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Annotation /3%

Examined in the study 1s the problem of constructing the
programmed motion of a multi-leg bounding vehicle in the flight
phase. An algoriiun is constructed for solving the boundary
value problem of crnstructing the programmed motion for the
flight phase. Also shown 1s the possibility of the substantial
simplification of the work of this algorithm for symmetrical
motion of a vehicle. A method is proposed for constructing the
translational motion of the legs, which provides no impact
during lift-off and softness of placement of the legs on the
supporting surface. The algorithms were developed by the
method of mathematical simulation on a computer. The results
of the calculations are given. An algorithm is realized for
constructing the programmed motion utilizing tables for a
sufficiently broad set of standard motion conditions.

Kev Words: multi-leg vehicle, bound, dynamics, motion control
system, mathematical simulation.
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2 Introduction Zﬁ

The given study is a continuation of the investigations,
begun in [3], on the creation of a mathematicazl model of motion
and a motion control system for a bounding vehicle. Examined
~ in study [3] was the supported phase of motion of the vehicle.
Constructed in the present study is a mathematical model of
motion of a vehicle in the flight phase, and the problem of
construction of programmed motion in the unsupported phase
is solved.

A vehicle is examined which consists of a body and four
or six two-section legs, which have three degrees of freedom
: each. The total weight of the legs comprises an appreciable
‘ portion of the weight of the body. Motion of the vehicle
; consists of the alternation of two phases: supported, when
: all of the vehicle's legs stand on a supporting surface and

quasistatic stablility takes place, and unsupported, or the
flight phase, in the course of which the center of mass moves
along a ballistic trajectory. We request that the vehicle
leave the supporting surface without impact, and, at the moment
of touchdown, it should set down sufficiently softly, with a
small absolute stop velocity (zero, if possible). The re-
quirement for softness of placement of the legs, instead of
impactless, ensures reliability of contact of the legs with
the supporting surface at the moment c¢f touchdown, with the
presence of errors in execution and informational errors on
the actual supporting area.

In the problem of constructing the programmed motion of
the vehicle in the flight phase, it is necessary to find those
values of the linear and angular velocity of the vehicle
which provide movement from a given initial position to a
: given final position, with the adopted method of shifting
| of the legs. /6

Obtained in § 1 are the primary integrals of the equations
of motion of the vehicle (law of motion of the vehicle's center
of mass and law of conservation of angular momentum relative to
the center of mass), and a mathematical model of the spatial
motion of the vehicle in the flight phase is constructed.
Formulated in § 2 is the boundary value problem for construc-
ting the programmed motion of a bounding vehicle in the flight
phase, and an economical algorithm is obtained for its solution.
A method is proposed for constructing the translational motion
of the legs, which ensures non-impact of lift-off and the re-
quired softness of placement of the legs on the supporting sur-
face. Also examined is the possibility of substantial simpli-
fication of the working of the algorithm for constructing the
programmed motion in the case of symmetrical motion of the ve-
hicle. The results of the calculations are given in § 3.

D o

For standard motion conditions, which encompass a broad
- class of the most frequently encountered motion conditions of
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the vehicle, it is proposed that one recall the dependence of
the initial angular velocity of the body on the parameters of
the impending flight phase. The volume of stored information
is relatively small. The value of the initial linear velocity
of the body is calculated. Swuch an approach sharply shortens
the time for calculations, and makes it possible to solve the
problem of constructing the programmed motion for the flight
phase during motion of the vehicle.

The algorithm for constructing the programmed motion and
the mathematical model of spatial motion of the bounding ve-
hicle in the flight phase were realized in FORTRAN language on
the BESI-6 computer.

The constructed programmed motion can serve in the capacity of
supported motion for construction of the algorithm of stabili-
zation of the angular motion of the body during flight.

The author expresses his deep appreciation to D. Ye.
Okhotsimskiy for posing of the problem and attention to the
study.

§ 1. Mathematical Model of Motion of Bounding Vehicle in the yad

Flight Phase

1.1. Kinematics of Vehicle and Designhations

We will examine a vehicle which consists of a body and
N(N=4,6) two-section legs. The motion of the vehicle occurs
in the absolute system of coordinates O1éng. The coordinate
system O, , is closely associated with the body of the vehicle,
and its ixes are directed along the main axes of inertia of the
body. The position of the body of the vehicle we will deter-
mine by the coordinates of the center of mass of the body
£y,n,¢ and the angles ¥,6,y (fig. 1), where ¥ is the angle be-
tween the axis O;n and the projection of 0, on the plane 0,&n
(yaw angle), 6 is the angle between the axis 0, and its pro-
jection on the plane 0,&n (pitch angle), and y is the angle
of rotation around the axis 0, (bank angle). The plane 0;&n
is horizontal.

Let each leg consist of two sections (thigh and shank),
and have two degrees of freedom at the point of support of the
thigh and body, and one degree of freedom at the knee. The
angle between the axis O, and the projection of the leg on
the plane O,, will be designated by o, the angle between the
negative direction of the axis 0, and the thigh by B, and the
angle between the thigh and the shank by q (fig. 2). The plane
of the leg, formed by the thigh and the shank, is perpendicular
to the plane oxy'

The contact of the leg with the supporting surface has a

=
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point nature. We will call the end of the leg the foot. The
center of mass of the thigh lies on the axis which connects the
joints at the point of support leg and body and at the knee,
while the center of mass of the shank lies on the axis which
connects the knee joint 4o the foot.

We will introduce the following designations:
M - mass of the body,
Tx1Ty+ T, - Mmain moments of inertia of the body, /9

mj4 - mass of the j section of the i1 leg (here, and subsequently,
‘ j=1 corresponds to the shank, and j=2 to the thigh),

£ [ 3
‘742' ~5'- ‘Z/‘i
tiji1= 3 Jit J? - tensor of inertia of
i3 a3 a3 the jJ section of the
Yoo & e i leg,

by4- length of the j section of the 1 leg,

Qgi- distance from the point of support of the J section of
the 1 leg to its center of mass.

7 =iy Yntrznt) - radius-vector of the point of support of
ni the 1 leg and body,

ﬁ3j=(xji’yji’zji) - radius-vector of the center of mass of the
J section of the i leg,

fios™(Xo11¥g112,4) - radius-vector of the foot cf the i leg,

4 - matrix of transition from absolute system of coordinates
01 £ nz to system of coordinates Oxyzo associated with the
boay of the vehicle,

5=(xm,ym,zm) - vector directed from the center of mass of the
vehicle towards the center of mass of the body,

R=(&,n,r) - absolute coordinates of the center of mass of the
body

§a=(5a,na,ca) - absolute coordinates of the center of mass of
the vehicle,

w - angular velocity of the body of the vehicle.

We will write out some kinematic relationships:

.....
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2= X+l S L AN ) €08,
Jo= et (0 94 8in:) pinel-,
Ze; .-.2:..-4.»35{-4 co3B; |

(1.1)

X =2 Xt a1 4 £ Ain B Jeasd:, 272t &, sinfs; cosdl;,
Yus=et it + & bin ) aind, Goi= ot & ainpenind,
= 8m "4-“('5 #-Lsp:, 2= zn."é'““-"ﬁt‘.

where

%=/8"‘Z'-7‘
.4 —
_ 2L mE, (L.2)

g:'/;i2335»a~

Y -

cosPeosl-sintainOANY  sinteosl vcostainbaing - cosbain |

jz - Ain¥eos & cos¥cesd Aing (I.3) !
osVainy+ AinVInOAY Aln w»(—mrmh.-_«.r us&as‘f ‘

1.2. Primary Integrals of Equations of Motion in the Flight Phase

We will examine the motion of the vehicle with weighable
legs. During the flight phase, a single external force acts
on the vehicle—the force of gravity, directed along the axis
01z and applied at the center of mass of the vehicle.

