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ANNOTATION

Wo preseht a numerisal analysis of nonlinear axlsymmetrlo our-
rents in & visoous ligquid in sphorleal annulili of varlous thickness
whon only thie inner sphepre rotatos. ‘

We obtained the lines of flow and the lines of equal angular
veloalty, the spatial speotra of the kinotle enepgy and ouf Individual
veloolty compenents; we aaloulated the lntegral eharasteristles of
the nmotiens:y the total kinetioe energy and the tergue for varlous
values of the numbers Re.

In & thin anpaulua, the nonuniquencas of the atoady-state soluw
tlons of the Navier-Stokes ogquatlons was ostablished, and the reglons
{with respeat to Re) in whieh various flow reglmes exist were
detarnined,

Caleulations of tho suprrents in a thlok annulus together wlth
she results of previous experimenta make lt possible to draw conoluw=

slong concernlag the stabllity of ocurrents in the Re range considered.

compariason of the numerloal results with experdments shows good
quantitative and qualisative agreoment.
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Nonlinear Axisymmebtrie Liquid Currents in
Sphordeal Amulii

N. N, Astaftyeva, N. D. Uvedenshoaya, and I. M. Yavorskaya

INTRODUCTION

The study of nonlinear shearing currents In a liocuid or a gas in
retating spherical annulus is the baslis for an understanding of many
dynamnle processes of' global scale in oceans, the atmospheres of the
Barth, planets, and in the interior of stars of various spectral
classes.

In all these lnstances, the form of the currents and their
stabllity depends essentlally on two important factors: the spherical
geometry of the voluwme in whieh they flow, and the rotation. Neglect
of even one of these factors can lead to results qulite remote from
reallty, as experiments show [1 - 6].

One of the simplest shearing currents in which such factors are
considered is a current in a viseous incompressidle liquid in a
spherlical annulus, the boundaries of which rotate around the same
axis with different constant angular velocities. By analogy with the

plane and eylindrical cases, we call it the Couette spherical current.

The published results of experiments [1 - 6] have shown that,
depending on the values of the parameters of similsr problews:
the Reynolds number Re==(nlr§Vu, the relative thickness of the

#
Numbers in the margin indlcate paginatlon in the original foreign
text.,




s —% - =57 ,
. anaulus 3 = _3-%___5 , and the Rossby number (& = ?%-SE“-‘(M the
:El
Reynolds number with respect {0 the external sphere FQ3&==£§§t“ﬁ Vs éé

the character and form of the currents arising in the annulus turn

out o be extraordinarily diverse ('Z,(? "6.,9_, Qiand SE'L are the radii
and the angular velocities of rotatlon of the internal and external
spheres, respectively, and v 1s the kinematiec viscosity).

For sufficiently small numbers Re ;7 -~ 10], the Couette spherical
current ls axlsymmetric and consists of differentlal rotations around
the axis and the meridional circulation whose intensity and form for
fixed numbers Re are determined by the'parameters d and . Here 1t
is already clear that the analogy between the plane and cylindrical
currents, on the one hand, and the spherical, on the other, ls purely
external: the first two currents are one-dimensional and have one
veloclty component in the directlon of the displacement of the velo-
celty. A4 current in a spherical ammulus is much more complex: 1t has
three velocity components and depends on the two spherical coordi-
nates r and 68, and on the Reynolds number.

This difference becomes still more signiflcant when the basic
current loses stability. In the plane case, 1f the very first in-
stabllity leads tc the spontaneous development of turbulence and,
in the eylindrical case; to the appearaﬁce of stationary axisymmetric
or (when the Rossby numbers are large and negative) periodic undulate
ing Taylor vortices, then in the spherlecal annulus [5, 11] when the
basic current loses stabllity, there' arise diverse currents which
differ widely among themselves, depending on the thickness of the
annulus and the number €. Obviously this indlcates that there are
various mechanlsms which cause the Instablility of the basice current
for different 6 and e. .

Such a difference between plane, cylindrical and spherical
curr?nts arouses not only applied, but also theoretical Interest in
the study of Couette spherical currents, since they obviously are



more general in character. This greater generallty leads, as is to
be expected, to significantly greater mathematical difficulties in.
- obtaining a solution: indeed, for arbitrary values of similar
parameters, calculatlion of the spherlecal current reduces to the
solution of a boundary value problem for a system of nonlinear
partial differential equations.

It is possible, therefore, that the most interesting results
were those obtained experimentally 1n recent years. The analytical
and numerical results are few in number and relate only to certain
specific points in the space of simlilar parameters. &8 detalled
analysis of all results in papers published up to 1974 is given in
our survey article [12]. Here we shall touch on only those results
in recent years, of whlch our paper is a direct development.

