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PROGRAM DESCRIPTION GUIDE

IDENTTFICATTION

Program Ngme -~ Ordinary Differential Equation Solver - HMS

.Author : - H. Bloate, G.E. Co,, Electronics Laboratory
Syracuse, N, Y.

Source Reference - An Implicit Formula for the Integration ofi

S8tiff Network Equations, TIS No. R70ELS-2,
January 1970.

Programmey éontact

H

V. J. Marks, CE/MSC, Houston

Date of Tssue - May 1, 1973

GENERAL DESCRIPTION

The program is designed to provide numerical solution to systems of
linear and nonlinear first-order ordinary differential equations.
The program conbtains a new integration algorithm for the solution
of initial value problems and is parbicularly efficient for solving
differential equations having a wide range of eigenvalues. For the
classical methods, the integration step size is limited more by
stability considerations than by accuracy. The new implicit fourth-
order linear multistep method based on Gear's formula utilized in
this program does not become numerically unstable as the time sgtep
s8izé becomes large. Sinece the integration formula is a multistep
method, it must be started by some other means. Gill's fourth-order
Runge Kntta method is nsed to calculate the three points in addition
to the initial conditions needed to start the multistep process.
After the starting procedure is carried out and an acceptable time
step size found, the step size is gtill kept small enough for accuracy.

*If it is too large, it is halved. If it is too small, it can cause

excessive running times and an appropriate test is performed to detect
this event and the step size 1s doubled.

- USAGE, AND RESTRICTICNS

Machine and Compiler Reguired - UNIVAC 1108 and FORTRAN

Peripheral Bguipment Required - Card Reader; Line Printer

Approximate Amount of Memory -~ 6,027 C%?
Reguired G Q’%
R0 X
% A
0 5
N



D. PARTICULAR DEECRIPTION

Consider the system of first~order differential equations given in (1);
'2 :‘fl ({X: t), rg(o) ""30 (1)

The function f may be a non-linear, time-varying function of y and hence
it may be difficult or impossible to find an analytic solution to eq. (1) if a solu~
tion exists. If one does exist, the above system of equations may be integrated
point by point in time to obtain an approximation to the solution of eq. (1}, ,Z(t)-

There are many formulas used for the integration of ordinary differential
equations. Some are designed to integrate differential equations of high order

‘while others are used for a system of first-order differential equations such
as (1).

The form given in eq. (1) is general because differential equations of any
order can be rewritten as systems of first-order equations. Thus it is of
interest to examine integration formulas which can be used to solve eq. {1).

Classical integration techniques include the linear multi-step methods,
the predictor-corrector methods, 2 and the Runge Kutta methods. 3 One might
ask why new methods are being invented when we have such a repertoire of
existing methods at our disposal. The following discussion will point out the
shortcoming common to all classical methods.

1. STIFF DIFFERENTIAL EQUATIONS

A stiff set of linear ordinary differential equations is defined as one which
has very large and very small eigenvalues, The term stiff prebably comes
from structural engineering where stiff members gave rise to large eigenvalues
in the differential equation formulation.

When numerically integrating stiff differential equations, one encounters
two conflicting requirements: a) the time step size must be large to reduce the
number of steps taken and consequently the labor required to obtain the solu-
tion,and b) the time step must be small to prevent the integration algorithm
from becoming numerically unstable, Stiff differential equations aggravate
the above conflict because the maximum allowable time step for numerical
stability is inversely proportional to the largest eigenvalue. Many time steps
must be taken (o display the solution associated with the small eigenvalues of
the systemn. The combination of small step size and long running time causes
the solution to be calculated at a great many points.

To see how a numerical integration formula can become unstable let us
use Euler's forward integration tormula given in eq. (2)'to solve the linear
first-order differential equation in eq. (3).

yn+1 R hyn (2)

v -2y, yO -y, L ®



Substituting eq. (3) into (2) and solving we obtain the recursion relationship:
V1= (- Ay, (4)

The solution to eq. (4) is

VL
y =(1-xm"y (5)

L

For the sequence [Yn ] to be bounded it follows that:

|1-an] <1

0<Ah<2

oshs,i. (6)

That is, if the numerical solution is to have the same property as the actual

solution to eq. (3) (i. e., boundedness) then there is an upper limit on h which
is inversely proportional to the largest eigenvalue in the sysfem of equations
being integrated. This 1s generally true of all classicalintegration formulas.

9. IMPLICIT INTEGRATION FORMULAS

Much research has been done in recent years to circumvent the numerical
instability problem., One approach is to examine the eguations being integrated
and to modify them to delete the troublesome eigenvalues. 4, 5 However, this

may be time consuming and not completely general, Another approach is fo use
a non-linear integration formula which uses exponentials rather than polynomials
to fit the functions being integrated. 8 This type of formula has excellent stabi-
lity properties and is exact for linear systems {(no truncation error), However,
the Jacobian of the system of differential equations must be calculated and the
exponential matrix generated. Here we have solved th2 numerical instability
problem but have replaced it with a great deal of compatation per time step.

A tradeoff hetween stability and computation per time .step can be made by

using the convergence properties of the exponential power series as 1s done in
the CIRCUS” network analysis program,

Liacking a complete solution to the problem,let us 1urn our attention to linear
multi-step integration formulas of the form:
k-1 k-1
. \ .
Vel & @y i+h L 4y (7
i=0 i=~1

The «'s and ;3'5 may be determined by requiring that the formula be exact
up to a certain order, p, if the function, y(t), being integrated is a polynomial
in time of order p or less, If there are more @'s and 1's than necessary to
make the formula exact up to and including order p,then the remaining arbi- -
trary o's and 3's may be chosen to optimize other properties of the integration
formula. ’ :

If3_q # 0 the integration formula is said to be an implicit formula because
the unknown, y ;» appears on both sides of the equation. These equations
have the same £6rm as the corrector formulas in the predictor-corrector
method. If 3 .1 = 0 the integration formuki s an explicit formula, similar to
the predictor formulas in the predictor-corrector method.



The mplicit equations can have numerical Stabili%y for the time step s1z.¢,
h, arbitrarily ldrge, as the foilowing example shows, © Consider Euler's back-
ward formula which is an implicit formula of order one and step number k = 1,

yn+1 = yn * hyn+1 (8)
If we use eq. (8) to solve eq. (3) we obtain the difference equation:
-1 -
Voo = (L+ah) "y (9)
The solution to eq. (9) is
-n
Vo= (L+an) "y, (10)

If Re[ A |20, then [y ] is a bounded sequence for all h20. Thus there is no
upper limit on time sPep size due to numerical instability problems, Here is
one formula, at least, which has the desired numerical stability properties,

The question arises as to whether there are more formulas with the above
stability properties, Before answering this question let us present the concept
of A-stability, 9 Ak step methud is called A-stable if all solutions of eq. (")
tend to zero, as n-»¢:, when the method is applied with fixed positive h to eq. (3)
where A is a complex constant with positive real part. A-stability requires
that if the solution to the differential equationis stable then the corresponding
solution to the difference equation be stable also. The example given in eq. (8)
is an A-—sgable method, Unfortunately there are not too many more of them.
Dahlgquist® proved two theorems important to our discussion:

Th. 1, An explicit linear multistep method cannct be A-stable,

Th. 2, The order, p, of an A-stable linear multistep method cannot
exceed 2.

