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SYMBOLS
rotor hlade section two-dimensional lift-curve slope
inertial acceleration vector of a point on the kth
blade with respect to the undisturbed hub location
blade cross section area
hlade half-chord
blade chord
blai: cross section profile drag, 1lift, and moment
coefficients
Theodersen's lift deficiency function
magnitude of distributed aerodynamic profile drag on
kth blade
offset between axis of rotation and blade root
Young's modulus of blade
components of PT
~
gravitational constant
structural damping coefficients in flap, lag and torsion,
respectively
blade torsional rigidity

tensor of fuselage inertias

inertias of rigid body fuselage
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gsubscript identifying the kth blade

blade root flap, lag, and torsion spring stiffnesses, respectively
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length of blade capable of elastic deformation, ¥ = R - e

steady and unsteady components of airfoil lift

mass per unit length of blade

rotor blade section Mach number

mass of fuselage .
mass of rotor

steady and unsteady component of airfoil aerodynamic moment

blade tip Mach number, Mtip = OR/ (spéed of sound)

number of blades composing rotor

blade cross section elastic moments expressed in 4k - coordinate
system

kth blade distributed force and moment vector

kth blade distributed aerodynamic force and moment
vector

kth blade distributed damping force and moment vector

kth blade distributed inertia force and moment vector

fuselage inertia force and moment vector acting at
fuselage center of mass

fuselage gravitational force and moment vector acting
at hub

fuselage inertia force and moment vector acting at
hub

rotor-induced force and moment vector acting at hub

generalized fuselage force and moment vector acting

at hub
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R

'R

"pk

Rk

'
URk

kth blade root force and moment vector

components of Sm

position vector of deformed kth blade cross section
elastic center with respect to undisturbed hub location

position vector of displaced fuselage center of
mass with respect to displaced hub

hub translation vector

position vector of hub with respect to fuselage center of
mass (nu fuselage motion)

position vector of point on deformed bliade cross section
with respect to undisturbed hub lecation

rigid body displacement components of hub

.radius of blade

vector of fuselage translations

fuselage rigid body translations

time

tensile force in kth blade

elastic displacement in axial, lead-lag, and flap
directions of kth blade, respectively

relative velocity of air normal to blade cross section
chord

magnitude of resultant relative inplane air velocity
vector of kth blade cross section

expression for URk used in unsteady airload calculation
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inertial velocity of deformed kth blade's cross sec-
tion elastic center

resultant relative air velocity of deformed kth blade
cross section

free stream air flow vector

perturbation velocity of fuselage center of mass

blade cross section elastic shears expressed in 4k - co-
ordinate system

kth blade cross section inplane relative air velocity
components

blade cross section offset hatween elastic center and
aerodynamic center

effective value of X, within reversed flow region

blade cross section off'set between elastic center and
center of gravity

blade cross section offset between elastic center and
tension center

components of fuselage center of mass position vector
with respect to hub

kth blade radial coordinate along elastic axis

blade cross section coordinates

pitch rate of airfoil cross section for airloads calcu-
lation

effective blade section angle of attack

angle of forward tilt of rotor plane in forward flight

blade precone angle
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Gk

eo’elc’als

XYz
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order of magnitude associated with elastic blade slopes
blade principal axes coordinates
total geometric pitch angle of blade cross section

chordline with respect to hub plane

collective and cyeclic pitch settings
fuselage rigid body rotations

inflow ratio, (VFsina + vk)/QR

R
advanuw catio, V_cosa /SR

F R
induced inflow velocity of kth blade
mass density of blade material
density of air
inflow angle of kth blade

elastic rotation of kth blade cross ;éction

kth blade azimuth angle

angular velocity vector of kth rotor blade with respect
to undisturbed hub
angular velocity vector of fuselage

constant rotor speed of rotation
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COUPLED ROTOR AND FUSELAGE EQUATIONS OF MOTION

William Warmbrodt
Ames Research Center

SUMMARY
The governing equations of motion of a helicopter rotor coupled to a rigid
body fuselage are derived. A consistent formulation is used to derive non=-
linear periodic coefficient equations of motion which can be used to study
coupled rotor/fuselage dynamics in forward flight. Rotor/f:selage coupling
is documented and the importance of an ordering scheme in deviving nonlinear
equations of motion is reviewed., The nature of the final equations and the

use of multiblade coordinates are briefly discussed.

I. INTRODUCTION

Helicopter rotors are compléx aeroelastic systems where structural,
inertia and aerodynamic forces interact to determine rotor behavior. To
mathematically model this problem, a consistent formulation of the governing
equations of motion must be used. Additionally, recent research has indicated
that rotary wing aeroelasticity is inherently nonlinear} Consequently this
aeroelastic problem requires a careful derivation of the dynamic equations
of equilibrium so that moderate blade deflections based upon the assumption
of small strains and finite slopes are properly incorporated in the rotor

math model.

Mathematical models of single isolated helicopter blades are well
2,3
developed.’ The results of these investigations have shown that the effect

of nonlinear terms on blade aeroelastic stability is important. However,




there has been relatively little emphasis on developing consistently derived

nonlinear math models detailing coupled rotor/fuselage dynamics.

Considerable work has been done to analytically model coupled rotor/
fuselage systems. These models include large general purpose helicopter
analysesq_y and math models which study aeromechanical phenomenon for a

particular rotor configuratione"lo. The first group of analyses utilize

a general rotor model and system degrees of freedom. Reference ll presents
a review of such comprehensive helicopter analyses and the level of technology

used in the math modeling procedure., Despilte the sophistication of these

models, there has been little effort to derive consistent nonlinear equa-
tions of motion, The second group of analyses limit attention to a given

rotor configuration and £light regime or restrict fuselage motion,

This report will present the derivation of a set of equations which
nodel the basic dynamics of a coupled hingeless rotor/fuselage system. The
math model is not intended to represent all the very complicated interactions
the aircraft experiences in flight. Rather, this study is an attempt to
mathematically model the complex dynamic interacticn between the rotor and
fuselage. This is performed by deriving a set of nonlinear equations of

motion while clearly documenting the rotor/fuselage matching procedure.

II. FORMULATION OF THE PROBLEM

A. General

The configuration considered in this study is shown in Figs. 1 and 2.
The rotor has N blades with distributed mass and stiffness properties.

Each blade can have out-of-plane bending, ¥ inplane bending,vk , and

k ’




torsion,

¢k y deflections. Rotor geometry is shown in Figs. 3 and 4.

The helicopter fuselage is modeled as a rigid body with three transla~

tional and three rotational degrees of freedom. The fuselage center of mass

is assumed to be located in the vertical centerline plane of the fuselage.

B. Basic Assumptions

The

1)

2)

3)

4)

5)

6)

7)

following assumptions are used in deriving the equations of motion.
The blades are connected to the hub at an offset distance e from
the axis of rotation.

The blade feathering axis is preconed by an angle BP. The blade
has no torque offset and no angle of sweep or droop.

