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STABILITY OF THE LAMLNeR BOUNDARY WE8 

By Neal Tetemin 

Langley Aeronautical Laboratory 

This paper t rea t s  the s tab i l i ty  theory for  the 1- boundary 
layer and its applications. Fi rs t ,  a short history of the theom similar 
t o  that  in a paper by Pillow (reference l), which contains a comprehensive 
list of references, i s  given; then, an outline of the theory for  
incoqressible flow (reference 2 )  is presented. This i s  followed by a 
summary of the recent applications of the theory for  incompressible flow, 
Finally, the results  of investigations concerning the effect of corn- 
pressibil i ty and the effect of curvature on the s tab i l i ty  of the laminar 
boundary layer is mmmrized. 

Ln Prasdtlt s paper of 1904 (reference 3), which founded bomdary- 
layer theory, the region of flow around a body was divided into tvo parts. 
One region includes almost the entire flow f i e ld  and has the property 
that  the viscosity of the f lu id  in t h i s  region has no effect on i t s  
motion. The other region is a narrow one next t o  the body where the 
f lu id  velocity r i ses  rapidly from zero at the surface t o  a value which 
then changes slowly or not a t  all with *her increase in di-stance from 
the BurPace. The nar row region in which the velocity changes so rapidly 
that  the viscous forces are not negligible even Fn f lu ids  of sraall 
viscosity is called the boundary layer. To t h i s  boundary layer can be 
traced the origin of the differences between the behavior of bodies in 
real  asd i n  nonviscous fluids. 

Boundary layers are generally classified as  ei ther laminar OF 

turbulen-t. ikmimw flow is defined as  one in which almost all of the 
interchange of momentum between adjacent layers of flowing f lu id  takes 
place by molecular dff fusion (reference 4). A t  the stagnation point of 
a body and usually for  some distance downstream, the flow in the bomdqy 
layer is lamlnar. Far enough fromthe stagpation point, however, the 
flow i n  the boundmy layer chasges fromthe ~mooth laminar flow t o  a 
violently fluctuating one - the turbulent flow. A s  shown in figure I, 
the turbulent flow is associated with a different manner of increase of 
the average velocity with distance from the Burface and with a hi&er 
skin friction. The skin fr ict ion for  turbulent flow is usually several 
times the skin f r ic t ion for  laminar flow. 

In normal f l igh t  attitudes the profile drag of wings and fuselages 
i s  almost directly proportio.mil t o  thei r  skin fr ict ion.  It is  thus 
possible t o  reduce greatly the drag of a i rcraf t  'by so constructing them 
that  extensive regions of 1- flow can exist.  One method is t o  
desi- shapes that are favorable for  long lengths of laminar flow; 
another is  t o  act directly upon the 1a.minR.r b o u n d q  layer. The f i r s t  
msthod has led t o  the MCA 6-eeries a i r foi l6  (reference 5 ) ;  the second 
which includes various types of suction and blowing i s  s t i l l  in the 
relatively early stages of developmnt (reference 6).  The close connec- 
t ion between a i rcraf t  drag and the type of flow in  the boundary layer 
thus makes it important t o  understand how the change from laminar t o  



turbulent flow occurs. Such an understanding may eventually lead to 
aircraft with considerably lower drag (reference 7). 

The change from laminar to turbulent Plow is known as transition. 
Several. causes of transition are (1) disturbances that originate in the 
outer strean such as those that occur when the free stream is turbulent, 
(2 ) disturbances introduced into the laminar boundasy layer itself, for 
example, by surface roughness, a d  (3) a rising static pressure in the 
direction of flow that causes a oomplete reversal of the flow and eddies 
n e w  the surface. Hi~~torically the subject first attracted attention 
because an apparently smooth flow would mddedly become turbulent. 

It is interesting to note that the problem of the stability of 
laminar flow drew the attention of investigators years before modern 
aeronautics a d  boundary-layer theory began. The first recorded 
suggestion that the HavierStokes equation of motion might have unstable 
solutions was made by Stokes in 1843 (reference 8). Twenty-f ive years 
later Helmholtz (see reference ll of reference 1) showed that, in a 
nonviscous fluid, surfaces across which mere was a discontinuity in 
the velocity were inherently unstable. Rayleigh (reference 9) was the 
first to really attack the problem. He published his first paper on 
the sub3ect of stability in 1879 and his last on the same subject 
thirty-f live years later (references 10 and 11). Rayleigh investigated 
the stability of various hypothetical velocity distributions with the 
effect of viscosity. on the disturbed motion neglected. 

~n 1883, ~epolds (see reference 48 of reference 1) published the 
results of 'his classic experiments on the t~ansition from laminar to 
turbulent flaw in pipes. Later, in 1895 (reference 12), he investigated 
the transition problem theoretically by seeking to determine the smallest 
Reynolds nuDliber above which an arbitrasy disturbance would increase 
initially. The work was criticized by Sharpe in 1905 (see reference 46 
of reference 1) and by Lorentz (see reference 29 of reference 1) in 1907 . 
on the pound that the critical Reynolds number depended strongly on 
the form of the disturbance. Between 1907 and 1909, Orr (reference 13) 
improved Reyno1ds"thod by using the calculus of variations to find 
the largest Reynolds nunber below which all disturbances decrease. Orrts 
work, however, has in turn been criticized because it allows all 
disturbances and, therefore, gives critical Reynolds numbers that are 
m c h  mailer than those observed for quiet flows. 

In 1908,.a short time after Orrts work was published, Sommerfeld 
(see reference 26 of reference 1) independently set up the problem for 
the two-dimensional flow in which the velocity is parallel to the w a l l  
and is dependent only on the distance from the wall. Somrfeldts 
and Grrus investigations formed the basis of the work leading up to the 
present theory of boundary-layer instability. During the following 
years, Von Mises (see references 27 and 28 of reference 1) arnd Hopf 
(reference 14), by making use of the work of Orr and Somerfeld, found 



plane Couette flow, the flow which exists when two parallel planes 
separated by fluid slide past one another, to be stable for all tlne 
Reynolds numbers that were investigated. For the plane Couette flow 
the velocity varies directly with the distance from the wall. 

Taylor, in 1923, (reference 15) investigated the Couette motion 
between rotating cylinders theoretically asd checked the results 
experimentally. In contrgst to most of the work on plane flows where 
the disturbances were assumed to be two dimensional, Taylor" theory 
was based on three-dimensional. disturbances. For a number of years 
Ta.ylorts work was a high-water mark in the understanding of the break- 
down of laminar flow. 

Ln 1924, Heisenberg (reference 16) successfully studied the stability 
of a variable continuous vorticity distribution by making use of the 
work of Orr and Sommerfeld. As an example he showed that plane 
Pofseuille flow, the flow under a uniform pressure gradient between 
fixed parallel planes, is unstable for sufficiently large Reynolds 
numbers. This flow has a parabolic velocity distribution. Eeisenberg8s 
theory was not generally accepted, perhaps, because his computations 
were incomplete and rough. 

The first to investigate the stability of the boundary layer was 
Tletjens (reference 17) in 1925. He replaced the velocity profile by 
line segments and applied Rayleights theory, taking account of viscosity 
near the wall. Tietjens did not obtain a critical Reynolds nwnber for 
the flat plate. The use of line segments to replace a velocity profile 
had already been shown to be invalid by Heisenberg. The next to investigate 
the stability of the boundary layer were Tollmien in 1929 (reference 18) 
and Schlichting in 1932 (reference 19). Both used what was essentially 
Heisenberg" theory and during the 1930% developed it sufficiently for 
use as a research tool (references 20 and 21). Ln 1945, Lin published 
hfs comprehensive work on the stability of two-dimensional pmallel flows, 
(see reference 2.) This work made the theory more rigorous mathematically, 
provided a rapid approximate means of determining the minimum critical 
Reynolds number of a flow, and Fmproved the physical picture of the 
instability. Ln addition it provided stability limits for the flow over 
a flat plate that agree better with experimental results than do the 
calculations of Tollmien and Schlichting. 

The following is an outline of Lints stability theory (reference 2 ) . 
The purpose of the theory is to determine whether a particulajr flow is 
unstable for sufficiently large Reynolds numbers, to determine the 
m i n i m  critical Reynolds number at yhich instability begins, and to 
understand the physical mechanim of the growth or decay of disturbances, 
The basic assumptions of the theory are that (1) the disturbances a r e  
small, (2) two4imensional disturbances alone are considered, (3) the 
flow is essentially parallel to one direction (thus, the boundary-layer 
approximation that the derivative parallel to the surface of a y  
quantity connected with the main flow is negligible compared with the 



derivative norma,l to the surface of the same quantity is applicable), 
(4) the velocfty distribution normal to the surface is everywhere the 
sane, md (5) the boundary conditions are everywhere the sane. 

The development of the theory is begun by writing the Navier-Stokes 
equation of motion for two-dimensional incompressible flow in a f o m  
that uses the vorticity I: and thereby eliminates the pressure. The 
equation of motion then appears as: 

where x is the coordinate along the surface, y is the coordinate 
L 

normal to the surface, 

is the velocity parallel to the kurface, 

is the velocity normal to the surface, 

and V is the kinemtic viscosity. 

The stream function $ is assumed to be the sum of the stream 
function of the steady flow 3 and of the stream function of the 
disturbance . The introduction of the stream functions makes both 
thb mean asd the disturbance velocities satisfy the equation of 
continuity. Thus, let 

and substitute into equation (1). Then, because the disturbance is 
1, tern quadratic in q t  and its derivatives can be neglected. 

Equation (1) then becows 



The flow is now assumed to be essentially parallel to the x-axis, thus 
making the boundary-layer approximations applicable. Therefore, it is 
permissible to neglect the x-derivative of any quantity connected with 
the main flow compared with the y-derivative of the same quantity. For 
the disturbance, however, the quantities 9: and q8,, which m e  the 
disturbance velocities u ' m d  -vt along I he x- and y-axes, respec%ivelY", 
are of the sams order of magnitude. After making the boundary-layer 
approximation, equation (2) becomes 

The approximation that the velocity distribution normal to the w a l l  is 
independent of x now makes it permissible to use the local values at a 

given value of x for = 3 = Sy a22 3% _ -  and for - - Equation (3) 
as ap ay3' 

then becomes * t 

A main flow with an arbitrary distribution of velocity G(y) I s  now 
assumed to exist between two pmallel planes y = yl and y = y2. Then 
the disturbance stream function qqx, y,t ) must be made to satisfy 
both equation (4) and the conditions ut = v' = 0 at y = yl and y = y2 

where uP and vu m e  the disturbance velocities. The disturbance 
stream function is now assumed to be given by 

where $ disturbance amplitude function 

a = 2n 

Wave length of disturbance 

x coordinate along the plate 

t time 

and c is complex; the real part of c, that is, cry is the velocity 
with which the disturbance moves downstream; and the imaginary part of 
c, that is, ci, determines whether the disturbance dies out (ci < o ) ,  
does not change w-ith t- (ci = 0), or increases in amplitude with 

time (ci > 0) 



After d l  the velocities have been referred to a reference velocity U 
and all lengths, to a ref erence length 1, a Reynolds number R '= 

has been defined, and the equation for \J/ has been used, equation (4) 
becolnes the linearized differential equation for 9(y) which is known 
as the OrrSomrf el& equation. 

Equation (5 ) is a homogeneous , linear, ordinary differential 
equation of the fourth order. Its solution is 

where the tPs s e  particular solutions and the C% s e  constants of 
integration. 

must 

that 

The four boundary conditims which are 
be satisfied are 

pl(Y1) = 0 

$(y2) = 0 

is, vv = 0 at y = yl and y = y2, 

independent and which - 



When these boundary conditions are used with equation (6 ) ,  the result  
is  the determinant 

which involves the ~ o l u t i o n  of equation ( 5 ) .  After the functions 

$, g3, and $4 which contain the paramstera a, R, and c have 

been determined with sufficient precision, which is a very involved 
process, the determinant (8) i s  written out and %he rea l  and imaginary 
parts equated t o  zero. The result  is two rea l  equations inyolving the 
parameters a, R, cr, and ci. Lf c i  is made zero and cr i s  
eliminated between the two rea l  equations, the result  i s  a relation 
between a and R. This relation between a, a quantity inversely 
proportional t o  the wave length of the disturbance, and R, the  Reynolds 
number, defines the neutral curve along which the disturbances are 
neither ed nor amplified. The curve divides the a,R-plane into 
a stable region and an unstable region. The exaalAe8-t value of the 
Reynolds number for  which amplification can occur i s  called the m i n i m  
c r i t i ca l  Reynolds number. Above the minimum c r i t i ca l  Reynolds nurnber, 
disturbances in the correct frequency range are amplified and, i f  they 
grow large enough, cause transition t o  turbulent flow. Lin has found 
that  a l l  velocity distributions of the symmetrical type and of the 
boundary-layer type are unstable fo r  sufficigntly large, but f in i te ,  
Reynolds nunibers. B his  paper, Lin has given a useful approximate rule 



for the determination of the minimum critical Reynolds number; the 
rule is 

where 

and where c is equd to the value of ii for which 

Us is the velocity at the edge of the boundary layer, 6 is the thick- 
ness of the bound- layer, and subscript 1 denotes "at surface." The 
velocities are referred to the velocity at the boundary-layer edge and - 
the lengths, to the distance from the wall to where u = 1. 

The physical interpretation of the instability process (references 2 
and 22) is that the viscosity shifts the phase between the x- and 
y-oqonents of the disturbance in such a way that energy is drawn from 
the mab flow and builds up the amplitude of the disturbance, 

The validity of the asswnption that for a parallel flow it is 
necessary to investigate only two-dimensional, disturbances was confirmed 
by Squire (reference 23). In 1933 he showed that a two-dimensional 
disturbance produces instability at a malLer Repolds number than a 
corresponding three-dimensional disturbance. 

Ln 1941, Pretsch (reference 24) showed that the relations between 
the parameters a> R, and c are the same whether both the m a n  and 
the disturbance velocities in the boundary layer are functions of x and 
y or of y done as assumed in the development of the theory. This 
important result means that the stability of the boundary la$er at any 
value of x is dependent only on the local velocity distribution. The 
present theory can therefore be used when both the velocity distribution 
in the boundary layer and its thickness change along the surface. 



It should be kept in mind %hat the theory is a smal14.iatmbance 
theory. Therefore, conclusionu drawn from it should not be applied to 
cases where finite di st-wbmces are introduced into the bountlwy l&y-er . 
such disturbances we of ten introduced by roughness particles, which 
although small, may easily produce distiu;bances much greater than the 
vanishingly small disturbances allowed by the theory. It should also 
be nokd that the theory merely predicts when infinitesimal disturbances 
will begin to grow. The disturbance cannot be traced by the th.cory to 
the stage where the disturbance has grown large enough to produc:e 
turbulent flow. The growth of the infinitesimal disturbance takes t2n.e; 
and, therefore, when tramsition develops fron the growth of ini'initesiml 
dist-ibances, the transition point lies scme distance domstrem of the 
instability point. The magnitude of the distance depends on thi; ?ate of 
amplification of the disturbance and therefore on the flo-J con~it-ions. 

Because of the mny assumptions amd because of the c:om~lexity of 
the aathematical development, the thebry and its pred.ictions were not 
taken seriously by many until fairly recently. In 1'343 the results of 
the outstanding ex-perimatal wcrk of Schubauer and Skranstad appeared 
(reference 25 ) . The results showed that the laminar bomdary-layer 
oscillations predicted by the stability theory of Tollmien and Schlichting 
not only were present but that the theory correctly predicted their 
characteristics. Figure 2 shows the neutral curve calculated by Lin, 
probably the most accurate calculation to date, and the experimental 
points obtained by Schubauer and Skrwtad for flow over a flat plate. 
The circle spibols should lie on branch I; the cross symbols, on branch 11, 

Ih Germany during the war, the theory was used to calculate stability 
limits for flows in which there were small velocities through the surface, 
For these suction or blowing flows, the same stability theory was used 
as for impemious walls. This use is permissible because both the 
equations describing the motion and the boundary conditions that have to 
be satisfied by the disturbances are unchanged by -11 flows through 
the W&U. The stability limits were computed for four exact solutions 
of the Prandtl boundary-layer equations. A boundary-layer velocity 
distribution must be known precisely before its stability limits san 
be determined accurately. The following results were taken from a 
paper by Ulrich (reference 26). The first case is the "Asymptotic Case, " 
It applies to flow over a flat plate with a constant flow velocity into 
the plate and concerns only the region that is so far from the leading 
edge that no boUIId&rj-layer characteristic changes with a further increase 
in distance from the leading edge. For this case, the surface friction 
coefficient is independent of the viscosity and, for equal boundary-layer 
Reynolds numbers, is 1-73 times greater than the surface friction on the 

UO6* plate without suction. The minimum critical Reynolds number - 
v '  

where 6* is thf: &isplacement thickness, is given by Pretsch as 55,200 
(reference 27 )  in contrast to 575 obtained by Schlichting for the flat 



pla te  without suction. Other Gemnan investigators have obtained the  
value 70,000 f o r  Rg* (reference 28) instead of 55,200 so t h a t  there 
seems t o  be some differences causedby d i f fe rent  calculating procedures. 
Ln order t o  keep the  boundary-layer Reynolds number always l e s s  than the 
minimum c r i t i c a l  Remolds number, and thus t o  keep the  boundary layer  

s table ,  making the suction r a t i o  - 5 ,  1 . 8 ' ~  1 0 3  is suff ic ient  when 
uo 

55,200 i s  used f o r  the  value of %*cr; vo is  the  suction veloci ty  and 

is negative when i t s  direct ion is  in to  the  p la te  and Uo i s  the  free- 
stream velocity.  

T.e second case i s  the  "Constant Suction" f law.  Here also, there  
is  a constant suction veloci ty  through the  surface of the  plate,  but 
the  en t i r e  p la te  i s  t rea ted  and the veloci ty  prof i les  a re  not similar t o  
one another. Near the  leading edge of' t he  plate ,  t he  p ro f i l e  is the 
Blasius flat-plate prof i le  (reference 29); but as the  distance from the  
leading edge increases, t he  p ro f i l e  becomes more convex and f i n a l l y  
approaches the  asymptotic prof i le  at large distances f romthe  leading 

-To edge. When the suct5on r a t i o  - > 1.2 X lo4, the  flow is s tab le  
uo 

over the  en t i r e  plate .  This suction ra t io ,  1.2 X lo4 i s  about seven 
times the  r a t i o  necessary f o r  s t a b i l i t y  with the  a s p p t o t i c  profi le .  
The greater suction i s  necessary because the  veloci ty  prof i les  near the  
leading edge of the  p la te  axe not as s tab le  as the  more convex asymptotic 
profi le .  Note, however, t h a t  the  required suction r a t i o  is still very 
small.. The flow veloci ty  through the  p la te  is about 0.001 of the  free- 
stream velocity. 

Another case f o r  which the s t a b i l i t y  computations based on exact 
solutions of the  boundary-layer equations were made is the  one in which 
the  suction veloci ty  var ies  inversely as fi from the  leading edge of 
a f l a t  plate .  The r e s u l t s  a r e  shown i n  f igure  3. For t h i s  flow all 
the  velocity p ro f i l e s  a re  similar t o  one another and change t h e i r  form 
only when the  suction coeff ic ient  CQ is chmged. The suction 
coeff ic ient  i s  defined by 

where 

2 

b 

Q 

length of p la te  

width of p la te  

free-stream veloci ty  

t o t a l  suction quantity 



The value 575 f o r  RE* corresponds t o  the  value 1.1 x 105 f o r  R,; 
4 the value 10 f o r  R *  correspondsto the  value 8.3 x 107 f o r  sJ 

an Increase in % of about 750 times. Figure 3 c lear ly  shows tha t  

sucking, posi t ive CQ, increases the  s t a b i l i t y  of the  flow over t h a t  

on an impervious f l a t  p la te  and t h a t  blming,  negative CQ, decreases 
the  s t ab i l i t y .  In general, suction increases the  s t a b i l i t y  of a boundary 
layer  both because the  boundary layer  is  kept t h i n  a d  because the 
velocity prof i le  i s  made more convex. 

The fourth case f o r  which s t a b i l i t y  computations based on exact 
solutions of the  boundary-layer equation ex i s t  is t h a t  f o r  the  flow near 
the  stagnation point of a two-dimensional body which has a constant 
suction or blowing veloci ty  through i t s  surface. The region considered 
is  t h a t  region where the veloci ty  at the  edge of t h e  boundary layer  
var ies  d i r ec t ly  a s  the  distance from the  s tagxi t ion point. The r e s u l t s  
a re  shown in f igure  4. In t h i s  region U = ulx, where U i s  the 
veloci ty  at  the  edge of the  boun* layer,  u l  is a constant, and x i s  
the  distance from the  stagnation point measured along the  surface. Here 
again, all the  veloci ty  p ro f i l e s  a re  similar t o  one another and change i n  
shape only when Co, the  suction coefficient,  is changed. The boundary- 

layer  thickness is independent of x. It should be noticed that the flow 
near the stagnation point has a f a l l i n g  pressure in the  direct ion of the  
flow; the  previously mentioned flows were all f o r  zero pressure gradient. 
The increased s t a b i l i t y  caused by the  f a l l i n g  pressure i s  shown i n  
f igure 4. A n  amount of blowing corresponding t o  Co < -3, where 

-77 

Co = A, i s  necessary before s t a b i l i t y  is reduced f r o m t h a t  f o r  no 
I q F  

flow through the  surface t o  t h a t  f o r  the  impervious f l a t  p la te .  When 
there i s  no flow through the  surface, t he  boundmy layer  near a stagna- 
t i o n  point has a c r i t i c a l  Reynolds number of 12,300 in contrast  t o  the  
value of 575 f o r  the  f l a t  plate;  the increase of about 20 times i s  
caused by the  f a l l i n g  pressure along the  surface. 

Ln f igure 5 i s  shown the  theore t ica l ly  predicted drag reduction f o r  
two t m e s  of flow over f l a t  p la tes  with just  enough suction t o  maintain 
s t ab i l i t y ;  one is the "Constant Suction" case and the  other i s  the case 
f o r  which the  suction velocity is  inversely proportional t o  6. The 
drag reduction i s  a large percentage of the  drag of a p la te  wi 'h  a 8 completely turbulent boundary layer  a d ,  f o r  R, l e s s  than 10 , a 
constant suction veloci ty  is  be t t e r  than a suction velocity inversely 
proportional t o  6. 

The skin-friction values upon which the comparison in f igure  5 
is  based a re  obtained from the  veloci ty  derivative a t  the  surface. The 
sucked-in f l u i d  remains a t  r e s t  i n  the  p la te  and the power required t o  
suck the  f l u i d  in to  the p la te  is  not considered. Lf, however, it i s  



assumed that the sucked-in fluid is ejected with free-streaxn total heaci 
mil that, in orde? to do this, total head is added to the fluid with 
efficiency of unity, then the drag reduction shown is the true drag 
reduction if the total-head loss through the surface is equal to the 
free-stream d.ynamic pressure. If the total-head loss through the sl~ri'aca 
is greater than the free-strem dynamic pressure, then the drag red-action 
 ill be less than S~O~T* pad vice versa, Because only small quantities 
of suction air are requirad to maintain laminar flow, the percentage b a g  
r.eci~:*ti,cr changes fairly slowly with a change of total-head loss through 
tht: 131zte. 

These results are the sum total of the known stability computations 
based on exact solutions of t.ile Ict;aina,r boundary-layer equations. The 
only case directly applicable to flow about an airfoil is the stagnation- 
point fipw. 

Before the stability boundaries for an airfoil can be computed, the 
velocity r',.-isi;r.ibutions th3"ough. the bounda~y layer m s t  be known. IWin$ 
the war, Sclllichting developed an approximate method for the computation 
of the l r n i ~ ~  boundary layer over an arbitrary two-dimensional body 
with an arbitrary distribution of suction along the surface (reference 30). 
The method is related to the Pohlhausen method which treats flows without 
suction. Schlichtingfs method uses the boundary-layer momentum equation 
for thc;; case there is flow through the surface and assmes a one- 
paran~tsr I'm~Lly of curves for the boundary-layer velocity distributions, 
Tce parmeter for the velocity distribution depends on the pressure 
diatributSon over the body and on the suction flow through the surface. 

The critical Reynolds number of a velocity profile is sensitive to 
I t s  shape. Therefore, the accuracy of an approximate method, such as 
SckGichi,inggs, when the results are to be used for stability computations, 
can be tested only by coqaring the critical Reynolds numbers with those 
Prcm en accurate computation of the boundary layer, 

?Tie foregoing discussion -ms restricted to incompressible flow. 
?lie p~o'olem of the stability of the laminar boundary layer in a com- 
'.-fa+ li..,,,ible O C gas has, however, not been neglected. The increase in flight 
speeds has given the problem practical, a& well as purely scientific, 
impori;mce. .. 

'The stability theory for conprt.sssibie flow has been developed by 
Lees md Lj.n (references 31 and 32 ) to about the same state as the theory 
f o r  inc:ou~pressible flow. The deveiopment of the theory for compressible 
f l o w  is similar to that for incompressible flow. Ln the theory for 
co~~pl.essible flow, nowe~rer, in ccjntrast to the theory for incompressible 
flaw, t.Ilt? heait. anergy is 'important and the physical properties of the gas 
are not f iued. Nemri;heless, the m i n  physical mechanism is not changed. 
Tlzt? sta-~iiity cf a v.eloc:lty distribution depends on the distribution of 
the prociuct cf density and vorticity and on the effect of the viscous 



forces but not d i rec t ly  on the heat condustivity. Tkie e,qrsssicn 

f o r  compres$file flow takes the place of the expression hp) as as - . -  
incompressible flow a s  ul important fac tor  i n  d e t e m i ~ i n g  the s t a b i l i t y .  
It is  notsd, ?mwever, t ha t  a s  yet f o r  compressible f l0 . r~  there is  no 
rigorous proof t h a t  the  two-dimensional d is tubances  upon which the 
theory i s  based are  more unstable than three-dinensiond. disturbances. 

The main r e s u l t s  of Leest and Linst work can be s m e d  up i n  the  
f ollcwing statements : 

(1) When the free--stream veloci ty  i s  subsonic, every ldriar 
bounday-layer flow i s  unstable a t  suff ic ient ly  large Remolds numbers. 

(2 )  A t  a l l  free-stream Mach numbers the flow i s  mstable a t  

suf f ic ien t ly  large Reynolds numbers i f  the y derivative of p - is  
1 

zero f o r  a value of u > 1 - - 
;ss 

%' 
(3)  An approximate expresnion f o r  the minimum c r i t i c a l  Reynolds 

number i s  obtained, similar t o  the expression dbtain60 by Ein Icy 
incompressible flow. 

( 4 )  A s  sho-m i n  f igure  6 the s tab i . l i ty  of t t -~e  l~aminar boundssy 
layer  on an insulated surface decreases with increase i n  Mach number. 
A t  M, = 1, Rx i s  l e s s  than half i t a  value a t  M, = 0. 

crmin 

( 5 )  A s  shown i n  f igure  7, the  r a t i o  of the  surface temperature t o  
the free-stream temperature has a large ef fec t  on the boundary-layer 
s t ab i l i t y .  Thus, at a Mach nwxber of 0.7 the value of the boundary- 
'layer Repolds number RQ, based on the mo~dntwn,thickness as  the 

length, a t  which the  boundary layer  T i r s t  be(-ones unatable increases 
about 40 times when the surface temperature i s  changed ?ram 110 percent 
of the free-stream temperature, the  stagpation--leriperature r a t i o  f o r  a 
Mach number of 0.7, t o  70 percent of the free-stream temperature, On 
the other hand, an increase of surface temperacTm* frcn 110 percent of 
the free-stream temperature tb 125 percent of the i'r.;.-.+tream temperature 
halves the Reynolds number a t  which the flow becomes -a ; ta~ie .  

(6)  A t  supersonic free-etream vel.ocities, the bouncxary layer  can 
be made s table  a t  all Reynolds numbers by maintaining the s:urface 
temperature at a s m a l l  enough f rac t ion  of the free-stream temperatwe. 
For Mo > 3 a t  50,000 f e e t  a l t i t ude  m d  f o r  Mo > 2 a t  100,c7CO f e e t  

a l t i tude ,  the radiat ion of heat fram a surface cm make the r e t t o  of 
the surface temperstme t o  the free-stream tem$erature small enough t o  
enswe a s tab le  boun3arg layer  a t  a l l  Reynolds numbers, i n  the absence 
of an actvers5 presmr gradient. 



The stability theories for both the incompressible and the compressible 
lamine boundary layer, which have just been discussed, were developed far 
flows in which the effects of surface curvature were negligible. Because 
most aircraft components are cumred, it was not clear whether the stability 
theory for flat surfaces was directly applicable. The effect of curvature 
on the stability of the incompressible boundary layer was investigated 
theoretically by Girtler about 1940 (references 33 to 35) and experimentally 
by Liepmann (references 36 and 37) in the following years. 

Grtl6r found that the two-dimensional wavelike disturbances were 
hardly affected by w a l l  curvature. When, however, the stability of the 
boundary layer on curved walls was considered by investigating the behavior 
of vortices with their axis parallel to the main flow, analogous to the 
Taylor vortices in flow between concentric rotating cylinders, an 
instability caused by these vortices was found to be possible only on 
concave walls. The effect was so large that the effect of the usual two- 
dimensional. disturbances was completely overshadowed. Gbrtler" theory 
is, like the two-dimensional disturbance theory, a small-disturbance 
theory that assumes the main boundary-layer flow to be the sane over the 
entire surface. Also, the boundary-layer thichess is assumed to be 
small cam;?ared with the radius r of the wall. It was found, as shown 

in figure 8, that the wall curvature and the Remolds number occur in 

the combination Re and that instability occurs above a value of Re 

that depends on af3, where a is inswrsely proportional to the wave 
length and 8 is the boundary-layer momentum thickness. The neutral 
curve shown is for the Blasius velocity distribution. Gb;rtler found that 
the instability region was only slightly affected by the shape of the 
velocity distribution through the boundaq layer when the momentum 
thickness 8 was used as the measure of the boundary-layer thickness. 

In agreement with Gbrtlergs theoretical work, Liepmann found experi- 

msntally that Rg was the parameter defining the stability of the 

boundary layer on concave surfaces. Liepma.nn concluded that transition 

can be expected when the value of Re & reaches about 9.0. It may be 
observed that fitler found the minimum critical value of Re to 

be 0.58. It should be noted, however, that Liepmannqs criterion concerns 
transition, whereas G&tlerqs concerns the stability'of the boundary 
layer. Liepmann also found, in agreement with Wrtlerqs work, that in 
contrast to flow over convex or plane surfaces, a prassure gradient 
along the wall had a negligible effect on the stability of the flow over 
concave walls. Thus, on convex and plane surfaces instability of the 
boundary layer is caused by the Tollmien-Schlichting waves; whereas the 
instability on concave walls is caused by three-dimensional disturbances. 
En figure 9 is shown the dependence of Reynolds number for transition Retr 
on the effective curvature 8/r. The value of Retr is practically 



independent of c m t u r e  f o r  convex walls and i s  about equal t o  the value 
f o r  the  f l a t  plate .  The value of R 

Qtr 
f o r  concave walls, however, 

decreases rapidly a s  the  effect ive curvature increases. The data in 
f igure 10  show t h a t  the  experimentally determined s t a b i l i t y  limits f o r  
the  boundary layer  on a convex wall and the  calculated s t a b i l i t y  limits 
f o r  the  boundaq layer  on a f la t  p la te  a re  about the same except at 
the  lowest Repolds numbers. The upright t r iangles  should l i e  on the  
upper branch of the  neut ra l  curve; the  inverted triangles,  on the lower 
branch. The neutral  curve f o r  the  experimental points fo r  r = 20 f e e t  

and a l so  the  curve f o r  the  points f o r  r = 2r$ f ee t ,  not shown i n  the fig- 

ure, have a s l igh t ly  higher minimum c r i t i c a l  Remolds number than the 
neutral  curve f o r  the f l a t  plate .  The reason f o r  the  difference i s  not 
def in i te ly  known. 

This paper has attempted t o  present a short  h is tory  of the  theory of 
the  s t a b i l i t y  of laminar flow, an out l ine of the  theory f o r  incompressible 
plane flow, a summary of the  applications of the  theory i n  combination 
with suction flows, a re&& of the  r e s u l t s  of the  theory f o r  compressible 
plane flow, and a summasy of the theoretical. and experimental. r e s u l t s  f o r  
curved flows. The s t a b i l i t y  theory based on inf ini tesimal  disturbaslces 
may be regarded a s  expkrimentally ver i f ied  f o r  incompressi'ple flow over 
plane surfaces asd, probably, a l so  f o r  c m e d  surfaces. Ekqerimental work 
remains t o  be done i n  verifying the  s t a b i l i t y  theory f o r  compressible 
flows. An extension of the  s t a b i l i t y  theory t o  the  realm of f i n i t e  
disturbances f o r  the  purpose of calculating t r ans i t ion  points i s  
desirable. 



1. Pillow, A. F.: A Review of Hydrobynmic Stability and Its Beming 
cn Trmsition to Turbulent Fl';w in the Boundzry Layer, Council 
for Sci. and Res., Civ. Aero., Commonwehlth of Australia, 
Rep. 11-35, 1945. 

2. Lin, C, C.: 011 the S%@ili.ty of Two-Dimensional Parallel Flows. 
Part I. Quarterly Appl. Math., vol. 111, no. 2, July 1945, 
pp . 117-1.42; Part IT, vo3.. TI:[, no. 3, Oct . 1'345, pp. 218-234; 
a d  Part 111, vol. 111, ria. 4, Jan. 1946, pp. 277-301. 

3. Prandtl, L.: Motion of Fluids with Very Little Viscosity. NACA !I'M 
No. 452, 1328. 

4. Fluid Motion Panel of the Aeronautical Research Committee and Others: 
Modern Developments in Fluid Dynamics. Vols. I and 11, S. GolLstein, 
ed., The Clarendon Press (Orxford), 1938. 

5 .  Abbott, Ira H., von Doenhoff, Albert E., and Stivers, Louis S., Jr.: 
Summary of Airfoil Data. NACA Rep. No. 824, 1945. 

6. Galdstein, Sydney: Low-Drag and Suction Airfoils. Jour. Aero. Sci., 
vol. 15, no. 4, April 1948, pp. 189-214. 

7. Squire, H. B., and Young, A. D.: The Calculation of the Profile Drag 
of Aerofoils. R. & M. No. 1838, British A.B.C., 1938. 

8. Stokes, George Gabriel: On Some Cases of Fluid Motion. Mathematical 
m d  Physical Papers, vol. I, Univ. Press (cambridge), 1880, pp. 17-68. 

9. Rayleigh, Lord: On the Lnstability of Jets. Scientific Papers, vol. I, 
no. 58, Univ. Press (Cambridge), 1879, pp. 361-371. 

10. Rayleigh, Lord: On the Stability or Instability of Certain Fluid 
Motions. Scientific Papers: Part I, vol. I, no. 66, 1880, 
pp. 4'74-487. part 11, vol. 111, no. 144, 1887, pp. 17-23. 
Part III, vol. IT, no. 216, 1895, pp. 203-210. 

11. Rayleigh, Lord: Stability of the Laminar Motion of an Inviscid 
Fluid. Phil. Mag., no. 26, Dec. 1913, pp. 1001-1010. 

12. ~e~nolds, Osborne: On the Dynamical Theory of Incompressible Viscous 
Fluids and the Determination of the Criterion. Phil. Trans. 
ROY. Soc.  ondo don), ser. A, vol. 186, 1895, pp.. 123-164. 



13. O r r ,  W i l l i a m  MVadden: The S tab i l i ty  or Ins t ab i l i ty 'o f  the  Steady 
Motions of a Liquid. Proc. Roy. I r i s h  Acad., vol. I, ser .  A, 
noo 3, 1907, PP. 9--138- 

14. Hopf, L. : Decrement of SmaU Vibrations i n  the  Flow of a Viscous 
Fluid. A m .  d. Physik, vol. 44, no. 4, April 28, 1914, pp, 1-60. 

15. Taylor, G. I. : Stab i l i ty  of Viscous Liquid Coritained between 'TWO 

Rotating Cylinders. Phil. Trans. Roy. Soc . (London), vol. 223, 
Feb. 8, 1923, pp. 289-343. 

16. Heisenberg, Werner: tjber ~ t a b i l i t ' a t  und Turbulenz von Flussig- 
keitsstr'cimen. Ann. d. Phys., Vierte Folge, Bd. 74, no. 15, 1924, 
pp* 577427. 

17. Tietjens, 0.: Beitriige zur Ehtstehung der Tw;bulenz. Z.f.a.M.M., 
Bd. 5, Heft 3, June 1923, pp. 20G-217. 

18. Tollmien, W. : The Production of Turbulence. NACA TM No. 609, 1931. 

19. Schlichting, H,: Z u r  Ehtstehung der Turbulenz be i  der P la t tens t r  
lTacb. d. Ges. d. Wiss. zu Gtt ingen,  Math.-Phys. K l . ,  3-93?, 
pp. 181408. 

20. Tollmien, W.: General instability Criterion of Iaminar 
Velocity Distributions. mCA TM No. 792, 1936. 

21, Schlichting, H.: Amplitudenverteilung und Energiebilanz der kleinen 
Stijrungen be i  der Plattenstrommg. Nachr. d. Ges. d. W i s s .  zu 
Wttingen, Math.-Phys. K l . ,  Neue Folge, Bd. 1, N r  . 4, 1935, 
pp. 47-78. 

22. Prandtl, L.: The Mechanics of Viscous Fluids. Vol. In of Aero-- 
dynamic Theory, div. G, W. F. Durand, ed., Ju l ius  Springer ( ~ e r l i n ) ,  
1935, pp 34-208. 

23. Squire, H. B.: S tabUi ty  f o r  Three-Dimensional Disturbances of 
Viscous Fluid Flow between Para l le l  W a l l s .  Proc. Roy. Soc. 
(London), ser .  A, vol. 142, no. , Nov. 1, 1933, pp. 621-528. 

24. Pretach, J. : Die S t a b i l i t a t  einer ebenen Lamina_rstrijmg bei  
DruckgefUe und Druckamstieg. Jakrb. 1941 der deutschen 
Luftf &rtf  orschung, R. Oldenbourg (bhmich), pp. I 158 - I 175. 

25. Schubauer, G. B., and Skramstad, H. K.: Laminar-Boundary-Layer 
Oscillations and Transition on a F la t  Plate.  NACA ACR, 
April 1943. 



26. Ulrich, A. : Theoretical Investigation of Drag Reduction in Main- 
taining the Laminar Boundasy Layer by Suction. NACA TM No. 1121, 
1947. 

27, Pret sch, J. : Wchlagbeginn und Absaugung . Jahrb . 1942 der 
deutschen Luftfahrtforschung, R. Oldenbourg (Munich), pp. I 1 - I 7. 

28. Busamann, K., and Mhz, H: Die Stabilitat der laminasen Reibungssch- 
icht mit Absaugung . Jahrb . 1942 der deutscher Luftf ahrtf orschung, 
R. Oldenbourg (Mwiich) , pp . I 36 - I 39. 

29. Iglisch, Rudolf: E=rrakte Berechnung der laminasen Grenzschicht an 
der liingsangestromten ebenen Platte mit honogener Absaugung. 
Schriften der Deutsche Akademie der Luftfahrtf orschung, Bd. 8 ~ ,  
Heft 1, 1944. 

30. Schlichting, H.: Ein Niiherungsverfahren zur Berechnung der laminaren 
Grenzschicht mit Absaugung bei beliebiger K6qerfom. Bericht 43/14, 
Aerodpamisches Lnstitut der T. H; Braunschweig, June 12, 1943. 

31. Lees, Lester, and Lin, Chia Chiao: Investigation of the Stability of 
the hninar Boundary Layer in a Compressible Fluid. NACA TN 
No. 1U5, 1946. 

32. Lees, Lester: The Stability of the Boundary Layer in a 
Compressible Fluid. NACA TN No. 1360, 1947. 

33. Gijrtler, H. : Uber den Einfluss der Wan dh-ihmmg auf die Entstehung 
der Turbulenz . Z.f .a.M.M., Bd. 20, Heft 3, June 1940, pp. 138-147. 

34. Gartler, H.: b e r  eine dreidimensionale Lnstabilitat laminarer 
Grenzschichten an konkaven Wanden. Gijttinger Nachrichten Reue 
Folge, 2 Nr. 1. 

35. Gijrtler, B.: Instability of m a s  Boundmy Layers on Concave 
1TaJ.l~ against Certain Three-Dimensional Disturbances. R.T.P. 
Translation No. 1588, British Ministry of Aircraft Production. 
(From Z.f .a.M.M., Bd. 21, Heft 4, Aug. 1941, pp. 25G-252. ) 

36. Liepma~bn, Hans W.: Investigations on Laminas Boundary-Layer 
Stability and Transition on Curved Boundaries. NACA ACR 
No. 330, J943. 

37. Liepmmn, H. W.: Investigation of Boundasy-Layer Transition on 
Concave Walls. NACA ACR No. 4528, 1945. 



DRAG COEE 
c f 

-7 

TURBULENT FLOW 

. 0 0 6 t \  ) 
LAMINAR FLOW 

REYNOLDS NUMBER, g, MILLIONS 

Figure 1. - Flat-plate drag coefficients for turbulent and laminar flow, 

AMPED 

- CALCULATED BY LIM 
@$. MEASURED BY SCHUBAUEW 

AND SKRAMSPAD 

\ AMPLIFIED 

Figure 2. - Curve of neutral stability for Blasius profile, 



lo5, 1 70,000 (ASYMPTOTIC SUCTION PROFILE) 

-.25 0 .5 1 .O 1.5 
BLOWING SUCTION 

4 - " t 

Figure 3.- Flaw over a flat plate to -&) . 

70 000 (ASYMPTOTIC SUCTION -A,,-------- 

575 (PLATE WI ------- 

- 3  - 2 -I 0 I 2 
BLOWING- SUCTION - -"o C - -  
O* 

Figure 4. - Flow near a stagnation point. 



1 Figure 5.- Relative drag reduction for Vo = Constant and V, a - E" 

R R 
'GRMIN 'GR MIN 

INSULATED SURFACE 

Figure 6. - Critical Reynolds number against Mach number. 



0 0  
1 .O 1.1 1.2 I 3  

I 
LSTAGNATION - 
I TEMPERATURE RATIO 

.7 .8 .9 1.0 1.1 1.2 1.3 
T SURFACE 
FREE STREAM 

Figure 7. - Critical Reynolds number against surfaci: temperature ratio. 

UNSTABLE 

Figure 8. - Neutral curve for boundary layer on concave wall. 



Figure 9. - Curvature effect on transition Reynolds number. 
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A REVlEW OF APPROXIMATE METHODS IN SUBSONIC COMPRESSIBIZ FLOW 

By C a r l  Kaplan 

Langley Aeronautical Laboratory 

The pmpose of t h i s  paper i s  t o  review several methods 3eveloped 
i n  recent years f o r  the calculation of the flow of a compressible f l u i d  
past  a prescribed body. Thess msthods hsve evolved largely bscalxse of 
the inherent d i f f i cu l ty  of handling the nonlinear p a r t i a l  d i f f e ren t i a l  
equati'ons which govern the flow of a compressible f lu id .  Ln the dis- 
cussion of these meth3ds several points of mathematical i n t e re s t  w l l l  be 
noted f o r  possible future investigations. 

The study of fluid-flow phenomena a t  high speeds requires  the 
consideration of compressibility and thwefore  of the  thermodynamics of 
the f luid.  For a r e a l  f luid,  t h i s  would be a prac t ica l ly  impossible 
problem. In  t h i s  review, therefore, the f l u i d  i s  considered t o  be a 
perfect one with vanishingly small viscosi ty  an& heat conductivity, The 
discussion i s  confined,moreover, mainly t o  i r ro t a t iona l  flow i n  two 
dimensions with a subsonic undisturbed flow. 

It i s  assumed t h a t  the  f l u i d  i s  a perfect  gas so t h a t  the equation 
of s t a t e  i s  

P = RTP 

The equations of motion f o r  the f l u i d  a r e  

. 

and t h s  eqlmtion of continuity i s  

apu apv 
---+-A=() 

ax as 
where 

x, y rectangular coordinates i n  plane of flow 

u, v companents of velocity vector 

P pressure i n  f l u i d  



P density of fluid 

T temperature of fluid 

R gau constant 

With the assumption of vanishingly small viscosity and heat 
corductivity, the behavior of the fluid in motion is closely isentropic 
so that; p and p are related by the equation 

where 7 is the ratio of specific heats at canstant-pressure and constant 
volwne and k is an arbitrary constant. The Bernoulli integral of the 
equations of motion (2) then becomes 

where 

c local velocity of sound (C = @(= E)) 
c03 velocity of sound in undisturbed strean 

itude of fluid velocity 

U velocity of undisturbed stream 

Ma, Mach nwnber in undisturbed stream 

With the a~sumption of irrotatianslity, a velocity potential # can be 
introduced, where 



T3e~i the elimillation of p from equations (2) ~ t l d  (3)  y ie lds  the 
fundmental d i f f e ren t i a l  equation govsrning the flow; namely, 

a nonlinear, second-order p a r t i a l  d i f f e ren t i a l  equation. 

METHODS OF PSPROXIMATE SOLUTION 

The rigorous treatment of the  fundamental d i f f e ren t i a l  equation ( 7 )  
fo r  nonlinearized flow past closed shapes with general boundary conditions 
has up t o  the present time proved t o  be impossible. In place of rigorous 
analyt ical  solutions it i s  necessary t o  be aa t i s f ied  in general with 
approximation methods essent ial ly  based on the l inearizat ion of 
equation (7). The mathematical d i f f i c u l t i e s  a r e  considerably greater  f o r  
subsonic flow ( e l l i p t i c  potent ial  equation) than f o r  supersonic flow 
(hyperbolic potent ial  equation), f o r  which the  theory of charac ter i s t ics  
leads t o  very simple approximation methods. Three of the methods which 
have been u t i l i zed  for  subsonic flow w i l l  be described i n  the remainder 
of t h i s  paper. 

Method of Expansion i n  Powers of the Mach Number 

In the RayleighJanzen method the velocity potent ia l  $$ i s  expanded 
2 in a ser ies  of powers of M[oo , 

2 4 $ = $ 0 + ~ w 4 + ~ m $ 2 +  ... (8 

where a(0 i s  the velocity potent ial  of the incompressible f l u i d  flow 

and thus s a t i s f i e s  the boundary conditions. The appropriate form of 
the d i f f e ren t i a l  equation f o r  , $  i s  obtained by rewriting equation (7)  
with the a id  of equation (5). Thus 



where the symbol A denotes tha Laplacian operator 

\ 

The expression f o r  9 from equation (8) i s  then inser ted i n  equation ( 9 )  
and coeff ic ients  of corresponding powers of M, on e i ther  s ide a re  equated, 
yielding successively tho 8quations f o r  go, 4, . . . . Thus 

where qo i~ the magnitude of the  incompressible flow velocity. 

Rayleigh (reference 1 )  and Janzen (reference 2) were the  f i r s t  t o  
consider the second of equations (10) and gave a se r i e s  solution f o r  $fl 
in the case of the  flow past a c i rcu lar  cylinder. Later, Poggi 
(reference 3)  introduced a method t h s t  consis ts  essent ial ly  in considering 
the conrpressible f l u i d  t o  be an inconipressible f l u i d  with a continuous 
d is t r ibut ion  of sinks and sources in the en t i r e  region external t o  the 
so l id  boundary. According t o  Poggi, the right-hand s ides  of equations (10) 
represent successive terms in an i n f i n i t e  se r i e s  giving t h i s  sink-source 
dis t r ibut ion.  Poggi and la%er Kaplan (references 4 and 5 )  and Imai 
(reference 6)  obtained the solution from t h i s  point of view f o r  the flow 
pas t  such shapes as a c i rcu lar  cylinder, an e l l i p t i c  cylinder, anrl a 
Jo~jkowski p ro f i l e  with angle of a t tack and circulation. The calculations 
proved t o  be extremely laborious, involving a large nuniber of double 
in tegra ls ,  Ib order t o  ease the labor involved i n  the or iginal  Poggi 
method, Irnai and Aihara (reference 7) and Kaplan (reference 8)  developed 
elegant and useful methods which u t i l i zed  t h s  theory of functions of a 
complex variable. The one t o  be described i n  t h i s  review i s  t h a t  due t o  
Kaplan, which makes use of the calculus of residueo. Thus, i f  nev 
independent var iables  z = x + i y  and B = x - i y  a re  introduced, the 
expression fo r  the  strength of the  sink-source dis t r ibut ion obtained from 
the right-hand s ide of the  ssoonl of equations (10) may be wri t ten as 
follows : 



where wo and To are, respectively, the complex and conjugate col3lplex 
velocities of the incompressible f lu id  past the prescribed shape; that  
is, wo = -U + i v  an8 To = -u - i v  and these are, reapectively, 

functions of z and 55' 'only, since they are obtained from solutions of 
Laplace@s equation. Now, the expression, equation ( l l ) ,  Fnvol~es non- 
analytic functions of z and Z. In order, however, t o  u t i l i z e  the 
methods of the calculus of residues, functions of only a single complex 
variable must appear. For t h i s  purpose the pl=e z of the obstacle 
is  represented conformally on the plane Z of the corresponding circle,  
Since the strengths of the sink-source distribution of correqonding 
elements of the two planes are equal, the expression for  the strength 
of the sink--8ource distribution of an element of the plane Z i s  

where Wo  and^ To are, reepectively, the complex and conjugate complex 
velocities of the incompressible f lu id  past the circular profi le  in the 
plane 2. 

It i s  a simple matter t o  obtain an expression for  the comp;Lex 
velocity W1 induced a t  any point external t o  the circular boundmy 
by a sink-source distribution originating in the physical plane z and 
a t  the e m  time t o  preserve the boundary conditions of zero n 
velocity a t  the circular boundary and zero induced velocity a t  fnfinity, 
The essential fac t  t o  remember i s  that  corresponding t o  a unit  external 
source there i s  unit eowce a t  the fiveree point with respect t o  the 
c3rcl.e a d  a .unit sink a t  the canter of the circle. The actual 
velocity wl of the f lu id  i n  the physical plane z i s  related to  the 

velocity W1 a t  the corresponding point i n  the plane Z of the cjircle 
by the equation 

The expression for  W1 consists of double integrals  whose integran5s 
are non-analytic functions of Z and z. The double Integrations over 
the entire region external t o  the circular boundary can be replaced by 
l ine  integrals involving functions of Z and 2 only by the use of 
StokesVhsorem for  the plane. Thuo, it can be shown that  if F(z,z) 



i s  a function of Z and E, continuous and different iable  i n  the area S 
enclosed by the  contour C, then 

The l b e  integrals,  in the  present case, a re  t&en around the  c i rcu lar  
boundary corresponding t o  the  actual  p ro f i l e  i n  the z-plane, around 
an i n f i n i t e l y  amall c i r c l e  eurroundizq the  point a t  which W1 i s  t o  
be evaluated, and around an in f in i t e ly  large c i r c l e  concentric with the 
in te rna l  c i rcu lar  bounda.ry. The important point t o  note i s  that,  since 
a l l  the contours involved in the l i n e  integrations a r e  circular ,  the  
integrands can be made analytic i n  Z or  5, since on a c i rcu lar  
boundary Z% = Canstant. It then follows t h a t  the  l i n e  in tegra ls  can be 
evaluated by means of Cauchy's theorem on residues. This theorem s t a t e s  
that ,  2f a funetion i s  analytic on a contour C and throughout i t s  
in t e r io r  except at  a nuniber of poles inside the  contour, then 

where M etnd N are, respectively, the sum of the residues a t  those 
poles which l i e  within the contour C. 

The clevice of introducing z and Z as independent variables, 
then u t i l i z ing  the canformal mapping of the plane of the obstacle in to  
the plane of a c i rc le ,  and f i n a l l y  replacing the double in tegra ls  by l i n e  
in tegra ls  thus enables one t o  evaluate by the method of residues the 
f i r s t  e f fec t  of compressibility on the velocity of the  f l u i d  past  an 
arb i t ra ry  shape. The point of in t e re s t  t o  an applied mathematician i s  
t h a t  here i s  a method whereby a Poisson equation involving ra ther  
complicated boundary canditions can be solved M t h  the a i d  of analytic 
functions of a single complex variable. The subject i s  cer tainly worthy 
of fur ther  in-vestigatian. 



Method of Sslall Perturbations 

Whereas the preceding' treatment s ta r ted  with the incompressible 
flow, the Prandtl-8usemann or  Ackeret method starts with the undisturbed 
flow. It i s  applicable t o  the flow past  th in  shapes placed in a uni fom 
stream, i n  which the  changes i n  the  velocity of the  f l u i d  as it passes 
over the body are Bmali compared with the main stream velocity. The 
velocity potent ial  i s  developed in a power se r i e s  of a perturbation 
parameter E (which may be the thickness coefficient,  the camber coeffi- 
cient,  or  the angle of at tack)  in which the  f i r s t  term is the velocity 
p o t e n t i d  of the undisturbed stream go = TJ%. Thus, it is  assumed that 

where the  are  functions of x, y and of M& and show success~vely 

the  ef fec ts  of compressibility on the  flow. 

The assumed series,  equation (16), i s  inserted in to  tha combined 
nonlinear equations (7) and ( 5 )  and the successive l inea r  equatfons 
f o r  , , . can then be obtained by equating the coeff icients  of 

successive powers of the  perturbation parameter E . The f i r s t  two 
equations obtained by t h i s  procedure a re  

These d i f f e r a t i d  equations may be put in to  m r e  f a n i l i a r  f o m  by 



introducing a new s e t  of independent variables X and Y by means of 
the following af f ine  transformation: 

Thus, f o r  M < 1, the  f i r s t  of equations (17) is transformed in to  a 
Laplace equation and the succeeding equations f o r  , , . . i n to  
Poisson equations i n  which the right-hand s ides  a re  known functions of X 
and Y determined from the preceding approximations. Ths solution of 
the f j r s t  of equatians (17) yields  the  well4mown Prandtl-Glauert rule,  
whereas the solutions of the  succeeding Poisson equations provide higher 
approximations t o  the  flow of the coqress ib le  f l u i d  and thus w i l l  apply 
fo r  larger  departures from the undisturbed uniform flow. 

The general procedure followed i n  solving equations (17) i s  simple 
in  principle. The f i r s t  s tep is t o  obtain an expression fo r  the velocity 
potent ial  of the incompressible flow past  the  prescribed b o ~ d a r y  i n  the  
form of a power se r i e s  i n  the perturbation parameter E .  Then the solution 
f o r  the first approximation 4 t o  the  compressible flow i s  easi ly  obtained 

by analogy from the coeff ic ient  of the  f i r s t  power of 6 .  The higher 
approximations #*, 4, . . . a re  obtained by solving the corresponding 

Poisson equations, a t  the same time sat isfying the boundmy conditians t o  
the  same power of the perturbation parameter E as i s  involved i n  the  
expression for  the velocity potent ial  g. 

Thus, consider the  f irst approximation 4; if 

represents the  incompressible flow past  a body, then t o  the same order 
of ~cpproximation, 

represents the compressible flow past the sane body. 



Now, i f  q, and q i  denote the magnitudes of the velocity a t  the 

surface of the prescribed shape f o r  the  compressible and incompressible 
flows, respectively, then t o  the f i r s t  power of 6 the perturbation 
term (evsluated at  the boundary) i s  the same f o r  the  two casss. The 
r e s u l t  i s  a re l a t ion  between qc and qi, independent of the 

par t icular  shape irescribed; namely, 

Equation (21) represents the so-called velocity correction f orIlpxla f o r  
the Prandtl-Glauert approximation. 

This method of i t e ra t ion  by powers of a perturbation parameter 6 
has been applied t o  a family of symmetrical shapes (bumps, reference 9 )  
and t o  a family of c i rcu lar  a rcs  (reference lo) ,  specif ical ly  chosen 
because they possess no stagnation points and hence sa t i s fy  the primary 
assumption of the method; namely, arnall distwbances t o  the oncoming 
uniform stream. . The i t e ra t ions  included the t h i r d  power of t h s  thickness 
coeff ic ient  in the case of the family of symmetrical shapes and the  t h i r d  
power of the camber coeff ic ient  in the  case of the family of c i r c u l w  
arcs. It is important t o  remark that ,  although extensive use w a s  made 
of the a f f ine  transformation, equation (18), the boundary conditions 
were always sa t i s f i ed  in the plane of the  actual  profi les .  

In general, the a f f ine  transformation, equation (18), introduces 
a, distor t ion of the so l id  boundary which depends on the stream Mach 
number. This clistortion, therefore, i n  general precludes the use of 
analytic function methods. In the case of a family of e l l i p t i c  profi les ,  
however, the a f f ine  transformation produces another family of e l l i p t i c  
profiles.  Since one e l l ip se  d i f f e r s  from another only with respect t o  
the thickness coefficient,  it i s  possible t o  t r e a t  the  problem in  the 
plane of the c i r c l e  corresponding t o  the plane of the  a f f ine  e l l ipse .  
For t h i s  purpose it is  simpler, from the point of view of sat isfying the 
boundary conditions, t o  t r e a t  tha equations f o r  the stream function 
corresponding t o  equations (17). The r e s u l t s  obtained i n  the plane of 
the c i rc le ,  making extensive and elegant use of functions of a single 
complex variable, a re  easi ly  t r h s f e r r e d  in to  the physical plane of the 
actual  e l l i p t i c  profi le .  Such calculations have been performed f o r  the  
case of an e l l i p t i c  cylinder with both angle of a t tack  and circulat ion 
(references 11, 12, and 13). Typical of the  r e s u l t s  obtained i s  the 
following formula re la t ing  the l i f t  on an e l l i p t i c  cylfnder in a 
compressible and an incompressible flow: 



where 

y r a t i o  of specif ic  heats at constant pressure an3 a t  constant volums 

eh proportional t o  radius of c i r c l e  conformal t o  actual  e l l i p se  i n  
physical plane 

Equation ( 2 2 )  i s  an extension of the well-bown Prandtl-Glauert ru l e  t o  
thicker prof i les  a d  i s  applicable not only t o  an e l l ip se  but t o  an 
arb i t ra ry  syllrnetrical shspe. 

The method just  described, u t i l i z ing  the powerful too l  of complex- 
function theory, could be extended t o  a rb i t ra ry  prof i les  if  the answer 
t o  the pxeely mathematical question of the e f fec t  of an af f ine  trans- 
formation on the coeff ic ients  of the conformal mapping function t o  a 
c i r c l e  were known. Another interest ing an3 important problem i s  the 
convergence of t h s  precedure herein described. Calculations indicate 
tha t  the power-series development of the velocity potent ial  or of the 
stream function i n  powers of a perturbation parameter may converge somewhat 
beyond the c r i t i c a l  stream Mach number, but a rigorous dissussion of t h i s  
question has yet  t o  be given. 

In order t o  show the entent t o  which the methods of Rayleigh and 
Janzen and of Prandtl  and B u s e m  apply t o  prac t ica l  a i r fo i l s ,  f igure 1 
has been prepared. The stream Mach number M, i s  the abscissa and the 

thickness coeff ic ient  t i s  the ordinste. The c r i t i c a l  stream Mach 
number cwve bounds the subsonic flows. The method of Rayleigh an9 
Janzen proceeds i n  t h s  direction of increasing stream Mach number and 
yields  a t  each stage exact information with regard t o  the geometry of 
the profi le .  Ths ve r t i ca l  l i n e s  separate the regions of the second and 
t h i r d  approximations, the Tine & = 0 being the incompmssible solution. 
It i s  clear  tha t  many approximations would be necessary t o  penetrate in to  
the region of in t e res t  t o  aeronatltics, t h a t  is, between t = 5 percent 
=cl t = 15 percent. 

The method 'based on the Prandtl-Glauert l inear ized r e s u l t  proceeds 
in the direction of increasing thickness and yields  a t  each s t w e  exact 
information with regard t o  the stream Mach number. The horizontal l i n e s  
separate t h s  regions i n  which ths  Pradt l -Glauer t  correction holds and 
the f i r s t  additional step. This f igure shows c lear ly  that ,  a l r e a w  by a 
first-step improvement of the Prandt lGlauert  result ,  s ignif icant  r e s u l t s  
are  obtained i n  the region of in t e res t  t o  aeronautics whsreas similar 
success by means of the Rayleigh-Jsnzen method would e n t a i l  a prohibitive 
amo'ant of labor. 



Method of the Hodograph 

It i s  c lear  from the discussion in the foregoing sections t h a t  both 
the Rayleigh-Janzen and the Prandtl-Busemann procedures becom ra ther  
laborious a f t e r  one or two steps; moreover, such calculations must be 
repeated from the beginning f o r  each prescribed so l id  boundary, Conse- 
quently, many attempts have been made t o  s e t  up a correspondence betweer 
incompressible flows and compressible flows of the nature of correction 
factors.  Among the be t t e r  known r e s u l t s  of such attempts are  t h e  
Prandtl-Glauert (reference l4) ,  von ~&rm&-~sien (reference 15),  Temple- 
Yarwood (reference 16),  and Garrick4aplan (references 17 and 18) velocity 
correction formulas - a l l  of which depend only on the  incompressible f l u i d  
velocity and the stream Mach number. 

Before proceeding with the discussion of velocity correction 
formulas, a rather  instruct ive comparison i s  given of the  compressi'bility 
e f fec t  on the maximum velocity of a se r i e s  of bumps and c i rcu lar  mcs.  
The thickness coeff ic ients  of the bumps and the camber coeff ic ients  of 
the corresponding c i rcu lar  a rcs  were so chosen t h a t  the incoqress ib le  
speeds were the  same. Table I shows the  r e s u l t s  calculated by the Prandtl- 
Busemann i t e ra t ion  method - the calculations included the t h i r d  power of 
the thickness and camber coefficients.  For moderate values of thickness 
and caniber the differences a re  seen t o  be negl igible  over most of the 
subsonic range. These calculations indicate that ,  t o  a very good approxi- 
mation, the e f fec t  of compressibility in the subsonic range depends 
essent ial ly  only on the incompressible f l u i d  veloci ty  and on the undisturbed 
stream Mach number and i s  largely independent of the  par t icu lar  so l id  
boundary treated. This r e s u l t  substantiates the  f e a s i b i l i t y  of velocity 
correction f o m l a s  in the subsonic range of speeds, 

From the nature of velocity correctian formulas it would seem t h a t  
the hodograph plane variables a r e  the  appropriate ones t o  consider. The 
hodograph variables a re  q, the  magnitude of the f l u i d  velocity, and 0, 
the angle included by the veloci ty  vector and the  posi t ive direct ion of 
the x-axis. Corresponding t o  qk in the incompressible case, there 
appear functions pk(q) and &k(q) i n  the compressible case, where 

1 log Pk = log q + gk(7) 
k 

The functions pk(q) and Q ~ ( Q )  a r e  associated, respectively, with the 

velocity potent ial  and -tihe stream function i n  the compressible case; the 
functions fk(r)  and gk(r)  a re  re la ted  t o  the  par t icu lar  solutions of 

Chaplygint s basic d i f f e ren t i a l  equation of the hypergedmtric type 



f o r  compressible flow. The variable T i s  a 5imnsionless speed variable 
de f ined~as  follows: 

where 
q- i s  the  maximm f l u i d  velocity correspanding t o  expansion in to  

a vacum. Figure 2 shows the graphs of several of the  (hy-pergeometric) 
functions f k  and gk f o r  posi t ive values of k with the  Mach number 

as abscissa. The value of 7 chosen w a s  1.4 f o r  air. Note that ,  as the 
subscript k i s  increased, both s e t s  of functions approach the single 
function f, = q, = h(7) defined between the  limits M = 0 and M = 1. 

According t o  equations (23) then, as k G a ,  

The nature of the correspondence between incompressible and . 

compressible flow i s  assumed t o  be such t h a t  

where 3r denotes the stream function and the  subscripts i and c refer ,  
respectively, t o  incompressible and compressible flow. In order t o  obtain 
a correspondence of veloci t ies ,  it i s  necessary t h a t  a l so  f o r  the coqress-  
i b l e  case the apeed variable be the same f o r  both the velocity potent ial  
and the stream function. The f'unction h(7) separating, as it does, the 
two seta  of functions fk(7) and gk(7) is peculiarly suited f o r  t h i s  

purpose. Thus, the correspondence of ve loc i t ies  in the incompressible 
and the compressible case is given by 

Equation (126) const i tutes  the geometric+man type of velocity correction 
fords introduced i n  reference 16 and i s  limited t o  the subsonic range 

< < 
0 = M = 1. As already noted, f o r  posit ive values of k, h(7) l i e s  



between f k ( ~ )  and g k ( ~ )  i n  ma~ylitude. Moreover, the deviation 

of e h(T) from e 
fk(7 9 

and e 
gk(') 

i s  quite small i n  the en t i re  
sub sonic range. 

The geometric-mean type of velocity correction formula contains the 
r e s u l t s  of Chaplygin, von K&& and Tsien, Temple and Yarwood, and, i n  
the  l imit ing case of small disturbances t o  the main flow, the exact Praadtl- 
Glauert rule .  For example, the van Kdhdnqs ien  velocity correction 
formula i s  obtained from the geometric-mean type of approximation by 
taking y = -1. The geometric-mean type of velocity correction fornula 
just  described seems t o  be the  most logica l  one from a mathematical point 
of view. It is  intereoting t o  note, however, t h ~ t  the choice of y = -1, 
yielding the K&&-Tsien fo rmla ,  appears t o  cancel tha effect  of boundary 
dis tor t ion inherent i n  the correspondence equations (25). This for tui tous 
circumstance, together with the simplicity of the calculations involved., 
makes it very useful fo r  most purposes. Figure 3 i l l u s t r a t e s  i n  general 
the usefulness of velocity cprrection formulas i n  par t icular  the one 
given by von K&& and Tsien. The so l id  curves show the  vaxiation of 'the 
m a x i m  pressme coeff icient  with the strearm Mach nuniber f o r  several 
members of a family of symmetrical profi les  (bumps) calculated bjr means 
of the Prandtl4useaann i t e ra t ion  in Towers of the  t h i c h e s s  coeff ic ient  
(reference 9 ) .  The small c i r c l e s  show the  r e s - d t s  obtained by means of 
the von ~&mh-~sien velocity correctian formula. The agreement between 
the two mthods over such a wide range i n  thickness coeff ic ients  and 
stream Mach nunibers i s  remaskable. Lndeed, the  development of velocity 
correction formulas and t h e i r  use i n  the  prediction of compressibility 
e f fec ts  should be considered a s  an outstanding achievenent of theore t ica l  
aerodpamics, For, consider t h a t  the  problem of compressible flow involves 
a nonlinsar d i f f e ren t l a l  equation f o r  which very l i t t l e  mathematical treat-  
ment i s  available; nevertheless, wfth the a id  of a few simple fdeas and 
very l i t t l e  labor the  essent ia l  r e s u l t s  can be obtained by means of velocity 
correction formulas. One must be cautioned, however, t ha t  t h e i r  use i s  
l imited t o  the subsonic range and must not be extended in to  the transonic 
or mixed subsonic and supersonic range of speeds. 
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BOUNDARY CONDITIONS 

When the wind tunnel was f i r s t  developed as a prac t ica l  approach t o  
experimental aerodynamics, it was recognized t h a t  the flow about a body 
i n  a wind tunnel was not the same as  the flow about the same body i n  
f l i g h t .  Since tha t  tw, m a i n l y  during the past  30 years, there has 
appeared a steady stream of research papers, some offering i ~ r o v e m e n t s  
i n  recognized corrections in keeping with the improvements i n  wind-tunnels, 
equipment , t e  c h i  que s , and general understanding of aerodynamics and other s 
deriving necessary corrections f o r  new types of aerodynamic configurations 
or  new types of measuring techniques. 

The problem a r i s e s  from the f a c t  that ,  although the d i f f e ren t i a l  
equations of the flow are the same i n  the tunnel as in f l i g h t ,  the 
outer boundary conditions a re  different .  I n  f l i g h t ,  the condition i s  
simply tha t  the flow at  i n f i n i t y  is  uniform; i n  the tunnel, cer ta in  
other conditions, depending on the type of tunnel, must be s a t i s f i e d  
a t  tEe tunnel boundaries. For the closed tunnel, the condition i s  
obviously that the velocity component normal t o  the w a l l  bs zero. 
For the open tunnel, where the j e t  traverses a region of comparatively 
quiescent air, the condition i s  tha t  the pressure a t  the boundary be 
miform. By Bernoulli 's l a w ,  it follows tha t  the tunnel veloci ty  must 
be uniform on the boundary. I f  t h i s  velocity is  considered as  the swn 
of the undisturbed tunnel velocity U and a small perturbation 
v'ePoci t y  (up v, w) resul t ing from the presence of the body i n  the 
Jet ,  the conditf on i s  then t h a t  (U + u)2 + v2 + w2 Z u2 + 2Uu 
be constant, from which it follows t h a t  u is constant over the en t i r e  
surface. Furthermore, since u i s  obviously zero f a r  i n  f ron t  of the 
body, it must be zero over the en t i r e  surface, whence it can be eas i ly  
shown tha t  the perturbation potent ial  i t s e l f  i s  constant over the 
en t i re  surface. The somewhat obvious condition tha t  the perturbation 
velocity (u, v, w) i s  zero f a r  i n  f ron t  of the body may need special  
emphasis; neglect of t h i s  condition has i n  the pas t  sometimes l ed  t o  
erroneous r e su l t s  (reference 1 )  . 

Some at tent ion has been directed recently t o  a t h i r d  case; namely, 
t ha t  of an open tunnel i n  which. the body i s  so f a r  forward i n  the j e t  t ha t  
the presence of the closed entrance b e l l  cannot be neglected. This case 
involves a mixed-boundary-value problem i n  which the normal velocity i s  
zero on the closed portion of the boundary and the longitudinal perturba- 
t ion  velocity u i s  zero (or constant) over the open portion of the bound- 
ary. An interest ing fur ther  boundary condition a r i se s  here, namely, t ha t  
the flow veloci t ies  be continuous a t  the edge of the entrance be l l .  This 
condition i s  similar t o  the Kutta condition a t  the t r a i l i n g  edge of an 
a i r f o i l .  It a r i se s  because of the f i n i t e  viscosi ty  of a i r ,  and it provides 
uniq~eness  where otherwise an in f in i ty  of solutions would exis t .  



BASIC VIEWPOINT 

The approach t o  the problem usually follows a f a i r l y  well defined 
pattern,  although variations a re  sometimes necessary. In general, no 
e f f o r t  i s  made t o  predict  the complete flow and the corresponding aero- 
Qmarnic character is t ics  f o r  the model i n  the 'tunnel. These are  ~lormally 
measured by the wind-tunnel survey apparatus, the wind-tunnel balances, 
or  other measuring equipment. The usual problem is  ra ther  t o  determine, 
primarily, by how much the presesce of the tunnel boundaries modifies 
the "free- stream" flow a t  the model location and, secondly, by how much 
the model character is t ics  a re  a l te red  by this flow modification. 

The mathematical approach, f o r  example, i s  f i r s t  t o  assume -xithin 
the model a s e t  of s ingular i t ies  - soxrces, sinks, doublets, vort ices  - 
tha t ,  on the basis  of moclel geometry, sir-flow measuremnts, force 
measurements, and any other sources of information, a re  believed t o  
e f fec t ive ly  represent the contribution of the model t o  $he flow f i e l d .  
These s ingu lwi t i e s  induce a f i e l d  that ,  i n  general, violates  the desired 
condition a t  the tunnel boundary. .An additional potent ial  flow is now 
sought, having s ingular i t ies  only on or outside the tunnel boundary, such 
t l a t  when it i s  added t o  the f i e l d  of the model, the desired boundary 
conditJ.ons w i l l  be sa t i s f ied .  This additional flow is cal led the tunnel 
interference flow. Its determination and, i n  par t icular ,  i ts  evaluation 
i n  the neighborhood of the model consti tutes the previously mst ioned 
primary problem. Vertical components of t h i s  additional flow are  nor- 
mally interpreted (a f te r  division by the main tunnel velocity) as  a 
correction t o  the loca l  flow angle; horizontal components are  normally 
interpreted as a correction t o  the tunnel velocity. 

