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Summary

The nonequilibrium flow field resulting from the turbulent mixing
and combustion of a supersonic axisymmebric hydrogen jet in a supersonic
parallel ambient coflowing air stream is numerically analyzed. The effective
turbulent transport properties are detetmined by means of the (k-¢) model of
turbulence (two-equation model). The finite-rate chemistry model considers
eight elementary reactions between six chemical species, H, 0, HoO, OH, O2
and Ho. The governing set of nonlinear partial differential equatlons is
solved by an implicit finite-difference procedure.

Radial distribution at two downstream locations of some important
variables affecting the flow development, such as the turbulent kinetic
energy, turbulent dissipation rate, turbulent scale length and viscosity,
are obtained. The results show that these variables attain their peak values
at the axis of symmetry. The computed distributions of velocity, temperature
and mass fractions of the chemical . species present give a complete description
of the flow field considered.

A possible direct analytical approach to account for specles-
concentration fluctuations on the mean production rate of these species (the
phenomenon of unmixedness) is also presented. However, the use of the method
does not seem justbified in view of the excessive computer time required to
solve the resulting systems of equations. Comparison of species mass fractions
at a distance downstream equal to eight hydrogen jet diameters without unmixed-
ness and with it, assuming that local-equilibrium turbulence prevails in the
flow field, revealed no appreciable differences in the predicted values of
specles mass fractions at these distances.
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Notation

-ve5 bg | backward reaction rate constants [ms/kmol-s,
-mé/kmolzfs]
specific heat at constant pressure [J/kg-X]
préduction rate of species i in reaction j [kmol/ms-s]
eq concentration of spegies [kmol/m?]

production rate of species K due"to all chemical reactions
N - |
concentration of catalyst C =jg:ci tkmol/mS]-
' 1=1
Cl’ 02, Cgl, Cg2 constant coefficients appearigg in turbulence model

oeos f8 . forward reaction rate constants [_3/kmol-s]
partial static enthalpy of species i [o/keg]
total (stagnation) enthalpy [mg/sz] '
specific turbulent kinetic energy
dissipation length}scale
Lewis nunber
molecular weight [kg/kmol]
. static pressure
Prandtl number
fadius measured from axis of jJjet
universal gas constant [J kmol*%;K-l]
production rate of speciés 1 due to all chemical
reactions divided by the total density, 8; = éi/p,
Eg. (12) .
Schmidt number
time

‘“temperature (°K)



Subscripts

C

D

x-component of veloéity
r-component of velocity

distance along Central:axis

unknown variables in the model equation (1k)

catalyst

mass fraction of species i divided by its molecular

welght, ¥, = ai/Mi [kmol of 1/kgmixt]

'mass fraction of elemental hydrogen divided by the

molecular weight of atomic hydrogen'

mass fracktion of elemental oxygen divided by the
molecular weight of atomic oxygen

second~order correlations of species concentration
fluctuations

mass fractions of species i

turbulent dissipation rate

coefficient of viscosity

density

constant coefficients appearing in the turbulence model

chemistry

diffusion

external edge of flow

value of quantity at initial station; nunber of species
i=1, ..., 7

internal edge of flow

nunber of species, X = 1, ;.., 7

refers to turbulent quantity
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Superscripts

*

nondimensional quantity

time-averaged value
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1. INTRODUCTION

Chemical reactions occurring in turbulent flows are of great
importance in several engineering problems, e.g., in industrial furnaces,
air-breathing propulsion systems, rocket exhaust plumes, chemical lasers
and dispersion of pollubtants introduced into the atmosphere. The investi-
gation of such flows is complicated by the simultaneous occurrence of fluid-
mechanical and chemical effects, the reactants first mixing and then combining
50 as to release chemical energy. A complete analysis of such procegses is
a formidable task. Consequently, many simplifications are required for a
solubion and insight into the problem. As in all viscous flows invoelving
chemical reactions, it is appropriate to consider two characteristic times,
one assoclated with the turbulent diffusion process tq and one with the
chemical reaction tr. If tq >> tr, the reaction process is much faster than
the turbulent diffusion process. Then the flow may be assumed to be in
chemical equilibrium everywhere. However, in most practical situations tg
and tr can be of the same order of magnitude and, therefore, the interplay
of chemical and fluid dynamic effects must be considered. In such instances,
calculations of the flow are made under the assumption that the mean rate of
production of each species eqguals the instantaneous rate with the mean
quantities such as temperature, density, and species concentration replacing
their instantaneous values. This assumption does not account for the effects
of turbulence on the reaction rate which may be significant in certain regions
of the flow field.

In recent years the problem of free-jet turbulent mixing coupled
with chemical reactions has attracted the attention of several groups of
investigators (Refs. 1-12). The problem considered in all of these investi-
gations is basically the same, viz. the turbulent mixing and combustion of a
plane or axisymmetric sbraight primary fuel jet (or rocket exhaust plume) in
a parallel ambient coflowing medium. Different investigators have approached
the problem by introducing different simplifying assumptions about the
turbulence model describing the turbulent-mixing process, and the chemical
model describing the particular combustion process considered. Some of the
authors have assumed that the flow field is in local chemical equilibrium,
while others have congidered the nonequilibrium effects which are determined
by the chemical kinetics of the reactions involved. However, in almost all
the investigations the turbulent mixing process was treated by simple
"algebraic" turbulent-viscosity models or by "differential" turbulent-
viscosity models. The latter involved one differential equation for the
turbulent kinetic energy. The other property of turbulent motion required
to determine the turbulent viscosity, viz. the length scale of turbulence,
was obtained from various assumed algebraic relations.

