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I. INTRODUCTION
Mathematical modeling of various body functions is a relatively new

area of scientific endeavor, dating back only about thirty years. The
field of modeling of physiologic processes is interdisciplinary requir-
ing expertise from diverse disciplines for its success. By its very
nature, this type of modeling requires considerable pooling of knowledge
fr'om applied mathematics, chemistry and physiology. It is all too often
trie that experts in the area of physical science and experts in the area
of' 1ife science have little in common that permits them to contribute
meaningfully to the same research project. What is superficial or even
trivial for one group may be abstruse for the other. It is only through
a mutual understanding of the strengths and weaknesses of each group that
work in the area of physiological modeling can oear fruit.

This simple model of fluid and electrolyte balance in the human system
has been prepared in the hope that it will foster such mutual understanding
between those developing models and those ultimately using similar models.
The present model, a modification of a basic model1 of the subsystems
regulating fluid and electrolyte balance, allows one to follow the changes
in the body accompanying oral ingestion of water. This dynamic model is
able to gqualitatively predict the changes in twenty-three variables for
an average man after varied oral input loads., It is hoped that personnel
not familiar with models may learn by actual usage what to expect from

simple models and perhaps how to improve them.

IT. THE MODEL
The model for fluid and electrolyte balance is a modification of an

1
earlier developed model . This model is basically a three compartment

1

Superscript refers to Table of References at end of report.
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model, the three compartments being the plasma, interstitial fluid and
cellular fluid. Sodium, potassium, chloride and urea are the only

major solutes considered explicitly. The control of body water and
electrolyte distribution is affected via drinking and hormone levels.
Basically, the model follows the effect of various oral input water loads
on solute and water distribution throughout the body. Figure 1 gives a

flow diagram for the model.

Solute Distribution and Flow

The processes which govern water and solute flow between various com-
partments are diffusion, osmosis and ultrariltration?’3. The normal
osmolarity of the body fluid, Op, is taken to be 300 mosmols/1 and the
normal total body wator, V;, is taken as 4O 1. Initial amounts of solutes
present are (in rosmols):

Oga = 5200, Q¢ = 22k, Q9 = Sh2k, Qy = 200 and Qg = 952 where NA = sodium,
K = potassium, CL = chloride, U = urea, and S = other solutes. It is
assumed ihat initially the total solute is evenly distributed throughout
the body and that the amount of solute in the cells does not change with
time.

The solute loss rate through the feces, LF’ is assumed constant at
0.03 mosmols/min and similarly the solute loss rate from the lungs and
skin, LI’ is taken as constant at 0.1 mosmols/min. The gain rates of the
various solutes (from metabolism) are taken as constant and are (mosmoly/
min):

Agp = 0.206, Ag = 0.042h, Agp = 0,248, Ay = 0.376, and Ag = 0.0403. All
solutes are assumed to enter the system through the plasma and diffuse

into the interstitiai space. Tosses occur through the urine, feces, lungs

and skin.
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The material beclance equations for the total solute in the plasma and
interstitial spaces are (the cells are assumed to have a fixed quantity

of solute):

T T
d_ Qp = Ap - (1)
T ke Lp
and
- Qqsp = Algr - Lisp (2)

where Af and Lf represent total solute gain and loss rates from the rele-

vant compartments. These gain and loss rates are (mosmols/min):

AP = AISF Mg + Ag * Agp, * Ay *+ Ag, (3)

Lg = LiFF + Iy *+ Ly, (4)

Alsy = ATgps (5)
and

e * by * fag+ (6)

The diffusive gain rate of solute by the plasma from the interstitial

space, A%SF, is taken as zero. The diffusive loss of solute from the

plasma tc the interstitial space, L%sF, is given by the Fick's law result
I8F
L, = kg (Op = Opgp) (7)

where Oy represents the osmolar concentration of solutes in the plasma
or interstitial space. The gain rate of solute by the interstitial space
is taken to be the same as the loss rate of solute by the plasma to the

interstitial space, since the cells do not lose solute in this model. Thus

T _ I8P :
AISF_LP * (8)

Similarly the loss rate L?sr is assumed to be the same as the gain rate

ISP . 3 Pl Fren :
AP which is zero. Note that AP = 0.913 and LISF = 0.1 mosmols/min.

