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ABSTRACT
 

Techniques for the identification of limit cycles in nonlinear
 

control systems rely heavily upon .describing function analysis.
 

Most methods are restricted to single nonlinearity systems and
 

consider only the fundamental component of the Fourier series
 

representation of the nonlinearity output. No previously available
 

technique considers multiple harmonic components in systems contain­

ing several nonlinearities and multiple forward paths.
 

This report presents a method of analysis which identifies
 

limit cycles in autonomous systems with multiple nonlinearities in
 

multiple forward paths. The nonlinearities may be any time- and
 

frequency-inVariant single input, single output type which can be
 

adequately represented in piecewise-linear form. In addition,
 

several harmonic components may be retained in the procedure.
 

Included in the report is the FORTRAN code for implementing
 

the Harmonic Balance Algorithm (HBA) developed in the research.
 

Using this code, limit cycles are identified in multi-path,
 

multi-nonlinearity systems while retaining the effects of several
 

harmonic components.
 



TABLE OF CONTENTS
 

Chapter 	 Page
 

ABSTRACT............. . -ii
 

LIST OF FIGURES .............. iv
 

LIST OF TABLES. . ........ . .. v,
 

I. INTRODUCTION .............	 1
 

II. THE PROBLEM........... 	 . .. 14
 

III. THE SOLUTION........... 	 .. 29
 

3.1 	 HARMONIC BALANCE .......... 29
 

3.2 	 GENERAL SYSTEM CONSIDERATIONS ...... 31
 

3.3 	 THE HARMONIC BALANCE ALGORITHM (HBA) 33
 

3.4 	DETERMINATION OF SYSTEM OUTPUT. . . . 35
 

3.5 	DETERMINATION OF TRIAL SOLUTIONS ..... 40
 

3.6 ITERATION LIMITS .......... 	 48
 

IV. RESULTS OF APPLYING THE HBA ........ 	 51
 

V. 	CONCLUSIONS AND RECOMMENDATIONS ....... 65
 

APPENDICES .............. 68
 

Appendix A. Harmonic Balance Algorithm
 
User's Guide ........ 69
 

Appendix B. FORTRAN Coded Listing of HBA . . 79
 

Appendix C. Sample Output of HBA ..... 95
 

REFERENCES . ............ 	 100
 



iv
 

LIST OF FIGURES
 

Figure 	 Page
 

1.1 	 Feedback Control System. . ....... . 2
 

1.2 	 Single-loop System With Nonlinearity N . 7
 

1.3 	 Autonomous System With Nonlinearity N...... . 7
 

1.4 	 Nyquist-describing Function Plot of
 
System of Figure 1.3. . ....... .. . 10
 

2.1 	 Multiple Nonlinearity System With Identical
 
Linear-nonlinear Pair.. ...... ..17
 

2.2 	 Parallel Multiple Nonlinearity System ..... 19
 

2.3 	 Single-loop System With n Nonlinear­

linear Pair . . . . ........ ; 20
 

2.4 	 System With n Nonlinear Elements in Parallel 21
 

2.5. 	 Graphical Method For Determining Limit Cycle
 
Frequencies, w * 12 

w .324
 

2.6 	 Plot Of k Versus A ........... 26
 
m 

3.1 	 Single Loop Nonlinear, Time-invariant
 
Control System..... . . ...... 30
 

3.2 	 Multi-nonlinearity, Multi-path System ..... 32
 

3.3 	 Flow Chart For HBA ........... 34
 

3.4 	 The Response Of A Nonlinearity To A
 

Sine Wafeform. .. . . . . . . .. . .37
 

3.5 	 Single Block Representation Of
 
Multi-element System ............ 46
 

4.1 	 Single Path System With Two Identical
 
Asymmetrical Nonlinearities ........ 58
 

4.2 	 Single Path, Three Nonlinearity System . . 60
 



V 

LIST OF FIGURES (Continued)
 

Figure Page
 

4.3 System Of Figure 4.2, Modified . ....... 63
 

4.4 Multi-nonlinearity Parallel Path System.... . . 64
 

A.1 Data Input Flow Chart . .......... 74
 

A.2 Hysteresis Type Nonlinearity ........ 77
 



vi
 

LIST OF TABLES
 

Table 	 Page
 

4.1 	 HBEA Results for System-of Figure 4.1,
 
Input at A .............. 52
 

4,2 	 HBA Results for System of Figure 4.1,
 
Input at B. ....... ....... 53
 

4.3 	 RBA Results for System of Figure 4.2
 
With NL2a . .... ....... . 54
 

4.4 	 HBA Results for System of Figure 4.2
 
With NL2b..... ............ 55
 

4.5 	 HIBA Results for System 6f Figure 4.3 .. 56
 

4.6 	 HBA Results for System of Figure 4.4 ..... 57
 

A.l 	 Input Variables on First Data Card....... ..0
 

A.2 	 Input Variables Using Free Format ...... 72
 

A.3 	 Sample Input Data for Single-Path, Three
 
Nonlinearity System With Hysteresis ..... 73
 



CHAPTER I
 

INTRODUCTION
 

The science of control system analysis has experienced rapid
 

development in the years since WWII. Many techniques for
 

determining the stability of linear feedback control systems have
 

evolved, some of which give a simple indication where others give
 

additional information such as the margin of stability. These
 

methods are described in detail in many texts, such as Truxa1 [1],
 

Dorf [2], and Kuo [3], and are summarized here.
 

In a system such as that shown in Figure 1.1, a transfer
 

function is the ratio of the output and input of a block. The
 

transfer function of the upper block is thus G(s) = C(s)/E(s)
 

while that of lower block is H(s) = V(s)/C(s) . By algebraic 

manipulation the input-output relationship of the system is 

obtained as
 

C(s) G(s) 
R(s) I + G(s)H(s) 

The denominator of the above equation when set equal to zero is
 

referred to as the characteristic equation; it determines the
 

mathematical characteristic of the transient response of the system
 

* A linear system is one for which the superposition principle
 

holds. Superposition implies the properties of additivity and
 
homogeneity with respect to both input and initial conditions.
 
Additivity is illustrated in the following manner: if input r,
 
produces output yj , and input r2 produces output Y2 , then
 
input r1 + r2 will produce output Yi + Y2 . Homogeneity is
 
illustrated thusly: if input r1 produces output yi , then
 
input krI will'produce output ky1 . A linear system is stable
 
if its output tends to a finite value for any finite input.
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R("91 E(s c (s) 

G(s)+-

Figure 1.1. Feedback control system
 

A relatively simple mechanistic procedure for determining sta­

bility from the unfactored polynomial in s , which forms the charac­

teristic equation, is the Routh test. This test, which originated
 

about 1880, can be used to determine the number of the roots with
 

positive real parts. The existence of roots with positive real parts
 

indicates an unstable system..
 

In addition several graphical techniques are widely used in.
 

testing for stability. These, in general, provide information re­

garding the relative stability of the system. Included are the
 

Nyquist Criterion, the B$ode Diagram, and the Root Locus Plot.
 

There are cases where the- transfer function G (or H) cannot
 

be readily determined as a polynomial in s When the polynomial
 

is not available, the Routh test cannot be applied. The Nyquist
 

stability criterion can be used in these cases if the frequency
 

response characteristics of G(s)H(s) can be determined.
 

Note that for a linear system to be stable, all zeroes of
 

I + G(s)H(s) must lie in the left half of the s-plane. The Nyquist
 

criterion determines if this is the case by examining a plot of
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G(s)H(s) as s 	is allowed to vary along a closed contour in the
 

s-plane. This contour may be, for example, the imaginary axis of
 

the s-plane together with a large semicircle enclosing the right
 

half plane. An indication of stability can be obtained by examining
 

the number of resulting clockwise encirclements of the point (-1,0)
 

in the G(jw)H(jw) plane. The number of encirclements is given by
 

N = Z - P 	 (1-2) 

where N = 	the algebraic sum of encirclements of the (-1,0)
 

point where clockwise encirclements are assumed
 

to be positive.
 

Z = the number of zeroes of I + GH in the right
 

half of the s-plane
 

P = the number of poles of GH in the right half
 

of the s-plane
 

If there are any net clockwise encirclements of the (-1,0)
 

point, there are zeroes of 1 + GH in the right half of the
 

s-plane, and the system is unstable. The number of right half
 

plane zeroes is given by the sum of N and P . In many cases the
 

open loop system is known to be stable, i.e, there are no poles of
 

GH in the right half s-plane. (Note that if the frequency response
 

characteristics of GH are determined by measurement, GH must be
 

stable.) Thus N must equal zero for the system to be stable.
 

Nyquist plots are normally made using polar notation. The 

magnitude and phase of GH(s) is calculated and plotted for 

various values of w when s is replaced by je . Thus frequency 
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information is not directly available from the plot; it must be
 

obtained by estimation for points on the plot-which.are located
 

between calculated points.
 

The Bode method, developed by Hendrik Bode of the Bell
 

Telephone Laboratories in the 1930's, is a graphical technique
 

which provides frequency information directly. This technique
 

utilizes two graphs: the magnitude of GH(ji) and the phase of
 

GH(ju) , each plotted as a function of w For ease iri construc­

tion and interpretation, logarithmic scales are commonly used for
 

both the frequency and gain axis. For well-behaved systems an
 

indication of stability is obtained by an examination of the gain
 

at the frequency which results in 1800 of -phase,or the phase at
 

the frequency which produces a gain of unity. In the former case
 

the gain should be less than unity while in the latter case the
 

phase lag should be less than 180.
 

The final method of linear system analysis to be discussed
 

was developed by Evans [4] in 1948. This technique, referred to as
 

the Root-Locus method, is a graphical representation of the s-plane
 

loci of the variation of the poles of the closed-loop system func­

tion with changes in open-loop gain. [5] The poles and zeroes of
 

the open loop system are located in the s-plane; then the loci of
 

the closed-loop poles are plotted as some parameter is varied
 

(usually open loop gain). If these loci are totally contained
 

Well-behaved systems are defined as those which do not have
 
any open loop poles in the right half plane and only have one 1800
 
crossing and/or one unity gain crossing. For systems which are not
 
well-behaved, stability is best studied with the Nyquist criterion.
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within the left half of the s-plane, the system is stable. Should­

loci cross into the right half plane, the system will be unstable
 

for the values of the parameter that result in that part of the
 

locus in the right half plane.
 

Unfortunately the well developed techniques of linear systems
 

analysis do not in general extend to nonlinear'systems. Some
 

authorities [6] hold that a general method of synthesis is impossible
 

since a nonlinear system is one whose response is dependent upon
 

its input. Nevertheless, techniques have been developed which apply
 

to certain types or classes of nonlinear systems or which give
 

limited information about system performance. Several of these
 

techniques are discussed briefly here and are presented in detail
 

in texts such as Hsu and Meyer [7] and those previously mentioned.
 

There are several unusual characteristics of nonlinear systems
 

which are of interest. These are defined here and will be referred
 

to throughout this discussion.
 

1. 	LIMIT CYCLE: Limit cycles are oscillations of fixed
 

amplitude and period which can occur in nonlinear systems.
 

There are two types of limit cycles, stable and unstable.
 

When a system is operating in a stable limit cycle, any
 

small disturbance results eventually in a convergence to
 

the original limit cycle. On the other hand, any small
 

disturbance to a system operating in an unstable limit
 

cycle results in eventual operation at some other point.
 

A system may exhibit behavioral modes that include both
 

stable and unstable limit cycles.
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2. 	HYSTERESIS: Hysteresis is a nonlinear phenomenon wherein
 

the output depends not only upon the value of the input,
 

but also upon its history. A familiar example is the
 

conventional magnetization curve.
 

Many nonlinear systems, in which the deviation from linearity
 

is not too great, may be examined'using linear techniques. In these
 

quasi-linear systems, the nonlinearity is replaced by a linear
 

approximation of its characteristics. While the resulting analysis
 

is approximate, this approach is useful under the concept that an
 

approximate answer is better than no answer at all. Although
 

practical systems are almost never purely linear they are often
 

quasi-linear; this is precisely why techniques for analyzing linear
 

systems produce such good results.
 

The describing function is an attempt to extend transfer
 

function analysis techniques developed for linear systems to the
 

analysis of quasi-linear systems. The normal form of this technique
 

is a frequency-response method which is based on an analysis which
 

neglects the effects of all harmonics except the fundamental . It 

is therefore most successful when applied to systems which contain 

components that are low-pass. 

A single-loop system with one nonlinearity is shown in
 

Figure 1.2. Since the describing function technique applies
 

directly only to autonomous systems, the system is more properly
 

* An extension of the normal describing function method is the
 
dual input describing function, which retains two harmonics or the
 
fundamental and dc term. The dual input describing function is not
 
considered here.
 



r + 

Figure 1.2. Single-loop system with nonlinearity N
 

m
c = -e 

G 

Autonomous system with nonlinearity N
Figure 1.3. 
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considered in the-forms of Figure 1.3. It is assumed that the
 

linear element transfer function G is lo4-pass and allows only
 

the fundamental component of m to pass. Therefore c , and thus 

e 	are sinusoidal and may be written as
 

e 	 = Esin wt (1-3) 

The output m of the nonlinearity may be expressed as
 

m 	= K(E) + fd(e) (1-4) 

where K is a quasi-linear equivalent gain of the nonlinearity and
 

fd is a distortion term.
 

The distortion term fdAimay be minimized ina mean-square
 

sense by choosing K as the normalized coefficient of the funda­

mental of the output wave. Thus with an input e as given in
 

equation (1-3) the Fourier series representation of the output will be
 

m = h,sin wt +h 2 cos Wt + ... 	 (1-5) 

The describing function is defined, in cartesian coordinates, as
 

A 	 hl h2 

= 	 - + j- (1-6) 
E E 

In general, for symmetric single-valued nonlinearities there will
 

be no phase shift in output fundamental; the imaginary part will
 

be zero. There will be phase associated with double-valued, or
 

hysteresis, functions and with nonsymmetric nonlinearities.
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Applying the describing function approximation to N yields
 

m = -Kc (1-7)
 

If a ltmit cycle exists only the fundamental component is retained
 

in this approximation. The steady-state form of the linear transfer
 

function can thus be used; that is
 

C(jw) -=~ w
m(jc) (1-8) 

If indeed a limit cycle does exist, (1-7) and (1-8) must be 

satisfied simultaneously, giving 

1 
G(jw) =-- (1-9)

K 

This relationship is the basis of a graphical analysis technique 

making use of the Nyquist criterion. 

First, on a polar graph a Nyquist plot of the linear system is 

made as illustrated by G(j) in Figure 1-4. Next, a plot of - K 
is made as a function of E on the same polar graph. Oscillations 

are indicated by intersections of the G(jcr) and the:- - curves 

as indicated by (1-9). 

If the describing function contains no phase shift, i.e., the 

imaginary part is zero, the plot of - lies along the negative 

real axis, as illustrated by curve k, in Figure 1.4. If the 

nonlinearity can cause phase shif t between its input and output a
 

curve as illustrated by k2 can be expected. If the G(jw) curve
 

and the k curve intersect, limit cycles will exist with approxi­

mate frequencies being those at the intersections. The values of
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Imag G(jw)
 

Real G(jw) 

GO(i w) 

Figure 1.4. 	Nyquist-describing function plot of
 
system of figure 1.3
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E at which the intersections occur are the approximate amplitudes
 

of the limit cycles.
 

Whereas the describing function technique is an adaptation of
 

linear system analysis methods to the study of nonlinear systems,
 

the phase plane method involves a radically different approach.
 

This analysis is concerned with the characteristics of the solution
 

of the differential equation
 

+ a(x,i)* + b(x,d)x = 0 (1-10) 

The terms a(x,i) and b(x,i) are functions of the signal x and 

its derivative i . The derivative i is plotted as a function of 

x producing a phase plane portrait. The initial conditions i(O) 

and x(O) , for time t = 0 , define a point in the phase plane;
 

the behavior of the system at all later times is identified by the
 

curve whose path passes through this defined point. If as time
 

increases the path tends to infinity, the system is unstable; if
 

the path tendstoward the origin, the system comes to rest and is
 

stable. There is also the possibility that the path may close on
 

itself; this indicates the existence of a limit cycle.
 