Theorem 2 indicates that if we require A-stability we will be able to use only
formulas of low order and hence iimited accuracy. If the restriction of A-stability

is removed, we can find high-order formulas with acceptable numerical stability
properties.,

In Appendix 1 it is shown that if we want an integration formula which remains
stable as h—+«, we must use an implicit formula and its maximum order cannot

exceed its step number k. Such an integration formula will not be A-stable, how-
ever, if p>2,

3. INTEGRATION FORMULA SELECTION

Ash —>w it would be good to have the roots of the integration formula tend
to zero so that the unimportant large eigenvalue modes of a system of differential
equations would rapidly die out as the time step size is increased. This is the
approach taken by Gear 10 i obtaining implicit integration formulas of order 2
through 6. In eq.(7) there are 2k+1 arbitrary constants. If :it{kth order fit is

required. k+1 of the constants are fixed, If the k roots of * ‘Bi ¢': 0are

—d
all to be zero, the remaining k constants of eq. (7) are fixodla—nfs) the 1ntegration
formula is unique. The formulas of order 2 through 8§ are given in Appendix II.
Generally speaking 1t is desirable L0 use as high an order formula as possible
ta achieve greater accuracy. The higher order formulas have the disadvantage
m that more past values must be stored and more manipulation 15 required when



the step size is halved or doubled. A fourth-order formula was chosen for
integrating the systems of differential equations as a compromise between
accuracy and complexity. It is different irom Gear's fourth-order formula

in that its coefficients were selected to achieve a compromise between trunca-
tion error and roots close to zero as h—+ . This wafodg?e by minimizing a
performance index using the Fletcher Powell method, ™ The performance
index was a weighted sum of the truncation error given in eq. (12) and the square
of the sum of the squares of the roots of eq.(7) as h—» 0.

4. TRUNCATION ERROR

The truncation error of the integration formula in eq. (7) is due to the fact
that the formula has only a finite number of terms. This error would be present
even :f there were no roundoff errors in the computer due to using numbers with
a finile number of bats, ?n expression for the truncation error can be obtained
by integration by parts. 1 (See Ap?enii)ix II1.) It is given by

n+1jh

_Y(k+l)(N)
T, =g G(s)ds (11)
{n-k+1)h
where G(s) is called the influence function and is of the same sign over the
interval from (n+1-k}h to (n+1)h. The k+1 th derivative is evaluated at N which
is somewhere in the interval from (n-k+1)h to (n+1)h. If G(s) changes sign over

the interval, the First Mean Value Theorem12 which was used in obtaining eq, (11)
does not apply and an estimate of the error can be obtained f{rom:;

{n+1}h
] | (x+1) (N)l

n !

‘ G(S)' ds (12)
(n-k+1}h

Equations (11) and (12) were used to obtain the truncation error of the inte-
gration formulas studied.

T

If G(s) is of the same sign over the interval and eq.(11) applies, an alternate
shorter method can be used to compute Tn. Assume the error is given by

E
T =g h
n (keI)I
Assume Y(t) = t ¥*1 and substitute into eq. (7). Since eq. (11a) is the error in
eq. (7) Ey can be evaluated. This is the standard way to find error terms in
quadrature formulas. Note, however, that it is valid only if G{s8) is of the same

sign over the interval covered by the integration formula. (See Appendix III
for an example of the procedure for calculating Ex.)

5. STABILITY BOUNDARIES

Let y= qy. The roots of the difference equation given in eq. (7) are the
zeros of

k+1 . (k+1) (N) (112)

k-1
v e, v ahy)
i--1 -

S NP (13)



Sulving for gh gives

qh =~y | (14)

If there is some value of gh which causes § to have unit magnitude, then.
we can let { = ¢2¢ and let ¢ vary from 0 to 7. This will map the corresponding
stability boundary in the gh plane. If the stability boundary lies wholly in the
plane RE{gh] 2.0, then the integration formula being considered will be A-stable.
If not, then thcre are some values of gh in the plane Re{gh]<0 for which the
robts are not less than one in magnitude and by definition the method is not
A-stable.

6, COMPARISON OF TWO FOURTH-ORDER FORMULAS

Gear's fourth-order formula has a truncation error given by:

IT‘ 2. 304 15 (5( )l ' (15)

The truncation error of the optimized fourth-order formula given in
Appendix 0 is:

lT 1 1, 932 nd (5( )l (16)

These expressions can be obtained by integrating che influence functions shown
in Figure 1. See Appendix Il.

The stability boundaries in the gh plane of are shmm in Figures 2 and 3.
Both methods are A{a ) stable in the sense of Widlund, Gear's method has
an ¢ = 72 degrees, The optimized method has an @ =63 degrees. It can be
seen that there is a trade-off between truncation error and the size of the
stability sector in the gh plane. The optimized formula is more accurate than
Gear's method hut its stability sector is smaller.

7 . SOLUTION OF THE IMPLICIT EQUATION

The mfegratlon formula given in eq.(7) is 1mp11t:1t if B, # 0. Since the
unknown, 1> appears on both sides of the equal sign, the equation will have
to be solvedn 1terat1vely One approach which is used in the predictor-corrector
methods is the method of successive substitution {(Picard's Method). The Kt

estimate of y is used on the right side of eq. (7} to evaluate Yns1r and this is
used to evaluz‘fte the k+1 th estimate of ¥oet
k-1
gk} v (k) . :
Vel | b Vsl * 2.: (ai Yn-i ¥ hﬁi yn—i) (17

i. 0
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Figure 1. Influence Function for Two Fourth
Order Formulas
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Figure 2. Stability Region for Gear's Formula



/
av0 l.§84
Gl < 1.017
a, - 0.529
@y - 0.09678 UNSTABLE
B_y - 0.4539
BO - 0,235
BI 0.0568
By - 0.00567 L _
113 = 8.000201 ‘
2 4 6 8 10 i2 4 6
-4

OPTIMIZED FORMULA STABILITY REGION
IN QH PLANE |[G(s) ds| = 1.932 h”

\___,-"'5

Figure 3. Stability Region for Optimized Formula

To see if this can be of use let us examine the linear case ¥ = qy. Letting
k-1
K= Y rxi Ypoi * hBi yn—i

)
i=0
because K does not change during the iteration, we find that eq. {17) is of the
form:

(k+1) (k)
yl"H-]. = hﬁ_lq Ym_l + K (18)



(0)

i ¥ el is the initial guess for Y a1’ the solution to eq. (18) is:
y (k) ky (o) . 1-(gn)*
n+l (gh) nel T I “gh K (19) N

This is a divergent sequence if |ghf >1. This is the same restriction we
were trying to avoid by using implicit methods in the first place. It can be
shown that this restriction holds for systems of equations and nonlinear equa-
tions as well,

The Newton Raphson method can be used to scolve implicit equations such as

eq. (7). It does not limit the size of qh 1f eq. (7) is applied to systems of equd-
tions such as:

Q (yn+1) In+1l” P -1 ~n+1

- Z (& Ypei T B Tp o) (20)
i=0

it can be seen that Q (}' ) will be zero af the solutiop. If Q is expanded in
a Taylor series and only the first term is kept, we have

- (k) .
9 (yn+1 é'.gn+1) N %(yn-l-l) *3 A¥nel
Solving eq. (21) for by . gives

531" 9.- (Yn+1) (22)
where J is the Jaccbian of Q The Jacobian can be foind from eq. (20) and is
=L-B_4hA (23)

where A is given by
o1, .
[ fl:l yl = fl
a . y .
Yo=1q
" If the differential equations being integrated are linear, the matrix A does
not change during the problem and needs to be calculated only once. For very
nonlinear equations A may change rapidly and a new Jacobian may have to be
calculated at each time step. In practice, however, a new Jacobian is not cal-
culated this often. If the number of iterations required for the Newton method
to-converge exceeds a certain number, the Jacobian is recalculated using differ-
ence techniques, it is inverted, and a new Ay, 1 is found. If the number of
iterations per step does not exceed the limit, the inverse Jacobian {rom the

previous step is used. In this manner ('onc_;lderable time is saved which would
be used in evaluating the derivatives v, +1.



Ift after calculating a new Jacobian the Newton method still fails to converge,
the step size’h is halved and eq. {7) is applied once more. ¥ after h has been
halved a certain number of times there is still no convergence, the simulation is
terminated and an error message printed out.