The blade cross section is symmetric about the major prinecipal

axis.

The blade cross section can have four distinct points: center
of gravity, aerodynamic certer, tension center, and elastic
center, The elastic axis is assumed to be a straight line and
coincident with the feathering axis.

The blades can have distributed pretwist about the undeformed
elastic axis.

The blades are assumed to be composed of an isotropic linear
elastic homogeneous material.,

Each blade can bend in two mutually perpendicular directions
normal to the elastic axis and torsionally twist. Moderate
deflections are assumed resulting in small strains and finite

rotations.
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8) During deformation, the blade cross sections remain plan¢ and
normal to the elastic axis (Euler-Bermoulli hypothesis).

9) Two~dimensional quasi-steady aerodynamic loads arve usaed, Apparent
mass, compressibility, and stall effects pre iwcluded; dynamic

stall effects are neglected,

10) The rotor is assumed to opcrate at a constant sp.ed of rotation,

11) All structural damping forces are assumed to be of a viscous type,

12) The rotor shaft is assumed rigid, No control system flexibility
or engine dynamics are modeled,

13) The fuselage is modeled as a rigid body with total mass MF and

momeats of inertia Ix, I IZ and product of inertia I?

Y’ X

(T I, =0).

7Yy T txy

14) The fuselage center of mass is located in the vertical centerline

) plane of t¢he fuselupe.

15) The fuselage has translational degrees of freedom RX’ Ry, Rz, in
three mutually perpendicular directions and *hree rotational degrees
of freedom ex, GY, OZ.

f 16) The helicopter is azsumed to be in equilibrium forward £light.

Additional assumptions used in the derivation are given in the text,

C. Ordering Scheme

Iu the process of deriving the set of governing nonlinear partial dif-

ferntial equations, a considerable number of terms which may be small and

negligible are encountered. To neglect higher order terms in a systematic

manner, an ordering scheme is usedl. All quantities are assigned an order
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of magnitude in terms of a nondimensional quantity,e, which represents

typical elastic blade slopes, The ordering scheme is then used with the
2

assumprion that terms of 0(e ) are negligible when compared to terms of

2
order one, i.e, 1 + 0Ce ) ¥ 1,

When madeling the dynamics of coupled rctor/support systems, the
magnitude assignment of fuselage motion is very important. The assigned
order of magnitude of fuselage motions must allow the math mudel to adequately
represent actual system behavior, However, the ordering scheme should he
such to restrict the total number of terms appearing In the final equations
to those which are dmportant. This will not only allow the solution of the
final equations to be less cumbersome, but also yield greater physical
insight into the nature of the problem. Consequently, it is assumed in this
study that fuselage rotatilons and perturbation translations are of order
23/2. This will allow the model to be valid for a helicopter in equilibrium
flight undergoing small fuselage motions. Moderate blade deformation is
retained., Additionally, the analysis will remain general to adequately
model the complex dynamics between the rotor and the fuselage. On the other
hand, this assignment restricts the tremendous number of fuselage-dependent
rotor forcing terms. If fuselage rotations and nondimensional displacements
are asslgned a lower order of magnitude, i.e., 0(e), the expressions for
the rotor/fuselage matching conditions are practically unmanageable, The
present assignment of 0(83/2) will restrict the final equatilons of motion

to a length where physical understanding is still possible.




The assigned orders of magnitude of the quantities used in this study

are

a = 0(g)

—’-‘-51%5:/‘ ) C‘,&ﬂo";be = 0(1)

’§'¢ yEos ‘/j‘)sm V; = 0(1)
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AR R "R

The systemat.e application of this orde.ing scheme in the derivation procedure

will yield a consistent set of nonlinear equations of motion.

IIT, DERIVATION OF GOVERNING EQUATIONS

A, General

The math model is composed of an N-bladed elastic rotor and a rigid
body fuselage. Each blade will have governing partial differential equations
of motion for the flap, lag, and torsion deflections., The fuselage motion
will be governed by the three force and three moment equations of system

equilibrium,

The math model of this study considers each rotor blade individually
and the equations for the flap, lead-lag, and torsion of each blade are

derived. Rigid body fuselage motions are inciuded in the calculation of
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the blade loads, Consequently, the equations of motion for each rotor blade
are coupled to the fuselage through the forcing terms in the loading expres—

sions,

Overall system equilibrium is enforced by requiring force and moment
balance at the rotor hub. These six equations of equilibrium are the

governing fuselage cquations of motion,

B, Coordinate Systems
The coordinate systems used in the derivation procedure are shown in
Figs., 1-7. A brief description of these coordinate systems is given in
Table 1. The Euler transformation matrix between each system is glven in
Appendix A, The unit coordinate vectors of the jth system in the xj,Yj,Zj axe

directions are given by e, , e,

JY’ e,

§2° respectively,

jX
C. Blade Equations of Motion
The governing equations of motion for the kth blade of an N-bladed

rotor #re taken from Ref. 12. Tt i1s important to note that Ref. 12 neglects
the influence of axlal forces on the torsional rigidity of the rotor blade
as being very small (compared to the bending stiffness). In addition, for
rotor blades where cross secticnal warping due to torsion may be significant,
a more appropriate elasticity theory should be used to derive the blade math
model. For the present analysis, this model is assumed to be sufficiently

accurate,




The kth blade equations of equilibrium written in the undeformed coordinate

directions, under the assumptions of Sec., II. B, are given by
Tios * Cviy ﬁazk.)m'"cwkm%w@m * Paxe =0 (1)

"[E (Izz COSs 2861‘ + IYY Sin Z&ijvk'wx
+E(Zzg ~Tyu) (B \uncos28g, + (W, 28, Vi)
’ S/H&Gk cos (9:75.’:.> - T/< X (Caseék- ¢/< S0 &Gk>]a % M

- Cea-cﬁk'xwk'xx)rx + th'x 7;;)?"

'[E(Izz - IY\’z)S/n QGk cos &ch\/k,xx + 2¢/< Wk'xx3
+ E(Izz 5104, + Iy cos O wi .,

+ E(IZE”IYY)¢/<VX< cCoS Z&Gk) ’a

4

- Tax7 (51 Ogp + $rcosOg) ], xi

+ (Gj¢k1katgx)ax ka'XT“)’X
- Cvk'x%’BXk)rx t Faveex ? 3z =0 (3)
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r
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[G:r(qs/«:vx > vk'xxwk'xs]'x * E(IZZ”IYQ[(V:;W
~ W, %) SinBgr oS Ogp = Vinx Wirxy COS 2@Gk]
b T ( Wiy €05 061 = Vie, v SinOcL)
*Gaxk Y VexGavk ¥ Wiex F3zk T O

(4)

These represent the equations of equilibrium for the kth blade axial direction

and the lead-lag, flap and torsion deflections, respectively.