First of all, let us note that spherical annulii can be sub=-
divided into thin annulili where § < 6¥, and thick annulil with
§ > 8%, depending on whether or not the principie of "change of
stabllity" holds at the 1limit of stabllity when Re = Rec. The critil-
cal value of the Reynolds number is a function of 8§ and &, and the
critical value of the thickness of the annulli §%¥, for which the
character of the secondary current changes also, is cbvicusly a
functlion of the Rossby number e. Henceforth; we shall consider only
rotations of the internal sphere for which 6% = 0,24,

Up the the present, the question as to the stabllity of the
Couette spherical current in thick annﬁlii has not been resolved
unambiguously. For a long time 1t was assumed that thick annulii
were always stable [1, 2, 13]. The fact which the energy theory [10]
of the qualltative difference betwéen thick and thin shells did not
discover is that the lower boundary of the limit of stabllity in
thick annuliil was somewhat higher than in thin annulli. According
to this theory, the most dangerous disburbances for alldand e
turned out to be the noraxisymmetrical distrubances wlth azimuthal
wave niumber m = 1.
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" The most detalled experiments have shown, however, that thiek
. annulli are also unstable. In the papers [3, 6], the suthors demon-
- strated visua.ll_y“ the loss of stability by currents in annulil of

“thickness 0,R4% S &I for RE‘.,:'; R.Qc@' s Significantly exceeding the

' critieal values of ReE From the energy theory and exceeding the anti-
¢ipated critical values obtalned by extrapolabtion from the experi-
mental stabllity curve in thin annulil, At the 1imlt of stabllivy,
a comblex secondary nonaxlsymmetrical current was observed, con-
sisting of the same number of vortices in each hemisphere and
' propagated in an. az'imutha.l directlon at a certain phase veloclty

9(8)&’. _Q { o

4 completely different result was obtain in [4], where the

stability of the currents in thick annulii with 8 =L,Q7 and 2.25
were studied by measuring the torque M transmitted to the external
sphere, and by visual means. On the curve M = M(Re), four breaks

~were found in the current in the annulus with S =I,27 , the first -
three when the numbers Re cq “ P\Q“"'f- R-Qm were smaller than

Rec( S =1, 33) (obtained in [6, 111), and only the fourth break
occurred when P\@ P‘e(‘ ( S = 1,33). Usually, breaks in the integral

characteristics of the currents correspond to the onset of insta-
bility and the emergence of a secondary current visually distinect
from the pre-critical current. Visually, no significant rearrange-
ments of the current were detected for the flrst three breaks; the

fourth break, corresponding to RQC( & =1,33) of [11], was identi-
fled with a sudden complate turbulization of the flow. In [4] it

was proposzgd that for Rec'{ the first break corresponds to a drastic

instability of the basie current of finil;te amplitude, which leads
to secondary currents of the same form as the basic current.

Additional experiments conducted by us [11] in a thick annulus

with "3y .I,33 with the help of the film thermal flowmeter "DISA"



-

mdunted in the equatorial plane of the current, have shown that
there are no changes in the characteriﬁtics of the current up to the
values ]'-{QC“-'—-.R% « When R‘& P Rec the recorded signal, 1ts spectral

density and the correlatlon function have shoun the presence of only
one frequency of the visually observed vortilces. Moreover, lnvestl-
gatlon of the speetral charasteristics of the current for the highly

supercritical numbers Re o 2 Rec have also shown that there are
in the current no more than two different oscillation frequencies.
Thus it was established that the transltlon through Re = Reg, corre-
sponding to the fourth break, is not accompanied by the sudden emer—
gence of turbulence, bhut by the transitlon to a complex stratlifiled
periodic motion such as may be found in [3]. The question regarding
the first three hreaks remained open, since the change to a
steady~state regime establlished with the ald of a thermal flowW-
meter is much more complicated.

To clarify thils questlon in the present paper, numerical
; investigations of liquid currents were undertaken in an annulus of

thickness % = 1,83 in the interval Q& Re £350, the results of
which are disucssed in sections 2 and 3. We obtained curves of the
torque and the kinetic energy as functions of the Reynolds number,
and we studied the structure and scale of the prevailing motlons.

Previous numericai. lnvestligations of the currents in s thick
annulus (83 1) were presented in [7 - 10]. However, the form
in which these results were presented and the small number of them
made them unsuitable o7 our purposelb. .

In thin annuliil with 3 <, 0,24 in the supercritical region, it
was dlscovered experimentally that there exist several steady-state
axisymmetric current regimes [2, 4 - 6, 14, 15] suech that some of
them can exist for the same number Re, depending on ‘che. prehistory
of the process — which agrees with the nonuniqueness of the solu-
tion of the steady-state boundary problem for the Navier-Stokes
equations. In pavtloular, it was established experimentally that

.
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in an annulus with thickness §§- = 0,4iX., there exist steady-state
currents with two, four, six, and eight annular vortices, parallel
to the eguator [6]. '

In the present paper, we study numerically all the experlmen~
taliy obbtalned nonlinear steady-state axisymmetric currents in an

annulus of 8 = 0,11 ; we establish the limlts of thelr existence
- and the possible transitions {rom one regime to ancther., In con-
trast to the experiment, numerical modeling made it possible to
study the structure of the currents, thelr energy characteristiles,
- and the linear scale of the.prevalent motions, ete.

We know of only one paper [14] in which the authors discuss the
results of separate caleculations for the flow functions of the cur-

rents when ¢& = =L in thin annuliiwith 8 = 0,176 for Re = 700, 900,

]
and 1500 and with & = 0,5875, Re = B000 = 8000 without any
analysis of the sequential transitlong of the various regimes and
the reglons of existence and nonuniqueness of the currents.,

We present the results of calculations of the currents in a
liquid in a thin and a sthick annulus during rotation of the internal
sphere onlys; the physical interpretation of the results and a com-
parison with experiment are discussed léter in sections 2 'and 3.