In the present investigation the problem of turbulent mixing and
conbustion of a round, straight hydrogen jet in a parallel ambient coflowing
air is treated by modelling: (a) the turbulent mixing process with a system
of two partial differential transport equations for the turbulent kinetic
energy and its dissipation rate which define the eddy viscosity, and (b) the
hydrogen-air combustion process with a set of differential eguations describing
the finite-rate production of the species considered. For the set of reactions
considered, an analytical-numerical approach, based on the use of second-order
correlations of the species concentrations and their balance equations properly
closed in accordance with the turbulence model used, is suggested to account



for the effects of turbulent fluctuations of species concentrations on the
mean species production rate. An improved version of the CHARNAL code
(Calculator of Hydrogen-Air Reactions for NASA Langley) (Ref. 13) developed
at NASA Langley Research Center, was used extensively in the solution of
the problen.

Radial distributions are obtained at two downstream locationsg of
some important variables affecting the flow development such as the turbulent
kinetic energy, turbulent dissipation rate, turbulent length scale and
turbulent viscosity. The computed distributions of velocity, temperature
and mass fractions of chemical species give a complete description of the
flow field considered. The numerical predictions are compared with two sets
of experimental data. Good qualitative agreement is obtained.

The continued interest shown by Professor I. I. Glass and his
constructive comments throughout the course of this work is greatly
appreciated. Thanks are due Dr. H. L. Beach, Jr., NASA Langley Research
Center, for providing the opportunity to carry out the present research.

The valuable and considerable help and cooperation obtained from Dr. J. S.
Evans, NASA Langley Research Center, in performing the numerical computations
throughout the course of this investigation is gratefully acknowledged. I%
is a pleasure to thank the Director, Professor J. H. de Leeuw, and the Staff
of the Institute for Aerospace Studies, University of Toronto, for providing
me with this opportunity to work at UTLIAS. The assistance of Mrs. Winifred
Dillon in preparing the manuscript is sincerely appreciated.

2. COMBUSTION OF HYDROGEN IN ATR AT CONSTANT PRESSURE

The importance of finite-rate chemigtry in accurately predicting
the flow field properties has been shown in various studies (see, for example,
Refs. 1, 6, 7, 8). The accuracy of the predictions depends largely on the
employed reaction mechanism. It should be noted, however, that each additional
species adds to the computational difficulties associated with solving the
differential equations in the mathematical model of the reacting system. The
reaction mechanism for hydrogen-air combustion is fairly well established
( Refs. 14-18). The rate constants for all reactions in the chain have
been determined but the accuracy of these determinations can be questioned
to possgibly within an order of magnitude. Any inaccuracies in the rate
constants are naturally carried on to the temperature and composition
histories which result from a detailed analysis of the system. It has been
found that eight forward and eight backward reactions involving six reacting
species plus nitrogen as an inert gas* describe the essential mechanism at
temperatures of interest. These are listed as follows:

£, f3
1 H+02b=OH+O 3. H2+OHb=H+H20
1 3
f2 fh
2, O+H, = OH+H L, 20H = 0 +H.,0
2 2
b, b),

* For temperatures below about 2200°K the nitrogen reactions and subsequent
formation of NO and N have been shown to be unimportant (Ref. 17).
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)
H

5 7
5 H, +X = 2H+X 7. OH+X = O+H+X
b b
5 7
Ts fg
6. HO+X =— QOH+H+X 8. 0, +X = 20+X (1)
2 2
Pg bg

where X is a catalyst. The six active species H, 0, HoO, OH, Op, Ho and the
inert species No considered are numbered respectively from 1 to 7. The
corresponding reaction rate coefficients were estimated as follows:

£ =3x 10Me8610/T by = 2.48 x 1013-660/T
£,=3 1otk g"l030/T b, = 1.30 x 1ot -2490/T
£,=3x 1014 ¢~3020/T b, =1.33 1015,-10950/T
£, =3 x 1okt em3020/T b, = 3.12 x LoL5,-12510/T
(2)
£5 = 18.5 x 10399 1g~54000/T b = 10%6
£ = 9.66 x 1071162200/ b, = 10"
£ - 8.0 x l019T-1e-522oo/T b, = lo16
£g = 5.8 x 101977160600/ bg = 6 x 10

where T is the absolute temperature in degrees Kelvin. The rates f;-fg
and b1-bli are in units m /kmol s, while b5—b8 are in m /kmol2 s.

