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ABSTRACT
	

'r P

The theory of acoustic plane wave normally incident on a clamped

panel in a rectangular duct is developed from basic theoretical concepts.
ff.

The coupling theory between the elastic vibrations of the panel (plate)
f

and the acoustic wave propagation in _infinite space and in the rec-

tangular duct is considered in detail. The partial differential equa-

tion wh' h	 th	 b	 i	 f h	 1	 1	 d'f' dis governs a V rat on o t e pane (p ate) is mo i ie by

adding to it stiffness (spring) forces and damping forces, and the

fundamental resonance frequency fo and the attenuation factor a are 	 ^r

discussed in detail.

The noise reduction expression based on the present theory is

found to agree well with the corresponding experimental data of a

sample aluminum panel in the mass controlled region (f > f o ), the damping

controlled region (f _ f o) and the stiffness controlled region (f < fo).f

All the frequency positions of the upward and downward resonance spikes

in the sample experimental data are identified theoretically as resulting

from four cross interacting major resonance phenomena: the cavity 	

>4

w

resonance, the acoustic resonance, the plate resonance, and the woodenk ..	 .a

back panel resonance. Detailed tables are given for the values of

these resonance frequencies in each case.
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CHAPTER I

INTRODUCTION

9

ry
eeyk
1

a
The acoustic research project started on April 15, 1976, when the

Flight Research Laboratory of the Univerd-Ity of Kansas began work under

a grant from NASA, Langley Research Center, entitled, "A Research Program

to Reduce Interior N6ise in General Aviation Airplanes" (NASA Grant

No. 1301). Over the past three years a research facility has been

established, in the form of a Beranek tube and additional equipment,

and a large volume of experimental data has been published. A sub-

stantial amount of the experimental data published to date involves

the noise reduction curves for acoustic plane waves normally incident

on clamped aluminum panels, and other materials, in the Beranek tube.

The aim of the present report is to present a theory which will

explain reasonably well the detailed features of the experimental noise

reduction curves for normal incidence of acoustic plane waves on a

clamped panel in a rectangular duct (the Beranek tube). Such detailed
y

features include the general behavior of the noise reduction curve in

all its parts, as well as the frequencies of the numerous resonance

spikes, which are superimposed on the curve both upward and downward,

for frequencies above the fundamental frequency of resonance. Another
Y

r ,.	 aim of the present report is to be used as a theoretical base on which

r

	

	 more complicated acoustics experimentalresults could be studied from a

theoretical point of view in the future.

Such a theory sould be based on the interaction between two

F

general fields of study: The theory of acoustic wave propagation in

r



infinite space and in ducts, and the dynamic theory of plates and the

theory of elasticity.	 Since the vibrations in the panel (plate) and

the acoustic waves in the air are coupled strongly along the whole
i	 f

u panel, and are affecting each other noticeably, the interaction between'!

these two systems plays a major role in this theory.	 When one sends an

M incident wave of sound in the 	 direction of the panel, this wave will

^_)

be reflected from the panel.	 At the same time it will set the panel into

motion of vibrations, which will generate transmitted acoustic waves.- 	
r

i

on the other side of the panel. 	 The	 incident, reflected and transmitted
y

acoustic waves will be coupled strongly together with the induced

transverse displacement of the panel. 	 Because of the experimental

set up in the Beranek tube, the acoustic waves propagate in a duct with 	 a
Y

a square cross-section.	 Higher order acoustic modes, as well as the

fundamental mode of plane waves, should be taken into account, in

order to explain the experimental results of resonance at certain

F particular frequencies.

The present report develops the theoretical derivations from the

h

basic equations.	 The theory presented in this report successfully
,

explains the detailed features of the noise reduction curves for one

particular aluminum panel, which has-.been taken as a typical example.

` It should be pointed out that one of the most challenging aspects of

F the present theory, which has been met successfully, is to avoid lengthy

numerical analysis, in order not to mask the main features of the

interaction between the different physical phenomena.' All the calculations

x: in the present report have been done on a simple hand calculator.

2
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The Meter, Kilogram, Second system of units is being used through-

out this report, except at some places where the experimental data is

given otherwise. The factor e -1W't is used for harmonic time variation.

In this report the following vector identities will be used, where

ax ,  a
y
, a

z are the unit vectors in rectangular coordinates:

V p x + -a 	 ay + a	 p	 a	 +aaxy 	 z az	 x ax
+ ay ay	 z Dz

-u au
(a	 -L + -a 	 -L + -a	 u	 x

Du	 Du
+	 Y	 z+x ax	 Y.ay	 z az	 ax ay	 9z

au	 au_ 	 au
z	 Y) + x 	 z

V x u	 a (	 a (-T- -	 +x	 DY	 3z	
z

y	
x)	 z

Du	 Du
Y	 xax	

ay

2
V p	 V

a 2p + a 2p + a2p
VP

2	 2	 2ax	 3Y	 DZ

V x Vp 0	 V	 Vx u	 0

V x (V x -U)	 V(V	 U)	 V2 u

f v p dVff PIM dS	 closed surfaceff integral

V S

V • ufff dV	 u	 n dS	 closed surface integral

V S

3
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CHAPTER II

ACOUSTIC WAVES - BASIC THEORY

In the present chapter the basic equations of the acoustic waves

will be given to be used in this report.

h
The equation of state for a perfect gas may be given in the form:

MP = RopT (1)

i

t where:	 M = molecular weight of the gas	 ( Kg/mole )

P = the total pressure of the gas (N/m 2 ) or (J/m3)

Ro	8.314 x 103 (J/°Kmole)-gas constant

p = the total gas density of the gas	 (Kg/m3)
t'

T = temperature in °K where T(°K) = 273.15° + T(°C)

z
x

In the particular case of air, which consists of Oxygen (MO2 32 Kg/mole)

" and Nitrogen(2	 28 Kg/mole),	 the molecular weight is:
2

air = 28.9644 (Kg/mole)

Substituting this value in Eqn. (1) one obtains the equation of state

for air in the form:

P - RpT (2)

where the gas constant for air is given by:,

^II
R

` R	 M _ 287.05 (J/ °K Kg)

4
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For example, the U.S'. standard atmosphere tables give the following

values at sea level at T = 15°C = 59°F:

P = 760mm Hg = 1.01325 x 10 5 (N/m2) (1 atmosphere = 10 5 N/m2)

P = 1.2250 (Kg/m3)

T	 273.15 0 + 15.00 0 = 288.150

and ibey Equation (2) above.

The acoustic wave motion, when the wave amplitude is small, can

be described by the following vnrying quantities:

p = p(x,y,z,t)	
2

acoustic or sound pressure (N/m ) where IPA << P

u u (x, y, z,t) = velocity vector of the air	 (m/sec)

where P is the equilibrium pressure.

One requires one scalar equation and one vector equation to relate these

varying quantities for the acoustic wave motion.

From the equation of continuity one obtains:

	

aP(x gys'zl t ) _	 —
K	 8t	 —	 u(x,y,z,t)	 (3)

i
t,	

which states that the velocity gradient produces a compression of the
^	 r

air. The only forces involved are those of compressive elasticity,

measured by the compressibility K. Since in the case of the acoustic 	 -	 r

wave motion there is zero heat conductionin the air, one should use the 	
s

r.

adiabatic compressibility given as follows:

F:
5

,
s	 ^,



dt-

2	 3
K Tp- adiabatic compressibility (m IN) ot (m /J)

where P is the equilibrium pressure and for perfect diatomic gas, such

as air, one has;

C
7	 __a fpecific heat at constant pressureY	 1.4 C 

v specific heat at constant volume

From the equationof wave motion one obtains:

P Du(x9Y9z9t)	 Vp(x9y9z1't)	 (4)
at

which states that a pressure gradient produces an acceleration of the

air, where p is the equilibrium density of the air.

Taking the divergence on both sides of Eqn. (4) and substituting

Eqn. (3) one obtains:

a2p
V VP -P7 	 1CPt (V	 U)	

2at	 at	
at

which may be rewritten in the form of the wave equation:

92P
2	 2

V p KPiL 0 or V p	 0	 (5)2	 2	 29t	 c at

where c is the velocity of the acoustic wave in the air. Substituting

K	 Tp in Eqn. (5),using Eqn. (2),one obtains:

1 -V' YPC —	 VyRT 20.047 yrT—('K)	 (m/sec)	 (6)
r-

VKP

6



where one has:

T( O K)	 273.15 0 + T(CO)

For example at T = 15 0 C (59 0F) the acoustic wave 'velocity is:

c = 340.3 m/sec for T = 15*C(59*F)

Taking the gradient on both sides of Eqn.	 (3) and substituting Eqn.	 (4)

one obtains:

VV u	
-"at (Vp)

au ]
'at I-P at

2-
a-uKP 2at

Since f^om Eqn. k'4) one has for the time varying acoustic wave V x u	 0,

one obtains:

2-
VV u	 V u	 V x V x u	 0 since V x u	 0

Substituting it in the above, one has the wave equation for the veolcity

vector field:

V
2-

9 U
0

2-	 1
2-

9 U
KP--2 or V u 2 0	 (7)2at c at

In order to find the transmitted power in the acoustic wave motion

it is necessary to develop a power theorem for the acoustic waves,

using	 the vector identity:

7



V • (Pu) = p0 . u + u	 pp (8)

A

By multiplying both sides of Eqn. (3) by p and dot-product both sides of

Eqn. (4) by u and substituting in Eqn. (8) one obtains:

0 • (Pu) = -Kp^ pu • at
	

(9)

It may be shown that:

KFat _ 2 at = at (2 p2^

au _ 1 a	 -	 a 1	 2	 9 1 2pu 
at = p 2 a t(u - u) at (2PIu ^ ) = at ( p  )

Substituting Eqn. (10 and Eqn. (11) in Eqn. (9), one obtains:

n	 (pu) 	
(—irp2) _ 8 (-pu2 )	 (12)

at z	 at 2

Integrating both sides in an arbitrary volume V'and using the Gauss

divergence theorem, one obtains
k	

r

c	 _	

ndS	
- 8t	

[2 p 2 + Zpu2 ]dV	 (13)r	 0 (Pu)dV =	 (Pu)

V	 S	 V

Physically Eqn. (13) states that the total radiated (transmitted)

acoustic wave power through the surface S is equal to the total decrease

of acoustic wave power inside the volume V,where`we have:

t^

G

8

w' .



wP = 2Kp2 = acoustic wave potential energy density (J/m3) 	
Y i

wK = 1,pu2 = acoustic wave kinetic energy density	 (J/m3)

I = pu = instantaneous radiated (transmitted) acoustic wave 	 a,

power density (Watt/m 2) or (J/sec m2)

Thus the radiated (transmitted) acoustic wave power is in the direction

of'the acoustic wave velocity vector u. The vector 1 is sometimes

called the "sound intensity." Taking the total acoustic wave energy

to be w = w  + 7V one can rewrite Eqn. (12) in the form:

D	 8t P	 K	 8t	
.

where Eqn. (14) gives us the nondissipative energy equation of continuity

for the acoustic wave with no sources in the vicinity.

By using the Gauss divergence theorem, Eqn. (3) may be rewritten

in an integrated form as follows:

K V = d fffKpdV =

fff,7 

udV = u ndS	 (15)

V	 V	 V	 S

where the right hand integral gives the total velocity flux.

By taking a small cylinder of area (4S) and height(Oz) across the
i}

boundary between two different fluid media, applying the integrals in

Eqn. (15) and taking Az } O,one obtains the following boundary condi-

tion:

u	 = u	 (16)_	 n1	 n2
r`

g

F



The normal component of the velocity vector of the acoustic wave is

continuous across the boundary.

By using the corresponding vector theorem, Eqn. (4) may be

rewritten in an integral form as follows:

p at dV = dt	
pu dV =	 0p dV =	 pndS	 (17)

V	 V	 V	 S

where the integral fff pudV gives the total momentum in the volume.
V

Similarly to the above, one obtains the following boundary condition:

pl = p 2	(18)

The pressure of the acoustic wave is continuous across the boundary.
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CHAPTER III

ACOUSTIC UNIFORM PLANE WAVE

In the present chapter the acoustic waves basic equations will be

applied to the harmonically varying acoustic uniform plane wave in

infinite fluid (air) medium where the effects of viscosity, heat con-

duction,relaxation, vibration and other dissipative (attenuation)

processes have been neglected. r
Assuming harmonic time variation a-lwt, where w	 is the circular

frequency, one may write the basic quantities of the acoustic wave by

using phasor convention as follows:

p(x,y,z,t) = ReV2p(x,y,z)e
-iwt	(19a)

u(x, y , z , t )	 Re 32 u(x,y,z)e 
iWt	 (19b)

where Re represents the real part and p(x,y,z) and u(x,y,z) are the

complex effective value phasors, which represent both amplitude and
i

phase in the complex plane.	 For example one has:	 r
F

p _ We 	 p = Re321plel a-iwt =32 IpI	 cos(wt a
5

i where IpI	 is the effective value, with similar relations for each 	 #
i

component of the complex velocity vector u(x,y,z).

In order to simplify the notation,p(x,y,z) and u(x,y,z), will be denoted

k= from now on as p = p(x,y,z) and u = u(x,y,z),where the harmonic time

variation convention of Eqn. 	 (19) is understood.

e;.. 11
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k	
Assuming harmonic time variation 

a-iwt and replacing 8t by (-iw),..^

the two basic equations Eqns. (3) and (4) for the acoustic waves for

harmonic time variation will become:

iwKp = 0	 u (20a)

x

iwpu _ Op (20b)

where complex quantities p = p and u = u in Eqn. (20) are understood.

I
4

From (20b) one also obtains:

0 x u	 0 (20c)

Thus, u(x,y,z) may be found from a given p(x,y,z) - in Eqn. (20b) and

p(x,y,z) may be found from a given u(x,y,z)	 in Eqn.	 (20a). By taking the

divergence of both sides of Eqn. (20b) and substituting Eqn. (20a), one

obtains:

0	 Op = iwp9 u ='iwp(iwKp) _ -(w2KP)p

which may be written in the form of the wave equation for harmonic
f

time variation:

0 2P + (w2KP) p _ 0 or 02p + k2 p = 0 (21a)

12
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By taking the gr,
€F

(20b) one obtain:
i

V

By using Eqn. (21

f

of both sides of Eqn. (20a) and substituting Eqn.

—	 —
1)	 iwKOp = iwK( iwpu) _ — (w 2Kp)u

t may be written in the form of the wave equation

2u +-(w2Kp)u = 0	 or	 02u + k20	 u = 0	 (21b)

The wave number k is defined by:

k ="^^_ w = 27rf _ 2Tr	 (1/m) ( 22)
. c	 fa<	 a

where:	 w = circular frequency 	 (1/sec)

W	 = f = the frequency of the acoustic wave (1/sec)
21r

a = the wavelength of the acoustic wave	 (m) F	 !+

r

fa = c	 the velocity of the acoustic wave (m/sec)

Assuming acoustic uniform plane wave propagating in the z-direction

f'. one has p = p(z) and Eqn. 	 (21a) becomes: r
t

^. d 2 + k2	
ikz

p = 0	 p = poe	 or	 p = -ikz
poe

dz

where p	 is a constant,
o

Substituting the first solution in Eqn. (19a) one obtains:

13

v_^r^	 :"._ .: _^..	 ._	 .::`_	 ...	 :.	 .	 :....	 _	 _..^.:	 ^	 .v _.,.. '-	 u._.	 +^:.	 ___•.sse:.,:_.0	 sa	 ..	 _'"v	 __3.. _.	 .y..w.weNNw.



'a

p(X,y,,z,t)	 Re 3
2 poei(kz-wt) = 32 po cos(kz-wt) 	 (23a)

G

Substituting Eqn. (23a) in Eqn. (20b), one finds u X = 0, uy = 0,

u # 0. By solving Eqn. (21b), one obtains similarly: 	 {,z 

u (x,y,z,t) = Re^u ei(kz-wt) _ u cos(kz-wt) 	 (23b)
z	 o	 o.-.

f

L.

	

	 Substituting p = poelkz and u 	 uoeik z in Eqn. (20a) and Eqn. (20b)

one obtains by using Eqn. (22):

I

po	 k	 wp_ p	 1

	

— 	_
u 
	

u 	
WK	 k	 K	 KC 

PC	 Zp	 (23C)

where Zo is the characteristic acoustic wave impedance in infinite

medium in (Nsec/m3) or (kg/m2sec).

The characteristic acoustic wave impedance for air at sea level at

1.5°C(59°F) will be:
i

JJ
I

Zo = p c = (1.2250 Kg/m3 )	 (340.3 m/sec) = 417 
Nsec

m

I

Equations (23) represent the acoustic uniform plane wave propagating

in the positive z-direction. The pressure is in phase with the fluid

velocity. It is a longitudinal wave since the velocity vector u has only

one component in the direction of propagation.

I

Similarly, the acoustic uniform plane wave propagating in the

negative z-direction will have to form:

14



p(x,y,z,t) = Rev/2 poe
i(kz+wt)

uz (x,y,z,t) _ -Re zuoe-i(kz+wt

where u	 po =
 PO

o z 	 Pc

The .>ol nnitt> e>en tnr .. i ce+ —4— ai--- 7 ^w t

{

t

pocos(kz+wt)	 (24a)

^ru cos(kz+wt)	 (24b)	 c
0

4 ^.

4 ­ t- 4^" Af nrnnnant-inn

Vl	 L11C CZUUUALJ-" 	 P.LaLIC WGV=.

The average acoustic plane wave potential energy density is

given by:
i

T

WP	 [ 32pocos(kz-wt)]2dt = 2	 pot	 2	
Ip1

2 	(J/m3 ) (25a)
2T

t=0

where the integral has been evaluated by taking	 w = 27rf = 2Tr
T

where T = the period	 (sec)

Similarly, the average acoustic plane wave kinetic energy density is
}

given by:

T

wK =	 [ TuQcos(kz-wt)] 2dt77 io
=-2 uo 2 = 2	 iuz12	 (J/m3) (25b)

iFF:> From Eqn.	 (23c) we have Kpo2 = Puo2 and therefore in the acoustic

G
uniform plane wave one has wp 	= wK . The average total acoustic wave

energy density is given by:

2
W = W + wK K IP1 1 Plu.1 2 	(J/m3') (25c)

P Pc
^. 15

7:.	
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	 The average radiated (transmitted) acoustic plane wave power (the

"sound intensity") is given by:
f	

T

Iz = 2pouo T cos 2 (kz-wt)dt = pouo = -Ip	 = pciu^ 2 -	 f,
P_x	

t=0

F

^.	 = cw = 2(p*uz + puz* )	 (Watt/m2)	 (26)

where p is the complex conjugate of p.	 y

Let an acoustic plane wave propagating in the positive z-direction

be incident on a rigid wall at z = L. As a result anacoustic wave will

i'	 be reflected from the wall propagating in the negative z-direction.

