
General Disclaimer 

One or more of the Following Statements may affect this Document 

 

 This document has been reproduced from the best copy furnished by the 

organizational source. It is being released in the interest of making available as 

much information as possible. 

 

 This document may contain data, which exceeds the sheet parameters. It was 

furnished in this condition by the organizational source and is the best copy 

available. 

 

 This document may contain tone-on-tone or color graphs, charts and/or pictures, 

which have been reproduced in black and white. 

 

 This document is paginated as submitted by the original source. 

 

 Portions of this document are not fully legible due to the historical nature of some 

of the material. However, it is the best reproduction available from the original 

submission. 

 

 

 

 

 

 

 

Produced by the NASA Center for Aerospace Information (CASI) 



5

Final Report
January 15, 1976 - August 31, 1978 	 I

NSG 1275

(NASA-CR-158110) A THEORETICAL STUDY OF A	 N79-16931
LAMINAR DIFFUSION FLAME Final Report, 15
Jan. 1976 - 31 Aug. 1978 (Virginia
Polytechnic Inst. and State Univ.) 99 p HC	 Unclas
A05/MF A01	 CSCL 21B G3/25 14436

A THEORETICAL STUDY OF A LAMINAR
DIFFUSION FLAME

BY

Karen L. Frair
Virginia Polytechnic Institute and State University

Blacksburg, VA 24061

The NASA Technical Officer for this Grant is

Dr. Howard G. Maahs
MS 284

NASA-Langley
Hampton, VA 23665





i

I. ABSTRACT

Theoretical models of an axisymmetric laminar diffusion flame are

discussed, with an emphasis on the behavior of such flames at increasing

pressures. The flame-sheet or Burke-Schumann model (in terms of BesseI

functions) and various boundary-layer numerical solutions are presented

and their results compared with experimental data. The most promising

theoretical model combines the numerical flow field solution of the

Patankar-Spalding computer code with the Pratt-Wormeck chemical reaction

subroutine. The flame shapes for pressures of 1, 5, 10, 20, and 50

atmospheres have been computed and agree remarkably well with exper-

imentaI data. There is a noticeable shape change with pressure, believed

to be a result of buoyancy effects. The chemical concentration profiles

do not exhibit much dependence on pressure, a reflection of the fac,

that only one chemical mechanism was utilized at all pressures.
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II. INTRODUCTION

The problem of pollutant formation in turbine combustors is currently

receiving a great deal of warrented attention, especially the pollution

associated with aircraft turbine engines in and around airports. Of the

various pollutants discharged from these engines, two of the most harmful

are nitric oxide and nitrogen dioxide, commonly referred to as NOx.

Since actual combustors may operate at pressures up to 30 atm, it is of

special interest to consider the effect of pressure on the formation of

NO  during the combustion process, which has been done experimentally by

Miller and Maahs [1] at NASA-Langley.

In their experimental investigation, an intentionally simplified

combustion system--a laminar diffusion flame--was chosen to model the

actual combustion process. The diffusion, or non-premixed, flame was

selected over the premixed flame because it is an experimentally simpler

system and because larger NO  concentrations are expected with the

diffusion flame. The laminar flow regime was selected in order to

eliminate fluid flow effects as much as possible so as to concentrate on

chemical effects.

The structure of laminar diffusion flames has been the subject of

investigation for a great many years. The first analytical study of

diffusion flames was made by Burke and Schumann [2] in 1926. They

introduced the assumption that the zone of combustion might be approxi-

mated as a surface, i.e. infinitely thin. It would then follow that the

associated reaction rates would be infinite. Burke and Schumann were

concerned with a cylindrical laminar fuel jet discharging into an air

stream moving with the same velocity as the fuel; they proceeded to

calculate the flame shape for various initial conditions. The same

assumption has been utilized to predict the length of both laminar and
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turbulent open flames. (.Hottel and Hawthorne [3], Wohi, Gasley, and

Knapp [4], Barr [51).

zeldovich [6] was among the first to consider the structure of a

reaction zone of finite thickness and hence the effects of finite reaction

rates. Similar studies have been done by Spalding [7] with an emphasis

on the phenomenon of extinction. Linan [8] has also studied the effects

of finite chemical reaction rates by means of a boundary-layer-type

solution, while many have applied perturbation techniques to the problem

(Pendell [91, Kassoy and Williams [10], Chung, Fendell, and Holt [11]).

