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1. INTRODUCTION

This report is the third Semi-Annual Status Report on the
research project '"Models and Techniques for Evaluating the
Effectiveness of Aircraft Computing Systems' being conducted
for the NASA Langley Research Center under NASA Grant 1306,

The subject grant was initiated 1 May 1976 for a one year per-
iod and extended 1 May 1977 for a second one year period. This
report concerns work accomplished during the first half of the
second year, that is, the period from 1 May 1977 to 31 October
1977, hereafter referred to as the reporting period.

The purpose of this research project is to develop models,
measures and techniques for evaluating the effectiveness of
aircraft computing systems. By '"effectiveness" in this context
we mean the extent to which the user, i.e., a commercial air
carrier, may expect to benefit from the computational tasks
accomplished by a computing system in the environment of an
advanced commercial aircraft. Thus the concept of effectiveness
involves aspects of system performance, reliability and worth
(value, benefit) which must be appropriately integrated in the
process of evaluating system effectiveness, More specifically,
the primary objectives of this project are:

,1)'The development of system modelsuthat can provide

‘a basis for the formulation and evaluation of .
aircraft computer system effectiveness,

2) The formulation of quantitative measures of system
effectiveness, and

3) The development of analytic and simulation tech-
niques for evaluating the effectiveness of a
~ proposed or existing aircraft computer.



Work accomplished during the first year [1], [2] was con-
cerned-primérily with objectives 1) and 2). Midway through the
first year, a decision was made to decouple the performance and
reliability aspects of effectiveness from the worth aspect, and
to focus the effort on performance and reliability issues,
As:argued when this research was originally proposed, and as
further substantiated by work accomplished to date, the issues
of performance and reliability must be dealt with simultaneously
in the process of evaluating system effectiveness. The term
"performability" was introduced to refer to thisunification of
performance and reliability, and performability was identified
with effectiveness in the above stated objectives.

During the éurrent reporting period, work has been per-
formed in connection with objective 3) as well as objectives
1) and 2). More specifically, this work has concerned:

1) Further formal development of the general modeling
framework that serves as the basis for performa-
bility evaluation, including more precise defini-
tions of "base model'" and '"system performance"
which permit a general definition of "performa-
bility" relative to any discrete-valued performance
variable, B

2)‘Forma1 justification of the performability cencept
and identification of conditions under Wthh
performance and rellablllty can be treated-
independently, :

3) Further development of the general concept of
"capability" and verification of the fact that
capability functions, in their ability to relate
state behavior to system performance, are indeed
more general than "structure functions'" or equiv-

alently, the representation of structure functions
by "fault-trees",



4) Formulation of the capability function in terms
of a model hierarchy and its associated "inter-
level translations',

5) Further investigation of the "functional dependence"
inherent in a capability function, including proofs
of fundamental properties,

6) The use of time "phasing" and state "lumping"
to simplify the evaluation of performability,
in particular, the establishment of con:ditions
under which different phases '‘can employ different
lumpings (refered to informally as "Michigan
lumping"),

7) More detailed development of analytigil methods
for determining the trajectory set y. (a) of an
accomplishment level a, including methods of
representing trajectory sets at various levels
of the model hierarchy and methods of computing
the trajectory set yj,j(a) at level i+l, given
the trajectory set Yi(a) at level i, and

8) Application’of the above theory and methodology
to specific examples, including a comprehensive
example illustrating the modeling and subsequent
performability evaluation of a computer in the
environment of a portal-to-portal air transport
mission.

We believeithat:the following report attests to a substan-
tial amount of progress in each of the above areas. Mdreover,
~we feel that the progress to date represents the greater part
of the total effort proposed for the second year of the project
(33, |

Section 2 of the report describes the manpower effort pro-
‘ﬁosed for tﬁé'current yeaf; ﬁhe personnel involved in conducting
the investigatiqn, and their levels of effort during the repor%-
‘ingwpéfiod. Scction 3, the body of the report, describes the
technical status of the research pcrformed during the reporting

ﬁeriod;
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3. TECHNICAL STATUS

The following is a comprehensive description of the research
performed during the reporting period. The report is divided

into five subsections under the headings:

5.1 System Models,

3.2 Performability Evaluation,

3.3 Capability and Functional Dependence,

3.4 Computation of Trajectory Set Probabilities, and
3.5 Hierarchical Modeling of an Air Transport Mission,

Relative to the eight topics listed in the introduction,
Subsection 3.1 reports on further work concerning the formaliza-
tion of our general modeling framework (topic 1). Subsection 3.2
gives precise definitions of "performability'" and '"capability"
and, in terms of these definitions, describes results which
formally justify a unified performance-reliability approach to
system evaluatiog (topics 2 and 3). Suﬁséction 3.3 reports on
our work concerning hierarchical formulation of the capability
function (topic 4) and on the general concept of fuhctionél de-
pendence (topic 5). Subsection 3.4 reports on research concerning
model simplification for the purpose of computing trajectory set

probabilities, in particular, the use of time '"phasing" and state

“lumping" (topic 6). Finally, Section 3.5 discusses the problem

~of trajectory set determination and develops a detailed example

of the modeling and evaluation of an air transport mission (topics

7 and 8). . o -

The numbering of definitions, theorems, and supporting results

“begins anew in each of these major subsections. Reference numbers

in the margin carry the prefix of the major subsection, é{g., the

first item referenced in subsection 3.1 is numbered 3.1.1.

.



3.1, System Models

During the reporting period, we have developed a prob-
ability-theoretic basis for the modeling framework discussed
in the previous Semi-Annual Status Reports [1,2]. This formal
representation permits us to figorously restate various
intuitive concepts and assumptions associated with models of
the total system. It also provides us with a more precise
foundation for the investigation of model simplification

techniques such as time 'phasing" and state "lumping."

3.1.1. The Model Hierarchy

As noted in the previous reports (see [2], Section 3.1.1,
pp. 7-8), the total system may be viewed at several levels.,
At a lower level, there is a detailed view df how various com-
ponents of the computer's hardware and sof£ware structure
behave throughout the utilization period., At this level there
is also detailed view of the behavior of the computer's
"environment," where by this term we mean both man-made compon-
ents (user input, perin::ral subsystems, etc.) and natural
components (radiation, weather, etc.) which can influenge the
computer's effectiveness. A second view of the total system
ié the user's view of how the system behaves during utilization,
that is, what the system accomplishes for the user during the
'utilization period. A third, even higher level view, is the
computing sYstémvs "worth" (as.meésured;ﬁéay, in aollérs)’when
operated in its use environment.. |

To_formalize these views, we postulate the existence of

a probability space (@, E,P) that underlies the total system,
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where Q@ is the (sample) description space, E is a set of

(measurable) events and P: E -+ [0,1] is the probability measure

(see [4], for example). This probability space represents all
that needs to be known about the total system in. order to
describe the probabilistic nature of its behavior at the
various levels described above. It thus provides a hypo-
thetical basis for defining higher level models. In general,
however, it will neither be possible nor desirable to completely
specify @, E and P.

In the discussion that follows, let S denote the total
system, where S is comprised of a computing system C and its
environment E. At the most detailed levei, the behavior of S

is formally viewed as a stochastic process

Xg = {tht e T}

where

T = a set of real numbers (observation times) called
the utilization period

and, for all t e T, Xt is a random variable

kt: g+ Q

defined on the underlying description space and takihg values

in the state space Q'of'the total system. Dependihg on the

application, the utilization period T may be discrete
(countable) or continuous and, in caSes where one is interested
in long-run behavior,'it'may be unbounded (e.g., T =R, = [0,=)).
The state Sﬁécé Q embodies the state seté of both the computer :
’.ahd'itslenvironment, i.e.,:

Q=Q x
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where QC and QE can, in turn, be decomposed to represent the
local state sets of computer and environmental subsystems. For
our purposes, it suffices to assume that Q is countable (finite
or countably infinite) and, hence, for all t € T and q ¢ Q,

"X, = q" has a probability (i.e., {wlxt(m) = q} ¢ E). The
random process Xg is referred to as the base model of S. An

instance of the base model's behavior is a state trajectory

u T »~ Q (w e Q) (3.1.1)
where

um(t) = Xt(m). (t € T)

Thus, corresponding to an underlying outcome we(, u, describes
how the state of the total system changes as a function of
time throughout the utilization period T. Accordingly, the
"description space" for the base model is tﬁe‘set

U = {umlw e Q}

which is referred to as the (state) trajectory space of S.

It is wbrth noting at this point that, for even moderately
complex systems, the base model may be so large that practical
methods of formulation or even simulation are precluded. 1In
such cases, one must seek simplifications of the base model
which nevertheless remain detailed enough to support the usef’s
view of total system behavior. Accordingly, the questibn of
base model simplification will be considered after the complete
vmodellng framework has been described.

In terms of the underlylng probability space (Q E,P) the
‘user's view of the system is formalized as follows. We assume

that the user is interested in distinguishing‘a number of

-

Ny
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different levels of accomplishment when judging how well the
system has performed throughout the utilization period. (One
such level may be total system failure.,) The user's "description

space' is thus identified with an accomplishment set A whose

elements are referred to alternatively as accomplishment levels

or (user-visible) performance levels. A may be finite,

countably infinité, or uncountable (in the last case, A is
assumed to be a subset of real numbers). Thus, for example,

the accomplishment set associated with a nondegradable system

is
A= {ao,al}
where
; ag = ""system success""
a, = "system failure."

In their modeling of the PRIME system, Borgerson and Freitas

viewed the accomplishment set as the set

A = {ao,al,az,...}
where a = "k crashes during the utilization period T." If
the user is primarily concerned with system '"throughput'" a
~continuous accomplishment set mightvbe appropriate, i.e.,
A=R, where an element a € A is the '"average throughput over

the utilization period T."

In terms of the accomplishment set, system performance is
formally viewed as a random variable
YS:Q'+ A

where Yg(w) is the accomplishment level corresponding to
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outcome w in the underlying description space. Similarly,
assuming that the economic gain (or loss) derived from using
the system is represented by a real number r (interpreted, say,

as r dollafs), system worth is a random variable defined as

WS:Q + R (the set of all
real numbers)

where Ws(w) is the worth associated with outcome w. The

terminology and notation defined above is summarized below.

Model Description Space
Base model XS Trajectory space U
System performance Yg Accomplishment set A
System worth Wg The real numbers R
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3.2 Performability Evaluation

As discussed in the first Semi-Annual Status Report ([1];
Section 3.3.4.2) and, sﬁbsequently, in the proposal for the
second year ([3]; p. 14), our research effort has focused on
the problem of formulating and evaluating the probabilities of
accomplishing Various types and qualities of missions. This
probléﬁrwas referred to informally as "performability evaluation"
to distinguish it from the more general problem of "effectiveness
evaluation." During the reporting period, we have established
a more precise meaning for the concept of performability so as
to further justify our claims that i) performability is a com-
ponent of effectiveness, and ii) performability evaluation cannot
in general be accomplished via independent evaluations of per-

formance and reliébility.

3.2.1, Performability

In terms of the general modeling framework discussed in
Section 3.1, a natural méasure that quantifies both system per-
formance and reliability (ability to perform) is the probability
function of the performance variable YS.v Accordingly, we have
identified the cdncept of perfbrmabiiity ﬁith this measuré, that is:

Definition 1: If S is a total system and A is the accomplish-

ment set associated with system performance YS’ then the

performability of S is the probability function pg:A » [0,1]

where pg(a) = the probability that S performs at level a, that

is, pg(a) = P({w|Yg(w)=al).
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The above definition presumes that the performance variable
YS is discrete (i.e., there are countablyiﬁahy accomplishment
levels) although a similar approach, using probability density
functions, can be applied to continuous performance variables.
We will assume that Y¢ is discrete throughout the following dis-
cussion.

Given the performability of S and assuming the existence
of a worth measure (see [1], pp. 36-37), system effectiveness
cén be expressed as the suh

Eff(S) = L w(a)ps(a) (3.2.1)
achA
where w is a worth measure
wiA + R
such that, for ali w e N, .
Ws(m) = w(YS(m)).

(If a € A, w(a) is interpreted as the "worth of performance
level a.") Equation 3.2.1 generalizes a relationship noted in
oﬁr original proposal and shows that performability is an impor-
tant component of effectiveness.’

To further justify this concept, we note that traditional
evaluations of computer performancekand,computer;reliability
are concerned with special types of performability; Performance.
,eValuafion'is COncérned with evaluating Pg under the assumption;
“that the computer partvof’S is fixed (i.e., its Structurg‘doés,
nbt change as the consequeﬁce of internal faults), Reliability

evaluation is concerned with evaluating pS(B) = :E:pS(a) where
' ‘ ‘ L : aeB *

B is a designated subset of accomplishment levels associated
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with system "success.'" In these terms, aperformability
evaluation can alternatively be regarded as | A| reliability
evaluations, one for each singleton success set B = {a} and,

if A is finite, the evaluation may actually be carried out in
this manner. As this process is generally more complex than a
typical reliability evaluation procedure (in particular, it
involves distinguishing all the performance levels as well as
determining their probabilities), we reserve the term |
"reliability evaluation" to mean the evaluation of "probability
of success" for éome specified success criterion B. Thus
performability reduces to reliability only when S is nondegradable,
i.e., |A]| = 2. Due to the special nature of both performance
and reliability evaluations, we find that a. direct combination
of the two is generally unable to support an evaluation of
system effectiveness. A case where independent evaluations

do suffice (and hence the more general concept of performability
is not really needed) is the following.

Let S be a system with accomplishment set A and suppose
that successful performance of S can be associated with the
performability of some fault-free reference system S (i.e.,
the computer part of S is fau1t~free), More precisely,

this says that for some designated subset B of the accomplish-

-

ment set A the‘conditional performability of S given B, i.e.,
the function pS,B:A - [0,1] where
‘ P(Y5=a andeSEB) *
Ps,3(2) = —p(veeny

(3.2.2)

* As is standard practice, our notation here omits explicit
reference to the underlying space, e.g., ”YS.= a and YSeB"

means the set {w]YS(w)=a and Ys(w)eB}.
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is equal to the performability of S, i.e.,

pg(a) = Pg B(a), for all acA. (3.2.3)
2

(Note that Dbg B(a) = 0 if ag¢B and thus the accomplishment
?
set of § need only include B.) Assuming further that accom-

plishment levels outside of B are of no worth to the user,

i.e.,
w(a) = 0 if a¢B

then, by equation 3.2.1 ,

Eff(8) = Z w(a)pg(a) = ZB w(a)pg(a).

acA ae
But aeB implies ps(a) = P(YS = a and YS e B). Hence, by the
definition of conditional performability (equation 3.2.2),

Eff(S) = Z w(a)pg pla)pg(B)

aeB
where pS(B) = P(YSEB). By assumption 3.2.3we conclude that

aeB aeB

E££(S) = 2>_ w(a)pg(a)pg (B) =(§Z: WIa)pgca))ps(B)

or equivalently,

BEE(S) = BE£(S)pg(B). (3.2.4)

Accordingly, a performance¥wofth‘(effectiveness) evaluation

of the fault-free reference system S, along with a reliability
evaluation of S, sufficerto determine the effeqtiveness of S.
Alternatively, equation 3.2,4 can be regarded as expressing

the effectiveness of S relative to two levels of‘accomplishment:
B (success) and A-B (failure), and a worth function w where

w (B) =’Eff(§) endk w(A-B) = 0. Then, by equation 3.2.1,

| ” w(B)pg(B) + W(A-B)pg(A-B)

wBpg (B

E££(S)ps (B).

i

» Ef£(S)
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The secret here, of course, is to find a system S that

satisfies assumption 3.2.3 .S is easily identified only

when 8 = (C,E)* is such that faults of C which are tolerated (i.e.,

YSEB) cause no change 1in the performance of S. In this case, |

S = (C,E) can serve as the reference system where C is the
fault-free version of C. In particular, this is the case for
fault-tolerant computer architectures which employ standby

sparing [5], N modular redundancy, or combinations thereof.

On the other hand, if tolerated faults can alter the performance

of S, the discovery of S requires an evaluation of conditional
performability (see 3.2.3) which is tantamount to evaluating

the performability of S.

3.2.2 Capabilitf Functions

A critical first step in the evaluation of performability

is to establish a relationship between the base model XS

and the user-oriented performance model YS (see Section 3.1.1). To

accomplish this, we assume that the base model is refined

enough to distinguish the levels of accomplishment perceived

by the user, that is, for all.w,w' e Q,

Ys(m) # Ys(mf) implies u, # u, ‘(3,2,5)

wherevué and u,r are the state trajectories associated with:

outcomes w and ' (see equation 3.1.1). This implies'that each

trajectory u € U is related to a unique accomplishment level -

aeA. ,Aécordingly, the concept of capability (introduced during

the previous reporting peribd; see [2], [3]) can be more pre-

,ciéely defined as foilows: B

* C is the computer part of S; E is the environment.
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Definition 2: If S is a system with trajectory space U and

accomplishment set A then the capability function of S is
the function YS:U -+ A where YS(U) is the level of accomplishment

resulting from state trajectory u, that is,

Ys(u) = a if, for some w € 2, u = u and Yg(w) = a.
By condition 3.2.5 it follows that yg is well-defined and,
when there is no chance for ambiguity, Yg will be written simply
as vy.

Given the capability function of S, the performability
pg can be expressed in terms of the base model Xg. Let V denote
the collection of measurable trajectory sets, i.e., Vel if
and only if there is an event EeE such that V = {uw]maE}.
Let Pr:V -+ [O,l];denote the probability measure of the base
model where Pr(V) = P(E) if V corresponds to the underlying
event - E. In practiée, of course, the measure Pr is derived
ffom known properties of the base model (e.g.;XS is Markovian)
rather than from the underlying probabilitykspace. If a is an
accomplishment level then, by the definition of performability

(Def. 1),
pgla) = P({wlYS(m)=a})

Pr({uwlYS(m)=a})

‘and hence, by the definition of capability (Def. 2)

pg(a) = Pr({ulyg(w=al) - -
Pr(ygl(a)). - (3'2f6)

The preimage Ygl(a)‘is referred to as the trajectory set of_é.

and its determination requires an analysis of how an accomplish-

ment level aéA relates back down via Yél to trajectories of the
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base model. pS(a) is then determined by a probability
analysis of Yél(a). Methods of implementing this process
are discussed in Section 4,

The role of a capability function in performability
evaluation is similar to that of a "structure function"
in reliability evaluation. However, even when performability
is restricted to reliability, the concept of a capability
function is more general, The special class which corresponds
to structure functions may be characterized as follows. Let
S be a system where Q is the state space of the base model
and A = {0,1} is the accomplishment set (where 1 denotes
"success" and 0 denotes 'failure"). Then the capability

function y is structure-based if there exists a structure

function*wzQ -> {O,l}‘such that, for all ueU,
y(u)‘= 1 iff p(u(t))=1, for all teT.
Thus, when capability is structure-based, a local (in time)
success criterion can be applied to ”snapshots"‘of u throughout
T td determine whether u results in system success. Alternatively,
this criterion can be specified as membership in a prescribed
set of '"success states'" R where | '
L) = {ale(@) = 1},

When system success is viewed in structural terms, as
in the caée in most feliability studies, a strutture-based. 7 -
capablllty function w111 often sufflce. - On the other hand,

- when success relates to system behavior (e. g., when re11ab111ty

* The usual definition (see [6], for example) requlres that

Q = {0, 1}™ where the 1th coordinate of qeQ is interpreted
as the operational state ofthe ith component of the system,
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is "computation-based" [ 7]), we find that success is generally
not definable in terms of a local success criterion such

as ¢ or R. The following example serves to demonstrate this
fact,

Example 1

Let S = (C,E) where C represents a distributed computer

comprised of n subsystems, and E represents the computer's

workload. Suppose further that system "throughput" (i.e., the

user-visible work rate of C given E) varies as a function
of the number of fault-free subsystems. Assuming a constant
workload E, the operational states of S can be represented by
the state space

Q = {0,1,...,n}
where state i cofresponds to "i faultéfree‘gubsystems." The
variation in throughput is described by a function

7:Q - R,
where 1 (i) = throughput of S in state i.
Assuming S is used continuously throughout a utilizatioh

period T = [0,T], the base model of S is a stochastic process

<

g = (X |tel0,T])

t;is a random variable taking values in Q. (The

probabilisti;"nature of Xg is not an issue here.) As for

performance, §uppose that the user is interested in the

average throughput of the sYstem, where the averagé is taken

“over the utlization period T. Then, depending on the nature

~of the accomplishment set; the performability of S can be

expressed in several different ways. For a continuum of
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accomplishment levels, A can be identified with R, = [0,«) and the
capability of S is the function YU > R, where

T

Yl(u) = f t(u(t))dt/T.
0

From a more practical point of view, the user may be interested
in only a finite number of accomplishment levels

A = {o,rl,rz,...,rg}‘c IR+

where 0 < Ty < .ee<X Ty and r; represents a range of average
throughputs between r, and Ti,1- More precisely, the capability

function in this case is the function YZ:U-+A where

0 1if Yl(u) € [O,rll
yz(u) = r; if 0 <i <2 and Yi(u) € [ri,ri+1)
T, if Yl(u) e [r, ,»).
Finally, the user may be interested only in success or
failure where success is identified with a minimum average

throﬁghput T. In this case Yg is the function YS:U + {0,1}

where

|

| T
Y3(u) - 1 if‘ jg T(u(t))dt/T >

0 otherwise.

For each of the capability functions Yg = yi~df the
aboVe example, it is obvious that the value ys(u) depends on
a complete knowledge of‘thé st&tertrajectory u, due to the
inherent membrykof the integration operation. In particular,
when throughput is degradable fi.e., the interesting case

where different states can exhibit different positive

throughputs), it follows that yg = vy, will generally not
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admit to a structure-based formulation. (A simple, two-state
example will verify this.) This remains true when the

concept of structure-based capability is extended to permit
different structure functions to be associated with different
"phases'" of the utilization period (see [ 8], for example),
i.e., there exists a decomposition of T into k disjoint

time periods (phases) Tl’ T2’ ""Tk and there exist structure

functions P1s @ps eees P such that

v (u) 1 iff ¢ (u(t)) =1, for all i e {1,2,...,k} and

for all t ¢ Ti'

In general, we have found that a capability function cannot be
structure-based wherever there exists an intermediate time
period T' and a "success trajectory" v (i.e.) Yy(v) = 1)

suﬁh that the knowledge that a trajectory ﬁ agrees with v
during T' alters the success criterion for u during T - T'.

Thus, even in the case of two accomplishment levels, the cencept

‘of a capability function (Definitipn 2) represents a proper

extension of reilations between state behavior and system
performance that are typically assumed in the theory of

reliability.
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3.3. Capability and Functional Dependence

3.3.1. Capability and The Model Hierarchy
As discussed in:Section 3.2,, the performability of the
total system S with accomplishment set A may be expressed as

the function pS:A + [0,1] where
pg(a) = Priyg' (a))

and YS is the capability function. From this formulatidn\it
may be seen that one method of evaluating a particular ps(a) is
to i) determine a characterization of the set V = Y-l(a) which
suffices to ii) calculate the probability Pr(V).' In this
section we consider the problem of expressing yfl for the purpose
of characterizing the sets V = y"l(a). Section 3.3.2 presents
one tool, functional dependence, for use-inh calculating Pr (V).