I n  f igure 1 i s  indicated an airplane model i n  a closed wind tunnel, 
together with several of the more important components of the inter-  
ference flow. Associated with the l i f t  of the model i s  a strong down- 
flow of the a i r  behind it; an& the corresponding tunnel interference 
floTd i s  essent ia l ly  an upflow which neutral izes  the downflow a t  the walls 
and, i n  the neighborhood of the model, introduces the upflow veloc i t ies  
indicated i n  the figure.  The upflow velocity lias a cer t s in  value near 
the wing, rapidly approaches twice t h i s  value behind the wing, and 
rapidly agroaches zero i n  f ron t  of the wlng. Since the l i f t  of an a i r -  
f o i l  section i n  a curved flow i s  determined roughly by the angle of 
a t  tack as measured a t  the three- quarter- chord point, the upf low a t  the 
three-quarter-chord l i n e  i s  used t o  correct the an@e of at tack of the 
airplane. Since the l i f t  i tself  (or the bound vor t ic i ty)  i s  centered 
about the quarter-chord l ine ,  however, the drag correction i s  determined 
from the product of the l i f t  a d  the u ~ f  low velocity a t  the quarter- chord 
l ine .  This f l o g  c lmature  is  effect ively an induced camber of the wing 
and restfits i n  a corresponding change i n  the wing moment and i n  i t s  maxi- 
m l i f t  coeff ic ient .  Since the upflow a t  the tsil is greater than that  



a t  the wing three-quarter-chord l imy  the difference must be applied as 
a correction t o  the s t ab i l i ze r  se t t ing  o r  t o  the downwash angle. A 
correction would a l so  be applied f o r  the additional moment of the fuse- 
lage caused by i t s  presence i n  a curved flow f i e l d .  

Because the tunnel walls prevent the normal outward displacement of \ 

the streamlines about the model, there is  a corresponding effect ive 
increase of the airspeed in the neighborhood of the body (constriction 
e f fec t ) ,  indicated by the horizontal vector at  the l e f t  of f igure  1. If' 
the drag of the model becomes f a i r l y  high, as i n  t e s t s  with extended f l aps  
o r  at  supercr i t ica l  speeds, a h rge  wake of slowly moving a i r  ex i s t s  
downstream of the model, and the surrounding air  of the main stream 
experiences a corresponding veloci ty  increase that pe r s i s t s  far behind 
the model (indicated by the horizontal vector a t  the r igh t  of the f igure) .  
Somewhat over half of t h i s  increase is considered t o  apply i n  the neighbor- 
hood 0;" the model i t s e l f ,  i n  addition t o  the normal constriction e f f e c t  
due t o  the v o l m  of the body; the  sum is  indicated by the horizontal  
vector near the center of the f igure.  Associated wfth the longitudinal 
increase of velocity d o n g  the model resu l t ing  from the wake, there i s  a 
decrease of stream s t a t i c  pressure toward the r ea r  of the model. Come- 
spanding t o  t h i s  e f fec t  i s  a longitudinal buoyancy force,  roughly equal 
t o  the product of the model volume and the pressure gradient, which should 
be applied as a correction t o  the drag. Normally, however, t h i s  last 
correction i s  f a i r l y  small, and it may be noted, i n  any case, t ha t  i f  thfs 
longitudinal pressure gradient i s  large enough t o  cause a f a i r l y  large 
correction, it may a lso  appreciably a f f e c t  the flow phenomsna, such as  
separation, associated with the high drag. 

MlTEr.ODS OF SOLUTION 

Almost any interference problem f o r  two-dimensional closed tunnels 
can be solved by complex-variable methods. The interference i s  merely the 
f i e l d  of the system of mirror images of the model extending t o  i n f i n i t y  
above and below the model. If the model can be considered as  adequately 
represented by several simp13 s ingular i t ies  - f o r  example, a doublet and 
a vortex - the interference f i e l d  is  simple t o  compute since the flow 
f i e l d s  f o r  i n f i n i t e  rows of such s i n p l a r i t i e s  a re  given by re la t ive ly  
simple expressions (references 2 and 3 ) . For the exact solution of an 
a i r f o i l  in a closed tunne1,'moder-n cascade theory provides applicable 
methods (reference 4) .  Corresponding solutions f o r  an open two- dlmnsional 
tunnel ( tha t  i s, a tunnel wfth ve r t i ca l  walls, but open a t  the top and 
bottom) can be similarly derived. Solutfons f o r  s ingular i t ies  In  the open 
tunnel with closed entrance and e x i t  regions a re  a l so  readi ly possible 
(references 5 arid 6 ) .  I n  all such solutions f o r  an open t~mne l ,  however, 
it i s  assumed tha t  the tunnel boundary i s  not appreciably deformed by the 
s ingular i t ies  within the j e t .  Various experimental r e su l t s  indicate t h a t  
t h i s  assumption introduces no s ignif icant  e r ro r  i n  the interference flow 



near the a i r f o i l  but may lead  t o  some e r ro r  i n  the region behind the 
a i r f o i l  (references 7 and 8) .  =act solutions, taking in to  account the 
boundary deformation, have been obtained f o r  special  cases (reference 9 )  ; 
i n  general, however, the deformation i s  not considered. 

For three-dimensional tunnels the problem is  much more d i f f i cu l t .  
For a small-chord, unswept, and unyawed wing, however, the interference a t  
the wing can be readi ly shown t o  reduce t o  a two-dimensional flow problem - 
t ha t  of a vortex within a contour having the shape of the tunnel cross 
section and 02 which the normal o r  the tangential  velocity i s  zero f o r  tb 
closed or  the open tunnel, respectively. Many in te res t ing  two-dimensional 
problems of t h i s  nature have been solved by complex-variable methods (for  
ex,lmple, references 10 t o  12). For the interference a t  swept o r  yawed 
wings, o r  f o r  the problem of corrections t o  the downwash angle a t  the tail, 
no s imilar  simplification is  posaible. 

For rectangular tunnels with closed, open, or  pa r t ly  open cross 
sections, solutions can be obtained by the method of images i n  which the 
interference f i e l d  i s  t h a t  due t o  the doubly inf i n i t e  array of mirror h ~ e s  
of the model re f lec ted  i n  the tunnel w a l l s  (reference 13).  The i n f i n i t e  
sumation can generally be readi ly approximated with adequate accuracy. 

For gingular i t ies  within c i rcu lar  tunnels, solutions can be found by 
cxpmsions i n  Bessel functions (references 14 t o  16);  e i the r  the open or  
the closed tunnel, or. the open tunnel with closed entrance and e x i t  
regions, can be t rea ted  i n  t h i s  way (reference 17). Solutions f o r  e l l i p -  
t i c a l  tunnels a re  found i n  terms of Mathieu functions (reference 14). 

For tunnels of other cross-section shapes, as the NACA fu l l - sca le  
tunnels or  the octagonal tunnels, r e su l t s  f o r  the nearest  rectangle or the 
nearest  e l l i p se  or, perhaps, an average of the r e su l t s  f o r  the nearest  
rectangle and the nearest  e l l i p se  may be used. An indication of the accu- 
racy of such an approximation (and a lso  some indication of the direction 
i n  which fur ther  modification might be made) can be found by comparing the 
estimated interference flow a t  an unswept l i f t i n g  l i n e  with tha t  f o r  the 
t rue shape (which, as  previously mentioned, can be rigorously solved as a 
two- dimensional problem) . 

It may a lso  be mentioned tha t  solutions of the boundary-value problems 
tha t  a r i se  i n  the study of tunnel interference can b3 found by electr ical-  
analogy methods (references 18 and 19) or  by e w i r i c a l  comparisons between 
the character is t ics  of the model i n  the tunnel and those of the sam~ model 
i n  a tunnel tha t  is  so large r e l a t ive  t o  the model t h a t  interference i s  
negligible (reference 7). 

It i s  not possible i n  the present paper t o  describr? in' fur ther  d e t a i l  
m y  of the solution procedures t h a t  have just  been mentioned o r  the analy- 
t i c a l  studies tha t  have been made of the reaction of the nodel t o  the 
interference flows (for  example, reference 20). Instead, i n  the remainder of 



the paper are  discussed several problems tha t  may be of in t e res t  t o  those 
currently associated with wind-tunnel laboratories,  namsly, tunnel in t e r -  
ference f o r  swept wings, compressibility corrections, and choking. 

TUNNEL IXTERE'ERENCE FOR SWEPT WINGS 

It might be supposed that, i n  order t o  be prepared with tunnel- 
interference calculations f o r  any swept wing t h a t  might be proposed f o r  
t e s t  i n  a given tunnel, calculations would be needed f o r  a se r i e s  of w i n @  
having a range of sweep angles and a range of spans - that  is, a two- 
parameter s e t  of calculations. Actually, however, such extensive calcu- 
l a t ions  a re  quite unnecessary, a t  l e a s t  f o r  rectangular tunnels. con side^ 
the sweptback wing (yawed f o r  greater  generali ty) shown a t  the top center 
of f igure  2. Associated with some point concentratf on of l i f t  on the wing 
i s  a horseshoe vortex of zero span ( tha t  is, a doublet l i n e )  extendfng 
downstream t o  inf'inity from the point. The lower pa r t  of f igure 2 shows 
the r ea r  view of the wing in the tunnel, together with the doublet l i n e  
and the image system of tunnels and doublet l ines .  The doublets are  aa-rked 
plus o r  minus according as they are the same as or  opposite t o  the wing 
doublet. Examination of the doublet system shows t h a t  it is  composed of 
two superimposed l a t t i c e s ,  one of which is  indicated by c i r c l e s  and the 
other, by squares. The ve r t i ca l  spacing i n  each l a t t i c e  i s  equal t o  the 
tunnel height; the l a t e r a l  spacing i n  each i s  equal t o  twice the tunnel 
width. The two l a t t i c e s  a re  thus ident ica l  and, furthermore, are deter- 
mined only by the tunnel dimensions and not by the location of the l i f t i r g  
element in the tunnel. Accordingly, once the f i e l d  of such a l a t t i c e  has 
been calculated f o r  the horizontal center plane of the tunnel, it can be 
used POP determining the complete flow f i e l d  regardless of the location 
of the l i f t i n g  element. The interfereace flow f i e l d  f o r  the given l i f t i n g  
element is  found by subtracting from the f i e l d  of the two complete l a t t i c e s  
the f i e l d  of the single doublet tha t  trails from the l i f t i n g  element its&LfeL% 
Finally,  by repeating the indicated procedures f o r  a ser ies  of l i f t i n g  
elements on the wing, dis t r ibuted according t o  the estimated wing l i f t  
dis t r ibut ion,  the net  tunnel interference is  obtained. 

Contour charts of the ve r t i ca l  cornponeat of the f l o v  in tlie f i e l d  
of the l a t t i c e  have been prepared f o r  several NACA tunnels, including 
the 7- by 10-foot tunnels. 

This procedure would not apply to  nonrectangular tunnels. For c i r -  
cular  tunnels, the NACA has published f a i r l y  complete interference f i e l d s  
f o r  l i f t i n g  l i n e s  of vapi ous spans and various sweep angles (reference 17)  
The sweep angles do not exceed 45'; however, i t should be pointed out that, 
when necessary, interference cdcu la t ions  f o r  any sweep angle can be used 
f o r  any other sweep angle. This f a c t  follows from the observation t h a t  a 
reasonably rough approximation t o  the wing loading i s  generally adequate 
f o r  predicting tunnel interference; and the procedure i s  i l l u s t r a t e d  i n  
figure 3. I n  the l e f t  half of the f igure i s  shown how the loading on a 



60' swept wing may be approximated by a single horseshoe vortex and two 
pai rs  of unswept horseshoe vortices, where the inner vortex of each pa i r  
has the same strength as the euperimposed outer vortex but has opposite 
rotation. I n  the r igh t  half of the f igure is  shown similarly how a pai r  
of horseshoe vortices and a single horseshoe vortex, all s m p t  45') might 
be used f o r  the same purpose. 

FIRST- ORDER C OMPRESSLBILITY C ORREX'TI ONS 

Consider a s t r e d i n e  object (fig.  4, upper l e f t )  i n  the (x, y, z )  
space, t o  be flown o r  tested a t  Mach number M and velocity U. It i s  
desired t o  predict the perturbation veloci t ies  (u, v, w) a t  various 
points on the object o r  i n  the f i e l d  about the object. According t o  the 
Glauert-Prandtl method, which takes in to  account only the f i r s t -order  
compressibility effects ,  the procedure f o r  predicting the perturbation 
veloci t ies  involves the three following steps. (A short  derivation of 
th i s  procedure i s  given i n  the appendix. See a lso  references 21 t o  23.) 

1. An obJect i s  constructed in  the x', y', z '  space tha t  i s  related 
t o  the p w s i c a l  object according t o  the relat ions 

Essentially, t h i s  corresponds merely t o  a longitudinal stretching of the 

object by the fac tor  I . For the model indicated in the figure,  
V - z T  

the fineness r a t i o  of the fuselage, the wing chord, knd the sweepback 
mgle  are  increased by t h i s  stretching; the aspect ra t io ,  the wing thick- 
ness r a t io ,  and the angle of at tack are reduced. If the model is  i n  a 
tunnel, the cross section of the tunnel remains unchanged. 

2. The incolnpressible flow about t h i s  elongated body is found. 
Specifically, the perturbation veloci t ies  u ' ,  v ' ,  w' ,on, or  near, the 
object are found f o r  an incolnpressible flow of stream velocity U. The 
problem of determining t h i s  flow may, of course, be quite d i f f i c u l t  j how- 
ever, since it i s  an incompressible-flow problem, it can presumably be 
solved by known methods. 



3 .  The desired perturbation veloci t ies  u, v, w in the desired 
compressible flow a re  re la ted  t o  the perturbation veloci t ies  u '  , v '  , w' 
in the incompressible flow about the elongated object at  cormsponding 
points by the foilowing equations: 

To within the accuracy of the f i r s t -order  approximation, t h i s  
procedure applies f o r  determining ve loc i t ies  on the object i n  f l i g h t  or 
in the tunnel, o r  f o r  determining tunnel interference velocities.. I n  
par t icular ,  constriction corrections a re  found by f i r s t  determining the 
constriction e f fec t  in the x ' ,  y', z '  space and then multiplying 

by . -4ngle-of-attack o r  downwash-angle corrections are  found by 
1 -&? 

f f rst determining the correction i n  the x \ y ', z ' space and then 

multiplying by 1 JiX' The measured l i f t  multiplied by i- 
gives the value of the l i f t  t h a t  should be assumed f o r  the incompressible 
flow i n  the x ' ,  y ' ,  z '  space. Because the aerodynamic character is t ics  
of the elongated object, i n  general, may bear no simple re la t ion  t o  tho,3e 
of the ac tua l  object . in  low-speed f l i g h t ,  cod in ing  the preceding threa 
steps into a simple formula f o r  the "compressibility e f fec t"  on tunnel 
interference i s  not possible f o r  most cases. The constriction ef fec t  on 
short  objects , hovever, does 'permit such a simple correction f o m l a .  

Consider an a i r f o i l  in  a two-dimensional closed tunnel. It i s  
roughly represented by a source-sink $00 on the l e f t  side of. f igure 5 ,  
where are  a l so  shown the nearest  images. The constriction e f fec t  fs 
merely the velocity contributed by these images i n  the region of the boAqa 
For incompressible flow, the constriction of the f i r s t  upper image i s  
indicated by the velocity vectors shown. The lower vector i s  due to  the 
source a t  the nose of the image; the upper vector i.s due to  the sink a t  
the rear  of the image; and the short  horizontal vector is  the resul tant .  



A similar construction applies t o  all the other images. Now, i f  the 
constriction e f fec t  at some Mach number M i s  desired, it i s  f i r s t  
necessary t o  construct an elongated body and determine i t s  interference 
i n  incompressible flow. Examination of the r igh t  side of figure 5 

shows tha t ,  i f  the body i s  elongated by 1 the constriction 

velocity due t o  the f i r s t  image i s  roughly I as  much as bsfore, 
dc-2 

and s i ~ l a r l y  f o r  the constriction velocity due t o  a l l  the other images. 
I f  now, according t o  s tep 3 of the indicated procedure, , t h i s  increase i s  

multiplied by 1 it follows tha t  the constriction e f fec t  f o r  a 
1 - 2" - 

reasonably short  body i n  the tunnel varies as  I . Furthermore, 

(1 - 4 3 1 2  
although the preceding derivation was f o r  an a i r f o i l  i n  a two-dimensional 
tunnel, it can be readi ly seen tha t  the ident ica l  derivation method and 
f i n a l  formula would apply f o r  the open two-dimensional tunnel or  f o r  a 
body i n  a three-dimensional tunnel, e i the r  open or  closed (reference 24) . 

From considerations of the f i e l d  of the a i r f o i l  and i t s  images i n  . 
the two-axe-wional closed-tunnel case, a simple ru l e  can be derived f o r  
the body-constriction e f fec t  i n  the absence of an appreciable wake, namely, 
t ha t  the constriction e f fec t  a t  the a i r f o i l  i s  one-third the t o t a l  veloc- 
i t y  increase a t  the w a l l  opposite the a i r f o i l .  This rule ,  which applies 
f o r  both compressible and incompressible flow, provides a means of e s t i -  
mating the constriction ef fec t  from simple pressure measurements a t  the 
w a l l .  For bodies i n  three-dimensional tunnels the f ac to r  i s  about one- 
half .  

CHOKING 

The choking speed of a closed tunnel containing a model i s  tha t  speed 
f o r  which the passage around the model serves roughly as a sonic throat  
and prevents fur ther  increase of the flow. Although a l l  the flow i n  t h i s  
minimum section may not be precisely a t  sonic speed, the choking speed i s  
usually f a i r l y  accurately predicted, on the basis  of the one-dinensional 
flow equations, from the r a t i o  of the tunnel cross-sectioaal area to  the 
minimum cross-sectional area of the passage around the model. N t e r  t h i s  
condition has been reached, any fur ther  reduction of the back pressure 
r e su l t s  merely i n  an increase i n  the extent of the supersonic flow region 
Just  a f t e r  the minimum without increasing the flow quantity or the up- 
stream Mach number. Any measurements made under such conditions w i l l  
obviously bear no re la t ion  t o  the character is t ics  of the model i n  f l i g h t .  
The question s t i l l  remains, however, as  to  whether resu l t s  obtained just  



a t  choking are  meaningful, or, i f  not, what is  the highest Mach numbel- 
f o r  which meanin@ul r e su l t s  can be obtained. Certain investigators 
hav& concluded that tunnel Mach numbers should not be closer than 0.02 
t o  0.03 t o  the choking Mach numbers; others, by comparing r e su l t s  f o r  
models of d i f fe rent  s i ze  i n  the s a ~ ~  tunnel, have concluded t h a t  the 
safe margin is  0.04 t o  0.05, depending on the model s ize (reference 25); 
s t i l l  others have concentrated on the study of constr ic t ion e f fec t s  almost 
UP t o  choking i t s e l f ,  presumably with the hope of using the measure- 
ments made under such conditions. A review of these studies seems t o  
indicate some variations among the types of r e su l t s  obtained i n  the d i f f e r -  
en t  tunnels. Possibly the differences are re la ted  t o  the differences in 
re la t ive  boundary-layer thicknesses on the tunnel walls; i n  any case, it 
seems desirable, f o r  the present, t ha t  fu r the r  s tudies  be made i n  the 
different wind tunnels where the problem ar i ses .  

Figure 6 i l l u s t r a t e s  the nature of the phenomena observed. Several. 
5-inch-chord a i r f o i l s  were mounted across the Langley 24-inch high-speed 
tunnel and pressures were measured on the wall opposite the models 
(reference 26) . On the l e f t  s ide of the f igures  , these pressures, i n t e r -  
preted i n  term of loca l  wall  Mach number, have been p lo t ted  against  
distance along the wall f o r  several tunnel indicated Mach numbers. It 

- 0~602 can be seen tha t  the constr ic t ion e f fec t  i s  quite mall a t  Mindicated - 
but begins t o  become appreciable a t  0.705. -4t higher Mach nuwbers it 
becomes quite large and, i n  addition, -the wake constr ic t ion e f fec t  becomes 
very large (indicated by the f a c t  t ha t  the w a l l  Mach nwnber downstream of 
the model never returns t o  the wall Mach number upstream of the model). 
Finally,  just  before choking, the peak Mach number r i s e s  very rapidly 
toward 1.0. On the r igh t  s ide of f igure  6, the peak Mach number a t  the 
w a l l  has been plot ted against  tunnel indicated Mach number i n  order t o  show 
more c lear ly  how rapidly the peak Mach number r i s e s  just  before the tunnel 
chokes. 

I n  the case of the l i f t i n g  a i r f o i l  ( f ig .  7, l e f t  s ide) ,  a var iat ion of 
the choking problem ar i ses .  The stagnation streamline effect ively s p l i t s  
the flow in to  two par t s  which pass, respectively, above and below the 
a i r f o i l  The dis t r ibut ion of cross-sectional areas, generally, i s  such tha t  
choking of the upper passage, i n  the region just  above the a i r f o i l  leading 
edge, occurs before choking of the lower passage. I n  t h i s  case, the t m e b  
flow quantity can continue t o  increase u n t i l  the lower passage i s  a lso 
choked, although, obviously, any data obtained i n  t h i s  flow regime bears no 
re la t ion  t o  the t rue a i r f o i l  character is t ics .  It is therefore desirable t o  
determine, by some means other t h m  obsemation of the tunnel indicated 
Mach number, the existence of a choked condition i n  the upper passage. 
Pressure or i f ices  on the wall oppoaite the model s h o d &  be useful t o  detect 
the approach of choking, as shown i n  f igure 6. It may a l so  be possible to 
compute the streamline pat tern by the method previously discussed (indi cat& 
on the r igh t  of f i g .  7) - the a i r f o i l  i s  considered t o  be elongated i n  tb 

stream direction by the fac tor  1 and the incompressible flow 

\n 



pat tern about t h i s  a i r f o i l  i s  determined. The area r a t io s  above the 
stagnation streamline i n  t h i s  flow should apply t o  the compressible flow. 
Determination of the locat ion of t h i s  streamline involves the solution 
of the flow in the i n f i n i t e  double cascade of a i r f o i l s  consisting of the 
a i r f o i l  m d  a l l  i t s  mirror images. (The cascade i s  referred t o  as 
"double " because it consists of two superinposed cascaaes , one conta inhg 
a i r f o i l s  a t  a posit ive angle of a t tack and one containing ail-foils a t  a 
negative angle of a t tack.)  Although modern cascade theory can provide 
exact solutions t o  t h i s  flow, an approximate solution, such as t h a t  talc- 
la t ed  i n  reference 27, should be sa t i s fac tory  f o r  t h i s  purpose. 

Unsymmetrical choking of a type similm t o  that just  discussed is a 
basic character is t ic  of any t e s t  setup i n  which the moael supports extend 
below the model t c  the f l o o r  of the tunnel. The n o d  s l i g h t  asymmetry 
introduced by such supports at low speeds becomes progressively more 
pronounced as  the Mach number increases, and, f ina l ly ,  choking occurs i n  
the region between the supports or  perhaps i n  most of the region below 
the wing. Such a support system therefore becomes quite unacceptable a t  
high speeds, and other arrangements have accordingly been developed. In 
one of these, a half-span model i s  mounted from the tunnel w a l l  or, t o  
avoid the thick w a l l  boundary layer, from a plate  in the center of the 
tunnel. I n  another arrangement, the complete model i s  supported from a 
s t ing  a t  the rear .  

The use of an open instead of a closed tunni l  i s  a l so  of in t e re s t  
with regard to  choking (reference 28). A t  the lower speeds, the tunnel 
constriction e f fec t  is, i n  any case, about half as m c h  as f o r  a closed 
tunnel (md of opposite sign);  and a t  very high speeds it offers  the 
advantages tha t  the wake constriction e f fec t  i s  inappreciable and tha t  
choking in the sense previously described cannot occur. The disadvantages 
of the olpen tunnel are,  of course, the greater  flow i r regular i ty  and the 
lower energy r a t io ,  as compared with the closed tunnel. 



THE PRANDTL-GLAUERT METHOD FOR TB[REE-DIMENSIONAL FLOW 

A brief  derivation of a form of the Prandtl-Glauert method, correct 
f o r  three dimensions, may be given as follows: A f i r s t -o rde r  approxi- 
mation t o  the subsonic compressible flow about a th in  body B, the sur- 

i face of which has the equation 

may be obtained by finding a solution of the l inearized d i f f e ren t i a l  
equation f o r  the potent ia l  9 of the incremental veloci t ies ,  

. where the x-axis is  i n  the stream dimct ion  and the incremental veloci t ies  
q,,, Cpy, and rpZ are  small compared with the stream veloci ty  U. A t  aP1 

points on the surface of B, the potential. must sa t i s fy  the boundary 
condition 

which s t a t e s  tha t  the flow i s  tangential  t o  B. Since B i s  assume& 
thin,  Sx i s  small compared with Sy and S,; consequently, the second- 

order term (PxSx may be neglected, and the boundary condition becomes 



In order to solve the boundary-value problem given by equations (Al) 
and (A2) in terms of incompressible flow, the following transformation of 
variables is used 

Under this transformation, equations (~1) and ( ~ 2 )  become, respectivaly, 

Equations (~4) and (~5) are, respectively, the differentiai equation and 
boundary condition for the potential cp' of the incremental velocities crf 
an incompressible flow with free-stream velocity U, in the x', y, z 
space, about a thin body B', the surface of which has the equation 

The incremental velocities in the compressible flow are thus given 

where u, v, and w and u', v', and w' are the incremental velocities 



at corresponding points in the compressible flow about B and the 
incompressible flow about B ' , respectively. 

The foregoing analysis establishes the Prandtl-Glauert method for 
three-dimensional flow in the following form: The incremental velocities 
at a point P on the suxface of a thin body B in compressible flow may 
be obtain36 in three steps: 

(1) The x-coordinates .of all points of B are increased by the factor 
1 , where 

m d  where the x-axis is in the stream direction. This transformation 
changes B into a stretched body B9. 

(2) The incremental velocities u', v', w' , in the direction of the 
x-, y-, and z-axes, respectively, at the point P '  on B' corresponding 
to the point P on B are calculated as though B '  were in an incompress- 
ible flow having the same free-stream velocity as the original compressible 
flow. 

(3) The values u, v, and w of the incremental velocikies at the 
point P on the original unstretched body B in compressible flow are 
then found by the equations 



REFERENCES 

1. Van Schliestet t ,  George: Experimental Verification of Theodorsen's 
Theoretical Je t-Boundary Correction Factors. NACA TN No. 506, 
1934 

2. Abbott, I r a  H., Ton Doenhoff, Albert E., and Stivers,  Louis S., Jr.: 
Summary of Air fo i l  Data. NACA Rep. No. 824, 1945, appendix. 

3. Vincenti, Walter G., and Graham, Donald J..: The Effect of W a l l  Inter-  
ference upon the Aerodynamic Characteristics of an Air fo i l  Spanning 
a Cloaed-Throat Circular Wind Tunnel. NACA ACR No. 5D21, 1945. 

4. Katzoff, S., Finn, Robert S., and Laurence, James C.: Interference 
Method f o r  Obtaining the Potent ial  Flow past an Arbitrary Cascade 
of Airfoi ls .  NACA TN No. 1252, 1947. 

3. Poggi, L.: Sulla variazione da apportarsi ai  r e s u l t a t i  del le  esperienze 
eseguite al tunnel aerodinamico su d i  un modello alare. L'Aerotecnica, 
vol. X I ,  fasc.  4, April 1931, pp. 424-445. 

6. Vandrey, F. : Der Diiseneinfluss auf die Windkanal.korrekturen be i  ebener 
S t r b m g .  Jahrb . 1942 der deutschen ~ u f  t f  ahrtf  orschbg, 

' 3 .  Oldenbourg -(Munich), pp. I 786 - I 793. 

7. Silverstein,  Abe, and Katzoff, S.: Experimental Investigation of W l n b  
Tune1 Interference an the Downwash behind an Airfoil .  NACA Rep. 
No. 609, 1937. 

8. Theodorsen, Theodore, and Silverstein,  Abe : Ekperimental Verification 
of the Theory of Wind-Tunnel Boundary Interference. NACA Rep. 
No. 478, 1934. 

9. Imai, Isao: On the Deformation of Free Boundary Due t o  Line Vortices. 
Rep. No. 183 (vol. 14, 12) ,  Aero. Res. Inst . ,  To00 Imperial 
Univ., Aug. 1939, pp. 395-438. 

10. Davison, B., and Roaenhead, L.: Win6 Tunnel Corkection f o r  a Circular 
Open J e t  Tunnel with a Reflection Plate.  Proc . Roy. Soc. (London), 
se re  A, vol. 177, no. 970, Feb. 24, 1941, pp. 366-382. 

11. Sivel ls ,  James C. ,  and Deters, Owen J. : Jet-Boundary and Plan-Form 
Corrections f o r  Partial-Span Models with Reflection Plane, Ehd 
Plate ,  or  No End Pla te  i n  a Closed Circular Wind Tunnel. NACA TN 
No. 1077, 1946. 

12. Kondo, Kazuo: Boundary Interference of Pa r t i a l ly  Closed Wind Tunnels. 
Rep. No. 137 (vol. X I ,  5 ) ,  Aero. Res. Ins t . ,  Tokyo Ilnperial Univ., 
Mar. 1936, pp. 163-190. 



13. Silverstein,  Abe, and White, Jam~s A.: Wind-Tunnel Interference with 
Par t icu lar  Reference t o  Off-Center Posit ions of the Wing and t o  
the Downwash a t  the Tail. NACA Rep. No. 547, 1935 

14. Lotz, Irmgard: Correction of Downwash i n  Wind Tunnels of Circular 
and E l l i p t i c  Se-ctions . NACA TI4 No. 801, 1936. 

15. Eisenstadt, Bertram J.: Boundary-Induced Upwash f o r  Yawed and Swept- 
Back Wings in Closed Circular Wind Tunnels. NACA 'IT? No. 1265, 
1947 

16. Allen, H. Julian, and Vincenti, Walter G. : The W a l l  Interference i n  
a Two-Dimensional-Flow Wind Tunnel with Consideration of the Effect 
of Compressibility. NACA Rep. No. 782, 1944. 

17. Kiichemann, Dietrich, and Vandrey, Friedrich: On the Influence of the 
Eratrance (or Egi t  Cone) on Measurements of Resistance i n  a Free 
J e t .  Z.f .a.M.M., Bd. 21, Feb. 1941, pp. 17-31. 

18. Malavard, Lucien: Etude de quelques problems techniques relevant 
de l a  th6orie des a i l e s .  Application a lsur solution de l a  
Gthode rheoelectrique. Pub. No. 153, Pub. Sci.  e t  Tech. du 
Ministere de 1 ' A i r  (Paris ) , 1939. 

19. Katzoff, S., and F&, Robert S. : Determination of Jet-Boundary 
Corrections t o  Cowling-Flap-Outle t Pressures by an Elec t r ica l  
Analogy Method. NACA ARR No. 4 ~ 2 3 ,  1944. 

200 Swanson, Robert S.: Jet-Boundary Corrections t o  a Yawed Model i n  a. 
Closed Rectangulm Wfnd Tunnel. NACa ARR, Feb. 1943. 

21. Hess, Robert V., and-Gardner, Clifford, S.: Study by the Prandtl- 
Glauert Method of Compressibility Effects and Cr i t i ca l  Mach Number 
f o r  Ellipsoids of Various Aspect Ratios a;nd Thickness Ratios. 
NACA RM NO. L7B03a, 1947. 

22. Gathert, B.: Ebene und rBumliche Stramung bei  hohen Unterschall- 
geschwindigkeiten (~rweiterung der Prandtlschen Regel) . Beri cht 
127 der Lilienthal-Gesellschaft f i b  Luftfahrtforschung, 1940, 
pp. 97-101. 

23 . G t h e r t  , B . : Windkanalkorrekturen bei  hohen Unterschallge schwbdig- 
keiten unter besonderer Beriicksichtigung de s geschlossenen 
E-e i skanalcs . ~orschungsberi  cht Nr . 1216, Deuts che Luf t f  ahrt-  
f orschmg (~erlin-Adlershof ) , 1940. 

24. Young, A. D. ,  and Squire, H. B.: Blockage Corrections i n  a Closed 
Rectangular Tunnel. (Part I.- Simple, Approximate Formulae f o r  
General Application by Young and Squire ; Par t  11. - Note on the 
Blockage Correction f o r  Streamline Bodies of   evolution by Young. ) 
R. & M. No. 1984, Br i t i sh  A.R.C., June 1945. 



25. Petersohn, E.: On Maximum Model Size f o r  Wind Tunnel Investigations 
a t  High Subsonic Mach Numbers. Rep. No. 23, Aero. Res. Ins t .  of 
Sweden (stockholm), 1948. 

26. Byme, Robert W. : Experimental Constriction Effects i n  High-Speed 
Wind Tunnels. NACA ACR No. LkLOTa, 1944. 

27. Goethert, Bernhard A*:  Choking Mach Number i n  High Speed Wind Tunnel 
with Consideration of the Model Li f t .  AE' TR No. 5666, A i r  Materiel 
Command, U. S. A i r  Force, Feb. 9, 1948. 

28. Wright, Ray H., and Donaldson, Coleman d@. : Conparison of Two- 
Dimensional A i r  Flows about an NACA 0012 Air fo i l  of 1-Inch Chord 
a t  Zero ~ i f t ' i n - o p e n  and Closed 3-Inch J e t s  and Corrections f o r  
Jet-Boundary Interference. NACA TN No. 1055, 1946. 

Glauert, H.: Wind Tunnel Interference on Wings, Bodies, and Airscrews. 
R. & M. No. 1566, Br i t i sh  A.R.C., 1933. 

Toussaint, A.: EQerimental. Methods - .Wind Tunnels. Influence of tb 
Dimensions of the A i r  Stream. Vol. I11 of Aerodynamic Theory, 
dlv. I, pa r t  1, ch. 111, W. F. Durand, ed., Ju l ius  Springer ( ~ e r l i n ) ,  
1935, PP. 280-3190 

Ton &, Th., and Burgers, J. M.: General Aerodynamic Theory - Perfect  
Fluids. Influence of Boundaries i n  the F ie ld  of Motion around A i r -  
f o i l  Systems. Vol. I1 of Aerodynamic Theory, div. E., ch. N, pt .  C, 
W. F. W a n d ,  ed. , Ju l ius  Springer ( ~ e r l i n )  , 1935, pp . 236-280. 

Pope, Alan: Wind-Tunnel Testing. John Wiley & Sons, Inc., 1947. 



Figure 1. - Airplane model in closed wind tunnel. Several of more 
important components of interference flow shown. * 

Figure 2.- Image system of doublets for a lifting element in a closed 
rectangular wind tunnel. 



Figure 3.- Representations of the loading on a 60' swept wing by means 
of horseshoe vortices of other sweep angles. 

Figure 4. - Scheme for  calculation of first-order compressibility effects. 



Figure 5.- Source-sink body in a two-dimensional tunnel, and i ts  
nearest images. 
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Figure 6.- Variation of wall Mach number with tunnel indicated Mach number. 
Five-inch chord airfoils in the Langley 24-inch high-speed tunnel. 



Figure 7. - Figure illustrating calculation of choking for a lifting airfoil in a 
closed two -dimensional tunnel. 







PreceLg page Mank ,, 

By Blake W. Corson, Jr. 

Langley Aeronautical Laboratory 

Although the w e  of screw propellers f o r  boats was introduced a t  
l eas t  as ear ly as 1836, the sc i en t i f i c  study of propellers may be 
regarded as having begun i n  1865 with the introduction of the s l i p s t r e m -  
momentum theory by Rankine which was followed i n  1878 by an a l te rna t ive  
concept, the simple blade-element theory of W. Froude. In view of the 
extreme simplicity of the ass-tions upon which the ear ly theory is  
based, the agreement of the analyt ical  r e su l t s  with experience is 
remarkably good. The f a c t  t ha t  no fu r the r  magor advances i n  propeller 
theory were made wtil about 1915 is due in pa r t  t o  the re la t ive ly  
sat isfactory r e su l t s  obtained with the  ear ly simple theory and indicates 
tha t  progress in propeller theory awaited the  development of a i r c r a f t  
and a i r f o i l  theory. 

Ln the his tory of propeller theory there appear t o  be f ive  out- 
standing contributions which serve a s  a background f o r  a great  number of 
associated s ignif icant  contributions. The major contributions a re  the 
axial-momentum theory introduced by Rankine (reference 1 )  in 1-85?> the 
simple blade-element theory of W. Froude (reference 2 ) ,  1878, the 
concept of the vortex propeller theory by Lanchester (reference 3 ) ,  
1907, the screw propeller with minimum induced energy loss  by Betz 
(reference 41, 1919, and Goldstein's solution f o r  the r ad ia l  d i s t r i -  
'Dution of circulatfon f o r  highest efficiency f o r  a l i g h t l y  loaded pro- 
pe l l e r  having a f i n i t e  num'ber of blades (reference 5 ) ,  1929. Since 1929 
a number of notable contributions have been made t o  aerodynamic pro- 
pelley theory, most of which stem from an a t t e q t  t o  extend the work of 
Betz and Goldstein t o  consideration of a heavily loaded propeller and 
the development of dual-rotation propeller theory. 

A review of only the s ignif icant  contributions t o  propeller theory 
affords material  f o r  a voluminous textbook. The purpose of t h i s  paper 
is t o  mention b r i e f ly  the s ignif icant  features of the major contributions 
and t o  discuss some of the more important developments made since the 
introduction of Goldstein's work, especially those made during the recent 
w a r  years which have not received widespread publicity.  

A l is t  of the gymbols used i n  t h i s  paper is  included i n  the appendix. 



EARLY THEORY 

Simple Momentum Theory 

I n  the development of the slipstream-mial-momentum theory Rankine 
regarded the propel ler  as an actuator disk imersed  in a f l u i d  having a 
uniform rela-bive motion normal t o  the  plane of the disk as shown i n  
figure 1. The thrust exerted by the propel ler  r e su l t s  i n  a discontinuous 
increase i n  t o t a l  pressure of the slipstream as  it passes through the 
disk which is manifest as a continuous increase i n  slipstream ax ia l  
velocity and an abrupt r i s e  in s t a t i c  pressure. In the derivation, use 
is  made of the l a w s  of motion, Bernoulli 's equation, continuity equation, 
m d  conservation of energy. The analysis indicates tha t  the ax ia l -  
velocity increase in the fully developed s l ipstrean,  where the s t a t i c  
pressure is  the same a s  tha t  of the%'surrounding medium, is twice the 
increase a t  the  propeller. The fundamental and very usef'ul re la t ion  f o r  
j e t  propulsive efficiency is 

By assuming conservation of energy, an a l te rna te  expression involving 
power coefficient,  advance r a t io ,  and efficiency is derived: 

Equation (2) represents the absolute ultimate in efficiency obtainable 
with a loaded propel ler  operating i n  an undisturbed streamj the only 
loss  considered is the  a x i a l  k ine t ic  energy i n  the slipstream which is 
inseparable from the production of thrus t .  The variat ion of idea l  
efficiency with advance r a t i o  as indicated by the  simple momentum theory 
is shown i n  f igure 2 and i s  compared with the efficiency indicated by 
modern theory. 

The simple momentum thevry was  inadequate i n  tha t  it gave no 
indication of the r a t e  of slipstream contraction, f a i l e d  t o  deal with 
the f r i c t i o n  losses  of a r e a l  propeller, and f a i l e d  t o  f i x  propeller 
geometry except t o  demand the largest  possible diameter. 

Simple Blade -Element Theory 

The simple blade-element theory introduced by W. Froude i n  1878 
and extended by Drzewiecki (reference 1 on p . 179 of reference 6) i n  
1892 ignored the concept of slipstream momentum and considered only the 



force and velocity vectors acting on the propel ler  blade sections.  The 
blade section a t  each r ad ia l  distance from the axis  of ro ta t ion  was 
t reated as an a i r f o i l  of indefini te ly short  span operating i n  a f l u i d  
whose re la t ive  velocity w a s  determined only by the propel le r ' s  ro ta t iona l  
speed 'and i ts forward motion. Application of the theory required the 
use of experimentally determined a i r f o i l  charac ter i s t ics  ( l i f t  and drag 
coeff ic ients)  and arb i t ra ry  assumptions of effect ive aspect r a t i o .  

This theory, though f a r  from being sat isfactory,  did enable 
designers t o  f i x  propeller s i ze  and shape f o r  given operating conditions 
and permitted the calculation of propeller thrust ,  power, and pro f i l e  
efficiency. The efficiency computation accounts f o r  no losses except 
the blade-section profile-drag o r  f r i c t i o n  losses.  The efficiency of a 
blade element 7 ' f s expressed as 

where $do is  the nominal hel ix  angle and 7 . is the  angle whose tangent 

is the drag- l i f t  r a t io .  The foregoing r e l a t ion  is sinrp1.y the efficiency 
of any screw involving f r i c t i o n  and working without s l i p .  Th2 theory is 
useless f o r  conditions of low ra t e s  of advance but gives reasonably good 
resu l t s  a t  high advance r a t ios  and does indicate that highest efficiency 
can be obtained when the most effect ive par t s  of the  propeller blade have 
he l ix  angles s l igh t ly  l e s s  than 45'. Inasmuch a s  the energy relat ions 
between the propeller and the surrounding medium are ignored, the theory 
is incomplete and gives no i n f o m t f o n  f o r  select ion of o p t i m  number 
of blades o r  optimum blade shape. The o p t i r k  diameter indicated would 
be merely tha t  which resulted i n  lowest p ro f i l e  losses which is en t i r e ly  
dependent upon the a rb i t ra ry  select ion of a i r f o i l  character is t ics .  

MODERN THEORY 

The Vortex Theory 

I n  the quarter century preceding World W a r  I, considerable e f fo r t  
was spent i n  t rying t o  develop the older basic theories t o  have a more 
r e a l i s t i c  application t o  ac tua l  propellers.  Most investigators real ized 
tha t  the axial-velocity increment demarided by the simple momentum theory 
must a lso  ex i s t  t o  some extent f o r  the blade -element theory, and early 
attempts t o  improve the l a t t e r  theory followed t h i s  approach. That is, 
the effect ive ax ia l  velocity i n  whtch the propeller operated w a s  assumed 
t o  be the sum of the f l i g h t  velocity and the velocity increment ( a t  the 
disk) calculated from the simple momentum theory o r  an empirically 
determined portion thereof (reference 1 on p . 180 of reference 6 and 
references 7 and 8).  Also, during t h i s  period the slipstream-momentum 



theory w a s  extended t o  include the slipstream ro ta t ion  resul t ing from 
propeller torque and was designated as the general momentum theory. 

With the advent of modern a i r f o i l  theory characterized by the 
association of l i f t  with circulat ion and the related concept of a vortex 
system f o r  a f i n i t e  a i r f o i l  consisting of bound and t r a i l i n g  vortices, a 
new approach t o  the propeller problem was  opened. 

The concept proposed by Lanchester i n  1907 (reference 3), upon which 
the vortex theory of the propeller is based, i s  tha t  the effect ive 
velocity at  which the blade sections of a propeller operate includes, .in 
addition t o  the t ranslat ional  and rotat ional  veloci t ies ,  the velocity 
induced by the propeller i t s e l f  which is the strength at the propeller 
blades of the velocity f i e l d  of the t r a i l i n g  vortex system. This concept 
is  based on Prandt l ' s  a i r f o i l  theory. The siznplest possible represen- 
t a t ion  of such a system, analogous t o  the use of a horseshoe vortex t o  
represent a f i n i t e  l i f t i n g  a i r f o i l ,  is shown i n  figure 3. The diagram 
i l l u s t r a t e s  the propeller blades, each with a bound vortex and i ts  
associated p a i r  of t r a i l i n g  vortices, a l l  of equal strength. From each 
propeller blade one vortex trails d i rec t ly  downstream with circulat ion 
about the axis of rotat ion i n  the same sense as  the propeller rotation, 
the other vortex springing from the propeller t i p  t r a i l s  along a he l i ca l  
path with circuLation opposite i n  sense t o  tha t  of the axial t r a i l i n g  
vortex. It w a s  realized, of course, t h a t  the r e a l  vortex system would 
be determined by the r a d i a l  d is t r ibut ion  of load on the blade and would 
be composed of a hel icoidal  sheet of vortex filaments springing from a l l  
points along the blade. Employing such a concept, Joukowski developed a 
vortex theory of screw propellers i n  1912 (reference 8 on p. 180 of 
reference 6) which he presented in f i n a l  form i n  1918, being forced by 
the involved nature of the problem t o  the s i~ l~p l i fy ing  assumption of an 
i n f i n i t e  nuuiber of blades. Original contributions i n  the development 
of the vortex theory of propellers with an i n f i n i t e  nwnber of blades have 
been made by other investigators (references A5 and A7 of reference 9 and 
references 10 t o  13) of whom the most widely known i n  English speaking 
countries is II. Glauert. 

The essent ia l  feature of the vortex theory is tha t  the induced 
velocity a t  the propeller blade can be calculated from a knowledge of 
the vortex system of the wake and tha t  i n  the resul tant  flow the blade 
elements can be assumed t o  operate with the character is t ics  of an a i r -  
f o i l  having in f in i t e  aspect ra t io .  A fur ther  assmption made i n  the 
application of blade-element theory is tha t  the operation of a blade 
element is  not influenced by the operation of adjacent elements of the 
sane blade. Though not theoret ical ly  tenable, experiment has shown 
th2t the assumption of independence of blade elements r e su l t s  i n  no 
appreciable e r ro r  (reference 14) . 

A typica l  vector diagram of the veloci t ies  assumed to  ac t  on a 
propeller blade element f o r  the vortex theory is presented i n  figure 4. 
The ax ia l  and rotat ional  components, v and 2nm, respectively, are  



specified by the operating conditions. The c r i t i c a l  problem in any 
screw-propeller theory is the determination of the induced velocity wl 
which is the r e a l  velocity a t  the propeller blade element of the air  
adjacent t o  the vortex sheet in a direct ion normal t o  the sheet. In the 
application of the vortex theory it has been customary t o  resolve the 
induced velocity in to  a x i a l  asd ro ta t iona l  coqonents and t o  colnpute 
these "interference " veloci t ies  by means  of the general momentum 
equations. Satisfactory routing procedures f o r  application of the vortex 
theory have been s e t  up by Glauert and by Weick (references 15 and 16, 
respectively).  

Again ref err ing t o  the vector diagram ( f  Lg. 4) the efficiency of a 
blade element by the vortex theory is  shown t o  be 

7 '  = t a n $  1 - a 1  

tan ($d + y )  1 + a 

Equation (4) conveniently indicates the magnitudes of the three sources 
of loss  considered, tha t  ie ,  profile-dra,g loss  and the ax ia l  and ro ta-  
t iona l  induced losses. 

When the  vortex theory is simplified by the assumption of a pro- 
pe l l e r  having an i n f i n i t e  nuniber of f r i c t ion les s  blades, the induced 
velocity a t  the propeller w l  of the t ra i l ing-vortex system i s  the 
same as tha t  obtained by the general momentum equations and is given by 

W l  = BI' 
4rtr s i n  (d 

where the product BI' is  the t o t a l  c i rculat ion about a l l  blade elements 
a t  the radius r. 

In sp i t e  of the necessary simplifying assumptions, the vortex theory 
has given r e su l t s  which agree reasonably well  with experience and forms 
the basis of modern propeller theory. It did f a i l ,  however, i n  the 
important d e t a i l  of showing the e f fec t  of the number of blades and, as 
originally developed, did not indicate the optimum rad ia l  dis t r ibut ion 
of blade loading. 

Screw Propeller with Minimum Induced Energy Loss 

Adopting the concept of a propeller operating i n  accordance with 
the vortex theory and producing a slipstream composed of a system of 
t r a i l i n g  vortices, Betz proposed t o  determine the r ad ia l  dis t r ibut ion of 
c irculat ion along the propeller blade (or dis t r ibut ion of vort  i c i t y  in 



the slipstream) which f o r  a given thrust  would r e su l t  i n  the smallest 
energy loss  (reference 4). Prandtl  had shown tha t  the condition of 
minirm induced energy loss  f o r  a l i f t i n g  a i r f o i l  is obtained when the 
induced velocity i n  the wake, opposed t o  the direct ion of the l i f t ,  is  
uniform along the span, which resu l t s  i n  an e l l i p t i c a l  spanwise loading. 
S e t z ' s  solution represents an extension of Prandt l ' s  a i r f o i l  theory t o  
the case of a propeller.  Jus t  as  Fn the case of a f i n i t e  wing, the 
system of vortex filaments t r a i l i n g  the spanwise wing elements i s  
regarded as forming a r ig id  sheet; so, f o r  a propeller the vortex 
filaments t r a i l i n g  along he l ica l  paths downstream from the propeller 
blade elements are  regarded as forming, behind each blade, a r ig id  
helicoidal vortex sheet (without any assmption at t h i s  point as t o  
whether the individual filaments continue t o  maintain t h e i r  posit ions 
re la t ive  t o  one another as  they pass downstream). 

In the w&e of a t h m t i n g  propeller the helicoidal sheets have 
both ax ia l  and ro ta t ional  velocity components which, i f  the sheets a re  
r igid,  can be resolved in to  a pure apparent a x i a l  motion o r  pure apparent 
rotat ion.  In any case the f l u i d  between adjacent sheets adopts the same 
general motion and, in addition, a r ad ia l  velocity produced by its 
tendency t o  flow around the edges of the sheets which produces the so- 
called ''tip loss  " associated with a f i n i t e  number of blades. Ln his  
ear ly treatment Betz assumed a l igh t ly  loaded propeller with negligible 
slipstream contraction. He deal t  with conditions in the wake f a r  behind 
the propeller and made use of Munk's displacement theorem by which a 
small change i n  circulat ion can be assumed t o  be added at a point i n  the  
wake ra ther  than at the propeller blade. 

Betz assumed tha t  the r ad ia l  dis t r ibut ion of c irculat ion could be 
varied a t  w i l l  by adding o r  subtracting increments of c irculat ion a t  
various r ad i i .  He showed tha t  t o  maintain a constant value of over-al l  
thrust  an increment of c irculat ion removed at one radius had t o  be 
replaced a t  another by an increment having a strength inversely propor- 
tional. t o  the respective r ad i i .  He then investigated the poss ib i l i ty  
of reducing the circulat ion a t  those r a d i i  where the induced loss  was 
high and increasing the circulat ion at  r a d i i  where the induced loss  was 
small and thereby established the conditfon of minimum induced energy 
loss  t o  be tha t  f o r  which the helicoidal vortex sheets formed apparently 
r ig id  screw surfaces of uniform pitch, under which conditions the blade 
elements a t  a l l  r a d i i  operated with equal efficiency (drag losses not 
being considered). 

Betz used rigorous proofs t o  establ ish the condition f o r  minimm 
induced energy loss  f o r  a screw propeller, t o  jus t i fy  the w e  of Munk's 
displacement theorem, and t o  show that the induced ve loc i t ies  in the 
f u l l y  developed slipstream were twice as  great a s  f o r  corresponding 
points a t  the propeller blades. 

The condition f o r  minimum induced energy loss i s  i l l u s t r a t ed  by the 
vector diagrams of figure 5 f o r  veloci t ies  i n  the wake f a r  downstream 
from the propeller. Betz 's  conclusion w a s  t ha t  the induced velocity wl 
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normal t o  the loca l  surface of the vortex sheet should varg rad ia l ly  so 
tha t  

Wl - = w = Consti~nt 
cos pl 

where w is the apparent a x i a l  motion of the r ig id  vortex sheets. The 
r e a l  velocity wl of the a i r  at the surface of the hel icoidal  sheet has 

both axial and ro ta t iona l  cowonents which vary continuously along the 
blade. However, t o  an observer f a r  t o  one s ide of the  slipstream. viewing 
the wake system in a direction normal t o  i t s  axis, the vortex sheets 
would appear t o  fom. r ig id  screw surfaces of uniform pi tch  and would 
appear t o  move as a whole without ro ta t ion  with the  pure a x i a l  velocity w. 

The foregoing concept of a rigid-wake system is adopted f o r  conven- 
ience in the mathematical treatment of the  potent ia l  flow in the propeller 
wake. Because the induced ve loc i t ies  in the f a r  wake a re  twice as great 
as a t  the propeller, the hel icoidal  vortex sheets undergo an i n i t i a l  
d i s tor t ion  i n  the region where the  slipstream contracts and are  assmed 
then t o  form r ig id  screw surfaces of i n f i n i t e  length. Actually, the 
surfaces r o l l  up in to  concentrated s p i r a l  vortices, one f o r  each blade, 
and a single vortex along the axis  equal t o  the com3ined.strength of 

- the s p i r a l  vortices.  

I n  the development of propeller theory various authors deal some- 
times with conditions at the propeller blades and at other times with 
those i n  the f u l l y  de~eloped s l ipstrean.  In nearly a l l  modern treatments 
of the vortex theory conditions in the f i n a l  wake (especially, the 
apparent axial mhtion of the t r a i l i n g  hel icoidal  sheets) are the design 
cr i ter ions.  It is the responsibi l i ty  of the individual t o  make cer ta in  
of an author 's  nomenclature before applying h i s  resu l t s .  The symbol w 
is found i n  the l i t e r a t u r e  t o  represent axial velocity of the helices 
both i n  the f i n a l  wake and at  the propeller blades. 

Effect of Number of Blades 

I n  the development of the vortex theory the treatment of the pro- 
pe l l e r  was  simplified by the assumption of an in f in i t e  number of blades. 
In t h i s  way the spacing between adjacent hel icoidal  vortex sheets i s  
made indefini te ly mall, the r ad ia l  velocity components of the flow 
around the edges of the vortex sheets a re  eliminated from the consider- 
ations, and the  circulat ion i n  a bound vortex does not become zero a t  
the blade t i p .  For physical propellers the foregoing simplification 
must be abandonedj the spacing between the hel icoidal  sheets increases 
as  a function of advance r a t i o  and inversely as  the rimer of blades; 
and further,  the circulat ion i n  a bound vortex m u s t  become zero a t  the 
blade t i p  as  well  as at  the axis. However, the Betz condition f o r  



minim induced energy loss  tha t  the hel icoidal  vortex sheets form screw 
surfaces of uniform pi tch remains valid.  

P m d t l ' s  solution. - In an addendum t o  Betz 's  paper (reference 4)) 
Prandtl  gave an approximate solution f o r  the r a d i a l  dis t r ibut ion of 
c irculat ion f o r  a propeller having few blades. Prandtl  i g o r e d  the 
he l i ca l  nature of the flow behind a propeller and assumed the hel icoidal  
vortex sheets t o  be replaced by a succession of semi-infinite, r ig id -  
plane laminae normal t o  the propeller axis.  The distance between laminae 
was taken equal t o  the normal distance a t  the slipstream boundary between 
the corresponding hel icoidal  surfaces, and the edges of the laminae were 
taken t o  l i e  i n  a plane tangent t o  the slipstream boundary. P m d t l  
investigated the two-dimensional f i e l d  of flow around the  edges of the 
laminae when the ambient f l u i d  moved normal t o  t h e i r  planes with a 
re la t ive  velocity w. Regarding the circulat ion as equal t o  the change 
in the velocity potent ial  across the laminae, Prandtl  obtained a 
dis t r ibut ion of c irculat ion which was zero at the  edge and increased with 
distance f romthe  edge. The r e su l t s  applied t o  a propeller give a r a d i a l  
dis t r ibut ion of c irculat ion which is a function of nmber of blades and 
advance r a t i o  and is zero at the blade t i p .  When equations presented 
i n  reference 17 are  combined, the approximate solution f o r  optimum 
distr ibut ion of c irculat ion along the blade obtained by Prandtl  is 
given by equation (6) in terms of the  circulat ion f k c t i o n  

When Goldstein's exact solution (discussed subsequently) is used as a 
cr i ter ion,  Prandt l ' s  approximate solution gives good re su l t s  f o r  pro- 
pe l le rs  having a large nmnber of blades o r  having a small advance ra t io ,  
t ha t  is, when the spacing between adjacent hel icoidal  sheets is 
relat ively small. For operation at large values of advance ra t io ,  o r  
with few blades, the approximate solut ion is not accurate. Ln a l l  cases 
the approximate solution gives values of c irculat ion la rger  than those 
obtained by Goldstein's exact solution. 

Goldstein's solution.- An exact solution f o r  the r ad ia l  distributic 
of c irculat ion i n  the he l i ca l  wake of a propeller having few blades was 
obtained by Goldstein and presented i n  1929 (reference 5 ) .  Lock 
(reference 18) s t a t e s  tha t  the  problem of pure hydrodynamics considered 
by Goldstein is tha t  of the potent ial  flow of f l u i d  past  a r ig id  body 
of a cer tain form moving with a uniform velocity. The form of the body 
is a hel icoidal  surface of i n f i n i t e  length but f i n i t e  radius, moving 
pa ra l l e l  t o  i ts  axis with uniform velocity w, o r  more generally a ~ l y  

f i n i t e  number of such surfaces equally spaced on the same axis and of 
the same radius, corresponding i n  number t o  the nwzlber of blades of the 
airscrew. 



Goldstein deals with a propeller having few blades operating in an 
in7aiscid f l u i d  so  that the consideration of blade drag loss  is elimi- 
nated. Hk accepts as val id  the Betz condition f o r  mfnimum energy loss  
as being realized when, at  a great  distance from the propeller,  the 
vortex sheets t r a i l i n g  the  propeller blades form screw surfaces of 
uniform pitch. Goldstein notes tha t  acceptance of the foregoing condi- 
t i o n  is equivalent t o  neglecting the  aiirstream contraction a d  is  
therefore val id  on ly  f o r  l i gh t ly  loaded propellers.  In obtaining h i s  
solution Goldstein deals only with conditions in the f i n a l  wake and 
s ta tes ,  as  does Betz, t ha t  the induced velocity at a propeller blade i s  
one-half as great as that a t  a corresponding point i n  the wake. 

In a few brief  steps Goldstein establishes the d i f f e ren t i a l  
equation f o r  the po tec t i a l  flow which s a t i s f i e s  the boundary conditions. 
However, the mathematical procedures used t o  obtain a solution are  
in t r ica te .  The solution is obtained i n  terms of a circulat ion function 
fl(x) 

The determination of the value of ~ ( x )  f o r  a specif ic  0perati.n.g 
condition involves the use of Bessel functions and the evaluation of 
in f in i t e  ser ies .  

A diagram of a propeller with i ts trailing vortex system is 
presented in figure 6 t o  i l l u s t r a t e  the def in i t ion  of the circulat ion 
function ~ ( x ) .  This figure was taken i n  par t  from one presented i n  
reference 19. A four-blade propeller operating at  a f l i g h t  speed 'd 
and rotat ional  t i p  speed ImD i s  represented. On the lower blade i n  
the figure the bound vor t ic i ty  is  represented by equipotential  l i nes  
which, when shed, continue downstream as  trail ing-vortex f i lanents ,  
the aggregate of which build the hel icoidal  vortex sheets- Goldstein 
assumed a l igh t ly  loaded propeller with negligible slipstream contraction 
so tha t  at the surface of a vortex sheet i n  the f a r  wake the circulat ion 
a t  a given radius could be equated t o  the  circulat ion about the propeller 
blade a t  the same radius. The circulat ion r a t  a point on a vortex 
sheet is  equivalent .to the difference i n  the velocity potent ia l  between 
the upstream and downstream faces of the sheet taken along a path around 
. the edge of the sheet. 

By hypothesis the wake vortex system conforms t o  the Betz condition 
f o r  minimum energy loss  and mves ax ia l ly  with velocity w with respect 
t o  the surrounding medium. The axial spacing between adjacent hel icoidal  
sheets is 
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The quantity 

represents the equivalent velocity potent ia l  r e ~ u l t i n g  from the action 
of the velocity w through the a x i a l  distance between adjacent sheets. 
The circulat ion function ~ ( x )  is defined as the r a t i o  of the circu-  
l a t ion  I' t o  t h i s  velocity potential:  

The he l ix  angle i n  the f a r  wake is determined by the re la t ion  

I n  defining the circulat ion function f o r  l i gh t ly  loaded propellers, 
Goldstein regarded the  wake velocity w as  amall compared t o  the f l i g h t  
speed so t h a t  

For propellers with a moderately heavy loading he notes tha t  it is 
more exact t o  dafine 

One concept of the circulat ion function K(x) is tha t  it represents 
the fract ion of the a x i a l  spacing between surfaces which, i f  acted 
through by the constant velocity w, produces the same potent ial  as  does 
the  average of the r e a l  axial-velocity component acting through the f u l l  
distance of the ax ia l  spacing. Ln other words, K(X)W i s  the average 
value cf the ax ia l  coqonent of the induced velocity a t  a given radius. 



In the simple case .of a propel ler  with an i n f i n i t e  rimer of blades 
t h i s  i s  eas i ly  visualized. The hel icoidal  surfaces a r e  indefini te ly 
closely macedj there is no r a d i a l  flow; and the average axial induced 
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velocity is  the asme as at the hel icoidal  surface and is w cos2 $: 

The t o t a l  c i rculat ion 3r at a given radius is  equivalent t o  the 
velocity potential. produced by the  average a x i a l  induced velocity act ing 
through the axial distance traversed i n  one turn.  

I n  f igure 6 a qual i ta t ive representation of the streamlines 
referred t o  axes fixed i n  the surrounding f l u i d  is shown on a plane 
approximately normal t o  the hel icoidal  sheets at t h e i r  edges. The 
component of air  velocity normal t o  a hel icoidal  sheet at  any radius 
i.s the sane on both faces of the sheet. The r a d i a l  component of the 
velocity, however, is different,  being directed inward at  the u$strecun 
face and outward at  the downstream face as a re su l t  of the tendency of 
the a i r  t o  flow around the edge of the sheet. This discontinuity of 
the r ad ia l  velocity at opposite faces of the  hel icoidal  surface is a 
measure of the vortex strength o r  c irculat ion.  The energy of the r ad ia l  
flow a c c o u t e  f o r  the so-called Wtip loss .  '" 

Goldstein presents values of the circulat ion function f o r  a two- 
blade propeller plot ted as a function of the cotangent of the he l ix  
angle with YC/J as  a parameter. He compares the values obtained by h i s  
exact solution with those obtained from Prandt l ' s  approximate solution. 
Goldstein's r e su l t s  a re  shown i n  f igure 7. 

A comparison of the r ad ia l  d is t r ibut ion  of load f o r  the simple 
momentum theory, the vortex theory (B = m), and Goldstein theory is  
presented in figure 8. In each case the propeller operates a t  a.n 
advance r a t i o  of 2.0 and a power coeff ic ient  of 0.2. The comparison i s  
of the thrust-gradfng c m e s .  For the simple momentum theory t h i s  
curve is a s t ra ight  l i ne  through the or ig in  corresponding t o  a uniforrn 
pressure r i s e  across the disk. For the vortex theory f o r  arn i n f i n i t e  
number of blades there is no t i p  loss,  and th rus t  is assumed t o  be 
maintained at  the blade t ip s .  The curpe f o r  the Goldstein theory 
i l l u s t r a t e s  tha t  the circulat ion must drop t o  zero a t  the t i p .  The 
table  i n  the figure indicates the values of apparent ax ia l  velocity of 
the vortex system resul t ing i n  each case, as well  as the respective 
values of efficiency. 



Lock.- - P r i o r  t o  Goldstein 's  work on prope l le r  theory, t he  vortex 
theory f o r  i n f i n i t e  number of blades had come i n t o  widespread use, 
and prope l le r  invest igators  were familiar with t h e  somewhat standardized 
form of equations by which t h e  vortex theory w a s  applied. Lock and 
Yeatman, i n  reference 20, show t h a t  t he  i n se r t i on  of a f a c t o r  K i n to  
the  standard equations f o r  the  vo r t ex theo ry  made these  equations 
3pplicable t o  propel lers  having a f i n i t e  number of blades where 

The c i r cu l a t i on  funct ion K(x) is defined by Goldstein f o r  
moderately loaded propel lers  as 

For t he  vortex theory f o r  i n f i n i t e  number of blades t h e  c i r cu l a -  
t i o n  fluaction so  defined is  found t o  be 

Hence, f o r  an i n f i n i t e  number of blades t h e  funct ion K defined by 
Lock i s  unity: 

a x )  K = - = 1.0. 
2 

cos gl 

The c r i t i c a l  veloci ty  component i n  propeller-blade-element theory 
is  t he  induced ve loc i ty  wl a t  t he  p rope l le r  blade normal t o  t i e  

r e su l t an t  veloci ty .  For t he  vortex theory f o r  i n f i n i t e  nwzber of blades 
t h i s  induced velocity,  where BI' is the  t o t a l  c i r cu l a t i on  around t he  
disk  at  radius  r, i s  



Lock shows tha t  the equivalent expression f o r  the vortex theory with 
Goldstein's correction f o r  a f i n i t e  number of blades i s  

w1 = BI' 
4 x r ~  s i n  $ 

Values of K l i e ,  in general, between zero and unity. When the rider 
of blades approaches inf ini ty ,  Goldstein's K(X) approaches c o s y  and 
K approaches unity. Lock and Yeatman have extended the computation of 
Goldstein '8 ~ ( x )  t o  cases f o r  propellers having two, three, and four 
blades and have presented the results in charts  showing R as a function 
of s i n  with the radius aa a parameter (reference 20). A sample chart  
is shown i n  f i m  9. 

Crigler and Tallsin (reference 21) present charts of ~ ( x )  /cos2$ 
f o r  propellers having two, three, four, six, and eight blades. For such 
propellers they a lso  give very useful  charts of idea l  efficiency (blade- 
section drag neglected) as a Aulction of power coefficient,  with blade 
loadlng ac2 a t  x = 0.7 and advance r a t i o  as parameters, and show 

how these charts mey be used t o  estimate quickly the over-al l  efficiency, 
thrust  coefficient,  and power coefficient,  including the e f fec ts  of drag. 

Effect of Blade Prof i le  D r a g  

In the development of propeller theory the gotential-flow problem 
is  usually s e t  up f o r  idealized conditions. The f l o w  f i e l d  of the 
propeller is regarded as being established by the f l i g h t  speed, pro- 
pe l l e r  ro ta t iona l  speed, and the ve loc i t ies  induced by the vortex system. 
The propeller blades a re  replaced by bound vortices of the desired 
strength, and the physical shape of a blade is ignored. The ef fec ts  of 
the blade section drag on potent ia l  flow are regarded as of second order 
and are  neglected. This is  a logica l  procedure f o r  establishing optimum 
idea l  blade loading and the associated indwed flow f i e ld .  

In the application of theory t o  design the blade section drag must 
be considered because a large por t ion  of the energy loss  f o r  a pro- 
pe l l e r  is tha t  due t o  prof i le  drag.  Lock (reference 22) m&es a d i r ec t  
computation of the pmfile-dmg power loss  as  being, f o r  each blade 
element, the product of section drag and resul tant  velocity, which, 
when integrated, gives the loss  f o r  the en t i r e  propeller. Weick ( re fer -  
ence 16) bases propeller drag loss  on the section drag- l i f t  ra t io ,  
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where 

He shows t h a t  highest  elemental ef f ic iency is  obtained when 

and, consequently, t h a t  from consideration of only drag, a prope l le r  of 
highest  ef f ic iency should be designed f o r  an advance r a t i o  s l i g h t l y  l e s s  
than 2.20 which corresponds t o  a h e l i x  angle of 450 at x = 0.7. 

I n  a study of t h e  induced flow f i e l d  of p rope l le r s  of highest  
ef f ic iency having a f i n i t e  number of blades, F e r r i  (reference 23) 
considers t he  e f f e c t  of blade sec t ion  drag upon t h e  i d e a l  r a d i a l  d i s t r i -  
bution of c i rcu la t ion .  He shows t h a t  as the  d r a g - l i f t  r a t i o  i s  
increased an inboard s h i f t  of t he  blade loading is required t o  maintain 
highest  over-a l l  eff iciency.  . 

Hartman and Feldman (reference 24), baaing t h e i r  work on t h a t  oP 
Goldstein and Lock, o f f e r  a systematic procedure f o r  the  design of 
propel lers  of highest  ef f ic iency including t he  e f f e c t  of blade -section 
p ro f i l e  drag. They invest igate  t he  r e l a t i o n  between t he  induced l o s s  
and drag lo s s  f o r  a prope l le r  and show that  when a spec i f ic  p rope l le r  
operates a t  i t s  highest  ef f ic iency the  drag 103s i s  equal t o  the  induced 
loss .  Their  treatment of t he  p rope l le r  is analogow t o  t h a t  which, f o r  
a f i n i t e  wing, shows the  maximum l i f t - d r a g  r a t i o  t o  be obtained when t h e  
induced drag equals the  p r o f i l e  drag. Although t h e i r  analys is  is  not 
rigorous, t he  conclusion is apparently subs tml i a t ed  by experiment. In 
f igure  10 t he  envelope e f f ic iency  and corresponding values of power 
c3ef f ic ien t  p lo t ted  against  advance r a t i o  a r e  shown as so l i d - l i ne  curves. 
These data, from reference 25, were obtained i n  t he  Langley prope l le r -  
research tunnel  f o r  a 10 -foot -diameter three  -blade propel ler ,  designated 
as  5858-9, with spinner. For i den t i ca l  values of power coef f ic ien t  and 
advance r a t i o ,  the  i dea l  ef f ic iency of a three-blade prope l le r  is shown 
as 9 dash l i ne .  A t  t h e  advance r a t i o  f o r  maximum eff ic iency t he  induced 
l o s s  is  found t o  be very near ly  equal  t o  t he  drag loss .  Similar compu- 
t a t i o m  f o r  a number of d i f f e r en t  propel lers  have yielded l i k e  r e s u l t s .  
This type of analysis  provides one m e a s  of judging t he  excellence of a 
prope l le r  design. Also, in se lec t ion  of diameter, when the  propel ler  
geometrical shape and operating conditions a r e  fixed, t he  optimum 
d i m e t e r  is  th%t which r e s u l t s  i n  equal induced and prof i le-drag losses .  

The s y s t e m t i c  design procedure offered by Hartman and Feldman i s  
most read i ly  applied when t he  NACA 16-ser ies  a i r f o i l  sect ions  



(reference 26) are used. These sections which were developed especially 
for application to propellers have very high critical speeds and, at 
present, are the blade sections most widely used in the design of liigh- 
speed propellers. 

Dual -Rotation Propellers 

The history of dual-rotation propellers in the inventional stqe 
begins almost as early as that for single-rotation propellers, but the 
development of funda;mental theory for dual propellers has not progressed 
to a comparable stage. No rigorous proof for the optimum wake configu- 
ration coqarhble to Betz 's treatment for single-rotation propellers has 
been established, nor has a mathematical solution for the distribution 
of the circulation along the blade been obtained. A large amomt'of 
literature exists which deals with the practical phases of dual rotation. 
An approximate design procedure, proposed by Lock, based essentially on 
single-rotation-propeller theory is presented in reference 27. A 
consideration of the periodic effects in dual-rotation propellers is 
treated in reference 28. A treatment of dual-rotation-propeller theory 
and design believed to be basically sound, but dependent upon an 
experimental approach, has been presented by Theodoraen (references 29 
to 33). A simplified design procedure for dual propellers based upon 
Theodorsen's work has been presented by Crigler (reference 34). 

The principal contributions to propeller theory made by Theodcrsen 
are (1) the demonstration that the circulation function for any pro- 
peller could be determined by m electrical analogy with relatively 
siarple apparatus and (2) the experimental determination of the circu- 
lation function for dual-rotation propellers, a problem which presents 
formidable difficulties to the mathematical approach. 

Circulation function.- In dealing with single-rotation propellers 
having a finite number of blades, both Prandtl and Goldstein solved for 
the radial distribution of circulation along the propeller blade which 
they expressed as a nondimensional ratio equal to a function of number 
of blades, helix angle, and radius. For lightly'loaded propellers, 

or alternatively for moderately loaded propellers, 

Theodorsen uses the latter definition. 



