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Abstract

This investigation is concerned with the dynamic synthesis of
gyroscopic structures consisting of point-connected substructures.
The object is to develop a mathematical model capable of an adequate
simulation of the modal characteristics of a helicopter using
a minimum number of degrees of freedom. The basic approach is to
regard the helicopter structure as an assemblage of flexible sub-
structures. This approach has the advantage that it permits the
representation of each substructure by a given number of 'modes".
The variational equations fex the perturbed motion about certain
equilibrium solutions ave derived. Assuming that some of the sub-
structures are continuous, the variational equations are of the hybiid
type so that it is necessary to discretize them, a task done quite
wall in the context of the component-mode synthesis. The discretized
variational equations can be conveniently exhibited in matrix form,
and a great deal of information about the system modal characteristics
can be extracted from the coefficient matrices., The derivation of the
variational equations requires a monumental amount of algebraic opera-
tions, To automate this task a symbolic manipulatior program on a

digital computer is developed.
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1. Introduction
This investigation is concerned with the dynamic synthesis of

helicopters. The object is to develop a mathematical model capable of
an adequate simulation of the modal characterisiics of a helicopter
using a minimum number of degrees of freedom.

The method of approach represents an extension of the component-
mode synthesis (Refs. 1 and 2) to gyroscopic systems. The basic idea is
to regard the helicopter structure as an assemblage of flexible substruc-
tures. In the case of a helicopter, the various substructures can be
identified as the airframe, the transmission shaft, the main rotor, and
the tail rotor. The rotor can be simulated as a single substructure or
as a collection of flexible blades. To ensure that the various substruc-
tures are acting as a single system, an orderly kinematical procedure
for point-connected sub:tructures is develc:ed (Ref. 3).

The substructure synthesis approach has the advantage that it
permits the representation of each substructure by a given number of
"modes”, This number can be varied according to the stiffness properties
of the substructure. Clearly, a stiff substructure can be represented
by a smaller number of degrees of freedom than a flexible one. This is

“not the only advantage, however. Indeed, the approach has the added
versatility that it permits a given substructure to be represented by a
discrete mathematical model or a continuous one. For example, it is
reasonable to represent the fuselage by a discrete model and a rotor
blade by a continuous model. Assuming that some of the substructures
are continuous, the system equations of motion are hybrid in the sense
that they comprise beth ordinary and partial differential equations.
Note that even in the absence of discrete substructures the system in-~
cludes ordinary differential equations describing rotational metion.

The equations of motion can be conveniently obtained by the Lagrangian
approach. The general equations are nonlinear and solutions of hybrid
systems of nonlinear differential équations are beyond the state of the
art, Fortunately, general solutions are not really necessary, nor are
they likely to be very informative. Indeed, quite often one is content
with solutions in the neighborhood of given special solutions, where the
latter are often called équilibrium snlutions. The motien in the neigh-
borhood of the equilibrium solutions is referred to as the perturbed

motion. When the perturbed motion is small, the linearized equations
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obtained by ignoring the higher-order terms are known as the variational
equations (Ref. 4)., Two special solutions of considerable interest in
the area of helicopter dynamics are associated with hover and forward
flight.

The variztional equations are still of the hybrid type. For a
computational treatment of the equations, it i1s necessary to discretize
them. This can be done quite well in the context of the component-mode
synthesis. The procedure amounts to representing a continuous substruc-
ture by a finite series of space-dependent modes multiplied by time-~
dependent generalized coordinates. The meaning of these modes repre-
sents a study In itself and there appears to be some measure of freedom
in their selection. The discretized variational equations of motion can
be conveniently exhibited in matrix form, and a great deal of informa-
tion about the system modal characteristics can be extracted from the
coefficient matrices.

In the case in which one of the substructures rotates uniformly in
the equilibrium state, such as in the case of the helicopter rotor, the
cnefficient matrices of the variational equations are generally periodic
functions of time. However, when the rotor possesses both inertial and
structural symmetry, which is possible if the rotor has at least three
blades, a coordinate transformation can reduce the periodic wmatrices of
the variational equations to constant ones. The procedure is sometimes
referred to as the method of multiblade coordinates (Ref, 5). The
resulting constant-coefficient equations represent a typical linpazar

- gyroscopic system,

The derivation of the variational equations of motion and their re-
duction to a constant-coefficient system requires a monumental amount of
algebraic operations and different’ations, In addition, there is the
question of producing an ordering scheme te derive equations cf consis-—
tent order (Ref. 6). This points to the necessity of automating the
various derivations, a task accomplished by means of a symbolic manipula-
tion program on a digital comruter. ' ' '

In this report, the above aspects are first treated in a somewhat
general way and then applied to a simplified mathematical model of a
helicopter.



2. Kinematical Considerati ms

Let us consider a gen~:cal structure consisting of a ceatral sub-
structure C and a given number of appended substructures (see Fig., 1).
The appended substructures can be of many types. Hcwever, fur the pur-
pose of this paper we shall confine our discussion to a few specific
types, namely, flexible substructures rotating relative to the central
substructure (type A) and chains of substructures composed of a flexible
substructure rotating relative to the central substructure to which
another flexible substructure B 1s connected (type AB). The various types
are illustrated in the illustrative example of Sec. 9. Clearlyv, rigid
substructures are simply special cases of flexible substructures obtained
by ignoring the flexibility. In addition, although we recognize that
there may be more than one appendage of each type, we shall confine our
discussion to a representative one of each type, with summation implied
over the entire number of substructures of the same type. The kinemati-
cal relationships pertinent to such general structures are presented in
detail in Ref. 3 and are only reviewed briefly here.

Let us consider the inertial system of axes XYZ with the origin at

0 and identify a system of axes x with the origin at an arbitrary

¥v.2
c'c'C
point C of the central substructure. Then, denoting the velocity vector
of point C relative to point 0 in terms of components along XYZ by

GOC’ the angular velocity of the frame x relative to XYZ in terms

cYc%c

of components along x C by QC, and the matrix of direction cosines

Y2
c’cC
and XYZ by TCO' the absolute velocity of any mass point
Ve 18

co¥oc = (Tg t el +u, (D)

between XoYo%e
in the central substructure in terms of components along x
+Q.(x, +u) + u, =T

Ye = Teo¥oc
In Eq. (1) e is the position vector and u, is the elastic displacement

vector of thc mass point measured relative to x QC is a skew sym-

cYc%cr
metric matrix associated with Q. (see Ref, 4), fc + ﬁc is a skew sym-
metric matrix associated with.rc +-uc, and G' is the elastic velocity of
cc%c

Next, we consider the appended substructure A attached to the cen-

the point relative to axes x

tral substructure at point A and rotating relative to it. First, we

introduce a nenrotating set of axes x in substructure C with

ca’ca®ca

origin at the point A and moving relative to axes x as substructure

Y2
c'cC
C deforms., Then, introducing another set of axes x attached to

AYAZA



substructure A with origin at A and moving with substructure A relative
to substructure C, we can write the absolute velocity of any mass point
in substructure A in terms of its elastic velocity relative to the frame

, the motion of the frame x relative to axes x , and

ca¥caZca
To this end, we recognize that

A'A%A
ca¥ca®ca’
the absolute velocity of the attachment point A is obtained simply by

XAYAZ%A
the absolute motion of axes x

evaluating Eq. (1) at the specific point A. We denote this velocity by
The absolute ang?lar velocity of axes %ca¥cAZcA is
9ca = Lealeac * Pea

where LGA is the matrix of direction cosines between axes xC

Year
(2)

AYcaZca a4

XYc2e due to geometry alone, LEA is the matrix.of direction cosines

between these axes due to the deformation of substructure C, and éCA

caYcaZca relative to *-YoZc due to the

deformation of substructure C. Explicitly, éCA is the time derivative

o~

is the angular velocity of x

of the linear rotation vector
Bea = Lealguca) (35

of axes x relative to axes X in which VC is the skew sym—

ca¥ca%ca ¢?cc
metric operator matrix corresponding to the curl operator associated

CA
specifies that the quantity in parenthesis is to be evaluated at point

A. In addition, the matrix LEA has the form
_ T
Ly =1+ B, _ (4)

with the rectangular coordinate system XoYoZc the subscript A of u

A
where 1 is the unit matrix and BCA is the skew symmetric matrix associated
with the vector B

~CA®
relative to axes x

Denoting by mA_the angular velocity of body axes

K YaZp caYcaZca and letting LA be the matrix of direc-

tion tosines between these axes, the ubsolute angular velocity of axes

X Va2, in terms of components along these axes can be written in the
form

B = Lpfoy + Wy = Tucllo ¥ Lpboa + 9y 5
where

To = LALEALGA . (6)
~is the matrix of direction cosines between axes Xy VaZp and KCYCZC'

Finally, by analogy with Eq. (1) the absolute velocity of an arbitrary
point in A is

-~

Vo = Tac¥oa * 0 (ry Fup) F Uy = Tpa¥e, - () +u)Q 9, (7)
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Turning our attention to the specific chain of substructures, we
recognize that the first substructure in the chain 1s exactly analogous
to a type A substructure. To describe the motion of the second substruc-

ture, we first consider the reference frame x in substructure A

ABYAB”AB
with origin at the point of connection, point B, between the second sub-

structure B and the first substructure A and which moves relative to the

frame x as substructure A deforms (see Fi,. 1). Next, introducing

a¥a%s
the axes Xg¥pZg with the origin at point B and attached to substructure
B, we can write the absolute velocity of any mass peint in substructure

B in terms of its velocity relative to the frame the motion of

*gY8%p*
pY8ZR relative to Xy mY ABZAR® and the absclute motion of the
By analogy with Eq. (5), we can write the absolute

the frame x

frame Xy sYABZAB"

angular velocity of axes x

BYBZR in terms of components along these axes

in the form

g = Tpally + LyBap + 9 (8)

where RA is given by Eq. (5), Wg is the angular velocity of axes XgYpZp

relative to X, 5YARZAB" TBA = LBLEBLGB is the matrix of direction cosines

between axes XpYpZp and XaYaZy in which LGB is due to the geometry and
LEB is due to the deformation of body A, and by analegy with Eq. (3).
Ba = Laa(VBYaR’ (9)

AByABzAB relative to xAyAzA.