1. STATEMENT OF THE PROBLEM AND
THE METHOD OF SOLUTION
The Couette spherical current ls described mathematically by
the solutlon of the boundary value problem for the Navier-Stokes
system of equations. We shall find the steady-state solution by the
method of adjustment, l.e., as the limit (if it exists) when t + «
of the solution of the initial-boundary value problem for the none
steady-state equations (t is $ime). In dilmensionless form, the
problem has the form: )

~
-
[
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‘..here, ¢ is t-iie valoclty vectory p is the pressure; Uv;;; \-*LS} Li\@
are the components of § in spherieal coordinates ¥, &, t2. For the
scales of langth, tlme, veloclty and pressure, we assume, respecw
tively, the radius of the internal sphere rys the reciprocal of the

T ~ angular rotational velocity of the lnterusl spheve

Q:" 9 Q ,‘.Yﬁ and SJQ Q‘“ﬁ% (pg is the density of the diquid),
w = 82 /924 =&+ L,

For the numerical solution of the problem, we shall follow the
procedure in [18].

We seen an axisymmetrical solution of {2.1) - (2.3). Let us
represent the desired funetlons in the form of & serles in terms of

the assocliated functlons 5{‘250( 3*‘-‘) ‘émd SDE {(m) s where X*'=Ce &,

and the coeflficlents depend on » and &. We shall restrlict ourselves
to a finlte number ct‘ terms In the seriles:

uy(2.6,2)= LUe 5 0P (s p(a,s%i:)-c.,. RE)R=),
Ue(n8¢) = Z‘Va(?’ "’)ﬁ‘t{w) (2.4)

—»
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Reve in b&.\\a s the term &£ 9% { W} whieh 1s isolated in the 12

Sheady-state sadution of €2,1) » {2.2) when Rew@ (the Stokes
Q\xmeﬁ@nt). or this tewrm wo have:

Q%':: {wod («fww. ( ) m&;%z{

IOt us reprosent the nonlinear terms in analogous form [fow
bravity all calounlatlions ave horealter presented much as the fivst
af the egquations (2.1)1:

W ‘hp ‘ A o ¥ %L{t f:}tl{ (4(3‘+l¢{& m
@gf (ﬁ?&‘}'&‘) - é %qw - L&f é@i - '6}"&; ek G L - .
)
’ 7‘\ d’ﬂ Q (ai‘) @-‘Q ~
& g ~

. . _ -

sg;: V @;gu % LEuR)-

¢ gat =

‘mﬁq@_m R+ St R ) S s

Lot us mpeem}.w gtress the oholee of the method of approximating |

s é. = I, 8, 8. We shall consider our expansions as

the torms \;f:
intoerpolatlionsal, 1.¢., we shall require that the equatlons (2.%)

b satlafled fox 5"‘2 %“ 30;“ AT (ﬁ .y Where %. :::J '!%Ww

-
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Sueh a cholce of 9 is explained by the fact that 1t is
na.f;ural to treat our functions 1ike the funcuion X = cond

-

. “‘“'{ < QC'L:[, and the points ¢ —-60'5 9 are here the zeros of a

d

Chebyshev pelynomial. It 1is well—lcnown that interpolation with
- respect to such a system of nodes is optimal in some sense.’

~
'_.Y

Substituting (2.4) and (2. 5) into (2.1), we may now separate

the variables, and obtain for (J, 3'\/9'3? We Pe the following system
of equations: -

”@Ue - %_ﬂ;{_

ot Re

"blVe RN 2',!"%" g (¢+1 ’L/eﬂ&- -'Z%:Uej
it Re [r+%¢ "% |+ (2.6)
P . -
'*"-'ig' @ 1,0 ’ \‘

- The boundary conditlons assume the form:

Ualait)= Vi, lt)= Wg (58)=0 tor =15 153, (2.7)

It is clear that equations (2..5) are. éxactly satisfied on the rays:

. 9=901 . ’._’ 0,20? “"'3“{'“' ' 1‘
° |
,



Let us now carry oub the discretization of the problem wlth
respect to t and r and pass from (2.6) to finite difference equa~

o tions. As a preliminary step, let us hake a change in the lndew~

_pendent variable r by means of the formulas £3= J‘(’ZJ , 50 that,
after obtaining the equally spaced points of i:he difference scheme,
the calculated points could be obtained which are not equally
spaced relative to r.