Recall that for a system S with trajectory space U and
accomplishment set A the capability function is the function
yg:U + A where ys(u) is the level of accomplishment reSulfing‘
from state trajectory u.  Thus, Yg exprésses the relationship
between the base model XS and the performance model YS. A
major problem in expressing this relationship for a given XS
and YS is due to the potential diSsimilarities between the two
models. To ease the problems of transition, a model hier-~
archy is introduced. The hierarchy provides for a step-by-ste?,i
’top-down elaborationkof each accomplishment level a, terminatin;
in the desired base model deScfiption Y_l(a). The performance
model Yq itself sits abéve the level-0 (top) mddelrof the

hierarchy. Each intermediate model of the hierarchy is defined
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?in a manner similar to that of the base model. More precisely,
zif there are m+l levels in the hierarchy, the level-i model
(i=0,1,...,m) is a stochastic process Xi defined in terms of
two independent processes Xi and X% referred to as the
%comEosite and basic parts of the level-i model. The composite
ipart inherits its behavior from the next lower (level-(i+l))
%model; the basic part represents new information, external to
%the level-(i+1) model, that is introduced at level-i.
For instance, at a certain level in modeling the actual
jhardware of a system, the effects of weather may be of no
%consideration in developing an accurate model. Higher up in
jthe hierarchy, however, the effects of weather on the system
émay have to be considered to adequately reflect the user's
gneeds. Thus, weather would be regarded as a part of the total
%system whose effects may be introduced as a basic part at a
;higher level., After introduction,’as a basic part, it supports
%the higher (lower numbered) level compoSite parts.
' We express this more precisely by

xt = x} L leet))

Z where X; i Qé is a random variable taking values in the
: ’ ;

. composite state space Qé (at level-i). Qé may be further

 coordinatized. The projection of X2 ¢
: H

on a particular

coordinate iS‘called’a‘composite variable (at level-i). A

. . e . Ll i
composite trajectory-is a function u, w:rc + QC where
) . 4

5 u. (t) = x! (w); the composite trajectory space is the set
W c,t> : o
Uz = {u, wlwsﬂ}. Similar definitions, terminology and

2 notation apply to the basic processyxg. To permit'extension
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of either Xé or X; to larger time-bases, a fictitious state
¢ is adjoined to each of Q; and Qé. Then, relative to a
time-base T0 > T;, Xé (similar remarks apply to X%) is taken
to be the process

i i

O-Té, xt is defined to be the constant-valued

where, if t ¢ T .t

random variable
i
Xc,t(w) = ¢, for all w e @ .
i

Extending both Xé and X; to T™ = TC U T;, the level-i model

is the stochastic process

X' o= xglt e T

where X% = (XX ,,X+ .). The state space of the level-i model
c,t>"b,t
is
Q= Qg x Q

and its trajectory space Ut is represented by the set

i _ '
U ® U = {(Uc’w,

ub’w)lw e Q}
(With a slight abuse of terminology and notation, Ué ® Ut will
be denoted as U' and referred to as the trajectory space of

Xl.) In case there are no composite (basic) variables at -

level-i, Q. (Qp) is simply deleted, that is Q' = Qg (Q* = QJ).
In these cases the corresponding trajectory space is ut = Ué R

(U1 = Ué). Combiniﬁgbsuch models, we have:

Definition 3: If S is a total system with base model Xg and
Lo XM of

1

capability function’ys, the collection {XO,X

level-0 to level-m models is a model hierarchy for S if the
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following conditions are satisfied:

m m

i) X' = Xb, that is, all variables of the "bottom model

are basic.
ii) If each model X' is extended to the utilization
interval T, the base model XS is the stochastic process
Xg = X[t e T}

m-1

m 0
b’t’.oa’)hb,t)o

where Xt = (Xb,t’

X

(Accordingly, the state space of XS is

Q = QEXQE e, XQg and the trajectory space U is

represented by the set UbwUE 1®...®Ug.)

iii) For each level i, there exists an interlevel translation

K4 where
KOZU

o o

®U > A

1-1

TR OO

:U ®U - U (1 <1<m

o's O ke

m-1
Uc

Km:U

>

such that the capability function Yg can bekdecomposed
as follows. If ge:U where u = (um,um_l,;..,ul) with
u; € Ub, then

Ys(u) = KO(...Km 1(Km(u ), um 1), ..,uo).
The tefminology and potatlon of Definition 3 is summarized in
Figure 1. It shbuldiee clear that this formal definitiee of a -
ﬁodel hierarcﬁygfollows from the less rigorous approacﬁes in
[1] and [Z]fw{Netice that while the performance model YS sits
above the level-0 model the base model XS may “be completely

rcpresented by the m+1 intermediate level base models.
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Performance Yq
a)
Base-model XS
a—— v e awa— e e
Perform- Y
ance S
/
level-0 x() XO
C by
1
level-1 X X U
C b .
b) Model
hicrarchy <
[ J
[ J ®
© [ ]
level-{m~11 Xm—l Xm~1 ‘;b g 1
c b :
K
m
ele m m
level-m Xb Ub
\

=g

- Figure 1. A total system S with base-model X (1. a)
and ‘a model hierarchy for S(1.b). -
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A model hierarchy thus provides a step-by-step formulation
of the capability function in terms of interlevel translations
of state trajectories, beginning with a translation of the
bottom model., It also permits the expression of capability
relative to higher level (less detailed) views of total system
behavior. More precisely, beginning at the highest level,

the i-level based capability function (denoted Yi) can be

defined inductively as follows. Recalling that Ui = Ui@Ué

and letting Uy (i) = U§®U§"1®...®Ug, if i = 0 then

YO:UO + A where yo(u) = Ko(u).

If i>0, then y,:U" ® Uy (i-1) = A where, if ue ut,
u' € Ub(i—l) then
| vy (uut) = vy g ey (W) ut).
It is easily shown that Y3 has its intended interpretation,
j.e., if u and u' correspond to a base model trajectory Vv then
Yi(u,u') = YS(v). In particular, if i = m then Yo = Yg*

The capability functions Yio in turn, provide the basis
for a systematic method of determining Y'l(a) fbr a given
accomplishment level a. Beginning with level-0-based cap-

ability, by (4.1) we have
e RPNt :
Yy (a) = Ko (a). | ‘ -‘

© Assuming that Y;}l(a)‘has,been determined,.byv(4.2) it follows

- that

Ygl(a) =

BN R R -1, . ;
U kT (u),ut).
,(u,u'JEYi}l(a) L
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where (Kil(u),u') = {(v,u)|k; (v) = ul.

This process is iterated until i=m, yielding y%l(a) = yél(a).
We have described one way of evaluating the sets Yél(a)

by introducing a model hierarchy which permits us to write Yg

as the composition of several smaller functions, namely the

interlevel translations. A simplified but relatively complete

example of this process of evaluating the sets Yél(a) is pre-

sented in Section 3.5.

3.3.2 Functional Dependence

Elaboration of the capability function ysyields a char-
acterization of the trajectory sets corresponding to a particular
level of accomplishment a. These trajectory sets may possess
properties which either aid or hinderbprobability calculations.
One such property is the apparent functional dependenﬁy of the
various system components on one another( For instance, the
knoWledge that certain dependencies exist between the opera-
tional states of a system over timé may permit the
simplification of considering certain states of the system only
at specific times. The concept of R-dependence (see [1], [21)

is a characterization of functional dependency as reflected in

ktrajectory sets,

The remainder of Séction 3.3 intrbduces a further
generalization of R-dependence, together with the notion’of
"conditional"™ R-dependence, and some basic properties of these
concepts. The idea of cbnditiOnélvR-dependenée is embbdied in
the question "If C is known, does the knowledge of B increase
the knowledgeof A?ﬁ For the purpOSesvof'the‘foiiowing discussion,

we restrict consideration to systiems whose tiajectories may be
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sampled at discrete intervals with no loss of relevant information.

3.3.2.1 Basic Definitions

Suppose we have a '"phased" model (Section 3.4.2) of system
S. Let S be the system of interest with subsystems
Sl""’sn' A subsystem may be any part of the total system
(that is, the computer and its environment) whose behavior
influences the overall performance of S. An operational state
of S will be defined in terms of the operational states of the

subsystems of S. Thus, the sets of states of S considered here

are "structured" or "coordinatized' sets in the following sense.

Definition 1: Let D be a totally ordered (index) set. A

structured set V is some subset of the Cartesian (cross)

product of an indexed family of sets {Vd[d.a-D}, that is,

\% g’déD,Vd (see [3]).

Note that the ordering on the index set D may be arbitrary.
However, once chosen, the ordering is fixed. Any set D'c D will
inherit that ordering, andcross products will be taken according
to the order of the indices deD'.

Two examples should help to clarify this definitioh. In [1],
with each subSyStem'Si(l é i < n) of S was associated a corresponding
state set Qi' The state set Q of S was defined to be Q =
Qix...xQﬁ. This set Q is a structured set where the index set is
D= {1,2,...,n} with the natural ordering. The collection of )
sets‘{Qiil = i1 = n} corresponds to {ledeD} of Definition 1. In
[2], the set of state trajéctoriés of avsystemrs is described.
Ea¢h suBsy$tem Si is sampled at k different times. The‘set;

Qg (L<isn, 1=t=k) denotes the set of possible operational
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th

states of Si at the t time sasriple, Then a state trajectory

f i be e = . . t =
or S is an n x k array u [qlt] where qltEQi' Let U
{fagella;, € Qf, 1 =isn, 1=stsk}. The set U is a
structured set with index set D = {(i,t)|1 =i =n, 1 =t < k}
totally ordered, the indexed family of sets is {QE](i,t) e D},
and U = (i?%)eDQE‘ Throughout this report, the ordering imposed
on a structured index set as in this example will be row-major

order. This ordering is defined by

(a,b) < (c,d) if a < c or (a=c and b<d)

{a,b) = (c,d) if a=c and b=d

(a,b) > (c,d) otherwise.
Due to this linear ordering we can represent a state trajectory
as either an n x k array or as an (n-k)-tﬁple. We shall use
whichever representation is most suggestive in what follows.
Often an m-tuple (arbitrafy m) is used. The methods and results
described, however, apply to arrays of any dimension and size.

For any structured set V with index set D one can define a

family of (single) coordinate projections which, when applied to
an element v € V, will yield the value of a particular coordinate

of v.

Definition 2., Let V be a structured set, V ngD Vq. For
el

each d ¢ D, the projection on d, denoted Y is the

function
Ed:V -+ Vd where

| : gd((vl""’vd""’vm)) ;_Vd'
While the family of projections {Edldye'D} provides a method
for_éxaminiﬁg thebvaiue of a single coordinafe,-one'wduldilike to

be able to examine the values of seversl coordinates simultaneously.




In order to make the requisite extension, the notion of a cross

product function [3] is introduced.

Definition 3. Let V be a structured set with index set D,

let D' ¢ D, D' # # and let {f:V >~ V [d € V} be an indexed

family of functions. A cross product function on V is a

function
(X £:v-> X vV
- gept & gepr @
defined by
(X £ = (£, (V),.e..,f; (v)) where D' = {d,,...,d.}
dep' 47 dy d; e

and dl < d2 <...<dj.

g, define

For D'
(Xfﬂ):V - {lﬂ} where 1ﬂ is an arbitrary constant.
)
Using Definition 3 one can define projebtions on sets of

coordinates. Thus for V,D,D' and {€4]/de D} as above, define

Eay = (X £ ).
D deD' d

‘For example, if V = RxRxR, D = {1,2,3} and D' = {2,3}, then

ED,((8,9,10)) =‘(9,10).,,For an array, an example is

|
Sra,n,2,3)) (l} : gi) = (1,6) and
W J
1 2 3]) _

When |D'| = 1 (D' is a singleton set) the set brackets will

‘often be dropped, i.e.,
E¢1y ((8,9,10)) = £;((8,9,10)) = (8).
For V' ¢ V, D' ¢ D define | |

ED'(V') = {ED‘(VYJI\;V I ",r'}

-
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In this report, a set will usually be partitioned relative

to projection equality. This is defined by

Vi FaAVY2 if gA(vl) = gA(vz), AcD, ViV, € V.
Thus if we partition V by equality of projection on A, denoted

WX, then two elements VsV, € V are in the same nlock of Ta if

vy EAV2° In cases where ambiguity is precluded, we may denote

nX by m,. For example, let D = {1,2,3} and

(0,0,0),(1,0,0)
v = (0,0,1),(150,
(0,1,0),(1,1,0
(0,1,1) 1,
Then
‘"{1} = {{(0,0,0),(0,0,1),(0,1/,0),(0,'1,1)},
{(1,0,0),(1,0,1),(1,1,0),(1,1,1)}},
W{2,3}= {{0’0’0)’(1’030)}’{(070,1),(170)1)}’
{(0,1,0),(2,1,0)},{(0,2,1),(1,1,1)}}, and
ﬂg =V
If nX and ng are two partitions of V and each block in
Ty is a subset of a block in my, then mp "'vefines' mg, ~denoted
Ta < T Or Mg 2 "A‘

It W111 be useful to be able to refer to a partlcular block

of n (A c D). Thus 1f‘s e EA(R) deflne

B (s) = {qc¢ VIEA(q) = s},
The set BA(s) is the set of all elements of V whose pro;ectlon on

A is equal to s. Clearly, if EA(V) = sl,...,sm} then
| v, V.o o
WX = {BA(sl),..o,BA(sm)}.
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As with partitions, the superscript V will be dropped when the
meaning is unambiguous. (The notation BR{i}(Q4) corresponds to
J

~ the Rw(j’qj) of [2]). Further to the above example,

BY;;((1) = {(1,0,0),(1,1,0),(1,0,1),(1,1,1)}

and
B\{,ZQS}((O’O)) = {(1’0’-0))(0,0,0)}.t

3.3.2.2 R-dependence

In [1], the CARSRA notion of functional dependence

(see [5]) was formalized as ¢p-dependence. Its application was
restricted to the context of structure-based reliability analysis.,
The concept of ¢-dependence was subsequently extended in [2] to
R-dependence. While this extension provided several useful
generalizations, it still restricted "depéndence? to a single
coordinate depending on another single coordinate. The extension
to subsets of coordinates is given below together with certain
basic results. It should be noted that previous characteriza-
tions are special cases of the extended definition.

| The context of our investigation is that one knows something
‘about the behavior of the system; that is, one has been given
some’sgt of §£ates or state trajectories which giﬁeirise to a
certéih desired perfofmance of the system of intéfesf. One such
set might be the set of all ”suécess“ stateé relative to a ’
structure function. More generally, these%Sets may be induced
by the values which the capability function'y,{SeeKSecs.Z] assumes.
Thus, in the following diScussipn, let Q = le“'me be‘a‘

structured set and lét R ¢ Q. R is the set relative to which
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R-dependency is defined. Let D = {1,...,m} be the index set for
Q and R.

Definition 4. If A, B ¢ D then A R-depends on B (denoted

A Ap B or (A,B) € AR) if 3r ¢ €A(R) and 3s € EB(R) such

that ¥q e R[£ (q)=s =¢E,(q) # r].

Accordingly, A is R-independent of B (A MR B) if and only if
Vr ¢ EA(R), Vs € gB(R),Bq £ R[EA(q) = r and EB(q) =s].

Several items should be noted about this definition. First,
there are two general modes of dependence (see also [2]). The
"stronger' mode is dependence as found in "linear dependence' of
vector spaces. There "A depends on B" means that knowing B tells
us everything of interest about A. The "weaker' mode is
demonstrated by statistical dependence. In.this case, knowing
that "A depends on B" and knqwing B tells something about A.
R;dependence is a type of weak dependence. Second, R-dependence
is defined relative to the set R un&er consideration. The fact
that A R-depends on B does not mean that A R-depends on B relative
to a set R' 2 R. Third, the notion of R-dependence is extended to
sets of coordinates. However, in the attempt to achieve maximum

generality, references to subsystems have been dropped. Since

the specific context of our research indicates that each coordin-
i

_ate represents an operational state of a subsystem at some parti-

cular time, the relationships between subsystems may easily be
inferred.

The above definition of R-dependence is felated to the pro-
jection approach'([l];[Z])'and thekpartition approach’(fZ])kas

stated in the following theorem.
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Theorem 1: Let R ¢ Q and A, B ¢ D. The following statements

are equivalent.
i) A R-depends on B.
ii) 3s ¢ EB(R) such that 5AOB§(5)) is a proper subset of
£4(R).

iii) 3r e EA(R) and 3s € EB(R) such that BA(r) n RB(S) = g,
Proof: (i) = (ii). Suppose A Ap B and let r,s be as guaranteed

"in Definition 4. Let q € Bp(s). Then £5(q) = s which implies

that €,(q) # r, i.e., v £ £, By(s)). But r e Ep(R) so £, Bg(s))
< EA(R).
(ii) = (iii). Suppose (ii) and let EB(S) be the block
with the property gﬁaranteed by (ii), s ¢ EB(R). Then-
3r ¢ EA(R) such that r ¢ EA(B (s)). If we now consider BA(r)
it must be the case that B (r) n m (s) = p. (wapose not.
Then 3q € R such that q ¢ B, (r) and q € B (s). But q ¢ BB(s)
= EA(q)'e aA(BB(s)) and q ¢ BA(r) = £A(q) = r, Therefore,

T € EAOBB(S)). Contradlctlon )

- (iii) = (i). Suppose 3Ir ¢ EA(R), s € EB(R) such that
BA(T) n B”(s) = . Then Yg e R, if q ¢ B (s), q # B (r). lBut’

q € BB(s) o gB(q) = s and- 51m11ar1y q € BA(r) o EA(q) = r.

Thus 3r ¢ EA(R),;BS e,gB(R) such that ¥q e R[Eg(q) = s =£,(q) # r].
Due to the equivalende of the aBeVe three formulatlons, we.

are now free to use whlchever is ‘most appllcable when deriving -

new results. It should be noted that (11) in Theorem 1

corresponds to the‘"prOJectlon formulatlon of [2] and-(lii)

corresponds to the "partltlon" formulation of [2], each extended

to deal with subsets of coordinates.
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Consider the following. Let

{(0,0,0,0).(0,1,1,031

R= {05000 0 a2,

(1,0,0,0),
Then ¥q € R[[£;(q) = 1 = &,(q) # 1] so {1} ap {2}. However,
{1} 4p {3}. Looking at coordinate 4, m, = {R} because the value
of coordinate 4 is constant. In this case no coordinate or set
of coordinates may R-depend on {4}. We call such a set of
coordinates "universally independent' [6]. Now consider R' =
RU{(1,1,0,0)}. Again {4} is universally independent, but
(1} Ap, {2}. However, ¥q & R' [E(y ,3(a) = (1,1) = £5(a) # 1]

so {1,2} Apy {3}.
Several observations should be made regardlng the nature

of R-dependence. First, R-dependence is symmetrlc, that is,

VA,B ¢ D if A An B, then B Ap A. This fact is easily seen from

(iii) of Théqrem 1. Second, if lgA(R)I =1, A‘C‘D, then A will
alwéys be R;inaependent of any other set B ¢ D, including A
itself (i.e., A is universally independent). However, YA ¢ D
such that"]EA(R)] > 1, A R-depends.on A. This is eésily seen
from thé fact that if [£,(R)| > 1 then 3r,s e £, (R) such that

r # s. Then VYq € R{EA(q) =T = EA(q) =71 # s]. R-dependence is not
~transitive. Consider the set '

(0,0,0)
R = (1’0’0) : ' -
(0,0,1)
(1,1,1)

' Then {1} ap {2} and {2} Ay {3} but {1} sz' . Hence, in

’general R- dependence is neither reflexive nor transxtlve..
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The following result is useful in establishing other
properties of R-dependence.

Lemma 1. Let A,B ¢ D. If A A, B then VA' 2 A, VB' > B,

R
' 1]

A' Ap B'. ‘

Proof: Suppose A Ap B, Let A' 2 A, B' 2 B. We know that

Ir € £,(R), 3s ¢ gB(Rj such that
BA(r) N BB(s) = §.

Since A ¢ A', Tar € Tas that is each block in Tat is a subset of
sume block in TA and each block in Ta is a superset of some
block in'wA,, Similarly for B' and B. Hence 3r' € EA,(R),

Is' € EB.(R) such that

By, (r') N Bg(s) =

=

and so
BA,(r') N By, (s') = g.

Therefore A’ AR B'. Intuitively, this lemma says that if A R-depends
on B, then A R-depends on any superset of B,

'The notions of "strhhg" and "weak'" dependence were introduced
abovq, R-dépendence itself is a weak form of dependﬁn?e; of which
a st;ongwfgimfis a special case. This special case i§>distinguished
as follo@é.;Ltonsider (iii) of. Theorem 1 Suppose that for A
B ¢ D where IEA(R)I > 1 and |€B(R)| > 1, wAR srnBR. “Then |
Yr'e EA(R) Is e Ep(R)- SUCh that B (T) ¢ By (S) Clearly A R- depends
fon;B. But also, Yq € R. [EA(q) =T = EB(q) = s] For r,s as desig- f
nafed above. Thus if one knows the values of the coordinates in -
A,ls;e knows the values of the.coordinétes in B. This is precisely

a characterization of a type of strong dependence. Thus if



-37-
]“Kl > 1, IWBR] > 1, and w, < 7y, then A R-depends (strongly)
on B. Note that while the weak form of R-dependence is
symmetric, the stronger form is not necessarily so.

So far the notion of a set of coordinates R-depending on
another set of coordinates has been introduced. Eventually,
one would like to have a quick test to discover, given a
structured set with its index st, whether any dependencies
exist., In order to characterize a set which contains depen-
dencies, the notion of an "R-dependent" set of coordinates has
been introduced.

Definition 5. Let C ¢ D. € is R-dependent if 3A,B c C

where A 1 B = § and A R-depends on B. C(C is R-independent
if C is not R-dependent.
Essentially, this says that C is R—debendent if some part
of C R-depends on some otﬁerpart of C. The requirement that A and
B be disjoint insures that a set is not characterized
as dependent simpiy because some subset of coordinates R-depends

upon itself. (If this qhalificationwas not made, thenonly universally

independent sets of coordinates would be R—dependént.)

Theorem 2: A coordinate set C is R-dependent if and only if

3i e C such that {i} &, C-{il. |

Proof: (=) Suppose that 3i e C such that {i} A, c-{i}. By

choosing A = {i} and B = C-{i}, C is R-dependent by Definitioh 6.
(=) Suppose C is R—dependenﬁ. Then HA,B < C such that

AN B= @ and A A

p B. This means that 3r e £,(R), 3s € E4(R)

such that

B, (r) N By(s) = f .
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Let A

{il,.u.,ik}, B = {jl,...,jg} and s = (sl,..a,sg). Notice

BB(S) = le(sl) N sz(sz) ﬂ...ﬂmjg(sg). (There is nothing
special about using B. The argument is the same whether we

choose to start with A or B.) Then B,(r) N B. (s,;) N...NB. (s, ) = P.
AT Jq 1 Jg L

Consider BA(r) n B (sl). This intersection is either empty or
1 ;

j

non-empty. If B,(r) N le(sl) = p then {j;} oy A. From

Lemma 1, A ¢ C-{j;} so {j;} Ap C-{jl} and we are done.

Suppose BA(r) n Bj (sl) # . Then 3q € R such that &A(q) =T
_ 1 -

and £. (q) = s,. Let A' = A U {j;}. There exists a t € £,,(R)
J 1 1 1 v A

such that EA(BA,(t')) = v and EjlﬂBA,(t)) = Sq, i.e., BA'(t) =

B(r) n Bj(sl) £ p.
Consider now BA,(t) N Mj (sz). Either this intersection is

2
empty or non-empty. Employing the above arguments, either {jz}

3 ' " . . " -
Ap C-{j,} or 3t" e £,y {3, (R) such that B,, U{jz}(t )

J
repeat., The process must terminate at some j

B, (t") N m.z(sz). Now look at By, | {jz}(t") N Ejs(ss)’and
0’ i.e., {jm}

R-depends on C—{jm}, i.e.,

B

AU {jl’-- }(t*) n ]B-"m(sm) = f

o3I pmo1 J

because, at worst,

B n B, ool B . = .
By (x) N By (s)) NN By (sp )0 By (sy) =
Therefore, C is R-dependent if and only if 3i e C such that
: Fi} Ap c-{i}. : T
Corollary: D is R-dependent if and only if 3i € C such that
{i} R-depends on D-{i}. Conversely, D is R-independent if and

only if vi € D, {i} is R-independent of D-{i}.
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To further the understanding of R-dependence and to continue
the search for simple characterizations of R-dependent
(R-independent) coordinate sets, we now turn to consideration of
R-independence. From results derived above one can immediately
make the following characterization.

Theorem 3: Let A,B ¢ D be disjoint sets and let ¥ be a coordinate
mapping such that

vq e RI¥(Ey y p(a)) = (Ep(a),E5(a))]
(Such a map ¥ always exists.) Then A is R-independent of B if
and only if ¥ (gA U B(R)) = gA(R) X gB(R).
Proof: Suppose that A #p B. It suffices to show that ¥ is onto.
Let T ¢ gA(R), S € EB(R). By negation of Definition 5, 3q € R
such that EA(q) = 1 and EB(q) = G, Accordingly, W(EA U B(qD =
(6, (a),E5(@)) = (r,s). ‘

Conversely, suppose V¥ isronto. Then Vr ¢ EA(R) and
¥s € £5(R), 3q € R[¥(E, , 5(@)) = (r,s)]. But r e £,(R) and
s € £Ex(R) so 3q ¢ R[EA(q) = r and EB(q) = s]. Hence AdRB.

This theorem says that if two disjoint sets A,B are such
(A,B) £ AR, then the projection relative to A and Brcan be written
as a cross pfoduct. Mbrc pfeciéely, the coordinate mapping b4
~re-orders the set A U B such that all'elements of A appear“before

the elements of B. (The union operator preserves the originai'

ordering of D in A U B and so may interweave elements of A and B.)
The re-ordering allows.one to write the (re-ordered) set as a

Cartesian product.
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For example, let D {1,2,3} and let R be as given in
Table I where, for each q ¢ R we associate a unique label to

simplify notation. Let A = {1,3}, B = {2}, Then A U B = D, Then

{{ac},{bd},{eg},{fh}} and

=

{{abef},{cdgh}}.