.‘
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The total urinary loss rate of solute is given by the sum of the loss
rates for the individual species considered. Thus

by =g *1x * 1, * 1y + 15 (9)
where 1y is the urinary loss rate of species !, The assumption is made
that 1g is constant

lg = 0.03 mosmols/1. (10)

Sodium and potassium loss rates are assumed to be controlled by the
aldosterone level in the plasma. An additional controlling factor for
sodium is the body level of sodium. Note that potassium level does not
influence potassium loss directly. It does have an indirect influence by

affecting aldosterone production. Hence

s
Iy =My Oy = My O, (11)
where Ml and My are constants and OgA is the osmolarity of sodium in the
body, O§A = EE&, and Oa is the aldosterone level (in the plasma). For
v

potassium loss

1y = M3 0y (12)
where M3 is constant. Loss of chloride is taken as passive loss caused
by charge balance

lop = 1 *+ ke (13)
Urea loss rate is assumed to depend on the osmolarity of urea in the body
and the urinary excretion rate of water. The relationship used is

1U=k1{l+k2(l-e'k3‘\g)}ou (14)
where Oy is the osmolarity of urea in the body, Oy = 31%, and Ap is the

urinary excretion rate of water (discussed in Section III).
Material balance is required for the individual solutes just as for

the total solute. The relevant equations are

'I
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a %t - (1 s 1) S, (15)
at O

dq(uAK-LK-ﬂ?*LI)QKr (16)
at QU

g %ou Aoy " Tor, il
f ) g )
and

f TRl g, (19)

where Q’I‘ is the total amount of solute in the body.

Water Distribution and Flow

Oral water ingestion is simulated via a two-compartment system which
delays the entrance of water into the plasma. The two compartments, the
stomach and intestines, are simply reservoirs from which water flows into

the plasma. Thus

V = - L
-d_s T kll Vs (20)
at
and
dv_ = -k \'
G kn vs 12 6 (21)
at

where V1 is the water volume in compartment i (S = stomach, G = gut) and

rI is the input flow rate of water. This input flow rate is due to saliva-
tion and drinking, with drinking occurring only once at time To. Saliva=-
tion is considered constant at 0.64 ml/min,

From the intestine water flows into the plasma. The assumption 1s

made that the red cell volume is constant. The plasma is in direct contact

- ]
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with the interstitial space and water flow may also occur because of

metabolism, urinary loss and fecal loss. The relevant flow equation is

18F

= LM _ I8P _ ,U_ P
;:E'P'r ©ohT NN Ll

where a:, represents a gain rate of water by the plasma from 1 and A::

represents a corresponding loss rate. The superscripts have the meanings:
G: gut, I8F: interstitial fluid, M: metabtolism, U: urine, F: feces. The
metabolic rate of volime gain is considered constant (1.0 ml/min) as is

the fecal loss rate (0.1 ml/min). The gain rate from the intestines is

G
@p = K5 V5 (23)

Water flow between the plasma and interstitial space 1s assumed to occur

by lymph flow and by filtration at the arterial end and reabsorption at
3

the venous end. The lymph flow rate is taken as constant, c? = 1.7 wl/min,

and the flow into the plasma from the interstitial space is thus

e T el vk _ (PP +g = ) (24)

P P "13 “IsSF 'V ®p  Figp
where k13 is constant, PISF is the hydrostatic pressure of the interstitial
space, FV is the venous capillary hydrostatic pressure, "P is the plasma

colloid osmotic pressure and "ISF is the interstitial space colloid osmotic
pressure. Similarly filtration is given by:
ISF
Ap =Xy (P, = Py + ey = ) (25)

where klh is assumed to equal k13 and PA is the arterial capillary hydro-

static pressure. PA is considered to vary linearly with the total blood

volume (red cell volume plus plasma volume)

P, =k__V (26)
A 15 B
where VB = VP + VR with VH’ the volume of the red cells, fixed at 2.0 1.
P =k V. (27)