From the theorem on motion of the center of mass of a

mechanical system, it follows that the center of mass of the
vehicle moves along a ballistic trajectory [2]

fuom B2 v igot = £

where §a=R- 0~ radius-vector of the center of mass of the
vehicle,
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Va=§-ﬁx5-; - velocity of the center of mass of the
vehicle,

& - angular velocity of the body.

According to the theorem on the change in the vector of
the kinetic moment of a mechanical system, relative to the
center of mass, we obtain [ 2]

Z;.; = coﬂ}_,f’ (I.S)

where G. - vector of the kinetic moment of the vehicle in the
absolute system of coordinates 0:1&ng.

According to Koenig's theorem [ 2], the value of the vector
of kinetic moment of a random sc¢lid body is equal to

Z;-r:Jr &y 'Mr[ﬂ-rX?,]' (1.6

=

o2y

®

s

(]
—
3

i

tensor of inertia of the body relative to its
center of mass,

MT - mass of the body,
Rp - radius-vector of its center of mass,
Ve - velocity of the center of mass,
w .- angular velocity of the body.
We will make use of formula (1.6) for the calculation of
the values of the kinetic moment of the body and the sections

of the legs relative to the caenter of mass of the vehicle.

As a result, we obtain the following expression for the
vector of the kinetic moment of the body:

Gu= IS +MB(E, §) - ME(D,6) +MERG, (1.7)

where 1 - tensor of inertia of the body.

We will aqs001ate a system of coordlnates, de81gnat1ng its
unit vector§ e 19 e jio 1 with the j section of the 1 leg.
The vector egi is dlrectgd along this section of the leg, and

/i1
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€44 1s perpendicular to the plane of the leg, e 1=Le51_xe31].
T%e origin of the system of coordinafey will be placed at the
center of mass of the j section of the i leg. In this case,
the matrix of transition from the system of coordinates Oxyz
to the system of coordinates associated with the J section of
the i leg has the form [1]

dind; -coa; 1%
Jg.‘. = Al %" (PS((: Al‘ﬂ’ﬁ-,!l‘ﬂé -05%‘. (I.a)
8 i cosd; s aind sindfi]

where .
g JBL e i
v ﬂ..lZ.-W y IF J=1.

The angular velocity of the Jj section of the i leg, in
the projection on the axes associated with this section, is
equal to [1]

72
Oz feio + | -d; s (1.9
oy sintfel.

The velocity of the center of mass of this section we will
calculate according to Euler's formula [ 2]

o= §+ 8 +DXEEL), (1.10)

Utilizing (1.6), (1.9), and (1.10), we obtain the final ex-

E?




pression for the vector of the kinetic moment of the j section
of the 1 ley¢. relative to the center of mass of the vehicle

G, =

, €D,
A J'J

+ S (G, §,g,.)-»5.,(§f‘)( &t
: 508 (I.11)

The vector of the kinetic moment of the vehicle, relative to
the center of mass, is equal to the sum of the kinetic moments
of the body and the sections of the legs

From (1.1)-(1.3) and (1.6)-(1.12), it follows that

Ga = & '*‘_.! [4 : ’ (L.13)
- T
where pi=(a1,81,q91),
Lex lzy /xa Ix: Lrep: [*"I-’
e / xy [:: / Jé [' = 4‘" ];7/’- iﬂ
Le Ip In], l: L Ay

In that case when the legs of the vehicle are 1mmob11e, relative
to the body,_the kinetic moment of the vehicle is equal +o the
first term I® in formula (1.13), and the second term of ZZ//

is assoc1ated with motion of the legs relative to the body The
matrix I is the tensor of inertia of the vehicle with a given
position of the legs in a relative system of coordinates. The
elements of the matrices I,Iy (i=1,2,...N) depend solely on the
angles in the leg joints ai, Bi, ai (1 1,2,«+.N). The values

of the elements I,Ij are written out in explicit form in the
appendix.

Let control of shlftlng of the legs in the fllght Phase
be accomplished according to position, i.e., a1, f,qq (1=
1,2,...N) are prescribed by functions of time. We will con-
struct a mathematical model of motion of the vehicle, utilizing

10




the theorem on the motion of the center of mass and the
theorem on the change in the vector of the kinetic moment
relative to the center of mass. The equations of motion of
the vehicle in projection onto absolute coordinates will be
written in the foll. ‘.1g manner [2]

(I.14)

n
2

i

PRI

(1.15)

1n view of the nonsingularity of the matrix I (I is the
tensor of inertia of the vehicle), it follows from (1.5),
(1.13), and (1.15) that

(S) g o3
“f ) ‘;? & :{£?

L]

* RO

I3 (1.16)

The right-hand portions of the equations (1.16) are functions
of time and the angular coordinates of the body, since the
elements of the matrices I,I; depend solely on the angles

in the leg joints ai, p1,q 3 (1=1,2,...N), which are known
functions of tine.

( 6?6 will add the kinematic equations of Euler [1,5] to
1.1

3‘:=(w,g cosy - az.-»sindr) /cesé,
G= oecosp + <Oy ging, (1.17)
§=ey-¥umg .

By integrating e¢quations (1.16)-(1.17) on a computer by
the Runge-Kutt method, we obtain motion of the body of the
vehicle near the center of mass, i.e., the dependence of the
angles Y,6,y on time.

We would note that equations (1.17) deteriorate with
6=w/2. Geometric deterioration takes place. 1In that case
when this may take place, it is sufficient to change the

/1k
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direction of the axes Ojfnr in an appropriate manner.

Motion of ‘the center of mass of the vehicle will be de-
termined from equations (1.14), determined for a parabolic
trajectory.

The motion of the center of mass of the body will be
found, utilizing the relationships:

-
=

VeVt g 1§ (1.18)

In the given paragraph, we first obtalined the integrals
of the equations of motion of a bounding vehicle in the flight
phase. Based on the primary integrals, we constructed a
mathematical model of motion of the vehicle in the flight
Phase.

& 2. Construction of Programmed Motion of the Vehicle for
the Flight Phase

2.1. Posing of Problem

The system of construction of the programmed motion of
the vehicle in the flight phase determines the velocities of
the body of the vehicle at the moment of lift-off from the
supporting surface, necessary for realization of the impending
flight phase, and creates the nominal translational motion of
the legs. The initial and final position of the vehicle,
determined by the algorithm of formation of the attitude of
the bounding vehicle at the moments of lift-off and touchdown
[3], are the input parameters of the algorithm of construction
of the programmed motion. In the flight phase, the vehicle
should move so as to satisfy the boundary conditions:

P

Fe)=[°,  RlthRe, @D

Fla)=f*,  Ralh):Re  (e-ta..n),

whereZ =(£,n,5,¥,6,y)} Rci“(ici,ncivcci); tostl are the moments
of beginning and ending of the flight phase. “Positioning and
lift-off from the supporting surface of all of the legs of the
vehicle are accomplished simultaneously.