Thus, we shall consider all the functions cnly at the moment
1,

+£.=nT , W=0,I,... and at the points 8= )= ki, /14
k=0, Iaooo,%s or at the points ﬁk¢y2=}{{)+(k+é)k . k=0,
'f,---)ﬁ('i. The functions e ;%;Wﬁ will be given at the points -

| 44, and P, at the points D)y . Le|t g(‘t':n ;‘50:}’;3“(3')
finite difference equations have the form:
) . / ] Aed et - h
+Ue () 1 G‘{K))g" U (K-i-‘.') ~2Ue (k) = U,ezk"‘f}
S € » Wi

Hrd

,!__[Jn(h)/‘ s(».) J Ue (srt) = Uelled)
Zh (2.8)

9= e(.e-n) .\.,,, N p(m/) Peleth) _
e o) f+40)

S = e )+ Ui,

W ' G
Here, qb;'e (%) is the %%h coordinate in the expansion for A (?,é’,f) .

oy Ul ) iy e Wl UGG (g )"
* 9.\, ) g )

The- boundary conditions for (2.8):

10



-“Here,

Ueto ?o) Wo) U’t’k) 7%) W""")‘“Q“ “"'9’&;7"
.;?c [_‘5[{1&3) :5(3\)_7/4-

:‘everywhere.

It should be emphasized that in (2.8) the linear terms are com-
puted on the {n + 1)8% annulus, and the nonlinear »ight side per-
tains to the h®R annulus, so that on each new amnulus a Linear
~ boundary value problem is solved.

We shall consider only the current which is symmetric with

‘fespect to the equator'é?“”‘ﬂ?/ﬁ therefore, in the expansion {(2.4)
. is is sufficient to restrivs ourselvea to the terms of corresponding
parity. Namely,

-
~

- SRR X
S8 g s p= S RE
=02, 7 @"Q*Q‘ -
Lt 4 6
- vt s uis N
g=gh =3 . .

In the caleulations, L 1s odd. The equations must be satlisfied on

Lt

E"’" rayss ‘ “‘c" | :)_; . ‘Lm{.
0=8:=J5 5 J=0t s T

(The choice of even L is inconvenlent, since In this case the system
(2.6) has an additional degeneracy for &=1L). The values of L for
various versions are specified in section 2.

The cholice of any even step with respect to % requires a certain
accuracy; since our scheme iz “"expliclt-impliels®, the inertlal bterms

E .

o

|




7 pow’ ¢ whieh puavantees the stabillty

~=;;in i% ame ualnulatea Qn hna Lowsr annutua. whe eaﬁimnta rrom abcva
L the soheme 48 ohtained

tf;;?ﬂwithauh diffieulty in cage bhe eeefficiants in (2.8) da nok depend 5 ]
““T;;an La; It has Lhﬁ form' =

T <6 _mml,u_l /Re.
.frﬂngpg.ﬁ v L. In the oase of varlable coefflcients, the charaster of
- she estinate is preserved, but varies somewhat. For values of < in

) ”g§§ calaulatinna, off. bthe supplemens.

While establishing the solutions with respeet to tine, we vav&ed

e hhe torque Cr&namitted o the - -external sphare:

[V Tele) me&,w mf%,z;j v

and the kinetic energy of the curdyent:

SR .
mdtJ J CL’i'z: "%‘“U\g* u-@)%. *&'\u@@v"fﬂ@‘@‘ °
This was necessary so that these intepral characteristics may be /16

|

. malontalned with a precision of up to 0.1%.
21‘ RESULTS QF THE NUMERICAL CALCULATIONS

Calcoulatlons of the boundary value problem for the Navier-

stokes cquatlon in & thlek annulus with E§‘m 1,28 . when only the
internal sphere was rotated, were carried out In the interval
R@ 5 & Re 4 T80 in flve steps relative to Rey olose to the values

Q{QC4 and Rgu& » the steps relative tc Re were reduwced to two. In

additlion, the current was caleulated fox'Re = 150, 200, and 250.
For the initlal data, wo usuwally tnokfthe values of the lunchlons
fopr the preceding step relative to Re. An exawmple of the caloulae
tion for Re = 200 48 plven in Mgure Io

t

12
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_ In all the intervals of the Re values considered, a unique
_;7steady-state axisymmetric current was obtained. To ver*fy the
ifi7iuniqueness of the solutlon, calculations with different initial
- data were performed. Thus, for example when - w~ 55
G ¥ D ‘ £ 3 D ; P..e &= SG?’RQQ‘ o5

;"disturbances were introduced into the basic current computed for
=‘31, disturbances whicﬁ substantlally change the scale of the »
prevailing motions: 1) the amplitudes of all harmonies, beginning
with & 2 8, were significantly increased, and for % < 8, they re=-
... mained unchanged; 2) the amplitudes of the harmonles with & g 4
»;‘were equated to zero, and with £ 2 6, they increased significantly.
|

N In all cases, the solution was quiekly established for the basic
. reglime. )

In proportlion to the growth in the Reynolds number, the number
of assoclated functions L, used during the calculatlons, increased.
Simultaneously with the characteristles of the current, the spectra
of the kinetle energy and the individual components of the veloelity
were calculated, depending on the meridional wave number &. The
spectra made 1t possible to determine the order of the neglected
terms, and thus to evaiuate the accuracy with which the solution is
approxlmated by the finlte series (2.4).

Since for Re = (60, 1t turns out to be sufficlent to take L = 17,
and for Re = 150 to set L = 25, so that the kinetic energy of the
neglected terms does not exceed 0.1% of the total kinetic energy of
the curreni. Simultaneously with the calculation of the structure
of the current, the integral characteristics were calcualted: the
torque transmitted to the external sphere M (Figure 2), and the
total kinetic energy E as a functlonof Re (Figure 3).