The distributed loading vectors which appear in Eqs. (L)~(4) may be

written as the sum of inertia, aerodynamic and damping contributions.

f3’< = P31 * P3ar t Pz (5)
?‘Bk T B3It Fzar * 33Dk (e)

The detailed derivations of P,, and q_, are presented below.
3k Ak

C.1l. Inertia Loads
The distributed inertia loads are determined by calculating the

inertial accaleration of a general point P on the deformed blade's cross

section

aPk:: F.Pk 4 Z(wk ® ';‘Pk) -\—((,:_ka rPk)+wl‘ "(Cgk" E‘Pk() )
Lo ~ A A ~ ~ -~ 7
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where the position vector r
~

Pk‘is written with respect to the un-

disturbed hub location.

The position vector is obhtained by first considering fuselage
motion., The fuselage center of mass undergoes small perturbation

translational motion given b

= Al A A
Rp = Rx€ex * Ry€ry + Rzepey (8)
Additionally, the fuselage is assumed to undergo rigid body ro-
tation by experiencing a yaw~pitch-roll sequence of Euler angle

0

rotations, © GX’ respectively,

2’ Yy’

Fuselage motion produces hub displacement r As shown

lad

hs
in Fig. 1, the hub is assumed to be located from the fuselage

center of mass by

ry = “Xp €rx t Zelpz €9)
Consequently as the fuselage experiences rigid body motion, the
hub is displaced by
A
rh = {Rx + ZF(BY *‘Bx&'z)}egx
N
A
+{ Rz + XFSY} € rz
A A A
= ryerx * My ery *rMz€pz (10)

10

ai—




Hence the position vector Loy ? Eq. (7), written from the un-
~
disturbed hub position to the point P on the deformed blade cross

section, is

A A "
TPk = ™x€rx* Mvépry + Mzepz
A A A
YR Eoaxp v (XprW) €3y, * Vi E€gyy
N A
tFWeCazp * You Cavie

* E o 3—421< (11)

Rewriting Eq. (11) in the 2k-coordinate system using the transfor-

mations of Appendix A yields

FU = ApWL Yo Vi T L (W +Bp2)
N
2ok (~Wi ~Bp + d’;‘.Vkvﬁ} € 2x Lk
+§ recos¥, ~rysind, +v, + Y 04
A
~Zo CPp + Vk'xwk»x)}GZYk
+ {rz W o Bp (Xt
* Yok (- BPView ™ Wik P Bp + L)

+ 2ok (1- Wklx/BP + ¢/<V[<.,< ﬂp>}€2zk (12)

11




The angular velocity vector w

Tz

e Eq. (7), includes the fuselage

rigid body rotations plus rotor rotation,

+ <2 €l_1>< (13)

Rewriting Eq. (13) in the 2k-coordinate system yields

Way = 3 (Ox + Oy 0z - Oz 6) cos ¥,
F(-0y Oz + O, + 626, sin ﬁ}ézxk
b (-8 - 6,05 + 0,00 sinY,
+ (- 6,06, + é:}Y + Oz Bx)cos \)Jk}ézvk

Substituting Eqs. (12) and (14) into Eq. (7), performing the
differentiations and the vector cross products, the inertial ac-
celeration of a general point P on the deformed blade cross section

expressed in the 2k-coordinate system is obtained, a Rewriting

2Pk’
in the 3k-coordinate system yields iBPk’ the inertial acceleration
vector in the undeformed blade coordinate directions. Applying
D'Alembert's principle and integrating the differential force

acting on a differential element of mass over the blades cross

ti ield .
section y s BBIk

12
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Introducing the identities of Appendix B, Eqs. (B-1)-(B-9), and
applying the ordering scheme, the final distributed inertia force

vector of the kth blade is given by

Par, = 2 -Fycost - Aosmnt, + 2V,
P le+rxy) +28; Ce‘J-xk)}égxk
+ wml{ c:os‘-l’k[—~'r"\z + Qv'vké'x + éx(wk—&ﬁp(edrx\‘ﬂ]
| + st [ Py + 2%, 8, + BY Cwiy + Bplerxy))]
—VUL -2Uy + 2BpWwy - Le xkdéz + V.
! +2"'ka = xlcosﬁekiéa\(k
> m_,g:a_”'{cosq'k[—QOk - Vkéx - ZéYvk +/.-3’pr

~(264-6(a+rx ] + sm‘l’k[—-QéY\‘/k

v By k2w By b Befy, ~ (28 + B, (e+x)]
-z - Wi -2V, 8p - 26p Ozlerxd
—Be+x) - > éGkCOSB'Gk}éBZk

= ’Psszg—:st *P3rvk Eavic * ”Pszzkésmr;

(16)
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The distributed inertia moment is determined by taking the i
moment of the differential forces acting on *he blade cross section
about the blade cross section elastic center and integrating over

the blade cross section, )

?,n" "fJ;F [(Yonavi* Zon€azl) * @ zpu | A (17

Evaluating Eq. (17), introducing the identities of Appendix B, ;
Eqs, (B-8)-(B~15), and applying the ordering scheme yields the

final distributed inertia moment vector of the kth blade.

© $31i " _g)_?’{7}«)xICOSQGk[C*~=+X\D(é\(-2é;acosq"k

” -(c.+><QCZéY+ éx351r\“\’k -~ =Wy - 28pV,

~Bplerx) + & (Y - v+ WXISInBGk[Uk
—-vk] - Ip(c'\;k + é@k + éxCOSll)k + éYSle’k)

+ Tpps Leos 205 < @Virx + 2 (O sint = Bycosh)>

- (1-29.,)cosB, smnbB;, - ¢ c0520,, (1

b 2 t}k,x)] ¥ IM.'BZ[ cos*O0z.< 2y, (b + Bgp)
* Vi ( Wieix ~ wk;x) - Vk;xwk,x - zokaxwk X

- 2w VF S cos 28, (A Y2V, +

-

14




+ cosBs s, (4 + 2 \.’kmﬂ} éaxk
+,Cz."‘{ 7 xrcos by, | Cetx) (dp = Vie,u BRD
P2V Ve Wil 4 mx o Sin Cei[ 2V +(e+ %))
“Ip Vix (b + 8 + Imaa[ Pi CViery = Vier ) c0528¢,

+ C\.}k,x"‘\/“,x} COS’@G‘(‘SIn&G‘:‘l

Imszl ¢ cosO, (Vic,x = Vi) + cos™0,, <w,

(WL vBp) - 2 (éc,k\/k.x + C.bk\./\-:,g3 -2 (qﬂk ¥ 85D
= 2 (Ve Wi,y + View Wi, ) - 2«93,((92
- BY cosV + Oy sin Y>> + cos rsint (v,
-Vl € 3vi
4__‘3_2{ WXICOS&GJ:[ Fx cos'\b_ + Yy SNV
-2v, - Ce+xk\(l—292)] * P letx Vo xs5mbs,
= Lp Wi (b + 8> + ~Ip733[ P (Bp~ Wi, o526,