£ie 3



Pigp 1s taken to be normally negative and is assumed to vary linearly

with the volume of the interstitial space

0 0

Prsr = Prap * %17 (Vigp = Vigp) (26)
where P, = -7 mm Heg and Vo = 12000 ml. The interstitial oncotic

I8F 15F

pressure, Wigp, is taken as constant (4.5 mm Hg), but the plasma oncotic
pressure, ®Wp, is assumed to depend linearly on the plasma protein concentra-
tion

" = X/Vp (29)
where X is related to the amount of plasma protein. X is initially taken
to be constant but whenever W, drops below 26 mu Hg (by VP increasing)

protein is produced at a fixed rate

2% = k8 (30)

until m, exceeds 26 mm Hg.
The urinary loss rate of water from the plasma, Ag, is assumed to
depend on the vasopressin (ADH) level in the plasma, Cppy (= Qapu/Vp),
and on the rate of solute excretion. The kidney ies assumed to have dif-
ferent responses to ADH levels depending on past experiences. A sensitivity

parameter Z is created with

d_2 =2,. (31)

R T (32)
>* kago + Capy
but if Zl ¢ 0 this rate increases to
k k
Ap,y ® e R W e ). (33)
20 ADH 20 CADH



The parameter Z, has a time-delay mechanism

Zy(t) = qupu(t) - ka3 z(t-1) (34) .
with r= 1 min. The total urinary loss rate of water is, taking solute
excretion into account

U _ U

Ap =Apy * koy Iy (35)
where Iy is given by Egn. (9).

For the interstitial space the analogue to Eqn. (22) is

P P ICF S :

I8 = e1gp— Agp- Mgk Msp (36)
where afﬁ. is the gain rate in interstitial _f'luid from the plasma, AEI, sF
is the corresponding loss rate to the plasma, A%g; is the osmotic flow

I

rate to the cells, and A is the insensible loss rate through the skin

ISF
1 ¥ =21
and lungs. AISF is taken as constant (0.5 ml/min), aien AP , and
*i@r = .ESF. The rate of volume flow due to osmotic flow to the cells
is given by Fick's law
ICF _ x
Asp © %25 (Orcy -Orgp) (37)

where 0y represents the total osmolarity of i in mosmols/1.

Aldosterone Production

Aldosterone is assumed to be produced via a renin, angiotensin, aldosterone
mechanism sensitive to blood volume and potassium level. All three of these
substances are considered to be produced by similar means. For aldosterone

the relevant expression is

E_QA=khSG_+k5?_K_-k6QA. (38)
dt Vp v

Qi represents the quantity of i (A = aldosterone, G = angiotensin, K =

potassium, R = renin). For angiotensin the rate equation is

d =k, @R - k s 3¢
d_t% kTT'F 8 9 (39)




For renin the production rate is taken as zero if the blood volume, V.,
exceeds 7000 ml. Otherwise

.g‘an-kg (Bl-vs)-kmqn (40)
where B, = 7000 ml.

Vasonressin ‘ADH} Production

The production of ADH is assumed to depend on the blood volume and
the plasma osmolarity. The time delay involved in ADH production is
simulated by requiring flow through five hypothetical states between
initiation of production and flow into the plasma. The rate equations for

these f'ive states are

g%_{ - K(Pm » Ql)n

42 = K (@) - Q) ,
dt

;téw(ee-%).
aQ, = K (@3 - Q) » (k1)
- Q,

and
dQADH = @, - kpg QapH
at

where

K = 8
T O

The initial production rate, Papy, has two components

b
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where p1 is the production rate due to blood volume and Po is the produce
tion rate due to plasma osmolarity. In both cases p; is taken as non-

negative. The form of py is

Py = Koy = Kog &) = kpg exp (k3o A,) (43)

The rate p, has the form
Pp = k33 + k3o A, = K33 exp (-ky, 8) (bk)
where

A, = Op = Op (09 1s the normal total body osmolarity).

IT11. NUMERI METHODS

Most of the equations of the preceding section are differential and
require approximation if a numerical solution is to be obtained. With the
exception of Eqns (20)and (21) which are solved exactly, all of the dif-
f'erential equations are solved by using Buler's method. This method has
severe limitations as to both accuracy and stability, but it is a very
gimple method to use and probably does not lead to serious error during
the meaningful time durations being examined by the model., The results,
however, should be interpreted qualitatively, not quantitatively.

