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ABSTRACT

Techniques for the identificatioq gf limit cycles in nonlinear
control systems rely heavily upon .describing function analysis.
Most methods are restricted to single nonlinearity systems and
consider only the fundamental component of the fﬁurier series
representation of the nonlinearity output. WNo previously available
_technique considers multiple harmonic components in systems contain-
ing several nonlinearities and multiple forward paths.

This report presents a method of analysis which identifies
limit cycles in autonomous systems with multiple nonlinearities in
multiple forward paths. The nonlinearitiés may be any time- and
frequency-invariant single input, single Autput type which can be
adequate}y represented in piecewise-linear form. In additionm,
seygral harmonic components may be retained in the procedufe.

Included in the report is the FORIRAN code for imple&enting
the Harmonic Balance Algorithm (HBA) developed in the research.
Usipg this code, limit cyecles are identified in muwlti-path,
multi-nonlinearity systems while retaining the effects of several

harmonic components.
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CHAPTER T
INTRODUCTION

The science of control system analysis has experienced rapid
development in the years since WWII. Many techniques for
determining the stability of linear feedback control systems* have
evolved, some of which give a simple indication where others give
additionai information such as the margin of stability. Thgse
methods are described in detail in many texts, such as Truxai 11,
Dorf [2], and Kuo [3], and are summarized heré.

In a system such as that shown in Figure 1.1, a transfer
function is the ratio of the output and input of a block., The
transfer function of the upper block is thus G(s) = C(s)/E(s)
while that of lower block is H(s) = V(s)/C(s) . By algebraic

manipulation the input-output relationship of the system is

obtained as

C(s) _ G(s)
R(s) 1+ G(s)H(=) :

(1-1)

The denominator of the above equation when set equal to zero is
referred to as the characteristic equation; it determines the

mathematical characteristic of the transient response of the system:

* A linear system is one for which the superposition principle
holds. Superposition implies the properties of additivity and
homogeneity with respect to both input and initial conditioms.
Additivity is illustrated in the following manner: if iInput 13
produces output vy; , and input 19 produces output ys; , then
input ¥ + rs will produce output vy} + y2 . Homogeneity is
illustrated thusly: dif input 1r; produces output y; , then
input kr; will produce output ky; . A linear system is stable
if its output tends to a finite value for any finite input.



R(s) E(s)

N C(s)
+ s G(s)

(s)

H(s) [

Figure 1.1. Feedback control system

A relatively simple mechanistic procedure for determining sta-
bility from the unfactored polyngmial in s , which forms the charac-
teristic equation, is the Routh test. This test, which originated
about 1880, can be used to determine the ;umber of the roots with
positive real parts. The existence of roots with positive real parts
indicates an unstable system..

In addition several graphical techniques are widely used in.
testing for stability. These,lin general, provide information re-
garding the relative stability of the syskeﬁf Included are the
Nyquist Criterion, the Bode Piag¥am, and the-Roqt Locus Plot.

There are cases where the- transfer function G ‘(or H) cannot
be readily determined as a polynomial in s . Wheﬁ the polynomial
is not available, the Roufﬁ tést c;nﬁot bg appiéed. The ﬁyquist
stability criterion.can be used in these cases if the frequency
response characteristics of G(s)H(s) can be determined.

Note that for a linear system to be stable, all zeroes of

1 + G(s)H(s) must lie in the left half of the s-plane. The Nyquist

ceriterion determines if this is the case by examining a plot of



G(s)H(s) as s is allowed to vary along'a closed contour in the
s-plane. This contour may be, for example, the imaginary axis of
the s-plane together with a large semicircle enclosing the right
half plane. An indication of stability can be obtained by examining
the number of resulting clockwise encirclements of the point (~1,0)

in the G(jw)H(jw) plane. The number of encirclements is given by
N=2Z-P (1-2)

where N = the algebraic sum of encirclements of the (~1,0)
point where clockwise encirélements are assumed
to be positiwve.
2 = the number of zerces of 1 + GH in the right
half of the s=plane
P = the number of pgles of Gﬁ in éhe right half

of the s-plane

If there éiégény net clockwise encirclements of the (-1,0)
point, there are zeroes of 1 + GH in the right half of the
s-plane, and the system is unstable. The number of right half
plane zeroes is given by the sum of N and P . In many cases the
open loop system is known to be stable, i.e, there are no poles of
GH in the right half s-plane. (Note that if the frequency response
characteristics of GH are determined by measurement, GH must be
stable.) Thus N must equal zero for the system to be stable.

Nyquist plots are normally made using polar notation. The
magnitude and phase of GH(s) is calculated anﬁ plotted for

various values of w when s is replaced by jw . Thus frequency



information is not directly available from the plot; it must be
obtained by estimation for points on the plot which.are located
between calculatéd points.

. The Bode method, developed by Hendrik Bode of the Bell
Telephoﬁe Laboratories in the 1930's, is a graphical technique
which provides frequency information directly. This technique
utilizes two graphs: the magnitude of GH(jQ) and the phése of
GH(jw) , each plotted as a functian of ® ., For ehse in construc-
tion and interpretation, logarithmic scales are commonly ﬁsed for
both the frequency and gain axis. For well-behaved systems an
indication of stability is obtained by an examination of the gain
at the frequency which résults in 180° of phase, cg the phase at
the frequency which produces a gain of unity.* In the former case
the gain should ﬁe less than unity while in the latter Ease the .
phase lag should be less than 180°.

The final method of linear system analysis to be discussed
was developed by Evans [4] in 1948. This technique, referred to as
the Root—Locus method, is a graphical representatioﬁ of the s~plane
loci of the variation of the poles of the closed-loop system func-—
tion with changes in open-loop gain. [5] The poles and zeroes of
the open loop system are located in the s-plane; then the loeci of
the closed-loop poles are plotted as some parameter is #aried

(usually open loop gain). If these loci are totally contained

% Well-behaved systems are defined as those which do not have
any open loop poles in the right half plane and only have one 180°
crossing and/or one unity gain crossing. TFor systems which are not
well-behaved, stability is best studied with the Nyquist criterion.



w?thin the left half of the s-plane, the systém is stable. Should-
10&1 cross into the right half plane, the system will be unstable
for the values of the parameter that result in that part of the
locus in the right half plane.

Unfortunately the well developed te@hniQues of linear systems
anélysis do mot in general extend to nonlinear systems. Some
authorities [6] hold fhat a general method of'synthesis is impossible
since a nonlinear syétem is one whose response.is dependent upon
its input. Nevertheless, techniques have been developed which apply
to certain types or classes of nonlinear systems or which give
limited information about system performance. Several of these
techniques are diséussed briefly here and are presented in detail
in texts such as Hsu and Meyer [7] and those pre%iously mentioned.

There are geveral unugual characteristics of.npnlineér systems
which are of interest. These are defined here and will be referred
to throughout this_discussion.

1. LIMIT CYCLE: &Limit cycles are oscillations of fixed

amplitude and period which can cccur in nonlinear systems.
There are two types of limit cycles, stable and unstable.
When a system is operating in a stable limit cycle, any
small disturbance results eventually in a convergence to
the original limit cycle. On the other hand, any small
disturbance to a system operating in an unstable limit
cycle results in eventual operatioé at  some gther point.
A system may exhibit behavioral modes that include both

stable and unstable limit cycles.



2. HYSTERESIS: Hysteresis is a nonlinear phenomenon wgerein
the output deﬁends not only upon the value of the input,
but also upon its history. A familiar éxamplé is the
conventional magnetization curve.

Many nonlinear.sy;tems, in which the deviation from linearity
is not too great, may be examined using linear techniqﬁes. In these
quasi~linear systems, the nonlinearity is replaced by a linear
approximation of its characteristics. While the resulting analysis
is approximate, this approach is useful under the concept £hat an
approximate answer is better than no answer at all. Although
practical systems are almost never purely linear they .are often
quasi~linear; this is precisely why techniques for analyzing linear
systems produce such good results.

The describing fungtipﬁ is an attempt to extend transfer
function analysis techniques developed for linear systems to the
aﬁalysis of quasgi-linear gystems. The normal form of this technique
is a frequency-response method which is based on an analysis which
neglects the effects of all harmonies except the_fundamental*. It
is therefore most successful when applied to systems which contain
components that are low—pass.

A single-loop system with one nonlinearity is shown in
Figure 1.2. Since the describing function technique applies

directly only to autonomous systems, the system is more properly

% An extension of the normal describing function method is the
dual input describing function, which retains two harmonics or the
fundamental and dc term. The dual input describing function is not
considered here.



Figure 1.2, Single—loop system with nonlinearity N

Pigure 1.3. Autonomous system with noniinearity N



considered in the forms of Figure 1.3. It is assumed that the
linear element transfer function G is low-pass and alldws only
the fundamental component of m to pass. Therefore c¢ , and thus

e are .sinusoidal and.may be written as
e = Esin ot (1-3)
The output m of the nonlinearity may be expressed as
m = K(E) + fd(e) (1-4)

where X is a quasi-linear equivalent gain of éhe ‘nonlinearity and
fd is a distortion term.

The distortion term fa.ymay be minimized in'a mean-square
sense by choosing X as the normalized coefficient 6f the funda-

mental of the output wave. Thus with an input e as given in

equatdon (1-3) the Fourier series representation of the outputwill be
m = h; sin ot + hs cos wt + ... (1-5)
The describing function is defined, in cartesian- coordinates, as

hy hy
— + j— (1-6)
E E

>

In general, for symmetric single-valued nonlinearities there will
be no phase shift in cutput fundamental; the imaginary part will
be zero. There will be phase associated with double-valued, or

hysteresis, functions and with nonsymmetric nonlinearities.



Applying the describing function approximation to N vyields
m = -Ke (-7)

If a limit cycle exists only the fundamental component is retained
in this approximation. The steady-state form of the linear transfer

function can thus be used; that is

G(juw) = ﬁ%%% (1-8)

If indeed a limit cycle does exist, (1-7) and (1~8) must be

satisfied simultaneously, giving

c(w) =-% (1-9)

This relationship is fhe basis of a graphical analysis technique
making use of the Nyquist criterion.

First, on a polar graph a N;guist‘plot of the linear system is
made as illustrated by G(jw). {;*Figure 1:43 ﬁext, é plot of = é%”
is made as a function'of E on the'same polar graph. Oscillétions

. .
are indicated by intersections of the G(jw) and the: ~-%- curves
as indicated by (1-9).

If the descriﬁing function contains no phase shift, i.e., the
imaginary part is zero, the plot of ~1% lies along the negatiwve
real axis, as 1llustrated by curve k; in Figure l.4. If the
nonlinearity can cause phase shift between its input and output a
curve as illustrated by k; can be expected. If the G(jw) curve

and the k curve intersect, limit cycles will exist with approxi-

mate frequencies being those at the intersections. The values of

a~



: Imag G(jw)

Real G(juw)

G(jw)

Figure 1.4. Nyquist-describing function plot of
system of figure 1.3

10
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E at which the intersections occur are the approximate amplitudes
of the limit ecycles. A

Whereas the describing function technique is an adaptation of
linear system analysis methods to the study of nonlinear systems,
the phase plane method involves a radically different approach.
This analysis is concernéd with the characteristics of the solution

of the differential equation

X + alx,%)% +‘b(x‘,}'c)x‘ =0 (1-10)
The terms a(x,%) and b{x,x) are functions of the signal x and
its derivative =x . The derivative % is pibtted as a function of
X producing a phase ﬁlane portéait. The initial conditions %(0)
and x(0) , for time t = 0 , define a Qoint in the phase plane;
the behavior of the system at all later times is identified by the
curve whose path passes through this defined point. If as time
increases the path tends to infinity, the system is unstable; if
the path tends toward the origin, the system comes to rest and is
stable. There is also the possibility that the path may close on
itself; this indicates the existence of a limit cycle.