Mass coef f ic ien t . -  A f a c to r  which Theodorsen uses extensively 
in h i s  treatment of p rope l le r  theory i s  t h e  mass coef f ic ien t  k which 
is t he  average value over t he  p rope l le r  d isk  of t h e  c i r cu l a t i on  
function ~ ( x ) .  The mass coef f ic ien t  is  the  r a t i o  of t h e  equivalent 
mass of a i r  accelerated t o  t he  uniform ve loc i ty  w in u n i t  time t o  
the  mass of air which passes throxgh the  p rope l le r  d i sk  during t he  sane 
time. For a propel ler  with a f i n i t e  nmber  of blades, t h e  equivalent 
mass of a i r  i n  a cy l indr ica l  element of thickness d r  t o  which i s  
imparted t he  axial veloci ty  w in one tlm is 

By aa in tegra t ion  over t h e  disk, t h e  equivalent t o t a l  mass accelerated 
t o  veloci ty  w is 

By def ini t ion,  

Theodorsen has used a.n e lect r ical -analogy method t o  determine 
values of both t h e  c i rcu la t ion  funct ion and t he  mass coef f ic ien t  f o r  a 
wi6.e var ie ty  of propel lers .  

E l e c t r i c a l  analogy. - For dual- rota t ion propel lers  with symrxietri- 
c a l l y  loaded f ron t  and r e a r  uni ts ,  the re  is no ne t  r o t a t i on  i n  t he  
slipstream; t he  wake is composed of two s e t s  of he l ico ida l  surfaces 
sp i r a l i ng  i n  opposite d i rect ions .  The configuration of t he  wake 
he l ices  is  the  same whether the oppositely sp i r a l i ng  surfaces of 
v o r t i c i t y  a r e  regarded as in te r sec t ing  each other, o r  as being r e f l ec t ed  
from one another. For conditions far d o ~ m t r e a m  i n  t h e  wake of a s ing le -  
r o t a t i on  propel ler ,  t he  value of K(x) at  a spec i f ied  radius on t h e  
he l ico ida l  surface i s  obviously independent of a x i a l  pos i t ion-  This 
independence of a x i a l  pos i t ion  does not  hald f o r  t he  c i r cu l a t i on  funct ion 
f o r  dual- rota t ion propel lers .  The oppositely sp i ra led  vortex sheets 
i n t e r s ec t  (or  r e f l e c t )  t o  form a symmetrical pa t t e rn  moving downstream 
with t he  veloci ty  w. The c i r cu l a t i on  function K(x, 8 )  f o r  dual-  
r o t a t i on  propel lers  i s  a periodic function of a x i a l  posit ion,  one cycle 



being the axial distance between successive intersections. The problem 
involved in detedning mathematically the circulation function for 
dual -rotat ion propellers were regarded as insurmountably difficult ,, and 
Theodorsen turned to the more expedient niethod of devising a 
calculating machine to obtain this function. Theodorsen considered 
investigation of the flow field about and forces on a rigid helicoid 
when immersed in a liquid and oscillaied axially but discarded this 
acheme as too dependent upon mechanical perfection. However, the 
mathemtical identity of the flow of an ideal fluid with the flow of an 
electric current in a field of uniform resistance, when boundary condi- 
tions are the same, made possible the experimental solution of this 
problem by electrical analogy. 

In the electrical method the counterpart of the rlgid helicoidal 
surfaces trailing the propeller blades is a geometrically similar 
model of the wake surfaces made of nonconducting material (celluloid). 
A ph~tograph of several of the wake models is presented as figure kl. 
The wake model is imrsed in a weak electrolytic solution (tap water) 
in which an electric current flows in a uniform field parallel to the 
model axis. In this setup electric current and electrical potential 
are analogous to the velocity and velocity potential of fluid motion, 
respectively. 

Apparatus.- The two types of measurements made with the electrical 
method were determination point by point of the radial distribution of 
the circulation function K ( x )  and determination of the mass coef- 
ficient k. 

A diagram of the apparatus used for measuring the value ?f the 
circulation function K ( x )  at points along the radius of the helical 
surface is shown in figure 12. The arrangement is simply a Wheatstone 
bridge with the usual galvanometer replaced by earphones, and the power 
supply is alternating current having a frequency of 1000 c.yc3.e~ per 
second. The null point is established by adjusting the variable 
resistance until the signal becomes inaudible. The measurement is very 
precise. The drop in electrical potential 6E across a helicoidsl 
surface can be measured accurately at any radius and compared with the 
potential drop E in a length of the uniform flow field equivalent to 
the axial spacing between adjacent sheets. The electrical analogy shows 
the circulation function to be 

Somewhat similar apparatus (fig. 13) is used for measuring the mass 
coefficient k which, being an integrated quantity, requires only a 
single measurement for each model. Two a r m  of the Wheatstone bridge 
are known resistances and the other two are the identical tanks of 
electrolyte. The tank walls are ngnconducting, but the top and bottom 



are  copper p la tes  in contact with the electrolyte .  Between the copper 
plates  of one tanlr: is  inserted a model of the helicoidal wake coaxially 
with the tank. The increase i n  e l ec t r i ca l  resistance caused by the 
presence of the wake model is equivalent t o  the addition of a p ~ t e n t i a l  
opposing tha t  of the uniform flow and re su l t s  in a decreased current. 
Theodorsen gives rigorous proof tha t  the mass coeff icient  is 

where F and S are  the cross-sectional areas of the wake model and 
tanlr,,respectively, I. is the current flowing i n  the unobstructed tank, 
and AI  is  the change i n  current due t o  the presence of the wake model. 

The r e l i a b i l i t y  of the e lec t r ica l -ana log  method was verif ied by 
a coqar i son  of the experimental r e su l t s  with those obtained by the 
exact theory (Goldstein) f o r  the known case of a single-rotation pro- 
pe l l e r  h a v u  t;wo blades. The comparison is given i n  figure 14  which 
presents the mass coeff icient  plot ted against the advance r a t i o  of the 
wake. The agreement is excellent. 

* The difference i n  r a d i a l  d is t r ibut ion  of the circulat ion function 
f o r  single-rotation and dual-rotation propellers is i l l u s t r a t ed  i n  
figure 15 f o r  four-blade propellers operating at an advance r a t i o  of 6.0.  
The dual-rotation propeller is  composed of two uni ts  of two blades each, 
rotat ing i n  opposite directions.  The value of K(x) is of necessity 
zero at the blade t i p  f o r  both propellers and zero a t  the axis a lso  f o r  
the single -rotation propeller, but f o r  the dual-rotation propeller ~ ( x )  
increases continuously with d i s tmce  from the t i p  and reaches a maximum 
value a t  the axis of rotation. In order t o  d r a w  an analogy between the 
propeller a d  a wing, the single -rotat  ion-propeller blade behaves in 
ef fec t  a s  a wing having a span equal t o  the propeller radius, whereas 
the dual-rotation-propeller blade ac ts  as  the semispan of a wing the 
fu l l  span of which is  the propeller diameter. Consider two oppositely 
rotat ing blades of a.n idea l  dual-rotation propeller when lbO apart.  The 
bound circulations on the two blades a re  symmetrical, equal, and are  i n  
the sane seneej hence there i s  no concentration of vor t ic i ty  shed along 
the axis of ro ta t ion  as in the case of the single-rotation propeller.  
I f  a comparison were made of the radial dis t r ibut ion of thrust  f o r  the 
two propeller types, the thrust-grading curves f o r  both would be zero 
a t  the ax is  and at the t i p ,  but the elemental values of thrust  f o r  the 
dual-rotation propeller would, a t  a l l  rad i i ,  be greater  t h a  those f o r  
the single-rotation propeller i f  the same value of wake velocity w i s  
assumed f o r  both cases. 

A s  mentioned in the discussion of the mass coefficient t h i s  fac tor  
represents the portion of the slipstream flow effect ively worked on by 



the A comparison of the  mass coeff ic ients  f o r  four-blade 
single -rotation and dual-rotation propellers is shown i n  f igure 16. 
A t  values of advance r a t i o  currently i n  use f o r  cruising operatfon, 
J = 1.5 t o  3.0, the m a ~ s  coeff icient  f o r  the dual-rotation propeller i s  
about twice t h a t  f o r  the single, and about three tfmes as great a t  
values of advance r a t i o  from 4.0 t o  5.0. This comparison shows tha t  f o r  
the case selected, f o r  operation at  equal values of indaced loss  the 
power capacity of a dual-rotation propeller is much greater  than t h a t  of 
a single-rotation propeller of equal diameter and so l id i ty .  

DISCUSSION 

I n  h i s  book on propeller theory (reference 33 ) Theodorsen comments 
tha t  the theory f o r  dual-rotation propellers may be o-veridealized. The 
idea l  dis t r ibut ion of circuiLation cannot be obtained i n  practice by any 
means known at present, because the theory demands a cyclic change i n  
the circulat ion function which i n  turn requires a cyclic change i n  blade 
angle. The required cyclic p i tch  change is  d i f fe rent  f o r  each radial- 
s t a t ion  and, therefore, cannot be obtained by a simple osc i l la t ion  of a 
blade in the hub. 

The va l id i ty  of the e l e c t r i c a l  analogy, though apparently well  
ver if ied by comparison with theory f o r  s ingle-rotat ion propellers, is  
not conq?letely established f o r  dual-rotation propellers.  The r ad ia l  
l ines  of intersect ion of the s e t s  of oppositely sp i ra l ing  vortex sheets 
represent regions of discontinuity. There is  no guarantee tha t  the 
application of the e l e c t r i c a l  &ogy with cel luloid models of dual- 
propeller wake8 fa i th fu l ly  represents the operation of actual  dual- 
rotat ion air  propellers, especially in the p rac t i ca l  case i n  which the 
dual units operate in  tandem ra ther  than i n  the same plane. 

A l l  propeller theory has been developed f o r  operation i n  an 
incompressible f lu id .  The theories apply well i n  a compressible f l u i d  
a t  subsonic speeds up t o  those at which the blade sections reach t h e i r  
c r i t i c a l  values of Mach number. A t  higher subsonic speeds some portion 
of the blade always operates i n  a region of transonic flow, the blade 
section l i f t  and drag character is t ics  undergo rapid changes, and the 
load dis t r ibut ion calculated f o r  idea l  conditions is meaningless. With 
adequate howledge of a i r f o i l  character is t ics  a t  transonic speeds, how- 
ever, a propeller can be designed t o  operate with the idea l  load 
dis t r ibut ion fo r  one par t icu lar  operating condition i n  the transonic 
region. The design of an ef f ic ien t  propeller with l e a s t  induced energy 
loss  f o r  operation a t  transonic and low supersonic speeds depends only 
on the ava i lab i l i ty  of a i r f o i l  character is t ics  f o r  the corresponding 
values of blade-section Mach number. Inasmuch as  the propeller xake 
velocity is only a few percent of the velocity of f l i gh t ,  the induced. 
veloci t ies  are ent i re ly  subsonic even f o r  transonic and supersonic pro- 
pel lers .  The theoret ical ly  desirable dis t r ibut ion of c irculat ion along 
the blade f o r  incompressible flow should hold f o r  transonic and low 
supersonic f l i g h t  speeds as well as it does i n  the lox subsonic range. 



APJ?EmIX 

SYMBOLS 

inflow velocity fac tor  (B = m) 

rotat ional  interference velocity f ac to r  (B = C O )  

nuniber of blades 

blade width (chord) 

section drag coefficient 

section l i f t  coefficient 

power coefficient (P/p3D5) 

thrust  coefficient ( T / ~ & ~ )  

propeller diameter 

e l e c t r i c a l  potential ,  vol t s  

cross-sectional area of model helicoidalwake projected on a 
plane normal t o  axis  

t o t a l  pressure 

e l ec t r i c  current, amperes 

e l ec t r i c  current i n  uniform f ie ld ,  amperes 

advance r a t i o  (V/IJD) 

the circulat ion function 
((, El,) 

mass coefficient 

0 K(x)xb) 

l i f t  

mass flow, slugs per second 



n rotational speed, revolutions per second 

P power 

P static 'pressure 

Po free -stream static pressure 

R propeller tip radius; electrical resistance, ohms 

r radius to blade element 

S electrolytic -tank cross -sectional area 

T thrust 

fd velocity of advance 

W resultant velocity at blade section 

w apparent axial velocity of wake helicoidal vortex sheets 

W1 induced velocity normal to helicoidal surface (w cos $1 

x fraction of propeller-tip radius (r/~) 

I' circulation 

11 efficiency 

i ideal efficiency, when no drag loss is assumed 

7 ' blade -element ' efficiency 

"0 ' blade-element efficiency, when no induced energy loss is 
assumed 

8 angle measured in any plane normal to the axis of rotation, 
with axis as center 

Lock ls factor (3) 
P mass density of air, slugs per cubic foot 



prope l le r  s o l i d i t y  (~b/rcxD) 

aerodynamic h e l i x  angle. 

geometric he l i x  angle tarn-lL ( XX) 

angular veloci ty ,  radians pe r  second 
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Figure 1. - Simple momentum theory. 
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Figure 3.- Basic vortex system for a propeller. 

Figure 4. - Vector diagram of vortex blade-element theory; infinite nun-; - 
of blades. 
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Figure 5. - Radial distribution of induced velocity i n  rigid helicoidal wake. 
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Figure 6. - Circulation function, K(x) ; finite number of blades. 



Figure 7. - Goldstein's circulation function; two-blade propeller. 
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Figure 8. - Comparison of thrust grading curves; C = 0.2; J = 2.0. P 
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Figure 9. - Lock's presentation of Goldstein circulation function; two-blade 
propeller. 
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Figure 10. - Envelope efficiency compared with ideal efficiency. 



(a) Two-blade single rotation. 

(b) Four-blade dual rotation. 

(c ) Six-blade dual rotation. 

Figure 11. - Typical celluloid wake models used in the electrical -analogy 
experiments. Tgz'K/7 
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ANALOGY 

AERODYNAMIC ELECTRICAL 

Figure 12. - Schematic diagram of apparatus for measuring the circulation 
function. 
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Figure 13. - Schematic diagram of apparatus for measuring .the mass coefficient. 
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Figure 14. - Electrical-analogy results  compared with theory; B = 2. 
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Figure 15. - Radial distribution of load; four-blade propellers; + = 1.89. 
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Figure 16. - Mass coefficient for comparable four-blade single- and dual- 
rotation propellers. 
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CHARACTERISTICS OF WING SECTIONS AT SUBCRITICAL S P m S  

By Albert E, von Doenhoff and Laurence K. Loftin, Jr. 

Langley Aeronautical Laboratory 

The character is t ics  of wing sections a t  subcr i t ica l  speeds have been 
the subject of intensive research since the airplane was f i r s t  invented. 
The problem has been attacked both experimentally and theoretically.  As a 
r e su l t  of these investigations, we have today a qual i ta t ive understanding 
of nearly all the flow phenomena associated with the various character- 
i s t i c s  and we are  able t o  calculate many of the character is t ics  theoret- 
ica l ly .  The present payer represents an attempt t o  summarize b r i e f ly  som 
of the more important aspects of our theoret ical  and experimental knowl- 
edge of the flow about a i r f o i l  sections and t o  indicate the way i n  which 
t h i s  knowledge was used i n  the design of NACA 6-series o r  low-drag a i r f o i l s ,  
Acknowledgement is grateful ly  expressed f o r  the expert guidance and many 
original  contributions of Mr. Eastman N. Jacobs, who supervfsed much of 
the experimental work t o  be discussed and the application of the theoret- 
i c a l  methods t o  the design of improved a i r f o i l  sections. 

One of the concepts most useful i n  understanding the behavior of 
a i r f o i l  sections i s  tha t  of the th in  a i r f o i l .  For the purpose of deter- 
mining the chordwise load dis t r ibut ion a t  various angles of attack, and 
hence the angle of zero lift , the slope of the l i f t  curve, and the 
pitching-moment coefficient,  the a i r f o i l  i s  considered t o  be replaced by 
a curved l i n e  tha t  i s  midway between the upper and lower surfaces of the 
a i r f o i l ;  t ha t  is, the a i r f o i l  is  considered to  be replaced by i t s  mean 
l ine .  The usual form of mean-line theory a s  developed by l4tmk, Birnbaum, 
Glauert, Theodorsen (references 1 t o  5 )  ant1 others assumes tha t  the ang le  
of at tack i s  small and tka t  the slopes and ordinates a re  suf f ic ien t ly  
s m a l l  tha t  a l l  e f fec ts  of these quantit ies a re  proportional t o  t h e i r  mapi -  
tude . I n  other words, the mean-line theory is  a l i n e a r i  zed theory. For 
the purposes of the theory, the a i r  is  assumed t o  be nonviscous and 
incompressible. 

The basic relat ions of th in -a i r fo i l  theory are  given i n  f igure 1. 
Abscissas and ordinates are represented by x and y, respectively. 
The ve r t i ca l  component of induced velocity i s  v, the free-stream 
velocity i s  V, and the angle of attack i s  a. Circulation of strength y 
per un i t  length is  assumed t o  be dis t r ibuted along the mean l i n e .  This 
circulation per un i t  length i s  equal t o  the difference i n  tangential  
comgonents of velocity between the upper and lower surfaces. Equation (1) 
i n  figure 1 s ta t e s  tha t  the flow must be tangential  t o  the surface, tha t  
i s ,  there can be no flow through the aean l ine .  Equation (2) f s a f o m 2 a  
f o r  calcxlating the ve r t i ca l  component of induced velocity a t  any 
s ta t ion  xo i n  terms of the dis t r ibut ion of c irculat ion along the chord. 

A problem can be solved by simultaneous solution of equations (1) and (2) 
e i the r  by finding the dis t r ibut ion of y associated with a given man 
l ine  a t  a given angle of attack, or  by finding the mean l ine  f o r  a given 
dis t r ibut ion of y .  



Most prac t ica l  a i r f o i l  sections a re  suf f ic ien t ly  thin tha t  the 
approximations of mean-line theory hold with good accuracy. Numerous 
comparisons between theoret ical  and experimental r e su l t s  are  available 
i n  the l i t e r a t u r e  f o r  many types of a i r f o i l  sections. (see references 6 
and 7. ) I n  general, good agreement can be expected except i n  cases where 
the flow has separated from the surface of the a i r f o i l ,  as a t  high angles 
of attack, large f l a p  deflections, and so for th.  

I n  sp i t e  of the many useful r e su l t s  obtained from th in -a i r fo i l  or 
mean-line theory, the nature of the information required f o r  a par t icu lar  
problem may frequently be beyond the scope of t h i s  simplified approach. 
No information, of course, is  given concerning the actual  dis t r ibut ion of 
pressure over the surfaces of an a i r f o i l ,  and as w i l l  be pointed out l a t e r ,  
such information is necessary f o r  the design of improved a i r f o i l  sections. 
I n  order t o  be able t o  compute the actual  pressure dis t r ibut ion about an 
a i r f o i l ,  as  opposed t o  the calculation of the chordwise loading, the more 
elziborate methods of th ick-a i r fo i l  theory must be used. This theory a s  
developed by Theodorsen and Garrick (references 8 and 9)  i s  a rigorous 
treatment of the problem of finding the perfect-f luid pressure d i s t r i -  
bution about an a i r f o i l  of a rb i t ra ry  shape. The method consists essen- 
t i a l l y  of finding sui table  conformal transformations t o  r e l a t e  the known 
flow about a c i r c l e  t o  the unknown flow about the a i r f o i l .  A n  analysis 
made by Joukowski which permits the d i rec t  transformation of the flow 
about a c i r c l e  i n t o  the flow about a par t icu lar  type of a i r f o i l ,  called a 
Joukowski a i r f o i l ,  has bsen known f o r  a long time. In the Theodorsen 

a2 method, as  shown i n  f igure 2, the Joukowski transformation = Z '  + - 
z ' 

i s  applied, i n  reverse, t o  the a rb i t ra ry  a i r f o i l .  Since a l l  a i r f o i l s  can 
be roughly approximated by a Joukowski a i r f o i l  of about the same thickness, 
the application of the Joukowski transformation t o  the a rb i t ra ry  
a i r f o i l  (c-plane) r e su l t s  in a nearly c i rcu lar  curv i n  the Z1-plane, the 
equation of which i s  given by' the re la t ion  Z ' = ae Tq+le 1. According to  the 
Reimam theorem, any simple closed curve can be transformed in to  a circle.  
Theodorsen found a par t icu lar ly  convenient process f o r  accomplishing t h i s  
r e su l t .  By a process of successive approximations, the f i r s t  one o r  two 
steps of which are  generally suf f ic ien t  i n  practice,  the dis tor ted c i r c l e  

i s  transformed in to  a true c i r c l e  whose equation i s  Z = ae 60'~a) when 
Z 1  [@-'kO)+i(g-pg q0 i s  a constant. The transformation i s  given by 7;-- - e , 
U 

where the quantit ies (q - to) and (9 - 6 )  represent the r ad ia l  and 

angular dis tor t ions between corresponding points i n  the near- and true- 
c i r c l e  planes. The flow about the a rb i t ra ry  a i r f o i l  i s  found by applying 
these transformations i n  reverse order t o  the known f i e l d  of flow about 
the t rue c i rc le .  

A comparison bstween the pressure dis t r ibut ion found e x p e r i ~ n t a l l y  
and tha t  computed by the Theodorsen method a t  a low angle of a t tack i s  
given i n  f igure 3. (See a l so  reference 7. ) The so l id  l i n e  i s  the r e s u l t  
of the theoret ical  calculation and the t e s t  points represent the experi- 
mental resu l t s .  



lll 

A t  higher angles of a t tack  and l i f t  coefficients,  the agreement 
between theory and experiment i s  generally not so close. Tais i s  due 
t o  the formation of a re la t ive ly  thick-boundary layer  primarily along the 
r ea r  portion of the upper surface. Under such conditions, the angle of 
a t tack a t  which a given lift coeff icient  i s  obtained experimentally i s  not 
the same as  the theoret ical  angle of attack. Pinkerton (reference 10) 
found. tha t  it was possible to  obtain nearly perfect  agreement between 
measured and calculated pressure dis t r ibut ions by reducing the theoret ical  
c i rculat ion a t  a given angle of 'a t tack t o  the value corresponding t o  the 
measured l i f t  coefficient and then modifying the trailing-edge shape i n  
such a manner tha t  the Kutta-Joulrowski condition i s  sa t i s f ied .  The nodi- 
f i ca t ion  of the a i r f o i l  shape corresponded closely t o  the estimated change 
i n  the effective shape of the a i r f o i l  caused by the thickening of the 
boundary layer.  

It i s  often desirable t o  determine the e f f ec t s  of a i r f o i l  thickness, 
thickness form, and type and amount of camber on the pressure dis t r ibut ion 
f o r  large numbers of a i r f o i l s .  Such calculations could, of course, be 
carr ied out by using the Theodorsen method f o r  each individual case. The 
amount of comput.ational labor involved i n  such a procedure, however, would 
probably be excessive. Great simplification of methods f o r  calculating 
a i r f o i l  pressure dis t r ibut ions approximately was  made possible by the wo& 
of Allen which showed tha t  the e f f ec t s  of thickness form and load distri- 
bution could be considered separately. (see reference 11; ) 

The method i s  based essent ia l ly  on the assumption tha t  the velocity 
dis t r ibut ion a b ~ u t  an a i r f o i l  may be approximated by the following three 
independent components (see f i g .  4 )  : 

(1) The veloefty over the s m t r i c a l  a i r f o i l  a t  zero angle of a t tack 
(thiclmess). This velocity dis t r ibut ion can be obtained by the Theodorsen 
method a s  previously discussed. 

(2) The incremental velocity dis t r ibut ion corresponding to  the loaa 
dis t r ibut ion of the mean l i n e  at the design l i f t  coeff ic ient  (cambsr) . 
The design l i f t  coefficient i s  the l i f t  cosf f ic ien t  a t  which tlis flow 
enters the leading edge of the mean l i n e  smoothly. This type of incre- 
mental velocity dis t r ibut ion i s  a function only of the mean-line geometry 
and can be obtained by the methods cf t h in -a i r fo i l  theory. 

(3 ) The additional type of incremental vsloci t y  d is t r ibut ion  as soci- 
a ted with departure af the angle of a t tack o r  l i f t  coeff ic ient  from the 
design conditions (angle). This type, of velocity distrib-c~tion Is, according 
t o  th in-a i r fo i l  theory, independent of a i r f o i l  geometry and depends only 
on t h i s  departure of the angle of attack. The additional type of velocity 
dis t r ibut ion obtained from th in -a i r fo i l  theory i s  of l imited prac t ica l  
application, however, bgcause t h i s  simple theory leads t o  i n f i n i t e  values 
of the velocity a t  the leading edgz. This d i f f icu l ty ,  together - d t h  the 
s l igh t  dependence of the additional velocity d is t r ibut ion  on aErfoi l  



shape, i s  tsken in to  account by calculating the velocity increlnents f o r  
each symmetrical a i r f o i l  by the methods of th ick-a i r fo i l  theory. 

The f i n a l  pressure dis t r ibut ion a t  an arb i t ra ry  angle of a t tack i s  

f o u t  by summing the three components of velocity: S = 6 2 2 %)2. 
V V 

The plus sign i s  used f o r  the upper surface and the ainus'sign f o r  the 
lower surf ace. The f i n a l  diagram in f'igure 4 shows the r e su l t s  of 
s m i n g  the various components of the pressure distribution. The short- 
dash l i n e  represents the pressure dis t r ibut ion about the symmetrical 
a i r f o i l  a t  zero l i f t .  Tlie long-dash l i n e  gives the pressure dis t r ibut ion 
about the cambered a i r f o i l  a t  the design l i f t  coefficient. Ths so l id  
l i n e  gives the pressure dis t r ibut ion about the cambered section a t  s l i f t  
coefficient higher than the design value. 

The convenience of t h i s  method of calculating the pressure d i s t r i -  
bution i s  primarily due t o  the ava i l ab i l i t y  of tabulated values of the 
necessary component velocity dis t r ibut ions f o r  large numbers of synrmet- 
r i c a l  a i r f o i l s  and mean l ines .  (see reference 7. ) 

Although the theories just  discussed permit the calculation of a 
number of a i r f o i l  character is t ics  with good accuracy, since they are  
essent ia l ly  based on the concept of a perfect f lu id ,  they give no d i rec t  
information about one of the most important a i r f o i l  characteristics,  
nanely, the drag. A s  w i l l  be shown l a t e r ,  however, these theories have 
prove6 invaluable in the design of low-drag a i r f o i l  sections. Another 
inportant character is t ic  about which no d i rec t  theoret ical  information 
has been obtained i s  the maximum l i f t  coefficient. Some discussion of 
the m a x i m  l i f t  coefficient w i l l  be given i n  a paper by Sive l l s  en t i t l ed  
"~aximuzn-Lif t and S ta l l ing  Characteristics of Wings. " The present 
discussion i s  concerned primarily with the drag. 

From 1929 t o  1937, extensive experimental investigations were made 
of families o? re la ted  a i r f o i l  sections i n  the NACA variable-density 
wind tunnel. (See references 6 ma 12 t o  15. ) A large amount of infor- 
mation on the drag was  accumulated i n  these investigations. I n  figure 5 
are  shown typical. drag data at a low l i f t  coefficient f o r  one of the a i r -  
f 011s tested.  (see reference 14. ) The drag coefficient cd is plotted 

as  a function of Reynolds number R. The upper l i n e  i s  the drag coef- 
f i c i en t  f o r  a f l a t  plate  with completely turbulent boundary-layer flow. 
The lower l i n e  i s  the drag coefficient f o r  a f l a t  plate  wi.th completely 
laminar flow. The comparison between the a i r f o i l  drag data and the f l a t -  
plate  skin f r i c t i o n  indicates tha t  nearly a l l  the prof i le  drag i s  a t t r i -  
butable t o  skin f r i c t ion .  Comparisons, such a s  th is ,  made it apparent 
tha t  any pronounced reduction of the prof i le  drag must be obtained by a 
reduction of the skin f r i c t i o n  ,through increasing the re la t ive  extent of 
the laminar boundary layer.  Theoretical and experimental work on t h i s  
problem was begun l a t e  i n  1937. 



The basic requirement f o r  obtaining extensive regions of laminar 
flow i s  tha t  the pressure continuously decreases i n  the direction of flow 
throughout the region i n  which laminar flow i s  expected. This requirement 
necessitated the development of methods which wculd permit the design of 
a i r f o i l  sections having specified ty-ges of pressure dis t r ibut ion.  The 
method developed consists of a process of successive approximations in 
which the ordinates and corresponding pressure dis t r ibut ion are  calculated 
with a high degree of accuracy. The pressure-distribution character is t ics  
thus obtained are  compared with the character is t ics  desired. The nature 
of the Theodorsen relat ions (shown i n  f i g .  2) f o r  thick a i r f o i l s  i s  such 
tha t  it i s  not feas ib le  t o  express the a i r f o i l  velocity dis t r ibut ion 
d i rec t ly  as  a function of the a i r f o i l  coordinates. There are, however, 
re la t ive ly  simple relat ions between the dis tor t ion parameters (6. - to) 
and ( 8  - 9) r e l a t ing  the near and t rue c i rc les  and the a i r f o i l  coordi- 
nates on one hand, and between these dTstoaPtion parameters and the a i r -  
f o f l  velocity d$stribution on the other hand. (see reference 3 . )  The 
a i r f o i l  coordinates and corresponding velocity dis t r ibut ion were, there- 
fore,  calculated from assumed values of the dis tor t ion parameters. The 
choice i s  subject t o  cer tain simple conditions tha t  insure closed symmet- 
r i c a l  shapes f o r  the basic thickness forms. (see reference 7.) Approxi- 
mate relat ions were found by means of which it i s  possible t o  modify 
successively the or iginal  choice of parameters so as t o  y ie ld  a i r f o i l s  
having the desired type of velocity dis t r ibut ion.  (See references 7 
and 16. ) Another method of solving t h i s  problem has been developed by 
Goldstein and was described i n  h i s  recent Wright Brothers lecture.  (See 
reference 17. ) 

A typical  pressure dis t r ibut ion f o r  one of the low-drag a i r f o i l s  
derf ved i s  shown i n  P i  gure 6. It was noted previously that the type of 
loading resul t ing from changes i n  angle of a t tack  tends t o  znake the pres- 
sures along one of the a i r f o i l  surfaces increase i n  the direction of' flow. 
Because of the des i rab i l i  t y  of obtaining low drag over a range of l i f t  
coefficient,  the magnitude of the favorable pressure gradient over the 
forward par t  of the basic thickness form a t  zero l i f t  should, therefore, 
be greater than that of the unfavorable gradient corresponding t o  the 
additional type of loading throughout a reasonable range of l i f t  coefficient 
The requirements of a wide low-drag range, good character is t ics  a t  high 
subsonic speeds, and good m a x i m - l i f t  character is t ics  a re  somewhat con- 
f l i c t i n g .  Theee conflicting requirements place an upper limit on the mag- 
nitude of the low-drag range of l i f t  coefficient f o r  which the a i r f o i l  
should be designed. The optimum form f o r  the pressure dis t r ibut ion i s  such. 
t ha t  a t  the extremities of the low-drag range of l i f t  coafficient,  the 
pressure gradient on the suction side of the a i r f o i l  becomes substantially 
f l a t  from a point near the leading edge t o  the or iginal  posit ion of mini- 
mum pressure. For the a i r f o i l  shown i n  f igure 6, t h i s  condition ex i s t s  a t  
a l f f t  coefficient of 0.22. A more complete discussion of the problem of 
finding the proper type of pressure dis t r ibut ion i s  given i n  reference 7 .  

The des i rab i l i ty  of obtaining low drag corresponding t o  extensive 
laminar flow a t  l i f t  coefficients higher than those possible with the basic 



thickness form alone indicated the necessity f o r  mean camber l ines  which 
would s h i f t  the low- drag range t o  higher value s of the l i f t  coef f i cient , 
but which woxCLd not a t  the same tim decrease the range of l i f t  coeffi-  
c ient  f o r  low drag. These requirements define a type of mean l ine  t h a t  
has, a t  design conditions, a uniform chordwise dis t r ibut ion of load a t  
l e a s t  as f a r  back as the posit ion of minimum pressure on the basic thick- 
ness form. The method of deriving mean l ines  to  have such prescribed 
load dis t r ibut ions employs the previously discussed th in -a i r fo i l  theory, 
and is  r e l a t ive ly  simple compared with the more usual problem of finding 
the load dis t r ibut ion corresponding t o  a given mean l ine .  

By the use of the theoret ical  methods discussed, a large number of 
re la ted  a i r f o i l  sections designed f o r  extensive laminar flow were derived. 
Som method of designating members of t h i s  group of a i r f o i l s  i s  necessary. 
The NACA method can be explained by the designation shown in f igure 6: 

The f i r s t  d i g i t  i s  merely a ser ies  designation. The second digit gives 
the posit ion of minimum pressure on the basic thickness form a t  zero l i f t  
i n  tenths of the chord measured from the leading edge. The subscript 
gives the range of l i f t  coefficient on e i the r  side of the design l i f t  
coeff ic ient  through which the pressure gradients on both surfaces are  
favorable f o r  laminar flow. The f i r s t  d ig i t  following the dash gives the 
design l i f t  coefficient i n  tenths. (1n t h i s  case, since the a i r f o i l  i s  
symmetrical, the value i s  Q . )  The l a s t  two d ig i t s  give the thickness 
r a t i o  i n  percent of the chord. 

Approximately 100 of these re la ted  a i r f o i l s  were investigated 
experimentally. (see reference 7. ) I n  order actual ly  t o  achieve exten- 
sive 1arnina.r flow a t  high Reynolds numbers, it i s  necessary tha t  the 
turbulence l eve l  of the wind-tunnel a i r  stream be extremely s m a l l  so as  
to  simulate f l i g h t  conditions correctly. A description of the develop- 
ment of low-turbulence wind tunnels i s  given i n  recent papers by Dryden 
and Sehubauer (reference 18) a.nd Von Doenhoff and Abbott (reference 19). 

Some of the r e su l t s  obtained from the experimental investigation 
OF NACA 6-series a i r f o i l s  are presented i n  the next few figures.  The 
t-due of the drag coefficient in the low-drag range f o r  smooth a i r f o i l s  
is  mainly a function of the Reynolds number and the re la t ive  extent of 
the laminar layer  and i s  moderately affected by the a i r f o i l  thickness 
r a t i o  and camber. The e f fec t  on minimum drag of the posit ion of minimum 
pressure, which determines the possible extent of laminar flow, is  shown 
i n  f igure 7 f o r  some NACA 6-series a i r f o i l s .  (see reference 7.) The data 
show a regular decrease in drag cosff ic ient  with rearward movement of min- 
imum pressure. Also shown i n  t h i s  f igure i s  the minimum drag coefficient 
of the older NACA 2415 a i r f o i l  section. Comparison shows tha t  savings i n  
m i n i m  drag of f ron  20 percent to  50 percent, depending upon the position 
3f minimwn pressure, are  possible by the use of the newer NACA 6-series 
a i r f o i l s .  



The e f fec t  of Reynolds number upon the minimum drag of the 
NACA 654-421 a i r f o i l  section i s  i l l u s t r a t e d  i n  f igure 8. Tne data show 
tha t  the drag f i rs t  decreases x i t h  increasing Reynolds number, a f t e r  
which it levels  off,  then increases, and f i n a l l y  leve ls  off again as the 
Reynolds number i s  fur ther  increased. The behavior of the minixum drag 
with increasing Reynolds number can be a t t r ibuted  t o  the variation i n  
re la t ive  strength of two interact ing boundary-layer changes. Tne i n i t i a l  
decrease i n  minimum drag coefficient can be explained by the usual 
decrease i n  skin-fr ic t ion coefficient which accompanies an increase i n  
Reynolds numbsr. After a cer tain Reynolds number i s  reached, however, 
the t rans i t ion  posit ion begins t o  move forward along the a i r f o i l .  The 
forward movelnent of t ransi t ion,  of course, decreases the re la t ive  extent 
of low-drag laminar flow on the a i r f o i l ,  and hence, the drag increases. 
The Reynolds nwnber range i n  which the data i n  the f igure show the drag 
to  be re la t ive ly  constant i s  a region i n  which the general decrease i n  
skin f r i c t i o n  and forward mo-rement of t rans i t ion  are  balanced with respect 
t o  t h e i r  opposite e f fec ts  upon the drag. The subsequent increase of drag 
with Reynolds number indicates tha t  forward movement of t rans i t ion  i s  
predominating i n  t h i s  region. The drag ceases t o  increase when the 
t rans i t ion  posit ion comes f a i r l y  close t o  the leading edge. The data i n  
the chart  f o r  the highest Reynolds number correspond t o  t h i s  condition. 
Further increases i n  Reynolds number should cause the drag coefficient 
t o  decrease. The scale-effect curve shown i n  the f igure i s  character- 
i s t i c  of those obtained f o r  NACA 6-serieu a i r f o i l s .  The Reynolds number 
a t  which the t rans i t ion  posit ion moves forward, however, depends upon the 
degree t o  which the pressure gradients on the a i r f o i l  are  favorable. The 
Reynolds number a t  which the different  e f fec ts  occur depends, therefore, 
upon the d e t a i l  design of the par t icu lar  a i r f o i l .  

Tne developmnt of mean l ines  designed t o  s h i f t  the lov-drag range 
t o  d i f fe rent  values of the l i f t  coefficient has already been discussed. 
The e f fec t  of the addition of camber on the experimental drag polar is  
shown i n  f igure 9. (see a l so  reference 7.) The so l id  curve represents 
the polar f o r  a symmetrical 6-series a i r f o i l  section. The "bucket" i n  
the curve is  the low-drag m g e ;  tha t  is, tlis range of l i f t  cosff i c i en t  
through which extensiva laminar flow is obtained on both surfaces. A s  
shown by the dash-line curve, the primary ef fec t  of the addition of cambsr 
is  t o  s h i f t  the low-drag range. The center of t h i s  range corresponds t o  
the design lift coefficient.  T?te width of the lox-drag range increases 
w i t h  increasing a i r f o i l  thickness r a t io .  

The r e su l t s  discussed have been obtained from a i r f o l l  t e s t s  i n  which 
the model surfaces were smooth and f a i r .  Unfortunately, the surfaces of 
airplane wings are  oftentimes both rough and unfair .  Since laminar flow 
cannot be maintained a t  prac t ica l  values of the Reynolds number unless 
the a i r f o i l  surfaces are aerodynamically smooth, it seemed desirable t o  
investigate the character is t ics  of NACA 6-series a i r f o i l s  with surfaces 
roughened suf f ic ien t ly  near the leading edge tha t  f u l l y  develo;?ed turbu- 
l e n t  layers  would ex is t .  Results corresponding t o  such a surface condi- 
t ion  would give the most pessimistic view of what might be expected from. 



an airplane wing under any conditions short  of physical damage or  heavy 
accretions of ice  or  mud, whereas the r e su l t s  f o r  the smooth condition 
would correspond t o  an optimum f o r  which t o  s t r ive .  The e f fec t  of 
roughness on the l i f t  and drag character is t ics  of a typical  RACA 6-series 
aiYfoil  section i s  shown i n  f igure 10. (see also reference 7. ) It i s  
apparent tha t  the roughness causes large decreases i n  the mximum l i f t  
and large increases Fn the drag. Similar data from t e s t s  of various 
types of a i r f o i l  sections show tha t  the l i f t  and drag character is t ics  of 
a i r f o i l s  of a given thickness r a t i o  are  re la t ive ly  insensit ive to  the 
shape of the basic thickness dis t r ibut ions when the leading edges a re  
rough. 

The ent i re  discussion so f a r  has bsen limited t o  Mach numbers 
suff ic ient ly  low so tha t  the flow could be considered incompressible. As 
the Mach number i s  increased, the f i r s t -order  e f fec ts  of compressibility 
are  given by the Prandtl-Glauert re la t ion  (reference 20) which s t a t e s  
essent ia l ly  that ,  i n  two-dimensional flow, the values of a l l  pressure 
coefficients formed from differences between loca l  s t a t i c  pressure and 

1 free-stream s t a t i c  pressure are  increased by the re la t ion  , 
1 - %* 

where Mg i s  the free-stream Mach number. This means, of course, t h a t  

the l i f t -curve  slope i s  theoret ical ly  increased by the sane factor ,  thus, 

where the subscript c indicates coqress ib le  flow and the subscript i 
indicates incoqress ib le  flow. A comparison of tke theoret ical  and experi- 
mental values of the l i f t -curva slope f o r  an NACA 6-series a i r f o i l  secticn 
of 10-percent thickness i s  shown i n  figdre U. (see also reference 21.) 
The expression f o r  the f i r s t -order  e f fec ts  of compressibility appears to  
be val id  f o r  th in  a i r f o i l s  up t o  surprisin@.y high values of the Mach 
number. A sec~nd-order correction developed by Kaplan (reference 22) g i w  
resu l t s  in  be t t e r  agreement with experiment a t  high subcr i t ica l  values of 
the Mach number. I n  general, the increase of l i f t  coefficient with Mach 
n m ' e r  becomes l e s s  as the a i r f o i l  thickness r a t i o  i s  increased, and the 
agreemeat be tween theory and experiment f o r  the thicker sections i s  l e s s  
sat isfactory.  

Tha e f f ec t  of compessibi l i ty  on the drag a t  speeds below -the 
c r i t i c a l  is  rather  d i f f i c u l t  t o  evaluate. This d i f f icu l ty  a r i ses  from the 
f a c t  tha t  most high-speed t e s t  equipment i s  incapable of separating the 
e f f ec t  oflncreasing Reynolds number which accompanies an increase i n  Mach 
number. Soae indication of the re la t ivs  im2ortance of t'ne e f f ec t  of Mach 



number on the drag a t  subcr i t ica l  speeds, however, may be gained from 
f igure 12. (see a l so  references 23 and 24.) The drag of the 
R A C A 0 0 1 2 - 3 4 a i r f o i l s e c t i o n a t z e r o l i f t i s  u e d a g a i n s  Machnumber eoLt 8 f o r  a range of Reynolds number from 0.34 x 10 t o  0.42 x 10 and f o r  a. 

range of Reynolds number f ram 2.3 x lo6 t o  4.6 x lo6. The large incre- 
ment i n  drag between the high- and low-scale data in  the subcr i t ica l  
region i s  of about the magnitude tha t  would be expected f o r  such a change 
in the Reynolds number. The data f o r  the higher Reynolds number range 
are  in agreement with recent low-speed t e s t s  (M < 0.2) of a similar 
a i r f o i l  which show a negligible scale e f fe5 t  on the minimum drag between 

Reynolds numbers of 3.0 x lo6 and 6.0 x lob. From t h i s  hiscussion, it 
would seem. t h a t  the e f fec t  of Reynolds number i s  f a r  more inportant a t  
subcr i t ica l  speeds than the e f f ec t  of ivaach number. Since in  any case 
the pressure drag i s  a small pa r t  of the t o t a l  drag, it would not be 
expected tha t  changes in  local-pressure coefficients in  accordance with 
the Prandtl-Glauert :relation would have any d i r ec t  e f f e c t  upon the drag. 

Tne rather  br ief  summary of the s t a tus  of the a i r f o i l  problem jus t  
presented indicates tha t  we have a f a i r l y  complete understanding of the 
behavior of a i r f o i l  sections a t  subcr i t ica l  speeds. The attainment of 
l a m i n a r  flow on airplane wings remains a problem bscause the surfaces of 
such wfngs are  usually not suf f ic ien t ly  f a i r  and smooth. Methods of 
reducing the sensitivity of the laminar layer  t o  surface imperfec-tions 
are  now being investigated. The flow phenomena about an a i r f o i l  a t  
m i m u m  l i f t  a l so  remain a problem. We have a qual i ta t ive understanding 
of t h i s  problem, but research is needed before our ideas can be extended 
t o  quantitative calculation. 
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Figure 2. - Transformations used to calculate pressure distributions. 
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Figure 3. - Comparison of theoretical and experimental pressure distributions. 

THlCKNESS CAMBER ANGLE 

COMBINATION 

3.01' 
UPPER SURFACE 

LOWER SURFACE 

v Av Ava 
1.0 - -- s = ( ~  +- 7 

- = = y  

0 .5 1 .o 
x /c 

Figure 4. - Synthesis of pressure  distribution. 
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Fi.gure 5.- Section drag coefficient cd of airfoil and flat plate plotted a s  
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Figure 6. - Pressure  distribution for  NACA 642-015 airfoil sent '  c. lon. 
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-,. :.l,sur.e 8.- Effect of Reynclds number on the minimurri drag  of tLe NACA 
6s4 -421 airfoil section. 



Figure 9.- Effect of camber on the experimental drag polar. 

Figure 10.- Effect of roughness on the lift and drag characteristics of a 
typical NACA 6-series airfoil section. 



Figure 11.- Comparison of the theoretical and experimental yalues of the 
lift-curve slope for an NACA 6-series airfoil section of 10 -percent 
thickness. 

Figure 12. - Effect of Mach number on drag of NACA 0012-34 airfoil section 
a t  zero lift. 
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~CTERISTICS OF WING SECTIONS AT TRANSONIC SPEEDS 

By J o h  V. Becker 

Langley ~eronaut ical Laboratory 

INTRODUCTION 

The transonic regime is presumed to begin with the first appearance 
of a local region of supersonic flow near the airfoil surface and to end 
when the flow field has become entirely supersonic. The development of 
theory for transonic flows has been impeded by the coexistence of sub- 
sonic and supersonic flow regions and the presence of shock. Shock 
boundary-layer interaction effects which exert a controlling influence 
fan the transonic region cannot be treated by rigorous theory. The major 
past of existing knowledge of wTng-section behavior at transonic speeds 
is therefore derived from experimental research, and any review of the 
current status such as the present one must depend largely on experimental 
results . 

now CHANGES IN THE: TRA~SOIVIC REGIME 

The progressive changes in flow pattern which occur in the transonic 
regime are illustrated schematically in figure 1. The diagram at the 
upper left (M = 0.70) represents a condition slightly beyond the critical 
Mach number (M at which sonic velocity is attained locally). A s m a l l  
region of supersonic flow exists, usually terminated bg shock. The 
possibility that local supersonic flows of this type can exist without 
shock is a matter of considerable speculation. Theoretical studies hsve 
indicated that shock-free flows in an ideal fluid are possible in certain 
special cases. (see references 1 to 4, for example. ) From the practical 
standpoint, however, the important fact is that the presence of shock 
does not have any seriously adverse effects on airfoil performance unless 
it precipitates boundasy-layer separation. 

As the Mach number is increased, the shock moves rearward and the 
local supersonic region expands rapidly. The rearward movement is 
analogous to shock behavior in channels, which has been treated theoreti- 
cally in reference 5. Shock-stall occurs (diagram for M = 0 -90 in 
fig. 1) when the adverse pressure gradient through the shock becomes 
large enough to precipitate separation. Considerable compressfo~i of the 
flow takes place ahead of the main shock (references 6 and 7) as a 
consequence of thickening of the boundary layer. It is important to 
note that shock-stall is basically a shock boundary-layer interaction 
phenomenon and that there is no adequate method for predictingthe shock- 
stall Mach number. "Limiting" or "upper critical" Mach numbers predicted 
by theories which do not consider shock boundary-layer interaction 
(references 4 and 8) are at variance with experimental shock-sta~ Mach 
numbers. 



Rearward movement of the shock continues at speeds beyond shock- 
stall. When the shock nears the trailing edge, reattachment of the flow 
takes place, accompanied by an increase in lift coefficient and pressure 
drag. The flow over the airfoil surface is now predominantly supersonic 
except for a region near the nose. (see diasam for M = 0.95 in fig. 1. ) 

The diagram for M = 1.03 in figure 1 indicates that the nature of 
the flow at the airfoil surface is similar to that for M = 0.95. A bow 
wave of we& intensity has appeared, marking the forward boundary of the 
field of influence of the airfoil but having no first-order effect on 
the airfoil charactsristic;~. The transition from high subsonic to low 
supersonic speeds has been the subject of recent theoretical. studies by 
Busemann and Guderley (references 9 to 12); no theoretical reasons have 
been foLpnd to prohibit the existence of stable flows at and near sonic 
velocity, and no abrupt or discontinuous changes in airfoil charczcteris- 
tics are anticipated in traversing sonic velocity. 

As the supersonic Mach number advances, the bow wave moves closer 
to the airfoil nose with an attandant shrinking of the subsonic region 
near the nose (sse diasam for M = 1.30 in fig. 1). For sharp-edge 
sections the region of subsonic flow will disappear ent'irely at a speed 
dzpendent on tha angle through which the flow must b'e deviated (refer- 
ences 13 m a  14, for example). Guderley's theoretical work (reference 10) 
leads to the conclusion that the process of' bow-wave attachment is 
entirely continuous. 

Force data for wings throughout the transonic range of speeds have 
been obtained by the "win~flow" method both in flight (reference 15) 
m d  in the wind tunnel (reference 16). Typical data (reference 16) for 
a wing of aspect ratio 6.4 and NACA 65 

(112) 
-213 section w e  presented in 

figure 2. The results are considered illustrative of transonic wing- 
section characteristics. It is striking that all the major changes in 
lift, drag, and moment coefficient take place between M = 0.75 and 0.95; 
the aerodynamic center shifts from 3.25 chord at low speeds to about 0.40 chord 
at speeds beyond M = 0.95; the angle of zero lift changes from a 
negative low-peed value to a slightly positive value. Reattachment 
appears to start at M = 0.90, becoming complete at M = 0.95. These 
changes are in qualitative accord with theoretical requirements for 
transition from subsonic-type to supersonic-type flow. The wing 
performance at M = 0.95 is obviously more nearly supersonic than sub- 
.3onic in character. In fact, the coefficie~ts are in crude agreement 
dith calculated vslues appropriate to M = 1.30, for a sharpedge 
(:ambered wing in pure supersonic flow. It may therefore be reasoned that 
no first-rder changes in performance will appear at speeds beyond 
14 2 0.95. 

Ty-pic:&l changes in pressure distribution in the transonic region are 
shcwn in figure 3 for the NACA 23012 section (referenc:es 17 ar~l 18). 
Lift a d  d r t g  data corresponding to the pressure dictributionc are given 
in the upper. left diagrm. The effect of increasing Mach number on the 
prc;ssmar co+i'f5c:it;nt:: at sibcritical speeds (compare curves for M = 0.29 



and M = 0.59 in fig. 3) is predictable by approximate theoretical 
methods, (see reference 3, for example. ) The presence of supersonic 
flow terninated by a strong shock (but no obvious flow separation) is 
clearly evident in the diagram for M = 0.74 in figure 3. In the last 
diagram in figure 3, for M 1. 0.88, the shocks lie just ahead of the 
trailing edge. The supersonic character of the flow is illustrated by 
comparrison of the measured pressures with those predicted by sdyersonic 
(Prandtl-Meyer ) theory applied to the part of the section aft of the 
sonic point. The shapes of the measured and computed curves are similar 
although the measured suction pressures are, of course, considerably 
lower because the depth of the supersonic region is actually finite rather 
than infinite as assumed by the theory. The development of pressure 
drag is apparent from the progressive increase of pressure at the nose 
beyond Mcr together with the large decrease of pressure over the rear 
portion beyond shock-stall. 

S Y S W I C  INVESTIGATION OF SHAPE P- 

AT H I G 3  SUBSONIC SPEEDS 

Wind-tunnel investigations of a large number of related wing sections 
have been made at speeds up to M = 0.94. The succeeding discussion 
consists of a brief review of the effects of the more important shape 
parameters as determined from this research. 

Thickness ratio.- The transonic characteristics of two symmetrical 
airfoils differing only in thiclrness ratio (reference 19) are shown in 
figure 4. The thinner airfoil has not only a higher shock--stall speed 
but also smaller undesirable changes in force characteristics after 
shock-stall. It will be noted that the critical Mach number does not 
coincide with the speed of shock--stall. In fact, the 6--percent-thick 
airfoil which has the higher force4reak speed and superior supercritical 
characteristics has the lower critical speed. This result leads to the 
conclusion that the critical Mach number is useful ofly to denote the 
beginning of the transonic region; it does not coincide wlth the speed 
of force-break and is no criterion of airfoil behavior beyond the point 
of f orce-break. 

The values of the drag coefficients at sonic velocity were estimated 
from wing-flow data (references 15 and 16), the transonic similarity rule 
(reference 20) being used to correct the available data to the desired 
thickness ratio. The drags of the two sections at M = 1.0 (fig. 4) 
are about three times and eight times the low-speed values, respectively, 
for the 6 and 12-percent-thick sections at these Reynolds numbers. 

Figure 5 is a plot of minimum drag coefficient against thickness 
ratio. At subcritical speeds (curve for M = 0.65 ) the drag is not 



greatly affected by thickness ratio but, beginning at a speed somewhat 
below shock-stall, the drag rises steeply with increasing thickness. 
According to the transonic similari$y rule (references 20 and 21) the 
drag coefficient of a family of thin airfoils differing only in thickness 
is related to the thickness and Mach number as follows: 

At M = 1 this relation yields 

Systematic drag data (fig. 5 )  at the highest speed for which data were 
obtained in reference 19 (M = 0.94) appear to agree with this five-thirds 
power mile.  h he theoretical (dashed) curves of figure 5 were fitted 
to the test data at 4 = 0.09). For cambered sections the agreement is 

C 
somewhat less satisfactory than for sAtrica.1 sections. In purely 
supersonic flow the pressure drag varies approximately as the second power 
of the thickness ratio. Thus, the effect of thickness ratio will probably 
not change appreciably in the region between sonic speed and the speed at 
which bow-ve attachment occurs. 

Camber..- Figure 6 compares the performance of two sections differing 
only in carnber (reference 22). These sections are modified versions of 
the NACA four-digit series and are designed to have higher critical 
speeds than the four-digit series. The significance of the designation 
numbers can be seen from the following specifications for ti?% cambered 
section 2,35,12-.55,40: 

Maximum camber, percent chord . . . . . . . . . . . . . . . . . . . . .  2 
Position of maximum camber, percent chord . . . . . . . . . . . . . . .  35 . . . . . . . . . . . . . . . . . . .  Maximum thickness, percent- chord 12 

Leading-edgs radius . . . . . . . . . . . . . . . . . . . . . .  0.55~ ($7 
. . . . . . . . . . . .  Position of maximum thickness, percent chord 40 

The symmetrical section operating at c2 = 0.20 has not only higher 

forcebreak Mach numbers but also m c h  smaller unde~irable changes in 
angle of attack and changes in moment after forc-break; the change in 
angle of attack, for example, is ody l.TO for the symmetrical section 
as compared with 4.5' for the cambered airfoil. -4 contributing factor 
to -the large trim change of the c8a.bere.A section is the shift in angle of 
zero lift inherent in the transition from subsonic-tyye to supersonic-type 
flows. (see fig. 2. ) 



The 0,00,12-.55,40 a i r f o i l  of f igure 6 is  ident ica l  with the 
NACA 0012-34 a i r f o i l  of f igure  4 except f o r  leadin-dge radius. The 
r e s u l t s  shown f o r  the two sections were obtainsd a t  Repolds numbers 
d i f fe r ing  by a fac tor  of about PO. Comparison of the  data from the 
two t e s t s  indicates differences which a re  believed t o  be a t t r ibutable  
primarily t o  scale effects ,  although the model--support methods used 
a lso  differed and some uncertainty ex t s t s  as t o  the  poss ib i l i ty  of 
tunnel-wall constriction effects ,  par t icular ly f o r  the  0,00,12-.55,40 data 
at the  highest t e s t  speeds. It is important t o  note, hawever, that 
analysis of the data from e i the r  of these investigations (reference 19 
or  22) leads t o  the sane conclusions regarding optimum shapes. 

Further insight in to  the e f f ec t s  of camber on shock-stall character- 
i s t i c s  can be obtained by a study of typica l  pressure dis t r ibut ions such 
as  those shown i n  f igure 7. When operating a t  an  appreciable l i f t  
coefficient,  the t h i n  symmetrical section has a high suction peak near 
the leading edge, while the cambered section chosen f o r  com~arisoa hss 
a f l a t  pressure-distribution diagram. The spmet r i ca l  section ob-viously- 
has the  lower c r i t i c a l  Mach number of the  two, but it is important t o  
note t h a t  sonic velocity sYld shock w i l l  f i r s t  occur near the nose. The 
cambered section, on the  other hand, w i l l  d e ~ e l ~ p  shock on the r ea r  of 
the  a i r f o i l  where the boundary layer  is  more susceptible t o  ssparation. 
The high-peed l i f t  charac ter i s t ics  of these two sections, which are  
a l so  shown i n  f igure  7, indicate t h a t  shock--stall occurs shortly a f t e r  
the fo rmt ion  of shock on the r ea r  portion of the cambered a i r f o i l .  
Shock develops a t  a lower free-stream speed on the  symmetrical section 
but has no deleterious e f fec ts  on performance u n t i l  i s  exceeded 
by about 0.17. The c r i t i c a l  Mach numbers i n  t h i s  f igure were obtained 
from high-peed preseure-distribution data; thus, there  i s  no question 
involved as t o  the adequacy of methods of estimating & from low- 
speed data. 321 sp i t e  of" i ts  Power c r i t i c a l  speed, the symmetrical 
section has a higher lift-break Mach number than the  cambered section 
f o r  e i the r  of the  two angles of a t tack shown i n  f igure 7. 

Substantiation of t h i s  l i n e  of reasaning is  obtained from schliersn 
f l o v  photographs f o r  these two a i r f o i l s  obtained i n  the  Langley rectangular 
high-speed tunnel. Figure 8 f o r  the symmetrical section indicates tha t  
the main shock is s t i l l  near the leading edge, even though the  c r i t i c a l  
Mach number has been exceeded by 0.10. There is  no evidence of flow 
separation; measmement of the waka width a t  the  t r a i l i n g  edge indicates 
the same value as was found f o r  M = 0.30. The schlieren photograph 
f o r  the cambered section ( f ig .  9 )  indicates the occurrence of shock just 
ahead of the t r a i l i n g  edge and the presence of flow separation a t  a 
Mach number only 0.05 above the c r i t i c a l .  The flow separation was actual ly  
observed t o  start a t  a Mach number about 0.02 above the c r i t i c a l  value. 
Bn analysis of the  schlieren diagrams of f igures  8 and 9 is  made i n  
f igure 10. A maxim loca l  Mach number of 1.20 was masured f o r  the 
s p n e t r i c d  section a s  compared w i t h  1.11 for  -the cambered section. It, 
would, therefore, be expected tha t  the shock a t  the nose of the s ~ e t r i c a l  
section is  considerably more intense than the shock f o r  the cmbered 
section. This difference i n  shock strength is  probably accentuated by the 



fact that %he boundary leer tnickens extensively ahead of the main shock 
on the cambered airfoil, thereb~ reducing the local Mach number to a 
value close to unity just ahead of the shock (reference 23). Flow 
separation is thus precipitated by a very weak ahock when the shock occurs 
near the rear of the airfoil. This explains the behavior of high-ritical- 
speed and low-drag types of airfoils when operating at lift coefficients 
near their design values (references 24 to 26). Figure 11 shows the force- 
braak characteristics of the NACA 66--210 airfoil (reference 26) as an 
exa~yle. In the vicinity of design lift the fort-breaks occur shortly 
after the first appearance of shock at . At lift coefficients 

appreciably higher or lower than the design value, high suction pressze 
peaks develop at the airfoil nose but the existence of shock in this 
position does not cause force--break, and the critical Mach number is 
exceeded by a wide masgin before the occurrense of force-break. 

A photograph of the flow taken near the Mach number of force-break 
of the symmetrical NACA 0009-64 section is shown in figure 12. Tne 
main shock has moved from the vicinity of the nose to the 0.4-hord 
position, where it causes an appreciable disturbance of the boundary 
layer but no extensive flow ssparation. A n  analysis of this photograph 
and cornpasison with the cambered section is made in figure 13 in which 
both sections are operating at the same speed, the sane geometric 
ttngle of attack, a;nd approximately the same lift coefficient prior to 
force-break. The cambered section again has a we& shock preceded by 
a m a x i m  Mach number close to unity. AB in the Grevious illustration, 
appreciable flow separation and forcebreak have occurred, although the 
critical Mach number has been exceeded only by 0.05. The spmetrical 
section, on the other hand, carries a relatively strong shock of about 
equal depth normal to the airfoil without asy evidence of shock stall. 
m e  shock losses for the s.ymmetrical section will obviously be high, 
but no appreciable separation losses are present. Tne cambered section 
on the other hand encounters no appreciable shock loss but has a high 
separation loss. It is therefore difficult to determine from this analy- 
sis the relative lift-drag values of the two sections and this question 
m s t  be ammered by force data. An analysis of typical force-test 
results for related airfoils of varying camber (reference 22) is shown 
in figure 14. The camber in percent of chord which resulted in the 
maximum lift-drag ratio is plotted against Mach number for various 
operating lift coefficients. At low speed appreciable camber is desirable, 
but the o p t i m  camber is seen to decrease as the Mach number increases. 
When the critical Mach number is exceeded, the optbum pnount of camber 
drops rapidly to zero. For the 12-percent-thick sections used i r ~  the 
illus'ration, the symmetrical section has the bast lift-drag ratios at 
all Mach numbers beyond 0.76 for all the lift coefficients tested. An 
NACA ini~estiga'ion of 16-series sections of various camber (reference 24) 
revealed a similar trend of decreasing optimum camber with increasing 
Mach number. Previous discussion of figure 6 revealed that symmetrical 
sections are desirable for transonic applications from consideration 
of trim and moment changes as well as from consideration of best lift- 
drag ratio. 



Trailing-edge angle.- Vir tual ly  no information is  available showing 
the  e f fec t  of trail ing-edge angle as an isolated variable.  If" the angle 
i s  large,  the flow i s  subject t o  separation at t r a s o n i c  speeds which 
r e su l t s  in high drag, low l i f t - c r ~ e  slope, and poor control-sxrface 
effectiveness (references 27 t o  29). The maximum recommended values f o r  
trail ing-edge angle l i e  i n  the  range of lo0  t o  1 5 O ;  s d l e r  values a re  
preferable . 

Positions of maximum thickness.- Test data bearing on the  optimum 
position of maximum thickness f o r  symmetrical sections a re  given i n  
references 19 and 30. The best location appears t o  l i e  between 0.4 chord 
and 0.5 chord. 

Lead inpdge  raaius  .- A t  l i f t  coeff ic ients  near zero (say, l e s s  than 
0.1) the value of the Peadin-dge radius i s  not c r i t i c a l  f o r  symmetrical 
sections a t  high subsonic speeds (reference 3) .  A t  higher l i f t s  the 
best  l i f t -drag  r a t i o  i s  obtained witah a leading-edge radius of about olle- 
half the value used i n  the NACA four-digit  ser ies .  The r a d i i  ussd on 
the NACA l h e r i e s  and 6--series a i r f o i l s  a r e  near the  optimum value. The 
leading edge should be sharp i n  supe r s~n ic  flow if the speed i s  high 
enough t o  permit bow-wave attachment (reference 32), in order t o  avoid 
the r e l a t ive ly  high shock losses  occurring near the  apex of a detached 
bow wave. I f ,  however, the  supersonic Mach number i s  so low t h a t  an 
attached shock is not possible even i f  the  leading edge is  sharp 
(reference 14) ,  then there is  no reason t o  believe t h a t  sections having 
a small l e a d i n p d g e  radius w i l l  have infer ior  charac ter i s t ics  t o  
comparable sharp-edge sections. 

The behavior of sharp-edge supersanic-type sections has been the 
subject of a recent investigation a t  high subsanfc speeds (reference 33). 
P1% unexpected phenommon was  dfscovered which is  i l l u s t r a t e d  i n  
f igures  15 and 16. A t  all speeds up t o  M = 0.75 the  anticipated 
extensive region of separated flow s t a r t ing  a t  the  sharp leading edge 
was present as depicted i n  f igure 15. Local supersanic ve loc i t ies  
terminated by shock are  present over the  forward par t  of the section 
outside of the ragion of flow separation. The separated flow vanished 
abruptly when the Mach number was increased by 0.02 t o  M = 0.77' 
( f ig .  16) .  The a b i l i t y  of the flow t o  negotiate the  sharp edge i s  
explained by the  f a c t  t h a t  the loca l  velocity f i e l d  i n  the v ic in i ty  
of the  leading edge is supersonic (reference 34). A &l bubble of 
separation i s  p r e ~ e n t  immediatsly behind the corner. Ln expanding 
about t h i s  bubble the flow is directed towards the s n f a c e ,  giving r i s e  
t o  the oblique campreasion shock. Tha or igin of the foremost oblique 
dfst7w;bmce apparent i n  f igure 16 is u c e r t a i n .  It is  believed, however, 
t ha t  since the disturbance disappears at s o w  distance above the  a i r f o i l  
it does not n3ve s;ny major e f fec t  on the reattachment phenonenon. 

This reattachment of the flow i s  accompanied by an increass i n  l i f t ;  
a d ,  i n  a majozlty of cases, l i t t l e  change i n  drag. The incrsased 
pressure drag a f t e r  attachment tends t o  of fse t  the  reduction of saparatfon 



losses .  It is important t o  note tha t ,  although the  l i f t -drag r a t i o  
is  increased by t h i s  phenomenon, the  l i f t -d rag  r a t i o s  reached a re  not 
a s  high as a re  obtainable with round-edge sections a t  the same speeds 
(ref  erenco 33). 

OPTIMUM SHAPES FOR LCW SUPERSONIC SPEED RANGE 

The high-eubsonic t e s t  data u t i l i zed  in the foregoing discussion 
point towards an op5imum section shape f o r  the high-subsonic speed 
range which has no camber, a m a x ~ t ' n i c h n e s s  posit ion near the  
midchord point, as s m a l l  values a s  possible of the  thickness and 
trail ing-edge angle, and a Bmall but f i n i t e  l e a d i n e d g e  radius. 
With the  exception of the l e a d i n p a g e  radius, these specifications 
closely approach the  theore t ica l  requirements f o r  an opt- section 
i n  purely sxpersonic f low at low supersonic speeds. There i s  l i t t l e  
reason t o  mspect t h a t  a sharp leading edge would prme more desirable 
than a s m a l l  rounded edge in  the  transonic speed range where a detached 
bow wave would occur with e i the r  shape. It may be conjectured, 
therefore,  t ha t  the a i r f o i l  shape which is optimum f o r  high-subsonic 
speeds w i l l  a l so  have the  best cha;racteristics i n  the supersonic par t  
of the  transonic regime. It is obvious, harever, t ha t  fur ther  research 
is  needed t o  establ ish the  d e t a i l s  of a i r f o i l  performance a t  low 
supersonic speeds. 

PR0FIL;ES SUITABLE FOR TRANSONIC APPLICATIO1JS 

me following spmet r i ca l  prof i les  meet the approximate specifi- 
cations f o r  optimum shape discussed i n  the  preceding sections of t h i s  
paFer : 

NACA 000+44 (see reference 35) 
NACA 65-009 (see reference 36) 
NACA 65~--009 (see reference 37) 

The l a t t e r  two sections could be made thicker  than 9 percent without 
exceeding the a rb i t ra ry  l i m i t  imposed on the  trailing-edge angle (15'). 
The use of thicker  sections, however, i s  usually prohibitive f o r  transonic 
appl-lcations from consideration of power requiremnts  as well a s  adverse 
t r i m  anti moment changes. Obviously, thinner sections having the  s m a  
thickness dis t r ibut ion a s  the above prof i les  w i l l  a l so  meet the approximate 
optimum shape requiremnto . 
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Figure 1. - Transonic flow patterns. 
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Figure 2. - Transonic force data for a typical wing. NACA 65 (112) -2139 

a = 0.5 airfoil; aspect ratio, 6.4. 
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Figure 3. - Typical pressure-distribution data. NACA 23012 airfoil; ar = 1.6'. 

6 Figure 4. - Effects of thickness ratio. cz = 0.20; R 0.4 x 10 . 
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Figure 5.- Effect of thickness ratio on minimum drag. 
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6 Figure 6. - Effects of camber. c t  = 0.20; R z 4 x 10 . 



Figure 7. - Effects of camber on lift and upper-surface pressure-distribution 
characteristics of thin sections. 

-Txz&7 
Figure 8. - Schlieren flow photograph of NACA 0009 -64 airfoil. a = 2'; 

M = 0.75 = M,, + 0.10. 
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Figure 9.- Schlieren flow photograph of NACA 16-209 airfoil. a! = 0'; 
M = 0.83 = Mcr + 0.05. 

NAGA 0009-64 AIRFOIL 
c1 = 0.27, CZ = T 

Figure 10.- Analysis of flow photographs (figs. 8 and 9 ) .  
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Figure 11. - Critical and force-break Mach numbers for  an NACA 66-210 airfoil. 

Figure 12.- Schlieren flow photograph of NACA 0009-64 airfoil. CY = 2'; 
M = 0.80 = Mcr + 0.15. 
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NACA 0009-64 AIRFOIL 
I 

16-209 
M,, * .I5 Mcr* 005 -i~gpp7 
ct = 37 cZ =.32 

Figure 13.- Analysis of flow photograph for NACA 0009-64 airfoil (fig. 12) 
and comparison with NACA 16-209 airfoil. 

CAMBER FOR MAX. L/D 

Figure 14. - Effect of Mach number on optimum camber. X,35,12-.55,40 airfoils 
(reference 22). 
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Figure 15. - Schlieren flow photograph of NACA 1s -(70) (03) (70) (0 3) airfoil. 
cr = 5.5'; M = 0.75. 

Figure 16. - Schlieren flow photograph of NACA 13 -(70 ) (0 3) (70 ) (0 3) airfoil. 
cr = 5.5': M = 0.77. 
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PREDICTION OF WING CHARAC-STICS 

By Thomas A. Tol l  and Franklin W. Diederich 

Langley Aeronautical Laboratory 

INTRODUCTION 

The problem of the prediction of w i n g  character is t ics  i s  not 
necessarily r e s t r i c t ed  t o  the character is t ics  of the main l i f t i n g  wing 
of an airplane. The character is t ics  of tail surfaces and of movable 
controls usually a re  a l so  included since the f ac to r s  tha t  influence such 
character is t ics  a re  very similar t o  the fac tors  that influence the 
character is t ics  of the main l i f t i n g  wing. The general problem, there- 
fore ,  is  very broad and the number of aerodynamic p a n t i t i e s  tha t  need 
t o  be evaluated is considerable. Som of the important quantit ies a re  
the l i f t ,  drag, and aerodynamic center, corresponding t o  various a t t i tudes  
of the wing, the dis t r ibut ion of l i f t  over the wing surf ace, the various 
forces a.nd moments tha t  a f f ec t  the s t a b i l i t y  of the wing under &panic 
f l i g h t  conditions, the effectiveness of tail surfaces o r  of controls, and 
the aerodynamic forces  tha t  must be overcome i n  order t o  operate the 
controls. The present discussion is concerned with the various theoret- 
i c a l  and empirical processes tha t  have been found sui table  f o r  use i n  
evaluating such quantit ies a t  f l i g h t  speeds below the c r i t i c a l  Mach nmler. 

DISCUSSION 

I n  order t o  evaluate the desired quantit ies,  the theory of wing 
sections must be e i the r  supplemented o r  replaced by a theory of f i n i t e -  
span wings. I n  many instances, the desired Quantities bear only a second- 
a ry  relationship t o  the character is t ics  of wing sections. An example i s  
the spanwise dis t r ibut ion of wing loading, which i s  influenced largely 
by the flow about the wing t i p s  rather  than by ~ c t i o n  character is t ics .  
The chordwise dis t r ibut ion of loading a lso  i s  affected by f i n i t e  span; 
but i n  many instances, t h i s  e f fec t  i s  re la t ive ly  unimportant. The 
assumgtion of a two-dimensional chordwise load dis t r ibut ion,  therefore, 
is  one reasonable simplification of the finite-wing theory. 

A number of wing theories, based on various simplifying assumptions, 
have been developed. (See references 1 t o  8.) The theories d i f f e r  i n  
accuracy and i n  the extent of t h e i r  applicabili ty.  Before discussing 
specif ic  de ta i l s  of the various theories, consideration w i l l  be given to  
some of the important fac tors  tha t  determine the usefulness of a wing 
theory. One important f ac to r  concerns the variety of wing plan forms to  
which the theory can be applied. O f  equal importance, is  the number of 
aerodynamic character is t ics  tha t  may be t reated by a given wing theory. 
A t h i rd  fac tor  concerns the su i t ab i l i t y  of a wing theory f o r  consideration 
of appropriate wing section character is t ics .  This i s  important, sinc3 
experiments have indicated that ,  through the action of the boundary layer,  



there ;?lay be large e f fec t s  of the prof i le  shape or  of the surface condition. 
A fourth f ac to r  concerns the s u i t a b i l i t y  of the theory f o r  engineering 
applications or, more specifically,  the time required f o r  routine compu- 
ta t ions.  With these i t e m s  i n  mind,. som of the physical concepts upon 
which the present-day theories are based might now be considered. 