Around the turn of the century, Russian mathematician A. M.
 

Lyapunov presented a useful stability criterion which has found
 

extensive application in the past 20 years. This approach examines
 

the response of a system at an equilibrium point when it is dis­
* 

turbed slightly. An equilibrium point x is stable in the sense
 

* An equilibrium point is a state in which the system is in
 
equilibrium with no tendency to move unless driven.
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of Lyapunov if, for a given e > 0 , there exists a 8 > 0 such
 

that when the initial disturbing condition x- satisfies
 

lHxo-Xell <'S (1-11) 

then 

I x(t)-xeIJ <s for alrt > 0 (1-12) 

A more restrictive sense of stability requires that the system 

return to the equilibrium point after disturbance. This condition 

(termed asymptotic stability) is met if, in addition to the previous 

requirements for stability (Equations 1-i and 1-12), 

lum x(t) = xe (1-13) 
t->­

for lx 0 - xel < a 

These conditions can be shown to be true if a function V(x)
 

called a Lyapunov function, can be found which is positive every­

where (except possibly zero at Xe) and whose derivative is negative
, 


everywhere except at the equilibrium point. The function V(k) is
 

analogous to (but in general not equal to) the energy stored in
 

the system. If it is everywhere positive but decreasing, the
 

system is continually settling back toward its equilibrium point
 

and is asymptotically stable. Note that any function V(x) which
 

satisfies these conditions proves asympototic stability. It should
 

be noted that V(x) is not necessarily unique.
 

The techniques presented here represent a cross-section of
 

methods useful in control system analysis; it is far from an exhaus­

tive listing. Several other methods are discussed in the previously
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referenced texts and in the current literature. Generally these
 

other methods either are restricted to a select class of systems, or
 

contribute no information about stability which could not be obtained'
 

using the described methods.- However, since each method has certain
 

limitations and strengths, one finds it useful to apply several tech­

niques when carefully examining a particular system. Insight to
 

system characteristics is frequently gained from'one analysis which
 

is not evident using other techniques.
 



CHAPTER II
 

THE PROBLEM
 

The analysis of nonlinear feedback control systems is generally
 

a complex task requiring a variety of tools. Sometimes a complete
 

characterization of the system is not necessary; identification of
 

limit cycles often yields sufficient information. The methods
 

discussed previously are quite useful and valuable; however, they
 

each suffer from certain limitations.
 

The technique of Lyapunov offers an important advantage in
 

that stability of .systems can be determined without having to solve
 

the system equations. The method does require the identification
 

of a Lyapunov function, however, which merely provides sufficient
 

conditions for stability. If a function of the required type cannot
 

be found for a given system it does not mean that the system is
 

unstable. It means simply that the attempts to establish stability
 

have failed. If, on the other hand, stability is established, the
 

resulting region of stability may be more restrictive than necessary;
 

stability may exist in a region larger than that specified by the
 

method.
 

In addition, no systematic procedure exists for evaluating an
 

arbitrary function of several variables. As a result, test functions
 

are frequently restricted to the quadratic form, greatly limiting
 

one's choice of test.functions.
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The graphical phase-plane method, in addition to providing
 

stability information, also provides some insight into system
 

characteristics. Limit cycles and stable equilibrium points are
 

readily identified and some indication of system response id
 

obtained. The technique is unfortunately limited to second-order
 

systems since higher-order derivatives cannot be conveniently
 

displayed on a two dimensional plot. (Knowledge of the variable
 

and its first derivative would not completely define a higher-order
 

system.) Also, as with all graphical techniques, the accuracy of
 

the results is at least partially dependent upon the care used in
 

the graphical construction methods. These methods are often tedious
 

and somewhat prone to error.
 

Perhaps one of the most widely used techniques for determining
 

limit cycles in practical control systems, particularly those of
 

higher-order; is the classical desbribing function method. This
 

method is based on an analysis which assumes that the signals in
 

the system can be completely.characterized by a truncated Fourier
 

series which neglects the effect of most harmonics. With only a
 

single nonlinearity, this assumption may yield incorrect or
 

misleading conclusions. [8] In considering multiple nonlinearities,
 

questionable results are even more likely.
 

The graphical approach normally associated with the classical
 

describing function is not suitable when considering the effects of
 

retaining more than the fundamental component of the truncated
 

Fourier series. An extension of the describing function technique
 

allows the consideration of two components. This is accomplished by
 

use of the dual-input describing function, but at the expense of
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increased complexity of the analysis technique. In addition, these
 

techniques are limited to the consideration of single path, single
 

nonlinearity systemp, although-(as-will be.-seen later) this restric­

tion can sometimes be relaxed.
 

Gelb [9] developed a method of analysis of systems of multiple
 

identical nonlinear-linear combinations. He observed that in a
 

system such as that of Figure 2.1, for nonlinear operation on a limit
 

cycle to exist, xI = x2 except for a time phase difference. The
 

method is applicable only if the linear-nonlinear combinations are
 

identical.
 

Gronner [10] developed a method of analysis for systems having
 

cascaded nonlinearities. The cascaded nonlinearities are first
 

reduced to a composite; the'desdribing function application of the
 

Nyquist plot is used to identify any limit cycles. The limitations
 

usually associated with the describing function technique apply to
 

the resulting composite.
 

Gran and Rimer [11] developed a modified Root-Locus technique
 

using the describing function representation of any nonlinearity to
 

give closed-loop analysis. This technique may be used to determine
 

the existence of any limit cycles and to obtain stability information.
 

The method works for both amplitude and frequency sensitive non­

linearities, and for multiple nonlinearities separated by dynamics.
 

Since system dynamics are displayed in pole-zero configuration, the
 

technique is useful for system synthesis. Because the describing
 

function is used, the previously enumerated limitations apply.
 



r 0 NONLINEAR LINEAR NONLINEAR' LINEAR 
ELEMENT ELEMENT ELEMENT ELEMENT 

NL1 G1 NL2 G2 

=NLI NL2 	 G1 = G2 

Figure 2.1. 	Multiple nonlinearity system with identical
 
nonlinear-nonlinear pair
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Jud [12] devised a method using the describing function
 

technique to'determine limit cycle conditions for any number of
 

parallel nonlinear elements as long as signals reaching each
 

nonlinear element have passed through a low pass filter. The
 

implication is that each nonlinearity is preceeded by a low pass
 

linear element. Thus, only a fundamental component of frequency
 

reaches the nonlinearity, and the describing function produces
 

only a fundamental component on the output of the nonlinearity.
 

Negoescu and Sebastian [13] introduced a method for determihing
 

self-oscillation in a nonlinear system which contains two nonlinear­

ities separated by a linear device. The nonlinearities appear in
 

parallel feedforward paths so constructed that in all paths each
 

nonlinear element is separate from the other nonlinear element by
 

a linear element, as shown in Figure 2.2. System equations are
 

written, then examined for solutions. The existence of roots with
 

positive real-parts indicates oscillations.
 

The most general method of analysis applicable to systems
 

with linear and nonlinear elements was developed by Davison and
 

Constantinescu [14]. While the technique is based on a single-loop
 

system as shown in Figure 2.3, the authors have extended its use
 

to include parallel systems of the type depicted in Figure 2.4.
 

The normal describing function approximations are assumed, i.e.,
 

the linear elements are sufficiently low pass that, if a limit
 

cycle exists, only the fundamental frequency component need be
 

considered.
 



LINEARITY NONLINEARITY
 

TWO Two
 

Figure 2.2. Parallel multiple nonlinearity system
 



el mI e mc 

n
 

N = NONLINEAR ELEMENT G LINEAR ELEMENT 

Figure 2.3. Single-loop system with n nonlinea pair 

C 



c
G 

CC+2 

G 

H = LINEAR 	 ELEMENT N = NONLINEAR ELEMENT
 

G = LINEAR ELEMENT
 

Figure 2.4. System with n nonlinear elements in parallel
 

c 
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Under these conditions, the inputs to the nonlinearities take
 

the form of
 

el(t) = A, sin wt 

e2 (t) = A2 sin (wt + 62) (2-1) 

en(t) = A sin (t +.0 ) 

Since the describing functiqn may be considered a linear gain
 

whose magnitude M and phase 4 are dependent upon the input mag­

nitude, the nonlinearity outputs may be written as
 

kfl(t) = M1 Alsin(wt+l) (2-2)
 

mh2 (t) = M2A 2 sin(nt+82+*2) 

mn(t) = M A sin(wt+n+4 )
 

If the magnitude of the sinusoidal input to the nonlinearity is
 

fixed, conventional linear analysis techniques may be applied to
 

the system.
 

For the limit cycles to exist
 

n
 
I G(j Gdi(Ai= -l+jo (2-3) 
i=l 

where w* is the frequency of oscillation of the limit cycle,
 

Gdi(Ai) is the magnitude and phase of the linear gain equivalent of
 

the ith nonlinear element and G. is the gain of the ith linear
 

element.
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In addition, each linear element gain may be expressed in
 

terms of the nonlinear gains and inputs. .Thus
 

Ci(iw*) = i+l i 1,2, ..., n-1 (2-4)
 

G (j,*) =
 
n 
 eon di(A-n
 

When combined withj(2-), (2-4) may be written
 

A2 = AlIGa(ju*)lIGdl(A) 

(2-5)= A21G2(j *) IlG(A)A3 


An 	= An-l Gnl(jw) IGdnl(Anl) I 

A limit cycle exists if there is, an A1, A2 , A 3, ... and to which
 

simultaneously satisfies both (2-3)and(e2-5). A graphical method may be
 

used to determine any such solutions. The following procedure is
 

used.
 

1. Plot 	i Ci(Jw) as a function of in 

2. 	Choose an arbitrary value for A1
 
n n 

3. 	Plot H- Gi(jw) 11 Gdi(Ai) as in Figure 2,5, using equa­
i=l i=l 1 

tion 2 5 	and step (I)
 

4. 	Determine possible limit cycle frequencies by noting the
 

frequencies at which the plot of step (3) intersects the
 

negative real axis.
 

**If the number of memory type nonlinearities does not exceed
 

one, a somewhat simplified procedure may be used: See Davison, et.
 
al. [141 for details.
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Figure 2.5. Graphical method for determining limit cycle
 

to*
frequencies, 
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5., 	Determine the magnitude k of the plot of step (3) at
 

frequencies determined in step (4).
 

6. 	Repeat steps (2)-(5) for different values of A1 . Plot 

the graph of k versus A as shown in Figure 2.6. The 

intersection with the k = 1 line identifies limit cycle 

frequency-amplitude values. 

7. Using Equation 2-5, determine the remaining A. values.
 

The system of Figure 2.4 (note that there is only one nonlin­

earity in each parallel path) may be analyzed in a similar fashion
 

with the following modifications in notation: 

The input s is given by 

s = Asn w t (2-6) 

and 	the nonlinear element inputs are
 

el(t) = Ai sin(tot+4i ) 	 (2-7) 

where
 

A. 	= IHi(Ji ) IA (2-8) 

i= 	 L (1Ti(jw) i = 1,2,...n (2-9) 

The conditions for the existence of limit cycles are Equation
 

2-.8 	 and 

n 

H.(Jito) Gi(jw) Gd.(Ai) = -1 + jO . (2--0) 
i=l 1 

The 	graphical procedure is as follows:
 

1) 	Choose A arbitrarily.
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Figure 2.6. Plot of k versus A
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n 
2) Plot [ H.Qw) G.(JO Gd (Ai) as'a function of w 

1=1l 1 

making use of Equation 2-8.. 

3) Determine possible limit cycle frequencies from the inter­

section of the plot of step (2) and the negative real axis. 

4) Determine k = I H(jw) G.(JW) Gi(jo) Gdi(A.) 

at the frequencies determined in step (3).
 

5) Repeat (l)-(4) for different values of A . Plot k
 

versus A, noting the points of intersection with the
 

k = 1 line.
 

6) Use (2-8) to determine corresponding frequencies of
 

oscillation and input amplitude A. for the limit cycles.
1 

While the Davison-Constantinescu method provides a powerful
 

technique for the analysis of systems with multiple nonlinearities,
 

it suffers from the normal restrictions of all techniques using the
 

describing function approximation. This approximation is based on
 

the assumption that elements of the system are assumed to be low­

pass. Thus the input to each nonlinearity is accurately represented
 

by a sinusoid. If harmonic components are present at the nonlin­

earity inputs, results obtained by any method based on describing
 

function analysis are suspect.
 

Thus there is a need for a method of analysis which relaxes
 

the describing function restriction. The work presented in the
 

following chapters removes the low-pass requirement of the system.
 

The nonlinearity inputs may therefore contain a dc component
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plus several harmonics, as well-as the fundamental frequency. In
 

addition, parallel paths may contain multiple nonlinearities.
 



CHAPTER III
 

THE SOLUTION
 

In the last chapter the difficulties and problems associated
 

with using describing function techniques to determine harmonic bal­

ance in feedback control systemswere delineated. In this ;chapter an
 

-
iterative approach for analyzing a general: class pf-nonlinear-feed=


back control systems for harmonic balance is developed, along with
 

the necessary mathematical tools for implementation on the digital
 

computer.
 

3.1 Harmonic Balance
 

A single loop time-invariant nonlinear feedback control system
 

is shown in Figure 3.-1. Under conditions of harmonic balance the
 

signal at each point in the loop will be periodic.-ard of the same
 

period. Thus, each signal, can be represented as a Fourier series, 

i.e., 

e (t) = a + j ak cos kwot + bk sin kw t (3-1) 
k=l 

u (t) = a + ak cos kot + $k sin k0t
k=l o
 

c (t) AA+ A'cos kot + B sin kwot 
k=l o k 0 
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c
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-f /(e) g~tW
 

Figure 3-.1; Single loop nonlinear,
 
time-invariant control system.
 

The necessary and sufficient condition for harmonic balance is
 

e(t) = -c(t) . (3-2) 

Therefore, each term in the series for e(t) must be equal to the
 

corresponding term for -c(t) This requires that
 

a0
O 

-A
O 

(3-3),
 

ak = Ak k = 1,2,3,... 

b = -Bk 

In processing the signal the linear element may alter the
 

magnitude and phase of the various harmonics as a function of their
 

corresponding frequencies,butno new harmonics will be generated.
 

The nonlinear element, however, can significantly alter the
 

harmonic content of the signal. The establishment of harmonic
 

balance depends upon the selection of the magnitudes and frequen­

cies of the signal such that the coefficient equalities in (3-3)are
 

satisfied. This requires the solution of an infinite number of
 

simultaneous, nonlinear, algebraic equations in an infinite number
 

of unknowns (obviously an Lmp"6We). 
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Fortunately the problem can be somewhat simplified. In most
 

practical systems the linear or nonlinear element can be assumed to
 

be band limited, which results-in a finite number of terms in the
 

Fourier series representation of the output signals.*
 

The problem then becomes one involving only a finite number of
 

equations in a finite number of unknowns, which can be solved using
 

iterative procedures. Such procedures examine the output produced
 

from an initial guess of the input, then refine the input to,.
 

produce an output that more nearly satisfies (3-3). This process
 

is repeated until the output matches the input within a desired
 

tolerance.
 

3.2 General System Considered
 

The system of Figure 3.1 can be expanded to include several­

paths with multiple nonlinearities in each path, as shown in
 

Figure 3.2. In order for harmonic balance to exist
 

n
 
Y Yz =c= -e (3-4)


k=i
 

for all components of Y, c and e. That is, the dc component of e
 

must be equal to the negative sum of the dc components of the Y's;
 

a similar condition is true for each component of the Fourier series
 

representation of the Y's and e.
 