=]
x>

Each block of Ta has a non-trivial intersection with both blocks
. 3 3

of my so AMRB. If v:{0,1}° - {0,1}" such that ¥((a1,9,,935)) =

(aj,a5,9,) it is clear that ¥(£, , p(R)) = §4(R) x £5(R) = {0,1}7

x {0,1}. |

R label

N
—
=
(@)
N
SR A0 A0 o'

Further examination of R shows that R iskin fact a Cartesian

set. How do such sets fit into the notion of R-independence?
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The relation is demonstrated in Theorem 4 below. However, in
order to ease the discussion we first prove the following useful
result,
Lemma 2: Let A,B ¢ D. 1If A ApB then VA' ¢ A, VB' c B,
A' fg B'.
Proof: Let A,B be as above, A' ¢ A, and B' ¢ B. Because A
is R-independent of B, ¥r e £,(R)), ¥s e £4(R)) 3q a’ﬁ[EA(q) =r
and EB(q) = s], that is Vr eng(r) and Vs ¢ gB(R), BA(r) n
BB(S) # #. Reflection shows that if r' = Epr (Ba(r)) € Ear (R)
then BA(r) E.BA,(r'). Thus for r', s' so described (s' =
Epr (By(s)), By, (r') 0 By, (s') # 0.
Since each 1 ¢ EA(R) has an éssociated T' € EA,(R) (similarly
for s,s') we see that
YT e £y (R),¥s & Ey(R)B,(r) N By(s) # ] = Vr' e £, (R),Vs' € &, (R)
By, (r') 0 By, (s') # 9].
Therefore A' is R-independent of B'.
This says that if A is R-independent of B then any subset
of A is R-independent of any subset of B. This knowledge is used to ob-
tain the following characterization of an R-dependent set of coordinates.
Theorem 4: A coordinate set A c D is R~independent,if and only
if Ep(R) = fpE,(R).
Corollary: R is Cartesian if and only if vd e D, {d} is .
R-independgnt of D-{d}. , » _
2222£:~ Suﬁpése A:is R-ihdependént, that is, Va € A,“{af*is R-
‘ » Cas of A ag

independent of A-{a}. Relabel the elements a;,...,a,

1,,.,,m. For a = 1, by Theorem 3, we have ¥(g,(R)) = £;(R)
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gA-{l}(R)' Since a = 1 is the first element of A, ¥ is just
the identity function, i.e., W(gA(R)) = gA(R) = EI(R) X gA-{l}(R)'
Consider the coordinate set A' = A-{1}. Then {2} ic R-independent
of A'-{2} since, by assumption, {2} is R-independent of A-{2}
and so by Lemma 2 {2} is R-independent of A'-{2} (A'-{2} ¢ A-{2}).

3]

Repeating the above argument with a = 2 we derive EA,(R)
gZ(R) X EA'-{Z}(R) and therefore EA[R) = El(R) X'EZ(R) x

EA'-{Z}(R)‘ Continuing in this fashion we obtain

gA(R) = agAga(R)‘

Conversely, suppose gA(R) = aéAga(R). Let a € A and let Wa
be the coordinate transformation of A which replaces the first
coordinate of A by a and increases by ome the rank (in the

ordering) of every other coordinate in A, (For example,

\ys((qlsqzyqs’qéi)) = (q3:q1,q2:Q4))- Then

Y (EA(R)) = £, (R) x Ky o vE  (R)

Ea(R) X Ep a3 (R).

By Theorem 3, {a} is R-independent of A-{a}. )

From the corollary to Theorem 4 we see that R- 1ndependence
of the coordinate set D characterizes a Cartesian structure for
R. This ylelds a stralghtforward computational test for i
di#cqverlng whether D has an absence of R-dependent coordinate
suﬁsets; namely, fest R to see if it is Cartesian. The fact K
vthathrindepeﬁdent cocrdinate subsets correspond to Cartesian
projections (Theorem 3) likewise provides a simple, test for
the R-independence of a pair of coordinate sets.

In any iarge system, the number of disjoinf coordinate
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sets which may R-depend upon each other is also very large, and
not all the dependencies reflected may be relevant to the
analysis. One area for further investigation is in determining
which coordipate sets to examine. Along with this problem is
the problem of characterizing the strength of dependency
between sets. Given A'AR B, one possible méasure is the
minimal number of elements of Q which must be iﬁeluded in R

so that A is R-independent of B, This is importent because,"
in general, the stronger the dependence between a set of
subsystems, the likelier it is to be able to use that set as

a subunit 1in decomposing the overall system,

3.3.2.3 Conditional R-Dependence

The idea of conditional dependence was characterized in
Section 3.3.2 by the question "If C is knbwﬁ, does the knowledge of
B increase the knowledge of A?" If so, we say that "A depende‘
on B given C." More formally, in the context of R-dependence,

we introduce the following.

Definition 6: For A,B,C ¢ D, A R-depends on B given C (denoted

(A 8g B)[C) if 3t e E-(R), 3s e EgB,(t)),3r e £, (B-(t)) such
that ¥q e Bo(t)[£4(a) = 5 = £4(@) # v].

This concept of conditional R-dependence can be likened to
ethekconceptrof conditionai ﬁroeabilities. The closest parallel. -
lies in the observation that in both ceses,éby reducing £He universe
of discourse to the particular.subset (subpopulation) ﬁnder

consideration, all theorems about "absolute" R-dependencies
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(probabilities) once again hold. 1In effect, the presence of
conditional R-dependence may be alternately regarded as showing
the existence of R'-dependence for particular choices of R',
that is, (A A B)|C if 3t ¢ Eo(R) such that A B (t)-depends on
B,

For example, let D = {1,2,3,4}, A = {1,2}, B = {4},
C = {3}, and

(0,1,0,0)
(1,0,0,0)
R = ¢(1,0,0,1))
(0,1,1,0)
(0,1,1,1)
(1,0,1,1)

/
Then for gc(q) = 0 (i.e., t = (0) in Definition 7), V¥q € BS(O),
Ep(a) = (0,1) = gg(a) # 1. Hence ({1,2} Ap {41)]{3}). Note
that BS(O) = {(0,1,0,0),(1,0,0,0),(1,0,0,1)} so, alternatively,
{1,2} BS(O)-depends on {4},

One property that ;onditional dependence should have follows:
if B ¢ C, then. Ashould beR-independent of B given C. This is
intuitively justified by the argument that because knowledge carried
by B is contained in the knowledge carried by C, no furthér informa-
tion 1is being-addéd. That this is a property of conditional R-
dependence as in Definition 6 is shown in Theorem 5, |
Theorem 5: If A,B,C ¢ D and B cC then A does not R- depend on
B glven C (A is R-independent of B glven C) )
Proof: Let t e £.(R). If B c C then £5(By(t)) = {s,} for some
s, EVEB(R), i.e., £y takes on but oﬁe'value, Let T e £y (B-(t)).
We must show that Bq € B (t) ‘such that gA(q) —'r (51nce' |

¥q € Bc(t), EB(q) = so)n But this is true by definition of
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EA(BC(t)). Hence A is R-independent of B given C when B ¢ C.
One may verify that in the above example that ({1,2} AR {41)|{3,4}.
The study of the properties of conditional R-dependence
has just begun. It is hoped that it will provide a powerful
tool for use in system decomposition. One area for further
investigation is the delineation of the properties of con-
ditional R-dependence. Another area is suggested by the
similarities between probabilistic notions and R-dependence
concepts.. What is the relationship between existing R-depen-
dencies and the underlying stochastic processes? How cén such
relationships be discovered and used? These quéstions guide

our further research.
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3.4 Computation of Trajectory Set Probabilities

As discussed in Section 3.2, if S is a total system, the
performability of S for accomplishment level a € A may be
expressed as

pg(a) = Pr(y ' (a)).
The research reported in this section concerns the evaluation of
probability function Pr for a given trajectory set y'l(a). During
the previous reporting period, this problem wés studied for the
special case when the capability function y is phasewise structure
based (see [ 2], Section 3.2.2) in the sense of Esary and Ziehms
[ 8]. In this case, we proposed and illustrated an iterative
method of computing the trajectory set probabilities associated with the
"success' level of a two-level accomplishment set. (See [2],
pp. 43-47.) During the current reporting ﬁefiod, we have inves-
tigated extensions of this computational method to i) any "Cartesian"

trajectory set, and ii) phased base modelsthat are not necessarily

stationary Markov processes.

3.4.1 Phased Models

Borrowing from the terminology of earlier work concerning
"phaséd hissions" (see [ 1, for example), a model of a tétal
system is phased if the observation times in the utilization
peri&d is finite, i.e., |

' T = {ty,ty,eesty) H
where ty < ;1 < 4.. < tk; ' The interval [tm-l’tm]’ 1 ¢ mg k,
is referred to as the mt! phésé; Although'phésedfmodels appear

at the outset to be quite restricted, this is not the:case,ffor

LT



T

given a non-phased model, there often exists a phased model where
performability is the same as that of the non-phased model. In
general, system models having the same performability will be

referred to as equivalent models. In other words, a total system

model with capability function y and base model probability
function Pr is equivalent to a second model with capability
function y and probability function Pr if and only if for all
accomplishment levels a ¢ A

Priy () = Priy t(a)).
Much of the traditional reliabilit} analysis is facilitated by the
fact that equivalent phased models (often siﬁgle-phased) can .be
used to evaluate system reliability.

To illustrate this point, consider a typical continuous time
Markov model of arTMR system (with a perfécf voter) where the
simplex system has failure rate A, i.e., the Markov process
Xg = {Xthza T} is represented by the graph

1o
3
Y
)

ZA

3y
If the utilization period is T = [tO,tl] and the accomplishment
set is A = {ao,al} (where a, = success and ap - failure), then -
the capability function is given by: k

| ag if u(t) e {1,2}, v t e T

-Y—S(u)= . )
3 otherwise .
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Accordingly,

ps(ao) = Rz(lél(ao)) = Pr({ulu(t) e {1,2}, ¥ t e T}).
However, since yg is structure based and the probability of
entering a success state (1 or 2) from the failure state (3)
is zero, there exists a one-phased model having the same perform-
ability. More precisely, consider the base model

Xg = {X, » X, !

0 1
i.e., the new base model is a pair of random variables describing

the state of the original model at the beginning and the end of
the utilization period. Furthermore, if we let Yg be the function

a, if u(tl) e {1,2}

0
a; otherwise,

Yg(u)

then
pg(ay) = Privg (a,)

=Pr()(t e {1,2})
1

= Pr(x, e {1,2})
1

= Pr({ufu(ty) e {1,2}})

= E_I_'({u|ls(u) = aO}) +
kgg('[ulls(u) # ad and u(tl) e {1,2}}).

e {1,2} imply that Pr({ul}) =0,

—

Since ls(u) # ag and u(ti

pg(ag) = Privg'(ag))

= gg({u!ls(u) = aO})

= Priyg'(ay)

Thus, the single phase model is equivalént to the original model
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permitting performability (which, in this case, is reliability)
to be computed in terms of the state of the system at the end
of its utilization period.

Such single phase equivalents (or multiphase equivalents
in the case of phased missions) exist whenever traditional
reliability modeling assumptions are made with regard to the
intra-phase processes. Accordingly, we have continued our in-
vestigation of phased model evaluation methods, where the results
obtained during the current reporting period are discussed in

the subsections that follow.

3.4,2 Performability Evaluation of Phased Models

Let S be a phased total system model (see Section 3.4.1)
with base model Xs, state space Q = {ql,qz,.,.,qn} and utilization
period T = {tO’tl""’tk}' Since the utilization period is
finite, the trajectory space of S can be represented by U = Qk =
Qx .,. X Q, and the capability function is a function
k'times X
Y+ Q

where k is the number of observation times. With regard to eval-

+ A

uating the probability of a trajectory set Y”l(a) < Qk, we have
found thét Cartesianvfrajectory sets are amenable tovinteractive
methods of evaluation. Accordingly, by decomposing Y'l(a) into
a finite‘number of disjnint Cartesian subsets, Pr(yfl(a)) can be
evaluated in a straight-forward manner.‘ '

As defined in Section 3.3, a trajectory set V‘QQk is Cartesian
th

: . . k
if V= 'X

&i(V) where Ei(V) is the projection of V onto the i
i=1 ) :
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coordinate. Note that the projection Ei(V) provides one with a

method for examining the state of the system at the ith

observation
time t; with respect to the trajectnry set V. Thus, the coordina-
tization system used here is temporal rather than the more
general case (both temporal and spatial) discussed in Section 3.3.
As demonstrated in Section 3.3.2.2, Cartesian sets are
characterized by the notion of R-independent coordinate sets.
Thus, a test for determining whether a set is Cartesian is to
determine R-dependencies between its coordinates,
For each £;(V), let B, = {u e Q¥|£.(u) € £;(V)} be the set
of all state trajectories in U that assume values in Si(V) at

th

the i observation time. Using the notation developed in the

previous section, B, can be expressed as
B, = U Bg(s) .
seg; (V)
Moreover, the probability of mi can be expressed as a one-dimen-
sional distribution of the base model X, i.e.,
Pr(B;) = P(luiX, () e £5(N1)

(see Section 3.1).

When V is a Cartesian set, it is clear that V can be repre-

sented as the intersection of those rather elementary sets B,, i.e.,

A 1 qi(V)

i

[ (s Bl | -2
L

i=1 By -
By iteratively applying the definition‘Of conditional probability,

it is also clear that

e
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k-1 | k-2
Pr(Vv) = Pr(B, | n B Pr (B, | (1 By)
i=1 i=1

‘e Pr(leml)Pr(Bl) .

Since each term in the product involves only elemenféry sets

Bi’ we show in the following discussion (see equation 3.4.1)

that Pr(V) can be determined iteratively using matrix multiplications.
Without loss of generality, we suppose that the initial time

tg = 0 and we let I{0) denote the initial state distribution

for the base model, that is,

I(0) = [py(0)s.ee, P (0)]

where Pi(ﬂ) = Pr[Xt = qi], 1 £ 1< n., Let P(m) be the state
0

transition matrix of the itn phase of the base model XS, i.e.,

{ P (m) = [Pij (m) ]

where Pij(m) = Pr(Xtm = qjl)(tm.1 = q;). |
For each phase m (1 ¢« m < k), let G(m) denote the character-

th

istic matrix of the m ~ phase, i.e., G(m) = [gij(m)] where

1 if i = j and a; etgm(V)
g;;(m) = ,
J 0 otherwise .

For the final phase, we define a characteristic vector

_fltkfw
F(k) =
-fn(k)_ ;
where . :
1 if q. € &, (V)
£, (k) = 1Dk

1? otherwiseA .

Then as a special case of the more general formula proved in
Theorem 3, the probability of the Cartesian set V can be formu-

lated as:
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k-1
Pr(v) = I(0) { . P{i)G(i)| P(k)F(k). (3.4.1)

i=1

Given the above result concerning Cartesian sets, an important

step inevaluating Pr(y'l(a)) 1s to express y' (a) in terms of

Cartésian componerits. Thus, if y'l(a) = k_} V where
i=1
{Vili = 1,2,...,m} are Cartesian sets and V; N V = p if i # j, then
1 m -
Pr(y “(a)) = .21 Pr(V;)
1:

and hence performability can be calculated by summing the proba-
bilitﬁes of Cartesian sets. The exlsﬁence of the set {Vi[,i =
1,2,...,m} can be shown as follows. Since each singleton set'

{u € U} is a Cartesian set, by definition, yfl(a) = ugy-l(a){u}
satisfies the?aboye conditions. However, in practical situations
where y'l(a) is very[large each singleton eetlwill'have negligible
probability and the cumulative error resulting from‘the sum of a
large number of single probabllltles w111 generally be 1ntolerab1e
To avoid this enumeratlon approach we have developed a method

(see Section 3.5.4.2) for determ1n1ng {V i = 1,...,m} in a systematlc

manner, us1ng a hierarchical formulatlon of the capab111ty function.

3.4,3 SimplificatiOn of Phased Models

Let S be a phased total system model with base model

Xe = X
S Tty

li =0,1,...,k} -
where t, < t; < ... < t, and where each random variable Xt takes

i
values in the state space

Q = {qlk’qZ’.“"qn} v*



Since the phased base model XS may have been derived from a

larger equivalent model XS (e.g., a continuous-time Markov model),
the state space Q may be much larger than needed to distinguish
accomplishment levels via the capability function of the phased
model. Accordingly, we have continued to pursue our investigation
of state "lumping" methods which can further simplify the evalua-
tion of state trajectory set probabilities. (See [12], for example,
where a Markov model with 146 states is reduced to a model with

11 states.) In particular, we have conducted a more detailed
study of '"Michigan lumping" wherein different lumping relations
can be associated with different phases of the phased model.

In general, we define the lumping relation of phase m

(1 £ mg k) to be an equivalence relation =, on the state space

Q. The partition of = is denoted
Q, = {ml,mzj.f.,mbm}

where bm is the number of equivalence classes (lumps) of the
lumping relation =ne Each equivalence class mi is a subset of

the state space Q where, if r € mi, then

ni = {q € Qlq =, T}

To illgstrate,isﬁppose*s~is a triplicated system with state‘sﬁ;ge
Q = {0,1}3, where d-é;Q0,0,0) means all three subsystems are
fault-free and, attthé bthér extreme, q = (1,1,1) says fhat'alL
three subsysfems are f;ulty. Supposing further that there is

only one phase with the lumping relation

q =, r if q and r represent the same
number of faulty subsystems
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then the corresponding partition (lumping) is given by:

Q = {11,12,13,14)}

where
11 = {(0,0,0)}
12 = {(1,0,0),(0,1,0),(0,0,1)}
13 = {(1,1,0),(1,0,1),(0,1,1)}
14 = {(1,1,1)}

In general, given m lumping relations, one for each phase,
we can associate a lumped base model YS with the original phased

base model Xg by defining XS as follows:
Xe = {X |m=0,1,...,k}
where if m = 0 then

X, =11 if X e 11 (L1 1< D

)
’0 tO 1
and if 1 < m g k then
Xm = mi if Xt emi (1 € 1< bm) .

m
(The variables Xt » 0 €« m € k, are the random variables of the

phased base modelmXS.) For a lumped model to be useful, it must

be compatible with the capability function y in the sense that
system performance can be determined kncviing the state trajectory

of fé at times t;,t,,...,t,. More precisely, if U is the trajectory

space of the phased model then two trajectories u, u' ¢ U are -

equivalent (denoted u = u') if u(t ) = wu'(t ), for m = 1,2,...,k.

Then we require that the lumping‘relations = be such that

it

u = u' implies y(u) = y(u')
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for all u, u' € U. Under this condition} the trajectory space

U of X can be effectively regarded as the space
U = Q X Qy X vvv x Q

and the induced capability function y:U + A is given by

7(lil,2iz,...,kik} vy (u)

where u 1s any trajectory in U such that u(tm) e mi m=1,2,...,k.

m? -
Finally, if V ¢ U, the induced probability function Pr of the

lumped model is given by

Pr(V) = Pr(W)

where

for some (1i,,2i ..,kik) eV,

l’ 2"
u(tm) € mim, m=1,2,...,k .

W=4d{ueU

In particular, it follows that

Pr(X_ = mi) = Pr(X, e mi) (3.4.2)
. m . t m )
and, mecre generally, that
F&(Yl = 1i1,...,Yk = kik) = Pr(Xt € lil""’xt € kik) (3.4.5

S k
Given the above definitions of ¥ and Pr, it is easily verified

that the lumped model is equivalent to the original phased model.
~Although the probability function Pr is well defined for arbitrary
lumping rglations, the lumpings may be such that Pr is very diffi-
cult to evéluate, due to the fact that lumping does not, in general,
preserve special stochastic properties. For example; if the phased
base model Xg is a stationary Markov process, a iumped'model YS is
generaily neither stationary nor Markovian. This problem is

addressed in the subsections thatbfollow, beginning with the case
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where the lumpings are unrestricted.

We suppose first, as in the previous subsection, that the
structure of the trajectory set in question is Cartesian, that
is, V ¢ U where .

V= X EM,
j=1

or, alternatively, letting Ri Ei(V),

V.= Rl X R2 X voo X Rk .
Then the objectsof study are a) the probability

Pr(v) = ?r(fl e R,, X, e Ry, ..., X

10 % 2 e R

K & Ry
and b) its formulation in terms of the probability function Pr
of the (unlumped) phased model.

We begin by'éonsidering the more restricted problem, that

of evaluating the one-dimensional probabilities
Pr(X, e R) , 2 = 1,2,...,k
Relative to the mth phase of the phased model, define

p(m) = [Pij(m)]
where
p::.(m) = Pr(X, e mj|X e mi)
1j tm tm_l ’
i.e., the probability of being in lumped state mj at the mth
observation time given that the phased model state is in lump mi

tl

at the beginning of the m 1 phase. - Thus p(m) is the initial pg

final state transition matrix of the mth phase. For all but the
final phase define |

H(m) = [hy; (m)]
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where

hij(m) = Pr(Xtm e (m + l)letm e mi) ,

i.e., the probabilityASf being in state (m + 1)j at the beginning

of the m + 1th phase given that the lumped model is in state mi

th

at the m observation time. Thus H(m) is the interphase tran-

sition matrix between phase m and phase m + 1. Note that the

above matrices are definable beginning with an arbitrary process XS.

Let I(0) be the initial state probability distribution of the

lumped model Xs, i.e.,
I(0) = [pl,pz,---,pbll
where .
p; = Pr(XtO e 1i) = Fr(YO = 1i)
Let J(&) be the gtate probability distribﬁtion of YS at the end of

phase &, i.e.,

J('Q') = [rl’- ’rb ]
where
L r(XQ = 2i) |
is the probability of being in state 2i at the ﬂth observation
| time. Then fo-1 | ,
Theorem 1: J) =1(0)| I P(m)H(m)] P(2) (3.4.4).
m=1 '

Proof: We prove this by induction. For £ = 1,

J(1) = I(O)P(l) = [al""’aj""fabll

'whefe

2L b ) e Pr(x, e 1j] )
a. = IS Pr(X, e 1i) +Pr(X. e 1j|X. e 1i
) i=1 to 7 1 to
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e 15, X
1 Tt

i
(LI o I8 o

Pr (X
1

. ¢ e 1i)
0

Pr(X, e 1j) = ?i(fl = 13j) .
1

Suppose that the formula holds for 2, 1 ¢ & < k, we have to
show that

‘ %
JL + 1) = I(O)LH P(m)H(m)JP(2+1) .
, =1

When multiplied by H(2)P(&+1) on both sides, the equation for

J(L) becomes

L

J(RH(R)P () = I1(0) [ i
=

P(m)H(m)] P(2+1)
=1

When we iteratively compute the matrix product on the left hand

side, beginning from the left, then the first two terms become

J(HR) = e sCiyenn
(LIH(L) [cqys K ’Cb2+1]
where bz
c. = T Pr(X, = Ri)ePr(X, e (2+1)j|X, e 2i)
Ioi=1 . ty ty
b L .
= I  Pr(X, e 2i)-Pr(X, e-(2+1)jlxt e 2i)
i=1 % % | g
bl S ;
= T Pr(Xt e (2+1)j n &i)
i=1 Ty

-

= pr(xt2 e (5+1)3)

is the probébility of being in state (2+1)j at the beginning of

the lflth phase.
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h

Finally, multiplying the product by the 2+1t phase transi-

tion matrix,

J(LH(R)P(L+1) = [dl,...,d.,...,d ]
‘ J boe1
where
bpe1
d. = = Pr(X, e (2+1)i)ePr(X e (R+1)j|X, € (2+1)i
] i=1 tﬂ, t£+1 JI tﬂ, ( ) )
bosy
= I Pr(Xt e (2+1)5 , Xt e (2+1)1)
i=1 L+1 2
= Pr(Xt2+1 € (g+1)j) = ?f(f2+1 = (2+1)j) .
Thus
J(e+1) = J(Q)H()P(2+1)

)
I(9) { I P(m)H(m)] P(2+1)
m

which completes the proof.

If we compare equation-3.4.4 with the formula on:page 44 of
the Second Semi-Annual Status Report, we note that it does not
involve thércmgnd F matrices. It is used solely to compute the
proﬁab11{£y (mass) function 6f the random variable Ylv(the state

of fhe'lumped process at thé zth

observation_time).f‘Also, it is
importan&ﬂto noté that this formula appliesrto'anzafbitrary
phased Base modei'xs and; in particular, the lumped,process_is
need not beiMarkov. : ‘ ' ,i  e
Let‘us,now conSidef the problem addressed atvtherdutset of
" this subsection, i.e., the probability éva}pation;of a Cartesian
trajectory set | k .

Vv f R1 X R2 X oo X Rk ¢ U
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where

Pr(v) = ﬁr(il e Ry, X, € Ryy oues X‘k € Rk).

Extending the G and F matrices of the previous subsection to

the phased base model XS, let G(m) denote the characteristic

h

matrix of the m® phase (1 ¢ m < k), i.e.,

G(m) = [g;;(m)]

where
1 if i=j and mi ¢ Rm
gij (m) =
0 otherwise ,

and for the final phase (m=k) we define a characteristic vector
£, (K)
F(k) = .
£ (k)
by

where
1 if ki € Rk
£, (k) = R
1 0 otherwise .

We first prove a lemma which is a generalization of the
iterative formula
Pr(X1 € Rl; X2 € RZ, ooy Xk £ Rk)

k-1

= 1(0) | T P(m)G(m)H(m):l P(k)F (k) . (3.4.5) |

m=1

-

For each Ry & = 1,2,...,k, let URQ be the union of all the
_equivalence classes contained in RQ,,i.e.;

R, = U o
QieRl
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For each phase m, except the final phase, defihe
K(m) = [kij(m)]’ m = lgzgoou,k'l,
where

klj(m) = Pr(Xtm € (m+1)J|Xtm e mi, X - eUR 15 «ee)X

t1
The matrix K(m) is similar to the interphase transition matrix
H(m) except that thé interphase transition probabilities are now
conditioned by the first m-1 components of the Cartesiaﬁ set VJ
Hence K generally depends on V while H does not. (Conditions
under which K can be identified with H are a subject of later
discussion.)