Tet c3 be the concentration of species i (in kmol/m3). The
concentration C of the catalyst X is assumed to be approximately the sum of
the concentrations of all species including No:

7
C ==§:c.
i

i=1

Then, at any insbant of time, the rate of change of the concentration of

species 1 in reaction j, cij’ is:



cll = -flclc5 + bl?zch 036 = —cl6

€10 = T,%C% = P25 G = G T e
él3 = f3cl{.c6 - b3clc3 é).}e = é12

& = opf.c,C - 2b_c.2C & o = -é

15 576 571 L3 13

él6 = f6C3C - b6CI+ClC é)_‘_)_} = -2é2u

él,?, = f7cuc - b,TClCzC éll'6 = él6

¢ = ~Cpy by = &7 (3a)
Sop = ~%12 , 51 = 11

s = £ ¢ o= byc.C Y o o= ~0,.0 /2

Cop = IyCy - PyCpC3 ¢58 = ~Cpg/’

Car = &7 Cgo = ~&p

o = 2FaC.C - 2bac.oC & = 0

Cog = g%~ - =Pg% 63 = "%13

¢33 = ¢33 Sg5 = ~C15/2

é3h = Sy

The total rate of change of the concentration of species i due to
all of the chemical reactions is:

C) = Gy F Cp F Cygz t Cg T Cig * Gy

€y = =Cyy = Cp F ey FCg F g
C3 = Cl3 + C2)+ - Cl6
G =&, * é12 - él3 - 28, + &g - & 7 (3)

Contd...
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&g = -(&)p * &3+ &5/2) (3)

The conservation of the number of atoms of hydrogen and oxygen
(element conservation equations) are obtained respectively as linear com-
binations of Egq. (3)

|
(@]

&) +2E; + & + 28 =
(%)

[
(@]

é, + ¢

) +C)++20

3 5 =

The concentration of species c; are related to their mass Zractions
Q, as follows:

Py

c. = —M_.— (5)
i

where M; is the molecular weight of species i, and p the total density of

the gas mixture.

The conservation equations for a complex reacting gas are (see,
for example, the book by Penner, Ref. 19):

Conservation of species:

day.
i

P I i=1, «.., 6 (6)

Conservation of energy:

d(i%%>=0 (7)
1

Equation of state:

P = RpYT (8)
Hydrogen element conservation:
Ypo =Yy f 205 +Y) + 2V, (9)
5



Oxygen element conservation:

Y =Y, +¥, + Y, +2Y (10)

3 5

7
where R is the universal gas constant, Y, = ai/Mi’ Y ==§:Yi, and hy is the

i=1l
partial specific static enthalpy of species i. We will assume that the
reaction takes place at constant pressure. Using Egs. (9) and (10) to
determine Y5 and Yg, we can reduce the number of equations in (6) to four
and, performing the differentiation in Eq. (7), we get the following set
of sgix eqguations to determine the four species Y., Yz, Y3, Yh’ the total
density p and the temperature T:

dXi Ci
a——:'p—' i=1, ...,Li- (ll)
6
*
Z(hi T)S4
ar i=
F- - (12)
¥ *
i %pg
i=1
dp _ _pdl o &
Tt T a4t ~ Y at (13)

where 83 = ci/p and hy = hiM; /RT. The nondimensional enthalpy h§ is calculated
by the polynomials

Ao, As. Ay . Ac, Ag.
* i 31,2 i 3 oi b i o
hi—Ali+—2—T+_3"T +T’T +TT +TlfTSlOOO
and
Bo. Ba., BY. Be. Bg-
* i 3i 2 i3 5i b i 0
hi—Bli+TT+TT +TT +—5—T +——T— if T > 1000

The coefficients of these polynomials were fitted using the computer program
given in Ref. 36. Thermodynamic properties were obtained from JANAF thermo-
chemical tables (Ref. 20). The nondimensional specific heats cgi = d(hi T)/aT.



3. FINITE-RATE CHEMISTRY COMPUTATIONS

The nonlinear coupled set of differential equations (11)-(13) are
of the form

ax,
EEE = Si(xl, Xps eees X6) (i =1, ..., 6) (14)

It is known (see Refs. 21, 22) that the numerical integration of
these equations poses, in certain cases, a severe numerical sbtability problem.
Numerical solutions involving the use of predictor-corrector methods or the
use of the Runge-Kutta technique can be prohibitively expensive because they
require excessive computing time. Several attempts have been made to over-
come the difficulby by developing special numerical methods (Refs. 23-27).

In the present investigation the method of Lomax and Bailey (Ref. 26) has
been selected for the solution of Egs. (11)-(13). The system of equations
(14) is solved by the implicit modified Euler method:

n+1 n S§+l * S?
X. - X =<———2—>At (15)

+
where n is a local reference time level. The value of S? + is calculated

by expanding each S uniformly with respect to all dependent variables
X = p, xp =T, x3 =Yy, ® = Yo, X5 = ¥3 and xg = Y}, in a Taylor series
about the time level n and keeping %he linear terms only,

n+l n $ aSi n n+l n
s71 g7 +Z -y (xj —xJ.> (1=1, ..., 6) (16)
=1 9

Substituting Bq. (16) into Eq. (15) we get

<, 08, n N
n+l n_n N 1 Ab n+l n .
Xi - Xi = SiA¢ +.ZJ<:§§EI 5— ) <~Xj - Xj > (l =1, ..., 6) (17)
J':
or in matrix form
-3 n¥
<[I]—-§E[E]><xnl——§cn>=§)ﬂt (18)
where [I] is the unit matrix, the elements of the matrix E are ej3j=38;/0x; |,
= = .
and the components of column vectors x and S are respectively xy, ...,X%§
and 81, ...,56. For any given set of initial data, the linear algebraic

system of six equations, Eg. (18), can be solved by sbandard numerical
techniques. The parbial derivatives aSi/axj|n in the matrix E were calculated
numerically.