The general form of the differential equations encountered in section
II is

d_y = r(t,y) (45)

dt
with some initial condition y(to) specified. Euler's method generates
y(tl) where tl = t, + h, with h being a fixed parameter called the step
size. The function y is assumed analytic in the vicinity of ty (y has a

Maclaurin expansion) so that

.‘
|
|
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¥y (t, +h) =y (t) +hy (to)+§2_r'(t.,)+.... (16)
and h is aspumed small enough sc that the terms beyond first order in h
may be neglected. This gives

y (to +h) =y (t,) + by (t,). (47)
The Eqn (45) is used to calculate y' (t,)

y' () = £ (o, ¥(t,) (48)
and this is used in Eqn (47) resulting in

y (tg +B) =y () + b £tos ¥ (%) (83)

This process is repeated until y(t) is generated for the t desired,
In this work h = 1 min. and the reported values of the y are at 10
minute intervals.

IN. THE US'. & .dE PROGRAM

A Fortran IV version of this model is listed in Appendix A. This
program simulates the changes in levels of the twenty-three quanti ties
listed in Table 1 when a person of average size consumes a quantity of water
after having no oral water intake for six hours.

The user of the program may select as many as nine of the twenty-three
quantities and have their levels printed out in column form at ten minute
increments after consumption of the water (sixty minute increments before
consumption).

The program is presently designed to uce cards as the input mechaniem
and printed page (132 columns) as the output mechanism. FEach data card
should have an integer right justified in card column 5. 'The integer in
the first data eard tells the quantity of water consumed (in milliliters),
The inteper in :olumn % of the second data card tells how many (from | to 9)
columns of information are requested. Then that number of data cards follows,

one for each column of information requested, arranged in the order in which

P‘

.
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the user wants the columns to be printed. Each of these remaining data
curds should have an integer from one to twenty-three right justified

to card column 5 together with any appropriate column heading (preferably
centered) in columns 10 thru 17 for the quantity which that integer repre-
sents, according to the list in Table 1.

The output will consist of a statement of the quantity of water con-
sumed followed by the column headings which the user selected (in the order
ir which the data cards are arranged) and the levels of these quantities
at ten minute increments after the water is consumed. The output may be
considered accurate to at most three significant figures in spite of the

fizures given.
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TABLE 1.

(¥ means blank space,)

Number
(Columns b & 5)

1

2

3

19
20

21

23

Sugpgested Headings
(Columne 10 thru 17)

BELLYpVP
FGUTEVED
PLASMABV
INTERSpV
CELLPFPV
TOTALPVP
UPML/MIN
PLAEMAPS
INTERSDS
ALLPSOLP

UPSFRATE

PPPADHPE
PRENINK B
ANGIOTEN
ALDOSTER
PRAPLOSS
PPREPLOSS
FPCLPLOSS
URFAPLOSS
PLASMAPO
INTERSPO
CELLFFPO
URINEPOP

2%

POSOTBLE OUTPUTS OBTAINABLE WIT{ THIS MODEL

Quantit,
(Uhitl{

Vol. of water in stomach (ML)

Vol. of water in intestines (ML)

Vol. of water in plasma (M)

Vol. of water in interstitial space (ML)
Vol. of water in cell fluid (ML)

Total water vol. in above 3 (ML)

Rate or production of urine (ML/MIN)

Total solute in plasma (m Osmols)

Total solute in interstitial space (m Osmols)

Total solute in plasma, interstitial space
and cells (m Osmols)

Rate of product’on of solutes in urine
(m Osmols/Min)

ADH

Renin

Angiotensin

Aldosterone

Sodium Loss Rate (m Osmols/Min)
Potassium Loss Rate (m Osmols/Min)
Chloride Loss Rate (m Osmols/Min)
Urea Loss Rate (m Osmols/Min)

Plasma Osmolarity (m Osmols/Liter
Interstitial Osmolarity (m Osmols/Liter)
Cell Fluid Osmolarity (m Osmols/Liter)

Urine Osmolarity (m Osmols/Liter)
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