To compute Pr (V) in terms of the matrices P(m), G(m), F(m)
and X(m), we assume further that the lumping relations Em are
compatlble w1th the phased model Xg to the extent that transition

_probabilities are invariant over the states in a lump. More

precisely, we say that'XS is strongly lumpable with respect to =

m
if for all mi, mj € Qm’ the probabilities

Pr(X, e mjl|X = q)
tm tm i

are the same for all q e mi. A lumped model XS is strongly lumped

if X is strongly lumpable with respect to allz, m = ijZ,...,k“

Although we refer to such lumping as "strong”, it can be
shéwn that the usual type of stationary‘Markov Chgin luhping (i.é;;
where the Markov property is preserved relative to all initialf
stéte distributions) is St}ong in the above sense (see, for

' ex;ﬁple, (141, p. 124). In parficular, all the work we have

seen concerning Markov model_Simplification'for'reliability

L N
-

sURl).
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analysis has utilized strong lumping. Thus, strong lumping, as
defined above, is not a severe constraint. Indeed, our concept
cf a strongly lumped process XS is weaker than the usual type
of strongly lumped process which presumes the use of a single
lumping relation throughout the utilization period.

In terms of the above concepts we are able to prove the
following important lemma,

Lemma 1: If Ké is strongly lumped then

k-1
Pr(X; € Ry,e.sXy € Ry = 1(0) n1 P(m)G(m)X(m) |P(K)E(k), (3.4.6)
m= .

Proof: We show this by induction. When k = 1,

I(0)P(1)F(1) = = ?&(Kl = 1j) = ?E(Yl e Ry
: 1j£R1 R

Suppose that the formula holds for E”=_2, that is

e R

Pr(X, € R;,%, € Ry,.nn, Xy € R))

2-1
= I(O){ Hl P(m)G(m)K(m)}P(K)F(L).
m=

Then

[L=== =3

‘I(O)[ P(m)G(m)K(m)}P(% + 13F(2 + 1)
m :

1

m=1

-1 ‘ ' :
'ﬁ(O)( it P(m)G(m)K(mﬂ P(R)G(Z)}K(Q)P(l#l)F(2+1)

AJK(R)P(2+1)F(4+1) i
~where

Ay = [8y,eensBiyensydn ]
1 1° "J" ’;bjl,
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and _ - — .
Pr(Xl € Rl""’xz-l € Ry _1» Xp = 23) if 2j ¢ Ry
0 otherwise

a. =
J

by applying the equation for k = &. )

When we iteratively compute the matrix product, beginningtfrom

e

the left, then the first two terms become #

/

A, = AJK(L) = [CqyseeesCryenasC ] .
z 1 1’ ’ J’ b4 b2'+1 R
where '
bk %
c. = T a. k..(2 »
J =1 1 ij M y
= £ Pr(X, eR,...,%, , e R, . X, = 2i)s ;
liERE 1 1’ -1 2-1,"8 4
Pr(X, e (&+1)j]X, e 2i,X € UR, 1,...,X.X_& UR.)
‘ tQ] tz ’ tg,-l 24-1’ ’ tl 1

= z Pr(Xt e UR S ¢

. e UR, ,,X_. € 2i,X, €.(2+1)j)
RicR, 1 L ty-1 =177ty Tty !
= Pr(Xt € URl""’Xt € URE’Xt e (L+1)3) . £
1 L 2
i The next partial product is the result of multiplying.A2 by
A ~ '
the transition matrix P(2+1) which yields: - h

AS AZ(P(Z+1) = [dl"f"dj""’db ]

2+1
where :
bos1
d. = ¢ P (+1)
3 Z s lJ( ) -
bos1 - '
= I ¢y Pr(X, e (O*D)J]X, e (2#1)1) . z
;i=1 2+1 v L , :

,
S s e

ey
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Since XS is strongly lumpable with respect to the lumping
relation S0+l

Prox, = (DlX = a)

2+1
is-the same for every q € (&+1)i. Let p denote this common

probability and consider the events

A = Xt e (2+1)j
2+1
B =X e (2+1)i, X e UR oo X e UR
tosy ty 2+1° Tty 1
C =X, e (2+1)i .

ty

Then, since B ¢ C, there is a subset R of the lumped state (2+1)i

such that
B =X e R
ty
Accordingly,
Pr (AB)
Pr(A|B) = ——
Pr(B)
where

N

~ Pr(AB) = T Pr(Alxt

q)Pr(X, =aj .
geR L L

Since Pr(A‘th = q) = p for all q € R,
L , .

q)

Pr(AB) = I pePr(X, = AR
. qeR 2 JEETE -
=p-I Pr(X, =aq)
~qeR L

p+Pr (B)
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Accordingly
p-Pr(B)
Pr(A|B) = ——— = p .
Pr(B)
In particular, when B = C
Pr(A|C) = p

and, hence

Pr(A]C) = Pr(A|B)

In other words,

Pr(X, € (z+.1)jlxtz e (#+1)i) = Pr(X, (z+1)j[xt2 e (R+1)1i,

2+1 2+1

th € URQ, ceny th € URl)

Strong lumpability therefore allows us to forget the past

history when determining the intraphase transition probabilities.

Accordingly, by replacing Pr(A|C) with Pr(A|B) in dj’
b1 ‘
3 izl Pr(th € (2+1)1,Xt£ € URZ, ..

[=%
i

B e UR,)
’ ty 1

Pr (X e (4*1)j[X, e (8+1)i,X, € UR

LN ] x
Lol % % ’

2’ t e URy)

| b5L+1
= I Pr(X
i=1 t

e (2+1)3,X, & (2+1)i,X, URQ,’...,xt e UR

)
R+l 2 3 1 1

X € URl)

e(2+1)j,X £ UR,y veey
| ’ tz '3 tl

= Pr(X X, € Ry, -vu,X, £ Rp,X, 0 = (241)5)
The product is completed by multiplying A3 by the characteristic

vector F(2+1) of the final phase, that is,

-y,
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)
I(O)[ I P(m)G(m)K(mﬂP(2+l)F(Q+l)

= ASF(2+1)

= pX Pr(X; ¢ R,,X, € R,...,X, €R,,X = (2+1)3)
(2+1)j€R2+1 1 1°72 2 R 227441

= Pr(X1 € Rl,X2 € RZ’ "”X£+1 € R2+1) .

Thus, equation 3.4.6 holds for all & £ k, which completes the
proof of Lemma 1.

Note that in proving the lemma, we did not use the assumption
that XS is strongly lumpable with respect to % and hence we can
relax the hypothesis and require only that XS be strongly lumpable

with respect to =, m = 2,3,...,k. However, in order to simplify

m’
the calculation qf the transition probability matrix P(1l) associated
with the first pﬁase, it is convenient to éssume that XS is strongly
lumpable for all phases. This remark applies as well to the
sqbsequent results concerning the evaluation of Pr(V).

Although Lemma 1 provides us with relatively unrestricted -
closed form formulation of Pr(V), its disadvantages derive from
the fact that the K(m) matrices may be difficult to obtain in
practical applications. In pa%ticular, K(m) will generally depend
on V as well as XS and, moreover, will generally depend on the
history of XS prior to phase m. The latter objection disappears

when the lumping relations are such that -

Pr(X, e (m+1)J[Xt e mi,X, e UR th

€ URI) =
m oom-1

m_l’-ci,
m E

Pr(X, e (m+1)j|X, e mi) (3.4.7) -

m m

for all (m+l)j € Qm+1‘and mi e Q-
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Recalling the definitions of K(m) and H(m), the preceding condi-

tion is just the condition which guarantees that K(m)

= H(m).

Accordingly, we obtain the following specialization of Lemma 1.

Theorem 2:

If Ys is strongly lumped, V = Ry x Ry x ... x Ry and

equation (3.4.7) holds for m = 1,2,...,k-1, then

m=1

k-1
Pr(v) = I(O)[ i P(m)G(m)H(m)]P(k)F(k) .

(3.4.8)

Since equation (3.4.7) depends on the specific natufe of the

Cartesian set V, for a fixed strongly lumped model Ys,

the hypoth-

esis of Theorem 2 may hold for certain trajectory sets V but not

for others.

conditions under which equation

Accordingly, we have sought to identify even stronger

Cartesian trajectory sets.

3.4.8 will hold for arbitrary

Lemma 2: If_YS is strongly lumped then equation 3.4.7 holdskfor

all Cartesian sets V and for all phases m, if and only if

Pr(Xt > (m+1)1m+1lxtm € mi

for all m

Proof:

\'s
L

k
X Ri, then by taking R; to be the singleton set {2i,},

m

m,xtm-l € (m-l)im_l,.o

= Pr(X, e (m+1)i X, e mi)
tm m+1 tm m

1,2,...,k-1, and for all (m+1)im+1 € Qm+1’mim e Q. .

i=1
1’2’ooo,m+1’

Pr(xt

m -

€ (m+1)im+1|Xtm

- Pr(x,

m

€ m;m,Xt € (m*lJl

m-1 m-1°°

., X

e ’X

€ (m+1)im+1|Xtm emi ) .

t

t

1

~ Suppose equation 3.4.7 holds for all Cartesian sets

1

€ lil)
(3.4.9)

m

€ lll)v
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Converseiy, when equation 3.4.9 holds for every %i

9‘ £ Ql,
£ =1,2,...,m+1, then
Pr(X, € (m+D)j|{X, e mi_,X e UR ...,X, € UR,)
tm tm m? tm-l m-1° ? tl 1
= z Pr(X, e (m+t1)j|X, e mi ,X e (m-1)i e
i eRy th th mth.l Tm-1?
2=1,...’m
Pr(Xt € (m-l)im_l,...,Xt € lil)
X, € 1i))- m-1 1
1 Pr(X e UR coe X e UR
tm“l m-l’ ’ tl 1
= PT(Xt € (m+1)j|Xt e mi)e
m m
Pr(Xt ) € (m-l)im_l,...,xt € lil)
T m-1 1
Li,eR, Pr()&’tm"1 € URm~l""’xt1 e URy
2=1,..,m
= Pr(Xt € (m+i)j!Xt e mi)el = Pr(X, e (m+1)j|Xt e mi)
m m m m

which shows equation 3.4.7.

Combining Lemma 2 with Theorem 2,

res@ltiw .
Theorem 3: If XS

each phase m, m=1,...,k-1,

Pr(v)

m=]

k-1
‘,WI(O)[ I P(m)G(m)H(m)

}P(k)F(k)

we obtain the following.

is strongly lumped and equation,3.4.9'ﬁofds for

then for any Cartesian trajectory set V

Under the conditions of Theorem 3, we observe that XS is -a

Markov process (but not necessarlly statlonary)

demonstrated as follows.

This can be

4
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5r(fﬁ+1 = (m+1)j|ih =mi X ;= (m—l)im_l,...,')f1 = 1i,)

Pr(X, € (m+1)j|Xt e mi ,X,

e (m-1)1 .o X, € 1i
m+1 m m-1 m-1°

)

z Pr (X e (m*D)j[X, € (m+1)i,X, € mi_,...
(m+1)ieQ ,,  ‘m+l t Tt LI

X € lil)° Pr(Xt e (m+1)i Xt € mim,...,x

t1 m m t1

€ lil)

T Pr(X, £ (m+l)j|Xt e (m+1)i)
(m+1)ieQm+1 m+1 m

‘Pr(X, e (m+1)i[X, € mi )
tm tm m

|
e~
a1
~
el

|
o

e

~
>

Hence, fg satisfieséthe Markov property,. .
Moreover, if we extend the definition of the interphase

transition matrices so that H(0) is the identity matrix, i.e.,

H(0) = [hy;(0)]

where [
1 if i=j

S hi.(O) |
] J 0 otherwise,

then the transition probabilities of YS associated with phase m

can be expressed as a matrix

P(m) = (B35 (m)

where

el



-70-

pij(m) = Pr(X, = mJ!iﬁ_l = (m-1))
= Pr(X, e ijXt e (m-1)1i)
m m-

= I Pr(X, e mlet 5 msL)-Pr(Xt € mR,lXt e(m-1)1i)
meeqQ m m-1 m-1 m-1
by

= Z . h_. m"’l .
o Paj (m)h, , (m-1)

Accordingly,

P(m) = H(m-1)P (m)

and equation 3.4.8 can be represented in a more convenient form:

k-1
Pr(v) = I(O)[ Hl F(m)G(m{}?(k)F(k) ‘ (3.4.10)
m.’:

Since hij(m) gengrally depends on the obsqryation time tm even
when Xg is stationary, the transition probabilities ﬁij(m) may
not be the same for different phases. Hence KS is-a time varying
Markov process.

~Although Theorem 3 provides us with a formula for evaluating
ihe probability of an arbitrary Cartesian trajectory set V, it has
the disadvantage that equation 3.4.9 has to be verified with

respect to all possible sequences of lumped states Xt e mi_ where

m
: m c
mim € Qm’ m=1,2,...,k. Thus in order to further simplify the

~computation, we have identified the following stronger condition.
By applying arguments similar to the proof of Lemma 1,vwe?
show that equation 3.4.9 holds when the probabilities
Pr(X, e (m+l)i X, =4q)
th T Tm+l th ‘ |
~are the same for all q € mi_. Hence, we obtain the following

importantkresult.



~71-

Theorem 4: If YS is strongly lumped and for all m ¢ {1,2,...,m-1},

(m+1)j € Qm+1’ and mi € Qm the probabilities

Pr(X, e (m+1)j|Xt = q)
m m

are the same for all q € mi, then

k-1
Pr(v) = I(0) Hl P(m)G(m)H(m)}P(k)F(k)
m=

for all Cartesian trajectory sets V.

Theorems 2-4 tell us, under successively more stringent
conditions, how the probability of a Cartesian set V may be
iteratively computed from knowledge of the intraphase processes
(the P matrices), the interphase transitions (the K or H matrices),
and the set V (thé G and F matrices). Under the conditions of
Theorem 4, the P and H matrices are relatively easy to obtain.
Under the weaker conditions of Theorem 3, it appears difficult
to determine whether these conditions are indeed satisfied,
although we have not as yet had enough experience with such
calculations to judge the extent of the difficulty. A similar
comment applies to the even weakef conditions of Theorem 2.
However, we do believe that the theory deVeloped above demonstrates
the feasibility of "Michigan lumping", i.e., lumping a phased
mo&eL”accdrdingbto the computational requirements of each phase
as opposed to '"homogeneous lumping" which ﬁseskthe same iumpiné
relation throughout the utilization interfal. :

During the next reporting pefiod we intend to more fﬁily

explore the prattical implications of these lumping methods by
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experimenting with various types of base models and various types

of Cartesian sets. We also wish to explore weaker types of

lumping which result in nonequivalent models, but where the

performability of the lumped model closely approximates that
of the unlumped model.
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3.5 Hierarchical Modeling of an Air Transport Mission

Several prototype air transport models have been examined
in the course of the present reporting period. Below we report
in detail on one such model. This is a comprehensive example
and should serve to illustrate some of the concepts discussed
in the previous sections. In particular, the uses of capability
functions (Section 3.2.2), partial capability functions (Section
3.3.1) and interlevel translations (Section 3.3.1) are demqn—
strated, while state spaces, utilization periods, trajector}
spaces and trajectories (Section 3.1.1) are explicitly shown.

In addition, the evaluation of performability is exhibited.

This section is organized as follows. First, some notational
conventions are set forth (Section 3.5.1). Tﬁen, starting from
an informal general description (or concept) of a specific air
transport mission, an accomplishment set is defined in Section
3.5.2, The particular mission is an extension of the mission
discﬁssed in the second Semi-Annual Status Report [2]. With
some broad assumptions concerning the aircraft, the upper
level models of a model hierarchy were constructed. Sec;ion5~»
'3.5.3 describes the resulting models. This part of thé;ﬁigr{
archy consists of three levels -- the mission level, the;airgréft
task level, and the computational task level. (A fourth level,
the computational hardware level, will be discussed later.)
‘Some of the techniques used to characterize the models at the
upper levels have been delineated in the first two Semi-Annual
Status Reports (1-2]. Hoﬁever,kin the presentation given in

this report, interlevel translations have been introduced,

Few
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other defining quantities such as state spaces have.been
explicitly stated, and the overall discussion has been formal-
ized.

Next, Section 3.5.4 reports on a caiculus being developed
which uses the interlevel translations to determine the
trajectory preimages of the capability function, i.e., Ynl.

(See Section 3.3.1.) With this calculus, the partial capability
functions at each of the first three levels were derived.
These are presented in Section 3.5.5.

The final segment of Section 3.5 discusses the perform-
ability evaluation (over the total system) of three computers,
The three computers are different configurations of four
modules of equal computatlonal power. A computer hardware level
model was constructed for each computer and placed in the
hierarchy. Section 3.5.6 describes these models. Thus, a:
seﬁarate hierarchy was evolved for each computer. From these
|
ﬁierarchies, three capability functions were determined, as
reﬁefted in Sectioh 3. 5’7 The capability functions were then
evaluated over several sets of utilization 1ntervals and com-
puter failure rates. Section 3,5.8 discusses METAPHEOR, a software

package being developed to aid in performability evaluation.

- Finally, METAPIIOR is used to evaluate the three computers,

3.5. 1.; Notational Conventions . - = -
Several conventwons concernlng notation used in thls
‘mission model have been adopted. These;are presented here for

convenience.
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In Sections 3.1.1 and 3.3.1, important foundations were
established for the trajectory spaces U and Ui employed in the
evaluation of the capability function. The existence of a
probability space (2, E, P) underlying the total system was
postulated and the stochastic processes X supporting the tra-
jectory spaces U were characterized. Recognition of these
quantities is important, particularly to understand the stochastic
nature of the models used and to differentiate between trajectories
and the random processes which define them.

In the discussion of this mission model, no explicit
description of the probability space will be presented other
than assigning probabilities to certain events. In
particular, specific references to outcomes w e @ will be
dropped except where necessary for definition purposes. This
is a standard convention for random processes. Furthermore,
the random process Xi underlying a trajectory space Ui will not
be expressly stated except again where necessary. Therefore‘a
trajectory ueU. implicitly refers to arandom process x' evaluated
at some sample weQ such that ! (w)=u. (See Sectlon 3. 1 1.)

For this treatment then, a comp051te traJectory at level i
i > Oi, where ug \t) = XC & c ¢

we. Tz is the 1th level comp051te utilization perlod while Q

is the 1tb jth

. . i
is a functlon uC'T () for some

level composite state space, ‘The i"" level comp051te

' trajectory space iS'the set Ul = {ul} = 1 lweQ} In addition,

u;:T; > Q;, b(t) = Xb t? Tb, Qb, and Ub are analogously defined
for the basic process Xb The 1th level traJectory space 1is

thus U = Ué ® U; = {(u

c,w’ ub w)lmeﬁ}. (See Sectlon 3.1.2).

oy
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In this mission model, the random processes Xi and X;}
generally delineate several system components, i.e., featufes
such as hardware subsystems or behavioral functions which are
identifiable and helpful in describing the svstem. As noted
i

in Section 3.3. , QC and Q; can be coordinatized; the pro-

jection of Xc + (Xé’t) on a particular coordinate is called

a composite (basic) Variable. For the trajectories used, two
coordinates are employed. One coo;dinate is the particular
component being obseryed, while the other coordinate is the
observatﬁon time. ( \

§

Moép precisely, a trajectory ut ¢ Ut is first written as

a column array:

where Ué is the composite trajectory and Ub is the base

tr jectory. In case the number of observation tlmes at

level i is finite, expansion along the time coordinate

\
\

i f ul(t;) ul(ey) ... ul(e)

o e e e wm A ae e e m am em me M W e Be i ae w we w

~yields the representation

where T; = {tl, ty ...,‘tf}. If the composite and basic com-

ponents are respectlvely uCl uéz o8’y ué , and ub uéz, ceey
‘ - m |
"b then.expan51on along the component coordlnate ylelds.



Thus along both coordinates, the expanded representation is:

i
u_ (ty)
c1 1

i

(t)
uv:2 1

i

i
u_ (t,)
c:1 2

i
u. (t,)
c2 2

u:'L
b

P!,

- e e W e e e e ke v e i % wm w me e e e % W o e W e e

-
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A projection along a single time coordinate is referred to

as a trajéctory observation. Similarly, a projection along

a single-component will be called a component trajectory.

For ‘instance

'
¥

i3 a trajectory observation at time ty, while

C. C.

B R i i
u = ju. (ty) u. (t,) ... u. (t)
[ Y. b E )
j | c 1 j 2 cJ n J,

is a component trajectory of the jth composite component.

The 1nferva1 between the kth and (k+1)th sample is called o

the (k+1) phgﬁgg

As an exampie to clarify this notation and illustrate
its use, consider the follow1ng. Suppose at h1erarchy level”
2,a model w1th two composite components (f11ght control system
(FCS) and nav1gat1on (NAV)) and a single ba51c component (air

trafflc control (ATC)) has been constructed. Supposekfurther that
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the utilization period invelves three samples T = {tl, tz, t3}.
To prevent the necessity of writing the level number with
every vaviable of the model, the trajectory space at level 2

is called Y. A trajectory in Y is denoted y, while

a variahble in y denoting the jth composite component at the

kth observation time 1s written Ye. ¢, Thus, a trajectory
i’k

J ’
is represented by

r oy K
. Y b4 FCS
€10t €1ty Cirts
NAV
y = CZ,tl Cz,tz Cz,ts
y Yy y ATC
byyty b1st, bysts

Then with the qbvious corresponderce c1=l, c2=2, b1=3, t1=1,

t,=2, and t3=3; we write

Here the composite trajectory is

Y1 Va2 Ylsl
Ye © |
: Y21 Y22 sté'

while the basic trajectory is ‘ , .
Yp = sy v3p Y33l

where, for examnle, Yoz is the state of the navigation system

‘at the third observation time.

ey
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Finally a projection function Esk(A) = ajk’ where A is the
matrix [apq] (see Section 3.3.2.1),is frequently composed with
an interlevel translation. This is done to extract the parti-
cular portion of the function range which is of interest. As

an illustration, consider the level i composite model having

m components

vt =yl o .

c . R U = {(ui

: .
¢ . c ’1’w’ ey ucm,w)!weﬂ},

where the Ué. can be further coordinatized along time, Ui (tk),
where ty € T1l. Using the projection function, Ué (tk) will be

written €ijé. The interlevel translation from level i+l to
level i1 (assuming level i+l exists) is

L+l i+l i
Ki+1'Uc ® Ub -+ Uc

and to select thqxfunctiom mapping Ué+l ® U1+1 into Ué (tk) = gijé,

“b j
we write
. i+l _ i+l i
JKN i1 Uus. " ® Uy " Ejk”é .

We shall refer to %kKi+l as the jth component function at

g

observation k.

[
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3.5.2 Mission Description and Accomplishment Set

We consider a basic air transport mission which can be
characterized as follows:
Mission Statement: '"Transport passengers between two

points safely, conveniently and with
minimal fuel consumption."”

The total system S = (C,E,P,L) is a flight control computer C
operated in the environment E of a portal-to-portal flight of a
commercial aircraft P within anp airline L. Specifically, C is
the object system, E is the environment system, P is the set of
related systems, and I. is the demand system. The user is in-
terested in fuel efficiency, timeliness and safety;
accordingly, the mission statement entails three actions which
must be monitored to judge mission performance,

Mission Requirement Set

i) A given safety rate is to be attained.
ii) Inconveniences (diversions) are to be minimized.
iii) Fuel consumption is to be minimized.
Now we can Specify a set of accomplishment levels
A = {aO, a1, 2,5, ag, a4}
where in general terms the following correspondences hold:

a, = low fuel consumption, no diversion to an alternate
landing 51te, and no fatalities,

a, = high fuel consumption, no diversion,énd no fafalit@es,
a, = low fuel consumption, diversion, and no fatalities,
= high fuel consumption, divérsiqn, and no fatalities,
a, = fatal crash. ;

The utilizationkperiod'of the mission is taken to be

T = [0,T]. To develop the model hierafchy; a top down approach
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is used. Thus, the model at level i is generated and enlarged
before the model at level i+l (the next lower level) is
developed. In the process of characterizing level i,

we may not know which variables are to be expanded at level

i+1 (i.e., which variables are composite) and which variables
will not depend on lower level variables (i.e., which variables
are basic). Thus when variables are introduced no claim

is made as to whether they are composite or

basic. Only when the next lower level is construciesd do we

make such classifications.

3.5.3. Higher Level Models

This section develops the models used at the first three
levels. These are the mission level, the aircraft task level
and the computational task level. The model description
presented at each level consists of a set of random variables
characterizing the system at that level, the state space, the
sample time set and the trajectory set. In addition, an
interlevel translation is defined at each level to connect

that level with the next higher level.

3.5.3.1 Mission Level Model Development

Leveifh, the top level, describes those’aspects of the
total systemuperformance that’the user'considersbimpbrtant.
’The5m5de1 at thié level thus characterizes the relevant factors’
deemed pertinent for a misSion.v In particular, the model?must
have é écopé broad enough and a level of abstraction high

enough to support the accomplishment level descriptions.