Around the turn of the century, Russian mathematician A. M.
Lyapunov presented a useful stability criterion which has found
extensive application in the past 20 years. This approach examines
the response of a system at an equilibrium point when it is dis-

%
turbed slightly. An equilibrium point X, is stable in the sense

* An equilibrium point is a state in which the system is in
equilibrium with no tendency to move unless driven.
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of Lyapunov if, for a given ¢ > 0 , there exists a § > 0 such

that when the initial disturbing condition =~ satisfies

[1=, ~x ][ <8 (1-11)
then

[lx(e)-x_[|" e forall't>0 . (1-12)

A more restrictive sense of stability requires that the system
return tc the equilibrium point after disturbance. This condition
(termed asymptotic stability) is met if, in addition to the previous

requirements for stability (Equations 1-11 and 1-12),

lim x(t) = X, (1-13)
o
for llxo - xe[]< é

-

These conditions can be shown to be true if a function V(z) ,
called a Lyapunov fumction, can be found which is positive every-
where (except possibly zero at xe), and whose derivative ig negative
everywhere except at the equilibrium point., The function V(x) is
analogous te (but in general not equal to) the energy stored in
the system, If it is everywhere positive but decreasing, the
system is continually settling back toward its equilibrium point
and is asymptotically stable. WNote that any function V(x) which
éatisfies these conditions proves asympototic stability. It should
be noted that V(x) is not necessarily unique.

The techniques presented here represent a cross—-section of
methods useful in control system analysis; it is far from an exhaus-

tive listing. Several other methods are discussed in the previously
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referenced texts and in the current literature. Generally these

other methods éipher are restricted to a select class of systems, or
contribute no information about stability which could not be obtained’
using the described methods.: However, since each method has certain
limitations and strengths, onme finds it useful to apply several tech-—
niques when carefully examining z particular system. Insight to

system characteristics is frequently gained from one analysis which

is not evident using other techniques.



CHAPTER II
THE PROBLEM

The anslysis of nonlinear feedback control systems is generaily
a complex task requiring a variety of tools. Sometimes a complete
characterization of the system is not necessary; didentification of
limit cycles often yields sufficient information. - The methods
discussed previcusly are quite useful and valuable; however, they
each suffer from certain limitations.

The technique of Lyapunov offers an important advantage in
that stability of systems can be determined without having to solve
thé system equations, The method does require the identifiﬁation
of a Lyapunov function, however, which merely provides sufficient
conditions for stability. If a function of the réquired type cannot
be found for a given system it does not mean that the system is
unstable. It means simply that the attempts to establish stability
have failed, If, on the other hand, stability is established, the
resulting region of stability may ﬁe more restrictive than necessary;
stability may exist in a region larger than that specified by the
method.

In a#dition, no systematic procedure exists for evaluating an
arbitrary fﬁnction of severai variables. As a result, test functions
are frequently restricted to the quadratic form, greatly limiting

* ' 1
one's choice of test .functions.
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The graphical phase~plane method, in addition to providing
stability informétion; also provides some insight into system
characteristics. Limit cycles and stable gquilibrium points are
readily identified and some indication of system response is
obtained. The technique is unfortunately limited to second-order
systems since higher-order derivatives cannot be conveniently
displayed on a two dimensional plot. (Knowledge of the variable
and its first derivative would not completely define a higher-order
system.) Also, as with all graphical techmniques, the accuracy of
the results is at least partially dependent upon the care used in
the graphical construction methods. These methods are often tedious
and somewhat prome to error.

' Perhaps. one of the most widely used techniques for determining
limit eyecles in practical comtrol systems, particularly those of

higher-order, is the classical desEribing function method. This

method is based on an analysis which assumes that the signals in

the system can be completeiy.chgracterized by a truncated Fourier
gseries which neglects the effect of most harmonics. With only a
single nonlinearity, this assumption may yield incorrect or
misleading conclusions. [8] In considering multiple nonlinearities,
questionable results are even more likely.

The graphical approach normally associated with the classical
describing function is not suitable when considering the effects of
retaining more than the fundamental component of the truncated
Fourier series. An extension of éhe describing function tecﬁnique

allows the consideration of two -components. This is accomplished by

use of the dual-input describing function, but at the expense of
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increased complexity of the analysis technique, In addition, these
techniques are limited to the consideration of gingle path, single

nonlinearity systems, .although (as will be-seen later) this restric-
tion can sometimes be relaxed.

Gelb [9] developed a method of analysis of systems of multiple
identical nonlinear-linear combinations. He observed that in a
system such as that of Figure 2.1, for nonlinear operation on a limit
cycle to exist, X; = X, except for a time phase difference. The
method is applicable only if the linear-nonlinear combinations are
identical. ‘

. Grénner.[lﬂﬂ developed'Q method of analysis for systems having
cascaded nonlinearities. The cascaded nonlinearities are first
reduced to a coﬁposite; the‘éesdribing function application of the
Nyquist plot is used to identify any limit cycles. The limitations
usually associated with the describing function technique apply to
the resulting composite.

Gran and Rimer [11] developed a modified Root-Locus technique
using the describing function representation of any nonlinearity to
give closed-loop analysis. This technique may be used to determine
the existence of any limit cycles and to obtain stability information.
The method works for both amplitude and frequency sensitive non-
linearities, and for multiple nonlinearities separated by dynamics.
Since system dynamics are displayed in pole-zero configuration, the
technique is useful for system synthesis. Because the describing

function is used, the previously enumerated limitations apply.



I
LINEAR

NONLINEAR X1 NONLINEAR LINEAR
ELEMENT ELEMENT ELEMENT ELEMENT
NL, Gy NLp Gy

NL, = NL2 Gl = G2

Figure 2.1. Multiple nonlinearity system with identical
nonlinear-nonlinear pair ' '

LT
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Jud [12] devised a method using the describing function
technique tozdetermine limit cycle conditions for any number of
"parallel nonlinear elements as long as signals reaching each
nonlinear element have passed through a low pass filter. The
implication is that each nonlinearity is preceeded $y a low pass
linear element. Thus, only a fundamental component of freguency
reaches the nonlinearity, and the describing function produces
only a fundamental component on the ocutput of the nonlinearity.

Negoescu and Sebastian [13] introduced a method for determining
self-oscillation in a nonlinear system which contains two nonlinear-
ities separated by a linear device. The nonlinearities appear in
parallel feedforward paths so construeted that in all paths each
nonlinear element is separate from the other nonlinear element by
a linear element, as shown in Figure 2.2, System equations .are
written, then examined for solutions. The existence of roots with
positive real parts indicates oscillations.

The most general method of analysis applicable to systems
with linear and nonlinear elements was developed by Davison and
Constantinescu [14]. While the technique is based on a single-loop
system as shown in Figure 2.3, the authors have extended its use
to include parallel systems of the type depicted in Figure 2.4.

The normal describing function approximations are assgmed, i.e.,
the linear elements are sufficiently low pass that, if a limit
cycle exists, only the fundamental frequency component need be

considered.



+ ®‘ NONLINEARITY LINEARITY + X LINEARITY
ONE ONE 1 THREE
LINEARITY NONLINEARITY
TWO TWO
Figure 2.2. Parallel multiple nonlinearity system

61
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e1 my ez ") e
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Figure 2.3. Single-loop system with n nonlineat pair
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 Figure 2.4.

G = LINEAR ELEMENT

System with n nonlinear elements in parallel
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Under these conditions, the ipputs to the nonlinearities take

the form of

e;(t) = Ajsin wt
es(t) = A, sin (wt + 82) (2-1)
en(t) = A sin (wt -+ Bn) .

Since the describing functign may be considered a linear gain
whose magnitude M and phase ¢ are dependent upon the input mag-

nitude, the nonlinearity outputs may be written as

i (t) = M;A;sin(ot+d;) (2-2)
fip () = MoAs,sin{wtto+dy)
m ( t) = M A sin (wt+e n+¢n)

If the magnitude of the sinusoidal input to the nonlinearity is
fixed, conventional linear analysis techniques may be applied to
the system.

For the limit cycles to exist

n
P = - : -
.Il’ Gi(_‘]w ) Gdi(Ai) = ~1+j0 (2-3)
i=1
wvhere ¥ is the frequency of oscillation of the limit cycle,

Gdi(Ai) is the magnitude and phase of the linear gain equivalent of
the ith nonlinear element and G; ds the gain of the ith Iipear

element.
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In addition, each linear element gain may be expressed in

terms of the nonlinear gains and inputs. . Thus

e,
G (o) = —FE 4 =1,2, ..., n-1 (2-4)
. ej.
G_(jo¥) = ——Fr—r
n enGdn(An)

When combined with.(2-1), (2-4) may be written

Al[Gl(jw?)][Gdl(Alj

.
N
1

(2-5)

.
(&5
[

82]62 (36" | |eg, (4 )

An - An—1|Gn~l(jw )llcdn-chn-l)l

*
A limit cycle exists if there is an A, Ap, A3, ... and w  which
simul taneously satisfies both (2-3)and (2-5). A graphical method may be
used to determine any such solutions. The following procedure is

x%
used.

1. Plot 'E Gi(jw) as a function of w .

i=1

2. Choose an arbitrary wvalue for A; .

n n ‘
3. Plot M- G,(jw) Ol Gd,(Ai) as in Figure 2¢5, using equa—
i=1 j=1 M

tion 2-5 and step (1)
4. Determine possible limit cycle frequencies by noting the
frequencies at which the plot of step (3) intersects the

negative real axis.

#%If the number of memory type nonlinearities does not exceed
one, a somewhat simplified procedure may be used: See Davison, et.
al. 141 for details.
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5. Determine the magnitude k of the plot of step (3) at

frequencies determined in step (4).

6. Repeat steps (2)-(5) for different values of Al . Plot
the graph of k versus A as shown in Figure é.ﬁ. The
intersection with the k = 1 }ine identiﬁies 1imit cycle

1

frequency-amplitude valués.

7. Using Equation 2-5, determine the remaining Ai values.

The system of Figure 2.4 (note that there is only one nonlin-

earity in each parallel path) may be analyzed in a similar fashion

with the following modifications in notation:

The input e ds given by
¢ =Asin wt (2-6)

and the nonlinear element inputs are

e; (£) = 4; sin(ot+j,) (2-7)

where
A, = [B;Go)|a (2-8)
o; = L (H,(§w) i=1,2,...n (2-9)

The conditions for the existence of limit cycles are Equation

and

y )
¥ + 3 = - $ 2-10

.l Hi(Jm) Gi(Jw) Gdi(Ai) 1+ j30. (

i=1

The graphical procedure is as follows:

1) Choose A arbitrarily.



