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NONLINEAR FOQURIER ALGORITHM APPLIED TO SOLVING EQUATIONS
OF GRAVITATIONAL GAS DYNAMICS

. B.I. Kolosov
Academy of Sciences USSR, Institute
Space Research, Moscow

Introduction

The development of efficient numerical methods of solution /3%
of the equations of gravitational gas dynamics has becomeeparticu-
larly urgent, in connection with the fact that the correct solu-
tion of this problem models the behavior of a gas flow in the
vicinity of -2 "black hole." In turn, this can be of direct
interest in observational astrophysics. The strong nonlinearity
of the problem complicates the possibility of detailéd numerical
investigation of the two dimensfonal flow pattern, and the neces-
sity of introduction of artificial viscosity and the subsequent
incorrect approximation of the boundary conditioms in a certain |
finite vicinity of a gravitating center in a rough difference net-
work leads to a qualitative difference in the results of the works
ofvvarious authors [1-3]. An attempt to overcome these difficul-
ties was made in work [4], where some self modeling solutions of
the gas dynamics equations were investigated, which could repre-
sent the asymptotics of flow in the vicinity of a gravitating
center, on the assumption of uniformity of the flow at infinity.
In the present paper, the formulation of.a nonlinear algorithm with
the use of a Fourier series is given, which permits solution of
the two dimensional stationary problem to be reduced to a system
of common differential equations, with subsequent solution of the
latter by computer. Within the framework of the approach developed
below, a proof of the existence of conical shock waves, with the o
cone vertex in the gravitating center, is succéssfully constructed
for the adiabatic index 1<vy<5/3.
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1. Formulation of the Problem

Let, in region L(0<r<e, 8&[-7, 7w]), axisymmetric, stationary
gas flow with a gravitating center of mass M be described in a
sphericdal coordinate system by the sysgem of equatiomns [4]
| U Wr | gty 1P, &M
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where the follow wing notations are used : u.(r, 8), ug (r, 8) are

the radial and tangential components of the velocity; p(r, 8) is
the gas density; P(r, o) is the pressure; S{r, ¢) is the entropy
function; G is the gravitational comstant; ¥, ¢ is the radius and
angle of inclination of the radius vector to the axis of symmetry,
respectively. It is assumed that functions p, S and P are con-.:
nected by the equation of state 0

P@o)= S« e° (2)
where ¥ is the adiabatic index.

It is required to find the solution of (1)-(2), with supple-
mentary conditions at infinity

Uy ()= AtolE)c0 8, ug(la):uu(ﬁ)‘ifﬂﬂ; = 2le), 5= So(®? (3)

and the axial symmetry condition with =0 and e=n
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Further, instead of pressure P(x, 6), it is advisible to comnsider
the enthalpy, after determining it by thecrelationship

Hmhgjg$1 (5)

Now, in accordance with (2) and (5), system (1) takes the form
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where it is assumed that

Elve) = u g:g} 1 W) -

o= vy, 5= Rusowr.

~

In concluding the formulation of the problem, we make the
assumption that the solution of system (6) is smooth, namely, we
will assume that the shock waves break down the entire region of
determination L(x€{0, =lo&l-n, w]) into 2(2>1) subregions Ly,
within which the functions u(r, 8), ue(r, 8), u;(r, 8), é(f, 8)
and H(r, o) are infinitely differentiable with respect to angle o,
with the exception of the boundary:ié(r, 6g), where the Hugoniot /35
condition is wvalid

TR T .
(P+oun ) (Peous)-, (7)
Efr9), = EW0) .

2. Formulation of Fourier Algorithm

System of gravitational gas dynamics equations (1) and system
(6) equivalent to it are systems of nonlinear equations, the numer-
ical solution of which presents great difficulties. As is known
[5], to construect efficient algorithms for solution of nonlinear
equations, the fortunate choice of the form of presentation of the
desired function is of decisive importance. Therefore, we dwell in
greater detail on the procedure of representation of the solution )

and its Justification. For this purpose, we define velocity .



components u,.(r, 8) and’ .uga(r,8) by the expression

Uy (ne) = - 4(n9) Cos D wel, } (8)

ug(yg) = Ulho) Sin @(vw ,

where u(r, 0) is the velocity modulus, ¢(r; 8) is the angle of in-
clination of ur(r, 8) to vector E(r, 8).