In a thin annulus, numerous calculations of the current were
carried cut from Re = 300 co Re é 2600. The concrete values of Re

for whiech solutions were obtained are marked wlth dashes on the dia-
gram (Figure 4). Usually when making the calculations, we took for
the initial data the values of the current eharaeteristies for the

13
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preceding step relative to Re, .the step relatlve to Re being
chosen positive as well as negative. '

One of the basic questions in the case of numerical calcula-
tions by the direct as well as the semi-direct mebthods is the ques-
tion concerning the number of terms retained in the series (2.4).
 The general notions concerning the increase in L as Re increases are
- bf‘little help, as we shall see subsequently. To c¢larily this ques-

tion for several values of Re, experimental calculations of the cure
“prents were performed for various values of L from IT to III; the re-~
sults of the calculations for Re = 1300 and 1500 in the torm of the
spectral component of the current veloclty wlth respect to & for
~ vardous values of L are presented in Flgures 5 angd 6.

The difficulty in choosing L, as 1ls clear from Figures 5 and 6,
is due to the fact that in erlitical situations (1osslnf stabillity
of the basle current), the spectrum drops rapldly when L > 10, so
that nothing is determined. Iﬁdeed, when Re = 1300, the spectra of
the r-component of the veloeity when L = 11, 21, and 31 are practi-
cally identical, and the order of the mext terms neglected does not
exceed 1% of the maximum value. However, as the calculations with
L = 39, 63, 75, and 91 have shown, the actual spectrum has little in
common with the spectrum fer small L. The polnt is, as experiment
shows, that near this value of Re the basic current becomes unstable,
the emerging secondary current has a substantlally smaller charac-
teristic linear dimension, and in the spectrum of the meridional
component there appears a second maximum for large wave numbers, the
prediction of whose occurrence on the hasis of calculations with
L < 30 turned out to be impossible. The spectrum of the r-component
changed qualitatively with the inerease in L, and the kinetic energy
included in the radlal component of the motions is now contained not
only in the large scale motlons of maximum size wilth & = 2, but also
in the small scale motions with wave numbers & 3 30 tv 46, l.e., for
a sufficiently accurate deserlption of the current when Re { 1300,
it is necessary to bake & y 60.

14
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Thus, to obtain a real picture of the current beyond the limit
of stabillty (Rep, < Re = 1300), it 1s necessary to lncrease the
number of terms of the serles more than three-fold. At the same .
time, to describe the current when Re < 1300 it is sufficlent, as
calculations showed, to take L = 11. It must be emphasized that filve
terms of the series (2.4) give smooth, rapidly determined solutions
~ of the equations even for very large Re (calculations performed up
to Re = 3000) when, as is famlliar from experiment, [5, 6], not a single
stability limit is traversed and the basic current simply does not
exlist, and the ratlo of the energy of several of the first neglected
terms to the total energy does not exceed the order of several
percent. |

As the spectrum of U, shows for Re = 1500 (Figure 6), the
qualitative plcture of the current is easily discerned when L = 61;
~ when L = 75, 91, 111, the spectral characterlistics of the current
practically coincide.

"~
H

As noted above, reorganization of the solution was observed
when Re > 1300, and the current emerging here corresponded to the .
- formatlon near the equator of four annular axisymmetric vortices
(Figures Ta, 8a, 9a). This solution exists up to Re = 2200; when
_ the number Re increases further, there occurs a further reorganiza-
tion of the current, as a result of whlch another secondary current
emerges wlth elght annular vortices pafallel to the equation (Figures
Qc, 96). The solution with 8 vortices exists in our calculations
in the interval 1750 £ Re £ 2600; when Re = 2700, a solutlon did not
appear for a'steady-state regime, and an osclllating periodlic reglme
was_established with perilod approximately equal to the period of the
single rotation of tne sphere. The cﬁuse of such osclilations is

under study.

Henceforth for brevity in dlagram L, and from time to time in
the text, we shall use the following designations for %the current
reglimes: we shall designate the current with 21 steady-state
annular vortices the reglme i (1 = 1, 2,-3, 4), and we shall call

’

/ :

4
1
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the bésic current the regilme Oy the transition from one regime to
another will be indicated by arrows. '

When Re decreased from 1700, the number of annular vortices in
 regime 4 decreased to 6 (Figures Th, 8b, 9b). The regime 3 thus
obtained exists "up" to Re = 2700, whére it — like regime 4 ~
becomes osclllatory. )

For decreasing Re when Re = 1550, regime 3 goes over into
regime 2, and when Re decreases still more, it become regime O (for
Re = 1300), by-passing regime 1.

To obtain a solution with two annular vortices (regime 1) which,
as was known from experiment, arise when Re 2 1212 % 25 during loss
of stablility by the basic current [6], a speclal disturbance is
introduced into the basic current whose form 1s close to that of
the desired current. In Pigures 7c, 10, and 11, the functlon of
the flow and the values of the‘angular velogity on the surface
r = 1.049 are shown, as are also the spectral characteristles of
the azimuthal and meridional motions for two different current
regimes (regimes O and 1) for the same Re = 1270, calculated for the

same number of spherical functions L = Ql.