A i
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Figure 2.6. Plot of k versus Am
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n
2) Plot Z H, (ju) G,(jw) Gg (A,) as'a function of o ,
i=1 1 €1 i 1

making use of Equation 2-8.
3) Determine possible limit cycle frequencies from the inter-
section of the plot of step (2) and the negative real axis.
n
4) Determine k = ; H, (j&) €, (jw) 6, (ju) Gdi(Ai)
i=1
at tﬁe frequencies determined in step (3).
5} Repeat (1)-(4) for different values of A . Plot k
versus A, noting the points of intersection with the
k = 1 line, .
6) TUse (2-8) to determine corresponding frequencies of
oscillation and input amplitude Ai for the limit cycles.
While the Davison-Constantinescu method provides a powerful
technique for the analysis of systems with multiple nonlinearities,
it suffers from the normal restrictions of all techniques using the

describing function approximation. This approximation is based on

the assumption that elements of the system are assumed to be low-

pass. Thus the input to each nonlinearity is accurately represented
by a sinusoid. If harmonic components are present at the nonlin-
earity inputs, results obtained by any method based on describing
function analysis are suspect.

Thus there is a need for a method of analysis which relaxes
the describing function restriction. The work presented in the

following chapters removes the low-pass requirement of the system.

The nonlinearity inputs may therefore contain a dec component



plus several harmonics, as well.as the fundamental frequency.

addition, parallel paths may contain multiple nonlinearities.
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CHAPTER ITI

THE SOLUTION

In the last chapter the difficulties and problems associated
with using describing function techniques to determine harmonic bal-
ance in feedback control systemswere delineated.: In this :chapter an
iterative approach for:analyzing a geﬁerallclasssQfAnonlinear'feed=~
back control systems for harmonic balance is developed, along with

the necessary mathematical tools for implementation on the digital

computer.

3.1 Harmonic Balance

A single loop time-invariant nonlinear feedback control system
is shown in Figure 3.1. Under conditions of harmonic balance the

signal at each point in the loop will be periodic-and of the same

pexiod. Thus, each signal.can be represented as a Fourier series,

i.e.,
= -+ + i -
e (t) a_ Z a, cos kwot bk sin kwot (3-1)
k=1
t) = o + i
u {t) o z ak cos kmot + Bk sin kmot
k=1
t) = A + ;
e (t) Ab kzl Akfcos kmot + Bk sin kwot
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f(e) ' () -

1 +1 o

Figure 3,1, Single loop nonlinear,
time-invariant control system.

The necessary and sufficient condition for harmonic balance is
e(t) = —c(t) . (3-2)

Therefore, each term in the series for e(t) must be equal to the

corresponding term for -c(t) . This requires that

a = -A (3-3)
o] (o]

ak=-_-Ak k=1,2,3,...

B = By

In processing the signal the linear element may alter the
magnitude and phase of the various harmonics as a function of their
corresponding frequencies, butno new harmonics will. be génerated.
The nonlinear element, however, can significantly alter the
harmonic content of the signal. The establishment of harmonic
balance depends upon the selection of the magnitudes and frequen=
cies of the signal such that the coefficient equalities in (3-3)are
satisfied. This requires the solution of an infinite number of
simultaneous,nonlinear?algebraic equations in an infinite number

of unknowns (obviously an Aimpasse”).
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Fortunately the problem can be somewhat simplified. In most
practical systems the linear or nonlinear element can be assumed to
be band limited, which results  in a finite number of terms in the
Fourier series representation of the output signals.*

The problem then becomes one involving only a finite number of
equations in a finite number of unknowns, which can be solveﬁ using
iterative procedures; Such procedures examine the output produced
from an initial guess of the input, then refine the-input‘th
produce an output that more nearly satisfies (3-3). This proéess
is repeated until the output matches the input within a desired

tolerance.

3.2 General System Considered

The system of Figure 3.1 can be expanded to include several-
paths with multiple nonlinearities in each path, as shown in

Figure 3.2, In order for harmonic balance to exist

| [t }=]
o
©
il
0
Il
t
m

(3-4)

2=1

for all components of Y, ¢ and e. That is, the dc component of e
must be equal to the negative sum of the de components of the Y's;
a similar condition is true for each component of the Fourier series

representation of the Y's and e,

% Tt should be noted that the describing function technique
solves the harmonie balance problem in this way. In the describing
function case only one or two terms are retained in the Fourier
series.



Figure 3.2. Multi-nonlinearity, multi-path system
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The goal of the work presented here is to develop a computer
code to determine harmonic balance in nonlinear feedback control
systems with the general configuration shown in Figure 3.2. The

technique that is developed on the ensuing pages is designed to

contend with several Fourier series terms in éhe establishment of
harmonic balance (thus making it superior to’ the.-describing .
function.methods mentioned in Chapte? 2).
In the development of any technique of this type some limiting
assumption are necessary. TIn this case they are:
i) The system can be separated into linear and nonlinear com-
ponents.
2) No input signal is applied.
3) The nonlinear element is 'time- and frequency-invariant.
4) The input/output characteristics of the nonlinear élément
can be approximated by piecewise-linear sSegments.
5) The nonlinear elements are single input/single ocutput.

*
6) The linear elements are relatively low-pass.

3.3 The Harmonic Balance Algorithm (HBA)

The flow chart in Figure 3.3 shows the major steps which must
be undertaken to solve iteratively the harmonic balance problem.

Using an initial guess of a limit eyecle (including frequency and

*Tt will be assumed that no frequency component higher than the
highest harmonic retained in the analysis will be passed by an ele-
ment in the system.
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amplitude components) the system output is determined. TFor the

. present a "No" and "Yes" are, respectively, assumed for the two
decision blocks. An input change vector is then determined so as

to reduce the difference between the input and the output components.
Using this change vector, a step size is selected, and the input
values are incremented.

This new input ig utilized in computing a new output. If the
new output represents an improvement, the process continues through
another cycle. If not, thé selected step,size is reduced and new
input values are determined, This input is then used to récalculate
the output, iuitiating’a new cycle,

Each time new output values are.computed'phey are compared to
the input values to determine if another iteration is needed. The
process continues until output and input agree within the desired
tolerance, at which time the procedure terminates.

The details of the process together with the mathematical basis
for the procedure are presented in the following sections. The
FORTRAN code that implements the algorithm is presented in AppendixB.

Directions for using the HBA and g sample output are presented,

respectively, in the Appendices A and C.

3.4 ‘Determination of System Output

Harmonic balance is established by the necessary and sufficient

condition that
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1 .
e c

S U R (3-5)
e c

n n

where the subscripts correspond to the Fourier componments of the
variable, The precedure described in the last section f£dr accom-
plishing’ this equality involves several distinct operatioﬁs;@the
efficieﬁt performance of which are central to the develgpmént of
a praématic analysis tool).

first, the computation of the Fourier series of the output of
nonlinearities when the Input is a truncatéd.Fourier series is
necessary. At the onset of this research effort several methods
Were‘in%estigated: a Simpson's numerical integration technique, a
Kalman filter technique, and a method devised by Braswell [15] in
‘his Relaxation-Based Algorithm. As a result of testing, Braswell's
techﬁique was_;izgmately chosen on the basis of comparable accuracy
with somewhat faster execution time.

The Braswell procedure uses the secant method (also known as

Regula falsi, or method of false postion) to determine the times

{ti} -1 which identifyfthe nonlinear breakpoint crossings by the

i=1

input signal. These times are illustrated in Figure 3.4. Each
breakpoint is identified by a coordinate pair consisting of the
value of the input and the resulting output value at the junction

of two of the linear-piecewige segments. The slope of each segment

is also specified.
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Figure 3.4. The response of a nonlinearity to a sine waveform
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Once:each breakpoint time .is identified the proper breakpoint

coordinate and slope are linked to it. With this information, then

t.
1 L 3 3 t
dp =% Z By J e TGt (3-63
i=1 .
£-1
L
t.
L
, I ¥ _
+ 7 ZKi ch Jej(n-m)wotdt
i=1 =N
ti-l

is used to calculate the resulting complex Fourier series coeffi-
cients of the nonlinearity output. In (3-6), dm is the Fourier
coefficient of the mt® harmonic term and Ki is the slope of the

plecewise-~linear segment used on the interval [ti, t 1. Also

i-1

=y, this relationship identifies the ordinate

P T Rk LTI

13
intercept of the piecewise-linear segment.

In processing the signal, linear elements may alter the
magnitude and phase of the varioqs harménics, but no new components
will be ereated. Since the principle of superposition applies, the
linear element output can be obtained by multiplying each harmeonic

component of the nonlinearity output by the gain and phase of the

linear element at the harmonic frequency. Thus,
Y, = 6(Jm ) d) m=0,1,2,...,4 (3-7)

where the m represents the zeroth, first, ———, and Mth harmoniecs.
The technique is applied to each path of Figure 3.2 and the
results are summed to produce the system output. That is, the out-

put of the filrst linear element in path one 1s taken as the input to
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nonlinear element twe to obtain the output of linear element two.
This, in turn, is used at the input of nonlinearity three to deter-
mine the output of linearity three., This process is continued until
all linear-nonlinear pairs of path one are considered.’ Then the
original input is assumed at nonlinear element one of path two and
the path two output is determined. The process is repeated until
all path outputs are found and their sum is obtained.

This procedure allows one tq determine the output which results
for a given input. Some means are.necessarf to determine'thechanges

in input which would result in the solution of the relationship
c -e =0, (3-8)

giving harmonic balance. This becomes a zero finding problem in
which the wvariables are frequency, ¥, and the Fourier coefficients
of the input (and the output) signals.

In actuality each input congists of a Fourier series with an
infinite number of terms. Thus, it is necessary to solve an infi-
nite set of algebraic equations in an infinite number of unknowns.
However, since the linear elements are assumed to be relatively low
pass, only a finite number of terms will be significant. The
resulting nonlinear simultaneous equations are of such complexity
that they do not lend themselves to an exact amalytical solution.

A numerical solution technique base on the Newton-Raphson methed is

devised in the next section.
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3.5 Determination of Trial Solutions

Another operation in Figure 3.3 is the computation of the in-~
put directional change vector. The Newton-Raphson method is an
iterative technique that can be used for solving a system of simul-
taneous nonlinear equations [16] (such as those found in this pro-
blem). The method automatically selects the increment to be used
in determining the next iteration input and as a rule exhibits a
rapid rate of convergence (if it converges). The Newton-Raphson
method is selected for the solution tool in this work. However, it
is modified to improve convergence.*

The technique will first be illustrated for a system of two

equations, i.e.

£1(x; 5, %) =0 (3-9)
f2(X1 ’ Xz) =90 .
An initial guess is made for the unknowns X, and X, o
Small increments Axl and sz are assumed to give the correct solu~
tion to (3-9). That is,
H
o o _ _
fl (xl + Axl > Xy + Ax2) =0 (3-10)
o o _
f2 (x1 + Axl > %, + sz) =0
where x; s xg , Axl , and x, are respectively the initial guesses

and increments.