The incident plane wave is given by using the phasor convention as

follows:	 4

r,	 ik	 1	 ikPl = ple	 z
uzi - DIe	

z (27a)
pc

where p 	 is a complex constant.

The reflected acoustic plane wave is given by;

Pr 
= pRe-ikz

uzr - _	 pRe 
i.kz (27b)

P

where pR is a complex constant.

At the rigid wall z = L one has un = 0:

u 	 [uzi + uzr^ = P
[pleikL _ P e-ikL]	 0 (28a)

z=L

16



which gives:

12kL
PR = PI 

The total pressure and velocity fields of both waves will be therefore:

p = pi + pr pleikz + ple i2kL e-ikz	 (29a)

1	 ikz	 1	 i2kL -ikz
_u`	

Z_= u1	 zr+ u =	 p e	 - —'P e	 e	 (29b)
PC I	 pc I

where at z = L one has u = u = 0.

	

z	 n

Multiplying by ,/2 e-lwt_and taking the real part of it in accordance

with Eqns . (19 ), one finds the actual physical fields

	

ikz	 i2kL -ikz -iWt
	P(x, y, z , t ) _ Re32 p I [e	 + e	 e	 ]e	 =

Re32 p [ei(kz-kL) + e
-i(kz-kL)^ e-i(wt,-kL)

I

= 2v'2- plcos(kz-kL)cos(wt-kL) 	 (30a)

	

1	 ikz	 i2U -ikz °iwt	 k

	

uz (x,y,z, t) = ReT PC p I [e 	 - e	 e-	 ] e	 =
r

Re 1	 [i(kz-kL) e i(k z-kL)^ e-i(wt-kL)
=	 pc p 

e

Re^ 
Pc 

p L2i si.n(kz-kL) e i(wt-kL)

_P
= 2,r2-

PC
 sin(kz-kL)sin(wt-kL)	 (30b)

17



Both Eqn. (30a) and Eqn. (30b) represent standing waves.	 One may

find the maximum value of the pressure from Eqn. (.30a) to be at any

point z = zo.

4.

a

p	 (z=zo) = 2,72pl lcos k(40-L)(max
(31a)

Eqn. (31a) may be found alternatively directly from Eqn. (29a) as

follows:

y ikz	 i2kL
pmax(z=zo) =	 /2- pII e	 o+ e

-ikz
e	 q 1

(31b)

_ Y'2 ikL I	 I eik(zo-L) + e-k(zo-L) I= 2^ 
pIpI I e I cos k(zo -L) 

Let us consider the case when the wall at z = L is not rigid. 	 We

will define the non-dimensional specific acoustic impedance E of the

k

wall at z = L as follows:

_	
Z

P	

=	 _ 8 - ix (dimensionless) (32a)
PC pc

R.

z
z=L

Where 8 is the.specific acoustic resistance and X is the specific
IZ

acoustic reactance,	 Substituting Eqn. (27) in Eqn. (32a), one obtains:

r
ikL	 -ikL

PIe	+ pRe
(32b)

ikL	 -ikL {
s ple	 - pRe

From Eqn.	 (32b) one obtains the complex reflection coefficient Cr:,

C	
= PR = ^-1 ei2kL (32c)

r	 pi	^+l

F Y	 ',
f.

18
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For the particular case of a rigid wall 	 C _ -io. one obtains Eqn. (28b).

For the particular case of a purely reactive surface 	 _ -ix one

has	 l cr l	 1 and:
.

Y,

pR	 -ix-1	 -U2	 -^)
C
	 =	 ei2kL _ eei2kL = ei2(U (33)
r	 P I,	 -iX+1

i	 The reflected wave differs	 only in the phase angle from the incident

wave; the reflected acoustic power is equal to the incident acoustic

power; therefore no energy is absorbed by the surface and one has

standing waves as before. 	 For the particular case of the rigid wall j

X = oo and	 = 0.	 The total pressure and velocity fields of both
i

waves will be therefore:

r

=	
+	 =	 +	 -^)e-ikzplei2(U

z	
p	

pi	 pr	
pleikz (34a)

+	 =	
1 

P e
ikz - 1	 -^)e-ikz

u= u	 u	 p 
ei2(U (34b)

z	 zi	 zr	 pc	 I	 pc	 I

One may find the maximum value o£ the pressure from Eqn. (34a) to

be at any point z = z o .	 -

a -	 -ikzo	 i2(U-^)`-ikzo _
prrax	

(z=zo) _ 32	
I

lee-	 + e	 e	 l -

4	

_Tl	 1	
lei[kzo-(kL-^)]'+ e-i[kzo-(kL-^)]l^

ep

=	 2 32 p I lcos[k(zo - L)_ +

2
32 p l lcos[k(L - za) -	 ]

l
(35)

19
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CHAPTER IV

ACOUSTIC WAVES IN RECTANGULAR DUCTS

In the present chapter the guided acoustic waves in a rectangular

duct (tube) with rigid walls will be developed. By a guided acoustic

wave it is meant that the direction of the acoustic energy flow must

be primarily along the direction of the guiding system of the duct.

The analysis will be limited here to the guiding system of the duct

which is straight and has a uniform rectangular cross-section and

rigid walls.

The basic equations for the acoustic wave motion are given in

Equations (3), (4) and (5) as follows: i

I

K4 _ -0 u	 (36a)

pat	 -OP	
(36b)

2
0 

P
2	 1	 p= 0	 where	 c= 1	 (36c)-

c 2 8t2

The acoustic wave propagating along the uniform guiding system of the

duct in the z-direction can be described in terms of a propagation

factor el(gz-wt)^ where we have:

P(x,y,z,t) _ Rem p(x,y)ei(gz-wt)	 ( N /m2)	 (37a)

u(x,y,z,t)	 ReT u(x,y)el(gz-cat)	 (m/sec)	 (37b)

21
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yS

where p(x,y) is a complex scalar phasor and u(x,y) is a complex vector

described by three scalar phasors ux (x,y), u (x,y) and uZ(x,y).
^ y

Substituting Eqn. 	 (37) in Eqn. (36) one obtains:
4

r au	 au

iwKp -	 +	
+ iqu Z

ax	 any
(38a)

iWpux
 = ax

	 = y;	 iWPuZ = iqp (38b)

a—P + a	 + ( k
2 

- q2 )P = 0 (38c )
. ax	 ay

where p = P(x,Y), ux = ux ( X Y), uy - uy (x , y), uZ	 uZ(x,Y) and

w	 w	 27f 	 2Tr
_k =	 (1/m) (38d) P

C	 c	 fa	 aKP

k being the infinite medium wave number. 	 By solving the wave Eqn. (38c)

_ one obtains p, and substituting in Eqn. (38b) one obtains u.

Substituting in Eqn.	 (38c):

F.

k--	
k2 - q2

(39a)

one obtains:

+-9 2 P + k	 = 0a---P
	

2p (39b)

t ax 	 ay	 c

Eqn. (39a) may be rewritten in the form:

r q = 3 k2 - 
c2	

(l,/ m) (40a)

22
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where q is the duct wave number, k is the infinite medium wave number

and kc is the cut off wave number. When k = k c one has q = 0 and

there is no propagation. It should be pointed outthat q could be either
M.

positive for guided waves propagating in the positive z-direction, or

negative for guided waves propagating .n the negative z-direction. The

cut off wave number k is defined by:
C

F	2 f	 27rf
k = We =	 c =	 c = 27r	 (1/m)	 (40b)
c"	 c	 c	 f a'	 Ac c	 c

s

where f c is the cut off frequency and a c is the wavelength of an	 -
'j

q acoustic uniform plane wave at the cut off frequency f c in infinite

medium	 One obtains from Eqn. (40a):

q k 1-( kc ) 2	 k 1	 (f ) 2 k l- ( X
) 2 (1/m) (40c)

	

k	 f	 a c

since c	 fa = f h o . From Eqn. (40c) it is round that when f > fc

the duct wave number q is real and the acoustic wave propagates without

attenuation along the duct. When f < f c , the dui:t wave number q is

purely imaginary and the acoustic wave attenuates exponentially and does

not propagate in the duct. When f = f c , one has q = 0 and there is

neither phase shift nor attenuation along the duct and this condition

is called the cut off of the mode. The duct effects the acoustic

wave of a particular mode of propagation as a high pass filter. The

acoustic wave of a particular mode propagates in the duct only if its

frequency f is larger than a certain cut off frequency fc,such that

f> f
c

23



For the propagating range f > f c the phase velocity VP `of the

acoustic wave mode propagating;•in the duct is given from Egn.(38d) and

--	 Eqn. (40c) as follows:

4	 .

Vp = q =	 c	 =	 c	 (m/sec)
'	 -..

f > fc	 (41a)

^

_
1- 7—fc ) 2	V1 - (^ j2
 a._

c
where one has for the phase velocity V	 of the wave in the duct V	 > c.

x p p—

For the propagating range f > f 	 the group velocity Vg of the acoustic

wave mode propagating in the duct is given fron Eqn. (41a) as follows:

V	 f
V	 = dW =	 P	 = c^1 - (--c) 2 = c	 2	 (m/sec) f > f	 (41b)g	 dq	 f d

Vp	
f	 a c	 -;c

1 V	 df
P F

where V	 < c.	 From Eqn. (41a) and Eqn. (41b) one has:

i

g —

c = pV^Vg (41c)

1

The wavelength measured along the acoustic guided wave in the duct in

j
the z-direction is the distance represented by a phase shift of 27, and

is denoted by a g :

a

_-
- 2Tr -	 a	 -

ag	 --	 (m)

3

f
(41d)

^.w	 :, q

1-(f j2	 1 - ( 	 )
c

The wave number q for the propagating mode in the duct for f > fc can

be expressed as follows:

q =	
w	 = 2Trf _ 27rf = 2Tr	

(1/m) (42)
V	 V	 fa	 a_,

1 p	 p 	 g	 g

24

^J



t

Y
^i

I'

The acoustic wave impedance in the duct Z  is defined similarly to the

case of the impedance of the acoustic plane wave in the infinite medium

Zo from Eqns. (38b) and (40c) as follows:

Wp	
c	 Z	

3	 2
Zd = ^ --- = ----- P	 =	 °	 (Nsec /m) or (Kg /m sec)

qz
6-(C),

f 	 , r_ (f )2

where Z  > Z o . For the propagating acoustic mode f > fc, 
z  

is a real

number, and there is a transfer of average acoustic power in the duct.

For the attenuating acoustic mode f < f c , Z  is an imaginary number, and

there is no transfer of average acoustic power in the duct.
is	 I

Taking f c/f = cose one may obtain the following relations for

the acoustic wave mode of propagation from Eqns. (40),(41),(42) and

(43) ;

f

c -	 cosAf

	

	 (44a)
c

q = k sine	 (44b)

,.

	

	 c	
Vg = c sinA	 (44c)V =

p	 sine

R
'	

Z°
xg sine	 z  sine	 _	

44d

where one would consider the mode of propagation of the acoustic wave

in the duct as an oblique multiple reflection of the acoustic plane wave

between two parallel plane boundaries, where the angle of incidence is

8 with the normal to the boundary,

25
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The acoustic waves in the duct with the uniform rectangular
p

cross section propagate in the z-direction. 	 The boundaries (walls)

of the inside rectangular cross section of the duct of dimensions "a"
s

and ='b" are defined by x = 0, x = a, y = 0 and y = b.	 Assuming that the	 r'

boundaries (walls) of the duct are rigid, one should have the normal vel-

ocity of the acoustic wave fluid to be un = 0 to each one of the walls.

Mathematically, the boundary conditions of the walls of the duct are
A

r expressed as follows:

ux 	 0 x = 0;	 ux = 0	 x = a	 (45a)

' uy_0 y_0;	 uy=0	 y 	 (45b)

A

Using Eqn.	 (38b) in Eqn. (45), one may express the boundary conditions

as follows:

= 0 x= 0	 and	 x= a	 (46a)
ax

= 0 y	 0	 and	 y= b	 (46b)

` y The partial differential Eqn.	 (36b) should be solved now, subject to

the boundary conditions given in Eqn. (46). 	 Using the method of

separation of variables, one may assume a solution of Eqn. (39b) in the

form:

P(X,Y) K(x) Y(Y)	 (47a)

26
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'	 y

Substituting it in Eqn. (39b) and dividing by X(x) Y(y), one obtains:

1	 d2X(x)	 1	
2Y (Y)
	 2

F

i

x	 ,

+ k	
= 0

X(x)	 + Y (Y)	 cdx2	
dy 2

(47b)
a

This equation is to hold for all values of x and y; since x and

y may change independently of each other, then one should have each term

to be a constant:

1 d2 X(x)2	 1	 d 2Y	 2_ 
-k	

;	 2 	 -k
X	 x	 Y(y)	 y

dx
2	 dy2

(47c)

kc 2 = kx2 + ky2 (47d)

Solving Eqn. (47c),one obtains the general solutions:

X(x) = A cos kXx + B s.in_•.kxx

P:

Y(Y)	 C cos k y + D cos kyy
s

y

f

Applying the boundary conditions given in Eqn. (46),one obtains the

solutions in the form:

X(x) = A cos k x	 k	 =7T

x	 x	 a
(48a)

a

Y (Y) _ C cos k y	 ky = b (48b)
y

where m and n are independent positive integers or zero.

From Eqns.	 (37a),	 (47a) and (48), one obtains the expression for the

pressure field of the acoustic wave inthe rectangular rigid duct with
F.
` rectangular cross section:
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p(x,y,z,t) _ Re 32-p	 cos mrX cos n^
	 ei(gz wt)

o	 a	 b

_	 32 po cos 
mbx 

cos nb _cos (qz-wt) (49a) 2

By using Eqn.	 (49a) in Eqn.	 (38b), one obtains the expressions for the

velocity vector field components of the acoustic wave in the rectangular

rigid ,duct with the rectangular cross section:

mTr	 mTrx	 n7	 i (gz-wt)
ux (x g y g z ,t) = Re 32 i	 sin	 cos	 e -

wp-	 a	 b

_ - 32	 sin max cos nb	 sin(gz-wt)
spa

(49b)

uy(x,y,z,t) = Re 32 i 
Pb 

cos max sin nb
	 el ( g z wt)

_

	
max	 nb	

q- 32	 cos --• sin	 si.n( z-wt) (49c)
wpb

_	 — ^	 mTrx	 nZr	 i(qz-wt)
uz (x,y,z,t) - Re32	 po cos	 cos	 e -wp	

a	 b

-wt)= Re^
ei(gzmax 

cos 
nbZ° cos

d

_ cos max cos 
nb 

cos(gz-wt)Z° (49d)
d

The Egns.	 (49) give the pressure field and the velocity field of the

acoustic wave of mode (m,n) in the uniform rectangular duct of rigid

walls.	 The fields obey the boundary conditions in Eqn. (45)	 and Eqn.	 (46).

The velocity field component uZ given in Eqn. (49d) is in phase with

F	
28
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the pressure field given in Eqn. (49a) and represents a transmission

of average acoustic power in the z-direction for a propagating wave 	 x}

f > f c in accordance with Eqn. (26). The velocity field components
r

u in Eqn. (49b) and u in Eqn. (49c) are 90 0 out of phase with the
^.

pressure field given in Eqn. (49a) and there is no transmission of average

Acoustic power in the x-direction or in the y-direction for a propagat-

ing wave f > f since by Eqn. (26):
y

fi	 T,

Ix ¢ T,	 cos(gz-wt) sin(gz-wt)_ dt	 2T	 sin 2(qz-wt) dt

t=0	
t=0

cos2 (gz-wt) T
04Tw	

t=0

since f= T and wT = 27fT = 27.

For the case of f < f c the mode (m,n) of the acoustic wave

attenuates exponentially since q will be a purely imaginary number as

seen from Eqn. (40c). In this case u z in Eqn. (49d) will be also 90°

out of phase with the pressure p in Eqn. (49a) and there will be no

transmission of average acoustic wave power in the z-direction. Thus

in case f < f c , the acoustic wave energy in this mode (m,n) will not

propagate, but will oscillate back and forth near the source of the

acoustic wave power.>

From Egns. (47d) and (48) one has for the acoustic wave mode

(m,n) in the duct:

k^ _ (kc ) m ^ n	 kX2 + ky2 Vx
) 2 + (b) 2	 (1/m) (50a)

29
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From Eqn. (40a) and Eqn. (50a) one has:

q = \ 
k2_	 2	 _	 2	 2

k =^k
2 	 2	 c) 2 - 

(1)	 2 (1/m) (50b)
c	 a	 b	 a	 b

From Eqn. (40b) and Eqn. (50a), one has the cut off frequency f c and

the cut off wavelength a c for the acoustic wave mode (m,n) in the duct:

	

f	 (f	 c	 = S^ j((I 2	 n 2

	

c	 c) mnmn = 27r 
c	

2	 a ) +	 (1/sec)	 (50c)

	

c	 (ac )mn

	

= 
2

k
7r	 2	 2ab - 

(m)	 (50d)

	

 c	 )2 +(m	 n
V a	

(t)	 J(mb)2 + (na)2

where c = f X c

There are a doubly infinite possible number of discrete acoustic wave

modes corresponding to all the combinations of the integers m and n.

From Eqn. (49) one sees that m represents the number of half-sine

variations in the x-direction and n represents the number of the half-sine

variations of the acoustic wave field components in the y-direction.

Thus, the acoustic wave components of the mode (m,n) in the rectangular

duct with rigid walls will be denoted by p mn and u mn and is given in

4 9Eqns. k j .

Of particular interest is the mode (m = 0, n = 0) which is referred

to as the fundamental mode or the dominant mode of the acoustic wave in

the rectangular duct with rigid walls. Substituting in Eqns. (50),

m 0 and n 0, one obtains for the fundamental dominant mode:

(k)	 _0;	 (f)	 - 0;	 (X	
Co	

(51a))OO
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1

From Eqns.	 (40),	 (41),	 (43) and (44), one obtains for m	 0 and n = 0:

=k=A;	 ('g)00  =a;	 (Z l-	 =pc =Zq0C	 c	 (Vp)00	 (Vg )00 - 
c' 
	 A0	 o N.