The computer simulation and prediction of chemically reacting

flows, an extremely difficult problem because one must describe the

interaction of many reacting chemical species with fluctuating temperature

and velocity fields, is nevertheless a method of solution that is being

used to a greater and greater degree as computer software/hardware

facilities become more advanced.

There exist at present two well-defined bodies of literature on the

numerical (computer) solution to chemically reacting flows: 1) fluid

flow with infinite-rate chemistry (chemical equilibrium), and 2) finite-

rate chemically reacting flow without mixing or with infinite-rate

mixing. Examples of such works are those by Patankar and Spalding [12]

and Pratt [13], respectively. Pratt and Wormeck [14] have then attempted

to combine aspects of both bodies of literature to achieve a scheme that

could model the phenomena of a diffusion flame-a laminar finite-rate

chemically reacting flow field.

It is the purpose of this study to construct an analytical model of

the laminar diffusion flame described by Miller and Maahs [1] and to

compare experimental and theoretical results concerning the effects of

high pressure on flame shape, temperature distribution and NO  formulation.
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Sections III and IV describe the physical system and experimental results,

Section V introduces the governing equations and Section VI describes

various theoretical models and associated results,

7
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III. DESCRIPTION OF THE PHYSICAL SYSTEM

For purposes of completeness a summarized description of the

physical system employed at NASA-Langley is included. For a more

detailed description, Reference Eli should be consulted.

A diagram of the burner and collection sy tam is shown in Figure 1.

Methane gas issues from a cylindrical tube into a concentric cylindrical

tube through which air is -Flowing. The fuel tube has an inside diameter

of 3.06 mm and the air tube has an inside diameter of 20.5 mm. Fuel and

air flow rates are held constant at 41.8 standard cm3/min (sccm) and

2450 sccm, respectively.

In order to obtain a flat velocity profile in the fuel and air

streams as they exit from their respective ducts, porous disks of

sintered stainless steel were installed near the duct exits. Ignition

is accomplished by means of an electrical hot-wire igniter, During

operation the igniter is positioned 10 to 20 mm above the burner; once

ignition is attained the igniter is removed from the flow.

The combustion products exit from the top of the quartz chimney and

are swept into a total-sample collector by the nitrogen pressurizing

gas. The nitrogen flow rate is kept low enough so as not to excessively

dilute the gases to be analyzed. The products are analyzed by a continuous

infrared CO2 monitor and a chemiluminescent NO-NO x analyzer.

The measurement of flame temperature is the most difficult and most

uncertain of any measurements made. The method of two-color pyrometry

was employed (with the carbon in the flame as the radient emitter) Go

determine a spatial average temperature near the hottest point in the

flame.

i



Hot Wire

AC Suppi,

High-Press
Chamber

Glass Chim

Diffusion

Fl ame

Fuel Tube

(3 mm dia.

Ai

Fuel C

yzers

ator

Total

ow

Izing

tas

6

Figure ! - Schematic diagram of burner and collection system



C f

n
7

IV. EXPERIMENTAL RESULTS

A. Flame Shape

A definite change in the shape of the diffusion flame occurred as

pressure was increased from 1 to 50 atm. This is shown in Figure 2,

taken from Reference [1]. At i atm the sides of the flame bow outward,

but this decreased as the pressure was increased above 1 atm. At about

10 atm the flame exhibited a slight concavity and the diameter decreased

considerably. A further decrease in flame diameter occurred as the

pressure increased, the maximum change associated with a pressure of

approximately 20 atm.

An increase in the amount of carbon accompanied the change of flame

shape and at pressures higher than 20 atm only minor changes occurred.

The height of the flame did not change drastically with pressure,

as illustrated in Figure 3. The flames were typically 10 mm in height.

B. Nitrogen Oxide

The molar emission index of NOx , Im, is defined as the number of

moles of NO and NO2 produced per mole of fuel burned. Figure 4 shows

that this quantity increases rapidly as pressure increases, reaching a

maximum at about 9 atm. Above this pressure the molar emission index

decreases slowly and continuously until it returns to roughly its original

value.