#This results in essence in a gradient procedure.
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Expanding Equation 3-10 in a Taylor series around the initial

guess yields

(3-11)
fl(xi R xg) + A%y ( ofy Y +Aa% ( afl Y+ ... =0
ox 2 5%
1 2
o o of, ’f,
fz(xl R xz) + Axl { 3;;-) 4-Ax2 (:5;;-) + ... =0

where the partial derivatives are evaluated at the initial guesses,

o ©
xl and x2

If the increments are assumed to be small, higher—order terms

of Equation (3-11) are negligible. Equarion (3-11) mavy thus be

written in matrix-vector form as

F+JAX =0 _ (3-12)
where
afl 3f1
9x ax
A
J = 1 2 (3-13)
sz sz
Bxl sz

(the Jacobian matrix of the functions fl and £ 5 with respect to

%y and xz),

15 %)

l fl(x
o o
{—fz(xl s X, )

(3-14)

Fi
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and

A%

AX Ax (3-15)

Solving Equation (3-12) for AX vyields
" -1
AX = -[J1~ F (3~16)

The components of AX are Axl pnd Agz . When these values are

added to the initial esFimates gg and xg an approximate solution

of (3-10) is determined. However, since they-are approximate, the

solution is not exact and additional refinement in the wvalues of

the x's are needed. This is obtained by using the values of

x; + Axl and xg + sz as new i?itial guesses of Xy and X,

and performing the operation again. Thé process is repeated,

obtaining a better estimate for %y and %, each time until the

exact solution (or one within acceptable error limits) is obtained.®

This concept can be extended to the general case by allowing AX

and F to be n-dimensional vectors and J to be an n~by-n matrix,
For the case at hand, the Newton-Raphson zero finding technique

is applied to (3-8). Except at the point of solution the results

are not zero but

p,=c - e (3-17)

* This assumes convergence will occur. In general, the proce-
dure will converge to £(&) = 0 if £(x), £'(x)}, and £"(x) are
continuous on some interval containing &, if £'(E)# 0, and if the
starting point is "close enough” to the root § . These conditions
cannot be assured for a general nonlinear function or with randemly
chosen starting values. See Conte and de Boor [17].
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The desired result, of course, is for P to be equal to zero.
Note that the e values are produced by the system of Figure3.l
operating on the. assumed input values of e. Thus, for two input

variables x. and x the desired form of (3-17) is

1 2°

P = fl(xl’xQ) - % 8] (3-18)
%7‘ . p2 .= fz(fgl!‘}{z,) - Xz = 0

where Xy 9 comprise the input signal e.

The Newton—Rabhéon techﬂique is applied to the wvariable p ,

and x

resulting in

Pl AXl
+ [J] = 0 : {3-19)
2 bxy
thus »
— | A
xi 1 Pl
= [J] . (3-20)
The Jacobian matrix J is given by
apl Bpl
Bxl sz
3 = (3-21)
®y 2y
3x1 sz

The partial derivatives are computed by



and

(£) Geox,) = %)

o _ 2
Bxl Bxl
_ Bfl
= & 1
1
Bpl _ Bf1 . Bxl
sz sz 3x2
_ A
sz
op
2 _ 3
5w, © om, (p(Fpexp)-%,)
1 1
Bxl Bxl
)
Bxl
szi ) of ) 9x
sz sz sz
) sz L
= 5=~
2

The Jacobian matrix may thus be written

Bfl Bfl
-1 =
Bxl X2
sz sz .
X sz -
1
L |

(3-22a) -

(3-22b) °

(3-22¢)

(3-224)

(3~23)
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The system of Figure 3.2 can be equivalently répresented as a
single block as shown in Figure 3.5, Let the input now be CN and the
output YN. Let these correspond to the complex components of the
Fourier series representation of the input and output signals, The
component parts of CN are: ao s the dc component; bl s, the imagi-

nary part of the fundamental component; a, and b2 , the real and

2

imaginary parts of the second harmonic, etc. The a; component is
assumed to be zero so that the input signal corxresponds to a sine
wave at the fundamental frequency.* In addition, the fundamental
frequency ® is considered an input,

The system operates on these inputs té produge the output IN.
The components of the output are the same as the input except that
a nonzero a, component is possible. The frequency . is noF
changed by the system and thus is equal to the input w .

The input CN component parts, through the second harmonic, are
represented by ay s b1 > 2y s and b2 (remember that the real part
of the fundamental component is zero and there is no imaginary part

of the dec component) and the output ¥N components are AO . Al »

B, A, , and B, . Equations 3-18 take the form

%The actural reason for setting the real part of the fundamental
component to zero is to establish a fixed time reference.



cN SYSTEM N

Figure 3.5,

Single block representation of multi-element system

o%
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Py =4y~ 3 (3-24)
Py = Al - 0 (since a; = 0

Py = By = by

Py~ Ay = 3y

Ps = By = b,

A oA A gA oA

0 _1 0 i) . 0 , 10

aao Bbl 8a2 Bbz ow
3A1 8Al BAl BAl BAl
Bao Bbl ?az 8b2 dtiy

;- 3Bl BBl..l aBl aBl BBl (3.25)

Bao Bbl 3a2 8b2 w
__kBA 8A2 Eﬁg_j_ 8A2 3A2
Bao Bbl Baz 3b2 ow
BBZ 332 HBZ BBZ 4 332
Bao Bbl 3a2 Bbz oy

Notice that because the a, component is always zero, there are no

1
Eéi- terms. This eliminates one column of the Jacobian matrix.

1 3
There is, however, a column corxresponding to Y since w 1is an

input. The matrix thus remains square.
The partial derivatives in the Jacobian matrix are computed by
numerical means. This is accomplished by computing the ratio of

the change in each output to a change in the input, e.g.
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A AA
o . 0 (3=26)
da ha :
o 0

As long as the:deltas in .the fraction are small, the approxima-
tion is sufficiently accurate. These values -are computed, one

column at a time, by obtaining the change in the output values as

one of the input components is altered slightly. That component is

returned to its original value and another is altered to calculate
another column of values. The procedure is repeated until all

values are derived.

Once all of the elements of the J matrix are obtained, the

incremental changes in the input values are determined: from

Aa, | Py
Aby Py
ba, | = o™t Py (3=27)
Ab, Py
Aw Pg

where the p's are as shown in Equation 3-18. These delta values are

then combined with the CN components to obtain the new values of CN

to be used in the next iteration.

3.5 Iteration Limits

The numerical difference method of determining the partial

derivative values of the Jacobian matrix is wvalid if the difference
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values are suffigiently small, In order to insure its validify,

the change in each output valué is monitored to assure that the
change is not too large. 'The criterion chosen is based on limiting
the maximum change to about 2.5% of the value of the output variable.
If any of the outputs change more than this limiting value, the

incremental size of the input producing the excegsive output change
is reduced by a factor of 2 and the outputs are recomputed. This
process is continued until all output changes fall within the
establishgd limits.

Although the Newton-Raphson procedure rapidly converges to a
solﬁtion\in most cases, it is possiblé that the procedure will not
converge at alll The automatic éfep size generation feature may
result in step sizes which are too large to.produce convergence. In
order to circumvent this problem, the iteration step size is con-
strained to be no more than 1.5 times the last successful iteration

step size. Also, for each iteration a cost function is computed by

I
COST = )} p. (3-28)
. i
i=]
This cost is compared to the cost computed for the previous iteration;
if the cost has not decreased, the iteration step size is reduced by
a factor of five and the cost is recomputed. If four attempts are

ala

made without a cost reduction, the last reduced stepsizeis acceptedﬁ

*It should be noted that by limiting the step size the Newton-
Raphson procedure is really a gradient procedure.
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Recognizing that numerical noise may become significant for
computed values less than 10_8 , provision is made to terminate the
process when iteraéion §te§-égéééq;;;“;;;;iggégtiy of this magnitude.
Four consecutive iterations with step size less ghan 10-8 will
terminate execution of the code.

The procedure is also terminated when an output iimiting func-

‘tion is less than 10-8 . This function is found by

I .
YNOR = PR« PR (3-29) -
i=1

When this limiting function is less than 10Té, all ocutput components
are assumed to be zero.

The limiting function is also used to identify another stop-
ping criterion. If each component of the output differs from the
corresponding input component by an amount which is less than 0.1%
of the limiting function of Equation 3-29 the procedure is terminated;
a limit cycle has been successfully identified.

Several example systems were considered using the procedure

outlined above. The results which were obtained are presented in

the next chapter.



CHAPTER IV

RESULTS OF APPLYING THE HBA

The Harmonic Balance Algorithm (HBA)‘discussed in the previous
chapter was applied to several example problems., These examples
include single-path, multiple-noniinearity systems and multi-path
systems; they incorporate both memory and memoryless éype non—
linearities. The results obtained are sumarized in Tables 4.1
through 4.6.

The system of Figure 4.1 has two identical nonlinearities
but dissimilar linear'elements. With point A as the input, ;
randomly chosen initial values were selected; the initial value of
w was set at 0.5 radians per second with a fund;mental component
amplitude of either 5 or 10 units, With an initial input of 5 units;

the HBA terminated when the computed input increment consistently

remained less than the perturbation for determining the J-matrix.
However, where the input was initially set to 10 units, a limit .
cycle was identified. The frequency was determined as 1.015 radian/
second -with a fundamental amplitude of 18.16 units. As might be
expected from the asymmetrical nature of the nonlinearities, a small
dec component of -0.867 units was also -determined. Second harmonic
cosine and sine components were determined to be —0.124 and’—O.llO
respectively, while the third harmonic components were -0.819 and
-0.374. (Only components through the 3€§ harmonic were calculated.)
With the order of the linear elements reversed by choosing

point B as the input, identification of a limit cycle proved to be



COMPUTER TIME

INITIAL VALUES (M;N:SEC) HBA RESULTS
Number of Harmonics = 3 1:29.9 e{t) = -0.867 + 18.16 sin 1.015t
-0.124 cos 2.029t - 0.110 sin 2,029t
e(t) = 10 sin 0.5t ~0.819 cos 3.045t — 0.374 sin 3.045t
Number of Harmonics = 3 2:04.4 Terminated On Step Size
e(t) = 5 sin 0.5t
Wumber of Harmonies = 1 114.7 Terminated on Step Size

e(t) = 5 sin 0.5t

Table 4.1 HBA Results For System of Figure 4.1, Input At A .

49



COMPUTER TIME

INITIAL VALUES (MIN:SEC) .HBA RESULTS -

Number of Harmonics = 3 1:52.7 Terminated on Step Size
e(t) = 5 sin 0.5t

Number of Harmonics = 1 :13.3 Terminated on Step Size
e(t) = 1 sin 0.5t

Number of Harmonics = 1 :22.4 Terminated on Step Size
e{t) = 0.1 sin 0.5t

Number of Harmonics = 1 24,7 e(t) = ~0.064 +

e(t)

=-0.1+ 2 sin t

1.811 sin 1.054t

Table 4.2: HBA Results

For System of Figure 4.1, Input At B .,

€S



COMPUTER TIME

INITTAL VALUES {MIN:SEC) HBA RESULTS
Number of Harmondics = 1 5‘04.6 Amplitude = 0 -
e(t) = 0.1 sin 2t
Number of Harmonics = 1 :18.9 e(t) = 5,43 sin 4.00 ¢
e{(t) = 4.0 sin 2t
Number of Harmonics = 1 :13.1 e(t) = 0.410 sin 4.00¢
e(t) = 0.5 sin 3t
Number of Harmonics = 1 :15.0 Amplitude = 0
e(t) = 10.0 sin 8t
Number of Harmonics = 3 :53.0 e(t) = 5.33 sin 4.09t
- 0,026 cos 8.19¢t
_ . + 0.024 sin 8.1%¢t
e(t) = 4.0 sin 3t + 0.488 cos 12.28¢t
+ 0,239 gin 12.28¢
Table 4.3: HBA Results For System of  Figure 4.2 With NL2a .

s



INITIAL VALUES

COMPUTER TIME
(MIN:SEC)

HEA RESULTS

Number of Harmonics = 3

e(t) = 1.0 sin 2.5¢

:52.1 e(t)

0.502 sin 3.58 t
+ 0,12%107% cos 7.15¢

4+ 00,0336 cos 10.72t
- 0.0218 sin 10.72 ¢

0.98x10-3 sin 7.15¢t -

Table 4.4:

HBA Results for System of Figure 4,2 with NL2b .