The prac t ica l  wing theories make use of, vortex l ines  f o r  determining 
the load carr ied by the wing. (see f i g .  1. ) The theories d i f f e r  i n  the 
manner i n  which the vor t i c i ty  i s  assumed t o  be dis t r ibuted over the wing 
surface and i n  the method employed f o r  f ix ing  the strength o-f the vortic- 
i t y  and, thereby, the magnitude of the l i f t .  According t o  a very simple 
concest, which was proposed by Prandtl  about 30 years ago and which is  
commonly cal led l i f t i n g -  l i n e  theory (reference 1 )  , the vo r t i  c i  t y  i s  
assumed to  be divided in to  'bound and t r a i l i n g  elemnta,  with the bound 
elements concentrated i n  a single l i n e  which should run approximately 
through the centers of pressure of the wing sections. The t r a i l i n g  
vor t i c i ty  leaves the wing i n  the form of a sheet and extends downstream 
t o  inf in i ty .  Downwash angles usually a re  calculated a t  a f i n i t e  number 
of control points d o n g  the l i f t i n g  l ine .  The effect ive angle of attack 
of the wing i s  assumed t o  be the difference between the geometric angle 
of a t tack and the downwash angle. The strength of the vor t ic i ty ,  and 
hence the wing l i f t ,  is  determined from section character is t ics  corre- 
sponding t o  the effect ive angle of attack. The l i f t i ng - l ine  method, 
therefore, provides no indication of any possible dis tor t ion of the chord- 
wise load dis t r ibut ion.  Also, because the l i f t i n g  l i n e  is necessarily 
s t raight ,  the method must be r e s t r i c t ed  t o  small angles of sweep. 

Because of the recent emphasis on highly swept wings, consideration 
i s  being given t o  a more general (or l if t ing-surface) concept such a s  
has been used by Falkner (reference 5 )  and Cohen (reference 6) .  According 
to  t h i s  concept, the vo r t i c i ty  i s  assumed to  be dis t r ibuted both chord- 
wise and spanwise over the wing surface. The strength of the vo r t i c i ty  
i s  f ixed by the condition that ,  a t  any point on the surface, the flow 
rrmst be tangent to  the surface. This method gives both the chordwise and 
the spanwise load dis t r ibut ions under potential-flow conditions. Wing 
section character is t ics  do not enter  in to  the solution md, therefore, 
the e f fec ts  of viscosi ty  can be accounted f o r  on17 i n  an indi rec t  manner. 
For prac t ica l  applications, the surface l i f t  must be represented by a 
f i n i t e  number of vortex l ines  and the boundary conditions must be sa t i s -  
f i e d  a t  a f i n i t e  number of control points. The simplest arrangement, 
which uses only one l i f t i n g  vortex, i s  designated in f igure  1 as the 
"simplified l i f t ing-surface concept." This par t icu lar  concept was sug- 
gested by Wieghardt (reference 3 )  and has been developed by Weissinger 
(reference 7) m d  Mutterperl (reference 8). The single l i f t i n g  vortex 
i s  located along the wing quarter chord, and the boundary condition i s  
~ a t i s f i e d  along the wing three-quarter-chord l ine .  Because the boundaq 
condition i s  not sa t i s f i ed  a t  the l i f t i n g  vortex, as i n  the case of 
l i f t i ng - l ine  theory, the l i f t i n g  vortex does not have t o  be a s t ra ight  
l i ne ;  md the method, therefore, i s  applicable t o  swept wings. As i n  the 
case of l i f t i ng - l ine  theory, however, t h i s  method does not account f o r  
any d is tor t ion  of the two- dimensional chord loading. 



All of the subsonic wing theories are  based on the assumption of 
incompressible potent ia l  flow. Tine so-called f i rs t -order  effects  of 
compressibility can be accounted fo r ,  however, hy resort ing t o  a general- 
iza t ion  of the Pmdt l -Glaue r t  ru le  (references 9 t o  Xi), a s  indicated 
i n  f igure 2. This ru le  implies tha t  character is t ics  of a wing i n  compress- 
ibPe flow can be obtained by analyzing an equivalent wing i n  incompress- 
ib l e  flow. The equivalent wing is  obtained by increasing a l l  longitudinal 

dimensions of the actual  wing by the fac tor  1 This r e su l t s  11; 

a decrease i n  the aspect r a t i o  A and an increase i n  the sweep angle A, 
as  indicated by the equations given i n  f igure 2. The compressible-flow 
pressures 

Pcomp are  obtained by multiplying the incompressible-flow 

pressures f o r  the equivalent wing by the f ac to r  1 $ *  This 
'einc 

procedure, of co'xrse, does not account f o r  changes i n  boundary-layer 
e f fec ts  which may accompany changes i n  Mach nwmber. 

The general u t i l i t y  of the three wing-theory concepts i s  summarized 
i n  table  I. Tlie comparison is  made on the basis  of the Multhopp, FaUmer, 
and Weissinger adaptations, which are  considered t o  be the most sui table  
f o r  prac t ica l  use. With regard t d  appl icabi l i ty  t o  wing geometry, the 
l i f t i ng - l ine  method is subject t o  the most severe res t r ic t ions  inasmuch 
as it i s  l imited t o  high aspect r a t i o  and low sweep angle. The l i f t i n g -  
surf ace theory has general appl icabi l i ty ,  and the simplif iecl l i f t i n g -  
surface theory of Weissinger i s  applicable to  all  wings having s t r a igh t  
leading and t r a i l i n g  edges. The l i f t i ng - l ine  theory i s  readi ly applicable 
to  a wide variety of wing character is t ics  (references 12 to  21) j whereas, 
the l i f  ting-surf ace and s i q l i f  ied  l i f  ting-surf ace theories, being 
considerably more cumbersome, have so f a r  been a ~ p l i e d  t o  only a l imited 
n u d e r  of character is t ics .  Wing section character is t ics  can be eas i ly  
accounted f o r  only by the l i f t i ng - l ine  concept. The l i f t i ng - l ine  theory 
i s  most desirable from the standpoint of the time required f o r  solutions. 
For exmple, i n  calculating a spanwise load dis t r ibut ion,  the l i f t i n g -  
surface method takes about 60 times as long as  the l i f t i ng - l ine  method 
which uses four control points, and the simplified l i f t ing-surface method 
takes about eight times as  long as  the l i f t i ng - l ine  method f o r  the same 
number of control points. Doubling the number of control points approxi- 
mately quadruples the time required f o r  solutions. 

The importance of one of the factors  considered i n  table I, tha t  is,  
the su i t ab i l i t y  of a theory f o r  consideration of wing section chsracter- 
i s t i c s ,  is  i l l u s t r a t e d  i n  f i g w e  3. Chordwise load dis t r ibut ions resul t ing 
from angle of attack and from f l a p  deflection, and are  

shown. The par t icu lar  dis t r ibut ions shown were obtained from two- 
dimensional th in-a i r fo i l  theory (references 16 and 22) =d from t e s t s  of a 
two- dimensional NACA 0009 a i r f o i l  with a thickened trailing-edge portion 
(reference 23 ) . A s  has been mentioned previously, some dis tor t ion of the 
two-dimensional chordwise load dis t r ibut ions would be expected to  r e su l t  
from finite-span ef fec ts .  The comparison of the experimental md theoret- 
i c a l  load curves f o r  the  two-dinensional a i r f o i l  nevertheless provides a 
qualitative indication of differences that  ex i s t  f o r  f i n i t e -  span wings. 



The areas of the chordwise load curves represent the l i f t  due t o  
angle of a t tack and the l i f t  due t o  f l a p  deflection. The r a t e s  of change 
of these quantit ies with angle of a t tack and with f l a p  deflection are  
commonly represented by the symbols Ck. and C L ~ ,  respectively. Inte- 

gration f o r  moment, about the f l ap  hinge point, of the par t s  of the loads 
carr ied by the fls;D yields the hinge moment due to  angle of a t tack and the 
hinge moment due t o  f l a p  deflection. The r a t e s  of change of these l a t t e r  
quantit ies with angle of a t tack and with f l a p  deflection are  convention- 
a l l y  represented by the symbols 

Cha and C$, 
respectively. The 

greatest  differences between the experimental and theoret ical  dis t r ibut ions 
a re  i n  the trailing-edge region where the boundary layer  i s  re la t ive ly  
thick. Because of the convex contour i n  the v ic in i ty  of the t r a i l i n g  edge 
of the selected a i r f o i l ,  the differences between theory and experiment are  
greater than would normally be obtained. The indicated differences do, 
however, provide a qualitative representation of usual conditions. Corn-- 
parison of the t o t a l  areas of the load curves indicates tha t  the theoret- - 
i c a l  value of the l i f t  due t o  angle of a t tack C would be subJect t o  rtr. 
only a small. e r ro r  and tha t  the l i f t  due t o  f l a p  deflection 

C4, 
would be 

sub Jec t  t o  a somewhat larger  error .  The theoret ical  values of the hinge 
moment due t o  angle of a t tack C a.nd of the hinge moment due t o  f l a p  

ha 
deflection C would be considerably different  from the experimental 

hs 
values because of the large d i f f e r e ~ c e s  in the loads near the t r a i l i n g  
edge. If a theory i s  t o  be applied t o  determination of the effectiveness 
and hinge moments of finite-span controls, it i s  important, therefore, tht 
some means be provided f o r  accounting f o r  the e f fec ts  of viscosity on the 
wing section character is t ics .  

The ef fec ts  of viscosity also influence the variation of character- 
i s t i c s  with Mach number, as  i s  i l l u s t r a t e d  i n  f igure 4. Comparisons are 
shown f o r  the actual  anp theoret ical  variations with lvlach number of the 
l i f t -curve slope C and of the r a t e  of change of a i leron hinge-moment 

La 
coeff ic ien twi thdef lec t ion  C f o r t h e w i n g o f  a f igh te r - typea i rp lane  

hs 
(reference 24) . The calculated-curves a re  based on applications of the 
generalized Prandtl-Glauert rule  which assumes no viscosity (reference 9). 
The calculated r e su l t s  f o r  the l i f  t-curve slope Cr, are  i n  good agreement 

with experiment almost up to  the Mach number f o r  which the force break 
occurs. Good agreement was not obtained, however, f o r  the hinge-moment 
parameter C even at moderate Mach numbers. The poor agreemnt 

h6 
probably i s  caused by variations, w3th Mach nwnbsr, of the character is t ics  
of the boundary layer,  which were sho- i  i n  f igure 3 t o  have an important 
e f fec t  on hinge moments. A s  yet,  there i s  no sat isfactory method of 
accounting f o r  such boundary-layer effects .  



The f a c t  t ha t  the l i f t i ng - l ine  theory i s  inadequate a t  small aspect 
ra t ios ,  such as may be employed f o r  t a i l  surfaces or  f o r  high-speed wings, 
1s i l l u s t r a t e d  i n  figure 5 .  This f igure shows theoret ical  variations 
w%th aspect r a t i o  of the l i f  t-curve slope 

C ~ a  
and of the hinge -moment 

parameters Ch, and C . Results glven by l i f  ting-line-theory equations 
hs 

a re  compared with r e su l t s  indicated by a lifting-surface-theory method. 
(see references 25 t o  28.) In the l a t t e r  mthod, l i f t ing-surface -theory 
was used only t o  obtain corrections tha t  could be applied to  the usual 
l i f t ing-l ine- theory equations. By t h i s  procedure, equations i n  t e r n  of 
a rb i t ra ry  section parameters could be retained. The curves shown ware 
calculated from the measured section character is t ics  of an NACA 0009 a i r -  
f o i l  equipped with a 30-percent-chord plain sealed f lap .  Tne r e su l t s  
indicate tha t  the difference between the two theories increases as the 
aspect r a t i o  decreases; and, i n  the case of the hinge-moment parameters, 
the dffferences may be very large.  The two t e s t  points i n  f igure 5 repre- 
sent r e su l t s  obtained from t e s t s  of two specif ic  configurations. The 
r e su l t s  tend t o  be i n  be t t e r  agreement with the l i f t ing-surface theory 
than with the l i f t i ng - l ine  theory; and, i n  general., t e s t s  of other models 
have given similar resul ts .  The er rors  of the l i f  t ing-line theory are  of 
such a magnitude as t o  be intolerable f o r  most design purposes. 

A s  had been mentioned previously, the l i f t i ng - l ine  theom cannot be 
applied t o  wings with large sweep angles. The simplified l if t ing-surface 
theory of Weissinger (reference 7) has been found t o  be very useful  f o r  
the calculation of cer tain swept-wing character is t ics ,  as, f o r  example, 
the spanwise load distribution. Calculations of the load dis t r ibut ions 
have been carried out f o r  a wide variety of wing plan f o m  (reference 29) ; 
and, i n  general, good agreement has 'been obtained with experiment, a t  leaat 
f o r  low l i f t  coefficients.  (see reference 30. ) Comparisons of measured 
and theoret ical  load dis t r ibut ions f o r  an unswept wing, a sweptback wing, 
and a sweptf orward wing are  shown i n  f igure  6. The agreement i s  f a i r l y  
typical  of what has been obtained f o r  all but the most extreme pl-an forma. 
Comparison of the load curves f o r  the unswept and sweptback plan f o m  
shows the usual reduction i n  load near the wing root and increase i n  load 
near the wing t i p  as the wing is swept back. A n  increase i n  load near the 
root  and a decrease in load near the wing t i p  is obtained as  the wlng i s  
swept forward. These e f fec t s  of sweep on the load dis t r ibut ion cause a 
tendency f o r  the t i p  sections of sweptback wings t o  s tal l  before the root 
sections; whereas, f o r  sweptforward wings, the roc t  sections generally 
s tal l  before the t i p  sections-. 

The peculiar s t u i n g  character is t ics  of swept wings l imi t  the l i f t -  
coeff ic ient  range over which any theory, i f  based on potential-flow 
concepts, can be expected t o  give re l iab le  resu l t s .  This f a c t  i s  i l l u s -  
t ra ted  i n  figure 7. Comparisons of theoret ical  and experimental values 
of the aerodynamic-center location are  given f o r  an'unswept wing and a 
wing with 450 sweepback (reference 31). Both wings had an aspect r a t i o  



of 4.1. For the unswept wing the aerodynamic center showed l i t t l e  
movement t o  a l i f t  coefficient a t  l e a s t  as high as  1.0, and the experi- 
mental resu l t s  were i n  good agreement with the value given by the 
Weissinger theory. For the wing with 45' sweepback, however, the aero- 
dynamic center showed a large rearward movement, s t a r t ing  a t  a l i f t  
coeff ic ient  of about 0.6. Although the theoret ical  value was i n  good 
agreement with experiment st low l i f t  coefficients,  the agreement was 
very poor i n  the high l i f t - coe f f i c i en t  range where the wing probably was  
p a r t i a l l y  s ta l led .  This l imitat ion of the theory i s  i l l u s t r a t e d  only 
f o r  the case of the erodynamic center, but similar l imitat ions have been 
obsenad f o r  almost a l l  of the aerodynamic' character is t ics .  A t  the pre- 
sent time, it i s  possible only t o  make qualitative estimates of the charac- 
t e r i s t i c s  a t  high l i f t .  Wind-tunnel t e s t s  must be r e l i ed  upon i n  order to 
ob t a in  quanti t a t ive  answers. 

Rigorous theories have not ye t  been applied t o  all of the character- 
i s t i c s  which are  of in te res t .  For cer tain purposes, however, reasonably 
re l iab le  indications of the e f f ec t s  of a given geometric variable can be 
obtained from very simple considerations. The ef fec ts  of sweep on f in i t e -  
span wings, f o r  example, are  sometimes assumed t o  be the same as  the 
e f fec ts  of sweep on inf i n i  te-span wings. (See reference 3 2. ) This 
approach neglects any consideration of the induced angle of a t tack o r  of 
the e f fec ts  of sweep on the span loading. An example of the r e l i a b i l i t y  
of such an approach f o r  one par t icu lar  characteris t i c  i s  shown i n  figure 8 . 
This f i g u e  gives a coqar i son  of experimntal  and calculated values of 
the aileron rolling-monent effectiveness C . bf in i t e - span  considerations 

16 
indicate tha t  the ai leron ro l l ing-mmnt  effectiveness should decrease as 
the square of the cosine of the sweep angle. By applying t h i s  correction 
fac tor  t o  the effectiveness paraxmter measur&d f o r  the unswept wing, the 
dashed curve is  obtained. Test r e su l t s  (reference 33) obtained with two 
sweptback wings were i n  reasonably good agreement with the calculated 
curve. Since unswept wings have been investigated ra ther  thorou@ly, both 
by theory and experiment, rough estimates of the ai leron rolling-moment 
effectiveness f o r  almost any swe;?t-wing plan form can bs obtained by t h i s  
si~llple procedure. Several other wing character is t ics  have been handled 
i n  a similar manner. A somewhat d i f fe rent  approach, i n  which consideration 
i s  given t o  the ind-uced angle of attack, as well as t o  the infinite-span 
e f fec t  but with the e f fec ts  on the load dis t r ibut ion s t i l l  neglected, has 
been applied t o  the estimation of the s t a b i l i t y  derivatives of swept 
wings (raf erence 34) . 

There a re  cer tain problems tha t  can b3 handled most sa t i s f ac to r i ly  
by purely empirical procedures. An example i s  the determination of the 
control-surface balance configuration required i n  order t o  obtain specified 
values of the hinge-moment parameters. Theoretical procedures have so f a r  
bsen indequate f o r  analyzing the character is t ics  of the various balancing 
devices; consequently, the e f fec ts  of the many de ta i l s  of control-surface 
balances have been studied experimentally (references 35 t o  38). Some of 
the important r e su l t s  of t h i s  work are  mmmarized i n  f igure 9. 



The form of f igure 9 has been found convenient f o r  a nurnber of 
d i f fe rent  analyses of hinge-moment character is t ics .  It i s  a p l o t  of the 
par- t e r  Ch, against the parameter C hs; and. the dashed l im  repre- 

sents combinations of these p a r m t e r s  t h a t  would r e su l t  i n  zero control 
force f o r  a typica l  aileron. Lines of constant values of the con-trol 
force f o r  a given f l i g h t  speed and a @ven a l t i t u d e  could be represented 
by l ines  drawn para l l e l  t o  the zero-force l ine .  Increasing heaviness, 
o r  underbalance, i s  obtained i n  moving t o  the l e f t  of the zero-f orce l ine ,  
md increasing overbalance r e su l t s  from moving t o  the r igh t  of the zero- 
force l ine .  A point, determined by the character is t ics  of a p la in  aileron 
(without balance), i s  represented on the chart  by the small c i rc le .  The 
manner i n  which the hinge-moment perameters a re  a l t e red  through the 
addition of various aerodynamic balances i s  indicated by the l ines  radiat ing 
from the point f o r  the plain aileron. The distance moved along a given 
l i n e  depends, of course, on the s i  ze o r  geometry of the balancing device. 
Empirical procedures a re  available f o r  estimating the extent t o  whf eh the 
geometry of the various balances must be a l te red  i n  order t o  produce pre- 
scribed changes in  the hinge-moment paraneters (reference 37). The chmt  
shows tha t  the d i f fe rent  devices vary considerably i n  the manner i n  which 
they a f fec t  the hinge-moment parameters. The balancing tab, f o r  example, 
may have a large e f fec t  on C 

ha ' but a negligible e f f ec t  on C 
be 

The 

addition of a beveled-trailing-edge balance, on the other hand, a f fec ts  C 
ha 

and ChS almost equally. Intermediate variations a re  obtained v i t h  a 

sealed in terna l  balance and with balances of the p la in  overhang type. By 
proper choice of the balance o r  by combinations of various balances, it is 
possible t o  obtain almost any desired values of the hinge-moment parameters . 

CONCLUDING Jiumfum 

I n  the foregoing discussion, a brief  description has been given of 
the physical principles of the wing theories tha t  a re  presently available 
t o  the aerodyngmicist, and an indication has been given of some of the 
procedures tha t  a re  being used t o  obtain solutions t o  specif ic  problems. 
The procedures i n  use do not always u t i l i z e  sound fundamental principles.  
The reason f o r  t h i s . i s  not lack of a sound theory, but ra ther  tha t  the 
present theories are,  i n  many ,instances, too cumbersome f o r  prac t ica l  
applications. None of the present theories is sat isfactory with regard 
t o  all of the points mentioned a t  the beginning of t h i s  paper. A theory 
tha t  would combine appl icabi l i ty  t o  a rb i t ra ry  geometry with the m a n y  
advantages of the present l i f t i ng - l ine  theory would be extremely useful. 
The ef fec ts  of compressibility, par t icular ly f o r  thick finite-span wings, 
and the effects  of the boimdrqry layer  cannot yet  be adequately accounted 
for.  'Illere i s  no re l iab le  method of ant ic ipat ing the conditions under 
which the flow f i r s t  begins t o  break down on swept wings o r  of estimating 



the chasacteristics a f t e r  the breakdown occurs. Many of the problems 
are complicated by the f a c t  that wing f l e x i b i l i t y  enters as an important 
sddi t ional  f ac to r  f o r  some of the wing plan 'f o m  tha t  are of current 
in teres t .  The extent t o  which wing f l e x i b i l i t y  may have t o  be considered 
has not yet  bsen well-established. 
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Figure 2. - Actual and equivalent wings in compressible flow. 
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Figure 6. - Experimental and theoretical spanwise load distributions. 
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Ivl?IMJEI-Lrn m STUING CHP;RACTERISTICS OF WINGS 

By James C. S ive l l s  

Langley Aeronautical Laboratory 

The ~ i r m u n - l i f t  and s t a l l i n g  charac ter i s t ics  of wings const i tute  
a sxbject t h a t  i s  common t o  a l l  types of airplanes, s r n r t l l  o r  large, 
low speed or  high speed. The problems associated with eazh type may, 
hmever, be widely different .  The old biplanes and ear ly monoplmep 
had s t a l l i ng  charac ter i s t ics  which were usually f a i r l y  good. The wing 
loadings were low so tha t  the landing speeds were r e l a t ive ly  low. The 
re la t ive ly  thick, rectangular wings tended t o  stall near the center and 
gave the p i l o t s  adequate s t a l l  warning. As  the airplans designs became 
more ef f ic ien t ,  the s t ruc tura l  designers demanded t h s t  the  wings be 
tapered t o  decrease the  s t resses  at  t h s  wing roots.  Tapering the wings, 
however, tended t o  move outboard the spanwise posit ion of the  incipient  
stall, so t h a t  a compromise has t o  be made between the s t ruc tura l  and 
aerodynamic desiderations. Recently the use of thinner and smoother 
wing sections, higher wing loadings, and unconventional plan forms has 
resul ted in fur ther  compromlsss, both s t ruc tu ra l  and aerociynamic, since 
the fac tors  which a re  necessary f o r  high-speed performance zne usually 
not conducive t o  low--speed performsnce. A l l  pressnt-day airplanes 
represent the r e s u l t s  of such compromises i~h ich  have been made in t h e i r  
designs. 

Sinze it i s  desirable t o  be able t o  predict  tha mir r rmn- l i f t  and 
s t a l l i ng  chwac te r i s t i c s  of an airplane a t  a very early stage i n  i t a  
design, a large amount of research has been done with t h i s  end i n  mind. 
This research has been undertaken along three l i n s s  - thsore t ica l  work, 
wind-tunnel experiments, and f l i g h t  t e s t s  - which must be closely 
correlated t o  provide the  maximum mmt of useful information. Th,o 
theore t ica l  work can indicate trends due t o  var iat ions i n  the  wing 
geometry but cannot adequately include the interference e f fec t s  of the 
fuselage 0,- nacelles. The wind-tunnel experiments can determins the 
maximum l i f t  values f o r  a m o t h  model or one with standard leading-edge 
ro-ghnsss but oftentimes at  values of Reynolds number or Macn number 
different than those at  which the airplane w i l l  f l y .  Moreover, the 
s t a l l i ng  characteri  s t i c  s determined i n  most wind tlxmels ob tainad for 
models which are rest,rajned a t  a given a t t i t ude  so tha t  the motions of a 
s t a l l ed  airplane cannot be simulated. The f i n a l  analysis  of the maximum- 
l i f t  and s t a l l i ng  charactet-ist ics of an airplans comes i n  the f l i g h t  
t e s t s  where a l l  the fac tors  which influence t h s  charac ter i s t ics  are 
integrated. A t  t h i s  stage of the design, however, it m y  be too l a t e  
or very expensive t o  make a l te ra t ions  necessary t o  improve the chmacter- 
i s t i c s ,  In sp i t e  of a l l  the research which has been done along thess 
l inss ,  much m r e  remains t o  be done before accurate predictions ctsn be 
made of the charac ter i s t ics  of every type of airplane. 

One of the major factors  which influence the maximm-lift and 
s t a l l i ng  charac ter i s t ics  of a wing is  Its a i r f o i l  section. Coaparisons 



of various a i r f o i l  sections can 3es t  be made from the r e s u l t s  of two- 
dimmsional wind-tunnel t e s t s .  The NACA &series a i r f o i l  sections 
have been rlescribed i n  the paper Py von Doenhoff and Loftin. In figure 1, 
the values of the maximum l i f t  coeff ic ient  of the NACA 64-series sections 
a re  shown f o r  a Reynolds n d a r  of 6 x lo6. (see reference 1.) In 
order t o  provide an indication of the maximum-lift capabi l i t ies  of an 
a i r f o i l  with l ~ s r i o u s  types of high-lift f laps,  nearly a l l  sections a re  
t e s t ea  with and without 20-parcent-chord s y l i t  f l aps  deflected 60'. 
Varying the a i r f o i l  thickness r a t i o  has approximately the same ef fec t  on 
the maximum l i f t  of the NACA &series a i r f o i l s  a s  it does on fhe older 
4- and w i g i t  a i r f o i l  sections. (see reference 2. ) Without flaps,  the 
highest values a re  f o r  thickness r a t i o s  of about 12 t o  15 percent. With 
f laps,  the highest v a l ~ e s  a re  f o r  thickness r a t i o s  of about 18 
t o  21 percant. The a i r f o i l  thickness a l so  has an appreciable e f fec t  on 
the sh.~-pness of the l i f t -curve  peak (reference 3) which, i n  turn, may 
influence the s t a l l i n g  charac ter i s t ics  of a wing. The very th in  sections, 
up t o  about 6 percent thick, have flat-top l i f t  curves, charazter is t ic  of 
f l a t  plates.  The sections from about 9 t o  12 percent thick have re la t ive ly  - 
sharppeak l i f t  curves characterized by abrupt separation of the flow from 
the en t i r e  upper surface i n i t i a t e d  by laminar separation near the leading 
edge. The actual  flow mechanisq i s  quite complex but i s  described more- 
f u l l y  i n  reference 3. The thicker sections have more r m d e d  l i f t -curve 
peaks chzaracterized by separatian of tha turbulent boundary layer s ta r t ing  
a t  the t r a i l i n g  edge. Not only the thickness but a l so  tha a i r f o i l  
contour, par t icular ly tha forward part ,  has sn ef fec t  on the section 
s t a l l i n g  chazacter is t ics  so t h a t  d i f fe rent  families of a i r f o i l s  do not 
necessarily exhibit  the sam+ charazter is t ics .  For example, f o r  equal 
thicknesses, the HACA 6-series sections do not hava as sharp l i f t -curve 
peaks as the NACA 230-series sections. 

The addition of camber of the uniform-load type generally increases 
the values of maximum l i f t  coeff ic ient  as shown'in f igure 1 f o r  .val?lea 
of design l i f t  coeff ic ient  c of 0.2 and 0.4. S t i l l  greater amounts 

'i 
of c m e r  do not fur ther  increase the  maximum l i f t  coefficient.  These 
curves a re  typica l  of a l l  the NACA &ssries sectians. Th3 values f o r  
NACA 63-series sections a re  generally a l i t t l e  highsr than those sho-a 
while those f o r  the NACA 65- an3 66-aeries m e  a l i t t l e  lower. T3e 
e f fec ts  of Reynolds nurriber on t h s  values of maximum'lift coeff ic ient  are  
about the same as f o r  the  older types of a i r f o i l s .  These data were a l l  
obtained with the a i r f o i l s  i n  a smooth condition. With so-called 
standard leading-edge roughness applied t o  the forward 8 percent of the 
a i r f o i l  surface, the effects  of thickness and Reynolds n@ar are  

6 materially reduced. For example, a t  the Reynolds number of 6 X 10 , 
ths  values of maximum l i f t  coeff ic ient  f o r  the 6-percent-thick sec+,ions 
w e  l i t t l e  affectea by roughness, f o r  the 12-percent-thick sections 
losses  of 0.3 t o  O.5.are ca;ussd 'by roughness, and f o r  the thicker s s c t i m s  
the losses  clue t o  r o ~ h l e s s  are of the order of 0.2 t o  0.3. These losses  
-In c m e  accompanied 'by a roiunding-off of the l i f t -curve peaks. 

~TEm 



Tha thicker sections with s p l i t  f l aps  give f a i r l y  high values of 
maximum l i f t  coefficient,  of the order of 2.8. Fm high-sped p e r f o ~ m s e ,  
howe~ar, much t h i m e r  sections must be :rsed, usdally l e s s  than 12 p2rcent 
thick. It then becomes imperative t o  use some more powerful type of high- 
l i f t  device i n  urder t o  obtain high vdi las  of maximum l i f t  r,oefI"ic;ient, 
In figure 2 a re  sh~wn typical  values which can be obtained fo r  varioas 
types and co&inations of high-lif? devices. Ths iiifference bstwzm th5 
two sections shown i s  m i n l y  t h s t  of caaber. The double s lo t ted  f lap  
i s  Qne of the most powerful types of trailing-edge f l a p  and on the 
NACA 641~212 section produces a value of c of about 2.85 fo r  a Reynolis 

2max 
6 number of 6 X 10 a s  -,ompared with a value of 2.41 obtained with a s p l i t  

f lap.  (see references 4 &?d 5 . )  The addition of a leading-eclge s l a t  
increases tha value of c2 t o  about 3.38. A s t i l l  fur ther  increase 

ma.x 
can be obtained by removing par t  of the boundary layer by suction through 
one or more s lo t s ,  For a single s l o t  located a t  40 percent of the chord 
and a flow coeff icient  of 0.025, a m a x i m u m  l i f t  coeff ic ient  of 3.72 has 
been obtained i n  conjunction with a double s lo t ted  f l ap  snd a leaiiing- 
edge s l a t .  

Another type of leading-edge device i s  the extensible leading-edge 
flap. (see reference 6. ) Two types of f l a p  are  shown with the 
NACA 6 4 1 ~ 1 2  section; one is  intended t o  be hinged a t  the  lower surface 

near the nose of the a i r f o i l  and the other i s  intended t o  be retracted 
in to  the uppar s.mface. The lower-surface f l a p  i s  probably simpler from 
a construction standpoint but produces a discontinuity a t  ths  nose and 
is, therefore, not as 3ffective as the upper-surface flap.  Used i n  
sonjunction with a s p l i t  f lap,  however, tha lower-surface leading--edga 
f l a p  produces a f a i r l y  high value of c One advantage of th2 ~~ 
leading-edge f l a p  as a high-lift device i s  tha t  it produces approximately 
the same values of c on s t i l l  thinner a i r f o i l  sections (reference 7)  

2- 
even though the values obtained f o r  the plain a i r f o i l  decrease rapidly 
with aecreasing thickness. 

Although the two-dimensional. data give a f a i r l y  good indication of 
the r e l a t ive  merits of various a i r f o i l  sections, the other f sc tors  which 
influence the mimum-lif t  and s t a l l i ng  character is t ics  of wings must be 
investigated i n  three-dimensional flow on wings of f i n i t e  span. Coaplet:: 
wings m y  be divided in to  two catagories: those having l i t t l e  or no 
sweep and those which are  sweptback or sweptforward enough t h s t  the sweep 
has an influence on the wing character is t ics .  Since much more i s  known 
about the character is t ics  of unswept wings, these a re  discussed f i r s t .  

Except f o r  wings of very low aspect r a t io ,  the various sections of 
an unswept wing behave very much as they do i n  two-dimensional flow but 
a t  a? effective angle of a t tack as predicted by l i f t ing-l ine theory. 
Even the nonlinearity of th3 section l i f t  curves i n  the v ic in i ty  of 



maximum l i f t  can be taken in to  account by a method developed f o r  calcu- 
l a t ing  th..: wing character is t ics  using actual  two-diwnsional data. 
( ~ s e  reference 8.) Figme 3 shows,the r e s u l t s  of such calculations f o r  
one of a se r i e s  of wings. (see references 9 t o  11.) The calculated 
curve i s  %ere superimposed on the points obtained experimentally. This 
par t icular  wing has the f a i r l y  high aspect r a t i o  of 10 and a taper r a t i o  
of 0.4. The sections varied i n  thickness from 20 percent at  the root  
t o  12 percent a t  th.= t i p  and account w a s  taken of the var iat ion i n  
Reynolds number from root t o  t i p  due t o  the taper. The agreement 
between th3 calculated and experimental r e s u l t s  w a s  very good f o r  t h i s  
wing and a t  l e a s t  reasonably good f o r  a l l  the wings of the ser ies  investi- 
gated. In a l l  cases th s  agreement w a s  be t t e r  than i f  no account were 
taken of the nonlinearity of the section l i f t  curves. 

31 addition t o  the value of the maximum l i f t  coefficient,  t h s  
s t a l l i ng  character is t ics  of a wing can be predicted by t h i s  method a s  
shown i n  figure 4. This i s  f o r  the same wing a s  t h s  previous figure.  
The upper, or dotted, curve shows the spanwise variat ion of the maximum 
l i f t  coefficient f o r  the various sections as determined from two- 
dimensional t e s t s .  The variat ions of thickness and Reynolds nuniber 
along ths  span a re  taken in to  account. The lower, or solid,  curve i s  
the spanwise variat ion of the loca l  section l i f t  coeff ic ient  at  the 
maximum value of wing l i f t  coeff ic ient  as calculated by t h s  method 
mentioned. Where the curves a re  tangent, the sections have reached 
t h e i r  maximlxn values of l i f t  coeff ic ient  and the  stall has begun. The 
divergence between the curves i s  an indication of the progression of 
the stall. Ii7. t h i s  par t icular  case, the difference between the curves 
a t  tht: root  i s  probsbly insuff ic ient  t o  prevent separation, so tha t  the 
wing would be predicted t o  be s t a l l ed  over about 90 percent of the semi- 
s p a .  From wind-tunnel t e s t s  u i t h  t u f t s  attached t o  the wing, the area 
indicated w a s  s t a l l ed  a t  maximan l i f t .  The agreement between the wind- 
tunnel t e s t s  and the predicted stall  i s  reasonable. Whether t h i s  wing 
would have sat isfactory s t a l l i ng  charac ter i s t ics  i n  f l i g h t  cannot be 
predicted from these data inasmuch as the motions of the s t a l l ed  airplaae 
a re  not known. It can be conjectured t h s t  some los s  i n  ai leron effective- 
ness woilld be experienced near m a x i m  l i f t  but, because of the thick 
root  sections which experience separated flow a t  values of l i f t  coeffi- 
c ient  soaewhat below the maximum, the p i l o t  msy have warning of the 
incipient  stall  i n  the nature of t a i l  buffeting. 

Although the maxinrum-lift and s t a l l i ng  chsrac ter i s t ics  of unmept 
wings a re  believed t o  be predicted be t t e r  by the method using nonlinear 
section lift data th.m by older method8 in which the section l i f t  curves 
a re  ass-med t o  be l inear ,  much useful information has been obtained by 
the l a t t e r  rasthods as t o  the 'e f fec ts  of various geometric parameters. 
One such theoret ical  investigation (references 12 and 13) provides the 
information sh~wn i n  f igure 5.  It has been generally accepted tha t  a 
rectangular wing (taper r a t i o  of 1 )  w i l l  possess good s t a l l i ng  character- 
i s t i c s  inasmuch a s  the stall tends t o  start at  the root  and progress 
slowly outboard a s  indicated by the lower left-hand curves. There may 
be cer tain conibinations of variables, however, f o r  which such a 



generalization i s  not true.  Furthermore, too early a root  stall may 
seriously reduce ths  maximum l i f t  or cause too much t a i l  buffeting, 
It may, therefore, be desirable from an aerodynamic as well a s  a 
s t r u c t w a l  standpoint t o  taper the  wing. A taper r a t i o  of 112, which 
many designers consider t o  be moderate, moves the incipient-s tal l  
posit ion dangerously f a r  oxtboard fo r  a wing with t h i s  par t icular  
combination of a i r f o i l  sections. I f  other design cr i te r ions  allow 
the root  thickness t o  be increased t o  21 percent, the stall can again 
be moved inboard because the thicker sections have lower values 
of c . It is  thus readi ly seen t h a t  it i s  extremely import&& t o  

2- 
consider not only the taper r a t i o  but a l so  the a i r f o i l  section and other 
variables i n  the design of a wing with good s t a l l i n g  character is t ics .  
The lower right--hand curves show t h a t  more taper again s h i f t s  t h s  s t a l l  
outboard even though the  root  section i s  quite thick. 

A few general remarks should be made a t  t h i s  time. The use of 
nonlineas section l i f t  data has oftentimes indicated t h a t  the  s t a l l  
would be more severe than t h a t  indicated by the use of l i nea r  data. 
These four examples shown a re  f o r  an aspect r a t i o  of 6, constant camber 
f ron  root  t o  t i p ,  and no washout. The ef fec t  of increasing aspect r a t i o  
i s  t o  leve l  off the local- l i f t -coeff ic ient  dis t r ibut ions thereby making 
t h s  s t a l l i ng  character is t ics  be t t e r  or  worse depending upon the s h ~ p e  of 
the maximum-section-lfft-coefficient distribution. An increass i n  
caniber from root  t o  t i p  w i l l  usually improve the s t a l l i ng  chwac te r i s t i c s  
i f  the maximum section l i f t  coeff ic ients  a re  increasgd near the t i p .  
Washout w i l l  a1sg improve the s t a l l i ng  charac ter i s t ics  by increasing the 
loca l  lift coefficients near the root  an5 decreasing thsm near t h s  t ip .  
The use of e i ther  cardber increase or  washout m y  be limited, however, 
by the high-speed requirements f o r  the  airplane. The high-speed require- 
ments m y  a lso  d ic ta te  the shape and thickness of the a i r f o i l  section 
which may great ly  influence the s t a l l i ng  chwac te r i s t i c s  i n  a ~I1Etnner not 
shown i n  the abova type of analysis or even i n  wind-tunn.=l t e s t s .  The 
use of an a i r f o i l  section with a sharp-peak l i f t  curve may r e s u l t  i n  a 
rapid ro l l -o f f  or pitching motion when the airplane stalls i n  f l i g h t .  
Another factor  which may a f fec t  the s t a l l i n g  charac ter i s t ics  of an 
airplane i s  the sl-lpstream from a t r ac to r  propeller. (see reference 14.) 
The increased velocity i n  the slipstream increases the loca l  Reynolds 
nmiber of the wing sections behind the propeller. The downwash behind 
an inclined propeller tends t o  reduce the effect ive angle of a t tack of 
the wing sections. Both of these e f fec ts  tend t o  delay s t a l l i ng  i n  the 
affected regions and may allow t h s  outboard sections of the wing t o  
stall f i r s t .  Another e f fec t  i s  tha t  of s l ips t rean  rotat ion which causes 
th s  sections behind the upgoing propeller blades t o  s t a l l  before the 
sections behind the downgoing propeller blades. 

Where the high-speed requirements influence the design so tha t  a 
poor-stalling wing resu l t s ,  the designer may re so r t  t o  the use of stall  
control devices such as the sharp leading edge and leading-edge s l a t .  



Figme 15 shows t he  use of a sharp leading edge on a wing with a t apzr  r s? io  
~f 113.  see refersnce 15.) The outboard s t a l l  of t he  p l a in  wing i s  
correzted by decreasing the  mimum sect ion l i f t  coef f ic ien t s  n e w  the  
root;  t h ?  s ta l l  i s  thereby caussd t o  movs i n b ~ m d .  The use of t h i s  type 
of s ta l l  control  device r e s u l t s  i n  a lover maximum l i f t  cos f f i c i en t  of 
the  wing and would probably no t  be used except where absolutely necessary. 
Figure 7 shows t he  use of a leading--edge s l a t  over t he  outboard p a r t  of 
the  ving. (see reference 12 , )  In t h i s  case the  t i p  s t a l l  i s  prevented 
by increasing t he  maximum--lift c apab i l i t i e s  of t h e  oxtboard sect ions  an5 
a higher wing l i f t  i s  obtained. Although t h i s  sna lys i s  ind ica tes  t h a t  
the  s ta l l  would be local ized near t he  inboard end of t h s  f l ap ,  it i s  
extrem3ly d i f f i c u l t  t o  p red ic t  t h e  f l i g h t  charac te r i s t i cs .  

Associated with t h e  maximum-lift and s t a l l i n g  cha rac t e r i s t i c s  of 
a i rplanes  i s  t he  sinking speed i n  t he  landing approach. This my be a 
deciding f a s t o r  as t o  what typg of high-l if t  device t o  uss. Figure 8 
shows t h e  lif-ag po la rs  of a wing-fuselage combination with th ree  
types of Gbpercent-span f laps .  ( see  reference 16.) To place t he  f l a p s  
on a more comparable bas is ,  a t a i l  length  vas assumed and t h e  negative 
l i f t  on t h e  ta i l ,  necessary to t r i m  out  t he  pi tching moment due t o  t he  
f l aps ,  w a s  added t o  t he  wing l i f t  t o  give a .value of trimmed l i f t  
coeff ic ient .  Superimposed on thsse  polars  i s  a g r i d  of l i n e s  of constant 
sinking speed Vv aria constant g l id ing  speed calcula ted f o r  a wing 

loading of 60 ?o~mds per square foot .  Although ne i t he r  t he  b a g  of 
nacel les ,  lazding gear, ta-L1, and protcberances n3r t h e  g f f ec t s  of power 
i s  in:lu3ed, a comparison of t h s  various types of f l a p  can be ma5e. The 
lowest sinking speed f o r  any of t he  flapped-wing configurations wo:~ld 
be obtalned with t h e  s ing le  s l o t t e d  f l a p s  bu t  t h e  lowest g l id ing  speed 
would be obtained with t he  double s l o t t e d  f l aps .  These data  a r e  f o r  
a lC-percent-thick wing with sn  aspect  r a t i o  of 9. For t h i s  pa r t i cu l a r  
wing, t he  f l a p s  had p rac t i c a l l y  no e f f e c t  on t he  s t a l l i n g  chs;racterist ics.  

In t h ?  e s t i m t i o n  of full-scale f l i g h t  values of maximum l i f t  coef- 
f i c i e n t  f ro=  w i n d - t d e l  data, due acco~mt  must be taken of t he  di f ference 
i n  Mach n W e r  as wel l  a s  t he  difference i n  Reynolds number between t he  
f l i g h t  and wind-tiamel conditions. A l thoqh  t h e  e f f e c t s  of compressi- 
b i l i t y  a r e  us .~a l ly  associated with r e l a t i v e l y  high subsonic Mach riders, 
such e f f ec t s  a r e  als.3 im9ortant a t  Mach numbers as low as 0.2 i n  s tud ies  
of m imum lift. Soms of t h e  i n t e r r e l a t ed  e f f e c t s  of Mach number and 
Reynolds r u b e r  are shown i n  f igure  9. (See reference 17.) These data  
were obtained by t e s t i n g  t he  same wing a t  atmospheric p r e s s w e  and a t  a 

p re s swe  of a3oat 2 i  atmspheres.  A t  each pressure., t e s t s  were made 

o7er t h s  r a q e  of Maoh number. The same d a t s  a r e  p lo t ted  as a function 
of both Reynolds -rlmb.=;r =d Mach nwiber. The peak values of m a x i m  
l i y t  coefficieztt i n  each caee were obtained when t he  c r i t i c a l  pressure 
coef f ic ien t ,  correspoading t o  a l o c a l  Mach number of 1, w a s  reachrd. A t  
speeds lower than t h i s  c r i t i c a l  speed, the  Reynolds n d e r  ha3 more e f f ec t ;  
c increased with increasing Reynolds n-mker. A t  speeds higher than 

2mx 



the c r i t i c a l  speed, Mach number had more effect ;  c decreased with 
~max 

increasing Mach number. A t  the  higher Reynolds number, the presswe 
coefficients were more negative and the c r i t i c a l  presswe coefficient 
was reached a t  a lower free-streamMach nuniber. The pressure coeff ic ients  
vere c t i l l  more negative with the f l aps  deflected and the c r i t i c a l  presswe 
coeff icient  was reached a t  s t i l l  lower f r e e s t r e a m  Mach ntlmbers. Although 
these data per tain t o  one par t icu lar  wing, they do shaw the importance of 
considering both the Reynolds number an3 t h s  Mach number when estimations 
a re  made of t h s  maximum l i f t  coeff ic ient  of a wing. 

Up t o  t h i s  point, only unswept wings have been considered. Although 
m y  of the fac tors  which influence the  maxinu-lift and s t a l l i ng  charac- 
t e r i s t i c s  of unwept wings a l so  a f f ec t  t h s  charac ter i s t ics  of w e p t  wings, 
such e f fec t s  a re  often masked by tha e f f ec t  of sweep. The charac ter i s t ics  
of swept wings m e  not a s  amenable t o  calculation a s  those of unswept 
wings. Some qual i ta t ive e f f ec t s  of sweep, however, may be dissussed. As  
shown i n  the previous paper by Tol l  and Diederich from calculations by 
lifting-surface theory, sweepback ten38 t o  load up the outboard sections 
of a wing while sweepforward tends t o  load up the inboard sections. In 
addition t o  these effects  on the span loading, the spanwise component of 
the a i r  flow tends t o  sweep the boundary layer outboard on swept3ack 
wings ruld inboard on sweptforward wings. The thickened boundary layer 
which r e su l t s  i s  more susceptible t o  separation than the thinner bomdary 
layer on an unswept wing. The e f fec t s  a re  additive, causing severe t i p  
s t a l l  on sweptback wings and severe root  s t a l l  on sweptforward wings ss 
sham i n  figure 10. (see reference 18.) For thesg t e s t s  the same semi- 
span wing w a s  rotated t o  give the various sngles of sweep, an3 d i f fe rent  
t i p  an3 root  sections were added f o r  each angle, Th5 aspect r a t i o  was 
thus decreased a s  the sweep w a s  increased. In  addition t o  the los s  i n  
l a t e r a l  control a t  the stall of the sweptback wings, sweep, e i ther  for- 
ward or  backward, may cause longitudinal i n s t a b i l i t y  at  the stall  f o r  
some aspect ra t ios .  This i s  discussed more f u l l y  i n  another paper but 
i s  mentioned here because subsequent values of maximum l i f t  shown may 
not be usable because of longitudinal i n s t ab i l i t y .  

Tha ef fec t  of sweepback on -imum l i f t  coeff ic ient  i s  shown i n  
f igure 11. (see reference 19. ) These r e s u l t s  were obtained i n  a ti~rbu- 
l en t  win3 tunnel and the values of Reynolds number a re  the su-called 
"eff ective"va1ues obtained by multiplying the t e s t  values by a f sc toi- 
which i s  a function of the amount of turbulence i n  the a i r  s t rmn .  Thc 
va l id i ty  of the use of this concept of effect ive Reynolds _?mbf;.r has not 
been established fo r  swept w2ngs. Th3 important point s h 3 ~ n  by these 
curves i s  tha t  Reynolds number must be taken in to  account whm discilseing 
the effect  of sweep an ths  maximum l i f t  coefficient of a wirLg snd low- 
scale wind-tunnel r e s d t s  m y  not apply t o  full-male airplane;;. 

Sweep also has a pronounced ef fec t  upon the inzrement i n  l i f t  
coefficient due t o  f l ap  deflection a s  shown i n  f igure 12. ( ~ e s  
reference 20.) These are low-scale r e su l t s  abtained a t  a Rsjmoldv n7aLber 



of 1 X lo6 t o  2 X lo6. A l l  the  wings tes ted  had the same chord normal t o  
the leading edge, were untapered, an?. had the  sane span. The aspect 
r a t i o  decreased, therefore, with increasing sweepback. The increment i n  
l i f t  coeff ic ient  is due t o  tha deflection of 50-percent-spa, 20-percent- 
chord, s p l i t  f l aps  deflected 60°. A t  low angles of attack, the incremant 
i n  l i f t  coeff ic ient  var ies  approximately as the empirical cosine--squared 
curve multiplied by the fac tor  TJ t o  take- in to  account the difference i n  
aspect r a t io .  The increment ;n maximum l i f t  coeff ic ient  i s  somewhat 
lower, f a l l i n g  t o  zero f o r  60 meepbsck, 

As mentioned previously, the t i p  stall of a sweptback wing caases 
a los s  i n  l a t e r a l  control and may cause longitudinal ins tab i l i ty .  It i s  
oftentimes possible, however, t o  eliminate t h i s  t i p  s t a l l  by some s t a l l  
control device. Figure 13 shows the r e s u l t s  of using partial-span, 
properly located, leading-edge slats on a highly tapered, moderately 
meptbsck wing. (see reference 14.) In t h i s  case, not only w a s  the t i p  
stall  eliminated, but  the maximum l i f t  coeff ic ient  w a s  increased by the 
addition of the slats. It should be re-emphasized t h a t  the s l a t s  must 
be properly located both as t o  span and posit ion t o  improve the s t a l l i n g  
charaz ter i s t ics  of mch a wing because improperly located slats on t h i s  
same model did not give any improvement. 

In conclusion, the present s t a tus  and future needs of research on 
maximmu-lift and s t a l l i n g  charac ter i s t ics  can be summarized. Theoretical 
methods of analysis f o r  unswept wings have been developed f o r  predicting 
the e f fec ts  of var iat ions i n  wing geometry. Similar methods are  needed 
which can include the  e f f ec t s  of sweep and low aspect ra t io .  Win3-tunnel 
experiments have been useful f o r  determining some of the e f fec ts  of sweep 
and of various airplane components. Further wind-tunnel investigations 
a re  desirable i n  which the models a re  allowed some degree of freedom, 
such as  rol l ing,  so t h a t  f l i g h t  conditions can be par t ly  simulated. 
Further f l i g h t  t e s t s  a re  desirable f o r  investigating the e f f ec t s  of 
var iables  which cannot be taken in to  account a t  present e i ther  by theory 
or i n  the wind t.amels and f o r  defining more nearly exactly what w e  
sat isfactory s t a l l i ng  character is t ics .  Finally, close correlation must 
be main-tained between the theoret ical  analyses, wind-tunnel experiments, 
and f l i g h t  t e s t s  so t h a t  the information from each f i e l d  of research can 
be applied t o  th s  others. 
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Figure 1. - Maximum -lift characteristics of NACA 64 -series airfoil sections 
a t  a Reynolds number of 6 x lo6. 
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Figure 2. - Maximum lift coefficients of NACA 641A212 and 641 -0 12 airfoil 

sections with various high-lift devices. Reynolds number, 6 x lo6. 
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Figure 3. - Experimental and calculated maximum-lift characteristics of a 
wing with NACA 64-series sections. 

Figure 4. - Experimental and calculated stalling characteristics of a wing with 
NACA 64-series sections. 
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Figure 5. - Spanwise lift-coefficient distributions at  maximum lift for four 
wings with NACA 230-series sections. Aspect ratio, 6; Reynolds number, 
8 X lo6. 
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Figure 6. - Effect of a sharp leading edge on the calculated stalling character -. 
istics of a wing. 
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Figure 7. - Effect of leading-edge slats  on the calculated stalling character- 
istics of a wing. 

Figure 8. - Effect of split, single slotted, and double slotted flaps on the lift- 
drag  characteristics of a wing with NACA 65-210 airfoil sections. 
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Figure 9.- Effect of Reynolds number and Mach number on the maximum 
lift coefficient of a wing with NACA 230-series airfoil sections. 

Figure 10.- Stall progressions for wings with and without sweep. 
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Figure 11.- Effect of sweep on the maximum. lift coefficients of wings. 
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Figure 12.- Effect of sweep on the increment in lift coefficient due to flaps. 



Figure 13. - Effect of leading-edge slats  on the stalling characteristics of a 
sweptback wing. 
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FACTORS AFFECTING STATIC LONGITUDINAL 

STABILITY AMD CONTROL 

Bg Charles J. Donlan 

Iangley Aeronautical Laboratory 

INTRODUCTION 

The purpose of this paper is to review the various factors that 
constitute static longitudinal stability and control and to indicate 
how these factors may be influenced by power effects and b c h  number 
effects. 

SYMBOLS 

pitching-aoment coefficient 

lift-coefficient 

wing axea 

stabilizer incidence, degrees 

increment of p o w e ~ f f  downwash at horizontal tat1 (ah 
gfven angle of attack) from zero-lift downwash, degrees 

increment in downwash, at a given angle of attack, due to 
power, degrees 

t M s t  coefficient (%:7 
increment in thrust coefficient from pover-off condition to a 

s~ecified power condition 

plan -f o m  factor 

Mach number 

BASIC CONCEPTS 

Static stability relates to the behavior of an airplane in a series 
of steady states of motion. It is of interest, therefore, to aline the 



practical conditions for stability as desired by pilots with the con- 
ditions for stability that result from a mathematical treatment of the 
subject. From the pilot's point of,view an airplane possesses stick- 
position stability if the stick must be moved remasd to retrim the 
airplane at a speed lower than the initial trimmed speed or moved 
forwwd to retrim the airplane at a speed higher than the initial 
trimmed speed. If the rearward movement of the stick requires a pull 
force or if the forward movement of the stick requires a push force, 
the airplane also possesses stick-force stability. 

The basic mathematical condition for static stability is that the 
constant term E of the quartic stability equation be positive: 

The development of equation (1) for the stick-fixed condition may be 
found in references 1 and 2 and for the stick-free condition in 
reference 3, 

Physically, a positive value of E indicates that one of the 
longitudinal modes of- motion of the airplane will consist of a long- 
period oscillation, classically termed a phugoid oscillation. The 
question of the characteristics of this oscillation, and whether it is 
stable or unstable, is one of dynamic stability and therefore is not 
discussed herein. A discussion of its importance from the pilot's 
point of view may be found in reference 4. It will suffice to say 
that if E is positive, the phugoid oscillation will be present in 
some form but, more important, the previously mentioned relationships 
concerning stick-position and stick-force stability will be satisfied. 

On the other hand, if E is negative, the lowperiod phugoid 
oscillation is replaced essentially by a slow divergence &.the pilot 
will find it necessmy to reverse his customary procedure for retrimmi= 
the airplane. This reversal of customary flight procedure, while not 
particularly desirable, is generally not catastrophic because the 
divergence that develops as a consequence of this type of instability 
depends on speed changes that take considerable time to develop. 

The expression "static stability" has also been used to describe 
the weathercock tendencies of an airplane while flying at a constant 
speed. This type of stability is essentially angle-of-attack stability 
an3 is extremely important in that it prevents, for example, the 
airplane from developing excessive load factors whsn encountering a 
gust or other disturbances: Static stability is frequently referred 
to as "mreneuvering stability," inasmch as it also controls the 
inherent maneuverability of the airplane. The mathematical condition 



for this type of stability is that the coefficient C of equation (1) 
be positive, Physically, if C is positive, a short-period oscilla- 
tion is present; if C is negative, the oscillation is replaced by a 
very rapid am2 dangerous divergence. It should be emphasized that 
from the point of view of safety it is the type of stability 
associated with C that is most important to the pilot. 

In simplified treatments of stability where pwer effects and 
compreseibility effects are ignored, little misunderstanding results 
from the different interpretations attached to the term "static 
stabilityr' because the same factor, the slope of the curve of pitching- 
moment coefficient against lift coefficient, usually determines the 

. sign of both E and C. Whsn the effects of po-f:er and compressibility 
are taken into account, however, the term E and C a r e  no longer 
dependent on the same parameters and a more precise interpretation 
of thefr sfgnificance is essential. 

The four concepts and definitions commonly employed in current 
discussions of longitudinal stability are summarized in table I. The 
type of stability associated with E is manifested as stick-position 
stability or as stick-force stability. The degree of stability is 

measured by the static margin, defined as - - 
c o  The 

Parameter - (%)L=o can be evaluated from wind-tunnel tests wit; 
LLL 

the controls either fixed or free if the tests are conducted to 
sfmulate the appropriate power condition and flight plan. The center- 
of-gravity position for which ths static margin vanishes for either 
the stick-position or stfck-force condition defines the neutral point. 

The type of stability associated with the term C is interpreted 
and measured by the pilot in term of the control movement or control 
force required to effect a given acceleration at a constant speed. 
The degree of stability is proportional to the so-called maneuver 
margin. The maneuver margin can be evaluated from wind-turnel tests' 
as the sum of the slope of the pitching-moinent curve obtained at a 
constant Mach number and for a fixed po-der condition and a term 
representing the damping-in-pitch characteristics of the aimlane. 
For heavily loaded airplanes flying at high altitudes K is negligible 

and the maneuver margin is given essentially as - (2) vhich cam 

easily be obtained from wind-tunnel'tests. The maneuver 'poj.nt coincides 
with the center-of-gravity position correspo~ding to zero maneuver 
margin. 



If the manner in which the pitching-moment coefficient varies 
with the llft coefficient is known, all the essential stability 
parameters can be evaluated. 

STABILITY AT SUBCRITICAL SPEEDS 

The stability of a conventional-type airplane is determined by 
the relative contributions of the wing--fuselage combination and the 
horizontal tail. At subcritical speeds the contribution of the basic 
wing-fuselage combination can be estimated fairly reliably, and 
numerous papers and charts are available for simplifying such calcu- 
lations. (see references 5 to 10.) The contribution of the 
horizontal tail in the absence of slipstream or jet effects can also 
be esthated fairly reliably for both the flaps-retracted and flape- 
deflected conditions (reference 11) with the aid of downwash charts 
such as those prepared by Silverstein and Katzoff (reference 12). 
Reliable methods are also available for estimating the hinge-moment 
characteristics of the elevator; thus, rational estimates of the 
st ick-free stability characteristics can be made. (see reference 13. ) 
The addition of a propeller or a jet may, however, cause im@ortant 
changes in the contributions supplied by the various components, and a 
knowledge of the manner in which these effects are manifested is 
extremely helpful in design. 

POWER EFFECTS 

Propeller effects.- Successful methods have been developed for 
estimating the effects of the slipstream on the wiwfuselage charac- 
teristics (references 14 to 18), but attempts to predict the complex 
changes in flow at the tail plane have been less successful. 

During the war years a large amount of experimental data pertaining 
to propeller effects were obtained particularly for single-engine 
airplanes. Typical investigations are reported in references 19 to 28. 
These data have been analyzed and a method has been developed for 
estimating the effects of power. on the contribution of the tail to 
stability, The essence of the method is presented in figures 1 and 2, 
which were taken from an unpublished analysis. 

The data of figure 1 constitute a correlation of the change in down- 
wash angle resulting from an increment in thrust coefficient above the 
winhilling condition. A correlation study of 26 specific model conf igu- 
rations has indicated that the m ~ s t  powerful factors influencing the incre 
mental 'downwash angle are the initial dormwash angle E ' and a factor F 



dependent on the wing plan form. It has been observed that taper 
ratio is of particular importance, and the manner in which the plan- 
f o m  correlation factor F varies with wing taper ratio is also 
s h m  in figure 1. The dashed lines parallel to the design curve 
represent the order of accuracy which might be expected in applying 
this chart to a new design. 

A correlation chart for estimating the power-on tail effectiveness 
is shown in figure 2. The dependency of the tail-effectiveness ratio 
on the relative position of the slipatream and tail position should be 
noted. The lines parallel to the design curve again indicate ths 
order of accuracy of the correlation. These correlation chakts at 
present are applicable only to single-engine tractor monoplanes with 
flaps retracted,but it is hoped eventually to obtain similar corrcla- 
tion charts for the flapdown condition. 

From correlation charts such as those shown in figures 1 and 2 
it is possible to construct curves of the variation of pitchinemoment 
coefficient with lift coefficient for any power condition,and from 
these curves all of the essential stability parameters can be 
evaluated. References 29 and 30 contain graphical methods for 
determining the location of the n3utral point. 

The scarcity of systematic data on multiengine installations has 
thus far prevented the development of similar correlations for these 
configurations. 

Jet effects.- The'influence of Jets on the longitudinal stability 
is, in general, not as pronounced as propellers. (See reference 31, ) 
~iPect jet effects 'are easily computable and charts are available for . 
estimating the inflow field about a jet; thus, the calculation of 
downwash changes in the vicinity of the horizontal tail is poasible 
(reference 32) . 

COMPRESSIBILITY EFFECTS 

Up to the speed at which the critical h c h  number of the wing is 
exceeded, the effects of compressibility on the stability characteristics 
of an airplane are relatively smal1,and rational estimates of these 
effects can be made utilizing formulas based 03 linear perturbation 
theory. The more significant changes in stability occur when the 
critical speed of ths wing is exceeded and shock waves are found which 
result in large preesure changes over the wing. As a consequence, the 
lift and the lift-curve slope decrease rapidly,and for cambered 
sections the angle of attack for zero lift shifts in a positive 
direction. These changes are generally more pronolmced for wings 
having greater camber. 



The aerodynamic center of the wing may s h i f t  e i ther  i n  a forward 
or r e w a r d  direct ion depending upon the th.ickness aad shape of the 
a i r f o i l  section and the wing plan form. The wingeerodynamic-center 
s h i f t  associated with a part icular  airplane w i l l  a l so  be affected by 
the fuselage or nacelles. 

A n  example of the manner i n  which compressibility e f fec ts  were 
manifested on a World W a r  I1 f ighter  is shown i n  f igure  3. (See 
reference 33.) The character is t ics  exhibited at M = 0.5 a re  
typica l  of the behavior below the force break. As the c r i t i c a l  speed 
of the wing w a s  exceeded the aerod-c center of the wing-fuselage 
combination moved forward as evidenced by the increased slope ,of the 
tail-off pitchinemoment curve a t  M = 0.76. Despite the forward 
movement of the wing aerodynamic center, however, the slope ( b ~ ~ / a ~ ~ ) ,  
f o r  the ta i l -on configuration was actual ly  increased. A noticeable 
change i n  t r i m  is  a l so  evident. Thus, while the maneuver margin 
i s  considerably increased the s t a t i c  margin, as  a consequence of 
the t r i m  change, becomes unstable. The cause of this behavior 
usually is tha t  the airplane w i l l  experience a nose-down tendency 
t h a t  is  so great t ha t  e i the r  the elevator is  not powerful enough 
t o  pul l  the nose of the airplane up or  the control forces become 
too great  ;or the p i l o t  i o  handle. This behavior i s  referred 
t o  as the tucking under tendency. 

If an airplane has an adjustable s tab i l izer ,  severe t r i m  changes 
of t h i s  type can be compensated f o r  without much d i f f icu l ty .  If the 
airplane has a fixed s tab i l izer ,  however, another solution t o  t h i s  
problem is  required. Ths solution adopted f o r  the airplane having the  
character is t ics  shown i n  f igure 3 involved the  use of dive-recovery 
flapo. The essent ia l  character is t ic  of a dive-recovery f l a p  i e  
i l l u s t r a t ed  i n  f igure 4 (reference 34). The dive f l a p  is located on 
the ~mder  surface of the wing and, when deflected, causes an increase 
i n  the loca l  downwash a t  the t a i l  and a change i n  the angle of zero 
lift. The effect  is the same as though the s t ab i l i ze r  had been moved 
nose downward, and a powerful posit ive pitching moment is  created. 
The o p t i m  f l a p  deflection fo r  a par t icular  configuration, however,. 
must be determines experimentally. 

Severe compressibility e f fec ts  may be delayed t o  higher k c h  
numbers by u t i l i z ing  thinner wing sections and by employing plan forms 
having low aspect r a t i o s  or plan forms incorporating sweepback. (see 
references 35 and 36.) The incorporation of sweepback i s  part icular ly 
beneficial  and can s ignif icant ly increase the &ch number at which 
serious longitudinal-stabili ty problems are  encountered and might be 
expected a lso  t o  reduce the t r i m  changes and s t a b i l i t y  changes 
encountered at supercr i t ica l  speeds. 



One of the factors that limits the amount of sweepback that can 
be employed, however, is the difficulty of providing satisfactory 
stability and control in the landing condition. 

Basic-wing characteristics.- At lift coefficients prior to that 
at which separated flow ensues on'the wing, the position of the 
aerodynamic center of the wing can be estimated fairly reliably. The 
shift in the aerodynamic-center position that occurs at high lift 
coefficients is less amenable to theoretical computations, and 
numerous experimental investigations have been concerned with this 
effect. From the data examined thus far it appears that aspect ratio 
and sweep angle are still the two most important factors that 
influence the type of pftching+mment variation to be expected at 
%he stall. The familiar m e r  in which sweep angle and aspect ratio 
affect the character of the pitchieoment variation at the stall is 
illustrated in figure 5, which is taken from reference 37. Combinations 
of sweep and aspect ratio that fall above the line in the figure have 
been found to yield the characteristically unstable pitchinpS-rnoment 
variation indicated. Other factors such as airfoil section, wing 
taper, Reynolds number, and surface roughness have been found to 
influence the lift coefficient at which instability is first m i -  
fested, but the ultimate variation at the stall has still been found 
to be consistent with that indicated in figure 5. 

While figure 5 reflects the behavior of plain wings, it has been 
found that the addition of trailing-edge flaps has resulted in an 
unstable pitchinemoment variation even for wings falling in the stable 
region. A considerable nmiber of investigations have, therefore, been 
concerned with the development of devices designed to alleviate the 
tip stalling that is responsible for this behavior. 

Stall control devices.- Methods that have been tried in attempts 
to alleviate the tip stalling of sweptback wings have included wing 
twist, changes in wing plan form at the tip, flat-plate separators - 
which attempt to control the lateral flow of the boundary layep - and 
leading-edge flaps and slats. Combinations of these methods have also 
'been tried on specific configurations. Perhaps the most successfui 
stall control device thus f& investigated has been the leadinwdge 
slat. Figure 6 illustrates the behavior of this device on a moderately 
'swept wing, (see reference 38.) It' will be noticed that in this 
example the slat had to be extended over approximately 50 percent of 
the wing semispan before the desired stable pitching moment at the 
stall was attained. Inasmuch as the leadiwdge slat modifies the 
span loading along the wing it might be expected that the optimum 
extent of flap for a particular configuration woilld depend on the wing 
plan form and the location of the wing on the fuselage. 



Effect of tail location.- The attainment of satisfactory pitchine 
moment characteristics for the wing-fuselage combination does not 
guarantee that the configuration with a horizontal tail added will also 
be satisfactory. The optimum location of the tail must usually be 
found experimentally. Figure 7 which is taken from reference 39 
illustrates a case where the basic winefuselage pitching-moment 
behavior was satisfactory but the resultant pitching-moment behavior 
with the tail in position was unsatisfactory. It is generally easier, 
however, to find a tail location that will result in satisfactory 
stability for the complete configuration if the basic winefuselage 
combination also possesses a stable pitchinemoment variation at the 
stall. 

It must constantly be borne in mind that even if ample rigid- 
model wind-tunnel data are available on which to base predictions of 
stability,the effects of aeroelastic distortion may result in the 
airplane hsving completely different characteristics from those 
estimated. Some of the effects of elevator-fabric distortion are 
indicated, for example, in reference 40. At the same time the basic 
concepts of stability discussed still apply and if wind-tunnel data 
on an aeroelastically similar model were available reliable stability 
estimates could be made. There is, however, a great deal of research 
necessary before satisfactory methods of predicting aeroelastic 
effects can be developed. 
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TABLE I 

TYPE 

STIGK- 
POS1TION 
STABILITY 

POSITION 
MANEUVERING MANEUVER MARGINa- (%)y + K  
STABILITY WITH ELEM FIXED 

CRITERION 

STATlC MARGIN = -  (%) WITH ELEY. FIXED 
d C ~  c m = ~  

STICK- 
FORCE 
STABILITY 

I STICK- I 

STATIC MARGIN=- (~~!)CmzO~~~~ - ELEV. FREE 

MANEUVERING MANEUVER MARGIN = - (%)M + K 

STABILITY WITH ELEV. FREE 

A€O, 

DUE TO 
POWER 

Figure 1. - Downwash correlation for single-engine tractor airplanes. 
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Figure 2. - Tail-effectiveness correlation'for single-engine tractor airplanes. 
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Figure 3. - Typical effect of compressibility on airplane pitching-moment 
characteristics. 



Figure 4. - Effect of dive-recovery flap on airplane pitching-moment 
characteristics. 
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Figure 5. - Pitching-moment behavior, of sweptback wings. 
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Figure 6. - Effect of leading-edge slats on pitching-moment characteristics. 
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Figure 7. - Effect of tail on pitching-moment characteristics at stall. 



FACTORS AFFECTING LCLT!ERAL STABILITY 

Ey John P. Campbell 

-ley Aeronautical Laboratory 

INTRODUCTION 

The term " l a t e ra l  s t ab i l i t y"  used i n  t h i s  paper is  intended t o  
include a l l  airplane s t a b i l i t y  other than longitudinal s t a b i l i t y .  That 
is, l a t e r a l  s t a b i l i t y  includes direct ional  (or weathercock) s t a b i l i t y ,  
ro l l ing  s t ab i l i t y ,  bank s t a b i l i t y  (or  dihedral e f f ec t )  and, i n  fac t ,  
say form of s t a b i l i t y  tha t  involves displacement of the  plane of 
symmetry of the airplane by rol l ing,  yawing, or sideslipping. Sometimes 
the term " l a t e ra l  s t ab i l i t yP '  has been used t o  mean only the s t a b i l i t y  
associated with ro l l ing  moment due t o  s ides l ip  or dihedral e f fec t  but 
t h i s  usage is not recommended because of the likelihood of confusion 
with the more general meaning of the  term. 

During the past few years many advances have been made toward an 
understanding of the complex problem of l a t e r a l  s t a b i l i t y .  In the  w a r  
yews a great amount of experimental data  on the subject was obtained 
from studies of mil i tary airplane designs. Analysis and correlation of 
these data have afforded an insight i n t o  the  causes of l a t e ra l - s t ab i l i t y  
d i f f i c u l t i e s  and have i n  some cases permitted empirical methods t o  be 
s e t  up f o r  estimating cer ta in  s t a b i l i t y  character is t ics .  Basic la te ra l -  
s t a b i l i t y  research, both experimental and theoretical,  was  necessarily 
somewhat curtai led during the w a r  but since tha t  time t h i s  research has 
been accelerated t o  supply the  eve%increasing demand f o r  fundamental 
knowledge i n  the f i e l d  of l a t e r a l  s t ab i l i t y .  

SYMBOLS 

rolling-moment coefficient 
Rolling moment 

2 ( ) 
Yawing moment 

'n yawing-moment coefficient ( $pv2sb ) 
fvselage yawing-moment coefficient 

Yawing moment 
'n " Gp) ( a s e l a g e  T O I ~  



lateral-force coefficient (lateral force) 

C 
Dw 

wi-rag coefficient 

P mass density, ,slugs. per cubic foot; 

S wing area, square feet 

b wing span, feet 

z vertical height of wing above fuselage center line, feet 

V airspeed, feet per second 

-v sideslip velocity, feet per second 

P angle of sideslip 

$ angle of yaw (j3 = - ~ r )  

angle of attack a 

P rolling angular velocity, radian8 per second 

r yawing angular velocity, radians per second 

I?b - rolliwlar-velocity factor or wing-tip helix angle 2V generated by wing tip in roll, radians . 

rb - 
2V yawinpmgulas-velocity factor, radians 

C 
nP 

rate of change of yawiqynoment coefficient with angle of 

sideslip, per degree 

C 
2~ 

rate of change of with angle of 

sideslip, per degree 

C y ~  
rate of change of lateral-force coefficient with angle of 

sideslip, per degree 



C 
n~ 

rate of change of yawingjnoment. coefficient with rolling- 

angular-velocity factor, per raaian 

, . (3) 
rate of change of rolling-anoment coefficient with rolliw 

angular-velocity factor, per radian 

CyP 
rate of-change of lateral-force coefficient with rolliw 

angular-velocity factor, per radian 

rate of c h q e  of yawing-noment coefficient with yawing- 

angular-velocity factor, per radian (3,) 
rate of change of rolli~oment coefficient with yawing- 

angular-velocity factor, per radian (Z), 
CY, rate of change of lateral-force coefficient with yawing- 

angulm-velocity factor, per radian 

6f flap deflection, degrees 

A angle of sweep of wing leading edge, degrees 

aspect ratio (G) 
LA-TABILITY DERIVATIVES 

In a discussion of lateral stability it is necessary to break up 
this rather complex subject into its several related parts in order to 
get a clear picture of the advances that have recently been m d e  in 
this field. One logical breakdown of lateral stability, illustrated 
in figure 1, involves the conventional lateral-etability derivatives 
used -in dynamic lateral--stability work. (See references 1 to 6.) These 
stability derivatives are abbreviated expressions for the variations of 



the rolling and yawing moments and lateral force with sideslipping, 
rolling, and yawing velocities. In order to make these derivatives 
nondimensional, the velocities v,. p, and r are replaced by I3 

and respectively, as indicated at the bottom of tor 3 2T4 2v' 
figure 1. (see reference 1. ) 

The geometric designe around the derivatives in figure 1 indicate 
their relative importance as determined from an analysi~ of m q y  
theoretical and experimental studies of lateral stability. The circled 
derivatives have been found to be most important in that, if they are 
properly adjusted, the other derivatives usually have only minor 
effects on stability. In a discussion of lateral stability, these 
derivatives may logically be divided into three groups - sideslip, 
rolling, and yawing derivatives. 

