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ABSTRACT

The implementation of control systems using smallscale digital hardware
has largely been a neglected issue. However, in the field of digital signa! pro-
cessing a great deal of attention has been paid to the development of results
concerning the finite-precision implementation of digital fiiters. In this thesis, we
will use, adapt, and extend these Ideas for digital feedback compensators.
Specifically, we will primarily focus on steady-state linzar-quadratic-Gaussian com-
pensators. For some of the issues Involved in compensator Implementation, the
flitering rasults apply directly; thus we can use existing concepts. However, in
many cases, It will prove necessary to adapt these resuits. Finally, in our investl-
gation we will uncover several extensions to the results as they apply to digital
fiiters themselves. All three of these aspects are contributions to the develop-
ment of digital control systems.
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Chapter 1: Introduction

The design of time-invariant discrete-time compensators through the use of
optimal regulators, pole-placement concepts, ohservgr theory, optimal fiitering
[1,2,3], and also via classical control mqthods [4] has recelved a great deal of
aftentlon In the literature. In principle, these mathematical design procedures
result in a compensator whose parameters are exact, that Is, of infinite precision.
In practice, such parameters are of double precision. Such a (near) ideal compen-
cdtor has typically been Implemented on large-scale fioating-point computer sys-
tems, where high speed and accuracy are assured. Expense has not really been
an Issue. As a result, low-cost digital controllers have for the most part been
quite simple, usually of the proportlonaf-lntegral-derlvatlve (PID) type [5].

The recent advances in digital hardware capabilities, such‘ as the develop-
ment of the microprocessor, have opened up many new applications for low-cost,
reak-time, small-scale digital control systems [6,6]. Thus the Issues that arise In
Implementing compensators, that Is, in approximating them with small-scale digital
systems, cannot be Ignored. Such issues Include speed, finite memory limitations

(finite precision), and expense. For its higher speed and lower cost, fixed-point

- arithmetic will be much preferred over floating-point (and assumed for this thesis).

However, the effects of finite precislon under fixed-point arithmetic are much
worse than under ﬂdatlng-point. Such problems have not been addressed at all in
the ldealized mathematical deslgnrprochures that haver been developed to date
for control systems. o | | |

Thee» |dealized design procedures will result in an essentlally infinite-
precision transfer function for thq compensator. The term Implementétlon will

r;afer to (1), the selection of a structure ~— the specification and ordering of the

Chapter 1: Introduction . 8.
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computations that take place Iin the compensator during each sampling period, and
also to (2), the selaction of a hardware architecture and components. In imple-
menting an Ideal compensator, our alm Is to produce a finite-precision digital sys-
tem which either parforms as clese to the ideal as Is consistent with the expense
and speed requirements of the application, or which meets a specific level of per-
formance relative to the ideal as Inexpensively as possible subject to certain
speed (sampling-rate) constraints. It is Important to note that the mathematical
design procedure which produces the ideal compensator and the implementation of
this ideal compensator are not necessarily /independent procedures; the Initial
design assumes a specific sampllng ra@e, yeot the Impl'ementqtlon Is freqyently
quite important In determining the maximum sampling rate.

Some effort has been directed towards lnvestlgatihg the Issues Involved In
implementing digital feedback compensators, but it has been somewhat limited.
Knowles and Edwards [7] and Curry [7.6] have each considered a roundoff noise
analysis of certain sampled-data systems. Bertram [9], Slaughter [10], Johnson
[11], and Lack [12] have developed amplitude bounds on the effects of quantiza-
tlon in sampled-data control systems. Sripad [13] has looked in some depth at
the roundoff noise and finite-precision coefficient perform'ance of the discrete-time
Kalman filter and I!nearquadrz;tlc-Gausslan controller. Rink and Chong [14] have
derived bounds on the effects of quantization errors In floating-point regulators.
Farrar [16] has pointed out In a baslc way some of the issues involved In imple-
menting -continuous-time linear-quadratic-Gaussian controllers as discrete-time
fixed-point microprocessor-based systems.

In his monograph, Wilisky [18] has discussed a great number of parallels

between the flelds of digital signal processing and control and estimation. Many

10. ' Chapter 1: Introduction
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of the basic issues Involved in implementing digitz! feedback compensators have
been examined In the context of digital signai i&rwéssmg. and a great many
results exist. These digital filtering results are very Important Yor control applica-
tions, since a digital control system can be viewed as a digital fiiter (the compen-
sator) embedded in a feedback loop through a continuous-time plant. However,
only In a few special cases do these results apply directly to control. Our task
will he to use, adapt, and extend these results fo the implementation of digital
feadback compensators. In some cases we will directly use the filtering resuits.
Howiver, much of the time the controi setting adds new twists to the Implementa-
tio‘n_ Issues, requiring the adaptation of existing resu!ts. This effort, bridging two
disciplines, Is the most important contribution of the thesls. In addition, some of
our work extends exlstsm methods, or introduces new approaches, that ara also
useful for digital filtering applications. This contribution, although limited In scope,
can be valuable to hresearchers in digltal signal processing.

In this thesis, the steaily-state linear-quadratic-Gaussian (LQG) control
problem will be selected to convey our ideas on the Impiementation of feedback

compensators. This type of controller has been shown to have desirable perfor-

. mance properties In terms of its robustness, multivariate formulation, optimal na-

ture, and so forth. The LQG problem has also received a great deal of attention
In the recent literature, and is being increasingly applied to real systems. Furth-

ermore, the LQG problem has an explicit scalar objective function, which can be

- adopted as a performance metric against which the degradation due to finite

wardlength effects can be measured. In fact, this was the degradation measure
used by Sripad [13]. It Is not necessary to choosa this performance metric, or

even use an LOG framework, but such a cholce allows us to develop our resuits In

Chapter 1: Introducilon 11.
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a ooncrete setting. ‘ising this LGG control framework in the context of a single-
input single-output system, we can bring out ail the Issues we wish to raise.

In Chaptor 2 tha detalls of the discrete-time LQG problem under considera-
tion will be presented. Spacifically, we will consider a continuous-time plarnit which

Is driven by additive white Gaussian nolse and whose measured outpul Is aiso cor-

rupted by Gaussian noise and then sampled at rate 31;- The ideal discrete-time

compensator will minimize. an esquivalent discrete-time performance index, subject
to a plecewise-constant control signal u(t). In presenting the equations for this
ideal compensator, an important point will be raised. The finite calculation time Im-
plicit In the arithmetic operations of the compensator Imposses ¢ limit on the sam-
pling rate of the .system.- .Due -to-this same finite computatiun time, a realistic
compensator must have its output at a given sample time depend only on past
vilues of the compensator‘ Input. The sample-skew approach to this probiem,
which Involves sampling tha compensator input and output at different times [1],
will also ba presented in Chapter 2,

One of the important issues in discussing digital impiementations is the no-
tion of a structure. Given the system sample rate, the effects of finite precision
on performance are dépendent on the structure chosen, and not on the architec-
ture or components selected. If ali compensator computations can be pearformed
with Infinite precision, then all structures for imglementing a yiven ldeal compensa-
tor wlil be equivalent In performance. However, under the real constraint of finite
pracision, each structure wiil in' general result In a different perfortﬁance. Chapter
3 will describe some different compensator structures. Two Important points will
be strassed., First, the state space notation prevalent in control and estimation is

nat sufficlant to represent all possible compensator structures. Second, the con-

12. Chapter 1: Introduction
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capt of & structure for digital fiters is not quite the same as the concept of a
structure for digital compensators. This difference will require us to adapt the no-

tation developed by Chan [17] for the representation of digital filter structures to
the control case. A major implication of this change is that an n“’-orde’r LQG com-
pensator (for ai n"’-order system) will have n+1 unit delay elements, and not n

as In the case of n-order filters. An Iimportant point will also be ralsed In
Chapter 3 concerning the use of the ideal compensator equations resulting from
the LQG design procedure as a computational algorithm; we can simply view this
as one possible structure, what we will call the s/imple structure. We wlill show
that, aithough this structure has been frequently used, more or less by default, it
Is not usually a good cholce due to its large number of coefficlent multiplications.
Architectural issues will be treated in Chapter 4. The Ideas of serialism
and parallelism, the degrees to which processes run sequeantially or concurrently,
will be presented in terms of the tradeoff they embbdy betwean compensator cal-
culation time, which sets the maximum sample rate, and hardware complexity and
expense. These ideas apply directly to digital compensators — no modifications
are necessary. However the same cannot be said for the application of p/pelin-
ing to éontrol systems. The dse of pipelining, a method for Increasing the max-
Imum sampling rate and perfarmance of a system by aitering the structure and the
resulting transfar function in a very specific way in order to Increase Its~ inherent
paralielism, raises an Important Issue — the interaction between the mathematical
deslgﬁ of the ideal compensator and the finite-precision implemenfatlon of this
ideal. The application of pipelining produces additional serles delay In a compen-
sator. If ignored, this delay wliil appear in a control system as extra negative

phasg shift, and perhaps cause Instabllity. The only way to account for this de-

Chapter 1: Introduction 13.
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lay accurately will be to augment the discretized plant model and redesign the
ideal compensator at the new sampling rate. Tiien if the same pipelining still ap-
piles to the new higher-order ideal compensator, Improved performance can result.

In Chapters 5, 8, and 7 we will consider the effects of the finite memory
limitations of Inexpensive smali-scale digital control systems. This restriction on
memory will necessitate finite precislon — the use of compensator coefficients
(multipliers) of finite wordlength‘, and the Insertion ofy quantization or overflow non-
Ilnearltlés i’ollowlng the compensator input A/D converter and all mgltlpllcatl‘ons
(products) and additions. Methods must be found for selecting minimum coefficlent
and sigrial wordlengths whlch still result in acceptable levels of performance de-
gradation, that is, In small-enough increases in the performance Index,
| Chéptér 5 will treat vthe imcor}elated effecis of product and A/D quantiza-
tion on compensator performance. The major effort is spent on roundoff quantiza-
tion, since the use of roundoff as opposed to sldn-magnltude quantization results
in lower levels of degradation, and also since roundoff effects can be analyzed In
a tractable way. The main resuits of Chapter 5 are the adaptations of the scal
ing and roundoff niise analysis methods of digital filtering to the compensator
case. There also arises an Important implication concerning set-point LQG
configurations and the scaling Issue. Finally, minimum roundoff noise compensator
structures will be adapted from the work of Mullis and Roberts [18] on minimum
roundoff noise fliter structures.