2 e . . .
t+ COS §‘G/<<—'vl< " qukwk'x - kaz-x vl-:‘x

15




-260¢, (-3 - 2 ViV * 20y (O¢,
+ D cosd, - QéxCée,k*CLQ <n ¢k>
| + cos Ogrsinb, < Bp =W,y + 2(§Gk+ d)k)>_]+
* Imaz[ P (Wi, - Bp) cosBg,
b ees PO -2¢L Cdpt Ogl) ~ 2 Wi Wi, >
| * eoS O smnOg< Wiy ~ 26y + b
* ﬁp>]} €3zu
= %IBXkésxk * @»rs\rkésvk + ?-IE?Zké\.sz

(18)
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C.2 Aerodynamic Loads
The determination of the aerodynamic loads on the rotor
requires the resultant relative velocity between the blade and

air, This may be written as

yk ol YA“ - \:’Eck (19)

ECk is the veloclty of

the deformed blade's cross section elastic center, The free stream

where V, dis the free stream alv flow and v
WAk w
air flow includes the effect of forward flight and the induced inflow,

Vie? which has radial and azimuthal dependence, The vector VAk is
lad

given by

) ~ A A
Var = Vecosopepy - Vesinopepz -~V €oxi

~

(20)

Rewriting Eq. (20) in the deformed blade's Sk-coordinate directions

yields VASk'

"
The velocity of the deformed blade's cross section elastic

center, , 18 given by

v
_ECk

Veck = Teck * (@i > reci) (21)

17




where rECk is given by Eq, (12) with yOk - zOk = 0 and fk is

~

given by Eq. (14). Evaluating Eq. (20), rewriting in the 5k-

coordinate system, and substituting it along with V into Eq. (19)

A5k

yields the resultant relative velocity V Since two~dimensional

5k’
~
aerodynamic theory is used, only the velocity components in the

plane of the deformed blade cross section are required, The final

expressions are

Vsy =£2ii{ cos 4"‘[ - mBz - v~ Ty
.-/“ ‘1La.na’2 B'X] + S/N (/’k [—-/u, -/u.-/-a.r)aYEBY

+Pz] = Vi - (8% - (8 ¢ R 9;} (22)

Vazs - B eos k[ (Arrvid B
v (B O Tt BR))
+ sm‘/’k [ /AV\‘..W;‘,,.“V;‘QY - (é+~'>‘<',)9.x
+ :FY (Wk‘x"/srﬁ] + /"BY")‘L: - —.r—‘z

- Wk -V ka-x"' /3P\ + (€+ QQV,‘.,‘W;‘,,}

(23)

18




The airfoil configuration for the calculation of the steady
aerodynamic loads is shown in Fig. 8, The stcady aerodynamic lift,

drag, and moment per unit length acting on the kth blade are gilven

by
Lk = pbeglon, M) Uep (24)
Dsi = pabey(or,my) Uek (25)
m5k = XALSk + ZPAbzcmac(O(k.mQMék
(26)
where
u/azk = VS‘?/k F Vg & Vsik (27)
o, = Ogu+ ¢y - tan” V‘SE“)
Vsyk
P Gek‘“d’k'" (Vsnk (28)
5V k
My = Mupler = = Meip Vv (29

The unsteady 1ift and moment, L and MUS , are obtained from

us
two~dimensional incompressible thin airfoil theory, Ref., 13. The
assumption of quasi-steady airloads, C(k) = 1, is made. The
influence of unsteady aerodynamics on t¢otor blade behavior was
first studied in Refs. 14 and 15, It was shown that a quasi-steady
airload assumption is usually conservative when determining

rotor blade stability. The airfoil environment for the unsteady
aerodynamic load calculation is shown in Fig. 9. The unsteady

Lift, L , and moment, MU , are given by

sk
19
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by b .
Lusk =pebl 3 Unk =3 (a3 ek
+u’2k a.rp)‘ (b-x,:)'} (30)
Musk = pacb{ 3 (xa- B lUni + § o (x4
~Xab + ?gb?) + u;k &Pk[ Xab - %2 - (_%)z]}

310

Since the unsgteady lift and moment are determined using a linear
theory, only linear terms in perturbation motion are retained in

the unsteady load expression, Consequently, LUSk and MUSk are

evaluated using
Uk = Vear =~ Veyr (Car* @)
Z 2R fCOS ¢;< [”%(ﬁ?*wwﬁ * Cé*”;‘_\gé‘r]
+ sm\l’k [— CE +R ) éx + /LL(Q’GR'*'d)Q]

+/U.9Y -Ak—-%a -—Wk-t- CE+§R3CQG“_+¢Q—}

(32)
Vv
Ugk = “stk\“*( ;:,:) = - Vsyw
= 2R f/u..sm ‘/’k + (e +—52k)} (33)
0.0’pk = éxCOquk + éyS\n"h‘ + é@k + 4"}.:
te2(wy,, + Bp) (24)
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Note that although a linear (valid up to 0 (g)) unsteady aero-
372
dynamic theory is used, terms linear in body motion ( O(e / ))

are retained for completeness.

The resulting distryibuted aerodynamic loads written in the

} 5k~coordinate system are given by

= - ' -1 (Vsak
t Pask { Lsesin(tan (V.rvs)

- Dgp cos (tan™ Vszk))} € 5vic.

é Vsvyi
+{ Lswcos(tan'(82k)) + L g,
| Vv
- Dg s (+an™'( v‘ﬁ“))} Eszk
v Vsvi
*1- Lsg(vsi? Dsif € svi
rf Lse * Luset €szn (35)

Fask - fMsi + Mys} €sxi

A
= Fasxk €sxL (38

21




R R T R A Y Ty

B A

Rewriting Eqs. (35) and (36) in the undeformed blade coordinate

directions and neglecting the axial force component yields

'Z?A3k = {—Lsk( yr-"'z") - (Lsk * Lusid) Vi xWiex

Svyk
P
"DSk} €3vk
4 g L‘Sk + LMSk} ész (37)

N TS
Fazk™ Fasxk €3xx ¥ FasxeViex ©3vk
~

A
T GASX Wik €32k (38)

Substituting the velocity expressions into the steady and

unsteady load expressions, evaluating, p and q and
~A3k HABk

applying the ordering scheme yields

-f)Ask = —/OAb—Q1'E_1
x {CX < c.os"'"}’k[ /A’L&Z </61=""\’\/A-uxj

*/ulvkw(BP* Wi ? "/M\/k,xéy (e +%.) +
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v P CBp WD U (8 4% (v~ O]
vocost ] @z Chp+ W) + vy (- Oy
AL+ P v W) e (AW (T

; FEF DL+ 00wy, r @) — Oy @r) (M

+@+RN] + s ] (B rx 0y (VL + 2 FRD)