For the given accomplishment levels then, an appropriate
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scope for the top level is the air carrier, while a suitable
abstraction level corresponds to the mission itself. We will
therefore refer to this level as the '"mission level.'' After
examining the verbal definitions of the accomplishment levels,

the mission level can be formally represented by a single

variable random process Z = Xg taking values in the state space
Q® = (0,133
where the values 2 = (z,,zz,zs} of 7 are interpreted as follows:
_ {O 1f mission is fuel efficient
z, = X
1 «1 otherwise,
. = {O if mission is not diverted
2 1 otherwise,
L. {O 1f mission is safe
“3 1 otherwise (fatal crash).

Since the model at this level is a single random variable, the
trajectory space coincides with the state space, that 1is

7 =00 =" = (0,133 .

We can now determine the interlevel translation o between
the mission level trajectory space Z and the accomplishment set
A. Table 1 specifies Kge Thus if'we know the value z of the mission
variable Z, we know the mission's level of accomplishment. For

example, employing the array representation scheme discussed in

Section 3.5.1, the (degenerate) trajectory ¥

1 °
z =10 |

OO

says the mission resulted in low fuel consumption, no diversion

‘and no fatalities, and accordingly ko(2) = a;.
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z = (Zl’ Zz, 23) KO(Z)
0 0 0 a,
0 0 1 a4
0 1 0 a,
0 1 1 a,
1 0 0 a;
1 0 1 a4
1 1 0 Az
1 1 0 a4
Table 1

e,
e,

T

e
Definition~table for KD:Z + A,
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3.5.3.2 Aircraft Functional Task Level Model Development

The next lower .evel, level 1, is an intermediate level
describing the performance of the aircraft with regard to the
total system. For this level, the scope will thus be the air-
craft, while the level of abstraction will be the functional
tasks of the aircrafc¢. Level 1 will therefore be referred to as
the ”aircraff functional task level."

To construct the aircraft functional task level, we must
first determine an appropriate set of random processes with
which to describe the level.

However, to select such a set, wec must first examine the system
properties we wish the processes to reflect.

For this simple model, assume that we know the
following characteristics about the aircréft in which the
computer is to be used:

a) For the missions in which the aircraft is utilized,
the fuel capacity is such that if fuel consumption is
high for more than half of the mission time, the air-
craft runs out of fuelrand crashes.

b) The aircraft has an autoland sysfem which, if working,
will land the plane in any weather. If autoland is
being used and fails, the aircra’7 crashes.

" ¢) The autoland sYstem is used oniy in Category III -
weather, | |

d) If at the initiation of lahding, the fuel consumption
has been high for any part of the mission; autoland
will not_be attempted. Instead, the-aircrqff will be -

diVerted_if‘Catggory IIT weather occurs,
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e) If the aircraft crashes, fatalities will occur.
At this time, we will not consider factors affecting the mission
variables other than those mentioned above. In particular, we
ignore those elements of the total system upon which the
computer has no effect. Then from the above specifications,

we can write the following conditions for the mission variables

Z:
io if fuel tregulation works for the entire
-/ mission

21 \
tl otherwise,
(1 if weather is bad at initiation of landing and

.. = autoland is not available

2

0 otherwise,

{1 if either

a) fuel regulation works for less than half
of the mission time
. = < or b) weather is bad at initiation of landing,
and autoland is available at that time
but fails during landing

\O opherwise.

To characterize the aircraft level, we will utilize a randor
process with two variables, Y= {X% , X%} , where TL is the time

"L ,
at which landing is initiated. The state space is

1

Q {0,1,2,3,4,5,6,7} X {0,1}

where the values Y = (yl,yz) of Yhave the following meaningsiv



0 if
1 if
2 if
3 if
y = ¢
1 4 if
5 if
6 if
7 if
N
[0 if
}’2 = 4
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fuel regulation works for
autoland available at end

entire phase and
of cCruise

fuel reoulatlon works entire phase but

%utflana available .at
uel regu atlon works for

fuel regulation works for

fuel regulation works for
autoland successful

fuel regulation works for
autoland not successful

end of cruise
time TL/Z <t < T

“L
time t < T /2:
entire phase, and

entire phase, but

fuel regulation fails, but autoland successful

fuel regulation fails and

autoland fails,

non-Category III weather at end of cruise

1 otherwise.

With the array representation of Section 3.5.1, a trajectory yeY

will be written in the form

(Y17 vy, Control-
Y | |

LYZl yZZJ Weather
) bo

0 =

' o e

o so il

H o e

(35 S| <

B 3

Gy

o

(o]

(V]

4

«

£~

where Yy = (yll,ylz) are the variables denoting the control

systems of the aircraft (i.e., fuel regulation and autoland)

encounters .

-

~and Yy = (y21,y22) are the varlables denoting weather the mission

To be logically consistent with thz requirements of the

mission variables Z noted above, we can restrict the values that
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the yij can take on. Thus,

{0,1,2,3}

Y11 ¢

Y1z € {4,5,6,7}

Yp1 E {0,1}

Yoo = ¢ (i.e., the fictious state,

see Section 3. . ) .

That is, y;; and y;, describe the control performance of the
aircraft in terms of the plane's fuel regulation and autoland
performance. The variable Ya1 samples the weather at the end
of the cruise phase. Since we are unconcerned with the weather
during the landing phase, the variable Y22 is assigned the
trivial state ¢. -The aircraft trajectory.space is hence

y = ut

= {0,1,2,3} X {4,5,6,7} X {0,1} .

With the above definition of Y, we are now able to state
the interlevel translation function between the aircraft task
level and the mission level, i.e., K1:Y > ZC. »Because each
combonent of Z is decomposed within level 1, 7 = Zc = Ug and so
each component at level 0 is composite. Thus, kl maps into Z,

that is, Kle + Z. Now Kl can be broken into its component functions

E1kyiY > 6,7
EakpiY * E5Z.
Then by matching the definitions ’of‘the_yij‘s with the defini-

tions of z,, z,, and zj, the following functions are obtained:



70 if y,.e{0,1} and y,,e{4,5}
SUTSI 1 12
1

{1 if ylle{l,z,ﬁand Yo1 =1

otherwise

£k ()
t0 otherwise
1 if either
a) y11=3 or (y11=2 and ylze{6,7})
Ezky (y) =

or b) y,;=0 and ylze{s,7} and y,;=1

[D otherwise.

Note that we make two pessimistic and simplifying assumptions
regarding ESKI. First, if the fuel regulation works for less
than half of the takeoff/cruise phase (hence Y11 = 3), then we
assume that the fuel regulation works for less than half of the
mission (hence Elkl(y)= 1). This assumption is justified if
Pr (fuel regulation works for t < TL/Z
during [O,TL])
~ Pr (fuel regulation works for t < T/2
during [0,T}). ;
Some basis for this claim lies in the fact that the takeoff/
cruise phase is‘usually‘significantly longer than the landing
phase, that 1is, TL >> T—TL.Y
The second assumption is that if the fuel regulation fails
at all during the fakeoff/cruise phase anc then fails at all
duriﬁg the landing phase, then thé fuel regulation fails for at
least half of the mission. In other words, if y,;e{2,3} and
Y12

e{5,7}, then £, (¥) = 1.
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Both assumptions are pessimistic in that some non-fatal
missions will be associated with fatalities (23=1). These
assumptions must be madé because the resolution of the aircraft
function variables does not allow the exact determination of
the time that the fuel regulation works. Such a determination
could be made by simply modifying the aircraft function variables
to have one variable monitor the autoland and a second variable
(continuous, ranging over [0,T}) keep track of the time the fuel
regulation works. However, for this illustrative example, we‘

adopt the simpler view.

3.5.3.3 Computational Task Level Model Development

In continuing the decomposition of the mission and the
corresponding development of the hierarchy, we must next describe
the variables composing the aircraft functions described in the
previous section. Because we wish to evaluate the computer’s
effectiveness, we ignore non-computer related components. Thus,
the scope of this level will be the computer while the level of
abstraction wiil be the functional tasks of the computer. Hence
level 2 will be called the.ﬁcomputational task level."

For this mission, we assume that fhe aircraft tasks fuel
regulation and autoland each has a cbmﬁutatiOnal task: fuel regu-
lation computations and autolahdiéompdtatibns. Furthermoré,_we_
assume that in order for the aircraft task to be successfql,-it;
corfesponding computational task must also be successful. kIf,
for eXample, not all of the autoland computations are done,'theﬁ

the autoland task is not achieved, and so autoland can not be



-91- |

performed. The weather variable at the aircraft functional task
level (yz1 and yzz) has no computer support and therefore is a
basic variable.

The computational task level can be described by a three var-

iable random process X=={X% , X% 9 X%} , where THvis an observa-

H L
tion time halfway between 0 and TL, that 1is, TH = TL/Z. The
state space is

Q = {0,1}°

where the values x = (xl,xz) of X have the following interpreta-

tions:
x. = {0 1f fuel regulation computations are successful
1 1 otherwise,

x. = J0 if autoland computations are successful
2 1 otherwise.

In the representation of Section 3.5.1, a trajectory xeX will

be written as

[xll X102 XlS] Fuel regulation computations
x = LXZI X950 x23J Autoland computations
e~ o

Takeoff/cruise Landing

where Xy =’(x11,x12;x13) are variables representing the fuél
regulation computations while X, = (x21;x22,x23) are variables
representing the autoland computations.

The observations x.. are made as follows:

ij , -
f"il lxlz ,[xls
: . < !
. @[Xlz 1"22 ( [¥o3
% v v : v ” 1 ] ] IT
ot =0 t =T t =T t =
First half of Second half of Landing -

Takeoff/Cruise Takeoff/Cruise
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Because success or failure of the autoland computations at the

halfway point of the cruise phasé cannot affect the availability

[ I

of the computations at the end of} thﬂ cruise phase, the variable

Xoq is assigned ¢, the flCtlth“S\Sﬁate.
S

Thus, the compu;atlonal level trajectory space

All other variables can
be either 0 or 1.

is X = u% = {D,l}s All computatiénal tasks are assumed success-

!
ful at the beginning of the mission (t =

L = 0). Also, knowledge of

{ .
the system's behavior at the observiations TH’ TL and T is assumed

to yield sufficient information to i

i
1

variables.

With the above assumptions, we ‘can then construct the

relation between X and Y:

KZ:X > YC

PRI PRV Y

by first constructing:

E1182:% > ¥qy

and EI?KZ:X + Y

12

Thus, !
( if x = X = X ‘7= 0
| = 11 12 22}
i . ’!
% 1 if x 11 = Y32 0 an? Xpp = 1
; 2 if (x = 1 and x12%= 0) or
j {

gllnz(x) 3 (‘11 = ( and X159 1)

d

Tice., if xq, }17 = 1, where &

denotes the “exclusive or" operation]

L3’if X911 = Xqg % 1
and

infer the values of the level 1

P
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4 if x = Xyg = 0

o

~
—
w
]

Bk = %

I
o

6 if Xy3 = 1 and Xpz =

7 if

I
=
L]

1 and Xpz =

3.5.4 A Calculus of Trajectory Sets

Although a fourth level (the bottom computer hardware and
software level) has yet to be discussed, it is convenient at
this time to introduce a calculus being developed which is of
great use in determining the y-induced trajectory sets, i.e.,
Y—l. This calculus will be used to simplify the upper level
mouels of the hierarchy before any lower level models are
examined. Also, the calculus is used to éssimilate lower
leveis as they are developed. After the lowest level of the
hierafchy has been operated upon, the result is Y-l. Deriva-
tion of y;l is important because, using the techniques of
Section 3.4.2 on y'l, performability CalCulations for the
system can then be effected. |

The calculus presented here is part of;ah ongoing effort
to produce general tocls for performability evalﬁation.
Although the description in this seétion is oriented to this
particular hission model, the tethnique is géheraliiable; o
Section 3.5.4;lkbelow furnishes én_algorithm (based on ﬁhé given
'missioh;model;fseéfSeétiOnk3.3.1yfor_the gene?a; Case) for
extratting y'1, while Section 3.5.4.2 gives the actual tra-
jectory set calculhs inkterms of a’repreSentationffor'trajeétory -
sets and.somé'basié operationskon thoée Séts;" s

a-2
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3.5.4.1 An Algorithm for Determining Y-l

An immediate goal within this mission model discussion 1is

a characterization of the capability function
y: W x Xb X Yb x Zb + A
where W is the fourth level trajectory space to be described in

Section 3.5.6. From y, we then determine the preimage sets of

y (i.e., the "y-induced trajectory sets'). That is, we wish to

fFind v 1(a) = fuly(u) =aand ue W x X x Y, x Z,, i.e., uis
4 mission trajectoryl for all a e A. “Then using the techniques
outlined in Section 3.4, we can determine the probability distri-
bution of the accomplishmeﬁt set for’the'mission, that is, tﬂe
verformabilitv: | . .

| pg(a) = Prlfulvy(u) = a}) = Priy t(a))
for all a e A, - A

Below 1s an algorithm for determining y-l. Based on the

diséuséion inFSectiOn 3.3, 1, the algorithm constructs y o1 itera?'
tlvely employlng part1a1 capability functlons and 1nter1eve1
translations. The symbol V denotes ''for all." |

1) Find Y&l(a)'= {(z)[}yo(z) = a},v‘abs'A; Since_yo =

this is equlvalent to flndlng KO (a) YV a e A,

Kgs

2) Find Yl (a) = {(y’zb)’Yl(y’zb) = a}‘y é e“A;  Tﬁis is
achieved by finding K (z ) for each.z ‘[bzi-j € Yl (a) Slnce in
thls hlerarchy,rzb is}empty then zC "Vz”and so wb n°ed to flnd a
Kl (z) Vze Z. ‘once Kil is known,,:‘ L

v = (e bIYliy,b)

{(K (2)]Yp(2) =

‘.3)  Flnd yz (a)

,{CX,yb,gb)LYz(x,yb,zb)5-‘a}iV a e‘A. *Here,   o
we must f1nd Kz (y ) for each vy =‘[-;9~],5'711(3).'-Then_vﬂ'
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-1
Yy (@) = {5,y zly, (X,yy,2,) = al

-1
(ke s vy My Cyy = al.
. -1, -1
4) Find y "(a) = y3 (a) = {(w,xb,ywzb)ﬁys(w,xb,ybzb) =
V ae A, Similar to the method in step 3, determine K (x ) for

each x = [;ii—j € YE (a). From this,

= {(W’Xb 3 Yy Zb)l Y3(W,Xb DA Zb);-_- a}l
= (3t (xe) vxyps vy VY, (x, vy ) = al.

Note that since Ki:U1 +.Ué+1, then both the demain and range
of k; can be represented_by arrays’aS‘diséuSSed in Section 3.5.1. Aiso,

i
- E 1 1

- the component functlons I3 Jk -
identifiable. Now the k; inverse of v e Ug

existvand are
1+1

Jk it
<ty is
51mp1v the set of all tra;ectoxles u € U such that k. (ujA= V.
Furthermore, it is plain to see that for u to map - 1nto v, each
component functlon Ejkki(u) must map 1nto the correspondlng
component Ejkv. That'is, :
'Ki(u) = v if and only 1f EJkK (u) = -Eikv, 

for all proper J and k | ‘
Thus; the inVerse of v must be the 1ntersect10n of all the
 iny¢rses of gjkv‘-_anqg,‘ e ' _
Kilcv)b /A‘Ejk i .

For instance, if

1  a a
2 a b
3 b a
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then
Ev | (Bt o) £y | (6,x,30
1V | (51K 2V (Bary)™ (V)
a | 11, 2 a1, 3
b | (3, 4} b | {2, &
and so
v Tt n Gk gl = kT
aa {1, 2+ n {1, 3} = 1
ab! {1, 2} n {2, 4} = 2
b a {3, 4y n {1, 3} = 3
bbi| {3, 4} n {2, 4} = 4 .

The next section introduces some methods examined during

the reporting period which facilitate writing these preimage sets.

3.5.4.2 Trajectqry Sets, Afray Prbducts, and Intersections

Manipulation of sets bfktrajectories is necessary to derive
the preimage sets of Y. ’HoWever, handling such sets can be
awkward because of their size. Therefore, we have béen investi-
gating‘techniQUésudf operating with sets of»trajectoriés;in'a
convenient and compact manner. This section réports on the
mdstrpromising calcdlus,inveStigated;

A set of trajectories will be called a trajéctofy set. We

first introduce a simple repreSentation of a trajectory set.

- Consider the trajectory

7 ’
u R : y
11 Hin
u = . .

u [P ) : k,

“m1 ot Yan |
where each ujj can assume values in a set of states‘Qij;  Each

~u;; is a "variable." For example, we may have

1]

e ik b A R B SR B R



~ the 1dea can be generallzed';_
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[yll ylz]

y = z; |

REIUREYE

whe.re yll e {1,2,3}, Y12 € {0,2,4}, }’21 e {-1,-21}, anc_i )’27.6
{a,b,c}. Suppose we have two trajectories uy and u, such that

uy and u, are equal variable-by-variable except for a single

variable. That is

ull “en Uln
ul = e e e Uij

u

- ml mn |

Y11 Y1n
uz = . ;'o : uij L.

:lmi ee e Umn

where U 5 # u{j. We then write the trajectory set {ul;'uz}' as

i Y11 “1n ru11 *+ UYin
f{ui;u2} = ~4 a uij' O u{j Al
Luml fes Unn ‘Luml «++ Upp
- : J
{ull}, i {ulﬁ}—
= {uij,,'ui’}
tupy? E '{an} -

Thls representatlon is called an arrdy product : queithat"

- the concept is similar to that of a cros, product.r Of{cbhfsé,

Rll‘ .0 Rin R uin -
o naT Eo e Ry ey
| s | e

o AR
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As an illustration, suppose that

1 2} | 3 7
Yy =i Yy = !
L2 4 2 12 a
1 2 BRI
=l— \/4 =r i
-2 1] -2 ap
then 1
‘ {1,3} {2} |
y1sy,sy3,v,1 =

(-2} {a,b} .

Beca@se the use ‘rf array products has been so ﬁidespread
in our work with trajectory sets, we have adbpted:the simplifying
convention of writingVarfayrprodUCt’elements which are singleton
sets askelements,withoﬁt set brackets. Thus | |

S o i Fl,s} 2 }
Y1sYayYzsY S : k
Y12Y2:Y 357y . (b}

- No confusion shopld result since»centext will make clear Whethef
an object is a array'preduet'(and’hence>a set) or a single' o
.trajectory. Furthermore, thxs conventlon makes array products
eea51er to read by cuttlng down on: the number of brackets. that a.
”vreader must wade-through |

Often a 51ng1e array product cannot by 1tse1f represent
‘all the tra;ectorles w1th1n a trajectory set. FIn that 1nstance,'
'the unlon of several array products must be employed to represent'
~the;tragectory set.; Thus,ffor the general case, we wrlte a tra-

jectory Set as the union of p array products, P;: -



{ul,-oc’uz} = Pl U e o0 U P

2
Ril .. Ri“? | RP. ... Rgni
= | S IUIRTRN U :
,Ril e R;nj _Rgl . RP
'[uil ... u}n§ ie {1, .v, pt, |
= 3’: : | ' E ; ujk £ RJ c QJk g.
k[UIl . u;ﬁj J

For example, in addition to Y1s V2> y3, and Ya above, let

3 - 1
y. = ‘{3 0: y ;f 3 O]
5 fy o ol 6 —( !
, N a;] =2 b . L
Then - e ' ’
. o H1,3y 2 ) 370 ]
{y ' } o= | 1 U '
laYZ’Y3»Y4’Y5:Y6 ’ ’i g ta.bll (-2} {a'b}l 7
: SRR al : ,bli a,b} .

In oassing,-note that this representation is not unique,‘e.g.,
the set above can also be written ., ST _

G R 3 0,27} T 1 2 1

yl’yz’x3’y4’y5’y6} -2 {a,b}} w {a, b}J

IYA canonlcal form can be ea511y deflned “o* 1nstancc, an order-:d
| ing of the trajectorles in the set can be made and used as a.
ba51s for constructlng the ‘array products. However, for the
mission model example d1scussed 1n this report, a unlque repre—'
sentatlon 1s not requlred and so w111 not be formallzed T

- Two spec1a1 sets should be mentloned : One ‘is the emptz

(or null set) ¢' the set contalnlng no elements. The other 1is .

'othe full set (or unlverse);*:whlch represents the set,containing ~
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all elements "of interest.'" For trajectory sets, this is the

set of all possible states a variable can assume. For instance,

if

1 2]
y =
7 -1 aj ,
then ~ -
1 2 g
{YI,Y7} =

Another frequently used item is the null array ¢. This is

defined to be any array product which contains the empty set ¢

as an element. As an instance,

| (1,2} ¢ |
$ = { t
L * ~{a,b}_‘-

We now define the operation of intersettioﬁ on the class of
array products. Thé intersection N of two array products P1 and

PZ is the element-by~element intersection of the two arrays. Pi

and P2 must have the same dimensions.

-y . -

B S S 2
Rip +++ Binf 11 o+ Rn
1 pl 2 22
L1 L g g o
R L

=

T g 2 Sl : ‘ e
‘The following table defines;the'element“intersectiqn»Rij‘ﬂ R;i:
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a;, 8 ¢
2y {210a; ¢ 3, a,
¢ ¢ ¢ ¢ ¢
% a; ¢ * %
¢ ’ a; ¢ * ¢

where aliand a, are any sets and alﬂa2 is standard set inter-

section. Thus |
1,23 ¢ ] A ﬁl,s} {0,273 1,21n1(1,3} ¢n{o,z}}
L+ fa,b) |-z ¢ a0 -2 {a,bIng:
1 ¢ 1
{2 {a,b}]
= .,

Array product intersection is distributive over set union.

For instance:

{1,2} ¢ } ~f§1,2};'o Fl,é} {0,21 k
n oy
ix  Afa,by Li-2  (b,er 2 ¢
L% Tl AT e £
- i k o A\ }
i,y 6 El,Z} 0 ]\ ffi1,2)
\_* {a,b}J o L-2 {b,cHi A\ * {a,b
[t,2y ] ¢
= - 0] ’
| -2 b | -2 {a,b

H?

1,3} {0,2

Lt




-102-

The complement P¢ of an array product P is the set of all

arrays not represented:bwa. This can be found as follows:

- c
pc o IR11 e Rln}
Rpp - Rmm‘
~ C ~ C.I
LS VERREE *] P Ry
E :i U U : : ! U LN B U
»..* LN Y *j __* .’.. % j
’-* * s 0 *“i '-* * 1
l
. ] i C
le e ,{5 f e Rmd
K=2 [§¢ 53
= "Rll Rln]
= | R R
. U "" sz ...l“‘
’ k=1 | _ ‘
: ,o.,'=1 Ll.{ml ooo» Rmnj [y
where c . . n
s Rij if k=i, 2=j |
13» L % otherwise O
; c ' o k‘ ; C = &
Rij c Qij, and Rij r.{q[q E~Qij apd’q ¢ Rij}. ,Alsg, 2 b,
¢C= *" and ¢C=¢_ : :

To determine thefcomplementﬂpf a trajectory set, De Morgan's

- Law could be used.- Supp6sQ V is é“ﬁxajectoryyset composed of p

i/
I

<o L L e
v (Pyu... U P
o il

| , “p
~ As an example, o
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- . Y C _ c c
{1,3} 2 ‘u rcl,z} 2 {1,3} 2 {1,2} 2
! = n
-2 {a,bl -1 * -2 {a,b} -1 *
. o N
28 P (04R) [* o6 R
= u iU Ul n
L * LR * J -1 % & cj
3 & o(en oA F AT
\ U u ut |
\~* & L.* x -2 *.4 ‘* ¢./
2 (0,48 2 #| [3 10,4} [* {04}
= ul = {u U u
S 21 T SR S D L
* {0,4] [3 #] {0,4% [3 #*7
u U u [ u
L-z * -t -'1 *"‘, 1-'1 * p= L-* CJ
* (0,4] ' [+ *
L* c &2 g .

We have fouﬁd, however, that thg evaluation of performability i
(Pr(y'l(a))) is often simpler if the Y-induced trajéctory sets |
(v~ (a)) are rnpresented as the union of d15301nt sets. The set

above, for 1nstance, can be wrltten

'/?1,3} 2 1 f1,2y 2 x (0,4 R 2 [ 7] f1,3 O
" -2 {a b}_j -1 *f x x| o x| |q = -2 el

Representlng a traJectory set as a union of d15)01nt array products’

has analogles W1th representlng a Boolean funct1on 1n d153un
normal form, Thus, we see the p0551b111ty ot generallzlng Roth' |
cub1cal calculus (see [15] for 1nstance) to handle sets other thank'
0 1 and so manlpulate traJectory sets. However, we have not yet
 forma11zed these technlques, and so. they will not be dlscussed 1n_n
T depth,w1th1n thlS report V Durlng the next reportlng perlod we

1ntend to contlnue thlS effort.‘~
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3.5.5 Higher Level Partial Capability Function Preimage Sets

Using the techniques given in the previous sections, stl'

was derived. The following sections outline that process. We

have found that simplifying the higher level models (by their
partial capability function preimage sets) makes the insertion

of several different bottom level models more wieldly. Thus,

discussion of the bottom levels is postponed until Section 3.5.6

As a review, Figure 2 displays the hierarchical structure

for the mission as defined thus far in the report Figure 3

summarizes the variables employed in those higher level models.