Weestablish the form of function

gy ¢(x, 9). Available information im the

formulation of the problem (1)-(4) per-
mits this to be done unambiguocusgly. I%
fact, we analyze the geometric image of

2

vector @. It follows from Fig. 1 that

®(r,0)z @ (r,e')‘_.'_ (9)

Further, from boundary conditions (3)

and symmetry conditions (4), the follow-
ing properties of the functions flow

I. @, (‘Y‘B)z- Py (r,-0), B € C-w0] N
'29' Dy(6)= Pu(r0+2WK) , K=0,1,.. (10)
| 84 €P4(?-a)l9=0’_ﬂ=_o s 4 R‘m 4["9) 0

By virtue of the definition, angular function ¢;(r, 6) is every-
where unequivocal and finite (]@l(r, 8y [<A), with limited varia-
tion of the function, piecewise differentiable in region L, with
the exception of shock wave fronts uﬁg(r, 6g), on the boundaries of
which, thete are finite, unilateral derivatives

ting D108 -Qa(r8ur0) i D4 (3, 05 )- By 5, Bf,—oJ
? i
s + 140 -t

Tn this manner, function 99 (r, 9) satisfies the Lipshits continuity
conditions [9, 10] — e e a—

d
@Ar.e)—@,(re)\f-c\e-e\ €>0,0cd %4,

by virtue of which, there is the following propos:l_tlon.
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Theorem 1

Function ¢q(r, 6), everywhere in region L, excepting points
6=0q, can be represented by the uniformly converging Fourier .+
series

= [

p,me):—‘ Z | petelsin K9, helw)zo, (11)

[
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and this representation is unigque.

In fact, conditions (10) satisfy only functions of the type

“5‘,_ [\',E?) = }41(*)%\'; Ké y |

and, since there is a countable set of such functions, (ii) fol- °
lows from it, which proves the uniqueness of the representatiom.
In turn, the Lipshits continuity conditions ensure uniform con-
vergence of series (11) for 6#6¢g. We also propose that termwise
differentiability of the series is possible.

Further, by virtue of the uniform convergence, limited to
the finite segment

-y - -
Qo) =5+ EW}MV)%“¥97I (12)
. = &

for expression (9), we obtain the desired approximate Fourier
representation

* . c - -- - N - _
Ur (ry8)= - U (v8) Cos (84 2 Mesinke)
/ - .
g (re) = U (n9) win (94 3 M onko) (13)
. K=t .

3. Fourier Approximation of Two Dimensional Problem. (1)-(6)
of System of CGommon Differential Equations

We note that numerical solution of system of stationary gas
dynamics equations (6) with a gravitating center assumes a transi-
tion through the nonstationary problem of the method of establish-
ment and difference approximation of the initial equatiomns. By

virtue of the fact that the equations to be solved have first order



differential operators, the difference equations which approximate
them, because of limitations on stability, have the same first

order of approximation'in difference network 4y (rp, O})-

Fourier representation (11)-(13), established above, permits
the development of a fundamentally different approach to solution
of the problem, which consists of reduction of the system of two
dimensional equations in partial derivatives to a system of common
differential equations in normal form which approximate them, solveé
relative to the derivatives. Let the difference network with
respect to angle ¢ have N, nodes. It is known [7] that any peri-
odic function in such a difference network can be approximated by
a discrete Fourier series, with number of terms Ne<Ng. Thus, the
Fourier representation is the analog of‘a differencedescription of
the problem with respect to angular wvariable 8. Moreover, the
uniform convergence of series (1l1) allows it to be hoped that the
initial problem can be solved satisfactorily, with the minimum
possible numbexr of terms of representations (12)-(13).

We also note a characteristic feature of equations (6), which
is that they include functions of different parity with respect to
the angular vaviable, and that this circumstance leads to diffi-
culties in obtaining a consistent order of approximation, with
respect toyangle, of the approximating equations. In fact, it is
easy to show that the application of an expansion in a Taylor
series to system (6) gives fise to a meshing chain of equations.
The mathematical technique developed below, within the framework
of the Fourier representation under consideration, permits these
difficulties to avoided and construction of a sufficiently general
theory of reduction of gravitational gas dynamics equations (6) /8
to a closed system of common differential equations, which can be
solved with respect tothe derivatives of the initial functioms.

We now proceed to description of the algorithm. For this
purpose, we first substitute expression (8) in system (6), and we
carry out identical transformations, with the use of the notations
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where, following the work of Hunt [2], the Bondi radius GRB=Q¥ZE%};
is adopted as the unit of distance, the asymptotic velocity of
sound at infinity c, is adopted as the unit of velocity and, in

this manner, we will assume further that system (6) is made dimen-
sionless.

Then, with (14) taken into account, from (6) there fdows

r:oscb:‘ ‘:fnd" = = O ; - ] (15)
Ircos-di"’j —Simb'-‘.- -0 , - - (1le)

|"cos tbR(re) K,{590), K,‘(rej 3E_Hns

.I

? (17>

e
%.e}-faw”“ucmmv—wwe—’*-%wm cosh o (18)

using s P . am
%@r:m¢g+an¢':g)+a (sind2, Vuueos 0r 1 Uickdeing) = 0. (19)
! .

———————

Equation (19), in turn, is reduced to the form

,H L8 L H'm 0 w ‘;_i_q_@{'i":‘-—h]".m
%me[wstb )1ar+ nHmMrZ *(agtb ey A 209
- cosdHm ('1— )'\ -\-CO.aeSmd)H-m - O.