11



COMPUTER TIME

INITIAL VALUES (MI]?'I:SEC) HBA RESULTS

Number of Harmonics = 1 :118.1 e(t) = 0,467 sin 3.91¢
e(t) = 0.4 sin 2.5¢

Number of Harmonics = 3 1:15.7 e(t) = 0.454 sin 4;0.{+t

e{t) = 0.4 sin 2.5¢

- 0.5%10™> cos 8.07 t
+ 0.1x10™% sin 8.07 ¢
+ 0.0228 cos 12.11¢t
~ 00,0230 sin 12,11 ¢t

Table 4,5: HBA Results For System of Figure 4.3.

9¢



COMPUTER. TIME

INITTAL VALUES . (MIN:SEC) HBA RESULTS

Number of Harmonics = 1 ' :128.0 e(t) = 254.7 sin 0.100 ¢t
e(t) = 0.25 sin 0.11 ¢

Number of Harmonics = 3 2:08.1 e(t) = 265.1 sin 0.0932¢t

e(t) = 0.25 sin 0.1t

+ 0.00166 cos 0.186 ¢
— 0.00286 sin 0.186¢t.
+ 22.73 cos 0.280t
13.84 sin 0.280 t

Table 4,6: HBA Results For System of Figure 4.4.

LS
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Figure 4.1, Single path system with two identical asymmetrical
nonlinearities
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more difficult with randomly selected values. A number of frequency
and fundamental amplitude combinations resulted in termination
based on the step size criterion. When a small dc component was
added, however, a limit cycle was identified. Selecting the input
as ®=1,0, DC = -0.1 , and fundamental = 2.0 resulted in conver-
gence to w = 1.054 , DC = -0.064, and fundamental = 1.811, (Wo har-
moniecs were calculated in this example.) Since these two closed
loop systems are identical except for the point chosen as the input,
they should have identical limit cycle frequencies. Notice that the
frequencies determined by the HBA agree Within 5%.

Davison and Constantinescu [14] considered several exa?ples in
illustrating their method of limit cycle identification. These
examples were alsoc examined using the HBA., Limit cycles were iden—
tified in each case.

The systems of Figure 4.2 involves three nonlinearities in a
single path; with ¥NL2a in the system, several combinations of ini-
tial w® and fundamental amplitude were selected, ranging from w =
2.0 to 8.0 and amplitude from 0.1 to 10.0 . When considering only
the fundamental component (i.e.,-no harmonic components) limit
cycles were identified at w = 4.00 rad/sec. Two limit cycle ampli-
tudes were possible, 0.410 and 5.43. In general, for w Z 6.0 , or
with amplitude less than or equal to 0.5 and w = 2.0, the HBA
terminated with the amplitude equal to zero. This is, of course, a
possible solution although it yields no useful information.

Limit cycle identification was also achieved when three

harmonics were considered. An initial input of 5 rad/sec with a



3
o )
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Figure.4.2. Single path, three nonlinearity system
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fundamental amplitude of 4,0 produced a limit cycle frequency of
4,01 rad/sec. with a fundamental amplitude of 5.33 units. Second
harmonic components were less than 1% of the fundamental compomnent,
but the third harmonicAcomponents were somewhat larger. A third
harmonic cosine component of 0.488 and a sine component of 0.239
were identified,

The.Davison and Constantinescu.:methodidentified a limit cycle
at 4,00 rad/sec. with a fundamental amplitude of 0.58 or 5.32.
While the frequency agrees with that determined by the HBA, the
amplitudes are somewhat different. This may be due to inherent
inaccuracies of graphical techniques as employed by Davison and
Constantinescu.

The second example considered-by Davis;n and Constantinescu
replaces the second nonlinearity by a relay with hysteresis. (Ehe
hysteresis gap is + 0.2 and the amplitude is + 1.5.,) A limit cycle
with an ;mplitude of 0.50 units at 3.61 rad/sec. was identified.
The HBA, considering three harmonic components, identified a limit
cycle of 3.58 rad/sec. and a fundamental amplitude of 0.502 units.
The second harmonic components were less than 0,01% of the funda-
mental, but the third harmonic components were larger; the third
harmonic cosine amplitude was 0.0336 and the sine amplitude was
-0.0218.

A modification of this example was also considered using the
HBA. The first nonlinearity of Figure 4.2 was altered slightly in

addition to the replacement of the second nonlinearity by the relay
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characteristics. The system of Figure 4.3 resulted. This pro-
duced a slightly different limit cycle, one with a frequency of
3.91 rad/sec and a fundamental amplitude of 0.467 units. When
three harmonic components were considered, the limit cycle fre-
quency shifted to 5.04 rad/sec; The resulting fundamentél
amplitude was 0.454 units. The second harmonic amplitudes were
aéain negligible, but the third harmonic components were not,
having amplitudes of 0.0228 and -0.0230 for the cosine and sine
values respectively.

The last example considered was a parallel path system as
shown in Figure 4.4. The HBA was applied for three harmonics, an
initial frequency of 0.1 rad/sec., and a fundamental input compo-
nent of 0.25 units. A 1imit cyele was identified at 0.0932
rad/sec. with a2 fundamentzl amplitude of 265.1 units. Second
harmonic amplitudes were less than one unit, and third harmonic
cogine and sine values were 22.73 and =13.84 respectively. Davison
and Constantinescu identified the limit cycle at 0.1 rad/sec. with
an amplitude of 254.8 units. When the HBA was limited to a single
harmonic component, the 1imit cycle was determined at o = 0.100
with an amplitude of 2534.7 units., *

The agreement of the HBA results and the Davison-Constantinescu
results support the validity'of.the HBA method, but the égamples
also show that harmonics can alter the limit cycle. In each case
where multiple harmonics were comsidered, both the frequency and
the fundamental amplitude were somewhat different from the single

harmonic case.
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CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

Techniques for determining limit cycles in nonlinear systems
rely heavily upon describing fuction analysis which considers only
the fundamental component of the Fourier series. representation of
the nonlinear element output. Thus any contribution that may be
mgde by other harmonic components ig ignored. No practical method.
of analysis considered multiple harmonic components in systems
containing several nonlinearities or forward paths. Since the
effect of these components is not always negligibie; a method
of analysis was needed which included them, In an effort to meet
this need, the Harmonic Balance Algorithm was developed.

The HBA can be used to identify limit cycles in multiple non—
linearity, multiple path systems. It cannot, however, be generally
applied in a random manner. Random selection of initial inﬁut 'R
values may result in the identification of a zero amplitude limit
cycle (a trivial case) or termination of the iterative process due
to insufficient step sizes. Thus it appears that the initial input
values should be intelligently selected, perhaps based upon the
results of some other method (the Davison—Constantinescu techniques
being the most general). 1In the event that a limit cycle is not
identified by the describing function or other techniques, but
indications are that onme almest exists (i.e., the curves almost
intersect), the HBA would be useful in determining if a limit cycle

exists when harmonic components are present.
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At any rate, the HBA cannot be profitably used by an individual
unfamiliar with nonlinear system analysis. 1Its success depends in
large measure upon the user's insight and ability to select the
initial input values; it should not be considered a general purpose
tool to be used to circumvent analysis using other available methods.

While the HBA sucessfully identifies limit cycles, its success
is highly dependent upon the selection of the initial input values.
While methods exist for detérmining possible limit cycles when only
one or two harmonic components are considered, they are generally
very tedious and somewhat error prone. Techniques for simplifying
these methods, as well as new techniques, would be appropriate.

One specific area which. could be examined is the Davison-
Constantinescu method. A computer algorithm for generating the
required curves or the data ﬁor plotting them would substantially
enhance the attractiveness of the method. The limit cycle or near
limit cyecle values suggested by this method could then be used as
starting values for the HBA in examining the effect of harmonics.

Further W0¥k may also prove fruitful in the area of automatic
step size generation. In its present form the HBA may converge toa
nonzero minimum of the input-ocutput difference function. When
this occurs, the algorithm terminates because further refinement
of the input values will not produce the desired results. Some
method of automatic input selection may be possible for these cases
which would extricate the algorithm from these local minimum traps,

allowing the zero finding process to continue.
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Using the HBA as a base, additional coding may allow
considera;ion of a more general system. In its present form the
HBA does not allow cross—-coupling between forward paths, i.e.
feeding the output of an element in one path to the input of an
element in another path. Also, no provision is made for internal
feedback loops within a path. Both of these variations appear
possible using the general concept upon which the HBA is based.

Further efforts in this area should prove fruitful.
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APPENDIX A

HARMONIC BALANCE ALGORITHM USER'S GUIDE

The Harmonic Balance Algorithm (HBA) is intended to be a
nonlinear system analysis tool. Its success depends upon the
intelligent selection of input data; an individual untrained in
nonlinear system theory is unlikely to be able to useit beneficially.

With one exception, data is entered in free format form; i.e.,
data éntries are not se?sitive to columnar location on the input
data card. Multiple data entries on a single line or card are
separated by a comma, denoting the end of one data field and the
beginning of another.

The single exception is the first data card, which designates
a number of iteration variables and limits. Blanks or zeroces in
the fields defining these inputs will cause predetermined values to
be selected., These values are defined in Table A.1.

The significance of input variable NFLAG requires some further
explanation. Under normal use only a limited amount of output data
is required. As shown in Appendix C, this'inéiudes the iteration
number, the size of the largest pertubation used in calculating the
partial derivatives in the J-matrix, the cost figures, the maximum
input increment, and the new values of input tec be used on the next
iteration. The user may cho;se to output additional data by select-
ing larger values for NFLAG. Each larger number results in more

intermediate data being printed, such as the J-matrix values, the

outputs of the nonlinearities, the linear system gains, etc. When

PRECEDING PAGE BLANK'NOT FILMED b3
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VARIABLE  FORMAT COLUMN . DEFINITION

DELTA E 1-10 Perturbation used in calculating the
J-Matrix (Default = 10-6)

NPMX I 11-20 Number of points used to describe the
inputs function (Default = 301)

ITERNO I 21-30 Maximum number of iterations in calcu-
lating the output of nonlinear element
(Default = 100)

EPS E  31-40 Secant method stopping limit (Default
= 10-5)
EE E  41-50 Minimum step size limit for termination

(Default = 10-8)

SIZE E 51-60 Tnitial Maximum input increment
(Default = 0.1)

NFLAG I 61-65 . Qutput-Data selection (Default = 0)

Table A.l. Input Variables on First Data Card.
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NFLAG is set to 3, all WRITE statements are used; intermediate
calculations and subroutine entries and e%its are indicated. The
latter case may prove useful in helping one to understand the.
intricacies of the program.

The remaining input data can best be explained by use of an
example. Each input variable is defined in Table A.2. and will be
identified as the sample input data in Table A.3 is examined. Note
that each input data card or line is numbered. These line numbers
are not actually present on the input data card, but are included
here for reference purposes. A flow chart depicting the data imput

process is shown in Figure A.l. An.explanation of each line follows.

Card 1: DELTA, NPMX, ITERNO, EPS,. EE, SIZE, NFLAG, This is the
only input data not using free format. A blank or a zero
for any value results in default selection.

Card 2: Number of harmonics (NOHAR) and numbér of parallel paths
(NP).

Card 3: Initial guess at limit cycle fréquency (Wo) .