If the system of differential equations being integrated is very stiff and the
transient has died out, gh>>1 for zll the eigenvalues of the system.
1 -1

R | :
[1- 8 (WAl g AT (24)
-1 g h

Equation (24) shows that inverting the Jacobian is almost the same as inverting
A which has extreme ranges in eigenvalues. Due to roundoff in the computer,

A seems nearly singular and gives very inaccurate results when it is inverted.
An iterative scheme to correct the elements of the inverse matrix has been used
to overcome the problem. 14 It greatly reduces the number of iterations used
for convergence of Newton's method in some cases.

8. SIMULATION PROGRAM ORGANIZATION AND LOGIC

g. OStarting Procedure

Since the integration formula in egq. (7) is a multistep method it must
be started by some other means. Gill's1? fourth-order Runge Kutta method was
chosen to calculate the three points in addition to the initial conditions needed
to start the multistep method., Two more points are calculated using the multi-
step method and these six points are used to approximate the fifth derivative of
y{t) by difference techniques. From this the truncation error is calculated and
the accuracy test is made to determine if the time step size is too large. H it
is, the step size is reduced by a factor of ten and the starting procedure is re-
initialized. The error test is:

T, <@ +| ym]l ) * ELIM " (25)

If this inequality is satisfied, the time step size is acceptable. ELIM
is data input by the user. If y(t) is an extremely large number, roundoff error
in the computer will keep T, from being less than ELIM. The 'ym—l,! term is
included to prevent the occurrence of this situation.

b. Time Step Size Control

After the starting procedure has been successfully carried out and an
acceptable time step size, h, found, eq. (25} is still used to keep h small enough
for accuracy. If it is too large, it is halved. If it is too small, it can cause
excessive running times. Hence the test in eq. (26) is made.

T | <+ yn+1| ) * ELIM/40. (26)

If this inequality is satisfied,the step size is goubled. The facior of
40. was chosen because the error is proportional to h”. Doubling h multiplies
the truncation error by 32 if y’(;) remains constant. The factor of 40 was chosen
so that eq. (25) would still be satisfied after h was doubled.

10



Since six points are necessary to calculate the fifth derivative, it is
necessary to have five accurate past points before y, 1 is calculated. Before
doubling h,eight past values of y(t) are required so that there will be five past
values of y(t) when yp.1 is calculated on the next step. (See Figure 4.) The
step-size doubling is inhibited until eight past points ‘have been calculated,

If yn+1 is calculated and the truncation error is too large, the step size
is halved. (See Figure 4.} yp.1 and y,_3 are found by interpolation. yp.q and
y__o are calculated from these values using the state equatwns The old ¥n-1,
¥n- ? are placed in yy. 2, Yn- 2. The old yp.9, ynﬁg are placed in yq_4,. yn_4
A new yn+1 1s calculated from the integration formula. If the truncation error
is st1ll too large,the step size is halved again and the process repeated.

" n-4 n-3 n-2 n-1 n n+1
X X 3 X X X next step
double step size
X X x X X X XX X

n-7 n-6 n-% n-4 n-3 n-2 n-1 n n+1

DOUBLING THE STEP SIZE

n-4 n-3 n-2 n-1 n n+l
| X LS X X X inaccurate
point

$ halve step size

) X X X
n-4 n-3 n-2 n-1 n

»

HALVING THE STEP S1ZE

Figure 4. Logic for Changing Step Size

c¢. The Newton Iteration

The Newton Raphqg method 15 used to drive Q to zero. An initial
estimate of the solution, yn+1, is calculated by extrapolatlon us:r}g the five
previous points which have been stored. Using this estimate g 15 calculated
and Aym] is calculated.

(k+1) (k)

an+l 'Enﬂ TI*AYH«I (27)
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The new value ofrg +1 is computed usmg eq.(27) with TI = 1. Q(l) is

1
evaluated and if g( )T (1) <QLIT a new Ay, ,1is calculated and the process

is repeated. If not, Tfis decreased by a factor of 10 and eq. (27) is applied again
with the same &yn+l. This process is repeated up to NDEX times. If there is
still no success, a new Jacobian is calculated and a new Ay 1 is used in eq. (27).
If there is no success even then, h is halved and the wholé procedure is tried
again. h can be halved up to NHLIM times. If no success is obtained, an error
message is printed and the program terminated.

New Ayn+1 values are checked in the inequality
|Ay1 <(SC +|y|) * xNLIM N (28)

If eq. (28)is satisfied for all the state variables, the iteration has been
completed successfully and the last estimate of %fn+1 is taken to be the solution

of the implicit integration formula. SC is usually set to 1. and XNLIM is usually
set to 0.1 * ELIM.

Each time a Ayp,j step has been successfully carried out, the estimate
of the inverse Jacobian is updated using Broyden's scheme. 16 This updating
keeps the estimate of the inverse Jacobian current and lessens the need for
calculating new Jacobians.

DESCRIPTION OF INPUT

The differential equation solver is a stand-alone program. Flow charts of
the program are shown in Appendix IV. It needs two sets of input from the user.
The first is input data which is read in on three cards.

The first card has a format (2F8. 1, I5) and reads the variables TF, PT,
NV. TF is the fipal time for the problem When the solution time reaches thlS
value, execution will terminate. PT is the number of points in time the user
wants printed out. For example, if TF = 10. and PT = 5., the state variables
would be printed out at t = 2., 4., 6., 8., and 10. seconds. NV is the number
of state variables. )

The second data card has a format (10F8.2). The initial values of the state
variables (up to 10) are input here. If there are less than 10 state variables,
leave the unused columns blank.

The third card has a format (4E". 1} and reads the variables YLIM, ELIM,
XNLIM, SC. YLIM is usually set at about 10~% and governs how the state varia-
bles are perturbed to calculate the elements in the Jacobian matrix. The program
uses YLIM as follows:

I |ynl < YLIM, perturby by 1074

i Iynl < YLIM, perturby by 1073

Y
ELIM controls the truncation error of the integration formula. See egs. (25)
and (26), It is usually set at about 103, If a more accurate solution 15 required,
1t can be set smaller. However, a smaller ELIM requires more time steps to
complete a simulation. XNLIM controls the convergence requirements for the
Newton iteration. See eq.{(28). It is usually set to 0.1 * ELIM.
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The other inpul required of the uscr is a subroutine in FORTRAN which
describes the system of equations being integrated. An example is shown
below, The maximum number of state variables is 10. The stale variables
are contained in the array X. The first derivatives of X are stored in the array D.
The variable NUM is used to count how many times the state equations have been
evaluated during a simulation.

1 CSTATE

2 SURROUTINE STATE(X,[D)

3 COMMON YO NYQsDBs T, H, NV, NUK

4 DOUBLE PRECISION Y0C(18),DYDC(10),LBC1R)
5 DOUBLE PRECISION X¢1).,D0(1)

& DE2)=X{1)=-X(2)

7 DC1d==1000,9¢(X(1) + D(2))

8 NUM = NyMsg

9 RETURN

10 END

DESCRIPTION OF OUTPUT

Since the infegration formula is a variable step method, the variables
may not be caleulated at the values _of time at which printout is desired. Hence,
it is necessary to use Lagrangian™  interpolation to find the values of the state
variables at the desired time. See Appendix B for Sample.QOutput.

INTERNAL CHECKS AND EXITS

None.