6 = 2	 (51b)

i

Taking m = 0	 n = 0 and 
q00= 

k in Eqn. (49), one obtains:

— P o i(kz-wt) _	 PoP (X,Y.z,t) = Re32	 e	 cos(kz-wt)	 (51c)
I 00

uzOQXPY'zI't) = Rem P 
poei(kz-wt) _	 A.. Po cos(kz-wt)	 (51d)

uy00	 0	 ux00	
0	 (51e)

_C One finds that the fundamental dominant mode m = 0 and n = 0 in the duct'

with rigid walls given in Eqn. 	 (51) is identical within the confined

-cross section of the duct with the acoustic uniform plane wave equations

;l' given for the infinite medium in Eqn. (23). Acoustic waves with every
Ri

frequency can propagate in the duct in the fundamental mode (m = 0,

6 n = 0) since for all frequencies f > (f	 = 0.	
This acoustic wave of

c )00
}

``
}

the fundamental mode will propagate in the duct with infinite medium

velocity, wavelength and ;impedance, as if the duct of the rigid walls r
C

,i were not there.	 The e =	 in Eqn. (51b) indicates that the fundamental2

j dominant mode propagates parallel to the duct walls with no reflections.

Let an acoustic uniform plane wave be propagating in an infinite

fluid (air) in the z-direction.	 At each point in space it will have the

31
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wave pressure scalar p, and the wave velocity vector u in the direction

` of propagation z.	 Both p and uz will be constant along any phase plane

' z = zo at any particular time t = to , and will not vary in x or y

directions.	 Since ux = 0 and uy = 0, one can introduce the four rigid ti;

walls of the duct of a rectangular cross-section directed in the z-

direction without affecting the acoustic plane wave at all, since it

does already obey the boundary conditions introduced by the rigid duct

-- walls.	 Thus, the fundamental dominant mode of propagation of the acoustic

wave in the duct with uniform rectangular cross section of rigid walls

E;
is that part of the same acoustic uniform plane wave in infinite medium

which is confined by the duct walls without any changes in the pressure
.i

field, the velocity field, or any other parameters of propagation of the

acoustic plane wave in an infinite fluid (air).

Assuming the particular case where the cross section of the duct is

a square a = b, then one has the cut off wave number for mode (m,n)

from Eqn.	 (50a) in the forme

r

(kC)m^n =	 (a^) 2 + (b )2	
a	

m2 + n2	 (1%m) a=b (52a)

` where one has (kc ) 0,0 	 0,	
(kc)1,0 = (kc ) 0,1 

_ a and Eqn. (52a) may

` be rewritten in the form:

r: All
'n	

m2 + n2	 for a=b	 (52b)(kc
^n) 

190C

r.' For the case of a square cross section a = b, the cut off frequency for mode

_ (m,n) from Eqn.	 (50c)is in the form: 

t•
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(fc ) m n 2 `^a) 2 + (a)2 2a 
m2^+ n2	 (1/sec) a=b	 (52c)

V

where one has 
(fc)0,0 	 0 ' (fc ) 1,0	 (fc )

0,1 - 2a and Eqn. (52c) may	
f

II

be rewritten in the form:

(fc)m'n
=	 m2 + n2	 for a=b	 (52d)
VF

(fc)1,0

The numerical values of Eqn. 	 (52b) and Eqn.	 (52d) are given in the

Table on the following pages.

i If the signal frequency of the acoustic wave in the square duct 	 {

a = b is f < (2a), then only the fundamental dominant mode (0,0)

can propagate and all the other modes will attenuate. 	 If the signal

-frequency of the acoustic wave in the square duct a =-b is (2a) < f < 1.4142(2a)

then only the acoustic modes (0,0),(1,0),(0,1) can propagate and all the

other acoustic modes will attenuate. 	 If the signal frequency of the

K acoustic wave in the square duct a = b is 2(
c
) < f < 2.23610 )then only

2a	 2a
r

the acoustic modes	 (0,0),(1,0),	 (0,1),(1,1),(2,0 ,(0,2) will propagate and

all the other acoustic modes will attenuate. 	 If the signal frequency of

the acoustic wave in the s quare duct a = b is f = 	 6.5(Za) then the

acoustic modes (5,4),(4,5) and all the modes listed above them will
_s

G
Y

for these modes, and the modes (6,3) 	 (3,6)propagate, since f > 
( fc ) m n

f
and all the modes listed below them in Table A will attenuate since 	 ..	 e

f < (f )	 for these modes.
C m,n {

F
r;
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TABLE A

CUT OFF FREQUENCIES FOR MODES_(m,n) IN SQUARE DUCTS

mode (m, n) a = b
(k	 (fo)m,n =
	 o)m,n =

	
m2 + n2

E	 (ko ) 1 0	 (f o ) 1 0
i	 >	 >

(010) ) 0

(110)

(0'1)

)	 1.0000

{(1 1 1) 1.4142

(20) (0,2) 2.0000

(2, 1 ) (1,2) 2.2361

^( 2 , 2 ) 2.8284

^(3,0)
(053) 3.0000

(3,1) '(1,3) 3.1623

(3,2) (2,3)

(

(	 3.6056
I^

(4,0) -(0,4) 4.0000

(4'1)^
(1,4)

j 
4,'1231

;(3,3) 4.2426

'(4,2)' (2,4) 4.4721

x(4,3)
t

(3,4)	 (5,0) (0,5)	 5.0000

`(5,1)' (1,5) (	 5.0990

1(5, 2 ) (2,5) f	 5.3852
7

(4,4) 5.6569

1(5,3) (35) 5.8310



TABLE A (continued)

mode (m,n) a _ b
(kC)m,n _ (f c )mn 

_ 1 m2 + n2n2
-(f

(kc)1 0	 c ) 1 0	 V

(6,2) (2,6) 6.3246

( 5 , 4 ) (4,5) 6.4031

4 (6,3) (3, 6) 6.7082
i

1 (7,0) (0,7) 7.0000

; (5,5) (7,1) (1,7) 7.0711

( 6 ,4) (4,6) 7.2111

( 7 , 2 ) (2,7)	 - 7.2801

(7,3) (3,7) 7.6158

(6,5) (5,6) 7.8102

(8 , 0 ) (0,8) 8.0000

(7,4) .(4,7) (8,1) (1,8) 8.0623

(8,2) (2,8) 8.2462

(6,6)
- 8.4853f

^(8,3) (3,8) 8.5440

1(7,5) (5,7) 8.6023

1I
( 8 , 4 ) (4,8) 8.9443

1 9,0) ;(019) 9.0000

j(9,1) (1', 9) 5.0554

i

7,6) (6,7) (9,2) (2,9) 9.2195

( 8 , 5 ) (5,8) 9.4340

3) (3,9) 9.4868

'(9,4) (4,9) 9.8480

(7, 7) 9.8995

1(8,6) (6,8) (10,0) (0,10) 10.0000
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CHAPTER V

VIBRATIONS OF THE PANEL - BASIC THEORY

=i

„m 'r

In this chapter the equations governing the vibrations of a rec-

tangular panel and its boundary conditions will be summarized as based

on the theory of static and dynamic plates and the theory of elasticity.

The detailed derivation of these equations may be found in two of the

textbooks on the theory of plates listed in the Bibliography. In the

first part the static plate will be considered andit will be extended later

to dynamic anr)lysis.

The shape of a plate is defined by describing the geometry of its

middle surface, which bisects the plate thickness "h" at each point.

The small deflection plate theory developed by Kirchhoff and Love is

based on the following assumptions:

1. The material of the plate is elastic, homogeneous and isotropic.

2. The plate is initially flat (in the x-y plane).

3. h << a ap_d h << b where "h" is the thickness of the plate (in the

z-direction) and "a" and "b" are the dimensions of the plate

(in the x-y plane).

4. n-<< h where n is the lateral deflection or displacement
f
k	 of the plate (in the z-direction) and h is the thickness of

the plate.

an
t	 _

5. I axl << 1,^ayl << 1 where aX is the slope of the deflected 	
L

middle surface in the x-direction and 
aY 

is the slope of the

¢	 deflected middle surface in the y-direction.

6.
6^ The deformations due to transverse shear forces will be neglected.

c

Straight lines, initially normal to the middle surface (in the

z-direction) remain the same after the deformation.
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7. The deflection of the plate is produced by displacement n of

points of the middle surface normal to its initial plane

(in the z-direction).

8. The stresses normal to the middle surface are neglected.

9. The strains in the middle surface by inplane forces are

neglected in comparison with the strains due to bending.

The validity of the Kirchhoff-Love plate theory is assumed for the small

deflections of the panel due to the acoustic waves incident on it.

Taking the rectangular plate in the x-y plane, with the z-axis

perpendicular to it, the summation of all the forces in the z-direc-

tion on a small element of area of the plate is zero, and it yields

the first equilibrium equation:

2qx+ 1q,j = _

p z
	(53a)

8x	 3y 

where: p z 
the external load per unit area (or load density) (N/m

2
dis-

tributed on the upper surface of the plate.

q	 the transverse lateral shearing force per unit of length
x

of the y-direction (N/m).

q
y
 the transverse lateral shearing force per unit of length

of the x-direction (N/m).

Since the sum of all the moments acting on a small element of area

around the y axis is zero, one obtains the second equilibrium

equation:

am	 Dm
x

7T	 5Y+ Yx qx
	(53b)
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where:	 mx = the bending moment around they axis per unit length of

the y-direction (N)

m	 = the	 torsional twisting moment around the y axis per unit t
YX

^

length of the x-direction (N)

Since the sum of all the moments acting on a small element of area

around the x axis is zero, one obtains the third equilibrium equation:

am	 am

ax = qy 	 (53c)

where:	 m	 = the bending moment around the x axis per unit length of
Y

the x-direction (N)

_ mxy = the torsional twisting moment around the x axis per unit

length of the y-direction (N)

Since there are no forces in the x and y directions and no moments

with respect to the z axis, the three Equations (53) completely define

the equilibrium of the element. 	 Substituting'Egn. 	 (53b) and Eqn.	 (53c)

in Eqn. (53a) and taking mxy = myX , one obtains:

2m 	 2m	 2m8 `	 a	 a
+ 2	 + —2 _ -p z 	(54)a—ax2	 Y

-	 y

By using Hooke's law one may find:

€ 2	 2
a`. mx = -D[ a ...2

'+ v
23	

(55a)
ax	 ay

'. _	 2	 2
a

2l	
(55b)

mY _ -
D[ a 2 + v

aY	 a x

2
a TI (55c)i` myx	

-(1	
v) 

D
mxy	 axay

€	 ., 38



s
d

3
Eh ..

where:	 D =	 = Bending or flexural rigidity of the plate (Nm).
12(1 - v 2 ) t

E Young's modulus of -elasticity (N/m2) which appears in Hooke's

law. a,

v = Poisson's ratio (v = 0.3 for steel and aluminum). M'

h = thickness of the plate (m).

n = lateral deflection or displacement of the plate in the z-

direction (m).

Substituting Eqn.	 (55) in Eqn.	 (54), one obtains:

4	 4	 4	 p

ax	 ax ay	 ay

which may be also rewritten in the form:

2	 2

D0 4n	 D0 20 2n = D( a 	+ a	 ?n = p z (56b)2	 2
ax	 ay

Equation (56) was first obtained by Lagrange in 1811 and is called the

Lagrange's equation of the non-homogeneous biharmonic equation. The

static plate problem has been reduced to the solution of the linear

partial differential equation (56) for the lateral deflection or

displacement n = n(x,y), subject to boundary conditions of the plate.

The transverse shearing forces q x and qy may be expressed in terms

of the lateral deflections n(x,y) by substituting Eqn. (55) in Eqn. (53b)

and Eqn. (53c):
N

2	 2
qx = -DT

	

x [a 2 + 
a 

2^ _ -D 8x 
02n	 (57a)

2	 2

	

q = -D ay [a 2 + 
a 

2 ] _ -D ay 
0 2 n	 (57b)

f.	 y	 ax	 ayr_
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Substituting Eqn. (57) in Eqn. (53), one obtains the differential eq ation

(56).

The Lagrange's equation 	 (56) is a fourth order partial differen-

tial equation for the lateral deflection or displacement n 	 n(x,y).

In order to obtain a unique solution, one should give two boundary

conditions for each boundary or edge of the plate at x 	 0, x	 a, y	 0

and y = b, depending on the kind of support the edge has.	 Some different

possible boundary conditions at the edge for the different cases are

discussed in the following:

A.	 Simply	 supported edge - If the edge x	 a of the plate is

s'imply supported, the deflection n along this edge must be zero. 	 At

the same time, this edge can rotate freely with respect to the edge

line, i.e., there are no bending moments 	 m	 along this edge.	 The
x

boundary conditions for this edge are, 	 using Eqn.	 (55a):

3 2TIJ
0 and m	 -D[DIn	 V	 at x	 a	 (58a)

0

2	 2x 9x	 9Y

2TJ

Since at x	 a one has n	 0, and therefore 2-T1	 0 and 
D	

0 vanish2Dy	 Dy
as well, one may rewrite Eqn.	 (58a) alternatively:

2
n	 00 and	 at x	 a	 (58b)^x2

Similarly, one has from Eqn.	 (55b) for the edge y	 b:

L2 T,	 @2TIJ	 0

0 and m	 -D[	
2 
+	

2	
at y	 b	 (58c)

DY	 ax

or alternatively in the form:
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hy^Y, 	 gg

^^	

f

2

l	 n	 0 and	 0	 at y= b	 J58d)	 v.

ay

Equations (58) represent the boundary conditions for a simply* supported

edge.

B. Clamped edge (also called fixed edge or built-in edge) - In

this case the deflection along this edge is zero, and the tangent

plane to the deflected plate along this edge coincides with the initial

position of the plate. Therefore the boundary conditions for the

t
clamped edges are given by:

n	 0,	 0	 at x a	 (59a)
ax

n 0 ay 0	 at y = b	 (59b)

C. Free edge (also called the statical boundary condition) 	 In

this case the edge moment and the transverse shear force (v) are

zero. The shearing force at the edge of the plate consists of the 	 G

transverse shear and the effect of the torsional twisting moment. The

boundary conditions at a free edge may be given in the form:

am
mx = 0 and vx = qx + - a y = 0	 at x a	 (60a)	 JJ

I

Substituting Eqns. (55a), (55c) and (57a), one obtains the boundary

condition for the free edge in terms of lateral displacement n as follows:

2	 2	 3	 3 ,I

	

m_ -D[ a n+v a n J	 0 and v	 -Dj a n + (2-v) a n}	 0
X	

3x2	 ay2	
x	

ax3	 axay2

at x = a	 (60b)
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if
Similarly, one has for the edge at y = b:

a
my = 0 and vy 	qy +	

aXX = 0
a t y = b	 (60c)

^	 y

Y,

(
2	 2	 3	 3

my = -D[	 +v a 2 ] =0 and vy=-D[an +(2-v) a 2]=0
ay	 ax	 ay	 ayax

at y = b	 (60d)

d Equations (60) represent the boundary conditions for a free edge.

In the dynamic analysis of the vibrations of the plate only the

lateral motion in the z-direction is of interest, since the rotational

inertia effects may be neglected. 	 Therefore only the inertial forces,

associated with the lateral translation of the plate in the z-direction

will be considered.	 The partial differential equation governing the ?

t
vibrations of the plate may be derived by applying the d'Alembert's

dynamic equilibrium principle.	 The inertia force density associated

k` with the lateral translation I(x,y) of a plate element can be expressed
r
E.

by:

c

' p inertial __	 P h a2„
	 (61)

z	 p	
ate

E

r"

inertial2
where:	 pz	 =the inertial force per unit area (N/m)

p = lateral displacement of the plate (m)
t

= mass density of the	
3p P -	 y	 p late material (Kg/in )

h - thickness of the plate (m)

<< Pp 	 mass density of the plate per unit area (Kg/m2)

Extending the differential equation of static equilibrium (56b)

R., by adding the inertial force Eqn. (61), one has:
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G

Dv 4n 
= p + p inertial p - p h a 

2 

nz	 z	 z	 p at 

which can be rewritten in the form:

D04n (x,y, t) + p h a 2n (

at 

2 t) = p (x , y , t,)	 (62)p	 2	 z

where Eqn. (62) represents the inhomogeneous partial differential:-

equation of;forced, undamped motion of the plate.

For the case of a freely vibrating plate, the external applied

t force p z (x,y,t) = U. and Eqn. (62) becomes:

2

Do4n(x, y ,t) + p h 
a n(x,y,t) = 0	 (63)

p	 at2

where Eqn. (63) represents the homogeneous partial differential equa-

tion of free, undamped flexural vibrations of the plate. Assuming 	 -

harmonic time variation of the lateral displacement and of the external

force per unit plate area:

n (x, y, t)	 Re V2 n (x, y) e-iwt
	

(64a)

r

A	 pz(x,y,t)	 Rem pz(x,y)e-wt
	

(64b)

t.

and substituting in Eqn. (62) and Eqn. (63), one obtains:

D04
 
n(x , y) - p -hw2 n(x, y) = P-(X.V) 	 (65a)

s.
,w

r

D04 n(x , y )	 pphw2 n(x,y)	 0	 (65b)
c
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a,

U w

where n(x,y) and p z (x,y) are complex phasors of the lateral displace-

ment and the external force per unit plate area; the complex sign

will be omitted when it is obvious.

The natural resonance frequencies of the free, undamped flexural

vibrations of a simply supported rectangular plate of dimensions "a" and

"b" may be found by assuming for the lateral displacement, n of the

homogeneous equation (63) the solution originally proposed by Navier

in 1820 for the static plate:

n(x, y ,t)	 Csin max sin nb -iwt	 (66a)

where m and n are integers. Eq. (64a) obeys the boundary conditions

for a simply supported rectangular plate at all four edges, as given

in Eqn. (58b) and Eqn. (58d). Substituting Eqn. (66a) in Eqn. (63), one

obtains:

(m7r) 4 + 2 (mTr, 2 ( nTr ) 2 + ( n7r ) 4 - ph 2 =

	

a	 a	 b	 b	 D w

[(MIT 2 + (nTr ) 2^2 _ h w2
b	 D	

_ 0
	 (66b)

a 

where w = w = 2Trfmn is the resonance frequency of the mode (m,n) of

the plate vibrations,. From Eqn. (66b), one obtains the resonance fre-

quencies of the simply supported rectangular plate as follows:

W 	
2 

+ (b) 2]	
pDh	

(1/sec)	 (66c)

	

mn	 p

	

Tr m

fmn	 2a)2 
+ (b)2] 

PDh	
(1/sec)	 (66d)

E'	 P
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i
where: a,b = dimensions of the plate (m)

h - thickness of the plate (m)

p p = mass density of the plate material (Kg m3

D = bending or flexural rigidity of the plate (Nm)

The shape of the different modes of vibrations of the plate are given by

Eqn. (66a) for the simply supported plate, while the corresponding

resonance frequencies are given by Eqn. (66c) or Eqn. (66d). The fun- 	 -

damental mode of flexural vibration has a single sine wave in the x-direc-

tion and a single sine wave in the y-direction. The pertinent resonance

frequency f 	 may be found by taking m = 1 and n = 1 in Eqn. (66d).