We introduce the notation

v 2
2 - _H ) / i i
A 'w“ Bo=35 s m= 35 e igs s tedry (21)

Then, by solving equations (17)-(20) with respect to deriva-
tive $¢/91, we obtain

tgeA~igdr=o, T mh,

1
!
e i (22)
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e e et
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Here, we also write equations (15) and (16), which, with /9
notation (21) taken into account, take the form
-E T
TR0, Rotged o )

As the following analysis shows, function s(x, ) should be
determined by the relationship

: . HA
G 09)= }g‘;‘,"e’], alre)=E st )— A I

e e —

(25)

where A(r, 0) satisfies equation (24).

Funther, the algorithm consists of the following. We substi-
tute representation (12) in equations (22)-(24). Now, Wwith the
use of symmetry conditions (4), and the smoothness and infinite
differentiability of the solution with respect tothe angle every-
where outside the boundaries of the shock wave front, we differ-
entiate equations (22)-(24) in sequence, until, as 6+0 or e»w, a
closed system of common differential equations is obtained from
variable r €(0, «), for determination of coefficients My3 s Eoids
Aoy, uw=0, 1, ..., N, u,, &=1, 2, ..., N. For this purpose, the
rule of Li#ebnitz [8] of différentiation of products of functions
will be useful subsequently It consists of the following

dd?:l) = (V—)ﬁv-(e)yu—y(ﬂ)
where . 0@ . -E8) (26)
Qr'u = F) = ‘*——"—-Er 3 q

Zo(0)=2(9) , Ng(o) =Y (©)

Since the products of functions of different parities with
respect to angle are included in equations (22)-(25), it is advis-
ible to consider modifications of relationship (26) separately

below, for the cases of even and odd derivatives.



1. Let u=2n#l, n=0, 1, ..., and simultaneously, z; (0)=0Vk=2¢,
£=0, 1, .... Then,

(2v) ‘%. s (27
T T %-a q”u«»\ EN“VQQ\-;) \g-0-

2 - NOW, let u= an s n=0 s 1 3y wreoeog and Zk (:@ )}:0%:2 2’_{.1 s 2’=0 s l, /10
... From this, we obtain ST
a

i an
Li‘{}an = E-o %‘iﬁ 2!12 \I?.(]!'Q) ip=-o -

(28)

We proceed to calculation of the derivatives of function
?(r, 8), for time being, bounded only by symmetry conditions (4)
at 8=0. By virtue of definition (12), we find

Qg“=¢Q“(0):o1 \1:0,4,.. N, } t

Ay A

. - wi 2
Qunea = 3amu + C4) E4J‘K(f) . (29

Subsequently, the sequences of higher derivatives of functions
d=tgd, F=l+tg2¢, T=tge also are required, the values of which are
determined by the following expressions

| %_5ﬁn=ogﬁmﬂ:o,n;5ﬁ,_t-N, A
L @20y, Up 2054207, €52 05420050146 0,
. ) .
Qs Yo, S izt Bs 30460300 Huic @Y\
L -
Foz 4, Fu=204 , F; =24,0,+ 1285 |
o= 109,05+ 64 @b, Fo +14@) 7] + 87y ) ,

(30)

iTﬂ: A, Ta=2, Tg=46 , Ta=\1ig, ... ..

v d AP e
LI

Now, since, with even derivatives of equation (22) with regpect
to angle at. 6=0, the ddentity sSatisfies 0, we examine the odd
derivatives which, by virtue of (27), take the recurrent form

(31)

where
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From equation (31), T ﬁ — T /11
A 1w+n
;&“ -- ©ata- q::““ @z Ll . ”*‘1 1(“_214-‘9“‘ E(H{)J (32)

follows, from which, in accordance Wlth (22), we obtain

rd“h'" ’glh,,’\’l O, ... N

. o -@"lw’f Qm t?q q,i" C‘lk"gq_@, V\) C ) (33)

By = - lrw.
] q'm-m 2 q“lz_‘,‘ L z,w; {4t )*!Pw-mv'l(ﬂ u)

Thus, it was shown that system of commen differential equations
(31) has a triangular matrix, which permits its trivial solution
with respect to the derivatives of variable r of desired functions

My n=0. 1, ..., N, Similarly, a system is found for determina-
tion of moments Eo,

n
d Egn _ = qv
4t b=o  IR3A

- : 34
W’]Q*‘E?_(w_c)'-"-c] “‘-’O|n,... N, ( )

Finally, we proceed to determination of the coefficients of Fourier

representation (l2) in equation (23). Here, in accordance with
(29), we find v —-

i . .
; ( 4)“ .E’-_ iﬂg \41““': @q“{,n) h=0 4, N s
[ = 2
\l T o n Aad ’ ) (35)
%1\1*,\ 2 q’qQ*‘Ki(F-MJF'l(“‘Q“z qvul%‘l.(ﬂ-!.-e\} 2 E:fl %(cﬂqu"‘fjﬁ
nau L am N A
=
e q’qm g—’.1(“ Bv=o o """f'?-(,!-b) 2 q’naﬂ"?dml-a(u)
36
%-31-.\ = C%" )‘N - ( )

Further, we write (35) in vector matrix form. For this purpose,
we introduce the notations
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R = ()u(w ,,u‘(u, ), B = (D4, B, Dawus) |
hx—tzﬂ“ﬁm‘,wetow4ﬂok=ﬂn- N

from which, finally, we obtain

[N ANY R
S, 37)
where inverse matrix P~F exists everywhere, by virtue of the good
dependence of P, and it is calculated once for the given order of

approximation N of the problem.