, | — Ve Wik (E4%) ( (B+%) -2 0) + i (A

| @y v Fg v ~ T (A W]

| vV, (m By 4 A+ W r TR) = (8D (m By

AR XV W, N S vV (Auc'v@éz»
Feg< ursin*d + 2t cos Y sin %

- 2k (€+%D V), COS ‘l’,: -2 (U + (_é,+32k))5/n${)e

+ (é+§k\1 + Zék C€+§k>>}é3\/k
+ pAb_s‘leZ
3 el ot @u?ﬁsm“&
+ cos“/’ksmﬂ [ 2u (e (Bz+ Vi) -yl +
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+ cos [ 2 c@rm Ty - (87 + Vi,V ]

v sVl -2 (VL ¢ 2R CLH6D)

v 25 CEaR] ey YT (14 263D

4+ 2 ‘\.7;<(é+§\‘3>

ya < O ¢ E—?,Qsm"%

+ uu éXCE—§A)cos¢sm Y. +cos ‘&[% C- AV
v (ErR DBy - 6 + e (B + )]

F sl (3B-xD) (w4 B + Garr &)
- B arz)( &y + 8] + (b=%) (2 +%)(Bcosk,
+Q,sm‘li+ Wi+ Bp + éek N c-bk) -\‘% </A éy
“)\k‘ :‘;z“wk3>} é\-szk

A A
= PASYK €3vk * FPATzkK €37k 29

%As—xk = /OAb-Q-—LE—B
xg < C,QQA + éc””ac_>
* <(2/u.?‘.-x + L) S/r)"‘/’,g + 2 (e (B + Vi)

- .\:T\A cos \Pksm L *2( & +50) CF‘L\',»/,« (O +
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F VD cOs\\’k + sun\\’k[-z/u( CE+%) (46D
s - 2R Cerwd] F @R CLR26)
4 QVkCé-r—;’:Q>

+ a < _u Oy (Zb- §A2"%2>5’”1¢/<

oy

+ au éXCXAE - X, - ) cos\/’/_:s,'r?%k

-

N

reost [ E(R,- BY (- vy + (& + % )6y - 6

b (Ogp+ )] + sl e Cwies e

¢ By + & CXaB - - £ +BGp-BYCu Qe
=T Ock + & - Cé+">zk7(év+éxﬂ

s B (R BBy - AT - Wk e +%>(0,,
Fb) + (Kb %7 - PO Bycosthr &, sin¥, * Wit Be
¥ Ogp 4 b2 D= Gasxn (40)

FAzzk = Wix G AS X (42
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Several comments should be made concerning the aerodynamic
loads presented in Eqs. (39)-(42). Apparent mass terms, stall,
and compressibility effects are included in the analysis. The
aeroelastic phenomenon of dynamic stall, although neglected in
the present analysis, may be incorporated in a semi-empirical
manner., Including these efifects will yield a more realistic rotor
model, Several such approaches are available in the literature
for aeroelastic response calculationsl7’18. Also the aerodynamic
loads as presented herein are valid only in the normal flow region,
The inculsion of the effects of the reversed flow region on the
retreating blade can be incorporated in the model by first determining

the region of reversed flow for the given flight condition, Re-~

calculating the airload expressions within this region using

=

—g—- 43)

Hpr = ~ £ CSE;A:-+ <¢2‘ - <“:;i:j:‘) ) (4+4)

>£A12F' XA

will model the influence of reverse flow.

In Eqs. (39)-(42), the induced inflow field has not been
specified. Typically it will have radial and azimuthal dependence.
The high frequency and nonuniform nature of the induced inflow
field can be incorporated using an analytical wake modeling program.
On the other hand, if one is primarily concerned with low frequency

variation, a dynamic inflow model such as the one presented in Ref,

20 may be used.
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C.3 Damping Loads

The blade structural damping loads are assumed to be
of viscous nature (assumption 11). The distributed structural
damping forces and moments written in the undeformed blade

coordinate directions are
" A [ A
P03k ~FsLVk E3vk " IsF Wk S 32k (45D

Fosx = ~2sT P € 3xi (4

respectively.

~C.4 Final Blade Equations of Motion

The governing nonlinear partial differential equations
of motion for the kth blade of an N-bladed rotor are obtained
by substituting the inertia, aerodynamic, and damping loads
into the equations of equilibrium, Eqs. (1)-(4). After some
algebraic mainpulation and a final application of the ordering
scheme, the equations for the lead-lag, flap and torsion
deflections are obtained. These equations are presented in

Appendix C.

The boundary conditions which the blade deflections
must satisfy depend on the type of rotor. For a hingeless

rotor, the boundary conditions are

(a) At the root (x3k = 0):
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Uey=w= VvV, =W, =0
Kep = GIT &Py

(b) At the tip (x3k = £)

My =My =Mg=T=Vy=Vg=0

From Ref. 10, the blade cross section elastic moments and shears

are given by:

MX = GI (b, + Vit Wy ) (47)

mY = ~E<IZ?- “IYY)S//IQG COSQG (V)xx + éw)x,()
- E(.TZ—ES//)2&@ +IYyCOS 196) (W)xx’ C#V,,gxw

+ TX—,—S/N 9@ (48>

¢

/172 E(IZZ COS.LQG +IYY5/’7296)(V1><>(+ 45\”174)4}
+ E (I-Z.E——Z—YY>5//’) Q‘GC«OSQG (\A),xx'f- C{)\/,,‘-,\

~ T X cos O 49)

VY = [E<Izt"-[\(¥75’n96c‘05@@ (Wi = V) )

+ E(Tqpcas*Os "'IYY'S""'?'Q'GX (Vo + DWyky)

- TXTCOSQG-J,x - Ty ‘b)%S/nQG ~GT By Wl
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+E(Lag-Tyy)smBecosOsVyudbix + E (Tapsm*Be
+ Ly COS 05 Wy Dy “Goz TWnGgy rdL0ay  (50)
Ve = ~ E(Lapcos™Gg + Tyysn“Bu) Vi Py
- ECEEE’Iyy) sin QGC_QSSG W D)y
+ Ty b cosBg + GI b, Viux
~ [:ECIZZ— Tyoy)SiNOg €050 vy ¥ W, x)
+E(Tgasmn™ st Tyycos®02) (W)ux =P Vi)

B T"TS”7961>><+ @3y ~VixF3x ~VWixF3z
CEY

For an articulated rotor, the natural boundary conditions at the
blade tip remain the same, The blade root boundary conditions are

(a) At the root (x 0):

3k
U=v=w=0 ) K¢4’=jS‘b)x+\4xxw;x>
mszﬁ\N’x ) mZ""KSVax
where MY and MZ are given above,
Fuselage Equations of Motion
The governing fuselage equations of motion are determined by
balancing rotor- and fuselage-induced forces and moments at the hub.