For a simply supported square plate where a = b the mode (m = 2, 	 l

n = 1) and the mode (m = 1, n = 2) have different shapes, but the same

resonance frequency 
f
1,2 = f2,1 such modes of flexural vibrations are

called degenerate modes. For a rectangular plate a # b one has degenerate

modes if the (a/b) ratio- is a rational number.

Let us consider a simply supported rectangular plate of dimen-

sions "a" and "b," acted upon by a given external arbitrary lateral load

density p z (x,y), which varies harmonically in time with circular fre-

quency w. One has, therefore, using complex phasors:



t

t	 -

d

Q

a	 b

k Pm,n = b	 pz(x,y) sin 
ax 

sin 
nb	 xdy (67c)	 ;!

0	 0

In accordance with the method of Navier, the particular solution for the
4

Lagrange equation in Eqn. ('62) for the simply supported plate is given

` in the form, for the harmonic time varying case:

00	 00	
-iwt

n(x, y , t ) _	 E	 E	 A	 sin ^x sin nTr	 a (68)
m=1 n=1	

m,n	 a	 b

where A	 are the unknown constants to be found for the particular
m,n

solution.	 Substituting Eqn. 	 (67) and Eqn.	 (68) in the Lagrange equation

(62) and matching coefficients,	 one obtains:

f

f A.	 D m2^? + n2 Tr 2 -	 hc^ 2 	P(	 )	 ^pmi n[	 _	 m,n
(69a)

b2
a2

I

where A 	 may be found from Eqn. (69a) while P	 is calculated from
m,n	 m,n

Eqn.	 (67c).	 Substituting Eqn.	 (66c) in Eqn.	 (69a), one obtains:

pph Am'n [wm
,n

2 - W 2 ] - Pm
,n

(69b)
I

I

I
^.

4

or in the form:

P
m,n

A (69c)
'r m,n	 p h(w	 2 - w2)

m,np

4

where Ain Eqn.	 (69c) is expressed in terms 	 of the resonant frequency
m,n

wand the load frequency w, 	 to be substituted in Eqn.	 (68) fori m,n

the final particular solution in the form of a Fourier series double sum.
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(66a) should be a,

equation given in

subiect to eiven

t

on of the homogeneous equation . given in Eqn.

to the particular solution of the inhomogeneous

,^	 t
(68) and Egn. (69), to give the general solution

al time conditions.
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CHAPTER VI

ACOUSTIC PLANE WAVE INCIDENT ON AN INFINITE PANEL

In the present chapter the case of a plane acoustic wave in an	 S Y,

infinite fluid (air), normally incident on an infinite panel (plate)

will be discussed.

IAssuming harmonic time variation a-lwt, the inhomogeneous partial

differential equation which governs the lateral displacement of the
i

panel (plate) given in Eqn. (65a) can be rewritten as follows:

Cl

	 2

`	 4	 p hw	 pz
V n - D n = D	 (70a)

where: n(x,y) = lateral displacement of the plate.	 (m)

p z (x,y) = external net force per unit area in the positive

z-direction.	 (N/m2)

Pp
	

mass density of the plate.	 (Kg/m3)

t
"	 h = thickness of the plate. 	 (m)

`	 w = 27f = circular frequency of the wave. 	 (1/sec)
3

D	
Eh	 = bending or flexural rigidity of the plate. 	 (Nm)

`.	 12(1-v2)
E	 Young's modulus of elasticity.	 (N/m2)

v = Poisson's ratio (v = 0.3 for steel and aluminum)

Equation (70a) may be rewritten in the form:

r
p4n - ,y4n _= D pz	

(70b)

where the plate wave number,y is defined by:

L.	 p hw2	
P

 12(1-v
2
 )P w2	 4L

	
Y4 - _ _	

2 -
	 (1/m)

s

	

	
(70c)

Eh
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Assuming in Eqn. (70b) no external force density p  - 0 and variation in

only the y-direction n = n(y), one will obtain:

d44 - y4 n = 0	 (71a)

dy

which will be solved to give the following free motion elastic plate

waves of the lateral displacement of the plate propagation along the

plate:

n = noetyy-iwt	 attenuation plate elastie waves (71b)

n = n0 i(tyY w t) propagating plate elastic waves (71c)

where for the propagating wave Eqn. (7lc) the plate wave number can be

given in the form:

2 7r	

2
12(1-v )P

Y	 c	
faf = ^^r _ 	

E 
_ p^^ h
	 (1/m)	 (72a)

P	 p	 P

	where: cp = wave velocity of the elastic plate waves. 	 (m/sec)

X = wavelength of the elastic plate waves.	 (m)

f = frequency of the wave. 	 (1/sec)

From Eqn. (72a), one obtains:

cp 	[	 E2	 l^	 E 
2	

'-4 2 f	 (m/sec) (72b)

	

12(1-v )P
	

12(1-v )p

	

P	
p
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k	
E	 /h

a p = [	
2	

J 27r^ m

12(1-v	 )pp	 V

where c  = fap and cp = cp(f)•

transverse displacement waves p

Let an infinite panel (pla

Let an acoustic: plane wave prop,

normally incident on the infini

form:
:

Pi - Plei(kz-wt)

This incident acoustic plane wa-

t •,,979

! 	 ti

I

4

2	 J V
	

(m)	 (72c)
-v )pp

late is dispersive medium for the

:ing along the plate.

situated at z = 0 in the x-y plane.

in the positive z-direction be

:e and be given by Eqns. (23) in the

pi
z < 0	 (73a)

Ac

L be reflected by the infinite

- -Pr = PRe i(kz+wt)	
uzr _

Pc	
z < 0- (73b)	 •

r
'r
z

P	 —

The 'incident acoustic plane wave will cause the infinite plate to
k

vibrate harmonically in the lateral positive a-direction in the form:

n = Ae it z = 0 (74a)	
f

where	 is the lateral displacement of the plate: in the positive

z-direction;	 the velocity of the plate in the positive z-direction

may be found from Eqn. (74a) to give:

'
u	 do = -imAe

-iwt
z = 0 (74b)

zp	 dt
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No 'plate boundary conditions are applied to Eqn. (74a) since the plate 	 j

is of infinite dimensions in both x- and y-directions.

The vibrations of the plate given in Eqn. (74) will generate on

the other side of the plate, z > 0, an acoustic transmitted plane wave

in : the positive z-direction which will be given by Eqns. (23) in the

form:

i
ppt = PTe(kz-wt)^ 

urt P c	
z > 0	 (75)	

3

Ca'

	

	 The total external force per unit area p z on the plate at z = 0 in

the positive z-direction by the incident acoustic wave Egn.(73a), the

reflected acoustic wave Eqn. (73b) and the transmitted acoustic

wave Eqn. (75), is given by:

FY	

-iWt	 -iWt	 -iWtp z = Pie	 +PRe	 - PTe	 (76a)

where the incident and reflected acoustic waves at z < 0 pressure the

plate in the positive z-direction and the transmitted acoustic wave at

z > 0 pressures the plate in the negative z-direction. Substituting

Eqn. (74a) and Eqn. (76a) in Eqn. (70b), one finds 04n 	 0 and it

becomes

-Y 4A __; 1 (PI + PR - PT)	 (76b)
D

where the factor 
a-1wt has been cancelled. Since y D = pPhW2 , one

Y	 may rewrite Eqn. (76b) in the form: 	 ,I
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yr	 -p hw2	
I

A=P + R
	 T

P -P	 (76c)_..	 p 

The plate velocity u and the fluid (air) velocity of the acoustic
zp

a'-	 waves on either side of the plate should be identical. On the positive
_s

side of the plate z > 0 at the plate z = 0, denoted by z = 0, the

{-	 plate velocity uZp should be identical with the transmitted acoustic

wave velocity vector n zt as follows:	 jl

uzP(z	 0+)	 urt (z = 0+)	 (77a)

..

1

Substituting Eqn. (74b) and Eqn. ( 75) in Eqn. (77a), one obtains:	 y^

Y

-iwA 
PC 

PT 	(77b)

On the negative side of the plate z < 0 at the plate z = O, denoted by

z = 0, the plate velocity u zp should be identical with the sum of the-

incident acoustic wave.velocity vector u2 . and the reflected acoustic

wave velocity vector uzr as follows:

uzp (z	 0-)	
uzi(z
	 0-) 

+ uzr(z =
 0- )	 (78a)

Substituting Egns. (73a), (73b) and (74b) in Eqn. (78a), one obtains:

iwA	 P - 1 P = 1 (P - P )	 (78b)
P c I- pc R pc	 I	 R

Y	
From Eqn. (77b) and Eqn. (78b), one obtains:
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P, PR + PT

The pressure of the incident wave is divided amo

From a given acoustic incident plane wave P I ) on the infinite

plate, one may obtain the unknown P., P
T 

and A by solving the three

linear inhomogeneous equations (76c), (77b) and (78b).

From Eqn. (77b), one obtains:

P
T 	

iwpc A	 (80a)

By substituting the additional equation (79) in Eqn. (76c), one

obtains:

p hw 2
p

P
R 	 2 

A	 (80b)

Substituting Eqns. (80) in Eqn. (79), one obtains:

P hw 2
PP,	 P	 2(-iw C 	)A	 -iwpc(l	 2pci ^L)A	 (80c)

The coupling parameter p between the plate and the air is defined

as follows:

2p

p h
P

where: p = air density.	 (Kg/m3

P
p 

= plate material density.	 (Kg/m 3
h.

h	 thickness of plate.
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y By substituting the parameter u = -2- Q- and the acoustic wave number
p h
p

k =	 _	 ^ in Eqn.	 (80c), one obtains:

P I = -iwpc (1 - i k) A	 (80d)
r.

u

where ( ) is a non-dimensional number. 	 From Eqn.	 (79) and Eqn. (80), one

obtains:
ri

P
A = ^`^	 k	 (81a)

P
I

PT	 k	 (81b)

-ikP r
_	 u	 I

PR -	 k	 (81c)

f

l _ i —u ..

` The Transmission Loss coefficient is defined as the ratio of the

incident acoustic wave pressure power to the transmitted acoustic wave

pressure power.	 From Eqns.	 (26),	 (73a) and (75), one obtains the

Transmission Loss coefficient in decibels in the form:

2PI12TLdb = 10 log	 = 10 log	 (82a)
2 P

I

I p t l	 T

where TLdb is the Transmission Loss coefficient expressed in decibels.

Substituting Eqn.	 (81b) for the present case in Eqn. 	 (82a), one has:

TLdb	 10 log I1,- i	 uI2 = 10 log [1 + (u)2]
k

r p

= 10 log [1 + (— p 2	 (82b)
2P,c_
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Usually the measurements are done by two microphones which measure

the pressure power of the acoustic waves. 	 One microphone is situated

on the source side of the panel at z = -d l (the source microphone)

and it measures the total acoustic wave pressure power 	 at that point,,

both the incident and the reflected acoustic waves. 	 The other micro-

phone is situated on the other side of the panel at z = +d 2 (the

receiver microphone) and it measures the total acoustic wave pressure

power at that point of the transmitted acoustic wave.	 The Noise Reduc-

tion coefficient is defined as the ratio of the total acoustic wave

pressure power measured by the source microphone at z = -d l to the acous-

tic wave pressure power, measured by the receiver microphone at z = +d2.

From Eqns.	 (73) and (75), one obtains the Noise Reduction coefficient

in decibels in the form:

^ ppr^zP e-ikdl	 +ikdl 2=-d
1

+ P e
I 	 R

NRdb	10 log	
2	

= 10 log
ikd 2

(83a)

1ptlz=+d2 PTe

where NRdb is the Noise Reduction coefficient expressed in decibels. ="

Substituting Eqn.	 (81b)	 and Eqn.	 (81c) for the present case in Eqn. 	 (83a)

one obtains.
k

e-ikdl	 1 u.	 +ikdl 2
i;.

_	 e

NR	 = 10 log
1-i 

u =10 log k -ikdl	 k +ikdl

I 
(1-i _)e	 - iu e

2
sdb

1
kf 1-i —

F
u

_ 10 log le-ikdl -	 i^` 2 cos kdl ^ 2 =u

F 2k	
2

=10 log ,coskdl -isin kd l - .i — cos kdl^
r

-u

k
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ff^
r

1
10 log [cos 2kd

1
 + (sin kd1 + uk cos k d1)2]

-- = 10 log [1 + uk sin kd l cos kd 1 + (uk)2 cos2kd11

F

10 log [1 + 2k sin 2 kdl + ( uk) 2 cos t kdl ]	 (83b)

_. where the Noise Reduction coefficient NRdb depends on the position of

the source microphone z = -dl .	 For the particular case kdl
d
127r	 << 1, Eqn.	 (83b) will reduce to:

wp h

NRdb = 10 log [1 + (2u)
2
1 = 10 log[, + PC

forfor	 I kdl l << 1	 (83c)

for the case of kdl << 1 the Noise Reduction coefficient NRdb does

not depend on the position of the source microphone z = -dl.

The Insertion Loss coefficient is defined as the ratio of the

incident acoustic wave 	 pressure power measured by the receiver micro-

j phone without the panel, to the transmitted acoustic wave pressure

I power measured at the same point by the receiver microphone with the

panel installed.	 From Eqns.	 (73a) and (75), one obtains the Inser-

tion Loss coefficient in decibels for the 'present case in the form:

?I

IP,1 2	PI 2
IL	 = 10 log	 _ 10 log	 —	 (84a)

db	Ip
	 12
	 PT

t
where ILdb is the Insertion Loss coefficient expressed in decibels.	 ^I

P
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Substituting Eqn. (81b) for the present case in Eqn. (84a), one has:

a

ILdb = 10 log 11 	 S12 = 10 log[, + (u) 2 ] = 10 log[l +(2
wp 
p

h 
) 2 ] (84b)

From Eqns. (82b) and (84b), one finds for the present case:

TL db = IL db
	 (85a)

From Egns.. (8'2b) and (83c), one finds that for (k/u) >> 1 one has:

( 2k ) 2

NRdb - TL 	 = 10 log(2u)
2
 - 10 log( ) 2 = 10 log	 u ,

= 10 log(22 ) 	 20 log 2 = 20 x 0.3010 = 6 db
i

7
which may be rewritten in the form:

NRdb = TLdb + 6db _ ILdb + Gdb for k >> u and JkdlI « l (85b)

Equation (82b) is generally known as the "normal incidence mass law."

For the case k >> u Eqn.	 (82b) becomes:

TLab
wp h	 Trp hf

_ 20 log (k)	 20 log (-p	_ 20 log (-- p	for k>>u (86a)
u	 2pc	 pc

From Eqn. (86a), one sees that when the plate surface density (p ph)	 is

doubled, the Transmission Loss coefficient increases by 6 db. One

also sees that if the frequency f doubles (= the frequency is raised by

57 c
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one octave) the Transmission Loss coefficient increases by 6 db.

Eqn. (86a) may be rewritten in the forme

Trp h
TL- 20 _log (^—) + 20 log f C + 20 log f for k>>11	 (86b)

Thus if the Transmission Loss coefficient in decibels is drawn against

(log f), it will give a straight line, with a slope of 20 (= doubling

the frequency will increase TL db by 6 db) and it will have the value

TL db = C at the frequency f = 1 (1/sec), or the value TL db = (C+40)

at the frequency f = 100 (1/sec). In accordance with Eqn. (85b) the

Noise Reduction coefficients NR dbfor k >> u will be a straight line

parallel to the TL 
db

straight line, and 6 db above it. For the case

k << p one finds from Eqns. (82b) and (83c) that both the TL db

coefficient and the NR db
coefficient should approach the value zero,

and the normally incident acoustic plane wave for very small frequencies

will propagate through the infinite panel as if it was completely

transparent to it.
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CHAPTER VII

-ACOUSTIC PLANE WAVE INCIDENT ON A FINITE PANEL

In the present chapter the case of a plane acoustic wave normally
4

incident on a finite clamped-panel (plate) in a rigid duct will be

discussed.

It has been shown "before that the fundamental mode of propagation

of the acoustic waves in a rigid duct are identical with the plane

acoustic wave propagating in the infinite fluid (air) limited by the walls

of the rigid duct.	 The introduction of the walls of the rigid duct

parallel to the direction of propagation does not affect the plane
1

acoustic wave, since the boundary conditions of the walls of the rigid

duct are obeyed; the fundamental mode of propagation of the acoustic

wave in the duct propagates in the duct as a plane acoustic wave, as if,
i

the duct rigid walls were not there.	 Thus, the introduction of the

duct rigid walls parallel to the direction a propagation does not
j	

g	 P 

44
	 alter the acoustic waves discussed in the previous chapter.

i	 When one introduces a finite rectangular clamped panel (plate) inr .

the duct, one should apply the boundary conditions for a clamped

rectangular plate as discussed previously.	 One is not able to use the

f
f	 solution for the infinite panel (plate) discussed in the previous

f
I
l	 chapter without any boundary conditions.	 Thus, the introduction of the

 duct--rigid walls parallel to the direction of propagation does not
c

`	 affect the plane acoustic waves discussed in the previous chapter, but
n

I

ÌI	 it does introduce the effect of the clamped boundary conditions of the
f..

-	 panel (plate), which is now clamped 	 to the rigid wail of the duct.	 The

solution given in the previous chapter for the infinite panel (plate)

59
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for the lateral displacement n in Eqns. (74a) and (81a) do not obey

the boundary conditions for the clamped edges of the panel (plate) at

x = 0, x = a, y = 0, y = b as given in Eqn. (59). Therefore the

solution for the infinite panel (plate) given in the previous chapter

should be altered.

s^

Y. m.

In order to simplify the analysis and limit it only to the funda-

mental resonance frequency of the panel (plate) in the present chapter,

it is assumed that the effect of the four clamped edges of the plate is

equivalent to a spring, forcing the plate to return to its position of

equilibrium without acoustic plane wave incident on it. Thus, the

plate has been idealized by introducing the effect of the clamped edge

boundary condition as an equivalent system of a single degree of freedom

only. For small lateral displacements of the plate n, the spring-like

force per unit area is proportional to the lateral displacement of the

plate and can be expressed in the following form by using the stiffness

constant of the plate:

spring
pz	 - - K n	 (87)

where: 
pZSpring	

spring like force density. 	 (N/m2)

n = the lateral displacement of the plate. 	 (m)

K = the stiffness constant of the plate. 	 (N/m3)

F`

The formulation of the structural damping of the vibrating plate can

be accomplished by expressing the damping force per unit area as a

purely imaginary constant, being proportional' to the small lateral

displacement, as follows, where i = 3-1.
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l P damping = -iaKn	 (88)
z

where:	 PZdamping = the damping force density.	 (N/m2)

n _ the lateral displacement of the plate. 	 (m)

K = the stiffness constant of the plate.	 (N m3

a = the damping factor. 	 (non dimensional)

,. Equation (88) has been employed extensively in the dynamic analysis

of aerospace structures.