INDEPENDENT SUBROUTINES

None

SYSTEM SUBROUTINES

No special subroutine,

COMPLETION OR FINAL CHECKOUT DATE

April 25, 1973

Source listing and sample cases are given in Appendix B.
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MATHEMATICAL PROOFS

DEFINTTION - A linear multistep method is said to be consistent if it is of
at least order one,

k i
If a lhnear multistep method is consistent, Z, a, £ has a simple root at
i=0, .
¢- 1. Lety - K, aconstant. .. y = 0. Sustituting this into
K, %{ .
12;0 @ Yo" h i’—;O JBi Ve © o . (1)
results in
k
ZJ a, = 0 @)
=0

If there are two roots at § = 1, the solution of the difference equation is
n k
yn=K1+K2n+K3C3 oK S 3)

where the K's are determined by initial conditions. The sequence |y_] is not
convergent as n -« because of the term containing n. Hence the method will
k i

not be convergent 1f )_, alt’ has more than one zero at { = 1. (See Henrici, P.
i=0

Discrete Variable Methods in Ordinary Differential Equations, Wiley, New York,
1962, pp. 217-218))

k
We will now show that consistency requires that , B, £0. Lety=1,

i=0
v(o) = 0. The solution to the differential equation is y(t) = t. Equation (1) becomes
: k k
}_, a.l.i-. ﬁi=0 (4)
i=0 i=0
d k .
Since — }J a & ! f’ 0 because £ =1is a simple root, it follows from

at li-o !

K =1

eq. {4) that > . £0.
io !

17



Lemma 1. If the following three hypotheses are true:

) gt ) a %

i b, Z1 i-0

i=0

2)b, =1, b,>0 i; 1,2,..

3) b,y Pyy - by > 0

1
then a, = 1 and and ai<0 i=1,2...

Proof;
L i 1
It b, 7 1as anon-zero radius of convergence, then ‘\_, a Z does also.
1=0 "1 ' 1=0 '

(See Knopp, K. Infinite Sequences and Series, Dover, 1956, p. 116.)

From i & i
bi Z . oy Z =1
1=0 1:0

r-8

we obtain the following:

Solving for bn:
n\
b =), b & (5)
j=1
In a similar manner

n
b . ==}, )
A+l Kj‘:ill bn+1-j all T A4

Muitiplying eq. (6) by b, and eq. (5) by b, 1 and subtracting gives

n

_L (b

bpa 4° b ) a. (7)
1=1

n-j b1~ bn+1—] n %j

18
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Since by hypothesis bn+1 bn—l - bn- >“0
bo b1 b2 bn—' bn
R e AP b
1 2 3 n+l-j n+l

. b -b b > 0 and this shows the term in paren-
‘n-j n+l n+l-1 "n

thesis in eq.(7) is-always positive, Equation (7) will now be used to show by
induction that a1<0, i-1

a =1
0
a; = —b1<0
from eq. (7)
2
bjay = (b by -b “)a <0
a2<0
Assume a5 g - .an< 0. From eq. (7}
1 3
LT B -5 Past ™ Poetg Pod B

Since all the terms in parentheses are positive, b, is positive, and the a_'s
are negative;, ap.j must be negative. This completes the induction.

Theorem: No explicit linear multistep method remains stable as h becomes
arbitrarily large. p = k is the highest order possible for an implicit linear
multistep method which remains stable as h becomes arbitrarily large.

Proof: let y = gh (8)
The linear multistep method used to solve eq. (8) can be written as:

%E S : _ p+l
1=

i'n+i
1=0 1

Substituting the solution y = eq‘t of eq. (8) into eq. (9):
k n+i
1 : 1.\
:, [“i ™ - qn ﬁlieq“)“ﬂ] = oP*h (10)

Let us use the transformation { = eqh which maps the LHP of gh into the
unit circle in the Cplane. Dividing eq. (10) by gh and substituting ¢ = e9P and

qh = In{; \k 1oz 1
SN IR Er LI
o T ey s et oy (11)
’ 1+7 i~0 .



The €'s may be viewed as the roots of eq. (9). For stability they must

remain ip the unit circle. The transformation Z = t-1 maps the interior of the

. C+1
unit ¢ircle into the LHP of the Z plane., The inverse relationship is
1+'Z ;
‘1Tz (12)
Substituting eq. (12) into eq. (11)
i
) &2y g D
~ 71 -2 1+2 1+Z
i=0 -ZB(+)—O([1 1) (13)
. 1-Z 1 Z
in 1+Z) i=0
1 Z

.
As h—0, {~r1, and Z+0. Therefore multiplying eq. (13) by (—-2——) and
simplifying:

r(z)

— o - 8(2) = 0(2") : (14)
In'(—5)
1-Z
where
k k i k .
r(2) - A5 Y o 322y 2% o 2 (15)
27 . & 71 1-Z LT
i=0 i=0
k k i k .
-7 147, i
S2)=¢5) ) B Gg) =L b Z (18)
i=0 i=0
If eq. (14) is to be of order p then the coefficients on the left side of eq. (14)
k
must cancel up to the ZP term. r(Z) has a zero at Z = O because V a, C has a
. k 1-0 it
root at £ =1. Since eq.(9) is stable for h = 0 all the roots of E .t must be

. i=0
on or within the unit circle and hence a, 2 0 in eq. (15). If we desire that all

the roots of eq. (9) be on or within the unit circle as h—o then b1 > 0 also, Let

z o 2 4
1—'—T:Z— = CO +CZZ +C4Z + ... (17)
R P

Duie'to Lemma 1:
CO>0, C, . <0, v =12...

2y
Matching coefficients in eq. (14).gives
bO = ¢4 2y
b1 T €y Ay

(18)



R TR R YT T R IS TRt P2

b2v+1 = c0 32u+2 + cz Ay, tees t czv ay

Since S(2) 1s a polynomial of kth order by - 0, n > k. The same applies
for a 0 n>k. '

b

Assume Kk is odd,

b —3 - ™ -
2v+l = by =¢qay 4 +Coay yt.0. TC By

Since ak .1 - 0, the coefficient matching in eq. (14) requires that b, < 0. But by
Descarte’s Rule of Signs this means that S(Z) has roots in the righ% half of the

Z plane and hence | Ci’> 1 as h=» . The conclusion is that we can only require
coefficient matching in eq. (14) up to the kK - 1 th term. Hence p = k. The same
reasoning holds if k 1s even.

k
If eq. (9) is explicit, then By = 0. From eq.(16) St} =0 = Z bi' Since
i=0
bi 20, i =0, ..., kif all the roots are to be within the unit circle as h-» o,
. kk
’ . . 1
all the b;'s must be zero, including bO' But bO-(Q-; iz::’o Bi from eq. {16).

From the consistency condition
k
N g. 40
SE f
Hence if Bk = 0 and if we require stability as h-» «, we find the consistency

condition is violated. The conclusion is that no explicit linear multistep method
can be stable as h —w,
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Yn+1
Yn+1

yn +1

yn-s—l
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GEAR'S FORMULA

Sy Jly endy )
RS S LU ]

IO S S
“11Yn i1 ¥n-1 11 Yn-2 1T Yn+1
48 36 L 16

95 ¥y "35 Y1 Y35 Yn-2

- 3 12 -

“o5 Y3t h (ﬁ yn-:—l)

_300 300 ,.200

137 Yn " 137 Yn-1 Y137 Yn-2

_ 75 N 12 +h (60 : )
137 yn—3 137 yn—4 137 Yn+1

= 360 450 , 400
147 ¥n " 147 Yn-1 T 137 Yn-2
- 295 9 10

147 Yn-3 * 147 Yn-4 "137 Yn-5

60 -
* (g7 Yn)

Coefficients of Optimized Formula (k = 4):

] Q 4
oy
1k i} [

R
n

1.584 f_y=0.4539
-1.017 By - 0.235

0.529 By =0.0568
-0.0968 By =0.00567

Bq =0.000201



TRUNCATION ERROR

An error term for a Taylor series expansionof y(t) about a point in time
at nh can be obtained from the integral
(n-i)h

1} fnh ([n-i] h-s)" y

{r+1) (s) ds

If this is integrated by parts, we obtain

(n-i)h : | | @-i)h

1 . (r+1)
=1 fnh [n-i]h-5)" 3T (e) s =F;’_([n_i]h_s)ry(r)(s) i
) : n

(n-i)h )
(r_-T)" f (|n-i]b-5)"" ) (5) ds

r {n-i}h :
= X ((n-1]h-5)""1 y%)s) ds
n

If integration by parts is carried out r times and the terms rearranged:

2.2
y{|n-i}h} = y(nh) - ih y(l) (nh) + 12? ) (nh) -
rr.r {n-i}h
o LR JEen L 5 ((nni) nsy T sy as )

A Taylor series expansion with error term can be obtained in the same
manner for the first derivative of y(t) about a point nh.

v n-i|m) = vy an) - ih yPiany ..