These matching conditions between the N-bladed rotor and the fuselage ensure

dynamic equilibrium of the overall system.
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Using the rigid body model of the fuselage and invoking D'Alembert's
principle, the inertia force vector PF’ acting at the fuselage center of
~

mass is given by

Pe= -2 (M Vi

e

]

“Me (Rylpy + Ry Epy + Rz &pg)
2D

Note that Eq, (52) is restricted (assumption 16) to flight conditions
where the fuselage F-coordinate system is an inertial reference frame,

The inertia moment vector, QF, obtained from D'Alembert's principle and
~

acting at the fuselage center of mass dis given by

Op = - 2 (o p)
=-3 éX (Zy ~2Izx8) +sz<§x
-8, 8y -36v6,) + 856, (T~Ix)
+By8y (T ~T5) + 8,8z (Ty-Ta)t Epy
-§ Ty 8y + Tax (828, - 6k
+ B - 87) + 6,6,(1,-T,)
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-5 T8, + 9Y§X(IX"IE> + B0, (T
- :[,/) + C;B(Eé)z CV:ZZX'" ;27»;) + .3(;5)( ( 555<
+ 626, +36,8; + 28,620} &y

(53D

The fuselage-induced inertia force acting at the displaced hub is

PH = PF, Eq. (52)., The fuselage-induced inertia moment acting at

the hub, QH » 1s given by
~

Ry= Qe +(rp=#)
= -1 Oy (Zy - 2Tay O +Tzy (8- 5,0,

~30y04) + Bz 0 (Ty-Iy) + Oy Bz (Ty-I3)

+8y0z(Ty-Tz) + Mrzp(Ry + Rz Bx)

+ Mg Xe (R O +7év<9v3} éax

T8y + Tax (820, -68x + 65 - 67
+ 020y (Ty-Tp) + Ox B2 (Ia-Ty)

+ OyBy(Tz-To) - Mpexp(Rg + By Oy)
“Mezp(Ry - Rz OO0} E oy
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Y T.0, + Ty (6 + 0,6, +36,6,
+26,03) + 6,6, (Iy-Tx)+ OxOy (Iz-T)
¥ éx‘éYCIX" Iy) + Mexg (Ry - By Bz)
“Mreg (BxBy + Ry O] € py

(54)

where, rrom Eq. (10),

T RXp&ay T Zp €43z (55D

The gravity loads acting at the hub, assuming the helicopter

is in level horizontal f£light, are given by
P A
Pe = ~ (Mg +Mglasnde e gy
- (M,:+MR)? cosal g se)

Re = — MFc}c;osCYz CXp + 2f 9x>é£>(

Tt

- /V7Fr;L‘<: coscovg C X}:"§EF:59y;>

+ 5507<9¢g (i!;r *’X}ré;y>‘:>¢éiF3\/

+ /’Lré?.isbﬂ‘?kg C'X}:622'+ ?Ef:é;b(> 6%1;225 ($57)
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Gravity loads are considered to primarily influence the helicopter trim
problem. The rotor blade gravity loads are considered to be negligible
compared to the blade inertia and aerodynamic loads and have been

neglected in Sec. III. C,

Other forces and moments acting on the fuselage and induced at the hub

may be expressed in general form as

A
ip7‘ = F:xfte;;g)( + /:ur'él‘z\/ + /:}géé-pzqg (58
N
= A A
5?7' = C?X'GLFZX + éQ\'éipyf + PeCpa s™9)
These lcads can represent airframe aerodynamic forces, including

&

erodynamic interference affects and tail rotor influence, or the effect
of landing skids when in ground contact. This latter model could allow
for the possibility of using this math model to investigate the dynamic

21
phenomenon of ground resonance,

The final ingredient of the matching conditions are the rotor forces
and moments induced at the hub, PR and SR, respectively. The distributed
loads acting on the kth blade eégressed in the undeformed 3k~coordinate
system are given by Eqs. (5) and (6). The individual components of these
vectors were derived and presented in Sees. III. C.1 - III. C.3.
Rewriting these loads in the rotating 2k hub plane system, EZkf and 22k’

the three forces and moments induced at the blade root of the kth blade

are
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'5?2;4 = 4; 25922“ CSJ)(gL (6c0)

-~

L
Row ™ J; [%BA + My % ’f’a@] dx, (1)

where

A A ~ A
CHe = € Caxik Y XuC3%k + YhSzyk ¥ WS 32
A

(e2?

Transforming the forces and moments into the nonrotating rotor coordinate

system, PRk’ and QRk’ and performing a summation over all N blades of the
~ ~
rotor yields the final expressions for the rotor-induced forces and moments
at the hub,
N
Pe = > Pres (637
L 4 kli
N
Qe = LZ Rer (e4d
~ 31

The final fuselage equations of motion are given by writing force

and moment balance at the hub due to fuselage~ and rotor-induced loads.

Pyt Bg + Pr + Pe =0 (657
P P ~

En * Gt Q7+ 2r =0 2
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These equations, even after application of the ordering schome, are very
lengthy and reflect the complexity of modeling coupled rotor/fuselage

dynamics. The equations themselves are given in Appendix D,

IV. ROTOR/FUSELAGE SYSTEM

EQUATIONS OF MOTION

The finél governing equations of motion include the three equations
governing lead-lag, flap, and torsion deflections for each blade of the
N~-bladed rotor, Eqs. (C-2)-(C-4). Consequently there are a total of 3N
rotor equations of motion. Fuselage motion is governed by Eqs. (D-1) - (D-6).
Note that in the fuselage equations of motion, Eq. (11) was used to express
the fuselage translational degrees of freedom in terms =1 hub translations

and rotations,

;2\’ = rﬁ\/ -+ ><f:<5E§ t Eifr<f6;s("6;yré;2) (e8)
?Z = Iz - XF'QY (¢9)
Therefore the system motions are rx, rY, rz, Ox, BY, SZ, Vk’ wk and

b k=1, N,

As written, the final equations are in second order partial differ-
ential form. The spatial dependence may be removed by expressing the

blade deflections as summations of elastic mode shapes and, by Galerkin's
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method, integrating the rotor equations to eliminate the spatial
dependence. The selection of blsde mode shapes will depend on the
rotor model, hingeless or articulated. The number and type of mode
shapes, used in each deflection representation, will directly effect
the size of the f£inal system of equations and the ability to determine

system aeroelastic behavior.