The inertia force density associated with the lateral translation

n(x,y) of a plate element has been given in Eqn. (61) as follows:

inertial = _p h d2n	 (89)P	
2z	 P	 dt

inertial2
where:	 p Z 	 the	 inertial force per unit area.	 (N/m )

p
P
 = mass density of the plate material. 	 -(Kg /m3)

h = thickness of the plate. 	 (m)

' Kp h = mass of plate per unit area. 	 (g/m2 )
P

Using Eqns.	 (87):and (89), the natural fundamental circular resonance

frequency w 	 will be defined for a spring-like system of one degree

of freedom of this type us follows:

wo	 FK 	 fo 	
27rKh	

(1/sec)	 (90)
r  P	 p

'"- Extending the differential equation of static equilibrium, Egn.(56b), by

adding the spring force, Eqn.	 (87),the damping force, Eqn.	 (88), and

the inertial force, Eqn.	 (89), one obtains:
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Dv
4 = P + P spring + p damping + P inertial

n	 z	 z	 z	 z	 =

2
-	 = p Z - Kn - is Kn p ph 

8 
2

at

x

which can be rewritten in the form:

..	 2

Dv4 n + pp  a-2 + K(1 + ia)n = p Z (x,y,t)	 (91a)
at

Substituting from Eqn. (90) K = p 
P hw

o in. Eqn. (91a), one has:

2D0 4n + p h[ a 2 + wo 2 (1 + ia)n] = P Z (X ,Y, t )	 (91b)	 k;
P	a t:

where Egns.(91) represent the inhomogeneous partial differential

equation of forced and damped motion of the clamped plate, taking only

the fundamental circular resonance frequency w° into account.

Assuming harmonic time variation a
-iwt as in Eqn. (64), one

will obtain from Eqn. (91b):

W 2

D0 4n - p hw 2 [1 - 2 (1 + ia)]n = P Z (X,Y)	 (92a)
P	 w

which may be rewritten in the form:
i

`	 3

i

von - Yo4nD	 pZ	 (92b)

where the plate wave number y o for the present case is defined by:

p hw 2 	w 2	 w 2
Y 4 = ^'-- [1 - O (1 + ia) ]	 Y4 [1 - o (1 + ia) ] (1 /m4 ) (92c)

c-	 o	 D	 2	 2
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4	

p hw2	
12(1 - v2)ppw2	 4

where: Y = D — =

	

	 2	 (1/m )
Eh

W = circular frequency of th.^ external force. (1/sec)

wo = fundamental circular resonance frequency of the plate. (1/sec)

a = the damping factor. 	 (non-dimensional)
3

D =

	

	
Eh 
2 = bending or flexural rigidity of the plate. (Nm)

12(1-v )

For the particular case K = 0, one has w  = 0 and Yo = Y.

Let the clamped panel (plate) be situated at z = 0 in the x-y

plane in the rigid duct_. Let the fundamental or dominant mode

(m = 0, n = 0) of the acoustic wave propagating in the positive z-

direction in the rigid duct be normally incident on the clamped plate and

be given in the form:

.
pi = 

PIei(kz-wt) ; "	 = 
pi 	 < 0	 (93a)

zi P

The reflected fundamental mode from the clamped plate will propagate

in the negative z-direction and is given by:

P -i(kz+wt)	 u	 pre
Pr	 R	 zr	 Pc	 z < 0	 (93b)

h-

The incident acoustic wave will cause the clamped plate to vibrate

harmonically in the lateral positive z-direction in the form:

n	
Ae-iwt u
	 do	 iwAe-iwt
	

z	 0	 (93c)
zp	dt
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The vibrations of the plate in Eqn. (93c) will generate on the other

side of the plate z > 0 the fundamental mode of the acoustic transmitted

wave in the positive z-direction in the form: 1'

pt = PTei(kz-wt)^	
urt - p

P 

c
z > 0	 (93d)

Substituting Egns.	 (93) in Eqn.	 (92b), one finds similarly to

Eqn.	 (76b):
r

-yo4A = -!(P
I
 + PR - PT ) (94a)

Similarly to Eqn.	 ( 77b) and Eqn.	 ( 78b), one also finds from Eqns. ( 93)

-iwA = P PT (94b)

-iwA	
Pc 

(P I - PR) (94c)

r?

r.

From Egns.	 (94b) and (94c), one also obtains:

t	 t	 ,

PI 	 PR + PT (95)

From Eqn.	 (94b), one obtains:

PT = -iwpcA (96a)

r

- Substituting Eqn.	 (95) in Eqn.	 ( 94a), one obtains':

4
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DY 4

PR = -
	 2	 .A (96b)	 .

Substituting Eqns. (96) in Eqn. (95), one obtains:
C^

4	 4
DY	 DY

P I = (- iw pc -	 2 )A =	 iwpc(1 - i	 ° c )A (96c)-
2 wp

From Eqns.	 (96), one obtains:

i	 P
,..

A =	
wpc	

1 (97a)
4

Dy
1 - i	 °2wp c

PI_
PT	

4
(97b)

1 -i DY°2wpc
F

DY°'N
PR
	
2wpc 

P4
(97c)

Dyo

1-2wpc

The Transmission Loss coefficient defined in Eqn.	 (82a) may be

found from Eqn.	 (97b) to give for the present case:

P	
2	

DY 4
	 2

TLab = 10 log PI _ 10 log 1 - i 2wpc (98a) x
xT

Substituting Eqn. 	 (92c)	 in Eqn. (98a) and defining k _	 and u_ = p h
p

one has:
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0 logTL db
WOi - i h[l	 2	 (l + ia)

12

W

2 a	
2	 2

10 log	
(1	 W 

-0	
k (1	 WO

2	 2
W	 W

2	 2
Wo 	 2	 (98b)10 log 

[(l	 k W
o
a	 ) 2 + (u)2(12 2

W	 W

For the particular case of an infinite plate K 	 0, therefore wo	0,

and Eqn.	 (98b) becomes identical with Eqn. 	 (82b).

The Noise Reduction coefficient defined in Eqn. 	 (83a) may be

found from Eqn.	 (97) to give for the present case:

2	 2
-	

e+ikdl
i 

+ p r
I z 	 -d	 P e

ikdI'P	 l + P
R

NR db-	 10 log	 2	 10 log ikd 2
I
p tIz	 +d

P e
T

2

DY 4	 2
0

ikdl	 2wpc	 -Likd,
e	 e4

DY
0

10 log
4DY

0
—PC2wpc

4	 4	 2DY	 DY
-ikdl	 0	 +ikdl

10 log	 (1	 i	 0 )e	 -iw— e
2wpc	

Oc

DY 
4	 2

- 
10 log	 e

ikdl	 i
2woc

L7
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4.4	 t'	 E	 (92	 n) i E	 (99a) and definn k= and = 2 p
u s	 u	 ng	 qn.	 c 	 qn. g	 uC	 A ph

Eqn. (99a) may be developed as follows:
y

- 2	 2

NRdb	 10 log
L a

-ikdl _ i 2k [1 - W

2	
(1 + ia)] cos kdl l =	

w.

u w

2	 2

_ 10 log cos kdl - i sin kd l - 2k W
	 w a

Cos -kdl [i(1 -	 2) + .2,	
]I2 =

u w	 w

2
2k w o a

w2	 2
2k

= 10 log I cos kdl [1 =	 2	 ] - i[sin kdl +	 (1 -	 2 )cos kdl ] I	 =
u	 w u	 w

f
-	 w2	 2	

2 a
	

2= 10 log	 cos kd (1 -	
k	 o	 ]	 +

2

[sin kd, + 2` (1 - w 2)cos kdl ] 2 (99b)
1	 u	 2

W
1	 u w

For the particular case of an infinite plate K = 0, therefore w 	 = 0,
o

Eqn.	 (99b) becomes identical with Eqn. (83b).
d

For the particular case that kdl = 2,	 << 1, one has cos kd l = T

and sin kd1 = 0 and Eqn. (99b) becomes:

; .
2	 2a	 2	 w

NRdb = 10log[(l-2^k
	

2 ) 2 +( 2u) (1-	 2)2]
W w	 r

where lkd l l << 1 (99c)

For the particular case of an infinite plate K	 0, therefore wo = 0,	 a

Eqn. (99c) becomes identical with Eqn. (83c).	 For the case of

Ikdll« 1 given in Eqn. (99c), the Noise Reduction coefficient NRdb

does not depend on the position of the source microphone 2 = -dl.

The Insertion Loss coefficient in decibels defined in Eqn. (84a)

=. may be found from Eqn. (97b) to give for the present case as in Eqn. 	 (98b):

t
67

C



2	
P 

2	
DY 4 2

IL	
l

db 10 log P
	

10 log PI = 10 log 1 - i 2wpcP t 	 T

w 2 a	 w2

10 log[(1 - u o2 ) 2 + (u) 2 (1 - 2 )2]
W	 w

(100)	
R ." 

r

4 ^.

where ILdb is the Insertion Loss coefficient expressed in decibels.

From Eqn. (98) and Eqn. (100), one finds for the present case:

TL dbIL db	 (101a)

From Eqn.	 (98b)- and Eqn. 	 (99c), one finds that for:

2	 2
w

u (1 -	 2)
w a

I > >	 1 - u °2 I	 one has
W w

NRdb - TLdb = 10 log 4	 20 log 2	 6 db

F> which may be rewritten in the form:

NRdb	 TLdb + ,6 db _ ILdb + 6 db (101b)

Assuming that in the region of frequencies w considered in this
[

report	 jkdl I	 << 1 and substituting k _ 	 in Eqn.	 (99c), one obtains:

2	 2	 2

`

wa	 w	 w
NRdb	 10 log [(1 -	 w	 ) 2 + (C)2(°	

w	
° ) 2 ]u2_ (102a)

t: Since w _ 27rf and wo = 27rfo, one may rewrite Eqn. 	 (102a) in the form:

f2a	 f2	 f 2-
F NR	 = 10 log ,[_(1 - uc	 f	 ) 2 + (u^)2(	 f	

o )
2 ] (102b)

db

i:.- 68



where: NRdb Noise Reduction coefficient in decibels.

w	 the circular frequency of the acoustic wave. 	 (1/sec)

f	 the frequency of the acoustic wave. 	 (1/sec)

wa = the circular fundamental resonance frequency of the plate.

(1/sec)

fa = the fundamental resonance frequency of the plate. (1/sec)

c = the velocity of the plane acoustic wave in infinite

medium.	 (m/sec)

a = the damping factor of the vibrating plate.	 (non dimensional)

u=phh = the coupling coefficient u. (1/m)
P

The Noise Reduction curve in Eqn. (102b) as a function of fre-

quency f can be divided into three major regions:

A. The mass controlled region: This is the region w'_iere the

frequency of the acoustic wave f is much larger than the fundamental
i



ti^w
fir

k.M

t

In this region doubling the mass per unit area of the plate (p Ph)will

increase NRdb by 6 decibels, and raising the frequency f of the acoustic
G

wave by one octave (= doubling the frequency f) will increase NR db

by 6 decibels. Drawing NRdb (log f) on a log-log paper will give a

straight line with a slope of 20 (increase of NR db by 6 db for every

octave of f) and a constant C such that:

27rp h
NRdb (f = 1) = C = 20 log( 	 h 	 -20 log ( 2Pp h)

P

NRdb (f = 100) = C + 40 db

B. The damping controlled region: This is the region where the fre-

quency of the acoustic wave f is approximately the same as the funda-

mental resonance frequency of the plate f  such that f 7' fo . Since

jai << 1 and the first term in Eqn. (102b) varies slowly with f as

compared to the second term, Eqn. (102b) for this region will become:

f2-f 2
NRdb = 10 log [(1 - u7 foa)2 + (uTr)2( 	 f 0 )2^

Yv.



For the case in Eqn. (104b) where all the terms are positive including

fo > 0 and a > 0, one obtains
y

NRdb (f = fo ) < 0	 (105a)	
n ,'

f
which is found experimentally also as a negative value. From Eqn.

(104a) and Eqn. (104b), one finds in the neighborhood of f	 fo:

y

NRdb (f > fo ) > NRdb (f = fo )	 (105b)

NRdb (I < fo ) > NRdb (f = fo )	 (105c)

and the curve NRdb (log f) has a local minimum at f = f o . Thus, the

value of fo , the fundamental resonance frequency of the plate, may

be found from the experimental curve NR db (log f).

:i

	

	 Since the fundamental resonance frequency of the plate f  can be

found from the experimental curves NR db (log f), as well as the value of

NRdb(f = fo ), one is able to calculate the damping factor a of the

vibrating plate from Eqn. (104b) as follows:

f	
NR (f -f )

i
db	 o

10 [	 20 	
4Tr 

f a)	 (106a)
uc o	

i

r

and since NRdb (f = fo )- < 0 and p

	

	 2h, one has from Eqn. (106a):
Pp

a	
uc 

[1	
1	 _	 Pc	

[1	
1	

)(106b)
4Trfo	NRdb(f=fo)	 2^rpphfo	 -NRdb(f=fo)

10	
20	

10	
20
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where a >0 ifNRdb (f = fo ) < 0.

Thus, the values of the fundamental resonance frequency of the

plate f 	 and the damping factor of the vibrating plate a may be found i

from the experimental curves NR db (log f).

C.	 The stiffness controlled region: 	 This is the region where

the frequency of the acoustic wave f is smaller than the fundamental

resonance frequency of the plate f 	 such that f < fo .	 Since	 Iaf	 << 1,

the first term in Eqn. 	 (102b) could be neglected and in this region

Eqn.	 (102b) becomes:
t:

f 2-f2
NRdb = 10 log	 (—)

2
 (

o
f	 )2^

If2	 -	 f2^_ 20 log Lug
f

2 ^rp ph	 fog - f 2
20 log	 [-

f	 )pc

p phIfo 2 - 'f 2l
pc20 log[	 ] - 20 log (Z^)f _

if2-f2`

_ 20 log	 o f	 - 20 log (	 pc	 )2^rp	 h (107)

-	 p
t

By taking smaller acoustic wave frequencies f 	 further away from the
w

fundamental resonance frequency of the plate fo, such that f2 << fo g , Eqn.

(107) becomes: z

F-

k'

72
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2
f	 f 2

NR = 10 log(4") 2 ( o ) 2 = 20 log(4^ 
g )

db	 uc	 f	 pc f

47rf 2
= 20 log (-- p^ ) - 20 log f =

27rp hf
= 20 log[

	

	 pc ° 2_ ] - 20 log f =
P

C1 - 20 log f	 (108)

In this region raising the frequency f of the acoustic wave by one octave

(= doubling the frequency f) will reduce NR by 6 dec;ibels. Drawing
db

NRdb (log f) on a log-log paper will give a straight line with a slope

of -20 (decrease of NRdb by 6 db for every octave of f) and a constant

C1 such that:

2rp hf o
NRdb(f=1) = Cl	 20 log(	 pc	 ) _

2Trp h
= 20 log	 + 40 log f

PC	 o-

C + 40 log fo

f:
NRdb(f=100) _ C1 - 40 db

K	 Once the fundamental resonance fregeuncy of the 'plate f has been
0

found and the damping factor of the vibrating plate a has been calculated,

t	 the Noise Reduction coefficient NRdb can be drawn as a function of the

frequency f of the acoustic wave by using Eqn. (102b) for the region of

73

4-441,

i

r	 4r



frequencies where Jkdl I << 1. By drawing the curve NR db (log f) on a

log-log paper, one will obtain straight lines in the mass controlled

region and in the stiffness controlled region.
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CHAPTER VIII

ti

FREE VIBRATIONS OF THE FINITE PANEL

4

In the present chapter the characteristic resonance frequencies of {

the vibrations of the free clamped finite panel (plate) coupled with the

acoustic fluid (air) in the rigid duct will be discussed.

Let the clamped rectangular plate of dimensions "a" and "b"

be situated in the rigid duct at z = 0 in the x-y plane.	 The lateral

dispalcement n(x,y) of the plate will be subject to the boundary conditions

given in Eqn.	 (59) as follows:

I

n = 0 at x = -0, x = a, y = 0, y = b 	 (109a) 1

= 0atx=0, x = aand an _ 0aty=0, y 	 (109b)
ax	 ay

Assuming harmonic time variation e-lwt, the partial differential equation

which governs the lateral displacement of the vibrating panel(plate)

is given in Eqns.	 (70) as follows:

v4n - Yo n = D P Z	(110)

4	 P phw 2 - 12(1-v 2 )PEW2	4
/m

-
where:	 y	 -	 (1)

D	
2Eh

p2 is the external net force per unit area in the positive z-direction

(N/m2) and the other quantities are defined in Eqn. 	 (70a).

Two acoustic waves of mode (m,n) can propagate in the rigid duct of

'	 dimensions "a" and "b" away from the freely vibrating plate. 	 In

75

rte.:



b

rr	

L y	 1

accordance with Eqn. (49a), the acoustic wave of mode (m,n) propagating

in the positive z-direction away from the vibrating plate, will be of the

form:

P+ = P cosm7Tx cos ^ e l(gz-wt)	 z > 0 (llla)
+	 o	 a	 b

where from Eqn. (38b) one has:

_	 gPo	 mTrx	 nTr	 i(qz-wt)
uz+ - wp p+	 wp cos a 

cos 
b 

e	 z > 0 (lllb)

Similarly, the acoustic wave of mode (m,n) propagating in the negative

z-direction away from the vibrating plate will be of the form:

P-= -P cos max 
cos nb e-i(gz+wt) 	 z < 0 (112a)o 

U	 = ZI p = qPo ces 
mTrx 

cos 
nTr - i. (gz+wt) 

z < 0 (112b)Z- wp -	 wp	 a	 b	 —

P

The value of the veolcity of the plate in the lateral, direction should

be equal to the velocity vector of the acoustic wave on either side of

the plate in accordance with Eqns. (77a) and (78a):

dTi
F	

uzp	
dt = -iwn	 uz+ (z = 0+) 	 uz- (z = 0 )	 (113)

Because of Eqn. (113), one has the same amplitude Po in both waves in

Eqn. (111) and in Eqn. (112). Substituting Eqn. (lllb) and Eqn. (112b)

in Eqn. (113), one finds the plate lateral displacement n(x,y) in the

form:
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n = A cos 
ma os nb a-iwt

iqP

	

where A = 2 °	 (m)

	

W P	
-

-w

z = 0	 (114)

The value of the lateral displacement n(x,y) found in Eqn. (114)

is directly related to the acoustic wave mode (m,n) propagating in the

rigid duct..	 This value of n(x,y) in Eqn.	 (114) obeys the boundary

conditions, Eqn.	 (109b), for a clamped plate at the edges.	 However, the

value of n(x,y) at Eqn. 	 (114) does not obey the boundary conditions, Eqn.