C. Flame Temperature

A plot of the optically--measured peak temperature as a function of

pressure is shown in Figure 5, with data limits shown by vertical lines.

There is a steady decrease of peak temperature with pressure.
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V. GOVERNING DIFFERENTIAL EQUATIONS

The equations of motion reflecting the conservation of mass, momen-

tum, energy, and mass of each component for a chemically reacting gas

mixture are:

Conservation of Mass

+divpV=O

where p = density V = velocity vector

Newton's Second Law

DV 
W
-^

Dt 
VP + div z

where 2t = substantial derivative = at + V - V

p = pressure

T = viscous stress tensor

Conservation of Energy

Dh  1p +
 Dt

+
 T E -di v q

where

h = enthalpy

e = rate of strain tensor

q = heat flux vector

Species Conservation

Dm 
PD	 =-divJ i +Ri

where

ORIGINAL PAGE 15
OF POOR QUALITY

mi = mass fraction	 Liof species i	
p

j i = mass flux vector

R i = rate of creation of species i by chemical reactions

In order to close the system the following constitutive relationships

and equations of state are introduced:
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T	 2ue + Xdiv 11 ^E

where + A are the lst and 2nd coefficient: of viscosity and

R is the unit tensor

e = 1 / 2 (VV + VVT)

j i = 
PED i,3 Vm

where ji is the mass flux vector and D ii 's are the diffusion coefficients

q = -k0T + Eh iji 	 q is the heat flux vector 	 T = temperature

k = coefficients of conductivity.
M. T

p = pRT E 
W^	

h = Eh i mi 	hi -- h i + S C dT
i i	 T	 p io 

where W i = molecular weight of species i.

The above equations are non-linear second order partial differential

equations. The two main types of solutions are analytical and numerical.

Analytical methods are those that express the solution as algebraic
.
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formulae, power series, etc. Methodologies such as separation of variables,

series expansions, and coordinate transformations are employed to obtain

such solutions. These types of solutions are usually limited to linear

or linearized differential equations.

Numerical methods are those that express the solution in the form

of numbers related to the particular circumstances of the flow. The

differential equations are.transformed to algebraic "finite-difference"

equations and the values of all dependent variables are calculated at

the nodes of a grid covering the domain of interest.

The flow to be considered is in general governed by nonlinear

equations with the rate of chemical production term (R i ) being highly

complex. Simplifying assumptions may be made and various solutions

obtained. A discussion of these solutions and associated assumptions

follows in Section VI.
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VI. THEORETICAL ANALYSES

A. Burke - Schumann Analytical_ Solution

If the following assumptions are made:

1. steady cylindrical flow

2. inviscid flow

3. negligible pressure and thermal diffusion

4. Ficks Diffusion Law

5. single step chemical reaction of fuel and oxidant -} product

6. parallel and equal gas velocities

7. constant mass flux

8. axial diffusion <<< radial diffusion

9. entire chemical reaction occurs at the flame surface

then the governing equations may be combined into a single linear partial

differential equation with appropriate boundary conditions. The solution

is in terms of Bessel functions and a flame shape may be predicted from

the analysis. Reference [15] presents a more detailed discussion of

this solution.

The predicted flame shape agrees fairly well with the experimental

evidence, although the predicted flame height at I atm (3.6 cm) is

greater than the experimental. Furthermore, the Burke-Schumann model

predicts absolutely no change of shape with pressure, hence it is evident

that a more refined theoretical analysis is necessary.

B. Edelman - Fortune - Weilerstein Numerical Solution

The effects of inertia, viscosity, diffusion, gravity, and combus-

tion on an axisymmetric laminar diffusion flame have been investigated

via a boundary layer type formulation by Edelman, Fortune, and Weilerstein

[16]. First a von Mises transformation is made in going from axisymmetric

physical coordinates (x, r), where x is the axial distance and r the
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radial distance, to (x,,) coordinates. The stream function, is defined

by	
^b	 rp

f Vft ° f purdr
a	 ra

The governing equations are then non-dimensionalized by means of an

emperical normalization parameter.

