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I. PURODUCTION

Mathematical modeling of various body functions is a relatively new

area of scientific endeavor, dating back only about thirty year:. The

field of modeling of physiologic processes is interdisciplinary requir-

ing expertise from diverse disciplines for its success. By its very

nature, this type of modeling requires considerable poolir4; of knowled,;e

from applied mathematics, chemistry and physiology. It is all too often

tree that experts in the area of physical science and experts in the area

of life science have little in common that permits them to contribute

meaningfully to the same research project. What is superficial or even

trivial for one ^;roup may be abstruse for the other. It is only through

a mutual understanding; of the strengths and weaknesses of each group that

work in the area of physiological modeling can oear fruit.

This simple model of fluid and electrolyte balance in the human system

has been prepared in the hope that it will foster such mutual understanding*

between those developing models and those ultimately using similar models.

The present model, a modification of a basic model 	 of the subsystems

regulating fluid and electrolyte balance, allows one to follow the changes

in the body accompanyini- oral inR^estion of water. This dynamic model is

able to qualitatively predict the changes in twenty-three variables for

an average man after varied oral input loads. It is hoped that personnel

not familiar with models may learn by actual usage what to expect from

simple models and perhaps how to improve them.

l7-. THE  MODEL

The model for fluid and electrolyte balance is a modification of an

1
earlier developed model 	 This model is basically a three compartment

1
;superscript refers to Table of References nt end of report.
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model, the three compartments being the plasma, interstitial fluid and

cellular fluid. Sodium, potassium, chloride and urea are the only

major solutes considered explicitly. The control of body water and

electrolyte distribution is affected via drinking and hormone levels.

Basically, the model follows the effect of various oral input water loads

on solute and water distribution throughout the body. Figure 1 gives a

flow diagram for the model.

Solute Distribution and Flog

The processes which govern water and solute flow between various com-

2,3
partments are diffusion, osmosis and ultrafiltration 	 The normal

osmolarity of the body fluid, OT, is taken to be 300 mo:mols/1 and the

normal total body water, VT, is taken as 40 1. Initial amounts of solute--

present are (in no mols):

C& = 5200, QK = 224,QCL = 5424, C4= 200 and QS = 952 where 14A = sodium,

K = potasoium, CL = chloride, U - urea. and S = other solutes. It is

assumed that initially the total solute is evenly distributed throughout

the body and that the amount of solute in the cells does not chanF^v with

time.

The solute loss rate through the feces, L l,. is assumed constant at

0.03 mosmols/min and similarly the solute loss rate from the lungs and

skin, LI , is taken as constant at 0.1 mosmols/min. The vain rates of the

various solutes (from metabolism) are taken as constant and are (mosmolL4

min):

ANA = 0.206. AK = 0.0424, ACL = 0.248, AU = 0.376, and AS = 0.0403. All

solutes are assumed to enter the system through the plasma and diffuse

into the interstitia;. space. Tosses occur tnrough the urine, feces, lungs

and skin.

,I

P ,
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The material. belance equations for the total solute in the plae,ma an,i

interstitial spaces are (the cells are assumed to have a fixed quantity

of solute):

d Qp=AP- Lp	 (])
It

and

T	 T

7
QISF - AISF - LISP

where Ai and Li represent total solute gain and loss rates from the rele-

vant; compartincr.ts. These train and lost; rate: are (mosmols/min):

Ap AISF	 + ANA + AK + AOL F AU + ASI (3)

LP = LP	 + LU + LF , (^i)

AT = AP (5)ISF ISF'

and

T	 P
LISF - LISF + L

I .

The diffusive train rate of solute by the plasma from the interstitial

space, AISF , is taken as zero. The diffusive loss of solute from the

plasma tc the interstitial space, L PSF , is gives by the Fick's law result

LPSF = k)5 (0P - 0ISF )	 (7)

where 01 represents the osmolar concentration of solutes in the plasma

or interstitial. space. The gain rate of solute by the interstitial space

is taken to be the same as the loss rate of solute by the plasma to the

interstitial space, since the cells do not lose solute in this model. Thus

AT	 _ ISF,	
(8)I S:

Similarly the loss rate LISF 
is assumed to be the same as the gain rate

AISF which is zero. Note that AT= 0.913 and LISF = 0.1 mosmols/min.