Sideslip Derivatives 

The sideslip derivatives C C and Cyp are probably the 

most significant as well as the most familiar derivatives. They can be 
. determined theoretically (references 1, 2, 6, and 7) and are also 
easily determined by ordinary wind-tunnel teets (references 8 to 19) 
in which the lateral forces and moments are measured with the model in 
a yawed (or sideslipped) attitude. From plots of the fort-test data, 

acn ac, 
the slopes 

~ C Y  
, , a"d sj7 (where $ is the angle of yaw) are 

determined these values are exactly equal to but opposite in sign 
to kP, Clg3 and Cyg, respectively. The yawing moment due to 

sideslip kg is the static directional stability or weathercock- 
stability factor (references 20 to 34). The rolling moment due to 
sideslip C is the well-known effective-dihedral parameter which 

ZB 
has received an increasing amount of attention in connection with 
highly swept wings. (See references 5, 19, 35, 36, and 37.) The 
lateral force due to sideslip is the effective lateral-ea 

parameter, which is usually negligible if the weathercock stability C n ~  
is adequate. This aerivative will not be discussed further in this 
paper but more information on it can be obtained in references 1, 2, 
6, aria 38. 

Rolling Derivatives 

The rolling derivatives Cnp, C 
IP' 

and Cy have been treated 
P 

Lheoretically in references 2, 6, and 39 and are measured by various 
experimental methods including continuous rotation tests (reference 40) 



i n  which forces and moments a re  measured on a ro l l ing  model and rolling- 
flow t e s t s  i n  which the model remains stationary while the a i r  stream i n  
the  wind tunnel is rotated ( h a g l e y  s t a b i l i t y  tunnel, reference 41) 
Both the yawing moment due t o  r o l l i n g  Cnl, 

and the  ro l l ing  moment due - 
t o  ro l l ing  (dampiwin-roll  fac tor )  C a r e  important from considera- 

2, 
t ions  of cont ro l lab i l i ty  as well as s t ab i l i t y .  The l a t e r a l  force due 
t o  ro l l ing  "2y is of measurable magnitude only f o r  swept-wing 

P 
airplanes and, since i n  a l l  cases t h i s  derivative has been fourmd t o  
have an insignificant e f fec t  on s t ab i l i t y ,  it w i l l  not be discussed 
fur ther .  

Yawing Derivatives 

The yawing derivatives Car, Czr, and Cyr a r e  of secondary 

inportance compared with the  s ides l ip  and ro l l ing  derivatives.  These 
derivatives a re  t reated theoret ical ly  i n  references 1, 6, 42, and 43 
and have been determined experimentally by several methods including 
the whirli- method, forced-oscillation or f r e m s c i l l a t i o n  method 
(reference a), *and the  curved-flow method ( h a g l e y  s t a b i l i t y  tunnel, 
reference 6), in which a model is held fixed i n  a curving a i r  stream 
produced by curving the f lex ib le  s ide w a l l s  of the tunnel t e s t  fiect$on. 
The yawing moment due t o  yawing (damping-in-yaw parameter) Cnr i s  the 

most important of the yawing derivatives but usually has no pronounced 
ef fec ts  on s t a b i l i t y  and control i f  the weathercock s t a b i l i t y  

CnB 
i s  

adequate. Since the r o l l i n g  moment due t o  yawing Czr and the l a t e r a l  

force due t o  yawing CY., a re  even l e s s  important than Cn , no fur ther  
P 

discussion of the yawing derivatives w i l l  be given. More information 
on these derivatives can be found in the references 1, 6, 43, and 44, 

MOST IMPORTANT L A ~ T A B I Z I T Y  DERIVATrnS 

The four most important derivatives , CzB,  ca, and C 2  
P 

w i l l  now be considered i n  more de ta i l .  The main emphasis w i l l  be placed 
on the two s ides l ip  derivat2ves and C since these derivatives 

ZP 
have been the subject of a large. par t  of the l a t e ra l - s t ab i l i t y  research 
during the past few years. 

Yawing Mciment Due t o  Sideslip 
CnP 

The yawing moment,due t o  s ides l ip  G, is a d i rec t  indication of P 
the  tendency of & airplane t o  weathercock, that is, t o  keep alined with 



the r e l a t ive  wind. Since the wiwfuse lage  combination is usually 
unstable i n  t h i s  respect, a ve r t i ca l  t a i l  is used which is large enough 
t o  balance out t h i s  in s t ab i l i t y  and t o  provide a sat isfactory amount of 
weathercock s t ab i l i t y .  T h i ~  concept is  very simple, but i n  practice 
proportioning an airplane t o  obtain a desired amourt of weathercock 
s t a b i l i t y  has proved t o  be quite d i f f i c u l t  because so many fac tors  
affect  t h i s  s t ab i l i t y .  The ef fec ts  of some of the more important 
fac tors  w i l l  now be t reated br ie f ly .  

Effect of ver t ical- ta i l  aspect ratio.- One rather  obvious point, 
but one which has not been ful1.y appreciated u n t i l  recent years, is  the 
effect of the aspect r a t i o  of the ve r t i ca l  t a i l  on weathercock s t a b i l i t y .  
This effect is i l l u s t r a t ed  i n  figure 2. Most airplanes pr ior  t o  
World W a s  I1 had 1aw-aspec.ti.ratio ve r t i ca l  tails l i k e  tha t  shown i n  
sol id  l i nes  on the sketch. The desire  t o  get increased s t a b i l i t y  
without a n  increase i n  t a i l  area on many of our mil i tary airplanes l ed  
t o  use of ve r t i ca l  tails of higher aspect r a t i o  which, because 'of t h e i r  
higher l i f t -curve  slopes, gave more weathercock stability. This e f fec t  
i s  clear ly shown i n  f igure 2 by a coqar ison  of the slopes of yawing- - 

moment curves f o r  a model tes ted with two tails of equal 

area but'of aspect r a t i o s  of 1.0 and 2.3. 

End-plate e f fec t  of horizontal tail.- Another fac tor  which has t o  
be taken in to  accou& i n  estFmating vert ical- ta i l  effectiveness is the  
end-plate effect of the horizontal tai l .  Recent NACA research on t h i s  
subject (references 29 and 31) has helped t o  put the estimation of t h i s  
e f fec t  on a ra t iona l  basis.  In figure 3 a part  of thi's research i s  
swnmarized t o  show how the vert ical- ta i l  effectiveness is  increased by 
the end-plate e f fec t  when the horizontal t a i l  is located near the bottom 
or top of the ve r t i ca l  t a i l .  In general, the e f fec ts  of the fore  and 
a f t  posit ion of the horizontal t a i l  aJnd the r e l a t ive  s izes  of the 
horizontal and ver t i ca l  t a i l s  a re  small when compared with the e f fec t  
of the ve r t i ca l  position of the horizontal tai l .  

Effect of wing position.- The ef fec t  of the  ve r t i ca l  posit ion of 
the W ~ I X  on the fuselage on weathercock s t a b i l i t y  is  i l l u s t r a t ed  i n  
f igure  &, which is a prot of the increment i n  cLg produced by changing 

from a lnidwing configuration t o  a high- or lar-wing configuration. It 
i s  apyarent from these data  tha t  a pronounced decrease i n  s t a b i l i t y  
occurs a s  the wing i s  moved from a l o w  t o  a high position. The amount 
of t h i s  reduction i n  C, (over 0.001) is more than one-half the P 
increment i n  C provided by a ve r t i ca l  t a i l  of average s ize.  This 

nP 
e f fec t  of wing posit ion r e su l t s  primarily f romthe  difference i n  the 
sidewash induced at the ve r t i ca l  t a i l  by the high--wing and low-wing 
configurations. More information on t h i s  e f fec t  is  given i n  references 9 
t o  13 and reference 30. Some of these references a l so  cover the e f fec ts  
on C of flaps,  wing plan form, fuselage shape, and other factors.  



Effect of power.- The effect of power on the weathercock stability 
of propellercdriven airplanes (references 32 to 34 and 45 to 53) has 
been the subject of extensive study in the last few years because the 
tremendous increase in the power of our military airplanes has greatly 
increased the difficulty of obtaining satisfactory stability under all 
operating conditiom. In the case of multiengine airplanes one of the 
principal problems hafl been to design the airplme so that directional 
stability and trim characteristics are satisfactory with one or two 
engines on the same side inoperative. (see reference 33 .) 

In the case of high-powered single-engine airplanes there is an 
asymmetry in the powercon condition that is similar to the aspmetry 
caused on mltiengine airplanes by the failure of one engine. This 
asymmetry is illustrated in figure 5 by the yawing-moment curve for the 
singl4-rotation power condition for a typical high-po~~ered single-engine 
airplane. The effect of power is to increase the slope of the cwve 
(indicating an increaae in weathercock stability) and to displace the 
curve so that at zero yaw there is a lmge negative or left yawing 
moment. A 20' right rudder deflection was found necessary in this case 
to trfm the airplane at zero yaw. With this single-rotation condition 
the propeller slipstream is displaced to the right at the vertical tail 
so that the tail passes out of the slipstream sooner when the airplane 
yaws to the right than when it yaws to the left. This effect causes 
the yawing+noment curve to break at about lo0 for right yaw and about 25' 
for left yaw when the tail loses effectiveness as it passes out of the 
slipstream. The airplane tends to become directionally unstable when 
the tail passes out of the slipstream because the instability of the 
wing;fuselage-propeller combination is greatly increased by the applica- 
tion of power. This increased instability is caused partly by the 
lateral force on the propeller itself and partly by the slipstrean 
effect on the wiwfuselage conibination. 

The undesirable asymmetry with power on is of course not present 
on jet-propelled airplanes, -.it appears that pover in this case h.as 
little, if any, effect on weathercock stability. Efforts at minimizing 
the asymmetry on propeller-driven airplanes have been attempted by 
several methods, such as offsetting the vertical tail, shifting the 
center of gravity to the right of the thrust axis (reference 54), ~ 

skewing the thrust axis (reference 551, or using dual-rotating propellers 
(references 32 and 47). A comparison of dual and single rotation is 
shown in figure 5. It is apparent that dual rotation entirely eliminates 
the asymmetry but that the undesirable tendency toward instability at the 
higher angles of yaw is still present. Since this instability, when 
accompanied by rudder-force reversal, can lead to the dangerous "rudder- 
lockt1 condition (reference 28), methods have been sought to improve the 
weathercock stability at high yaw angles. In order to improve this 
condition, many high-powered airplanes have dorsal or ventral fins. 
The RLnctioning of these fins is explained in figure 6. 



Effect of dorsal and ventral fins .- Figure 6 shows the weathercock 
stability of a fuselage with and without dorsal and ventral fins. The 
solid-line curve shows the normal fuselage instability which decreases 
with increasing angle of yaw. The dashed-line curve shows that the fins 
do not greatly affect the stability at small angles of yaw but that they 
make the fuselage very stable at high angles of yaw where increased 
stability is needed when the vertical tail loses effectiveness. This 
stabilizing effect of the dorsal and ventral fins has been attributed 
to a "spoiling" of the flow over the after part of the fuselage but a 
further m y s i s  based on the experimental data of reference 25 
indicates that the effect can be partly accounted for by the increasing 
slope of the fin normal-force curve with increasing angle of yaw. Such 
an effect is characteristic of surfaces having extremely low aspect 
ratio. (See references 56 and 57. ) 

Rolling Mcanent Due to sideslip 

The rolling moment due to sideslip 
C2P 

is known as the effective- 

dihedral derivative because the principal effect of varying the 
geometric dihedral aagle of the wing is to change this derivative. 
(see references 35 and 36.) AB pointed out in the introduction, C z ~  
is sometLes called "lateral stability" because it is the derivative 
which -tends to retur.n the airplane to a wing-level attitude when it 
banks and starts sideslipping. Interest in this derivative has recently 
been greatly increased because of its extreme variation with sweepback 
and aspect ratio, as illustrated in figure 7. 

Effect of wing plan form on C .- The*effect of wing plan form 
on the variation of C with lift coefficient CL is shokm in 

P 
figure 7. The solid-line curves are from experimental data from 
reference 6 and the dashed-line curves are theoretical values obtained 
from the same reference. The value of -4 for unewept wings of 

I8 
normal aspect ratio 5.2 increases slightly with increasing lift coeffi- 
cient and the theoretical variation is in good agreement with the 
experimental data. Ln the case of the sweptback wings, at low lift 
coefficients -4 increases rapidly with lift coefficient as indicated 

IP 
by theory but at some moderate lift coefficient -Czg reaches a m a x i m  

value and then drops off as the m a x i m  lift is approached. This 
"dropoff," which i~ not predicted by the theory, is attributed to a 
partial separation of flow over the wing which cannot be taken into 
account by any of the theoretical methods now being used. The lift 
coefficient at which the experimental results drop off and no longer 
agree with the theory is influenced by many factors such as wing plan 
form, airfoil section, Reynolds number, and wing roughness. The drop-. 
off occurs earliest with the more highly swept wings and with wings 



having airfoils with a sharp leading edge. hcreasing the Reynolds 
number usually makes the experimental results agree with the theory 
up to a higher lift coefficient but if the wing surface is rol~gh the 
drop-off occurs at a fairly low lift coefficient regardless of the 
Reynolds number. The use of higk-lift devices such as flaps and slot,s 
usually increases the maximum value of- 

C+3 
for a given wing. (see 

reference 19.) 

The data of figure 7 show that the use of sweepforward tends to 
reverse the variation of - C 2  with lift coefficient. For the P 
particular wing shown, the effect of the sweepforward at low lift 
coefficients is to eliminate the variation of --Cz with lift coeffi- P 
cient associated with the unswept wing. 

Effect of wing position on CZB.- The vertical position of the 

wing on the fuselage has a pronounced effect on the value of C i ~  for. 
a complete airplane. This effect has been treated theoretically in 
reference 7 a;nd has been investigated experimentally in several NACA 
research studies (references 9 to 13). The results of some of this 
experimental work are ~ummarized in figure 8 which is a plot of the 
increment in C 2  produced by changing from a midwing position to a B 
high- or low-wing position. These data show that lowering the wing 
causes a large reduction in effective dihedral ( 4  and that 

raising the wing causes a corresponding increase in effective dihedral. 
The scale at the right side of the plot indicates that changing from a. 
low-wing to a h i w i n g  position corresponds approximately to increasing 
the geometric dihedral angle of the wing by 9' or lo0. (A. change of lo 
in geometric . . dihedral angle correspond8 to a change in C z B  of about 

0.0002.) The data presented in figure 8 are for unswept wings but the 
same general trends would probably be obtained with swept wings. 

Effect of power on CzB.- For high-powered propeller-driven 

airplanes, the application of power usually causes a reduction in 
C2i3 

which is most pronounced in the flap-down condition. (See references 37, 
47, and 31.) This effect is,illustrated in figure 9 in which rolling- 
moment data are pre~ented for a high-povered singl-ngine airplane 
with power off and with single and dual-rotating propellers operating, 
In the power-off condition a large amount of effective dihedral is 
indicated by the steep slope of the rollimoment curve. For the 
sing1erot;ation condition the application of power causes a large 
reduction in effective dihedral and also causes a negative rolling 
moment at zero yaw. The reduction in effective dihedral is caused by 
the fact that in a yawed or sideslipped attitude a greater portion of 
the propeller slipstream passes over the trailing wing than over the 



leading wing. Since the dynamic pressure i n  the slipstream is much 
greater than tha t  outside the slipstream, the t r a i l i n g  wing then 
produces a greater increment of l i f t  due t o  power than is produced 
by the leading wing. A ro l l ing  moment therefore r e su l t s  ~ ~ h i c h  tends 
t o  r a i s e  the t r a i l i n g  wing. This effect is called a negative dihedral 
e f fec t  because it is the same as  tha t  exhibited by a wing having 
negative geom3tric dihedral. The out-of-trim ro l l ing  moment at  zero 
yaw is caused by the  propeller torque which is, of course, t o  the l e f t  
fo r  r i g h t - k d  propeller operation. 

This out-of-trim ro l l ing  moment is not obtained with the dual- 
ro ta t ing  propeller because the propeller torques balance out.  here 
is,  ho- ever, an even more pronounced reduction i n  effect ive dihedral 
than i n  the  case of single rotat ion.  This reduction i n  effect ive 
dihedral with power corresponds t o  putting about 18' negative dihedral 
i n  the  wing of t h i s  airplane. It should be pointed out, however, that 
t h i s  extreme ef fec t  is shown f o r  the flapdown, powerc-on condition 
(usually called the "wave-off" condition) and tha t  much smaller e f fec ts  
a re  usually obtained i n  the flap-up conditions. One proposed method 
fo r  r e d ~ c i n g  the e f fec t  of power on the effect ive dihedral is the use of 
a linked d i f f e ren t i a l  f l a p  system. (see reference 37.) In the case 
of jet-propelled airplanes the  e f fec t  of power on CzP is probably 

negligible i n  all cases. 

Yawing Moment Due t o  Rolling 

The yawing moment due t o  ro l l ing  cnP 
has some ef fec t  on l a t e r a l  

s t a b i l i t y  but i ts  most important effect  is usually on l a t e r a l  maneuver- 
ab i l i t y .  It is the  derivative which, together with the aileron-yawing- . 
moment factor  

%aJ 
largely determines the  sideslipping tendencies i n  

an ai leron r o l l .  For unswept wings t h i s  derivative is usually negative 
as sho5m i n  f igure 10 which m e a n s  tha t  i n  a r igh t  r o l l  it causes a l e f t  
or adverse yawing moment which tends t o  yaw the airplane out of the turn.  

The theore t ica l  and experimental r e s u l t s  in f igure  10 which were 
taken R-om reference 6 show tha t  the value of Cn increases with l i f t  

P 
coefficient up t o  the stal l  which meam tha t  the adveree yawing tendency 
should be greatest  at high l i f t  coefficients.  

For the sweptback wing (f ig .  l o ) ,  the theory indicates greater 
negative values of 

cnP 
than f o r  the unswept wing. The experimental 

data,  however, do not agree with the theory in t h i s  case. These data 
show even larger  negative values of % at l o w  l i f t  coefficients than 

a re  indicated by theory, but at a moderate l i f t  coefficient (about 0.5 
i n  t h i s  case) the data show a sharp change which r e su l t s  i n  very large 



positive or favorable values of CnD 
at the higher lift coefficients. 

As in the case of the abrupt drop.;,?-f in the value of ZP 
of the 

sweptback wings, this sharp change in c% is attributed to a partial 

separation of flow over the wing which is-not taken into account by 
this theory (reference 6). An approximate indication of the lift 
coefficient at which this change takes place, however, can be obtained - 

aogr 
CL - 1.1 - 

by means of the simple expression cnp = - - from 
reference 1. 

Rolling Moment Due to Rolling 

The rollfng moment due to rolling C is called the daping-in- 

roll derivative because it is the factor which is a measure of the 
resistance of an airplane to pure rolling motions. Considerable 
theoretical and experimental work (references 2, 6, 39, 40, 41, 57, 58, 
and 59) has been done on this derivative because of its importance in 
both lateral stability and maneuverability. Some of the principal 
points regarding this derivative are illustrated in figure 11 which is a 
plot of the experimentally determined variation of 

CzD with lift coeff i-, 
cient for swept and -wept winga. The symbols at zero lift coefficient 
indicate the theoretical values of C2 for the swept Eend unsweot wings, 

P 
Theory indicates no variation in with lift coefficient. 

The curve shown on figure 11 for the unswept wing is for a wing of 
aspect ratio 5.2 but it shows characteristics that are typical of unswept 
wings of all aspect ratios. The experimental value of ' C z D  is in agree 

ment with the theory and remains essentially conatant fromAzero lift tp 
the stall but at the stall it abruptly decreases to zero and to positive 
values which indicates that the wing is unstable in roll beyond the stall 
and will autorotate or continue to roll once it has started. Various 
stall-control devices such as leadiwdge slots have been used to 
elbinate the autorotation tendency of m w e p t  wings at the stall 
because in some cases this*tendency causes airplanes to become uncon- 
trollable and to go into spins. Increasing the aspect ratio of unswept 
wings increases the damping in roll but does not materially alter the 
characteristics at the stall. 

The data of figure ll show that changing from an unswept to a swept 
wing causes a pronounced change in the damping-in-roll characteristics, 
The solid-line curve is for a 4'3' meptforward wing and the dashsd-line 
curve for a 45O sweptback wing. Both wings have an aspect ratio of 2,6, 



The f a c t  t ha t  the swept w i n g s  have a smaller value of 
ZP 

than the 

unawept wing at zero l i f t  i s  par t ly  because of the sweepback but mostly 
because the  swept wings a r e  of much lower aspect r a t i o .  (see 
reference 6.) The experimental data a r e  i n  agreement with the theory 
a t  zero l i f t .  The derivative C fo r  the  sweptforward wing increases 

2~ 
rapidly with l i f t  coefficient,  however, and at the  stall it decreases 
sharply and becomes posit ive or unstable as i n  the case of the unswept 
wing. The rapid increase of 

CzP 
with l i f t  coefficient i s  not 

accounted f o r  by present theories but it can be explained by the  
change i n  span load d is t r ibut ion  vhich takes place on the sweptforward 
wing . 

In the case of the sweptback wing, a s l igh t  increase occurs i n  C 
2~ 

v i t h  increasing l i f t  coefficient up t o  some moderately high l i f t  coeffi- 
c ient  anlk then the  C Z  changes abruptly. This change, however, is  

P 
more gradual than i n  the case of the unswept or sweptforward wings and 
the value of C remains negative or s tab le  even beyond the stall. z~ 
For swept wings having a very large amount of sweep or a very small 
aspect r a t io ,  C z ~  does become unstable at the stall or at even lower 

l i f t  coefficients.  The f a c t  t h a t  the  sweptback w i n g s  of moderate sweep 
and aspect r a t i o  maintain damping i n  r o l l  at the  stall is very important 
for  it me- tha t  a q y  r o l l - o f f s  at the stall. should be l e s s  violent than 
on aos t  Luxswept wings. 

EFFECT OF IMPORTANT STABILITY DERIVATNES ON FLYING CHARACTERISTICS 

The effects  of the two most important s t a b i l i t y  derivatives - the 
direct ional  or weathercock s t a b i l i t y  derivative Cng aPd the  effect ive-  

aihedral derivative C - have been the subject of extensive studies,  
I3 

both experimental (references 60 t o  68) and theoret ical  (references 69 
t o  71). The r e s u l t s  of these s tudies  have generally been i n  go.& agree- 
ment ma consequently only a typica l  s e t  of r e su l t s  w i l l  be discussed. 
The r e s u l t s  of an investigation i n  the  Langley free-f l ight  tuu le l  of 
the  e f fec ts  of C and C (reference 65) a r e  presented i n  f igure 12. nB ZP 
In t h i s  investigation a nodel w a s  flown with a large number of combi- 
nations of ver t ical- ta i l  area and geometric dihedral which provided the 
changes i n  Gp and CzP.  The r e s u l t s  a re  plotted i n  the  form of a 

s t a b i l i t y  chart with as the ordinate and --C as the abscissa 
8 

a d  with the  f l i g h t  behavior obtained with the different  combinations 
of hg and Czg  indicated by the crosshatched regions on the chart. 



These r e su l t s  a re  f o r  a l i f t  coefficient of 1.0 and fo r  ailerone-&lone 
control (rudder fixed) and only represent a small part  of the r e su l t s  
of the comprehensive investigation reported i n  reference 65 ,  

The s t a b i l i t y  chart of f igure 12 can be explained more clear ly by 
considering the  f l i g h t  behavior of the  model withathe three combina- 
t ions  of C, and Clg marked @) , @, and @, each within a P 
d i f fe rent  region on the  chart. Point @ represents a sat isfactory 
combination because with t h i s  condition the model w a s  easy -to f l y  and 
responded sa t i s f ac to r i ly  t o  the controls with l i t t l e  adverse yawing. 
Point @, which has a lower value of CnB but the  same value of -Czg, 

was not considered ent i re ly  sat isfactory because with the decreased 
weathercock s t a b i l i t y  excessive adverse yawing occurred during a i le ron  
r o l l s .  This point was considered sat isfactory when rudder w a s  coordi- 
nated with the ai lerons t o  eliminate t h i s  adverse yawing. Point @, 
whfch has low CnP and high 4 1  represents an unflyable conclition B ' 
with ai lerons alone. In t h i s  cape, the low weathercock s t a b i l i t y  
p e d t t e d  excessive adverse yawing which, i n  combination with the 
large value of effect ive dihedral or ro l l ing  moment due t o  s idesl iy ,  
caused reversal  of a i leron effectiveness. That is, when r igh t  a i le ron  
control was glven, the  model s ta r ted  t o  r o l l  t o  the r ight  but it a lso  
s ta r ted  t o  yaw t o  the  l e f t  (or  s ides l ip  t o  the r i g h t )  and the  l a ~ g e  
value of ro l l ing  moment due t o  s ides l ip  C l g  then caused large adverse 

r o l l i n g  moments which overpowered the ai lerons and caused the model t o  
r o l l  t o  the l e f t  instead of t o  the r igh t .  Here again, when the rzldder 
w a s  coordinated with the  ailerons,  f l i g h t s  could be made but even i n  
t h i s  case the f lying character is t ics  were not considered sat isfactory 
because of a weak weathercocking tendency and a l igh t ly  damped Dutch 
r o l l  osci l la t ion.  This osc i l la t ion  is discussed i n  d e t a i l  i n  the next 
paper "Dynamic Stabi l i ty ,  " by Sternfield.  

CONCLUDING IiEMAXKS 

During the w a r  years and since the w a r ,  a great amount of experi- 
mental and theoret ical  research i n  the f i e l d  of l a t e r a l  s t a b i l i t y  was 
carried out and many advances were made toward a be t t e r  understanding 
of the problems involved. Much of the information, however, is s t i l l  
not in a form t o  be used d i rec t ly  i n  airplane design, and i n  many 
cases, fur ther  correlation and analysis a re  required t o  r ea l i ze  the 
f+ull potent ial  usefulness of the r e su l t s .  



Some experimental work has been done t o  determine the e f fec ts  of 
Reynolds number,and theore t ica l  work, t o  determine the e f fec ts  of h c h  
number (references 72 t o  75) on the various s t a b i l i t y  derivatives. 
EaLch more research appears t o  be necessary, however, t o  determine f u l l y  
these effects .  Further studies should a l so  be made of the e f fec ts  on 
l a t e r a l  s t a b i l i t y  and control of other factors  such a s  aeroelast ic i ty ,  
wing a i r f o i l  section and surface roughness, .and win@uselage-tail 
interference. 
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DYNAMIC STABILITY 

By Leonard Sternfield 

Zangley Aeronautical Laboratory 

The problem of dynamic s t a b i l i t y  of airplanes i s  concerned with the 
motion of an airplane following a disturbance from an i n i t i a l  condition 
of equilibrium. Such disturbances may be caused by sudden gusts of wind 
or  by deflection of the control sm-faces. I f  the motion of the airplane 
caused by the disturbance damps, the airplane i s  said t o  be dpamically 
stable; i f  the motion cause3 by the disturbance btlilds up, the airplane 
i s  dynamically unstable. The mode of motion which may characterize 
dynamic ins t ab i l i t y  i s  e i ther  an aperiodic divergence or  an unstable 
osci l la t ion.  For many airplanes, the  divergence of the aperiadlc mode 
occurs at  a slow r a t e  and therefore p i l o t s  do not f ind  t h i s  type of 
i n s t a b i l i t y  troublesome; hence, thase airplanes a re  considered satlsfactory, 
from the dynamic-stability viewpoint, even though the aperiodic mode i s  
divergent. The osc i l la tory  mode, however, may be objectionable t o  the 
p i l o t  deapite the f a c t  t ha t  the osc i l la t ion  i s  stable.  The present paper 
on d y n d c  s t ab i l i t y ,  therefore, w i l l  be mainly concerned with the 
osci l la tory mode of motion. 

The general'equations of motion representing the motion of an airplane 
a re  referred t o  a system of axes which a re  fixed i n  the airplane and move 
with it. A system of axes tha t  i s  commonly used by NACA a-dthors i s  h o r n  
as the s t a b i l i t y  system of axes. (See f ig .  1 . )  The s t a b i l i t y  axes 
const i tute  an orthogona1,system of axes having i t s  origin a t  the center 
of gravity and i n  which the Z-axis i s  i n  the plane of symaetry and 
perpendicular t o  t h s  r e l a t ive  wind, the X-axis i s  i n  the plane of symmetry 
a d  perpendicular t o  the -is, and the Y-ax i s  i s  perpendicular t o  the 
plane of symmetry. An equation of motion referred t o  these axes i s  se t  
up fo r  each one of the six degrees of freedom. Three of the equations 
a re  obtained by equating the a i r c r a f t  mass accelerations along each axis 
t o  the aerodynamic forces and the other three equations a re  obtained b j  
equating the r a t e  of change of moment of momentum about each a l s  t o  the 
aerodynamic moments. (see references 1 to  4.)  

A complete treatment of the dynamic s t a b i l i t y  of airplanes using ths  
six equations would be extremely lengthy and very complex. Certain 
simplifying asounptions have therefore been made t o  f a c i l i t a t e  the 
analysis. Since the airplane i s  symmetrical with respect t o  t h o  plarle 
t h a t  includes the fuselage axis and is perpendicular t o  the span %is 
and the steady motion about which the disturbances occur i s  symmetrical 
with regard t o  tha t  plane, the s ix  equations can be separaked in to  a 
symmetric or longituclinal group consisting of three equations and an 
aspmetr ic  or l a t e r a l  group coasisting of the othar three equations, with 
no coupling between the two groups. The dynamic-stability investigation 
i s  therefore divided in to  two parts ,  a la te ra l - s tab i l i ty  analysis and a 
longitudinal-stability analysis. The second ass.lmption consists of the 



application of the theory of amall osc i l la t ions  t o  both l a t e r a l  and longi- 
tudinal s t ab i l i t y ,  which means tha t  second-order t e r m  a re  neglected. The 
th i rd  assumption i s  tha t  the aerodynm1.c forces depend solely upon the 
instantaneous motion of the airplane and not upon the r a t e  at  which the 
motion i s  changing. That is, it is  assumed tha t  when the angle of attack 
of the wing changes ouddenly from one steady value t o  another, the l i f t  
changes instantaneously - although actually tihe l i f t  approaches asymptoti- 
ca l ly  the -value corresponding t;o the new angle of attack. 

The general methods involved i n  a dynamic-stability investigation w i l l  
be presented fo r  the la teral-s tabi l i ty  analysis but a similar procedure i s  
a l so  applicable t o  the longitudinal--st%bility analysis. The linearized 
equations of motions, referred t o  th3 s t a b i l i t y  axes, uaed in  the  la te ra l -  
s t a b i l i t y  analysis fo r  the condition of controls fixed a re  as follows: 

Roll  - 

Yaw - 

An equation of motion i s  presented f o r  each one of the three degrees of 
freedom involved i n  l a t e r a l  motion: r o l l ,  yaw, and sideslip.  On t h s  le f t -  
hand side of the equations a re  writ ten t h s  moment of i n e r t i a  and product of 
i n e r t i a  times the acceleration and on the right-hand side are written the 
aerodynamic forces or moments expressed a s  s t a b i l i t y  derivatives. '  These 
equations a re  l inear  d i f f e ren t i a l  equations with constant coeff ic ients  and, 
therefore, the solution of th s  equations of motion follows the usual 

p r o c e d ~ ~ e  fo r  l inear  d i f fe rent ia l  equations. When foeLs i s  substi tuted 

for  g, $oeXs f o r  4, and POeXS fo r  P i n  the equations m i t t e n  i n  determinant 

form, X muat be a root  of the equation 

Where the coeff ic ients  4, B, C, D, and E a re  functions of the mass and 
a e r o d y n a ~ c  paramsters of the equations. The roots  of t h i a  s t a b i l i t y  
equation determine the mode3 of motion. A r ea l  root  indlcateo aperiodic 



mode and a complex root  indicates an osci l la tory mode. The signs of the 
roots  determine the s t a b i l i t y  of the  system. I f  the r e a l  roots  w e  
negative and the real. pa r t  of the complex roots  i s  negative, the airplane 
i s  dynamically s table ,  If any one of the  r e a l  roots  i s  posi t ive or the 
r e a l  pa r t  of the  complex root  i s  positive, the airplane i s  dynamically 
unstable. The conditions f o r  complete s t a b i l i t y  (reference 5 )  a re  
t h a t  all the coeff ic ients  of the  s t a b i l i t y  equation and the 
discriminant R = BCD - AD2 - B ~ E ,  known as Routht a discriminant, be 
positive. However, as mentioned previously, the mode which i s  of parti-  
cular in t e re s t  i s  the osci l la tory mode. Tha f i r s t  s tep i n  the analysis 
of the osc i l la tory  mode is  t o  determine the  boundary f o r  neut ra l  oscil'u- 
atory s t ab i l i t y .  This bounc'lary i s  usually plot ted a s  a function of two 
of the most important s t a b i l i t y  derivatives affect ing l a t e r a l  stability - 
the direct ional  s t a b i l i t y  parameter CnB9 which expresses the variat ion 

of yawing-moment coeff ic ient  with sideslip,  and the effect ive dihedral 
derivative C 

'8 
which expresses the variat ion of the  rolling+uoment 

coefficient with sideslip.  The necessary and 8-afficient conditions f o r  
neut ra l  osci l la tory s t a b i l i t y  a re  t h a t  the coeff ic ients  of the s t a b i l i t y  
equation sa t i s fy  Routhrs discriminant s e t  equal t o  zero and t h a t  the B- 
and I!-coefficients have the same sign. (see reference 5.  ) The l a t e r d -  
s t a b i l i t y  boundaries f o r  a high-+peed airplane a re  given i n  f igure 2(a) .  
The ordinate i n  t h i s  f igure i s  Cn* and the abscissa i s C 

B 2 e e  The so l id  

boundary labeled R = 0 i s  the boundary f o r  neutral  osci l la tory s t a b i l i t y ,  
This boundary divides tha quadrant in to  a s table  and unstable region. For 
example, f o r  combinations of C and C located below th i s  boundary, 

nP 2B 
.that is, on the  shaded s ide of the boun3ary, the osc i l la t ion  of the airplan3 
i s  unstable. The dashed boundmy labeled R = 0 s a t i s f i e s  the condition 
t h e  Routhts discrimfnant i s  zero but v io la tes  the condition tha t  the B- 
and D-coefficfents must be of th3 same sign, becauae the B-coefficient i s  
poaitive and the D-coefficient i s  negative f o r  combinations of C 

P 
and C below the boundary D = 0. Hence t h i s  curve R .= 0 i s  not a 

20 
n e u t r a l k s c i l l a t o r y  boundary. The curve obtained by se t t ing  the E- 
coeff ic ient  equal t o  zero i s  known a s  the sp i ra l - s tab i l i ty  boundary. This 
boundary determines the s t a b i l i t y  of the nwnerically mall r e a l  root, known 
as the s p i r a l  mode. For combinations of Cn and C 2  on the shaded side 

P P 
of the l i n e  E = 0, the airplane i s  sp i ra l ly  unstable. There i s  one more 
mode which usually occurs i n  l a t e r a l  motion. This mode corresponds to  the 
hea~ry damping of the ro l l ing  motion due t o  the damping-in-roll derivative C 

2~ 
In general,thsrefore, the four roots  obtained from the la te ra l - s tab i l i ty  
equation usually consist  of one conjugate complex pa i r  and two r e s l  roots.  
For some airplane configurations, both branches of R = 0 are  t rue  
ne~~tral-oscillatory-stability boundaries, a s  shown i n  f igure 2(b). The 
significance of the two boundwies can best  ba understood 'by analyzing 
the modes of motion fo r  combinations of Cn and C represented by 

P P 
the points , @.; , (C , D) , and @, i n  t h i s  figure. A t  point (A,, 



the roo-ts of the s t a b i l i t y  equation a re  two-negative r e a l  roots  and one 
conjugate complex pa i r  with the r e a l  par t  negative. Hence, the airplane 
i s  dynamically stable.  Passing through the boundmy E = 0 t o  point @ 
causes one of t h s  r e a l  roots  t o  change sign, which indicates tha t  the 
airplane i s  Ciynamically unstable because of sp i r a l  ins tab i l i ty .  Upon 
crossing the boundary R = 0 t o  point @ ,. the  r e a l  par t  of the complex 
root  changes sign as expected, which indicates tha t  the osci l la tory mode 
i s  unstable. Thxs fa r ,  the roots  consisted of two r e a l  roots  and one 
con jugate complex pair.  A t  point @ , however, the solution of the 
s t a b i l i t y  equation r e s ~ r l t s  i n  two pa i r s  of complex roots  with the r e a l  
par t  of each pa i r  of roots  negative. The period of the osc i l la t ion  
-zhich corresponds t o  one pair  of the complex roots  i s  about the  same 
order of magnitude as the period of the  osc i l la t ion  a t  points @,@, @ - 
approximately 3 seconds. The period of the  other osc i l la t ion  i s  much 
greater - f o r  some airplanes, the period of t h i s  osc i l la t ion  is of the 
order of magnitude of 15 seconds. It i s  t h i s  long-period osc i l la t ion  
which becoees lmstable upon crossing the boundary R = 0 from point @ 
t o  point @. That is, a t  point (E; two pa i r s  of complex roots  a re  
obtained with a posit ive r e a l  par t  of the complex roots  tha t  corresponds 
t o  the long-period osc i l la t ion  so t h a t  an unstable osc i l la t ion  i s  indicated, 
an3 a negative r e a l  pa r t  of the complex roots  t h a t  corresponds t o  the short- 
period osc i l la t ion  so t h a t  a s table  osc i l la t ion  is indicated. .Thus the 
two curves for  R = 0 represent neutra3;-oscillatory-stability boun3aries, 
one boundary f o r  the long-period osc i l la t ion  and the other boundary f o r  
tha short-period osci l la t ion.  

The second s tep i n  the analysis of the osci l la tory mode i s  t o  
determine the re la t ion  between the period and damping of the osc i l la t ion  
i n  the s table  region. As  mentioned previously, a pa i r  of complex roots  
indicates osci l la tory mode. The r e a l  par t  of a complex root  gives 
the damying factor  and the imaginary par t  of the complex root  gives the 
angular frequency of the osc i l la t ion  from which the period i s  computed. 
A convenient measure of the damping i s  the  t i m e  required f o r  the amplitude 
of a disturbance t o  damp t o  half amplitude. The r a t i o  of the time 
required t o  damp t o  half amplitude t o  the period r e s u l t s  in the 
nueriber of cycles required t o  damp t o  half amplitude. Figure 3 shows the 
curves of constant period and consta;nt dimping fo r  a hypothetical air- 
plane plot ted ae a function of and C2 ( ~ e e r e f e r e n c e 6 . )  The 8'  
values corresponding t o  t h s  sol id  curves repressnt the t im i n  seconds 
t o  damp t o  half amplitude. As  t h i s  time increases, the damping of 
the  osc i l la t ion  decreases. The so l id  curve labeled i s  the neutral- 
oscil latory-stabili ty boundary; combinations of 

cn8 
and C located 

8 
balow t h i ~  boundary w i l l  r eaul t  i n  an unstable osci l la t ion.  The period 
of th s  osc i l la t ion  in seconds i s  indicated by the values corresponding 
t o  the dashed curves. There are, at  present, two schools of thought on 
the question as t o  which region i n  the Cng, C p l m e  would r e s u l t  in 

8 
a more sat isfactory type of osci l la t ion.  For example, i f  t h s  values ' 

of CnB =d C fo r  a given airplane correspond t o  point A and it is  
2~ 

desired t o  improve ths  re la t ion  between the period snd damping of the 



osci l la t ion,  one group i~l of the opinion tha t  the  weathercock s t a b i l i t y  
of the airplane should be increased. Thus, in going from @> t o  @ , the 
damping of the  osc i l la t ion  i s  increased from 16 seconds t o  -to 
half anrplitude at  @ t o  6 seconds a t  a. But the period i s  shortened, 
thereby causing the nuniber of cycles t o  damp t o  half  amplitude t o  increase 
from 4 cycles a t  @ t o  6 cycles at  @. For t h i a  modification i n  the 
design of the airplane, therefore, the  damping i n  seconfis i s  improved 
but the  damping i n  cycles i s  worsened. The opinion of the other group 
i s  tha t  the combinations of C and C should be r e s t r i c t e d  t o  a 

n0 2 6 
amall region near the origin, from point '(A) t o  point @ . The damping 
in seconds i s  now reduced but because the  period i s  lengthened the damping 
in cycles i s  improved, from 4 cycles at  @ t o  1.67 cycles a t  @. ~t i s  
apparent tha t  the desired c r i t e r ion  cannot be determined by the 3ynamic- 
s t a b i l i t y  investigator but must be based upon the opinions of p i l o t s  from 
more extensive fl ight-test  resu l t s .  Once t h i s  c r i t e r ion  i s  established, 
however, a f igure similar t o  f igure 3 which shows the curves of constant 
period and constant damping i s  necessary t o  indicate  tha possible 
combinations of Cn and C that w i l l  s a t i s fy  the c r i te r ion .  

P P 

The dynamic-stability calculations have thus f az  yielded only an 
indication of the  character of the f r e e  motion. The motfon of the 
airplane, subsequent t o  a disturbance from i t s  trimmed condition, i s  
compounded of the several modes of motion in d i f fe rent  proportions. The 
motion can be calculated by applying the  Heaviside Operational Calculus 
or the Laplace transform t o  the equation of motion. The Laplace transform 
i s  considered a more powerful method than the  Heaviside method because 
the i n i t i a l  conditions of the problem, i n i t i a l  displacements or i n i t i a l  
veloci t ies ,  a re  inherently taken in to  account by the Laplace transform, 
The application of these methods t o  the  calculation of airplane motions 
can be found i n  several N N A  and B r i t i s h  reports. (see references 7 
t o  311,) 

The present discussion has thus f a r  been mainly concerned with the  
general methods of dynamic-stability analysis. The e f fec t s  of some of 
the more important mass snd aerodynamic parameters on t h s  lateral-  s t a b i l i t y  
w i l l  now be i l l u s t r a t e d  by showing the r e l a t ive  location of the  neutral- 
osci l la tory-stabi l i ty  boundaries i n  the CnP, C plane as these mass 

28 
and aerodynamic parameters a re  varied. 

Unti l  recently, the product-of-inertia effect ,  which resu l t s  from 
the incl inst ion of the principal longitudinal axis of i n e r t i a  r e l a t ive  
t o  the f l i g h t  path, has usually been neglected in la te ra l - s tab i l i ty  
analyses because some calculations f o r  conventional airplanes h%d indicated 
t h a t  t o  neglect the angularity of the pr incipal  longitudinal ax is  t o  the 
f l i g h t  path did not seriously a f f ec t  the l a t e r a l  s tabi l i ty .  (see reference 12.) 
The angularity of the principal axis re l a t ive  t o  the f l i g h t  path causes 
the i n e r t l a  forces t o  produce a coupling between the  ro l l ing  and yawlng 
motions so tha t  a ro l l ing  acceleration produces a yawing moment and a 
yawing acceleration produces a ro l l ing  moment. Recent s tudies  have 
shown, however, t ha t  th3 Froduct of i n e r t i a  may have a very pronounce4 



ef fec t  on the l a t e r a l  s t a b i l i t y  of present-day airplanes designed fo r  
high-speed high-altitu3e f l i g h t  becaus9 of high wing loadings, large 
differences between ro l l ing  and yawing moments of iner t ia ,  and the 
aerodynamic charac ter i s t ics  of low-aspect-ratio or  swept wings. (See 
references 13 t o  15.) 

There has b e e n a  trend i n  the design of recent high-speed airplanes 
toT.wd the  use of r e l a t ive ly  large angles of wing incidence t o  permit 
the fusslage t o  remain a t  a low angle of a t tack while the wing goes up 
t o  the high angles of a t tack required because of the high sweep and 
low aspect r a t i o ,  The purpose i n  designing the airplane so t h a t  the 
fuselage remains at a smll angle of a t tack i s  t o  reduce the fuselage 
drag f o r  high a l t i t ude  or  cruising f l i g h t  or  t o  reduce the fuselage 
ground angle and thereby simplify the  landing-gear design. The important 
factor  t o  consider i n  analyzing the e f fec t  of wing incidence on the 
l a t e r a l  osc i l la tory  s t a b i l i t y  i s  the incl inat ion of the pr incipal  longi- 
tudinal  axis re l a t ive  t o  the  f l i g h t  path. Figure 4 shows the calculated 
osci l la tory-stabi l i ty  boundaries as a function of and C f o r  a 

8 
rnodel tes ted  in the Langley free--flight t m s l  with the  wing s a t  at  two 
angles of incidence, iw = 0' and iw = 10'. In  each of these canfigu- 

ra t ions  the model w a s  f l o w  at  t h s  same l i f t  coeff ic ient  which corresponded 
t o  an angle of a t tack of lo0 f o r  the  wing. The r e s d t e  indicate tha t  when 
ths! w-ing was s e t  a t  0' incidence, both the wing and'the pr incipal  longi- 
t -din& axis of the model, which coincided with the fuselage reference 
axis, were lnclined 10' above the f l i g h t  path t o  obtain the  l i f t  coeffi- 
c ient  for  t r i m .  For t h a t  condition, i l l u s t r a t e d  by the lower sketch in 
the figllre, the boundary f a l l s  i n  the lower region of the quadrant; thus, 
os2i l la tory s t a b i l i t y  i s  indicated fo r  a large number of combinations 
of CnR and C located above the boundmy. However, i f  the wing i s  

20 r r 

s e t  a t  an angle of incidence t o  obtain l i f t  ( for  t h i s  case lo0) ,  as  has 
been proposafi fn  several designs, and the principal ax is  i s  alined along 
th3 f l i g h t  path, the osc i l la tory  boundary f a l l s  i n  the upper region of 
th s  quadrant and thus it i s  very d i f f i c u l t  t o  obtain osci l la tory s t a 3 i l i t y  
because the s table  conibins;tions of Cn and C a re  l imited t o  the 

P 8 
small region above t h i s  boundary. The s tab i l iz ing  s h i f t  i n  the boundary, 
from i, = l o 0  t o  iw = 0°, i s  caused 'by the f a c t  t h a t  the principal 

longi-tudlnal ax is  i s  inclined 10' above the f l i g h t  path for i, = 0'. 

The boundaries indicate t h a t  the model with .values of Cn and C P 8 
shown by the t e s t  point on the figure, t h a t  is, C a b w t  0.0025 

an3 C approximately 4.003,  i s  s table  when the incidence i s  0' and 
IJ 

1ms.tn3ls xhen the incidence i s  10'. This f a c t  was ver i f ied  by f l i g h t  
t e s t a  of the model i n  the Langley fie-flight tunnel. (See reference 14. ) 

The inportant e f fec t  of tha product of i n e r t i a  on the osci l la tory 
ot;abilit;y i s  smphasized by f igure 5 .  The bound=ies ?resented i n  t h i s  
figure are for  a high-speed airplane with a wing loading of 70 pounds 



per square foot  cruising a t  an a l t i t ude  of 30,000 fee t .  The boundaries 
a re  again plot ted as a, function of Cn and C f o r  two cases: Tha 

P '8  
upper boundary represents the case i n  which the pr incipal  ax is  i s  
f n c l h e d  at  an angle of 2O below the f l i g h t  path at  the  nose, +q = -203 
and the lower boundary represents the  case i n  which the pr incipal  =is 
i s  alined with the , f l i g h t  path, 7 = 0'. A comparison of the two 
boundaries shows a large destabilizing s h i f t  i n  the boundary as the 
pr incipal  ax is  f a l l s  below the  f l i g h t  path. That is, as the boundary 
s h i f t s  upward from 7 = o0 t o  7 = -2O, the s table  region located above 
the boundary i s  reduced. Such a =ked s h i f t  i n  the  boundary i s  cailssd 
by only 2' variation i n  t h s  incl inat ion of the pr incipal  longitudinal 
ax is  t o  the f l i g h t  path, 

The ef fec t  of wing loading and a l t i t ude  on the ossi l la tory-stabi l i ty  
boundary i s  i l l u s t r a t e d  by f igure 6. The s f f ec t s  of theae two paraaeters 
a re  t reated simultaneously by considering variat ion i n  the relative- 
density factor  pb, the r a t i o  of the  airplane density t o  a i r  density, sinze 

t h i s  factor  var ies  d i rec t ly  with both wing loading and a l t i tude .  The 
boundaries a re  shown f o r  vwioue values of %. The values of pb can 

be interpreted i n  terms of wing loading and a l t i t ude  as follows: A value 
of pb of 5 corresponds t o  a l i g h t  plane with n - i n g  loadfng of 10 polm.9~ 

per square foot  a t  an a l t i t ude  of 10,000 fee t ;  a value of of 30 

c~rresponds t o  a World W a r  11 f ighter  with a wing loading of 40 pounds 
per square foot a t  an a l t i t u d e  of 40,000 fee t ;  and a v d u e  % oP 1000 

would correspond t o  a postwar high-speed design airplane with s wing 
loading of 100 pounds per square foot  f ly ing  a t  an alti;tude of 60,000 
fee t ,  It i s  apparent from t h i s  f igure t h a t  an increase i n  wing loading 
or a l t i tude ,  or an increase i n  pb3 s h i f t s  the boundarfes upward so 

tha t  a decrease i n  the s table  regfon i s  indicated. However, it i s  impor- 
t an t  t o  note tha t  the most pronounced e f fec t  of wing loading and.  altitude 
on s t ab i l f ty  occurs fo r  values of % l e s s  than 30, i n  the rmge of l i g h t  

a i rcraPt  desi*, whereas f o r  values of pb above 30, wing loa3ing and 

s l t i t u d e  have very l i t t l e  e f fec t  on s t ab i l i t y .  (see referenca 16,) 

One of the most important s t a b i l i t y  derivatives affect ing l a t e r a l  
s t a b i l i t y  i s  the damping-in-roll derivative C z  which becomes s:nal'esr 

2) 
a s  the aweepback is increased and as t h s  aspect r a t i o  i s  decreased. 
Figure 7 shows the e f fec t  of C on the oscil latory-stabili ty boundary. 

'P 
The boundaries a re  plot ted fo r  several values of C : 0, -0.1, and 4.2. 

'P 
The value of C for  a straight-wing conventional airplane i s  %bout -0.4 

'P 
or -0.5. These boundaries were calculated f o r  a hypothatical transonic 
airplane and a re  intended only t o  indicate the trends obtained as  C 

IP 
i s  varied. It i s  evident from the b a n d a r i e s  tha t  reducing C reduced 

2~ 



the l a t e r a l  s t ab i l i t y .  Altho1qh the e f fec t  shown i s  typical  fo r  most 
airplane designs, calc-alations have indicated t h a t  the reverse e f fac t  
might bs  present f o r  some airplane configurations. The ef fec t  of some 
of the other s t a b i l i t y  derivatives and mass charac ter i s t ics  on the l a t e r a l  
osc i l la tory  s t a b i l i t y  a re  presented i n  several NACA reports. (see 
references 15 and 17 t o  19 , )  

The d p m i c  longitudinal s t a b i l i t y  of airplanes with controls fixed 
nas receivsd very extensive treatment by many authors, among whom may 
be ffiantioned Bryan, Bairstow, Wilson, and Zimmermrn-. (see referenses 1 
t o  3 acd 20 t o  22.) In general, the longitudinal motion consists of two 
osn,illatory modes - a s l igh t ly  damped long-period osci l la t ion,  hown as 
-the pkugold, an3 a heavily damped sbort-period oaci l la t ion.  Because of 
th s  re la t ion  between the period and damping of each one of the osci l la t ions,  
the longitudinal s t a b i l i t y  of most airplanes has been sat isfactory t o  the 
p i lo ts .  

An snalysis of l a t e r a l  or longitudinal motion of the airplane with 
controls f r ee  involves an equation f o r  an additional degree of' freedom, 
tha t  is, f o r  the motion of the  ,control i t s e l f .  The disr,ussion of control- 
f r e e  s t a b i l i t y  w i l l  be mainly concerned with the rudder-free case, 
although similar analyses have been carr ied out f o r  the case of elavstor 
f r ee  and ai leron free.  (see references 23 t o  28.) Fl ight  t e s t s  have 
shown tha t ,  under cer ta in  conditions of ru3der balance, undamped l a t e r a l  
osc i l la t ions  may occur when the  rudder i s  freed. The o s c i l l ~ t i o n s  
Involve coapling be twea  the yawing motions of th s  airplane and mvements 
of the rudder and depend on the amount of f r i c t i o n  i n  the control system. 
Two of the most important para,meters affect ing the control-free s t a b i l i t y  
a r s  the restor ing moment parameter Chg, which expresses the variat ion of 

rudder h i n g m o w n t  coeff ic ient  wi'th rudder deflection, and the  floating- 
m3mt3nt parameter C 

h4f ' which expresses the  ariat ti on of the hingemoment 

coeff ic ient  with the m g l e  of yaw. Figure 8 shows the calculated rudder- 
free-stabili ty bomdaries with the e f fec t  of f r i c t i o n  i n  the control 
system taken in to  account. Thess boundaries a re  plot ted with ' C as 

hs 
sbscissa sn3. C- as ordinate. Posi t ive v d u e s  of C correspond t o  

nJr % 
positive f loat ing tendency, t h a t  is, surfaces whosf: f r ee  movements tend 
t o  oppose m y  dist?u;baice of the atrplane. The boundaries indicate that ,  
fo r  combinations of C kg and Ch$ located on the shaded side of R = 0, 

the osc i l la t ion  i s  anstable. If there i s  no so l id  f r i c t ion  i n  t5e system, 
the sompletely s table  region i s  between R = 0 a?d the  divergence boundary. 
Hoi~ev$r, i f  theye Z s  sol-id f r i c t i o n  i n  the system, constsnt+iql i tude 
3t:zil lations occur fo r  combinations of C and C 'Is h$ 

located 

S~twsen R = 0 a id  the cilrve labeled " f r ic t ion  bo~mdary." Ths amplitude 
of tki: stesdy oef:illation is proportional t o  the amount of so l id  f r i c t ion  
in t L e  zantrol system. Fl ight  t e s t s  w i l l b s  necessary t o  indicate the 
-.~-xi~:txn a a m t  of stea3y osc i l la t ion  tha t  i s  dLowable in an airplane. 



The present paper indicates i n  general the e f fec t  of some of the 
mass and aerodynamlc parameters on the l a t e r a l  osci l la tory s tab i l i tyg .  
The r e s u l t s  a re  i l l u s t r a t e d  f o r  an airplane or  model with a gfvan s e t  
of values of mass and aerodynamic parameters, Howevar, a s  shown i n  
more complete la te ra l - s tabf l f ty  studies, mall variations fn  Borne of 
these parameters may cause a pronounced change i n  the  osci l la tory s t a b i l i t y .  
On the bas is  of these detal led studies, therefore, it appears necessary 
t o  make a separate s t a b i l i t y  analysis f o r  each airplane. 

Some of the sgbjects tha t  require fur ther  theore t ica l  o r  experimental 
research are:  

1. The ef fec ts  of the aeroe las t ic i ty  of wings on s t a b i l i t y  
derivattves and hence on ciyn&c s t a b i l i t y  

2. The ef fec ts  of power on s t a b i l i t y  

3. Analysis of the making or  l i gh t ly  damped short-period 
osc i l la t ions  encountered recently in high-speed f l i g h t  

4. Stab i l i t y  derivstives fo r  transonic region 

5 .  Analysis t o  determine important combinations of mass md 
a e r o d y n d c  parameters which a f fec t  dynamic s t a b i l i t y  



ASPENDIX 

SYMBOLS AND C O E F P I C ~ S  

angle of bank, radians 

angle of azimuth, radians 

angle of sideslip,  radians (9) 
s ides l ip  velocity along the Y-axis ,  f e e t  per second 

airspeed, f e e t  per second 

mass density of air, alugs per cubic foot 

dyns.mic pressure, pounds per square foot  (F*) 
wing span, f e e t  

wing area, square fe.et 

weight of airplane, pounds 

mass of airplane, slugs (3 
acceleration due t o  gravity, f e e t  per second per second 

r e l a t i v d e n s i t y  fac tor  

angle of attack of pr incipal  longitudinal ax is  of airplane, 
posit ive when principal *is i s  abovg f l i g h t  path, degrees 

angle between f l i g h t  path and horizontal axis, posit ive i n  a 
climb, degrees 

radius of m a t i o n  i n  r o l l  about principal longitudinal axis, 
f e e t  

radius of gyration i n  yaw about th s  principal ve r t i ca l  =is, 
f e e t  

nandimensional radius of gyration i n  r o l l  about principal 

longitudinal mi s (3 



nondimensional radius of gyration in yaw about principal 

vertic, ,s (2) 
nondimensional radius of gyration in roll about langitudinal / .  \ 

stability axis coe21 + K 2sin2.1 ) 
zo 

nandimensional radius of gyration in yaw about vertlcal 

stability axis 2 cos21 + K 2sin21) 
X, 

nanaimensional product-of-inertia parameter 

t time, seconds 

sb distance along flight path, in spans e) 
differential operator (k) 
trim lift coefficient (" y y, 

rolling-moment coefficiant 

yawing-moment coefficient 

(,ate,, force 
C-Y lateral-force coefficient 

2 effective-dihedral derivative, rate of change of rolling- 
P moment coefficient with angle of sideslip, per radian 

in equations and per degree in figures 

cnP 
directional-stability derivstive, rate of change of yawing- 

moment coefficient with angle of sideolip, per rad3a.n in 

equations and per degree in figures 
i 



lateral-force derivative,.rate of change of lateral-force 

coefficient with angle of eideelip, per raaian 

damping-in-yaw derivative, rate of change of yawing-moment 
coefficient with yawing+mgular-valocity factor, pc?r 

radian ($), 
rate of change of yawing-moment coefficient with rolling- 

angular-velocity factor, per radian 

damping-in-roll derivative, rate of change of rolling-moment 
coefficient with rolling-angular-velocity factor, per 

/ ac,\ 
radian (-3 

rate of change of rolling-m.onent coefficient with yawing- 
/ &.\ 

angular-velocity factor, per radian (2) 
rate of change of lateral-force coefficient with nolling- 

angular-velocity factor, per radian 

rate of change of lateral-force coefficient with yawing- 
/ &,,\ 

angular-velocity factor, per radian \g) 
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Figure 1.- The stability system of axes. Arrows indicate positive directions 
of moments, forces, and control-surface deflection. 
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(a) The case for which only one of the two branches of the curve R = 0 is 
a boundary for neutral oscillatory stability. 
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(b) The case for which both branches of the curve R = 0 a r e  boundaries 
for neutral oscill-atory stability. 

Figure 2.- Lateral-stability boundaries for two hypothetical high-speed- 
airplane confirrurations. 
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Figure 3. - Curves of constant period and constant damping. 
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Figure 4.- Effect of wing incidence on the oscillatory stability of a model 

tested in the Larigley free -flight tunnel. 
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Figure 5.- Effect of the angle of attack of the principal longitudinal axis on 
the oscillatory-stability boundary. 
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Figure 6. - Effect of the relative-density factor pb on the oscillatory- 

stability boundary. 
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Figure 7. - Effect of damping in roll on the lateral stability of a high- 
speed airplane. 

Figure 8.- Calculated rudder-free-stability boundaries for conventional 
attack airplane. 



I?LYDG AND HANDLING QUALITIES OF e S  

By William H. Phi l l ips  

Langley Aeronautical Laboratory 

By the f ly ing  qual i t ies  of an airplane are  meant those s t a b i l i t y  
and control cnaracter is t ics  which have an important bearing on the 
safety of f l i g h t  and on the pilot" impressions of the ease of 
controll ing an airplane i n  steady f l i g h t  or  i n  maneuvers. This paper 
w i l l  describe br ie f ly  the progress which has been made i n  se t t ing  up 
requirements f o r  sat isfactory f ly ing  qual i t ies  and w i l l  discuss some 
of the methods f o r  predicting these qual i t ies  from calculations and 
wind-tunnel t e s t s .  

I n  the years pr ior  t o  the was, re la t ive ly  l i t t l e  was known about 
what character is t ics  of an airplane constituted sat isfactory handling 
qual i t ies .  This does not mean t h a t  there had been no research on the 
subject of airplane s t a b i l i t y .  A great deal of theore t ica l  work on 
t h i s  subject had been done. This theore t ica l  work, however, was not 
able t o  take in to  account the character is t ics  of the  human p i lo t  and 
his  r e l a t ion  t o  the airplane. On the other hand, human p i lo t s  had f o r  
many yeass expressed opinions with regard t o  the  handling qual i t ies  
of a i rc raf t ,  and it was known t h a t  i n  some cases t h e i r  opinions 
conflicted with the r e su l t s  of the theory. I n  developin& a new airplane, 
therefore, there was no r e l i ab le  procedure t o  provide f o r  sa t i s fac tory  
f ly ing  qual i t ies  i n  the original. design. Generally, it was necessary 
f o r  a ser ies  of tr ial-and+rror changes t o  be made i n  f l i g h t  t e s t s  
u n t i l  the t e s t  p i lo t  was s a t i s f i e d  with the qual i t ies  of the new 
airplane. The success of t h i s  procedure depended on the s k i l l  of the 
t e s t  p i lo t  and unfortunately it did not provide a basis  f o r  avoiding 
poor character is t ics  i n  future designs. 

It was thought t h a t  the main factors  influencing the p i l o t B s  
opinions of an airplane were the control m t i o n s  and forces required i n  
normal f l i g h t  and i n  maneuvers. The f i r s t  attempt t o  formulate a s e t  
of requirements based on these character is t ics  was made i n  1937, but 
it was real ized immediately t h a t  a great deal of i n f o f i t i o n  was required 
on the handling qual i t ies  of exis t ing airplanes before a r e l i ab le  s e t  
of requirements could be written. A s  a r e s u l t  the NACA undertook a 
program t o  measure the f lying qual i t ies  of various airplanes. The 
i n i t i a l  r e su l t s  of t h i s  progrth are  given i n  reference 1. Most of the 
available knowledge of f ly ing  qual i t ies  has been obtained from these 
f l i g h t  t e s t s  which have been carried out on about 75 airplanes of all 
types, ranging from l i g h t  planes t o  the la rges t  bombers. In these 
t e s t s ,  recording instruments were used t o  obtain quantitative masure- 
ments of control movements, control forces, and airplane motions while 
the p i lo t s  performed cer ta in  specified maneuvers. Procedures f o r  making 
t e s t s  of t h i s  type are presented i n  reference 2. The r e su l t s  of many 
of these t e s t s  have been published as NACA wartime reports.  From the 
fund of information accumulated i n  these reports it has been possible 



t o  prepare a s e t  of requirements f o r  sat isfactory handling qual i t ies  
i n  terms of quantit ies t h a t  may be measured i n  f l i g h t  or predicted from 
wind-tunnel t e s t s  and theore t ica l  analyses (reference 3). When an 
airplane meets these requirements', it is f a i r l y  cer ta in  t h a t  the airplane 
w i l l  be safe  t o  f l y  and desirable from the p i lo t ' s  standpoint. Additional 
s e t s  of requirements have been prepared by the  mili tary services 
(reference 4) i n  order t o  provide f o r  the Pequirements of mil i tary 
aircraf't .  Similar research has been carr ied out i n  England and an 
attempt along these l ines  w a s  a lso made i n  Germany, but the number of 
airplanes which were tes ted  i n  f l i g h t  w a s  considerably more limited. 

A report  (reference 5 )  has been recently published which discusses 
the  reasons f o r  the  f ly ing  qual i t ies  requirements, the design factors  
involved i n  obtaining sat isfactory f ly ing  qual i t ies ,  and the methods 
used i n  predicting the s t a b i l i t y  and control character is t ics  of an 
airplane. Some of the methods f o r  predicting the handling qual i t ies  
of a proposed airplane w i l l  now be described. 

The f ly ing-qual i t ies  requirements t i e  i n  with the concepts of 
dynamic s t a b i l i t y  i n  tha t  cer ta in  requirements are specified f o r  the 
character is t ics  of the uncontrolled motion of the airplane. The great 
maJority of the requirements, however, per tain t o  the  control positions 
and forces required i n  cer ta in  specified f l i g h t  conditions and maneuvers. 
In order t o  predict  the a b i l i t y  of an airplane t o  sa t i s fy  these require- 
ments, solut ion of the equations of motion is not generally required. 
The required control positions and forces may be predicted by considering 
the airplane t o  be i n  an equilibrium condition. The forces and moments 
acting may then be estimated e i the r  by means of wind-tunnel t e s t s  or 
simply by calculations based on the dimensions of the airplane. 

Investigations of varying complexity a re  required f o r  these 
predictions depending on the f l i g h t  conditions, speeds, and types of 
airplane involved. For conventional airplanes, the control positions 
required i n  s t r a igh t  f l i g h t  or i n  steady maneuvers i n  conditions where 
the  th rus t  coefficient is low may be estimated with suf f ic ien t  accuracy 
f o r  prac t ica l  design purposes simply from a knowledge of the dimensions 
of the airplane. The effects  of power on longitudinal and direct ional  
s t ab i l i t y ,  i n  the case of propeller-driven airplanes, cannot be 
predicted with such a high degree of accuracy. Wind-tunnel t e s t s  of 
a powered model a re  desirable i n  estimating these e f fec ts .  I f  accurate 
predictions of the control forces are  desired, par t icular ly on a large 
airplane, t e a t s  may be made of the actual  control surfaces i n  a large 
wind tunnel, or a t  l e a s t  t e s t s  of large-scale models of the control 
surfaces. Finally,  the effects  of compressibility should be determined 
f r o m t e s t s  of a complete model i n  a higk-speed tunnel. Such a complete 
investigation i s  not usually required, however, par t icular ly f o r  
conventional airplanes, because of the  large amount of data accumulated 
during the war on the character is t ics  of m a n y  airplane configurations. 



Some of t he  data  applicable t o  the  predic t ion of f l y i n g  q u a l i t i e s  
w i l l  now be given. Methods f o r  predic t ing t he  longi tudinal  s t a b i l i t y  i n  
t he  power-off condit ion from a knowledge of t h e  dimensions of t h e  a i rplane 
a r e  given .in references 6 and 7. 

I n  these  methods, t h e  e f f e c t s  of t h e  fuselage, i d l i ng  propeller ,  
wing, and t a i l  a r e  calculated.  The e f f e c t  of t he  upwash ahead of t h e  
wing on t he  fuselage and propel ler  p i tching moments and of t h e  downwash 
from the  w i n g  and propel ler  on t he  t a i l  must be taken i n t o  account i n  
order t o  obta in  accurate r e s u l t s .  

Calculation of the  d i r ec t i ona l  s t a b i l i t y  l ikewise involves est imating 
t he  contributions of t he  various a i rplane c~~nponents  and t h e i r  mutual 
in terference e f f ec t s .  The data  of references 8 and 9 may be used t o  
estimate many of these  quan t i t i es .  The e f f e c t s  of the  propel ler  m a y  
be obtained from reference 10. 

Comparison of calcula ted values of d i r ec t i ona l  s t a b i l i t y  on a l a rge  
number of a i rplanes  wi th  measured values has shown t h a t  t h i s  quant i ty  
may be predicted f a i r l y  accurately f o r  a i rplanes  with smoothly 
streamlined canopies. On ai rplanes  with poorly designed canopies, t h e  
wake of t h e  canopy passing over t h e  v e r t i c a l  t a i l  g r ea t l y  reduces i t s  
effect iveness  and it is  r a t h e r  d i f f i c u l t  t o  est imate w h a t  percent of 
the  v e r t i c a l  t a i l  a rea  should be considered e f fec t ive .  Some wind-tumsl 
da ta 'on  t he  e f f e c t s  of canopies on d i r ec t i ona l  s t a b i l i t y  may be found 
i n  reference 11. 

Another item of importance which may be estimated qu i te  accurately 
is  t h e  r o l l i n g  ve loc i ty  obtained i n  a steady r o l l  with a given a i l e ron  
def lect ion.  Methods f o r  making t h i s  ca lcu la t ion  a r e  described i n  
d e t a i l  i n  a repor t  which summarizes t h e  r e s u l t s  of NACA l a t e r a l - con t ro l  
research (reference 12) .  

Several  repor t s  have been published comparing s t a b i l i t y  and con t ro l  
characteristics predicted from the  dFmensions of t h e  a i rplane with those 
measured i n  f l i g h t  (references 7, 9, and 13).  I n  general,  these  r e s u l t s  
a r e  i n  good agreement f o r  f l i g h t  conditions where t he  t h r u s t  coef f ic ien t  
is  low. Calculations of the  e f f e c t s  of power on t he  s t a b i l i t y  character- 
i s t i c s  a r e  more d i f f i c u l t ,  and usually it is desi rable  t o  r e s o r t  t o  
wind-tunnel t e s t s  of a powered model i n  order t o  obta in  accurate r e s u l t s .  
Variow attempts have been made, however, t o  devise semiempirical methods 
t o  determine the  e f f ec t s  of power, based on t he  l a rge  number of wind- 
tunnel t e s t s  of powered models which were conducted during t he  war years  
(reference 14) .  It is a l s o  possible t o  est imate t h e  e f f e c t s  of power 
by comparison with the  r e s u l t s  of t e s t s  f o r  a similar design. The 
e f f ec t s  of power on longi tudinal  s t a b i l i t y  as measured i n  f l i g h t  on a 
number of a i rplanes  a r e  given i n  reference 15. 

The procedure f o r  conducting wind-tunnel t e s t s  of a powered model 
is  described i n  d e t a i l  i n  reference 16. Methods f o r  analyzing the 



r e s u l t s  of wind-tunnel t e s t s  f o r  determination of f lying qual i t ies  are  
given i n  references 17 and 18. 

Several reports have been published comparing the f lying ;ual i t ies  
of a i r c r a f t  as measured i n  f l i g h t  with those predicted from wid-tunnel 
t e s t s  (references 19 and 20). Usually the agreement with regard t o  
control positions is sat isfactory.  The prediction of control forces 
is  subject t o  more uncertainty. One point which may be mentioned i n  
connec-tion with the prediction of control forces is tha t  generally the 
hinge-moment parameters C h a  and Ch8 may be predicted only with a 

ce r t a in  degree of accuracy. In cases where t h i s  much variat ion w i l l  
cause large changes i n  the s t i c k  forces it is apparent tha t  the control- 
force character is t ics  w i l l  be d i f f i c u l t  t o  predict accurately. The 
accuracy may be improved, however, by designing the airplane i n  such a 
w a y  t h a t  the control forces are  l e s s  sensi t ive t o  small changes i n  the 
hinge-1110ment character is t ics .  