In order to determine the initial velocity of the body of

12




the vehicle at_the moment of lift-off from the supporting
surface fa. o y necessary for realization of the impending
flight phase, and to construct the nominal translational
motion of the legs, we will utilize the following calculation
scheme:

1. Utilizing the boundary conditions (2.1), we will ob-
tain the value of the velocity of the center of mass at the

moment of lift-off from the supporting surface and the duration

of the flight phase from the law of motion of the center of
mass (1.4).

2. The translational motion of the legs in the flight
phase leads to a change in the angular coordinates of the
body, in view of the law of conservation of the vector of
the kinetic moment (1.5). The problem of determining the
initial angular velocity of the body amounts to a boundary
value problem, which 1s solved by the iteration method. 1In
each step of this iteration process, it is necessary to know
the corresponding translational motion of the legs.

The velocity of the center of mass of the body of the
vehicle is determined according to Euler's formula [2],
utilizing the known values of the velocity of the center of
mass of the vehicle and the angular velocity of the body.

3. Shifting of the legs will be accompllshed in a rela-
tive system of coordinates Ozyy, thus ensuring non-impact
of lift-off and sufficiently soft placement of the legs on
the supporting surface with a small absolute velocity, which
comprises a given part of the velocity of the center of mass
of the vehicle at this moment. At the moment of touchdown,
the requirements for softness of placement of the legs, in-
stead of non-impact, ensures reliability of contact of the
legs of the vehicle with the supporting surface in real
motion, with the presence of errors in execution and infor-
mational errors on the real support area.

The boundary values of the velocities at the leg joints
depend on the initial velocity of the body of the wvehicle.
Consequently, construction of the translational motion of
the legs must be accomplished in each step of the iteration
process of the solution of the boundary value problem by
determining the initial angular velocity of the body.

We will switch to the description of the operation of

the basic blocks of the algorithm of construction of the
programmed motion.

2.2. Determination of Duration of Flight Phase and Parameters

/16

/17

of Trajectory of Motion of Vehicle's Center of Mass

13
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From the boundary conditions (2.1), which determine the
initial and final position of the body and feet of the vehicle
in the absolute system of coordinates 01£(nZ, we will find the
matrix 4, the relative coordinates of the feet and angles in
the leg joints, and the value of the vector 7, directed from
the center of mass of the vehicle towards the center of mass
of the hody, at the moments of lift-off and touchdown. We will
then obtain the values of the coordinates of the center of mass
of the vehicle at the moments of lift~off and touchdown

Po=fo-g° ' Riek- gt .2)

Let the tangent of the angle of inclination of the
initial velocity of the center of mass of the vehicle to
the horizontal plane 0,&1, equal to A, be given.

From the law of motion of the center of mass of the
vehicle (1.4) and the boundary conditions (2.2), we will
find the duration of the unsupported phase of motion and the
initial velocity of the center of mass of the vehicle

e dody = VJELAVGEE)+C-20) - (-30)
d
45 3(/;‘—}.4)/7' ’ %;:(ﬁl_ﬂc)/,r’

Vo= V) (43

(2.3)

Equations (1.4) and (2.3) fully determine the motion of
the center of mass of the vehicle in the flight phase.

2.3. Shifting of the Legs

According to the absolute coordinates of the feet and body /18
of the wvehicle, known from the boundary conditions (2.1), we
will calculate the coordinates of the feet in the relative
system of coordinates and, transforming the third group
of equations (1.1), we will obtain the values of the angles at
the leg joints at the moments of touchdown and lift-off from
the supporting surface, according to the formulas:

4
§ = avecos 22’/” [ i Ky )l o (22 ) '/zi'{ézf

14
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5 = ancces | -Zn Vet o) Eu g (er-r NGl 558, ‘)j/ (2.4)
'W“}\"Cr;)‘*(n;yﬁ' -;”'4‘)"(2"-' _z’”)d ) ’

e " Jm

aé- altehn 6}*.”’4,4‘4'."/&.)./ {l_"J,n. ”).

Formulas (2.4) deteriorate when the projection of the foot
on the plane Oxy coincldes with the projection of the point
of support of the leg on this plane, i.e., %4{esin L3+ 4y
234+sin B1=0. With the formation of the initial and final
attitude of the vehicle, we require that, at these moments

in time, the projections of the foot and the point of support
of the leg on the plane 0xy do not coincide.

The values of the velocities at the leg Jjoints at the
moments of lift-off and touchdown are determined from the
conditions of non-impact of lift-off of the legs from the
supporting surface and the conditions of sufficiently soft
Placement of the legs with a small absolute velocity (zero,
if possible), which comprises a given part of the velocity of
the center of mass of the body at the moment of touchdown

— . i . T
= (616, GV, W', (2.5)

where CE,CW,CC4<1 are the given constants.

The velocity of the center of mass of the vehicle is known
from (1.4) and (2.3); thus, the absolute velocity of the feet
at the moments of lift-off and touchdown are known. We will
write out the expressions for the absolute velocity of the
feet, according to Euler's formula [2 ]

— !

Vi = ba ¢ B2 +5.)0 §oly (2.6)

We will substitute in (2.6) the valuesof p,nei (i=1,2,...N), /19
obtained by differentiation of (1.1)-(1.2); then, (2.6) form

a system of linear equations relative to ai,81,a1 (i=1,2,...N),
which we will write in the form

AP:.—,J?.,._(’L(:J‘ (207)

where'i=(a,,BJ,q2,...%1)—3N is the measured vector of the
angles at the leg joints, L is the vector of dimensionality

15
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3N x 3N, the elements of which depend solely on p; S5=(Vg4-
celV -VcN) ; © is the matrix_of dimensionality 3 x 3N, so that
Qu= (u)X(p'*'nO]? o u)X(p'*’n CN>>

As a result, we obtain the fact that, having determined
the angles at the leg joints and constructed the trajectory
of motion of the center of mass of the vehicle, one can deter-
mine the values of the elements of the matrix L, € and the
vector S at the moments of lift-off and touchdown. If, in
addition, the initial and final value of the angular velocity
of the body are known, then,.by solving the systems of linear
equations (2.7) relative to P, we will find the boundary
values of the velocities at the leg joints at the moments of
lift-off and touchdown. The system of equations (2.7)
characterizes the dependence of the velocities at the leg
joints on the velocity of the center of mass of the vehicle
and the angular velocity of the body in that case when the
coordinates of the body of the vehicle, the angles at the leg
joints, and the absolute velocities of the feet are known. The
matrix L in (2.7) deteriorates when the velocity of the foot,
as if it were one of the legs, does not determine the velocity
of the joints of this leg unequivocally in the relative system
of coordinates. This takes place when one of the following
conditions is fulfilled: a) the projection of the foot of the
i leg on the plane coincides with the projection of the point
of support of the leg and body, or b) the leg folded up or
completely straightened at the knee (qi1=0 or qi-w) During
formation of the initial and final programmed positions of the
vehicle, we require that these conditions not be fulfilled.
Then, the matrix L is n~t deteriorated.