A sixth-order LQG conirol system will be introduced to test the roundoff
analysis method of Chapter 6, and a number of different structures will be
évaluatéd ‘on tr;e basis -6f tl.\elr‘roundoff noise performance. We will show &

significant simllarity botween the results for these structures and the resuits for

14. Chapter 1: Introduction
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fiiter structures. However, two differences will arise. First, the potential pres-
ence of many real poles in a feedback compensator will complicate the pairing Is-
* | sué for parallel and cascade structures. Digital filters will typically have at most
one real pole, so the pairing of such poles is of no interest. Second, although the
default simple structure will perform relatively well, there will be two structures
with many fewer coefficlents that perform even better.

The effect of finite coefficient wordlength on performance iz basically a
Qetsrmlnlstlc one. Given any set of finite wordlength coefficlents, we can com-
pute exactly the resulting performance degradatldn,— that is, the Increase In the

parformance index. Hopwever, given a degradation level, it will be much harder to

R e < ¥R 8

find the set of coefficients with the shortest wordiength that meets or exceeds
this degradation level. If we make the common assumption that the ideal values

« of the coefficients will be rounded to finite wordiengths, then the wordlength

determination can be accomplished with repeated evaluations of performance, oiﬁ: ’

per wordlength tested. This procedure must also be repeated for sach structure

N R T T T

donsldered. Chapter 6 will descrlbe the analytic methods developed for digital
fiters. Our emphasis will be on the use of a statistical measure of coefficient
wordlength. For digital filters, this involves the use of first-order sensitivities with
respect to the coefficients of the structure. However, for LQG compensators, all
tﬁe first-order sensitivities will be zero, due to the optimal nature of the problem.
Thus we will develop two new statistical estimates using second-order sensitivi-

tles. The necessity for second-order terms will exist for any parameter optimiza-

tlbn problem, such as the sub-optimal reduced-order compensators described in

P U

{ . : Levine, Johnson, and Athans [18] and the sub-optimal decentrallzed controllers of

: Looze, Houpt, Sandell, and Atiians [20]. In fact, If a digital fliter Is designed to

Chapter 1: Introduction 15.
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minimize some differentiable scalar function, then second-order sensitivities must
be used for any statistical wordlength estimate based on that function. This will
constltute an extension to the results for the implement-at”lon of aigit‘al ﬁlters.v |

We will test the same sixth-order control system and structures with the
analytical procedures developed for coefficient wordlength effects. Again, Qe will
show the simllarity between our results and and the fiitering results, and demon-
strate that other structures with far fower coefﬂéients perform better than the
simple structure. The statistical estimates of wordlength will be compared to the
exact wordlengths required to meet a specific degradation level. We will show
that the major advantage In using the stgtlstical gstlmates is not in the computa-
tion time they may save over an iterative deterministic method, but in the fact
that they are continuous and differentiable in nature. This fact allows us to apply
iterative gradient minimization techniques to compute minlmum coefficient
wordlenglh structures, as‘ described In Chapter 8. In this procedure, the bulk of
the computations for the statistical estimates need be performed only once.

In Chapter 7, we will review the methods used in déallng with the correlat-
ed effects of the quantization and overflow nonlinearities present in a struct’ure
[21]. Any system Including nonlinearities can exhibit oscillations, known as /imit
cycles. In digital filtering, there are three basic approaches to combatting such
effects. Flrst, we can use a structure that can be shown to have no limit cycles,
given a specific type of nonlinearity. Second, the amplitude of any limit cycles
can be upper bounded, allowing us to select a wordlength large enough to make
this amplltude negligible. Finally, if a limit cycle occurs, we can.inject enough
roundoff noise to break up, or quench, the oscillation. Our results In this area for

digital compensators are quite limited; however, several observations will be

18. Chapter 1: Introduction
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made. First, a control system with an open-loop unstable plant or a plant with an
Integrator pole must of necessity have a low-amplitude limit cycle. Second, the
globsl feedback loop around the compensator can alter the nature of any limit cy-
cles that would occur in the open-loop compensator, and may even cause limit cy-
cles. This point will be demonstrated for a finite |l;lpu|88 rasponse compensator.
(A finite Impulse response‘ filter is not recursive; therafore it can exhibit no limit
cycles.) Finaily, it is not clear that limit cycles will occur at all in LQG systems,
given the system driving noilse and measurement nolse that is present. However,
Jump phenomena and other correlated noise effects may occur.

Chapter 8 will present a ganeral iterative optimization technique for produc-
ing minimum roundoff noise and mininum coefficient wordlength structures. This
procedure has been adapted from the optimization method of Chan for digital
fiters [17]. Essentlally, this technique allows one to select a structure with a
predetermined number of coefficients and iteratively vary those coefficients to
minimize some scalar (?rlterion. For LQG compensators, this criterion could be the
Increase In J due to roundoff noise or the increase due to finite wordlength
coefficients, or some combination of these two. For the minimization of roundoff
effects, the modification to Chan’s procedure will be similar to the modification
developed in Chapter & for roundoff analysis. However, the minimization of
coefliclent wordlength wiil require major changes since the statistical wordlength
expression will actually be minimlzed, and this Involves second-order sensitivities.
The optimization procedure in Cheapter 8 will als» bring out two useful extensions
for the digital filtering case. First, in minimizing roundoff nolse effects, our pro-
cedure will be more general than that of Chan, accounting for the exact number

of roundoff error sources and the location of each one in the structure. This gen-

Chapter 1: Introduction 17.
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eralization can be easlly added to Chan's method. Second, we wlll set forth some
general approaches to selecting which portion of a glven structure to optimize,
that Is, the portion that will provide the greatest Improvement when optimized.
(An unconstrained optimization of the entire structure usually results In too many
coefficient muitipllers.) Theée guldelines alsno will apply to digital filter structura!
optimization.

Finally, Chapter 9 will review the contributions of this thesls, being carefﬁl
to point out where our resuits are adaptations and applications of digital fiitering
techniques to the problem of implementing digital compensators, and where our

results also constitute extenslons to the digital flitering techniques.

18. Chapter 1‘: Introduction
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Chapter 2: The LQG Problem

A spaecific problem formulation ls necessary to present in a unified manner
the issues involved In implementing digital compensators. Historically, control
theory has developed two different approaches — classical control (primarlly a

frequency-domain approach) and modern control (primarily a time-domalisi approach).

- For this thesis effort, we have selected the linear-quadratic-Gaussian (LQG)

modern control problem for several reasons. The design of LOG systems has re-
6elved a great deai of attention In recent times [3,22] due to its advantages for
control (a multivariate nature, certain robustness properties [23], etcetera). As
wlll be seen, the analysis of LQG compensators brings out all of the issues that
we wish to discuss. Furthermore, the LQG problem has a very natural scalar ob-

Jective criterion for determining its performance — the cost function J (defined

- below). Such an objective function makes it quite simple to measure the degrada-

tion in perforimance resulting from any given compensator Implementation. The
most common criticism of the LQG approach, the difficulty in selecting the parame-
ters of J Iin some meaningful manner, Is much less of a problem 'in light of the re-

cent developments by Harvey and Stein [24] which relate frequency-domain

ideslgkn paianieters {o 'th.e selaction of the scalar function J. This affortv will thus

help make the modern control approach more useful for smail-scale low-cost digital
systems. However, in principle the Issues, approaches, and results developed
here apply to any conirol and/or estimation implementation. This chapter will thus
pfesent fhe sét of assumptions Inherent in the LQG control problemm and describe
its discrete-time solution.

Consider a continuous-time plant whose performance s to be Impraved

through feedback. Assume that the n'-order state space equations (2,1) and

Chapter 2: The LQG Problem ‘ 10.
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(2.2) accurately model the input-output behavior of the plant, including any sensor
and actuator dynamics: (Brackets will indicate continuous-time quantities, while

parentheses will indicate discrete-time quantities,)

x[t]=A x[t]+8 ult]+w,[t] (2.1)
y[t]=C x[t]+w[t] (2.2)

where the time-invariant system matrix A Is nxn, the input gain matrix B8 Is
nxm,and the output gain vector C is pxn. The n-vector x[t], m-vector u[t], and
p-vector y[t] represent the system states, Inputs, and outputs respectlvely; The

nvector w,(t) and p-vector w,(t) reprgsent uncorrelated white Gaussian noise

sources of covarlances 31, and K, where E, > 0. It Is further assumed that the

performance of the system c¢un be expressed as a scalar quantity which Is a qua-

dratic function of the states and controls:

T
Jg =E { lim —21; I (x'[t]a x[t]+'[t]1R u[t]) dt (2.3)
-7

|
T -0

where E represents the expected value operation and the weighting matrices & -

and @ satisfy R >0 and Q@ > 0. Because of the time-averaging nature of the per
formance Index, this LQG problem is called the steady-state LQG problem [1].

The control objective will be to minimize the Index Jc with a discrete-time

linear compensator as shown in the configuration of figure 2-1, where the input
u[t] is now plecewise constant. The solution to this problem involves discretizing

the plant model and performance index, and then solving the resulting discrete-

time LQG problem. Discretizing the equations (2.1)-(2.3) for a sambllng period of T

20. Chapter 2: The LQG Problem
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u(t) y(t) ; :
————% plant prefliter

clock (period T)

sample L ! ‘ ,H sample
& hold & hold

discrete-time
compensator &

Figure 2-1: LQG Configuration

seconds produces: [1,26,26]

x(k+1)_-=(’x(k)+l"u(k)+w1(k) (2.4)

y(k)=L x(k) +w (k) (2.56)

/
Jg=E{im L g (vwexw+r2rmIMmu+wwruw) ) (20
"’u 2’ k-—,

Note the inclusion of the cross-term welghting matrix M in (2.8). Equations (2.4)
and (2.5) describe the behavior of the plant at the sample times, and the index

Jd in (2.8) satisfies:

Chapter 2: The LQG Problem 21.
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fim J,=J 2.7
r+0 9 ¢ 27

Equation (2.7) does not imply that J, decreases mondtonlcally towards J, as 7
approaches zero. In fact, for systems that are open-loop oscillatory, Jd will be i

near-infinite if T is an Integer multiple of the period of the oscillation [25].