Inasmuch as  i n  the past much emphasis has been placed on the' 
c l a s s i ca l  theory of s t ab i l i t y ,  an attempt w i l l  be made t o  show how the 
items considered important i n  connection with f lying qual i t ies  t i e  i n  
with the c l a s s i ca l  theory of s t a b i l i t y .  F i r s t ,  the subject of 
longitudinal s t a b i l i t y  and conkrol w i l l  be considered. The theory 
predicts t h a t  a s t a t i ca l ly ' s t ab le  airplane w i l l  perform two types of . 

osci l la t ion:  the long period or  phugoid motion, which is  generally 
poorly damped, and the short  period osci l la t ion,  which is always well 
damped when the controls a re  fixed. It hae been frequently demonstrated 
t h a t  the period of the phugoid motion is so long tha t  the damping of t h i s  
osc i l l a t ion  has no correlat ion with the pi lot ' s  opinion of the handling 
qual i t ies  (reference 21). This f a c t  is so well  established tha t  any 
explanation of it may seem superfluous. The emphasis placed i n  the 
past on the calculations of the character is t ics  of t h i s  mode of motion, 
however, has lead many engineers t o  be reluctant  t o  discount i ts  
importance. In  order t o  demonstrate the ease with which the p i lo t  
can damp out t h i s  osci l la t ion,  therefore, f igure 1 is presented. This 
f igure i l l u s t r a t e s  t h a t  not only can the p i lo t  damp out the phugoid 
motion very rapidly but tha t  only a very small motion of control is 
required. 

Though the short-period osc i l la t ion  is always s table  with controls 
fixed, it ma;y become violent ly unstable with controls f ree  i f  cer ta in  
unfavorable combinations of elevator hing-ment character is t ics  are 
employed. When t h i s  motion i a  unstable, it resu l t s  i n  an osc i l la t ion  
which produces accelerations approaching the s t ruc tura l  strength of the 
airplane within a period of 1 or 2 seconds. Fl ight  records of the type 
of osc i l la t ion  are  shown i n  f i v e  2 f o r  both well-damped and unstable 
osc i l la t ions ,  A condition such as t h i s  unstable osc i l la t ion  obviously 
cannot be tglerated and it is, therefore, required tha t  t h i s  mode of 
motion be well  damped. A theoret ical  analysis of this type of osc i l la t ion  
presented i n  reference 22 indicates that the motion ma;y become unstable 
i f  the varriation of hinge4oment coe?ficient with deflection Chg 



(the restor ing tendency of the elevator) is reduced t o  zero, and s t a b i l i t y  
is obtained by use of a bobweight or  an elevator which tends t o  f l o a t  
against the relatsve wind. In  the  example shown i n  figure 2, the value 
of C% w a s  reduced t o  approximately zero by use of a balancing tab. 

The requirement fo r  dynamic longitudinal s t a b i l i t y  is  only one of 
a large number of requirements which must be sa t i s f i ed  i n  order t h a t  
the longitudinal s t a b i l i t y  and control character is t ics  should be 
satisfactory. The other requirements deal  with the character is t ics  
of the  elevator control i n  steady f l igh t ,  i n  accelerated f l igh t ,  i n  
landing, and i n  take-off, and also with the t r im changes due t o  power 
and flaps,  and the character is t ics  of the longitudinal trFmming device. 
An example of one of the requirements w i l l  be given t o  show how a 
quantitative requirement of this type aids i n  establishing cer ta in  
features of the airplane design. The requirements f o r  longl tudiml  
control i n  accelerated f l i g h t  specify the variations of elevator angle 
and elevator force with acceleration i n  maneuvers i n  which the angle 
of attack is increased rapidly t o  produce a condition of accelerated 
f l i g h t  without much change i n  airspeed. Inaamuch as the elevator force 
per g change i n  normal acceleration is f a i r l y  independent of speed 
on conventional airplanes, this quantity is  used as one means of 
specifying the elevator-force character is t ics .  The control-force 
gradient should not exceed about 6 pounds per g on highly maneuverable 
airplanes such as  f ighters  and should be less. than 50 pounds per g on 
t ~ a n s p o r t s ,  heavy bombers, and so for th.  In order t o  prevent the p i lo t  
from inadvertently overstressing the structure,  a pul l  force of a t  
l e a s t  30 pounds should be required t o  reach the allowable load factor .  
An excessive value of force per g w i l l  r e su l t  i n  an airplane which i s  
d3ff icul t  t o  f l y  or  maneuver, whereas a negative value w i l l  make the 
airplane extremely dangerous t o  f l y  because a rapid divergence wodd 
re su l t  if the p i lo t  released the control s t ick .  Some factors  which 
influence the force character is t ics  i n  accelerated f l l g h t  are  i l l u s t r a t ed  
i n  f igure 3. From t h i s  f igure it is seen t h a t  the force per g increases 
as the center of gravity is moved forward. The variat ion of force 
per g with center-of-gravity posit ion may be reduced by r e d u c i x  the 
variat ion of elevator hing-ment coefficient with deflection C b .  
The curve may be shif ted by a constant amount a t  any center-of-gravity 
posit  ion by changing the variat ion of elevator hing-ment coef f i c  lent  
with angle of a t tack (2%. On a given airplane the range of center-of- 
gravity positions over which satisfackory f lying qual i t ies  are  obtained 
may be limited by t h i s  force-per--g variation. An increase i n  the cent.er- 
of-avity range over which sat isfactory force character is t ics  i n  steady 
maneuvers are  obtained might be provided by reducing the value of 
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and obtaining forces i n  the desired range by use of a posit ive value 
of Cb. Flight  t e s t s  have shown, however, that t h i s  procedure, i f  

carr ied too far, ms;y r e su l t  i n  undesirably l i g h t  control forces i n  
rapid maneuvers, because the p i lo t  is able t o  def lect  the control 
rapidly with very l i t t l e  force; then the force builds up as the acceler- 
a t ion  increases. This condition is discussed more fu l ly  i n  reference 23. 



The desire f o r  l i g h t  control forces over a large center-of%a?ity range, 
therefore, confl ic ts  with the requirement f o r  desirable control f ee l .  
The requirements may be more easi ly  sa t i s f ied ,  however, i f  the center- 
of-gravity range is  located well 'forward of the posit ion f o r  neutral  
s t a b i l i t y  with the elevator fixed. 

A few of the requirements f o r  l a t e r d  s t a b i l i t y  and control w i l l  
now be discussed. Here, again, the f i r s t  requirement t i e s  i n  with the 
c lass ica l  concepts of dynamic s t ab i l i t y .  There is  no requirement f o r  
s p i r a l  s t a b i l i t y  inasmuch as  the spiral. divergence is very slc~w and 
easi ly  controlled and a lso  because i n  most conventional airplanes the 
f r i c t i o n  i n  the control system may hold the controls i n  a posit ion t o  
cause a much more rapid divergence than the s p i r a l  divergence with the 
controls i n  the trim position. The Dutch r o l l  osc i l la t ion  has a 
r e l a t ive ly  short  period, however, and it should be well.dsmped so as 
not t o  require constant a t tent ion on the part of the p i lo t .  On 
pract ical ly  all conventional airplanes the Dutch r o l l  osc i l la t ion  with 
controls fixed is suf f ic ien t ly  well damped. Continuous l a t e r a l  
osci l la t ions,  known as  snaking osci l la t ions,  have, however, been 
encountered on m a y  airplanes as a re su l t  of s l igh t  motion of the 
controls induced by the osci l la t ion.  A report  which presents a 
theore-tical analysis of this type of motion and indicates means of 
avoiding it is available (reference 24). While the  c l a s s i ca l  Dutch r o l l  
osc i l la t ion  has given l i t t l e  trouble i n  the  past, it has assumed a 
s t a tus  of increased importance i n  connection with recent airplane designs 
employing swept wings. 

Other l a t e r a l  s t a b i l i t y  and control requirements deal with the 
aileron-control characteristics,  the yaw due t o  ailerons, the l imi ts  
of ro l l ing  moment due t o  s idesl ip ,  the direct ional  s t ab i l i t y ,  the side- 
force characteristics,  and the pitching moment due t o  s idesl ip .  In  
addition, the character is t ics  of the rudder and ai leron trimming 
devices are specified. 

Some unusual features of airplane s t a b i l i t y  and control which have 
been shown t o  be important f o r  many types of airplanes and which have 
not been given a great deal of a t tent ion i n  the past w i l l  now be 
presented. 

h e  fac tor  which has been found t o  be very important i n  affect ing 
the f lying qual i t ies  of many high+peed airplanes is the d is tor t ion  
of the control surfaces and of the airplane s t ructure under aerodynamic 
loads. Data presented i n  f igure 4 i l l u s t r a t e  om ef fec t  which is quite 
frequently encountered. This f igure shows the  e f fec t  of s t ab i l i ze r  
incidence on the variat ion of s t i c k  force with speed i n  s t r a igh t  f l i g h t .  
An analysis based'on the assumption of a r i g i d  airplane would indicate 
tha t  there should be no change i n  the curve of s t i c k  force against speed 
due t o  changing the s t ab i l i ze r  incidence provided the airplane were 
retrimmed a t  the same speed by use of the trim tab. In practice it 
is  found tha t  a negative s t ab i l i ze r  incidence, which requires down 



elevator deflection f o r  trim i n  h i m p e e d  f l igh t ,  usually r e su l t s  i n  
rapidly increasing push forces a t  high speeds. This e f fec t  is caused 
by progressively increasing d is tor t ion  of the elevator covering and 
twisting of the s t ab i l i ze r  as the aerodynamic forces a re  increased. 
This condition i s  very undesirable because i f  the p i lo t  should release 
the s t i c k  a t  high speeds, excessive acceleration would be encountered 
i n  the pull-out. The ef fec t  of posit ive s t ab i l i ze r  incidence is t o  
produce rapidly increasing pul l  forces a t  high speeds which violates  
the requirement f o r  s t a t i c  longitudinal s t ab i l i t y .  These ef fec ts  
cannot, of course, be predicted from wind-tunnel t e s t s  of a r i g i d  model. 
These d is tor t ion  ef fec ts  may be avoided, however, by use of the correct 
s t ab i l i ze r  se t t ing  so t h a t  the elevator is l ined up with the  s t ab i l i ze r  
i n  high-speed f l i g h t .  A similar ef fec t  of d is tor t ion  on the rudder-force 
variat ion with speed is obtained by varying the se t t ing  of the ve r t i ca l  
f i n .  These and other e f fec ts  of d is tor t ion  due t o  aerodynamic loads 
may be isolated from compressiblity e f fec ts  i n  f l i g h t  t e s t s  by making 
runs a t  different  a l t i tudes .  Distortion ef fec ts  s e t  i n  a t  a given 
value of indicated airspeed, whereas compressibility e f fec ts  occw a t  
a given Mach number. A theore t ica l  analysis of the e f fec ts  of fabric  
d is tor t ion  on s t a b i l i t y  is given i n  reference 25. 

Many of the design factors  which may be used t o  a id  i n  meeting 
cer ta in  of the f l ight -qual i t ies  requirements a re  of amconf l ic t ing  
nature so t h a t  compromises i n  the design w i l l  generally have t o  be 
made i n  order t o  meet all the requirements as closely as possible. 
The most frequently encountered problem is t h a t  of providing s -a f i c i en t ly  
l i g h t  control forces without reducing the effectiveness of the control 
surfaces below the specified values. A l l  the control-force values 
which enter into the requirements, such as the force per g, the ai leron 
force required in. a r o l l ,  the rudder force required t o  of fse t  a i l e ~ o n  
yaw, and so for th,  tend t o  increase as the product of the span and the 
square of the chord of the control surface, and as the dynamic pressure. 
A s  airplanes a re  made larger  and fas te r ,  therefore, an increasing degree 
of aerodynamic balance is required on all the control surfaces t o  m e t  the 
handling-qualities requirements. For example, f igure 5 i l l u s t r a t e s  the 
approximate reduction i n  C of the elevator required t o  meet the 

elevator control-force requirements as a function of airplane weight. 
A great deal of research has been done during the w a r  years on means 
of balancing zontrol surfaces, some of which is summarized i n  re ferewe 11. 
Revertheless, it is impractical t o  balance control surfaces more than 
a cer ta in  amount because varia-bions i n  contours of the control surfaces 
of different  airplanes of the same type, within production tolerances, 
r e su l t  i n  variations of (2% of the same order aa the value required. 

On large airplanes, therefore, some aerodynamic or mechanical device 
is required t o  multfply effectively the p i lo t ' s  e f fo r t  by a large factor ,  
i n  order tha t  l i gh t  forces my be obtained without u t i l i z ing  an 
impractically large degree of balance. Such devices include spring 
tabs (reference 26) and hydraulic booster mechanisms. 



Inasauch as the  handling-qualities requiremezts a re  based la rge ly  
on experience with conventional airplanes,  f u r t he r  research wilL 
probably be required t c ~  f i nd  whether addi t ional  requiremm,ts a r e  
necessary f o r  t h e  unconventional 'types of a i rplanes  that a r e  now being 
contem2lated f o r  very high speed f l i g h t .  Because of the  g rea t  range 
of' speed and a l t i t u d e  encountered by such a i rplanes  it may be impossible 
t o  meet the  handling-qualit i e s  requiremen-t;s without re ly ing  on 
mechanical devices t o  provide s t a b i l i t y  and desi rable  control  forces.  
With such devices t he  method of t he  control  of t he  a i rplane may d i f f e r  
considerably from that normally used. Research w i l l  therefore  be 
required t o  f i n d  t he  reac t ion  of t he  p i l o t  t o  these  unwual  control  
forces .  Preliminary research on t h i s  subject  may be car r ied  out 
without making ac tua l  f l i g h t  t e s t s  by t h e  use of simulators designed 
t o  behave i n  the  same manner as the  airplane.  
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By Alfred Gessow 

Lr~lgley Aeronautical Laboratory 

T h i s  paper is r e s t r i c t ed  t o  a presentation of the more important 
problems associated with the development of 'the mst successful type of 
rotating-wing a i r c r a f t  - the helicopter - and t o  an indication of the 
present status of research of these problems. 

The helicopter as thought of a t  present i s  an a i r c r a f t  i n  which 
l i f t ,  propulsion, and control a re  a l l  provided by one o r  more propeller- 
l i k e  rotors  turning about an approximately v e r t i c a l  axis. The funda- 
mental advantage of such an ar-ement is tha t  the means f o r  obtaining 
and controll ing f l i g h t  is separated from the t ra~ns la t ional  speeds of the 
fuselage. In s p i t e  of the  many advantages afforded by t h i s  feat-me, 
notably tha t  of ve r t i ca l  f l i gh t ,  it w a s  only during the last decade tha t  
helicopters having sat isfactory performance and handling qual i t ies  have 
been b u i l t  and flown. Their success can be a t t r ibuted  t o  improved 
sower plants, an increased knowledge of general aerodynamics as well a s  
the aerodynamics of rotating-wing f l igh t ,  and the backlog of experience 
gathered from the hundreds of unsuccessful helicopter builders since the 
time of Da  Vinci. 

The present-day helicopter is s t i l l  i n  an ear ly stage of development. 
Its performance, handling character is t ics ,  safety, and r e l i a b i l i t y ,  how- 
ever, though s t i l l  poor when judged by modern airplane standards, a re  
already acceptable f o r  a number of important applications where i t s  
special  capabi l i t ies  are at a premium. Prospects f o r  fur ther  improvement 
a re  good and a wide f i e l d  of application, both military and commercial, 
is assured. 

DISCUSSION 

The general helicopter r e s e q h  f i e l d  is, f o r  the present discussion, 
divided in to  four broad classif icat ions:  performance, vibration and 
f l u t t e r ,  s t resses ,  and s t a b i l i t y  and control.  A description of the 
problem encountered i n  each of these f i e l d s  i s  given, and l i nes  of 
future research are  pointed out. 

Performance 

The problem of determining the aerodynamic character is t ics  of a 
l i f t i n g  ro tor  fo r  purposes of design o r  performance estimation is  com- 
plicated by the large number of variables involved. Consequently, the 
approach could not be wholly empirical, and some theore t ica l  frame work 
was required t o  correlate  experimental data. The performance problem has 



been attacked therefore by t rying t o  develop a method of calculating the 
character is t ics  of the ro tor  from the character is t ics  of the blade a i r f o i l  
sections. The method is similar t o  tha t  of calculating propeller charac - 
t e r i s t i c s  by blade element o r  s t r i p  theory but is much more complicated 
because of the flapping motion of the hinged blades and because the t rans-  
l a t iona l  (edgewise) component of velocity in  forward f l i g h t  , p a t  a l so  be 
accounted for .  

I n  order t o  m&e the problem capable of p rac t i ca l  ~ o l u t i o n ,  cer ta in  
assunptions and simplifications had t o  be incorporated in  the  theory i n  
addition t o  the primary one of using two-dimensional a i r f o i l  character- 
i s t i c s  i n  summing up the forces acting on the blades of the rotor.  A 
principal  assumption specified tha t  the ro to r  induced velocity could be 
calculated by the momentum theory and could be considered t o  be uniform 
across the ro tor  disk. (See reference 1. ) The resul t ing calculatione, 
which were extremely lengthy and comglicated, were simplified and 
condensed in to  design charts t ha t  give a good ineight as t o  the e f f ec t s  
of changes i n  ro tor  design parameters. (see reference 2- ) Suff icient  
comparisons of the theory with experimental data have been obtained from 
f l i g h t  and fu l l - sca le  tunnel t e s t s  t o  prove the va l id i ty  of theory. 
(See references 3 t o  9 f o r  an experimental ver i f ica t ion  of the  theory 
i n  various f l i g h t  conditions. ) 

The accuracy of the theory is i l l u s t r a t e d  by f i p  1, which shows 
the good agreement between the calculated m d  rmsasured character is t ics ,  
as obtained in f l igh t ,  of a t e s t  ro tor  i n  terms of a p l o t  of power 
against velocity. It might be mentioned t h a t  model t e s t s  in general a re  
not sat isfactory f o r  helicopter-performance work because of the e f f ec t s  
of scale on the aerodynamic character is t ics  of the blade elements. 

The t rans i t ion  region between hovering and about 30 miles per hour 
shown in the f igure represents a speed range i n  which accurate data  
could not be obtained i n  f l i g h t  because of in s t ab i l i t y  and control 
d i f f i c u l t i e s  o r  in  fu l l - sca le  wind tunnels because of the  largely 
unknown interference corrections a t  low airspeeds. Full-scale data 
were obtained i n  t h i s  region, however, by me- of a re la t ive ly  new 
research t o o l  - the helicopter t e s t  tower. It was found t h a t  the t e s t -  
tower resu l t s  checked closely with theore t ica l  calcuLations over most 
of the t r aas i t ion  region. 

As a r e su l t  of the experience gained through the use of %he theory 
and i ts  experimental ver if icat ion,  several factors  were found t o  influence 
considerably the performance character is t ics  of rotors .  One such fac tor  
was the importance of smooth, nondeformable blade surfaces i n  reducing 
the power required by the ro tor  in  a l l  f l i g h t  conditions. (See r e fe r -  
ences 9 and 10. ) The importance of well-built  blades a r i ses  from the 
f a c t  t ha t  i n  cruising and high-speed f l i g h t  blade p ro f i l e  drag accounts 
f o r  from one-half t o  two-thirds of the t o t a l  ro tor  losses.  

Rotor theory and experiment have also shown that ro tor  performance 
is dependent t o  an qprec iab le  extent on the amount of t w i s t  and taper  



b u i l t  into the blades of the rotor .  Studies (reference ll) have indicated, 
f o r  excunple, t ha t  the ro tor  induced losses, which are  the penalty that  
mt be paid f o r  the t h r u s t  produced by the rotor,  comprise approximately 
75 percent of the t o t a l  power losses i n  the  hovering condition and tha t  
these losses can be reduced t o  the extent of increasing the hovering pay 
load by approximately 20 percent i f  the blades were designed with a 
moderate amount of taper  and twist, instead of being untapered and 
untwisted . 

Theory and experiment have a lso  pointed out the values of design 
variables tha t  would r e s u l t  in maximum performance. An example of t h i s  
is i l l u s t r a t e d  i n  f igure 2, which shows the i q o r t a n c e  of low ro tor  
speeds and high blade l i f t  coeff ic ients  f o r  hovering and ver t ica l - f l ight  
performance. The top curve shows tha t  a reduction of t i p  speed from 
600 f e e t  per  second t o  400 f e e t  per  second would reduce the power 
required t o  hover at fixed thrus t  by approximately 25 percent. The lower 
curve shows that at a fixed power and thrust,  the same reduction i n  t i p  
apeed r e su l t s  in a substant ial  increase i n  the v e r t i c a l  r a t e  of climb, 
namely from 200 f e e t  per  minute t o  approximately 1150 f e e t  per  minute. 
The question might natural ly  a r i s e  as t o  what const i tutes  a lower l i m i t  
t o  the t i p  speed and why the helicopter couldn't always operate a t  t ha t  
l imiting condition. The m w e r  l i e s  i n  the f a c t  t ha t  low t i p  speeds a re  
very undesirable at  high speeds and tha t  a good helicopter design must 
e i the r  compromise between the two conditions o r  must deliberately favor 
one at the expense of the other. (See reference 12. ) 

The choice of the proper t i p  speed and other design parameters fox 
e f f i c i en t  high-speed f l i g h t  must be investigated as par t  of the general 
problem of rotor-blade s t a l l i ng .  This problem has received and is 
get t ing a great deal  of attention, fnasmuch as it considerably reduces 
the efficiency of a helicopter f ly ing  a t  high speeds and i s  the decisive 
fac tor  in lfmiting the top speed of present-day helicopters.  

Blade s t a l l i n g  r e su l t s  from the f a c t  that a s  the l i f t i n g  ro tor  
moves forward, the advancing blades encounter progressively higher 
velocities,  whereas the re t rea t ing  blades encounter progressively lower 
veloci t ies .  Thus, i n  order t o  maintain approximately equal l i f t  on both 
sides of the ro tor  so as  t o  prevent the helicopter from ro l l ing  over, 
the low-velocity re t rea t ing  blade mst operate at higher angles of 
a t tack than the high-velocity advancing blade. It follows that as the 
helicopter increases its forward &peed, the angles of a t tack  of the 
retreat ing blade w i l l  increase proportionally u n t i l  at some value of 
forward speed the angles of a t tack of the re t rea t ing  blade w i l l  reach 
the s t a l l .  As s t i l l  higher speeds a re  reached, the s t a l l i n g  becomes 
progressively more severe and spreads to  a la rger  pa r t  of the ro tor  disk 
u n t i l  the severe vibrations and the loss  of control brought about by the 
s t a l l  prevents the helicopter from f ly ing  f a s t e r .  

The ef fec t  of forward speed a.nd ro tor  t i p  speed on s t a l l i n g  i s  
i l l u s t r a t ed  i n  figure 3. The c i r c l e s  represent plan views of the ro to r  
disk, the direction of f l i g h t  and direction of ro ta t ion  being as  R ~ O W T ~ .  



The dark region at the center represents the swept area of the hub and 
blade s and the shaded crescents represent the regione where the 
direction of flow over the retreatfng blades is  reversed. For t h i s  hel i -  
copter, a t  40 miles per hour and rotor rpm, stall is beginning t o  
occur near the t i p  of the retreating blade; When the q e e d  is increased 
t o  70 miles per hour, s t i l l  keeping the same rotor rpm, the s ta l led  area 
has Increased considerably= The reduction in s ta l led  area brought about 
by incre the rotor speed t o  225 rpsn is shown on the bottom circle. 
A t  the s onmrd speed, the higher rotational speed reduces the 
di f ferent ia l  i n  speed between the advancing and retreating blades and so 
cuts down the s ta l led  area. 

A cri terion has been developed f o r  predicting the Umiting q e e d  
due t o  stallFng. (See reference 13. ) It lm.e been found that  the 
operational l imit  can be considered as reached when the calculated angle 
of attack at the t i p  of the retreating blade exceeded the s ta l l ing angle 
of" the blade a i r f o i l  by approximately 4'. O n e  use of t h i s  cri terion is 
i l l u ~ t r a t e d  in figure 4 which shows the variation of the m-lnlrmnn allowable 
m t o r  speed, as se t  by blade stall-, with f0maa-d speed. The m L d m m  
m$or weed was calculated f o r  each value of folVElrd speed by set t ing a 
16 t i p  of attack at the retreating b3ade as the operational llmit.  
Thus, f o r  a given fo& weed, a helicopter cannot be operated i n  the 
hatched portion of the plot  but rrmsf, iacreaee its rotor t i p  q e e d  u n t i l  
the t i p  angle of attack Is 1@ or  less (that is, it must be operated t o  
the right of the curve. ) 

Although a helicopter can be fluwn un t i l  the 4' tip-angle l imit  is 
exceeded, the profile-drag loss due t o  stal l-  begins as t i p  s ta l l ing 
aets in. It ha8 been found that  the profi le  d r a g  approximately doubles 
by the time the limiting top speed i s  reached. (See reference 14.) 
The effects of s ta l l ing on rotor profi le  d rag  can be seen in figure 5, 
in which the profile-drag power absorbed by two sets  of blades are 
plotted against weed. The dashed l ines i n  the figure represent the 
calculated power with no allowance fo r  blade stalling, whereae the solid 
l ines include losses due t o  s ta l l ing and thw represent the actual 
p ~ o f  i l e  - power absorbed. Note that  s ta l l ing losses are Lar@;e in 
comparison t o  the profile-drag parer absorbed by the unstalled blades 
and that, therefore, the top speed of the helicopter is also reduced 
because of the additional stall power. 

Once the effects of blade stallFng were understood, means fo r  
alleviating or delaying these effects were investigated. A satisfactory 
way to delay the s t a l l  was t o  t w i s t  the rotor blades so that the t i p  
sections worhd a t  lower angles of attack than they would i f  the blades 
were untwisted. (The effects of blade twist were investigated in f l igh t  
end the results  are reported i n  reference 17.) The effectiveness of 
blade twist i n  reducing the detrimental effects of s ta l l ing can be seen 
in figure 5.  The figure show that  an increase of about 10 percent in 
the limiting speed of the t e s t  helicopter appears possible with the use 
of -8O of blade t w i s t .  Alternatively, twist reduces the s ta l l ing profile- 
drag losses by approximately 40 percent of the profile-drag power absorbed 



by the ro tom in the unstalled condition once s t a l l i n g  had developed on 
both rotors .  The use of blade twist is desirable inasmuch as, at the 
very least, it appears t o  have no detrimental e f fec t  on ro to r  perfomnance 
fn, a.uy other f l i g h t  condition. 

Another and s a n e w h a t  o b v i o : ~  means f o r  minimizing the e f f ec t s  of 
blade s t a l l i n g  I s  by increasing the blade-section s t a l l i n g  angle of 
attack. The benefi ts  t o  be had by s o  doing, in terms of an increase in  
permissable load at a fixed t i p  speed, is shown in the  l e f t  pa r t  of 
f igure 6. It can be seen From the f igure  tha t  the permissable helicopter 
load could be i n c r e y d  by a f a c t o r  of 3 if the sect ion stall e could 
be increased from 12 t o  20'. The successful application of various high- 
l i f t  devices that would substant ial ly  increase the section s ta l l  angle 
without prohibitive drag increases 16 the high-velocity low-angle-of- 
a t tack  regions of the disk w f l l  prove a f e r t i l e  f i e l d  f o r  future h e l i -  
copter research. 

J u s t  asr blade stalling presents a lower l imi t  t o  the allowable 
ro to r  t i p  speed, another l imi t  e x i s t s  t ha t  prevents operation at  extremely 
high t i p  speeds. That l i m i t  is c o q r e s s i b i l i t y  e f f ec t s  on the high- 
velocity t i p  sections of the advancing blade. For a given stalling angle, 
a higher section c r i t i c a l  Mach number w i l l  permit operation at la rger  
gross weights because it permits the w e  of Ugher  t i p  8peedsa It can be 
seen from the r ight  part  of f igure 6 that large increases in pay load can 
be real ized by inc reashg  the c r i t i c a l  Mach number of a i r f o i l  sections 
used in the blades. 

Although most ro to r  blades at the present time a re  composed of 
conventional w i n g  sections, a t ten t ion  is befng gfven t o  the  development 
of a i r f o i l  sectfons designed especially f o r  rotors  as dist-ished 
fwm wings o r  propellers.  In addition t o  a high stall angle and a high 
c r i t i c a l  Mach nmiber, the desirable aerodynamic charac ter i s t ics  of a. ir-  
f o i l  sections sui table  f o r  use as rotor-blade sections are: (1) nearly 
zero pitching moment, (2) low drag throughout the range of low 
moderate lifts, and (3) moderate drag at high l i f t s .  

Most of the NACA low-drag a i r f o i l s  that have been developed have 
too high a pitching-moment coeff ic ient  t o  warrant consideration f o r  use 
with current helicopter designs. (High pitching-moment coeff ic ients  
lead t o  undesirable periodic s t i c k  forces and t o  vibrations brought about 
by periodic blade twist.) Althorn t h i s  objection is removed with the 
low-drag symmetrical sections these sections a re  not applicable because 

4, half of the low-drag 'bucket, or, i n  other  words, half  of the l imited 
range of lift coefficients in which the important drag reductions a re  
achieved, is below zero l i f t ;  whereas the f a s t e r  moving portions of the 
helicopter blade are nearly always operating a t  posi t ive l i f t   coefficient^. 

In order t o  place the low-drag "bucket" in a useful ra.nge of l i f t  
coefficients and st i l l  r e t a i n  zero o r  almost zero moment coefficient,  a 
number of special  a i r f o i l s  have been derived. (See reference 16. ) One 
of these, the NACA 8-H-12, shows the most promise. A comparison of the 



NACA 8-H-12 section with the conventional RACA 23012 a i r f o i l  is  given in 
f igure 7, which shows a reduction in drag over most of the l i f t  coeff i  - 
cient  range conibined with an e a r l i e r  stall. Calculations of the perfor- 
mance of rotors  incorporating the new section have indicated the 
superiority of the spec ia l  section over the conventional sections.  Full- 
scale  t e s t s  of practical-construction blades incorporating the NACA 8-H-12 
section a re  needed, however, t o  determine the t rue  worth of the a i r f o i l  
w d e r  ac tua l  operating conditions. 

Vibration and Flu t t e r  

It is commonly accepted that where Large, ro$ating masses a re  
involved, vibrations of some kind a re  l i ke ly  t o  appear - and the h e l i -  
copter is  no exception. In fact ,  the designers of most of the e a r l i e r  
tries of helicopters had as m h  d i f f i cu l ty  in reducing the vibration 
t o  acceptable levels  as they had i n  obtaining adequate performance. A 
good deal  of the trouble was  caused by poorly bui l t ,  unbalanced blades 
and was  largely eliminated with more accurate designs and an increased 
howledge of blade balancing and tracking procedure. A second source 
of the vibrat ion d i f f i c u l t i e s  encountered were inherent i n  the helicopter 
i tself  and could only be avoided when the  phenomenon tha t  caused it was 
thoroughly analyzed and understood. A n  example of such a phenomenon i s  
a self-excited mechanical vibrat ion known as "ground resonance, " which 
has been responsible f o r  the destruction of several autogiros cwd 
helicopters.  

Essentially,  "ground resonance " is a se l f  -excited mechanical 
vibration tha t  involves a coupling between the motion of the  ro to r  blades 
about t h e i r  drag hinges and the motion of the helicopter as a whole on 
i ts  landing gear. When the frequencies of the two motions approach each 
other, a violent shaking of the a i r c r a f t  occurs which, i f  undamped, would 
r e su l t  in i ts  complete destruction. This phenomenon was  theoret ical ly  
investigated and a theory was developed which suggested means f o r  
avoiding "ground resonance." (see references 17 t o  19.) Ln order t o  
maZre the theory easy t o  use, it was put in the  form of simple charts 
which predicted the range of ro tor  speeds in which the ins t ab i l i t y  
occurred and the amount of dasrping necessary t o  avoid dangerous f r e -  
quencies. 

Another example of a vibration problem peculiar t o  helicopters w a s  
encountered in  the operation of two-bladed rotors .  The phenomenon was 
called blade 'heaving " from the appearance of the wavy path traced by 
the blade t i p s  and was  found t o  be an aerodynamic ins t ab i l i t y  or  type 
of f l u t t e r .  The problem w a s  investigated theoret ical ly  (reference 20) 
~ m d  a lso  by means of model t e s t s .  The general r e su l t  of the study was 
tha t  a see-saw ro tor  with a coning angle is  more unstable than an a i r -  
plane wing having corresponding parameters. The additional unstabilizing 
ef fec t  i s  associated with the difference i n  moments of i n e r t i a  i n  flapping 
and i31 rotation. In fact ,  it was  found tha t  with cer ta in  combinations of 
coning angles and blade design parmeters ,  f l u t t e r  could occur even when 



the chordwise center of mass of the blades was  well  ahead of the 23- 
percenk -chord point Proposed remdies  f o r  the  f l u t t e r  investigated 
included decreasing the coning angle of the blades, designing the blades 
so  that t h e i r  mass tends t o  be confined t o  the p h e  of rotation, 
hc reas ing  the control-system s t i f fness  and forward posit ion of the center 
of mass, and adding mechanical damping t o  the ro to r  system. 

The helicopter is subjected t o  a th i rd  type of vibration tha t  caxmot 
be eliminated i n m c h  as it is a forced vibration inherent in the aero- 
m c s  of the  ro to r  i t s e l f .  This type of vibrat ion is encountered, f o r  
e q l e ,  with two-bladed helicopters in the t rans i t ion  region between 
hovering arnd forward f l i g h t  wherein cyclic var iat ions of induced and 
p ro f i l e  drag give r i s e  t o  horizontal  hub vibrations or, f o r  e x q l e ,  when 
blade s t a l l i n g  is  encountered in high-speed f l i g h t .  (See reference 21. ) 
Although inherent vibrations of these types casnot be eliminated, they 
caa be isolated by sui tably shock mounting the ro to r  system, and by 
wb.g irreversible  controls tha t  cannot trmsm3-t vibratory forces t o  the  
p i l o t  's controls. A great  deal  of work remains t o  be acconrplished i n  
reducing the over-alll vibration l e v e l  of the  helicopter so that it can 
be flown f o r  long periods of t b  without unnecessarily adding t o  p i l o t  
fatigue. 

Stresses  

Although the achievement of maximum helicopter performance a.nd 
r e l i a b i l i t y  c a l l s  f o r  a thorough knowledge of the s t resses  imposed on 
the ro tor  and fuselage of the helicopter i n  a l l  steady and accelerated 
f l i g h t  conditiom, the general f i e l d  of helicopter stress analysis has 
been comidered secondary t o  t h ~  aerodynamic problems. Literature on 
helfcopter stress analysis does exis t ,  but, in the main, comentional 
znethods have been applied in analyziw the fuselage and ro to r  blades. 
Blade analyses, f o r  example, have been made by propeller s t r i p  methods 
although an additional complication tha t  has been taken into account 
is the  spanwise bending of the  blades, which tends t o  change the direct ion 
of the centr i fugal  loading on the blades. (See references 22 t o  26 Tor 
infomation on blade s t r e s s  analysis.)  A s  yet, however, ac tua l  s t r e s s  
values, and the various asslxtqptions regarding blade loading tha t  are  
Fncorporated i n  these methods, have not been d i rec t ly  ver i f ied  by r e l i ab le  
ful l -scale  t e s t  measurements. Aside from a d i rec t  check on the ac tua l  
s t resses ,  the significance of these calculations would be great ly  
strengthened i f  experimental data  were obtained on the induced flow in  
f o m d  f l ight ,  so tha t  the aero-c loading can be more accurately 
calculated. (Tlae induced flow h hovering has been d i rec t ly  ver i f ied  
by Br i t i sh  f l i g h t  t e s t s .  ) 

In connection with induced-flaw measurements, it might be mentioned 
tha t  the  over-al l  magnitude and general d is t r ibut ion  of the induced 
velocity have been verif ied by rotor-blade-motion and performance t e s t s  
made i n  f l i g h t .  The induced velocity actual ly  appears t o  vary nonlinearly 
i n  magnitude across the disk, however, and would therefore be e q e c t e d  t o  



influence considerably local  s t ress  values along the blade. The problem 
of dete induced velocities is amenable t o  theoretical solutionj 
and although same work  ha^ been done along these lines ( r e f e r ace  27), a 
good deal &ill remains t o  be done before rotor-blade stresses can be 
predicted with confidence 

Stabil i ty and Control 

The infomation that  has been ax;cunnilated on the s tab i l i ty  asd 
control of helicopters during the past years has been rather L-lmited. 
In the i r  desire t o  establish the practicability of tb hellcopter as a 
fQbg  machine, designers have concentrated on in~roving the performance 
and mducing the vibrations of the helicopter, while accepting mmginal 
s tab i l i ty  and control characteristics. AEJ a result,  the helicopter in 
its present stage of development is different aJld more di f f icul t  t o  f l y  
than mst fixed-wiq airplanes. Ln response t o  the increasing demands 
placed upon the helicopter by the armed services and by commercial 
oyeratom, however, the improvement of the s tab i l i ty  asd control 
chmacteristics of the helicopter and of its flying and -ling 
qualities is perhaps the most important helicopter research problem a t  
the present t i m e .  

A nuni$er of theoretical papers have been written on the subject of 
helicopter s tab i l i ty  and control. (See references 28 t o  32.) Although 
the theories presented i n  t h e ~ e  papers are somewhat different and sow- 
times contradictorg, it is generally agreed that  (1) i f  the helicopter 
is disturbed while hovering, asd i f  the control s t ick  remaizlEI fixed, 
the helicopter w i l l  describe an oscillation about i ts  original hovering 
position, eLnd (2) the amplitude of the osciUation w i l l  increase with 
time. According t o  definition, the helicopter i s  thus dynamically 
unstable in hovering. Calculations indicate that  the period of the 
oscillation of a two-place, 2700-pound helicopter is of the order of 
10 secon&s and that the rate of divergence is small. Limited f l ight  
data, obtahed in th i s  country (reference 33) and in England, have 
roughly checked the calculatione asd have indicated that the Fnstability 
of the hover- oscillation is not a problem t o  the pi lo t .  

The helicopter does have some handling characteristics in hovering 
that  me frequently objectionable, especially t o  the novice pi lot .  One 
of the handling problems that  the trainee m a t  overcome with the smaller 
sized helicopter arises from the high control sensi t ivi ty of the hel i -  
copter in ml l  or, i n  other words, the high ra te  of r o l l  per inch of 
s t ick  displacement. This sensitivity frequently leads t o  over-controlling, 
which may result  in a short-period pilot-induced l a t e r a l  oscillation. 
Control sensi t ivi ty becomes lesa of a problem with large machines because 
fo r  a given st ick displacement the rol l ing velocity obtained w i l l  vary 
inversely as the diameter. Prequently, undesirable stick-force gradients 
are additional factors t h a t  add t o  the control problem of the unexperi- 
enced heUcopter p i lo t .  



Another control diff iculty that might be mentioned has been encoun- 
tered in the partial-power vertical-descent region between approxi- 
mately 500 and PfSOO fee& per minute. In this vertical-descent raage, 
the sibrat ion of the helicopter Becomes quite pronounced. Rather violent, 
random yawing motions then occur with some rol l ;  the ra te  of 
descent apparently increases rapidlyj the rotor rotational speed varies 
noticeablyj q d  more often than not the helicopter eventually pitches 
nose down a.nd recovers by gaining speed, despite application of conaid- 
erable rearward control. There is rrmch t o  be learned about thi8 regime 
of operation, but prel9mlnaz-y indications are that  the fundamentd cause 
of the phenomenon is an unsteady, mixed flow of air  through the rotor* 
ZmeguLar flaw i n  t h i s  intermediate f l igh t  condition might logic be 
erpected i m c h  as air is blown downward through the rotor i n  
hovering, whereas in completely power-off descent an, upward flow of a i r  

place. Although p i lo t s  have exgerienced no diff iculty i n  vering 
the maneuver at any stage desired, the phenomenon could be erous 

i f  it occurred at very l a w  altitudes. 

The helicopter has certain undesirable s tab i l i ty  and control eh;arac- 
t e r i s t i c s  in forward f l igh t  as well as i n  hovering a.nd in ver t ica l  
descents. The major complaint reported by pi lo ts  is t h a t  they find it 
quite d i f f icul t  to  hold steady conditions in forward f l igh t  bemuse of 
a strong tendency of the machine t o  diverge in pitch. Investigation has 
shown that t h i s  tendency res~+lts from the fac t  that  the helicopter 191 
general is matable with angle of attack. There ase two logical 
sources fo r  th i s  Instability. The f i r s t  source is  the usual unstable 
fuselage, and the second results  f r o m  the flapping of the rotor. When 
a flapping rotor LEI subjected t o  an angle-of-attack chmge i n  forward 
f l ight ,  the respaat- change in  blade flapping w i l l ,  be such as t o  her 
fncrease the rotor  angle change. 

Theoretical izalculations indicate that the ins tabi l i ty  of t b  rotor  
and fuselage with angle of attack, i f  not overcome by a ~ t a b i l i z i n g  
m e a m  such as a tail surface, resul ts  in an unstable dynamic oscillation. 
Flight t e s t  results  of stick-f ixed oscillations, reported in ref ereme 34, 
qualitatively checked the calculations. An example of an oscillatfon 
obtained a t  40 miles per hour is shown i n  figure 8. The oscil lat ion was  
in i t ia ted  by a momentary aft motion of the stick. The period of the 
motion is about 14 seconds, which is long enough so that  the p i lo t  does 
not have trouble controlling the oscillation. The motion doubles In 
amplitude in about 1 cycle. Results obtained a t  higher speeds, however, 
have indicated that  the motion following a disturbance is a divergence, 
ra-bher than an oscillation. Ae you can well imagine, a divergent raotion 
that  could be brought about by a sudden gust is  a dangerous maneuver i f  
c o ~ c t i v e  action is not immediately inftiated. 

An exanple of such a maneuver obtained a t  65 miles per hour frs shown 
in figure 9. Again the helicopter was disturbed by an intentional s t ick  
motion, a f t e r  which the s t ick  was held fixed a t  the trim position. The 
helicopter nosed up mildly and then nosed down. It was s t i l l  nosing down 
a t  an increasing rate, as the acceleration curve indicates, about 4 seconds 



a f t e r  the 1 g axis w a ~  crossed, and recovery had t o  be made by control 
application. In fact,  considerable diff iculty was encountered i n  
recovering from the maneuver because the acceleration continued to  build 
up 2 seconds a f t e r  the cyclic control s t ick  was at its forward stop. The 
p i lo t  had to  reduce the t o t a l  pitch and had t o  roll the machine as i n  a 

-oTer before steady f l igh t  could be reached. 

Ln general, it was found that  though the helicopter is unstable over 
the entire speed range, its ins tabi l i ty  is leas t  in the 40 t o  63 miles 
per hour region. A t  higher qeeds,  the p i lo t  has progressively less 
time t o  i n i t i a t e  recovery from a di~turbance asd the w h i m  becomes 
rapidly mre unstable. 

It should be unde'mtood that  the undesirable s tab i l i ty  and control 
characteristics just discussed do not prohibit the present-day helicopter 
from being a useful tool  f o r  specialized purposes. Qarioue meass fo r  
eliminating these characteristics are under coneideration in order t o  
u t i l i z e  all the potentialiti'es of the helicopter, but the choice and 
application of these solutions depend upon continued research and 
development. 

Future Research Deeds 

AD a t t e q t  has been made herein t o  acquaint the reader with the 
present statw of helicopter research. It may therefore be appropriate 
t o  conclude with a sta%ement on future reseamh needs. 

Requirements f o r  satisfactory flying qualities of helicopters should 
be established, similar t o  those already se t  up f o r  the airplane, asd 
mans fo r  meeting these requirements should be investigated. In particu- 
Par, methods should be found t o  give the helicopter stick-fixed and st ick- 
free s tab i l i ty  i n  hovering and i n  forward f l ight .  With th i s  in mind, 
automatic-flight devices should be investigatedj and the effectiveness 
and application of aerodymmlc servocontrols and other conltrol mrmgements, 
including power controls, should be studied. Also., theoretical and 
experimental studies are needed t o  e q l a l n  and correct th& control d i f f i -  
cult ies encountered by pi lo ts  in the transi t ion region between hovering 
md cruising f l igh t  a;nd when descending vert ical ly at pmtial-power 
conditions. 

The trend toward large-diameter load-carrying helicopters ca l l s  f o r  
a mom extensive knowledge of rotor-blade aerodynamic loading and blade 
stresses . Induced veloci-ty and s t ress  measurements should, therefore, 
be made and thoroughly analyzed. The w e  of more than one l i f t i n g  rotor 
on the large load-carrying helicopters ca l l s  f o r  a thorough investigation 
of the aerodynamic characteristics of' the various d t i r o t o r  arrangements 
that are being proposed. In particular, induced flow studies should be 
made for  the various configurations that  are now being used. Such studies 
would be useful fo r  s tab i l i ty  work and, also, f o r  performance inasmuch as 
induced power requirements appear t o  be the primary unknown in computing 
the performance characteristics of multirotor configuration%. 



The application of j e t  propulsion t o  helicopters has long been 
considered as a desirable me- fo r  increasing the s b n ~ l i c i t y  and the 
load -carcying ab i l i ty  of the helicopter. Several helicopters ut  i l i z  ing 
the j e t  p rhc ip l e  have already been bu i l t  and flown. A great deal of 
research, however, is still needed t o  establfsh the aerodynamic require- 

4 ments of jet-driven helicopters and t o  produce an efficient  j e t  sys tm.  
The use of je ts  also brings a3out additian&l problems Involving blade 
design, vibration, asd s tab i l i ty  characterbt ics  that  should be 
asticipated and solved 

It is hoped that  an early and successful solution of these problem 
will make the helicopter a truly dependable asd indispensable a i rc ra f t .  
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Figure 2.- Effect of rotor tip speed on hovering and vertical flight performance 
of sample helicopter. 
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power. 
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A SURVEY OF F L m  

Langley Aeronautical Laboratory 

The f i e l d  of f l u t t e r  is concerned largely with a study of the 
circumstances whereby a complicated e l a s t i c  s t ructure such as an a i r c ra f t ,  
o r  the components of an a i r c ra f t ,  can in terac t  with the surrounding a i r  
stream and spontaneously extract  energy t o  an extent that may cause 
or  destruction. The problems of the f l u t t e r  f i e l d  have expanded with 
modern a i r c r a f t  developments so t h a t  they involve and overlap very large 
parts  of aerodynamics and mechanics. It is the purpose of t h i s  paper t o  
dwell on various aspects and concepts of t h i s  broad f i e l d .  

A part icular ly simple example of f l u t t e r  is the " f i sh  t a i l "  motion 
due t o  mass unba.lance of a control surface (common during World W a r  I ) .  
Suppose that a very heavy mass Is placed at  the t r a i l i n g  end of a control 
surface. I f  the  motion of the wing is, say, upwards the i n e r t i a  of the 
mass tends t o  create a f ixed point a t  the  control--eurface t r a i l i n g  edge. 
Hence the control surface deforms i n  such manner as t o  tend t o  increase 
the  l i f t ,  t h a t  is, the  unbalanced mass brings in to  being an aerod;ynamic 
force tending t o  increase the motion. I n  the downward part  of the cycle, 
similarly, there is a force tending t o  increase the motion. This " t a i l  
wagging the dogn type of control-aurf ace f l u t t e r  is s a t  i s f  a c t w i l y  
eliminated by proper dynamic mass balancing. 

Modern a i r c r a f t  are  subject t o  various types of f l u t t e r  troubles. 
There is the c lass ica l  type of f l u t t e r  associated with a clean e f f i c i en t  
flow pattern, which usually, though not necessarily, involves the coupling 
of several degrees of freedom of the structure.  And there is another type 
that is d i f f i c u l t  t o  analyze which may involve separated flows, periodic 
breakaways and reattachment of the  flow, s t a l l i n g  conditions, shocks, and 
various hysteresis or time-lag ef fec ts  between the  flow pat tern and the 
motion. I n  t h i s  type of f l u t t e r  only a single degree of freedom of the 
s t ructure  ma^ be prominently involved (example, s tal l  f l u t t e r )  . Thsre 
is  also a possible merging of the types. 

Common cures and remedPes f o r  f l u t t e r  troubles a re  increased 
s t i f fnesses  (par t icular ly torsional),  decreased coupling as, f o r  example, 
mass balancing of control surfaces, and increased damping. Because of 
the great number of s t ruc tura l  parameters, however, and of the vwious 
kinds of modes and types of f l u t t e r ,  there is no f i e l d  i n  which it is 
more t rue  tha t  exceptions can be found f o r  every r u l e  of thumb. This 
means t h a t  (along with usual s t a t i s t i c a l ,  empirical, and experimental 
studies) the prol3lem should be examined analyt ical ly  along fundamental 
l ines .  Since the primary source of the self-exci ted motion is the (uniform) 
a i r  stream i t s e l f ,  it w i l l  perhaps be worthwhile t o  examine f i r s t  the 
basis of the nonstationary potent ial  a i r  forces. 

For the purpose of classifying the aerodynamic problem a t  both low 
and high speeds, it is  desirable t o  look a t  the general nonstationary 



flow equations f o r  i r ro ta t iona l  potent ial  flow of a compressible f lu id .  
The governing d i f f e ren t i a l  equation f o r  the velocity potent ial  follows 
from Euler" equations of motion and from the equation of continuity, 
with the assumption that the pressure is a function of density only and 

with the use of the loca l  speed of sound as c2 = 9. 
dP 

The general equation sa t i s f i ed  by the velocity potent ial  m y  be put 
in to  a very pret ty  invariant form, 

a a a 
where - and T.v (which is  vx g + vy + v, - a t  a i n  rec tangdar  az - 
Cartesian coordinates) operate only on $, not on v, and where, fo r  
example, f o r  the  adiabatic pressure-density relat ion,  the loca l  variable 
speed of sound is given by 

Here 7 is the adiabatic index ( r a t i o  of specif ic  heats), and co is 
the velocity of sound corresponding t o  v = 0. The invariant "wave equation" 
form shows tha t  the potent ial  is propagated i n  the manner of a wave e 

disturbance of f i n i t e  mpli tude.   o or a derivation of 'equation (1) see 
appendix B of reference 1. ) 

Equation (1) serves t o  unify the discussion of the whole compressible- 
potential-flow picture and it shows up the d i f f i cu l t i e s  inherent i n  the 
nonstationarj, nonviscous flow problem I n  i ts  unrestricted f om. For 

example, when - is absent and the flow disturbances are  not necessarily a t  
small, the equation becomes one t reated by Rayleigh, Janzen, Poggi, 
and Kaplan. I n  a space of one dimension, f o r  example, it reduces t o  the 
equation of Riemann f o r  a e r i a l  plane waves of f i n i t e  amplitudes. 

It is  known tha t  a e r i a l  plane waves of f i n i t e  amplitudes cannot 
preserve t h e i r  forms (reference 2) but that compression wave fronts  
steepen and rarefactions become l e s s  steep. Just  as a shock condition 
awaits a compression f ront  so too the past history of a rarefaction wave 
cannot be indefini te ly prolonged without encountering discontinuities.  
Thus the existence of the continuous shockless pat tern is f o r  only a 
f i n i t e  time. I n  a cer ta in  physical sense we must question the existence 



o r  creation of continuous steady flow patterms i n  the whole of space. 
The steep f ront  m u s t  be t reated then by Rankine-Hugoniot re la t ions  as  a 
shock condition, The temptation t o  assign similar phenomena t o  the 
general flow, of which the one-dimensional unsteady case is a s p e c i d  
one, is very great.  Then, it should not be surprising if the potential- 
flow equations f o r  continuous flow impose conditions impossible of physical 
fulfi l lment just  as i n  the  RiemimA case. Physical phenomena such as shocks 
and i n s t a b i l i t i e s  and mathematical phenomena such as "limiting 1 i n e ~ "  can 
then ar ise .  Precise discussions of these phenomena i n  r e l a t ion  t o  boundary 
conditions a re  matters of great d i f f icu l ty .  This subject m u s t  be 
considered t o  be i n  an incomplete s t a t e .  

I f  the  velocity of propagation of disturbances is  assumed i n f i n i t e  
(c. = w), equation (1) reduces t o  Laplace's equation f o r  the incompressible 
f lu id  : 

Even t h i s  deceptively simple-looking equation leads t o  recondite matters 
both of a physical and a mathematical nature, f o r  it embraces the whole 
of two- a& threedimensional incompressible potent ial  flow, stationary 
or nonstationary, f o r  amall o r ' l a rge  disturbances. 

Before discussing cer ta in  aspects of the physical picture, it is 
of special  in te res t  t o  look a t  the  small-disturbance l inear  equation t o  
which the or iginal  nonlinear equation may be reduced. For s t a b i l i t y  
studies the main in teres t  is often precisely i n  the small-disturbance 
form of the equations, For amaEl disturbances from a main-tream 
velocity V i n  the x-direction and with c now regarded as a constant, 
the disturbance velocity potent ial  s a t i s f i e s  the equation 

This equation contains, f o r  V = 0, the equation,for the propagation of 

sound. For staady flow, 3 = 0, it is the general equation f o r  a t  
l inearized subsonic and super$onic flow which leads, f o r  example, t o  the 
Prandtl-Glauert ru l e  f o r  subsonic flow and t o  the Ackeret ru le  f o r  
supersonic flow. I n  the general nonstatiomqy case it is  the theore t ica l  
basis f o r  much o f t h e  exis t ing work on'the aerodynamical background of 
f l u t t e r ,  both a t  subsonic and supersonic speeds. This is perhaps the proper 
place t o  mention t h a t  equation ( 5 )  can also be associated with the purely 
acoustical problem of moving sources of sound. 

I n  the near--8onic region, however, the l inearized theore t ica l  basis 
c lear ly requires modification as indicated by the Prandt l4 lauer t  and 



Ackeret ru les  leading t o  in f in i t e  slopes of the l i f t  curve a t  M = 1. 
It is l ike ly  that i n  t h i s  region it is necessruy t o  employ i t e ra t ive  
methods and t o  take in to  account second-order and other e f fec ts  including 
viscosity and shape factors,  but even the small-disturbance equation 
appears different ly.  Thus if all veloci t ies  a re  only s l ight ly  different  

from the c r i t i c a l  l oca l  velocity of sound * c* (.* = ,/I m d  i f  
7 + l  

the  m i n  stream is  i n  the x-direction, there is .obtained f o r  th;, equation 
sa t i s f i ed  by the velocirty potent ial  

This equation reduces i n  the steady case t o  a nonlinear equation 
leading -to the transonic s lml lar i ty  ru les  discussed recently by Ton K&m& 
and others. Its use in conjunction with boundary conditions f o r  solving 
flow problems has not as yet  been attempted. Clearly, d i f f i cu l t i e s  of 
mathematical and pmsical. conceptions a r i se  here too. There is a noteworthy 
s imi lar i ty  of the s t ructure of t h i s  equation with t h a t  of equation' (3). 

Physical conceptions bearing on the origin of l i f t  and the genesis 
of flow patterns a re  of special  i n t e re s t  f o r  nonstationary flows. The 
ro le  of the t r a i l i n g  edge i n  subsonic aerodynamics i n  distinguishing an 
a i r f o i l  from a nonlifting body cannot be overstated. It is remarkable 
t h a t  the nature of the Kutta.-=Joukmski condition f o r  smooth flow a t  the 
t r a i l i n g  edge has not been more deeply studied but r e s t s  only on descriptive 
and plausible grounds. A f u l l e r  study of the flow mchanism must of course 
involve, i n  some measure, dissipation, the boundaq layer, and the wake. 

The t r a i l i n g  edge may be considered the means f o r  separating a zero 
circulat ion into equal posit ive and negative pasts, one part  being l e f t  
bound t o  the a i r fo i l ,  the other f r e e  f loa t ing  i n  the  wake. It may be 
recal led tha t  the t o t a l  c i rculat ion - the bound circulat ion over the 
a i r f o i l  and the f r ee  circulat ion over the  surface of discontinuity which 
the a b f o i l  has l e f t  behind - s a t i s f i e s  the Helmholtz-P;elvin theorem and 
vanishes. It is instruct ive t o  describe t h i s  key mechanism i n  another way. 
Consider the nature of the disturbance flow pattern of a flat-plate a i r f o i l  
of i n f in i t e  span undergoing a ver t ica l ly  downward motion; the main features 
are  the acceleration of the f l u i d  downward on the top and bottom sides and 
the sp i l l i ng  of f l u i d  upwards along both edges, the whole pattern akin 
t o  tha-t of two equal and opposite vortices.  This flow pat tern superposed 



with a uniform stream yields  the noncirculatory flow pat tern past a 
straight-line a i r f o i l  a t  an angle of attack. Then the  fur ther  e f fec t  of 
the forward motion and of the t r a i l i n g  edge consists i n  effect ively 
"sliding ahead and s l i c ing  off" the back part  of the disturbance flow 
pat tern thus leaving a bound circulat ion on the a i r f o i l  and a 
countercirculation i n  the wake. Of course, the influence of the f i e l d  
of f loat ing vortices l e f t  behind i n  the wake mut ,  nlso be taken into 
account i n  analyzing the  resul t ing pat tern at  the a i r f o i l .  

These conceptions a re  not self-evident but have since Lanchester 
slowly evolved and are  s t i l l  crystal l iz ing.  It is of some in t e res t  t o  
note tha t  without these concepts everyday natural  phenomena such as the 
dynamic nature of the f l i g h t  of birds, which supposedly f i r s t  s t i r r e d  
man" inagination t o  attempt imitation of f l i gh t ,  remain imperfectly 
understood. (see reference 3. ) 

The potent ial  type of flow is actual-ly more nearly real ized physically 
i n  the nonstationary than in the  steady case. Thus f o r  quick movements, 
very high l i f t  coefficients and more nearly theore t ica l  values of the 
slope of the l i f t  curve can be realized. All t h i s  appears t o  be re la ted  
t o  the nonatationary processes i n  the boundary l q e r  which "effectively" 
y ie ld  a thinner boundarg Layer f o r  higher frequencies; though t o  bring 
i n  these e f fec ts  d i rec t ly  is a highly complex a f fa i r .  A basic 
nondimensional parameter f o r  comparing similar flows i n  the hammnically 
osc i i la t ing  case, d i rec t ly  relat ing.  i n  a s ignif icant  manner frequency, 
size,  and velocity, is the "reduced" frequency defined by the r a t i o  of the 
circular  frequency times the half-chord t o  the main-atream velocity: 

I n  the incompressible nonstationary case there are  two basic 
procedures which turn  out t o  be completely equivalent: (a) the Birnbaum 
method followed up i n  par t icular  by Cicala and Kiissner and (b) the Wagner 
method followed up i n  par t icular  by Glauert and Theodorsen. 
(see references 4 t o  10. ) 

I n  the Birnbaum method a d is t r ibut ion  of vo r t i c i ty  over the mean 
chord is assumed i n  a par t icular  form of an in f in i t e  ser ies  (implicit ly 
going t o  zero a t  the t r a i l i n g  edge); re lat ions between the bound vor t ic i ty  
and the f r e e  vor t ic i ty  are  evaluated with consideration of the conditions 
a t  the t r a i l i n g  edge and the boundaq condition t h a t  the main flow plus 
the induced flow a t  the a i r f o i l  surface corresponds with the actual  motion 
of the a i r fo i l ,  so t h a t  the resul t ing ccmbined flow is a t  all times 
taagent ial  t o  the a i r f o i l  surface. ~lnowledge of the loca l  pressures i s  
obtained direct ly  from the vor t ic i ty  distribution. It is of considerable 
mathematical in te res t  t ha t  an expl ic i t  solution can be obtained i n  the 
twdimensional  incompressible case.  o or example, see reference 1.) 

I n  the Wagner method (which conveniently u t i l i zes  the principles 
of conformal mapping) the trailing-edge condition pla;ys a more expl ic i t  



ro l e ,  The flow pat tern may be thought of as b u i l t  up by superposition 
of many elementary flowa, each e lemntmy flow being that of the straight- 
l i n e  a i r f o i l  with an infinitesimal segment loca l ly  deflected; each 
elementary flow is composed of two parts, a noncirculatory flow pat tern 
corresponding t o  a source-sink or doublet d is t r ibut ion  i n  the presence of 
a fini-te l im and the wake flow pat tern co,rresponding t o  a d is t r ibut ion  
of vortices generat&d a t  the t r a i l i n g  edge during the past history of 
the mo-tion. Again, from the loca l  pressures, the integrated forces and 
moments follow. by integration. 

I-t is instruct ive t o  point out tha t  in the Wagner approach t o  the 
problem, the velocity potent ial  or response t o  a sudden c u e  of angle 
of attack plays an important part while i n  the Theodorsen developments 
the steady--state response f o r  the harmonically osc i l la t ing  a i r f o i l  is 
significant,  and t h a t  these two functions are  mated ones i n  the sense 
of the Laplace or Fourier in tegra l  transforms. (see reference 12.) This 
observation is  an a id  t o  the  fur ther  application of the superposition 
theorem and t o  the t r e a b n t  of gusts and other t ransient  conditions. 
(see reference 13.) 

The extension of the procedures t o  higher Mach numbers has been 
the objective of much of the  more recent work. Solutions of the or ig ina l  
l inearized compressible--flow equations (equation (5)) are  sought which 
can seme t o  solve the boundary problem. Main references i n  the  subsonic 
case are  the  or iginal  paper by Possio, a subsequent general formulation 
by Kiissner, and a calculation procedure by Dietze (references 14 t o  16). 
It is noteworthy tha t  the  methods of the acceleration potential. have 
found prominent application i n  these s u b s o n i o f l m  studies.  Diff icul t ies ,  
even i n  the pkum case, ar ise:  (1) The elementmy solutions corresponding 
t o  sources and doublets have a different  s t ructure and (2) the boundasy 
conditions lead t o  an in tegra l  equation with a highly complicated kernel 
function. (1t should be remarked t h a t  the  problem has also been t rea ted  
by u t i l i z ing  d i rec t ly  the velocity potential .  (see reference 17.) A 
simpler kernel function occurs, but cer ta in  Mathieu functions are  required 
f o r  fur ther  pract ical  developments. ) 

Several procedures have been t r i e d  t o  obtain numerical solutions 
of the in tegra l  boundarg equation. Frazer and Skaa (references 18 and 19) 
give a method of collocation i n  vhich bounbqy conditions a re  sa t i s f i ed  
a t  a s e t  of points, leading t o  n equations i n  n unknowns. Another 
procedure, a more f lex ib le  one, is the i t e ra t ion  procedure of Dietze 
b-liich i n  contrast with the other procedures a l so  lends i t s e l f  t o  ai leron 
calculations. Applications t o  f l u t t e r  problem8 have been made i n  
several papers ( for  example, references 19 and 20). Of p rac t ica l  i n t e re s t  
are  the f a c t s  t h a t  the Prandtl-Glauert ru le  appears as a l imit ing case. 
f o r  s t a t i c  i n s t a b i l i t i e s  and f o r  low "reduced" frequency cases corresponding 
t o  high.density wings and high a l t i tudes  and that ,  while i n  general the 
compressibility e f fec ts  are  very complicated, the magnitudes of the effects 
are not large i n  the range of va l id i ty  of the l inearized theory 
(approximately M < 0.75) f o r  s t ruc tura l  parameters of normal and pract ical  
concern. 



Of much in teres t  too is the  study of nonstationary air forces a t  
, supersonic speeds. (see reference 21. ) There is a peculiar reversal  

of the ro l e  of the leading and t r a i l i n g  edges as compared with subsonic 
conditions. Thus, there are  the  conditions necessary f o r  an attached 
shock a t  the leading edge t h a t  require a suf f ic ien t ly  sharp leading-edge 
angle. Otherwise a detached shock ahead of the body and a mixed supersonic- 
subsonic type of flow are involved. The t r a i l i n g  edge need play no 
determining r o l e  as it does i n  the  subsonic case and, i n  fact ,  a compression- 
expansion wave mechanism is involved i n  the generation of l i f t .  I n  general. 
the flow pat tern must be pieced together (as i n  method of character is t ics)  
of several regions with various edge conditions and various conditions a t  
the  Mach l ines .  

In  the smR1.1-disturbance l i m a r i z e d  treatment of osc i l la t ing  air forces 
(with no strong shocks or  other large disturbances assumed present i n  the 
underlying steady flow pattern) element- source-type solutions play a 
key role.  The elementasy source e f fec t  may be associated with a loca l ly  
deflected f l o w  pat tern and, i n  accordance with the s imilar i ty  of the 
acoustical and hydrodynamicdl problem as already observed, behaves as a 
source of spherical sound waves i n  motion uniformly through the medium 
wfth supersonic speed. 

The moving+ource solutions have a considerable in te res t  i n  themselves. 
Hfstoric&lly, they are  involved i n  the Doppler e f fec t  and were encountered 
also i n  electrodynamics a t  the turn  of the century (reference 221, i n  
samewhat disguised fashion from present f o m ,  i n  the study of electrons 
moving at  speeds both above and below t h a t  of l i gh t .   he doctrine of 
special  r e l a t i v i t y  was  s t i l l  ~oung.)  

In  order t o  i l l u s t r a t e  br ie f ly  the source e f fec ts  at  supersonic speeds 
there are  presented figure 1 and the velocity potent ial  r e l a t ion  
(reference 1) : 

where 

The f i e l d  point (x,y, z )  a t  any time t is influenced by two waves 
which originated a t  times T 1  and 7 2  ea r l i e r .  A given f i e l d  point 



a t  successive times T + 71 and T + ~2 experiences, respectively,  t he  

e f f e c t  of penetrat ion i n to  t he  spher ica l  wave f r o n t  of a pulse created 
at the  o r ig in  a t  time T and the' emergence out of t h e  same wave f ron t .  
A t  penetrat ion of t he  wave f r o n t  f o r  a posi t ive  source there  is  a 
compression and subsequent equal expansion and, a t  emergence, t he  opposite 
e f f ec t .  The distance r occurring i n  the'velocity-potential.  r e la t ion ,  
which i n  t he  case of a f ixed  source is the  ac tua l  distance from the  source 
t o  t he  f i e l d  point, is shown geometrically i n  f i gu re  1. A t  subsonic 
speeds there  is only thi3 s ing le  e f f ec t  of penetrat ion i n to  t h e  wave f r o n t  
because the  f i e l d  point never emerges from within  t he  wave f ron t .  

The synthesis  of solut ions  of boundary problems i n  terms of the  
source so lu t ion  (and its normal der ivat ive  corresponding t o  a doublet 
solut ion)  is of considerable general  scope and va l i d i t y .  The appl icat ions  
form a wide f i e l d  of research a c t i v i t y  and it is regre t ted  t h a t  they 
must be passed by with so  few words a t  t h i s  t%. It is of i n t e r e s t  t o  
mention t h a t  the re  a re  many papers now appearing i n  Russian dealing with 
similar problems. (see f o r  example, reference 23 .,) 

These aerodynamic considerations have been dwelt on because t he  
motivating source of energy f o r  f l u t t e r  is  t he  air stream i t s e l f  and 
it is  necessary t o  have some ideas of t he  nature of the  o s c i l l a t i n g  air  
forces  and moments which ,act, &d t h e i r  r e l a t i v e  phases and q l i t u d e s ,  
i n  order t o  assess  o r  analyze f l u t t e r  e f f ec t s .  

Attention is now diver ted t o  t he  mechanical nature of t he  f l u t t e r  
problem. For s impl ic i ty  a configuration as i n  f igure  2, an ideal ized 
wing on springs, is  f i r s t  .considered. Corresponding t o  the  two degrees 
of freedom, v e r t i c a l  de f lec t ion  h and r o t a t i o n  a, there  are two 
simultaneous d i f f e r e n t i a l  equations, representing t he  equilibrium of 
v e r t i c a l  forces  and of moments about t he  axis  of rota t ion:  

where A and D a re  s t r u c t u r a l  i n e r t i a  terms, B is the  coupling term 
due t o  mass unbalance about t he  axis  of rota t ion,  C and E a r e  e l a s t i c  
res to r ing  terms, and P and Mo a re  terms of aerodynamic or igin .  

I f  t he  air forces  appropriate t o  small s inusoidal  motions a r e  
employed, t he  f l u t t e r  so lu t ion  appears a s  a c e r t a in  determinant put equal 
t o  zero, (which represents t he  condit ion f o r  a non t r iv ia l  so lu t ion  of t h e  
algebraic equations i n  h and a) : 



The individual terms are  combinations of the iner t ia ,  e las t ic ,  and 
aerodynamic effects .  This solution s t a t e s  t h a t  mechanical equilibrium 
is possible, that is, the laws of motion are  sa t i s f ied ,  i n  the border 
sinusoidal case a t  a cer ta in  airspeed with a cer ta in  frequency and with 
cer tain amplitude and phase re la t ions  between the degrees of freedom. 
The quest ion of whether the border s t a b i l i t y  condition, corresponding 
t o  a vanishing of the damping f o r  the par t icular  sinusoidal motioz, 
separates a damped osc i l la t ion  from a growing (negatively damped) 
oscil lation, or vice versa, or  is merely a resonance condition, is 
answered by other considerations - f o r  example, by fur ther  study of the 
e f fec ts  of the parameters, par t icular ly s t ruc tura l  damping, a t  the border 
condition, or by physical arguments. 

The f l u t t e r  determinantal equation (which contains complex elements, 
and hence is r ea l ly  two simultaneous equations) yields  information on 
both the f l u t t e r  frequency and the f l u t t e r  speed. Several procedures, 
numerical, graphical, algebraic, and vectorial ,  f o r  obtaining i ts  solution, 
or f o r  varying the parameters i n  the neighborhood of a def in i te  solut ion 
have been developed. This phase of the f l u t t e r  problem is a popular one 
and is the subject of many papers i n  the l i t e ra tu re .  One procedure which 
deserves special  mention is the plot t ing of strmctural damping against 
airspeed as i n  reference 24 which t r e a t s  d i rec t ly  the complex roots of 
the equation. The imaginary parts  can be interpreted as the damping needed 
t o  obtain a f l u t t e r  condi$ion, negative damping then meaning tha t  external 
energy must be added, s t a b i l i t y  thus being indicated. The plots  of the 
imaginary parts  of the complex roots against airspeed serve t o  measure the 
nearness t o  f l u t t e r  and t o  give an indication of the violence and the type 
of f l u t t e r  involved. (of course a f t e r  the f l u t t e r  condition is encountered 
and small disturbance limits are  exceeded, nonlinear e f fec ts  may take over 
t o  l imi t  the amplitude of osci l la t ion,  provided the s t ructure holds 
together.) It should be br ie f ly  mentioned a t  t h i s  point that i n  addition 
t o  the dynamic ins t ab i l i t y  conditions, the determinantal equation a lso  
contains the s t a t i c  in s t ab i l i t y  conditions corresponding t o  wing 
divergence or  control reversal.  As pointed out previously, i n  these 
s t a t i c  cases i n  particular,  the theore t ica l  values need modifications 
t o  represent more closely experimental values f o r  example, of the slope 
of the l i f t  curve, center-of-pressure location, and hinge-moment coeff ic ients .  

I n  order t o  improve the foregoing idealized simple pizture it is 
necessary t o  take in to  account a larger  number of degees  of freedom and 
t o  bring i n  three-dimensional - s t ruc tura l  considerations. (see references 24 
t o  28.) This end is readily accomplished by the c lass ica l  methods of 
Lagrange i n  which each degree of freedom may represent a spanwise mode 
of vibration (generalized coordinate) and the kinet ic  energy and the 
potential  energy of the mechanical system play a central  ro le .  The tenqs 
representing the aerodynamic energy are  obtained fYom the work done by the 
a i r  forces i n  each coordinate. 

The Lagrangian equations of motion representing the equilibrium i n  
the chosen degrees of freedom then lead, as before i n  the sinusoidal case, 
t o  a character is t ic  f lu t t e r - s t ab i l i t y  equation i n  which the spanwise-mode 



ef fec t  is properly weighted and, conveniently, the mechanical potent ial  
energy (as  i n  the Rayleigh v ib ra t iomode  methods) may involve the 
natural  uncoupled frequencies of the structure.  I n  t h i s  approach, matrix 
methods ar i se  i n  a very nstural  manner. I n  recent years the matrix 
methods have become increasingly popular even with "practical" vibration 
people and it is  believed t h i s  trend sh0ul.d be fostered rather  than 
feared. It is  however always a matter of t a s t e  and judgment and often 
very d i f f i c u l t  t o  choose the degrees of freedom and t h e i r  number t o  
compromise properly between time, labor, physical grasp, and accuracy. 