With each return to the block of construction of the 20
translational motion of the le the value of the initial
angular velocity of the body w%t )=w? is known. The value
of the angular velocity of the body at the moment of touch-
down will be determined utilizing the law of conservation of
the vector of the kinetic moment. From (1.5) and (1.13), it
follows that

£7(1 *LP:)[‘{‘ - G (2.8)

where IL=(Il Iy IN)T.

By substituting the values of p(t )y obtained by solving the

system of linear equations (2.7) and (2.8), we obcalnla
system of three linear equations relative to w(t1

AT L'0) 5 = Cogf 1S 2.9)
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by solving which we will find o'.

As a result, we obtain the values of the coordinates and
the velocities at the leg joints at the moments of lift-off
and touchdown. Let P=( a3,B1,...qy)+ Shifting of the legs in
the flight phase will be accomplished so that the obtained
boundary conditions will be fulfilled:

pit)=P° |, Pre)=p°

! . (2.10)
Pt)=F' | PlL)=p*

and the phasic restrictions will not be disrupted:

= max

Prine ps P (2.11)

’

where pmin,pmax are the given limits of change- in the angles
at the leg joints in the programmed motion.

Then, for By (i=1,2,...N), we have

'é‘.o< (7 , '/é:{é-{.)>>p‘~° 'ﬁ‘m;"

¢ »

Ai>o , Blllt) > BE-p

Consequently, the shifting of the legs should be accomplished
so that B1(t) first slows from the initial position on the
phasic plane (B§,B2) to (B3™%0), remains for some time at

the boundary (Bjmin0), and then accelerates to a final position
(g*.Bi* . Motion at the knee is accomplished similarly, only

qi (¢) (i=1,2...N) reaches the upper limit qs™®%X 1In other
words, right after lift-off from the supporting surface, the
leg straightens and increases its mement of inertia relative

to the axis of the engine, which accomplishes a change in the
angle B3+ For more uniform distribution of the forces developed
in the leg joints, according to time, we require that the
accelerations along the coordinates B, ,q;3, with braking of the
leg after lift-off from the supportiﬁé surface, be linear
functions, which diminish, according to the modulus, to a

zero value. In a symmetrical manner, we will accomplish

motion along the coordinates By ,q; right after the moment of
touchdown. We will designate F=Ffi,qi, b’ =ginin gqMméx (i=1,2
«+..N). We will require that the boundary conditions (2.10) be
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fulfilled and

GG-¢) ,wn el 7]
i‘-’ 4 » witH {E[rh a'] (2.12)
0‘(!-7::) ) WiTN fé[a' '{1]

&7, i)=0 , m tell ], (2.13)

Then, it follows from (2.10), (2.12)-(2.13) that

~ —3/‘,‘,:{/79) a;-ae
b= to £ TR
y (2.14)
.. 3cL- 4 o 26
Lety - = g7 — TR

From (2.12)-(2.14), we obtain the dependence on time of the
coordinates p=B1,q1 (i=1,2...N) with shifting of the legs
in the flight phase

o1 E8T4)+ Y Q)35 -2t L) | i Lef )]

- 1€7F e berl, 2] (2.15)
7 Y% a (t’-z:)'i win ZE0E 4]

At the same time, for the engine, which accomplishes
turning of the plane of the leg a; (i=1,2...N), the moment
of inertia of the leg changes slightly. Therefore, according
to the coordinates a3, shifting of the leg will be accomplished
in such a manner that will minimize the maximum magnitude of
acceleration according to this coordinate, satisfying the boun-
dary conditions (2.10) and the phasic limits (2.11). Con-
struction of motion along the coordinate oy amounts to the
solution of the extremal problem
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(2.16)

Problem (2.16) was examined in study [3], where its
analytic solution was obtained.

As a result, we obtained the dependence of the angles at

the leg Jjoints in the flight phase on time and the initial
angular velocity of the body.

2.4. Boundary Value Problem. Determination of Initial Angular

/23

and Linear Velocity of Body.

We will formulate the boundary value problem for deter-
mining the initial angular velocity of the body. By substi-
tuting the dependence, obtained in paragraph 2.3, of the
angles at the leg joints on time and the initial angular
velocity of the body F=p(t,& 9, where B=(01,B1 Q1s+++,aAN)
into the law of conservation of the vector of the kinetic
moment (1.5), (1.13), we have

g e 0 ) it o). TR
__f"g’a c.o"j & 5t ._/:_ ["_{‘ ) )‘!/"( b CJO’,:.. sif (.;N". (LE‘.E'

From the kinematic equations of Euler (1.17) and equations
(2.17), it follows

)
P)
&/ F5° ¢,0,8), (.15
§'/
where
Ay 17784
- .
ey g ¢ e

= .o Y F -t el
~= ( 2271 o Ay .[ 2/5 [xxo ‘—-‘{_“. ;r"’. ;.

s 4 /
""’;::"i]’; I w:d/r;,ﬂ
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We will write out the boundary conditions (2.1) for the angular
coordinates of the body:

V)= ¥°, O6)=0° & (6)=4 "
Wlh) =V 8lh)=o7, Ja)=E, 2.19)

We will solve the boundary value problem (2.17)-(2.19) for
the system of differential equations, which describe the
motion of the vehicle near the center of mass in the flight
phase, numerically on the computer. As a result, we obtain
the value of the initial angular velocity of the body w°,

_ By integrating system (2.,18) in the time increment
telty,ti] (where t0 is the beginning and t1 is the end of
the flight phase) by the Runge-Kutt method, we obtain the
values of the angular coordinates ofotb% bq@y at the moment
of touchdown as functions of & or ¢ ,0 ,yY + The boundary
value problem (2.17)-(2.19) comes down to the solution of

the system of algebraic equations

VI¥658°)= vt
6(¥5°,§°)=6% (2.20)
$59°, 804"

The system of equations (2.10) was solved numerically on the
computer by the modified method of the quickest ascent [4,6 ].

We would note that translational motion of the legs is
created in each step of the iteration process of solution of
the system of equations (2.10), and, consequently, the boundary
values of the velocities at the leg joints are determined. For
this purpose, 1t is necessary to twice solve the system 3N of
linear equations (2.7). The volume of calculations in each
step of the iteration process is substantially reduced if,
prior to solving the boundary value problems, one solves the
corresponding matrix equations by the Gauss method and finds
L7'5 and L7'Q at the moments of lift-off and touchdown. In
this case, in each step of the iteration process of solving
the boundary value problem, instead of solving the two systems
3N of linear equations (2.7), it is sufficient to calculate the
boundary values of the velocities at the leg joints, according
to the formula

20
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that is, it is sufficient to multiply the matrix L7'q by the
value of the vector of the angular velocity of the body, and
to add it to the vector L™ !3.

Knowing the angular velocity of the body at the moment /25
of 1lift-off, as a result of solving the boundary value prob-
lem (2.17)-(2.19), and the initial velocity of the center of
mass of the vehicle from (2.3), we will find the velocity of
the center of mass of the body at the moment of lift-off,
according to Euler's formula fz]

VoVt 5% §°+E°, (2.22)

~

2.5. Simplified 3Scheme of Construction of Programmed Motion

Let the vehicle have an even number of legs N=2n, sus-
pended symmetrically relative to the plane Oyz, and the right
and left leg of each pair of symmetrically suspended legs have
identical dynamic and kinematic characteristics.

