSBC, *2 = 010 km/360| i3 = 0-0 km/BeC
i §;§ The time of comparison is at #,30899150 days, after approxiﬁéhely 50 revo-
Pt lutions. The oblateness and drag perturbations were computed from the
] {i equations in parts a and ¢ of seetion 9, reference 2.
41 TABLE II.- EXAMPLE 2 3
L i
| .gg %9, km Xa, km x3, km Energy Steps/rev 5
o Ref. 819.9225  -5960.6168  -3175.3500 0.70 x 1012 160 !
Cw T - } . ‘
B - psu ,9225 6168 3500 .27 x 10-8 - 30
: ? KS .9225 ,6168 .3500 .21 x 1078 30
{ -4 ) I N |
o PS ¢ 9225 6168 .3500 74 x 109 30 :
| PSU .9225 6168 .3500 .22 )x 1079 50 I
A e - - & P‘ S
i KS .9225 " 6168 . .3500 .18 x 107 50 y
o Jﬁ PS¢ “ .9225 6168 .3500° .70 x 10-10 50 L
8 ‘
; "%= 7.3 Example 3 |
S _ “ |
L | In this last example, a particle is placed at the libration point !
— & in the Earth-Moon system, If the Earth and the Moon areée assumed to move .
[y in eircular orbits about their center of mass and if an infinitesimal
} ;E ) mass ig placed 60 ° ahead of or behind the Moon at the same radius and b, 3
, ; ceircular speed as the Mcon, then from the theory of the restricted three- .b
; body problem, the mass will remaln at either of these points indefinitely. |
P If the varticle is placed there with a small initial position error, then *
R the particle will librate about that point. The motion of such a.particle
i" ? is computed by the PS( %), PS(u), and KS methods. As before, the experiment
T is the same as déscribed in reference 2, section 9.3,
| - T
: j { - The problem description is as follows.
%..? Coordinate svstem:af X4 and Xgufin Earth-Moon plané; k%* Derpéndieular
Y -- .
ke f Initial conditions: x4 = 192 300 km xp = 332 900.1652 km, x3 = 0 km
Lo %1 = -0,5872840638 km/sec, %» = 0.5125402247 km/sec
%3 = q;km/séc "
B :\J:'i
; - ! N oL .
i l T o7
Lol
T
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The final time is 10 000 days. The lunar ephemeris used in this example
is given in part d, section 9, of reference 2.

TABLE III.- EXAMPLE 3

W
X1y Km Xpy km r, Km Enargy Stepsa/rev
. check

Ref. -178 004.8056 -340 462.3726 384 229.6435 0.50 x 10713 80

PSu ©5.4693 1.9627 5463 .12 x 10°7 10
KS 6,4119 .8837 30.7993 .72 x 1073 10
pss =T ONTY .0933 LueeN - .12 x 1077 10
PSu T L9186 .3688 6495 .25 x 10”2 ‘20
kS .9470 .3989 .6907 -.24 x 1076 20
PS8 .9036 3753 (:.sugv .25 x 109 20
PSu .8963 3726 .6439 .36 x 10=11 )
KS 8972 .3735ﬁ% -t 6451 .75 x 10-8 40
pPSé .8958 S TYT29 6439 .38 x 10~9 40

_ From table III, one finds that the PS(4) and PS{u) formulations rive more
" accurate solutions than the KS method, for step wizes of 10, 20, and 40
steps/rev. . o
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1 - B.U CONCLUSIONS
3 if The differential equabioha for the perturbed two-~body elliptiecal
: ! motion are defined in elements that are similar to the two-body classical
Bt canonical Poincaré elements, which have time as the independent variable.
i = A new Hamlltonian is defined that enables the introduction of two more
fﬁ ] S canonical varlables, the total energy and the time element. Also, these
L y new elements have as their independent variable, the generalized true
& ﬁ anomaly.
i -% - The accuracy of the solution of this new set 1s equal to that of
k N the PS(u) or KS formulations except for the highly '‘eccentric case where
| -f the PS{#) is at a disadvantage because of geometric reasons.
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APPENDIX
COMPUTATIONAL PROCEDURE

In the numerical integration of a trajeatory by means of the PS(%)
elements, ohe may follew the procedure described relow. Initially, the
position and veloecity vectors are converted to the PS(4) elements (COTOPS),
The numerical integrator will evaluate the PS(¢) differential equations
(PSDEEQ) and estimate the value of the PS(¢) elements at « = 1, + 41,
the independent variable. In PSDERQ, one must evaluate the valle of the
perturbing forces that are usually given as a function of the Carteslan
state vector and time. Therefore, PSDEEQ must convert the PS?% elements
into the coordinates (PSTOCG). The algorithms for COTOPS, PSDEEQ, and
PSTOCO are outlined in the following sections. The left eolumn glves

the quantity to be computed, and the right column references the equation
numbér in the text,. _ .

i
.

COTOPS

Given X, X, and time, transform to & and Z&,
Evaluate the potential, V.

Then - acquentially compute: From equation
» oy = L

(75)
. (70)-(72)
; (73)
3
e : (74)
* o . (77)
q (79)
, _ (80)
o/ L | -
,: s L “ ‘ o
* ; | | (88)
R . (89
" cos 9, o
r-sin 9 o
» o by :
K 8 ?nCEDlNG PAGE BLANK NOT FILMED EZ .
: 5)
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*
]
X2
*
77

A R

Gliven

o, o transform

Sequentially domputé:

4
22
Q

o

cog &

e sin ¢

G

H=06- (g -H)

X1s X245 %3
1 -~ e

E - ¢

:'(‘ls iz, )-(3

PETOCO

X, X, t = time,

3l

e i s

Fpom

(82)
(84)
(a3)
(9k)
{96)
(97}
(95)

(33)
(34)
(35)
(31)
(32)
(26)
(39)
(38)
(83)
(24)
- (36)
{20} -
(41)
(40)
(9)
(64)
(69)
(66)-(68)

egquation
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Given 2, 8, compute

Procaad to PSTOCO,

Then evaluate A

—

Compute sequentially:

—— ey S S

8J1 - eE aJ1 - ez
aﬂk ' aﬂk
3{e sin ¢) (e sin ¢) (e cos ¢) (e cos )
gy ' 30y, ! a0y, ! Iy
3I{E - ¢) (B - &)
aﬂ'k apk
e ar
\ kal 3‘;‘:
e N P P
i a — 3l =
q a
) )
- Dk aﬂk
3x
A = E'E
ax
B = 3—_0'-_
8F, F,
w 5“;‘;1 m
do dg
- dt’' dr
-:-}“'x
4o
35

PSDEEQ
dg do
dv' dr’
ay .
520 3% Vs Py Ppy and Pa.

From equation

(104)

(103)

(103)

(101)

{(100)

(98)

(99)

(13)

(16)
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