3.5.5 1 YO-Induced Tra]ectory Sets

From~the definition of k, in Sectlon 3.5, 3 1, Ko-l = Yo-l
is immediately obtained Table 2 glves the YO prelmage sets.,

~ Note that eauh YO (d) is expressed as an array product.

3.5.5.2 -Induced Trajectory Sets
1 jector >

To determlne Yi l, we first reexamine Ky From Section

3.5.3. 2
’ : : ///
: ; ; //
S {0 if yll € {0 1} and y12 e {4, 5} T
£k (y) = | | i c
. 11 otherw1se ’ e e A =
[O ify e ! T ‘ - -

//:';lllHOtherW1se "‘  }
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Mission Level

Composite Variables Basic Variables

!
|
a) Fuel consumption . ]
b)Y Diversion !

!

c) Safety

Aircraft Functional Level

|
!
!
!
|
!
!

, o
Composite Variables IBasic Variables

a) Active Control ! a) Weather

— ity s oy —

Computational Task Level

'Variables

a)

b)

Fuel regulation
computations
Autoland
computations

b o i, e, e

' FigUre,2 '

Mission~variables'defined in the upper levels
~of an air transport mission model hierarchy.




Accomplish-
ment Set

-106-

{ao, a;, a5, ag, a4}

{z{‘ Fuel constircion
! 2

I

!

— = iz Diversion
2 | |
3 ;235 Safety
g .
)
i = &}=-{0,1}§
0,1}
' ~- ) =
- 1711 Y12 Control
28 i N |
':3 Ly21 }"22_% Weather
i a '
85 {}HO,I,Z,S} {4,5,6D7i}i
ord o =1y = :
27 RESRRTRY ¢

Computational
Task Level

1]

{xll *12 xlgl Fuel regulation computations

21 x22 %X23]  Autoland computations

{0,1} {o0,1} {o0,1}
{x}= .
| ¢ 10,1} {0,1}

- Figure 3

Variables employed in the higher
levels of the model hierarchy.
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;(a)

N vl

1y

Yo

B PR Lt S A AR S £ kL it

A

Table 2

Pre-images of v,
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1 if Y11 € {1,2,3} and v,, = 1
EZK]_(Y) = ,
- |0 otherwise
f[{1,2,33 =
ji ifye |
* 4 L 1 ¢
{0 otherwise,
(1 if either a) Y11 = 3 or (yy; = 2 and Y12 € {6,7})
Bz (y) = { or b) y;, = 0 and Yy =1 and y;, e {5,7}
{0 otherwise | '
Rk S ERN T R U5 B (O b
Tifye | fu | U l
= { ~ i*¢d ,f_ ¢4 1 ¢ |
kP otherwise, '
The component inversés are:
| 10,1y 14,51 45 4 = 0
| -1, " ¢ ct
(o) Tz = ~ |
R {2,3y * U {0’1} {6,7} otherwise
E 3 % . [
| ¢4 L ¢
7 ‘{;1’2’3]“ j if zz = 1
N | 1 ¢ - .
(Egkq) T (2y) = 4= B R
: % : *
. ' 0 R {1’2’3} ~ otherwise,
. * ¢ 0 ¢ |
— — o i r~ - ,
| | it 1Y g e ] | e
~ 1 * ; 3. ,
(g:H 7_1( ), 1 ﬁJ* . ¢ L ¢,—J;, |', T .
£y " (zg)® - R s [ it R e N oG T N
S5 Mosl To owed o s3]l boowss A
| L* g Uly, e Y quk ¢_]U # 4 |otherwise. .
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The derivations of (£;x;) 7(0), (E,x)71(1), and (£4c) 7"
' follow immediately from the definitions of ElKl(O), Ezrl(l),

and Esxl(l) respectively, while (Elnl)'l(l), (EZKI)'I(O), and

(1)

(g K '1(0) were found by taking the complements of (&,« )_1(0)’
1K1 : ; _ 171

(6,c) "1 0), and (£ 7). |
Armed with the (gini)'l relations above, we can now state
Yl-l using

'Yl'l(a)

(ke 1@, 2) vy (2) =

Kl'l(i)

 As an example of the computations involved, consider

. Then

“1(2)

(E1e) ) 0 (e TH00) 0 e THCO)

/- =\ - R
(0,1} ;{4,51\ o * 1{1,2,3) *]) B
- nlj . U; v . ﬂl
\_ * ¢ ;/ L* ¢ L0 eif \L*
o [0 (4,63 10 5,77  [2 14,5}]
U | U ; SR S i
g g0 : £ ’Lf ¢WJ/
(b 4] lo si 1 {a,s5} o
= i u i by | !
A T ¢l o e,
IR I ol
So, since {z|y,(z) = a,} =0}, then ; o
P  ‘1 , 0 0,;:3 ..'OJ‘ ST EE
e ‘{b 7T 5}' [i';{4 5)]
oy @ = ju U
R IR I e [ el

" ;Table 3 dlsplays the Yl prelmage sets for all. a E A

(k) Tz 0 ) Hz) 0 (Egp) Hzs).




aeA Yl-l(a) eY
0 4 0 3 1 (4,5)
a |2 {4,'5} U 0 6 0o 7 1 "{6.-7}’
1 o I LN P U 6 e Ui, .
2
L} ¢ _
B {4,55T [1 {6.7; o
a |
-3 1 ¢ _ 1 ¢ | '
S (5 # 2 (6,73 Jo ]
"4 » ;]” » «J“ 1 ¢.]

Table 3
Preimages of Y4
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3.5.5.3 yz-Induced Trajectory Sets

The derivation of Yz-l is similar to that of Yl-;' First,

consider Ky from Section 3.5.3.3:

10 1f x . = X, = X, =0
1 1f Xy = Xq3 = 0 and X5y = 1

L g0 =42 Af (xpp = 1and xp, = 0)

i : or (xll = 0 ’andx12 = 1)
j3 if Xyq1 = Xqp T 1
, '.» -
i 0 if x €
¢ 0 - *]
. o - O *-'
; 1 if x e | ;
: _¢ 1 *_
=< RO ) . .
1 0 *7 o 1 =
2 if x € : U
| ¢ * *J §¢ * *_
1 1 #]
3 4if x e
L ¢ * *5,
if X1z = X33 =4
_ 51if x93, =0 and Xp3 1
: e "6~i£ xl3 =,1:apd Xs3 =‘0
7 if Xy3 = 1 and x23 1
o s 0] .
4 if xe | o
R Le : 0,"
= +ox ]
Sif xe | o ’
’ . -¢ 7 x :1‘
6.-if x € el '
¢ * 0.
e ]
7if x € i :
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The inverses of £,,x, and £12K, can then be stated as below:
, ~

—

*

if'y11 =0

*

lﬂ» o'

=i e ol
L* *

|
—

if vy, =

(61169) Tlyy,) =+

0
*» O
L* *)
| g
'ﬂo'
* -
L* *)
[*
h
~<
[
[
™~

[~ ]
[
> *)
a
o~
o
(|

L1
*
el
=
'-h 8
=
[
5 N .
|
-

if vy, =

*
*
= 21
o
)

(812¢) 7 (712) =

i
o

if vy,

[:‘
*
[OHI

ify, = 7.

*
ey

From Section 3.5.4.1, we note that
€00 = k) LN k) Ty,
2Vl T 11K VndT Ghaakg) Tgp)

N ALY i 5 o e T
hereve < [y vpgle Por emamile,

- To 0 X1 [* % ] ST

L
¢

- (Ggpep)’

e

o
o
*




The inverse Kz'

Next, we must determin

e
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is shown in Table 4.

L)yl v 00 = a)

HORRICN
for all a € A. As an illustration, consider yz'l(ao). “From
Table 3, _ - -
~ r 4 o st 1 {4,5}
(ao) U J U |
!* ¢ J) ¢ 0
Then for each y_ in v, ~(a0) we find from Table 4:
kK, “([0 4]) = i J
¢ 0 of,
: ~ 0 0 0]
<, 10 51y - j B
L ¢ o 1,
-1 _
e L (4,510 = (500 Ty 0 (6127907 (47 U (5 2 (sD
o 0 o *| ‘/* 0 - a1\
= N+ iU 1
¢ 1 % \g¢ o0 ¢ o* o1
| 0 0 0 .
B e )
Hence , ' ' , e ~
’ 1 0 0 0 oo 0} w\
o “(ag) = x [* ¢}V o dx [0 ¢ U
\i¢ 0 o e o 1] /

o oo o

1 . x [* ¢] =

¢ 00
Tablg

where x denotes the‘Cartesian'(crbss)'product“ &g

n

5 .gives the cbmp1ete‘re1at1on Yz-loi

-

- [0 ¢] ‘ J [1 ¢]}
0 B R\ P |

J’
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(yed € x

)

CC ©° oo co o CH O+ oM o o« Ok Ok M~k T4

e e P TR bk ok Tiahe Tinde Pl b Tishrs

4)
5]
6]
71
4]
5]
6]
6]
71
a
5]
6]
7]

71
4]
51

[0
[0
[0
[0
[1
(1
[1
(1
[2
[2
[2
[2
[3
[3
[3
(3

2

Table s
,  ‘fPreimagesiof i
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. Tables
. Preimages of ,Ykz:f i

. vy IR - .
o o e !Mn:.l‘!w,.l .
" N d B S [ S
x x x : X X
lo 1 [~ ~1 fo «1 PR I PERPY
—~ ¥ o o . o ¥ o o
lo ] Fu ¢_ , _0 ¢._ —1 ,,.c._ _0 u
w w oW o 4 0w ow B
> o ® o — e " : ® *®
Sd e | S o Ao [S="1] . bt S
e X x x x x x x x
_ T =1 o x1lc 31 o %1 (o x! (o «lla =1 [« =11l =}
\M o i =N o O o o o ® O PR % 2
— = &1l & |1° ¢_ © ¢ 17 Ci1e > ol 1°
' i )
o == — = = B e Bl
o ) . ; , o >
< :
W ) ad.
a .
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3.5. 6 Bottom Level Models

T
To this point, we ?ave presented the foundation for the

effectiveness evaluatlon of various computers for a simple
m1551on.1 We now untroduce several computer models,
and then usimgwthe techniques described in Sections 3.4.2-3
determine their performability. |

fﬁé emphasizeﬁtﬁet any computer model could now be plaeed
inltheghierarchy and evaluated for its performability in the
given mission, provided that a suitabletranslationk3
isiconsfructed. The computer models which illustrate this.
eremple‘analyeis have been choseﬁdbecanse of their simplicity,

theirpdiversity, and the fact that they are based on the same

~ building blocks.? TﬂiS“létter‘quality makes,comparison_of

VaTIOUS conflguratlons eas ier.

Three computers w111 be evaluated and compared Each will

"be composed of four processor modules, where each module has

proce551ng power P (i. e., has' the ability to do P work unlts of
usable'computatlon per unit time). Also, each module falls

1?dependently w1th a P01sson d15tr1but10n hav1ng a constant """"" -

failure rate A (thus, Pr {a glven module falls durlng an 1nterva1

of length T)=1-¢e AT)., We assume every module has" suff1c1ent

1nterna1 checking so that a module can dlagnose 1tse1f as falled

Twls could be accompllshed for example if everY module were com-}wf”v

,,’pqsed of components in a trlple module redundant (TMR) conflgur-

atlon. I1f a module fails, the P unlts of proce551ng power

assoc1ated w1th that module are lost./ Elnally,,we‘make,thef_
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assuhption that 2P units of processing power aré“reouired to
perﬁorm fuel regulation computatioﬁs during the take-off and ...
crurse phases, 1P unit is required to perform the fuel regn-:
lation computations during the 1andihg phase,5While 1P unit

is needed for autoland checkout and preparation (i.e., ava11-
ab111ty) dur1ng the last portion of the cruise phase, ‘and ZP
units of proce551ng power are required to perform autoland

computations during the landing phase. In summary:

Phases
(Take-off, first (Second part (Landing)
. |part of cruise) of cruise) E

‘Fuel Regulation; ' -

8 Computations : 2P 2P P

n ! ‘ :

S Autoland_o 0 Co 1P 2P
Computations . v

Required Processing Power.

The three computer models will be denoted

' S Dedlcated Processor Model

1
.S, Dedicated Group Pro;essor‘Model;
Sy Gracefully.ﬁégrading Processor Model,

In Sl’ each of the four processors 1s dedlcated at all times to

‘a glven task. S2 conflgures the four processors into two groups‘Y
'of two processors; these groups are then dedicated to a given |
‘task F1na11y, S3 allors any processor to perform any task, w1th

a pr10r1ty "vstem spec1fy1ng the part1cu1ar tasks to be done.'

i
;
4
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Tho folloewing sections describe the models in de;;ll and
give the Kq translations. Also; some modelwsimplification via
lumping is performed and is reflected in the constructlon of
appropriate 1nterphase trans1t1on matrices (H- matrlces)

ﬁhe four processor modules are denoted Ml’ VZ, M3, and M4.
The phooesmfor the;bottom‘lévol are the same as for the compu-
tational task level, 1i.e.,

4 = {TH, T

L? T}o

3.5.6.1 " Ded1cated °rocessc* Model - ;-i

[

- | The first-computer to be cons1dered Sl’ consists of four
‘modﬁles, each'dedicated to a computatlonal task: two for fuel
regulatlon computatlons and two for autoland computations.

Durlng the take- off and cruiséfphases, the - configuration is as

follows:
B iFueliregulation computations
M2 ) :
S .

Phases l'and 2

1’ - , ’ - | ) ‘
~ M; | Autoland checkout and preparation

= S M, Inactive .

’ .
Here, module.s,M1 and M, are dedicated to fuel regulation compu-
tations while module My is reseréd for autoland ava11ab111ty
'aétiyitiesl Module M, is Lnactlve. The landlng phase conf1gur-f

ation is

M Inactive,

'fm;?“ 'f‘; M2 Fuel,regulation‘computations
Phase 3: ‘ '

St

Autoland computations .




-~ easily defined as follows. Since each module fails independently .
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[ L
In!this phaqe,'module My is no longer needed and so is inactive.
M2 performs fuel regulation computations, while M3 and w4 do
the autoland computat1ons. v |

| Because these modules are dedicated, there is no recon-
f%guration if one module should fail, Let us write the state
of the system as the collection of unfaiIed modulesdgnd enclose
the set with angle brackets. (This is: done to prevent confusion with
"ﬁ"‘and "}'" ,) For example, if no modules are failed, then the
system state is <M;, My, Mg, M,>. The computerrsl~can then be
represented during all phases as the Markov model denotedfby'
the'transition'diagram in Figure 4, These states are Q3 for S;:

:7f However, note that during phase 1, we are unc concerned with
M;mend My» during phase Z we do not care about M4{;end.during
pﬁase 3 we are unconcerned with Ml' Thus ne can eiénificantly“”

reduce the state space of the model by not consrderlng M3 or M4

durlng phase 1, M4 during phase 2, or M1 during phase 3. Accordlngly,

the transition diagrams applicable durlng ‘the three phases are

shown in Figure 5. (See Section 3.4.3 on model simplification.)
To account for the possible failures of modules not examined
during some phase, two interphase transition matrices H(1) and

H(2) must be constructed (see Section.3.4.3,) Indeed, these are

'":of the others, we need introduce only the probability that a

module fails durlng the interval it is not observed Let Ty and d

T2 be the lengths of phases 1 and 2 respect1ve1y Then the proba-

;7:b111ty that a,module,failspbY.the,endVOf phase 1 81V?“ it was



<n My My M >

G L

eM3>

-0¢t-

Figure 4

Markov Model Transition Diagram Por the Dedicated Processor Model.sl.
i : —Each Transition: Has Transition Rate 1. :
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//////X:><Ml’ 2>

>('\ r<M >
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~b) Phase 2

Flgure 5

'~,Reduced Markov nodel tran51t10n diagrams for S, for phases 1 2 e
and 3, Each tran51t10n has tran51t10n rate AL '
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good at the beginning of phase 1 is 1-e M1, Similarly, 1-e T2

denotes the probability that a module fails by the end of phase

2 and 1-e'>‘(Tl +T2) is the probability that a module fails by
the end of phase 2 given it waskgood at the beginning of phase 1.
Thus, we can write H(1) and H(2) as shown in Figure 6., Note that

H(1) is conditioned on S; initially being in state <M,,M,,M.,M,>,

1272277307
Each entry in the H matrix denotes the probability of

transfering_from some state in phase i (listed on the left hand
side of the matrix) to some state in phase 1 + 1 (listed below
the matrix)f For example, we see that if S1 is in state <M1,M3>
at the end of phase 2, we'fhen trahsfer to‘sta£e><M3,M4> with

probability e A(Tl * TZ)

(i.e., with the probability that M, has not
failed during pheses 1 and 2) end to state <M3> with probability
1-e"2(T1 * T2) (ie., with the probability.that‘M4~has failed).

| ‘Next we can specify thektransitionkmatrices P(1), P(2),

and P(3) for each phase utilizing the transition diagrams in

- Figure 5. The P(i) appear in Figure 7. Again, each element of

P(i) represehts the probability/of‘transfering from the state
ylistedkalong the left heodrcolumn to the state listed below |

the bottomvrow during the phase.

3.5.6.2 ‘Dediceted'Grogp Processor Model

For the second COmputer"Sz, we agaihrhave‘foor modules,
and again connect them such that two are dedlcated to fuel regu-
lation computatlons and two are dedlcated to autoland computatlons
: However w1th1n the two groups, 1£ one processor fa1ls,wmhe |
second processor can take over the flrst processor s functlon

o if the,second processor is 1nact1ve.' Hence, dur1ng a11 phases
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the conflguratlon looks as follows:

o

Fuel regulatlon computatlons

o
|
(
] .
’
|

=

4l

]
i

Autoland checkout, preparat1on, and
computatlons.; C
[

M

4
If we again write the model's state as the set of unfailed

' modules, then the Markov model transition diagram for S, is-the
same as shown in Figure 4. However, Onceragain during different
phases we are unconcerned w1th various phases of the modules. j
Thus, during phase 1 we do not care about M3 or M4,”dur1ng |
phase 2 we are unconcerned with which of M3 or M4 is operational,
while in phase wae are unconcerned with'whieh of Mi»or,Mz is
working.v Hence, let us write the state of the model 1n phase 1
as the, number of fuel regulation modules working f, fe {n,1,2}.

| Also, the state of model 1n phases 2 and 3 will be wrltten as the
ordered pair (f a), where f € {0 1 2} is the number of worklng
:fuel regulatlon modules and ae {0, 1 ,2} is the number,of worklng i
autoland modules.‘ The Markov dlagrams for phases 1, 2 Jand 3

,are shown 1n Flgure 8. ~The model for phases 2 and 3 1s not

‘easily reduc1b1e 31nce we must keep track of the number of ‘,”J_

J I

- functlonlng unlts at al” t1mes to determlne when none are left
| Because the states of phase 2 and phase 3 are 1dent1ca1

h:and no reconflgurat1on occurs between the phases, the 1nterphase'

7 tran51t10n matrlx H(Z) is the 9 X 9 1dent1ty matr1x. .The.;nter- A
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Flgure 8

b Markov Model Tran51t10n D1agram for S2



phase transition matrix between phases 1 and 2 must take into |
account:the probabilities that one or both of the autoland
moduleslhave~failed,w H(1) is conditioned on Sz being initially
in state 62,2). Figure 9 shows H(1) and H(2).

~ The transition matrices P(1), P(2) and P(3) are given in Figure 10.

3.5.6.3 OGracefully Degrading Processor Model

The'third computer to be discussed, SS’ is once;morebcom:
prised of 4 modules, but with no specific:processor assignments,
Any processor can perform any other processor's task“ Oneitf
processor will be used to help co-ordinate the other processors,

and if necessary, can be used as a spare. The conflguratlon

during‘both phaSes is thus:

T )
L1
: M, ; Fuel regulatlon computatlons
S, _ " and
°3° , Autoland checkout, preparation,
o Mg - and computations,
Mol
J

The state of this system is then 51mp1y the number of Dro-k
_ cessors WOrklng. Hence, the state ranges From 0 to 4 F1gure 11 shows
the general Markov'model.tran51t10n.d1agran1for SS’ )7 = {0 1 2 3 4}

Although the tran51t1on dlagram could be reduced by examlna-

~and by a proper choice of

the 1nterphase tran51t10n matrlces, we choose not to do that at

this tlme. Hence the model represented in Flgure 11w111 be used L

“’uni£Ormly in all_three_phases. Furthermore, 51nce no hardware
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reconfiguration occurs between phases, the interphase transition

matrices are the 5 x 5 identity matrix: -
1 e
_ 1 0
H() = H(2) = 1
Loy

Also, the trahsition matrices P(1), P(2), ahd P(3) are the'same
and are shown in Fighre 12. Sm

H
1
i

For each state within each phase, we establlsh a. set of

tasks, the task set, which will be performed w1th1n that state.

|
This set 15 necessary to allocate the avallable process1ng re-

o

sources to the hlghest priority computatlons that are achlevable

In partlcular, if a processor performlng -a highly 1mportant task

falls, then a processor performlng a leSS'lmportant task must assume

the comnutatlons of the first, more 1mportant task. Also, sit-

uatlons could arise such that 1nsuff1c1ent processing power may

be avallable to perform h1gh przoriry tasks. In this case, lower

prlorlty fasks are then performed
: \
Spec1fy1ng a set of tasks to be operating in each state

resolves these problems. In general, the set is based ‘both on
the number of proce551ng units required to accomplish each task

l

in the set as well a5ron some task cost- functlon. For thls

.“example, ‘an approprlate cost funct1on is based on a 51mp1e

'“prlorlty 115t for each phase.’ For phase 1, the prlorlty order-,r};?'

: lng 15 : N : I ;,m‘; ]

1) Fuel regulatlon computatlons R

2y Coordlnatlon and spare,:rhg

DRI IR -
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for phase 2 the list is

1) Fuel regulation computations

2) Autoland checkout and preparation

3) Coordination and spare,
and for phase 3 the ordering is

1) Autoland computations

2) - Fuel regulationfcomputétiehsgf

3) Coordination and spare. | -
The earlier in the list a task 1; named, the higher 1ts priority.

For a given state and phase, we choose the tasks to be

performed accordlng to the follow1ng algorlthm. Starting w1th
the hlghest priority task, each task is examined in turn. If
enough reeources are available to perform‘both the examined
tashgggg“all previously chosen tasksk then the examined task is

also chosen. U51ng thlS rule, the task sets for each state

during each phase arc shown in Table 6.

3.5.7 Capablllty Functlon Prelmqge Sets

We are now preparod to derlve the capab111ty funct1on prP-~
image sets Y -1 for each of the three bottom computatlonal hard-

warellevel _models. First the 1nterlevel translatlons KS between

\

the bottom level and the computat10na1 task level are determlned

These are then combined w1th the prelmage sets of 73 (Sectlon .

: | :
: 3 S 5) u51ng the algorlthm of Sectlon 3.5. 4 1 to arrive at Y 1

Each of the three‘bottom‘levelsﬂw1ll be represented by’a

three-variable random process w = {X; ,VX% ,‘X%} takiny values in



Phase

State
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Task Set

Fuel regulation computations
Coordination and spare

Fuel regulation computations
Coordination and spare

Fuel regulation computations
None

None

——

Fuel regulation computations
Autoland checkout and preparation
Coordination and spare

Fuel regulation computations
Autoland checkout and preparation

Fuel régulation computations
Autoland checkout and preparation:
None ‘

Autoland computations
Fuel regulation computations
Coordination and spare

Autoland computations » ,
Fuel regulation computations

‘Autoland computations

Fuel regulation computations

~ None

Table 6

Task Sets for S3 by'Phase'and State.
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the state spaces Q3 described in the preceedineg sections. The

trajectory space for each model is

weut =P xdxQ®,

and in our array notation, a trajectory weW is written

wo= [w1 W, w3] . i
The interlevel translation KS:W - Xcrcan be decomposed into

E11k3iW » Xy

E1253 W = Xq, B : ~ )

W > X

£13¥3 13

521K3:W -+ X21 3

EZZKSZW > Xz2
EZSKS:W > X23
The x are constructed as follows, From Section 3.5.3.3

[0 if computation i successful at observation j

1] i 1 otherwiSe‘
~ for i,¥,1,2'
oy =1,2,3
5 #1wheni=1
 théfeki #sly, fue1‘régu1étionZEBﬁputatioﬁs . |
: e #JZT” aut§1and5comﬁUtations, and
X1 T ¢ | e

Furthermore, from Section 3;S.6; the r6quired,proce§$ing power.

fdt eachrphaSe:bfokén;dowh byftaskviS}given as:




, From Section 3.5.4.1,
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Phases

(Take-off, first (Second part (Landing)
part of cruise) of cruise)

Fuel Regulation,

® Computations 2P 2P P
(74} .
Computations ;

Required Processing Power

whereiP'is ghe processing power of one processor. Every state in
each bottom level model in Section 3.5.6 has associated with it
the number of processors applied to each task. Hence, giveh a

bottom level state, detérmining whether a particular computatiOﬁél

S

task is achieved is mechanical, and so the‘functionkgijk3 i
straightforward, namely
0 if w. allocates sufficient

, ' procéssing power to task j
o ‘,ginS(w) =k so that j is achieved

1 otherwise.