Ll)rlrlrl {n-i)h

+

Equations (1) and (2) can be substituted into the integration formula in eq. (3)
and an expression for T can be obtained.

SO
Yool S @i ¥p 02 Bi Yp-i * Th (3)
10 i=-1

Since eq. (3) is exact up to and including order p we obtain for Tn:

(r-1 y® (nh) +W b n-i]b-s)" "y " is)as (2)

23



T -1 f o+ b { (TR ATE9F - phs_; Twelhoe)

b} (n+1-k)h
k-1 ' )
+ 2;[ oy (| n-i] h—s)p + ph;}.i ([ n-i jh—s)r_l]} y(P+1)(S) ds
iz .
where
[n-i|R€s< nh, if-1
S [n-i] h-s {
{{n-i] h-s) = nh<s, i=~1
0 otherwise
Equation (4) can be written
(n+1)h . .
Tn = —;’—l f G(s) y(p+1)(s) ds (5)
' {(n+1-k)h .

If G(s) is of the same sign over the interval [(n+ 1-k)h, (n+1) h] , then
f G(s) ds is a monotonic function. If yP* 1(sg is cont:nuous over the interval,
then the First Mean Value Theorem applies. 2 The cstimate for the truncation
error can be written:

{n+Dh
T, = or Gls) ds (®
' (n+1-k)h

where 5 € | (n+1-K)h, (n+1)h].

Example
Letk=p=4
Ya+1 = Yo @ ¥p-1 ¥ ¥y 2 T Y3¥po3

. ) . . ) (7)
+ h{ B 1Vne1 * Po¥n * P1¥nar * Po¥pop * ’33Yn-3} + T,

The influence function 15 obtained from eq. (4).

G(s) = G (s) = ag(In-3]h-)" + 4npy ((n-3]h-s)

for {n-3]lh<s<|n-2}h
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G (s) Gy (s) - G (8) + oy (fn-2[h-5)" + dahpsy ({n-2[h-8)°

for {n-2]lh<ss<|n-1}h

G(s) = Gg(s) = Gy(s)+ay ([n-l]h—s)4 + 4hf3, ([n~1]h-s)3
for [n-1]h £s <nh
4 “ 3
G (s) = ([n+1}h-8) - 4h.6_1 {[n+1 ] h-8)

for nh< s €[n+i]h

For Gear's Method

o :-—,Q‘ =

0 5

.(30 = [31 = B = B = 0

The influence function is shown in Figure 1. Since the influence function
is of the same -sign over the interval ([n-3]h, [n+1]h), the error is

T Eq (&

n Y

(m) n®

To find E4 agsume y(t) = ts. Substituting this into the integration formula:

~32a.h° -243¢

5 5
9 h™ + 5h (3_1 + 131 + 1632 + 81,63)

3

Solving for E4:
E, = 1+ a + 32012 + 243cv3 -5 (18__1 + Bl + 1632 ¥ 81]33)

Using the values of the a's and 3's for Gear's Method gives

| 2,304 5% (6
This shows that
{(n+1)h
[ G (s) ds| = 2.304n°
(n-3)h

which can be verified by integrating the influence function directly.



APPENDIX B

SOURCE LISTING
FLOW CHART OF PROGRAM

SAMPLE PROBLEM

26



27

Tt wel gt 11 01a

Assnm 98 tn NSW ’
JNH-0 - e

Caiculaie ¥

l

I~

aley, o, ez - . ] %4 n}'

. V-1 ¥na1
y‘}. ¥,

using Gill's methnd
Extrapolate to find inutial
uess for Yo q UoIng 4 ponts,

Calculate J-l

NE = N6+

T |

-| Caleulate

Restore Truncation
Initiat *Error

Conditions

© ©

Extrapolaie for Yool

Truncation
runcation Error Small

Error Small

Startine

Failure
Shuft Y3 3q.
Points 3}3 _._S4
@ U
® W
) Shary
Paints




Ni= 1
Ni0-1
Assign 85
to NHEX

Save last good L 5'“ .1
® [

Lale by

n+l

Ayw 1 withm

tolerance?

Return
Find ” len ’ ” Ayn*l"

@ Calc new y_
]

Ni=Nb+1
NE=N6 +1

Yes

N6 > NDEX

| N1D=0 l

Let Ynal” Vel

be last good
estimate

Caic J~
1

Refine J°

P12 <PI1?

1

1

Ansign 86
tn NHEX

PIl = PI2
? NIO=1

| No convergence

Updmc-z1
old J~ ‘
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167 o ERROR OUT OF BOUNDS ~ HALVE STEP SIZE AND TRY AGAIN
e - R A S e e
1r69e - TE (H=HMINL 990,940,740 _
l"7ﬂ" s - Y40 T -t .,___.S ‘.‘ﬂﬁH""“‘ - e e P L L T T U R p—— e e e
17¢» DO 130~ Imp NV
‘..1."72¢ SRR S - QMAYX --y"!il}.._._-_..._ ——— . . ..'-_ .._....\ .. ee e e s - ea ot - -
173 . T, U SET .s ¥31(1) ’
B A W S L 3%y ‘\’Bi-f"HT‘inr'@MAi“-w-?*or*’f2{'-!"}-4-*28-:**5 E—’F*S- 'YM-H—PH&B'E’S R e
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185

184» S &
187» C
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jBoe
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1919
192 ¢

172 [
1742 L.

196+

=
- et e e e et e e e

Al STATE (Y3'0Y31
T = T4+H+H- - o
CALL STATE (Yl;DYl?

D, [T SO, S0 % ¥ R RO,

G0 TO 195

ERROR IN ROUNDS « CHECK WHETHER YO PRINT
212- 1F (T=TPR) -302,3014301 . Tt
301 CALL PRYNY
e LE LY RATF ) 21242124304

304 1F (T=TF) 302,306 ins

CHECK WHETHER T DOURLE STEP S1ZE = RELAY OF 3 PASSES
e s = b B M AN DATE DB Y-S TRY C FURE--OFPOL-NTmS A Y} NG-—HECHA NS H
302 1F (N&-8) 500,480,440

- 156 480 R _(E2-FDUB) 222,222,500

197+«
L1982 ., .
179

~2008. . ..

201
~202%

991 PRINT t,NFsE1
-1 .FORMATL{1HO 412 28H START tNG- FAJLURES w ERROR. =, E154.7)
990 PRINT 24H,T
2- EQRMAT[ 2L MOSTEP -T.00-SHALL- = Hos g E1 G0 Ty HH T my Ed Bea P e e

A0S PRINT 7By (Y (B ) aYO U Ty Y il av20T0 y¥30T) Y9017, YS01)Y3Y6(1),1m] NY)
78 _FORMAT (1HA+6E47,8)

202

| —2D4w- - e —FEORMATA 26 HOS TATE ~EQUATHONS —EVALYATED 1157 &H—TFHES?)

205

2046% .. . ..