The discrete-time parameters in (2.4)-(2.8) are defined as follows:

t ' :
®(r)=eAT; D@)=s&®(r)Bdr L)
o ‘

’-G(T) . )
T=I) - f
t=C ;

(2.8)

.
Q=L@ a e dr .
To

L

T ,
Ref+L M ar@dr N
, To - . . )

‘M= -;: [ ®@)A () ar

0

P T Y

The discrete uncorrelated white noise vectors w1(k) and wz(k) have the follow-

ing covarlance matrices:

.
8y~ #(rIE, #(ryar
(2.9)

L]
“2

~ '-A
el L cede o dl g o, e T

e T e

The factor of %- In the expression for 92 arises from the filter preceding the out-

put sampler in figure 2-1. Such a lowpass filter (of bandwidth -‘;=) will be assumed

22. Chapter 2: The LQG Problem
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to pass the signal Lx unchanged, while filtering the white measurement noise wo. ,

Due to the fictitious nature of white noise (its unlimited bandwidth), one cannot
actually sample it unfiltered without obtaining a sample of Infinite variance. (Alias-
Ing [28,28,30], which Is an overlapping of the spectrum of the sampled signal,

would cause the Infinite variance.)

The solution to the discrete-time LQG problem, given in Sage [27], gives

rise to the following Ideal compensator:

(k1) =850 + K (y (k+1) - L5 (K0)) + Duth) ' !
u(k+1) = - Gx (k+1) (2.10)

PN AV

i = e e i

where x repraesents the state estimate, G Is computed off-line as the solution to

an optimal regulator problem, qnd' K Is computed off-line as the solution to a Kat 3

man fliiter problem.

Immedlately. a problem arlses in trying to lmplement the compensator

described in (2.10). The system shown In figure 2-1 and equations (2.4)-(2.8) as-

sumes that the output and input samplers operate simultaneously. However, equa-

tions (2.10) clearly show a dependence of u(k+1) on y(k+1). Since It takes a

finite amount of time t, to compute u(k+1) after y(k+1) is present at the sampler

output, u(k+1) cannot be generated until some time after the (k+1)”' sample time.
This contradiction makes it impossible to implement (2.10) as described.

Such a problem Is easy .to avoid once recognized. One way to get around

' ’tﬁe contradiction Is simply to delay the clock driving the zeroth-order hold at the

compensator output by tc saconds. Leaving all else the same, this approach will

- glve approximately the right result whenever t <7. However, a more general

Chapter 2: The LQG Problem 28,
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procedure that will work for any 7 2 te is desirable.

Kwakernaak and Sivan [1] have presented such a design method, /ncluding
the possibility of calculation delay in the initial design. This procedure involves
two steps. First, to ensure that the compensator can be physically impleamented,

we must restrict the control u(k) to depend only on observations up to and includ-

ing y(k) — not y(k+1). However, If the calculator time ¢, is much less than the

sample period 7, this presents some Iinefficiency, since the new value ‘u(k+1) is
av;llable (the computations are completed) long before it Is needed as Input to
the hold unit. Thus Kwakernaak and Sivan also allow for a defaying of the clock
driving the system output (y) sample-and-hold unit by a time 8 relative to the
clock driving the system input (¢) zeroth-order hold (sample skeu), see figure 2-2).
Thus the plant state Is discretized at times KT and the output at times KT+3,
although each of these sampﬂes will be referred to with K’ in the discrete model.
The terms ‘x(k)’ and ‘y(k)’ will no longer represent x and y at the ldentical in-
stant. This fact must be réﬂected in the discrete-time madel equations [1, Sec-

tion 6.2].

The expression for y(kT +8) can be written using the varlation-of-constants

formula:

kT+d
y[AT+8] = e x[aT]+ wolkT+8]+ [ eAKT +3-1) ( B u[r]+ w1[r]) ar
KT ~ ‘

| ] 8
= CceAb y[kT]+ w  [KT+8] + 7eAC-1) gp B u[kr] + fel (3"f)w1[f] d42.11)
0 0
In its discrete-time form:

24. Chapter 2: The LQG Problem
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calculations must be completed

Figure 2-2: From [1], page 623

y(k)=L x(k)+D U(k)+W2(k) (2.12)
whera
L=C %)
D=T®)B
8
wo(k) = wo[kT+8] + [ @@-1)w,[r]or
0
I
. Model equation (2.12) must replace (2.6). Two complications have been in-

troduced: the feedthrough term Du(k), and the nature of the nolse wz(k). The

Chapter 2: The LQG Problem 26.
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nolse vectors w1(k) and wa(k) have become correlated due to the difference

between the input and output clock phases.
E wz(k) [lv1'(k) wz'(k)] - 912. 922' ‘kl (2.13)

where:

P 1 fork=/
k™ \0 otherwise

T
- -{)‘Q(f)’i.1 o(r)dr
9 1 z " b ’
o
)

By restricting *(k+1), or equivalently u(k+1), to depend on the observations up to

and including y(k) only, the optimal compensator equé'tlons are also modified: [1]

Rke1) =8 200 + T utk) + K (y(k) - L 063 - D ulh)

uk+1) = -G x(k+1) (2.14)
where K Is the (steady-state) new optimal filter gain matrix (nxp) and G Is the
optimal regulator gain matrix (mxn). These matrices sa.'sfy discrete aigebraic Ri-
catti equations that can be derived from [1] for the discretized plant and com-

pensator described in (2.4),(2.6),(2.8), and (2.12)(2.14): (equatior: (2.16) Is
also presented in [26].) |

26. Chapter 2: The LQG Problem
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F-(o-rr‘:w)ﬁ(w-ra)m-mn"u (2.16)

whera G = (n +sI"Fr) ' (6-Ta1m) snrmr
and

z-(¢-x1)ze+0,, -0, (218

where K= (QEL' +912) (922+L2L')"1

With this formulation, the compensator (2.14) can be actually Implemented

8o long as OSGST—tc. since the time between the reception of y(k) and the
generation (sampling) of u(k+1) must be long enough (at least ¢, seconds) to

complete the computations involved. Whenever the calculation time Is comparable
to the sample pariod, or the sample rate is much greater than the system
bandwidth, it is advantageous to choose 8=0. Such a choice simplifies (2.16)

since 01 2-0, allows for a simpler hardware clocking arrangement for the samplers,

and can also reduce the on-line computation time tc since D=0. For the examples

_ treated In this thesis, 8§ will be assumed to be zero for simplicity. The results

easlly extend to the non-zero § case.

In this study, only single-input single-output plants will be considered
(m=p=1). With this cholc;e, we can naturally bulld on the existing digital filtering
results, and still bring out the issues we wish to discuss. Consideration of the
multiple-input multiple-output case would raise even more Issues, and probably ob-
scure the points we wish to make. Ewen In digital signal processing, there are

very few multiple-input multiple-outpiit resuits. The extension of our resulta for

Chapter 2: The LQG Problem 27.
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control systems to the multiple-input multiple-output case would be valuabie, and
In most cases, is not too difficult. Topics such as multiple-input scaling, multiple-

output plpelining, and multi-loop limit cycles are dlscu‘iaéd in some detall In the

closing chapter of this thesis. 4
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Chapter 3: Compensator Structures

§3.1 Introduction

Chapter 2 has described the background and baslc derivation of the LQG
compensator. The net result was the set of equations (2.14), Since the plant Is
connected to the compensator at only two points, ¢ and y, the ideal compensator
¢an be completely described by an input-output map, or transfer function (rac“pll
that we are concentrating on the sing.s-Input slngle-outpqt case). In terms of;,,t't"he

[

parameters In (2.14), this transfer function Is written:

¥

U)o gz-d+xL+Ta) Tk (3.1)

H(z)= Y(z)

When expressed as a ratio of polynomials, (3.1) would have the form (3.2) where
n Is the order of the plant and thus of the LQG compensator. The lack of a term

a, In the numerator follows from the dependence of u(k) only on past values of

y, as explained in Chapter 2.

_1 b H2 s -n
012 "‘622 + "‘an

H(z)= (3.2)

146,27V 4byz™24 oov 4 27P

Equation (3.1) or (3.2) represents the /deal discrate-time response of the LQG

compensator. Note that !: these transfer functions, y represents the compensa-

tdr input and v the catput, which is the reverse of the filtaring case typically con-
sidered in digital signal processing.

Now consider that (3.1) or (3.2) Is to be implemented digitally (as a digital

network, or fiiter [31]). Figure 3-1 presents a simple block diagram of this sys-

tem. The transfer function (3.1) must now be Implemented Infinite precision with

Section 3.1: Introduction 29.
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Continuous-time
Pplant __ . . . . L e e L
D/A e
zero-order A/D
*“ hold sampler

Ideal Digital
Compensator

of (3.1)

Figure 3-1: Plant And Digital Compensator

as little degradatlon In some éystem performance measure As vposslble, subjéct to
certain constraints on the speed and cost of the attendaﬁt hardware. In the set-
ting of a steady-state LQG problem, it is convenient to select the performance in-
dex J In (2.6) as the measure of performance, since it reflects the weighted
steady-state root-mean-square state and control ﬂuctuations.v It would also have
been possible to choose a criterion such as phase margin, outpui nolse power, or
any combination of stability or néise measures. If the problem under consideration

were simply a Kalman filter, then a suitable performance measure would be the

trace of the error covarlance matrix. We have chosen J In order to present our

results In a specific context. These results extend In a simple and direct fashion

to the error covariance trace, and wlth. more difficulty to phase margin and gain

30. ' o Chapter 3: Compensator Structures
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margin measures.

In this chapter, we wlill discuss the concept of structures for digital com-
pensators, and examine accurate ways of representing the arithmetic operations
implicit Iin such structures. Adapting the results of digital signal processing, we
will develop an accurate notation for compensator structures. Severa! classes of

structuraes wlll then be presented using this new notation.

§3.2 Structures and Notation

As explained In Chapter 1, the term /mplementation includes the éﬁbice of

a suitable structure to approximate (3.1) (or (3.2)) assuming fixed-point arithmet-

_lc, and the specification of the hardware architecture and components. This sec-

ﬂon will adapt digital filtering concepts to develop structures for digital compensa-
tors and to formulate an accurate‘ notation for these structures. The state space
form common In contro! applications will be shg.wn to be inadequate for this pur-
pose.

The term structure will be employed to specify ‘the exact finite-precision
mathematical prbcedure by which the compensator output samples v are generat-
ed from its Input samples y. All structures for implementing a given filter or com-
pensator would perform identically under Infinite-precision arithmetic, but will pro-
duce different quantization noise, coefficient quantization effects, and limit cycles

gliven the (realistic) finite-precision environment.