Moreover, by analogy with Eq. (7), the absolute velocity of an arbitrary

is the linear rotation vector of axes Xx

point in B is
wy o= Tow, o+ R (ry +up) +ou

-B BA_AB B*.B (10)

B~ Tpa¥ap = (Fg + uplip + Uy

where YAB

the elastic velocity relative to axes x

is obtained by evaluating Eq. (7) at the point B and GB is

:34:35: 3
3. System Lagrange's Equations in General Hybrid Form

The object is to derive the system Lagrange's equations of motion
in general form. To this end, it is necessary to determine the func-
tional dependence of the Lagrangian. If sumration over all substruc—-
tures is implied, then we can write the system kinetic energy in the

general form

B }. «Te 1 f T if oTe _
T=3 ﬁu Yeedme ¥ 7 S, Uaa%a * 2w VUi (b
C A "
5



where w ' HA, and wB are given by Eqs. (1), (7), and (10), respectively.
Assuming that in equilibrium substructure A and substructure B rotate

with the uniform angular velocitiass w, about z, and mB about zyy respec-

tively, while any other motion is zer:, we can write
% = 88
wy = W, ¥ BAgA (12)
Wy = Wy l + 6 Bb

where LA is the vector of direction cosines between z, in the equili-

brium configuration and axes x RN and 23 is the vector of direction

cosines between Zz in the =2quilibrium configuration and axes XpYpZy
Moreover, Bc, BA. and GB are 3%3 matrices depending on the oscillation
of axes x

relative to XYZ, x relative to x

cc“c *aA7A%A ’ ca¥oaZear 2n¢ %pYp7p
relative to X, pY A% A’ respectively, and QC’ GA, and 93 are vectors of

-~

generalized velocities. Hence, the functional dependence of the kinetic

energy is
T(woci Ci’ .e_ct "&C’ EC’ ECA' ECA' eAi! 9 A AD BAB’ BAB’
eBi' QB’ EB, EB, t) (13)
where uCA denotes u, evaluated at polint A of substructure C and u

denotes u, evaluated at point B of substructure A.
Assuming that the potential energy is due entirely to elastic
effects (including possible elastic restraints between substructures),

we shall write it in the general form

- 1 f 1 f
V=08, 850 By Opy) + ~c‘"‘oc:&.‘c‘mc +3 h‘cAsclfcdSc

c
+1 u,dD, lqu uds, += u Dy
2, N 2 Js, Satsata®a T3 BADB
1 T
+5 LB EBASBEBdSB {14)

where U represents the potential energy due to elastic restraints of the
retation of substructure A relative to C and substructure B relative to

A and ADC’ ASC’ ADA’ ASA’ ADB and ASB are "two-sided" differential
operators, containing partial derivatives with respect to the spatial
variables. The operators are symmetric and positive definite and can be
identified as energy operators over the respective domains. The last

six terms of Eq. (14) represent symbolic operations involving integrations

SEre S s R U s R I S Tt A S S IEUCH (Y R B A B R B



over the elastic domains DC,'DA, and DB and their boundaries SC’ SA’ and

SB’ respectively,
Next, introduce the Lagrangian L = T-V and write it in the form

-/1.) LDCdD +./1-) LDAdDA *jn'B LygdDp +-/s: Lscd5¢ +j; LgadS,

A c A

*j;B LgydSg ~ U (15)

-~ ~ ~ ~

pc’ Usc’ Lpa’ sa’ Lpge 2 Lgy
Hamilton's principle (Ref. 4) and following the standard procedure, we

where L are Lagrangian densities. Using

obtain Lagrange's equations

d (aL )
= =0 , : . (16a)
de Voo -
oL _g_(aL)_o 3L d(BL)“O
2L Yoo, Bl _dl -0,
36,  dt \36, 38, de \3,,
L _d_( L )= , L3 (16b)
365,  dt \3b,_,
3L aL
DC D DC _
u "a?(a ) + Leug = O over D¢
ic
L 3L,
DA _ 3 _
du, 3t (aﬁ ) Lpup = O over D, | (16c)
L L
DB _ 5 _
BUB ey ( ) = 9 over DB

where LC, L, and L_ are linear differential operator vectors reflect-

A -B
ing stiffness properties. Equations (léc) are subject to appropriate
boundary conditions, which are omitted for brevity. Note that the

relation between the operators A and L is given by

u ADudD + JE u A udS b uTLudD (17)

where the satisfaction of the boundary conditions 1s implied.



4. Variational Equations

The hybrid set of equations, Eqs. (16), is generally nonlinear,
paxticularly in the rotational coordinates, Moreover, due to the uni-
form angular velocity w,, the angle Ww,t appears in the matrix of direc—

A

tion cosines giving the orientation of axes YaZa? and a similar state-~

x
ment can be made for axes XYp2pe Thetefore,AEqs. (16} possess time-
dependent coefficlients, or more specifically periodic coefficients,
General solutions of sets of hybrid nonlinear differential equations
with periodic coefficients do not exist. However, our interest is in
solutions in the neighborhood of known solutions. Theée known solutions
are either constant solutions or periodic solutions and define an equili-
brium state or equilibrium motion, respectively. To study the dynamic
characterlstics in the neighborhood of known solutions, the perturbation
equations are derived. The linearized perturbation equations are known
ag variational equations. To derive the variational equations, one can
expand the Lagranglan in a Taylor serie_s. The linear terms define the
equilibrium and can be ignored since they cancel out in the equations of
motion. The quadratic terms lead to the linear terms in the equations
of motion and are the only terms retained in the Lagrangién. Note that
this procedure involves simply a transformation of coordinates so that
the equilibrium of the new equations is trivial. Howevef, the Lagrangian
obtained in this way will still possess periodic coefficicnts, This
creates a host of problems, as far as the analysis of the variational
equations is concerned. Indeed, systems of equations with periodic
coefficients are considerably more difficult to analyze and the results
considerably harder tco interpret compared with systems with constant
coefficients. Under certain circumstances, it is possible te reduce a
system with periodic coefficients in time to one with constant coeffi-
cients. Such systems are known as "reducible" and the reduction process
involves a linear transformation, where the equations of the ;ransforma—
tion also have periodic coefficients with the same peried as the time-
dependent terms to be eliminated. However, there is no general analyti-
cal procedure for determining the linear transformation leading to the
constant~coefficients system. We shall not be concerned with a general
reducible system but with a special kind, namely, one for which a real

transformation exists zuch that the transformed Lagrangian remains real



and does not depend explicitly on time. Transformations with these
properties can easily be found if the rotating substru. trures A and B
possess certain symmetry. For example, if substructure B consists of
three or more identical beams with one end fixed to a hub and spaced
equally around the hub in a plane perpendicular to the axis of rotation,
and substructure A consists of a uniform shaft rigidly attached to the
hub, then the transformation can be found by the method of multiblade
coordinates (Ref. 5). 1In the following, we shall assume that transfor-
mations EK = BK(EA’t)’ Eg = Eg(HB,t) exist such that the transformed
Lagrangian does not depend explicitiy on time. Taking intc account the
above discussion, the linear constant-coefficients equarions of motion
can be written in a form resembling Eqs. (16). In fact, the form remains
the same if the generalized coordinates entering into Eqs. (16) can be
regarded as measuring displacements from equilibrium.

Next, we must recognize that a system of the type under considera-~
tion possesses ignorable coordinates. Our object being to study the
modal characteristics of the system, it is desirable to eliminate these
ignorable coordinates. To this end, the three components of translation
are rooogoized immediately as ignorable coordiﬁates. It is not immediately
appurent, however, that certain rotational coordinates may also be
ignorabie. Indeed, if we assume that in equilibrium the z. axis is
aligned with the =z

axis, then the angles OC and & defined as the

A 3 A3’
rotation of substructure C about the Zg axis and the deviation of the
rotation of substructure A about the z, axis from steady spin, respec-—

tively, are recognized immediately as being igunorable coordinates.

Since the generalized momenta associated with ignorable coerdinates are
conserved, we can regard the conservation of these generalized momenta
as constraints on the'system and use these constraints to eliminate the

vector w and the rotational coordinates 6

~0C C3
tion. A similar discussion leads to the elimination of BBB' In view of

and 8A3 from the formula-

these constraints, the final variational equations can be written in a
form resembling Eqs. (16b) and (16c) if in Eqs. (16b) we delete i=3.
5. System Discretization

The system cf equations (16b) and (1l6c) is hybrid and not very

convenient for studying its dynamic characteristics. The reason can be



easily tvaced to the fact that some of the coordinates depend not only
on time but alsc on the spatial position. Hence, we shall find it
necessary to eliminate the spatial dependence., This we shall do by a
prcceass referred co as series discretization. Before proceeding with
the discretization, we shall present certain mathematical preliminaries.
Let us consider a function u that is continuous In the closed
domain D=D+S, where D denctes the open domain and § its boundary. The
function 45 assumed to be quadratically integrable in the Lebesgue

sense, which implies that the integral
Hul1? = ¢u, w) = u?ap (18)

exists, where ||u|| is known as the norm of u., Our interest lies in
approximating the function u by some othier function. To this end, we
consider the sequence of fnctions Ups Ugy weny Upy oo defined over D.

Then, if lim IIuN - u}| = 0, 41t Is said that uy converges in the mean
N0 o T

to u.
Next, let us assume that the function u can be represented in the
[+
domain D by the series u = L. a
y LR

and consider the partial sum

s» Which is convergent in the mean,

N
iy = jz_:_l ayd, | (19)

Then, the set of functions ¢j is said to be complete if it is possible
to find an integer N and a8 set of coefficients 81y By +eey Ay such that
fer any >0, [Iu - uN|| < €. The question remains as to the nature of
the functions ¢j (i=1,2,...). To answer this question, we wish to delve
a little deeper into tae properties of the differential operators A and
L introduced earlier in conjunction with vector functions. In the first
place, we should point out that, whereas L is an actual differential
operator, A is an operator only in a symbolic sense. If L is a self-

adjoint operator, then for any two functions in the field of definition

of L .
(Lu,v) = /D— viudD = ,[; ulvdD = (u, Lv) (20)

Integrating by parts, and considering the boundary conditions of the
problem, we can write (see analogy with Eq. (17))

10



-/I') viuddh = -[E) vADudD ¥ '/S- vAsudS (21)

where Ay and A, are Ytwo-gided" symbolic operators symmetric in u and v.

For convenience, we shall use the notation

(u, v]A "/D- vA udD +j; VA udS (22)
The operators L and A are said to be positive definite if the inequality
[u, u], > 0 1s satisfied.

In our particmlar case, [u, u]A defines twice the potential energy
assoclated with a given closed domain D. ‘Then, the quantity lul A
defined by

2
IU'A = {u, 1.1]A (23)
is known as the energy norm of u. When it is clear that the norm
involves the operator A, the subscript A can be ignored. The sequence

of functions Ups Ugs vey Uy, ... cOONVErges in energy to u if
lim ll.lN - u. =0n, 1f uy represents the partial sum (19}, then if for

Nooo
any €>0 it is possible to find an integer N and a set of coefficients

al, 8oy +eey Ay such that .u - uNl < £, the set of functions ¢l’ ¢2,
ey ¢N,_.;. is said to be complete in energy.

To generalize these ideas, let L be a positive definite operator
defined on some Hilbert space H with the scalar preduct {(u, v)-and the
norm defined by Eq. (18). But the scalar product {(22) also defines a
Hilbert space. The Hilbert space defined by the scalar product (22) is
called complete if any sequence ¢j of its elements satisfying the condi-

tion lim "bk - {:\nl = 0 has a limit (e.g. ¢ is the limit of the sequence
K, noe

$; if Lim fo-0

it is %ﬁzomplete and must be made complete by adding certain new elements

i}

0); otherwise it is called incomplete. In general,

to it where the added elements are called limiting elements and the
limiting element ¢ is defined by the sequence r_t:j. The scalar product of
the limiting elements ¢ and ¢ is defined by

(o, ¥1 = Lim (o, ¥ (24)

nHe -

‘and the norm of the limiting element ¢ by
Bed = 1imfo i (25)
n-re

11



The new Hilbert space thus constructed is called the energy space and is
denoted by HA‘ Note that Egs. (24) and (25) extead the definition of

scalar product and energy norm to include functions which are not in the

field of definition of the operator L. Moreover, because L is positive
definite, all elements in the space HA also belong to the initial Hil-
bert space H and convergence of a sequence in energv implies that it

also converges in the mean. Hence, the functions ¢, in the partial sum

(19) belong to the space H,. The question is as tojwhat distinguishes
the functions belonging to HA from those in the field of definition of
L. 1t is clear that the integration by parts leading to Eq. (21) lowers
the order of the operator involved by a factor of two. Hence, if L is
of order 2p, then AD is of order p, so that the requirements oen the
differentiability of the functions ¢j are lowered accordingly. More
importantly, however, the energy integrals, Eq._(22), take automaticrily
into account the natural boundary conditions, so that the functions ¢j

need satisfy only the geometric boundary conditions. Such functions are

sometimes referred to as energy functions. In more familiar terminology,

we shall refer to functions belonging to HA as admissible functions and

those in the field of definition of L as comparison functic.s (Ref. 7).