The technique outlined above has been programmed, and test runs
have been made for the static combustion of a stoichiometric hydrogen-ailr
or hydrogen-"vitiated" air mixture for three sets of values of initial
pressure and temperature of the mixture. The rate constants used are
given in Eq. (2). The results are shown in Figs. 1-7. '

Consider the temperature hisgtories depicted on Fig. 7. These
temperature histories are characterized by two Time periods: the initial
time interval, called the induction time of combustion, when the temperature
remains almost congstant, and a later period, called the energy release time,
when the temperature increases rapidly from its initial wvalue to the final
temperature which is the adisbatic flame temperature. It 1s seen that under
conditions of high initial temperature and relatively low pressure the second
time interval dominates, while under conditions of relabively low initial
temperature and high pressure the two time periods are of approximately
equal duration.

The changes in composition during the intervals of time are shown
in Figs. 1-6. The behaviour of the atomic hydrogen is of great thermodynamic
significance because of its high species enthalpy per unit mass. During the
induction period the mass Traction of H and the other intermediates O and OH
increase rapidly and approach their equilibrium value. During this time
molecular oxygen and hydrogen are depleted and water is formed. However, the
chemical energy released by the formation of water is effectively absorbed
by the atomic hydrogen so that no significant change in temperature occurs.
The initial values of pressure and temperature do 20t seem to affect appreciably
the maximum values of mass fraction, which are of the order of several percent.
In the next section the present finite-rate chemistry compubation will be
used in the analysis of turbulent free jet hydrogen-air diffusion flames.

4. GOVERWING EQUATIONS

The governing equations for the coaxial mixing of two dissimilar
gases including heat release by chemical reactions in the mixing region were
derived assuming that the potential core region and the outer flow region
are inert, inviscid and uniform. The idealized flow configuration under
gbudy is presented in Fig. 8. A central axisymmetric jet of hydrogen dis-
charges into a coflowing airstream serving as the oxidant medium. For
purposes of the present investigation the time-averaged conservation equations
are used in a boundary layer form with turbulent Lewis nunber Let = 1. Assuming
that turbulent mixing predominates to the extent that molecular transport
becomes negligible, the governing equations in the axisymmetric x, r coordinate
system take the following form:

Continuity:

Axial Momentums

ou u_ dp 10 du
o1& (w8 o
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1

Species Conservation:

oY "
T Y W TN PO AR

(K=1, ..., )

Energy:

" 2
B B LR [ B (32 ) 20 ] )

where all the dependent variables involved represent time-averaged flow
quantities, u and v being the velocity components in the x and r directions,
respectively, H the total enthalpy of the fluid element, and Pry and Sct the
turbulent Prandtl and Schmidt numbers, respectively. The quantities Yx
represent mean species mass fractions divided by their molecular weights:

Y = aK/MK. In the species conservation equation, Eq. (19), it is assumed
that the mean rate of production of each species, &g, equals the instantaneous
rate with the mean quantities such as temperature, density, and species con-
centration replacing their instantaneous values. However, concentration
measurements in bturbulent flames with highly active reactions show that the
time-average reaction rate in such flames is less than the values given by
using the time-average values of the species mass fraction. This effect is
due to high local fluctuations of temperature and species concentrations
that may give rise to situations where the oxidizer and the fuel are not at
the same place at the same time and may cause variations in the Arrhenius
reaction rates, thus reducing the average reaction rate to values lower than
those which would exist if the local average concentrations and temperature
would prevail for the entire period. In the literature, this phenomenon is
called "unmixedness". The analytical investigation of the combined effect
of temperature and concentration fluctuations on the mean rate of production
of species for a realistic combustion process in turbulent flows is a for-
midable task. Borghi (Ref. 28) has considered this problem for the simple
case of a single forward bimolecular reaction K + vO — P, where K denotes
the fuel, O the oxidizer, P the reaction products and v is the stoichiometric
coefficient, assuming small temperature fluctuations. Later Borghi et al
(Ref. 29) used approximate forms of probability density distributions for
species production rate. Recently, Spiegler et al (Ref. 30) presented an
interesting simplified model of unmixedness and applied it to the case of
hydrogen-air axisymmetric diffusion flame. The results do show some improve-
ment in the agreement of predicted concentration profiles with experimental
results. A possible direct analytical approach to account for species
concentration fluctuations only is presented in Appendix A.