Thus, the solution of two dimensional gravitational gas
dynamics eguation (6), in the case of random flow in regions of
smoothness of the solution with respect to angle 6, is reduced to
system (3N+1) of common differential equationé in normal form,
solved with respect to the derivatives of m of functions my,, E2u’
LEPTARE u=0, 1, ..., by means of which, at each point (r, 8)E££4r,
6}, the two dimensional flow pattern can be regenmerated

N o v

LmneyE 2 Wy (r) 9 va}_ z Ew(n.‘_?.

ot ) I}

(38)
Ur (68) 5 ~ m,\. (%e) Cos (B 2 -ty Swke )
Lte(vle) = \m (v.e) v (e+ ,Emv)%-we)

To complete formulation of the algorithm for system (33)-(37),
the initial values of the functions determined, which are produced,
either by boundary conditions (3) atninfinity, or by the asymptotic
conditions in the vicinity of the center (r+0), must be added.

We note that the problem under consideration is solved most simply,
in the case of potential flow with uniform boundary conditions,
when R(r, 6)=0 and E(r, ¢)=E,(®). Below, as an example which
illustrates the approach stated, a system of unidimensional dif-
ferential equations is presented, to which equations (6) are re-

duced in the potentlal case, with N=1, m

ei\'.tg: ?.WIQLQ_ 4.3_),1 C.c_)
fi

My - C >

AWMy

+;‘+/M 2 m ; (39)

4_? Cam (e +1)u:c.J

\\}o - CQ_

11



G mmae i e s ——————

' l?mq. r K*“)(Q«-Q-&(-’s) 7[(_‘1+’h)\x{°+q_(_’“.}f4mo 4},‘(-; 412' 3‘“1

(e cty™ mo—cs
_ﬂ.___'[},‘(_h.ﬂ,}u'l}«)*—(hp} -L'Eﬂici) ] h‘lo . (39}
where E -

T N o
(ls:(ﬁﬂ)(_f*"{"é:q'% ),mo(w)FM:—o,Nm@“}:O}A _cpu) =0
2?

q . * l
C. -~ Kb VT O BEYESA 4 T = Meamd
o~ KOAADAT CUopecTA BBYEA 5 Co ()= h) M= moq'/'cs-]

. . emem eee e PO —r,

4, Existence of Shock Waves

A characteristic feature of the gravitational gas dynamics
equations under consideration is stationary shock waves, at the
boundaries of which disruption of the continuity of the solution
occurs. The nonllnear Fourler algorlthm (12)- (13), described above
permits anglysis :and proof of the existence of shock waves by qulte
simple means. In fact, as has been pointed out, from the axial
symmetry of the initial probiem, the existence of two lines of
symmetry flows, with 6=0 and é=w. By using the latter situation,
we now obtain from system (6) a system of differential equations
approximating it, with the use of the #=v line as the axis of
symmetry. As a result, the same system of equations (33)-(37)
is obtained, with the exception of functions ®5n+l=@2n+1 included
in it, determinéd by relationships (29), whieh should be substituted
here py the expression

@ . o

¥ e 3 )
m-‘son 2.C0 A" Sheo o, (40)

Now, let there be a solution of system (33)-(37) and continuity in
region L, both with & (r, 6, n ), and with st (r, o, T). But

then, by wvirtue of the equality of the lines of symmetry at 6=0

and that 6=r, an angle 85 should exist, which d#vides the region

of the determination of L into two subregions of smoothness L (r,
e<es) and L+(r B 68) at the boundaries of which joining of the
solutions occurs from angilar functions ¢ (r, 8, u ) and ¢+(r 9,
u+), which are not certainly equal to each other. 1In turn, angular
functions @~ andie’ are directly connected with the characteristics

12



of equations (6). Actually,’ by definition, the characteristics
(or flow lines) are expressed by the relationships .

T dr _ 49
v me&;?
l___v L o
from which we obtain
& .
<Is * - <ty bleer - (41)

Thus, each subregion L~ and LY should be described by its family
of characteristics r (8) and r+(e), for which, in the limit of
point ¥ (8)=0, there is a common point of both families. Since,
subsequently, analysis of the behavior of the solution in the
viecinity of the center is of basic interest, we first note that
there is asymptotic estimate for it [4]

mne) = E‘-;i)+ Wrigy + OGP)', ¥>0, b7 0. (42)

1 . w
On the other hand, by wvirtue of the fact that ¢%=Ezﬁﬂ0%uwe}
is the change in angle of movement of the gas as a result of the

gravitational force, which has to be finite everywhere, the exist-

ence .of the finite limit

%‘:‘O‘GNY‘B)‘ 9)‘ =\ ;‘_{f: }lu(n)‘nu\it} ‘:4&0{.407. (43)
follows from this. Finally, since, by definition, the shock wave
front is connected with an abrupt change in the direction of move-
ment of the gas, further, there is the following proposition about

shock wawves.