11
1t is customary practice to do this (non-dimensionalization)

by normalizing the variables directly in terms of the boundary
conditions. However	 .	 the resulting dimensionless groups do
not truly characterize the process and that is due to the large
variation in flow properties throughout the domain of interest.
Accordingly, the current approach involves the introduction of a
set of characteristic quantities which are based upon some state
within the flow that more accurately reflects the flame structure."
[16]

The equations are then solved numerically by means of an explicit finite

difference formulation.

The Burke-Schumann combustion model, or "flame sheet assumption",

is that all the heat is released on the suface where the fuel-air ratio

is stoichiometric. A more accurate combustion description is offered in

this model in terms of a basic equilibrium theory for the combustion in

either the fuel-lean or fuel-rich regime.

For a pressure of one atmosphere this program predicted a flame

height of .S cm and a flame shape that agrees remarkably well with

experimental data. However, the results for pressures greater than one

atmosphere could not be substantiated either qualitatively or quantitatively

by experimental data. This was due to the fact that the analysis in

Ref. [161 utilizes.a normalization parameter obtained experimentally at

one atmosphere of pressure. This does not affect the original work

since the problem considered was buoyancy effects of diffusion'flames,

all at one atmosphere. The analysis, limited as it is to a pressure of

one atmosphere, does not therefore lend itself to the problem at hand.
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C. Patankar-Spalding Numerical Solution

Patankar and Spalding [I2] likewise utilize a boundary layer formu-

lation and a von Mises coordinate transformation so as to put the

conservation equations in the general fora

ate +(a+bw)
a1 = a

 ( C- )+d
ax	 aw aw aw

where

x and w are the two independent coordinates

a and b are arbitrary functions of x

c and d are arbitrary functions of any dependent and independent
variables

stands for any one of a set of variables, each possessing its
own differential equation, e.g., -Fluid velocity, stagnation
enthalpy, mass fraction, etc.

These differential equations are transformed into finite difference

equations and solved by means of the tri-diagonal matrix algorithm

(TDMA).

The chemistry incorporated into this numerical scheme is a very

simple fuel-oxidant-product equilibrium model where the rate of genera-

tion of fuel by chemical reaction, R f , is assumed to obey an "Arrhenius-
u

type" relation.

For the case.of negligible chemical reactions this program produces

acceptable results in that the diffusional nature of the axial flow of

fuel and air is well represented by means of velocity and concentration

profiles. With the inclusion of limited equilibrium chemistry a flame

shape can be obtained that agrees qualitatively with that obtained

experimentally.	 The theoretical flame height

at one atmosphere is 8 cm as opposed to an experimental height of .8 cm

however. Since the chemistry of the flow field under consideration is
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model does indeed limit its ability to accurately describe the flame

under investigation.

B. Patankar--Spalding and Pratt-Wormeck Numerical Solution

As stated previously, the hydrodynamic aspects of Spaldings code

are well-developed and offer a valid model of the diffusional nature of

the flow. A more realistic chemical model is provided by Pratt and

Wormeck [14] in their subroutine for the calculation of chemically

complex equilibrium or non-equilibrium stationary states.

The scheme employed by Pratt and Wormeck in their determination of

chemical equilibrium states at prescribed temperature and pressure is

essentially the same utilized by Gordon and McBride [17]: Gibbs function

minimization.

A similiar procedure is employed for the case of non-equilibrium

(kinetic) stationary states. A chemical-kinetic source term is included

which takes into account the effects of forward and reverse reaction

rates, and reaction contact indices.

A combination of the hydrodynamic code of Spalding and the chemical

package of Pratt and Wormeck results in a computer code that is capable

of producing a numerical solution to the hydrodynamic equations of

motion while taking into account the effects of complex chemical reaction.

This combination computer code was applied to the problem at hand for the

two cases of equilibrium and kinetic chemistry. It was found that the

kinetic solution proved much too costly in computer time (IBM 370) to even

consider, so the following results are limited to the case of equilibrium

chemistry.

The thermochemical data were taken from Gordon and McBride [17]. A

reaction mechanism consisting of 19 species and 34 reactions was utilized,

as given in the actual computer listing found in the Appendix. A
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cross-stream grid of 21 grid points was used. The results were found

to be fairly sensitive to the input value for the temperature at the

base of the burner. Since the computer solution is for a steady flow,

the actual ignition phase is not considered, but a temperature is chosen

that hopefully represents the physical situation after a steady state

has been achieved. All the results discussed are for a base temperature

of 1000°K.