(2)

(6)
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The total urinary loss rate of solute is given by the stun of the loss

rates for the individual species considered. 	 Thu::

LU - 'NA +1- K + 'CL +lU+ ls (9)

where l i is the urinary loss rate of species ^.. 	 The assumption Is made

that 1S is constant

i s = 0.03 moSmols/l. (10)

Sodium and potassium loss, rates are assumed to be controlled by the

a.ldosterone level in the plasma.	 An additional controlling factor for

sodium is the body level of sodium.	 Note that potassium level does not

influence potassium loss; directly. 	 It does have an indirect influence by

affecting, aldosterone production. 	 hence

I T M1	
ONA - M

2 OA (11)

where M^ and M2 are constants and ONA is the osmolarity of sodium in the

body, ONA = QNA, and OA is the aldosterone level (in the plasma). For

VT
potass ium loss

1K = M3 OA (12)

where M3 is constant.	 Loss of chloride is taken as passive loss caused

by charge balance

1CL = 1 NA + 1 K . (13)

Urea loss rate is assumed to depend on the osmolarity of urea in the body

and the urinary excretion rate of water. 	 The relationship used is
U

lU = k l	1 + k2 (1 - e-k 3 AU) OU

))

(14)

OU is the	 _	 and	 Pof urea in the body, is thewhere	 osmolarity	 ^^	 ,
T

urinary excretion rate of water (discussed in Section III).

Material balance is required for the individual solutes just a	 for

the total solute.	 The relevant equations are



d 'NA	 A NA - I NA - (T, - I,I ) 'NA ,	
(15)

dt	
QT

L
1

d QK - AK - 1K - (LF ' T I ) QK ,
	 (16)

at

at Qt'L ACL	 1CL'
(17)

at j AU - I  - (IF + I,) QU ,	 (18)

QT

and

d Q^; AS - I  - (L, + I'l ) QS	 (19 )at
QT

where Cyr is the total amount of solute in the body.

Water Distrihutij : and Flow

Oral water ingestion is simulated via a two-compartment system which

delays the entrance of water into the plasma. The two compartments, the

stomach and intestines, are simply reservoirs from which water flows into

the plasma. Thus

dVS r7	kll VS
(20)

dt

and

dVG k11 VS - k12 VG	
(21)

dt

where V
i 
is the water volume in compartment i (S = stomach, G = gut) and

r  is the input flow rate of water. This input flow rate is due to saliva-

tion and drinking, with drinking occurring only once at time T 0 . Saliva-

tion is considered constant at 0.64 ml/min.

From the intestine water flows into the plasma. The assumption is

made that the red cell volume is constant. The plasma is in direct contact
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with the interstitial space and wnter flow may also occur beenune of

metabolism, urinary loss and fecal loss. The relevant flow equation is

d V _ a  , aT .^F , a M - 11I SF' _ ill _ ^F
P	 1'	 F	 P	 P	 P	 P

dt

where a represents a gain rate of water by the plasma from i and 71 P

represents a corresponding loss rate. The superscripts hrive the meanings:

G: gut, ISF: interstitial fluid, M: metabolism, 0: urine, F: feces. The

metabolic rate of volume gain is considered constant (1.0 ml/min) as is

the fecal loss rate (0.1 ml/min). The gain rate from the intestines is

G
aP-k12V0

Water flow between the plasma and interstitial space is assumed to occur

by lymph flow and by filtration at the arterial end and reabsorption at

the venous end. 3 The lymph flow rate is taken as constant, a  = 1.7 ml/min,

and the flow into the plasma from the interstitial space is thus

ISF	 L 	 S	 np - 
aISF ) 	(2 )a p	 = a P	

k 

13 
(P 

.,F	 PV i
	 1+

where k13 is con•starit, 
ISF 

is the hydrostatic pressure of the interstitial

space, PV is the venous capillary hydrostatic pressure, 
N  

is the plasma

colloid osmotic pressure and aISF, is the interstitial space colloid osmotic

pressure. Similarly filtration is given by:

ISF = k
	 (P - P	 + "	 - n )	 (25)

P	 11.a	 ISF	 ISF	 I'

where k14 is assumed to equal k13 and A is the arterial capillary hydro-

static pressure. PA is considered to vary linearly with the total blood

volume (red cell volume plus plasma volume)

PA	k15 
V 
	 (26)

where V  _ VP + V  with VB, the volume of the red cells, fixed at 2.0 1.

PV
 = k16 V

A .	 (27)

122)

(23)



PISF is taken to be normally negative and is assumed to vary linearly

with the volume of the interstitial spac-

PISF =PISF + kl7 (vISF - VISF ) 	(28)

where PISF' - l run Hg and vISF - 12000 ml. The interstitial oncotic

pressure, n1SF, is taken as constant (4.5 mm Hg), but the plasma oncotic

pressure, Np, is as sumed to depend linearly on the plasma protein concentra-

tion

n ' , = X/VP
	

(29)

where X is related to the amount of plasma protein. X is initially taken

to be constant but whenever Ap drops below 26 nni Hg (by V P increaaira,)

protein is produced at a fixed rate

(IX _ k 1
c.l t

	 (30)

until Irp exceeds 26 mm lig.