Theorem 2

Let, in region L(rg&[0, =],8¢l-m, n1), with lgy<i/3, there be
a solution of system of axisymmetric, shationary, gravitational
gas dynamics equations (6), which satisifies boundary conditions
(3) at infinity and asymptotic behavior conditions (42) in the
vicinity of the center

13
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Let further under the same conditions there be a solution of
system of differential equations (33)-(37) whith approximate them,
for @in_]_l and @-Ela-n-l-l on the lines of symmetry ¢=0 and 6=% respec:
tively, =~

- N LU T Y

tp.m=%o,” Eﬁ'o {1\\«“\‘ )

By 2o+ 3 CO AT
Then, with ui(v)iOVk=2£+l, a curve a’ss(r, )50 is found, which goes
out of the gravitating center at angle of inclination Og<m, on
which, with arbitrary N:1, angle ;d}({,g}.:at%: ?“("'Jc““"el there

is the discontinuity |@+(r, es)+8—¢“(r, es)_€|=as%o. In this

case, in the regions L'(eges) and L+(9<BS), the solutions are
described by.the corresponding families of characteristics r_(ro,

6‘8, 8) and r+(0, 8g<w, 08), which has intersectdon points rl-es=
ITSS on £S (r, es), which, by definition, means the existence of

a stationary front of a conical shock wave, with the origin in the
center r=0.

We proceed to proof of the statements, on the basis of which
we propose establishment of the impossibility of unbroken continu-
ation of the asymbotic solution with respect to angle 8, from
region L~ to region L". For this purpose, it is sufficient here
to use the first equation of system (33), which has the form

o d:o = Mo @M (4-00)r- 5)  (4g0e)rHa (A-0n))
- -
W) ek

(44)

L
+

where °

H?(',‘)IEO:i-%— “'5_'1 )
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Now, since, as r+0, asym@ote (42) occurs, we obtain the
estimates
(AW
Lim vHo(y = 4- "o o Moo oA
Ag® +) a7 %-:‘o Mo,

Y "
Bim v EVWQ(U -:.'.Qim Ci’ o-‘a.t‘_;. ..-ﬁu Y= - Wi

A
a 7

¥ 4 W «

We introduce the notation %,z 4- ¢, Cp o))

Then, from equation (44), as r+0, we find

C-g) e 1260 5) =0, (45)

from which two characteristic solutions follow

e ¥ T g N

BoSetqmm 0 MR, (46)
o S = ek

B Me=2, Wk omn.

We initially investigate the first case. From the definition
of ¢1, as x+0, there flows

‘N _ e
-‘75::‘)“\«(0)“’:“%/4 ’
W
AT TRV (47)
=1 .
Further, we come back to determination ’of"E'ng"l'ég o (r, 6) =l

W T M )
: $(s)= &+ Z;‘)-Ip(u)cn‘m\a,
"R = ¢+ é___‘ M (o) Snk g

By virtue of theorem 1, functioms ¢ (o) and @+(8) are continuous

everywhere in the region of determination 6€[-w, w]. Ihto consid-
eration of the function, we introduce

. § T, w0 L

o | T

| ()_ &'t9, 8705 ‘j (48)

and the notations b -
- e v
:‘b _. 5:\{:.\))‘“(0)“) F+= %ﬂ}iﬁ(a}&.

Then, it is evident that, by virtue of (37), there are the -
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inequalities [B+]%6u, |87 ]#6u, 1if only ui(O)é;)forVk=21+l, 2=0,
1, .... We now show that function (48) is continuous everywhere,
with the exception of 956( n, m). In fact, became of the contin-
uity.~of 87 (p) and ¢+(e), for small angles, the expansion

(D(G) 9({-&- Mz(o)k) L AN df(a}*@(_mgﬁ.p(oju) B({-}F’") \

is valid, £rom which there follows
Dam (d) (99;) -0 (gs-i)) Bs((’ﬁfsﬂ) 55. * O

In a similar manner, for the v1c1n1ty 6=m1-8', we obtaln

EAM Ub (“‘95-93 d’(\" es*t)) s (ib *3}1 ) 4‘ 0

Since functions &> are continuous by pairs everywhere it follows
that function ¢(x, o), determined by expression (48), also is
continuous everywhere, with the exception of angle 6g. Thus, it
is has been shown that, in the vicinity of the gravitating center,
the solution of system (33)-(37), which approximates the initial
problem, cannot be unbrokenly continued by angle £rom one region
of smoothness to the other and, consequently, for some angles,
there is a discontinuous golution. In order to complete the
analysis of this asymptote ‘(&0<2), werreturn to equations (34)
for the moments of energy. Since

E[Y‘G):%‘\'H__% ;.

in the general case, for E(r, 8), as r+0, we obtain the repre-

sentation - SN
T © 170
SRy 2 SN + §_ffm LA
E{J‘B)'Eu-r PRI e ) AR ()'4] Cor \J 1 Y(“Iu)‘ V- 1l—9‘ l}'él:ol‘ﬁ].! (49)