Consider a very simple example. Assume that an ideal compensator has

been designed, and that its (infinite~-precision) transfer function is:

Section 3.2: Structures and Notation ' 31.
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z-1

H(z) =~ (3.9)

1+1.112"1+0.287272

Figure 3-2a shows a signal flow graph [28,29] of one possible structure, the

f‘:} a) Direct Form II

by= 1.11 (ideal, « bits)
¥ 1.100376 (10 bits)

bos= 0.287 (ideal)
25 0.28616625 (10 bits)

b) Cascade Form

y >

ars 0.41 (ideal) .
1 0.41015626 (10 bits)

ar=| 9-70 (ideal)
27 0.69921875 (10 bits)

Figure 3-2: Example Structures

direct form II [28], for implementing (3.83). The infinite-precision values for b1

and b o can be read directly from (3.3). Given only 10-bit coefficient registers,

these values must be quantized (assume rounding). Reserving one bit for the in-

tegral portion of the coefficient word (bits to the left of the binary polnt), one

. a2. Chapter 3: Compensator Structures
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sign bit, and 8 bits for the fractional portion, the rounded coefficient values would

be 1.100376 and 0.28616625. .

Figure 3-2b shows fhe flow graph of another cominon structure, the cas-
cade form. Here we realize (3.2) with a cascade of two first-order filter sections.

The coefficlents a, and a, can be found by factoring the denominator of (3.2).

Again, the ideal values must be rounded to fit 10-bit words, producing a, =
0.68921876 and a 2* 0.4106626.
Now let us examine the performance of these two structures given thgir

respective finite-precision coefficients. The (10-bit) direct form II and the cas-

cade have the transfer functions shown In (3.4) and (3.5) respectively:

-1
H(z)= Z (3.4)
1+1.100376z"1 + 0.286166262 2
2-1
H(z)= (3.5)

1+1.100376z~1 + 0.28678894042968762 2

Clearly these two structures produce slightly dliferent transfer functiohs under
finite precision, and we have not even considered their respective quantization
nolse and limit cycie behavior. Thus different structures will in general result in
different finite-precision performance, even though their infinite-precision counter-
parts have equivalent performance (that of the ideal design).

In order to discuss or analyze different implementation structures, one must
have a notation (other than the pictorial signal flow graph) that accurately
reflects these differences. From.the system theoretic approach, it seems natural

to examine the discrete-time state space representation for a digital fliter (with

Input v and output y):

Section 3.2: Structures and Notation 33.
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_ (3.6)
Yk Wk + W ooty

In this representation, the states v are defined to be the outputs of the delay

elements in a signal flow graph, and the multiplier coefficlents in \1'1 1 \1'12, ‘I'21,
and Waa are the gains between state or input nodes and next-state or output

nodes.

Unfortunately, while this form of notation does accurately represent a class
of structures, it Is not sufficiently general to represent the arlthmetic operations
assoclated with any structure. This lack of generality arises Iin representing
structures whose signal flow graphs must have /ntermediate nodes, that Is, nodas

which are not state nodes or the Input or output node. Figure 3-3 presents such a

®

ue

® « ©

A4

~b

/N

-b2
V4
N

Figure 3-3: Example Structure

structure, a two-pole two-zero direct form II structure. Nodes #C and #D are
state nodes, node #A Is the input node, and node '#E s the output node. Howev-

er, the ag brénch begins at an intermediate node, node #B. Thus there would be
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no way to Include the coefficient a o as an entry in any of the state space ma-
trices W”. i', > W21, or \1!22. From another viewpoint, the state space

rapresentation lacks any way of expressing the implicit ordering, or precedence,
assoclated with the operations Involved In certain filter structures. For state
space representations, all multiplications can occur at once (independently), and

then ail additions can occur. For the direct form II structure of figure 3-3, the

multiplications —b1, and -—b2 must precede the addition at node #B which must

then precede the following multiplication by ag. This sequence of operations can-

not be adequately expressed by ec;uatlons of the form (3.8). This point is clearly
Nustrated by Wilisky [16], péges 122-124, -

At this point it is convenient to turn to the ﬂeld of digital signal processing
for an adequate way to répresent fiiter structures. Crochiere [31,32] has

dpsc_rlbed matrix gquations for correctly computing the node signal values In any
filter structure. Let the signal value at the 1th node (of No nodes) at time k be
¥; (k) and the external input to node / be u (k). Between any two nodes / and |
there can exist one Interconnecting branch of constant gain Fcl J* and/or one
multiply-and-delay branch Fdi i These branches and their Iinterconnected nodes
form an elementary network. (We have further assumed that all values Fdl J are

either zero or one, with no loss of generality.) For an elementary network then,

the node value y,(k) may In general depend on all node values at time k~1 and

some of the node values at time k, depending on whateve( branches exist:

Sectlon 3.2: Structures and Notation : 35.
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y,(k) - j§1Fc1,y,(k) + j§1Fdllyl(k"1) +u, (k) 3.7)

Thus Fc is an NoxN 0 matrix of constant-branch coefficients, and Fd Is an
NoxNo matrix of delay-branch coefficients. In most networks, a substantial
number of the entries in Fc and Fd are zero, and as stated above, the remaining

entrles In F, are onas. In z-transform notation, the vector quantity Y(z) can be

written:

Y@)=U)+F Y (2)+F V() 271 (3.8)

The transfer function matrix H(z) defined by Y(z)=H'(z2)U(z) can be derived

from (3.8):
H(z)= [I ~Fy~Fgz™1 ]“‘1 (3.9)

Now lets take a look at computing the node signal values. These calcula-
tions must occur between the time instants k-1 and k. Some of th;a node up-
dates will involve the past values at time k-1, and some will involve already-
updated values. Thus the node values must be computed In the proper order. For
example, the first node value to be updated should not depend on any other up-
dated node values, since these would not yet have been computed. Thus In
terms of the matrix notation above, a correct node precedence, or nrdering, would
only depend on the constant-coefficient branches, since all delayed values y(k-1)

are known at time k. Crochiere [32] describes a formal node-ordering technique:

(1) All nodes entered by inputs or delay branches only are placed Iin node

class 1.
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(2? Remove from the network all class 1 nodes and any .brnnches connected to
them.

o o. - (3) Repeat steps 1 and 2 on the remaining network, fo'rmno‘de classes 2, 3,

+ « « until all nodes are classified.

(4) Order from 1 to No all nodes, first using all the class 1 nodes, then class

2 and so on. ;
This technique will not result in a unique ordering of the nodaes, but the ordering 1
produced will satisfy the above-mentioned computational constraints.

If this ordering procedure can be carried out, the digital network, or struc-

ture, is computable, and the resuiting Fc' matrix Is zero on and above the main di- 1 )

agopal. If not, the network had at least one closed loop without delay, and does

not represent an implementable structure. Note that a non-recursive structure

has an ordering whereby Fc' Is also zero on and above the main dlagonal. |

i

‘As an example of this matrix signal-flow-graph formulation, consider the
five-node structure of figure 3-3. Using the ordering algorithm presented above,
nodes #C and #D fall into class 1, node #A falls into class 2, node #B Into class
3, an‘d node #E Into class 4. Thus we can define nodes #1 through #5 with tha
ordering C,D,A,B,E. The following 'ﬁve‘ equations now define the (frequency)

response of the network:

),
t
»
!
;
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Y, = z'1Y4

Y, = z"Y1

Ya =-byY, -byY, Wa (3.10)
Yq " Ya

Y5 - a1Y1 +a2Y2 ‘ +a°Y4

The B&X&6 matrices Fc and Fy can be formed using (3.8) and (3.10), and the

resulting matrix H(z) Is given in (3.11):

-z~ -a. 1”1
1 )4 b1 ‘ 0 a,
H(z)= 0 0 1 -1 0O (3.11)
-y -
Z (] 0 1 ag
0 0 O 0 1

For a single-input single-output digital filter such as the one in figure 3-3,

we specify only the scalar Input-output map H’. ](z). (HGG(Z) in the example

above) The remalning entries of H(z) represent transfer functions from or to
nodes that are internal to the structure.

A deficiency of the matrix notation above appears when we conslder struc-
tural transformations. Such transformatlons are very useful in generating new
structures with identical infinite-precision transfer functions as some original struc-
ture, but with different finite-precision performance. For a structure which can be
accurately represented with state space notation, the similarity transform fills this
role. For the Crochlere matrix representation, a transformation technique glso ex-
Ists [17]. This technique must be constrained so that the transformed structure
Is computable; In other words, it must have no delay-free loops [17]. However,

even with this restriction, the number of delay branches and the degree of pre-
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cedence inherent in the additions and multiplications of the resuiting (infinite-
precision-equivalent) structure are in general unpredictabie.

To combat this difficulty, a notation as convenient and useful for transfor-
mation as the state space form, but with the generality of the Crochiere matrix
fepresentatlon is desirable. Such a notation, relaied to the state space notation,
has been presented by Chan [17]. As In a state space, define the outputs of de-
lay elements to be the states v, and let y be the fiiter or compensator input and v
be the output. Then the coefficients and the sequence of muitiplications and addk

tions in any fiiter structure can be specified with the following representation:

vik+1) : v(k) .
[U(k) -wq wq—1 AR 2 [y(k) (3.12)

where Wq, e, ‘1'1 are matrices representing the arithmetic and quantization

opefatlons in the structure. Three Important points make (3.12) useful:
(1) Each (rounded) coefficient in the structure occurs once and only once as

an entry In one of the ¥ / matrices. The remainder of the matrix entrles

are onaes and zeros.

(2) Al Intermediate (non-storage) nodes In a structure are represented In the

vik)

vectors r1(l()-‘1'1 [y(k) R rz(k)=\P2r1(k), vory rq_1(k)-i' 2(k).

q-17q-
This point is especlally important since both the state nodes v and inter
mediate nodes r must be scaled to satisfy dynamic range constraints. (See

Chapter 5).

(3) The concept of precedence for the operations (muitiplies, adds, and quanti-

zations) Is maintained. The ordering of the W, matrlces. implies that the
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operations Involved in computing r1(k) are completed first, then rz(k)
next, and so forth. Thus the matrix ‘I'q contains the operations of loweast

precadence, and the parameter g specifies the number of precedence lev-

als.

Consider the example of figure 3-2. Using the procedure outlined in Chan
[17], the direct form II structure In figure 3-2 has a one-level representation as
shown in (3.13), while the cascade structure of figure 3-2 raequires two levels to

describe its operations (3.14).

v(k+1) v(k)
u(k) ] [-b2 -b 4 1] [y(k) (3.13)
v(k+1)] ["‘1 0 ‘] [u(k)

It should ba noted here that the representations shown In (8.13) and (8.14) are
not unique. The numbering of the Intermediate nodes r (within precedence con-
straints) Is grbltrary. (This nonunlqueness is also true of the Crochiere matrix
representation, since node numbering within a class s arbitrary.) Furthermore,
some of the r nodes are trivial, as can be seen by revarsing the procedure and

generating a structure directly from (3.14) — see figure 8-4. Nodes .‘r‘ﬂ(&‘x) and
v1(k+1) are equivalent nodes, separated only by a trivial multiptleation by one iIn
Wa. The same is true of r12(k) and uz(k). Figure 8-2b is simply a node-minimal

version of figure 3-4 [17,32]. However, all such representations are equivalent in

terms of their finite~precision behavior — they all effectively represent the same
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Figure 3-4; Exact Structure of (3.14)

y(k)

structure [17,32]. It does not matter which Is chosen.