Let the positions of the vehicle at the moments of 1ift-
off and touchdown satisfy the conditions:

Wik)=H ), Yt)=gtt)=0, (2,23}

and the right and left leg of each pair of legs be located
symmetrically; then, in the flight phase, the right and left
legs will move symmetrically, and the angles of yaw and bank
will not change

Wt )=¢k) , flt) =0, {2.28)

In this case, the problem of constructing the programmed
motion can be simplified substantially. Taking into account
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the symmetry of motion, the law of conservation of the kinetic
moment of the vehicle, relative to the center of mass, can be
written in the form

. ~ .
fra 285, o Y1 :
{"" “ JEE (T {[&, « "L[J’/}.' A '1;%. Z‘J}"’ :q;’ (2.25)

where

Lee = A1M00E fi,.)f&ﬁ..’.'. /] Aindy, f()'“,,,,,ly’ ,j ‘70)“‘?{*
oy “ (w2 )] f,
{J Jf -vw’ o ficssal = 0fy (Bt B N2 -2, )j
-Z sindy + g, G JU; e ' }5"',4 “(Zmt i Jeosi; sindif ¢
+ oy f’/ﬁx.wn,&qﬂ (o 42y, )004f3: simt
Ly, = 3 tincte s 1oy, GY (o DSt (Bt o B ik
R=detg=¥,

/A y 1P jA
¢, = y
o/ “p e f=o

We will solve the boundary value problem according to the
determination of the initial angular velocity of the body,
according to the single variable 6% For the determlnatlon
of the initial and final velocity at the leg joints, it is
sufficient to solve the two systems 3N/2 of linear equations
instead of the two systems 3N of linear equations (2.7), that
is, lesser dimensionality by twice than with the full scheme
of calculations. All the rest of the calculations are also
substantially simplified. With regard for the symmetry of
motion of the bounding vehicle in the flight phase, planar
motion of the vehicle is examined, instead of spatial motion,
during construction of the programmed motion according to the
simplified scheme.

2.6, Algorithm for Constructing the Programmed Motion Utilizing /27

the Solution of the Boundary Value Problem

We will examine the working of the algorithm for con-
structing the programmed motion of the vehlcle in the un-
supported phase of the bound as a whole, We will show the
sequence of the calculations. The block diagram of the algo-
rithm is given in figure 3; in this case, the number of blocks
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corresponds to the numbers of points in the description of
working of the algorithm given below. The algorithm auto-
matically creates a selection of the simplified or complete
scheme of calculations, carried out in blocks 3-6.

1. We will calculate the values of ‘the matrices of tran-
sition (1.3), the relative coordinates of the feet and the
angles at the leg joints (2.7), and the vector p, directed
from the center of mass of the vehicle towards the center of
mass of the body (1.1)-(1.2), according to the absolute coordi-
nates of the feet and the coordinates of the body of the vehicle,
known from the boundary conditions (2.1), at the moments of
lift-off from the supporting surface and touchdown.

2. We will determine the absgolute coordinates of the
center of mass of the vehicle at the moments of lift-off and
touchdown (2.2). We will calculate the duration of the
flight phase and the initial velocity of the center of mass
of the vehicle (2.3). As a result, the ballistic trajectory
of motion of the center of mass of tr. vehicle is fully deter-
mined.

3. We will calculate the elements of the matrix L, @ and
the vector ¥, which are part of equations (2.14), at the
moments of lift-off and touchdown. By solving the corresponding
(2.14) matrix equations, by the Gauss method, we will find the
elements of the matrix L™}8 and the vector L™'F with t=tg and
=1 (here and subsequently, to is the moment of the beginning
and t7 is the moment of completion of the flight phase).

4, We will find the initial angular velocity of the body
of the vehicle, and the boundary value problem (2.18)-(2.19),
which amounts to the solution of the system of equations (2.20).
Then, having calculated the initial velocity of the center of
mass of the body (2.22), the algorithm completes the work.

Calculation of the left parts of equations (2.20), in the
process of the solution of the boundary value problem, takes
place in blocks 5,6. We would note that, with each treatment
of these blocks, the initial angular velocity of the body of
the vehicle is known.

5. Also determined is the angular velocity at the leg
joints at the moment of lift-off %2.21), and the vector of

the kinetic moment of the vehicle (1.13) is calculated. By
solving the system of three linear equations (2.16), we will
determine the angular velocity of the body at the moment of
touchdown. From relationship (2.21), written out with t=tj, we
will find the velocity at the leg joints at the moment of touch-
down. We will construct the translational motion of the legs.

6. By integrating the system of differential equations of
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Fig. 3
Key: a. Input e, Solution of the

b. Determination of charac- boundary value problem
teristics of initial and f. Construction of the
final attitude of vehicle trajectories of shifting

c. Construction of trajec- of the legs
tories of center of mass g. Integration of the sys-
of vehicle tem of the kinetic

d. Preliminary calcula tions moment
for determining the veloci- h. Output

ties at the leg joints at
the moments of lift-off and
touchdown

the primary integral-—the law of conservatinn of the vector

of the kinetic moment (2.18) by the Runge-Kutt method, with
given initial conditions and the cons*iructed shifting motion
of the legs, we will find the correspcnding given initial con-
ditions of the value of the angular cocrdinates of the body at
the moment of <touchdown.

Note. 1In blocks 3-6, all of the references pertain to the
formulas which correspond to the comp’ete scheme of calculations.
In the case of working of the algorithr. according to the simpli-
fied scheme (paragraph 2.5), they are simplified, with regard
for the symmetry of motion which takes place.

& 3. Construction of Programmed Motion of Vehicle Utilizing /30

"~ Tables. Standard Motion Conditions. Results of Calculations
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Calculations were carried out for a four-legged vehicle,
having the following dynamic and kinematic characteristics.
The mass of the body is 1,000 kg, and the main moments of
intertia (in kgm ) are: Tx =530,7Ty =90,Tz =605. All of the
legs are identical, and consist of two sections (thigh and
shank). The length of the thigh is 1.2 m, and the length of
the shank is 1.4 m. The center of mass of each section is
located in the middle. The mass of the thigh is 30 kg, the
mass of the shank 1s 20 kg, the main moments of inertia of
the thigh {in kgm ) are:Tzy =3.2,Ty2 =0.05,Tzp =3.2, and
those of the shank are: t®1=3.6, 1y3=0.05, 121=3.6. The
coordinates of the points of support of the legs and the
body have the values:i#i =0.5 (1=1,2), = =0.5 (1=3,4}), ¥i=
1.25 (1=1,3), ¥i1=1.25 (i=2,4), %4=0 (i=1,2,3,4).

The system of units of measurement is ‘the International
System of Units. The time 1s measured in seconds, and the
angles in radians. Acceleration of the force of gravity
g=9.8 m/sec.