The following initial and boundary conditions are imposed on the
above parabolic partial differential equations, Eq. (19): at the initial
section, x = 0, velocity, temperature (or total enthalpy), species mass

9



fraction profiles should be given. If possible, these initial profile shapes
should be baged on experimental data for the particular configuration of
interest. In the absence of experimental data, suitable approximations for
these profiles can usually be provided on the basis of general knowledge of
two-dimensional or axisymmetric boundary-layer and chamnel flows. At the
axls of symmetry the boundary conditions are:

ou_a_ o %

T ETETETw O (20)

and at the outer edge of the mixing region the dependent variables should
tend to their values in the outer (external) inviscid flow:

rse, U o UL, HoHp, ©ofy, Y ¥k (1)

5. THE TURBULENCE MODEL

The eddy viscosity pt in Eq. (19) is determined by means of &two
transport equations for the turbulent kinetic energy, k, and its dissipation
rate, ¢ (two-equation model of turbulence) (Ref. 31). According to this
model the magnitude of the eddy viscosity depends only on the local values
of k, € and the fluid density in the following way:

2 13/2
hg =C 23 €77 (22)

The quantities k and € satisfy the following differential equations:

M ke 2
pu%*""%z%%<ir§?)+% ‘2%> - ee (23)
o€ de 19 T A du 2 02p€2

LTS "7 or < o ST / T e\ ) Tk (24)

The values of the constants Cy, C1, Cp, Oy and o¢ are (see Ref. 13):

Cu €y Co %% %

.09 1.43 1.92 1.0 1.3

The values of the Prandtl/Schmidt numbers are (Ref. 13):

Pr, = Sc, = 0.7 (LeJG =1) (25)

10



6. RESULTS AND DISCUSSION

The conbustion model developed in Sections 2 and 3 to compute
finite-rate hydrogen-air reactions, together with the ten equations (19,
23 and 2b), were used to predict the free turbulent mixing and conbustion
of a hydrogen jet emerging into a co-axial airstream at a matched exit
pressure of 1 atm. A schematic of the experimental setup of the flow
configurations considered is depicted in Fig. 8. The air is preheated by
partial combustion with hydrogen and the oxygen consumed is replaced. The
composition in mass fractions of this "vitiated air" is given as 0.241 0o,
0.281 HoO, 0.478 Np; it also contains small amounts of H, O, OH and Ho.
For a more detailed description of the experimental apparatus, see Refs. 4
and 32. The numerical technique adopted is that of Ref. 13, and an improved
version of the CHARNAL code (Ref. 13) developed at NASA Langley Research
Center was extensively used in the solution of the problem. The chemistry
and the turbulent diffusion processes are uncoupled by the following procedure,
first devised by Ferri et al (Ref. 33).

Let

!
]

g = YKy T YK

T = TD + TC

Then the species conservation equation (19), may be split into the following
two equations:

aYKc aYKC AYK,

pu—g+pv—-;ﬂ—=pF2éK (26)
and 5 5
i “Bn 13 (M 9K
pou W + pv -W— 7 -é-; <Tt xr —'5;— (27)

while the energy equation, (19), splits to

BHC aHC aH,,
pu§2—+pv§r=a-_r=0 (28)
and 5 3
Hy Ny 1 TH 3 1 (/2
F’usz'*p"'aT:?gf{ﬁrsz(%‘k)*”t(l'?r_t r%u]

(29)

Equations (26) and (28) pertain to a premixed flow of constant velocity and
pressure with finite-rate chemistry and are similar to Egs. (6) and (7) in
Section 2, while Egs. (27) and (29) refer to purely diffusive flows. The
numerical golubtion is then performed as follows:

11



Diffusion Step:

For a given forward stepsize Axp, Egs. (27) and (29) are used
along with other conservation laws in Egs. (19) and Egs. (23) and (24)
to find the solution of the purely diffusive step.

Chemistry Step:

The diffusion stepsize Axp 1s subdivided into a finite nunber of
chemical steps, Atg = Axp/nu, where n is the number of subdivisions, and
the diffusion solution is used as initial conditions for the chemistry step
which uses Eqs. (26), (28), or equivalently, Egs. (6)-(10) to determine, by
the method presented in Section 3, the final values of the species, density
and temperature. The value of n i1g determined by accuracy requirements for
the chemistry step solution.

The quantity Yx = Ox/Mp, where Ox is the mass fraction of elemental
oxygen, 1s yet to be determined. It satisfies a transport equation which is
identical to the hydrogen element conservation equation, Eq. (19). With
appropriate initial and boundary values the transport equation for Yx can
be solved and its value debermined. However, using the identity of the
transport equations for hydrogen and oxygen element conservation and intro-
ducing the nondimensional variables

= ——— S —
£ Yfic - YfE X Yxic - YXE

where subscript E stands for the value of the variable at the external boundary
of the mixing zone, and the subscripg ic for its initial centerline value, which
take identical boundary values of an/Br = aYi/BT =0 and Y§E = Y§E = 0, we can

obtain the same solution from the two identical transport equations for Y? and
Yy if we assume identical initial values (subscript i) for Y? and'Y§ (same
differential equations, same initial and boundary values), i.e.

- YXE

- YXE

Yfi - YfE B Yxi
Yr. - If

= (31)

ic B Xig

In the jet mixing problem considered, Y, = ocfE/Mi, Yo, = l/Ml, Vg = OtXE/MZ,
and Yx; , = 0. Hence from Egs. (30) and (31) we have

YXE(l - Mini)
Tx T I WV

It is easy to verify that ghe initial distributions of hydrogen and oxygen satisfy
Eq. (32). Consequently, Yo = Y: and from Eq. (30) we get

B Yyl - MY,)
x 1- M Yrp

The magss fraction of nitrogen is then obtained from the relation

(32)

af + ax + a7 =1

12
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Figures 9-20 show some computed results at two downstream locations,
x/D; = 6.7 and 15.5, where Ds: = 9.525 mm is the diameter of the hydrogen jet
(Fig. 8). The initial profiles of the quantities described are also shown
for convenience. With air diffusing into the inner regions and molecular
hydrogen diffusing from the inner jet core into the outer regions, a turbulent
mixing zone with chemical reactions is formed. The extent of the mixing
and combustion process is indicated by the turbulence quantities profiles, and
velocity, temperature and mass fraction profiles.