The urinary loss rate of water from the plasma, Ap, is assumed to

depend on the va-^opressin (ADI1) level in the plasma, CAD,, (= QADII/VP),

and on the rate of solute excretion. The kidney it assumed to have dif-

ferent responses to ADH levels depending on past experiences. A :sensitivity

parameter Z is created with

d Z = Zl.	 (31)
dt

If Z1 >0, the urine flow rates of water due to ADH effect is

AU 	 =	 k]0	 (32)
1 ' 1	 k20 + CADli

but if Z 1 ^_ 0 this rate increases to

AU	
=k11)	

1
Z	

(k 21 +	 k?2	 )'	 (33)P,1	
k20 + rADH	 k20 + CADH

6



The parameter Z 1 has a time-delay mechanism

Zl (t) = QAD11(t) - k^ 3 Z( t-*)	 (34)	 `
r

with r = 1 min. The total urinary loss, rate of water is, taking solute

excretion into account

UUAP=^1P'1+kALU

where LU is given by Eqn. (9).

For the interstitial space the analogue to Eqn. (22) is

P	 P	 ICY	 I	
(36)dVISF	 a ISP — ^ISF - ^ISF' ^ISF

It

where a Lam; is the Fain rate in interstitial .fluid from the plasma, AP
ISF

Is the correspondin g+ loss rate to the plasma, AISF is the osmotic flow

rate to the cells, 
and^ISF 

I s the insensible loss rate through the skin

and lungs. 
AISF 

is taken as constant (0.5 ml/min), aI SF = A Ps F , and

P	 aISF. The rate of volume flow die to osmotic flow to the cells
ISF	 P
:, riven by Fick's law

,kISF	
it
	 (OICF -OISF)	 (37)

where 01 represento the total osmolarity of i in mosmols/l.

Aldosterone Production

Aldosterone is u:c:cumecl to be produced via a renin, angiotensin, alfiusterone

mechanism sensitive to blood volume and potassiiun level. All three of these

substances are considered to be produced by similar means. For aldosterone

the relevant expression is

d QA = k4 2 + k,, QK - k6 QA.
lit	 VP	 VT

Q1 represents the quantity of i (A = aldosterone, G - angiotensin, K =

potassium, R - renin). For angiotensin the rate equation Is

d QG _ k7 QR - k8 QG.	 (39)
dt 	 VP

9

(35)

(38)
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F , ,r renin the production rate is taken as zero if the blood volume, Vl3,

exceeds 7000 ml. Otherwise

dQR - k
9 (P 1 - V ii ) - k10 QR 	(1+'^^

where B1 = 7000 Na.

Vanoprersin (AD11) Production

The production of ADH is assiu=ed to depend on the blood volume and

the pla:: ►nn osmolarity. The time delay involved in ADH production is

;simulated by requiring flow thn)u+;h five hypothetical state.- between

Initiation of production and flow into the pla::ma. The rate equations for

these five States are

`iQl - K(PAD11
(it

dQ_ - K (Q1
(it

dQ3 = K (Q21 - Q3)

11

dQj+ = K (Q3 - Q)+ )	 (^+ )

and

11QADH _ Q4 - k26 QADH
It

where

K=	 8
100 + CAD11

with 
C An}1 = QAD11/Vp

The initial production rate, PADH, has two components

PADH = i'l + P2	 (42)
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where p  is the production rate due to blood volume and p 2 is the produce

tion rate due to plasma osmolarity. In both casen p i is taken as non-

negative. The form of p 1 is

p1	 k27 - k  S l - k29 exp (k ip A 1 }	 (43)

where	
o

Vp - V1,
A 1	

VD

The rate p2 has the form

P2 = k31 + k32 0 2 - ki ; exl; (-k i l+ ^7)	 (1+1+)

where

S? Op - OT
0
 (0►0 is the normal total body osmolarity).

X11. NUMERICAL METHODS

Most of the equations of the preceding section are differential and

require approximation if a numerical solution is to be obtained. With the

exception of Eqns (20)and (21) which are solved exactly, all of the dif-

ferential equations are solved by using; Ruler': method. This method has

vevere limitations as to both accuracy and stability, but it is a very

^implc method to u.-,e and probably does not lead to serious error during

the meaningful time duration:, being, examined by the model. The re.,ults,

hi)wever, should be interpreted qualitatively, not quantitatively.

The general. form of the differential equations encountered in section

II is

L y = f(t,y)
dt

with some initial condition y(t o ) specified. Euler's method generates

y(t l ) where t l ; to + h, with h being a fixed parameter called the step

size. The Auiction y is assumed analytic in the vicinity of to (y has a

Maclaurin expansion) so that

(4,))
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.y (to + I► ) - y (to ) + h y' ( to ) + h2 y„ ( to ) + ....	 (t+E^)
2

and h is asoumed small cruAi •,h so that the terms beyond first order in h

may be ne+,lecte(i. This gives

Y ( tu + 0 - ,v (to) + h y' ( to ).	 (4'1)

The Eqn ( 4 1 ,) is used to ea ies , l ate y' (to)

Y' ( t o ) - f ( to . y( to )l	 (4p)

wri this is used` in Eqn ()+'!) rerultinc, in

y ( to + h) = y ( tb ) + h f (c)O Y ( t c,,)).	 (41))

This process is repeated until y(t) is eenerated for the t desired.