207=

.—-Z-D B e '-“‘"-—""""E‘N"‘D"‘ -

306 PRINT 7,NUM

FRINT 8,JAC
B FORMAT(i9HDJACORIAN_EVALUATED 15 ,4H TIMES) ———
STOP
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28 e e SUBROUTIN B R B — o e et e e~ vs s et e s 1 oecenimt st v e
s COMMON YO ,DYD,DByTH, NV NUM YY1 )Y24Y3,Y4, E1,E2 DY DY12DY2,0Y3,
R s o] DY S TRR 1-9—T-rNB-E-§(*1-d'A-G*rQ-rG-rN-§
Eh COMMON/BNDS/YLIM XNLIMMELIMSC,NEQ3 4 NH
)X - -LOUBLE- PRECLST ON-Y0- 18140 Y040 Iy BB Bd-v Y H1- O -8 Y240y 34 By —
74 1 Y10} ,0v 010 ,DY11103,DY2{10,0Y3010),DY&L10Y,0010)G13010),

— B e B o X T-RAL O ¢ BAVE A B DR 1Ry RES L0109y 0 LD B O - £ U R DY B by
9 3 Bllp)

40— DOUBLE PRECISION X QMAXSET, SUM DY
liw EQUIVALENCE [NV NV21,3(Y,B)y(BLIMyYLIM),(OLDB4EXTRA)
e . . L DATAL I/ G NHL AL e e — e
13 C .
14 - ¢ . NGB COUNTS EVALUATLONS-OF. Bm e e o -
15 C "MITO FLAGS TWO SUCCESSIVE NDEX STEP FATLURES
dae G . NE COUNTS THESE NDEX _STEPS
17 NG = | ~ ' :
ias - NYOm] - . e mea e em e s v o mmm e e an e et o s onm s
ige " ASSIGN a5 1o NHEX
3 ¢ ¥ JUUERY PV, B . -
21+ £ FIND SQRT oF PERFORMANCE INDEX, TG AVOID OVERFLOW
© 22 e G AL S AT R By
21 % CALL Qx(Dg,QMAX)
S E RO U S 15 (1Y, N W —— —- - -
25+« D0 20 JI=t,Nv2
Rew  ~—- - 20 PllwPl et DOl QHA K8 2 e — - — —
27 PI1 = SQRTIPI1)eQMAY -
2 B e (G D O d 3o N
29 CURPY(1) = DY (1)
T3 e R e e o R e e
31 50 N& = 1
32 e — . S OUT - = NY —_— - ammn
3. B0 25 1= ,Ny2
3 SN a0 R0
3gs PO a5 J=1,Ny2
3%, .. .35 SUMa SuM L #8(1,d0eDR0JY.. . . —— —
37 TFIDABSISUM)wXNLIM*(SC+ABSIOLDBI))11})199,199,25
igs s 199 1O0UT-® I QYT m s i - i e n
Jg» 25 DB{1)=gUM
R o . JEURN i S —
41w C IF ALL IN BOUNDS, PRESENT RB¢5S ARE THE SoLUTION :
24 . LA 0T 20 R B8 T s e e e e e i e e
43s &7 BN = g,
LT J— . SDBN. By - e e ammn e o mn m o s e am e e % e e s e St e ¢ e =
4w DO 48 1=) NV
Y68 - o s m e Bbem B N e By n B 1) P
47« &8 DPBN = DBN =+ DB(I)aDBI(1) .
4ga . - . - wLF . [DBNeBNT 53 53l l - cmn e e e ot et e e e
49+ 63 1! = 1, .
-5 Bt 17 ot 1 B Y | SN PR, —— -~ - —
ER I 64 T1 = SQRT(BN/DEBN)
Y UL - '« L. X WO 1P - e
53 210 DO 205 IsjuNV
Baya ~20% D¥-LT} - CYRDY () womm v - S e e e e et e e = e e e
554 NH = g )
SHe - - . - RETURN N e e o e e . an s 3 Car e - mrel e s e ewmem
57+ c

sa*,__-.c.émﬂnu-m_kamﬁaanwoﬁ~nanmnoﬁiAanaﬂmasgﬁ&cULA;s_a_g»a_sglmusw Pl
59e 90 Tl=,t1»7] X ' Co
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SRR -1 BlI)BULDE(I) - TlenBAlI1) ™
SO 1P NGB NS
b3« T Né'lNé"-l ) -
VRN T YRR I P p—— - O -
654 ¢ ¢ I'F NDEX FAILURES CALCULATE NEW.6 o HALVE IF THIS FAILS
Rt X olina sl ”iTPfN&-NDEXT”70“70—73““”“*—“‘“—"““*‘ x
67 .75 IFIN10) 230,230,220 K
s g 2 A g PRI T T Ty N ST R T
Eow : 77 FORMAT(26HOND CONVERGENCE,N10=0, N5=,14,4H H -.515.7 4H T =4E15,7)
ST s A0S PRINT Ry Y R Y O T Y TRt T Y ST R Yt T T TN
71+ . 78 FORMAT(1X,6 E1648)
~~u124—~_—~_n-w-4$A4NH-NHLLM+~545r51b1%4ém“_w—
T 73s 575 NH = NH+1
R RETURN
758 576 NH = =1 . . : )
2 SR CRETURN- o = o e e i e e e . - -
77e . 220 N1Q=0 . ‘ o
- "'7“8. o - ._.,_._.,........:..- i —
79 ¢ © MUST RESTORE OLD -B*S
s LY B e — = DB tTart y NV
“Byw 161 B(l)y = oLpB{t)
- L R (e st [
83 € FIND G .
- T i 21 sk B T 15 | 1 S - e
. Bgs - X% = Bl ’
85 AL SR e
B7e IF IDIF) 16416415
B e B X D
89+ : SET = j.0p4% :
e 1 B T+ B 1 ¢ B .
CER'Y 15 B(l} = X#1.001D00
—g2n . 'QF‘[ 5 - 000eAX
?3s 18 CALL STATE (Y,DY)
'""9ﬂ*"_~"—“"“*wwCA%t"QxiﬂraﬂA*%W?MHWM“
95 .- DO 14 gt ,NV2
e Ry e s —Godp ] e { QG =D @SS ET - — - :
97 14 SAVELI, 11 = G(J,1)
L o S O s
5. CALL MATINVIMYVZ,G) .
_._;‘054__-.__ ce e e ..,JAA‘..:,;APC_-L].M.....M et v s o NP —- - —
191 » o C
:-loelmMuWHLJ«-snu—mJIERATE—QN THE—RES;DuAh~m~-mwm—”m—uww-—wwm-«w~~_w—-
103 DO 302 Msmj,sLIM :
B T e i St & - & S S o
105 - DPo 412 J=1;NV
O Bl o T SUH"‘"‘—‘B"‘D{B wes R L rmmamm A A kA e bavAe rim hme RabmBees e ey i 1 it o b it
1078 . ) DO 413 Keq NV ) )
10Re - i A p3-SUH—=- GUM S-S AVEL L K e G K e e -
“109» . ﬂlZ RES{],J) a =5UM
e L A et 435BESL Lyt )mm 2 b RES Ly o
111 . DO 420- I=y 4NV, .
ST ot DO P e FNY e T T e e e e e e e e s
113» ©OSUM ‘s 00D ’ ’ ) .
tlde 0t DO EA K YNV 0 T s TTom T tmmmmmeoo e o
tise 418 -SUM = SUM + G(T,K)eRESIK)J) .
R B e ~41%P~Ua41rk~rw5UH-~"~“~——~“ Coe =
117+ DO H19 Jdsj NV
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U UGV 1> SN