The problem of a continuous wing structure can also be s e t  up as 
an in tegrwpar t ia l  d i f f e ren t i a l  equation (instead of a system of 
simultaneous ordinary d i f f e ren t i a l  equations) i n  which the modes of 
vibration i n  the f l u t t e r  condition are  solved f o r  rather  than assume&. 
It is recognized however that ,  i n  general, the problem involves e l a s t i c  
problems which are  too complex t o  be exactly handled even without 
consideration of the a i r  forces and includes aerodynamic problems which 
are  complicated enough even i n  the steady case and f o r  r i g i d  structures.  
I n  practice the procedures are  i t e ra t ive  or approximate. (see reference 29 .) 
The uniform cantilever wing has recently been given such a t r e a t m n t  
(reference 30) with two-dbnens ional a i r  forces assumed. 

I n  f a c t  i n  most f l u t t e r  treatments twdimensional  a i r  forces have 
been eniployed, frequently with over-al l  corrections f o r  f i n i t e  span 
inserted. Appropriate corrections f o r  finlte-span ef fec ts  have occupied 
the at tent ion of several authors. (see references 31 t o  35.) The subject, 
however, is not i n  a too sat isfactory s t a t e  mainly because of complexity. 
The nonstationary ef fec ts  a t t r ibuted  t o  aspect r a t i o  are, i n  general, 
f a i r l y  small f o r  moderate aspect ra t ios .  There is room f o r  both theoret ical  
and experimental contributions i n  t h i s  f i e l d  f o r  wings of small aspect 
r a t i o  . 

A few words should perhaps be devoted t o  the subject of f l u t t e r  of 
sweptback wings, a study which has been only l igh t ly  touched on by 
several m i t e r s .  With sweepback the problem is  complicated i n  both i ts  
s t ruc tura l  and i ts  aerodynamic aspects. Structurally,  there ex is t s  a 
greater degree of coupling between bending and tors ion as, f o r  example, 
f o r  a curved or bent-back e l a s t i c  axis. Even the conception of an e l a s t i c  
axis, commonly used f o r  unsxept w i n g s  without large cut-outs, may, because 
of cross--stiffness effects ,  need t o  be replaced by the more general 
conception of influence-coefficients.  I n  i t s  aerodynamic aspect there is 
a greater degree of coupling i n  the a i r  forces; f o r  example, the bending 
deformation (dihedral effect)  enters into the angle of attack of a wing 
section. Thus a small dihedral leads t o  second-order e f fec ts  fo r  unswept 
wings and t o  f i r s t -o rde r  e f fec ts  f o r  highly swept w i n g s .  

For an in f in i t e  uniform yawed w i n g  (yawed a t  an angle not near 90') 
two-dimensional (low speed) considerations indicate tha t  the f l u t t e r  . 
speed increases by a factor  of one over the cosine of the angle of yaw 
or sweep. A f i n i t e  yawed wing, mounted on springs permitting it t o  



move ver t ica l ly  and t o  ro ta te  about an axis, would be expected t o  have 
a f l u t t e r  speed with a factor  of sweep higher than one over the cosine. 
However, f o r  a f i n i t e  sweptback wing clamped a t  i t s  root, the combined 
ef fec t  of the e l a s t i c  and aerodpamic coupling adversely a f fec ts  the 
f l u t t e r  speed so that, i n  general, the factor  is-considerably lowered. 

There are  many indications, however, t ha t  the s t a t i c  in s t ab i l i t y  
ai leron reversal  ( i n  which the ro l l ing  power vanishes a t  a certain. 
airspeed) ra ther  than the dynamic ins t ab i l i t y  may impose more severe 
design requirements f o r  sweptback wings (for  example, reference 35) a t  
high speeds. 

t 

It has been possible t o  present here only a select ion of aspects of 
the f l u t t e r  f i e ld .  The whole story of modern experimental techniques 
and research has had t o  be omitted. It is  clear  that measurement of 
aerodynamic coefficients f o r  nonstat ionary flow througho7~t the subsonic, 
near-donic, and supersonic speed ranges requires very exacting experimental 
techniques and c r i t i c a l  t e s t s .  In  t e s t ing  f o r  f l u t t e r  i n  some of these 
speed ranges, it has been found convenient t o  employ, i n  addition t o  wind- 
tunnel research, techniques u t i l i z ing  bomb drops and rocket missiles.  
Also required are  the modern developments i n  pressure ce l l s ,  s t r a i n  gages, 
and electronic, telemeter, and vibrat ion e q u i p n t .  

I n  closing t h i s  survey of f l u t t e r ,  it is again emphasized tha t  the 
physical c lass i f ica t ion  of the f l u t t e r  problem of a given s t ructure is 
not easy f o r  an attempt must be made t o  recognize which of the abundant 
sources of modes may be significantly involved and whether the type of 
flow is primarily of the potent ial  c lass ica l  type or includes a merging 
with other types of flow. In the near--sonic range, i n  particular,  there 
is  a clash between the potent ial  and separated flows and a suscept ibi l i ty  
t o  both kinds of f l u t t e r  troubles. It is believed tha t  refinements made 
i n  the aerodynamic and mechanical. aspects of the f l u t t e r  problem t o  be 
s ignif icant  should t o  an extent keep i n  s tep with each other. It is 
hoped tha t  some of the many facets  and challenges of the f l u t t e r  problem 
have been indicated. 



For a more complete l is t  of'references, see also bibliographies 
contained i n  the references. 

1. Garrick, I. E., and Rubinow, S. I. : Theoretical Study of Air Forces 
on an Oscillating or Steady Thin Wing i n  a Supersonic Main Stream. 
WA T1B NO. 1383, 1947. (contains 21 references . ) 

2. Rayleigh, ( ~ o r d )  : Aerial  Plane Waves of F in i t e  Amplitude. Sc ient i f ic  
Papers, vol. V, Cambridge Univ. Press, 1912, pp. 573-610. 

3. Garrick, I. E.: Propulsion of a Flapping and Oscillating Airfoil .  
WA Rep. NO. 567, 1936. 

4. Birnbaum, W.: D a s  ebene Problem des schlagenden Fl.Ggels. Z.f.a.M.M., 
Bd. 4, Heft 4, Aug. 1942, pp. 277-292. 

5 .  Cicala, Placido: Le Azioni aerodinamiche s u i  p r o f i l i  d i  a l a  osc i l l an t i  
i n  presenza d i  corrente uniform. Extract from Mem. de l la  R. Accad. 
del le  Sci.  d i  Torino, ser .  2, pt .  I, t. 68 (1934-35). 

6. Kiissner, H. G.: Zusammenfassender Bericht iiber den i n s t a t i o d r e n  
Auftrieb von Fliigeln. Luftfahrtforschung, Bd. 13, N r r  12, 
Dec. 20, 1936, pp. 410-424. 

7. Wagner, Herbert: ijber die Entstehung des dynamischen Auftriebes 
von ~ r a g f l k e l n .  Z.f.a.M.M., Bd. 5, Heft 1, Feb. 1925, pp. 17-35. 

8. Glauert, H.: The Force and Moment on an Oscillating Aerofoil. 
R .  & M. No. 1242, Br i t i sh  A.R.C., 1929. 

9. Theodorsen, Theodore: General Theory of Aerodynamic Ins tab i l i ty  and the 
Mechanism of F lu t te r .  NACA Rep. No. 496, 1935. 

10. Ton K&mh,  and Sears, W. R.  : Airfo i l  Theory f o r  NorAJnifomn Motion. 
Jom. Aero. Sci.,  vol. 5, no. 10, Aug. 1938, pp. 379-390. 

11. Kfissner, H. G., and Schwarz, L.: The Oscillating Wing with Aerodynamically 
Balanced Elevator. NACA TM No. 991, 1941. 

12. Garrick, I. E. : On Som Fourier Transforms i n  the Theorg of Nor+ 
Stationary Flows. Proc. F i f t h  In t .  Cong. Appl. Mech. (cambridge, Mass., 
1938), John Wiley & Sons, Inc . , 1939, pp. 590-593. 

13. Kzssner, H. G.:  Das zweidimensionale Prcblem der beliebig bewegten 
Tragflache unter Beriicksichtigung von Pastialbewegungen der 
Fliissigheit. Luftfahrtforschung, Bd. 17, Lfg. 11/12, Dec. 10, 1940, 
PP- 355-3610 



14. Possio, Camillo: LQzione aerodinamica sul prof i l o  osci l lante  i n  un 
f luido compressible a veloci ta  iposonora. LQerotecnica, vol. XVIII, 
fasc. 4, April  1938, pp. 441458. ( ~ v a i l a b l e  as Br i t i sh  A i r  Ministry 
Translation No. 830. ) 

15. Kiissner, H. G.: General Air fo i l  Theorg. W A  TN No. 979, 1941. 

16. Dietze, F.: The A i r  Forces of the Harmonically Vibrating Wing i n  a 
Compressible Medium a t  Subsonic Velocity (Plane Problem) . Translation 
No. F - T S - ~ O ~ ~ E ,  A i r  Materiel Cammand, U.S. k q y  A i r  Forces, 
Nov. 1946, 

and 
Part 11: Numerical Tables and Curves. Tramlat ion No. F - T S - ~ ~ ~ J C E ,  
A i r  Materiel Command, U.S. Armg A i r  Forces, March 1947. 

17. Reissner, E., and Sherman, S.: Compressibility Effects i n  F lu t te r .  
Curt is~-Wright  Research Lab., Rep. Ro . SB-24-1, Jan. 1944.. 

18. Frazer, R. A.: Possio% Derivative Theory f o r  an In f in i t e  Aerofoil 
Moving a t  Sub-Sonic -Speeds. 4932, 0.205 ( ~ e v .  ), Br i t i sh  A.R.C . , 
Jan. 23, 1941. 

19. Wazer, R. A., and Skan, Sylvia W.: Influence of Compressiblity on the 
Flexural-Torsional F lu t t e r  of Tapered Cantilever Wings. 5916, 
0.274 ( ~ e v  . ) , Bri t i sh  A.R.C . , June 30, 1942. 

20. Garrick, I. E. : Bending-Torsion F lu t t e r  Calculations Modified by 
Subsonic Compressiblity Corrections. mACA Rep. No. 836, 1946. 

21. Garrick, I. E., and Rubinuw, S. I. : Flu t t e r  and Oscillating ~ e o r c e  
Calculati  om f o r  azl Airfo i l  i n  a Tw-Dimensional Supersonic Flow, 
MA TN NO. 1158, 1.946. 

22. Schott, G. A.: Electromagnetic Radiation. Cambridge Univ. Press, 
1912. 

23. Dasilschickova, E. A.: Disturbed Motion of A i r  Caused by Vibration 
of a Wing Moving a t  Supersonic Speed. Appl'. Math. and h c h .  (MOSCOW), 

vol. X I ,  no. 1, 1947, pp. 147-164. 

24. Smilg, Benjamin, and Wasserluan, Lee S . : Application of Three-Dimensional 
F lu t t e r  Theory t o  Aircraft  Structures. ACTR No. 4798, Materiel Div., 
A i r  Corps, July 9, 1942. 

25. Loring, S. J.: Outline of a General Approach t o  the F lu t t e r  Problem. 
SAE Jour., vol. 49, no. 2, Aug. 1941, pp. 345-355. 



26. Loring, Samuel J.: Use of Generalized Coordinates i n  F lu t t e r  Analysis. 
S&3 Jour., vol. 52, no. 4, April  1944, pp. ll3--132. 

27. Blealmey, William M.: Three-Dimensional F lu t t e r  Analysis. Jour. Aero. 
Sci.,  vol.  9, no. 2, Dec. 1941, pp. 56-63. 

28. Flax, Alexander H. : ~hree--~imem ional* Wing F lu t t e r  Analysis. Jour . Aero . 
Sci., vol. 10, no. 2, Feb. 1943, pp. 41-47. 

29. Zissner, Hans Georg: Schwingungen von Flugzeugfl*Geln. Jahrb. 1929 
der IXL, E . V. ( ~ e r l i n - ~ b l e r s h o f  ) , pp. 313-334. 

30. Goland, M., and Luke, Y. L.: The F lu t t e r  of a Uniform Wing with Tip Weight 
Rep. Ro. 1-S3-, Midwest Res. Inst., Kansas City, Mo., Jan. 2, 1947. 

31. Jones, Robert T.: The Unsteady L i f t  o f ' a  Wing of F in i t e  Aspect Ratio. 
W A  Rep. NO. 681, 1940. 

32. Cicala, I?lacido: Lo Sta to  a t t u d e  de l le  ricerche sul moto instazionasio 
d i  una superficie portante. LtA.erotecnica, vol. X X I ,  no. +ll, 
Sept .dov., 1941. 

33. Reissner, B i c :  Effect of F in i t e  Span on the Airload Distributions f o r  
Oscillating W i n g s .  I -Aerodynamic Theory of Oscillating Wings of 
F in i t e  Span. mACA Tlll Ifo. 1194, 1947. 

34. Joms, W. Prichard: Aerodynamic Forces on an Oscillating Aerofoildileron- 
Tab Cambination. R. &M. No. 1948, Br i t i sh  A.R.C., 1941. 

37. Collar, A. R.: Aeroelastic Problems a t  HLgh Speed. Jour. R.A.S. ,  
vol. LI, no. 433, Jan. 1947, pp. 1-34. 
(contains 30 references t o  the Br i t i sh  l i t e ra tu re . )  



Figure 1. - Field of influence of a spherical source moving a t  a constant 
supersonic velocity. 

Figure 2.- Idealized wing configuration with two degrees of freedom. 
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AIR INLETS 

By Norman F. Smith 

Langley Aeronaut ical Laboratory 

The first radial-engine cowling, developed by the NACA in 1927 
(fig. l), marked the transition from the external to the internal 
cooling system. This development provided an important improvement 
in airplane performance by removing engine and heat-exchanger c o w  
ponents, which are poor aerodynamic shapes, from the full velocity of 
the air stream and by providing gains in cooling efficiency and 
control of engine temperature. 

Some years later, airplane speeds had advanced to the pofnt 
where the critical speed of components became fmportant. The critical 
speed of the original cowling was recognized as being low, and an 
investigation was initiated in 1939 to develop a shape having as high 
a critical speed as possible and proportions to fit the~xisting 
radial engines. The result of this effort was NACA cowling C (fig. l), 
which has a critical k c h  number of 0.63 (480 mph at sea level) and 
has been virtually a standard on American radial-engine aircraft since 
its development (reference 1) . A short time later, nose B was 
developed (reference 2 and fig. 1) . This shape is il longer nose 
inlet designed for use with submerged engine designs or jet propulsion 
installations, and has a critical Mach number of 0.84 (640 mph at sea 
level). These two inlets, NACA cowling C and nose B, were derived on 
the same basis, that is, to have a flat pressure distribution and, 
therefore, the optfmum critical speed for the particular proportions 
involved. 

The fuselage nose position for air inlets has received considerable 
attention at the Langley Laboratory because of the aerodynamic adv- 
tages offered by this position. Such an air intake is located in a 
natural stagnation region wherein external compression can be 
accomplished at an efficiency of 100 percent. Also, no boundary- 
layer prdblem is encauntered, and there exists the fact that the 
external drag of a body with a properly designed nose inlet is as low 
as or lower than the drag of a streamlined body. Experimental data 
(from reference 2) illustrating this last item are shown in figure 2. 
The tick at the left is the drag coefficient of the basic body, whereas 
the curve shows the external drag of the body with nose B inlet through 
a range of internal flow. At flow rates above a certain minimunz. value, 
the external drag is clearly seen to be equal to or slightly less than 
the drag of the basic body. The higher drag at low flow rates f e  due 
to the fact that a pressure peak exists at the lip for this condition, 
and this peak fixes transition at a point well forward and produces 
higher skikfriction drag. 



From the aircraft designer's po3nt of view, it was highly 
desirable to. expan3 the information available on nose inlets to permit 
design of a nose inlet for any desired subsonic Mach number. Upon 
examination, the nose B and N.ACA'cow1,in.g C ordinates, reduced to 
nondimensional form, were foun3. to be practically the sme. Since 
the very different critical speeds of these air inlets were apparently 
due to },lie different geometric propo-retioris, it appeared possible that 
a whole series of nose inlets might be based upon common ordinates. 
Bi use of ti-e nose E ordinates, tkerefore, the systematic family of nose 
inlets shown in figure 3 was designed and was tested to determine the 
effects of propol,tions on critical speed characteristics (reference 3) . 
The length ratio (x/D) is shown across the top and the inlet diameter 
ratio d/D down the side. The inlet shown in the upper left is 
approximately nose B, whereas the one in the lower right is very close 
to PU'ACA cowling C. 

The results of tests of one of these nose inlets are shown in 
figure 4. In the left figure are the preaoure distributions over the 
external surface of the inlet at three values of inle% velocity ratio, 
which is the ratio of inlet velocity to fre~tream velocity. It can 
be seen that the pressure distribution remains flat, with a low peak 
value, down to some lov value of V1/vO, below which the high local % 

angle of attack of the lip causes a pressure peak to occur. This peak 
contin~~es to increase in height as QIIVO is further decreased. The 

estimated critical lvlach numbers obtained from these pressure distri- 
butions are shown in the right half of figure 4 plotted against inlet- 
velocity ratio. It can be seen that the critical Mach number of the 
nose inlet remains approximately constant as the inlet-velocity ratio 
is decreased until the poht'is reached where a pressure peak appears 
at the lip. %low this value of inlet--relocity ratio, the critical 
Mach n~unber decreases rapidly. 

The values of critical hch number below the "knee" of the curve 
are of course in need of qualification because they were estimated 
from sharp local peak pressures, and it has been shown in varioua 
wind-tmel tests of airfoils and bodies that such local peaks may 
disappear at higher rvktc2.1 numbers or have little effect upon the Mach 
number at which adverse compressibility effects occur. This phenomenon 
is discussed in connection with airfoils in the paper by Becker 
entitled "Characteristics of Wing Sect ions at ?'ransonic Speeds. " It 
is, however, desirable aerodynamically to avoid this condition for 
reasons of possible compressibility effects, separation, or, as was 
shown in f i v e  2, higher skin friction. 

The region to the right of the knee of the critical k c h  number 
cur7,c ot' f i p i =  4 ,  t,kierefore, is of primary interest. Since in most 
airplane installations the minimum inlet-velocity ratio is encountered 
a?, the maxirmrm speed of' the airplane, ti.e knee of tke curve 'F~ecornes 



a logical "design point" for the particular nose inlet. In other words, 
an airplane for which maximtun k c h  number and air-flaw requirements at 
the maximum Mach number correspond to the "knee" of the curve will, 
at speeds other than maximum, be operating below and to the right of 
the design point in the region where a flat pressure distribution 
exists. 

The values of $, and. %/TO at the desis point was found in 
the wind-tunnel tests to be a function of the proportions of the nose 
inlet. Accordingly, the design points of the series of nose inlets 
shown in figure 3 have been arranged in the form of design charts, 
from which the proportions of a nose inlet can be selected to fulfill 
any design requirements of air flow and critical k c h  number. The 
design chart is sham as figure 5. A sample selection is shown by 
the arrows. Ehtering the lower section with the desired value of 
mass flow ratio and. proceeding vertfcally to the value of critical h c h  
number desired, the entrance diameter ratio d/D can be read. 
Continuing to the top section of the chast, the length ratio X./D is 
obtained. Combining these proportiona with the 1-series ordinates 
the required noae inlet shown at left center is obtained. Two other 
selections, for h c h  numbers of approximateljr 0.63 and 0.9, are shown 
to scale and illustrate the variation in proportions with mch number. 

The design charts actually cover a number of different types of 
inlets, the first of which is of course the plain open-nose inlet as 
applied to a jet machine. Mention has been made previously of the 
excellent drag characteristics of this type of installation. 

Two additional types of installations which can be designed from 
these charts are shown in figure 6. The upper one is a more or less 
conventional configuration where the propeller is located on a spinner 
ahead of the air inlet, An analysis (reference 3) of existing data 
from various cowling tests provides an indication that the effects of 
a spinner of reasonable size upon the characteristics of a cowling are 
small. Cowlings for use with spinners can therefore be selected *om 
the design charts, taking into account only the flow area blocked out 
by the spinner. An additional problem exists with this type of inlet, 
however, in that the boundary layer on the spinner will separate if 
the inlet-velocity ratio is too low. This phenomenon is purely a 
result of the pressure gradient ahead of the air inlet, produced 
principally by the inlet-velocity ratio. Analysis (reference 3) of 
data from tests of many cowlings indicates that a value of inlet- 
velocity rat10 of at Peast 0.4 is required to eliminate separation 
fromthe spinner. Thfs value is, of course, higher than that which 
mlght otherwise be used in order to minllnize internal losses. More 
on this problem is presented herein in connection with fuselage scoops. 

The lower installation shown in figure 6 is an NACA rotating 
cowling in which the forward part of the cowling rotates with the 



propeller (reference 4) . Although more complicated mechanically, this 
type of installation offers several aerodynamic advantages. The problem 
of boundary-layer separation at the entrance (due to inlet-velocity 
ratio) 18 eliminated since no surPace protrudes beyond the inlet. Also, 
the propeller shanks, which are often difficult to make optimum both 
aerodynaulically and structurally, can be housed in generous fairings 
in the lower velocity region within the spinner. By this means, the 
internal efficiency is improved, particularly on installations of high 
power where a large number of wide blades are needed. The propulsive 
efficiency is also improved because only the more efficient outboard 
sectiow of the propeller are exposed to the air stream. Several tests 
of these types of installations have indicated that the aerodynamic 
advantages of the rotating type are larger than the weight and 
structural penalties incurred, particularly for installations of very 
high power. 

Another type of "stagnation inlet" is, of course, the wing-leading- 
edge inlet. The problems involved in the design of wing inlets are 
more n~smerous than for other types. The effectivmle-of-attack 
range through which the inlet must operate is higher because of the 
induced angle of attack which occurs ahead of the wing. If the inlet 
is located behind a propeller, the effective angle will also be 
affected by propeller power. The inlet must have a high critical k c h  
number at one end of the speed range and a high value of maximum lift 
at the other, while maintaining reasonable drag characteristics through- 
out the operational range of lift coefficient and inlet-velocity ratio. 
The wing inlet is of interest primarily for aircraft having wings of 
high or mdium thickness since the very thin wings of high--speed aircraft 
do not offer the thicWes or internal space for inducting the large 
volume of air required. 

Because of the large number of variables an3 problems involved, 
design data for wing inlets are not available from which an inlet can 
be chosen without a development program being required. However, the 
general physical configuration required for satisfactory characteristics 
is known from numerous development programs. Figure 7 compres such a 
configuration (reference 5) with an earlier and less satisfactory 
deve1opmm.t (reference 6) . The early inlet shown in the sketch at the 
lower left is characterized by relatively sharp lips, a large opening 
height, and no lip stagger. The pressure distribution over the upper 
Pip at zero lift is flat, with a value of peak pressure which, although 
not shown, appears low. At a lift coefficient of 0.55, however, a high 
pressure peak exists at the lip, which is undesirable from the standpoint 
of drag (transition), critical speed, and, at a still highsr angle of 
attack, m a x i m  lift. 

The inlet at the right shows a more rounded pressure distribution, 
although a slightly higher value of peak pressure, and it evinces only 
a small pressure peak at a lift coefficient of 0.66. This inlet possesses 
thlcker lips, a small inlet height, and a noticeable Zip stagger. 



The m a x i m  lift characteristics of thsse two configurations a d  
of a basic airfoil section are shown in the left half of figure 8. 
As might be expected, the sharp-edge inlet (a) has a very low maxim 
lift at low flow rates, rising to about the same as the basic airfofl 
section when the favorable effects of air flow are felt at the higher 
inlet-velocity ratios. The air inlet (b) has a higher maximum lift 
than inlet (a) or the basic airfoil section through a wide range of 
a i ~ f  low quantity. 

The inlet losses for inlets (a) and (b) are shown in the right 
half of figure 8. Again, the sharp lips of inlet (a) have produced 
large losses outside a narrow range of lift coefficient. Inlet (b), 
however, shows essentially zero Inlet losses thro~gh a wide range of 
lift coefficient, adequate for the particular airplane involved. 

Thus, a wing-leadingedge inlet which has good aerodynamic chwac- 
teristics has a small entrance-to-thickness ratio and relatively thick, 
staggered inlet lips well-rounded into a bell-mouth shape. 

Several advantages of the stagnation type of air inlet have already 
been listed and discussed. In spite of these advantages, it often 
happens that other factors dictate the Use of an air scoop or air inlet 
located aft on the fuselage. Such factors may include armament in the 
nose, pilot visibility, ducting length and weight, eve-11 structl~ral 
weight, and airplane stability. 

The two primary problem8 involved in scoop 6esign are boundary 
layer and interference. Figure 9 illustrates the boundary-layer 
phenomena (reference 7). In the upper left is a sketch of a fuselage 
and scoop. Blow the sketch is plotted the boundmy-layer thickness 
along the fuselage ahead of the scoop for three values of inlet-velocity 
ratio. At the highest value, 0.9, the boundary layer grows at a normal 
rate up to the scoop entrance. At an inlet-velocity ratio of 0.5 aome 
thickening at the entrance is found; and at the loTdest inlet-velocity 
ratio, 0.2, the boundary layer has apparently separated and has reached 
a thichess equal almost to the scoop entrance height. A cross plot of 
the boundary-layer thickness shown at the right indicates that separation 
apparently occurs when the inlet-velocity ratio is decreased below 
approximately 0.6. This phenomenon is the same as that which waer 
previously mntioned as occurring on cowling spinners. The comequences 
of the separation shown were, of course, a reduction in air-flow quantity 
and a substantial increase in inlet losses. Providing the scoop shown 
with a boundmy-layer bypass which removed a thickness slightly more 

Yl than the boundary-layer thickness for - = 0.9 eliminated the 
Po 

separation entirely and restored the pressure, recovery to essentially 
PO0 percent. 



In figure 10 (from reference 3) is shown the critical h c h  number 
characteristics of three longitudinal planes of the scoop vith bolindary- 
layer removed: the bottom plane, shown by the solid line, the side 
plane, shown by short dashes, and the fillet plane, shown by long 
dashes. The scoop %-as designed by use of the NACA l-series nose inlet 
ordinates. For comparison, the critical k c h  number curve for the 
corresponding NACA l-eeries nose inlet is shown as the top curve. The 
curves for the two lower planes have essentially the same shape as the 
curve for the nose inlet but are displaced downward because the scoop 
Ts located in the flaw field of the wing. The curve for the fillet 
plane is displaced still farther and its shape is changed somewhat. 
These data show that the external contour of a fuselage scoop can be 
designed with the aid of the NACA l-series nose inlet charts provided 
that proper allowance is made for the interference of wing or fuselage. 

While problem do exist in the design of efficient air exits, 
their magnitude and number,are by no means comparable to those involved 
in the design of air inlets. The optimum location for emitting air is, 
of course, at the tail of the fuselage or body, since here mutual 
interference of fuselage and the air jet are minimized. In cases 
where the air exit must be located elsewhere, a few simple rules shotcld 
be followed: First, the air exit should be located in a region of lox 
Induced velocity to minimlze interference effects; second, the air 
should be directed outward parallel to the passing-air stream; and 
third, the body aft of the exit should be undercut to allow for the 
thickening effect of the air jet. 

Figure 11 illustrates this third item and shove pressure distri- 
butions over an air exit with and without undercutting (reference 8). 
It should be noted that a pressure peak (solid line) is induced at 
the exit by the effective bump produced by the mass of air flowing 
from the exit. Undercutting the exit (dashed line) reduced this peak 
to only a small increment above the value of pressure coefficient 
measured with the exit faired over. Doubtless, this dashed profile 
could be improved by still more undercutting and the superstream 
velocities eliminated altogether, at least for certain operating 
conditions. 

Although this paper deals primarily with the subject of air inlets, 
it is appropriate to include several references on duct and internal- 
system design (references 9 to 11). These references do not in them- 
selves constitute complete coverage of the subject, but, like many of 
those listed at the end of' this paper, provide a digest of much of the 
available information. Each paper contains a list of references which 
may be used in an extended study of the subject. 

In considering briefly the problem of supersonic air inlets, it 
is interesting to consider the case of a subsonic nose inlet operating 
at transonic and supersonic speeds. (see fig. 12. ) At supersonic 



speeds, a conventional nose inlet with rounded lips is foknd to have a 
bow wave ahead. Through this bow wave there is a loss in total 
pressure of the air, both that entering the inlet and that going 
around the body. The total pressure loss throcgh a normal shock, which 
approximates the loss through the center part of a bow wave, is shown 

. : in the upper right corner of figure 12. It can be seen that the loss 
is small at low supersonic Mach nmibera - of the order of 2 percent 
at M = 1.3. This means that the losses encountered at low supersonic 
Mach numbers with this type of inlet will be small. This inlet is 
suitable for use, then, in the transonic range, with the added advantage 
of good characteristics throxgh the subsonic range. 

At higher supersonic h c h  numbers, however, the losses increase 
significantly, and other types of inlets must be considered. If the 
blunt lips of the subsonic inlet are replaced with suitable sharp- 
edged lips and if the inlet-velocity ratio is increased to 1.0, the 
bow wave may be eliminated and replaced by an external oblique shock 
and by a normal. shock in the diffuser, as sham in the lover half of 
figure 12. 

If a normal diverging subsonic diffuser is used, the shock will 
occur at a Mach nurdber equal. to or higher than the flight &ch number. 
This means that, although the .external conditions may be improved by 
using this type'of inlet, the internal losses will be higher than for 
the subsonic configuration of figure 12. 

The configxation shown in figure 13 incorporates a converging- 
diverging diffuser (reference 12) in an attempt to compress the flow 
supersonicEally and cause the shock in the diffuser to occur at a 
lower bch number, 

The upper curve at the right gives the contraction ratio between 
entrance and throat for isentropfc compression to M = 1 at the throat. 
This throat area is, however, too small for the establishnent of supersor.iz 
flow in the con-~erging section, since in order to "swallow" the shock, 
the throat must first pass the mass flow required for an inlet-velocity 
ratio of unity at the reduced density and total pressure due to the bow 
wave. The lower curve gives the masirrmm. contraction ratio which can be 
used if a diffuser is to start or "swallow" the shock. The permissible 
contraction ratio is seen to be about half that required at M = 1.6 
and less at higher Mach numbers; Thus, the requirements for starting a 
converging-diverging diffuser reduce the effectiveness of this configu- 
ration serio~sly in that large losses are still encountered throagh the 
normal shock in the diffuser at higher supersonic Mach numbers. 

The type of air inlet shown schematically at the lower left was 
suggested by Oswatitsch in Germany (reference 13) and makes use of the 
more efficient compression through several oblique shocks on a conical 
body ahead of the inlet. After compression to a low supersonic Mach 



number ahead of the entrance, the f1.m enters a convergi@i.~erging 
diffuser in which a normal shock occurs as in the previous case, but 
at a very low supersonic hch number with, of course, improved 
pressure recovery. 

The following statements are made in summary: 

Design charts are available from which optim-critical--speed 
nose inlets can be selected for any required subsonic hch number. 
These charts may also be used in the design of rotating cowlings, 
cowlings for use with spinners, and to aid in the deeign of fuselage 
scoop contours. In configurations where boundary layer exists ahead 
of an air inlet, either the inlet-velocity ratio must be kept high 
enough to prevent separation or a suitable scoop or bypass must be 
provided to remove the boundmy layer. 

Wlng-inlet shapes have been developed which have maximLun lift 
higher than plain airfoil sections and which have critical Mach number 
and internal pressure-recovery characteristics adequate for the 
airplanes involved. 

The subsonic nose inlet can be used effectively at low supersonic 
Mach numbers becauee losses through the normal shock (or bow wave). are 
small at lob- supersonic Mach numbers. At higher supersonic h c h  numbers 
a different cod-iguration is needed which has eharp leading edges and 
which utilizes the most efficient arrangement of shocks possible for 
compressing the inlet flow. One such configuration utilizes a series 
of oblique shocks on a central conical body for compression to lov 
supersonic k c h  numbers ahead of the inlet. 
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NACA COWLING C 

NACA COWLING B 

Figure 1. 

FLOW COEFFICIEMT, m/poFVo 

Figure 2.- External drag of body with and without nose inlet. 
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Figure 3. - NACA 1 -series nose inlets tested. 
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Figure 4. - Characteristics of typical NACA 1 -series nose inlet. (1 -50 -150). 
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Figure 5. - NACA 1 -series design chart. 
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Figure 7.- Pressure distributions over upper lip of two wing inlets. 
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Figure 8.- Maximum lift and inlet losses for two wing inlets. 



BOUNDARY-LAYER 

Figure 9. - Boundary-layer thickness ahead of fuselage scoop. 

Figure 10. - Critical Mach numbers of nose inlet and scoop. 



OUTLINES OF AIR EXITS 

Figure 11. - P r e s s u r e  distributions over air exits. 
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Figure 12.- Air  inlets a t  supersonic speeds. 
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Figure 13. - Air  inlets a t  supersonic speeds. 
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TWO -DLMESJSIONAL SUPERSONIC WING THEOBY 

By Walter G. Vincenti 

Ames Aeronautical Laboratory 

INTRODUCTION 

The problem of an a i r f o i l  section i n  two-dimensional supersonic 
flow, which is fundamental t o  a consideration of other, more general 
wing problems i n  supersonic f l i gh t ,  was f i r s t  t reated theoret ical ly  i n  
a paper by Ackare t published in Germany in 1925. Shortly thereaf ter  - 
in 1928 - experimental resu l t s  were reported i n  England by Stanton. As 
a r e su l t  of the work of these and a number of l a t e r  investigators,  the 
fundamentals of the problem were well, though perhaps not widely, under- 
stood before the beginning of World W a r  11. D u r i q  the wartime and 
postwar periods, detailed advances i n  both theory and experiment have 
been made, as  well as  increased application of the available knowledge, 
usually on c lass i f ied  projects.  The fundamental ideas i n  the f i e ld ,  
however, can be discussed almost completely i n  terms of r e su l t s  available 
p r io r  t o  1940. 

SUPERSomc F L O W  

Before proceeding t o  the discussion of the theory, it i s  desirakle 
t o  review brief ly  the fundamental difference between subsonic and super- 
sonic flow (references 1 t o  4) .  This difference i s  i l l u s t r a t ed  in  
figure 1, which shows the wave pat tern s e t  up by a disturbance point i n  
both a steady subsonic stream and supersonic stream. In e i the r  case, i f  
the disturbances from the point a re  small, each elementary disturbance 
is propagated spherically at the speed of sound re la t ive  t o  the moving 
stream. Because of the motion of the stream, however, the center of 
each elementary sphere is a t  the same time carr ied downstream re la t ive  
to  the or ig ina l  source of the disturbance. I f  the speed of th s  atream- 
is l e s s  than the speed of sound, as shown on the l e f t  i n  figure 1, the 
elementary disturbances w i l l  t r ave l  upstream against the flow f a s t e r  
than t h e i r  centers a re  swept downstream. A s  a resu l t ,  the disturbances 
move ahead of t h e i r  source and a f f e c t 3 1 1  par t s  of the flow f i e l d .  Xn a 
supersonic stream, as shown on the r ight  9n t h i s  figure,  the centers of 
the disturbance spheres a re  carr ied downstream f a s t e r  than the disturbance 
i t s e l f  can be propagated forward. As a . ' resu l t ,  a l l  disturbances i n  the 
supersonic stream are  confined t o  the in t e r io r  of a cone known as  the 
Mach cone. The flow outside t h i s  region is, so t o  speak, unaware of the 
presence of any disturbance. It is  apparent tha t  the greater  the suDer- 
sonic speed, the smaller the included angle a t  the apex of the Mach cone. 
These simple considerations must be modified somewhat i f  the disturbances 
m e  not  small; h3wever, the resu l t s  serve as a reasonable f i r s t  approxi- 
mation in most actual  cases.. 



The concept of the Mach cone has important implications with regard 
to the applicability of two-dimensional theory and data to parts of 
three-dimensional wings. The relationship of this concept to three- 
dimensional wings is illustrated in figure 2. In the case of the 
straight wing, for example, the effect of the finite span of the wing is 
confined approximately to conical regions extending downstream from the 
leading edge of each tip. The flow over the remainder of the wing 
(shaded area) is not influenced by the presence of the tips and this 
shaded area is thus a region of two-dimensional flow. For the more 
complex plan forme shown, the flow over the shaded regions is similarly 
unaffected by the presence of the tips and, for these examples, of the 
root of the wing as well. Within these regions the flow can be treated 
as essentially two-dimensional by utilizing the components of the flow 
quantities and deflection angles normal to the swept straight-line 
elements which generate the wing surface (reference 3) . 

FLOW FDLD ABOUT AN AIRFOIL SECTIOIJ 

With this background, consider the general character of the two- 
dimensional flow field about an airfoil section at supersonic speed. 
Figure 3 is a diagram of the idealized, inviscid flow around a simple, 
double-wedge section at angle of attack for a free-s~ream Mach number of 
approximately 2. The pattern shown is that predicted by theory when the 
local velocity in the flow field is everywhere supersonic. In accordance 
with the previous considerations of supersonic flow, the oncoming stream 
(fig. 3) continues undisturbed until it reaches the region of influence 
of the airfoil. Within this region the flow changes are of two general 
kinds. When the flow is turned around a concave corner, as on the lower 
surface at the leading edge, a comression takes place. When the flow 
is turned around a convex corner, as on the upper surface at the same 
location, an expansion results. The compression from the concave corner 
taken place discontinuously through an oblique shock wave with an accom- 
panying dissipation of energy - that is, with an increase in entropy. 
The expansion takes place continuously and isentropically in a fan-shaped 
region originating at the convex corner. Thus, if the flow is along a 
streamline some distance above the present airfoil, the air first under- 
goes reductions in pressure through two successive expansion regions, one 
originating at the leading edge and one at the ridge line, and is then 
recompressed by a shock wave originating at the trailing edge. The air 
beneath the lower surface is, in the same general mmner, first compressed 
through a shock wave and then successively expanded through two expansion 
regions. It is interesting to note that along the surface of the airfoil 
itself the expansions as well as the compressions take place discontinu- 
ously. Thus, contrary to the condition which would exist in subsonic flow, 
there is no stagnation point in the vicinity of the leading edge and no 
tendency toward an infinite velocity at the sharp convex corners. 

As the angle of attack of the airfoil is changed, the flow pattern 
will, of course, change correspondingly. Ln particular, the flow 



disturbance on a given surface a t  the leading or  t r a i l i n g  edge w i l l  
change from an expansion t o  a compression, o r  vice versa, as the 
required deflection of the stream is al tered.  Of more importance, as 
the angle of a t tack is  increased, a condition is eventually reached in 
which the flow behfid the shock wave at  the leading edge .is no longer 
supersonic but becomes subsonic instead. A t  a s l igh t ly  higher angle of 
attack, the wave detaches and moves forward of the a i r f o i l .  These 
l a t t e r  e f fec ts  a l so  occur a t  a given angle of a t tack  when the Mach 
nmiber is reduced toward unity. Once such changes have taken place, the 
en t i re  character of the flow pat tern is a l te red  and the purely supersonic 
considerations of the foregoing discussion no longer apply. 

For simplicity, the discussion herein has been carr ied out i n  t e r m  
of a simple, f la t -s ided section. The same considerations apply t o  a 
c w e d  p ro f i l e  so 'long as the leading edge i s  sharp, except that  i n  such 
a ease the expansion along the convex curved surface takes place gradu- 
ally ra the r  than discontinuously. (The r e s t r i c t ion  of the discussion t o  
a i r f o i l s  with a sharp leading edge is  of no serious consequence, since an 
edge of t h i s  type appears desirable f o r  optimum performance i n  the two- 
dimensional case when the velocity is more than s l igh t ly  supersonic.) 

Several theore t ica l  methods are available f o r  determining the 
character is t ics  of an a i r f o i l  in a two-dimensional supersonic flow. The 
methods a l l  assume tha t  the f l u i d  is inviscid, t ha t  the leading and 
t r a i l i n g  edges of the a i r f o i l  a r e  sharp, t ha t  any shock waves originating 
from these edges are attached t o  the a i r f o i l ,  and tha t  the flow behind 

. the lead--edge shock wave is supersonic. They d i f f e r  only i n  the 
degree of mathematical accuracy involved. In order of decreasing 
accuracy, the  methods may be described as the shock-expansion theory, 
the second-order theory, and the l inea r  (or f i r s t -o rde r )  theory. 

Shock-Expansion Theory 

The shock-expansion method follows d i rec t ly  from the application to  
the a i r f o i l  problem of known analyt ical  resu l t s  f o r  an  oblique shock 
wave and an expansion region (references 1 t o  3 and 6 t o  9 ) .  From simple 
considerations of momentum, energy, and continuity, the change i n  
pressure and Mach number across a single shock wave can be calculated i n  
t e r n  of the Mach number of the oncoming Plow and the angle of def lect ion 
of the flow i n  passing through the wave, Similar r e su l t s  can be obtained 
f o r  an isolated expansion region. On the basis of these r e su l t s  together 
with the assumgtion th t  interact ion ef fec ts  between the individual 
shock waves an3 expansion regions are  negligible, the pressure d iskr i -  
bution over the a i r f o i l  surface can be calculated by a step-by-step 
procedure beginning a t  the leading edge and proceeding rearward ( r e fe r -  
ences 10 and 11). For example, on the lower surface of the double-wedgf~ 



section in figure 3, if the free-stream Mach number and the deflection 
angle at the leading edge are laown, the pressure and Mach nmber on the 
forward lower surface can be found from the equations for an oblique 
shock wave. By use of these quizntities to provide the initial conditions 
for the flow approaching the ridge line, the pressure 03 the rear lower 
surface can then be found from the known results for an expansion. 
Because of the nature of the equations for,an expansion, the procedure 
applies equally well to a section with a curved profile. Once the 
conlplete pressure distribution is known, the lift, pitching moment, and 
pressure drag of the airfoil are determined by graphical or numerical 
integration. 

As compared with the theories to be discussed later, the shock- 
expansion method has the advantage of greater mathematical accuracyj in 
fact, in instances for which the assumption of no effective interference 
between the shock waves and expansion regions is satisfied, the method 
provides the complete inviscid solution to the problem. (The case 
illust~ated in figure 3 can be shown to be of this type since the regions 
of flow influenced by the eventual intersections of the different dis- 
turbances lie completely downstream of the airfoil.) In other instances, 
notably on airfoils with curved surfaces, some interference does occur ' 
with a resulting approximation in the theory. The main disadvantage of 
the method, however, is that no analytical expressions are provided for 
the section characteristics, a separate set of calculations being 
required for each airfoil at each angle of attack. 

Second-Order and Linear Theories 

The disadvantage of the shock-expansion theory is overcome, at the 
expense of further approximation, by the second-order and linear 
theories (references 12 to 15). The relationship upon which these 
theories are based is given as equation (1) in figure 4. This equation, 
which is derived by series approximation to the complete equations for 
two-dimensional oupersonic flow, eqresses the pressure coefficient P 
at any point on the airfoil in terms of ascendLng powers of the local 
deflection angle 7 .  The coefficients of the terms in the series are 
functions primarily of the free-stream Mach number Mo and, secondarily 

of the ratio of the specific heats of the gas 7 .  By proper definition 
of the sign of the angle 7 - positive when the surface is facing toward 
the oncoming free stream m d  negative when facing away froa the oncomirg 
free strbam (see diagram ln fig. 4) - and by limitation of the power 
~eries to the first two terms, the same equation can be made to serve 
for Loth a comprsss;on and i d  expansion. This result illustratc;~ the 
fact that in a given supersonic stream the pressure at a point Tn an alr- 
foil in two-diriensional flow is, to the second ord~r of approximation, 
dt-t,cm;ned cl7l-r ly by the loclzl inclination of the airfril surface. TnLs 
lu contrary to t he  r:it.uaLion in su't)sonic theory, in which tho condi~inrm 
at cine poht ,a '3~1 airfoil zection depend, even to the f irrt, firder, upon 
ci<nd; ti om at, F very ctther point. 



On the basis of the foregoing simple result for the surface pressure, 
general second -order express ions for the lift, pitching-moment, and 
pressure-drag characteristics of any airfoil section can be obtained by 
direct integration. The final equations involve the coefficients Cy 
mil C2, the ang;le of attack of the airfoil, and certain shple integrals 

which depend upon the airfoil shape only. These equations have been 
worked out in their most general form by Lock (references 15 and 8) + For 
cases in which the shape of the airfoil can be expressed analytically, 
the 5.ntegra.h involved are readily evaluated to obtain direct equations 
for the airfoil characteristics in tern of the parameters which define 
the profile. These results are especially useful in studying the effects 
of systematic variation in thickness arnd camber for fdlies of sections. 

When both the term C1 and C g  are retained, the general equations 
(see fig. 4) constitute the second-order theory. If the coefficient C2 

is in all cases set equal to zero, a linear (or first-order) theory is 
obtained. This latter approximation, which is sufficient for many pur- 
poses, is also known as the Ackeret theory since the linear theory was 
first proposed by Ackeret in his original treatment of the supersonic 
airfoil problem (reference 12). This elementary theory leads to certain 
exceedingly simple results. It indicates, for example, that the aero- 
dynamic center of the airfoil is at midchord irrespective of the shape 
of the section and that the minimum pressure drag for a family of sections 
of given thickness distribution varies as the square of the thickness 
ratio. The second-order approximation, which modifies these results some - 
what, was developed by Busemam (reference 14) at a later date when it was 
found that certain of the first-order results were not in complete accord 
wfth experiment. It is interesting to note, however, that even to the 
second order the lift-curve slope (per radian) for any airfoil section 

has the simple value of XI or 4 

COMPARISON BEIMEXN TEEORY AND 

Since the various theoretical methods have been reviewed, a 
comparison of the theoretical and experimental results for specific air- 
foils can now be made. 

Pressure Distribution 

Of first interest is an exdnation'of a typical pressure dlstri- 
bution. Calculated and  measured results are shown in figure 5 for a 
10-percent-thick symmetrical, biconvex section at a Mach number of 2.13 

and an angle of attack of 10'. The local pressure is plotted in 



coefficient form as a function of the chordwise positionj positive 
pressures are plotted below the horizontal axis and negative pressures, 
above- The pressure distributions calculated by the three theories are 
indicated by different lines in the figure. Experimental data obtained, 
as part of an extensive investigation, by Ferri (reference 16) are 
shown as individual points. 

A noticeable improvement is seen in the accuracy of the theoretical 
calculations in going from the linear to the more refined theories. 
Over most of the section, both the second-order and shock-expansion 
theories show reasonable agreement with experiment although the check is 
slightly better when the shock-expansion theory is used. Over the rear 
40 gercent of the upper surface, however, the experimental pressures 
depart noticeably from the values given by any of the theories. 

The discrepancy between the theoretical pressure distributions 
calculated by t h ~  linear theory and those calculated by the more precise 
theories has, curiously enough, little effect upon the value of the 
integrated lift. In fact, the area between the curves for the upper and 
lower surfaces, which gives a representation of the lift, is exactly the 
same for the linear and second-order theories. In other words, these 
two theories, although they disagree in chordwise lift distribution, 
agree in the value of the total lift for the present section. It is 
a~parent from the difference in lift distribution, however, that the 
second-order theory gives a position of the center of pressure (or aero- 
dynamic center) forward of that predicted by the linear theory. (The 
discrepancies noted between the various theories would, of course, be 
smaller for thinner airfoils and at lower angles of attack.) 

The failure of even the higher-order theories to predict the 
pressure distribution over the rear part of the upper surface is known 
to be due to shock-wave, boundary-layer interaction (reference 16). As 
was previously indicated (see fig. 3 ) ,  the idealized inviscid flow over 
a lifting airfoil section is characterized by an oblique compression 
wave originating on the upper surface at the trailing edge. In the 
real, viscous fluid the flow pattern is modified by an interaction 
between this trailing wave and the boundary layer on the airfoil surface 
The boundary layer separates from the upper surface some distance ahead 
of the trailing edge, with the formation of a weak compression wave at 
the separation point and a consequent increase in pressure between this 
point and the trailing edge. 

The difference between the pressure distributions shown herein and 
those characteristic of an airfoil in subsonic flow is apparent. &re, 
the pressures on both surfaces of the section decrease progressivel;. 
toward the tralling edge with no pressure recoverj such as that which 
occurs in the subsonic cast;. This lack of pressure recover3 over the 
rear of the scction at supersonic speeds glves rise, even :A the theo- 
retical inviscid fluw, to an appreciable pressure drag. In the subsonic 
case the drag in a two-dimensional inviscid flow is, cf couruc, exactly 
zer13. 



Over-All Aerodywn3.c Characteristics 

With the foregoing results in mind, consider the over-all charac- 
teristics of a typical airfoil. Figure 6 presents theoretical and 
experimental lift and moment results, at the same h c h  number as before, 
for a canbered, double-wedge airfoil of 6.3 percent thickness. A 
straight-sided airfoil was chosen here, instead of the previous biconvex 
section, in order to simplify the calculations by the shock-expansion 
method. 

As indicated from the plot of lift coefficient and angle of 
attack, the three theories give approximately the s w  lift-curve slope, 
at least at small angles. A curve through the experimental points, 
taken again from the results of Ferri (reference 16), would have a slope 
about 10 percent less than the common theoretical value. This reduction 
is due to the shock-wave, boundary-layer interaction previously 
discussed. With regard to the angle of zero lift, the linear theory 
shows a value of exactly zero.. The higher-order theories show a small 
positive value in agreement with experiment. (This experimental result, 
incidentally, is in direct contra& with the result in subsonic flow, 
where positive camber leads to a negative angle for zero lift. ) In 
general, it may be said that the check between theory and experiment 
with regard to lift is within acceptable practical limits. 

The agreement with regard to pitching moment is generally less 
satisfactory. In figure 6 the moment coefficient of the double-wedge 
airfoil - for moments taken about the midchord point - is plotted as 
a function of the lift coefficient. The inclination of the moment 
curves towmd the right may be taken as an approximate measure of the 
displacement of the aerodynamic center forward of the midchord. The 
eqerimentalmoment coefficients are seen to be more positive than the 
theoretical at all lift cosfficients. A straight line through the 
experimental data would indicate a position of the aerodynamic center 
forward of the midchord by about 9 percent of the airfoil chord. This 
displacement is significantly greater than the theoretical displacement 
of zero according to the linear theory or of 4 percent according to the 
second-order and shock-expan~ion theories. Both the general positive 
shift in the experimental moment coefficients and the relatively forward 
displacement of the aerodynamic center are attributable to shock-wave, 
boundary-layer interaction on the upper surface near the trailing edge. 

Drag results for the double-wedge airfoil are shown in figure 7 as 
a function of the lift coefficient. Theory indicates that the variation 

. of pressure drag with lift is essentially parabolic - exactly so in the 
case of the linear and second-order theories, nearly so in the case of 
the shock-expansion method. The second-order and shock-expansion 
theories give virtually coincident curves. It is seen that the experi- 
mental data agree fairly closely with these latter results. The exact 
agreement in the magnitnde of the minimum drag is at first surprising. 
The effect of skin friction, which is completely neglected in the theory, 
would be expected to raise the measured m i n i m  drag relative to t h e  



theoretical value. This tendency is opposed, however, by the uneqectedly 
high pressures in the vicinity of,the trailing edge as the result of shock- 
wave, boundary-layer interaction.. These two effects are probably compon- 
sating in the present case. Such compensation is not to be expected, how- 
ever, on all airfoils or at all Mach ntrmbers and Reynolds numbers. 

The results of the foregoing figures are all for a single Mach number. 
Flgure 8 illustrates the typical effect of variation in Mach number upon 
a given section characteristic, in this case the drag coefficient st, 
zero an&e of attack. The theoretical curves show an increase in the 
pressure drag coefficient as the Mach number decreases toward unity. (The 
linear and second-order theories give identical results in the present 
case, though this fact is not always true.) The two available experi- 
mental points confirm the theoretical tendency. The theoretical results 
are, as previously inplied, valid down to the Mach number at which the 
flow behind the leading-edge shock wave becomes subs~nic. Below this 
point, the problem is one of mixed subsonic a.nd supersonic flow; the 
theorezical solutions to this problem are only now being developed. 

CONCLUDING luwmss 

Only a brief outline of existing knowledge regarding the basic two- 
dimensional wing problem at supersonic speeds has been presented. m y  
sudsidiary problems have been studied on the basis of the available 
theories, including the effects of systematic variations in airfoil 
shape (reference 17), the properties of flaps (reference 18), the 
influence of sweepback for cases in which two-dimensional theory is 
applicable (reference lg), and the characteristics of two-dimensional 
biplanes (references 20 and 21). For many such problems, valuable 
results have been obtained with one or another of the inviscid theories, 
depending upon the degree of, accuracy required. In other cases, however, 
such as those concerning the determination of the optimum airfoil shape 
for a given operating condition, consideration of the effects of viscosLty 
and the boundary layer is essential (reference 22). In the study of the 
effects of viscosity and the boundary layer, in particular, there is an 
opportunity for much valuable research. 



SYMBOLS 

coefficients in series expans'on for P 

sect ion lift coefficient 

section pitching-moment coefficient for moments about the 
midchord point 

section drag coefficient 

section drag coefficient at zero angle of attack 

free-stream Mach nwLber 

local static pressure at point on 4irfoil 

local pressure coefficient 
( p  iopo) 

free -atream static pressure 

free -stream dynamic pressure 

angle of attack 

ratio of specific heats of gas 

specific heat at constant pressure 

specific heat zt constant volume 

local inclination of surface of airfoil measured relative to 
frecj-strtnm direction 
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Figure 1. - Disturbance point in subsonic flow and supersonic flow, 
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Figure 3. - Idealized flow pattern about a double-wedge section a t  Mo z 2. 
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Figure 4.- Basic equations for linear and second-order theories. 



10% THICK - 
---- LINEAR THEORY (ACKERET)  

2nd. - ORDER THEORY (BUSEMANN) 
SHOCK- EXPANSION THEORY 

I 0 E X P E R I M E N T  (FERRI  1 
1 1 1 1 1 J 

2 0 4 0  60 80  100 

% CHORD 

Figure 5. - Pressure distribution for symmetrical biconvex section. 
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Figure 6. - Lift and pitching moment for cambered double-wedge section. 
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THE US3 OF COIiICAL AND CYLmRICAL EtEUE Im 

SUPERSOlOIC W I N G  TBEORY 

By Robert T. Jones 

Ames Aeronautical Laboratory 

Some of the recent advances in the theory of t h i n  a i r f  o i l s  are  
presented with par t icular  reference t o  extensions of the  theory t o  
t h r e e 4 h n s i o n a l  flows and t o  supersonic speeds. 

The t h i ~ i r f o i l  theory is essent ial ly  a l inearized theory of small 
disturbances and the orgin of the  concepts m q y  be traced back t o  the 
older theories of MuTlk and Ackeret. The present emphasis on three- 
d h n s i o m l  flows arose from the discovery t h a t  the type of twdiznensional 
supersonic f low considered by Ackeret is aerodynamically inefficienk. The 
search f o ~ "  aerodynamically e f f i c i en t  forms f o r  supersonic f l i g h t  a l so  
focuses a t ten t ion  on the  l inear ,  o r  small-disturbance, theory since bodies 
and wings creating large disturbances are  thought t o  be aerodynamicdly 
inef f ic ien t  . 

The newer development of the theory is the work of many i h e s t i g a t o r s ,  
The present discussion, however, is based largely on the conical-flow 
theory f i r s t  employed by Busemam (reference 1). 

The term "thin a i r fo i l "  is  used t o  denote a thin,  essent ia l ly  f l a t  
bodythe surface of which departs only s l igh t ly  from the xy-plane. I n  
the general problem no r e s t r i c t i o n  is made on the  shape of the plan form, 
but it is essent ia l  that the body be t h i n  and f l a t  i n  a l l  vertical. cross 
sections; hence, slender bodies of revolution are  avoided. 

The problem discussed herein is the calculation of the small 
disturbance ve loc i t ies  u, v, and w i n  the external f i e l d  produced by 
the f l i g h t  velocity V of the a i r f o i l .  

As  is well  known i n  acoustics, a i r  motions of small amplitude are  
governed p r k w i l y  by the s-lmple proper-ties of e l a s t i c i t y  of volurne and 
density. I n  order t o  depict such motions mathematically, a f r ic t ionless ,  
perfectly e l a s t i c  f lu id  is, therefore, adopted and a velocity f i e l d  uvw 
must be found which is consistent with Newton's laws and which 
agrees a t  the a i r f o i l  surface with the outward, or  normal, velocity 
imparted by the motion of the  a i r f o i l .  The application of Newton" laws 
t o  the motions of small elements of such .a  simplified model f l u i d  r e s u l t s  
i n  the familiar wave equation f o r  the velocity potent ial  cp, 

where c is the velocity of sound and cpx = u, ($ = v, cpZ = w. 



The description of the whole velocity f i e l d  by a single scalar  
potent ial  QI is, of course, a great simplification and, as explained i n  
t e x t  books on hydrodynamics, t h i s  scalar  potent ial  occurs i n  every case 
of f r i c t ion les s  motion i n  which the density p is a function of the 
pressure only. The elements of such a f l u i d  move only under the act ion 
of "buoyancy" or  pressure forces. When the density is dependent on the 
pressure only, variations of density occur. only along the direct ion of 
the buoyant force.  This force then passes through the center of gravity 
of each element and no ro ta t ion  is produced. The existence of q follows 
from the absence of rotat ion.  

O f  f i r s t  in te res t  i n  the a i r f o i l  problem are steady flows. The 
steady flow consists of a fixed pat tern of streamlines attached t o  the 
a i r f o i l  and moving with it. In order t o  represent the steady flow, it 
w i l l  be necessary t o  transform the stationarg axes of equation (1) t o  axes ; 

I moving with the a i r f o i l  at the f l i g h t  velocity Y. The quantity 7 q t t  

is then replaced by cp and the  equation becomes, a f t e r  transposition, 
C 2 = 

i n  which 1 is the Mach nmber M. The problem is now the mathematical 
C 

one of finding a solut ion of equation (2) which agrees with the normal 
boundary velocity imparted by the a i r f o i l .  When the t h i n  a i r f o i l  as 
specified is used, it is found suf f ic ien t  t o  replace the actual  boundary , 
condition by an equivalent condition on the v e r t i c a l  velocity w i n  
the chord plane; tha t  is, 

where - is the slope of the a i r f o i l  surface. It is important t o  note 
dx 

t h a t  the s l id ing  component of the  a i r f o i l  surface imparts r_o motion t o  the 
f l u i d  since the  f l u i d  is Frictionless.  The er ror  made i n  the  equivalent 
boundary condition a t  z = 0 becomes appreciable only at  distances of the 
order of one wing thickness from the edge. The pressure d is t r ibut ion  over 
the  a i r f o i l  surface mqy likewise be taken as the pressure i n  the chord 
plane and i s  obtained from the  well-known fomnula f o r  the pressure i n  a 
s ound wave 



or, i n  steady flow 

from which 

Thus fa r ,  nothing has been sa id  about subsonic- or  supersonic-flight 
veloci t ies .  This d is t inc t ion  a r i se s  i n  equation (2) and i n  the form of i t s  
solutions when M 2 1. 

Except f o r  t h i s  distinction, var iat ions of M a re  of no consequence 
mathematically since they can be represented by an equivalent change i n  
the  scale of x r e l a t ive  t o  the other coordinates. This change of scale  
is Imown as the Prandtl-Glauert transformation and is given as 

The formula t o  be used depends on whether the  f l i g h t  velocity is subsonic 
or supersonic. I n  the  l a t t e r  case, the significance of the transformation 
is easi ly  seen, since t h i s  transformation serves t o  maintain the correct 
incl inat ion of the Mach waves t o  the line of f l i g h t  a t  d i f fe rent  speeds. 
It should be noted tha t  the sudden transit-ion of the d i f f e ren t i a l  equation 
from the e l l i p t i c  t o  the hyperbolic type a t  M = 1.0 is a feature of the 
steady-flow equation (equation (2 ) )  and does not, of course, a r i se  i n  
connection with equation (1). 

The essent ia l  features of the steady flow at  subsonic or  supersonic 
speeds can then be ascertained from solutions of the reduced or 'normalized. 
equations. For M = 0, 
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and f o r  M = 1.41, 

A s  may be shown by d i rec t  different iat ion, ,  equations (3) and (4) possess 
the p r b r y  solutions 

'P = f(= + By + 72) 

where a, £3, and 7 are  quant i t ies  determined so t h a t  f o r  equation (3) 

a2 + 82 + y2 = o 

and so  tha t  f o r  equation (4) 

a2 - 82 - 72 = 0 

The cyl indrical  flow f i e ld ,  which is the basis  of the two+iimensional or 
wing sect ion t h e o q ,  is obtained by s p c i d i z i n g  the primary solution 
t o  the txo coordinates x and z. In t h i s  case f o r  equation (3) 
a = 1.0 and 7 = i; and f o r  equation (4) a = 1.0 and 7 = 1.0 so t h a t  
the  general solutions f o r  the  cyl indrical  or  two-dimensional flow f i e l d  
become 

cp = f (x L i z )  

u = f t ( x f  i z )  

w = f  i u  

The general solut ion is  the ,basis of the  Munk theory, as well as the more 
exact wing sect ion analyses which depend on the theory of functions of a 
complex variable. A t  supersonic speeds the  corresponding solutions are  



This l a t t e r  form of solution, which represents a plane sound wave of 
a rb i t ra ry  intensi ty  a t  4 5 O  t o  the  normalized coordinate axes, is  the 
basis  of the Ackeret theory. 

The general form of flow f i e l d  given by solutions of the two 
foregoing types is i l l u s t r a t e d  i n  f igure 1. The sketch on the left-hand 
s ide is the famil iar  subsonic streamline pat tern f o r  a symmetrical biconvex 
wing section. In the subsonic pat tern the velocity and pressure disturbances 
diminish uniformly with distance and i n  the case of steady flow the f i e l d  
possesses a fore  and aft symmetry which r e su l t s  i n  no pressure drag or  wave 
drag. The sketch- on the  right-hand s ide ( f i g  . 1) i l l u s t r a t e s  the marked 
difference i n  streamline pat tern t h a t  a r i se s  when the crosswise velocity 
of the cyl indrical  f i e l d  is supersonic. In t h i s  case the phase r e l a t ion  
of u and w is  sh i f ted  (from 1 t o  i )  and the  pressure d is t r ibut ion  
i s  antisymmetric, resu l t ing  in a wave drag. This drag appears as the 
energy i n  the plane sound waves emanating from the a i r f o i l .  The change 
from subsonic t o  supersonic type of flow f i e l d  a r i ses  when the  r a t e  of 
progress of the flow pat tern through the s t i l l  f l u i d  exceeds the velocity 
Q% sound. With cyl indrical  flow, the  f i e l d  is not affected by an ax ia l  
velocity of the cylinder and the pat tern progresses a t  a r a t e  determined 
only by the crosswise motion of the cylinder. Hence, the subsonic t n e  
of flow may pers i s t  on a yawed wing even though the f l i g h t  velocity is 
supersonic. (see reference 2. ) 

The sketch i n  the lower par t  of f igure 1 represents a cross section 
of a conical flow f i e l d  of the type originated by Busemann. The part icular  
case used f o r  i l l u s t r a t i o n  herein is the flow produced by a f l a t  plate  
of t r iangular  plan form moving point foremost a t  a small angle of a t tack 
(f ig .  2). The Mach cone originates, of course, a t  the apex of the t r iangle  
and the f i e l d  inside t h i s  cone is geometrically the same i n  all downstream 
cross sections except f o r  an expansion i n  scale  along the x--axis. The 
conical flow f i e l d  may be obtained by the superposition of primarg solutions 
of the form 
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I f  p = eie, then the solution % 

represents a plane sound wave a t  an angle , 8  t o  the y-, z-axes. 
Superposition of such waves of strength f q ( p )  from 8 = 0 t o  8 = 2n 
resul t s  i n  a solution d o g o u s  t o  Whittaker's solution; tha t  is, 

The quantity - a x  + ( 1  + p2)y + i(l - p2)z may be factored into 

- ) ( - i )  where 

The general solution f o r  O0 is obtained when F is replaced by log; 
t h a t  is, 

1 i f  the contour does not include and if i f ( p )  dp = 0 or, i n  other 
E 

words, i f  f is an analytic function (see reference 3). 

If the f l i g h t  velocity is subsonic,the argument E is replaced by 

y + i z  . The l a t t e r  solution w a s  given by W. F. Donkin i n  1857 
x  + d x *  + y2 + 22 
(see reference 4).  In  ei ther  case the form of the argument shows an 
essent ial  similarity t o  an expanding cylindrical f i e l d  (see reference 5) . 
I n  fact ,  f o r  the slender conical f ie ld ,  where y2 + z2 may be neglected 

y 4- i z  
i n  comparison with x2, the argument becomes simply 

2x 



Although no analytic function of E which removes the dis tor t iol i  of 
the conical f i e l d  r e l a t ive  t o  the cyl indrical  f i e l d  can be found, it is  
possible t o  transform the f i e l d  i n  such a w q  tha t  the d is tor t ion  is 
yemoved i n  the  neighborhood of the  a i r f o i l  i n  the plane z = 0.  The 
desired transfoiplation is obtained from the f a c t  t h a t  

Since E Z  approaches E~ near z = 0, the analytic variable 

+ i z  w i l l  approach i n  the neighborhood of the chord plane inside the 
X 

Mach cone. The new variable z greatly simplifies the bound- conditions 
inasmuch as the Mach cone is transformed into .the posit ive and negative 
branches of the r e a l  axis outside f l  and the in t e r io r  of the Mach cone is 
mapped in to  the  whole plane. Figure 3 i l l u s t r a t e s  the e f fec t  of t h i s  
change of variable. 

The r e l a t ion  between u and w i n  the conical fieLd is  f o n d  from 
the conditions f o r  i r ro t a t iona l  flow; t h a t  is, 

I n  t e r n  of the variable E 

o r  i n  terms of the  variable z 

It is interest ing t o  note tha t  the condition f o r  a . f l a t  a i r f o l l  surface in 
two4imensiona.l flow holds also f o r  the .c'onical f i e l d .  I n  the two-- 
dimensional flow w = i u  and the conditfon f o r  a f l a t  surface (constant w) 
is simply t h a t  the function adopted f o r  u has no imaginary part  over the 
region of the r e a l  axis covered by the a i r f o i l  (assuming that the  r e a l  



solutions for  u and w are used) . In the  conical flow, the quantity 

is a r e a l  number over tha t  par t  of the  r e a l  axis between k1  so 
Z 

that i n  this region the condition is  unchanged. 

Figure 4 i l l u s t r a t e s  the solution for, the f l a t  t r iangular  a i r f o i l  a t  
a s m a l l  angle of attack as obtained by H. J. Stewart and M. I. Gurevich 
(references 6 and 7) and a lso  by Bartels and LaPorte (reference 8). The 
constant value of w, denoted by wc, must be calculated t o  give the 
r e l a t ion  between the lifting pressure and the angle of attack. The 
quantity m the sweepback angle f o r  M = fl; f o r  
other Mach times the cotamgent of the sweep angle. 

Other wing f o m  generally require the superposition of conical and 
cyl indrical  f ie lds .  Thus, i n  the case of the  rectangular wing of wedge- 
shaped section (f ig .  5 )  the  f i e l d  is cyl indrical  up t o  the Mach cone 
originating a t  the corner of the wing and is conical inside t h i s  cone. 

The solut ion f o r  the flat tr iangular  w i n g  can be used as a s t a r t ing  
point t o  obtain the pressure d is t r ibut ion  over a sweptback wing. I n  t h i s  
process, which is explained i n  references 9 and 10, the desired wing plan 
form is, i n  effect ,  cut out of the t r iangle  by the  superposition of conical 
f i e l d s  which cancel the l i f t i n g  pressure over portions of the triangular 
area extending beyond the desired outline. The process is simplified i n  
the  supersonic case by the l imited zone of influence of the superimposed 
f i e lds .  The l i f t i n g  pressure dis t r ibut ion over a wing with 63' sweepback 
is shown i n  f igure 6 .  It w i l l  be noted t h a t  the lift distr ibut ion over the 
foremost section is  f l a t ,  as i n  the Ackeret theorg, while f a r the r  along 
the span the subsonic type of pressure d is t r ibut ion  appropriate t o  the 
reduced crosswise velocity appears. I n  t h i s  example the wing t i p s  were 
cut off i n  a direct ion pa ra l l e l  t o  the a i r  stream and, i n  such cases, the 
l i f t  drops sharply t o  zero i n  the region behind the Mach cone f romthe  
t i p  corner. 

The solution f o r  a sweptback wing having curvilinear sections cannot 
be obtained by the superposition of a f i n i t e  number of conical f i e l d s  but 
requires an integration. Such a case is i l l u s t r a t ed  i n  figure 7, which 
shows the  pressure dis t r ibut ions a t  several sections of a symmetrical 
biconvex wing a t  O0 angle of attack. This example serves t o  i l l u s t r a t e  
the change i n  proceeding from subsonic t o  supersonic speed. Since the  
angle of sweepback is large, the change is not pronounced and occurs 
primarily a t  the center sections of the wing. It i s  interest ing t o  note 
that the center sections of the wing have a pressure drag a t  subsonic speeds. 



1. Busemann, A.: InfinitesFmal Conical Supersonic Flow. NACA TIM. 
No. 1100, 1947. 

2. Jones, Robert T.: Wing Plan Forms f o r  HigMpeed Fl ight .  M C A  TB 
No. 1033, 1946. 

3. Whittaker, E. T., and Watson, G. N. : A Course of Modern Analysis. 
Fourth ed., Cambridge Univ. Press (~ondon), 1927, p. 403. 
( ~ e p r  inted 1940. ) 

4. Bateman, H. : P a r t i a l  Different ial  Equations of Mathematical Physics. 
American ed., Dover Publicat ions, 1944, pp. 357-358. 

5. Jones, Robert T. : Properties of Low--AspecMatio Pointed Wings a t  
Speeds below and above the Speed of Sound. NACA Rep. No. 835, 1946. 

6. Guresrich, M. I.: L i f t  Force of an Arrow-EFhaped Wing. Appl. Math. 
and Mech. (MOSCOW), vol.  X, no. 4, 1946, pp. 313-520. 

7. Stewart, H. J.: The L i f t  of a Delta Wing a t  Supersonic Speeds. 
Quarterly Appl. Math., vol. IV, no. 3, Oct. 1946, pp. 246-254. 

8. LaPorte, O., and Bartels, R. C.  F.: A n  Investigation of the Exact 
Solutions of the Linearized Equations f o r  the Flow past Conical 
Bodies. Bumblebee Rep. No. 75, Univ. Michigan, Eng. Res. Inst., 
Feb. 1948. 

9. Cohen, Doris: The Theoretical L i f t  of F l a t  Swept-Back Wings at  
Superson3.c Speeds. W A  Tm No. 1555, 1948. 

e 

10. Lagerstrom, P. A.:  Linearized Supersonic Theory of Conical Wings. 
J.P.L. 'Progress Rep. No. 4-36, Cal i f .  h t .  Tech., 1947. 



SUBSONIC 
u = f'(x+iz) 
w = t iu 

y t i z  
)= fie) 

x+ J F t  

K f l  CYLINDRICAL FLOW FIELDS SUPERSONIC 

<MACH CONE u  = f'( x + z) 
,vXt-y2-Zt w = ? u  

CONICAL FLOW FIELD 

Figure 1. - General form of cylindrical and conical flow fields. 
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Figure 2. - Flat plate of triangular plan form in conical flow field. 



Figure 3.- Transformation of flow field to the z = 0 plane, 
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Figure 4. - Solution for flat triangular airfoil at  small angle of attack. 
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Figure 5. - Cylindrical and conical flow fields about a rectangular wing having 
a wedge-shape section. 

0 
Figure 6. - Lifting pressure distribution over a wing with 63 sweepback. 



Figure 7.- Pressure distributions at several sections of a symmetrical 
biconvex wing at  O0 angle of attack. 
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THE USE OF SOURCE AI!D SINK CONCEPTS I N  THE CALCULATION 

OF WING CHARAmIsrICS AT SUPERSONIC Sems 

By Clinton E. Brown 

Langley Aeronautical Laboratory 

The calculation of wing charac ter i s t ics  within the lint.:.- - 
i s  performed by a superposition of known solutions of a mor 
elementary nature. In incompressible flow the use of sourc 
and vortex solutions has proven very useful, perhaps because - 
elementary solutions themselves have been easy t o  visualize; certa,,,, , 
the idea of building up a body of revolution by a continuous distribu- 
t ion  of sources and sinks i s  a na tura l  one. A t  supersonic speeds the 
use of sources, doublets, and vort ices  can lead t o  many simplifications 
and give the student a physical picture  of what i s  occurring i n  the flow, 
Qon K&& and Moore (reference 1 )  were f i r s t  t o  introduce source and 
sink concepts t o  supersonic ,aerodynamics when they calculated the flow 
about bodies of revolution by an axial dis t r ibut ion of sources. Ln 1935> 
a t  the Qolta  Congress, Ton I(&& (reference 2) suggested the use of 
surface source dis t r ibut ions in the calculation of wing charac ter i s t ics  
and thus l a i d  the ground work f o r  much of the  present work. 