The initial and final programmed positions of the vehicle
are determined by the algorithm of formation of the attitude
of the vehicle at the moments of lift=-off from the supporting
surface and touchdown, the working of which is examined in
detail in [3]. The index contour in the projection on the
horizontal plane 031&n is a rectangle, the length of which is
equal to the distance between the points of support of the
front and rear legs, and the width is equal to twice the
lateral extension of the legs from the longitudinal axis of
she index contour, which we will designate using 7b. The
input parameters of the algorithm of formation of the attitude,
the selection of the values of which is accomplished either by
the operator of the bounding vehicle or by higher levels of
the motion control system, are: D - the distance of the bound
(distance between the centers of the index contours in the pro-
jection on the horizontal plane 01&n), ¥f - the direction (azi- /31
muth) of motion in the flight phase, Ygp- the orientation
(azimuth) of the initial index contour, Y4p - the orientation
(azimuth) of the final index contour, A - the tangent of the
angle of inclination to the horizontal of the initial velocity
of the center of mass of the vehicle, and also information on
the supporting surface. At the moments of 1lift-off from the
supporting surface and touchdown, the distance along the ver-
tical from the supporting area to the center of mass of the
body is equal to the given value Inom, the angles of pitch and
bank are equal to zero, 6°= e%= y%= y’=0, the angle of yaw is
equal to the azimuth of the index centour, ¥ =Ugp, ¢ =byp .
The coordinates £ and n of the center of mass of the body at
the initial and final moments are determined from the condition
that, in the projection on the horizontal plane, these points
lie on a line connecting the centers of the index contours at a
distance (znam - Zmin /max(1,r*) from the center of the corres-
ponding index contour. Here, zmin 1s the minimally permissible
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distance along the vertical from the supporting surface to
the center of mass of the body, and A* is the tangent of the
angle of inclination of the velocity of the center of mass of
the vehicle to the horizontal at the corresponding moment in
time.

For the vehicle being examined, we will set Zpin=0.5 m.
In study [3], it was shown that the best —ralues, from the point
of view of minimization of the maximum magnitudes of the
forces developing in the leg Jjoints in the supported phase
of motion, are the valuesipneom =1.7 m, Zpin=1 m. Subsequently,
we will consider that fpep and 7 b take on these values.

The algorithm of construction of the programmed motion
of the bounding vehicle was realized in FORTRAN language on
the BESI-6 computer. Translation was carried out by the
FOREX optimizing translator, developed in the Institute of
Applied Mathematics of the Academy of Sciences of the Soviet
Union. Construction of the programmed motion of a four-legged
vehicle in the flight phase, according to a simplified scheme
of calculations for symmetrical motion of the vehicle, takes
0.58 seconds, and for the complete scheme of calculations, 2.9
seconds are required. On the Earth's surface, the duration of
the unsupported phase of the bound, a distance of 10 m along
the horigzontal plarne, is roughly 1 second. Therefore, it
is necessary elther to calculate the programmed motion for the
bounding vehicle in advance for the series of bounds, or to
have the solution of the problem of construction of the pro-
grammed motion for the plight phase in the memory of the com-
puter, which controls the motion of the vehicle. It is
advisable to utilize both of these methods for constructing
the programmed motion. For a set of standard motion con-
ditions, encompassing a sufficiently broad class of the most
frequently encountered motion conditions, it makes sense to
retain the solution of the problem of constructing the
programmed motion for the flight phase in the memory of the
computer. For realization of a series of non-standard bounds,
it is necessary to stop the vehicle and make preliminary cal-
culations of the programmed motion.

The basic volume of calculations during construction of
the programmed motion of the vehicle for the unsupported phase
of the bound is associated with the solution of the boundary
value problem on the determination of the initial angular
velocity of the body. For purposes of economy of memory of
the controlling computer, necessary for remembering the sol-
ution of the prcblem of constructing the programmed motion in
the flight phase for standard motion conditions, it is advisable
to store only the magnitude of the initial angular velocity of
the body. The initial velocity of the center of mass of the
body is calculated according to the finite formulas (2.3),
(2.22), In this case, with a2 comparatively small volume of
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stored information, ‘the volume of calculations for construction
of the programmed motion for the unsupported phase of the bound
is reduced substantially. Construction of the programmed
motion, utilizing the tables, for standard motion c¢onditions
makes it possible to reduce the time of solution of this prob-
lem up to 0.058 seconds (or roughly by 50 times, as compares
with the solution of the problem of construction the programmed
motion utilizing the boundary value problem) for the complete
scheme of calculations, and for the simplified scheme of cal-
culations—up to 0.037 seconds (roughly by 15 times).

Anzlogous logic is utilized in that case when the vehicle
calculates the programmed motion for the series of bounds in
advance. Only the initial angular velocity of the body is
stored. For realization of motion of the vehicle, the value
of the initial velocity of the center of mass of the body is
calculsted prior to each bound, with regard for corrections
which may occur in the process of motion (for example, for
the range of the bound).

We will call turning in the flight phase correct if the
conditions W#-¢%A=w%A-wf are fulfilled for the azimuth angle,
that is, the direction of motion of the vehicle in the flight
phase 1s the bisector of the angle formed by the longitudinsl
axes of the index contours at the moments of 1lift-off from the
supporting surface and touchdown. The magnitudeAwnA=w%A-W%A
will be called the angle of turning of the vehicle in the flight
phase.

We will turn to the descripticon of the standard motion
conditions of the vehicle. We require that each of the
supporting areas differ little from the section of the hori-
zontal plane. The locale, as a whole, may have a complex
form. Under standard motion conditions, the vehicle executes

; only correct turns within the limits of [AwﬂALSO.é radians.

: The range of the bound lies within the range of from 5 to 15 m,
or the distance between the front legs of the vehicle at the
moment of 1lift-cff from the supporting surface and the rear
legs at the moment of touchdown in the projection on the hori-
zontal plane 01&n is from one to five times the body of the
vehicle. The tangent of the angle of inclination of the
initial velocity of the center of mass of the vehicle to the
horizontal either takes on one of the standard values

- —————T T

A ={0.6,0.7,0.8,0.9,1.0,1.25,1.5,1.75,2.0,2.5),  (3.1)

i or is calculated in such a manner that the modulus of velocity
of the center of mass of the vehicle at the moment of lift-off /34
from the supporting surface for the given bound is minimal.
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The value of A<l (low-angle trajectory) should be utilized in
the "run" condition along a relatively smooth surface [3]. The
value of A>1 (steep trajectory) should be utilized for bounds
on a slippery surface, for bounding across an obstacle of the
barrier type, and for overcoming high projections.

The solution of the problem of constructing the programmed
motion of the bounding vehicle in the flight phase, for stan-
dard motion conditions, depends on the following magnitudes:

D - range of the bound,

bYpp - angle of turning of the vehicle in the flight
Phase,

ACnA=C%A';%A - difference in altitudes of thy initial and
final supporting areas or the height of
the projection being overcome,

A - tangent of the angle of inclination of the initial
velocity of the center of mass of the vehicle to the
horizontal.

According to the results of the calculations, we will con-
struct a table of the dependence of the initial angular velocity
of the body on the magnitudes of D, Afgp » A¥gp » and A. We )
will store the values of the initial angular velocity for the
junction points of the table, and for the actual values of D,
ATmA, and AYmA, the magnitude of the initial angular velocity
will be determined by the method of linear interpolation. The
junction points are selected so as to ensure accuracy of inter-
polation of 0.05 radians/second.

The complete table of the dependence of the initial angular
velocity of the body on D,AZwp ,AUmwp , and A for the indicated
motion conditions has a sufficiently large volume (about 15,000
elements). For purposes of decreasing the volume of stored
information, we will narrow down the class of standard motion
conditions. We will exclude the seldom utilized possibilities,
placing additional restiictions of the values of the para-
meters A and A¥g,, as a function of the height of the pro- /35
jections being surmounted.