* It should be noted that the describing function technique
 
solves the harmonic balance problem in this way. In the describing
 
function case only one or two terms are retained in the -ourier
 
series.
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Figure 3.2. Multi-Tnonlinearity, multi-path system 



The goal of the work presented here is to develop a computer
 

code to determine harmonic balance in nonlinear feedback control
 

systems with the general configuration shown in Figure 3.2. The
 

technique that is developed on the ensuing pages is designed to
 

contend with several Fourier series term, in the establishment of,
 

harmonic balance .(thus making it superior to thevdescribing
 

function methods mentioned in Chapter 2).
 

In the development of any technique of this type some limiting
 

assumption are necessary. In this case they are:
 

1) The system can be separated into linear and nonlinear com­

ponents.
 

2) No input signal is applied.
 

3) The nonlinear element is 'time- and frequency-invariant.
 

'4)The input/output characteristics of the nonlinear element
 

can be approximated by piecewise-linear segments.
 

5) The nonlinear elements are single input/single output.
 

6) The linear elements are relatively low-pass.
 

3.3 The Harmonic Balance Algorithm (HBA)
 

The flow chart in Figure 3.3 shows the major steps which must
 

be undertaken to solve iteratively the harmonic balance problem.
 

Using an initial guess of a limit cycle (including frequency and
 

*It will be assumed that no frequency component higher than the
 
highest harmonic retained in the analysis will be passed by an tln­
ment in the system.
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Figure 3.3. Flow chart for HBA
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amplitude components) the system output is determined. For the
 

present a "No" and "Yes" are, respectively, assumed for the two
 

decision blocks. An input change vector is then determined so as
 

to reduce the difference between the input and the output components.
 

Using this change vector, a step size is selected, and the input
 

values are incremented.
 

This new input is utilized in computing a new output. If the
 

new output represents an improvement, the process continues through
 

another cycle. If not, the selected step size is reduced and new
 

input values are determined. This input is then used to recalculate
 

the output, initiating a new cycle.
 

Each time new output values are computed they are compared to
 

the input values to determine if another iteration is needed. The
 

process continues until output an4 input agree within the desired
 

tolerance, at which time the procedure terminates.
 

The details of the process together with the mathematical basis
 

for the procedure are presented in the following sections. The
 

FORTRAN code that implements the algorithm is presented in AppendixB.
 

Directions for using the HBA and q sample output are presented,
 

respectively, in the Appendices A and C.
 

3.4 Determination of System Output
 

Harmonic balance is established by the necessary and sufficient
 

condition that
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eI cI
 

e2 e2
 

(3-5) 

etj 
Cn
 

where the subscripts correspond to the Fourier components of the
 

variable. The procedure described in the last section for accom­

plishing',this equality involves several distinct operations (the
 

efficient performance of which are central to the development of
 

a pragmatic analysis tool).
 

First, the computation of the Fourier series of the output of
 

nonlinearities when the input is a truncated Fourier series is
 

necessary. At the onset of this research effort several methods
 

were investigated: a Simpson's numerical integration technique, a
 

Kalman filter technique, and a method devised by Braswell [15] in
 

his Relaxation-Based Algorithm. As a result of testing, Braswell's
 

technique was ultimately chosen on the basis of comparable accuracy
 

with somewhat faster execution time.
 

The Braswell procedure uses the secant method (also known as
 

Regula falsi, or method of false postion) to determine the times
 

1-1 I I
ft.1 I which identify the nonlinear breakpoint crossings by the


1i=l
 

input signal. These times are illustrated in Figure 3.4. Each
 

breakpoint is identified by a coordinate pair consisting of the
 

value of the input and the resulting output value at the junction
 

of two of the linear-piecewise segments. The slope of each segment
 

is also specified.
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Figure 3.4. The response of a nonlinearity to a sine waveform 



38 

Once.each breakpoint time -is identified the proper breakpoint
 

coordinate and slope are linked to it. With this information, then
 

t. 

d1m B. t e-jmtdt (3-6)d=Ti=l 

t. 
1 

T N 
+ iKi Cn e -m 0
odt
 

. ~ 


n =-N
 

T~~~~ ~ J (n-m)6r t 

t -I 

is used to calculate the resulting complex Fourier series coeffi­

cients of the nonlinearity output. In (3-6), d is the Fourier
 

coefficient of the mth harmonic term and K. is the slope of the
 

piecewise-linear segment used on the interval [til t 1]. Also
 

Bi ui I - Kiei-l; this relationship identifies the ordinate
 

intercept of the piecewise-linear segment.
 

In processing the signal, linear elements may alter the
 

magnitude and phase of the various harmonics, but no new components
 

will be created. Since the principle of superposition applies, the
 

linear element output can be obtained by multiplying each harmonic
 

component of the nonlinearity output by the gain and phase of the
 

linear element at the harmonic frequency. Thus,
 

Y G(jm ) d m = 0,1,2,...,.M (3-7)
m 0 m
 

where the m represents the zeroth, first, ---, and Mth harmonics.
 

The technique is applied to each path of Figure 3.2 and the
 

results are summed to produce the system output. That is, the out­

put of the first linear element in path one is taken as the input to
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nonlinear element two to obtain the output of linear element two.
 

This, in turn, is used at the input of nonlinearity three to deter­

mnetbe output of linearity three. This process is continued until
 

all linear-nonlinear pairs of path one are considered. Then the
 

original input is assumed at nonlinear element one of path two and
 

the path two output is determined. The process is repeated until
 

all path outputs are found and their sum is obtained.
 

This procedure allows one tq determine the output which results
 

for a given input. Some means are -necessary to determine the changes
 

in input which would result in the solution of the relationship
 

c - e = 0 , (3-8)n n 

giving harmonic balance. This becomes a zero finding problem in
 

which the variables are frequency, W1, and the Fourier coefficients
 

of the input (and the output) signals.
 

In actuality each input consists of a Fourier series with an
 

infinite number of terms. Thus, it is necessary to solve an infi­

nite set of algebraic equations in an infinite number of unknowns.
 

However, since the linear elements are assumed to be relatively low
 

pass, only a finite number of terms will be significant. The
 

resulting nonlinear simultaneous equations are of such complexity
 

that they do not lend themselves to an exact analytical solution.
 

A numerical solution technique base on the Newton-Raphson method is
 

devised in the next section.
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3.5 Determination of Trial Solutions
 

Another operation in Figure 3.3 is the computation of the in­

put directional change vector. The Newton-Raphson method is an
 

iterative technique that can be used for solving a system of simul­

taneous nonlinear equations [16] (such as those found in this pro­

blem). The method automatically selects the increment to be used
 

in determining the next iteration input and as a rule exhibits a
 

rapid rate of convergence (if it converges). The Newton-Raphson
 

method is selected for the solution tool in this work. However, it
 

is modified to improve convergence.
 

The technique will first be illustrated for a system of two
 

equations, i.e.
 

fl(x1 x2) = 0 (3-9) 

f2(xl , x2) = 0 

An initial guess is made for the unknowns x1 and x2
 

Small increments Ax and Ax2 are assumed to give the correct solu­

tion to (3-9). That is,
 

f (Xl + Ax 0 (3-10) 
f2(Xl + 1' x2 + Ax2) = 0 

f2 (x 0 + Ax1 , x 
0 + Ax)=0
*2 2)
 

where x1 , x2 , Ax I and x2 are respectively the initial guesses
 

and increments.
 

*This results in essence in a gradient procedure.
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Expanding Equatioh 3-10 in a Taylor series around the initial
 

guess yields
 

(3-11) 

f 1 (x, x40 + Ax1 ( f1 afI +0 
1 ) +a (1) +... =0 

af2 af2 +
f2(x x + Ax (3 ) + 2 (7-) + ... = 0 

21 2 1 1 2 a 

where the partial derivatives are evaluated at the initial guesses,
 
o 0
 

x0 and 
x0
 

If the 	increments are assumed to be small, higher-order terms
 

of Equation (3-11) are negligible. Equation (3-11) may thus be
 

written in matrix-vector form as
 

F + J A.X=0 	 (3-12) 

where
 

3f1 	 __I 
3x2A axI


A 1 x (3-13)
 
af2 
 af2
 

axI x2
 

(the Jacobian matrix of the funct$ons f1 and f2 with respect to
 

x and 	x2)
 ,
 

r A o 	 (3-14) 
f2(Xl x2
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and
 

X (3-15)
 

Solving Equation (3-12) for AX yields
 

AX = _[J]-i F (3-16)
 

The components of AX are Ax1 pnd Ax2 When these values are
 

0added to the initial estimates x, and x an approximate solution
 
.1 2
 

of (3-10) is determined. However, since they-are approximate, the
 

solution is not exact and additional refinement in the values of
 

the x's are needed. This is obtained by using the values of
 

° 
x + Ax and xO + Ax as new initial guesses of xI and x
1 1 2 21 2 
and performing the operation again. The process is repeated,
 

obtaining a better estimate for x1 and x2 each time until the
 

exact solution (or one within acceptable error limits) is obtained*
 

This concept can be extended to the general case by allowing AX
 

and F to be n-dimensional vectors and J to be an n-by-n matrix.
 

For the case at hand, the Newton-Raphson zero finding technique
 

is applied to (3-8). Except at the point of solution the results
 

are not zero but
 

Pn =cn -e (3-17)
 

* This assumes convergence will occur. In general, the proce­
dure will converge to f(E) = 0 if f(x), f'(x), and f"(x) are 
continuous on some interval containing C, if f'(4)# 0, and if the 
starting point is "close enough" to the root E . These conditions
 
cannot be assured for a general nonlinear function or with randomly
 
chosen starting values. See Conte and de Boor [17].
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The desired result, of course, is for pn to be equal to zero. 

Note that the c values are produced by the system of Figure3,1 

operating on the- assumed input values of e. Thus, for two input 

variables x1 and x2 , the desired form of (3-17) is 

P= f 1 l(x2,x - Xl = 0 (3-18) 

- P2 2(xm-2 - x 2 =0 

where x and x2 comprise the input signal e.
 

The Newton-Raphson technique is applied to the variable p
 

resulting in
 

p[Axl
 
P[2 +[J] IAx 0 (3-19) 

thus, 

F[J]- 1 (3-20) 

Ax2 :LP2. 

The Jacobian matrix J is given by
 

8p1 p1
rx1 3a
 
j (3-21) 

TP2a 
 p2
 

The partial derivatives are computed by
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ap = x (3-22a)-
Dx a (f 1 (x 1 , 2 x. 

Dfl
 
at
 

-ap 1 t1 ax1 

x 2 ax2 (3-22b)'
'52 2 22
 

at1 

3x2ax21 ax (f2(xl,x2)_H2) (r22c) 

ax ax
2 


Df2
 

ax
I
 

and
 

ap2 at a (3-22d) 
ax2 x2
ax2 


;f2
 

ax2
 

The Jacobian matrix may thus be written
 

afI Dfl 

- 1 axI 

J =(3-23)
 
af 2 af 2
 

ax1 ax 2
 



45 

The system of Figure 3.2 can be equivalently represented as a
 

single block as shown in Figure 3.5. Let the input now be CN and the
 

output YN. Let these correspond to the complex components of the
 

Fourier series representation of the input and output signals. The
 

component parts of CN are: a , the dc component; b, , the imagi­

nary part of the fundamental component; a2 and b2 ,the real and
 

imaginary parts of the second harmonic, etc. The a1 componetit is
 

assumed to be zero so that the input signal corresponds to a sine
 

wave at the fundamental frequency. In addition, tha fundamental
 

frequency c is considered an input.
 

The system operates on these inputs to produce the output YN.,
 

The components of the output are the same as the input except that
 

a nonzero a1 component is possible. The frequency w. is not
 

changed by the system and thus is equal to the input wu
 

The input CN component parts, through the second harmonic, are
 

represented by a0 , b I a2 , and b2 (remember that the real part
 

of the fundamental component is zero and there is no imaginary part
 

of the dc component) and the output YN components are A0 I Al
 

B1 A2 , and B2 * Equations 3-18 take the form
 

*The actual reason for setting the real part of the fundamental
 
component to zero is to establish a fixed time reference.
 



Figure 3.5. Single block representation of multi-element system
 

01s 
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p1 
= A0 - a0 

P2 = A1 ­ 0 (since a, = 0) 

P3 = B1 - b1 

P4 = A2 - a2 

P5 = B2 - b2 

The Jacobian matrix then becomes 

F3A 
oo 

@a -1o 3A 

'@b1 

DA 

@a2 

DA 
o0 

@b2
2 

MA­10 
S 

j 

DA1 

3a 
o 

DBI3Bo 

Dab 

DA1 

9b
1 

DBI1SB 1 

3b 

M1 

Sa
.2 

BI2B 

aA2 

@A1 

ab
2 

DBI1Sh1 

Da2 

9A1 

6 

H I1 

A mw 

a ° b1 a2 Db2 aw 

DB2 
Da 

aB2 aB2 
2 

@B2 
-b2 -1 

9B2 
T--O 

(3-24)
 

(3.25)
 

Notice that because the a component is always zero, there are no
 

a1
 
terms. This eliminates one column of the Jacobian matrix.
 

a 

There is, however, a column corresponding to since w is an 

input. The matrix thus remains square. 

The partial derivatives in the Jacobian matrix are computed by 

numerical means. This is accomplished by computing the ratio of 

the change in each output to a change in the input, e.g. 
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A AA 0=-= (3-26) 

3a Aa0
 

As long as the deltas in the fraction are- small, the approxima­

tion is sufficiently accurate. These values -are computed, one
 

column at a time, by obtaining the change in the output values as
 

one of the input components is altered slightly. That component is
 

returned to its original value and another is altered to calculate
 

another column of values. The procedure is repeated until all
 

values are derived.
 

Once all of the elements of the J matrix are obtained, the
 

incremental changes in the input values are determined from
 

Aa0 Pl 

JAb, 
a 2 = [j] 

P21 
P3 (327). 

Ab2 p4 

Aw P5 

where the p's are as shown in Equation 3l8. These delta values are
 

then combined with the CN components to obtain the new values of CN
 

to be used in the next iteration.
 

3.6 Iteration Limits
 

The numerical difference method of determining the partial
 

derivative values of the Jacobian matrix is 
valid if the difference
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values are sufficiently small. In order to insure its validity,
 

the change in each output value is monitored to assure that the
 

change is not too large. -The criterion chosen is based on limiting
 

the maximum change to about 2.5% of the value of the output variable.
 

If any of the outputs change more than this limiting value, the
 

incremental size of the input producing the excessive output change
 

is reduced by a factor of 2 and the outputs are recomputed. This
 

process is continued until all output changes fail within the
 

established limits.
 

Although the Newton-Raphson procedure rapidly converges to a
 

solution in most cases, it is possible that the procedure will not
 

converge at all. The automatic step size generation feature may
 

result in step sizes which are too large to produce convergence. In
 

order to circumvent this problem, the iteration step size is con­

strained to be no more than 1.5 times the last successful iteration
 

step size. Also, for each iteration a cost function is computed by
 

I
 
COST = Z i '(3-28)

i=l
 

This cost is compared to the cost computed for the previous iteration;
 

if the cost has not decreased, the iteration step size is reduced by
 

a factor of five and the cost is recomputed. If four attempts are
 

made without a cost reduction, the last reduced step sizeis accepted.
 

*It should be noted that by limiting the step size the Newton-

Raphson procedure is really a gradient procedure.
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Recognizing that numerical noise may become significant for 

computed values less than 10- 8 , provision is made to terminate the 

process when iteration step sizes are consistently of this magnitude. 

-
Four consecutive iterations with step size less than 10 8 will
 

terminate execution of the code.
 

The procedure is also terminated when an output limiting func­

tion is less than 10-8 . This function is found by
 

YNOR = A i'j (3-29) = 

When this limiting function is less than 10 8 , all output components
 

are assumed to be zero.
 