The above concepts can be extended to a vector function u, by sim-
ply defining the norm as Hul[ (u, u) = J. u udD as well as the
energy norm llll = {u, ul = J. u ADudD +‘J' u A.udS where once again
the integrals ;epteseng s;mbollc operations.

In view of the above, we shall represent the elastic motions in the

domains DC’ DA’ and DB by the series

Nc, NA
ne = &tesfes T %cNer YA~ j§=:1 Pas"a3 T ala
N (26)
Yp < J;i %5185 = “a"B

where QC’ ¢A, and @B are BXNC, 3XNA, and 3KNB matrices of space-depen-—

dent admissible functions and Nes Nys and Ny are vectors of time=-depen-

“dent generalized coordinates. This permits us to intreduce the n-dimen-—
- [8 8_.8 nTnT T]T where
Cl CZ Al a2”s1s2lclals’

a= 4+NC+NA+NB’ which consists of generalizad dlsplacements measured from

sional configuration vector q =

12



equilibriom, Then, the system kinetic etnergy can be written as

TF& +'%'QTKTQ + g?& + STq + constants (27)

Tz M+
in which M and KT are symmetric matrices. Recognizing that Eq. (27)
represents a Taylor series expansion of the kinetic energy T about an
equilibrium state, we conclude that the last three terms in Eq. (27)
actually define the'equilibrium state, with the inference that R is a
constant vector and § is the n-dimensional zero vector. In addztion,
the constants in Eq. (27) can be iguored because they do not enter into
the equations of motion. Hence, the last three terms in Eq. (27) can
simply be omitted.

In terms of the system configuratioen vector q, the system potential
energy takes the quzdratic form

V=7 aKa (28)

where : 2 \ 2 .
_ ) 2%u 2%y f T
Kv = bloek-diag [0 '35 58 '35 38 1 D QC ADCQCdDC +
v a Ay BB T

T u T f T
./s'c % Asc?cd5c ﬁ A Pa foata®a T Js, Oa AsatadSa t

! /D-B o "A L0 dD. + /S; 0. Agpdrdse] 4,5 =1, 2 (29)
|

is a symmetric mairix. Hence, the discretized equations of motion can
be written in the matrix form

i+ 6T - B K - e 0 30
where M and KT~KV are positive definite symmetric matrices and FT—F is
a skew symmetric matrix. Equation {30) represents a typical gyroscopic
system, The natural frequencies and natural modes of the ccmplete
structure and the closed-form solution of Eq. (30) can be obtained by
methods such as those developed in Refs. 8 and 9. The interest here is
not so much in the response as in the dynamic characteristiés of the
system, and in particular, the truncation effect on the predicted char-
acteristics.

6. Inclusion Principle and Truncation Considerations

Following the procedure of Ref, 8, we introduce the 2n-dimensional

state vector x(t) = [&T(t) qT(t)]T, as well as the 2n x 2n matrices
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M: O FT—F 1 KV-KT
1=§-1_.1 E=f--_2_ .. (1)

-

0 Ky=Ky
where 0 is the null matrix of order n and write the eigenvalue problem
associated with the system (30) in the real symmetric form

2 = 2~ = o=
mrIZr = Kzr, er:r Kft ra 1, 2, ..., n (32)

where W, are the ratural frequencies of oscillation of the system and
Yr and z, are the real eigenvectors, corresponding to the real and
imaginary parts of x . Moreover, K = ¢'1716 1s a real symmetric matrix.
Assuming that I is positive definite, it follows that K is positive
definite, so that the gigenvalues are not only real but positive. In
addition, the eigenvalues wi (r=1, 2, ..., 0} have multiplicity two and
because I and K are positive definite all the eigenvectors are indepen-
dent and can be rendered mutually orthogonal with respect to the matrix
I.

Next, let us use the Cholesky decomposition and write I in the form

=LLT, where L is a lower triangular matrix. Introducing the notation
yl = LTy zl
r Zr' lr

reduces to the standard fornm

= LTEr’ (r=1, 2, ..., n), the eigenvalue problem (32)

20 gty 2 4 o gt =
Wy = Ky o2, =Kz r=1,2, ...on (33)

where K'=L-1KL-T is a real symmetric positive definite matrix, in which
L-T=(L_1)T.

Denoting by v an arbitrary 2n-vector, Rayleigh's quotient assoclated
with the eigenvalue problem (33) can be written in the form (Ref., 10)

T T

R(Y) = vK'v/y'y (34)

Because K' is real and symmetric, it is well known that Rayleizh's
quotient has a sgtationary value in the neighborhooed of an eigenvalue, so
that a stationarity principle exists also for gyroscopic systems.

Now, we are in the position to discuss the truncation problem., The
2n X 2n matrix K' was obtained as a result of representing the structure
by an n-degree-of-freedom system. This representatien is tantamount to
the jmposition of a given number of constraints on the original structure.
For example, the constraints imposed on the system by the first of Egs.

(26) are nC,NC+1 = nC,NC+2 = +se = (. Truncating the series for u. by
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assuming that "en ™ 0, wve obtain a matrix K" obtained from K' by
4

deleting two rows and the corresponding two columns. If the eigenvalues

w? of K' are such that mi <w? < ver < mﬁ and the eigenvalues B of K"

r 2
are such that Bi_i Bg cee S B .1+ Cthen by the inclusion pri- *tgle

(Ref. 3), we have
2 2 2

2 2
By fwy SRy X n_liﬁ

w? (35)

Note that the fact that the eigenvalues of K' and K" have multiplicity
two is automatically taken into account in inequalities (35). On the
other hand, by relaxing one constraint, i.e. by adding one term to the
series for u.s we obtain a (2n#+2)x(2n+2) matrix K'" which 1is obtained by
adding two rows and columns to K'. The eigenvalues ai of K" are such
that

2 2 2 2 2 2 2
A" PSPPI Tt Y Tl S

The above developments permit us to conclude that the system

(36)

natural frequencies tend to decrease monotonically with each additional

degree of freedom. At the same time there is a new frequency added

which is higher than any of the previous ones. Inequalities (35) and
~ (36) have been derived by substracting and adding one term to the series
for u,, i.e. the first of Egs. (26). 1t is obvious that similar in-
equalities will be obtained by subtracting and adding one term to the
series for y, or to the series for ug. Hence, it is possible to assess
the effects en the system natural frequencies of truncating each sub-
structure individually.

It should be peinted out that the existence of an inclusion prin-
ciple for gyroscopic systems is predicated on the existence of a sta-
tionarity principle for such systems.

7. Selection o£ Admissible Functions

The question remains as to how to select the admissible functions.
The first thing that comes to mind is to select them as the eigenfunc-
‘tions of the various substructures. This approach has two drawbacks:
1) the seolution of the substructure eigenvalue problem may not be so
easy to obtain and 2) an eigenvalue problem for the substructure may
not be readily definable because of varjous rotational coordinates
coupling the problem to that for a different substructure. Whereas
substructure eigenfunctions (if they can be defined) would make a suit-

able set of admissible functions, fortunately, there are many other sets
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of functions that can yield equally good results, provided the functions
satisfy certain criteria, as discussed below.

The representation of substructure elastic motion in terms of
admissible functions i1s a process closely related to the Rayleigh-Ritz
method. Hence, it is natural to expect that the criteria for the
selection of admissible functions for the Rayleigh-Ritz problem associated
with a particular single structure should be equally valid here, where
the structure is now a substructure of a larger assembled structure.
Sufficient criteria for each closed domain D are (see Ref. 11):

1. Any finite number of admissible functions must be linearly

independent.

2. The set of admissible functions must be complete in the

energy space HA of the domain D.
3. The set of admissible functions should be strongly minimal
in the energy space HA of the domain D.

The second of these criteria requires that we be able to identify
a set of admissible functions that is complete in the energy space Ha'
To this end, the following statement is useful: TIf A and B are positive

definite operators and the spaces H, and HB contain the same elements,

A

then any set that is complete in H, is complete in H,. Therefore, by

letting B have a simple form for wgich a complete seﬁ is easily found,
we can use that set of admissible functions for the operator A. This
justifies the earlier statement that it is not necessary to use substruc-
ture eigenfunctions. Indeed, for an involved opérator A it should be

possible to find a very simple operator B such that H, and HB contain

A
the same elements and a complete set of admissible functions for H, is

found readily without any of the complexities inherent in working 3ith
the operator A.

The third of the above eriteria requires:explanation. To this end,
we consider an infinite system of admissible functions wl’ wz, s e
in some space H. Then, the system wl, wz, +.. 13 said to be strongly

minimal in H if the smallest eigenvalue of the matrix

. i,j = n :
-is bounded below by a positive number that is independent of n. An
orthonormal system is strongly minimal by definition because the

eigenvalues of R.n are equal te one for all n. Moreover, if operators
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A and B are self-adjoint and positive definite in some Hilbert space B

and every member of HA belongs to H_,, then any set of admissible func-

B
tions in HA which is strongly minimal in HB 1s also strongly minimal in
HA’ Hence, a system that is orthonormal in HB ig strongly minimal in
HA-

8. Discrete Substructures

In the preceding discussion, there was an implicit assumption that
the substructures were continuous. The same approach, however, is valid
for discrete substructures, as the dynamic characteristics are similar
and do not depend on the mathematical model. Clearly, for discrete
substructures no discretization i3 necessary but more often than not
truncation is. For example, some'discrete substructures can be repre-
sented by mathematical models possessing hundreds or even thousands of
degrees of freedom. Yet it is not feasible to work with systems with
such a large number of degrees of freedom and truncation is an absolute
necessity. This can be done by representing the motion of the substruc-
ture by an adequate number of '"modes". Typically, one would derive the
eigenvalue problem for the substructure and attempt a solution, at least
for a limited number of lower modes, and use these to represent the
substructure. Of course, the question remains as to the "boundary
conditions" to be imposed on the substructure. In the case of the
central substructure one can regard it as entirely unrestrained. On the
other hand, the choice of coordinates dictates that the substructure A
be regarded as cantilevered at the origin A of axes X\YpZp-

If the substructure possesses a very large number of degrees of
freedom, then the solution of the eigenvalue problem can become not only
time consuming, but the results inaccurate. Then, the question arises
whether it is possible to aveid a solution of the eigenvalue problem
altogether. In this regard, the authors of this report are trying te
develop tﬁélconcept of "admissible vectors", which are large-dimensional
vectors analogous to the admissible functions discussed earlier. Ques-
tions of definitions and convergence still remain, but the concept is
sufficiently promising to warrant « sustained research effort.