Let Do be the distance between the points of support of
the front and rear legs; then, De=D-Dg 1s approximately equal
to the distance by which the center of mass of the vehicle
is displaced in the flight phase.

According to the height of the projections being sur-
mounted in the given bound, we will divide them into three
classes: small projection.[ACﬂAys0.05 Df, moderaTe projection
0.05 DfslAt‘;TrMsO.ZS Df, high projection 0.25 DfS ATop|€1.5 D,
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We will examine the standard motion conditions which correspond
to each class of height of the projection being surmounted.

Small projection |Azmp{€0.05 Dp. The value of the initial
angular velocity of the body, in thils case, practically does
not depend on A&Lgp.

Given in figure 4 is the dependence of the initial angular
velocity, according to the angle of pitch 8o y on the distance
of the bound D for some values of the tangent of the angle of
inclination of the initial veloclity of the center of mass of
the vehicle to the horizontal A for bounds without turning

In order to ensure the required accuracy of interpolation,
it is sufficient, for each A, to store the value of the initial
angular velocity for five jJunction values of D which are
multiples of the length of +the body

D = {5.0,7.5,10.0,12.5,15.0, (3.2)

-~

The tangent of the angle of inclination of the initial velocity
of the center of mass of the vehicle to the horizontal takes
on one of the standard values (3.1).

Given in figure 5 is the dependence of the initial angular
velocity of the body on the angle of turning of the vehicle
in azimuth in the flight phase Aygp with a bound distance D=
10 m for some values of A. The values of the initial angular
velocity of the body, obtained through calculations, approxi-
mate the linear functions well. Analogous results of calcu-
lations for other values of D and A show that it is sufficient
to have three junction values of &g,

%, =£0.0,0.3,0.c ¢ (3.3)

With a change in the sign of the angle of turning in
azimuth in the flight phase AymA, in view of the symmetry of
the vehicle, the initial velocity, according to the angle of
pitch, is not changed, while the velocities according to the
angles of bank and yaw change signs. This makes 1t possible
to determine the initial angular velocities of the body for
negative angles of turning AYgp<0, having in the memory the
values of the initial angular velocity of the body which
correspond only to positive angles of turning Ay,,>0.
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The stored table of values of the initial angular velocity
consists of 350 elements. It is taken into account here that,
with Aynp=0, it is necessary to store only the values of the
initial velocity according to the angle of bank 6° (initial
velocities according to the angles of pitch and yaw, in this
case, are equal to zero, y°=y°=0).

High projection O.25Dfs|Aanl<1.5D . We require that,
in surmounting a high projection, the Vghicle does not execute
a turn in the flight phase, according to the angle of yaw, i.e.,
AYppA=0. The tangent of the angle of inclination of the initial
velocity of the center of mass of the vehicle to the horigzontal
will be selected so as to minimize the value of the modulus
of velocity of the center of mass of the vehicle at the moment
of 1lift-off from the supporting surface. Taking into account
the fact that the center of mass of the vehicle in the flight
phase moves along a parabolic trajectory (1.4), we will obtain
the optimal value

e BT |
A= 3 \/(°§~) 1 (3.4)

2

where D, is the distance traversed by the center of mass of
the vehlcle in the flight phase in the projection on the hori-
zontal plane Oqén. In this case, the modulus of velocity of
the center of mass of the vehicle at the moment of touchdown
will also have a minimum value. Utilized in the calculations
was an approximated formula, obtained by the substitution of
Da for its approximated value De in (3.4).

The dependence of the initial angular velocity of the
body of the vehicle on the range of the bound for some values
of the relative hei%ht of the surmounted projection 6=A;ﬂA/Df
is given in figure 6.

It follows from the calculations that it is sufficient to

have five junction values for the range of the bound (3.2) and
twelve junction values of AZg,

Sy = [ 20250, 20.50p, 0.5 p, 2100, 2 £.250p £45]  (3.5)

The table of corresponding values of the initial angular
velocity of the body contains 60 elements.

Moderate projection 0.05Dp €|AZpp|€0.25Dp. In this case,
we will examine two standard motion conditions:

1. The vehicle may execute a turn in the flight phase

32
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according to the angle of yaw. The value of the tangent of
the angle of inclination of the initial velocity of the center
of mass of the vehicle we will calculate as well, just as for
surmounting a high projection (3.4).

Given in figure 7 is the dependence of the initial
angular velocity of the body of the vehicle on the angle of
turning in the flight phase Ayyp with a range of the bound
D=10 m, for some values of the relative height of the sur-
mounted projection 6=A;“A/Df.

It follows from the results of the calculations that it
is sufficient to have five junction values of the range of
the bound D (3.2), three junction values of the angle of
turning Ayrp (3.3), and six junction values of the difference
in heights of the supporting areas Aggp

a8, =d 0oy, toa5Dy, to.250f
(3.6)

The stored table, in this case, contains-210 elements. /42

2. The vehicle surmounts an average projection without
turning according to the angle of yaw AYgp=0. The tangent
of the angle of inclination of the initial velocity of the
center of mass of the vehicle to the horizontal may take on
one of ten standard values (3.1). We require that, at the
moment of touchdown, the tangent of the angle of inclination of
the velocity of the center of mass of the vehicle to the hori-
zontal is at least 0.5. Then, ire obtaln the stricter restric-
tion for the maximum value ofAZgxp with Azgp> O

Azﬂ/\ £ A{“max (/2, -D{)) (3.7)

where
.25 W™ Aad
t)é’ = 0.5
frax A—‘g" D, , Wi A<t

If a signal with the required values of A, D, and &%qp enters
the input of the algorithm for constructing the programmed motion,
so that AinA>A%mx(k'Df)' then the least value of A" is selected
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from (3.1), with which A;nAsA%mx(Af.Df). This value of the
tangent of the angle of inclination of the initial velocity of
the center of mass of the vehicle to the horizontal is con-
sidered programmed A=A¥,

For the required accuracy of interpolation, it is sufficient
to have five junction values of D (3.2) and six junction values
of AC"A .

& Su =f 005Dy  -045T, - 025D,
(3.8)
an,

005D, 0,05 Dp :a?m.,. (A,2) N2

Cladl S

For the given motion conditions, it is necessary to
store a table of initial values of the angular velocity of
the body consisting of 300 elements.

As a result, we obtain the fact that for storing of the
initial angular velocity of the body of the vehicle for all of
the examined standard motion conditions, it is necessary to
store a table of 920 elements.

Tor standard motion conditions, the valuszs of the ilnitial
angular velocity of the body is determined from tho table,
stored in the memory of the control computer, and the initial
velocity of the center of mass of the body is calculated
according to finite formulas (2.3), (2.22). Such an approach
makes it possible to solve the problem of constructing the
programmed motion of the vehicle for the flight phase in the
process of motion of a bounding vehicle. With a comparatively
small volume of stored information (920 numbers) in the BESI-6
computer, construction of the programmed motion takes 0.058
seconds for the complete scheme of calculations, and 0.037
seconds for the simplified scheme of calculations.