In terms of Its generailty, the notation described by Chan Is as useful as
the Crochiere reprasentation. In fact, Chan presents a technigque for converting
from any (elementary) signal flow graph to his state space-related notatlon, and
then back ag=!i to an equivalent signal flow graph. Also, in the context of Chan’s
notation, we can now see that a state space will represent only a class of struc-
tures, namely those with only one inherent level of precedence.

An important advantage to the notation introduced by Chan is the ease
with which transformations [17] can be applied to generate new structures that
are Infinite-precision-equlvalent to some original structure. This technique Is an

adaption of the similarity transformation used with a (one-level) state space.

Define:

¥, =P, P7) fori=1,---q (3.16)

wherie the P, for /=1, «.:,q~1 are general non:=singular transformation matrices

of appropriate dimenslon and
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[P o] ,[P o]
Pon 0 1 : Fq- 0 1 (3.18)

The new (transformed) structure will then have the following representation:

7(k+1)] [V(k)] .
L(k) V¥ Y Lo (3.17)
What makses this transformation method so useful is that the original and

transformed structures have the same number of states (delays) and the same

number of precedence [evels. It Is' also possible to restrict the matrices

(.PO. Py con, Pq} to control the number of non-unity, non-zero entries In the

new ¥ matrices, as axplained in Chapter 8.

Now let us try to apply this valuabie notation to represent structures for
digital feedback compensators. Unfortunately; the notation described by Chan Is
not quite adequate for the control setting. To demonstrate this point let us ;zon-‘
glder the direct form II structure in figure 3-3 as a compensator structure. In the

notation of Chan, this structure will have the following representation:

[v(m) 0. .10 1 0 [v(k)
u(k) L] aO 0 .'I -.0 (1! y(k) (3.18) ’

According to this set of equations, the next-state vector v(k+1) is a functio;v of
the present state and input (no pt:oblem) However, (8.18) also descrlbes the
current output to be a function of the current state and input. From the viewpoint
of causality this expression must be In error, since some finite amount of time Is
needed for the computation of u(k) after v(k) and y(k) are generated. In most

digital filtering applications, a short delay In obtaining the output (serias delay) Is
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of no concern, and hence the representation Iin (3.18) /s adequate for filters.
Howevar, in contro! applications, such delay Is critical since the fiiter is embedded
in a feedback loop (recall Chapter 2).. Our approach must reflect the true opera-
tion of the compensator, accounting for all necessary computational delays.

One simple approach to solving this problem might be to include the delay
as an expliclt series delay following the compensator described In Chan's nota-
tion. Unfortunately, this implies that the delay be‘lncluded as part of the control

system plant. Thus every LQG desigh would Involve Initially augmenting the plant,
and then designing an optimal LQG compensator. For an ntM.order system, this

procedure creates an (n+1)-order augmentec system, and thus an (n+1)“'-order
compensator. Clearly this approach has a disadvantage; It increases the com-
pensator order, Furthermore, by not Including the extra delay In some way within
the compensator Itself, we may have restricted the types of structures tt;at are
possible for compensator implementations.

Thus we must search for a better approach. Let us Iinclude the extra de-
lay within the compensator structure itself. The compensator design technique of
Chapter 2 ensures that the output u(k) depends on past inputs, not present in-
puts. (This seems to force the compensator to include an entire sample delay
time T Instead of.simply a calculation time delay, which may be considerably short-
er. However, recall the sample-skew issue discussed in Chapter 2.) Thus we can
represent u(k+1) as a function of v(k) and y(k), rather than as a function of
’v(k+1) and y(k+1). Then u(k) can be generated by a unit delay following u(k+1).
The node u(k) thus becomes an aqdltlonal compensator state. In terms of adapt-

ing the notation of Chan, let us choose u(k) to be the last state (numerically),

and write:
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[v(k+1) | ""‘)] 8.19)

nl=v, v I 4 ulk)
k+1) -1 1 [
u( qq v k)

where the vector v and also the scalar v are the states of the structur_e (outputs
of delay elements). Thus we have slightly altered the notion of a structure for
compensators. Unllke filter structures, u(Kk) Is always both an output and a state.
The rotation In (3.19) for describing compensator structures will be called its

modified state space representation.

The major implication of this adaptation is that n"’-order compensators wili
new requira structures having n+1 unit delay elements, rather than n as with digi
tal ﬂltars; In addition, certain common digital filter structures (for example, the
direct form II and cascade and parsllel structures based on it) will no londér ap-
pear quita the same when used for digital compensators. Each will have an extra
delay at the output node, as compared to the corresponding filter structure. In

terms of their modified state space representations, the \1'1 matrix for such struc-

tures will have an allzero next-to-last column. This must occur whenever the

node u(k) does not feedback to the rest of the structure. Section 3.3 w!iil show

examptes of such structures, and we will stlil refer to them by thelr corresponding

digital filtering designations — see figures -5, 3-6, and 3-8). For the remainder
of this thesis, the modlﬂad state space of (3.19) will be employed to dascribe
compensator structures, and all signal flow graphs will reflect the delay (state)
necessary for u(k).

One final Implication of the adapted concept of a structure should be
brought out. In ierms of the transformation procedure described in (3.16) and

(3.16), a change is necessary to accommodate compensator structures. In

44, Chapter 3: Compensator Structures
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(8.18), due to the Incluéibn of the output as a state, the transformation matrix Po

P OO

must now be written [0 1 0] . The extra row and column in this matrix reflect
0 01

the modified state space representation, and the unity diagonal entry Is neces-
sary since the transformation procedure cannot be permitted to alter the output

node.

It Is also notationally conveniant to define the matrix \I'”. Let the
coefficients in each W / matrix be replaced by their Infinite-precision counterparts
(their values before rounding). Then W“ Is defined to be the infinite-precision pro-

duct i'qi'q__1 fae W,. This matrix will be used In the derivations of Chapters 5,

8, and 8.

§3.3 Classes of Structures

Before discussing some of the various classes of structures that exist, it
ls‘ important to understand the different paoints of comparison that should be con-
sidered. Beyond the ﬂr‘.'lte wordlength effacts of quantization nolse, coefficient
rounding, and limit cycles that are treated in Chapters 5, 6, and 7, one must com-
pare the number of delay elements, coefficients (multiplications), additions, and
precedence levels, and also the number of scalers needed to satisfy dynamic
range constraints, We will examine structures that are typically canonic (minimal)
with respect to the number of delay elements, implying a minimal number of
storage registers. In order to present specific examples of structures, let us as-
sume that the plant 18 sixth order (n=6).

Given the transfer function (3.2), the most straightforward structure to

Section 3.3: Classés of Structures 4b6.
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consider is the direct form II [28]. As an LQG compensator structure, its signal
flow graph Is shown In figure 3-6. It is canonic In delays with 7 (in general, n+1),
has 12 coefficients (non-unity multipliers) and requires only one additional scaler.
(Scaling, fully discussed in Chapter 5, involves a normalization of the structure so
that roundoff noise effects and overflows can be held to a minimum. In this pro-
cess, some of a structure’s coefficients will be altered, including certain unity en-
tries. Such unity entries will be called scallng muitipliers, or scalers, and Indicat-
ed in signal flow gra;.)hs and equations with an asterisk.) The modified state
space representation of the direct form II is given below with its two precedence
levels. Note that figure Q-G lnéludes a rough Indication of which operatlons belong

in which precedence level.
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Figure 3-6: Direct Form II Structure (sixth order)

The coefficlents in this structure (before scaling) are read directly from the
transfer function (3.2).

For higher-order filters, the direct form structure is known to perform poorly
in terms of the degradation resulting from the use of finite wordlengths [33]. The
dynamic range of the coefficients alone grows with filter order, when the poles
are clustered in the z-plane. (As shown In Chapters 6 and 8, this will be true for

the direct form II compensator structure also.) Consequently, factored structures,
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such as the cascade (of first- and second-order fliter sections) are commoniy

usad. This structure is obtained from a multiplicative factoring of the transfer
function (3.2): -

“l4g =2 g =2 g -2
H(z) - (d,_z +daz )(1+daz +d4z )(1+d52 +d gz™%)

(3.21)
(1+¢c 1 z"1+czz"2)(1+caz'1+c42'2)(1+c52'1+0627‘2)

If each second-ofder saction l’s' implemented as a direct form II structure, then

the caacide compensator structure (figure 3-6) also has 12 coefficients and 7

LT ep——
- - -

N N
y(k) 4 7

u(k)

-C2 . C4
| P
N\

! : !
*“‘*I’l ﬁ* 4‘ —DE— ﬁws————'*‘ ‘44 -~

1

] ]

] ]

t 1
Figure 3-8: Cascade Structure (Direct Form II)

delays (canonic), but requires four precedence levels (ns+1 In general, where ng

is the number of sections) and three scalers:

Chapter 3: Compensator Structures
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Actually, this cascade can be used to represent several different structures since
the polaes and zeros In (3.21) must first be grouped together to form second-order
sactions, and then the sections must be ordered. Furthermore, the individual sec-
tions could be structured in any number of ways (other than the direct form II)
[34], [36], each giving rise to a different ovarall structure.