The limiting function is also used to identify another stop­

ping criterion. If each component of the output differs from the
 

corresponding input component by an amount which is less than 0.1%
 

of the limiting function of Equation3-29 the procedure is terminated;
 

a limit cycle has been successfully identified.
 

Several example systems were considered using the procedure
 

outlined above. The results which were obtained are presented in
 

the next chapter.
 



CHAPTER IV
 

RESULTS OF APPLYING THE HBA
 

The Harmonic Balance Algorithm (nBA) discussed in the previous
 

chapter was applied to several example problems. These examples
 

include single-path, multiple-nonlinearity systems and multi-path
 

systems; they incorporate both memory and memoryless type non­

linearities. The results obtained are summarized in Tables 4.1
 

through 4.6.
 

The system of Figure 4.1 has two identical nonlinearities
 

but dissimilar linear elements. With point A as the input,
 

randomly chosen initial values were selected; the initial value of
 

w was set at 0.5 radians per second with a fundamental component
 

amplitude of either 5 or 10 units. With an initial input of 5 units;
 

the HBA terminated when the computed input increment consistently
 

remained less than the perturbation for determining the J-matrix.
 

However, where the input was initially set to 10 units, a limit
 

cycle was identified. The frequency was determined as 1.015 radian/
 

second-with a fundamental amplitude of 18.16 units. As might be
 

expected from the asymmetrical nature of the nonlinearities, a small
 

dc component of -0.867 units was also-determined. Second harmonic
 

cosine and sine components were determined to be -0.124 and -0.110
 

respectively, while the third harmonic components were -0.819 and
 

-0.374. (Only components through the 3rd harmonic were calculated.)

/ 

With the order of the linear elements reversed by choosing
 

point B as the input, identification of a limit cycle proved to be
 



INITIAL VALUES COMPUTER TIME ERA RESULTS
(MIN:SEC)
 

Number of Harmonics = 3 i-29.9 e(t) = -0.867 + 18.16 sinl-.015t 

-0.124 cos 2.029t - 0.110 sin 2.029t 

e(t) = 10 sin 0.St -0.819 cos 3.045t - 0.374 sin 3.045t 

Number of Harmonics = 3 2:04.4 Terminated On Step Size 

e(t) = 5 sin 0.5t 

Number of Harmonics = 1 :14.7 Terminated on Step Size 

e(t) = 5 sin 0.5t 

Table 4.1 HBA Results For System of Figure 4.1, Input At A
 



INITIAL VALUES COMPUTER TIME(MIN:SEC) EBA RESULTS 

Number of Harmonics = 3 1:52.7 Terminated on Step Size 

e(t) = 5 sin 0.5t 

Number of Harmonics = 1 :13.3 Terminated on Step Size 

e(t) = 1 sin 0.St 

Number of Harmonics = 1 :22.4 Terminated on Step Size 

e(t) = 0.1 sin 0.5t 

Number of Harmonics = 1 :24.7 e(t) = -0.064 + 

1.811 sin 1.054t 
e(t) =-9.1+ 2 sint 

Table 4.2: HBA Results For System of Figure 4.1, Input At B .
 



INITIAL VALUES 
COMPUTER TIME 

(MIN:SEC) HBA RESULTS 

Number of Harmonies 

e(t) = 0.1 sin 2t 

= 1 :04.6 Amplitude = 0 

Number of Harmonics = 1 :18.9 e(t) = 5.43 sin 4.00t 

e(t) m 4.0 sin 2t 

Number of Harmonics = 1 :13.1 e(t) = 0.410 sin 4.00t 

e(t) = 0.5 sin 3t 

Number of Harmonics = 1 :15.0 Amplitude = 0 

e(t) = 10.0 sin St 

Number of Harmonics = 3 

e(t) = 4.0 sin 5t 

Table 4.3: 

:53.0 e(t) 5.33 sin 4.09t 
- 0.026 cos 8.19t 
+ 0.024 sin 8.19t 
+ 0.488 cos 12.28t 

+ 0.239 sin 12.28t 

EBA Results For System of Figure 4.2 With NL2a 
Ts 

4 



INITIAL VALUES COMPUTER TINE(MIN:SEC) HBA RESULTS 

Number of Harmonics = 3 

e(t) = 1.0 sin 2.5t 

:52.1 e(t) = 0.502 sin 3.58t 

+ 0.12x10­4 cos 7.15 t 
- 0.98x10-5 sin 7.15tt 

+ 0.0336 cos 10.72t 

- 0.0218 sin 10.72t 

Table 4.4: HBA Results for System of Figure 4.2 with NL2b 

L, 
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INITIAL VALUES COMPUTER TIME
(MIN:SEC) 

HBA RESULTS 

Number of Harmonics = 1 :18.1 e(t) = 0.467 sin 3.91t 

e(t) = 0.4 sin 2.5t 

Number of Harmonics = 3 1:15.7 e(t) = 0.454 sin 4.04 t 

- 0.5xl0-5 cos 8.07t 
e(t) = 0.4 sin 2.5t + 0.lxl0- 4 sin 8.07t 

+ 0.0228 cos 12.11t 

- 0.0230 sin 12.11t 

Table 4.5: HBA Results For System of Figure 4.3. 

Un 
ON 



INITIAL VALUES COMPUTER TIME HBA RESULTS 
(MIN:SEC)
 

Number of Harmonics 1 :28.0 e(t) = 254.7 sin 0.l00 t
 

=e(t) 0.25 sin 0.11t 

Number of Harmonics = 3 2:08.1 e(t) = 265.1 sin 0.0932t
 

+ 0.00166 cos 0.186t 
e(t) = 0.25 sin 0.1t - 0.00286 sin 0.186t, 

+ 22.73 cos 0.280t 

- 13.84 sin 0.280 t 

Table 4.6: HBA Results For System of Figure 4.4.
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more difficult with randomly selected values. A number of frequency 

and fundamental amplitude combinations resulted in termination 

based on the step size criterion. When a small dc component was 

added, however, a limit cycle was identified. Selecting the input 

as w = 1.0 , DC = -0.1 , and fundamental = 2.0 resulted in conver­

gence to w = 1.054 , DC = -0.064, and fundamental = 1;811. (No har­

monics were calculated in this example.) Since these two closed 

loop systems are identical except for the point chosen as the input,
 

they should have identical limit cycle frequencies. Notice that the
 

frequencies determined by the HBA agree Within 5%.
 

Davison and Constantinescu [14] considered several examples in
 

illustrating their method of limit cycle identification. These
 

examples were also examined using the HBA. Limit cycles were iden­

tified in each case.
 

The systems of Figure 4.2 involves three nonlinearities in a 

single path; with NL2a in the system, several combinations of ini­

tial w and fundamental amplitude were selected, ranging from w = 

2.0 to 8.0 and amplitude from 0.1 to 10.0 . When considering only
 

the fundamental component (i.e.,-no harmonic components) limit
 

cycles were identified at w = 4.00 rad/sec. Two limit cycle ampli­

tudes were possible, 0.410 and 5.43. In general, for w _ 6.0 , or
 

with amplitude less than or equal to 0.5. and to= 2.0, the HBA
 

terminated with the amplitude equal to zero. This is, of course, a
 

possible solution although it yields no useful information.
 

Limit cycle identification was also achieved when three
 

harmonics were considered. An initial input of 5 rad/sec with a
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Figure 4.2. Single path, three nonlinearity system
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fundamental amplitude of 4.0 produced a limit cycle frequency of
 

4.01 rad/sec. with a fundamental amplitude of 5.33 units. Second
 

harmonic components were less than 1% of the fundamental component,
 

but the third harmonic components were somewhat larger. A third
 

harmonic cosine component of 0.488 and a sine component of 0.239
 

were identified.
 

The Davison and Constantinescrtmetho'didentified a limit cycle
 

at 4.00 rad/sec. with a fundamental amplitude of 0.58 or 5.32.
 

While the frequency agrees with that determined by the HBA, the
 

amplitudes are somewhat different. This may be due to inherent
 

inaccuracies of graphical techniques as employed by Davison and
 

Constantinescu.
 

The second example considered by Davison and Constantinescu 

replaces the second nonlinearity by a relay with hysteresis..(The 

hysteresis gap is + 0.2 and the amplitude is + 1.5.) A limit cycle 

with an amplitude of 0.50 units at 3.61 rad/sec. was identified. 

The HBA, considering three harmonic components, identified a limit
 

cycle of 3.58 rad/sec. and a fundamental amplitude of 0.502 units.
 

The second harmonic components were less than 0.01% of the funda­

mental, but the third harmonic components were larger; the third
 

harmonic cosine amplitude was 0.0336 and the sine amplitude was
 

-0.0218.
 

A modification of this example was also considered using the
 

HBA. The first nonlinearity of Figure 4.2 was altered slightly in
 

addition to the replacement of the second nonlinearity by the relay
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characteristics. The system of Figure 4.3 resulted. This pro­

duced a slightly different limit cycle, one with a frequency of
 

3.91 rad/sec and a fundamental amplitude of 0.467 units. When
 

three harmonic components were considered, the limit cycle fre­

quency shifted to 5.04 rad/sec. The resulting fundamental
 

amplitude was 0.454 units. The second harmonic amplitudes were
 

again negligible, but the third harmonic components were not,
 

having amplitudes of 0.0228 and -0.0230 for the cosine and sine
 

values respectively.
 

The last example considered was a parallel path system as
 

shown in Figure 4.4. The HBA was applied for three harmonics, an
 

initial frequency of 0.1 rad/sec., and a fundamental input compo­

nent of 0.25 units. A limit cycle was identified at 0.0932
 

rad/sec. with a fundamental amplitude of 265.1 units. Second
 

harmonic amplitudes were less than one unit, and third harmonic
 

cosine and sine values were 22.73 and -13.84 respectively. Davison
 

and Constantinescu identified the limit cycle at 0.1 rad/sec. with
 

an amplitude of 254.8 units. When the HBA was limited to a single
 

harmonic component, the limit cycle was determined at w = 0.100
 

with an amplitude of 254.7 units.
 

The agreement of the HBA results and the Davison-Constantinescu
 

results support the validity of the HBA methQd, but the examples
 

also show that harmonics can alter the limit cycle. In each case
 

where multiple harmonics were considered, both the frequency and
 

the fundamental amplitude were somewhat different from the single
 

harmonic case.
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Figure 4.3. Systemof figure 4.2, modified
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CHAPTER V
 

CONCLUSIONS AND RECOMMENDATIONS
 

Techniques for determining limit cycles in nonlinear systems
 

rely heavily upon describing fuction analysis which considers only
 

the fundamental component of the Fourier series representation of
 

the nonlinear element output. Thus any contribution that may be
 

made by other harmonic components id ignored. No practical methbdJ
 

of analysis considered multiple harmonic components in systems
 

containing several nonlinearities or forward paths. Since the
 

effect of these components is not always negligible, a method
 

of analysis was needed which included them. In an effort to meet
 

this need, the Harmonic Balance Algorithm was developed.
 

The HBA can be used to identify limit cycles in multiple non­

linearity, multiple path systems. It cannot, however, be generally
 

applied in a random manner. Random selection of initial input '/L
 

values may result in the identification of a zero amplitude limit
 

cycle (a trivial case) or termination of the iterative process due
 

to insufficient step sizes. Thus it appears that the initial input
 

values should be intelligently selected, perhaps based upon the
 

results of some other method (the Davison-Constantinescu techniques
 

being the most general). In the event that a limit cycle is not
 

identified by the describing function or other techniques, but
 

indications are that one almost exists (i.e., the curves almost
 

intersect), the HBA would be useful in determining if a limit cycle
 

exists when harmonic components are present.
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At any rate, the HBA cannot be profitably used by an individual
 

unfamiliar with nonlinear system analysis. Its success depends in
 

large measure upon the user's insight and ability to select the
 

initial input values; it should not be considered a general purpose
 

tool to be used to circumvent analysis using other available methods.
 

While the HBA sucessfully identifies limit cycles, its-success
 

is highly dependent upon the selection of the initial input values.
 

While methods exist for determining possible limit cycles when only
 

one or two harmonic components are considered, they are generally
 

very tedious and somewhat error prone. Techniques for simplifying
 

these methods, as well as new techniques, would be appropriate.
 

One specific area which could be examined is the Davison-


Constantinescu method. A computer algorithm for generating the
 

required curves or the data for plotting them would substantially
 

enhance the attractiveness of the method. The limit cycle or near
 

limit cycle values suggested by this method could then be used as
 

starting values for the EBA in examining the effect of harmonics.
 

Further work may also prove fruitful in the area of automatic
 

step size generation. In its present form the HBA may converge toa
 

nonzero minimum of the input-output difference function. When
 

this occurs, the algorithm terminates because further refinement
 

of the input values will not produce the desired results. Some
 

method of automatic input selection may be possible for these cases
 

which would extricate the algorithm from these local minimum traps,
 

allowing the zero finding process to continue.
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Using the EBA as a base, additional coding may allow
 

consideration of a more general system. In its present form the 

HBA does not allow cross-coupling between forward paths, i.e. 

feeding the output of an element in one path to the input of an 

element in another path. Also, no provision is made for internal 

feedback loops within a path. Both of these variations appear 

possible using the general concept upon which the HBA is based.
 

Further efforts in this area should prove fruitful.
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APPENDIX A
 

HARMONIC BALANCE ALGORITHM USER'S GUIDE
 

The Harmonic Balance Algorithm (HBA) is intended to be a
 

nonlinear system analysis tool. Its success depends upon the
 

intelligent selection of input data; an individual untrained in
 

nonlinear system theory is unlikely to be able to useit beneficially.
 

With one exception, data is entered in free format form; i.e.,
 

data entries are not sensitive to columnar location on the input
 

data card. Multiple data entries on a single line or card are
 

separated by a comma, denoting the end of one data field and the
 

beginning of another.
 

The single exception is the first data card, which designates
 

a number of iteration variables and limits. Blanks or zeroes in
 

the fields defining these inputs will cause predetermined values to
 

be selected. These values are defined in Table A.l.
 

The significance of input variable NFLAG requires some further
 

explanation. Under normal use only a limited amount of output data
 

is required. As shown in Appendix C, this includes the iteration
 

number, the size of the largest pertubation used,in calculating the
 

partial derivatives in the J-matrix, the cost figures, the maximum
 

input increment, and the new values of input to be used on the next
 

iteration. The user may choose to output additional data by select­

ing larger values for NFLAG. Each larger number results in more
 

intermediate data being printed, such as the J-matrix values, the
 

outputs of the nonlinearities, the linear system gains, etc. When
 

PA LANPRC .EDild ' T 
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VARIABLE FORMAT COLUMN DEFINITION 

DELTA E I - 10 Perturbation used in calculating the 
J-Matrix (Default = 10-6) 

NPMX I 11-20 Number of points used to describe the 
inputs function (Default = 301) 

ITERNO I 21-30 Maximum number of iterations in calcu­
lating the output of nonlinear element 
(Default = 100) 

EPS E 31-40 Secant method stopping limit (Default 
10-5) 

EE E 41-50 Minimum step size limit for termination 
(Default = 10-8) 

SIZE E 51-60 Initial Maximum input increment 
(Default = 0.1) 

NFLAG I 61-65 Output-Data selection (Default = 0) 

Table A.l. Input Variables on First Data Card.
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NFLAG is set to 3, all WRITE statements are used; intermediate
 

calculations and subroutine entries and exits are indicated. The
 

latter case may prove useful in helping one to understand the.
 

intricacies of the program.
 

The remaining input data can best be explained by use of an
 

example. Each input variable is defined in Table A.2.and will be
 

identified as the sample input data in Table A.3 is examined. Note
 

that each input data card or line is numbered. These line numbers
 

are not actually present on the input data card, but are included
 

here for reference purposes. A flow chart depicting the data input
 

process is shown in Figure A.-I. An.explanation of each line follows.
 