9. Illustrativc Example

Let us consider a specific¢ structure consisting of a central sub-

structure with a four-bladed rotor attached to it via a flexible
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shaft. We shall take the central substructure in the fora of a beam and
assume that the rotor and shaft rotate uniformly relative to the beam
about an axis perpendicular to it (see Fig. 2). The central beam, the
rotor blades, and the shaft are assumed to be one-dimensional members.
The shaft can be considered as substructure A and the entire rotor as
substructure B so that the shaft and rotor can be considered as = type
AB chain of substructures. Moreover, assuming that the rotor has more
than two blades and that the rotor blades are identical, so that the
rotor is symmetric when undeformed, the resulting equatiorns of motion
for the entire structure can be reduced to a set of constant-coefficient
equations representing a gyroscopic system, '

The actual derivation of the system kinetic energy is extremely
involved and will not be presented here. Instead, we shall merely
discuss the qucntities describing the specific substructures which are
needed in the kinematical considerations. A methed for obtaining an
explicit expression for the kinetic energy of the entire structure is
discussed in the following sections. |

First, to describe the motion of the ceﬁtrﬂl beam, let us consider

the set of axes x with the origin C at the mass center of the un-

¥ 2
c’'Cc7C
deformed beam and with the xc axis along the length of the beam. We

to be perpendicular to the beam so as to form

shall take axes Yo and Zs

a triad in which the Zs axis is parallel to the shaft when the structure

is undeformed. The orientation of Xo relative to the Inertizl axes

Y3
0 about Yo» and

X¥2 is deseribed by three rotations: BCl about Xos 909
803 about Zos in that order, so that the matrix TCO of direction cosines
between these axes can be written
[ I ' =
CGCZCBCB ﬁeclseczcﬁcs + c6c13603 ' c8c1sBC2c6C3 + 38015903
1 0
= - SO . L : t : :
TC0 CBC256C3| sBC156C25603 + cBClcec3 FBCISGCZSBCB + 56C1c803
i 1
i - 1
Lsecz : $601%0¢2 | 9182 -
_ (38)
where cGC1 and SGCI denote cos eCl and sin-ecl, respectively, ete.
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Moreover, the radius vector from O to C, Yoc® in terms of components
along axes XYZ is

- by

Yoc = ™oc, Yoc. Voc ! (395
X y z

and the angular velocity of axes X:¥eZe in terms of components along
these axes can be shown to be

®c2®c3 S8 °c
Qe = |-c8.,50.4 cac e (40)
sacz

The position vector of any mass point in the one-dimensional beam is
simply

T
e {xc 0 0} (41)
where X is the position of the point relative to C along the Xa axis
and the elastic displacement of that point measured relative to nyCzG
is
- Y = T
ue = u \xc. £) = {0 vc(xc,t) wc(xc,t)} (42)

Using Eqs. (38)-(42), we can obtain an explicit form of Eq. (1) for the
absolute velocity of a mass point in the central beam. Such an explicit
expression is not presented here for brevity.

Next, let us consider the shaft, which is a type A substructure.
We shall take the shaft to be comnnected to the central beam at point A
a distance r,, from C along the x_. axis when the central beam is unde-

CA C

formed, positive in the -Xe direction, and ccasider the axes XoaYeaZca

with origin at A and axis z along the length of the shaft when it is

CA

undeformed. Assuming that axes x are parallel te axes x

ca¥ca‘ca cYc%c
when the central beam is undeformed, the matrix of direction cosines LGA

between these axes due to geometry alone is the identity matrix. Hence,

substi:uting'Eq.'(AZ) into Eq. (4) and evaluating the result at X =

«~ TCA, we can write the matrix 6f direction cosines LEA LGA between axes

xCAyCAzCA and xcyczc after deformation of the central beam as
LI LI
1 Ve ( rCA,t) Ve { rCA,t)
= - L P K - "
LEA LGA Ve { rCA’t) 1 0 (43)

where primes denote differentiations with respect to x Similarly, we

C'
can write the angular velocity vector B
g ¥ e of axes Xca¥ca%ca relative
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to x:YeZc due to deformation in the form
. L . T
_'_ LI g “

Ba = (0 =9u"(=rp,u0) Vo' (-xp,,0)) (46)
Assuming that in equilibrium the shaft axes XpYaZa rotate relative to
Xoa¥ca%ca with the uniform angular velocity wy about the Zoa axis, and
that there is no oscillation of X,Ya%a relative to xCAyCAzCA’ the
angular velocity of X YaZa relative to Xca¥caZcA is

w, = w,L L L, T, e (45)

~A AAEATGA CO.3

where e, = {0 0 1} and the matrix of direction cosines LA between

XpYaZa and Xea¥caZca is simply
cos wAt sin wAt )

LA = -sin mAt cos mAt 0 (46)
0 0 1

In addition, the position vector of any mass point in the cne-dimensinnal
shaft can be written as

r, = {0 0 ;A}T 7

and the elastic displacement of that point measured relative to axes
XaYpZa has the form .
uy = uulzy,t) = {u,(z2,,8) v,(z,,t) 0} 48)

Using Egs. (38)-(48), we can obtain an explicit form of Eq. (7) for the
absolute velocity of a mass point in the shaft., Again, such an expres-
sion is omitted here for brevity.

Finally, let us consider the entire rotor, whose geometri¢ center

is' connected to the shaft at point B, a distance r, = LS from A along

AB

the zA axis when the shaft is undeformed. Considering a set of axes

*anYan?AB
undeformed, the matrix of direction cosines L

with origin at B and parallel to axes when the shaft is

*a¥a%a
GB between axes XpYp%p and

X0 ARAB due to geometry is the identity matrix. Substituting Eq. (48)
inte Eq. (9), differentiating the result with respect to time, and

evaluating the result at z, = LS yields the angular velocity vector

A
relative to axes X YpZy due to the bending defor-

? of axes xAByABzAB

mation. If, in addition, we allow the one-~dimensional shaft to have

torsioi. 1 deformation, then the angular velocity vector éA has the

B
explici¢ form

B = (-0, LD 8@, da,0) (49)

where primes here denote differentiation with respect to EN and
' ¢(Ls,t) is the shaft torsional displacement at point B. Assuming
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that each rotor blade is cantilevered to the shaft at point B, f.e.,

do not rotate relative to axes XyBYAB%AB’

is zero and the matrix of

that axes x the angular

B'B%B
velocity of XgYpZp A8Y ABZAB

direction cosines LB between these two sets of axes is the identity

relative to x

matrix. Hence, the matrix of direction cosines TBA between axes xBszB

and x,¥,2, can be shown to be

1 ¢(stt) -.uA'(LS’t)
TBA = LEB = —¢(Ls,t) 1 -vA’(Ls,t) (50)
uA'(LS.t) vA‘(LB,t) 1

To describe the position of a mass point in the rotor, we shall
take one undeformed rotor blade to lie along the X axis, another to lie

along the Yp axis, the third to lie along the -x, axis, and the fourth

B
to lie along the “Yg axis. Hence, we consider four one-dimensional

members which are symmetric about the poin* B and have the domains of

extension 0_§_x < LB’ Yg = 0; 0 < ¥g S Llgs Xg < 0; Ly £ xg <0, yg =
0; —LB_i yB.§ 0, Xp = 0. We can write the position of a mass point in

the domains of extension O :_xB < LB’ Yg = 0 and —LB-i xB-i o, Yg < 0

as

r. = {x. 0 0O} (51)

-B B
and the position of a mass point in the domains of extension 0 < Xg =

L 0 and -L, < x; < 0, ¥g = 0 as

g* B~ B
~ T
rg = {0 yg

The elastic deformations of a mass point in each domain of extension

0} (52)

measured relative to axes Xpyp2g can be written as

Upy = Upy (K t) = 10 vy, (kg "31(x3’t)}T’ 0xxp<lyg yp=0

upy = UppUp:®) = {=vpy(ypet) O wBz(yB"‘)}T’ 0<yg<lg %3=0

upz = p3(xpet) = (0 —vgy(xg,t) g3 (e t))Ts Ly < xy < 0, yp =0

Ups = UpsUp®) = {“B%(yn’t) 0 “éa(ys't)}T’ Lg<yp 20, x =0
(53)

where Vi (g t) 0 <1 < LB; i=1, 2, 3, 4 are the elastic displacements
of each member in the xgypz, plane and wy (g,t) 0 <z <Lji i=1,2, 3,
4 are the elastic displacements of each member perpendicular to the

XoYp%p plane. Note that [ represents a local spatial ceordinate for
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each domain of extemsion. Using Eqs. (38)-(53), we can write an ex-
plicit form of Eq. (10} for the absolute velocity of any mass point in
the rotor. As before, the resulting lengthy expression is omitted for
brevity.

Turning our attention to the system potential energy, we note that
pYpZp 304 %4Yp%,
» respectively,

for the particular example under consideration axes x
do not oscillare relative ito axes X n¥AB%AB and Xca¥ea%ca
so that the junction U in Eq. (14) does not appear in the potential
energy. Morecver, assuming that the uniform angular velocity W is
large compared to all other angular velocity components, we can write

Eq. {14) in the explicit form

oo 1 f o 3 ucfxc,t) a2 u c(Xpr € ;s
=72 JL. "¢ 2 2 J%%c

C axc axc

L

Ls ZuA(ZA’t} T Bzu (z. ,t) 3 8 3¢(2A,t) 2
+f ET = = A dz, + &% ¢3 \——r—-1] dz
o A 3 2 5 2 A pi o A BZA A
A A
L 2 T 2
L1 Ef B [EI (a gBi(c.tJ) (3 up (€,t)
2 & B 3;2 352
+ Wy pB(L -z e 3% dg {54)

where EIC, EIA’ and EIB are bending stiffnesses of the central beam, the

shaft, and each rotor blade, respectively, GJA is the torsicnal stiffness

of the shaft, and Py is the mass per unit length of each rotor blade.

It remains to specify the geometric boundary conditions for each substruc-
ture. To this 2nd, we note that the mass center of the undeformed

central beam always coincides with the origin of axes AV oZo SO that

Ue {0,t) = 0. In addition, we shall consider the shaft to be cantilevered

to the central beam so that uy (0,c) = E!ﬂ%%ﬁ;£l1ZA=0 = ¢ and $(0,t) =
Finally, since each rotor blade is cantilevered té the ;haft, we have

dypiflc,t)
(00 = T = O
Equations (42), (48), and (53) give the elastic displacement of a

mass point in each continuous substructure in terms of continuous
functions of rhe spatial position and time. As indicated in Sec. 35,

it is necessary to eliminate the spatial dependence. Te this end,
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let us introduce the specific discretization scheme for the example

structure
0 0 0 0 ncl(t)
Yo = % e = Pea(Re)? b () 0 0 Nea(ti} (35a)
0 0 ¢Cl(xc) ¢c2(xc) ﬁﬂh(t)
{ N
Ya Tt m =} O 0 0a1(Za)  $a2(Z) g (tip (55B)
0 0 0 0 ﬁAa(t)
] 0 0 0 7 ngq (€)
up, = ¢31?B = ¢BlfC) ¢32(L) 0 0 [0} {0] (0] QBZ(F)
~$5,(2) -¢Bz(c) 0 0 ] ng, (t)
uBz = QBZHB = [0] 0 0 ) 0 {0] [0] nBZ(t)
L 0 0 ¢Bl(c) ¢B?_(c) § ﬁBlG(t)
' ]
‘55¢c)
[ 0 0 0 0 ] ngy (¢
ugy = ¢BBTB = o] [0} ~¢Bl(c) —¢Bz(c) 0 0 [0] qu(t)
B 0 0 ¢Bl(;) ¢Bz(;) . ﬁBlﬁ(t)
] ¢Bl(C) ¢Bz(c) 0 0 7 ”Bl(t)
up, = ¢pu0p = | [0 (01 (0] 0 ¢ 0 0 [{ng, ()
L 0 0 ¢, () dp, (T)N[Nigy6(E)
where [07 denctes the 3x4 null matrix. Note that we have taken n., = 4,

n, = 4, and n

A

B

= 16 in Eqs. (54).

sional displacement ¢(zA,t), we write

= Gl(zA)n¢l(t) + Oz(zA)n¢2(t)

¢(zA, t

T
= (0,(z,) 0,(2)}(ny, (£) ny, ()} =

OT

s

c

In w.dition, to discretize the tor-

(56)

so that the entire structure is represented by 6 + 4 + 4 + 2 + 16 = 32

degrees of freedom.