In addition, it is plain that ..k, has an invétse, (g}.K')'lQ -
: , 1j°3 ; ij "3 ,

yh@= (0 ) vxg ) v, Goyy) = ade

But x has no basic variables since all variables in’'x are de-

,composgd_ét théfcbmputer hardwére i¢ve1,, so'kb =9, x = Xc,,aﬁd i

v Ha) = (g L0,y 17,06y, = al.

, In the seCtions thé{éfollow, Yf1‘is;deriVed fot éach of‘th§ﬁf

‘bottom models given in Section 3.5.6.
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305,701 Y-l for the Dedicated Processor Model

é
' For the dedicated processor model Sl’ the interlevel

f translation K7 can be seen to be composed of the follow1ng 513 3’
| o0 if w, = M, > o
Ij Ellecw) 1 l’ 2 :

}1 otherwise
‘ fo if w e [<M1;M2> %]
‘ 11 otherwise,

0 if w, € {<M MZ,M3>, <M 1,M >}

i
}I{
!
£ pKz (W) =
| 12 3 {1 otherwise
5 * : *7
f : Io if wel {<M1,M2,M3>, <M17M2iiJ T,
f ll otherwise, v

fo if wo £ {< MZ,MS,M4>, <M2,M3>,<M2,14 , <My>}

€13 3\w) I
'1 otherw1se_

{o if we [** {<M, MS,M4> <M2,M3>,<M2,M4a <M,>}]

11 otherwise,

ks =4,

{0 if w2 € {<M1,M2,M3 y <M

1’M3 » <M2’M3> <My}

|

’ 2 CW)

| | 22" 3 11 otherw1se , : .

i . N ‘ . . . ’ : ) . . . . B : ’ . . .‘ ’ . : . .-‘ v ’ ’.

| o [eafwe [* Lo, M3>’ My Mg, <My, Mg>, Mp>) )

1votherwise |
0 L€ Wy e {<MpMg My, Mg M)

i
| : - Esnk \\:)

‘ ‘ ‘23 3 {1 otherw1se‘
 ; 0;1f WoE [* * <M2’M3’M4>’:$M3’M4>}) S
2 ‘s,1~otherwlse i, 5 AT

{ T

From these components, we can now write the inverses.
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-1,
(Eins) .

) (<M, M)> & *] if x =0
(611%3) "1 (xyp) I 1172 H

[{<M1>, <My>, ¢ b * . *] if Xq1=1, .

~ * {<My M, My>, <M ,M,>} *] if Xxi.=0
-1 , [ 1My Mz>, <My, M, 12
(‘512‘(3) (xlz) = o ‘ '

[*f{<M1’M35’\<M2’M3>’ <M1>, <M2>,
Mg>, 6,3 *] if x ‘

=1
12 .7
{1+ = LMy Mg, My>, <My, Mg>, <My,M,>,

(836307 (xp3) =

[ENE .

<M2>}*]5{f x13=0

(F (<M M,>, Mg>, <My>, ¢3}]if xq5=1
(EZle)ﬁl(le) = [* | *,_ .\*]’ |

(1% (M My >, <My Mg>, <My Mg,

(522K3)'1(x22) =1 Mg> }Jif x;,=0 L |
S [*i {<M1,M2>, fM1>, £M2>, ¢2}¢¢}ﬂif‘x22=0,;

| P[*E *P{%Mz,Ms,M4>, <M3,M4>}] if‘xzsgo

(By5e3) 7 (xp3) = L1F % LMo, <My Mp>, <My

L <M3>,'<M4?, ¢3}J11ff£7 %1.: (.

23

Then, using the mgthod‘9f Se¢ti6ﬁ 3;S.4.1,_K371 was found.
This relation is given in Table 7.".Eihéily, using Table 7~§nd

Table 5, v~ ,waijOQnd.ﬁ As an example °f~thé pr°Ceere”yti1iz¢d:
"L(a,) = tles )l vlxoyy) = ay)
YT () = Ll Gyl v by = ay

e B K ( x [1 ¢1j . o
N\ 1 TN e B

' ([<M1:2M2> <M ’M2> {,<M2"M3""’M4>:;fff ‘
e, e, ) < 0 6]
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i s v

0] ,

o [<M1,M2> My Mg M> <My, Mg, M,0)

e -

. [<H1,M:> <M1,M2,M3> {<M2,M3>,<M2,M4>,<M2>)]

L AR o o )

o] o e o -

. [(Ml,M2> ‘<M1,M2> {<M2,ﬂ}£M4?,<M2,M3>,<M2,Ma>,<M2>}] - |

. [{<Ml?f<n2>'¢l} {<M1,M2L§3>,<M1,M2>} _ggyz,n3,n4>,<52,M3},<M2,M4>,<M2>}]

0] N . o

. [<M$752> {<M1,M3>,<M2,M3>r§M1>,<M2>,<H3>,¢2} {<M1,MZ,M3>(<M2,h3>,<H2,M4>,<M2>}]
1] . 5 o

o <My, M, <My Mo M3> <Mg,M,0)

o <My, M50 My M, M0 {<M3>,<M4>,¢3}]

1] ‘ ‘ :

o [<My,My> <My, K> {<M3,M4§,<y3>p<n4>,¢3}) -

- - " ST ;

*] R : L , ;

. ({<ul>,<M2>,¢1} [<Ml,n3>,<M2,M3>;<M1>,<M2>,<ﬂ3>,QZ} *1:

. ’“H{<g1>,<M2>,¢1) {<M1,M2,M3>,fM1?M2>}- {<M32M§?,<M3>,<M4>,¢3}}'

1- = ‘ ; ’ ‘ - o E o . .
e ) gy;,n2§ {<M1,M3>,§M2!M3>,<M1>j<M2>,<M3>.¢2}v (<M3,M4>,<M3>,<M4>,¢3}1_ : ‘o

k <My M <M1,M2,M3>” {<M2,M3>,<M2,H‘>,<M2>,<M3>;<M4>,¢3}]v =

1 : R : e e v

Table 7

‘Preimages of kg Of the Dedicated Processor Model ==
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(a) € WX Y.
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a, CUICHyMy> MM My My M) X (e
. o o
: U AT<My My> <My Mo>  {<KMy, My> <My M5, KU X 100 ¢])
v U (I<HyM,> <My My [<M2.M3,n4>,<n2,n3>,<n2,u4>.knz>ji"}f}fo’ 4

-31;1 (<M <n2> ¢i] 1ff§l("21?3?'5“1f"2??, [<M2,n3,n4> <n2,n3> My, My>, <u >}] jx 0 ¢

: , qm(l<ul.u R SUITL ER TR POL PR PRSP TS PEARN. PR Pt P BN RV POL.EPL. PR R PRL FS PR P R0 <M 2 x 10 ¢1)
o U (L<H1552> My M> Mg ML x Ut ¢])

;ﬁ  RRUR | £, P PO R T Ph (<Mp> <MD d] x [0 ¢1) N . o
: ;1 U“[<H1,M2> <My ,My> (<H3,H4>,<M3>,<M4>,¢3]] x [0 ¢]) S
592 (<u1}n2>, <u1,n > [<M2,H3,M >y <H2,H >, <§37H4Q » <M >]] x. l;’-¢{

;- S e ~,f”f'ﬂ*§‘ . )

a,y (LLCH >, <My> b o] (<MY M,y <My, P (<M2,M3.H >, <n2,n3> <H2,H4> <M x (1 _¢])

;u ([<My M>  [<Hy  MaD, <My, M9, <M1>.<H2>.<33>.¢2) My Mg M5 KMy MO KMo M, >, KK x [T ¢ ))

iy ([<MyM> <My, Mo (<MyoM> <M, <M, 051] x (1 ¢))

"(gi<n > <My>y ¢1} x{<M1,M >, <M2,M3> My, <M>, <My, 9,0 *] x [t‘ ¢

[U([(<H > <H > ¢ } [(MI,MZ,M > <MJ,M >) (<H3'H4> <H3> <H .¢3}] x »[’*” C])

U"‘W;j"z’ (CMy 3>, <My N33, <M > CMy> K3, 4, <My My, <M3> M>.0.01 X (% D)
CU(ICMy My My Mo (<M M5, <M, M3, <M >, KML> <MD, b5 X (1 ¢])
A . _ . Table :8 . L LR

, Pteihﬁqes*of'ﬁ for the—uediéated brocesSor~Hodel
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| |

for the Dedicated Group Processor Model’w

The derivation of the Y-iﬁduggd trajéctdry sets for the:

dedicated group processo& model S2 is siﬁilar to the deriva-

tion in Section 3.5.7.1 for the dedicated processor model.

The Ein

£ (W)

E1axz(wW) =

£13k3(w)

Ea1%3 (W)~

E22¢3 () =

R

otherW1se

3 are as follows:
fo

1 N

if wlf}_,E
otherwise
of we [2 * *]

otherwise,

if w2 € {(2 2), (2, 1), (2 O)}

otherw1se
if W € [* {(292)’

otherwise,

(2,1),

(2,00} *]

if wy e {(2,2), (z}i), (2,0),

(1,2), (1,1),

otherwise

ifwe [*‘ * ‘{(2,2),V
. | 7(1’2)’

otherwise, . -

R SN

!1f w2 € {(Z 2), (1, 2), (o0, 2)
(2 1), (1,1),

 iwaw€ [* {(2,2),
o (2,1),

otherwise,

(1,2),
(1,1,

(2,1,
(1,1,

(1,0)}

0,11

(0,2)
(0’1)}:]

2,00,
(1,00}

s

"o



were found. ~These are glvgnm;g Tables 9 and 10 respectively.
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[0 if wy e ((2,2), (1,2), (0,2))
|

‘1 otherwise

(o if w e [* * {(2,2), (1,2), (0,2)}]

{1 otherwise.

The 1nverses (EIJ 3)'1 are;és beloWrwq
([2 * %] if x
(EIIKS) l(xll) = v 11

L [{o, 1} * *] if x

a1 B J[* {(z2, z), (2,1), (z 0)} *] if x;,=0
C1299) 702 T e . o, |
l'(o 2), (0,1), (0,00} *] if x;,°1,
- s 1@, @, @,
(Byax) Lixg) =4 (1,2)) (1,1), (1,0] if xq50
. ?[* x00,2), (0,1), (0,0)}] if x13=1:
[N (x21) = [* * ], | |
L [ {(z, Z), (1,2), (o, 2),
(€)1 xyp) = { 2, 1, 1,1, (0,1)) *] if x,,=0 -
L[*'vj(Z,O), (1,0), (0, 0)} ] if xzz -1,
(I* * (2,2, (1,2), (0,21] if x50
Gasts) gy - e v e, 0D, oD,
N

‘(z 0),,c1,65, (0,0)}] if x,5=1.
o Finally, as. in: the prev1ous Sectlon,‘Ks‘l and;y-i fdfrsz ;

3 S 7. 3 y-l for the Gracefully Degradlng Model -

The capablllty functlon prelmage sets for S3, the grace-

gfuily degrad;ng processor model, are derlved_ln the same manner ‘
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-1 ,
K 3(xc) c W

12 L042),(2,1),5(1,00,(0,2),10,1), (0,00} {40,2),(0,1),(0,0)}]

(2 {(2,2),(2,1)}F {(t2,2),(2, 1)1}

[2 ‘{(2,2).'(2,1)} {(2,1),(2,0),(1,1),(1,0)})

(2 (2,00 {(2,2),(2,1),(2,0),(1,2),(1,1),(1,0)}]

[‘(0.1) {(2,2),(2,1),(2,0)} f(2,2):(2,1):(2,0)p(1,2),(1,1),(1‘,9))]

(2 uananmemnwmnmmM}{mJMMALuQouLuJLumnl
(2 uammmnikmny

(2 ummq@n{}wghwgny

(2 (2,0 um@AMMummH 

[(0,1) ouLuJLUNLmahmJum&u +)

[(0,2) {12,2),(2,1).42,00}  {(0,2),(0,1),(0,0)}]"

.~QHfULﬂALULj@uﬁd&ﬂﬂﬂﬁﬁ%@ﬂﬂhw@nlfﬂi J f7’

Table 9 .

Preimages of kg Of the Dedicated Group Processor Mode;” ST



x| :;“ v QV?ZQJYC
2, U2 (2,2,(2,0) (2,26,(,201 x [* ¢])
Ul {12,2), 2.1 {12,1),(2,0),(1,1),(1,00}1. x [0 ¢])
u {2 (2,0) ‘(212)0(2r1)v(2:0)1(1(2):(1r1)1(110’}] x (G ¢1)
a, 0,1 (2,0 {42,2),(2,1),12,0),(1,2), (1,1),(1,00}] x [0 ¢])
v (12 0(31,2),(1,1),(1,0),10,2),(0,1),(0,0)} {(2,2),(2,1).(2,0),41,2),(1,1),(1,0)}] x [0 ¢))
U2 {(2,2),(2,1)) 21 x % 4])
- U ({2 (210) {‘012)9(011)1(0:0)]] X [0 ¢])
Iy ay o A2 '.‘:'o) {(2,2),(2,1),(2,3),(1,2),(1,1)((1,0)]] x (1 ¢}
aj (10,1} (2,00 {(2,2),12,1),{2,0),(1,2), (1, 1), (1,0)}) " x .[1 ¢])
. U2 {(1,2),(1+1),(1,0),40,2),(0,1),¢0,0)} {(2,2),(2,1),(2,0),(1,2),(1,1),(1,0)}] x. {1 ¢1])
U2 (2,0) - ((0,2),(0,1),(0,0)1) x 1 ¢1})
ay “‘1071) f(l,Zj,(1,1),(1,0),(0,2),(0,1),(0.0)} *] x [* ¢l)
'..U (I{oy } (2,0) {(0,2),(0,1),(0,0)}] x [* ¢])
L 'U“(lz ‘{11)2)](1i1)r(1p0)1(0'2’;(oo]’:(olo)] ((012)5(0:1)1(0'0’}J x [* ¢1)
\fu'(lz .{(212)1(2r1,’ {(1'2)'(lrl)"llo)ltolz)l(oll)ﬁ(oio)]]‘ X (1 ¢))

Table id‘

'Preimages of v for the Dedicated Group Processor Model

“vvi-
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as the sets for the other two models (Sections 3.5.7.1-2).

The £,

1jK3 are bglow.

r ‘
i0 if Wy € {4,3,2}
E11%3 (W) =
A otherwise
0 if w e [{4,3,2)} * =]
=1 -

1 otherwise,

if wy € {4,3,2}

e’}

E12k3 (W) =

—

otherwise

if we [* {4,3,2} *]

-
o

e, em Ty g N e e Sy
P

otherwise,

S

1]

if wy e {4,3,11
513‘43(“’) S ,
otherwise

(o N

if we [* * {4,331)]

otherwise,

,_...
—

{O if;w27e {4,3,1}
¢ ) . .
i1 otherwise
0 if we [* {4,3,1} *]
il'otherwiSe,
(0 if wee {4,3,2}
Ezsns(w)f=g : : '
o - d otherwise s
0 if we [* * (4,3,2)]
o

1 otherwise .

-~ From Ky ihe,Cdmpbnent inveféeé_(éins)‘l can—bejderiVed:f,
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1 f[f4,3,2} % %] if x ;=0
(Ell'(s) (xll) =3
: l[{O,l} * *] lf X11=1’
. ( .
= '[* {4’3:2} *] if x, =0
(B12%3) " (xpp) = 12
P[* (0,1} *] if xq,°1,
-1, (% {4,3,13] if x;,=0
(513'(3) 1()(13) =,J} o 13
L[* * {0,2}] if x 471,
(Egkg) Tlxpp) = [* %Al
f1* {4,3,1) *] if xy,=0
(E2¢5) 7 (x5) = ! ‘
L[* {0,2) *] if xzz-l,
3 -1 ![* * {4,3;2}] 1fvx23_o
(E ) T (X,,) =
23 3 23 [* % {0,1}] if X23=]_.

In Tables1l and 12 are shown the relations K3-1 and v~ 1 for S

3.5.8 Performability Evaluation

Once the y-induced trajectory sets of a cbmputef system

over a mission have been determined, the computer's performa-

‘ b111ty is obtalned by calculatlng the probablllty of each of the

traJectory,sets. That 15, ,
p (a) = Priy 1(a)). .
ThlS sectlon descrlbes how these probab111t1es were deter-

mlned for the example m1551on under dlSCUSSlOﬂ In part1curar,4

|
Sectlon 3. S 8 1 examlnes METAPHOR a software package we ara

currently developlng to ald in performablllty eValuatlon. META-~"

APHOR was - used to determlne the performablllty of each computerx

Sl, SZ,'and S3 under several sets of condltlons. These condltlons L

fm'1nv01ve the fallure rate of the computer modules, the length oi
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X KI5 € W
[0 0 0]
[{4,2,2) {4,2) {4,3}]
L# 0 0]
0 o 07
[{4,3,2} {4,3) 1)
¢ 0 1
"0 o o] '
({4,3,2} 2 {4,3,1})
g1 ¢ '
- -
1 00 :
({0,1) {4,3,2} (4,3,1})
¢ L 2 »
[0 1 0] 5
g * }
e J
"o 0 1]
({4,3,2}) (4,3} 2}
g 0 0
"0 0 1]
' 1{4,3,2}) {4,3} 0}
¢ 0 2 , ,
L -
0 0 17 -
; [{4,3,2} 2 {0,2}]
g 1. *
C1 1+ - : ‘
({0,1}. (0,1} ']
¢ * w .
Tl 0 1] R ST
: fto,1} - {4,3,2}).{0,2})
g o o T e e
L” R
M1 1)
. [{&,3,2} {0,1} {0,2}]
goo* . o S S
o 0 %) SLERTR s A T
ey {{4,3,2}) {413}: {0,1}) -~
g0 1 S e R T e

. _Table 11

L Ptemages of K3 of the Gracefully Dégr’aa‘ihg:;‘
: ) Prccessoz Model i EEE




;f7Preimages of v for'the Gracefully Degrading Processor Model

X y-l(a} c W k.YC
ag (114,3,2) 14,3} {4,3}] x [*¢D)
| u([{4,3,2} (4,3} 11 x [0 ¢])
u([{4,3,2} 2 {4,3,1}1 x [0 ¢])
ay ([{1,0} {4,3,2} {4,3,1}1 x [0 ¢]) |
L Cu(l{4,3,2} {1,0} {4,3,1}] x [0 ¢1])
Cu([{4,3,2} (4,3} 2] x [* ¢])
u(l{4,3,2} {4,3} 0] x [0 ¢])
Cu(l{4,3,2} 2 ({2,011 x [0 ¢])
a, [4,3,20 2 {4,3,1] x (1 ¢
ay (11,00 {4,3,2) (4,3,1}] x [1¢)
u([{4,3,2) 2 {2,0}]1 x [1¢1)
2y ({1,0) (1,0} %1 x [*¢1)

v(f{1,0} {4,3,2} ({(2,0}] x [* ¢]
u([{4,3,2} {1,0} ({2,0}] x [* ¢]
u(l{4,3,2} (4,3} {1,0}] x [1¢]

Table 12

-8v1I-
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mission, and the probability of Category III weather at the

destination. Section 3.5.8.2 gives the results of these calcu-

lations.

3.5.8.1, METAPHOR

c g s . . N
To aid in the evaluation and analysis of performability,

we are developing a software package called METAPHOR (Michiéan

Evaluation Aid for Pé*rhormabilityﬁq ‘he envision METAPHOR
ultlmatelv as a t0u1 To be used at all staqes of performablllty o

} i
analysis, from the deflnltlon of model 1evels and 1nter1eve1 trans-

lations to the determination of y-induced trajectory sets to the
‘evaluation of the probability of those sets. At present, only
the last function has been implemented.

Because of the design nature of constructing the model

hlerarchy, we believe METAPHOR must be an interactive fac111ty.

Hence we are incorporating 1nto METAPHOR a command language whlch
| } H

will enable the user to call desired Lunctlons, enter data, dis- .

play results, and seek help or'explanations of any function.

Among thekcommands already implemented for computing the proba-

- bility of a trajectory set are the f0110w1ng

DATA asks the user which input data ‘he would
like to see and then dlsplays it~

ALTER askskthe user which input data he would :
2 ~ like to-alter and then performs the alteratlon
"HELP - when typed in response to a questlon, |

'METAPHOR replies w1th an explanatlon of: ‘ o
~the question : e o :

CALC allows the user to ut111ze the APL calculator
L ,mode : : . :

" END  exits METAPHOR.
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At present, METAPHOR defaults to calculating the proba-
bility of trajectory sets. The user is queried for the number
of phases in the bottom model and the number of states in each
phase. Then the program asks for the transition matrix P of
each phase as well as the interphase transition matrix H between
each phase. (See Section 3.4.3 .) METAPHOR is capable of gén—
erating several classes of P matrices correéponding to various
classes of Markov models. The user need supply'only the' model
type, the failure rate of each module involved, and the length
of each phase.‘ Alternatlvely, the user can enter the P matrlces
diréctly; Currently, the H matrices must be entered dlrectly.
| Nekt, METAPHOR Tequests the number of ba51c varlables as
well as their probabilitiés.' At present, METAPHOR can handle
only a string of base variables each of whiéh consists of
a single obserbation{ The user'ié then asked‘the numbef of
~accomplishment levels, and for eachréccomplishment 1eve1, the
user must input the number,df‘arréy broducts used to describe
the corresponding trajectory set y’lfa),, The trajectory sets must
 bé disjoint; likewise, the array produéts must alSovbé disjoint.

Finally, for each trajéctory'pfodutt array, the user must
supply'the‘initial stafe vectbr I(o),'thevéharacterisfic matrix G
for eéch phase,lthercharaétéristic Vect6r F;‘and the basic Variable
.,values » METAPHOR then calculates the probablllty of ach1ev1hg:,‘.‘

{-each traJectory product array v u51ng the relatlon |
Pr(V)' - 1(0) TF 'P}(’i)G(i)H:(i) , P(kf)F"(k)‘
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where k is the number ofiphases'and the product operation is
matrix multiplication. (See Section 3.4.3 .) The effect of the
non-bottom level ba51c varlables and thelr associated orobab111t1es

are also taken into account by METAPHOR. ‘

Throughout METAPHOR, extensive error checklng is provided on
511 inputs, to insure hoth proper data typesf(e.g., numer;cﬁysf'
character, or scalet'v%. vector) as‘weliwas'logtcal consistency
(e. g.,'probabilitieSssumming to one). If an error does occur,
the user is prompted and the question .is asked aga1n._1,

For thls preliminary study of METAPHOR the language APL[16]
‘was chosen for the prototype program because of its compactness:
and array handling ahllltle‘,ioOnce the feasablllty of the pro-
gram has been demonstrated, however, translatlng the package
into a faster and more portable language such as FORTRAN
may be de51red. At present!, METAPHOR contains. approximately
fifty APL functions and about 700 1iues of code.ililso, interhal
documentation is generous. External documentation, on the other'
hand, is not as thorouéhiy developed‘% BecguSefofrthis and be-
cause METAPHOR is st111 in an early developmental state, we do
not 1nc1ude a llstlng of the package 1n thls report.' Figure 13
shows the output  for a ‘run evaluat1ng the petformahillty of
,the,gracefully degradiug computerES3 The next section discusses

the input in more detail Durlng the next reportlng perlod we~35‘d

’llntend to contlnue our- efforts -in - developlng METAPHOR

3 S 8.2 Performablllty Results

051ng both the performab111ty models constructed earller in
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METAPHOR ‘) | i
VERSION 1 | |
11/77

NUMBER OF PHASES?
B: 3

NUMBER OF STATES PER PHASE? (SPACE BETWEEN EACH YUMBER)
0: 5 5 5 S ‘ b

SPECIFY THE P MATRICES FOK EACH PHASE, 1 PHASE AT A TIME

" PHASE 1: AR

WHAT TYPE OF P MATRIX?

0: 2 BRI '

ENTER PHASE LENGTH

0: 2.5

ENTER COMPONENT FAILURE RATE

O: 0.0001

ENTER NUMBER OF GROUPS

0: 1 S , 1 ~ :
ENTER NUMBER OF COMPONENTS PEE GROUP (SPACE BETWEEN EACH NUMBEER):
0: u : :

PHASE 2:

WHAT TYPE OF P MATRIX?

C: 2

ENTER PHASE‘LENGTH

O: 2.5 -

ENTER COMPONENT FAILURE 'RATE

g: -0.0001 ’ o

ENTER NUMBER OF GEOUPS o

O: 1 ‘ : ‘ : ;
ENTER NUMBER oF COMPONENTS PER. GROUP (SPACE BETWEEN EACH NUMBER):
O w0 : - B :
PHASE;é:‘ e T

| WHAT’TiPE OF P MATRIX?