Regime 1 exlsts in the interval 1260 < Re < 1400; for larger
values of Re, the current is reorganized into the regime with four
annular vortices, previously described (regime 2). When Re = 1260,

the regime is reorganized Into the basiec current.

Besldes -the flow functions and the angular veloclty of rotatlon,
- spatial spectra of the total kinetic energy and the individual
components of the velocity were obtained. In Figure 10 - 18, the
graphs of the change in the flow functlons and the angular velocity
wlth vespect to 6 are shown in the center of the annulus when r =
1.049; also included are the Fouriler coefficients, Uys W, of the
the meridional and azlmubthal component of the veloclty for various
regimes of the current when Re = 1270, 1600, 1900, and 2000. In
Figure 20, the flow lines and a phobograph of regime U4 when Re = 1900
|
i
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\*. ape shown. The spectra of the total kinetilc energy for all regimes

fér_Re = 1270, 1600, 1900, and 2200 are pregéﬁtéd in Flgures 21 = 22,

- An anlysis of the energy spectral show that if we were intervested in
the basis klnetle energy of the motions, fhen clearly it would be
possible in many cases to limit ourselves to L n k0. However, here
| - the meridlonal motion, whose baslec scale claose to the equator is
“mach less than the scale of the azimuthal motlons, ~ould be greatly

&istorted.
|

E
i 3. THE HYDRODIYNAMIC INTERPRETATION OF THE RESULTS

OBTAINED. COMPARISON WITH EXPERIMENT

The numerical soluticns of the problem posed 1n the thick
annulus with § = 1.33 and e = -1 have demonstrated the unigueness
" of the solution of the axisymmetrilec current in the interval of Re
considered.

The conformity with experimental and numerical results pre-
viously obtained [1 - 3, 8 - 10}, the meridional current is concen=-
trated in the lower latlitudes {(Figure 1) as Re increases, in the
profile of the angular velocity there appears a point of inflection,
and the spectrum of the kinetic energy shows that the basie part
of the energy is contained in the large-scale motions.

The graph of the torgue M as a function of Re (Figure 2) has
no breaks up to the value of Re y 410; but near Re p 54 there is a
peint of inflection. Up to Re = 130, the experimental and numerical
values of M agree wlth very good accuracy within 0.5%. For Re =
150, 200, and 250, %the calculated valugs of M are given by circles ln
Figure 2; as is clear from the {igure, the difference between the
measurements and the caleulated values 1s on the order of 2.5%,
recorded when Re = 250, and it 1s possible in this connection that
for this value of Re the accuracy of thé current csleuwlations
declines for L = 31l. Analysis of the spectra.of the kinetic energy
near the breaks noted by Munson [4] for Reel and Reg, also discloses

the®absence of any reorganization in the current.

17
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' The results discussed together with the results of experiment

‘£3, 111 make it possible to state a conslusion concerning the

shabllity of a CGouetbe spherical current in thick annuiill in the
interval for Re which was consldered. .

In the thin annulus with 6 = 0.11 and ¢ = -1, the basic axlsym-

‘netric Couette current exists up to Re!= 1300 according to the cal-~

culations, which is somewhat larger thhn the first experimental value
of the oritical number Re = 1212 : 25. TFor values of Re > 1260,

only a specilal type of disturbance makes 1s possible to obtain numerl-
cally & current regime with two annular vortices. This lmpossi-
billty of obtaining regime 1 from the basic current by a simple Ine
crease in Re 1s connected, obviously, with the condition of symmetry

of the current relative to the equator which we imposed. In an -
experiment [6], the appearance of regime 1 was connected with the /22

momentary disruption of such symmetry at the limit of stability.

The cause of the approxiﬁﬁtely 4% divergence in the numerical
and experlmental values of the first critlcal value of Re (Rey =
1260 by calculation; Reg = 1212 25 by experiment) is still not
clear to us.

Just as in the case of experiment, calculations show that foxr
supercritical values of Re there exist several different steady-
state current regimes at one and the same point in space. On the
diagram (Figure 4a), the regions of existence (relative to Re) -
corresponding to the regimes of the caleculations are denoted by
lines opposite the numerals 0, 1, 2, 3, and 4. The arrows indicate
the transition from one regime to another as Re increases without
the introduction of additional disturbances; a dotted arrow denotes
the passage from the basic current to regime 1 when disturbances
of special type are introduced into the current. The upper mark
corresponds to the domain of existence of these regimes in the
experiment [6]. The wavy form of the mark indicates the appearance
of sinusoidal disturbances in SHhe annular vortlces in the corre-
sponding regimes.

18



‘Regimes 3 and H as is clear frcm.the diagram, exﬂst fo 1&?3&?_;_"m

*‘valuea of Re than in the axpewiment. Regima H for Re - 2150 an&

regime 3 fcr Re = 230Q are raowgan med into essentia;ly fone

axisynmeteic regimes with spirals [5, 61. In the calewlations, .+

© both solutions for Re = 2700 becone oseil}ations>with~& period
approxinately equal to the perded of one revolublon. For the
present, it is difficult to say whether these oseillations are
purely & calculational phenomenon, or the period axisymmebric vew
ginas are solubtlons of the Navier—stoges equatilons. If the latter
is true, then they must be unstable relative to tne non-axisymmetric
disturbances, since- in the experiment on spherical [6] and oylin-
drical [17] annulii no periodlc axlsymmetric current was observed.