In this Work h 1 min. and the reported valuer of the y are at 10

minute intervals.

1N. TILE US'. 4 l rfF PRCX RAM

A Fortrmn IV ver:;i^,n of this model is listed in Appendix A. This

program simulates the chaz4 es in levels of the twenty-thr ee gs,anti ties

listed in Table 1 when it per: on 1' avera f ,e :size cons,unes a quw:tity of water

after havin,, no oral water intake for six hours.

The user of the pro +,ram may select ars matey as nine of the twenty-three

quantities and have their levels printed out in column Form at ten minute

incrcment.r; after consumption of the water (sixty minute increment: before

consmnption).

The program is presently designed to i..'e cards as the input mtel ►anicm

and printed page (132 columns) as the output mechanism. Each data card

should have an inte:,er right ,justified in card column 5. The i r►tof7er in

th^ r'i rst drtta -a- I to I 1 s the qu ►anti ty of water (-onzumed (i n :!A 1 : i ; ltcrs) .

Tho inter er in -column ') of the second inta oar-M tolls, how many (frorn I to 9)

'nlq —	d' information are requested. Then that niwibor o1' data earns fellows,

one for each column of information requested, arranged in the order in which
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A^

tae user wants the columns to be printed. Each of these remaining data

cards should have an integer from one to twenty-three right ,justified

to card column 5 together with any appropriate column heading (preferably

centered) in columns 10 thru 17 for the quantity whif-h that integer repre-

cents, according to the list in Table 1.

The output will consist of a statement of the q%anLity of water con-

sumed followed by the coltunn headings which the user selected (in the order

ir. which the Bats cards are arranged) and the levels of these quantities

at ten minute increments after the water is consumed. The output may be

considered accurate to at most three significant figures in spite of the

fi. ,ures given.



REFERENCES

1. The basic model was constructed by Thomas G. Cleaver of the University

of Louisville.

2. P. l!. Abbrecht, Compartments and f ^i)dy Fluids, Biomed. E:nL7g. XX:161,

1971.

3. C. A. Widerhielm, Dynamics of Iran.caps Mary Fluid Exchange, Journal

Gen. Physiol. 52:29s, 1968.

:b



E	

^

15	 4 +

API'MD( A

A Fortran IV Version of a Model which Simulates Fluid
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TABLE 1 . POS. I NLE O(fP IMS OPTAINAtsLE WIT i T 1I£ MO^DU

(>F meant; b1 ruik : Dace. )

Number 3ugger.ted lietuiirw,n Quantity
(Coltmut^	 1 + 	 & `,) (Columns 10 thru 1't) (Units)

1 la"urvo Vol. of water in stomach (MI)

2 ^, *,(Mvp Vol.	 of water in intestines (ML)

3 PLASMAnV Vol.	 of water in P 1 urmu. (M).)

4 INTFNS1W Vol.	 of water in Interstitial	 apace (ML)

5 ChLLPFhV Vol.	 of water in cell	 fluid	 (ML)

6 TOTALpVp TOW water vol. In above 3 (ML)

7 LIPML/MIN Rate or production of urine (ML,,MI14)

6 PLASMAPO Total. solute In pl arma (m Csmol s )

,t INrER40 T,,tal solute in interstitial 	 space (m Osmol:,)

10 ALLPSOLP Total solute In plammn,	 inter•.Lltial	 srace
and Cells (m Osmol s)

11 UpS^RATE Rate of pr% 1duct:on of solutes in urine
(m Osmols/Min)

12 OPOADJrpO Anli

13 ►^REN INOO Hen i n

1), ANO	 PE'lN Ant,, i otens !it

15 ALDOSTM A I dost.erone

10 pNAPLOSS Sodium	 Rate (m o:,mols/Min)

1'j OPKOUYSS Potansittm Lost, Rate (m ()smols/Min)

18 WLOLOSS Chloride Last; Rate (m Osmol s/Min )

19 UREA^LOSS Urea Less Rate (m Or;mol s/Min)

20 PLASMA00 Plasma Osmo1arit,y (tit OsmoIs/Liter

21 TMI'ERSOO Interstitial Osmolarity (m Osmois/Liter)

22 CELL) FPO Cell	 Fluid Osmi d ar i ty (m Osmo l :; /L i for )

23 11RIN1000 Urine Osrnolarity (r r, Oamols/Liter)

P•
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