Of course the space dependent functions appearing

in Eqs. (55) must satisfy the geometric boundary conditions mentioned

previously.

23



10. General Concepts for Symbolir Manipulation

The major obstacle encountered in the derivation of explicit equa-
tions of motion is the explicit evaluation of the system kinetic energy.
Indeed, introducing Eqs. (1), (7), and (10} into Eq. (ll), we cbtain

_l_ e T 1T 1 .- .

T = 3 m¥oc Yoo 7 fedcde * 7 n, ugugdme + “’ocTco c
C T T _ NERE 2 1T
YocTco' e T He 53 2 ™a¥ca%ca * 7 Yada%

1 f T Tl To s T Tg o
+ = + -
2/ m, UaY 293 YeaTacta ~ YeaTacta% — Ha%

1 . T 1 _f - T, T-
*’2”“‘B‘l’mz;"’mz.+25.2 378% . de+‘l’ABBAB

= YaBTBATE"S HB9 (57)
where
m. = a dmC » o= (. + 6, )dm
o e
N _ . N - N -
Ye —f .L_lﬂdmc . JC —f (rc + uc) (x:C + uc)dmC (58)
m m
C Cc
i = f g+ i
v o T Y 30
Mo
and similar definitions hold for-mA, My s rA, rB, EA’ Ups JA’ JB’ HA’

and Hy. Upon contemplating the form of Eq. (57), one concludes that
evaluating the system kinetic energy explicitly involves the calculation
of lengthy matrix products. Moreover, these matrix products involve
guantities of different degrees. Generally, higher degrees imply less
significance and, in fact, many higher-degree terms can be ignored.
Specifically, for the linearized problem discussed herein, terms that

are higher than second degree in the generalized ccordinates and general-
ized velocities are ignored. The complexity associated with the algebraic
multiplication' of many matrices and the high probability of human error
in performing many such multiplications by hand makes it highly desir-

able to computerize these algebraic operations. A procedure whereby the
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required algebraic operations can be implemented on a computer 1is
outlined in this section. )

Let us first point out that obtaining Egs. (30) in expiicit form is
tantamount to determining the coefficient matrices M, FT—F, and KV~KT
which in turn are determined by specific knowledge of the matrices M, F,
KT* and KV. The matrices M, F. and KT can be obtained for a given
structure by evaluating Eq. (57) explicitly in terms of the discretized
coordinates, expanding the result in a Taylor series about the equil-
ibrium configuration, applying a coordinate transformation to eliminate
explicit time dependence, and then simply identifying the matrix ele-
ments as the coefficients of the various products of generalized co-
ordinates and generalized velocities. Of course, the matrix Kv is
specified for a given structiire because it is assembled from the sub-
structure stiffnesses.

The idras used in implementing the required algebraic manipulation
on a computer are best introduced via an explicit ekxample. Lat us con-
sider the product

“ T T
0.5 mywoeTog [T

co¥oc = Tea * Ucad¥c + Yeal (59)

, L. 1l .- 1I-
which appears in the expansion of 2 mAYCAYCA’ where the latter was en
countered in Eq. (57). The explicit calculation of this product is done

in two steps. First, the resulting matrix expression is obtained by

considering the vectors Yog? ?C and Ues and the matrices TCO’ Tea and
ﬁCA symbolically, and then, knowing the elements of each matrix or

vector explicitly for a specific structure, the matrix expression
previously obtained is evaluated in terms of the explicit matrix ele-~
ments. By separating the calculation into two steps, it 1s possible to
ignore certain matrix preducts based on the minimum degree associated
with each matrix in the product without having to evaluate the matrix
product itself explicitly. In addition, sometimes the result of
evaluating a matrix product is known aprieri. In this case, each
occurrence of the matrix product in a matrix expressicn can be recog-

nized immediately and the suitable substitution made. Hence, sinmpli-

. fication of the matrix expression is possible before it is evaluated

explicitly, ultimately reducing the computatien time required to obtain
the explicit result.
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For the moment, let us consider only those developments necessary
for obtaining the matrix result. To calculate thig product on the
computer, we shall associate numbers with the different groups of
characters that represent quantities to be manipulated algebraically,
i.e., m, s %OC’ 9C' éCA’ TCO’ fCA’ and ﬁCA' These groups of characters
constitute what will be referred to as symbols. Note that some symbols

such as m, are scalar symbols and others such as wOC’ TCO’ etc., are

matrix symbols. The association of numbers with symbols allows us to

substitute manipulation of numbers ‘or manipulation of symbols and is

accompiished by the formation of a scalar symbol table and a matrix

symbel table, Tables I and II. The scalar symbel table contains two

entries per line. These entries give the character representation of a
matrix symbol, the weight assigned to the matrix symbol, the dimensions
N and M of the N¥M matrix symbol, and a pointer which locates the alge-
braic representations of the individual matrix elements. This £ifth
column of the matrix symbol table containing the pointers will be dis-
cussed later, The weight of a scalar (matrix) symbol is determined by
the analyst according to his knowledge of the scalar {(matrix) symbol's
hagnitude or his desire to retain the symbol in the equations of ﬁotion.
A high numerical value of the weight implies a less significant symbol.
Note that here we assigned to the scalar m, a weight of zero, to the 3x1

A

matrices w QC’ and u., a weight of unity, and te the 3x3 matrices

.oc?

Togr Tepr and gy

number associated with a particular scalar or matrix symbol is the line

CA
weights of zero, 2zero, and unity, respectively. The

number in the scalar or matrix symbol table. In this case, one is

associated with m, 51 with Yoe?

line in the matrix symbol table is numbered consecutively after the last

52 with ﬂc, etc. Note that the first

line in the scalar symbol table.

Examining Eq. (59), we see that it is necessary to form algebraic

products of symbols, for example 0.5 mAéochg. Te this end, we define

terms. A term consists of a signed numerical coefficient, a pattern

consisting of the numbers assocjated with each symbol in the product,
and a weight representing the sum of the weights of each individual
symbol appearing in the term. Note that the order of occurrznece in a
pattetrn of scalar symbals is arbitrary while the order of occurrence of
matrix symbols must be preserved. Moreover, it is necessary to dis-

tinguish the tranpose of a matrix symbol from the watrix symbol itself.
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This 1s accomplished by inserting in the pattern at the appropriate
place the negative of the number associated with the particular matrix
symbol. In view of the number-symbol associations and the weights
of Tables I and II, we represent 0.5 mAéochg as a term having a coef-
ficient of 0.5, a patterp nf 1, -51, -54 and a weight of 1. All terms,
i.e. all coefficients, weights and patterns are stored in numbered
storage stacks. The coefficient and weight of any term are always

single numbers and are stored side~by-side in the coefficients and

weights free storage stack, exhibited in the form of Table III. On the

other hand, the pattern of a term may differ from the pattern of other
terms and must be able to represent the product of any number of sym—
bols. Because of the different lengths of different patterns, all
patterns are stored in the separate patterns free storage stack, labeled
as Table IV. Note that the coefficient and weight of 0.5 mAéochg are
stored in line 3 of Table III and the pattern is stored in lines 5, 6

and 7 of Table IV.

It is also necessary to form algebraic sums of terms, such as
TCO?OC_rCA?C"uCA90+ECA’ which we shall call series. We consider first

only matrix series. Each matri% series is given a distinct series name.

As examples, we shall call the matrix series consisting of the single

term 0.5 mAéOgTCg by the name X, the matrix series TCO%OC*iCAgc—aCA¥C+ECA
by the name Y, and the matrix series resulting from the product of X and

Y by the name Z. A matrix series is described by a2 sequence of terms

with coefficients and weights stored sequentially in the coefficients

and weights free sterage stack and with patterns stored sequentially in

the patterns free storage stack. The summation of terms in the sequence

is understcod. Hence, the matrix series Y is described by the coefficients
and weights stored in lines 5, 6, 7 and 8 of Table TIII and the patterns
stored in lines 11~12, 14-15, 17-18 and 20 of Table IV. Teo distinguish

sequences of terms forming matrix series, each matrix series is assigned

a line in the matrix series definition rable, Table V. Each line of

this table contains seven entries giving: (1) the matrix series name,
{2) the line number of the coefficient and weight in the coefficients
and weights 'ree storage stack of the first term in the matrix series,
(3)-the number of terms in the matrix series, (4) the line number of the

beginning of the pattern in the patterns free storage stack of the first
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term in the matrix series, (5) and (6) the dimensions N and M of the NxM
matrix series, and (7) a pointer which locates the algebraic representa-
tions of the individual matrix elements which would result if the matrix
series were to be expanded explicitly. The seventh column in the

matrix series definition table containing the pointers will be discussed
later. Assigning line 3 in the matrix series defirition table to the
matrix series Y, the third line of Table V contains the entries 5 and 11
giving the storage locations of the matrix series, the entry 4 indicating
that there are four terms in the series, and the entries 3 and 1 indicat-
ing that evaluation of the matrix series results in a three by one
matrix.

Let us now consider the multiplicatioun of two matrix series,
namely, the multiplication of Y by X, which can be performed term by
term. The product of two terms yields a new term. If the total weight
of the new term, given by adding up the weights of the two terms in the
prodﬁct, is gfeater than a specified value, for example 2, then the new
term is deleted. Qtherwise, the coefficient of the new term is the
product of coefficients and the pattern of the new term is the conca-
tenation of the patterns of the two terms in the product, where the
concatenation preserves the order of occurrence of matrix symbols.
Multiplying the four terms in Y by the single term in X, the first two
resulting new terms each has a total weight of 2, the third new term has
a toetal weight of 3 and is deleted, and the fourth new term has a total
weight of 2. The first new term has a coefficient of 0.5 and a pattern
of 1, -51, -54, 54, 51. The second new term has a coefficient of -0.5
and a pattern of 1, =51, -54, 55, 52. The third new term is deleted and
the fourth new term has a coefficient of 0.5 and a pattern of 1, -51, -
54, 53, Assigning line 6 of Table V to the matrix series Z, the result-
ing three terms retained in the product of Y by X are stored according
to the information in line 6 of Table V.