Card 1: DELTA, NPMX, ITERNO, EPS,.EE, SIZE, NFLAG, This is the 
only input data not using free format. A blank or a zero 

for any value results in default selection. 

Card 2: Number of harmonics (NOHAR) and number of parallel paths 
(NP). 

Card 3: Initial guess at limit cycle frequency (WO). 

Card 4: Initial guess at limit cycle amplitudes (HAR, entered in 

order of DC, fundamental, second harmonic cosine, second 
harmonic sine, third harmonic, cosine, etc.),. 

Card 5: Number of nonlinearities (NNL) in each of the paths (path 

one, path two,, etc.). 

Card 6: Number of breakpoints (NBKPTS) for the nonlinearity and 

the nature of its symmetry (NLSYM). The number of break­
points is one more than'the actual number since an 
artificial point is inserted at the far left of the 
nonlinearity characteristic. 

Card 7: JD, the nonlinearity curve number. (See Figure A.2.) 
This is always 1 for memoryless nonlinearities. If the 

nonlinearity is a memory type JD is 1 or 2 depending upon 

which curve is being examined. 

Card 8: Abscissa coordinates for the nonlinearity breakpoints
 
(EBKPT) beginning at the artificial left coordinate and
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VARIABLE DEFINITION 

NOHAR Number of harmonc terms to 'be considered in addition 
to DC term 

NP Number of parallel paths 

WO Initial guess at limit cycle radian frequency 

HAR Initial guess at input fourier series components 

NNL Number of nonlinearities in each path 

NBKPTS The number of breakpoints in the piecewise linear 
representation of the nonlinearity 

NLSYM Nonlinearity symmetry characteristic (0 = asymmetri­
cal, 1 =-symmetrical) 

JD Nonlinearity curve designation (used to identify 
curves on hysteresis type nonlinearities) 

EBKPT Nonlinearity breakpoint abscissa 

UBKPT Nonlinearity breakpoint ordinate 

PWGAIN Nonlinearity piecewise-linear slope 

NH Number of common breakpoints on hysteresis type 
nonlinearity 

AB Hysteresis nonlinearity common breakpoint abscissa 

MORDER Order of numerator of linear transfer function 

NORDER Order of denominator of linear transfer function 

AA Coefficients of linear transfer function numerator 
terms* 

BB Coefficients of linear transfer function denominator 
terms* 
A Sn +ASn-1 A sn-2+AS +..,.+AS +-A I 

*of the form BISm B2sm Bsm2 n B1 
?+B nl+B +m... m 

1 2 3 Umat 

Table A.2: Input Variables Using Free Format
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Card or 
Line Number 

1 (Card 1 was left blank in this example) 
2 3, 0 
3 2.5 
4 0.0, 1.0, 0.0, 0.0, 0.0, 0.0 
5 3 
6 3, 1 
7 1 
8 -1.E+05, -2.0, 2.0 
9 -3.0, '-3.0, 3.0 

10 0.0, 0.0, 1.5, 0.0 
11 0 
12 0 
13 1, 2 
14 5.0, 20.0 
15 1.0, 3.0, 5.0 
16 4, 1 
17 1 
18 -1.E+05, -0.2, 0.2, 0.2 
19 -1.5, -1.5, -1l.5, 1.5 
20 0.0, 0.0, 0.0, 1.E+20, 0.0 
21 2 
22 -1.E+05, -0.2, -0.2, 0.2 
23 -1.5, -1.5, 1.5, 1.5 
24 0.0, 0.0, l.E+20, 0.0, 0.0 
25 0 
26 2 
27 -0.2, 0.2 
28 2, 3 
29 1.0, 3.0, 5.0 
30 1.0, 7.0, 16.0, 12.0 
31 3, 1 
32 1 
33 -l.E+05, -3.0, 3.0 
34 -2.5, -2.5, 2.5 
35 0.0, 0.0, 0.83333, 0.0 
36 0 
37 0 
38 0, 1 
39 10.0 
40 1.0, 4.0 

Table A.3: Sample Input Data for Single-Path, Three
 
Nonlinearity System With Hysteresis
 



74-


READ DELTA, NPNX, ITERNO, EPS, EE, ,SIZE, NFLAG 

READ NOHAR, NP 

DLASet Zero 

Value to Default YES

E S
NPMTE,NO 


$0N
 

READ JDR
 

READ UBKPT 

Figure A.1. Data input flow chart
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progressing to the,right. The artificial breakpoint is 
set far enough to the left so that it is never crossed. 

Card 9: Ordinate coordinates for the nonlinearity (UBKPT), begin­
ning at -the artificial left breakpoint and proceeding to 
the right. 

Card 10: Slope of the nonlinearity (PWGAIN) to the left of the 
associated breakpoint. There is always one more slope 
than breakpoint, the last being the slope to the right of 
the rightmost breakpoint. The slope to the left of the 
artificial breakpoint is set to zero. Vertical slopes 
are indicated by a very large number (i.e., 1020). 

Card 11: JD. If JD = 2, cards 8 ­ 10 are repeated for curve 2 of 
the hysteresis characteristic. JD = 0 indicates the non­
linearity has been fully described. 

Card 12: NH, the number of hysteresis curve common point. 
fot a memoryless type nonlinearity. 

NH = 0 

Card 13: Order of numerator (MORDER) and denominator (NORDER) of 
the linear transfer function. 

Card 14: Coefficients of the numerator polynomial (AA) of the linear 
transfer function, with the coefficient of the highest order 
term first. 

Card 15: Coefficients-of the denominator polynomial (BB) of the lin­
ear transfer function, highest order term first. 

This completes the entry of data for the first nonlinear-linear
 

pair for path 1. If other pairs remain in path 1, the process
 

(cards 6 through 15) is repeated until all path 1 data is entered.
 

Data is then entered for each successive path until all data is
 

entered.
 

Cards 16 - 20: 	 Same as cards 6 - 10, but for nonlinearity 2, 
curve 1. 

Card 21: 	 JD = 2, thus breakpoint information for curve 2
 
of the hysteresis nonlinearity follows. (See Fig­
ure A.2)
 

Cards 22 - 24: 	 Same as cards 8 - 10, but for nonlinearity 2, 
curve 2. 



(-0.2,1.5) 
Curve 2 1.5 (0.2,1.5) .. 
(JD = 2) 

-i05 -0.2 0.2 

Curve 1 

(JD =1) 

(_15,1.5) (-0.2,-1.5) -1.5 0.2,-1.5) 

Figure A.2. Hysteresis type nonlinearity
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Card 25: JD = 0, so all breakpoint information for this non­
linearity has been entered. 

Card 26: Number of hysteresis curve common points (2). 

Card 27: Abscissa common breakpoints for the hysteresis 
curves (-0.2, 0.2). 

Cards 28 ­ 30: Same as cards 13 - 15, but for second linear element. 

Cards 31 - 35: Same as cards 6 - 10, but for third nonlinearity. 

Card 36: JD = 0, so all breakpoint information for third 
nonlinearity has been entered. 

Card 37: NH = 0, so no hysteresis common points exist. 

Cards 38 - 40: Same as cards 13 15, but for third linear element. 

This completes the data entry for path 1, and since only one:,
 

path is used in this example, all data has been entered. For multi­

path examples, data entry for path 2 would follow card 40 and would
 

follow the pattern begun at card 6.
 

Once the data entry phase is completed; no further user input
 

is required. The HBA outputs identify possible limit cycles as
 

determined from the initial inputs. Note that failure to identify
 

a nontrivial limit cycle does not mean that no limit cycle exists;
 

it simply means that, if one does exist, it has not yet been
 

identified.
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APPENDIX B 

FORTRAN CODED LISTING OF HBA
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IF NFLtAG.,6k:l 1I E (6,7,0',

30 £20 1=i- TIN
 

IF '.NFL-,G.E- - hR 'IEki7,G UJ K
 
320 IF (NFLRG._GE.Is lRITE (6,650) (JU(. JV-,JV=I, ILI1M)
 

IF ':IwFLR.IF. 1' ',P11 (6,( 20% (flLT( :), il.]i)
It-, 
ri ELTITjHTrE pOlI1 AIID COLUMN', COPPEcPo'rJhtIlG TO ZEF'O Prl SIUIOSCRI110O350 VI-'ILIH. I.-: 

IF ,'JFLHG' Li '.LtL'. I0tY' -GO 3U
 
ED 330 12-i , ITi
 
DO 30 K-,',I LAM 

H J, - 2. , ,, ,-. ,JI F3+" ,,
 
370L CriNINN
 

f1D '340G W -1. 1 L PDO '2,W r I-- 11-it 

' -3,0 CON!I 

I61W'=
 
Ito '30 1 Ui't: 1.Ill 

LOT IS Tri i K1'riEEF' OF 4'- RU hOt"$
 
V8 1CI=MJ tG-, Lf;:G I ELIE,IP
 

GO CINTI.H1E
}.I,w'i -E xLIj-Uq'"I-TD J Pl-HT..']X 
IF 011F-i9L .GE.1 ' ;:I'IE (6,,00"
 
DO 3D 18=-HA:BI,
IF 'thi-i. .L6k."' ' IF.' I 6 6'>b.[ S/ ' 

I F , . ,-Lr65n'- , IU, J,' 2 : .KBIfjC,
 
., 0 COMTINIIE
 

FI:,. IH%.rIS:t S J tYPT:
 
LHLI. iIHT tiN ' CdI - R1I5 HJIIh/ IF,, 25,'
 

IF "IIFLu.GE.3? ,6-'RITE '10)
:F ,. ER. EO.2, 6U ,a'0 
IF 	 -CFG.Gi.V',?60",

EDO380 Ii.KI.l 

IF ,-l IL. GE.1) IIFMIE - 7C' 1 
IF ' 14,11i-E. '- 7116,,: JL;, J-: J.KbI!1 z-5i380 WHIl INAE
 

CrL' l-liIIr-,-I4 iG tt:il I- - m' ,., w ;
NLH.I- F_ii _u Ius-u.,.H I 

IF NFU:.. '-3, 'IPITE +ESO 
L. i '. V-LIlII FI 1 bill: iE, 

v, t UE . ;O:C TI.P-- 1PUT 
1:1-LL IED nii:,tny LHPX ;c.11 E-1.
 

P2 ICi f : ND I !W II l: iJi 

IF 'NL:.&''IL'.G0 

http:NL:.&''IL'.G0
http:IwFLR.IF
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DEI'EPMfhiF hii 1'LUES uF Cr FUF; USE TN ITERHTL014 
ICOST=O 
COST1=COST2
 

DO 390 L=I, JiIF)X
 
390 * CNI(LH=CN,.L


GO TO 4.,0 
400 WRITE (6, 780. 

IF (ICOS.GL.q GO TO 40

DO .liO I<=i, iLIN
 

:10 DFLCWK ,=DELCH.) -5.
D--D,5. 
rkCrli=KCbT-i
 
WRI1E (6. 790) KCNT
 
ICOST=ICOST+
 

420 I0=il1-BELCN' ILTri
 
WRITE (6, 720) IMO
 
C14I(1)=C.I1 1)-.CF'X¢EL[lI), 0. 0)

'C=!EL' Cr4 I J ) I 
IRITE (tCh -30 " DC
014I (2) =Cti1 (2 ,--rNMFLX'. 0..O ELCH 2'Z,',
 
FUND=-2. 4'ifA t(2))

WRIIE (6,740) FUND 
IF UMHX.LE.2) GO TO 440 
DO 430 KJ=3. JP-buXKR=(2+KJ j-3 
YIz(2+VJ)-2

CfIKJ,=CHI,11 J -- CIPtYX,'DELCN, KP. DELCH?KI)>
 
HriRC=2. +RE1IeCH I cVJ) )
 
HRS=-2. .AIMAG,.CfII (KJN
 
JY=-KJ-1

WRITE %3,750) Jf, HAPC, HnRS
 

3.0 CONTIHUE
 
440 r.CNT=KCHr f+1
 

IF cKCN.IT.l0o) STiiP
 
YMAn:4AB;'IELT, j

DO '150 12=. I IN
'.i9 I-'rtl :=n in ':. 'r ,< E.,' DEL f(J).
 
IF (Ii.L].''i:h HfltHL+1

IF -,T#.GT.',M~', riT.(=0
 
iF ,ND.GT.2, GO TO 4t0

SIilE=2. ',I 
IV ,. I.L.'XI-.L HbL-?44&L+i
rF ,'SIZ.E.CT.EE, 150-0 
IF IISE.GT.4/ GO [0 d70
 
lop I -'6. iU' I tl "
WRIT: ,'- , 81UIl '--I:1_ t . 

O TO 30 

STOP 
A SI' Ci
 

-4en h'PiIE 6,CAZ0)
 
STOP


I: 

4'-0 iRITCh (6,70- Dr 
WRITE (6-88(1 FIin
 
IF ,JM&':.LE.2' - TO 510
 
1O 500 jJ--3- .. cin:,,
 

HijRC=2. *PEfLCNI(JJ))

F2S=-2. {r-IMf.C&lI" CJJ)

,.,=J.I-i
 

501 It'-ITE cC. 9ii) IU, AfIRC.. HuPS
 
2110 Ip iE ' i, : i lu
 

STOP 
521j lIPI E R 91'3 

5'30P. u;, 'PLirI ER2 MAiN FROM Pfiliw)

540-FORIh-T 2SOX 'PEEHTER MAIN FPOH OUPUT P',
 
5550 FORMAT ' ::. 'REENTER ,44IN FROM FUlY'.
 

http:SIZ.E.CT.EE
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560 FORMI'.T .,CI'I=..) ,(If55f2,CNO'I, '.2(Gl1.5) 

570 FOPMAT (20X 'REENTER MAIN FROM OUTPUT V, REAL VAL INCR')

580 FORiWT ,.5, 8*G1 .5, 3X))

590 FOPMuT (20X-. 'REENTER MAIN FPOM OUIPUT V, ItAC VAL INCRR)
 

)600 FOPMT (20::, 'REENTEP MAIH FROM OUTPUT V, W, INCPEMENTE'
 
610 FOR~IT (2O, 'REENTER MAIN FROM M-TINV"b
 
620 FORtNjIT - 20,:X 'RPEENTER MN FROM FUNY' ) ­
630 FORMiT *20:4.,REEIITEP MAIN FROM DLCL')

64'Q FORM1HT (30X, 'it+ STEP SIE SFIHLLLR THHN PARTILL ItCREMlENT it.')