Several comments can be made about the nature of these second order
nonlinear periodic coefficient equations., As derived, the rotor equa-
tions of motion are written in a rotating reference system whereas the
matching conditions between the rotor and the fuselage are written in
a nonrotating system., Although this may cause some difficulty when
visualizing results, this procedure allows for greater physical insight

into the physics of the problem,

It is possible to rewrite the rotor equations of motion in terms

4 of nonrotating rotor degrees of freedom using multiblade coordinateszz.
This transformation will replace some of the periodic coefficient terms
in the final equations with constant coefficient terms. For some cases
(hover, N > 3) this procedure will remove all periodic coefficient terms
from the rotor equations of motion. However this is not the case for a
helicopter in forward flight. Thus to be able to model an N-bladed rotor
in forward flight, the rotor equations of motion will include periodic

coefficients, Even after applying a multiblade coordinate transformation,

it is possible to use a constant coefficlent approximation for the remaining

periodic coefficients. Although this approximation is good for many practi-

cal cases, it is sensitive to advance ratio, operating state, and system o

component frequencie523.
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The equations of motion presented herein can be used to study both
aeroelastic stability and response of coupled rotor and fuselage systems
in hover or forward flight, There is no restriction on the number of
rotor blades, Additionally, due to the consistent formulation of the
complete problem, these equations can be used to represent single isolated
rotor blade behavior. By suppressing the hub motions in Eqs. (C-1)-(C-4),

governing lead-lag, flap, and torsion equations of motion are obtained,

V. CONCLUSIONS
This paper presents the formulation of the governing equations of
motion of a coupled rotor and fuselage helicopter math model. The
derivation procedure yields a consistently derived set of second order
nonlinear periodic coefficient partial differential equations, These
equations may be used to study coupled rotor/fuselage dynamics in hover

or forward flight.
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SYSTEM

F

2k
3k

4k

5k

TABLE 1

DESCRIPTION OF COORDINATE SYSTEMS

DESCRIPTION

Fuselage axes, Origin fixed at undisturbed
fuselage center of mass

Rotor axes., Nonrotating. Origin fixed at
undisturbed hub location. Directions
coincident with F-system.

Nonrotating rotor system with origin fixed
in hub, Directions coincident with deformed
R-system directions.

Rotates with kth blade. Origin fixed in hub.

Rotates with origin fixed in kth blade's

pitch bearing. Preconed by -&p&axw .

System yields undeformed blade coordinate
directions.

Origin fixed in deformed kth blade cross
section at elastic center., System undergoes
rigid body translation and rotation from
3k-system.

Origin fixed in deformed blade at elastic
center, Rotated from 4k-system by removing
elastic torsion rotation,

Nonrotating, Origin fixed in hub, axis

defines direction of oncoming air velocity
due to forward flight of aircraft.
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Fig. 3 Rotor blade coordinate systems
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APPENDIX A ,

The Euler transformation matrices used in the derivation of the

equations motion are given below,

the small angle assumption is used (cos 61,

4

~ b
Cvxk

A
Cvvk

i

1

48

For rotations of 0(e) and higher,

sin 0z 0 ).
-5 O(g e RY
0 - aRY
A
coso,l | Crz
4 J
9 ( )
- ay éRX
Bx - é RY
1 €ry

(A.D

CA.2)

(A.3)




A

~

, ] A ]
cosBe Q s\nBp| | Caxk
= 0 1 o ézYkL
0 é
-s\n cos 22k
Cr @41 )
. - -~ -
A
1 Viok Wiox eBXk
= MoVl 1 $, €avy b
W g M, oW 1 é33k
ox TR Tk Rk
J L J w5
1 0 0 €.axu
= 0 1 - ¢|‘ Cavkp
S
0 q)k 1 €47k
1 L J A8
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APPENDIX B
From basic definitions, Fig. 5, and the assumptions of section

ITI.B the following identities are used in the derivation,

Yok = nces € — €SI OGk (B.1)
2z, = g sin By + 7<058 (B.?2)
‘30“ = —eszo“ (B.3)
% 2, = éeh ok (B.4)
i ]
90\‘ =7 Oe-k ok &Gi Yok (B.5)
| = 5Gk Yo ~ 3 K =0k (B.6)
E SS PO'A = m ®.7)
| SS pzgdh = mxgsin Ok CB.8)
& SS P}Ode = mMx,CoS 8@\« (B.9)
SSA (.nzzo\A = Luyp=z (B.10)
SSA(’fdA = Lve2 ¢B.1)
; SSA o8 dA = O (B.12)
SSA?‘}Z dA = TyezcodOy + Tusasn G
h ' (B.\3)
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where

SSA P kf’"idA - IMBBsmzaGk.‘-IMBZF'OSZGGk CB.14)

SSAf)?Ol‘ZOde = (IMBB- IMBZ) sin 0(‘:!: COSOGk (B.15)

be = OB(XQ + 00 + Oy cost, + 1Ssm‘§’k

(B.\6)
6 = 20gcosth - w8 s, (17
éGk = -_o_zﬁlccos‘f’k - ;Qz@lssmk (B.18)
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APPENDIX G

The governing nonlinear partial differential equations of motion

for kth blade of an N~bladed rotor are presentad below. They represent

equations of equilibrium in the axial direction and the lead-lag, flap,

and torsional deflections, respectdively,

Tev, * ?n_Q-‘[-Fx cosq’k - FYSM‘P\,_

2w, + Ce-\-xk3<:1.+2é2)]=0 (c-1)

"L ECTazcos™Ban + Tyysin=O D vy,
TE(Taz Ty duwe,,  ,cos 265,
TE(Taa-To) (W, - 2<{>,<vk,xx35/096k6o39@k
TCaxreosOgp ] an ~ (OTh Wiy, D,
+ (v LY, —g"[—mxIcCs Car e +xD
+ 2 é@k (Im33 " Imga)cos 9@:,& S/"’Bsk]sx
+777_§2"'[ cos W (- + Zv'vkéy + By (wy
+BpLetx)d) « snb (P + 2 8,
+ éY(Wk + Bple+x)) -V, -2 ‘;‘k + Zﬁp\;\/k
+ V) - (e+><,,_')§2 + Zézvk] " 91 el
" Dpzwe = O (c-2)
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[E(Taa~Ty)snBOscos0g, (vy,,, + 2 Wiiey)
+E(Taz sm‘@'Gk + Ty cos B Wi oo
+E(TIzz " Tyy) b Vi cos 260¢,

- Cy X1 5I00c1]yun + (GT b Vi u

+ (Wi T, + 27 o7 x5 Carx ) sim O 1

- Zéc_;,k (ZTymaz<cos*Og. + Trgs 5"’1‘9@)<>]s><

+ 774.(2.1'[ C°s¢k<”2\:’kéx - Vi Oy -26y v,
+ Bply - (28, - B (e +x)0)

+ Sm‘l’k< "ZQ.YOk - \/ké.iy + QVKéX + Bply
(260 + B ) (erx DY - —W - 2pp (W,
= B3 Cesx D) ~Bp (et = X échOSBG‘J

- ?’SF Wy £ + -PAB"Zk = O (C-B)

[GT( d>‘5<">< * Vk\xx Ww)]’ny_ ¥ C:Lx'r (Wk»x, cos Vg1
—Vk\xxs’nQGk“) +E(Tae - Toy) $ViouxWine €05 265