We substitute (49) in system (34). By virtue of the triangularity /17
of the latter, to carry out its nontrivial solutions, f£fulfillment

of the following condltlons is necessary

-4 .
b= fl ) Ew'ﬂu(j-ﬁ*z“u 85 W

. ol .
P LP/( F-1), (50)
Pw(}ﬂ}

> P - 1p
Qﬂmt?fﬂw E(ﬂ-p)‘/‘(%ﬁn ”,U>9_.
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We now find index y, at which, together with $u=(y+1)/(&4(y-1)),
solvability condition (50) occﬁrs. In fact, by definitiom, ®l=l—
Su=-(5-3y)/(4(¥-1)). On the other hard, it follows from (50) that
¢1=-1/2. From this,pwe find (5-3v)/(2(y-1))=1 or y=7/5=1.4.

Thus, it has been established that characteristic solution
(46) for &0%2 provides the required asymptotic behavior, only with
index y=1.4. 1In this case, the flow in both regions of smooth-
ness is nonpotential, and it cannot be continued unbrokenly from
region L~ to L+. Another confluence case is index y=5/3, at which
61(5/3)=1L and, consequently, @;=0. This corresponds to potential
flew conditions in both regions, ailiso separated by a discontinuity
boundary.

We now proceed to the asymptotdc solutions with ﬁ0=2, SuFy+l

; 4y-1)"
Here, for enthalpy H(r o}, we obtain -
- N L™ 20
1 H,., . = Ry o
)< Hany L(A- o), 5-,‘ o o * o (51)

We note the asymptotic bhehavior of the pressure in the wvicinity

of the center was used as a boundary condition inworks [1, 3], in
numerical solution of the two dimensional problem: where the pres-~
sure and, consequently, the enthalpy, in distinction from (51),
was erroneously assumed to equal zero (H(xr<e, 8)=0.

Further, in order to find the asymptotic behavior of function
ukkO)’ we use initialiequation (24) for the energy. We note first
that the solution of equation (34) and the approximate solution
corresponding to it E(r, 6), approximated by finite Taylor series
(49), exactly satisfies equation (24) at point 8=0 or 6 '=7=8=0
and approximately, at other wvalues of angle 6. In connection with

this, we set the difference problem in the vicinity of the center, /18

namely, we break down interval [0, 6g] into a series of nodes 8g/
(N-1), where N isthe order of approximation, 8ggm, and we demand

that, at each value of angle e-=jeS/(N—l), approximate solution

J
E(r, 6) exactly Satisfy equation (24). We then obtain

'1(\3 A¥

B X, w .t
v—s (-'m q)l ( + @ (B.EJ) €y =0
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or, with condition of nontrivial solvability (50) taken into
account,
a 1(0 f
; %u (‘N-ﬁ)‘ (2: + ‘P (9)))%1) ()llf(o)) 0 . (52)
i ¢ (}w_{o})“—-—, 3-’\‘1 . ¥- I'l} '
,) ‘c%(e,+2 )Av(")‘mn“gj)
l?*@ )= g (9} +-‘s’ (A)ﬂn[o)‘am\{e )

where

T . PN P

In this manner, in the vicinity of the center, the asymptotic
values of coefficients ui(ODU k=1, 2, ..., N are found from solu-
tion of system of equations (52). It is easy to see that uE(O)%
u(0).  Actually, let N be sufficiently large. We assume that

+ - . D : + '
ej=aj and uk(0)=uk(0). But, since, by définition, ¢ (ej, uk)%.

$7(s5, ) and _P;-v(pu)%]?iv(uk), if follows from (52) that u:(@)?é

u (0). Consequently, as above, the asymptotic solution cannot
be continued without break from region L~ to region Lt Below,
in the description of the shock wave front search algorithm, it
will be determined that, in the vicinity of the center, there is
a unique value of angle 6g, at which Hugoniot condition (7) is
satisfied.

We show now that each region of smoothness of solution L~ and
L+ is described by its family of characteristics, the set of points
of intersection of which lies on the associated ¢conical) shock

wave. For this purpose, we analyze characteristics (41)

ﬁ:&:_c,{'% (9-\-2 }k:"—mh%’ﬂ) }
LA O W T

(33>

Since point r(e)=0 is a common point of family of characteristics
(53), here, for region L+, it is sufficient to determinei:the com-
mon slope of characteristics r+, which go out from point r(s)=0.
For this, in the vicinity r+0, we consider angles 6=r-6', 8 <1,

rde _
d,
’." = - 1g(e (4+‘£2=‘A;(o;(:4) K\) = -t}(e'@':()‘t)).

g (_E‘ B-\‘?_}{I%‘l\\{(ﬁ-ﬁ‘l) = - "3 (e~ :2:;12 (:rl)é'ﬁnkﬁ‘_) =
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Since the flow is not potential in region L+, by virtde of /
nontrivial solvability conditions (50), @{(u;(O))=—l/2, it follows
from this that“%%?ﬂ, i.e., 08{r) decreases with increase in r.