119 420 CUNTINUE
12n% e 302 CONIINUE
121 60 TO 50
B
123 C TO HERE IF LESS THAN NoEx FAILURES
1248 - . 70-CALL STATE - 1-¥-pDY J-r v -
125+ CALL GX(Q,QMAX)
126 Bf-2-m ) g
127+ D0 RQ Tawt,Ny2
128 ©A0 PIZsPI2e{Q 1) fEMAR ) w2 - e e e
129« F’l?. = str(PIz)-amx ) . '
41308 - ....:__c. c e e o b s A 2m e o n ae : -
13ge C CHECK NEW P |
A3z2e IF{Pi2=P11}) RBR7,90,%n0
133 . BT GO TO NHEX (885,84
3G - B6-TELNE=200) 240925049250 - - — —— = ——eem —
135 250 PRINT 250,H,T
B Y-S SR G—EDEMAJl£1ﬂﬂﬂﬂﬁﬁﬂN#zﬂﬁENGEwﬂsiéGG#—H_‘WE%Qrlfﬂﬂm%~l+5¥5+,?
137+ GO 10 ans
138 A BH_1F _{NGwNEQ3). 2404240248
139+ 245 ASSIGN B4 TO NHEX
-4H0R e e L L GO-T0 75 - - -
1491 » C
d42e. € . . __1TERATE_ YO _GFT NEW G_AND TRY AGAIN —
1434 240 Pli=Pli2
~+Hy-.. Nigay
145 DO 110 ImpoNV2
4 e~ o 1 18P G2 Q= DR
197w Diven.DRD
B - I e 2 ¢ B =33 T B e e T - -
4o SUM=Q.DD
e s B S Ao S
151¢ - 151 SUMsSUM+DRlJIeGIT,J)
N Y} YNNIV » B ST o K EVIFYF. W 5 I IR~ S
183w 150 EXTRA(IY= SUM + TI » DB
B - I e ] b o -
155 D0 15% I=],NV2
—}-Crigs — S W TR D
157 DO 184 JapeNV2
1SBa ... 154 SAVELY . J1=DBLOYeSUM . . - SR —— e —
159+ 1558 SAVE(I,Ivale+SAVELT, )
F6O® -« vt e DO B K B g N o an e e s i e o - . -
161 % DO 187 Tap,nNvV2
1-6 24— S M By B B e e -
1630 DO 158 J=y4NV2
by . . L 1BS SURSSUMASAVE Ly bsGbdyi) —— - —— - e
j65 "157 EXTRA(T)=SUM
s 1o e e s DO ER . @y f NV B e o e e e e e ——————
1674 159 Gt1,K)=EXTRAL])
O = - [ STSERINS N -9 /W » ¥« S VRS WS W 2% SO
1698 GO TO 40
1?0. R - END - . - . . .- e o e e - - P, e s e
'ND OF coNplLaTION:. ND DlAGNOSTIQS.

mimm meae b RS b e T


http:SALE_!IUJLnfl.BI

36

T = ae s CPRYMNT wavn smoms e mm - J— ey
2» SUBROUTINE PRYNT
3 e s —COMMBN- X0 DD BB r T Hr N NG 2 S S Bt E 2 Dy D DY 2 B Y
Yy 1 DY4,TPR4DT
ey ~D oY BEE-PREC]SFONFHHHO B 8-HHB DB - - O 2 8 Y By —
b 1 vﬂtlc},nvt19).Dv111n>.nvzc101.DY3(10),nvq(10)
e 7#- - - - DIMENSION V-{6) 4 Z ErE — - —— - s
X B EQUIVALENcE tz.osy
9*.. - c - ™ e - -t e cmmm——— G = a3 A e aas - e ———— AT WA bR
10 c LAGRANGIAM INTERPOLATION TO MAKE THE TIME COME OUT NICE
e B s e .
12w ) 0O 10 J=1,6
R e = SIS = PRO[ 8 g~ o e mmem o em Ss o s esooie s s e e i —nn S e
14e D = 1
e L L o - B e B e --
lb» IF(K=J) 20112,20
~rl A 20-BROD = RRODAATRR=DI AL
184 12 D = D=y
COA e - e Nfalden® PROD. c i C cih e m e e e e p e o < e =
Zp» 10 Al = AleH _
2 2 per i D Oy o) S N B T N e s BRI
22+ 30 ztd)=V(1)-Y¢4}+vt2:avotq3+v131tvi(J)+vrq}avztdi+vc51ﬂvaiaa
o e e a1 B B —— -
24 PRINT 40,TPR
— 258 e HO-EORMAT-LHH G Ty B T -
246# PRINT &0,(Z(1)y]1%1 4NV}
27% 60 EORMAT (2% 6615063
2 TPR=TPR+DT
PG 2 - O . 20 R 1 g UV O N
30+ END
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AT S
- e v cin e b e e e i moe e o i e o e e — e,