This variety of second-order sectlons ralses an Interesting point. If a cas-
cdde or parallel combination of ‘a certain type of section Is not delay-canonic
when applled to digital filters, It may stil be delay-canonic when adapted as a
compensator structure. Consider the case of a cascade of direct form I [28]
”ae’cond-ord.er sections. chh a fiter structqre Is not delay-_canonic (it rqqulres
more than n delays). However, due to the added delay used in compensator
structures, the direct form I compensator struefure {s delay-canonic, requiring n+1
unit delay elements. For a sixth-order LQG compensator, such a strdcture has 7

delay elements and only three (In general "s) precedence levels and two scalers:

(See figure 3-7)
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Another factored form is the parallel structure. This structure is obtained

from a partial-fraction exparnsion of (3.2):
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(3.24)

Again, using the direct form II for each individual section results in the compensa-
tor structure of figure 3-8, which has two precedence levels, 12 coefficients, 7

delays (canonic), and three 3caling multipliers:
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(3.26)

0 1 o o o o 0 o] W

®x

"Gy "Cyq o 0 0 (o] o 1

0 0 o 1 0 0 0 o

w1 = ]

0 0 '04 '03 0 0 0 1

0 o 0 (4] 0 1 o 0

]
© o 0 o0 g g O 1 |

The representation in (3.256) can be used to represent several structures since
the real poles, if any, must still be grouped Into sections. (The section-ordering
ahd zero-palring Issues of the cascade disappear since all sections are in parallel,
and the partlal-fraction expansion gives no control over the zero locations.) Also,
different types of saqond—ordar section structures are posslble.

f

A structure that appears on the surface to be more natural for the LQG

Section 8.3: Classes of Structures " Ba.
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4 3
problam arises when we seek to directly implement the transfer function (3.1) i
with the parameters (coefficients) of equations (2.14): ’ i
oo
i
.
64. Chapter 3: Compensator Structures
|
o
e




- —

cowmeg.m o W rEonrER w C TURWAgETIREmRAR R T T T

' I
Lo I
I I
6 N 6 | o
\ AN % :I‘ : K : (3.26)
—————— T I P
> I
~ -L |2

where I 6 represents a 6x6 identity matrix. In genera! this structure (termed the

simple form) has three precedence levels, Is canonic in delays, and has up to
n(n+4) coefficlents, depending on the entries In ®, T, L, X, and G. For a sixth-
order LQG system, this structure would have up to 80 coefficients, This number
of multiplies Is quite excessive, compared to any commonly-used filter structure.

Howaever, this compensator structure (or the similar structure based on the ¥ of

the simple form) is often used for steady-state LQG control applications, more or
less by default.

Another broad class of structures Includes all the structures whose
modified state space representations have just one precedehce level matrix.
These structures could be called state space structures, since the arithmetic and
quantization operations Invilved can be described using state space notation.
Some of these can be generated from the direct form II, cascade, parallel, and

simple forms just by multiplying the varlous W ; matrices together to produce Y.

and using the result as a structure. The standard obsearvable, standard controll-
able, and Jordan forms [36] well-known to the control and estimation fisld also
correspond to simple one-level structures [15,30]. One could envision such struc-
tures belng useful for two reasons. First, their performance may be superior to
certain multiple-level structures, whether or not they have more coefficients.

Secondly, a one-precedence-level structure allows a faster system sampling rate
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than a muitiple-level structure (see Chapter 4), and thus potentially better perfor-

mance. An Interesting type of one-level filter structure Is the minimum roundoff

nolse structure of Mullis and Roberts [18,37,38], and Hwang [39]. Given no con-
R4

straints on the coefficients of a one-lavel delay-canonic filter structure, they have

derlved a technique for computing the coefficient values producing minimum roun-

doff noise at the fliter output. Unfortunately, this filter structure requires (n+1)2
coefficients. To avold this problem, the authors have also presented block optimal
fiiter structures, which are cascade or parallel forms composed of minimum noise
second-order sections. (See also Jacks” Lindgren, and Kim [40]). For a black
optimal structure, only 4n+1 coefficients are rethredu One of the efiforts of
Chapter 6 will be to extend the ldeas of Mullis and Roberts to derive minimum
roundoff noise compensator structures.

Using f TR f__ as the coefficlents, a sixth-order block optimal parallel

m

compensator structure would have the following modified state space representa-

tlon:
f, f, 0 0 0 0 0 f,
f, f5 0 0 0 0 0 fg4
6o o0 f, fg 0 0 0 fy
¥,51 0 0 f,9 fiy. 6 0 0 f,, (8.27)
6. 0 0 0 fig f1, O fp
0 0 0 0 fig fip O fiq
| f10 fao f21 faz T2z faa O fa26 |

Note that the pole-zero pairing issue must still be addressed, as with any parailel
form. No additional scaling multipliers are required In (3.27). ‘As with any cas-

cade, a block optimal cascade compensator structure would have the disadvan-
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tage of having multiple precedence levels; ng in this case. (Recall that the

parallel block optimal structure requires only one precedence level.)

Besides the direct form and general state space forms, there exist other
fiter structures not derived from a factorization of the transfar function (3.2).
Gray and Markel [41] have presented several ladder and lattice forms that are
aidelhy-canonic. Another set of ladder filters [42], gim’. delay-canonic, result from
contlm)ed-fractlon expansions of (3.2). A Iadder’ étrué:;ure that has recelved a
qréat deal of attention In the filtering literature lg the wave digital filter
[48,44,45]. This filter structure is based on analog LC ladder filters, and directly
results from a conslderation of the transmission-line equations of microwave filters.
Line delay and the transmitted and reflected voltage waves become the sample
delay 7 and the signal varlables of the wave digital filter. Characteristics of this
strﬁcture that derive from the passivity and losslessness of its analog counter-
part [46], and lead to the absence of limit cycles under specific sign-magnitude
truncation arithmetic. (See Chupfer 5). The coefficlant sensitivity of this struc-
ture has been shown to be comparatively low [44], and under certain additional
constraints [48] It will also be low-nolse. Additional Improvements have been in-

troduced to reduce the number of multiplies [49] and the number of delays [60].

Meerk&tter and Wegener [61] have developed a second-order wave digitai filter

saction which can be the bullding block of a cascade or parallel form. This sec-
tion would have four multiplies and two sign-magnitude truncation quantizers, but
require five additional scalers (as opposed to the one or two scalers of most sec-
tlons). As with many of the digital filter structures, laddertype structures could
éaslly be adapted for compensator structures by adding a serles delay to the

fiiter structure output.
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Finally, a general class of optimal structures exists. Chan [17] has
described a technique for filters where, through the use of the transformatlons in
(3.16) and (3.18), a scalar function of the structure parametérs can be minimized.

More Importantly, the method will hold almost any set of ¥ / entrins constant, as

dasired. Thus we can control the number of coefficients In the structure and their
locations while minimizing roundoff noise or coefficient quantlzation effects, or some
combination of the two. Chapter 8 will adapt this useful technique for the optimi-
zatlon of compensator structures, and an example of tha constrained minimization
of compensator roundoff nolse effects will be presented.

This discusslon of compensator structures was not Intended to present an .
exhaustive list of possible structures, but only a representative selaction. (For
example, transposé configurations [30,31] were not considered.) The analyses in
Chapters 5, 6, and 7 compare some of these compansator structures with respect
to thelr finite wordlength propertles. The overall alm Is to provide the reader with
a basic grasp of thc‘e various structures and of the different criteria for choosing
among the different classes of structures, given control and esﬂmatlon applica-

tions.

§3.4 Summary

Beyond a presentation of the more common types of compensator struc-
tures, the main point of this chapter was the Introduction of the modified state
space representation. This representation exactly reflects the éomputatlons that
datermine the performance of a compensator structure when Implemented with
finite wordlengths, and also the order In which these computations must occur.

This representation, unlike the form Introduced by Chan [17] which Is adequate

68. Chapter 3: Compensator Structures
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for digital filters, must include all the inherent delays necessary to complete the
operations within the compensator structure. Finally, as with the Chan form, it is
possible to apply simple transformations to this representation In order to syn-

thesize a compensator structure with superior finite wordlength performance.
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- §4.1 Introduction

In this chapter, we will examine the architectural Issues Involved In the im-
pleamaentation of digital feedback compensators. We will show that the basic con-
cepts of serlalism and parallelism as they apply to digital filter structures
represented In Chan’s notation extend without modification to digital compensator
structures rapresented in the modified state space notation. Howsever, \:the same
cannct be sald concerning the application of plpelining techniques to compensa-
tors. In fact, we will show that pipelining In control systems brings out another
important issue: the interaction between the Ideal design pr;oce.du,re described In
Chapter 2 and the implementation of the resulting compensato}-.

Perhaps the most basic issue in any conslderation of digital system archi-
tecture Involves the concepts of serialism and parallelism [31,62,63]. Essentially,
this notlon Involves the degree to which processes, or operations, in the system
run In sequence (serially) and the degree to which they execute concurrently (in
parallel). At one extreme, any system can be Implemented with a completely seari-
al architecture, executing ail Its procésses one at a time. This procédure re-
quires the minimum number of actual hardware modules and the maximum amount
of processing time for complaetion of the system task. On the other hand, any
system can also be implemented with a maximally-parailel architecture, having as
many cohcurrent process'es as po’ssible. Such a design requires the maximal
amount of hardware, but completes the overall system task in minimum time. Thus,
the serlalism/parallellsm tradeoff Is another example of the frequently encoun-

tered space-time tradeoff [62].

60. Chapter 4: Architectural Issues: Serialism, Parallelism, and Pipelining
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There Is an important asymmetry implicit in the exploitation of seriallsm and
parallelism. It Is always possible to execute processas one at a time (totally
serlally). HoweVer it is 6ot always possible to execute them éll at‘once (in a to-
tally parallel manner). There is a mininum amount of serlalism required. Figure 4~1

gives a typical example, consisting of three processes (P1, P2, and P3), and

Figure 4-1: Three-Process System -

data cells [52] for Input and output. Assume that each of the three processes

require t seconds for completion (given specific hardware modules) and that each

_process executes as soon as all of its inputs are valid. Given a general-purpose

computing module, then clearly a serlal architecture that would require 3t seconds
to compliete the overall task Is possible. On the other hand, figure 4-1 clearly

shows that processes P1 and P2 must be finished before process P3 can begin.

Section 4.1: Introduction 81.
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Consequently, only processes P1 and P2 can operate in parallel. For such an ar
chitecture, two hardware modules would be required, and the total computation
time would be reduced to 2t se‘c;)nds. The totally-parallel architecture (total time
t with three hardware modules) is not possible for the system of figure 4-1.

Under certain conditions, this ‘speed barrier’ can be broken through the use
of plpelining [31,62]. If the original objective of the system Is to perform a task
repeatedly (as soon as the present task Is completed, a new task begins), then
pipelining could realize an effective throughput rate equal to (or at least closer

to) that of a totally-parallel architecture. Reconsider figure 4-1. Suppose that a

separate hardware module Is reserved for each process, the sampling rate is 1

at’
and the maximally-parallel 2t second architecture is used. The input and output

data cells now represent registers clocked at rate L Let us examine any 2t-

2t’
second Interval. During the first t seconds, module 3 (for execufing process P3)
will be ldle, since its inputs are not yet-valid. During the last t seconds, module 3
will be active and modules 1 and 2 will be idle. The total 2t second time from a
task Initiation untii its compleﬂon cannot be reduced‘ withput faster hardware
modules. However, the idle modules can be put to use by pipelining the
processes. While module 3 Is active and iodules 1 and 2 otherwise idle, the

next task may as well begin-and use modules 1 and 2. The net result (in this ex-

ample) Is a doubling of the throughput rate (task completions per second) from —;-t-

1

to .