Card 4: Initial guess at 1limit cycle amplitudes (HAR, entered in
order of DC, fundamental, second harmonic cosine, second
harmonic sine, third. harmonic cosine, etec.),

Card 5: Number of nonlinearities (WNL) in each of the paths (path
one, path two, etc.).

Card 6: Number of breakpoints (NBKPTS) for the nonlinearity and
the nature of its symmetry (NLSYM). The number of break-
points is one more than the actual number since an
artificial point is inserted at the far left of the
nonlinearity characteristic.

Card 7: JD, the nonlinearity curve number. (See Figure A.2.)
This is always 1 for memoryless nonlinearities. If the
nonlinearity is a memory type JD is 1 or 2 depending upon
which curve is being examined.

Card 8: Abscissa coordinates for the nonlinearity hreakpoints
(EBKPT) beginning at the artificial left coordinate and
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VARTABLE DEFINITTION
NOHAR Number of Rarmondic terms to ‘Be considered in addition
to DC term
NP Number of parallel paths
Wo Initial guess at limit cycle radian frequency
HAR Initial guess at input fourier series components
NKL Number of.ponlinearities in each path
NBKPTS The number of breakpoints in the piecewise linear
representation of the nonlinearity
NLSTM Nonlinearity symmetry characteristic (0 = asymmetri-
cal, 1 = symmetrical)
JD Nonlinearity curve designation (used to identify
curves on hysteresis type nonlinearities)
EBKPT Nonlinearity breakpoint abscissa
UBKPT Nonlinearity breakpoint ordinate
PWGAIN Nonlinearity piecewise-linear slope
Ni Number of common breakpoints on hysteresis type
nonlinearity
AB Hysteresis nonlinearity common breakpoint abscissa
MORDER Order of numerator of linear transfer function
NORDER Order of denominator of linear transfer function
AA Coefficients of linear transfer function numerator
terms®
BB

*of the form

Coefficients of linear transfer function denominator
* .
terms

n n-1 n-2
+ -A
AlS + Azs + ABS + ... + AnS -

m m—1
BlS + BZS + BBS

1,

2 .. +BS+3B.
B s

Table A.2: TInput Variables Using Free Format



Card or
Line Number

W00~ Oyt B R

Table A.3:

Datra

(Card 1 was left blank in this example)

10.0
1.0,

0
1.0,

1

4.0

0.0,

5.0

0.2,

-1.5,
0.0,

-0.2,
1.5,
1.E+20,

0.0, 0.0,
0.0

0.2

1.5

1.E4+20, 0.0
0.2

1.5

0.0, 0.0
12.0

0.0

Sample Input Data for Single-Path, Three

Nonlinearity System With Hysteresis

0.0
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READ, DELTA, NPMX, ITERNO, EPS, EE,.SIZE, NFLAG

!

READ NOHAR, NP

74-

DELTA -
NPMX, ITERNO, EPS
EE, SIZE

Set Zero

Value

| Value to Default

=0

READ NNL

READ JD

YES

READ EBKPT

READ UBKPT - -(::)

Figure A.l. Data input flow chart




'READ PWGATIN

READ NH

Figure A1,

READ AB

END

(Continued) Data input flow chart
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progressing to the right. The artificial breakpoint is
set far enough to the left so that it is never crossed,

Card 9: Ordinate coordinates for the nonlinearity (UBKPT), begin-
ning at -the artificial left breakpoint and proceeding to
the right. -

Card 10: Slope of the nonlinearity (PWGAIN) to the left of the
associated breakpoint.. There is always one more slope
than breakpoint, -the last being the slope to the right of

" the rightmost breakpoint. The slope to the left of the
artificial breakpoint is set to zero, Vertical slopes
are indicated by a very large number (i.e., 1020),

Card11: JD. If JD = 2, cards 8 ~ 10 are repeated for curve 2 of
the hysteresis characteristic. JD = 0 indicates the non-—
linearity has been fully described.

Card12: NH, the number of hysteresis curve common point. NH = 0
for a memoryless type nonlinearity.

Card 13: Order of numerator (MORDER) and denominator (NORDER) of
the linear transfer function.

Card 14: Goefficients of the numerator polynomial (8A) of the linear
transfer function, with the coefficient of the highest order
term first.

Card 15: Coefficients:of qheldenominator polynomial (BB) of the lin-
ear transfer function, highest order term first.

This completes the entry of data for the first nonlinear-liinear
pair for path 1. If other pairs remain in path 1, the process
(cards 6 through 15) is repeated until all path 1 data is entered.
Data is then entered for each successive path until all data is

entered.

Cards 16 - 20: Same as cards 6 - 10, but for nonlinearity 2,

curve 1,

Card 21: jD = 2, thus breakpoint information for curve 2
of the hysteresis nonlinearity follows. (See Fig-
ure A,2)

Cards 22 - 24: Same as cards 8 - 10, but for nonlinearity 2,
curve 2.



(-0.2,1.5)

Curve 2 1.5 (0.2,1.5) o ,
(ID=2)
~10% iy -0.2 0.2
7]
Curve 1
- (Jp =1)
— 4 £0.2,-1.5)
(-10°,1.5) (-0.2,-1.5) -1.5

Figure A.2. Hystevresis type nonlinearity
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Card 25:

Card 26:

Card 27:

Cards 28 - 30:
Cards 31 - 35:

Card 36:

Card 37:

Cards 38 -~ 40:

78

JD = 0, so all breékpoint information for this non-
linearity has been entered.

Number of hysteresis curve common points (2).

Abscissa common breakpoints for the hysteresis
curves (~0.2, 0.2).

Same as cards 13 - 15, but .for second. linear element,
Same as cards 6 - 10, but for third nonlinearity.

JD = 0, so all breakpoint informatiom for third
nonlinearity has been entered.

NH = 0, so no hysteresis common points exist.

Same as cards 13 - 15, but for third linear element.

This completes the data entry for path 1, and;since only one->

3

path is used in this example, all data has been entered. For multi-

path examples, data entry for path 2 would follow card 40 and would

follow the pattern begun at card 6.

Once the data entry phase is completed; no further user imput

is réquired. The HBA outputs identify possible limit cycles as

determined from the initial inputs., Note that failure to identify

a nontrivial limit cycle does not mean that no limit cycle exists;

it simply means that, if one does exist, it has not yet been

identified,
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FORTRAN CODED LISTING OF HBA
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IF o EOOT.GT o0, b, S ATHD By Y G LT, 00 bapHB WHHLEDL 8 ) THC=-1
Jas=d-THC
N IF C"ELOTY 2580, 420 20
280 Jda=2~1
a0 BETE L =URKPTCLL JSHNY-ERR BT b, JSWY $PUGATH (R4 1, IGhHD
SETMS I =PUGHIN A+, JSND
L 10 310
200 EBETHoHZ v=RETH LD
AE o=k 2
i CONTIHLE _
IF CMELAG.GE.ZY WRITE {64600 CEETOCIN BRLIX, I=1, 11D
i
N USE CREs POINT TIMES ofD PUECRMTSE-LIHEARR GALH IHFORPATION TO
" IHTECRWTE TO GET wil OFCIS.
[
0 410 =t deias
=1
T B Y= ML E 0, 0. 03, 00
IF i ED. D0 GE TO 33
o Da e T3 ISTOR
52u1 TR B =10 M A BETHC T d S CEMSFORG L - L TRO L] 02 Y=L EMP ARG =M. TRCI Y
Je
LEv b= Do s CMPL s T T 1L o 2o FI+FLOAT Ve 2
GO TO 750
33 [ i I=L IETOP. .
=al v Py =AM +EETH T2+ 0T 14 1v=-TE T

IMCEA = THOE - PERTOD

50 S EE MR, D,

rulieted

&
&

SO

|
San

SO0

410

420 !

d=0

$40
a9l
43
L
a5

L0 a0 =1, ISTUP
SUM{=CHELAS T, 00 0,0
S =ML G, 0L AL
Sl CRLY O, 000, 0
SUML=CMCI A TR T+ )= TR T
00380 H=Z, I
lii:_".I:'__l.iE;.{.H—ii GO TO 250
. HFGUE=CIL H 4 CEVPOHRG O [ 1, TG I+ 0= P O RneH M-
1,*'E‘['IF’L!.:I:EI.III-h'G‘*‘FLDHTf’NEI'I-l'f 'l P L TE I+ 0D hOF el M1, TR a0 s
G OTO 240
HIPGUESTH N s (TRE T+ TPl 30
SUMZ=5] 2P GLUE
COHTLLUE
nu_san HG%‘JHHH
. SHME=SURSLCOH 50 CHOH D b GLELPOARG G=H=E1 TECL o1 s - 0L 220F Gl -
lﬂhh+%h{ﬁkﬁj3ﬁ>ﬁhTPL§aﬂ.u,manﬁﬁﬁTfiﬂﬁmiiﬁﬂn P TBC Ly PR
JMCPIP = MY CEUAT RS2 RS M e K T+ 1Y PERTOD
DRI o= TM 024 i sy PERIRE
COHT i
IF v CHSVILED,
IF elFLEG. GE.

L3 B CABS MRS CHC Y, S—18d THiCE -0, 0
2R e :}glr:_: CHrty LT 1E=19 3 TiKE -0, 0

FORMAT +¥7, "hbs TG0 12, 1
ireg -'T"-ﬂu- "EINE RN Tes, BTG K
FORMAT L2000 ENTER BLOC
FURPHT 20, LEAWE ta Gt

g UL TS LR, TOSL LY fre
104, "ERFPT 14y He

FOPFAT o207 BEMY = *1F12,3 10 WK = 2L IR 1200, q e
EOPAT <7 15 3015, 20, 40F 13, 70 500 B 12 ianney 0 1

FOFIGT +
END


http:IINDXBdiX,.LT
http:JINDXB"*MX.LT
http:CJINHXB(MX.LT

]

in

S

SURROUT LHE FUNY if FY. JLIF Y. JFLRG: CHs JridR. COsT, kD

COMPLEN CHEIID,WHeIL)

FOMHON HFLAG e

DIMEWSION FY 25 . JFLRG(TS)

1F JHFLAG.CGE.Z0 WRITE e, 1200

DO_10 I=1. JMa¥ _ o o
tF PNFLaC.GT.32 BRITE {6, 902 [ ¥YHNCIY, L OHATY
CONTIHUE

Ey 15 THE IIIFFEF:‘:HI E_BETMEEH THE OUTPUT wHD THE ASSUMED INPUT

FYE 1 d= PEML YRS DYy i=FERL eI 3
0 20 l"-..,.JLIH
L"\.LT[' .3_‘
M= 2+ a1
FreLam RERL CYHER Y 2~ PERL ML) )
M= g INHGO 2 —ATFAG CH 220
COHTIHUE
COST=01, 0
L3 0 T-=1, ST}
tﬁ~|~|uﬁt+qﬁw'FE{IW*
IF friF.ELL Y PETURH
THDOE =0
L0 <0 kE=1. ILiR -
IF L FLRGWVREY ED. O THDEM=IHDES+1
F\(IFn-uﬁr’F+IHDER)
COHTThei
Lir=JLIM—-[NDEY
KFLii=0 . o
COMPUTE THE HNPMALIZIHG FACTOR FOR THE CQUTRL
THOR=0, {1
Lo 50 F-=, Jin
SYHOP=HORS REHL L HCH a3 42
R P HE L TR T oo P
COHTTHUE
H}1$ «ﬂP,-;HWPr
IF coepde B OR~D2 w0 g0 £p
CHECK FOR EkPﬂ” MITHLH OWT ISR TORY LIMITE

oo EY Pty iDT G, 0L 001y pFLAGST
DHTINYE '

IF 'hFLaG EC. N GO 10 PO

FETUH

FOWMRITE <. gy

20

=l
1

URITE 50130
FETLFH 1
MRITR 76, 1]00
STOR

]
100 FOFMAT v o 202 *ERROP LIAIT ST1SFIER"

111
120

EORMAT 2L "Ll DUTPUTS GRE SERGY -
FORMaT 208 ENTER FUNT S

120 FORMAT 20 gEYERPTERLE veLUES nvE’)

EHD

FOPFAT LW O, T8t 2o R L2, 0 SN, 3L AU . T
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SUBRQUTINE READ COLLECTS INPUT DATA.