Distributions of some of the important variables affecting the
flow development are shown in Figs. 9-12. The initial distribution of the
turbulent kinetic energy is calculated on the basis of the mixing length
hypothesis, the mixing length being proportional to the thickness of the
hydrogen nozzle wall d = 1.57 mm (Fig. 8). The quantity d is also used as
the constant initial turbulence scale (Fig. lla). The initial distributions
of the dissipation rate ¢ (Fig. 10a) and the eddy viscosity pt (Fig. 12a)
are then calculated from Eq. (22). It is seen from these figures that far
downstream (curves c) all the gquantities involved tend to reach their
maximum values at the axis of symmetry. As the shear flow develops downstream
the mixing zone spreads and the levels of the corresponding variables fall.
At the outer edge of the mixing zone the curves should tend to the same value
of the corresponding varisble which prevail in the outer flow. However, the
computed profiles depict this trend only approximately.

Velocity and temperature profiles at the selected downstream
locations are shown on Figs. 13 and 14. The wake region of the profiles
(Fig. 13, curves a and b) arises from the wall boundary layers of the hydrogen
pipe. Note that the potential core (see Fig. 8) is still present at x/Dj =
6.7. As the mixing progresses downstream, hydrogen jet and air velocities
tend to equalize. At the outer edge of the mixing zone the velocity and
temperature profiles tend to values prevailing in the external stream. From
the temperature profiles shown in Fig. 14 the region of combustion is clearly
evident through the peak in the temperature level. It can be seen that the
increase in the maximum temperature values becomes less appreciable as the
mixing process develops downstream. No temperature increase is observed at
the centreline with a distance 6-7 diameters from the origin.

As a result of the combustion process, chemical species are formed.
The calculated distributions of atomic species H and O of the hydroxyl radical,
OH, and water, H20, are shown in Figs. 15-18. It can readily be seen that the
peak values reached by these species at some distance downstream remain
approximately constant or decay, and as the shear flow develops and the
jet spreads, shift toward the outer region of the flow. The maximum compubed
value of OH at x/Dj = 15.5 is ~ 2% by mass, and 1s about ten times as large
as the maximum mass fraction of H and approximately three and a half times
as large as the peak mass fraction of 0. Within the computed distances,
traces of H are present at the centreline, whereas the mass fractions of
O and OH are still very small at the axis. The mass fraction profile of the
most important combustion product H20 displaz peaks in the inner region of
the flame where the exothermic reactions are most intense. Traces of Ho0
are obgerved at the centreline only after x/Dj = 2. All profiles tend to
their values in the outer region of the flow.
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0o distributions are primarily determined by the diffusion-controlled
mixing process, but as chemical reactions become important in the turbulent
mixing layer, the interaction between the diffusional process and the
chemical reactions become very complicated, as indicated by the peaks and
minima in the predicted profiles in Fig. 19. The mass fraction distribution
of molecular hydrogen is depicted in Fig. 20.

To account for the effects of species concentration fluctuations
on the mean production rate of species (the unmixedness), the analytical
approach developed in Appendix A was programmed and the subroutine incor-
porated into the main computer program. Local equilibrium turbulence was
assumed (production of turbulence and its dissipation rate balance each
other, i.e. Cg = Cgp = O in Eq. (Al3)). In view of the excessively large
amount of computer time required to solve the system of twenty-four differ-
ential equations with finite-rate chemistry (70 min on CDC 7600 for a distance
x/Dj = 5) further computations with this method did not seem justified. Com-
parison of species mass fractions at x/D-=8.2 without unmixedness and with
it, revealed no appreciable differences in the predicted values of species at
these distances.

Analytical predictions were compared to experimental data obtained
by Cohen and Guile (Ref. 4) and Evans, Schexnayder and Beach (Ref. 35).
Detailed descriptions of the experimental apparatus, instrumentation and
experimental procedures are given in these references and in Ref. 32. The
initial velocity and temperature profiles for the two cases considered are
shown in Fig. 21. The initial mass fractions of species in the outer
vitiated air flow are: for the Cohen and Guile case, 0.26 0o, 0.15 Ho0,
0.59 No, and for the Beach case (Ref. 35), 0.241 0p, 0.281 Hp0, 0.478 No.
Both cases contained also small amounts of H, O, OH and Ho.