Turning our attention te the additienal developments necessary for
evaluating the matrix series obtained above explicitly fin terms of the
algebraic representatinns of the individual matrix elements)} and for
storing the result, let us consider only the last term in the matrix

series Z, namely
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-T Tn
0.5 mwocTcolca (60

and discuss a matrix series Z1 formed from this single term and stored
according to the information in line 7 of Table V. To evaluate Z1, Eq.
(60), explicitly, the 3x1 matrices GOC and u,, and the 3x3 matrix T

-CA co
must be known explicitly. To this end, we shall use
L] ?ch - L] 0 L] 1 .
Yoc = JMocyl * Yca = Pearer*fcazicaf c Teo T |0 Lt O (61
"ocz *ca1"catPeaz"cs 0

where the elements of these three matrix symbols represent scalar
series and d¢u1u $cazr Neys Mopr Mo3e Mesr Yooy éOCy and W, are
scalar symbols with weilghts as defined in lines 2-10 of Table I.

Sr:alar series are algebraie sums of terms with the pattern of each term
containing only scalar symbols. Like matrix series, a scalar series is
also described by a sequence of terms with coefficients and weights
stored sequéntially in the coefficients and weights free storage stack
and with patterns stored sequentially in the patterns free storage
stack. Again, the summation of terms in the sequence is understood. To
distinguish sequences of terms forming scalar series, each scalar series

is assigned a line in the scalar series definition table, Table VI.

Each line of this table contains three entries giving the line number of
the coefficient and weight in the coefficients and weights free storage
stack of the first term in the scalar series, the number of terms in the
series, and the line number of the beginning of the pattern in the
patterns free storage stack of the first term in the scalar series.

Note that no series name is associated with a scalar series, This is
because scalar series are always algebraic representations of particular
matrix elements and, as such, they are directly associated with either a
matrix symbol or a matrix series which already has a series name.

Considering the 3x1 matrix symbol ﬁo and its explicit definition given

C
in Eq. (61), the scalar series representing the (1, 1), (2, 1) and (3,

1) matrix elements are stored according to the information found in
lines 1, 2 and 3 of the scalar series definition table. Moreover, the
association between these three lines in Table VI and the matrix symbol

Yoc

the (1, 1) matrix element, in column 5 of line 51 of the matrix symbol

table, Table II.

is accomplished by entering 1, giving the location in Table VI of
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If the matrix symbol in question has more than one column, then the
informatfon defining the scalar series representations of the matrix
elements is stored in column-order in Table VI, i.e., one column after
another. For example, the scalar series representing the (1, 1), (2,
1)y, (3, 1), (1, 2), (2, 2), (3, 2), (1, 3), (2, 3) and (3, 3) matrix
elements of the 3x3 matrix symbol TCO are stored according to the infor-
mation found in lines 4, 5, 6, 7, 8, 9, 10, 11 and 12, respectively, of
Table VI. Note the 4 appearing in column 5, line 54, of Table II which

locates the {1, 1) matrix element of TCO'

Now that the elements of the matrices YOC’ Ucp

series defined explicitly and asscciated with the appropriate matrix

and TCO are scalar

symbols through celumn five of the matrix symbol table, the explicit
evaluation ef the matrix series Z1 can be performed according to the
usual rules governing matrix multiplication. The evaluation requires
simply the multiplication and addition of scalar series. The multipli-
cation of scalar series is exactly analogous to the multiplication of
matrix series discussed earlier and is performed term by term, where _
again any new terms with a total weight greater than 2 are deleted. The
result of the explicit evaluation of Z1 is a scalar series representing
the {1, 1) element of the tesulting 1x1 matrix. This scalar series is
stored according to the information found In line 16 of the scalar
series definition table and is associated with the matrix series Z1 by
entering 16 in celumn 7, line 7, of Table V,

1ll. The Computer Program

The ideas ocutlined in the preceeding section are appealing because
of thelr simplicity and can be programmed easily in FORTRAN. Indeed, a
FORTRAN computer program implementing these ideas has been written.
The program is organized into subroutines, with each subroutine per-
forming a different operatien required in producing the matrices M, F
and KT explicitly (such as multiplication of matrix series, multiplica=
tion and addition of scalar series, etc.). However, in order to produce
these matrices explicitly for a given structure, it is necessary to for-
mulate an algorithm which executes the appropriate subroutine at the
appropriate time. It is expected that the algorithm will be slightly
different for each specific structure. In order to facilitate the

analyst's job in formulating and changing the algoerithm for a structure,

a simple interpreter has also been written (in FORTRAN). The interpreter
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accepts as input any of a set of twelve simple instructions and,
depending on the instruction, causes a particular subroutine or compli-
cated sequence of subroutines to be executed. Two of the twelve in-
structions are used to declare a group of characters to be either a
scalar symbol with a weight or a matrix symbol with a weight and dimen-
sions. Four instructions are used to input and output either a matrix
series or the scalar series which define a matrix symbol or matrix
series explicitly. One instruction is used to set the maximum weight
for retaining terms. Ancther instruction is used to substitute a
matrix series for every occurrence of a particular matrix symbol in
another matrix series. Still another instruction is used to cause a
matrix series to be evaluated in terms of the explicit matrix elements
for each matrix symbol. Two instructions are used to define the vector
of generalized coordinates and the vector of generalized velocities in
terms of the individual scalar symbols representing each generalized
coordinate and generalized velocity. And finally, cone instruction is
used to generate the coefficient matrices M, F and KT from the scalar
series representing the system kinetic energy in explicit form.

12. Example Application

Let us counsider the specific structure discussed in Sec. 9 con-
sisting of a central beam with a four~bladed rotor attached to it via a
flexible shaft. The specific quantities needed in the kinematical
procedure for this structure are presented in Sec. 9. 1In ﬁhis section,
nowever, for brevity of presentation, we shall represent each continuous
coordinate by only one degree of freedom. This is tantamount to sub-
stituting ¢.,(x.)=¢,,(2,)=$5,(E)=0 in Eqs. (55) and ©,(z,)=0 in Eq.

(55). Hence, the entire structure is represented by 6+2+2+1+8=19 degrees
of freedom and the 19-dimensional configuration vector is given by

B

4= Wigeyr Yocy® Yocz® c1’ Pc2 %c3’ Mc1’ Mesr Mar’ Mas’ M1

n n n n n n n n 3 (62)
B1* 'B3* 'B5* 'B7’ B9* "'B11i* 'B13* 'B15

To derive explicit equations for small motions about equilibrium, the

developments of Sec. 8 are used te calculate the mass integrals, Eqs.

{58). These integrals are presented for each substructure in Appendix

A. Using the computer pregram and these mass integrals in cenjunctioﬁ

with the kinematical relatienships given in See. B, the system kinetic

energy, Eq. (57), has been evaluated explicitly and found to depend on
31
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time. In order to eliminate the explicit time dependence, we substitute

the coordinate transformations

nAl = nAlcosw t + nAasinm t
{63a)
“AB = - nAlsinw t + nA3cosm t
= nk —~ pk * *
Ng1 = MB1 " MB5 t NEgCoswst + nfjqsinu,r
= nk_ -~ nk
nB3 nB3 nB? Bllcosm t + nBlSSinm t
= n% * -
nB5 nBl + "BS BgsinmAt +-nB13Cst t
= * * - *
g7 n3q + g7 nBllsinw t + nBlscosmAt {63b)
= nk - pk_ ~ pX - n*
Ngg = M1 ~ N5 ~ MgCoSwat = Njp3Sinu,t

= * - * — * - *
Np11 = M83 ~ MB7 ~ MB11©0sw,t — nppgsine,t

- n*
+ n* 5 BQSan t nB13coswAt

"g13 = "1

sinw,t cosm t

Np1s = MR3 ¥ NE7 + 0f115ine,t - nEys
into the wass integrals of Appendix A. The resulting mass integrals are
presented in Appendix B. Note that Eqs. (63b) represent a transfor-
mation to multiblade coordinates (see Ref. 5). The computer program is
now used to evaluate the system kinetic energy explicitly in terms of
the transformed coordinates and then to identify the coeffieient matrices
M, F and KT' The constant matrices M, F and KT along with the constant
matrix K, obtained from Eq. (54) by considering Eqs. (55) and (56) in
conjunction with Eqs. (63) are presented element by element in Appendix
c.

To obtain Eg. (30) frem the matrices M, F, KT and KV found in
Appendix C, it remains to consider the elimination of ignorable coor—
dinates as discussed in Sec. 4. For the particular structure under cen-

sideration, the vector WOC and the reotatienal coordinate 6C3 are ignorable
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coordinates. Regarding the conservation of the generalized momenta
associated with these coordinates as constraints on the system, we can
use thesa constraints to eliminate ¥oc and Bc3 from the formulation and,
as a result, obtain the equatons of motion for the system in the form of
Eq. (30). The constraint equations in question are presented in Appen-
dix D.

13. Concluding Remarks

The purpose of this investigation is to develop a general approach
to the dynamie synthesis of substructures consisting of an assemblage of
point-connected flexible substructures. At least one of the substruc-
tures undergoes uniform rotation in the equilibriuvm state, so that the
system is pyroscopic. The mathematical model is intended to permit the
determination of the modal characteristics of helicopters.

The approach is based on the substructure synthesis concept, where-
by the elastic motion of a fléxible substructure is represented by a
sultable set of "modes”., These modes need not represent natural modes
of the substtﬁctures (corresponding to given boundary conditions) but
can consist of a set of so-called admissible functions. A stationarity
principle and an ensuing inclusion principle for gyroscopic systems |
permit the assesgment of the effect of truncating the set of admissible
functions on the system natural frequencies. Some rational eriteria for
the selection of the admissible functions are provided.

The method is applied to a simplified model of a helicopter, con-
sisting of a beam simulating the airframe, a transmission shaft, and
four elastic blades simulating the roter. Use of the method of multi-
blade coordinates permits the reduction of the system of equations with
periodic coefficients to one with constant coefficients, where the
latter is of gyroscoepic type. '

The enormous amount of algebraic operations invelved in the deriva-
tion of the coefficient matrices makes automation a virtual necessity.
To this end, a program for éymbolic manipulation on a digital .computer
has been developed. The program has been used to derive the coefficient
matrices for the specific example considered.

This investigation represents a first step toward a rational ap-

proach to a problem of extreme complexity. Many aspects of the problem
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still require answers, One of these problems is the concept of admis-
sible vectors. This would permit the representation of discrete substruc-
tures by a set of vectors which do not necessarily represent natural
modes of the substructure, Another problem requiring attention is that
of multipoint connections for flexible gyroscopic systems. Although

this problem may not appear to be so critical in a helicopter, the
capabiliry of simulating fixed wings should be beneficial,

14. References

1. Hurty, W. C., "Dynamic Analysis of Structural Systems Using Com-
ponent Modes'", AIAA Jourmal, Vol. 3, No. 4, 1965, pp. 678-685.

2. Benfield, W. A. and Hruda, R. F., "Vibration Analysis of Structures
by Component Mode Substitution', ATAA Jourpal, Vol. 9, Ne. 7, 1971,
pp. 1255-1261.

3. Meirovitch, L. and Hale, A. L., "A Rayleigh-Ritz Approach to the
Synthesis of Large Gyroscopic Structures”. To appear in Journal de
Mécanique Appliquée.