650 FORMfT ('+',- I:.CC,yElI. 5, 2:).'
CGO FORMAT '10. J(', 12, ',-1= '
 
670 FORiuT . ,, 'JIIVJI, 12. '-)=

tU0 FOPM:-wT .ON. JINY DrIES NOT EXIST '
 
C-90 FORM;-IT c.- I0::, 'ifjUSTED J MATRI:,/)
 
700 FOFR,-'T , '+' i:i 8 'l5. 2X>))
 

', 40X. U'+ 

,O FOPMw] ,-"40,. '14I WO = 'G12. 7)


o0FOPnHT '40X, - NEw iC COrPOHEfiT = '-2. 7"
 

i10 FOPNHT ,:-.- " FLN NUMBER', 13, ' FOLLO-S 1 ") 

.40 FOPFMT (/ -10,, 'EW FUN1lRPIENTHL SIlIE COMPONENT = ',01-J 
50 FCPMT .- 4u'1, 410-l COMPONENlTS FOP HRMONIC NO., 12. ; COSIHE G 

i12J.7, 5. SINE = G 2 .7) 
,'60 FOPMHT e'.,.z '
 
U'0 FOP.AT 3-', '3 -iIITRiNx
 
Th'C F r-urg - ,, ',+ ,I Foil Eli f.OST TEST + H ,/\
iT ' 

,79 G FOFtT ,.If:, 'FP' uT I,-XILLHTIOiI FROM FUH , I3", 
SOO I-0:7,MT k02-:', + + CCST 1 - -G12.,.10:,' COST 2 = ',012. 7.' " 
Si Cl CFOPrT ' -~- -C. ,. P.RII1HL PEPIURBT10 ',ri-G2.7.'HE'd = 

820 FOPMA- i::. HE:, IlCPEait '.E11.. .22).,
PiRTIHI ,

llt "STEP5-I ZF03 rTAr ,c::S v L L CONSIS-1 EfITLY LES T, 'I 0- ii"
i'I.I!'H LU+, ' 5I-U 's -'PLEL.trl!'. , 2, ' - ,2(0i?.Tr 'I 

2,50 FORHi.T C - X0.-'Pl H NUMMER I FOL LOtP:':')

"GO FOP-4Hi f. 1'-, . Pi HYthL PERTLiPEH1 ION ' Glc .7
870 FORl';;:,T "r'-40"r,* fir = +,r_2=7'1
 

800 FOPiiiT -4G.wl th MENI- 1 'U tH ICE
,0 FORNiT '-. 4i:,. 'IMIT C ,'Ci Fr,'L OU,-'C. -. F:4IW S C 

Cfpie1 r Cl,iHT 3-0'.,.,, 'P,:TUP;4 EP,.,R FIR-d FUrf.", 

IHHO 
° FlItlCf-TON F- ,


ChPLEX, Ch" I I.., PC[II
CO5-P SIOT] -HMPT- :H -nJ 

EF:L riCH .. 1 j
10
i:OPPLE' -'N' ....i 


PCN-CI4, I CEgP(CMPL::(uU. FLOAF'"*--1 +)IdO-T",
 
1 I0 Hf cp..IF,'P 1i3
EE+RFAL,'FL 1,.ETUi:fl 

C 

COqHiN -I)P'T, 14C~L' : - .10 r-F- N p m ,l: 

KY~Uh1V ''~li 'C-'M .... HME''U'F'DO' 10 1=2,, 1i1:: o1r A PliI-IL'. -L
17 "-+., '..,,',Ill I 14 ''-2 LFI - Pw I]-Ic- AnD Ii NONlL I EnIll'.- S
 

I-
 SUE$" 'F[' "F 'J it-'L F"'Y,@jT, Hi.-

C~iP-LE: C ,ii' ff-- ,', I i '-T,0h',j ti', ; 1]'

COP'ION " OPT ,• 1P.+i'IL, '5., -.' iPTw" Cli -p(tW I" ' Yl
 
I O.HPON lIE F 
ITF FhP'1 . -_-,, <'i] "-L

DO 10 Jri. JNi::
 
IF "'N I kt . f-'../) IIP;ITE ,t6, 1)Ul) Cri;.(J)


iC yOUTt I -l|[t ,.,. ii, 0, 0i. U).,
 

20110b .,U J 1. Jr.;; 

-10 C.iJTNL­
'--&iL-/ CUOt -- '.H ',. ,OF' 

lIT: 111nTH,0>+ 

http:2(0i?.Tr
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IF- (NIT.GT.NHL.(NPP) G TO 60 
IF (NFLRG.CE. 2) WRITE .6,14Lh NIT, PP 
DO 50 J=t, JfHX- I 

IIPIlE (6, 1 VI<J:IF HNF-iG.CE.2) Y0" 
50 ClH( J)=IT'H J)

GO TO 40 
60 rIPP=hPP+i

nO To Jz1, urwcl: 
70 YOUT(J=''OUT( .l+,WJ' 

IF iPPLE.HP GO TO 20 
DO ?.c J=, J X 

00 - YIJT(J.,='.-1W,'0lJTJ
nO 9o J=l, Jpqjl,; 

90 IF (NF-I HG.GE. 1) hl'iTE (65. 150) J,YOUT(J)
IF -,NFLAG.GE.2 ,',RITE (6. 110)
PET UPn

C 
100 FOR'IHT , 20:, "EMIER OUTPUI
 
"10 FOPii..T '0X, 'LEE JuUT i'F
 
120 ROPin'T f2t0X, 'PEENiEP OUIPUF') 
130 FOPdrT C" 
140 FOPv:T ,0X, 'COMPLEX IrPUT FOR NO.LINTHRITY, 13, Pf4fH', 13)
 
150 FORMAT 'OX, 'COMPLE YOUrfe 12,')& 2GJ5.T-


Er.
 

$SUeQTITJL4E PI1jFrp 'TE,.;JIHD',P, VI tt:'- I I 
ikt500), Jlln:(.5Ou., I-INIJXI(500)fiIHfdSI'fOIl ICHFT(500), fl0Gti0. 


fiN 31IO4 Tb'&,.500:
 
COMM.H HIPLHG
 
IF W-FLpG.GE.3) WRITE (6.90)
DO 0 J=i ii 

DUMB=o.o
DO 10 1=1, I I 
iF ,.11.18 GT.T2)) GO TO jO
 
fU'JTBklTE
 
i
 

ii) COiTJHUE 
[IDloL' j -vc 

20 TrI,' ,=--Tbkt) 
no -.0 !=I, 1 

F--N
1I)OG(I
 
30 TB:r I±+I "--T1 (')

fDO iO I!. I 
40 TI.=T8OX-I 

DO 50 I=i Ii

F=FTi()G1,' 1:
 

50 Kvrn r, II- =JINIXI(F)I:,
W o PI-1.. iI
 
GO Ji~gl)-!P, T ,=I'C."l kI:,
 

nO rO I=,II 
-=VOlOC; I)

70 I4Y IT i!--I =KIHDXT(K) 

IF qL .3)1 I,.0iTE e6, 10', 

PETUPIHC
 
90 FOP,-iqT k20:., 'ENTER ORvER

100 FOP'HT .20,-, 'LEuYE ORDER')

C-


ENti 

http:iPPLE.HP
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SUBROUTI1IE OUT .Yf, H.NPP) 
C SUSPOUTINE Fu COPUTES THE OUTPUT COEFFICIENTS YN 
" FOR fl GIVE& SET OF INPUT COEFFICIENTS tFROM MRIN)


COMPL EX DM( 11 G,'iN li, 1:1(iI, 5YB'.!1,5,5)
COf 10O4 'C T' NBiKPT5(5.5Sn EBRPTc- 25, 2.5.59, UB.PTS,25, 2.9, 5), phiGAIN(25, 
12,.5. 5). NILSVM(, 5). NH(3, 5),v 0,5,5), MOPPIER(5 5), NORDEr(5, 5), A, B1 4 8 

COIMN HFLRG 
cOp'frqON Iw/ MO .;POmi J4un: 

C 11LOC FINDS THE OUTPUTS OF THE NON[ IIIEHR ELEMENT 
IF O4FLAG. GE.3) WRITE (6,30)
CnALL NLOL (]li4, ESKPF' 1.1, N, rIPP), UBKPT( 1,1. N, HPP, PIJGAIH(1, 1, N, tPP>, 

INE1P Irs::tIPP, NH.IIPP), AP,:I. fl.NPP), ILSY(N.NPP))
IF ,NFLoG.GE.3) WRITE r6.40)sl,l )=rj. 0 

lAI-NLS'IIjt. NPP3-.1 
nO 0 J4. J:MAX 

C GJ. CHLCOLWES THE ViLUE OF THE LINEAR FLEMENT FOR THE 
c GIVEN VYiLUE OF I. 

C-,LL U l (, J. OiN, , i. NP MORDERN. HPP),HCRDER(N, NPBI F. 4FtiPP) 


IF .NFLAG.GE.3) WRIrE (6,50:, 
C IHE OUTPUT YN VRLLES PE FOUND BY MULlIPLYING 1HE JOHLIHEAR ELE 
c k-OuiPUTS BY THE TP&jSFEk Fu'CTIONC VALUE OF THE LIlEAR ELEMENT.VN( .I -DrC4UMJ) 

IF j.OT.g, Go to :o
 
10 CO.TIiLE
 

IF ,HFLnG.CE. 2' hITE (6. -60) .M.N), y=i, JIAX,
 
IF .NF-nG.GE.)., hJRIE ' 6,70 

20 CONTINIUE
 
IF .IFLfG.GE.3) WRITE ('-.0)

STOP 

3( FOi'!:-!T '20.. 'E TER GiT')
 
40 FOP.iiHT 2C,. 'PEENTEP OUT'
 

O., OUT'5f FOPi.iTIO "nfl'PEETEP -- ' ,.'..;,UOt:,":T ".5.". ", 1W 1 ] . 

o0 rOPc'AT , _0"LE- ryV- 'UT
 
SO FOPIT ".2, IEpr1 F CF
, / 'NU2'IF.F , 0- NHEPIONIC H KI- 5') 

ItlEV,,T TihE .: NiATPi 

SLIBPOUTTHE 'IHflY C . -N. lEF HIH:) ::,I '',r . JC. VC-Z 
COCiuN IIFLiiG
 
IF ,NFLmG.GiE. , 1'?I, EC .. ?n
 

I][IUl Itt5 I! , i-',M'.,,nrla-s, , Y" H:,,,LIt 5: . 

Ln 101 i,'.:
 
DO 10 =l.Ihp;
 

)*,i, J.=-'(i J,

10 CONTINUE
 

CLi C.JR " r, P.N 14.1! ,.Jr, v'fi : 
GO TO 30
 

20 P-fI] (6,4fl)
 
IRITE ,S,50", £(I ;,, ,'

IER=2
 

30 IF 'FFL-iGaGE.3, tIPIIE e, 0.' 
PETu;41fC
 

40 FORNIfT IO>:, 'OVFPFLObI'
50 FORPI:T 20>:. 2 G13. 7, 1 '' 
60 FOPO) F '.40:',. ' LEAVE IIHTI'"", 
,0 FOFMT ,40X, 'ENTER liTI NW"3 

I-. 

http:IFLfG.GE
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http:NFLAG.GE
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SUBPOUTINE 14LOC 4I]M, EbKPT. UBr-PT, PIGAIN, NRVPTS. NH. f, {ISYN) 
DOUBLE PEIAIJH PiCOMPLEX CN(1 .,, ARGUE, APG', l](11 I(ll), JM( 11)., UMIo SUM2o SUH13 

DIMENSION EIN(2001), JIPD:lB(500), KINDXT(500), ISIJ(500)
DIMENSIOrl TB500), XK 500, eETWSOO)
DIMFNSION EBKPT(25,2?. UBKPT(25,2) PWfGAIH(25,2), 1O) 
COMMON 'IlL/ NPP. IIEPNO, EPS 'NOPT/ CN 'ONN' lO /POMN/ JMAX 
COhMOr NFLAG 
APG(.HN. T2)=CMPLX(0. 0, FLOAT(Nl)+WOrTiO 
T>neJ)=DELT*F.lOAT(J-1) '-0. 001 4'J1ELT 
PI=3. iibS926535979323d 
PEPiOD=2.*PI.ABS( I,0 
HSTP=NPi'lX- 1 
NPh'G=N2KPTS+1 
nELT:=PErI-ODSTP
 
IF ,.FLHG.GE.3) MRITE (6,44U)
 
I" 'riFLHG.GE.3. uRITE *6,#80. NBKPTS
 
DO j0 I-l,2
 

IF ,WFLAG.tE. 3 IPI FE (,. 480. (EMPT(K, I), K=I,lHSPTS) 
IF %iFLH.GE.3.' b'RITE ', 400) DIUBhPT(t, I), i-K=I, NEKPTS) 
IP tNFL.HG.GE.3) WRITE (6. 481., (P GAINrK, I), K=1, ' .PWG)

10 CONT 1LUEiF 	 .. FI..E. IhRl'T' e6-,180", C .ll~,JdX 

IF 	 ,NFLu:G.GE.) IRITE (6,480, IH, HSYM
L-1 
N'Ek!-'=@, . 
EiETlAt1 =0.
 
J=l
 

20 	 IF ' -rh0 70,(, O5U-130 	 T= M:XJ.,
 
EI!(K.IJ=d+I ,FT
 

O Ii 2Q
 
40 JFLnG=J
 

j1=1
C. H'.I' )PRHY OF- HT:STEPFSIS CUPVE BREAKPOINIS 
r N' NUMBER OF HYSrTREbIS CURVE BPEAKPOINTS 
c .Ek-vCONTROL FOR HSTEPESI. CURVE SEI ECTION 
c 
c SELFr f IHIT~iL HONLflEfuiPIlY CURVE

J5Ud-1
 

IF ,EIN;2.LT.EII . JY-rh!2
 
IF (kH.LE. 0" JSI.Irl
 

C CHLCLAIE-ALL BFEFPIilrIT TliFS BY THE I1EIH'OD OF FALSE POSITION,
 
L IIHICH IE ALSO fIOIlI AS THE SECHNT MErtOD.
 

DO 	 90 JJ=2, p I'kPS
JJ2=J2
 

if- ,'EDIuix.LT.FFPT, E VI $,, 1;W0 GO TO 50
 
JJ2=JJ-i
JJI= J+l 
GO 	TO 80
 

50 COFTIII:
IF EIl(1I.CT.EBKPTt.JSb)) GO TO 60 
JJi=jJ-i 
GO 	TO 80
 

60 IF ,'EIlJ'1 )-Ef PT(Jj-1, J$hl., ,. . O ", AJ. ,.,E1N,.1-EB.PF(JJ, JSU 
).LT.0.- GO TO .0 
GO TO PO 

To JJl=JJ
 
80 XlJ2r=P'CIr4 JJi, JSW)
 

BETA, 1)=UIltT', J J-i, JSI,-FI.t'k.JJ., .JSLIYEDF'(Jj2-, J.3W,
 
90 COvUIhUE
 

DO 250 ~i.:,nSTP

C DETERMIHE ePEiAXOImr TIMES 

kbklI-: :-1 
DU 250 JJ=1.HEKPTS 

IF LSI.F!.1., GO TO 25031.,I3f? '4 '&IH Kr- -FE' PTf' 33, 33--!I'>')0IOO !00IF 	 ,'' EIhu'. K:-EBk-PT(J 
1.250
 

http:JSI,-FI.t'k.JJ
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0 ~Q~pPAGE,8M 
PORQIALrrr 

111O IF UJ.EO.MBKPTS) GO TO 120 
IF 'EIN, "-EBPTJJ'1 JS"(EI 1)-EKPT,,JJ+I, J;J))) 110 

1 110, 120
 
110 kSGF =-1
 

IF CtEin R-EINCkK+1'.LT.0.' GO TO 250
 
120 IF (EI~t,-k).EQ.EBFPTIJJJ.,) GO TO 250
 

KSW-1
 
il=!+i
 
JINDBII)=JJwSGt4
kINf :TeII=I=
 
iS131e,-i)= J91d
 
KSGH=+ I
 
ITER-1
 
L=L+i 
:'..I=T: KK)
 

-:(KK+1
Fri=uIKI:-EsrPT<J J, JSF)
 
F2=EIKK+I )-EB['PT(JJ JSlI
 
IF (NFLG.GE.3) hlPITE 6, 430)