This corresponds to the slope of the curves presented in region I

in Fig. 2.

We now make a qualitative

f analysis of the behavior of the first
'5 family—of curves for large walues of
. r(6). Because of the awkwardness of

the expression, we limit outselves
here to one term of the represen-
tation of pj(r), on the assumption,
by wvirtue of conditions (3), that
it is small at large ¥ and has an

asymptotic form at infinity

f‘a(*)‘ -‘,"; }4:45 4. '
D Then, T e

dr \»m(g- 2 Cong ) = r“(wﬁ-*#“nh 9)
& el S Sl

" LoA(F-Lgme)  Gn® C4- ,é. MS’ ?
from which, dlsregardlng ——cose we find

£ Fe B)=ellayond Qny{‘u\!‘nn Yf..-iel«-&ax‘—' lprsutad, —aft‘avw)ﬂj

where ro(eo) is the 51ght1ng distance for angle eo /20

It follows from the resulting expression that r-(ro, eB, 8)
g;ﬁo- Since, by virtue of estimate (45), p(r) has a finite lim#t
in the viecinity r-0, here, we use asymptote ul(r)=uoir, and we
evaluate the behavior of the curves near the center. On the assump-

tion that é=71

4o ' We obtain
2

;&z} Y m( m‘ ,mma\ . . (352 be- ")
B o ffi il 133 19a0") n (.}1.,],rcow‘— g')

Let u0>l. It follows from this that a value of 8' is found, such
that

. ' -
ket 8! 20 ’if. T L5, me o
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which proves the increase of 6'aand, together with it, 6 (r)=_x +g '
as r>0(pse). !

Thus, it has been established that there are two families of
curves r_(ro, BB, ) and r+(0, 84 8), which move towards each
other. Consequently, there must exist such afgles 8g, that rTHS=

ITBS, which completes the proof of the theorem.

Note

Since the structure of equations (33)7(37)@ermitsEdiscontin-
uous solution with respect to variable r, the existence of sta-
tionary conical shock waves, with the apex in the center, does
not exclude a frontal shock wave, and, thus, the pattern of gas

flow from the gravitating center can be the superppsitignﬂQf'two
shock fronts.

5. Conical Shock Wave Front Search Algorithm

As was shown above, solution of the stationary gravitational
gas dynamics equations in regions L, by means of the honlinear
Fourier algorithm, is reduced to the solution of approximating
systems of common differential equations in subregions L~ and L+,
separated by shock wave boundary Is(r, BS), the location of
which was previously unknown. Let A and T designate the unit nor-
mal and tangent vectors at each point qfcﬂs(r, GS). THen, con-
dition (7) should be satisfied in,is(r, 6g). Let, in a small
‘vicinity of the center, the shock wave front be describéd by the
generatrix of a cone, which goes out from the center at angle of
inclination bg- Then, relationships (7), after simple fransfor -

mations, are written in the form

..——-———"———d—'__'_n“ '

ey ol 8|84 i ty dyne
~ T - = §

;,-E‘E.B—l.e:} ....-E;:J d)*('ﬁ?'x)w —————— H_(Ylg't) {% -n'd)(:ﬁﬂ})‘) ‘\\_,.*

4
i

(54)
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T mals, 1y dmen T
e n“("gs)‘rmsmit? -[aEb{YBs) -’t .\-"""'\'H (54)

e ———

where notations (14) and (25) are used

m-b'@s)f- £ M;o(') 93," , +(l95) z M3 () (V-ai)

Ef66) = 2 Ew[rl_.’. , . (0] = 2 Ean &) “‘.._s)— =2,

s = 2 e By -_. 4('65) £ ho(v; _(_*31&]. (55)

] (su)!

k=!:-., n'\'—'m—- 3 E E-) H H— } :
’ + LI . !
OT(nos) = B+ 2 Ay G)Sin k0,

m‘ ”

—

Now, the algorithm of the solution of the complete problem
briefly consists of the following. 1In regions L with boundary
conditions (3) at infinity, the Cauchey problem (system (33)-(37))
is solved and, then, at each point (r, o), the approximate solu-
tion 1s regenerated according to relationships (55). We proceed
to regions L+. Here, in the general case, the boundary conditions
at infinity are unknown. Therefore, as the boundary conditions
for the Cauchey problem in L+ asymptotic conditions (42)-(46)
should be used with the solution m0—2 in the vicinity of the
center. Let L' be bounded by angle 8g<w, which must be found.