It must be stressed here that any given task still takes 2t seconds from

start to finish; however, successive task completions occur at ¢t second intervals.

In terms of hardware required, the pipeline would be effected by adding two

62. Chapter 4: Architectural Issues: Serialism, Parallelism, and Pipelining
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clocked registers to buffer the intermediate results from modules 1 and 2, and of

course by doubling the clock rate. Figure 4-2 shows two ways of viewing the

(a) Sub-Task 1 Sub-Task 2
(t sec) (t sec)
Fast-Executing
(b) Task
(t sec)

Figure 4-2: Models For Plpelining

plpelined case for this example. Basically, the plpéllne splits a larger task not im-
plementable In a totally-parallei architecture into smaller sequential sub-tasks,
each of which can be implemented in a totally parallel fashion (figure 4-2a). An
equivalent viewpoint (figure 4-2b) considers plpelining to be represented by a
faster-executing task coupled with some serious delay (inherent in the additional
clocked registers).

An Iimportant application of pipelining is in the Implementation of digital filter
structures [31,64]. In such a case, the system task corresponds to the genera-
tion of a flitered output value from an input sample, and the Individual processes

correspond to the hardware digital multiplications and additions that exist in tha

Section 4.1: Introduction
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particular structure implemented (ignore A/D and D/A operations for now). Figure

4-3a shows a two-pole digital fliter with input y and output u. As shown, the unit

(a) Sample Filter Structure:

C® 4

N 2 Z
y(k) 7 ) u(k)
, A 1
-b
Vs
-b}
<
(b) Plpelined Structure:
. , -1 o~1
\ N & \z '
y(k) > >—— > u(k)
)
-b
Ve !
-b}
<
(c) Node-Minimal Pipelined Structure:
y(k) >
\ 73 1
at \Z
A 4 u(k)
Y1
_b}
<

Figure 4-3: Pipelining a Simple Digital Filter

delay 21 reprosents a clocked storage register. Thus, all the arithmetic and

quantizetion operations have one sampling period .in which to be completed. Com-
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puting the signal u(k+1) at node A in figure 4-3a requires three multiplications and

an addition. The multiplications involving b1 and b2 can operate liv parailel, then
the addition occurs, and finally the multiplication by a,. Using three hardware mul-

tipliers Instead of two, and assuming negligible add time, the multiply operations
can be pipelined and the sampling rate doubled. The new configuration could be
implemented with just one additional storage register, represanted in figure 4-3b
as an additional unit delay. However, this new signal flow graph is not node
minimai, since it contaln;s two states that are exactly equivalent. Removal of one
of these states produces the node-minimal signal flow graph shown In figure 4-3c.
Thus, the pipelined structure of figure 4-3c has the same number of unit delays
(storage registers) as the original structure in figure 4-3a. For this particuiar ex-

ample, pipelining did not require the use of more unit delays. This would not be

true in general. Note that each z7lin figures 4-3b and 4-3c represents only half
the delay time of thosé in figure 4-3a if the sampllng rate is doubled, as made
possible by plpelining. -

From the example of ﬁéure 4-3, it is clear that pipelining ties in closely
with the dlgltal filter notion of precedence. Speciﬁcally, let us conslder node pre-
cedence, that is, the precedence relations lnvolved in the addition, multiplication,
and quantization operations needed to compute the node signals. In this case,
the modified state space representation (See Chapter 3) is very convenient since
it explicltly shows the number of precedence ieveis Involved. If a structure
represented in this notation has only cne precedence level;, then it can have a
totally-parallel architecture (parallel in terms of the muitiply/add computations In-
volved In each precedence lavel). If more than one such level is required, no

totally-parallel architecture Is possible, and the number of leveis q will equal the

Section 4.1: Introduction é6.
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minimum degree of serlallsm required. Pipelining, if applicabie, would actually
change the structure by inserting unit delays so that a new structure (one with
fewer levels and thus a faster sample clock rate) Is formed. The pipelined struc-
ture would have the same transfer function as the orlginal non-pipelined structure,
except for some serles delay, and would probably have more state nodes. Series

delay Is of little consequence In most digital fiitering applications. Thus a two-
level structure can be designed for a sampling period of é— aven though the cal

culations require t seconds, since pipelining (given a two-level structure) will fit

" the calculations Into a -zt- siot at the expense only of a series delay of L

2

saeconds. Equations (4.1) through (4.4) show the modified state spacé reprasen-

tations and transfer functions of the non-plpelined (sampling period t) and pipe-

lined (sampling period .-é—) fiiters of figure 4-3a and 4-3c respectively:

1 0
V¥, = |0 [-ba -b 1] (4.1)
0 a1

-1
812

an(z) - (4.2)

-1 -2
1+ b1z + bzz

o 1 00
w1 - ‘bz _b1 o 1 ) (4-3)
0 a4 0O '
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H (2) a2 (4.4)
z - .
p 1+b1z'1+b22'2

Note the r=duction from two levels to one level (see (4.1) and (4.3)), allowing the
doubled sampling rate, and also the extra z~1 factor in the numerator of (4.4).
The number of states In (4.3) remained at three since no additional storage regls-
ters were'actually added to effect the plpeline.

Let us now consider pipelining as it applies just to the multiply operations
in a structure. Such a consideration will be vajuable whenever the multiply time
dominates over all the addition and quantization operation times In a structure, a
sltdation that is not uncommon in mlcroprocessor-based. digital systems. Since we
Qre neglecting all calculation times other than the multiply times, It Is sufficiant to
know the precedence to the multiply operations alone in ‘order to determine the

architectures that are possible. Thus the node precedence evident from the

different W / matrices of a modified state space representation will not be ade-

quate- to ‘descrlbe the multiplier precedence relations. Such relations can be
determined from the signal flow graph or from an examination of thé specific loca-

»

tion of each multiplier coefficient in the \I"f matrices. In either casé, the multi-

pliers, can be grouped into precedence classes. Frequently, the number of multi-
plier precedence classes and node precedence levels wili be the same, but the
multiplier coefficients In class 1 (of highest. muitiplier precedence) and the multi-

plier coefficients in node precedence level 1 (the matrix \1'1) need not be identi-

cal. It wli/l be true that all the multiplier coefficients in the matrix \1'1 wlll elsc be

in multiplier precedence class 1. Furthermore, multiple-level structures often have

fewer multiplier classes than node precedence lavels.

Section 4.1: Introduction , 67.
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As an example, consider the cascade sftucture of figure 3-6 and its
modified state space representation (3.22). Assume all scaling muitipliers to be
simple shlft;‘(pdwers of two); thus they are not considered to be true
coefficlents raquiring hardware multipliers. All the multiplications of coefficients by
state node or input signals can occur immediately after each sampling Instant and

therefore fall In multipller precedence class 1. Thus the C41€2 Cg3 CgsCps Cgy
d 2 d a ad & d 5 and da multiplies can operate In paraliel given enough hardware
multiplier mddules. Only the d1 multiplication lies in class 2; it must aw‘a’lt‘ thé
completion of the ¢, and ¢ 2 multiplies. Of course, given the two classes and 12

multiplies, an optimal, that Is maximal, use of the hardware Is made with only 6
hardware multipllers (assuming no plpelining). Five of the class 1 multiplies (but

not cqorc 2) would be computed In the second multiply cycle with the d.| multi-

ply. Thus the cascade of ﬁgure 3-6 has two multiplier precedence classes,
although it has four node precedence levels. Similarly, the cascade structure In
figure 3-7 has only one multipller precedence class assuming power-of-two
scalers, although its modifled state space representation (3.23) shows three node
precedence levels. If in fact general scalers are used in these two cascades,
they will constitute multipiier coefficients, and the number of muitiplier precedence
classas and node precedence levels will be the same. No matter what type of
scalers are used, the parallel structure of figure 3-8 has the same number of muk
tiplier ciasses as it has node precedence levels; even so, the cbefﬁcients of mul-

tipller class 1 (c1, Co Cg: Cyy Cgy Cr €00 €y, and ee) are not simply the
coeifficients In \II1. The coefficients €4 03 and e 5 belong to multiplier class 2

bacause they must aweit the completion of the ¢4 through Cg multiplies. This no-
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tion of muitiplier precedence is more completely formulated in [31], but the basic

gonclusion is as follows: although the modiflad state space representation

coriectly describes the operations that must occur in computing the node vald%s

within a structure and has other useful properties (see Chapter 3), the multiplier
precedence relations (more easlly seen directly from the signal flow graph) are
more significant for determining the possible hardware architectures when the mul-

4

tiply time Is dominant.
§4,.2 Restrictions on Pipelining

Qartuln basic raﬂst.rictio.ns [31] must be chserved when pipelining a complex
structure. The ﬂrs'zt limitation in applylng plpelining concerns parallel data paths
within the structure. Whénever any portion of a system Is pipelined to increase
ihe sampling rate (which adds effective delay), all parts of the systam that feed-
torward In paraliel with the pipelined portion must recelve equivalent actual delay
in ot\'der to maintain the desired transfer function. In other words, the data flow-
ing through tt;e systeam must remain synchronized whether or not pipelining Is .ap-
plled. Consider the second-order digital filter of figure 4-4a, A direct plpelining

of this structure by adding a unit delay preceding the r 0 multiplier, as dona with

ﬂdure 4-34, wliil result in a very different transfer function than the origine! one.
To preserve the transfer function desired, except for serles delay, unit delays

must also be inserted In the paraliel feadforward branches ry and r 2 This new

(one-level) structure appears in figure 4-4b but is not node-minimal. Flgure 4-4c
shows an equivalent node-minimal structure, requiring only one additional state in-

stead of three. Its modiflad state space representation Is shown In (4.6):

Sectlon 4.2: Restrictions on Pipelining 6.