4. Meirovitch, L., Methods of Analytical Dynamics, McGraw-Hill Book
Co., New York, 1970,

5. Hohenemser, K, H. and Yin, S. K., "Some Applications of the Method
of Multiblade Coordinates", Journal of the American Helicoptex
Society, Vol. 17, 1972, pp. 3-12.

6. Hodges, D. H. and Dowell, E. H., "Nonlinear Equaticns of Motion for
the Elastic Bending and Torsion of Twisted Nonuniform Blades', NASA
TN D-7818, December 1974.

7. Meirovitch, L., Analytical Metheds in Vibrations, The Macmillan
Co., New York, 1967.

8. Meirevitch, L., "A New Method of Solution of the Eigenvalue Problem
for Gyroscopic Systems', AIAA Journal, Vol. 12, No. 10, 1974, pp.
1337=1342,

9. Heirovitch, L., "A Modal Analysis for the Response of Linear Gyro-
scopic Systems", Juurnal of Applied Mechanlcs, Vol. 42, Nlo. 2,
1975, pp. 446-450.

10. Meirovitch, 1. y 'A Stationarity Principle for the Eigenvalue Pro
blem for Rotating Structureg", AIAA Journal, Vol. 14, No. 10, 1976,
pp. 1387-1394.

11. Mikhlin, S. G. and Smolitskily, K. L., Approximate Methods for Solu-
tion of Differential and Integral Equations, American Elsevier, New
York, 1967.

34



st

W
ey

T

S
s
¥ LR

)i

e

ALITIVAD ¥004
81 dHvd TVh

SUBSTRUCTURE A SUBSTRUCTURE B —\ 25

Zn Us s
s
! \/b
La Xg <y, CHAIN AB
Ua SUBSTRUCTURE A —vih Yo
Lagtd
La \ Ya ~R LA':"A
A foa+Uc A
gc ~CAT2CA % YA
A
Xa ZC
Lea t4ca |
e
- Ye
‘g c
Xc
Z] _

~0¢ CENTRAL \
SUBSTRUCTURE C ~

FIGURE |. THE MATHEMATICAL MODEL



Qs
22 | [g BLADE 2
' Wa(yg)
. ' u
BLADE | - Yo 2l
W|(X5) X ‘Q’A
8 Ual(Z
g Vitxal "y (2 alZa)
Q SHAFT
ze préc N CENTRAL BEAM
- Ve(Xe) | Xeca !
Xc ¢ v
A
7 1 WelXe) Tea XA
Yea  Vol(=Xca) “WelXca)
Woc Ye
Y

X FIGURE 2. EXAMPLE STRUCTURE



Symbol  Weight
1 my 0
2
¢CA1 0
3 ¢CA2 0
! L ]
b nCl 1
31 Agy 1
6 nC3 1
: -
1
7 ey 1
Poe
8 i hOCX 1
;l .
9 . wOCy 1
10 ; wOCz 1
} .
11 | -- -
12 - —
7 /4
i
50 | - --

Table I - Sealar Symwhol Table

51

52

53

54

55

36

37

100

QRIOINAL PAGE I8
OF POOR QUALIFY

Symbol Weight N M  ISSDT
Yoo 1 3 1 1

QC 1 3 ] -
Yoa 1 3 1 13
TCO 0 3 3 4
Toa 0 3 3 -
Uy 1 3 3 -

7
Table II - Matrix Symbol Table
37
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Coefficient Weight
of term of term

1| o.0 0 18]1.0 0
2} - — 19| -- —
3| 0.5 1 201.0 1
o - - 21(1.0 1
s{ 1.0 1 22(1.0 B
6] -1.0 1 23(1.0 1
7| ~1.0 2 24| - -
8| 1.0 1 25| - !
9| -= - 260.5 2
10| 0.5 2 2710,5 2
111 0.5 2 280.5 2
12 0.5 {2 2910.5 2
13! 0.5 2 30] - —
14| - - 31| —- -
15[ 1.0 1 32| - -
16 1.0 | 1 Z 4
17| 1.0 1 1000 -~ -

Table III - Coefficients and Welghts Free Storage Stack
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1 [ 32766 21 [ 32766 41 [ 32766 61
2 { 32767 22 | 32767 42 | 32767 62
3| - 23 | -- 43 | - 63
4| -- 2 | - w| 8 64
5 1 25 1 45 | 32766 65
6 -51 26 -51 46 | 32767 66
7 -54 27 ~54 47 9 67
8 | 32766 28 54 48 | 32766 68
9 | 32767 29 51 49 | 32767 69
10| -- 30 | 32766 50 10 70
11 54 31 1 51 | 32766 71
12 51 32 -51 52 | 32767 72
13 | 32766 33 -54 53 2 73
14 55 34 55 54 4 74
15 52 35 52 55 | 32766| 75
16 | 32766 36 | 32766 56 3 76
17 56 37 1 571 5 77
18 52 38 ~51 58 | 32766 78
19 | 32766 39 | -54 59 32767 79
20 53 40 53 60 | 2| 80

32766 denotes the end of a term

32767 denoted the end of a series

Table VI - Pattern Free Storage Stack

39

32766

32766

32767

81 6
82 10
83 | 32766
84 1
85 3
86 7
87 10
88 | 32766
89 | 32767
%0 1
91 | -51
92 | -54
93 53
9 | 32766
95 | 32767
4 z
5000 | --




Series Loc.of No.of Loc.of

VLY

Name Coeffs. Terms Patterns N M ISSDT
Y 5 4 11 3 1 -
X 3 1 5 1 3 -
2 11 3 25 1 1 -
zZ1 10 1 90 1 1 16
'r 1

Table V - Matrix Series Definition Table

Loc.of No.of Loc.of
Coeffs. Terms Patterns

15 1 b4 10 1 1 L

16 1 47 11 1 |1 | 1

17 1 50 12 18 11 1

18 1 1 13 1 b1 |1

1 |1 | 1 1) 20 | 2 53

1 1 1 1) 22 [ 2 60

1 1 1 16 26 | 4 69

18 |1 1 2 - £
1 | 1 w0 - | - T

Tabie V1 ~ Scalar Series Definition Table
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Aggendix A

i. The mass integrals for substructure C

2 2 - -
Pc11c1 * "ex) “xa1tar ~$xc1"c3
- - 2 -
Ie =1"%xc1™c1 Be ¥ ¢c11%3 ~*cii’ca’cs
- - - 2
L4, 01 ~$c11™c1"c3 Bo+ 9013
- -2 . 02
My = 9011 (Mg + Ngy)
0
Ye =Y %c1c1
®c1"c3
_ 0 “tcies fci"ax
e = { %13 0
L=Pe1 M1 0
;= . - . :
%¢11(c1"c3 ~ Meatcr?
B =) %c1"c3

‘ ~?xc1c1

where we have used the definitions

- - 2 - _
%c11 = ./;C".clc"c)dmc » %yc1 '_[n'c Eoboy (Fgddme

. 2.
1 ‘.[nc b (xgddm . B _'/n:c Xo dmg

1i. The mass integrals for substructure A

, - 2 - _
By ¥ %11Ms ~fani™aiM™s “%aa1an

e - - 2 '-—. )
AT | %aziM™a1Mas B 2411741 ~%za1"a3

) _ 2
=¢,a1Ma1 $,a1M3

- 2
211 (Ma1%Ma3)
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- 02 -2
M, = ¢A11(nA1 + 1,,) (A8B)
r; r.l
) A1"A1
Ua =) %a1"an (A9)
| 0
-0 -inL ?
_ 2 "A"s A1"A3
= | .
r, =3 mlg 0 341" (A10)
L-%a1"a3 %a1fa1 0
¢zA1nA3
B =Y %2a1"a1 (all)
9411 (Ma3Ma1 ™ Ma1a3’
where we have used the definitions
- _ 2 - _
a1 ‘./;A bar(zaddmy 5 da 'fA Zp0p1¢24)9my
(a12)
- 2 .
a1 “A 9pq (2yidm, 5 By './:; Z,\dm,
A A
iii. The mass integrals for substructure B
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- ]
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- - . 2 b 2 .2 2 «2 . 2 . 2 . 2
My = @p13 (Mgy tpytnps ¥y pg*ng; ) +0g; 3405 5) (A14)
_ {*mtpstrg;a)
U = %81 (%81 o (A15)

¢5; (Ng3*ng7 051145157

- - g -4 (-
0 51 ("g3*ngy#Npy17Mp15)  ~4py (FNgytngg)
tp = | 951 (p3*g745111 81 5) 0 ~0p1 (npstigyglf (A16)
L 9py (- ingg) 951 (~Nps5+Ng;3) 0
r- - [ ] - > - - . [ ] L] - L ] L ]
_ F®e11 8137 "83"B1 80 s11 11 89 * 21 ¢ "p7*Mp1s)
Hy =‘l“’1311("135"13.7"‘137“ns‘“1513“1315""‘1;15“313) + 4,51 (g3 p;7) (a17)
81 "g1" "85 " "mg "g13’
where we have used the definitions
) ‘B, } j.'s
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Appendix B s
i. The mass Integrals for substructure A ¥

- *2 2 *2 2
BAMAll(nAls wAt+nA3c w,t= 2"A1"A3$mA cu,t)
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- * §
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'
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- 2 %2k k2 2 |
—¢A11[sw tcw t(nAl-nA3)+nAlnA3(s wyt=c"w t)]‘

*2 2 *2 2 1
B +¢A11(“A1° w t+r|A33 w t+2nA1nA35m tew t) \

¢zA1(“A15”At’“A3““At)
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- . + 20. G X ok % (52)
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(3. Ih o + + £)]
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\ 0
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YA T |2 m,Lg e Al(nAlcw t+nA3su_\t,
- * * - * + * 0
101 (Mg S0AEMa3C0R) g (Mg g EHN 356, 6)
(B&)
- ok ok * +'*
¢zA1['“AlS“A“+”Asc“At‘“A(”Alcwat nASSwAt)]
- - oK
Hy 799,010 00,t I (“Al at “A3“” t)] (B5)

X ok %k ok
$a11MA3 A1 141743 “A(“A1+“A3)]

where EAll’ cbzAl’ $Al and BA were defined in Appendix A.
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ii. The mass integrals for substructure B
The elements of JB are:
%2 k2 %2 2 %2 %2 2 *2
= 2B_+
Jg13 = 2B 2¢311[“31+2“33*“35+2“B7+“39° wpttng; 1 HNgyaf WatHgyg
2“31“35+2“39“313 wptew,t]
4— *
Jg12 = 4,51785
3 25 (n. rin Y23 [~ an * ooy
T813 9,81 "p115¥AT 1580 L) +205 [-ngqnggsu, tng g, sou,t
37“39 A°+“B7“313°“At “31“311 wpt™ “35“3115“At+“31“315°”A
35“315°“ t]
J = 4% *
B21 = “®281"5
~ x2 %2 x2 2 %2 %2 2 *2 "
Jpap = 2B +2"’311[”31+2“B3+“Bs+2"37+“39s wptHNpy Mg 3¢ @ t+”315*2”31 B5
2 *
- “B9“Bl3su’ t cw t]
_ 2.‘- * 2 { % + * *
Ja3 = 26,51 (Ng1150,t- n315cht)+ %811 ”Ba B9°m t- ”33“5133"’At YA TR
B? 3135“ t= “Bl“Bll““At+“35“311°”A“ ‘Bl”Blss“AF+“35“315 tl
2- * * 2— * * + % * %* *
Jp3p = 28,51 (ngy1C0pttng, g8w,t)+205, ) [~Nganggsu,tinggng, sow, t=n g npgsw,t
*® * + * *
+”37“313 = ”Bl 3115” t-NpsMpy15Wa T Ng1p15¢ “At+“35”315°” tl
9 * * *
Jg3a = zBl(nBllsmAt ”315°“ ©)+26y,, [- “B3“B9°“At “33“3135”At+“37”39°“At
* Lk -+ t+ t]
p7Me135WA" “31 311°”At nBS”Bllcht “31“315 “35“3155“
B - *2 x2 %2
¥p33 = 4BB+2¢’311(2"31+2“35 89*p13’