As the first step, we assume 8g= 6(0), where 6(0) is some randomly
assigned angle e(O)G(O 7). We designate eS T-6g, and we break

down interval [0, eé] into (N-1) segments, so that ej(es)=je'8/
(N-1). Then, as was shown above, the asymptotic values of co-
efficients uI(O, es)aare found from solution of system (52) an

ﬁ!))ﬂ@9¥:‘g-’
o 1(941(2“*%(9 *zcglp,(ag%m\fﬁ ))Em 0

V(w)!
= 1,2, . N-a

(56)

’ ﬁM" §N=

In turn, from relationships (54), for functions 8(es)=ces@+(es),
we obtain an expression which, with the arithmetic calculations
omitted, is written in the form

L R (1)s @ Emed
cos & 37
i i 4)[:0-,0) 3 22uld) ’ 47
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where the following designations are used ‘ /22

’%(95]"—’ "g‘_]‘{'—l_-’t‘h\'m%mq'& y = % - %;m ) :
TR - el
400 = 112 22 )m (1- 32, 2 (4+cof0)) (58)

Since, in passage of the shock wave front, the inequality
m <m must oceur, B(GS)>cos@ is equivalent. Therefore, further,
we assume B=gq, if the condition Bsl is satisfied simultaneously
here.. Now, since the values of ﬁ;(eéo)) are known from solution
of system (56), with given es=e§0), from the gquality
P08 = 0 (0% 2 i),

2 _ LCILTY

we find a new value of eél). If it turns out that 6(0>%6(¥) we

S s ¢
assume eg=e§l) and, again, we find the solution of system (56) and
B(eél)). We will continue this procedure, until the desired “Walue

6 o=Lims (2) is found.
S 7, S
The next step is the search for asymptotic values of m,(r, o),
E+(r, ) and A+(r, ) in the vicinity of the center. For this
purpose, it advisable to return to initial differential equatioms

(15)-(20), which, with the asymptotic behavior of the solution
taken account, take the form

:ng Ee)=Eo ,wta)=nq+(e)9E°=E(v,e=ar)} } ! (59)
\?%:"é +)\(ne)=-lo ) f‘o‘-‘)(ﬂﬁ:‘ﬁ),ﬂﬁ'@s,tﬁ £E70
. . i
w%.‘r%_:u%- o (1) =0 (E+ (G- Ouam-H0) | (60)
g dm, ;o (e (2 +)Qufods 2P ~Bo-b (61)

‘ 7, 49 {544

_ o e —— —— —_

where, in reducing vequations (18)-(20) to equations (60)-(6l), the
properties of equations (59) were used, and £ was a previously
assigned small numberr 7

- b 'JF‘—-‘E-()A S5
T= "T%e, ‘%LH‘ET: Cb1(ﬂ') .

It can be shown that, from symmetry requirements %%1 =0, H8=O
0=4
follows.
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Thus, the problem in the vicinity of the center was determined
in the general case, to within randmﬂbonstantsEo and Ag for the
selection of which, the involvment of some physical considerations
if required. By virtue of the continuity of the energy on the lines
of symmetry, we subsequently will assume that EO=Ea, AO=A6. As /23

analysis shows, system (59)-(6l) is solved numerically more simply
in order to obtain the values of the coefficients sought in ‘expres-
sions (55) from the numerical results. Therefore, here, we break
down interval [es, n] into N angular segments (w—as)/N, so that

8j=es+jA8. Then, by using the scheme of second order of approxi-

mation of equations (59), we obtain the difference stheme

’ tplﬂ (.Et'-u"EK-d."“a-ABE\!:aABEO g‘;"‘ 4,9, . H-4 ( 62)

7.

for the solution of which, in turn, we use the trial run method
[7] '

Ee=BxBraa vy, ¥=H4,.. O, (63)
where SR _UAREA DN g

Ty, T m—— k=
* 900 @ axa’ 280U

9 Qo=0; o= E——(r\es)

The solvability of (63), as is known, is connected with stability
of the trial rums, which always occurs with 6g&(x/2, =), $ince, in
this case, ¢k=¢(ek)<0, a, >0, k=L, 2, ..., N. Equation (59) is )
solved for A(x<e,9), by means of the same algorithm. After the
numerical values of Ek=E(rge, ek)’ Ak=h(r§e, Bk) are found, we
approximate them by series (55), and we then determinetthe values
of Ezg, AQV'

The asymptotic values of m,(r, 6) and H+(r, 9) are found in
a similar manner where relationships (54) are used as the boundary
conditions for equations ¢60)-(6l) at 6=0g and, with e=rn, fwom
the asymptote we have m+(r§a, T)=2, H+(r§a, m)=H8=0- Here,
in distinction“from equatdon €(59), vtogether with the requirement
for second order of approximation, an iteration scheme for solva-
bility of the differenceafialog of equations (60)-(61l) also should
be used.
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Thus, the solutions of equations (59)-(61): compléetely define

the problem in region LY in the vicinity of the center and are the

initial conditions for solution of system of equatioms (33)-(37).
Since the shape of the sufface of the shock wave front can change
with distance from the center, it is advisible further to deter-
mine the position .of the shock wave from the intersection of the
r+(0, Bo,e) and r7¢;0, 98’ 8) curves which, in turn, permits
determination of the flow in the total region L(0sr<e, 0E&[-w, 7m]1).

The algorithm reported above was programmed for a BESM-6
computer. The results of the calculations and discussion of them
will be published separately.

In conclusion, I thank G.S. Bisnovatyy-Kogan, who drew the
attention of the author to the characteristic features of the
problem, as well as to V.A. Ladygin, for discussion of some ques-

tions,
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