IF (QNFHG.GE.3) MRITE cG.,?0' fK,JJ. II, ,X2.FI,F2,EIN(KK),EI

10'.kK+i "PBKPT, JJ, JSII) 
IF _4FLH.GE.3Y bIRITE k6.,480) JSL 
IF *Fi.EORF2.,13 1 ..... .. . STOP 

IF (F2.EQ. 0.Q0 GO "O 190
 
F-S=E0",3) -EBrPT(JJ,.JS.i',

IF ;flBS,'3-I.,-EPS, 190,140.140
 

140 IF "HBSC:3-,2)-EPS: 190. 150., 150
 
150 IF tFI-+F3' 10,1.60, 1@0

160 IF 'HBS'F3).LT.EP'? GO 10 190 
1?f F2=F3
 

STEP=.iiEP+i
 
iF r ITER.EO. ITERNO1 GO TO 190
 
GO] TO 130
ISO Fl=Fi
 

i T ERI.-!TER+1 
it - IE(TI.EP. 'ITE'riO'GO TO I':,U
 
GO T' 130
 

1,90 TE; L=3C
 
C lE fi.Y;IHE ',;HILH GURV-- 10 UBIE IHE; HYSICESIS E:EUI 
C AFE CPOSSED•C
 

IF . E., GO Tl 24UHti. iF 0' -l TO 2-l, 

IF *EINtk+).GT..'±)7 G' TO .O0Jqh,=l
 

CO TO 240
 
200 IF (EIwk&K-i'.LT.N'tirf" RO TO 21i
JEIO-2 

.,0 TO 240
 
2i0 LOn iC
ibT 


NI=tHH-1)
110 220n I--l, 11 

220 IF ,.(EIN("ii,. GE. AT1..44. cE IM'+1-1 L. .H T+I.) GO TO 23' 
STOP
 

230 IF -.Lill ,K.LEA(Ifl .I3I'I
11- rjifKj F I.PAi~i J5I '=2 

240 COHTIUE

IF .II-HSTP) 25,,i250,260O
 

250 CONTiLUE
 
II=IT i1
 

2STOP=i!-1
 
260 TB I':=PE.PIrD+0. jO014IELT


C ORDER PLH(ES THE BPEAPOINTS 1H THE CORr"ECl T1'1: uLCUEJE
 
CALL OPiER (."H.JIND.tBt.ihT'XT- ii'
 

c THIS DO I.OOP kEEPS TKFHCK OF IWHICH PIFFEWISE- l[E R GIlH 
i- GOES 11TH EHCH BPEHLpOIrI'T TInE. 

http:EINtk+).GT
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D0O310 M::=2, II 

IF :MiX-i 1 270,7300, 300 
270 J 	=rAES<(JIIDXB(Mx))

kX-:I HDXT' MWX 
C .	 EIEPMIHE PROPER NONLINEARITY CURVE 

JSU..!=ISbI, M)
C. 	 MATCH G)IN Hhfl BREHKPOiNT
 

I1C=O
 
EDOT=EIHUZ'::+I '-EIHN(.,

IF '&jSW.EQ.2).HND. CJINHXB(MX.LT. O)) If1C=1 
IF ((JSbI.EO. I).HNU. (JINDXB"*MX.LT. 0t) IHC=-l 
IF ('EbOT.LT. 0. ).FND. (.IINDXBdiX,.LT. 0. ).AND. (NH.E. 0)) INC=1
IF ('ROF.GT.. :,. HIJ. ': JIINB' :B':tP •LT0. '.R iB. t W.EO. Of)l 1'10=-1 

IF 'EDOT' 290, 420, 200 
280 	 J.<=-JX-1290 	 BEsTAt.=UBIhPT (J:;, J;hl;-E2'} PT' JX, JSI'f'l WGAIH(JX+1, -JShfl
 

XK<, MX);,PhII I [1J(JX+1, J 5I1)
 
cO 10 	310

300 	 EETs(ME=BETIq i)
X1 QM*:)=: X , 2.­

310 CONTINUE
 
IF KHFLAC.GE.3 WRITE (6,4e13, (EETA(l,:X<11), I=1, II) 

C 
c U E DFEAiP0IT TIMES iH13 PiECiEITSE-LIHEHR GAiNP INFO I'rTIOH TO 
fl. I1TECRHTE TO GET HLL BN(I).C
 

130 410 e"i=i , J.,
 
f=mI- 1
 
IN,i',Mr,&cMFLX(O. 0..0'
 
IF G(.EO.0) GO TO 330
 
DO 20 I=J, ISTOP
:32 61 I'Me'['I"M14ENI:: C.P(I.M TB .i+1 ),-LEEP(ARG, -M. I'B(Q) 
, I'll! "z ', ' I t C ,0. U, 

GO To 7o
 
330 ID0 340 I=1.ISTlP


0 IHC<i' '=im,,mN',+BETH-t i) -1 1,1, i+i -TB' i)

1M(MM ,=IMCI "PE-RIOD
 

350 Ji, 'M -MCMPLXO 0,. 0.'

DO jQc' i=t, ISiuP 

'j1?IJbltIL . 0..O,- . 0'
 
SlJir-=CFL:PL'0. 0. A. 0
S LI.1-C MiP LXk' 0.0. 

DlO 380 H=2, JMfAX
 
iF ,:N. E:. -I GO TO :6C
R4PGUIE=Cn',.I ,tcCE: :paiPGc, - 11, TBKI+i-) , -WL:~r'(t I1-11 Ft 1))). 

1>CN:'PL,:,._. L.[,O'FLOAiT NM- 1 ,, 
GO TO 	370
 

3,'0 HPGI-JE= I -,N.- (1 B(I+1 -1t )

_.0 SUM2=SI M2"1HRGUE
 
380 Cf NT. PiE
]DO ,Do !1-Z, l.
 
39 0 SIJN3='UM3+FCOJG0Ji :f:.I-," 1' E::PCARC .k-fI-:- T81I I --C.4-p
if.l-fr+i, TB, :, ",.,) - MfPLX' 0 . 0, iOfFLO1\-- N-+fi "
 
400 JjI""mu= 'lM)+';StIllJsIM1+sI ',3 + K'. I .-1 PERIOD
 

l1H I '-1,MLi) +JM k M

i1I0 CCiTI1 LE
 

IF k( 4II.E.ID '. fI. kABS' hilAL- C"He 1E-i 0' ) f( 0. 0
 
IF '.IfIL,G. (E.3, WRITE ke,.45ri':

RETURNi
 

420 .STOP

C 

430 FORMT'F T . I7, .J 	 .i U,', T ' ,oO,., .
IF2' -T 80. ' EIH-,1 0[.'° T9.: E 1140 i. , ', TI 04 .'EFlPT fJ J) '
 
440 FORMAT '.o::. 'ENTER IILOC'.,
 

,4'+U FORIHT L20X, LEAVE ILWCI'
 
4130 FOPMAT .',-3: rEih . 1F12,, 1OX. 'Nk = ',Flt-. . 0:\,
470 FOP!'HT , 1 3 Q:, 2N', ', 3X -3'F 12.3(, 4(F12.
qSO FORi1HT ' 

C 
END 

http:IINDXBdiX,.LT
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SUeROuTiNE FUNY .*.4,FY,JLii. YH. JFLO,C14, JAX,COST, mF)
COMPLEX CHClit YFdl)
JIOMMON UFLHG 
DIMENSION- FY(25), JFLAG(25,

iF Z.IFLAG.CE.3', IRITE (6, 120)
 
DO i0 I-I JfAX
 

IF NFLnC.GT.3,) WRITE (6,q0:) iYN(Ii L-fliU 
10 CONTIUE 

C 	 FY IS THE DIFFEREfICE rTIIEEIJ THE OUTPUT F;Nf THE ASSUMED INPUT 
FY(1)=',PEHL,:YNei', -PEMLeurV±i) ' ; 
DO 30;'=2, JLI1L=k.2+FJk-2 

F'rKL)- kPEHL(YIICk))-P;EAL(CH(D.)) 

20 CONTIuE 
COST- . 0
 
DO 30 I-4i, JLfH
 

-0 CrFST=Cu'5i-f ,BS, F7( f',

IF 	 .MF.EU.0' PETURNIIHfEN=C.
 
DO q0 [F=l, iLilq


IF ,JFLHG,PF).E'. 0) INDEX=IHJ)EX+1
 
FY," F, -F",''F+INDEs)


40 CONjT1 iEir 
Lir=JLIFI-- HNTEX 
KFL nG=0 

c 	 COMPUTE THE llnpMiLIZING FACTOR FOP THE OLfPU1 
momqF a-o. 
DO 50 	F'', JN'l0X'i1H'Iq'''OR'..REHLC-.II(: , ,s +2 

50 CONTIHITE
 
YHUP=SORTr YNOP'
 
iF c:rlJi.,E.l1 OE-r.- tO I CU
 
CHE:K 	 FOFZ ERPffr .JITH1 i SHI ISFKiCTORY LIMITS
DO I I ,LIM
 

IF 't'YPS'FY, Kr',.)rl',.Gi. 0. 9 01 -FLAG'~I
 
z0 COf'TINIE
 

IF ,kFL-:G.EO.A) GO 10 70
 
REiuwi4
 

70 WRITE ('S. 100'
 
WRITE '. t3r
 
PETUPN I
830 	WRl] (,I].
 

STOP
 

90 	FOPiHT k..OX. ' L. ' ,t5X". ' ' .. *'.2 2 )=1'2 2 1:12. :. 1.2. 2" 12. 
I.. 

100 F-OPFqT '.', " JOX, ERPOP LIMIT S ,TlSFIE]V
110 FOFMY ,p20, 'HLL OUTPUTS iARE .EPO",
 
120 FOPM Tff ,.OX. ENTEP FUNY' ,
 
130 FOPRfiT ; FOs,.trEPThiBL.E YhLUES HPE')
C 

END 
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C SUBROUTIHE READ COLLECTS INPUT DATA.
 
C INPUT DRTA COSISTS OF INITIAL GUESSES AT INPUT (CN)

C COEFFICIENTS AND FREQUENCY '(WO)FOR HARMONIC BRLANE.E,
 
C BREA.IPOINFS AND SLOPES WHICH DEFINE THE NONLINEARITY,

C MND COEFFICIENTS OF THE LINEAR ELEMENT POLYNOMIALS. 

-C HLSO INCLUDED ARE THE NUMBEP OF PARALLEL PATHS AND THE 
C NUMBER HND FORM OF NONLINEAP ELEMENTS IN EACH PATH. 

'C 
C 1JOHAR = NUMBER OF HARMONICS ( EXCLUDING DC )
 
C JIMHX = NOHAR + i = NUMBER OF HARMONICS INCLUDING DC

'C DELl f IS'THE PERTURBATIOH FOR FINDING J
'C JD IS THE CURVE SELECTOR
 
C AB = COMMON BPEHIPOINTS OHl HYSTEPESIS CURVE
 
C HLS'M=O FOR ASYM lL, I FOR SYM NL
'C ITERNO= MAX. NO. OF ITERATIONS. FOR NL OUTPUT 
C EPS= SECANT METHOD STOPPING LIMIT 
C hPM,= NO.OF TIME POINTS USED TO DESCRIBE INPUT FUNCTION 
C PF= MINIMUM STEP SZTE FOP TEPMINATION 
c iORDEP, MORDER= ORDER OF DENtIH. RND HIUtER; OF LIN. EL.
 
C SIZE DCrERMINES THE LARGEST CHANGE IN CH WOHI-CH CHN OCCUR.
 
C
 
C
 

SUBROUTI1E READ

COMPLE1: N I-'.A,1i5,),B I .5, ) 
DimENSION HR'22). wAiij, PEB 1)

'COMMON NEILAG 
COMMON . HAINE, CNI, DELTH. EE,SIZE,NOHR 
COMMON 'CMiN-' 1,10 -POHN/ JMAX - IL i4PNX, ITEPNO, EFS 
COMMON .'OPT/ NP,-NNLf'5-, 
COMMON .:OT- HBKPTS(5, 5),.EBKPTr25, 2, 5.5), UBKPT(25, 2, 5, 5), PWGAIN(25,-1	2, 5.,3Y' LSYe,'5.5St NHl(5, 5". RBEiO.5.5), MORDER(5, 5.t NOPflERc,5, 5", a-lB 
rWiRITE '.6, ." 

READ (5, 180) DELTA, NP4211, ITEPNO, EPS, EE,SIZE, NFLAG
 
READ (5, i4O",, NOHAR,-NP
 
IF (DEITEO.0., DELTH=I.E-06
 

* IF (NFM:.EQ. 0 NRM'=701
 
IF (ITERNO.EQ. 0) ITEPriO=iO0
 
IF -EPS.EO.0.) EPS=I1E-05
 
IF k-IEE. FO.O .) S12E=O.1
 
'IF (rP.EO.0", NP=i
 
IF ,'EE.Eu.O: EE=I.E-08
 
IF Kr'Lf'C.GE. 31 IRITE 'AC 120'
 
WRITE C6, 1,0?
 
'WRITE (5, 380, DELTA, NPMX, ITERNO, EPS 
WRITE (5. 400.'
 
iARITE 6. 390, NFLRG, EE,SIE
 
JiMAN=ItOHHR+ 1I riD=2fNOHAP
 
kRIIE (6,- 150' JIAY
 
REHD (5 140.' 1O
 
READ (5,140) (HRR(J1,J=1.IND)
 
-PEHt (5, '0", *:NHL( Ix.I=I,
 
WRITE /6, 170) NOHAR
 
lFI IE c6, 190.' 1,O
WRITE .6.20U' ,,NP.kHNL-'i., i=i,- P')
 
mri FE Or,2IO"
 

IPI rE t6 230, HHR(1)
IPITE (6.20,
 
.IPITE ,6.2401 IRk2)
 
IF (NOHAR.E.1) GO TO 20
 
DO 10 1T=2, N'JHHR r)


10 hIRITE t6,250' IT, HARt2.IT-I'l.Hl-R(2"I 

20 DO 80 rP=I.NP
 

NL=I !rl,-KP,
 

http:Kr'Lf'C.GE
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DO 80 K=INL
 
READ (5,140) NBKPTS(K,KP), NLSYM(K/KP)

'WRITE (t,260) K KP,NBKPTS(K, KP)

IF (NLSYM(K,KP).EQ.0) WRITE (6270) KKP
 
IF (NLSYM(KKP).E.1') WRITE (6,280) KKP
 
IOP=NBKPTS(K, KP)+1
KK=HEKPTS(K, KP)

30 	 READ (5,140) JD
 
IF (Jl.EO0..) GO TO 40
 
iRITE e6,29') JDK, KP 

REND (,,140) (EBKPT(I,J,K,KP),I=I,1KK) 
READ '5.140) (UEKPT(I,JD,KKP), I= ,KK)

PEAu (5, 140. (PWGAIN(I, JD,K, KP) I=, lOP)

WRITE (6,300) (EBKPT(IJ-lK,KP), I=,KK)

MRIlE ,"E,310) (UBK-PT(I, JD,K,KPX I=I, KK)_

WRITE c6,320) (PWGIN(IJD,VKP), I=, -IQP)
 
GO TO 30
 

40 PEAD 5. 140) NHK KP)

N&=NH(K- KP)
IF cNH(f KP. EO. 0 O TO 50
WRITE (t,330) NH(K KP)

PE (5,i40) (PBI,K-KP), i=i, 140
 
WRITE t6, 340) (AB(I, K KP, 1=I lX)
 

50 	 CONTINUE

PEAO r5, i40' MOFIER, K. K, NOFDERcW, -P 
IPITE (, 350) .MORDEP(K KP), HORDER(KU',,-K. KP 
MTERMS=MOPDERkt, P)+1
NTER.1S=NOFPDEP(K,rP)+1

READ (5,140) (HA, J', J=1!-MTERHS'
 

'EAD (5. 	140) (02(J). 3=1, TERMS)
hdRITE .630' (HM-J',J.l. MTERMS)

WRITE k.G 370) (RB,.,, l, NTEPMS)
 
DO 60 J=IMfEPNS
60 A J.- , KP:-=C iPLXCAA(.J-),'O. O)
 

700 J-1. NTERMS' '
 
70 Br I K.If.P)=CMPL' :L BE( J), U.0' 
G0 COIT i tli' E
 

CNI (1 ) =IC PL (HAP,'), 0. 0N
 
CIII' 2 -=CHPL. 0. L, HHRkJ'--2. )

IF 'NOH1".EO.' GO TO 100
 
DO 90 H=3iii,_X
 

M1=2-1 NI
 
90 C-HI ( ;=Cr.PL, r (IHP. M--t"2.. HR M-2)*:-2..M,)
100 CONTINUE
 

MRITE (6..410)

IF :NFL:ir.GE,3' "PITE (Ct130)

RETURNC 

110 FORPi T (MH,,'0'Oh,0QA' 'i N P U T D 14 T A t10(' -'))

120 FURMAT (20, 'ENTER READ'"
 
130 FORMHT 20V. 'LEHVE READ')

140 FORMAT e)
 
150 FORMHT , IOX, 'Jh-: = ',12)

ice FORMAT (,'/, 5. , 'DELTA',T-15, 'HO. POINTS',T29,'IL ITER' T48, 'SEC.
 