»

Qualitatlively, the forms of the currents for the reglmes ob-

- tained by calculation and by experlment compare favorably also.
. Thus in regime 4, the third amular vortex from the equabor always

occuples more space than the remaining vortlces, In the experlment
as well as in the calculaticns. Supercompression of the lines of
flow and the formation of closad vortices In the basic current

(current of the "cabt's eyes" type), obtalnad in the numerical caloula=-

tion (Figures T, 8, 9, 20B) were recorded in experiment [6] in the
form of reglons wlth large velocity gradients (the broad, dark belts
B pelow the annular vortices in Figure 20).

3
1

CONCLUSIONS AND SUMMARY

The results of the numefieal investigabion of nonlinear steady—
state axisymmetric currents in & viscous incompressible liquid in a
thisk (8§ = 1.33) and a thin {(§ = 0.11) annulus when only the
internal sphere rotates (& = -1) in the indicated ilnvervals of ‘
variation of Re make it poassible to draw the following concluslions:

1. In the interval 5 < Re £ 250 in a thick annulus, there was

" obtained (in agreement with experiment) a unique stesdy-stadte axi-

symmetrle solution -—— the basic Cousbtbe spherdeal current.

*
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' 2;, Tha absence 0& breaks in the curves o; bhe tarques M(Re)

- \{'(Figu"e 2) and the kinetic energy E(Re) (Figure 3}, and also the. _
" absence of qualitative changes in the spechrum for the kinetic energyj ff
i of the currant as Re increasesy make it nossiblé bo: draw an inféra_rj;3=*
.~ erice’ concarning the stability of the . Conette spherical current dina oo
_i thick annulus relabive to the steadyms%ate axisymmetric disturbancesz g
' in the Re interval considered. Taking into account the results of
 experinent [11], this congluslon can he generalized +o the stability¢"
cof the Gouette spherical current in thick annuli relative to arbi-
trary_disturbances when Re g 410, |

3., In a thin annulus, only those steady-state axisymmetric

_current regimes are obtained numerically which were obsarved experl-
o mentall X.e., the ba¢k:current and currents with two, four, six, 24
. and eight annular vmrtices. The regions of existence of the numerl- |

“;‘cal solutions, as is clear from Figurq 4, can be distinguishad from

‘the regions obtained experimantally. The prclongation of cerbtain
‘,‘icurrent reglmes into the region of larger Re values can be explained
- by the fact that the conditions of axlsymmetry and symmetry relative .

4o the equator are imposed on the motions, and the current regimes
observed in these regions are essentizlly non~axisymmetric and none-
symmetric with respeet to the equator.

Y. The basie steadyustate axisymmetric'Couette current in a
thin annulus exists up to the value Re = 1300, whlch Is somewhat
larger than the experimental value of the first critleal Reynolds
number Re = 1212 + 25, above which the basle current turns oub to
be unstable. o

5. In the supereritical reglon, the numerlczal as well as the
physical experiment gives a non-unique solution for the same Re
valuas.

6. In a thin annulus, the spectral characberlstics of the
veloclty components disclose the following features of the secondary
currents: a lavge part of the energy!of differential rotation
during supercritical regimes is contained in maximum scale motions

20
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(the anE numbers £ 2 - H), and the energy of the meridional
“.jjmoticns have two approximately equivalued naxima for Yo 2 and
LR B0, diesy 1arge-seale and, small-scale motions WhiCh are equally
- w:.justified from the standpaint of energv._ It is interesting to note
. 'that as Re increases within the very-same regime thepredominant ;v
‘ffscale of the smalluscale part of* the periodic mptions increases,;’" 
”f}:l Suy the wave:. number & decreases.}“,“ R

Thus, numeriea] model ng of the nonlinear Gouette spherical

| i‘currenz and the secondary currents Which emerge for the supercritical

- valués of Re produced results which are in good agreement with
experiment. As a supplement to a physiical experiment, the calcula-
tions make it possible to determine the total kinetic energy of

’_currents, its spectral distribution, o study the fine strueture of
currents, and in disputed cases to resolve the question of the
stabllity of currents. ' '

-

APPENDIX

In the calculations, the tilme-related gquantities Ffor the
(n + 1)5% annulus were obtained after completion of the calculabilons
for the nth annulus. At this time there were files for the quanbi~

ties Qc) bé@g) We :c in the storage of the computer by means

: of which, with the aid of formula (2.3}, the values

Ux (k8
(}c 9 ) fb__..__.{-—-m) (}c & ), ete., were calculated. By
&
‘means of these quantities, the nonlinear terms d} ck f)
7 e

1=12, 2, 3 were computed. To reduce the time to caleculation g}a »

at the beginning before undertaking the;moblem, three nmatrices were
calculated and the results stored in the memory of the computer. The

elements C%;E' 5f tﬁese matrices are (in the generally aceepted
nobation): '