Similar results were obtained for a six-legged vehicle.
In this case, construction of the programmed motion, utilizing
the solution of the boundary value problem for determining the
initial angular velocity of the body, takes 4.6 seconds for
the complete scheme of calculations, and 0.86 seconds for the
simplified scheme of calculations. For standard motion con-
ditions, construction of the programmed motion for the flight
phase, utilizing the tables, takes 0.097 seconds for the com-
plete scheme of calculations, and 0.054 seconds for the simpli-
fied scheme of calculations.

Working out of the algorithms of the system of con-

struction of the programmed motion of the vehicle in the un-
supported phase of the bound, by the method of mathematical
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simulation on the computer, showed the effectiveness of the
proposed solutions.

We will study the question of the dependence of the
solution of the problem of constructing the programmed motion
of the vehicle for the unsupported phase o° the bound on the
relationship of the mass of the body and the total mass of the
legs. We will designate this relatiorship through u=M/2;ZL)qﬁ

ied et
We will establish the mass of the legs, and will change the
mass of the body. We will examine bounds without turning of
a four-legged vehicle on a horizontal plane at a distance D. L5
The angle of inclination of the initial velocity of the
cepter of mass of the vehicle to the horizontal is equal to
45°, In view of the symmetry of motion, the angles of yaw
and bank are identically equal to zero. Given in figure 8 is
the dependence of the initial angular velocity of the body,
according to the angle of pitch §°, on yu for some values of
the bound range D. With u-w, the mass of the body is con-
siderably greater than the total mass of the legs, and, conse-
quently, the translational motion of the legs practically has
no effect on the motion of the body 6%0. With p-0, the initial
angular velocity of the body agproaches «, The energy of
rotational motion of the body 7 T 8°)2 is a monotonously
diminishing function of p. That is, 8% diminishes more rapidly
than 1/J& + On the whole, for the examined cases of u30.5,
the energy of rotational motion of the body comprises no more
than 1% of the kinetic energy of motion of the center of mass
of the vehicle at the moment of lift-off from the supporting
surface.

The total energy outlays in the supported phase of the
bound from place are associated with the transmission of
kinetic energy to the center of mass of the vehicle and the
kinetic energy of rotational motion to the bedy and leg sec-
tions by the moment of lift-off from the supporting surface,
as well as with a change in the potential energy of the vehicle.
We will designate the energy outlays in the supported phase of
the bound from place using-kfgand the specific energy outlays

L
per unit of mass of the vehicle using ”EVr/hV'éréi'"*% We will
study the question of the dependence of the specific energy
outlays % on the range of the bound without turning on the
horizontal plane D and the relationship of the mass of the
body to the total mass of the legs 4. The angle of inclination
of the initial velocity of the center of mass of the vehicle
to the horizontal is equal to 45°. For the examined cases of
n20.5, the specific energy outlays i practically do not depend
on k. The dependence of the specific energy outlays w (in
Joules/kg) on the range of the bound D is given in figure 9. /46
In the supported phase of the bound from place, let the center
of mass move with constant acceleration, while the distance
traversed by the center of mass of the body, according to the
coordinatez , is equal to Enom™ Emin’ wherecnom is the given
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nominal distance from the supporting surface to the center of
mass of the body at the moment of lift-off from the supporting
surface, andZpsn 1is the given minimal permissible distance
from the supporting surface to the center of mass of the body.
For the examined vehicle, we will set tnom=1.7 m and imin=0.5 m,
and we will determine the duration of the supported phase T,y .
Then, the average specific forces per unit of weight, developed
in the supported phase of the bound from place, are equal to
v=W/Ton . The dependence of the average specific forces Vv (in
watts/kg) on the range of the bound is given in figure 10.

We will study the question of the dependenne of the
specific energy outlays and the average specific outputs from
acceleration of the force of gravity. Let g, as before, be
the acceleration of the force of gravity on Earth, and g¥ be
the acceleration of the force of gravity on a planet on which
the bounding vehicle is located. In view of the fact that,
with a fixed range of the bound the square of the velocity of
the center of mass of the vehicle at the moment of lift-off from
the supporting surface is proportional to the acceleration of
the force of gravity, and the duration of the supported phase
of motion is inversely proportional to the initial velocity of
the center of mass, we obtain

Thus, for example, for a vehicle moving along the surface of
the moon, g*=1;62 m/sec. Consequently, on the surface of the
moon, the specific energy outlays are roughly 6 times, and
the average specific outputs are roughly 15 times, less than
on Earth. The obtained results make it possible to draw a
conclusion on the possibility of the effective utilization of
bounding vehicles under the conditions of planets with a low
force of gravity.

The results obtained in the given paragraph can be /48
generalized, utilizing the methods of similarity and dimen-
sionality in mechanics [2]. With a proportional change in
all of the linear dimensions by & times, and the mass of the
body and the leg sections by m times, the basic characteristics
of motion change in the following manner:

duration of unsupported and supported phases of the
bound by V& times,

velocity of the center of mass of the vehicle and the
body by V& times,

angular velocity of the body and velocities at the leg

joints by 1Ay times,

ko




energy outlays in the supported phase of the bound from
place by m& times, -

specific energy outlays % by g times,

average specific outputs v by v/ 2 times.

Conclusion /49

Examined in the study is the problem of constructing
the programmed motion of a bounding vehicle in the flight
phase. According to the results of the study, one can draw
the following conclusions:

1. A mathematical model of the spatial motion of the
bounding vehicle in the flight phase is constructed. The
primary integrals of the equations of motion are obtained
(law of motion of the center of mass of the vehicle and law
of conservation of the moment of linear momentum relative to
the center of mass).

2. A method is proposed for constructing- the translational
motion of the legs in a relative system of coordinates, which
ensures non-impact of lift-cff and the required softness of
placement of the legs on the supporting surface.

3. An algorithm is constructed for constructing the
programmed motion of the vehicle in the flight phase, which
calculates the value of the linear and anguvlar velocity of
the body at the moment of lift-off from the supporting sur-
face, necessary for realization of the impending tlight phase.

i, The construction of the programmed motion in the
flight phase is carried out according to a complete or simpli-
fied scheme of calculations, if this permits symmetry of
motion of the vehicle. 1In the case of working of the algo-
rithm according to a simplified scheme, a planar motion is
actually examined instead of spatial motion of the vehicle.

5., The basic volume of the calculations for construction
of the programmed motion is associated with the solution of the
boundary value problem for determining the initial angular
velocity of the body. Here, one must numerically integrate
the differential equations.

6. For standard motion conditions, which encompass a
broad class of the most frequently encountered motion con- ng
ditions of the vehicle, a table is compiled of the dependence
of the initial angular velocity of the body on the parameters
of the impending flight phase. The value of the initial angular
velocity of the body is determined from this table. The volume
of stored information is comparatively small. The value of
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the initial velocity of the center of mass of the body is
computed according to finite formulas. Such an approach
sharply reduces the time of calculation, and makes it possible
to solve the problem of constructing the programmed motion for
the flight phase in the process of motion of the vehicle.

7. The system of construction of the programmed motion of
the bounding vehicle in the flight phase, which is part of its
motion control system, automatically selects a complete or
simplified scheme of calculations both for non-standard and
for standard motion conditions.

8. The algorithms for the system of construction of the
programmed motion of the vehicle were worked out for the un-

supported phase of motion by means of mathematical simulation
on a computer.
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Appendix

Coefficients of the Integral of the Kinetic Moment
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