1+ CGILL
Tr= 2w o= - - SUBROUTTNE-GHLL
as COMMON YO ,DYO,U,T,H,NV,NUM
~—-mwwm“-——-~aw96uatEnfﬂffﬂiﬁfnrdm}rHrr~ava+rc+—ﬁ++ﬁ+—#+4~w¢"-
5 PATA A/.sDD.-292693218813452ﬂ7600.1.7o7|ca7311865q75200.-166666&66
- b®. ... - 1646866656 7D0DeDD 029282321881 3UE2U 6001 « 731D 64781 LRARE TR 2D 043333
7 23333333333333300+1+D045B57R64374626904951D0,3+4142135623730950500,
Re ... - 3 2404081~ 1 24320303559 64257300 v H+1-2 13203435596 425180 B BOA—
9e C
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SE - CALL STATE(YND,DYO)
12« . - DO SO0 J=1 MV~ oo e o - -
123s s0n UtJy=0,D0 -
i ya- - . - N ! -] -- 4 mem - e smmm s aa E 5 mh eh 4 et e o e s A e e e ot b i ——
. 15« 1040 D0 1050 Jml NV
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- lge- L. r  -GOT0 {10605 101 B9 08D s RED gl o e 4 e e e
19e 1060 TaTeHe],5 .
B ke 2 8 s B e s e - -
21 CALL STATE{(YD,DYD)
2-9-¢ o—To— 104D
21 950 CALL STATE(YD,DYD)
T o RETYRN -cm v o e b o e e e e r—
25w END
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e cosy |
— 2M e WSUBROUTINE. BBY . e —
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) 5% ! Ya{101
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BW— ~ o e et e i e e am— D — -
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- cdge s - - CESR ARSI R E M - e e e e . —_
ise ET = ER=ES ’
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2w 20 CONTINYE
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23+ END
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2% - SUBROUTINE ux:@ Z) ;
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L. DOUBLE- PRECISION Q24X
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LR 3 & SERE T DATA - B3/Ae201 3346700807427 2D =D/ — e o e
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2-3- 420+ DO
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Zgw 30 CONTINUE
........,3.9_!. RETYURN s e e
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3e DOUBLE PRECISTION ZsXsCC
e ———— BHENSTON— PO 2 e e et e 2h
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R B R I i i o o o T ¢ - -
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.- B8 e v —n— ~ '“’x““"’"Mﬂ""""‘“‘ e L e Eemins e e e s
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T et B 2 L B B B e
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128 - o o e S TFUIPAK b ) b 8 6By 3R F e e e - e
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15 67 12=
e oy e — Jojm ¥
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19e 49 CONTINUE
20% -~ - - o FRAY }zl—PH—i~}~+1—- T et e e -
21 IF(12=11) 70472,70
2w e e P PO N -
23 XaZ (12,0
Zye - B A A e e o T e i I
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I 73 ZUI,L)=Z (11 aL) /N
prommniB P M o ~ D0 bgm N
33 IF(J=T1)Y 749,76474
R L L R B Rt
k1-X Z1Jd,11)y=D,
v 3B e e DO T N —
37e BRI ESANIINEFARSEINE S |
KN:ES —Fo-CONTLNUE
3ge L = N+j .
4ge. .. o . 00 7R ImpeMNooo o . I
1e - L = L=y .
Ygs e o LEA X 6b o1 b= X ey 20 77 57 9577 -
43 77 i2=ixt{L,1})
o Haw, o LR I 20
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4ou 78 CONTINyE
B o 79 CONTINUE
Sq» 399 RETURN
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DOUALE PRECISION X(1}
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LIMITS
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0,10000E-01 N5 T 26 N6 =& 4 N = 4
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0.1Gn00E~03 NB = ? N6 ® 7 N& = 7
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0.20000k-03 N5 2 ? N6 = 9 Né = 14
0.20000E~D3 N5 =2 "? N6 = 10 N& B {5
0,20P00E~03 NB = ' 2 N& = 11 N4 W 16
0,2000NE-Q3 NS © 2 N6 = 12 N4 = 17
0.20000E-03 NS = 2 N& = 13 N4 = 18
0,20000E-03 N5 = 2 N6 = 14 N4 ® 19
D,40000E-G3 N5 = 3 N& = 5 N4 B 20
0,200Q0k-03 NS = 3 N& = 5 N4 = 21
0,20000E=03 N5 = 2 N6 & Ng ¥ 22
0,20N00E~-03 N§ = 2 N6 T 7 N4 = 24
0,20000E~03 NS = 2 N6 = B N4 ® 24
0,20000k=03 NS = 2 N6 = 9 N4 = 75
0,20000E~-03 N5 = 2 N& = 10 N4 = 76
0,40000E-D3 NB. = 3 N6 = 5 N4 = 27
0,40000E-03 N§ = 2 N6 = 6 Ng ® 28
0.40000E=03 N5 = 2 N6 = 7 N& w 29
C.40000E-D3 NS = 2 N6 = B N4 = 30
0.,40N00E-03 N5 = 2 N6 = 9 N4 = 31
D,8NNQ0E~-03 N5 = 3 N6 = 5 N4 @ 32
0,80N00E~03 N5 = 2 N§ = 6 Ng = 33
0.B000NE-03 NB = 1 N6 = 7 N4 = 34
0,B0000E-03 N5 = 2 N6 = 8 N4 ® 35
0.BOOGOE~03 N5 = 2 N6 = 9 N4 ® 36
0,16000F-02 N5 = 3 N6 ¥ 5 N4 ® 37
0.16R00E~02 N5 = 2 N& = 6 N4 @ 38
0.,16000E~D2 N5 = 1 N6 = 7 N4 = 39
0,16000E-02 NS = 1 N6 = 8 N4 & 40 .
0.32n00E-02 NS = 3 NE = 5 Ng ® 41
0.37200NE=-02 N5 © 1 N6 = & Ng ® 42
0,32N00F=02 NG = 1 N6 F 7 N4 3, 43
0.32n00k~02 N& = 2 N& = "8 N4 F 44
0.64000E~-02 N& = 3 N& ® 5 N4 8 45
0.640n00E-02 N5 = 1 Né = 6 N4 ® 46
0.6400NE-07 N5 = ? N& = 7 N4 & 47
0.6400NE-02 NS = 2 N&'s= B N4 B 48
0,64n000k=-02 N5 = 2 N& = 9 N4 = 49
0.64000E-02 N5 = 2 N6 = 10 N4 = 50
0.12R00E-01 N5 = 3 N6 = 5 N4 3 51
G.12R00FE-0D1 N5 = 2 N6 = 6 N4 = 52
0,12R00DE-0L N5 = 2 N6 = 7 N4 8 53
0.12R00E=~N] N5 = 1 N& = 4 N4 = 54
0.25%800F~01 N5 = 2 N6 = 5 N4 = 55
0.254006=01 N§ = 1 N& = 6 Ng = hé
0.25a00F-0F NB = 2 Nb = /N4 = 57
= ? N6 = B N4 3 58

0.25A00E-01 N5
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N,254010E=-91 N5 = 2 N& = g N4 = 59 T = 0.2500000F 01
N,25400k=01 N5 = 2 N6 = 10 N4 = 60 0,14336> N,286562
0,25400E-01 N5 = 1 V6 = 11 N4 = 61 H = 0,40960E N V5 = 4 Ng = & Ng = Ry
0.51700E-01 V% = ? N6 < 5 N4 ¢ 62
0.51200E-01 N5 = 2 N6 = 6 N4 .= 648 T = 0,300UJ00E 01
0.51200E-01 NB = 9 N6 = 7 NG = 64 0.111555 0,2232506
0,5120NE-01 NS = 2 N6 = B N4 s 65 H = 0,40060F 00 N5 = 2 N§ = 6 Na = 81
. H = 0,40640E 00 N5 = 2 N6 = 7 N4 = K
= §.50n0Jp0k oo
n,359622 0,779044 « T = 0,3500000FE 01
0,51200k-01 N5 = 2 N6 = 9 N4 © b6 . 0.869543E-01 0,173854
f.51200E-01 N5 = 1 N6 = 10 N4 = 67 - H = 0,40960E 00 N5 = 2 NG = 8 N4 = B
0.10740E 00 N5 = 3 N6 = 5 N4 © 68
"0.107240E 00 N5 = 1 N6 = 6 N4 B 69 T = 0,4000000E 01
0,10240E 0D N5 = 1 N& = 7 N4 = 70 0,677053E=-01 0,135392
0.10240t 00 N5 = 2 N6 = 8 N4 @ 71 H = 0,40960E 00 N5 = 2 N& = g N4 X B4
= 0.1000000E 01 T = 0.4500000E 01t
3.303454 0.606760 0,527430E-01 0.105446
0.20480E 00 NS = 3 N6 = 5 N4 .¢ 72 H = D,40960E 00 N5 = 2 N6 = 10 N4 = 85
D,20480E 00 NS = 2 N& = 6 N& = 73
0,20480E 00 N5 = 2 N& = 7 N4 B 74 T = 0.5000000EF 01
0,410677E-01 0.821201E-01
= 0.1500000k 01 ' ) H = 0,40960E 00 NS = 2 N& = 11 N4 = 86
N.236346 0,472573
0.204B0E 00 N5 = 2 N6 = 8 N¢ & 75 ., T = 0,5500000E p1
n,20480E 00 NS = 3 N6 = ¢ N4 3 76 0,319846E-01 D,639539F~01
H =z 0,40940E 00 N5 = 2 N6 = 12 N4 = B7
= 0.2000000E 01 H = 0,40960E 00 NS'= 2 N6 = 13 N4 &  §8
0.184070 0,368061
0,20480FE 00 Ns = 2 N6 = 1p N4 = 77 T =z 0,6000000E 01
0.20480E 0O NB = 2 N6 = 11 N4 = 78 0,249095E~-01 0,498066E-01
0.20480E 00 NB = 2 N&b = 12 N4 = 79

ati



H = 0.,B1920E DO NS = 5 N6 =

T = 0.6500000E 01
0.1940068-01  0,387900E-01

T = 0,7000000E 01
0,151000&-01 0.301892F-01

H = 0,81920E 00 N5 5 4 N6 =

W

T = 0,7500000E p1
0,117309E~01  0,23456BE-D1
H = 0,81920E 00 N5 2 2 N6 =

T = 0.R000000E D01
0.911613E-02 0.182281E-01

T = 0.R500000& D1

0.7n85/5E~02  0.141683F-01

H = 0,B1920E 00 N5 = 2 N6 =
T

0.9000000E g1
0,950849E~02 0,110139E~-061

T = 0.9500000E 01
0.428615E-02 0.656983E~02
H = 0,81920k 00 N5 = 2 N6 =

T = 0,10000008 02
0,333520E~02 0,666902E~02

N4

N4

N4

N4

Ng

STATE EQUATIONS EVALUATED 278 TIMES

JACOBIAN EVALUATED 4 TIMES

89

90

91

52

95

43