O: 2

ENTER PHASE LENGTH

0: 2.5 S
'ENTER COMPONENT FAILURE RATE -
0: 0.0001 .

e Y . et

FIGURE 13

- saupp szssraw WITH METAPHOR}Z




’ ENTER THE GkDIAGONAL (SPACE BETWEEN EACH ENTRY)
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ENTER NUMBER OF GROUPS

EI2E _GROY . |

ENTER NUMBER OF COMPONENTS PER GEOUP (SPACE BETWEEN EACH NUMBER):
O: 4 : ‘ ’

ENTER THE H MATRICES FOR EACH PHASE, 1 PHASE AT A TIME

PHASE 1:--

R0$ 1: 3

O: 1 0 0 0 0

EoW 2: -

G:* 0 17090 0

ROW 3:

O: 9 0 1 0 0

EOW 4:

D: 9 0 0 1 0

ROW §:

O: 0 0 o0 0 1

PH%SE 2:

ROW 1:

O:1 12 0 0/ 0 0

EOW 2:

O:10 1 0 0 O

KOW 3:

O: 0 0 1 0 0

ROW 4: A

G: o 0 0 1 0

ROW 5: ' 1

O: 0o 0 0 0 1

NUMBER OF CONSTANT BASIC VARIABLES? -

O: 1 »'ii

PROBABILITIES OF EACH CONSTANT. VARIABLE’ (SPACE BETWEEN EACH NUMBER)

O:  0.0019 : T ,
',NUMBER OF ACCOMPLISHMENT LEVELS?

e Lavs e

ACCOMPLISHMENT LEVEL' 0 ' L

NUMBER OF TRAJECTORY SETS FOR THIS ACCOMPLISHMENT LEVEL?;] .

03
- TRAJECTORY SET 1 el
- ENTER THE I VECTOR (SPACE BETWEEN EACH ENTRY)

O: 1.0 0 0 0.
PHASE 1:

’EIGURE;13~(caNr):, f

 SAMPLE SESSION WITH METAPHOR
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C: 1 1 1 0 0

PHASE 2:

ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTRY): L -
g: 1 1 0 0 0O . : .
ENTER THE F VECTOR (SPACE BETWEEN EACH ENTERY): '

0. 12 1 0 0 0

ENTER THE BASIC VARIABLE VECTOk (SPACE BETWEEN EACH ENTEY): . e

0: 2

TEAJECTORY SET 2

ENTER THE I VECTORK (SPACE BETWEEN EACH ENTKY):
g: 1 0 0 0 0 ‘
PHASE 1:

ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTRY):
g: 1. 1 1 0 0

PHASE 2: :

ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTRY):
g: 1 1 90 0 0

ENTER THE F VECTOR (SPACE BETWEEN EACH ENTRY):

C: 0 0 . 0 1 0 ‘

ENTER THE BASIC VARIABLE VECTOR - (SPACE BETWEEN EACH ENTRY):
g: 0 . ‘ '

TRAJECTORY SET 3

"ENTEE THE I VECTOR (SPACE BETWEEN EACH ENTRY)

g 1 0 0-0 0

PHASE 1: S C

ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTERY):

g: 1 1 1 0 0 c

PHASE 2: : o o . . o : S

ENTER THE G DIAGONAL (SPACE BETWEEN EACH~ENTEY): ‘ v
C: o0 0 1 0 0 ;

~ENTER THE F VECTOR (SPACE BETWEEN EACH ENTRY) :

O: -1 1.0 -1 0

ENTER THE BASIC,VARIABLE VECTOE (SPACE BETMEEN EACH ENTRY)
g: 0 ‘ B

ACCOMPLISHMENT LEVEL 1 : -
NUMBER OF TRAJECTORY SETS FOR THIS ACCOMPLISHMENT LEVEL’

O: 5

TRAJECTORY SET 1.

ENTER THE I VECTOR (SPACE BETWEEN EACH ENTRY)

D:y1, 0 0 0 0

PHASE: 1:

ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTRYO

0: 0 o 0o 1 1 = o

PHASE 2: R L
 ENTEE THE G DIAGONAL (SPACE BETWEEN EACH ENTRY): o~

g: 1 1 1 0 0 B ~

. ENTER THE F VECTOR (SPACE BETWEEN EACH ENTRY) : S IR A
BO: 11 0 1 0 S N
ENTER THE BASIC VARIABLE VECTOR (SPACE BETWEEN EACH ENTRY) o

FIGURE 13 (CONT)

;SAMPLE SESSION WITH!METAPHOR
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TRAJECTORY SET 2

ENTER
0. 1
PHASE
ENTER

O 1

PHASE
ENTER
O: 9
ENTER
O: 1
ENTEFR
g: o

THE
0
1
THE
1
2:
THE
0
THE
1
THE

I VECTOR (SPACE BETWEEN EACH ENTRY):

0 0 0

G DIAGONAL (SPACE BETWEEN EACH ENTRY):

10 0 ' ’ .

G DIAGONAL (SPACE BETWEEN EACH ENTRY): a
0 1 1 '

F VECTOR (SPACE BETWEEN EACH ENTRY):

o 1 0 ,

BASIC VARIABLE VECTOR (SPACE BETWEEN EACH ENTRY):

TRAJECTORY SET 3

ENTER
O: 1
PHASE

ENTER

O: 1

-PHASE

ENTER
0: 1
ENTER
O: 0
ENTEKR
O: 2

THE
0

1:

THE

1

2
THE
1
THE
0
THE

I VECTOR (SPACE BETWEEN EACH ENTERY):
0 0.0

G DIAGONAL (SPACE BETWEEN EACH ENTRY):
1 0 0 .

G DIAGONAL (SPACE BETWEEN EACH ENZRY): |

9 0 0 | i

F VECTOR (SPACE BETWEEN EACH ENTRY)

1 0 0

BASIC VARIABLE VECTORV (SPACE BETWEEN EACH ENTRY):

TRKAJECTORY SET 4

ENTEK
O: 1
PHASE
ENTER
O 1
PHASE
ENTER
O: 1
ENTER
O: 90
ENTER
g: o

THE
0

1:

THE

!1'

2:
THE
1
THE
0
THE

I VECTOR (SPACE BETWEEN EACH ENTRY)
0 0 0

G DIAGONAL (SPACE BETWEEW EACH ENTRY):
100 S

G DIAGONAL (SPACE BETWEEN EACH ENTRY):
0 0 0

F VECTOR (SPACE BETWEEN EACH ENTRY):

0 0 1

B

ASIC VARIABLE VECTOE (SPACE BETWEEN EACH ENTRY)

TRAJECTORY SET 5

ENTER
O: 1

PHASE

ENTEE

O: 1

- PHASE
 ENTER-
~0: 0
“ENTER
O: o

THE
0.

d:

THE
1

2 -

THE

0

THE
0

R, ok

VECTOR (SPACE BETWEEN EACH ENTRY)
0 0

-DIAGONAL (SPACE BETWEEN EACHPEETRY):
0 oy , ‘ =5

; DIAGONAL (SPACE BETWEEN EACH ENTRY)
0 0

G

1

F VECTOR (SPACE BETWEEN EACH ENTRY)
1 : , :

01

S FIGURE 13 (CONT)
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ENTER THE BASIC VARIABLE VECTOR (SPACE BETWEEN EACH ENTEY):
pD: o

ACCOMPLISHMENT LEVEL 2 ‘
NUMBER OF TRAJECTORY SETS FOR THIS ACCOMPLISHMENT LEVEL?
0. 1 e :
TRAJECTOKY SET 1

ENTER THE I VECTOR (SPACE BETVEEN EACH ENTRY)

O: 1 0 0 0o 0

-PHASE 1: « ,

ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTRY):

g: 1 1 1 0.0 1 :
PHASE 2: ' |
ENTER THE G DIAGONAL (SPACE BETWEEN EACH
fD: o9 0 1 0 0 o

ENTER THE F VECTOR (SPACE BETWEEN EACH ENTRY):
s 1 1 9 1 9 : '
ENTER THE BASIC VAEIABLE VECTORIbePACE BETWEEN EACH ENTKRY):
O: 1 ' :

ACCOMPLISHMENT LEVEL 3

NUMBER OF TRAJECTORY SETS FOR THIS ACCOMPLISHMENT LEVEL?
0: 3

mRAJECTOEY SET 1

ENTER THE I VECTOR (SPACE BETWEEN EACH ENTRY)

g: 1 0 0 0 0

PHASE 1: , Vo

ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTRY):

O: 0 0 0 1 1 ~

PHASE 2: ; .

ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTRY):

g: 1 1 1 90 : '

. ENTER THE F VECTOR (SFACE BETWEEN EACH ENTRY):

g: 1 1 0 1 0 ' i e e
ENTER THE BASIC VARIABLE VECTOR (SPACE BETWEEN EACH ENTRY):
O: 1 | . A :
TRAJECTORY SET 2

ENTER THE I VECTOR (SPACE BETWEEN EACH ENTRY) :
g: 1 0 0 0 0

PHASE 1: Sl : '
ENTER THE G DIAGONAL (SBAgEsBETyEEN EACH ENTRY):
O 21 12 0 O o SR R

PHASE 2: ‘ : '
ENgER THE G DIAGONAL (SPACE BETWEEN EACH ENTRY):
D:;TO 00 1 1

ENTER THE F VECTOR (SPACE BFTWEEN EACH ENTEY)
0:-1 1 0 1 0

ENTRY) :

 ENTER THE BASIC VAHIAELE VECTOR (SPACE BETWEEN EACH ENTRY) S

01
'.TEAJECTORY SET 3 : :
;ENTER THE I VECTOR (SPACE BETWEEN EACH ENTEY)

: e . Y momi

P FIGURE 13 (comr)

SAMPLE szssram WITH METAPHOR S



O: 1 0

PHASE 1:

ENTER THFE
0: "1 1
PHASE 2:

ENTER THE

C: 3 0
ENTER THE
O: 0 0
ENTER THE
0. 1 ‘
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0 0 O

G DIAGONAL (SPACE BETWEEN EACH ENTRY):
1 0 0 |

‘G DIAGONAL (SPACE BETWEEN EACH ENTRY)
1 00

F VECTOR (SPACE BETWEEN EACH ENTRY)

1.0 1

BASIC VARIABLENVECTOR (SPACE BETWEEN EACH ENTRY):

ACCOMPLISHMENT LEVEL 4

NUMBER OF
g: 4

TRAJECTOHY SETS FOR THIS ACCOMPLISHMENT LEVEL?

TRAJECTORY SET 1

ENTER THE
O: 1 29
PHASE 1:
ENTER THE
: 0 0
PHASE 2:
ENTER THE
O: 0 0
ENTER THE
g: 1 1

'ENTER THE

O: 2

I VECTOR (SPACE BETWEEN EACH ENTRY):
.00 :

0
G”biaaomAf”(spAaE;BETWEEN“EACH,ENr@x)?“
b 1 1 e ~ o

G DIAGONAL kspﬁéE“BETWEEN EACH ENTEY):
2 V;CTéR (SPJ&E BETWEEN EACH ENTRY)}
EQS}C;;ARIABLE VECTOR (SPAGE.BEfWEﬁN EACH ENTRY):

TRAJECTORY SET 2 = L

- ENTER THE

O: 1 o0
PHASE 1:
ENTER THE
O:"-0 0
PHASE 2:
ENTER THE
D:5~1 1

‘ENTER THE

g:" 0 o0
ENTER THE

0 2

I VECTOR (SPACE BEI1WEEN EACH ENTRY):
o0 0o | |
G DIAGONALM(SPACE BETWEEN EACH ENTRY):

G DIAGONAL (SPACE BETWEEN EACH ENTRY):
1 | |

0 0
F VECTOR (SPACE BETWEEN EACH ENTRY):
1 0 1 .

BASIC VARIABLE VECTOR (SPACE BETVEEN EACH ENT&Y):

TEAJECTORY SET 3

ENTEE THE
O: 1 0
PHASE 1:

~ENTER THE

D: 1 1

"PHASE 2:

ENTER THE

ENTER THE

I VECTOR (SPACE BETWEEN EACH ENTRY)
0 0 0

DIAGONAL (SPACE BETWEEN EACH ENTRY):
0 0

= Q)

DIAGONAL (SPACE BETWEEN EACH ENTRY):

G
-0 11
F

VECTOR (5PACE BETWEEN EACH ENTRY):

RS

FIGURE 13 (CONT)
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o: 009 1 9 1 s

ENTER THE BASIC VARTABLE VECTOR (SPACE BETWEEN EACH ENTRY):
O: 2 v |
TRAJECTORY SET 4 : P

VECTOR (SPACE BETWEEN EACH ENTRY):

ENTER THE I

B: 1 0 © 0 0

PHASE 1: | R o ’
ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTRKRY):

o: 1.4 1 0 0

PHASE 2: ‘

ENTER THE G DIAGONAL (SPACE BETWEEN EACH ENTRY):

o: 1:1 0 0 0 i e S

ENTERK THE F VECTOR (SPACE BETWEEN EACH ENTERY):

gc: 0 0 0 1 1 ~ , ,
ENTER THE BASIC VARIABELE VECTOR QSPACE BETWEEN EACH ENTRY):

0: 1

PERFORMABILITY FOR THIS MISSION =_0.99999662309 1.873257051E”6
7.471727544E°10 1.494594808E76 4.983160269E7 10 '
END ’ | '
FIGURE 13 (CONT) |
SAMPLE SESSION WITH METAPHOR
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this section as well as METAPHOR, the performabilities of Sl’ SZ’

and S3 in several environments were determined. The environments
and performability results are described below. T

“Two user environments were considered. The first was a mod-
erately: long flight of 5.5 hours from Washlngton, D C to Los
Angeles, Callforn1a while the second was a short flight of 1.0
hour from Washington, D.C. to the J.F. Kennedy Airport in New York.
The probability of CategorytIII_Weather in Los Angeles wae”assumed
to be 0.019, and for New York, it was assumed to be 0.011; (These
'probabi%itiee are from Table 16 of [17].) 1In addition, it was
supdeed that three types of processor modules were available
with failure rates of 0,001, 0.0001, and 0.00001 failures/hour
reséeet;Vély, but identical in all other regards. (Of course a
different poet will be associgted with each‘type of module, the
least reliable one being theQEheapest.) S S

“For the Los Angeles flight, phase 1 ie Z,S'hotrs;_phase é is
2.5 hours,heﬁ&'phase.3 ie 0.5 hourst The New York fllght has
correspondlng phase lengths of 1/3, 1/3, and- 1/3 hours.ﬁ%The

'landlng phase of the New York fllght~1; shorter because ﬁe assume

% the New York plane flies at a lower altltude than the Los Angeles

yplane due to the shorter trip. ]

‘31’ F1gu1e 13 shows a sample se551on w1th METAPHOR used to deter-'”’
H'mlne the performablllty 1n the Los Angeles flight environment of

fS‘ hav1ng modules with a fallure rate of 0.001 fa11ures/hour é Ih'c;f

_the session, the. analyst flrst tells METAPHOR that there are 3

5phases in the m1551on w1th S states in each phase.‘ In phase l;f?ﬁ

'the P matrlx is of type 2 Thls 15 one of the types of P matrlces.f,;
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which METAPHOR will automatically generate if the proper para-
meters are input. Type 2 signifies a system with m groups of n
components each, Every group,has a transition diagram of the

form

(o]

where the state name is the number of survivingdcomPOnents in
the group. 'For SS’ there is 1 groob with 4-processors.’ The failure

rate of the processors is 1nput as 0.0001 fallures/hOur whlle the
h'phase 1ength,(for phase 1) 15 glven tovbe 2.5 hours. Slmllar
information is presented to‘METAPHOR for® bases 2 and 3

Next, the analyst 1nforms MhTAPHOR that the H- matrlces are’

,;the 5 x5 1dent1ty matrlces, that the 51ng1e non-bottom level
db351c variable is constant and has probab111ty 0. 019, and that 5
- accompllshment levels are . to be evaluated For accomp11shment -:w

= level 0 METAPHOR is- told that there are 3 traJectory sets'iﬁnd :
i ! o S
~ the analyst 1nputs each set by flrst enterlng the I Vector, then i

‘;lthe ma1n d1agona1 of the characterlstlc (G) matrlx for phases 1

'¥~Vand 2, the characterlstlc (F) vector, and the condxtlon of theg”t"
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weather variable. 0 means non-Category III weather;'A
1 denotes Category III weather, and 2 signifies either
0 orl (i.e., a "don't care"}i METAPHOR calculates the perform-
ability '"on the fly", i.e., METAPHOR does the necessary calcula-
tions on the data as it is input and then discards the déto it
will no longer requiret Once the analyet has comoleted entering
all thektrajectory sets for each accomplishment level, METAPHOR
prints the performability. ‘ |
METAPHOR was used to evaluate the three models Sl’ SZ’ ahd’
S5 for each of the failure rates in both user environments. The
results of these computations are in Téble 13. Emplofing bar
graphs, Figure 14 compares the*pefformability of each protessof
and envircnment vis-a~-vis the processof;moduleffaiiure rate.
Because of the wide range in magnitude of the probabilities, a
logorithmic axis was used. For accompliéhment leveiS“oi’through

-1

ay, the axis is labeled in increments of 10 » while for a,, the

axls is labeled in terms of "n 9's." This phrase denotes 1'-f10'n;
N "for example, 59's =0.9999 309's =0 2999,
As is to be expected the gracefully degradlng procesoor

.model SS’ has a hlgher probabliltv of accomplls?l

probab111t1es of'achlev1ng a; through a, than~t§:

'cessor models. Consider however the 1nterest1ng results regardlngw
1‘and SZ' In partlcular, note that - the probablllty of a crash

ay, is greater for the dedlcated group processor model SZ’ whlle -*t

o,the values for ao are the <ame Thls out ome 1s somewhat surprlglng

t51nce S has some - form of reconflguratlon and so seemlngly should

'be more rellable.k However, examlnatlon of the entlre performablllty‘

'spectrum reveals the reasons for thlS d1screpancy }Notefthat‘for e




i
i
o
i

Table 13

Performability for S], 52' and S3. Mcdules

“hava three failure rates, and two miscsion cnviornments are considered.

P =~Pt(CétegoEy I1I weather at initiation of lznding).

‘Hission‘ Computer Module Accomplishment Levels
: Failure
Enviornment “Model Rate a a. a a a
(failures 0 1 2 3 4
per hour)
’ = | =3 = | P
- 0.001 0.997 3.4 x 10 6.6 x 10 3.3 x 10 1.7 x 10
5, 0.0001 0.9997 3.4x100% 6.6 x107° 3.3 x107° 1.7 x10°¢
0.00001 0.99997 3.4x10% 6.6 x10% 3.3x10%  g.7x10°
= ~ o 0.001 0.997 7.4x10%  44x1007 6.6x107' 2.6 x 107
“: Washingtor, D. C. , ; ‘ -7 g -5 -4
5 to 5, 0.0001 0.9997 7.3 x 107 4.4 x 10 6.6 x 10 2.6 x 10
New York (JFK) : -8 211 -6 -5
i ‘ 0.00001 0.99997 7.3 x 10 4.4 x 10 6.6 x 10 2.5 x 10
B o= 0.011 ~ : _
-6 -9 -6 -9
S 0.001 0.999994 3.4 x 10 1.8 x 10 2.6 x 10 1.2 x 10
S, 0.0001 0.99999994 3.4 x10°%  1.8x12671%7 2.6x120® 1.2 x 10712
0.00001  0.9999999994 3.4 x 1071% 1.8 x 10671° 2.6 x 10710 1.2 x 10715
1}
- - - - [
0.001 0.98 5.4 x 1074 1.8 x 1003 2.4 x1073 8.4 x 1073 o
‘ T R -5 -4 -4 -1 v
sy 0.0001 0.998 5.5 x 10 4.9 x 10 2.5 x 10 8.5 x 10 '
: 0.00001 0.9998 5.5 x 107 4.9 x107° 2.5 x127° 8.5 x 1077
R : 0.001 0.98 9.4 x 1077 1.2 x10"° 4.9 x1073 1.3 x10°°
- Washington,. D. C. ) -6 -7 . -4 -3
) to s, 0.0001 0.998 9.5 x 10 1.2 x 10 4.9 x 10 1.2 x 10
Los Angeles - . . . -7 -9 -5 -4
o s 0.00001 0.9998 9.5 x 10 1.2 x 10 4.9 x 10 1.3 x 10
R = 0.019 ~ :
0.001 0.9998 3.4x10% 1ax107? 1.sx107f 7.8 x 1078
. Ea -7 -10 =6 =11
S, 0.0001 | 0.999998 3.4 x 10 1.5 x 10 1.5 x 10°¢ 7.8 x 10711
‘ 0.00001 0.99999998 . 3.4 x 10™° 1.5 x 10713 1.5 x207® | 7.8 x 10714
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Figuré-1u
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cont.)

Performability for the Example of Secticn 3.5.

Processor Module Failhrewﬁate

0.001 failures/hour

-
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Washington, D. C. to Los Angles Mission
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-0.0001 failures/hour

"Prbcessor Module Failﬁre Rate

e)

Washington, D. C. to Los Angles Mission

"
g
.‘i_‘-

I 4»'4"42\’--

L e




-168-

5 )
J o T

3

R

R R o T G I T

{
), Y <k
51 S; 5;

D T T . R R L
B B T A I L Lo o

»

R LIS

[EIRRTIES e R

,mﬁ&%qw

s r s oo 2o

N e i i b i &,Mq._._.

2

UREL WP NS PEME e By o FOCELL R B A AT N7 R R PR IIONS N 5 A \..,?..\.?./?JJMN_

s I

Lk

SR TR

SO At LR+ el AT PSS IR R i e S e A ]

o

>

R OB AN 0 AN A8 N 03 ST 5 8 12 3 0 Nttty B T IO €505 401 3 20 03 05 o 3

ol

,ﬁu:&%ﬁﬁ»oz?@\!ii._:ﬂmi RS A SR AN 2/ .lwl.ﬁs?.iﬂurﬁzx. LB L e T pate L Ul

e

o™~
~
'
(=1
4

Q
-t
|
o
-
i
)

-+ 1071

~m
~
1
(=]
~
1.
]

- 10-]_4

i
S

9 9's ﬁ»k10‘3
89's 4107t
 7 9,1'5 = 10"5 -
6 9's -} 107
5 9's 4 1077

4 9's -} 1078
3 9's 4 1077

TSRS PR TR ER T

&
3

LA €S e TR A ST S et o A eiNwe OGP e AL n T R0 i A r

a

i LA
D L L O T L i ....JMM
" 4

EN

[ N R TR £t S PRI I T

oo B0

FICTRBENEIY U srE s

a3

3

cont.)

_Figure 14
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Processor Module Pajilure Rate = 0.00001 failures/hour

washington, D. CJ to Los Angles Mission

£)



-169-

Sz, the probability of the high fuel consumption achierement ay,
is about an order of magnitude lower than for Sl, s1m11ar1y, the
probability of the diversion achievement is usually several orders
of magnitude lower. Thus, the reconfiguration and diversion 3

policies associated with S, have decreased the chances of either

dlvertlng or hav1ng poor fuel consumptlon, but have done so at
T
the expense of increasing the probability of crashlng. If a

suitable worth function Ws(see Section 3.1.1) were provided, the

worth of each system in each environment could be calculated.

Within the example given in this sectionjwe”can ﬁlainly see
the advantages of performability analysis over traditional reliability
analysis. Reliability results indicate the probability of "success"

or "failure" with resoect to some set of, success criteria; but do

not as succ1nctly reflect the performance of the system. For
eXample, a traditional reliability analy51s of the mission in this
section m1ght have determined the probability that 2 of the 4

processors were still working at the end of the mission. Using -

| more sophlstlcated methods such as the pha51ng technlques of

Esary and Z1ehms [8] would ‘have 1mproved the rellab111ty analy51s.v

\
~However, the performablllty analy51s demonstrated in- thlS sect10n~,~

‘can accomodate even more general relatlons between state behav1or
!

nd performance than those treated by trad1t10na1 pha51ng technlques.

In partlcular, the analysas 1s able to treat 1evels of"system
. ‘ x .
performance Wthh cannot be formulated 1n terms of per phase structure*

"funct1ons or per phase sets of "success states S

i i
o
Dol
For 1nstance, con51der Ss'and suppose phase 3 has state‘

k'and the weather is not Category III Then from Table 12, the
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relation between the states of phases 1 and 2 and the'éSsociated

accomplishment levels can be determined:

a; a, accomplishment o x
; level
{0,1}“ {4,3,2} a,
{4,3,2} {0,1} a,
{4’3’2} {4’3’2} aO
{o,1} {0,1} a,

o : \' [t

Thus, if dZ e {4,3,2} then the ''success staéeé” for glgcanﬁoﬂ
include q; € {0,1}. »Similarly, if q e~{4,3,2} then for a,,
q, € {0,1}. In other WOrds, the "success stétes".for phases 1
and 2 aré influeﬁced by one another. InkfaCt, they are R-dependent
where R is Y'l(al).‘ (See Section 3.3.2.)
| Duringkthe next reporting period, we plan’to study further ‘ |

examples of perfofmability analysis.
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