The computed and experimental pitot pressure profiles at axial
distances 5.2 and 8.9 jet diameters for the Cohen and Guile case and at
6.56 jet diameter for the Beach case are shown in Figs. 23 and 24. In the
Beach case the theory predicts the minimum pitot pressure and the general
trend of the spread of the mixing region relatively well. In both cases
and at all distances, theoretically predicted spread of the mixing region is
larger than that given by experimental data. However, it is readily seen
that the slopes of predicted and experimental profiles are almost identical.
The discrepancy is primarily due to the differences in the predicted and
experimental minimum values of the pitot pressure. Species mass fractions
are compared to data in Figs. 24-26. In both cases and at all distances bhe
agreement for the inert species No is good. Quantitative agreement for hy-
drogen improves with downstream distance. The agreement for oxygen is better
in Beach's case. 1In both cases a small amount of oxygen is present in the
hydrogen-rich region near the axis of symmetry. TlLis is due to the diffusion
of oxygen into the hydrogen region in the gap between the lip of the hydrogen
nozzle and the point wherethe flame is initiated. Figure 26 shows that in
both cases the predicted water profile bumps are not placed according to
data. Again, relatively better agreement is achieved in Beach's case.
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7. CONCLUSIONS

By using a two-equation (k-€) model of turbulence and a finite-
rate chemistry model, an analytical-numerical investigation was made of the
turbulent mixing and combustion of a round hydrogen jet in a parallel ambient
coflowing air stream. Theoretical calculations were unable to correctly
predict experimental results. An attempt was made to account for the
species concentration fluctuations on the mean-production rate of these
species (the phenomenon of unmixedness). Comparisons of species mass
fractions without unmixedness and with it, assuming that local equilibrium
turbulence prevails in the flow field, revealed no appreciable differences
in the predicted values of species mass fractions. Improved experimental
data, more accurate determination of initial conditions, preferably given by
the solution of the full Navier-Stokes equation in the near flow field, and
proper account of the phenomenon of unmixedness and compressibility effects,
could congiderably decrease the discrepancy between predicted and experimental
values.
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APPENDIX A

DERIVATION OF THE DIFFERENTTAL EQUATIONS

FOR THE TRANSPORT OF SECOND-ORDER CORRELATIONS

OF SPECIES CONCENTRATION FLUCTUATIONS

1. S8pecies Production Rate in Turbulent Flow

Let Yx be split, in conventional fashion, into time-average
parts Yk and fluctuating part Yg. Thus

T = YK T (A1)

Then, substituting expressions (5) and (Al) into the rate of change of the
concentration of species i in reaction j, given by Eq. (3a), and taking the
average, we obtain the following expressions (temperature fluctuations are
neglected):

O
[

~p[f(YY * Z >+b1(Y2Y4+Zgu)]

2 - - - =
10 = P L (To¥g + Zpg) - bo(YY) + 29))]

Qe
|

_ 2 5 T 5 5
o [f3(Y4Y6 + Zu6) - 133(351353 + zl3)]

= o [22g(3(E + 7)1 - o[2bg([, T + Tayy + 2E7)] (a2)

. 2 oo oo = _ o
&g = o [Eg(T5Y +23)] - p3[1’6(3%3(13{ *¥2g), ¥ 07+ §2,)]

O
|

—p[f7(YYu+ZM)]-p[b (YlYY+YZ +Y.2 +leg)]

17 12 271

ézu =P [fu(Yh + Zuu) - bu(Y Y + Z23)]

& = o 120g(T To + 7)) - polevg(¥ §,° + T 2,y + 20,5,) ]
og = P 12Tg(X Y5 + 45)] - o7[20g(Y ¥, 2%

where

7
ZQ:5 = Ya' Yé; ZK = Y'YI'{ =Z ZiK (a: B, K=1, ..., 7) (A3)

16



and
= 2
2
: RYT

from the equation of state, Eq. (8), assuming that

7

Y 5o
1

i=1

Hence, in Eq. (A2) we have the following set of unknown second-order corre-
lations of species mole-mass fraction fluctuations:

B11 Bip iz P Pis B B

Zop  Zo3 Zeu: 2o Zog Loy
z

%33 Z3n-

35 236 237
_ (&)
Ay - Bys Pue Py
" %55 Zse gy
Ze6 267
In the next section it will be shown that the following 15 independent

guantities

fo Zfl Zf2 Zf3 th

211 %1 293 Py

Zop Zo3z Doy (45)

Z33 23y

Zyl,
can be determined from 15 transport equations derived by using the four species

conservation equations and the hydrogen element conservation equations for the
instantaneous flow. The quantities on the right-hand side of the dotted line
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in Eq. (A4) are functions of quantities in Eq. (A5) and can be determined
by using the hydrogen and oxygen element conservation equations, Egs. (9)
and (10), in the following way: From Egs. (9), (10), (32), (33) and (A1)
we get:

¥ o=o(-MY,)
T,= (T, - %, -, - 9)/2
(26)
¥, = (%, - il - 2i3 - §),)/2
for the mean values, and
R
Yé = (Y; - ¥ - Yé - Y&)/Z
(AT)

Y = (Y% - Y- ZYé - YL)/Z

b

- (1 - o)MYL/M, = BYL

for the fluctuating parts. Multiplying Yé, Yé, Y% successivelyby Y., Yi,

Yé, Y., Yﬁ, Yé, Yé and. Y% and taking the average we get:

Zos = (Clpp = Zpp = Zpg = Zgy)/2
Zog = (Zpp = Zpy - 2Zpg = Lg)/2

BZ

Z

£7 £f
Zys = (CZpy - Zyp - Zyg = Zy)/2

Bog = (CZpp = Zpy = Zpg = Zyy)/2
Zow = (CZpng = Zpy = Zign = Zoy,)/2 (48)