Unfortunately, the spherical symmetry of incompressible source flow 
i s  l o s t  a s  the velocity of the stream becomes greater  than the speed of 
sound, a s  may be seen by comparison of the potent ial  function jd of a 
source in incompressible flow and supersonic flow: 

xhere K i s  the strength of the source and M i s  Mach n u d e r  of the 
undisturbed stream. Prandtl  (reference 3 )  has given a very good 
derivation of the potent ial  function of a sxpersonic source system tha t  
uses a superposition of sources fixed i n  the f l u i d  but varying i n  strength 
with time. Consider a body moving a t  supersonic speed through a 
compressible f l u i d  or iginal ly  a t  r e s t .  The motion produced must sa t i s fy  
a d i f fe rent ia l  equation which, upon re s t r i c t ion  t o  motions tha t  are s-11 



compared with t h e  ve loc i ty  of sound,  becomes t he  wave equation in th ree  
dimensions, well-known in  mathematical physic s. That i s, 

where c i s  t he  speed of sound. 

The solut ion of t h i s  equation representing a f ixed  source of f l u i d  
i s  a l so  known and more complicated solut ions  may be b u i l t  up by d i s t r i -  
buting sources i n  t h e  f l u id .  In order t o  g e t  t o  t he  solut ion f o r  a body 
o r  disturbance rnoving through t he  f l u id ,  Prand t l  asswnes t he  x-axis o r  
f l i g h t  ax i s  t o  be covered with sources, each source being f ixed  and 
having s t rength vary with time. (see  f i g .  1 . )  As  a given disturbance 
moving along t h e  z - a x i s  reaches any source, t h s t  source starts t o  flow, 
flows according t o  a cornon l a w ,  and ceases t o  flow when t h e  disturbance 
has passed. The po t en t i a l  a t  any point  (x,y,z) i n  t he  f l u i d  i s  then 
maae up of t he  contribution from each source i n  accordance with t he  
known expression f o r  t h e  po t en t i a l  function of t he  source flow. This 
expression i s  given i n  f i gu re  1 f o r  a source located a t  a point  on t h e  
x-axis and i s  as follows:' 

where t i s  t he  time, T i s  the  time a t  which t h e  source s t a r t e d  t o  
flow, c i s  t h e  speed of sound, R i s  t he  dis tance be-bween t he  source 
m d  f i e l d  point ,  f i s  t he  l a w  which governs the  s t rength of t he  
source flow. A s  no disturbance can be produced a t  t h e  point  (x,y,z) 
u n t i l  t he  sound o r  pressure wave reaches t he  f i e l d  point, t he  po t en t i a l  
i s  only a f fec ted  by those sources, t he  i n i t i a l  waves of which have already 
reached t h s  f i e l d  point  a t  t he  time t. It should be noticed t h a t  l i n e s  
from the  i n i t i a l  point  of t h e  disturbance tangent t o  t h e  wave f r o n t s  
from t h e  sources form the  Mach cone o r  region of influence of t he  distur-  
bance. The po t en t i a l  w i l l  then be  expresoed as an i n t e g r a l  and w i l l  be 
a function of tha  space coordinates and time. I f ,  however, t h e  obser- 
vat ion point  i s  allowed t o  move along a t  t h s  same speed as the  distur-  
bance, t he  time element disappems, and f i n a l l y  8 n  i n t eg ra l  expression 
i s  obtained f o r  a system of sources moving ,at ,a ouper sonic M%ch nwnber M. 
Tha following expression w a s  used by Yon K a r w  and Moore (reference 1) i n  
coxputing t he  flow over slender bodies of revolution at  supersonic sp=.eds: 



In this equation, the field point is at (x,y,z) and the position on the 
axis xl may be considered to be the location of a supersonic point 
source having as its potential field the expression of equation (2). 

For wing problems, however, lifting surfaces, and therefore surface 
soiurce distributions, are of interest. The potential. at any point in the 
space will then be made up of the contributions from sources distributeu 
over a region of the xy-plane and  ma^ be written as a double summation ctr 
integral: 

In this expression the quantity g(xl,yl) is the expression describing 
the source intensity at the point (xl,yl). Care must be taken in 
choosing the limits in the integral so that the area of integration 
incluiies only those so;rrces which can effect the field point, that is, 
the sources which contain the field point in their Mach cones, 

The veldcity component normal to the xy-plane containing the sources 
is obtained by differentiating the potential function with respect to z. 
Puckett (reference 4) and others have shown that this normal velocity at 
a point on the surface z = 0 is affected only by the sources in the 
immediate vicinity of the point and is given by the expression 

It is seen that the normal velocity is discontinuous at the surface and 
of magnitude proportional to the local-source strength. This result is 
not surprising if it is remembered that the source solutions u5ed in the 
previous derivation produced a radial flow and therefore could not 
produce a velocity normal to the plane containing the source except 
directly at the source itself. 

At the surface, the slope of the streamlines is given to ~1 first 
approximation by 



The source d is t r ibut ion  over the surface then produces a s p l i t t i n g  
of the flow streamlines and i s  therefore capable of representing the 
e f fec t  of thichness on a wing plan form. For example, on a w i n g  of 
given plan form the  surface slopes a re  known and, hence, from equations (6)  
and ( 7 )  the source dis t r ibut ion is  known. The potent ial  function fo r  the 
wing can therefore be calculated by inser t ing fo r  g(xl,yl) in equation ( 5 )  
the expression obtained from equations (6)' and (7) t o  obtain 

Once the potent ial  function i s  known, it i s  possible t o  obtain the 
ve loc i t ies  by different iat ion.  The method f o r  calculating the pressure 
dis t r ibut ion and drag of symmetrical wings a t  zero angle of a t tack i s  
thus d i rec t  and involves only the solution of def in i te  integrals.  This 
method has numerous applications i n  calculating the drag of supersonic 
wings. Rectangular wings, trian@;ular wings, and tapered and untapered 
sweptback wings having various a i r f o i l  sections have been calculated and 
are  available. 

A s  has been seen, a source d is t r ibut ion  produces a parting of the 
flow and hence an ident ica l  flow pat tern above and below the xy-plane. 
Sources alone, therefore, w i l l  not produce a l i f t i n g  force on a body. 

What i s  needed i s  a potent ia l  function which i s  discontinuous at  
the plane of the wing and which w i l l ,  therefore, produce a difference 
of pressure or l i f t  on the wing. I f  the ve r t i ca l  velocity produced by a 
source dis t r ibut ion i s  used as a new potent ial  function, t h i s  type of 
potent ial  function can be obtained because, a s  demonstrated previously, 
the normal velocity i s  discontinuous a t  the plane of the sources. The 
new potent ial  function, which i s  the derivative of a source potential ,  
i s  cal led a doublet potent ia l  because it can be formed by an operation 
on a double sheet of posit ive and negative 8ources. The doublet potent ial  
may be written now as 

( "  - X1) 



and by referr ing again t o  equation (6) it i s  seen t h a t  the potent ial  a t  
the surface z = 0 i s  

where k(x,y) i s  the doublet- o r  source-distribution function. A t  the 
surface, the x-, y-, and z-component ve loc i t ies  may be wri t ten a s  follows: 

Inasmuch as the pressure i s  proportional t o  the x-component velocity, 
ak it can be seen tha t , t he re  i s  a difference in pressure or l i f t  wherever - ax 

exis ts .  The z-component of the disturbance velocity i s  found t o  be contin- 
uous a t  the surface and the streamlines above and below the swface  are  
therefore deflected i n  the same direction. The doublet d is t r ibut ion  i s  
thus capable of representing the e f f ec t s  of c d e r  and angle of a t tack of 
wings. 

In problems i n  which the c-er or p g l e  of a t tack i s  given and the 
pressure dis t r ibut ion i s  required, the doublet-distribution method i s  
rather  d i f f i c u l t  t o  use because the doublet dis t r ibut ion function i s  not 
known but i s  beneath the in tegra l  signs, as i n  equation (13). The camber 
or  angle of a t tack can give the value of the ve r t i ca l  velocity vZ, but 
the function k(xl,yl), the doublet dis t r ibut ion,  i s  not known. This 

type of equation, cal led an in tegra l  equation, i s  often quite d i f f i c u l t  
t o  evaluate. 



When the pressure d i s t r i b u t i o n , i s  given, potent ial  on the 
surface and, therefore, the doublet. dis t r ibut ion can be calculated 
direct ly .  The caniber can then be,obtained by calculating the ve r t i ca l  
velocity at  each point. The d i f f i cu l ty  of solving an in tegra l  equation 
i s  therefore not met i n  t h i s  case. 

In order t o  i l l u s t r a t e  b r i e f ly  the ma,bner in which camber l i nes  may 
be calculated, consider a uniformly loaded triangular wing. The pressure 
coefficient may be prescribed a s  a constant A and, therefore, from the 
pressure equation, vx ' i s  constant; t h a t  is, 

Inasmuch as the potent ia l  i s  the in tegra l  of the velocity vx by 
definit ion, the potent ial  on the surface becomes 

A t  the leading edge, however, @ = 0 and, therefore, the unknown 
function ~ ( y )  may be evaluated as follows: 

X = 191 t an  A (16) 

hence 

F(Y) = - 171 tan A (17 

where A i s  angle of sweepback. 

Since the surface potent ial  dis t r ibut ion and doublet dis t r ibut ion 
a re  equal except f o r  a constant factor  n, the potent ial  of the complete 
flow i s  given by the doublet dis t r ibut ion as 



This in tegra l  can now be evaluated and, from the potent ial  function 
obtained, the v e r t i c a l  velocity a t  the surface may be computed; t h ~ s  
the caniber l i n e s  can be found. The camber on such a wing has been 
given already by Jones fn reference 5. 

In the solution of the in tegra ls  used i n  t h i s  paper the order of 
integration and different iat ion is  found t o  be quite important. The 
solutions a re  d i f f i c u l t  because the elementary solution i s  not defined 
at  i t s  Mach cone. Hadammd (reference 6) has t rea ted  such problems, 
however, and Heaslet and Lomax (reference 7) have applied, h i s  procedure 
t o  the solution of wing problems. 

The foregoing mthod of doublet dis t r ibut ions can be t i e d  in  with 
the familiar vortex-theory concept of incompressible flow. Consider a 
three-dimensional wing represented by a cer ta in  doublet or  surface- 
potent ial  distribution. The circulat ion r about a chordwise s t r i p  can 
be computed i n  the usual manner by i n t e ~ a t i n g  the ve loc i t ies  along a 
l i n e  d i rec t ly  above and below the surface. The circulat ion thus becomes 

The integration is complete a t  the t r a i l i n g  edge because the 
x-component-velocity difference vanishes at  t h i s  point. The potent ial  
difference i n  the wake becomes, then, only a function of y. The pressure 
on the s t r i p  i s  given by the  r e l a t i an  

The l i f t  on the s t r i p  of width dy i s  then 

p T.E. 

This equation shqws t h a t  th3 Joukowski;hy-pothes.is i s  val id  a l so  i n  the 
supersonic r a z e  of f l i g h t  and the familiar coacepts of vortex flow must 
apply. It w i l l  be interest ing t o  shaw how a horseshae vortex can be found 



by a doublet distribution. In  the sketch, consider the area i n  the xy-plane 
enclossd by the s t ra ight  l i n e s  t o  be uniformly covered by doublets, 

The surface potent ial  i n  t h i s  region w i l l  a l so  be constant as discussed 
previously. The circulat ion computed along any c i r c u i t  enclosing the 
boundary of the region w i l l  then be a constant which i s  proportional t o  
the strength of the doublet dis t r ibut ion.  The doublet dis t r ibut ion i s  
therefore seen t o  be equivalent t o  a single vortex l i n e  along the 
bounday of the region considered. This r e s u l t  i s  d i rec t ly  analogous 
t o  t h s t  found i n  incompressible flow; however, the induced velocity 
f i e l d s  i n  the two cases a re  d i f fe rent  except a t  a large distance behind 
the l i f t i n g  l i n e  where they become the same. Any wing and i t s  wake may 
be represented by a vortex dis t r ibut ion i n  the usual manner, although 
f o r  supersonic wing problems the l if t ing-line theory i s  unsatisfactory 
because of the discont inui t ies  present i n  the solutions which make the 
assumptions used i n  l if t ing-line theory very poor indeed. The al ternat ive 
is, of course, t o  proceed t o  a surface dis t r ibut ion of vort ices  or 
doublets i n  which case the objections a re  overcome. Calculations of t h i s  
type have been performed by Schlichting. (see reference 8.) A t  a great  
distance behind the wing, the change i n  potent ial  with respect t o  the 
f l i g h t  direction approaches zero and the d i f f e ren t i a l  equation of motion 

approaches Laplace's equation i n  two dimensions involving only the cross- 
flow velocities.  The downwash produced by the wing i s  then seen t o  be 
affected by only the t r a i l i n g  vortex system as i n  incompressible flow. 
(See reference 3.) It might be supposed tha t  the induced drag of the 
wing could be calculated from the energy i n  the wake; however, an 
additional amount of energy due t o  l i f t  i s  found t o  be transported t o  
in f in i ty  by the sound waves produoed at  the wing. (see reference 10.) 
The calculation of the induced drag f o r  cer tain cases requires the use of 
second-order terms, which were or iginal ly  dropped i n  the analysis. The 
use of such terms is, therefore quite a controversial subject. Available 
information on the subject, however, indicates tha t  s. proceaure i n  which 
thes? terms are  included i s  a t  l e a s t  q i~s l i t a t ive ly  correct. 



Puckett and others have demonstrated t h a t  under cer tain conditions the 
flow over l i f t i n g  surfaces may be obtained by source dis t r ibut ions instead 
of doublet dis t r ibut ions which in7Tolve in tegra l  equations. Such conditions 
mbse when the flow component normal t o  a lead%% edge i s  s9personi.c; then, 
the two sides  become independent. This f a c t  i s  i l l u s t r a t e d  by the f i r s t  
sketch of figure 2. The region of influence of a disturbance on one side 
of t h s  triangular w i ~ g  does not in te rsec t  the leading edge; hence, the 
e f fec t  of the disturbance i s  not f e l t  on the opposite side. The pressure 
dis t r ibut ion on the  surface f o r  the case i n  which the opposite surface 
forms a wedge is  the same a s  t h a t  f o r  the case in which the opposite side 
i s  coincident with the or iginal  surface. The potent ial  can therefore be 
found for  both cases by the source-distribution method. 

The second sketch i n  f igure  2 indicates tha t  when the flow component 
normal t o  the leading edge i s  subsonic, the two surfaces a re  not indepen- 
dent, and the source dis t r ibut ion method cannot be used without fur ther  
consideration. Eward (reference 11) has found a very ingenious way t o  
extend the source-distribution method f o r  calculating l i f t  t o  those cases 
in which the leadfig-edge components of velocity become subsonic. It i s  
assumed t h a t  the wing leading edge i s  extended u n t i l  the normal component 
of flow i s  supersonic and the two sides  become independent. The problem 
i s  th8n t o  determine the proper source dis t r ibut ion over the wing extension 
t h a t  makes the potent ial  difference i n  t h i s  region zero. In f i v e  2 the 
region on the wing extension affect ing the f i e l d  point shown i s  labeled A. 
E-ward discovered t h a t  the e f fec t  of the proper source dis t r ibut ion over 
t h i s  area w a s  equal but opposite i n  sign t o  the e f fec t  produced by the 
sources i n  region B. The potent ial  a t  the f i e l d  point can therefore be 
calculated by performing an integrat ion of the sources over region C. 
Problems involving the use of two interact ing wing extensions a re  no 
longer as simple but  can s t i l l  be done, The aforementioned method i s  
indeed of great  u t i l i t y  a s  it i s  very simple t o  apply and obviates the 
necessity f o r  solving in tegra l  equations. 

The theore t ica l  work discussed herein must be carefully checked 
experimentally before it can be t rusted t o  any great  extent. A t  t h i s  
time it i s  too early t o  s e t  down the limits of appl icabi l i ty ,  such a s  
the Mach number range, maximum angle of attack, or  thickness ra t ios ;  
however, the f a c t  t h a t  the theory i s  of great  value cannot be questioned 
inssmuch as the r e s a l t s  provide a ra ly t i c  expressions from which trends 
and the effects  of variation of parameters may be found. 
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Figure 1. - Source system in motion. 

Figure 2. - Illustration of Eward ' s  method. 
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UNSTEADY LIFT IN H I G H S E E D  FLIGHT 

By Harvard Lo- 

Ames Aeronautical Laboratory 

The probleme discussed in this paper involve the initial time 
history of forces on a two-dimensional flat-plate wing section, The 
first of these problems is the calculation of the transient pressure 
on the flat plate starting from rest and continuing at a constant 
speed and angle of attack. This can correaponrl physically to a sudden 
anglwf-attack change. The second problem is the calculation of the 
transient pressure on the flat plate entering a sharpedge gust. For 
large values of time, both of these solutions approach the more familiar 
steady-etate value of the lift on the plate at a given angle of attack. 

The problem involving the anglmf--attack change is the same as 
that studied by Wagner (reference 1) for the case of incompressible 
flow. In the present paper, this well-knoTm solution is extended to 
include the effects of both subsonic and supersonic bch numbers. This 
study shows that the effect of Mach number on the load distribution is 
entirely different at the beginning of the motion than at the end of 
the motion when the Prandtl-Glauert or Ackeret formula applies. 

Previous studies have been made in the field of high-speed unsteady 
lift by Garrick and Rubinow (reference 2 ) ,  and by Chang (refkrence 3). 

The method of solution employed in this paper differs from that 
used by Gesrick arad Rubinow in their study of flutter in that empkiasis 
is placed on the development of lift following a sudden unit change in 
angle of attack rather than on the lift of a harmonically oscillating 
wing This unit-angle-of-attack method was used by Eeaslet and LcPm 
(reference 4) and proceeds as follows: First, the basic partial dif- 
ferential equation is obtained and simplified to its linearized form; 
then a solution for a sudden "unit" displacement is fo~nd in terms of 
the pressure distribution; finally, since the basic equation has been 
linearized, these solutions for the unit displacement are superimposed 
with the result that the pressures on a flat plate undergoing any 
arbitrary motion can be found. The usefulness of the result is greatly 
increased by its ready adaptation to the operational methods used in 
similar problems by Jones (reference 5 )  and presented in detail by 
Churchill (reference 6) . 

The solutions which this type of analysis yields is given the 
name "indicial solutions." As an example, consider that the unit 
displacement is the angle of attack of the wing. This means by 
definition that a is zero for negative values of time and equal to 
unity for all positive values of time. The load distribution resulting 
from such a unit displacement is called the indicial angle--of-attack 
load. Similarly, the integrated value of this loading is called the 
indicial angle-of-attack lift. 



Proceeding now in the manner which has been outlined, the basic 
pzrtial differential equation is obtained. This governing equation 
used in the study of' unsteady lift problem comes from a combination 
of the equations of motion, contifiuity, and state. The approximation8 
used in reducing these equations to the linearized form suitable for 
analysis are simply that the induced velocities are small enokgh to 
be neglected in comparison with the free--stream velocity and that the 
velocity gradients are all of similar magnitude, These assumptions 
in simplifying the partial differential equation are consistent 3 i t h  
those of thin airfoil theory in simplifying the bo~ndary conditions - 
namely, that the boundary corditions be specified in the plane Z = 0 
and that the tangent of' the angle of attack he replaced by the angle. 
Such approximations result in an indeterminate error in the induced 
velocities of the solutions, so that for terma like the lift, rrelocity 
of sotind, and entropy which can be expanded in terms of, say, the 
induced velocity u, only the lowest nonzero poier of u should be 
used in the expansion. 

The resulting linearized partial differential equation is the same 
as that studied by the various authors mentioned. The two-dimensional 
form of this equation for the perturbation velocity potential in term 
of the space coordinates X', Z', the time tt and the free-stream 
velocity of so~ind a. and Mach number & can be written as follows: 

IPI such a form, it is rather formidable, but by us3 of the transfor*mation 

it can be reduced to 

t,he normalized form of the wave equation. 



The wave equation, of course, has been extensively studied, since 
it is one of the most important equations of mathematical physics. 
Moat of this study, however, has been directed tovard problems in 
which the boundary conditions are given for t = 0.  (See, for instance, 
reference 7.) In such cases both the function and the initial values 
of its derivatives must be specified in order that a unique solution can 
be obtained. This is the so-called Cauchy problem. In unsteady lift 
problems, on the other hand, the boundary .ralues are known orily in 
the plane Z = 0; that is, the slope of the lifting surface is speci- 
fied for all values of time. This difference in orientatfon com~letely 
changes the nature of the prdblem. And, in fact, it can be shown that 
when boundary values are specified for Z = 0, a unique solution can 
be found, just as in Laplace's equation, by specifying only the deriva- 
tive of the fucction. niis same situation - that of having the data 
given in another than the classical t = 0 plane - arose in the study 
of three-dimensional supersonic liftinesurface problem and a rather 
complete discussion of it in that connection is given in reference 8. 

This analogue with the supersonic lifting-surface problem can be 
quite useful in establishing the data necessary for the unsteady lift 
cases. In order to construct this a~lalogy, however, it is first 
necessary to discuss the boundary values for some typical un8tead.y 
lift problem. Consider a wing at an angl~f'-attack a starting 
suddenly from rest at t = 0 .  (see fig. 1.) In the X,t plane, this 
wing would sweep out a region shorn as the shaded area in figure l(a). 
It is to be remembered from the transformation given as equation (2) 
that the coo~.dinate t represents true time t' except for the 
stretching factor ao, and, for a given t, a change in the coordinate X 

represents a change in the true distance X'. Thus at t = 0, the 
shaded area extends from X = 0 one chord length back to X = co. 
At some later time, the wing will have moved in the negative X--direction 
to a new position such as the point A in f i w e  l(a). The trailfnp edge 
at such a time remaim one chord length behind at the point C. Tkie 
dash lines in the figure represent the traces of the characteristic 
cones. Physically, these lines represent the foremost and rearmoet, 
positions to which a pressure disturbance starting at their apex can 
travel in a gi- en time. ?%us a disturbance starting on the leading edge 
at t = 0 can be felt only between the points B and D when the 
wing has traveled so that its leading edge is at A. Hence, for a 
wing traveling at supersonic speeds, point A will fall to the left 
of the characteristic line and Cor a wing traveling at subsonic speeds 
it will fall to the right. 

If the wing is to attain its unit angle of attack without rotation, 
then the boundary values are such that the vertlcal induced velocity 

, is a constant over the entire shaded region of figure l(a), and the 
- loading is zero over the rest of the plane z = 0. 



Compare these bo~ndary conditions with those for a supersonic 
three-dimensional, flat-plate, lifting-surface problem. If the shadod 
region is thought of as a wing plan form, the problems are identical. 
The characteristic cones represent the familiar h c h  cones; and since 
the dash lines have a 45' slope, the equivalent hch number is \r2-. 
The wing in unsteady lift flying at supersonic speeds has for its 
equivalent a three-dimensional lifting surface with supersonic edges. 
The solution to such a liftinesurface problem is relatively simple 
to find. On the other hand, the wing in unsteady lift flying at 
subsonic speeds has for its equivalent a three-dimensional lifting 
surface with some subsonic edges. Althohgh this complicates the 
problem considerably, still by methods such as those introduced by 
Evvard (reference 9 ) ,  solutions can be found. 

Another type of boundary-value problem is shob:n in figure l(b). 
This figure represents a wing at zero angle of attack traveling at 
supersonic speeds entering a sk-mpdge g~st the front of which is 
situated along the line X = 0. The vertical induced velocity over 
the shaded region is a constant, the value of which is equal and 
opposite to the gust intensity, and is zero in the unshaded region 
between the t-axis and the trailing-edge trace. Over the rest of the 
plane, the loading met be zero. Again by constructing the analogue 
with the t'hree-dimensional lifting-surface problem a solution can 
easily be obtained. 

The solution for the load coefficient for a wing starting from 
rest and continuing at supersonic speeds - that is, the indicial load 
coefficient for a - is al~own in figure 2(a) . At t = 0 the wing 
suddenly attains an angle of attack (without rotation). Immediately 
the load coefficient jumps to & constant value of magnitude &/Mo 
over the entire chord. At a subsequent time this value moves off the 
chord with the trailing characteristic trace, the apex of which is at 
the origin. Between the traces of the characteristic cone a transition 
occurs, the load falling below the value &/M, and then rising to the 

higher value - 1. This latter value is the familiar steady- 

state two-dimensional value for load commonly called the Ackeret 
loading. As the leading characteristic trace leaves the wing, the 
Ackeret loading covers the chord and the wing has reached its steady- 
state value. 

Compare this loading with the indicial load coefficient due to 
angle of attack for a wing flying at subsonic speeds (fig. 2(b)). Again 
at t = 0, the incremental load jumps immediately to the constant 
value 4a/Mo over the entire chord. Ho-*ever, in this subsonic case, ' 

the load near the trailing edge immediately falls so that for all 
values of time greater than zero the loading at the trailing edge is 
continuous and zero. That is to say, the Kutta-Jo~ikovskl condition is 



satisfied except at the instant t = 0 .  Subsequently, the load distri- 
bution approaches asymptotically the normal additional load distribution 
associated with steady two-dimensional subsonic theory'- that is, very 
high values near the leading edge fall to zero at the trailing edge. 

Figure 3 shows the indicia1 load coefficient due to angle of attack 
for a restrained wing flying at supersonic speeds and entering a sharp 
edge gust. The gust is located in the region from X = - w  to X = 0. 
Initially the loading over the chord is zero. As the leading edge 
begins to penetrate the gust, however, in the region between the 
characteristic traces the load begins to rise from zero to the Ackeret 
loading, and again as the loading characteristic trace crosses the 
trailing edge the wing has reached its final steady-state Ackeret value, 

Further discussion of these phenomena can best be completed by 
considering the integrated values of these loadings plotted against a 
variable representing time. Thus figure 4 shows a plot of lift-curve 
slopes against s, the number of half--chords traveled by the wing, 
for a wide range of %ch number. The curve for M = 0 - that is, the 
curve for the two4imensional wing with incompressible flov - was first 
studied by Wagner. Since the starting value is always 4/M, this 
incompressible flow value of ch must initially jump to infinity, 
The infinite value, which results from the infinite acceleration imposed 
in the boundary condition6 by the step function, lasts only for an 
infinitesimal time; however, C b  then falls to n and rises 

gradually to the asymptotic value 2n. The calculations for the curves 
in the region 0 < Mo < 1 were completed only to the time necessary 
for a pressure signal to travel from the trailing to the leading edge. 
k t h e r  csmpurtations are possible but would have been more complex. 
On the other band, the qualitative nature of the curves for larger 
values of time is fairly obvious. Thus at a hch number of 0.8 the 
starting value is 5. The lift-curve slope falls linearly for the 
time required to travel about a half-chord length and then rises to 

approach asymptotically the value 2 The curve for a Mach 
number of 0.4 is similar. Such a behavior obviously invalidates the 
use of the Prandtl-Glauert Mach number correction to unsteady lift 
analysis. Between t = 0 and t = m the correction factor must lle 

between 1 / ~  and 1 1\11 - M2, but the exact value is quite complex. 
The variation of this transient- C with Mach number is accentuated Itz 
most sharply by considering the value at M = 1. 

The curve in figure 4 for M = 1 presents the build-up of lift- 
curve slope for a wing starting *om rest and traveling at the speed 
of sound. Since the Mach number is unity, the starting valxe of 

' La  
is 4. The magnitude of C k  increases with time and is infinity 

at s = m. Hmever, since the whole theory is based on the assumption 



that the induced velocities are small compared with the free-stream 
velocity, the number of half-chords'traveled before the theory breaks 
down is severely limited. Just how m c h  so ?epends, of course, on f2.e 
agle-of-attack change chosen. Nevertheless, some insight into the 
nature of sonic flow has been gained. 

Curves for supersonic Mach numbers of' 1.2 and 1 .k are also plot t ed 
in figure 4. At a h c h  number of 1.2 the variation of Ch "it" time 

approximates rather closely Wagner's curve for M = 0.  In the super- 
sonic case, hovever , C h  is initially constant at 4/M for about 

one-half chord length traveled and then rises and reaches its steady- - 
state Ackeret value of 4 /{I@ - 1 after a few chord lengths; 
whereas, in the subsonic case, the value is nowhere constant and 
approaches its steady-state value asymptotically. For higher super- 
sonic lvdach numbers, the magnitudes of the curves decrease and the 
difference between the starting and final values becomes less. 

So far, the discussion has been limited to the indicial lift for a 
sudden angle-of-attack change. A comparison between this lift and that 
developed by a supersonic wing entering a sharp-edge @st is gi- en in 
figure 5. The curves shown are both for a h c h  number of 1.2, the 
dash curve representing the change in lift coefficient for the wing 
entering the @st. The principal difference between the curves is in 
the initial value, the gust curve starting at zero and the anp5le-of'- 
attack curve starting at 4/M. After about 12 chord lengths, h~-~,ever, 
the curJes are identical, since both have assumed the Ackeret value. 

A simple but important dynamic maneuver can be studied by means 
of the two indicial lift functions, the one for a and the other for 
a @st. This maneuver 1.s the response of an unrestrained airfoil to 
a gust when the effects of pitching are neglected. Such a maneuver 
for sharpedge gusts has been studied in reference 4. 

The study ot' the unsteady lift problem is far from being complete. 
It is believed that the effect of the indicial lift on the downwash at 
the vertical tail plane at supersonic speeds has not been touched, nor 
has the effect of gusts on wings traveling at high subsonic speeds. 
Furthermore, the methods described in this paper might be used as 
another approach to the study of compressible flutter problems for Mach 
nmbera less than 1 - especially the problem of aileron flutter. 
Another type of research, the study of which has just been started at 
the Ames Aeronautical Iaboratory, is that of the two-dimensional wing 
accelerating through the speed of soLcnd. The results already presented 
for the indicial lift around a !.lack! number of 1 indicate that further 
research along these lines niight produce worthwhile results. 
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X - C o = - M o t  

T 
(a ) Subsonic and supersonic wing receiving sudden angle-of-attack 

change at t = 0. 

Figure 1. - Sketches showing different types of boundary conditions for 
two -dimensional unsteady lift problems. 

LEADI.NG EDGE TRACE 

TRAILING EDGE TRAGE 1 

(23 )  ~upersonic wing entering sharp-edge gust at X = 0. 

Figure 1.- Concluded. 



I \ 1.1 SUBSONIC 

Tj$jg7' 
Figure 2. - Pressure distributions on wing receiving sudden angle-of-attack 

change at  t ' =  0. . *  

Figure 3'- Pressure distribution on supersonic wing entering sharp-edge 
gust at X = 0. 
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Figure 4, - Indicial iift -curve slope for Mach numbers between 0 and 1;4 

shown to time required to travel 12 half-chords. 

-ANGLE OF ATTACK 

S, DISTANCE TRAVELED IN HALF CHORDS 

Figure 5. - Indicial lift-curve slopes for restrained wing. 



A SURVEY OF METHODS FOE EE CALCULATION OF ILCTg AROUND 

BODIES OF I7EVOLUTION AT ~ S O N I C ' ~ S P E E D S  

Ep Antonio Fersi  

Langley Aeronautical Iaboratory 

The theoret ical  determination of aerodynamic character is t ics  of 
bodies traveling a t  supersonic speed has been considered only recently 
i n  r e l a t ion  t o  f ly ing  problems but has been f o r  a long time an 
important problem i n  b a l l i s t i c s .  For t h i s  reason and because, fo r  
bodies of revolution, the problem is sensibly more simple, the bodies 
considered i n  the theoret ical  work are  bodies having circular  cross 
section, while small a t ten t ion  has been given heretofore t o  bodies 
having a cross section different  from the circular ,  dthough these 
bodies a re  important f o r  prac t ica l  applications. A bibliography of 
information on t h i s  subject i s  presented at the end of t h i s  paper. 

For bodies of revolution of good aerodynamic shape, i n  general 
the physical phenomena a re  well  understood and the analysis of the 
flow phenomena can be made with good approximation when the boundary 
layer a l o q  the body does not separate. I f  the body analyzed is a 
sharp, slender body of revolution axia l ly  alined with the direct ion 
of the undisturbed stream, an axial--symnetrical shock i s  produced at 
t h s  apex of the body ( f ig .  1 ) .  If the body is  a cone of revolution, 
the generatrix of the shock is a s t ra ight  l ine ,  while i n  the general 
case it is a curve tha t  becomes more inclined with the direct ion of 
the undisturbed stream, moving away from the body and tending t o  
become pa ra l l e l  t o  the Mach l ine .  

Across the shock an increase of entropy occurs tha t  corresponds 
t o  a variation of momentum i n  the flow, and, therefore, the shock 
produces a drag called shock drag. Because the variat ion of entropy 
changes with the incl inat ion of the shock, the flow behind a curved 
shock is not any longer an isentropic flow. The entropy is constant 
along every streamline i n  the zone between two shocks, but a variation 
of entropy exis t s  i n  a direct ion normal t o  the streamlinss and, 
therefore, the flow is  ro ta t iona l  flow. 

Along the surface of the body, when the generatrix of the body is 
a curved l ine ,  the pressure decreases. If the radius of curvature of 
the  generatrix of the body is small, i n  t h s  zone i n  which the 
generatrix becomes para l le l  t o  the undisturbed stream the loca l  
pressure is  lower than the frec+strea.m pressure. If a cylindrical 
part  of some extent follows the ogive, along the cylindrical past, 
the  pressure increases and tends t o  become equal t o  the s t a t i c  pressure. 
If the back part  of the body f inishes with a t a i l  a s  sho-w-n i n  figure 1, 
the  pressure along the t a i l  continues t o  decrease and a t  the end of the 
body another shock wave is produced. 



A t  the surface of the body the boundary layer grows and a wake 
exis t s  at the t a i l  of the body. The wake changes the actual  shape 
of the streamlines a t  the end of the  body, and, therefore, i n  t h i s  
zone a theoret ical  analysis of the phenomenon made with perfecGfluw 
theory cannot reproduce correctly the physical phenomenon. 

However, the phenomenon can be foreseen theoret ical ly  with g o d  
accwacy i n  the zone of the flow i n  which the e f fec t  of the boundary 
Payer on the shape of the streamlines is negligible. 

When the body has an angle of a t tack  the phenomenon changes and 
the ax ia l  symmetry disappears; the theoret ical  analysis then becomes 
more d i f f i c u l t .  

For small ( infinitesimal) angles of attack the shock tha t  is  
produced at the apex of the body remains approximately a surface of 
revolution, but its axis  is not coincident with the ax is  of the body 
nor with the direct ion of the undisturbed stream. &cause the 
phenomenon is not the same i n  every meridian plase passing through 
the  axis  of the  body, a velocity component i n  a direct ion normal t o  
the meridian plane exis ts ,  and a force component normal t o  the 
undisturbed stream can be found. This component produces a l i f t  
and a monent on the body. A t  the ta i l  of the body when the body has 
an angle of attack, the wake produced by the boundary layer  is  not 
symmetrical with respect t o  the axis  of the body. The wake has an 
effect on the value of the l i f t ;  therefore, because the l i f t  is 
re la ted  t o  the boundary-layer phenomena, the  l i f t  of a body of 
revolution tha t  ends v i t h  a point cannot be analyzed with good 
approximation i f  only perfechflow theory is used. 

If an open-nose body of revolution is considered, the  analysis 
of the flow phenomena does not change i f  the flow enters the body with 
supersonic speed. Ln t h i s  case, at the l i p  of the body the phenomenon 
is two dimengional. The shock moving f a r  f r o m  the  l i p  decreases i n  
intensi ty  i n  a similar wa;y'to tha t  of the pointed nose of revolution. 

The theories used f o r  the determination of pressure along a body 
of revolution a re  of two types: the small-disturbance theory and the 
 characteristic^ theory. Both systems deal with adiabatic perfect 
flow, and the effect  of viscosity and conductivity a re  neglected. 
The 1-disturbance theory uses more simple hypotheses i n  the flow 
determination and allows i n  some cases analyt ical  expres ions f o r  the B 
aerodynamic phenomena, whereas the character is t ics  theory takes in to  
account a l l  the physical aspects of the phenomena f o r  adiabatic 
perfect flow but does not; solve pract ical  problems of ax ia l  symmetrical 
flow i n  an analyt ical  form and requires a numerical determination of 
every part icular  case considered. 



The simplification accepted by the amall-disturbance theory is 
that the.variations of velocity components produced by the presence 
of the body in the strean are so small that the square terms of the 
disturbance velocities and. of their derivatives c m  be neglected wi-th 
respect to the first-order terms in the equation of motion. h this 
approximation the entropy remains constant throughout the stream and 
a velocity-ptential function can be used. The equation of motion 
for potential flow and cylindrical coordinates (fig. 2 ) )  is expressed 
aa: 

wnere is the total-velocity potential; u, v, asd w are 
velocity components; and a is the speed of sound. Then, in the 
amall-disturbance approximation the expression becomes: 

where M1 is the &ch number of the undisturbed stream assumed 
parallel to the x-direction, and is the potential function that 
represents ths variations of velocity components produced in the stream 
by the movement of the body (disturbance velocities). The theory of 
small disturbances can be used in every case in which the more simple 
hy-potheses are respected, and, therefore, for every free-stream Mach 
number considered. However, from a practical point of view it is 
necessary to remember that the theory canno'i; be used in the nsighbor- 
hood of M1 = 1, while the precision of the results decreases at high . 
Mach numbers because for a given geometrical shape of the body the 
disturbance velocities increase in intensity when the &ch number 
increases. 

Tha equation of motion in the simplified form (equation (2)) is 
a linear differential equation of second order with constant 



coefficients and therefore permits a superimposition of solutions that 
simplifies notably the problem. The solution of any problem in the 
appr.oximation of equation (2) can be obtained by the superimposition 
of simple solutions, known from sound-wave theory, that in aerodynamics 
represent sources, sinks, and doublets. The problem of determining 
thts flow properties of a given phenomenon is transformed in this way 
to the problem of determining the correct' distribution of sources or 
doublets that respect ths boundary conditiou considered in the 
pr ob lea. 

For bodies of revolution axially alined with the undisturbed 
stream, the solution of the problem can be obtained by considering a 
source-sink distribution along the axis of the body, the intensity 
of which depends upon the free-stream Mach number and upon the shape 
of the body. The intensity of the source-sink distribution can be 
obtained generally by a step-by-step calculation of simple form or in 
some cases in analytical form. The ste-y-step calculation is 
usually required when the boundary conditions are exactly fulfilled 
by imposing the cordition that the disturbance-velocity components at 
the surface of the body must produce a stream that, when superimposed 
on the undisturbed stream, must be exactly tangent to the body. For 
very slender bodies of revolution with a generatrix having finite 
curvature the stepby-step calculation can be avoided. In the neighbor- 
hood of the axis of the body the component of the disturbance velocity 
normal to the axis can be determined directly from the intensity of 
the source distribution along the axis, and vice-versa. Now, if the 
body is a slender body of revolution, the component of the disturbance 
velocity normal to the axis at the surface of the body is essentially 
equal to the same component in the neighborhood of the axis. But the 
component of the disturbance velocity normal to the axis at the 
surface of the body is given by the boundary conditions and depends 
upon the stream velocity and upon geometrical parameters of the body 
and, therefore, is known. In this case, the intensity of the source 
distribution carn be obtained directly from the shape of the body 
without a stepby-step calculation. 

The intensity of the source distribution is given in this 
approximation by 

where s(x) is the cross-sectional area of the body at the 
abscissa x. The value of the drag obtained by this approximation 
is independent of' the bch number. 



This r e su l t  depends upon the  simplifications assumed; however, 
it gives an indication tha t  the e f fec t  of var iat ion of Mach nwlber 
i n  the aerodynamic phenomena of slender bodies of revolution is not 
very large.  

When the body of revolution has a small ( inf ini tesimal)  angle of 
attack, the solution is  obtained by considering two potant ial  
functions, the potent ial  function P1 tha t  represents the  phenomenon 
dependent on the  component of the  stream i n  l i n e  with the  axis of the 
body, and the  potent ial  function (d2 t ha t  coneiders the par t  of the 

phenomenon dependent on the component normal t o  the axis.  The f i r s t  
potent ial  function is ident ica l  in the  approximation accepted t o  the 
function used i n  the axial symmetrical phenomena, while the  second 
potent ial  function corresponds t o  the potent ia l  of a doublet d i s t r i -  
bution placed along the axis of the  bod..  The in tens i ty  of the 
doublet distri t jution must be determined as a, %unction of the barndmy 
conditions. Again, f o r  very slender 'bodies of revolution having 
generatrices with f i n l t e  curva.tupe, the  doublet d is t r ibut ion  depencts 
only on geometrical parameters of the body considered and can be 
determined direct ly .  In t h i s  case, the l i f t  coeff ic ient  is dependent 
only on the end section of the body and is independent of the Mach 
nuder .  Ths l i f t  obtained with the small-disturbance theory fo r  
bodies pointed at  both ends is zero but is  d i f fe rent  from zero i f  
the end section is different  from zero. This r e s u l t  depends on the 
assumptions made; however, it shows tha t  the  l i f t  is a function of 
the dimension of the wake and, therefore, of the  phenomena in the 
boundary layer.  Indeed, the cross section of the  wake corresponds 
physically f o r  the flow outside of the boundmy layer  t o  an end 
section' of the body, 

By use of the ~ l l - d i s t m b a n c e  theory, it is possible t o  
determine some general properties of bodies of revolution and t o  
obtain some indications of the  shapes of bodies having low shock drag. 
For example, i f  the  length azlif diameter of an ogive body a re  fixed, 
t h s  shape tha t  corresponds t o  minimum drag has a blunt nose. The 
radius of curvature of the  meridian curve at the nose is very small, 
and, therefore, the zone in  which the nose is blunt is  very &l. 
This r e s u l t  is  fuund a l so  when more approximahe treatment is used, 

In  order t o  give an idea of the  approxFmation of the small- 
disturbance theory, comparison between the pressure coefficients Lip/¶ 
given by t h i s  theory f o r  different  stream &ch numbers and the r e s u l t s  
obtained by exact-perfect-fla theory is shown i n  f igure 3. The bodies 
considered ape cones of revolution with d i f fe rent  apex angles, 

Im the amll-disturbance theory it is assumed tha t  a l l  the 
disturbances a re  transmitted along surfaces tha t  have constant 



inclination with respect to the axis of the body. The inclipation 
corresponds to the free-stream Mach' angle. In this approximat ion 
no shock waves can be found. 

When phenomena of bodies at an angle of attack are considered, 
the &ch cones move rigidly with the body or in some cases do not 
move with respect to the direction of the -stream. 

Ln order to obtain the effect of the presence of the shock and 
in order to determine with greater precision the phenomena outside 
of the boundary layer, the characteristics system must be used. The 
principal idea of the characteristics method is based on the fact 
that every small disturbance produced in a supersonic stream.is 
trmsmitted only in the flaw inaide the k c h  cone from the point in 
whicli the disturbance is produced; therefore, the h c h  cone from the 
point in which the small (infinitesimal) disturbance is prdduced is a 
surface across which the phenomenon changes. In mathematical Language 
this surface is a characteristic surface, because as the disturbance 
is small and the phenomenon continuous, the flow properties repre- 
sented, for example, by the stream velocity componants must be the 
same at the inside and outside surface of the h c h  cone; since the 
analytical expression of the flow properties must change across the 
surface, therefore, the partial derivative of the flow properties 
(in our case the velocity components) must change in discontinuous 
form. The characteristic surfaces exist only if the flov is anywhere 
supersonic because only in this caae the disturbances are transmitted 
along the surface correspondent to the Mach cone. 

The characteristic surfaces are constituted by the envelope 3f 
all the k c h  cones that have thsir vertices at the points in which a 
disturbance is produced. They separate the zone of the flow in which 
the perturbation is transmitted from the undisturbed zone. Because 
the &ch angle is not constant in the flow, the characteristic surfaces 
are curved and at the inclination any point is a function of the local 
velocity. When the body considered is a body of revolution at zero 
wgle of attack, the phenomenon has axial symmetry and also the charac- 
teristic surfaces are surfaces of revolution. !The velocity at any 
point is defined by two velocity components and the analysis of the 
phenomenon can be made by determining the motion in a meridian plane. 
In place of the characteristic surfaces the chmacteristic lines are 
considered. These lines are obtained by the intersection of the 
characteristic surfaces with the meridian plane. 

At every point of the meridian plane the characteristic lines 
are inclined at the local k c h  angle with the local direction of the 
velocity, and at every point two characteristic lines pass corre- 
spondent to i;he two directions in which a h c h  line can be drawn with 
respect to the direction of the velocity. If p is the local Mach 



angle and 8 the local inclination of the velocity with respect to 
the axis of the body, a characteristic line is inclined at p c 8 
and the other at 6 - p The value of p and 8 is different at 
different points of the flow; therefore, the characteristic lines 
are curved. 

The characteristics theory comists in the analysis of the 
changes of flow properties along characteristic surfaces or, for 
bodies of revolution, along characteristic lines. 

By use of the law of continuity, the law of conservation of 
energy, or the law of variation of momentum, a partial differential 
equation for the law of motion can be obtained. Because of the 
presence of curved shocks in the flow, the flow analyzed is 
rotational and, therefore, in general in the analysis the use of a 
potential hnction is not possible, For two4imensional or axial 
symmetrical phenomena a special stream function can be used which 
permits the obtaining of a partial differential equation corr- 
spondent to bhe equation of mo-t;ion for potential flow. This stream 
function for rotational flow, or differential expressions for the 
velocity components, the pressure, and the density can be used to 
dbtain the equation8 of mobion in differential form. The equation 
which defines the motion becomes much simpler if the variation of the 
flow properties is analyzed along the characteristic surfaces, 
because some terms of the differential equation disappear. 

If a body of revolution axially alined with the free stream is 
analyzed, the variation of flow properties must be analyzed along the 
characteristic lines. Because across every point of the flow two 
characteristic lines pass, two equations are obtained which give in 
differential form the variation of the flow properties along the 
lines, '&cause the flow propertfes at a q y  point are defined if two 
quantities (for example, the two velocity components) are known, the 
two equations permit the problem to be defined. 

The equations that give the law of motion along the characteristic 
lines still are differential equations with variable coefficients but 
permit the numerical determination of the problems .if a method of 
finite differences is used in place of the differential equation in 
order to determine the variation of flow properties along the 
characteristic line. 

The equation of motion along the characteristic line can be 
given in the following form (see fig. 4):. 



- dV - t a n w d e + d x  3~ - d~ - 1 - sin 8 sin u tan 8 
V cos(8 + p) 

and 

- =  tm(e - p) 
dx (3~) 

+ tan p d8 - dx 3~ -- dS 1 + sin 8 sin u tan 8 
V cos(8 - p) 

where 'V is the intensity of velocity, 19 the inclination of velocity 

with respect to the axis, the gradient of entropy in normal 

direction to the streamlines, and 7 and R are constants. 

Fron the equations (3), the flow property at a given point can 
be determined, when the flow properties at two points near to the point 
considered and along the characteristic lines are known (fig. 4). 

If the flow properties in P1 and Pg near each other are known, 
the values of 8 and p are also known; therefore, from P1 the 
tangent to the characteristic line given by equation (313) and from P2, 
the tangent to the characteristic line given by (30) can be drawn, a;ld 
a point P3 can be determined. On the assumption that in the first 
approximation the coefficients in equations (36) and (3b) are constants 
between P1 and Pg and P2 and P3, and applying equation (3b) 
between Pl and Pg and equation (3d) between P2 and P3 allowe 

two equation3 to be obtained that permit determination of the 
variation dB and dV between P3 and P1 (equation (3b)) and the 
variation dV and dB between P3 and Q (equation (313)). Indeed, 
the variation dx is known, and all the coefficients are constants and 
ham. When the values of V and 8 at P3 in the first approximation 

are determined, a second approximation c m  be obtained by assuming for 
the coefficients in equations (3%) and. (3d), and for the direction of 
the characteristic in equations (3a) and (3b) the average values between 
the values at the points PI and P2 and the values obtained in the 
f irst approximation for the point P3. In equations (3b) and (3d), 



as appears qnly if the flow is rotational flow. This term the terg - 
dn 

casl be determined at every point because the entropy is constant 
along evepy streamline between shock waves, and the equation of the 
shock gives the miation of entropy that occurs when a streamline 
crosses a shock wave. 

The system permits the determination of the phen&non when 
shock exists and allars any required precision to be obtained, because 
the precision depends on the distance between the points P3 and P2 
or P3 and P1, a distance tkiat can be reduced to any value. 

The system is numerical but the solution can be obtained in 
computing machines of large size that can give numerical results in a 
sery short time. The only approximations introduced are that viscosity 
an8 conductivity can be neglected. 

In order to apply the characteristic system to any body of 
revolution the flow m a t  be determined initially along a characterietic 
line. If the body is a ahwpnosed body of revolution the calculation 
starts with the determination of the flow at the apex, flow that is 
conical flaw; while if the body is an opemosed body of revolution 
the calculatfons start by determining the shock at the lip of the nose 
with the two-dimensional theory. Figure 5 shows a comparison between 
experimental results and values determined with the characteristic 
system for a body of revolution of simple shape. Figure 6 shows a 
practical determination of the supersonic part of the flaw inside a 
conical diffuser, The shock produced at the lip of the body incseases 
in intensity azldl becomes norm1 at the axis. The increase in intenoity 
of disturbances produced at the wall of circular tubes is a general 
phenomenon and is important for supersonic circular tunnels. 

When the body is not a body of revolution or has an angle of 
attack, the characteristic system can still be applied but becomes 
much more involved, because it is necessary to determine the flow 
variations not along two characteristic lines, but along two charac- 
teristic surfaces. Practically, the determination.of the flow 
properties at any point can be obtained by the analysis of the 
variations along the intersections with a meridian plane of two 
characteristic surfaces that pass at the point considered and along 
the intersection of one of two characteristic surfaces with a plane 
perpendicular to the axis. In this way a system of three linear 
equations is obtained, when the method oS finite differences is used, 
that permits the determination of one of.the flow properties, for 
example, of the velocity at the point considered. 

The numerical solution becomes very involved, especially if the 
flaw with shock is analyzed, and requires that the initial conditions 
can be determined at the front part of the body. 



When s. body of revolution with small, angle of attack is analy.zed, 
the hypoi;hesis can be accepted that'the effect of cross flow is very 
smll and in this case a cross flow can be superimposed to the axial 
flow, the characteristic lines of 'the two flows are coincident, and 
the calculations can be simplified. For example, this system can be 
used easily in order to determine the flow arovcnd a cone of revolution 
in yaw. 

In this approximation the velocity component in normal direction 
to every meridian plane 'of the body changes with the sine of the angle 
that defines the position of the meridian plane as. in the small- 
disturbance theory. 

This is the status of the analysis along bodies of revolution. 
Both theories can pro'bably be extended to similar problems. The 
extension of the small-disturbance theory to bodies of cross section 
different from the circular but having constant shape must not be too 
difficult. 

The use of the small-disturbance theory for interference pro'blems 
seems also possible, and some results of this application are yet to 
be obtained. 

.For the small-disturbance theory a complete analysis of the 
approximations that can be obtained would be very useful. Discrepancy 
of opinions exists especially on the possibility for this theory of 
evaluating the Mach number effect on phenomena for bodies unclined 
at an angle of attack. 

Lza order to give an idea of the precision that can be obtained 
from the theory of small disturbances, a comparison of the lift-- 
coefficient--curve slope dCL/da given with the assumption of small 
disturbances and without this assumption is presented in figure 7 
for different h c h  numbers. The bodies are cones of revolution of 
different apex angles qo. 

The development of an analytical theory having higher approxi- 
mation than the small-disturbance theory for bodies of revolution 
would be very cseful but seems at present very difficult. The charac- 
teristics theory can be extended to the analysis of any shape of body 
having anywhere supersonic flow, if the initial conditions can be 
determined; therefore, the determination of general conical flow in 
more exact form is essential for the extension of the field of 
application of this theory. 



Interference problems can be analyzed with the chasacteristics 
theory. This analysis, however, requires a large amount of numerical 
work in every application. This obstacle, which exists at the 
present time, can perhaps be eliminated by using for the numerical 
calculations large size computing machines. The characteristics 
system can probably be extended to visco~s-flow phenomena or to 
phenomena with variable total energy. 



BIBLIOGRAPHY 

Sm.a.ll-~i sturdance Theory 

1. Ton K&, Theodor, and Moore, Norton B. : Resistance of Slender 
Bodies Moving with Supersonic VelocifAes, with Special Reference 
to Projectiles. Trans. A.S.M.E., vol. 54, no. 23, Dec. 15, 1932, 
pp. 303-3109 

2. Ton K a z m m ,  Th: The .Problem of Resistance in Compressible Fluids. 
Atti dei Convegni Volta, 5 Convegno di Sci. Fis., Mat. e Nat., 
R. Accad. dt Italia (~ome), second ed., 1940, pp. 210-269. 

3. Femari, C.: Campi di corrente ipersonora attorno a solidi di 
rivoluzione . LtAerotecnica, vol. XVII, f asc . 6, June 1937, 
PP. 507-5189 

4. Tsien, HsueShen: Supersonic Flow over an Inclined Body of Revolution. 
Jour. Aero. Sci., vol. 5, no. 12, Oct. 1938, pp. 48a83. 

5. Brown, Clinton E., and Parker, Hermon M.: A Method for the Calculation 
of External Lift, Moment, and Pressure Drag of Slender Open-Nose 
Bodies of Revolution at Supersonic Speeds. NACA ACR No. L5lL29, 1946. 

6, Haack, W.: ' Geschossformen kleinsten Wellenwiderstandes. Bericht 139 
aer Lilienthal-Gesellschaft f h  Luftfahrtforschung, 1941, pp. 14-28. 

7. Lighthill, M. J.: A Note on Supersonic Biplanes. R. & M. No. 2002, 
British A.R.C., 1944. 

8. Jones, Robert T., and Masgolis, Kenneth: Flow over a Slender Body of 
Revolution at Supersonic Velocities. NACA TN No. 1081, 1946. 

9.  Ferrmi, Carlo: Sulla determinazione del proietto di minima 
resistenza dPonda. Nota I. Atti R. Accad. Sci. Torino, ~01.74, 
1938-39 * 

10. Ferrari, Carlo: S u l  problem del proietto di minima resistenza 
daonda. Atti R. Accad. Sci. Torina, vo1.75, 193940. 

Characteristic System for Bodies of Revolution 

in Axis with the Flow 

11. Crocco, L.: Una nuova funzione di corrente per lo studio del mot0 
ro%azionale dei gas. Rend. della R. Accad. dei Lincei. Vol. XXIII, 
ser. 6, fasc. 2, Feb. 1936 



12. Buspaan, A. : G c k e  auf kegelf ;rmige Spitzen bei Bewegung mit 
Uberschallgeschwindigkeit. Z.f.a.M.M., Bd 9, Heft 6, Dec., 
1929, PP* 496498. 

13. Taylor, G. I., and Maccoll, J. Wo: The Air Pressure on a Cone 
Moving at High Speeds. Proc. Roy. Sec. (~ondon) ser, A, vole 139, 
no. 838, Feb. 1, 1933, pp. 278-311. 

14. Ferrari, C.: Campo aerodinamico a velocita iperacustica attorno a 
un solido di rivoluzione a prora acuminata. LtAerotecnica, 
vol. XVI, fasc. 2, Feb. 1936, pp. 121-130. 

15. Ferrari, C.: The Determination of the Projectile of Minirmrm Wave-- 
Resistance. R.T.P. Translation No. 1180, British Ministry of 
Aircraft Production. (Part II from Attl R. Accademie Sci. Torino, 
801. 75, NOT.-Dec . 1939, pp. 61-96). 

16. Guderley, G. : Die Charakteristikenmethode f& ebene und achsen- 
spnmetrische ~berschallstrb'mun~en. J&b. 1940 der deutschen 
Luftfalrtf orschung, R. Oldenbmg (Munich), pp. I 522 - I 535. 

17. Sauer, R. : Charakteristikenverf ahren f ' k ~  radiche achsenspmetsiscl.le 
Uberschallstrijmgen. Forschungsbericht Nr. 1269, Deutsche 
Luftf ahrtf orschung (Aachen ), 1940. 

18. Tollmein, W. : Anwendung der rechnerischen Behandlung von Stossf ront 
und ~irbelstr'dmun~ auf einen aus Kegel und Zylinder 
zusammengesetzten ~b'rper . Archiv . Nr . 44/14, Techni schen 
Hochschule Dresden, Sept. 23, 1944, 

19. Temple, G.: The Method of Characteristics in Supersonic Flow. 
R. & M. No. 2091, British A.R.C., 1944. 

20. Ferri, Antonio: Application of the Method of Cnaracteristics to 
Supersonic Rotational Flow. NACA TN No. 1135 , 1946. 

Characteristic System for Bodies of RevolutTon in Yaw 

21. Ferrari, C.: Datermination of the Pressure Exertsd on Solid Bodies 
of Revolution with Pointed Noses Placed Obliquely in a Stream of 
Comprescible Fluid at Supersonic Velocity. R.T.P. Translation 
No. 1105, British Mnistry of Aircraft Production. (From Atti 
R . Accad. Sci . Torino, vol . 72, NOT .-Dec . 1936, pp . 140-163. ) 

22. Sauer, R. : 8berschallstromung urn beliebig gef ormte Geschoszspitzen 
unter kleinem Anstellwinkel. Luftf ahrtf orschung, Bd. 19, Lfg. 4, 
May 6, 1942, pp. 148-152. 





Preceding page Mank 

Figure 1. - Axial-symmetrical shock a t  apex of slender body of revolution. 
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Figure 2. - Coordinate system. 
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Figure 4.- Diagram illustrating scheme of characteristics method. 
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Figure 5. - Comparison of experimental and calculated results. 
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Figure 6.- Determination of supersonic flow in a conical diffuser. 
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SOME CONSIDERATIONS OF AERODYNAMIC Hl3ATING 

By Coleman duP. Donaldson 

Ia.ngley Aeronautical Laboratory 

With the contemplation i n  recent years of f l i g h t  at  ever-increasing 
Mach numbers, the problem of aerodynamic heating has become increasingly 
important to  the aeronautical engineer. Unfortunately, much of the work 
on t h i s  subject has not been done from the point of view of the aero- 
dynamicist but has been based on the conventions of the varied branches 
of specialized f i e l d s  of hest  exchange. From considerations, therefore, 
of t h i s  d i f f icu l ty  and of the increasing importance of t h i s  subject t o  
the aerodynamicist, a brief review of boundary-layer heating phenomena 
appears t o  be desirable at  t h i s  time. 

If a i r  i s  brought t o  r e s t  near the suxface of an insulated plate  
and no energy i s  assumed t o  be transferred t o  o r  from any element of mass, 
then from the equation f o r  the conservation of energy 

u2 T + -  = Const = Ts 

2e2 

where T i s  the loca l  temperature, U is the loca l  velocity, cp i s  
- 

specific heat a t  canstant pressure, and Tb is  the stagnation temperature. 
Then, the t e q e r a t u r e  r i s e  from the f r e e  stream to the surface AT is  
found to  be 

This temperature r i s e  i s  called the adiabatic temperature recovery 
and i s  used as a reference temperature r i s e  in most heat-transfer 
discussions. 

The importance of t h i s  temperature r i s e  a t  high Mach numbers i s  clear 
i f  the equation f o r  the stagnation temperature is  written 

which i s  the equation re la t ing  t h i s  adiabatic stagnation temperature -Ts 

t o  the free-stream temperature T, where M is the stream Mach number. 
A t  a Mach number of 5.O'the surface temperature i s  s i x  times the free-  
stream te~llperature, so tha t  the problem of aerodynamic heating requires 
serious attention. 

Consider now the energy per uni t  area transferred in to  an e l emnt  of 
height dy while the a i r  i s  broughtto r e s t  first by the temperature 



gradient  s e t  up and secondly by the f r i c t i o n  work done. The energy 
t rans fe r red  i n to  the element by heat  conduction per  second is,  then, 

and t ha t  by f r i c t i o n a l  work is  

where k i s  thermal conductivity, v i s  viscosi ty ,  and u i s  the  
ve loc i ty  component i n  the  x-direction.. 

These two e f f e c t s  a r e  of opposite s ign and i f  they a r e  squal  i n  
magnitude the energy per  element remains constant and the  energy equation 
holds through the  boundary layer .  I f  the two e f f e c t s  a r e  assumed equal, 
then 

Now, from the energy equation 

The quanti ty - i s  ca l l ed  the Prandt l  number a and i s  a measure 
k 

of the  r e l a t i v e  magnitude of the  f r i c t i o n  and heat-conduction e f f e c t s  i n  
an insula ted flow. This parameter i s  very important i n  a l l  heat- t ransfer  
phenomena. I f  the Prandt l  number is 1.0,  the  temperature 'recovery on an 
insula tgd body i s  equal t o  the adiabat ic  recovery ATad; thus, 

The value of the Prandt l  number f o r  a i r  has been variously measured 
and placed a t  between 0.72 and 0.76 and hence the  temperature recovery on 
an insula ted body should be lowar than the  adiabat ic  recovery .  The r a t i o  
~f thl= ac tua l  recovery t o  the  adiabat ic  recovery AT/AT,~ i s  caUed the 
temperatura-recovery fac tor .  



I f  the Prandtl number i s  not equal t o  1.0 or  i f  there ex i s t s  a heat 
t ransfer  i n  or  out through the surface a t  which the velocity i s  zero, 
then, i n  order t o  solve f o r  the temperatures tha t  e x i s t  f o r  a par t icu lar  
83locity prof i le ,  three d i f f e ren t i a l  equations may be s e t  up. The f i r s t  
two are the well-known continuity and momentum equations. 

and 

where p i s  densi ty. 

The th i rd  equation i s  an expression of the f a c t  that a l l  the en.ergy 
transferred in to  an element by f r i c t i o n a l  work, conduction, and convectim 
must be carr ied away by these same processes so tha t  the temperature of 
the element does not increase with time. For simplification, variations 
of v i n  the x- and y-directions a m  neglected a s  well as variations 
of u i n  the x-direction, with the r e s u l t  t ha t  

I n  order t o  solve these three equations Eckert and Drewitz (ref erenc3 1) 
assumed tha t  the continuity equation could be s a t i s f i e d  by the use of a 
stream function and then, use can be mde  of the new variable% 

and 

where uo i s  f r e e - s t m m  velocity, v i s  kinematic viscosity,  and J, 

i s the stream function* Equations (2) h d  (3) can be put in to  convenient 
f o m  by use of these variables and the  solut ion can then be obtafned. The 



r e s u l t  f o r  the hea t  t r ans fe r  per  u n i t  a rea  h through the surface,  when 
0.5 < a < 2, w a s  

where T, i s  the  w a l l  temperature and To i s  free-stmam temperature. 

This r e s u l t  is  a l l  t h a t  i s  needed f o r  comparison with the  r e s u l t s  of 
experimental measurements on an insula ted f l a t  p l a t e ,  f o r  when h = 0, 

and the  temperature-recovery f a c t o r  is  

For a i r  with a Prandt l  number a = 0.72 the  t heo re t i c a l  temperature- 
recovery f a c t o r  is  0.85. 

Figures 1 and 2 show the f u l l  so lu t ion  by Eckert axid Drawitz ( refer-  
ence 1) f o r  the l o c a l  bmperature r i s e  and stagnation temperature f o r  the  
laminar-boundary-layer p ro f i l e .  It m y  be seen from f igu re  2 t ha t ,  s ince 
the  air  near  the  surface of th3 p l a t s  has a stagnation Jressure l e s s  than 
f r e e  stream, conservation of energy requires  the  a i r  i n  the outer  port ion 
of the  boundary l aye r  t o  have a stagnation temperature g rea te r  than f r e e  
stream. 

The temperature recoveries measured experimentally m an insula ted 
f l a t  p l a t e  a r e  shown i n  f i gu re  3 as a function of l o c a l  Reynolds number R. 
The theore t ica l ly  determined recovery f ac to r  - AT - - 0.6 agrees well 

ATad 
with the experimsntal values i n  the laminar region, but  as the  Reynolds 
numb5r increases along the  p l a t e ,  t r ans i t i on  occurs and the  temperature- 
recovery f a c t o r  increages from the  lamlnar value t o  a value a t  the  be2in- 
ning of the turbulent  l ayer  of 0.90. 

Before f u r t h e r  discussion is made of the r e s u l t s  of t h i s  laminar 
analysis  t o  p red ic t  the temperature recoveries about bodies other  than 
f l a t  p la tes ,  some discussion should bs given t o  one of the methods of 
analyzing the heat- t ransf  e r  cha rac t e r i s t i c s  of the  turbulent  bo'mdary 
layer .  

Figwre 4 i s  an i l l u s t r a t i o n  of the type of veloci ty  p r o f i l e  t h a t  
w i l l  be assumed. The msthod of solut ion is  as follows (reference 3)  : 
The laminar sublayer w i l l  be assumed t o  have a l i n e a r  veloci ty  p ro f i l e  and 



2 
a parabolic temperature prof i le  T = A + By + Cy . The loca l  heat and 
momentum transfers  of t h i s  layer  a re  determined and, when made t o  agrae 
w i t h  the loca l  heat and momentum transfers  of the turbulent layer  a t  
the outer edge of the laminar sublayer, a unique solution f o r  the heat 
t ransfer  through the combined layers resu l t s .  

For the analysis of the turbulent layer  the following equations are  
a t  our disposal. They are  the continuity equation 

the momentum e quat ion 

and the energy equation 

where 

The t ransfer  term p v t 2  i s  assumed t o  be equal i n  both the transfer. of 
Y 

heat and momentumj tha t  is, the mixing length 2 i n  the two cases i s  
Y 

the same ao tha t  



The momentum and energy equations (equations ( 5 )  and (6) ) then become 

and the t o t a l  energy and the  ve loc i ty  s a t i s f y  the same l i n e a r  d i f f e r e n t i a l  
equation, a s i gn i f i c an t  f a c t  f i r s t  pointed out  by Crooco. (see re fe r -  
ence 3 . )  A l l  boundary conditions may be s a t i s f i e d  i f  

where a and b a re  constants independent of y. 

Frankel used the foregoing procedure t o  obtain the  fol loving r e s u l t  
f o r  the heat  t r ans f e r  through a turbulent  boundary layer :  

n - 

Again, i f  the  case of an insula ted p l a t s  i s  considered, the  temperature 
recovery is  

From the work done on the turbulent  boundary l a y e r  a t  low speeds the 
value of the  square of the r a t i o  ul/u i s  found t o  be proportional  t o  
t h e  f r i c t i o n  s t r e s s  a t  the w a l l  divide8 5y twice the  dynamic pressure 



The temperature-recovery f a c t o r  f o r  a i r  becomes 

Figure 5 i s  a p l o t  of t h i s  re la t ionsh ip  f o r  values of rv/2q 
usual ly  encountered. The r e s u l t s  a r e  found t o  be of the r i g h t  order of 
m a g i  tude f o r  t he  temperature- recovery f ac to r s  of turbulent  l ayers  . 
Ekperimental measuremsnts on turbulent  l aye r s  have given temperature- 
recovery f ac to r s  ranging from 0.89 t o  0.93 but  no such l i n e a r  dependence 
as is  indicated by the  equation has been shown experimsntally. Research 
i s  needed to  determine the proper re la t ionsh ip  between ul m d  uo a t  

high speeds as the  use of the low-speed re la t ionsh ip  a t  high Mach numbers 
i s  not  a t  a l l  log ica l .  

Th3 ngxt s tep  is  t o  detsrmine whether it  i s  possible to  apply the 
r e s u l t s  Jus t  obtained f o r  insula ted f l a t  p l a t e s  t o  the  predic t ion of 
temperatures i n  insula ted bodies of o ther  shapes. 

If the veloci ty  d i s t r i bu t i on  about a body i s  known, the l o c a l  
temperature d i s t r i bu t i on  outs ide  the boundary layer  can be found; each 
element of the  body is  then assumed t o  have the f l a t - p l a t e  recovery f ac t a r  
based on its.  o-yn l o c a l  conditions. The temperature r i s e  above l o c a l  . ' 

temperature f o r  a laminar boundary l aye r  i s  then 

n 0 

and the  l o c a l  recovery f a c t o r  w i l l  be 0.85. The recovery f ac to r  based 
on free-stream temperature and the ad iaba t ic  recovery of the  fres-stream 
veloci ty  i s  

Figure 6 shows t h i s  l a s t  recovery f a c t o r  AT3/AT as measured 
ado 

around s. c i r c u l a r  cylinder a t  a Mach number of 0.526 and a Reynolds 
number of 1.81 x 105. The only p a r t  of these data t h a t  can be compared 
with our analysis  a r e  those obtained a t  s t a t i ons  l e s s  than 80' from the 
leading edge, because a t  l a rge r  angles the vortex s t r e e t  shed by the body 
completely a l t a r s  the phenomena with the r e s u l t  t ha t  surf  ace temperatures 
a r e  much lower. When these data a r e  converted i n to  the form A T ~ / L L T ~ ~ ,  

(I 

( the  dashed l i n e )  the agreement with the f l a t - p l a t s  r e s u l t s  i s  good except 



i n  the region near the stagnation point. This r e su l t  seems to  indicate 
tha t  it i s  permissible t o  use f l a t -p l a t e  r z su l t s  t o  predict  temperature 
dis t r ibut ions over insulated bodies of different  shape. 

Finally,  the masurements on t h i s  cylinder over a large range of 
Mach number indicate tha t  the theoret ical  prediction - namely, that  the 
loca l  temperature-recoveqy fac to r  is  indegendent of Mach number - is  
correct f o r  all moderate Mach numbers. This r e su l t  is shown i n  figure 7,' 
which i s  a p l o t  of the loca l  temperature-recovery fac tor  a t  a s t a t ion  79' 
from the leading edge of the cylinder f o r  a range of free-stream Mach 
numbers. Since the loca l  Mach numbers are well i n  excess of unity, these 
data inaicate that the loca l  recovery f ac to r  i s  independent of Mach number 
up t o  loca l  Mach numbsrs approaching 2.0. 

These r e su l t s  indicate tha t  the theoret ical  analysis of the laminar 
boundary layer  on a f l a t  plate  presented i s  an adequate tool  f o r  predicting 
the temperature recoveries on the surfaces of insulated bodies moving at 
high speeds. It may a lso  be used f o r  calculating moderate heat transfers, 
but the theory f a i l s  i f  the heat t ransfer  is  of a magnitude large enough 
to  change appreciably the common laminar-boundary-layer profi le  of 
f igures  1 and 2. 

The analysis of the turbulent boundary layer  indicates tha t  the 
temperature-recovery f ac to r  of an insulated f l a t  plate  depends upon the 
f r i c t i o n  s t r e s s  a t  the wall and tha t  experimentally it i s  desirable t o  
measure th i s  quantity simultaneously with the temperature-recovery factor. 
Certainly fur ther  resear%h i s  needed on the nature and extent of the 
laminar sublayer of the turbulent boundarg layer  a t  high speeds. 

Finally,  it must be pointed out tha t  the methods of analysis presented 
herein are not the most refined available to  the spec ia l i s t  i n  the f i e l d  
of heat t ransfer  today (see references 4 t o  6) but are presented because 
they represent the basic methods of approach and serve as an introduction 
to  the problems of aerodynamic heating. 
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Figure 1. - Local temperature-recovery factor 'and velocity profile fo r  
laminar boundary layer. 
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Figure 2. - Stagnation-temperature ratio and velocity profile for laminar 
boundary layer. 
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Figure 3. - Temperature recoveries on a flat plate. 
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Figure 4. - Assumed turbulent-velocity profile. 



Figure 5. - Theoretical' temperature recovery for turbulent boundary layer. 
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Figure 6. - Temperature recovery on circular cylinder. 



Figure 7.- Temperature recovery at 70' station on circular cylinder at 
various free-stream Mach numbers. 