(109a), for a clamped plate at the edges. 	 This requirement that n = 0 at

the edges of the clamped plate will introduce an interaction between the

different modes (m,n) given in Eqns. 	 (111),(112) and (114) and the funda-

mental mode (m = 0, n = 0) of the acoustic wave propagating in the rigid

duct and discussed previously.	 The value of Ain Eqn.	 (114) for
m ,n

each mode (m,n) will be related to all the other modes (m,n) and to

A0,0 of the fundamental mode.	 However, in the present report we are

interested in finding the values of the characteristic frequencies of

vibrations and not their amplitudes.	 We are able to use Eqn.	 (114) for

finding these characteristic resonance frequencies-of vibration, but

not their amplitudes.

From Eqn.	 (111a) and Eqn. (112a) 	 one obtains at z	 0:

pz	 (p_	 p - ° 2P	 cos max cos n	 e iwt	 (115)
+) z=0	 0

Substituting	 Eqns.	 (114) and(115) in Eqn.	 (110), one obtains after

cancelling the common functions:

^L

E

2

mgr 2	 nTr 2 2	 4	 1 =2P0	 1 i2w p
L (a)	 + (b)	 ` Y	 = D	 A	

=
 —D
	 (116a)

s
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p hw2
Substituting u 

Ph 
and y4 	one obtains from Eqn. (116a):

x(=7 ) 2 +(7)]
n7r 22 _ y4 = i 4

a 	 q
(116b)

For an acoustic wave of mode (m,n) in a rigid duct, one has from Eqn.

(50b):

	

q=	
2=	 2	 mgr 2	 nor 2 =	 w 2	 mgr 2	 nor 2

t	 Substituting Eqn, (116c) in Eqn. (116b), one has:

[k 4	 Y4 ] k2	k 2 - illy
	 (117a)

c	 c

r
where k 2 = 

( m^r ) 2 + 
(n̂)

2 and k is the cut off wave number for the

	

c	 a	 b	 c

acoustic wave mode (m,n) in the rigid duct given in detail in Egns. (40)
r	

and (50). Eqn. (117a) may be rewritten alternatively in the form:

[k 
C4
	 y4]Vkc

2 .... %2 = 
IJY	 (117b)

where u = P h is the coupling coefficient between the acoustic waves
D

and the plate vibrations in the duct.
h

Taking k = W and y4 D w2 and substituting A-:, Eqn. (117b), one

obtains:

ph	
-

 ph`	 [k 4 _ p w2]Vk 2	 (w)2 = u p w2	(118a)
c	 D	 c	 D
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,acing both sides of Eqn. (118a), one obtains:

P
p 
h	 2	 p h

[k 4 _ " 2 ] 2 [k 2 - w—] = u 2 (f) 2 w4	 (118b)
c	 D	 e	 2	 D

c

Eqn. (118b) is a cubic algebraic equation in w 2 for the characteristic

F '	 resonance frequencies for mode (m,n). It has three distinct positive
rs

3

a	 roots for the resonance frequencies w of the coupled system of the clamped
a

plate and the acoustic waves in the rigid duct. It can be solved for

numerical values by using the standard cubic equation solution for

x
numerical approximation.

An alternative algebraic solution of Eqn. (118b) for the case

considered in the present report will be based on the following

inequalities:

c2 >> k^2 = [ (a^) Z + (b^) 2 ]	 (119a)

x

k2>>u2_ ^ 2p )2	
(119b)

c ' ph

where in Eqn. (119b) the fundamental mode (m=0, n=0) is excluded.

Opening the brackets on the left hand side, one of the terms will be

much larger than the term on the right hand side because of Eqn. (119b)

where kc
2 

>> u,2:

pPh 2 24	
2pph24

As a result, for the first approximation, the coupling coefficient term

on the right hand side of Eqn. (118b) could be neglected, and Eqn. (118b)

becomes for the first approximation:

i
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h

h
[kc4 - 

PD 
w 2 ] 2 [k 2 w-21 = 0	 (120)

c c

For the first approximation in Eqn. (120) the acoustic resonance fre-

quency and the plate vibrations resonance frequencies are uncoupled. The

acoustic resonance fregeuncy wl can be obtained from Eqn. (120) as

follows:

2w
k^2 - 2 = 0; wl ckc = c^

(^T') 2	 (121a)
c

where the acoustic resonance frequency w l for the first approximation

Eqn. (121a) is equal to the cut-off frequency w e = ckc of the acoustic

wave of the same mode (m,n) in -a rigid duct given in Eqn. (50). The

corresponding plate vibrations resonance frequencies w 2 and w3 can be t

obtained from Eqn. (120) as follows:

[k 4 - D w2 ^ 2 = OS w2	 3	
P

= w =	
Dh kc 2= Dh I(a^)2 + (b ) 2 ] (121b)c
P 

where the plate vibrations resonance frequencies w 2 and w 3 for the first

approximation, Eqn. (121b), appear as a double root of the equation,

.,	
and is equal to the resonance frequency of the mode (m,n) of the plate

vibrations given in Eqn. (66). For the first approximation, when the

coupling effect between the plate and the fluid (air) is neglected, one

finds the acoustic resonance frequency w  in Eqn. (121a) as a single

root of the Eqn. (120), and the plate resonance frequencies w 2 w3 in

Eqn. (121b) as a double root of the Eqn. (120).
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iFor the second approximation of w 1 , the small coupling term on the

hand side of Eqn. (l18b) will be included. Substituting the value

of W  
found in Eqn. (121a) in the first and the third terms of Eqn.

(118b), one will obtain the following equation for the second approxi-

mation of w1:

2p h	 w	 p h

[kc4 - D (ckc ) 2 J 2 [kc 2 - 2 ] = u 2 ( D)2(ckc)4
c

fwhich may be rewritten in the orm.

E2
2	 u2(pphc )2

W	
u

	k 2
	 1	

2

c	 c2	 k2- p hc2 2	 1- Dkc2 2

[ c D	 [	 p he 2J
p

,.	 Using Eqn. (119a) where kc2 << c 2 , one could expand the previous denomi•-

nator to give:	 :.

s:

k 2 w12 - 2 
1 + 2Dkc2]

c

	

2	 u [	 2
c	 pphc

Rearranging,-one obtains:

2	
2

	

2	 2 2	 2 2	 2Dkc - 2 2	 u 

2	
2Dkc 2

r	 wl	 c kc	c u (1 +	 2)	 c kc [1 -	 (1 +	 ) J
pphc	 k 	

pp he

Using Eqn. (119b), where u2 << kc 2 , one could expand the previous

equation to give:
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Ij
1:4

t

2	 2
W1 = ckc [1 - 2	 —2	 - —	 2]	 (122a)

kc	 P phc

Since from Eqn.-(119) u 2 << k
c
2 << c2 , one could neglect thelast

w'. term,	 as small of the second order of magnitude, for the present appro-

ximation, and obtain:

2
W	 _ ckc	 u2	

(122b)ck^ [1 - 2
	

u
1	

2 J	
2 k

k	 cc

Equation (122b) gives the second approximation for the acoustic resonance

frequency w l , where the coupling coefficient between the plate and the

fluid (air) has been included.	 From Eqn. (122b), one sees that the

resonance frequency w 1 of the acoustic wave is smaller than the cut-off

frequency w e	 ckc of the same mode (m,n) of the acoustic wave propaga-
Y

tion in the rigid duct:

W

w	 < ck	 = c	 = w	 f m ' n < f m ' n	 (122c)
s c	 c	 c	 1	 c

Therefore, the acoustic resonance w 	 of the plate-air resonance system

will establish acoustic wave mode (m,n) of frequency w l in the rigid duct,

-- which will not propagate, but will attenuate exponentially as one goes

further and further away from the free vibrating plate and its coupling

with	 the fluid (air).

For the second approximation of w 2 and w 3 , the small coupling

term on the right hand side of Eqn. 	 (118b) will be included.	 Substituting

the value of w 2 = wj ,	 found in Eqn.	 (121b), in the second and third

terms of Eqn.	 (118b), one will obtain the following, equation for the second

approximation of w 2 and w3:

f
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P	 ^10

	

4 _ p^ 2 2 2 - Dkc4 ' - 2 p̂ h 2 
Dk

) 	 2
[kc	 D w2,3 ] [kc	

2J	 u ( D	 p) (	 h)

	

Aphc	 P

may be rewritten in the form:
a

	

P h 
2	 u2i 8	

u2k 6

[	

,.

k 4 - P-	 c	 c
c	 D w2,3

^	
Dk 4	

2
Dk 

Ikc2 -	 c 2]	
[1 -	

c 2]
	p phc	 pPhc

Using Eqn. (119a) where kc 2 << c 2 , one could expand the previous

denominator to give:

}k 	 2 2- 2 6	 Dkc 2
(k
	 D w2,3	

k
] 	 u c [

1+
 pphc2]

Taking the square root of both sides and expanding, since kc2 << c2,

one has:

4 _	 2 _ -	 3
	 Dk

c2k^	 D w2 ^ 3 - +u kc [1 +	 2 ]
2pphc

fa
Rearranging, one obtains:

2
p	

w
h	 2	 ^^	 Dk

^ -

	

3	 c

D	
2'3_ 

kc ± ukc (1 + 2 hc2>
r	

Ap

Dk 2
4	 kc4[I +-k (l +	 c ^)]

'	 c	 2p hc`
p

which will give:

2

Dk
W 2' = pDh k^4[l ± k (1+	 2)]

,3	 p	 c	 2pphc
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Using the inequality in Eqn. (119b), u2 << k c 2 , one could expand the

previous equation to give:

Dk 2_2	 1	 c
w2

,3 F

D
p k

c [1 ± 2 ,tee (l + 2p hc2)]

P

Taking the positive sign for w 2 and the negative sign for w 3 , one has:

W
 = F

D 
kc 2 [1 + 2 k+ Dkc	 2]	 (123a)

p	 c 4pphc

Dk u

W
FD 

kc 2 [1 2 k -	 c 2 l	 (123b)
p	 c	 4p 1)

Using Eqn. (119a), where k c2 << c 2 , one could neglect the last term as

small of the second order of magnitude for the present approximation,

and obtain:

`	

w2 = FD kc2 [1 + 2 k ] 
F 

[kc 2 + 2 uk^]	 (124a)
p	 c	 p

w3
FD k

c - 2 k ] = PDn [kc2
2 pkc ]	 (124b)

 cP	 P

Equations (124) give the second approximation for the plate resonance

frequencies w 2 and w3 2
 where the coupling coefficient between the plate

and the fluid (air) has been included. In this case, one obtains two

single roots, w 2	w3, of Eqn. (118by, which become a double root, w 2 , = w3,

only when the coupling coefficient has been neglected. The difference

	

in the frequency between the two roots may be found from Eqns. (124) to 	 a

give:
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W2 - w3 =
FD pkc	(124c)

p

The three discrete resonance frequencieswl" 
w
2' w3 for the mode

(m,n) of the coupled system of the clamped plate and the fluid (air) 	
k

in the rigid duct have been given in Eqns. (122b), (124a) and (124b)

under the assumption, Eqn. (119), that u2 << k c 2 << c 2 . One could

rewrite Eqn. (118b) therefore in the form:

(w2 - w12) Cwt - w22) (w2 - w3 2 ) = 0	 (125)

Since w1 2 , w22 , w3 2 are the roots of Eqn. (118b). Substituting wl ,	 a!

w2' 3 from Eqns. (122b), (124a), (124b) respectively in Eqn. (125)2
one obtains Eqn. (118b), if the terms k 

2 << 1 are neglected, in
c

accordance with Eqn. ,(119b) and our present approximation. This checks

the results found for wl, w2' w3 under the present approximation.

Comparing Eqn. (122b) with Eqn. (124), if one has k  << c for the pre 	 -	 AI

sent cases under consideration, one will obtain:

w2 << wl < we	 w3 << wl < We	 (126)

iii

Thus, the two plate discrete resonance frequencies are below tha cut-off

frequency of the corresponding acoustic wave mode (m, n) in the rigid

`

	

	 duct and will attenuate exponentially. However, since the plate resonance

amplitude Amin is coupled with A0,0 
through the boundary conditions

n 0 a the edges, as discussed previously, the plate resonance at

frequencies w2 and w3 will produce also the fundamental acoustic mode

in the duct because of the above interaction, and the fundamental
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acoustic mode in the duct will propagate at any frequency, regardless

of the value of the cut-off frequency.

Let the fundamental mode of the acoustic waves in a rigid duct be

incident on a panel (plate) situated at z = 0. If one takes the solution

of the plane wave incident on an infinite plate given in Eqns. (81), one

sees that the amplitude ofthe plate vibration is given in Eqns.

(74a) and (81a), and is a function of time only and not of position on

the plate. By introducing the duct rigid wall, parallel to the lateral

direction of the plate, one introduces the boundary conditions, Eqn. (109),

to the clamped plate, but does not effect the acousticplane wave,

which is identical with the fundamental mode. In accordance with Eqn.
;i

(109a), the clamped plate is not allowed to move at the edges; but

according to the solution for infinite plate in Eqn. (81a), the plate

does move at the edge. Since at the edges of the clamped plate p = 0,
i

and the clamped plate cannot move at the clamped edges, the plate

starts to vibrate at higher modes (m,n) in such a way that the total

j;	 net movement of the edge, obey p = 0. Thus, it is necessary that the

clamped plate will vibrate at higher modes in order to compensate for

L
the movement of the edges because of the plane acoustic wave, and the

vibration is such the n = 0 is kept at the edges of the clamped plate.

IL	Thus, the existence of higher order acoustic modes (m,n) in the duct

r	
are necessary for the clamped plate case, in order to match the boundary

I°
i

conditions n 0 at the edges of the plate; the higher order modes

exist even if the incident aocustic wave on the clamped plate is a per-

fect fundamental acoustic wave, a completely uniform plane wave within
f

the duct rigid walls, coming from a perfect source.
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CHAPTER IX

THE BERANEK TUBE RECEIVING CHA

The receiving chamber of the Beranek tube
	

i in the experimental

set up includes highly nonuniform lossy materi
	

different kinds.	
Y^

inside cross-section of 18" x 18". The inside tube contains 18"

inches of loosely packed foam behind the receiving microphone, with

additional length of 9" of loosely packed foam in wedge form on both

sides of the	 .eiving microphone. The loose foam on both sides of the

receiving microphone and behind it absorbs high frequencies in the

neighborhood of the receiving microphone, and reduces transverse
i

standing waves.

Bec,,,,d the foam there are four highly absorbent fiberglass wedges

with overall length of 60" inches, which include a rectangular base

24" inches long. The wedges are 9 sq. inch and made from semi-rigid

fiberglass to help preserve their shape. The density of the fiberglass

used in the wedges is 3 lb/ft 3 . The wedges are positioned in the tube

'f	 with their blades alternated to present a maximum absorbent area to the

sound. The wedges are followed by 8" inches of cotton and 4" inches of

fiberglass to the back panel. The cotton and fiberglass packed between

the fiberglass wedges and the back wooden panel help absorb the lower

frequencies.

In order to simplify matters from theoretical point of view, it

will be assumed that the absorption material is uniform and presents an

average uniform absorption effect to the incident and reflected acoustic

waves It will be further assumed that only plane waves propagate in the
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absorption material. Since the higher order modes attenuate much

faster than the plane waves in the duct, because of losses at the

walls of the duct, this assumption should not change much the basic phy-

sical phenomena. Once the basic absorption phenomena of the incident

I	
and reflected waves has been analyzed and compared with experiment,

I;

additional corrections can be made by taking into account the nonunifor-
t	 .

mity of the absorption material and the higher order modes of propagation.

rLet a uniform plane acoustic wave be incident in the positive z-

f̂ 	direction in a lossy medium:
t_

=	 zi(kz-wt) _	 (ik--)z-iwtpi PIe-a d
	

PI  (127a)

I
where k = w/c and - represents the attenuation factor in the lossy

medium. Substituting - Eqn. (127a) in Eqn. (20b), one obtains:

Uzi pi k- 
e--zei(kz-wt) = PI 1+
 PC

e+(ik--)z-iwt	
(127b)

1WP
F

Let a. uniform plane acoustic wave be reflected in the negative z-direc

tion in a lossy medium:

pr	
pRe

cc ze-i(kz+wt)	 pRe-(ik--)z-iwt	 (128a)

Substituting Eqn. (128a) in E qn. (20b), one obtains:

(ik- a) ¢z-i(kz+wt) =	 e1+i-/k -(ik--)z-iwte e	 (128b)uzr - -PR iwp	 -pg pc

P

ry



Taking the back wooden panel to be situated at z = L, one has there
is

u 	
= 0 and from Eqns. 	 (127b) and (128b) one obtains, after cancelling

the common factors:

un = 0 = uzi I + uzr	 = 
ple (ik-a)I, - P

R
e-(ik-a)L	

(129a)

z=L	 z=L

From Eqn.	 (129a) one has

PR 
= pj e2(ik--)L	 (129b)

which is identical with Eqn. (28b) for 	 = 0.	 Assuming in the present

case that the attenuation factor is small, -/k << 1, one is able to

continue the analysis similarly to Eqns.	 (29) to	 (35).	 The effect of

the attenuation factor s	 0 is to reduce the value of the resonance

frequencies calculated for a = 0.