+ (Ve = Wi D) sinBgcosbz, >+
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¥ Wﬂ‘xIcOSQGk["cos% Cerx DB, -28,)
- leax)) (28y + 6. sin 4’k - Fo — ‘Wi
-2V (Bprwi oD + SV -V + (e+x) (-Bp
- Wiy + Vg BD] + 77027 X250 Oy [ Vi
-V + vk,x(e.-\-x@] - o*Ip ($k+ Be
¥ éxcos\‘)k + é\(s‘f\q’ﬁ 3 T | (BpVix
WV - 2éY oos\l’k + 29.¥sm¢'\) cos™ Oy
- (L r237,0 cos O smb, . — P cosBg L (2
+ 2\'/k.x7] + Imaz[ cos*Ogy = Vi Wikiy
“ Vi B~ 2W o (1 + V) + o5 O Snflg (4
F2vL.) + b (420 ) cos 26, ]

—9STA>\<Q' * Gasxe =0

(c-4)

The elastic axial degree of freedom is defined by

k2

X
Mk =3 --—Z!- fo (Vk)x + Wk’):_) O‘X CC"S)
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The aerodynamic quantities‘SASYk, BA3ZR , and q are given by

A3Xk
o~
Eqs. (41) and (42), respectively, The coefficient appearing in

Eqs. (C-2) - (C-4) is given by

L
C, = 2™ \Lmﬁem =) Ax (c-&)
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Appendix D
The following equations represent force and moment equilibrium at the

rotor hub.

-MF[ ry - ze (O + 6,0, +26,6, + Bx'éz)]

“Me M) gsinery + By + Py = O

(D.1)
'MF[FY + xpéz + ZF(éx - é\(@z'zévéz“avéz)
+Fy + Pry =0 (2.2)

-MF(F'% - X'_-éy} - CMF"‘M&)?COSO\’R

(L -2T3 06, - Tax (B, -8,6,-36,6,)

+(Ly~T))0: 6, + (IT3-T,)0,6%

+ (IZ-IY)téyéz -Mezp[ry + x(65-6,0,)
rz (8y-6,6,-26,6, -0,8,) + 5 6]

AR

- Me x| F, 0, + 1, By + xp(~0.8, + 6,8;) +
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*Zpﬁvéx] - Mrgwsdé(xp% *2: 6 )

" QX " QR.X = 0O (D.4)

T, By - Ty (828, -8.8, + 6] - &) + 8.6, (T,-7;)
+(Zy~T3)6,6; ; (T3 -Z2) 6,05 + Mexc[ 72

- O + 2. 0) B, +7% By +Meze[ P + x By By

- 2By ~2. (6, + 60, + 26,6, + 6,6,)]

+ M, %[c_osor’z (Xp-2B) + sinera (2 + % By)]

+ Qy ¥ Qey = O @.5)

~T2By - Ta( & + 658, +36,0; +26,6:)+6,6 (z; -I)
#(Ty=IIB, + (L-TI&E ~ Mpx.| i, -1 6,
+ x Bz + zp( éx '—Zéyé% - By &)+ M.z [ ¥ &,

+ Py By + %020y + 2 (-6,0, + 0,6,

+ Measmer, (xB3 +2.8,) + @y + Qpa = O

(D.6)
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The generalized fuselage forces and moments, Fj’ Q., 1 =X, Y, 2,

3

are left undefined, The rotor~induced forces and moments, PRﬂ QR ’
'

j =X, Y, Z, are defined in Appendix E.
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4
APPENDIX E

The following are the rotor-~induced forces and moments acting

at the hub in the R-system directions.

N
sz - ...':D:"E-Z
k=]

X j\: { Pab f e, << -smz"”k[/u (2+%,50 - M4BTy

L VWi ¢ B (92] +.cos"4'ks|n\‘)k[ /c’w,\,,x (Vi
+26z) + /u-F'““Y (38p+ Wi, — vy (B+R) éY
-/oc"'/spvkm] + cos \l’ksm"l’k[/uzwk,,p/uéé+'£,aé\,
~B BTy t M CZ*‘?Qéka»x]

» cos™ [ 2 8,08470 C Uy u = Top Y + 1 (E+7,) 0 (Wi
+ 3/31’7] + = \Pk['?/" CE +X I Vi uWiuy T C'é,+">2'k31'éy
| v BRIV + o (A + Ty + WD - Th (A

r D - 2 (’é+’>‘<‘3,s,>9,—£] + cost sin k[/A‘LBYV"‘*

*2/‘92()%*'_\;7\9 +/u.\/k‘x(lk+7.:2: +\7-713

+ -.FY </\k4 -Wk3 + 3/(,(,/@’,6.\:7“ + (é*-';(kBCl—% ég\)

* pmwy (Vi + (8RO (14 £2)) - (E+%)* Gy

C BTV Oy + 2Ty @p(E 4%

+°°S\P|<[ ~Bp (240D (20, + (24R)CL428)) +
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+ (€ +%) éa (A + WD o+ ReEz C5+3Z\<77'}
b AR Oy (2VL + B 4+X M)
} +cg,<c.os“\’ksm""k[-,uéy,«sPCE~§iA3]
+sint ¥, costy [ ‘/‘*“ﬁpéy CEEAY
| + c:os"\)’k[ l;ﬁp C i,y ~ CEFED é\’
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- %,6,, @R VED YRS S + A 9\«:25' (Ocpt by -,

+ SN ‘f’,( [ yZ <9y (% E‘T(A) Cwy,, */GP_+ é6k+ d>l<)]
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+Cd < /M'LJMB‘/"k -2 mu*vy,, cos ‘/’,‘J/n"“/’/‘
"'cz/&t Ca'i-';a;,:) Vk,xé’”//') L‘ cox ‘J‘7< v ,2'/,4_ (C é—_‘_.f«'j("k')

: o+ '\:/"k),;/,«y"&bk + SN L/Ik [(ab;‘;"{’k)?' + Zf:‘"k Cé”,a-'fkﬂ >;

o+~ M < C.O.Sq)k [ 2—{7\‘(1*@.‘%\ 4 6\( SE + Uk(éz”&z)]
= S/ \//“_ ["'2.\;;\(92 + ’:\jk — -\7“ - Zézvk + Zak“’sz-;cos GK
- 28pW ] - Ty ~W Oy -2, Oy - T Oy

Ce.D)

R L

N
pg\’/mx‘:::;le-z
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'} —
x b < - =
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- AV G v T W) = Ty (A W)

- (Bprwi,N(C '\"7'k + (B4R (L + 63))

2 Car AT 6, + (B, Oy)

+ s Yy [ 2 Bp (T, + (4% L+ Ox)) = Oy

+ A BpFL (BT + 4 O (A + W]

¥ cosY sm d{g[ - e+ (U, @x AV Wy
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+ e (AL* WY + 280 (847D Gu0z - Truvi,)
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ra < "/"(/GPQY (b -X,0 sin®Y,
"/A/GPQ.Y CE»Q,Q cos ‘Pk Slnzﬁ"k
+ cos\B s, [ - % Be C pt (Ogp 4 P~ W0
B (O -0 ~ 8,8y (847) (5 ~%,)]
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