21
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';'l.“\;To calculate the va.lues oi‘ ¢ ( ), (wit;h respect toy (}C 9 )}
‘ﬁ.‘-"tthe inverse f the matrices (a- 1) were stored in the computer.
‘ ' 5
After ca.lcula.ting the values oi‘ ( }4,) , the difference
e.quat-z.ons (2.8) and .(2.‘9)' were solved. Here, Ue R Ve, )O,g are found

-

‘  from equations 1, 2 and 4 with the help of a matrix trial run, and
W is obbained with the aild of the usual run. (We draw attention /26
to the fact thabt no difficulties are encountered here because of the
absence Of boundary conditions for p. )

The ma]or pari- of ma,chine time was spent in caleulabing SE
an d. Q . _ . : :
. :. £ |

Ghoice_ of the function f is quite arbitrary. We assume:

Laede feivensd o
g___. 5 (2+5) T
C::}{-t- 83 5 5[-...(-:-«::)

The computed points ¥ [ }c.) on the boundaries ¥ =1 and
= {—3—8' were thicker here than in the center of the annulus. In
calculations relabive to -:é-‘,33 s the number of points a.iong’ the
. iaédius 3’(_‘ =20 and in- ealculatlons for 3 = 0,I1 , we assumed
10 . o~ _ I o



o Tha calculatioﬂs for 5 = 1,33 were carried out with the
: ;values of the calculated parameter T = 0.6; when § = 0.11, it was
'i*assumed that © = 0.2, | ) '

. The time to determine the solubtion depended on the inltlal data

- and the value of Re. Here near the critical values of Re, at which

the current of the given regime lost sbability, the time to obtain

" the solution increased. Thus, e.g., when Re = 1750 with initial

values corresponding to Re = 1800, the fourth sign for torgque M was

" determined after 400 steps with respect %o %, and for Re = 1700 and

Initial values corresponding to Re = 1750, 1200 steps were required.

Since we are interested in cases in which the solution of the
" steady-state equations is not unigque, we devoted special attentlon to
. the extent to which these equatvlons are effectively satisfied. Let
us consglder the following figures: when Re = 1250 in the {lrst of
alls __

P—

the equations, 0y 1117587Ixri0 3 here the contributlon of

Z:
the energy terms = 0.90864956; that of the viscosity terms =

-0.00#6“23005, and of the pressure gradlent = -0.086222768.

The processing and develaopment of the results were carried outb
according to separate programs. Since the solutlons are presented
in the fofm of interpolational sunms, we were able to calculate the
values of the desired functions at any point 8, which made it pose-
-slble to obbain a deballed picﬁure(ﬁ‘the.cuxrent in the equatorial
cregion (Figwe T - §). )

23
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CAPTIONS TO THE FIGURES

Flow funcitions of the meridional current and the lines of /30

constant angular veloclty 1n the annulus § = 1.33, Re = 200

The curve of the torque M(Re) for the annulus d = 1.33.

Experiment and theory fﬂ
M., z/c"“” tg 524 A

The curve of the kinetic energy E(Re) for the annulus
6§ = 1.33

Existence dlagram for various regimes of currents (a) and
the wave length of a vortex near the equator as a function
of the number Re (B) in the thin annulus 6 = 0.11

The spectrum Ug(ﬂ) for various LI when Re = 1300 in the
annulus § = 0.11

The spectrum Uy(%) for varlous L when Re = 1500 in the
annulus § = 0.11

The current functions t;l'lo2 and the lines of constant
angular veloclity in the annulus ¢ = (.11

a) Re = 1600 regime 2,

b) Re = 1600 regime 3,

c) Re -~ 1270 regime 1

The same as Figure 7 with Re = 1900
a) regime 2,

b) regime 3,

¢) regime 1

. The same as Figure 7 with Re = 2200

a) regime 2,
b) regime 3,
e) regime 4

The current functlon and the angular veloeity as functions
of & when r = 1,049, and the speectra of U, (%) and Wﬂ(m}
for the basic current when Re = 1270

Ditto for regime 1L when Re = 1270 /31
Ditto for regime 2 when Re = 1600

Ditto for regime 3 when Re = 1600 .

Ditto for regime 2 when Re = 1900

l

Ditto for regimé' 3 when Re = 1000

Ditte §6r regime 4_whén Re = 1900
/
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Figure
Figure
: Fig&re
Figure

Figure

Figufe

. Flgure

Figure

17.
18,
19.
20.

21,

22,

23.

Ditto for regime
Ditto for regime
Ditto for regime

The stream lines
region 4 when Re

2

3
4

be

‘when Rei='2zdo
2200

n"

wWhen Re
when Re = 2200 |
102 and a photograph of the current of

1900 and & = 0.11
i

The spectra of the kinetic energy of the curvents in the
thin annulus § = 0,1}

WO

a} Re = 1270 region
b) Re = 1270 regime
¢) Re = 1600 regime
d) Re = 1600 regime
The same as Figure 21
a) Re = 1900 regime
b)" Re = 1900 regime
¢) Re = 1900 regime
d) Re = 2200 regime
e} Re = 2200 regime
£} Re = 2200 regime

=0 O Bl N

The kinetic energy E and the torque M as functions.of Re
in the thin annulus §6=0.11
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