ISTOP LIM'>

170 FORMHT -'//IOX, 140. OF HARMONICS I,lJI
 
180 FORMAT (ElO. 5, 2110. 3E10. 5.15'
190 FORMTY ,l-OX,> INITEIAL -W =',,fi , ,?)
 
200 FuF:M:iT ("JOX, 'NUMBER OF PRIHS ='.1/', X,'HUMBER OF',' NONLINEARIT
 

lIES FOR PHTH =*,514",
210 FORIHT ,'".l.2M,'INITIL INPUT VHLuES') 
220 FOPtMiT '"/T25, 'HHRMONIC VHLUES', t45, '110R. NO. ', T57. 'COSINES, r72, J 

ISINES')
230 FORrAT ,,2' ' -l=G12.7)
240 FOPI1HT 120.X, 'FUNIJUAENTPFL COMF. ',T70,G12.7)
250 FORMqT (/T4-, 12.T55.G12.7.,T7.0J 2.7)

260 FOR;mAT '.'/iX. 'NO. OF BREHkPOINTS INi NOIILINEMITY'. 12' OF PAlTH', 12
i.' IS ',Ii) 
2-0 FORMAT (.-.'IX, 'NONLINEARITY', 12. ' OF PnTH'. 12, 1 IS ASSYNETPICAL')
280 FOPMff '-, 'NONLINEiiRITY' -2, ' OF PATH', 12-.' IS SYMETRICML') 

0._'-21.
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290 FORMAT (/IX,BREAKPOINT VALUES FOR CURVE', i2, OF NONLINEARITY', I 
12U' IN PHTH'.12) 

3uO FORMHT <", 5X,' HORIZONTAL COORDINATES', T30, S(E10.5, 5X))
310 FORMT (-'5t'.€VERTICnL COOPDINATEST30,8E1I.5,5X))
320 FORMAT r."3X,'SLOPE OF SEGMENT TO LEFT',T30, (EIO.5S5X)) 
330 FOFMHT r/,'tlAX 'NUMBER OF COMMON POINTS ON H7S.CURVES =', 2)

(,a2X, 'HORIZONTAL COORDINATES OF COMIMON 8X1-40 FORMAT POIfNTS'l, 3(EIO.5,
14X))


350 FORMHT (/2,X,12, ' ORDER NUMERATOR, ', I2,' ORDfR DEMN.', ' IN NONLIN 
IERPITY', 12, ' IH PATH', 12) 

360 FORMAT v2V, 'COEF.OF NUM. TERMS(HIGHEST FIRST)', 8(5X, El0.5)
370 FORM,AT K:/12N. 'COEF.OF DEN. TERMS(HIGHEST FIRSTV', 8(5X,El0.5)) 
380 FOP-T ,!- Ei.5,2 Ii0,T50, EiO.5)
390 FORMAT (i1; I10,T25, E10.5.T50,El0.5) 
400 FOPiAT k'5:,'.PRINT FLAG',T2S,9'MIN. STEP SIZE',T45,'IIIIT. STEP')
 

C FIND THE TPHNSFEP MAGNITUDE AND PHASE OF THE LINEAP SYSTEM DESCRIBE 
c VE:,i-hND S AT THE FREOUENC' I'0 

SUBPOUTINE GJI (G.J, !,IO, B. MOPIJER, NOPI)ER)
 
COMPLEX, G.2, P, (11), Stll)
 
COmiON r!FuRG
 
IF tWFG.GE.3" [RITE (J.50" 
JL=J-1
F=A0I)
 

IF (.OPEEP.EQ.O) GO TO 20
 
m lI,,-lnFR
 

10 a= +CMF-LX(O. hl +H(MZ+I.,
 
nn 1 I. 

O FLOATJL) 1
20 CONTINUE 

P=ekI)

IF NOPT'EP.E.0 GO TO -10 
DO 30 NP=1, NOPDER
 

30 P=P.*CMPLXo. 0.,
FLOrT(jLsntWO)',BaflP+j'
 
40 CONTINUE
 

IF ,B(P).FO.0.0 P=PcHPLX'.E-30, 0.)
G=? P
 
IF '.PEPI.,!.Eo. g.0) G=GCMPL::(i.E-30,. i.)

IF KtlFLH-.GE.2) WRITE (6,60N G
 
IF rUFLRG.GE.3) I L i, ',
 
RETURN
C 

C 
50 FOPAI-:T ' ?0, 'EHTER GJ'T 
60 FORM-sT ,-30V,'GREAL) ' . T,1ON,
 
70 FORMAT -20X- 'LEAVE GJI,.-


END
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C 

C 

C 

C 

C 

DETERMINE THE CHHNGE TO BE MRDE IN THE ASSUMED INPUTS 

SUBRUUTIHE DELC (DELCN, RJINV, JLIM, FY, KBIG, JFLAG, DUMMY, SIZE)
DIMENSIONI DELCN(25), r-JINVt'25,25), FY,'25,, JFLAG(25)
COMMON NFLAG
 
IF (HFL-G.GE.3) WRITE (6,80)

DO 10 i=I,iVBIG 

10 CONTINUE
 
DO 20 K=I,JL.M 
DELCN(i0=O. 0
 
DO 20 J=IJLIM
 

DELCIKN=(AJtIlVKK. J) *FY(J))+BELCl(K)
 
20 CONrINLE
 

ADlJUST BELCH TO RCCOUNT POR ZERO ROWS IN J MATRIX
 
lHIFT=JLIM -I 8IS
 
IF (HCHIFT.EO. 0) GO TO 40
 
DO 30 JVnP=.IF. 1,-i


IF kJFLHG(JVAP). EQ. 1) iEIC3(JVAR)=DELC1I(JVAR-4SHI FT' 
IF 'JFLG' JVMR).E. O) DELC(JVAP.)=0. 0lIF JFLRnGJVAR).EQ. 0 SHIFT=4SHIFT-l
 

30 CONTINUE
 
40 CufILNUE 

DETERMINE THE LHRGEST CH-:NGE
 
DUMMY=O. O
 
DO 50 1=i, JLIM

IF (HBS.DELCl( kt ). CT. IUMNI%) DlIY=jiBS'DELCH(1))
50 C,-,I NUE
 

i.LPITE .6, 10 DuIrIY
 
iF THE LrAPGEST CHANGE IS GPEATER [HAN "SIRE', SCHLE DOIIN
 
IF kDUMM.LT.STZE) GO TO 70
 
DO GO R2ris JLIM"BELCH i,.X2)'-DELCN (K2) '4S1IF<BLIU*1Y 

60 CONT IIIIE
DUMi f,'=S I EE
 
WPI1 F (5., 110' DUM'Y
 

70 CONTIIIE
 
IF 'NFLHS.GE.31 I,,PITE '6,90.,

PETUFN 

, FI-RT,., 20, ENTER DELE"90 FOPMAT "2OX, LEAVE DEL'? 
100 FORMAT '.20::, 'A;. 'DELTA COMPIfrlED =',G12.7) 
110 FOPMwT (1H+, T6, 'Mn::. I'ELTA gLLOIdED =',G12.," 

END
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APPENDIX C
 

SAMPLE OUTPUT OF HBA
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.*..S.. 1**INP UT D A T A t tt 

PKI:jT FLAb Al:4. STEP SIZ_ INIT. $TED 
0 "1WUO-O7 .ltOO+Oo
 

J,.IAX= 

,'O. bF hhq,'TCS =3
 

INITIAL l = 2.50U000
 

HUUo.S Or PAWS :1
 
,iU'bER OF 1o,.L'EAITIt-S FUR PATH 3 

INITIAL VPUT VALUJES
 

OC .000000
 

HAI;4,ONC VALULS HA. NO. COSI14ES SINES 

FLUIO3AMENTAL COmP. 1.000000 

2 .0000000. .O000OO0 "
 

3 .000000 00o000
 

rIO. O R AKPUINTS IN ?OiLIN ARITI 1 OF PATH 1 IS 3 

",v'.LI .'ERITYI OF PjTri I IS bYhrtWTRICAL 

bK',Al")IKT VAL.JES FoR CUKVE I OF ,4OW.INEARITY I I' PATH I 

t1.'RIZO':1t COPDI;ufTES .100J0+'6 - 0O000+ol .20000+01 

V-RTICAL COORJINATES -. 3U0J%+O --30000+01 .30000+01 

SLOrE OF SE(,bENI TO LEFT .00000 .00000 .15000+01 .00000 

I O-)ER .Ul.'lTR, 2 0 '.E 0EI:3';. IN NONLI'4ARITY 1 IN PA1id I 

CGEF.CF ;JU. TERrS(drel- ST FIRSr} .50000+01 .20000+02 

COEF.OF :E'4. E$.rS(KtSrtST t RS0) .10000+1 .3000+01 .500to+01 

NO. 0- O .- AKPkINTh I'l " O, II -ARITY 2 OF PATi 1 IS 

,a'L! :AdITY 4 OF PATs 1 IS jM iRIAL 

FOR CURVE i OF NL-.EAKITY absREAtOI\T VALUES . I,,PATH I 

ORIGINAt PAGE IS
 
OF POOR"QUALITY
 



HKIJ O:TAL COI;NATTS -. 0103JU+u6 -. 2000100 .20000+00 2Uo00+ooo 

'.RtICtL ..OFUI\ATES -. 154U+JI -,15303+01 .Ib300+O1 ,15000+01 

5L9-E OF S --;l' TO LEFT ,00.O0 ,Do000 .00000 .10000+21 .00000 

wh.AtI1I.T VAZ..S F04 CjQt'E 4 OF IONLIN-ARITY 2 I4 PATH 1 

-W,%11U':T,. cOO4:I AT.S -*1O'JG+5 -. 200,UO .20000+00 .2000000 

V-?MTIAL LGW-IATES .Itu, --15000*01 -15000+01 •15000+01 

L"i.UF -L- W I; LEr .0c-O .00300 .10003+21 .00000 VOOOO 

';u4., Qr 0LO.,.. P0I.1T iJ -YS.CVES = 2 

ii;Ai.4 2TAL C .4At.ATwS Q~ WNO PosITS' -. 20003+00 .20300+00 

S&"',.. :U-;14 * Z .9O.ER DE-;)M. IN 'IOLINW:.4 tITv 2 IN PATH 1 

CCF.OS NOK).. rA uS',s(F$:3T" 1S) ,oo00O O0 .33000+01 .50000+01 

o o LWF.C :I. 7L;,
T t (HG3,ST rIP.Sr) .1o0m00+l .70000+01 .16000+02 .12000+02 

UI +.:;1 n: II 3 OP .ONL!PATH I IS -

X4 LI -A17 Y z : PAT., I S my'% .RIAL 

' 0 ~ t-c,,,L;AT 'K- , C.Av,- 1 OF 3N"INEARTY 3 14 PATH 1 

0 -m "l".±.vTA ...~.CX~'jt:AT-S -. 1060+J6 -..6000,01 .30000+01 

q"r.CPL , 1 . FS -. zS')UC+l i..da503 01 .25000+01 

K-O'r DF I.'O- 70 LErT .cc tfl .U00O .83333+00 .00000 

I'- W'PJL-All~ 1 1 OCSER Kj!:h '.t Q N RI~TT 3 IN PATH 1 

C.uF.,r wo't. R"... {,tH--sT 005r) .1GG00+ 2 

,-=,.F.&F h. T=.A ,Q -s& PIRSTJ .11000+01 .40000+01 



RUJ ; 1 P L T, 00 0 5 

* TClT 1X. LA,, L .A 

MAX. PNT AL 
= .10.U30+1ICO'Pr .AX.CO"P [u g .;_26--23 

P R J&AST 
COST 2 

.10Ur-­
= .697 41DELTA ALLOnED * .1020000+00 

NE, d0 = .o00000 

N-, DC CO'IPUnENT = .0000000 

NEn FUNOA4IENTAL SINS COMPONENT = .9506131 

NcJ COYIDO.NITS FOR HARVONIC N'. 2; COSINE = 1.9.9915 SINE = -.1725285-03 

N, COcPoNi'TS FO3 HARMONIC '40. 31 COSINE = 2.004194 SINE -9212824-02 

** ,Ax. C"T ±.- LIA CO * .=T7D4iJTCL' = . 51T,75 C3,T 2fAX. .I2SQ52 ** aELTA ALLOiE.D .2000000 

T1 Ns 311 r O07L 
N- 0,0 = '!.boaOO0 

N=--,UC C0'PONENT = .0000030 

V&-a Fd A -4AL SId11 COPO'4rNT -.60877 

,.NLb CO',PO'-TS PPARO',0IC NO. 2; COSINE = 1.9Q9630 SINE = -o1327442-02 

N-i,. C04PO0N.'JIS F! HARMONIC NO. 3; COSINE = 2.012131 SINE = -.2120595-01 

* CJ
,*(. 

T I 
_. 

keS0
CGPU'IL-., = .6 12t1 

COST ; 2 
=Z 4000000 

.164-AX.DELTA ALLOdLO .400000 

no = -3-200000 

N&t, DC CO.0)0E0T Z *0000000 

FU nAM. !TA, SIN[ COV.O' NT = .$725511 

,;L, CO,A 3qLTS FS, HR iO\IC NO. 2; COSINE = 2.Ua02n8 SINE = .1514935-02 

.&- CP"O4''f N)A-~~~o 3; COSINE =2.OflS 
4 7 SIN4E = -- 2949087-01 



*4RUN NJ'MER 4 FCLLUWS 
:I' V,AA. PAIIAL PEkI'JRRATIDN Z .8000000 

k,. CUST I = .3 13614 COST 2 .13R6140 ** 
VA. ULA CO'tuivc. Z *3559791 

N ?, hO = a-bSS979 

HPi DC CON'OIENT = -OOOOOO 

£JE,FuDA-EwNTP. SINE C3.MO''0ENT = .5129p87 

NE, COMPO.42:;TS FOR HAR.ONIC NO. 2 COSINE = 

NE. CO',IONZNTS FOR ?ARMIONIC N'). 51 COSINE = 

2.0003P5 

2.018822 

SINE = -.5514878-03 

SINE = -.2236249-01 

A",'A.C.LTA CCY.Pur . 

*** RUN NU',dER 5 FOLLO S -** 
.. VyAK. PA<IIAL Pj'RTJR.ATION .­ 71195,3 

.1932673-01 

Ni/O Z.575305 

,N;D C0.P9. , E:4T = .0300000 

NEA FUN3A-vmNTAL SINE COPONENT = bO19447 

N.u CO'.'DO3w:;TS FOR ,AR'MOIC NO. 2; COSINE = 

M4t COO-NE:,TS FOR PARN4ONIC NO' 31 COSINE = 

2.000006 

2.016B03 

SINE = 

SINE = 

-.9780168-05 

-.218389-01 

f C ST I 
*t* RU; NU'.cR 6 FCLLOWS *** 
r,,.r, '/AX. hPIIAL PE TUiBATI N.9. 55bd-0g CDT 2 . .3. 5 5 

346-012 5Z96-U*M 

\LC~fIA3L. VALJES A'C 

OC = .00uOO0 

F,C,.)AAINTAL SI:- CO' P0'ENT = .5019"47 

COMOONENTS FOR HARIONIC NO. 2; COSINE = *1220431-04 

C:J'i%,%"-!Tb -CU ARyW, IIC '40. .5: COSINE = .33661,-01 

LIQIT CYCLt FPEr,\CY = 3.9,75336 RADIANS;/SEC. 

SINE 

SINE 

= 

= 

--9780168-05 

-. 21838R-01 
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