Rewriting Eqn.	 (35), one has:

pmax (z = z0) _ 2^ p I Icos[k(L-z 0 ) - ^(w)]_j	 {130)

For the case	 (w) _ 0, one requires for pmax - 0 at z = z 	 that:

(2n + 1)'^	 (131a)a.	 k(L- z0 ) 	 (L - -z p) _ !if- (L - z 0 ) _ r'
	 (L - z	 20 ) = 

r

where n = 1,2,3 .	 .	 .	 From Eqn.	 (131x), one 'obtains the characteristic

frequencies for minimum value of the pressure p at the receiver microphone

situated at z = z0
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j
"	 1

f = c 2n+1	
for $(w) = 0n L-z0 4 

(131b)

For the case ^(m) = 
2

, one requires in Eqn. (130a) for pax = 0 at

z = z
0 

that:

k(L - z0 ) + 2 = 2cf(L - zo ) + 2 = (2n + 1) 2	
(132a)

where n = 1,2,3 .	 . From Egn.(132a), one obtains similarly:

fn L-z 2	
for	 ^(w) = 2	 (132b)

0

In our experimental set up the distance of the wooden back panel from

the test aluminum panel is L = 107.5" and the distance of the receiver

microphone is z0 = 8".	 Therefore, one has in our experiment:

L - z	 = 107.5" - 8.0" = 99.5" = 2.527 m (133a)o

Taking the acoustic velocity c for T = 21°C 70°F from Eqn.	 (6)

to be:

c = 343.8 m/sec (133b) A

Using Eqn. (133)	 in Eqns.	 (131b) and (132b), one obtains:

fn = 68.0(n +-!)	 /sec)( 1 for	 ^(w) _ 0 (133c)

f	 = 68.0 n	 (1/sec) for

for n	 1,2,3	 .	 .	 .
90



From the experimental results it is found that Eqn. (133d) represents the

results much better than Eqn. (133c). Thus, a-phase shift of ^(w) = -90°

is introduced between the incident. plane wave and the reflected plane

wave by the wooden back panel in accordance with Eqn. (33). As indicated

earlier, the attenuation factor - # 0 in the lossy medium will introduce

a shift of the actual resonance frequencies found experimentally to

lower frequencies than calculated in accordance with Eqn. (133d),

which is a well established phenomena.

Let us now calculate the resonance frequency of the first even

vibration mode (m = 2, n = 2) of the wooden back panel in accordance

with Eqn. (55c) and Eqn. (66d),which are reproduced here for reference:

(wood = Tr r (m) 2 + 
	

P

FD 	D =	 Eh 	
(134a)

m,n	 2	 a	 b 	
12(1 - v2)

Taking for our experimental set up requirements a = b and m = n, one

obtains from Eqn (134a):

fmpm 7T (-M) 2 hV
12pp
 E	 (1.34b)

'	 (1 - v
2
 )

In the present experimental set up the wooden back panel has the follow-

ing parameters:

	

F	 a = 18"	 0.4572m;	 h = 0.75" = 0.019m	 (135a)

Pp

	

	
6.89 lb 

3	
49.0 lb/ft 3	 785.0 Kg/m3	(135b)

243 inch
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'Since the Young's modulus of elasticity	 E is not available for the

wooden back panel, it will be assumed to be identical with poplar

' wood as follows:

E = 1.0 x 1010	(N/m2 )	 1 - v 2	0.9	 (135c)

Substituting Eqns. (135) in Eqn.	 (134b), one obtains the resonance

frequency of the first even vibrational mode m =2 of the wooden

back panel:

fwood = 1,240 1/sec	 (1354)

R The experimental curve in the present paper shows a very sharp

resonance frequency at f = 1,260 Hz which could be identified with the

above vibrational mode m = 2 in Egn. (135d) of the wooden back panel.
t

The above resonance represents interaction between the incident acoustic

and reflected acoustic waves with the vibrational modes of the

aluminum panel in front, the wooden back, panel and the receiver micro-

phone.	 A more detailed analysis of the wooden back panel will be

given in the next chapter.

When two resonance systems interact with each other the resonance

frequency _w of the combined system could be given similarly to,Egn. _(125): 	 +

_	 I

(w2 - w12)	
(w2 - w

2 2 )	 u 04	 (1,3.6a)

r
where w	 is the resonance frequency of the first system, w 2 is the

resonance frequency of the second system (w	 > wl) and uo represents the

_
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t

coupling factor between the systems. When there is no coupling

110 = 0, the resonance frequencies are:

110 = 0; w = w - = w l and w = w+ = w 2 > w l	(136b)

In case of coupling between the systems 11 0# 0, Eqn. (136a) can be

rewritten in the following form:

W4 - (w22 + w l2)w 2
 + (w22w12	

11 04 )	 0	 (137a)

Solving the quadratic Eqn. (137a) for w2 for p 	 0, one has:

w+_ 2 (w2

	

2	
2 + w

1
2) +	 (w 22 - w l2) 2 + 41104 ] > w22	 (137b)

V

	

W 
2	

2 [(W 2 2 + wl2)	 (w22	 wl2) 2 +.41104 ] < w l2	(137c)	
I

where Eqns. (137b) and (137c) represent the natural resonance fre-

quencies of the coupled systems, when the oscillators are no. longer

isolated. Thus, the coupling between the systems causes the higher

resonance frequency w+ to shift higher, the lower resonance frequency

w_ to shift lower. When there are several resonance systems interact-

ing with each other,it is not surprising sometimes to find that the

experimental resonance frequencies are shifted as compared to the

theoretical resonance frequencies calculated for each system by

itself, without taking into account the coupling factor 11 # 0.0
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In the present chapter we will apply the theory which has been

given in this report to analyze some of the outstanding apsects of

the experimental results given in Figure 1. The aluminum panel which

gives the noise reduction in Figure 1 has the following dimensions and

properties:

Material: Alclad 2024T3 Aluminum

o; m Thickness: h = 0.025" = 0.635 mm

Width x Axis: a = 18" = 0.4572 m
J

Width y Axis: b = 18" 0.4572 m

l
Some mechanical properties of aluminum are as follows:

Density = p p = 2.7 x 103 Kg/m3

j	 Young modulus of elasticity = E = 7.0 x 1010 N/m2

Poisson's ratio	 v = 0.3

1 -_v 2	0.91

The experiments' were done in Lawrence, Kansas at about 1,000 ft above

sea level under the following conditions of the air:

c
Temperature T = 21°C 	 70°F = 294.15°K 	 s

Pressure = P = 0.97735 atmosphere	 97,735 N/m 
2	

k_

1=	 Density = p = 1.1575 Kg/m3
f

Velocity of Acoustic Waves = c = 343.8 m/sec
I

The analysis of the experimental results in Figure 1 will be

divided to several parts according to the particular aspect of the phy-

sical phenomena to be discussed
r-
i'
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A.	 Plane Wave on the Finite Panel

Since for the transmitter microphone dl = 1 cm one has lkdl l	 <<	 1,

the	 general characteristics of the Noise Reduction curve of Figure 1
r'

could be found by using Eqn. (lU2b), which is rewritten here:

2	 2	 2
ff	 a	 - f

NRdb = 10 log[(1 -	 0 a	 2 + (uc)2(	 f	 0 ) 2 1 (138)
uc

The coupling parameter u between the aluminum panel and the air is:

r

xx1.1575	
= 1.350	 (1/m)u p h	 2 2

(139)
p

From Figure 1 one sees that the fundamental resonance frequency of the

plate is:

f0	 63 Hz (140x)

at which point the Noise Reduction is:

NRdb (f = f0 ) 	 -4.5 db (140b)

Using the experimental values of Eqn. 	 (140) in Eqn.	 (106b), one is

able to calculate the damping factor a by using Eqn. 	 (139) .and

c _ 343.8 m/sec:
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f NR db

20 Hz +13.7 db

30 Hz 8.9 db

40 Hz + 4.3 db

50 Hz - 0.6 db

63 Hz - 4.5 db

70 Hz - 2.7 db

80 Hz + 0.6 db

100 Hz 5.1 db

200 Hz 13.9 db

400 Hz 20.5 db

1000 Hz 28.7 db

5000 Hz 42.6 db

Al

a = 4c
[1 -

47rf
L 1 	 x 343.8 1

[1 - 4.5 ^

_

0
4'r x 63-

NRdbdb	 0 4

20 10 2010

= 0.58626	 [1 - 1001225 1
 _ 0.58626	

[1 - 1.6788 1
= 0.2370 (140c) k

j
Substituting Eqns. ( 139)	 and (140) in Eqn.	 (138), one obtains:

NRdb = 10 log
25.468 2	

2

[(1 -	 )	 + 7.33 x 10-4(f
2

63	 ) 2 ] (141)
f f

where NR db is given as a function of the frequency for Figure 1.	 Table B

gives the results for some of the frequencies calculated from Eqn.	 (141).

TABLE B

a	 NOISE REDUCTION VAL:TES OF EQN. (141)
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Figure 1 gives the experimental Noise Reduction curve for the

• aluminum panel discussed here.	 The thin line gives the experimental

r ratio of pressures in decibels between the receiver microphone located

8" behind the aluminum panel to the transmitter microphone located

1 cm in front of the aluminum panel, as a function of frequency. 	 The

thin straight line in Figure 1 represents a straight line least square

error average of the experimental curve. 	 The heavy line represents

the theoretical curve of the present paper, with the values given in

Table B and calculated in accordance with Eqn.	 (141).	 As shown above,

the theoretical curve is in accordance with the experimental

fundamental frequency of resonance f 0 , and the experimental Noise

Reduction value at this frequency, so that the theoretical curve is

passing through this point f = f0 on the experimental. curve.

The difference between the experimental curve (thin wiggly line)

and the theoretical curve (thick black line) represents two major

F

effects:

1.	 In the higher frequency region this difference represents the

effect of the higher order modes and the different resonance

phenomena.

2.	 In, the lower frequency region this difference represents the

effect of the near zone fields next to the panel.
F tt

B.	 The Fundamental Resonance Frequency (f 0 = 63 Hz)	 i

The fundamental experimental resonance frequency f 0 = 63 Hz in

Figure 1 and in Eqn.-(140a) is the result of interaction between two

^.: major, resonance phenomena:

98
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r
1. The standing plane acoustic wave which propagates along-

`	 the length of the Beranek tube and is reflected by the wooden

back panel. This basic resonance frequency is given in Eqn.

(133d) flcavity = 68 Hz. However, this resonance frequency 	 f..

is shifted downward because of its interaction with the vibra-

tion resonance frequency of the wooden back panel.

2. The first even resonance mode of the aluminum panel

vibrations, which excite acoustic waves at f2 12te = 58.8 Hz

(see later). Although this acoustic wave mode does not pro-

pagate in the high pass filter duct, because of its large

wavelength it has a definite effect on the receiver micro-

phone as a near zone acoustic wave field excited by the first

even mode of the aluminum panel vib"rat.ons.

As a result of the interaction between the above two basic resonance

effects, one obtains the fundamental experimental resonance frequency at

f 0 =63 Hz.

The evidence for the above interaction can be found in other experi-

mental data

a. From Eqn. (132b) it is found that flcavity is inversely

proportional to the total length L'of the Beranek tube

since Iz o l << L. Experimental data has shown that by

decreasing the length of the Beranek tube the fundamental 	 s

resonance frequency f 0 increases. The same will happen

even if there is no wooden back panel and the duct end i

is open to infinite space. The open duct end causes

reflection of the acoustic wave as much because of the

sudden change of impedance from the duct to infinite space.
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b. From Eqn. (134b) one finds that the aluminum panel

plateresonance frequency of the first even mode f2,2

is directly proportional to. the thickness of the plate h.

However, experimental data has shown that the fundamental

resonance frequency f does not change by much for0

changing thickness of the aluminum panel. This is because

the resonance effect (a) of the standing plane

acoustic wave along the length of the Beranek tube does

not change, and it is very dominant in the interaction

between the two resonance phenomena.

C. The Cavity Resonance

The resonance effect of the standing plane acoustic wave alOTIg the

-4^ f-T,	 Tz- 1, +- "U	 41 1 11	 1 1 A U
k-CL e L e caV Ly resonance effect

and will be discussed in the present section. The cavity resonance

effect is described by Eqn. (133d) as follows:

cavityf	 68 s	 (s	 1,2,3 . . .	 (142)s

In the following Table C the theoretical numerical values of Eqn. (142)

as well as the corresponding resonance frequency experimental

values from Figure 1 will be given. Theoretical numerical values from

Eqn. (142) with no corresponding experimental values from Figure 1 will

be omitted from Table C.
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s fsavity = 68 s
Experimental

1 68 63

2 136 129

*3 204 *194

4 272 278

6 408 400

7 476 431

*9 612 *592

10 680 660

12 816 798

14 952 950

*15 1, 020 *1,000

*16 1,088 *1,080

18 1,224 1,220

*19 1,292 *1,300

22 1,496 1,470

24 1,632 1,600

*25 1,700 *1,720

26 1,768 1,790

27 1,836 1,830

29 1,972 1,940

TABLE C

CAVITY RESONANCE FREQUENCIES s

r	 ^	
v•

t



S
fcavity = 68 s

Experimental

*30 2,040 *2,070

32 2,176 2,200

38 2,584 2,600

43 2,924 2,900

47 3,196 3,180

*52	 3,536 *3,500

55	 !	 3,7_40 3,760
A

1
*59	 4,012 *4,000

r
60	 4,080 4,070

65	 4,42.0 4,400

*66 4,488 *4,480

72 4,896 4,860

t

i
i

TABLE C (continued)

Note: * Denotes major experimental upward spikes.

Some of the experimental values listed in Table C are only a

sharp break in the experimental curve. Most of the experimental values

indicated in Table C are upward spikes in the experimental curve given

in Figure 1. The resonance frequency 
fcavity in Eqns. (142) and (1334)
s

are derived from Eqn. (130) under the condition that p max (z	
z0)	 0,

which means that the pressure at the receiver microphone is zero.

Therefore, at the resonance frequencies listed in Table C, the resonance

spikes in Figure 1 are upward, representing a strong noise reduction,
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since the transmitted acoustic wave at the receiver microphone is taken

to be zero at these frequencies. However, because of the near zone

fields of the higher order modes, the pressure,at the receiver micro-

phone is not quite zero, and therefore the resonance upward spikes of the

experimental curve in Figure 1 are finite.

The agreemeat between the theoretical cavity resonance frequencies

and the experimental resonance frequencies in Table C is relatively

good since no interaction effect has been taken into account in the

theory, such effects usually shift the calculated resonance frequency.

L	 The interaction effects include the near zone fields of the higher order

modes excited by the panel, and the interaction effects with the wooden

back panel and the wooden walls of the duct, the effects of which have

been neglected by assuming that the wooden walls are infinitely massive

and do not vibrate. Particularly large sharp upward spikes of this

cavity
phenomena appear at the f	 for*s = 3, 9, 15, 16, 19, 25, 30, 52, 59,

s

66, which are denoted by a star at Table C.

D. The Acoustic Resonance

It has been shown in Chapter VIII that the free vibrations of the

panel will establish acoustic wave resonance modes (m,n) of circular

frequency w in the rigid duct, the value of which is given in Eqn.
1

(122a) and Eqn. (122b). This acoustic wave resonance modes will not

propagate in the duct, but will attenuate exponentially as one goes

further and further away from the free vibrating plate coupled with the

air system, because the resonance frequencies of these modes are

slightly below the cut-off frequency of the corresponding higher order

modes in the duct, as shown in Eqn. (122c). Thus, at these acoustic
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`-°--rQSOnance frequencies of the free vibrating plate, the acoustic pressure

from these modes will be higher at-the transmitter microphone than at

the receiver microphone, since the transmitter microphone is much

closer to the aluminum panel than the receiver microphone. As a

result, at the acoustic resonance frequencies one will get upward

spikes in the experimental curve representing resonance "noise reduction."

Equation (121a) gives the acoustic resonance frequency in the

.following form for a = b:

(	 _acoustic _ wl	
ckc = c
	 m7r 2	 n7r 2 = c	 2	 2—) + (—)	 m + n	 (143a)1	 27i Y 2Tr	 2Tr	 a	 a	 2a

Substituting d = 343.8 m/sec and a = 18" = 0.4572 m, one obtains from

Eqn. (143a) for the acoustic resonance frequencies:

acoustic
m,n	2
	 2	 2	 2	

(143b)f	 = 375.98 m+ n = 376.0 m+ n

is

P
In the following Table D the theoretical numerical values of Eqn. (143)

acoustic
are arranged in order of increasing acoustic resonance frequencies fm n

The corresponding resonance frequency experimental data of the.upward

spikes are given from Figure 1.

ti

r	 _
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TABLE D

ACOUSTIC RESONANCE FREQUENCIES

a^
A

P	 A

f

m - n m2 +' n2 facoustic
Experimentalm,n

*1 - 0 1 376.0 *369

1 - 1 2 531.7 517

**2 - 0 4 7152.0 **742

2 - 1 5 840.7 798

*2 - 2 8 1,063.4 *1,080

*3 - 0 9 1,127.9 *1,080

3 - 1 10 1,189.0 1,220

*3 - 2 13 1,355.6 *1,300

4 - 0 16 1,503.9 1,470

4 - 1
i 17 1,550.2

3 - 3 18 1,595.1 1,600

*4 - 2 20 1,681.4 *1,720

4 - 3 25	 - 1,879.9 1,830

5 - 0 25 1,879.9 1,830

5 - 1 26 1,917.1 1,940

*5 - 2 29 2,024.7 *2,070

4 - 4 32 2,126.9

5 - 3 34 2,192.3 2,200

6 -_0 36 2,255.9

6 -- 1 37 2,287.0



p.

p

TABLE D (continued)

rw

m - n
m2 + n2 facoustic

Experimental
m,n

6 - 2 40 2,377.9

5 - 4 41 2,407.4

6 - 3 45 2,522.1

7 - 0 49 2,631.9 2,600

5 - 5 50 2,658.6 2,600

7 - 1 50 2,658.6 2,600

6 - 4 52 2,711.2

7 - 2 53 2,737.2

7 - 3 58 2,863.4 2,900

6- 5 61 2,936.5 2,900

8 - 0 64 3,007.8

7 - 4 65 3,031.3

8 - 1 65 3,031.3

8 - 2 68 3,100.4

6 - 6 72 3,190.3 3,180

8 - 3 73 3,212.4 3,180

7 - 5 74 3,234.3

8 - 4 80 3,362.9

9 - 0 81 3,383.8

9 - 1 82 3,404.6

**7 - 6 85 3,466.3 **3`,500

**9 , _ 2 85 -3,466.3 *^3,500

**8 : - 5 89 3,547.0 **3,500

9 - 3 90 3,566.8

9 - 4 97 3,703.0

x_
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i

m - n m2 + n2 facoustic
Experimental

m,n

7 - 7 98 39722.0

8 - 6 100 3,759.8 1	 3,,760

10 - 0 100 3,759.8 3,760

10 - 1 101 3,778.6 3,760

10 - 2 104 3,834.2

`9 - 5 106 3,871.1

10 - 3 109 3,925.2

*8 - 7 113 3,996.7 *4,000

*10 - 4 116 4,049.3 *4,000

9 - 6 117 4,067.0 4,070

11 - 0 121 4,135.8 4,070

11 - 1 122 4,152.7

10 - 5 125 4,203.5

11 - 2 125 4,203.5

8 - 8 128 4,253.8

9 - 7 130 4,286.9

11 - 3 130 4,286.9

10 - 6 136 4,384.7 4,400

11 - 4 137 4,400.8 4,400

*12 - 0 144 4,511.8 *4,480

*9 - 8 145 4,527.6 *4,480

*12 - 1 145 4,527.6 *4,480

11 - 5 146 4,543.0

12 - 2 148 4,574.2

10 - 7 149 4,589.6
c--

6
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TABLE D (continued)

m- n
2	 2m+ n acousticf Experimental

m,n

12 - 3 153 4,650.5

11-6 157 4,711.0

12 - 4 160 4,755.8

9 - 9 162 4,785.5

10 - 8 164 4,814.8

12 - 5 169 4,887.7 4,860

13 - 0 169 4,887.7 4,860

11 - 7 170 4,902.0

13 - 1 170 4,902.0

13 - 2 173 4,945.3

13 - 3 178 5,016.3

12 - 6 180 5,044.1

10 - 9 181 5,058.4

11 - 8 185 5,113.7

13 - 4 185 5,113.7

12 - 7 193 5,223.1

13 - 5 194 5,236.6

14 - 0 196 5,263.7

;r
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	Particular large sharp upward spikes of this phenomena appear at	 {

acousticustic
aco	 for (m,n) = (1,0), ( 2 , 0 ), ( 2 ,2), ( 3 , 0 ), (3 , 2 ), (4 , 2 ), (5,2),