TRPUT DeTa CONSISTS OF INITIAL GUESSES AT INPUT (CND
COEFFICIENTS AND FREQUEHCY <G> FOR HARMONIC BHLANGE,
BRPERLPOINTS AHD SLOPES WHICH DEFINE THE HONL INEARITY.
AND COEFFICIEHTS OF THE LIMERR ELEMENT POLYNOMIALS.
ALG0 INCLULED ARE THE HUMBEP OF PaRALLEL PATHS AND THE
HUMERR wHD FORM OF NOHLINEAP ELEMEHTS IN EACH PATH.

HOMAR = HUMBER OF HARMONICS « EXCLUDING IC )

JrHy = HOHAR + 1 = HUMBER OF HARMONICS THCLUDING IC

OELT® I8 THE PERPTURBATIOM FOR FINDIRG J

JII5 THE CURVE SELECTOR =~

AR = COMEOH BFERRPOINTS OH HrSTEFESIS CURYE

HLE =0 POR A5VM HL. 1 FOR SYM HL o

ITERHD= Mrk. O, UF ITERGTIOHS FOR HL OUTFUTY

SFE= SECANT METHOD STOFFING LInIT

HEMh=_HOLOF TIME POINTS USED TO DESCRIBE THPUT FUMCTION

E:_g;HIﬂUM STER ST1ZE FOF TEFMIMNATION

HOFDER, MORDER= ORDER OF TENDM. Wil HUMER. OF LIN. EL.
SIZE DLERMINES THE LARGEST CHAHGE IH CM WHICH CwuH OCCUR.

SLBROUTIHE READ
. GUMPLER CHIVLLY 11, 5 S5 B (. 5u S
BIMENSIOH HeRo2zd waviis PR1D
COMMON HE!LAG
COMMON . SIBIME, COMI, BELTH. EE-SIZE HOHuR o
cOpmon ope Dl - POMHS |ﬂH{ -Hi.» HPliA. ITEFND, EFS
COMMOH . «OPT HP.HMHL+ 52
QUHth .DTr HERFTELS 5);EEhPTf25J£;a S, UBKPTCES, 2,
2,5 30 HLSYR S 3, NHS: 5. HEklU-J-uJ;ﬁURFER(q S, ME
MREITE o5, 11400
READ 5, 180 DELTA. MPi., ITEPHD. EFS. EE, SIZE. NFLAG
FERD «5, 140 HOHAE. P o
IF lIIEITH Ef. 0, s BELTH“l E--is
CHEMGS EQ, D0 HPML=Z0L
QIIEbHU ECG. 02 IlEPHu—luu
O EPSLED. B, ) EPS=1.E-G5
VEIZELED, 0, ) 2I1EE=0.1
IF P ED. 17 HEs1
IF vEE.Eu, 0 EE=1.E-03
IF tHELNG.GE.3Y MRITE W&, 120
WRITE (5. 1R0)
WRITE 45, 320% DELTH, HFMS, ITERHD, EPS
MRITE C=ogQ0s
COWRITE 5. E200 HFLHG EE SIFE
AHF=HOHMR+1
InE=2¢HOHRF .
WRILIE <& 130 JfaN
FERD (5. 140, L0
FEAD (5, 130} LHERCD, J=1 IHD
FEAN oSy 1q0n CHHL oI I=1 HPY
WRITE & 1702 HOHAR
MEITE @5 1340, WO L .
WRITE o 2000 WHP- JHMLET 0 I=1 WP
MRITE (5, 2100 .
WRIFE 15, 230 HHRCLD
WRITE vio. 224
CWRITE 15, 240 HARLED
IF CHOHAR.ED. 1> GO To jﬁ
I 10 [T=2: HOHHR
10 MRITE a&,ZSD\ 1T, HHE&ZﬂIT 1. HBR{2¢IMD
20 vy 80 kp=1
HL=HHL-LP%

[

i -y
1T'TmmTm

l

l'

I‘
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o 20 k=1,

REGD (5,143) NBKPTSCK, KPY, NLEYMCK KPP
WRITE (5, 2602 K, KP: HBKPTSC(K, KP>
IF CHMLSVHCK, KPDLER. 0 WRITE (6, 2702 K. kP
IF CHLSYMCK, KR).ED. 1Y WRITE (&, 280 KL KP
TUP=HEKPTSCK, kP a+1
RE=HERPTS K, P2

20 READ ¢5, 1400 4D
IF (B, ER.0) GO TO 40
PRITE fa, 290 I K, KP
READ 5, 1403 CEBRPTCI, AL, K. KP»s I=1, KK)
READ 75, 1400 CUEHPTCI, JIL K. KPJs I=1, kKD
FERU S, 1400 CPMhRIHaI,JB Ks KPP, I=1, 10P2
WRITE <5, 200) C(EERPTCI. DL K, KP»s I=1, KK?
WRINTE ¢, 3100 (UBKPTCL, JIL K, kP I=1, KK
WRITE (5, 3200 PUGAINGL, JD: K, BPY, 1=1, TGP
GO TO 30

S 11 FE4D 5. 14&) MHCE. FPo
Ma=HH{K
IF tNH(} FP\ Ed. 0y LD TO S@
WRITE w3300 MHGLEF) )
FERD S 1402 (pBLL R B T=1 Hidx »

) MERITE o5, 2400 CABRCTL K KPY 1=10 HES

g4 CONTIHUE
FEAD r 5 140 MOFTER: & B2, NOTDERCK, P
WRFITE €. 350 MOFDERCK, kP, HDQDERuH.hP‘-V NP
MIERMS=MUPTER K. MEP+1
MTERMS=MOFDER k. RF2+1
SESD 5. 140 Cufr 1o, b3 MTERHSY
FEAD (5 140 (EB4 Y. J=1, HTERMES)

Tutfas T o

eI TE o8 2800 o d=1, HTERMS)
WRITE o5 3700 (FB\IJ;J~1;HTEFHC)
. b sl k=1lm1EP1a
(=41 AL P-hP =L HPLA AR L 0
o0 7o J=1. HTERMS
o _ Bl K. RPr=CMPL O BEe 33, B I
20 CIRTIHIE
CHIC T =CHPLCHAR LY, 0, 0Y
CHIR =CHFLN. O, I CHHR 2D 30200
IF FH0M9=. ED i GO TS 100
oo 20 H=3, s
B M=24H )
an ErItNﬁ=EanHrtHHP-W"*1-2- s VHRRLF—2Y s 0 =2, 20
100 CONTINUE .
URITE_(s-41020 )
IF CHFLWS,GE. 3 mPITE 8. 1302
RETUR ‘ .
110 FORT IHL »<orsi@L i090%e " T HP U T DR Ta sialf #7°0
i20 FURMAT <20:h "EHTER REAT
130 FORMAT <2000 “LERVE RERDF
130 FORMAT £ .
150 FORMWT - L, *.J0BRd = *. 123 .
ILUIFQEQREIﬁxxxPXJSH,’DELTR‘JTIﬁ;'HU. POINTS, T2, 'HL ITER’. T48. *SEC.
] LF 4 A . .
170 FORMUT v ri0u, “HO, OF HHFMDHILQ =, 11,
120 FORMAT CE10, 5 2110, 3E10,5, 15
1203 FORAT "fIUthlHITIHL o= R120 7
200 FURMiT 210 HMMBEP OF PRIHS =" 117 3%, "HUMBER OF,* HOHLINEARIT
__1JES FOR PWTH =',5I4)
210 FORAHT ror200h * INITIAL IHPUT YHLUES' )
220 F?ﬁEHT}f’fTﬁﬁ-’HHRHDHI‘ YaLUES!, 745, ‘HoR. HOL ' TS57, "COSINES', TP2,
1S THES -
230 FORMAT r-720L B0 =, R12.7
g E{PHHT A2 FINDAMEHTRL LDHF.“;T?D;41¢.?)
@U FORMNT /T4 12, 195, G127 Tol. GI 2.7 ) ]
brlFEFEET"ffifl Hu aF BREGhFOINTS I NUHLIHbHPITT’ ‘12" OF FrTH's 12
2ol FGREMAT - ‘1%|’NDNLIHEAHITV' I'J  BF PHTH' I2.¢ IS @SSYMETRICALY)
250 FOFPaT 'rfiw SHOHLIHEARITY Y« 12 Y QF PAHTH 12" 159 SYMETRIIp 2

e -2,
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QO oo o
M

lzﬁﬂi?ﬁ Ef?hH,;HPEﬁKPUIHT VALUES FOR CURVE’, 12,7 OF MNOMLINEARITY?.I
.7 '+ '

FORMNT ¢ <. SM, *HORIZONTAL COORDINATES?, TEU;S(EIG Ss DH2D

FORMRT o “YERTICAL EDUPDIHHTEb’;T3ﬂJ E10.5, SR 7

FORMAT «~--34, *SLOPE OF SEGMEMT TO LEFT?. T3D;5(E10 S;SK))

FOFMT Lo oL, HURBER OF COompoN POINTS ON HPS.CURVES =’

FEH?HI Ces2N, 'HORIZONTAL COORPDINATES OF COMMON FUIHTS’-Eh BfEiﬂ 5,

FORFAT ff*_.,IEJ’ DORTER HUHEPHTOR; 2 I2,* ORDER DEHOM.?.! IN NONLIN
IEARPLTYY T2, 7 IH FPATHY, 12 .

O FORMST /72, ' COEF. UF HUM. TERMSCHIGHEST FIRSTY . 2¢5, E10.500

I FOREAT o fo2n, ' TOEF.DOF DEH. TERMSCHIGHEST FIRGTY?, B{Sx E10.5)

S0 FOPHMAT 1M ELD, lJaliu;Tuu;Eiﬂ.Sb

I} FDF’[IHT \.1"{: Iiﬂ} T.E‘.S; [in T'ﬁﬂ; EI ﬂ.