35 £3 23 33 34 Contd...
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Zys = (CZgy, - Zg) - Zg, - 2,)/2

2

Zgg = (CZpp + Zyp + Zag * Ty - 2CZpy - 2CTpg -
- 20Zyg, *+ 27y + 2%y, + 2z3h)/h

Zyg = (Bgy = Zyy - 2By3 - Zy)/2

Zog = (Zgp = Zyp = 2Bpg = Zp,)/2

Zge = (Zfs' Zyg - 2Z33 - z3u)/2

g = (Bgy - By - 22y - By)/2

Zgg = [CZpp - Zpp - (2C + 1)zf3 - (C +1)2,, - CZp +
+ 2 _+Z

10 13 * Zo) + 2Zog 2z33 t 7oy, t 3z3u + zuh]/h

Zeo = (Zpp + Zyy T HZgo * By - 22y - WZoo - 27 +
by b2z o+ hag,)
Zyg = BBy Zyy = Blyps Zoo = Blass By, = Bl

Zog = (Chpy = Dpg = Zag = Zyq)/2

Z67 (zf7 - zl7 - 2237 - Zh7)/2 (a8)

2. Equation for the Transport of the Second-Order Speciles Concentration
Fluctuations

The species and element conservation laws for the instantaneous flow
can be expressed by the following single equation:

oY
o) 19 19 (o] . kmol of o
= (%) * T & (reviy) -??s_r(r%y)”a{#]

(89)

where the subscript & denotes any element (in that case & = 0) or species
present. Decomposing the dependent varisbles in Eq. {A9) into their time-
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average and fluctuation parts, multiplying by Yé and using the continuity

equation for the mean and fluctuating parts, after some transformations we
get:

3% BY' BY'
(ow)’ Yy _goz_ +pu ¥ Y3 Ex_ + (pu)* +Y' %EL
8, _ oy - -
ey ey e P e ) -2 E | e |

19 u o m % aYé - v oan
T ( ﬁg_}—S_T'E_JrYBCa“LYﬁCa (410)

Interchanging @ and B and adding the resulting expression to Eq. (10) we
obtain:

52+ S e gyl -

ay BY BY By'
- TS Txlev) ¥y 7] - .2

‘: l-' 1 A 1 LA ]
+ YB S + Yd cB + YB S + %x CB
Neglecting the turbulent diffusion terms (pu)'’ Yé and (pu)' ﬁ& in the x-
direction (in the boundary layer approximation) and the third-order corre-
lations, and averaging vwe get:
t 1 1 1 1 1
El_laYaYBJrvaYYB:la p aYaYB-(pv)YY’ ]
Ox e or T or r P
oY, ayﬂ u oY}, oY
_ tyt - tyt _ [l 1 At f t
(pv) e (ov) Vs - 2SSt SEE R b4 c (a12)

Using the approximations

B, OY'Y) B, oY B, oY
RGE BERCRR b B

and modelling the dissipation term (see Ref. 34) by:

20



Ygﬂ

zu_aY&aYé=C 0€ yig:
Scor or g, k o'p

and using Eq. (A3) we finally obtain the transport equations for the guantities
Z -

o720
oz oz i oz
— g . — "o _10 B t oB
U % TSy T [ r\g ¥ Sc, or ] +
oY oY
(04 peE v oAt [
* Cgl By or S?é - ng k ZaB * Yﬁ Ca * Ya CB (a13)

where Cgq = 2/Sct. For the case considered in the present study, &, B take
the values of f (for the hydrogen element), 1, 2, 3, 4 for H, 0, HoO and OH,
respectively Hence, Eq (Al3) constitutes a system of 15 equations for the
15 unknown quantities represented in Eq. (A5). It is assumed that the
turbulent Schmidt number Scy = 0.7 and the constant Cgp = 2.0 (Ref 34) in
all the 15 equations. The last two terms on the right-hand side of Eq. (Al3)
can be calculated by developing the éij given in Eq. (3a) into their mean and
fluctuating parts:

At = 2 - T 7 157 157 1yt v 157 1 7 R4l
& t e =p [ fl(YlY5 + YlY5 + YSYl + YlY5) + bl(YgYu + YY), Y)Y, o+ YZYLL)]

. o1 — 2 . 1y 157 tyt TR 157 1 7 1yt
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- 1 = 2 v v 17 17 1yt T 7 137 17 tyt
&3 + g =p [f3(YuY6 + YT+ YY)+ YuY6) - b3(YlY3 + Y1Y3 + Y3Yl + YlY3)]
< 1 — 2 F ST 137 157 1371 3 5 S 5 v = ‘2
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7 ' 7 17t 1 '
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A t1 = N2 YV Ty 1y 1ty _3 5% 2 T T 1 2
¢yg * &g = P [2f8(YY5 + YY5 +Y Y5 +Y Y5)] p [2b8(YY2 + Y YY), + YY, 4

- 2 -
Y' vt 1 1
+Y, Ay YNt S+ Y22Y )]

using Eq. (3), multiplying the corresponding &o + é& by Yé and ég + éé by Y&,
taking the average and neglecting third and higher order correlations. The
resulting expressions will then be functions of p, f3, ..., £8, b1, --., b8,
ii and Zgp, and being cumbersome are not reported here. Their derivation is
straightforward.
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