( 7 , 6 ), (9, 2 ), (8,5), ( 8 ,7), (10,4), ( 12 , 0 ), (9,8), (12,1) which are

denoted by one star at Table D. Particular prominent large sharp

upward spikes appear at (2,0) and at (7,6), (9,2), (8,5) which are

denoted by two stars at Table D. The first large sharp spike at

(2,0) of the acoustic resonance frequency is explained as excited

iby the basic even particularly large vibrations modes (2,0) and (0,2)

of the aluminum panel. The other particularly large sharp upward spike

C
of the acoustic resonance is explained as the interaction of the

i	 acoustic modes (7,6), (9,2), (8,5) with the close by cavity resonanceJ

mode s = 52.
f

	

	 _
E. The Plate Resonance

I	 It has been shown in Chapter VIII that the free vibrations of the

panel will establish plate acoustic wave resonance modes (m,n) of cir-

cular frequency w 2 and w 3 in the rigid duct, the value of which is

given in Eqn. (123) and Eqn. (124). These acoustic wave plate resonance

modes have a frequency which is much below cut-off of the corresponding

higher order modes in the duct, and will not propagate at all. Their

effect is primarily a near zone effect near the plate. These plate
I

resonance frequencies will also interact with the plane acoustic wave

excited by the plate, and this plane acoustic wave could propagate in

the duct at all frequencies since its cut-off frequency in the rigid

duct is zero. By these two aspects, the plate resonance modes will

f,	 affect the microphones. The experimental results in Figure 1 show that

this plane acoustic wave, which results from the interaction with the plate

109
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resonance modes, is added in the transmitter microphone out of phase to

the incident acoustic wave, and is added in the receiver microphone

in phase to the incident acoustic wave. As a result, the pressure

in the receiver microphone will be higher than usual at plate resonance

frequencies, and the pressure at the transmitter microphone will be

lower than usual at plate resonance frequencies. This will result in

less "noise reduction" in the experimental data at plate resonance fre-

quencies,and thus will result in downward spikes at plate resonance

frequencies in the experimental data given in Figure 1.

Equation (121b) gives the plate resonance frequencies in the

following form for a = b:

f = f - 1
F

D k2= hF-7L7- [(mTr2+n'T2
2327T p c 27p 	 a	 a

Tr2	

pDh (m2 + n2)	 (144a)
2a	 p

3
Substituting the value of D =	 Eh	 2 in Eqn. (144a), one obtains:

12(1 - v )

fplate = fplate = _Trh J	 E	 (m2 + n2 )	 (144b)
2	 - 3	 2a2 ,/ 120 (1	 v2)

Using the numerical values for the present case from the beginning of

this chapter,one obtains for the plate resonance frequencies:

y

fplate	 7.353 (m2 + n2 )	 (144c)_m,n

In the following Table E the theoretical numerical values of Eqn. (144)

are arranged in order of increasing plate resonance frequencies

;`	 110



m - n m2 + n2
fminte

Experimental

2 - 0 4' 29.4

'*2 - 2 8 58.8 *63

4 - 0 I	 16
r

117.6 102

4 - 2 20 147.1 134

*4 - 4 32 235.3 *219

6 - 0 36 264.7 247

6 - 2 40 294.1 290

*6 - 4 52 382.4 *383

8 - 0 64 470.6 454

8 - 2 68 500.0

to
The corresponding resonance frequency experimental 	 ^•

n

T.MTJnrrl enilrnc aro aivon frnm Fi o»ro l	 Tha rccnnanrc

are denoted by a star. The even modes of the plate vibrations

are found most prominent in (2,2), (4,4), (6,4), (8,8) of the first

few modes, The plate resonance mode (6,6) downward spike is 	 --

cancelled by the acoustic resonance upward spike of mode (1,1). The

plate resonance mode (10,10) downward spike is cancelled by the acoustic

resonance upward spike of mode (4,0).

TABLE E

PLATE RESONANCE FREQUENCIES

Note: * Denotes major experimental downward spikes

fminte = 7.353 (m2 + n2)
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m - n m2 + n2
fplate

Experimental
m,n -

6 - 6 72 529.4 517

8 - 4 80 588.2

8 - 6 i	 100 735.3

10 - 0 100 735.3

1.0 - 2 104 764.7 780

10 - 4 116 852.9

*8 - 8 128 941.2 *918

10 - 6 136 '	 1,000.0 970

12 - 0 144 1,058.8 1,040

12 - 2 148 1,088.2

12 - 4 160 1,176.5

10 - 8 164 1,205.9 1,200

12 - 6 180 1,323.5

14 - 0 196 1,441.2

10 - 10 200 1,470.6

14 - 2 I	 200 1,470.6

12 - 8 208 1,529.4

*14 - 4 212 *1,540

*14 - 6 23'2 1,705.9 *1,640

12,-
I

10 244 1,794.1 1,770

16.- 0	 "^ 256 1,882.4 1,890

14 - 8 260 1,911.8 1,890

16 - 2 260 1,911.8

'	 16 - 4 272 2,000.0 2,000

12 - 12 ^
j	

288 2,117.7
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a

TABLE E (continued)

m - n m2 + n 2
platefm Experimentaln

16 - 6 292 2,147.1

14 - 10 296 2,176.5

16 - 8 320 2,353.0

18 - 0 324 2,382.4

18 - 2 328 2411.8

*14 - 12 340 2,500.0 *2,420

*18 - 4 340 2,500.0 *2,420

16 - 10 356 2,617.7

*18 - 6 360 2,647.1 *2,630 - 2,760

18 - 8 388 2,853.0

14 - 14 392 2,882.4

16 - 12 400 2,941.2

20 - 0 400 2;941.2

20 - 2 404 2,970.6

*20 - 4 416 3,058.8 *3,000

18 - 10 424 3,11.7.7

20 - 6 436 3,205.9

*16'- 14 452 3,323.6 *3,280

20 - 8 464 -	 3,411.8

18 - 12 468 3,441.2

22 - 0 484 3558.9

22 - 2 488 3,588.3

20 - 10 500 3 ,676.5

22 - 4 500 3,676.5

16 - 16 512 3,764.7 3,700 - 3,800



m - n' m2 + n
2 fminte

Experimental
,

18 - 14 520 3,823.6 3,700 - 3,800

22 - 6 520 3,823.6 3,700 - 3,800

*20 - 12 544 4,000.0 *3,920

22 - 8 548 4,029.4 4,060

24 - 0 576 4,235.3

18 - 16 580 4,264.7

24 - 2 580 4,264.7

*22 - 10 584 4,294.2 *4,320

*24 - 4 592 4,353.0 *4,320

20 - 14 596 4,382.4

*24 - 6 612 4,500.0 *4,510 - 4,600

*22 - 12 628 4,617.7 *4,510 - 4,600

24 - 8 640 4,705.9

18 - 18 648 4,764.7

20 - 16 656 4,823.6_

24 - 10 676 4,970.6 4,930

26 - 0 676 4,570.6

22 - 14 680 5,600.0

26 - 2 680 5,000.0

26 - 4 692 5,088.3

26 - 6 712 5,235.3

24 - 12 720 5,294.2

20 `- 18 724 5,323.6
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ti

It has been shown in Eqns. (123) and (124) that the plate resonance
	 9

frequencies are split w 2 # w 3 by a small value to two components,

similar to the split of the spectrum of the atom by applying magnetic

fields. As may be seen from Eqn. (124c) the difference between the

frequencies w 2 - w 3 is proportional to k  and becomes larger for high mode_

numbers (m,n). Thus, we see in Figure 1 that as a result, the downward

resonance spikes resulting from the plate resonance frequencies are

duller in most cases than the upward spikes, becoming duller for higher

mode numbers and higher resonance frequencies. Because of the logarith-

mic scale, narrowing the distinction at higher frequencies, some

of the higher frequencies downward spikes will look much duller at

_higher frequencies under a regular scale of frequencies.

It should be pointed out that because of the interaction of the

above three major effects, the cavity resonance, the acoustic resonance

and the plate resonance, sometimes the different resonance effects

add out of phase and cancel each other, leaving no spikes in Figure 1,

but only a break in the resonance curve, if at all. Thus, it is

sometimes impossible to detect a particular frequency in the experi-

mental results of Figure 1, because it has been cancelled by other

resonance phenomena. Sometimes these different resonance phenomena

interact with each other to produce a resonance in the experimental

curve in Figure l at frequencies which can not be identified with any

one of the single phenomena discussed above.



F.	 The Wooden Back Panel Resonance

k

Although the wooden back panel is relatively massive, it can act

as a resonator under the influence of the plane acoustic wave incident

upon it.	 Thus, the wooden back panel excites reflected plane

acoustic waves at frequencies of its own wooden "plate" resonance,

similarly to the phenomena discussed in the previous section. 	 Rewrit-

ing Eqn.	 (144b):
r

:....
r

fwood =	 ^h	 EE	 (m2 + n 2 )	 (145a)m,n	
2a2 y	 2	 -	 2i P p (1	

v )

and substituting the numerical values for the wooden back panel given

in Eqn.	 (135), one obtains:

wood = 155 (m2 + n2
f	

)	 (145b)
m,n^.

In the following Table F the theoretical numerical values of Eqn.
k

(145) are arranged in order of increasing wooden back panel "plate"

t- resonance frequencies 
fwood.	

The corresponding resonance frequency
m,n

experimental data of the downward spikes are given from Figure 1.

Particularly large downward spikes are denoted by a star.

r

<- 116
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TABLE F

WOOD RESONANCE FREQUENCIES

m - n' m2 + n2 f
m,n

Experimental f
m,n

*2 - 0 4 620 *630

**2 - 2 8 1,240 **1,260

**4 - 0 16 2,480 **2,420

*4 - 2 20 3,100 *3,010

4 - 4 32 4,960 4,930

6 - 0 36 5,580

Y

Of particular interest are the large downward spikes of f2o2d

and f4o0d . The resonance frequency f2o2d = 1,240 Hz does not have any

plate resonance frequency close by to interact strongly with it, and
fi

therefore it is a sharp downward spike. The resonance frequency

wood
f
4,0 = 2,480 Hz interacts strongly with the aluminum plate resonance

frequencies f
plate = fplate = 2,500 Hz and therefore the downward spike14,12	 18,4

in this case is a dull one.

117

r

Note; * Denotes major experimental downward spikes

fm,n = 155 (m2 + n2 )



4

CHAPTER XI

i
SUMARY

In the present report the theoretical background has been given and

the theory has been developed for acoustic plane waves normally inci-

dent on a clamped panel in a rectangular duct.	 The coupling theory

between the elastic vibrations 	 of the panel (plate) and the acoustic waves

propagation in infinite space and in the duct has been considered in

detail.	 The coupling theory developed in this report is based on the

theory of acoustic waves propagation and the dynamic theory of elasti-

city and the plate vibrations.	 The partial differential equation which

' governs the vibrations of the panel (plate) has been modified by adding

to it stiffness (spring) forces and damping forces, and the fundamental

r resonance frequency f 	 and the attenuation factor a are discussed in

".
I

detail.

The noise reduction expression based on the present theory has

I been found to e.gree well with the corresponding experimental data of a

sample aluminum panel in the mass controlled region (f > fo), the

damping controlled region (f	 fo) and the stiffness controlled

region (f < f o).	 All the frequency positions of the upward and downward

resonance spikes in the sample experimental data are identified theo-

retically as resulting from four cross-interacting major resonance

,r
phenomena;	 The cavity_ resonance, the acoustic resonance, the plate

resonance, the wooden back panel resonance, and detailed tables are

given for the values of these resonance frequencies for each case.

r_
In Chapter I the basic general theoretical considerations are

introduced.
r,=
C
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In Chapter II some basic concepts of the theory of propagation of

acoustic waves and the partial differential equations which govern

the propagation of acoustic waves in_ three _dimensions are given. f

In Chapter III the acoustic uniform plane wave which varies

harmonically with time is given using complex phasor representation. '.

ThO_ incident,reflected and standing acoustic waves as well as the re-

flection coefficient are discussed.

In Chapter IV the porpagation of acoustic waves in rectangular

i
ducts is discussed in detail and some of the basic concepts are intro-

duced.	 The fundamental acoustic mode, which behaves like a plane

acoustic _wave in infinite space, propagates in the duct at all frequencies.

Higher order acoustic modes attenuate exponentially at frequencies

below the corresponding cut off frequencies,and propagate at frequencies

above the cut off frequencies. 	 A list of the cut off frequencies for

a duct with a square cross-section is given.

In Chapter V some basic concepts of the vibration theory of elastic

f
plates, as based on the theory of elasticity, and tine partial differen-

tial equation which governs such vibrations, are discussed.	 The

different possible boundary conditions, and the characteristic fre-

quencies of vibration are given.

In Chapter VI the boundary value problem of acoustic plane wave

normally incident on an infinite vibrating plate is solved, and the

k transmission and reflection coefficients of the corresponding acoustic

waves are found. 	 The transmission loss coefficient, the noise reduction

coefficient, and the insertion loss coefficient are defined and are
EF

related to each other.	 The solution gives the "normal incidence mans law."
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This theoretical result agrees with the experimental results in the mass

controlled region of high frequencies, but does not explain the experi-

mental results in the damping contolled region (near the fundamental

resonance frequency) or in the stiffness controlled region (frequencies

below the fundamental resonance frequency).

In Chapter VII the boundary vaiue problem of an acoustic plane wave

normally incident on a finite clamped panel is solved. The partial

differential equation which governs the vibrations of the plate (panel)

is modified by adding to it stiffness (spring) forces and damping

forces, and the fundamental resonance frequency is defined. The trans-

mission and reflection coefficients of the corresponding acoustic waves

are found. The transmission loss coefficient, the noise reduction

coefficient and insertion loss coefficients are derived. This theoretical

result agrees with the experimental results in the mass controlled

region (frequencies above the fundamental resonance frequency) as well

as in the damping controlled region (near the fundamental resonance

frequency) and in the stiffness controlled region (frequencies below

the fundamental resonance frequency). A formula is given for the cal-

culation of the damping factor from the experimental curve value at the

fundamental resonance frequency.

In Chapter VIII the resonance frequencies excited by the free

vibrations of the finite plate (panel) and its coupling with the air

2
surrounding it is discussed. A cubic equation for (2Trf) , where f are

the resonance frequencies for each mode (m,n) of vibration, is solved.

Dne solution is found to be the acoustic resonance frequency fl,

which is slightly smaller than the cut-off frequency of the corresponding
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mode in the rigid duct, and therefore it will not propagate, but will

attenuate exponentially.	 The other two solutions are found to be the f

plate resonance frequencies f 2 - f 3 , which differ in magnitude

slightly, and are very much smaller than the cut-off frequency of '!

the corresponding mode in the rigid duct. These two close together 	 - -i

plate resonance frequencies will excite higher order acoustic modes

which will effect the experimental results only in the near zone, and JI'

will also interact with the plane acoustic wave fundamental mode,

which can propagate in the rigid duct at any frequency.

In Chapter IX the propagation of the plane acoustic wave in the

receiving chamber of the Beranek tube is discussed.	 It is shown that

the reflection of the acoustic plane wave from the wooden back panel will
4

cause standing waves and the cavity resonance phenomena. 	 The vibrations

of the wooden back panel as a vibrating plate is discussed.	 The

effect of the coupling between two resonance systems on the resonance

frequency of each system by itself is considered.

In Chapter X the experimental results are discussed in detail in

t view of the theory presented in this report. 	 Six major theoretical

ansects of the experimental results are presented:

t
_

A.	 Plane Wave on the Finite Panel

The theoretical noise reduction curve is calculated and drawn in

heavy line in'Figure 1 and follows closely the average experimental

data in the mass controlled region, the damping controlled region and

w
the stiffness controlled region. 	 The difference between the wiggly experi-

mental curve and the heavy line theoretical curve represents the effects

r°

of the resonance phenomena and the higher order modes.
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B. The Fundamental Resonance Frequency (f o 63 Hz)

The fundamental resonance frequency f o = 63 Hz is the result of the

interaction between the basic cavity resonance frequency fiavitY = 68 Hz

of the standing plane wave along the length of the Beranek tube, and yr.

the first even resonance mode of the aluminum panel vibrations,_ y

4	 which excite the acoustic waves atf2
1^te = 58 . 8 Hz.

C. The Cavity Resonance

A large number of the experimental upward spikes in the experi-

mental curve in Figure 1 are identified with the theoretical resonance

frequencies of the standing plane acoustic wave reflected from the
K

wooden back panel. A complete list of these cavity resonance frequencies

is given.

D. The Acoustic Resonance

The rest of the experimental upward spikes in the experimental

curve in Figure 1 are identified with the theoretical resonance fre-

quencies of the acoustic resonance modes of the panel vibrations. A

complete list of these acoustic resonance frequencies is given. {

E. The Plate Resonance

The experimental downward spikes (with the exception of one) in

the experimental curve in Figure 1 are identified with the theoretical
x

f	 resonance frequencies of the plate resonance modes of the panel vib-

rations. A complete list of these acoustic resonance frequencies is

t
Pt given.i

F. The Wooden Back Panel Resonance

The two most prominent downward spikes in the experimental curve

in Figure 1 are identified with the theoretical resonance frequencies

of the "plate" resonance frequencies of the wooden back panel. The first

`	 sharp downward spike has not been identified before.
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The detailed features of the experimental curve in Figure 1 have

been explained by using the six major theoretical aspects of the

experimental results discussed above, and the theoretical results agree

with experiment.
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