(86)
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0*2 0*2 %2 -*2 sk *2 *2

#2042
My = 2¢311{2“31 2N 3+2g 2Ny P )t g s A(“BQ 8111813 “315)

ok Kk ok ok * ok *

420, (ggNg 13~ Ng1 30561 1 "g15~p15M11) ) (87)
2% [ﬁ* s t-ﬁ* cw, ttw (n cw t+n t)]
} 811 "89%A" 813 A%"B9A 313
93 = ¢ 2¢Bl[n89cmAt+nBl3swAt+m (- ntswAt+n813cw t)] (B8)
\ 435173
- 0 ~48. n* 2¢ (n cw, t+n su t)
) 81"83 BL'"89 BL3
By = | 4hng, 0 235, (-nggsu,tins cu )| (B9)
~'2$nl(“;9 A"+“313Sm ©) 2"’131(“13.95“’ e n313 wpt) 0

The components of the vector HB are:

-

Hy, = 28,5, (50, t(nBll A 315) e “(“315 A"Bll)]+2¢31"{°“ t[“Bl n11
o R * ok * +-* * % X l* + %k * ok *
~"g11781 "33 89" B9 B3 "B5 B11Y 311”35 N57789 789" 7

* k% * % * % % *

Hw (“33”313 517815 "87"B13" "85 1B15) 15U, t{“BlnBls Ng15"B1

ok x +¢* * ok * * '* +* l*
“"3"813 "B13"83 M85 B15 " BlS "g5t 577813 813 37 A(nBlnBll

- % % X% % * %

"33"R9"p7"B9 "B 11’ 1}

- - o R * R * - «k *
Hpy = 26,5 [80,t(ng) gm0 npyy Hew, e gy g ng, ) 1+285) j {ew,tlng ng o

ok . * a Rk X * +-* * o* * a %k .* *
~Mp15781 B3 Bl3+“313“33 Ng57815" 815" 85 ”37“313 813"B7

* % * * 'k * % -* *

Ho (”31“311 B389 "87"B “35”311)]+S“ tl- ”31 211811 81

% * ok * sk * ok * =k * o % %* + ( * x
~Ngg"g3* 83 89~ "85 3111 "811 "85 "7 89 B9 87 WA "R 3 R13

* * * * * * }
+ng1815 "g7"p13" "B5 8157 ]
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- - X 3
Hpa = 46,51

where $,., 3231. 331 and By were defined in Appendix A.

47

(B19)



Appendix C

Throughout this appendix any element of a matrix which is not

specified is equal to zero.

il

11

15

=

44
35
55
66

= 2 =R =

46
77

S 4

67

Mu7

Moy

Hgg

58

M8

Mg

Mag

Msg

Mg 1

Mio,10 T

My 10

M

The matrix M

6,10

The elements Mrg (r,8 = 1,2,...,19) of M have the following values:

M22=M33=mc+m +lunB

Mgy = My = Myp = 2 myLg + 4myLg

; Z
BA + deLS + ZBB

M., = -M, = -M

59 he = Mgy = WaXpa t 4TpXc,

2 2 2
BC + M Xy + BA + AmB(:..CA + Ls) + ZBB

2 2
BC + myXeoa + InanCA + ffoBB

1
Meg = (G my + 4“3)XCA 5

- 2
%c11 * (mA + “mn)¢01a + 4oy ,By

1§ 3 -' '
Mpp = dyc1 ~(my + 4mpdxe by, + 4001488
R Y
Myy = =G my + 4mp)0py \Lg
Mg = Mag = Mgy = 'c + (my + dmgddig,

- 2
¢Cll + (m + Z‘mBMClA + (B + lnnBL + 2B )¢C1A

- _ . - . Y
* Mgg = —byoq + (my + 4npdxp 000, = (B, + 4mBLS + 2By)dey,

_ 1 '
Mgy = = G my + dmpldey Lo
hry 2 |2
0a11 F dmpbayp * 2Bplaiy

= —(d T '
Mog = =(b,4q + 4mglgd,yp + 2Bgos1 00001

Moo = =M, 30 =~ M0,4 = %a1 * “gls?ars * 2Bplars

Mg =M

2,10 - M0,2 T ¢A1 + dmgdarn
N 4mB¢A18 + 2¢A15 B
Mg 7 = 9y * 4mgdu1pdocia

Mg = ~(mpbyy *+ dmpdyqpdxe,
)

Mi1,10 = “Ca1sBs

M

7,11

pu . ]
= Myy 5 = 49014% 1888
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Mo, 11 = M11,6

Mi212 * M313
My 12" M2,

6,12 ~ M12,6
M

=
I

8,13 = 13,8

M5 13 = M3 5 =

M = M =

Mi6,16 = Y17,17

%0,16 = Mis,10

My 16 = Me,7 =
M3, 17 = Mi7,8 "
Mg,17 = M7,9 ®
Mg,18 = Mg,8 =
Me,16 = M16,6 = "
Mo16 = Mig,4 T
My,16 = Mg,2 7
M517 " My7,5 =

=4

Sa1858

= Miy,14 = M55 = Yy
a¢%lA$zBl

43zBl

4001a%51

bxcabp

49y,

= Mig,18 = Mig,19 * 2931y
=My g5 = Mg o= 20,50
2001a%81

2¢61A$zBl

10,19 = M9,10 = = Za18%.m1
29¢1a5%81

2x0p%51

M g = Mig,s = = 2Lghy,

=My 18 = " Mg,y < 2¢

=-M

Bl

- M

4,19 19,4 = = 2%

where we have used the definitions:

= ' =
dc1a =t s = x 9c1a

¢a18 ~ a1Zp) 1,

€]

a1s = a1,

C CA

¥

b
-~

A S

A= Lg

All other quantities are defined 4in Appendix
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ii, The matrix F/wa

The elements Frs (r,8 = 1,2,...,19) of F‘/mA have the folirilyg
values:
By = Fsp = (G my + bmpLg
F o = B, + dmlL_ + 28,
Fig = - (By + dmylg + 28000,

Fro = Fs,10 = ®oa1 ¥ 4mplgtaip * 2601555
Fi17 = Fs,10 = = 20,5

Fo18 =~ Fs,16 = ~ 2%p1ks

Fo, = - B, - im L2 + 28,

Fsg = - '% my + dmg)XeaLg

Fs7 = G% my + Amp)éoy sl

Fga = - '% m, + 4mp)ocials

_ 2 '
Fg, = (By + dmplo = 28,000,

_ x '
Fgg = (G my + dmp)xo b0y Bg

Fgg = - 3 my ooy 00 4L

Fg10 = = (bya1 ¥ 4mglgdagg + 20415850407,
Fa,16 =~ 2%C1aksPa1

Fg. 19 = 2°¢1a%281

Fgo = = Fig,1 =~ *"gPa1p

Fgy = Fyp,5 = 4B0a1plg + “Op15Pp

Fgg = 4mpXca®a1p

Fg7 = = “mg%C1a%A18

Fg,10 = ~ F10,9 = ~ bmyby1p

Fy.16 = F10,18 = = 2¢a18%s1

Flo,8 = = 4(mpls?,ip ¢ A1P8)%c1a

Fi2,4 = F19,5 = = %%,m1

Fl6,18 = F17,19 = ~ F18,16 = ~ F19,17 = = *¥p1y
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Fi17.10 = ~ Fig9,9 = %0415%251

= ' +
Fi9,8 = 4%c1a%.m1

114, The matrix KT/mi
2
The elements KTrs {(r,s = 1,2,...,19) of KT/mA have the following

values:

K44 = Kpss = By + “mBLg - 23y

Ky, 10 ™ ¥r10,4 = = Kpsg = = Kpgs = 4mglaiply * 4Bgdaig
Kps,19 = Kr19,4 = = Kps,17 = = Kpyg7,5 = = 48,5

Krsg = Krgs =~ (B + 4“BL2 = 2Bgldoya

Krgg = (By * AmBLZ + 28 )¢ClA

Krgo = Krog = “mpécials®aip * 49c1a%A18%8

Kg,17 = ¥r17,8 = = “C1atzm1

Kr99 = ¥p10,10 © 4mn¢§1n

Kr2.12 = ¥114,14 “Kr16,16 = ¥r18,18 = “811

]

Kpy7,17 = ®rag,19 = #%s11

iv. The matrix Ky
The elements KVrs (r,s = 1,2,...,19) of K, have the following

values: f d2¢c1(xu) 2
K7 = s = L Bl — 2 ) o
xc _
s fd%, (2)
Kyo9 = Ky10,10 © J e 2 )d"A
o} dzA.

L.
_r Al(zA)
TR GJ( dz, ] 9%a
o A
Kr12,12 = ®13,13 = %via,10 T ¥vas,as T Kvas, 16 T 2K17,17 T Kois,is T
L 2 2
B d7¢ ., (z) o fd95,(0)\2
= __B1l'" 2 2 Bl
A [EIB( 2 ) * uppplly - ¢ )( Bl

dg

3L



Appendix D

The constraint equations are

. 1 . 1 o .
(me + my  + Ampdvoe, + G omy F )L (8o + w)800) = (G my + dmg¥di, Loty

- o K - ok *
+ (bpy FAmgd g,y - 20pyNpys b dmpbp gy = % (D)
1 - -
(mg + my + Amwye, = Gy + AmdLg(Bp) = wp8p) = (my + bdmpdxs, 0.,
- * l £,
+ (boy F Madoga F Amgogpdng T G Wy F AmpLotl, yuangg

- _ .k * — ok
F (bp) FAmptaipdag T Mgl patay t 2953050 T Xy (02)

(me +my + dm)woe, + (my + 4mpdxe 80y + (dgy + mpdey ) + dmpde g

- vk
+ hogngy = Xg (b3)

. l - 2
= (g dmdxeaVocy TG My F o Ampdae L (g - wpBep) + (B o+ ompxe,

3 . P _ _ :
+oAmpxe, FABR)8 g + (b T M¥ealora T Mg¥eatora 4

ClABB)

o1

1 ' _ . %
G my o bmp)xe, 0ng \Lgateg — (mdyy + dmpd )X ,g

* . - 'y - - K
+ohmexo 0a15%a%1 T 4 Ca1pBeNer * 40um1"81 T XcalBiMpe = X4 ((P4)

where all quantities are defined in Appendix A, Appendix C and the text.

The constants Xi (i = 1,2,3,4) are determined by means of the initiai

conditions. Quite often they are taken 4s zero.
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