Figure 6 demonstrates the change in theoretical flame height with

pressure. As can be seen from a comparison of Figures 6 and 3, this agrees

very well with the data obtained experimentally. The average computed

flame height was 8.6 mm, as compared to the value of 10 mm for the

emperical case.

Figures 7 and 8 demonstrate the theoretical flame shapes for pressures

of one and five atmospheres of pressure and ten, twenty, and fifty

atmospheres, respectively. The flame position at a particular height

above the burner was assumed to be at the point of maximum temperature for

that height.

As can be seen from	 a comparison of these Figures (7 and 8)

with the actual flame shapes obtained (Figure 2), there is a remarkable

agreement between the mathematical model and the emperical data. At one

atmosphere the computed flame is fairly bulbous in nature, the sides of

the flame bowing outward away from the burner. As pressure is increased

the outward bowing of the sides of the flame decreases, and at 10 atmo-

spheres there is almost no bowing at all. At 20 and 50 atmospheres the

flame exhibits a concave appearance, which agrees extremely well with

experimental results.

This shape change is believed to be a direct result of buoyancy

effects. As the pressure increases,the difference between the densities
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of methane and air become much more pronounced, hence the behavior of

the two now very different gases under the action of gravity, i.e.,

buoyancy, affects the resulting -Flow field. In addition, the problem at

hand is one of fairly low velocities. As the pressure is increased

these velocities become even smaller and the -Fluid flow more sensitive

to buoyancy effects. Prior to the inclusion of buoyancy effects in the

computer program, all flames exhibited a somewhat bulbous shape similar

to that found at one atmosphere.

Figure g is a plot of approximate maximum flame temperature as a

function of pressure. Since these values are fairly sensitive to the

input temperature at the base of the burner, it is difficult to make any

general statement concerning this data except to say that in comparison

with Figure 5, the computed flame temperature behaves in qualitatively

the same manner as the adiabatic flame temperature shown there.

Figures 10-15 demonstrate various species mass fractions as a

function of the radial distance outward from the center of the burner.

Figure 10 is for a pressure of I atmosphere at a position of .15 cm

above the inlet. Figures 11-15 are for a position of 0.5 cm above the

burner, toward the top of the flame, and for pressures of 1, 5, 10, 20,

and 50 atmospheres respectively.

At a vertical distance of .15 cm above the burner there still

exists some unburned fuel close to the axis of the burner. The maximum

NOx concentration occurs closer to the flame position, as does the

maximum concentration of CO2.

At a vertical distance of .5 cm above the burner, there is no CH 

present and once again the maximum NO  production occurs near the flame
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front. There is essentially no change in the relative magnitude of this

maximum concentration with pressure, only a change in where it occurs.

This of course corresponds to the change of flame position with pressure.
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VII. CONCLUSIONS

In order to reflect the physical system under consideration to an

acceptable degree, the governing differential equations must be solved

numerically. The algorithm utilized by the Patankar-Spalding computer

code produces a solution that represents the hydrodynamic nature of

the flow field extremely well. It has been found, however, that refine-

ments must be made to the chemical reaction portion of the code in order

to produce meaningful results. These refinements take the form of the

Prat:-Wormeck chemical subroutine which has been incorporated into the

Patankar-Spalding computer code.

The flame shapes for pressures of 1, 5, 10, 20, and 50 atm have

been computed and agree remarkably well with experimental data. There

is a noticeable shape change that occurs with increasing pressure and

believed to be a result of buoyancy effects, which become increasingly

important at higher pressures.

The species concentrations computed for the flow regime at hand

seem to reflect the chemical aspect of combustion fairly well. The

concentration profiles do not reflect much dependence on pressure, however,

except in so far as position is concerned. Since the chemical mechanism

incorporated into the program did not vary with pressure this is a some-

what expected result. It would be of considerable interest to change

the input chemical mechanism with pressure and to note any resulting

changes in the general shape of the concentration profiles.
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Computer Listing and Sample Output
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