0 FORFAT o~ 34 "FRINT FLAG' Thu,’MIN. STEP SIZE’, T43, *IHIT. STEP?)

Lelbefiel Celied ot
U1 Lo e P

FIND THE TPHNSFEF MASHITUDE AND PHASE OF THE LIHERP SYSTEM NESCRIBE
B ¢t nME B AT THE FRECUENDY LN

SUBROUTIHE L;_JI-I 3. s MO, AL B MORTER, NOPTER S
COMPLES G 2Py r{110, Bulll .
COmlr riFeas
IF lﬂF_ﬂh.Gr.;) MEITE oo SN
=t~
E=Hk1
IF (MOPIEF.ECQ.00 50O TO 20
At i MAa=1. NRTIFR

10 Z=F+CHPLYC0, 00 FLOATY JLY #0004 HE+L

20 COHNTLHUIC
P=By 13
IF »NOPPER,EGQ, By &0 TO 40

DD 30 Me=1, NOFTER
30 __._EiLHPL'kG 0 FLOATJL +2 W04 BuHP+1 Y
J0 CONTINOE
IF « EABbuP}.EQ.B.na PP+l MPLL L E-230.0 0.
L=c F
IF WFERILSGY EQ, G, 0Y Ge=C40MPL 1. F=3d. 1. )
IF CHFLHELGE.2Y URITE <d. &0
IF fHFLRG.GE.Z) MRITE & FOn
FETURFH
50 FORMAT 20N PEHTER ™

G0 FORMAT v30M, PGCREALY = G187 108 'Goiiac: =, 615, 7)
PO FOFFAT L2000 PLEAYE G

END
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DETERMINE THE CTHHNGE TO EE MaDE IN THE ASSUMED IHPUTS

SUBRUUTINE DELC cBELCH. A JIHY, JLIM, FY, KBIG, JFLAG, DUMHY. SIZED
UIMENSIOH DELCMEZS), AdINY 25,0250 EYi25%, JFLAGCEDY
COMHOH MFLAG
IF CHFLnG.GE. 3) WRITE {6, 80
o 10 =1, kBIG
CONTINUE
o 20 K=1,JLTH
DELLCHCR »=0. u
oo 20 J=1,.J0
DEhCHﬁH‘ ﬂﬁJlHVuK JFY U 2 HDELTHCKD
NI
ARJUST DELCH TO ACCOUMT FOR ZERD ROWS IN J MATRIX
HEMIFT=JLINM-U'BIL =
IF CHEHIFT.EQ. 0 GO T 440
oo 20 MWaR=IM. 1. -1
IF WJFLAGCJIYARILED. 13 TELCHC IVARD =_ LCHCWAR-HEHIFT
L JFLAGY PR ED, 3y DELCHOARX»=0. 1
s t;bHG\JfHR\ JEO. 0y MSHIFT=MSHIFT-1

i
1
r
JT L
o
X
(8

Fl"‘—!l'_':‘ﬂ'l'!

L.
NLK
M

THE LeRGEST CHOHGE

.}1

pishmalnm Ly}
=

DM

x
1
1

« JLIM
TELCHOK LY 2 L GTL TR DY =nBSr DELCHOM 10 2

—_
o |--|I "".::;s—n

l"1

i T

E$T CHRMGE IS hPhﬁTLR THAM “SIEE', SCHLE DOWWH
T.EIJE; GO 707
ST
=]

LH K23 +#SIZE - TIHMY

H:
.
1:
HES
Ud
=%
L3
it

i
3
L
e
=3
ZE

Dr’!'lﬂ"u-f" —==lEA TN

q
b
!

-
[l
1

it

110 THRENY
3 MPITE W&

l'll:rl'":.:f K

CROHTIHE
IF 7 NFLs,
FETU
FoiaT 'JB; EWTER DIELLS

FOFMRT F20 ‘LEHwE utLL’J

FORMAT (200 *MAM. DELTS COMPINED = 12,
FOPFMT 1H+ Tol M, DELTH wLLEMED =',

END

ITI

At
]
D

T2
G12.7
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* 4k x x FaxxrtxINPQYT DATA s+ % %2 % % %=
c10B5bT85 "0+ BRENTS  flhoTTeR SEC215936-44"
PInT FLAG Alie STEP SizZ= INIT, STc®
o e L0ubd=G7 »15000+00
JUAX = B

N34 UF RRGONICS =3
INITIAL w = z.503000

1

MuvesH (Or PATHS =
Iv5 FUR PaTH = 3

i
HUMDER OF wenLINERRIT
INITIAL INPUT VALVES

pC = «000U008

HAWMONIL vaLykS HAR. NO» COSINES
FULIDAMINTAL CONP,

2 «0000000.

3 «0003000

N0, 0 BRZAKPUINTS IN NOWLIMcARITY 1 OF PATH 1 IS 3

Sl JEaRITY L OF FaTrn 1 15 >YS4eTRICAE

BRE AKFIINT VAWLJSES FOR CUMWE 1 OF wON-IVEARITY 1 10 PATH 1

HeRIZO AL COUPHINATES  ~«15UCC+YE =-«20000%51 «20030+01
VaRTICAL COQRVINATES ~+IGuUULHUL =-+30¢00t1 «30009+01
SLOME OF SEGLYEN! TO LEFT  .C0US0 00000 +15050+01

1 OHDER AUNSHATUR, 2 OROER DENON, 1M NGHLIMEARITY 1 IN PATH 1

.ot .
CeE F Nums TERMS(ALGR=ST FIRST) «55000+401 «20000+02

o

*

m

m

CGEF«oF CEMe IEHoS{HI3RsST rlIRSD) 2190004+31 230508401
NOy U= GRIARCULINTD I NOALINCARITY 2 OF PaTh L IS5 4
et LEEAREITY 2 OF PATH 1 15 7w = RIVAL

SRACARCOINT VARUES FoR CURVE 2 OF NGMLINEARETY 2 1. PATH L

DRlGlN%‘ PAGE IS

OF POOR QUALITY

%

SINES
i,000000
»0p00000 ~
0QUouot

«00000

50000401
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!

H004 40

TYNIDIO

ALwWnd
Sl 3wy

AJALZONTAL COVADINATES  ~.1p900+ub =+20005%09 +20050+0¢0 *20g0g*o0

VERTICAL LODRUTAATES = 15808401 ~el5302+p1 ~+150pgU+0% +15000%01
SLOZE OF St il 7o LEFT  «0pudd +000€5 +00059 -1ogogral « 70090
SRLACPIINT VanusS FUR CUMVE £ OF wONLINCARITY 2 14 PATH 1
MonILG The COVILT ATRS T 10LJUG+HIB ~e20405 %0 ~«20060+00 -zouog;go
LPTISAL LuGH-1,ATES = 1odugtel ~+15090%1 +15000+01 *13p00%01
SLI-E OF Szoldie T3 LEFT .00..0 L2036 «15090421 «0U00g .P00g0
-;-_,.;._,::., Gr LOWWIN POIATS W SY5.00TVES = 2
HokIeonTAL Cusklii, ATeS CF Cowon POLITS  =+20300%00 +20000+00
7 Umpe® cihisnr T, 3 Da0ER DENIYM. N CIONLINZARITY 2 Iy PATH 1L
CoiFeoF MUve ToMabiHInyesT #12g1) «10080401 + 30000401 +50000%g1
CLEFWOF 5E 4 Tef S(H,5425T rIRST? .19070+01 »76000+01 . 16000402 » 12000492

WU, Lm oaPZAnPuli T [ NOMLINGARYTY 3 OF PATH L 35 &
vv L1z ATITY 5 4F PATS 1 1S =T 2TRIVAL

wlandeTIRT Vae g0 rU CuseE B OOF WONLIMZARITY 3 1% PATH 1

HenaelThe LOVRIIATES  "e10700446 ~+32002%9L +30000+01
vialECAL wogi~l ATES T UL TR =ed530331 ’35099+01

ALGPz OF Saoonl T0 LEET  WC0DY 06902 +83233+00 +00000
Sotet MumesATe ¢ L A0SR 3Trhdve AN MONCINnARITY 3 1N PATH 1

CaEF ool MUae PER s tAInda3T FIRST) +1300U+02

LrEROR TEYe TaR03(1[0H2ST FIRST) «17000+01 LBO0000+01

L6



2 Kk 4+ Kk ¥ X ¥

= ¥ 2 ¥ & * ¥ RESU

]
M
rtx CLUST ic «1lovGUIL+
s he weLTA COYPulou = .
NE

ey

NEg

51

Neq

why

LTs £ K E K E K K E x KN X £ ¥ K

ARl RORYI% % aT1on = Llos00u0-

3 SRISSYALION 2,.37099000003

2803023 MAY. DELTA ALLDAES = ,1030000+400
#0 = 2000000

DC COMPUNMENT = 40000000
FUNDAAENTAL SINE COYPOHENT = 9505131
COMBoNZYTS FOA HARMONIC ND. 27 COSINE =  1.999915

CONMPONLNTS FOR HARMONIC WDs 33 COSINE = 2,00419%

PN BT AL

vy Cunl L = eLowTodl” C3§§%§£§Er§§§2§uséauogggo
A wiLTe C3YA)Telr = L31L0705 vhZ. QELTA ALLOWED = ,2p00C00
Niw a0 = 2¢u20000
Mzy DT COWOMENT = »0C00000
NEn FUNIAMZINIAL SINZ COMPONENT = - «B6US877
NEw COYPONINTS Fuld HARMONIC NDe 25 COSINE = 1,999630
Mgy COAPONZITS FOR HARMVONIC nDe 37 COSIME = 2.012331
w#x Cudpl L 2 -4185422: AHE_” Ai??Anggﬁ%ggiﬁngisglu;4003220
wr ke wELTH COAPUTES = .5u457211 wA%. DELTAALLO4ED = ,4000000

Woy

Mgy

e,

e

s,

wd = 5-200000
OC COMSINEMT = «00G0005
FUIPAYL ITAL SINC COVAONENT = 6725512

COARDNLNITS FOl HARJONIC NOe 27 CCOINEg = 2,U00208

CO.PHLMTS FDR YARNOGIC N2« 37 COSINE = 2,022547

SINE

SINE

SINE

SINE

SINE

SINE

=+1725285-03

-20212B24~02

=~e1327842=02

~+2320555«01

«1514335=-02

=+ 264208701
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#kx CUST & =

614
whixe usLTA cowﬁu;ca = .5559791

ke CURT =
ak Uk Ben

r¥& CUST & =

3t

ra R NgLHER 4 FALLOWS
T1 10

d_n WAA, PAY «8003000
30 xx¥

Nea 90 = 0en83979

My DC COMPOLENT = .0000009

MZy FUGDACENTEL SINE COMD0YENT = 5129287 -

NEZy COMPOONTS FOR HARMONIC N2« 27 COSINg = 2,000385

NEw COMPONZNMTS FOR HARMONIC N7 37 COSINg = 2.018822

ﬁf* R P TAL e IsaTIoN £ £ 711958
pHIE3E T193?;73‘J:IALCO§T O St AR

Hiw 40 = 34575305

Nz DO COMROLENT = 0300000

NIa FUNDAMcNTAL SINE COMPOMENT = 5019447

How CO¥DONEHTS FOR HARMOWNIC NOe 23 COSINE = 2.000006

Han COMPONENTS FOR PARMONIC NO» 37 COSINE = 2.016803
.9uassgzz RH?.Ngng??ALL §§?§3§§T¥§§055953 169345701

ati LIAET SATISHI
CEPIAILE VALJES A

)
<%

W = L002UgoD
Fu,JAYENTAL SINT CO¥ ONENT = .5019447

COMPONENTS FOR HARMONIC NOe. 25 COSINE = +1220431=-04
COUTUNETTD T2 DAl IC N0« 30 JOSINE = «336%615-01

LivIT CYCLy F2ZR0ENEY = 3.57522% RADIANS/SEC,

SINE

S1INE

SINE = ~+5B5145878~03

SINE

SINE

e 2236249701

~+9780368-05

n

SINE = =+21836589-01

~+9780168-05

~«2183880=01
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10.

i1.

12'

13.

) York',4 1968.
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