&

Kt

= e amm e e Atoan



e A e T CaEgy RSSO R TERAEASCCS 0
e g ST

1
'-' , (a) Fiiter Structure
: y(k)
| .
) )
7 <
. ‘f"e}
<
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g Figure 4-4: Pipelining and Feedforward Data Paths
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The second difficulty encountered in applying plpelining techniques involves
feedback. Suppose there exlists a serles of operations which makes up part of a ;
closed feedback loop within a structure. Plpelining these operations would result

(as with the previous example) In a very different transfer function. Consider the

X
B g[ri_&v'-;
s

fiter of figure 2-6. Its transfer function and two-level modified gta'te space

representation are shown In equations (4.8) and (4.7):

roz"1
H(z). ‘ (4-6) ) . i
‘ 1+(cq-rg) 271 ‘
1 -
o ¥o¥y - |, [-eq 1 1] (4.7) B

If we plpelins: by Iinserting a delay praceding ro (or by equivalently moving the o
branch to state node v1), the modified state representation will indeed show only

one level:

V= ro 00 (4.8)

However, the overall transfer function is now quite different: ;
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Figure 4-6: Fiiter with Output Feedback

Although part of the feadback loop has been ‘sped up’ by pipelining, the delay in-
troduced prevents the feedback term from being equivalently sped up. (The data

is not synchronized,) Thus, Pipelining within a feedback loop is ord‘inarily avoided.

§4.3 Pipelining Feedback Compensaiors

er architectures, However, since a global feedback loop exists around the entirg
compensator, that Is, through the plant, pipelining seems to be out of the ques-

tion, as shown In the example of figure 4-5, Suppose that we design an LQG com-

q
pensator for a system with a sampling rate of -‘;‘—, the resulting compensator has

two multiplier Precedence levels, and the multiply time tm equals -ér— Pipelining

72, Chamé;;fi‘{: Architectural Issues: Serlalism, Parallelism, and Pipelining
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would seem to be necessary unless we were willing to drop the sampling rate to
1

T Unfortunately, the series delay that would resuit from plpelining this compen-

sator would introduce an unplanned-for pure time delay. The deleterious effects

of pure time delay (linearly-increasing negative phase shift) on the stability and
phase margin of a feedback system are well known. Even If instabllity does not
result, the performance index J will be larger than expected and the qualitative

dynaimic parformance will be compromised. -

Fortunately, there is an approach to pipelining that will be effective for

control systems. Consider the LQG system and compensator design technique

described in Chapter 2. Assume that for some original controller design, the sam-
pling Interval is not long enough to complete all the calculatlons involved In the
compensator (which is the sltuation as described above). In principle, pipelining
techniques could help, but unavoidable delay would be introduced. An effective
use of pipelining simply means that we somehow include this unavoidable delay In
the original design procedure.‘ This aim can be realized through state augmentation
[1] Suppose that pipelining wbuld allow a factor of two increase in the sampling

rat ;, thus adding only a single series delay. If the plant is described at the dou-

bled sampling rate = by (4.10):

T

x(k+1) =@ x(k)+T uk)+w,(k)
k) =L x(k) +w k) (4.10)
(recall that the matrix parameters above depend on T) then, preceding u(k) with

the serles delay to form u(k), the augmented plant can be modelled as follows
(see figure 4-6):
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. ¢ rl. o] . w (k)
X(k+1) = [o b x(k)+ [1] u(k)+ o

: (4.11)
yw) = [L o] R+ w0

where x (k+1) = [u(k R For this augmented system, tha welghting matrices @

and &7 In the expresslon for the performance index (2.6) must also be augmented,
adding an all-zero row and column to Q, and a single zero element to.M. The
welghting parameter R will be the same as for the system (4.10). Now we must
treat (4.11) as a new system and design an LQG compensator for it. Then that

design can be plpelined, which introduces the inherent added delay shown in

figure 4-6.
wi(k) o walk)
Y
. -1 r 2_1 L . .
) —D>———> > > ¥
u(k)
d

Figure 4-6: State Augmentation for Control System Pipelining

For this situation, two observations can be made. First, tha Kalman filter
portion of the LQG design for (4.1 1)'wlil have what seems to be a difficulty due to

the added delay — the numericél routines blow up. Common sense dictates how-

ever that there Is no need to estimate 3"" +1(k) =u(k) since it Is the actual plant

input, which I8 known. Thus we need only estimate ; 1(k) through )?'n(k), namely
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the vector x(k). That estimation problem has already been solved as the nth.

order Kalman fiiter for (4.10), with gains k, through k,_. Using these results, the
1 n g

optimal filtering gains for the augmented system (4.11) can be written:
ky

(4.12)

. >
o 3*-..— N

The (n+1)-order optimal regulator problem for (4.11) can be solved with no
dificulty at all.

The second observation that we can make for this augmented-system plpe-
lining technique Involves the consistency of the design technique. A delay-canonic
structure for the optimal LQG compensator for (4.11) will be of order n+2 since
(4.11) Is of order n+1, and not of order n+1 as Is the canonic compensator struc-
ture for (4.10). Thus this.approach to controller pipelining gives rise to a compen-
sator of higher dimenslon (more poles), requlring more states (delay elements) and
more coefficients. Alohg with thls' increase In order comes a more lmp‘ortant polnt
— the new higher dimensional compensator structure must allow the same degree
of pipelining as the original -structure, or the whole controller pipelining design pro-
cedure Is Invalid, that is, Inconsistent. This point is especially of concern when
using structures whose number of precedence levels is a function of the number
of compensator ‘states (fof example, the casAcade forms). As an example, consld-
er a second-order plant and a direct form II compensator structure, which requires

three delays and two precedence leveis. To exploit pipelining, we must augment

the plant and redesign the compensator — |ts direct form II structure now re-
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quires four delays (states). There would still be only two (node or multiplier) pre-
cedence levels as before, so pipelining to double the sampling rate will work as
planned. However;.llf we decide to use a cascade of two direct form sections (nsﬁ‘”
sume one second-order section, one first-order section, and general non-power-of-

two scaling multipliers), then the rasult Is three precedence levels. Pipellning to
allow the -?— sampling rate will not now result in the effect of a single added unit

delay as assumed, but will involve two series unit delays, making the design ;;ro-
cadure invalld. In other words, If we Iimplemented the pipeline as described
above, the system would not perform as expected; more delay would be present
in the loop than had been accounted for in the design. 'Suéh problerﬁs can be
avolded with a proper choice of structure.

There Is ohe positive note associated with the increased dimensionality of
the compensator, and It is related to the particular form .of (4.12). Usualiy, an In-
crease In dimenslon (number of states) by one involves 'at least two additional
coefficient multipllers. (A fifth-order plent requires a compensator with at least 10
coefficients, a sixth-order plant requires one with 12 coefficients, etcetera —
see figure 3-5) However, by virtue of the zero entry in '(4.12), the general for.m

of the compensator transfer function for the augmented system is simpler:

-2 -3 -(n+1)
8,2 “+@apz" ¥+ oo ta L2
H(z) = 2 3 n+1

1 +b1z,'1 + e +bn+1z"(”+”

Comparing (4.13) to (3.2) shows a difference of only one coefficient — not two.
This fact helps make the pipelining approach a bit more attractive, at least with

certain structures. (for example, any direct form and any cascade or parallel

structure based on a direct form.)
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One last general point should be mentioned. The application of any pipelin-

Ing technique or the use of parallelism to Increase the sampling rate Is desirable

only if it allows a decrease in the performance index J, or in whatever gauge of

system performance one accepts. However, not all systems have a performance
measure that decreases (Improves) monotonically with decreasing 7 [256]. Intul
tively, any system with sharp rasonances will lose controllabllity (implying a large

J) when the sampling fraquency Iis near a resonance. One must be aware of such

cases. If such a case does not occur, then pipelining will reduce the perfor-,

mance index, although certainly not as much as the (non-implementable) straight-

forward rate--%— LQG compensator design which adds no delay. Whether this pipe-

lining approach Is effective enough to warrant the higher-order compensator

depends on the dasigner's particular application.

§4.4 Controller I/0 Pipelining

One common application of pipelining in & feedback environment Involves

the often time-consuming compensator Inputloufput (1/0) operations, namely, the

sampling and the A/D and D/A converslon operations. Let us‘assume that a struc-

ture with one multiplier precedence levei (for example, the block optimal parallel
structure of (3.27)) is chosen to implement a compensator, and that a tofally-
parallel architecture is used for the multipliers involved. The compensator can
the’n‘be modelled as a three-process task (figure 4-7). V;rlth no pipelining the

minimum sampling period T equals t1+t2+ta seconds. Assume that the slowest

prbcess is the multiply time and that t2=t1+t a"- % If we now pipeline these

three processes, a factor of two Increase in throughput and sampling rate ls pos-

Section 4.4: Controller 1/0 Pipelining 77.
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Flgure 4-7: Three-Process Compensator Model

sible. (Throughput rate Is limited by the slowest process). At each sample time,

sampling and A/D conversion of a new y sample would begin. Then t1 seconds

later the structure multiplications could begin, overiapping the next sampling and

A/D operation. Figure 4-8 dlagrams the processes occurring in such an 1/0

< t >
& —D> .
P1 11111/, 111111/ //1///;
XTI T i
pa [/// ‘ i |
1

1 | e
KT/2 (k+1)T/2 B Gad)T/2

Figure 4-8: Concurrency of Processes In I/0 Pipelined Compensator

pipelined compensator with increased sampling rate -‘% Note that the hardware

muiltipliers wlll now be active 100% of the time.) We can represent this pipelined
system as the designed compensator structure followed by a series unit delay
resulting from the pipeline. Since part of this unit delay Is involved in buffefing

the Intermediate A/D results and the rest is involved in buffeﬂng the multiplier

78. Chapter 4: Architectural Issues: Serialism, Parallelism, and Pipelining
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results from the structure, two hardware storage registers will be required for
this example. However, their clock signals will be staggered, since the three
6pe_ratlons of ﬂguré 4-8 take different amouhts of time to complete. Basically,
these clock signals (all of period 2/T) must be phased so that the results from
eaéh process are stocred as soon as they are completed. Thus register 1 Is

clocked by sample pulses delayed by t1 seconds, and register 2 s clocked by
sample puises delayed by t1+t 2 seconds, (This phasing Is shown as fractional

delay time in the simple example of figure 4-9.)
If wa apply the design technique outlined in section 4.3 to produce a
(plpellneable) compensator for this I/0 case, the order of the compensator will of

course be one greater than the non-plpelined design, implying at least one addk

tiocnal state and coefficient. No matter what the plant dimension may be, a block

: optimal parallel structure (or any state-space structure — see section 3.3) will

have only one precedence fevel. Thus, I/0 pipelining with a one-level compensa- .

tor structure results in a valid design procedure.

§4.8 Compensator 1/0 Pipelining Examples

~ Four examples have been selected to illustrate what can occur with com-
bensator (1/0) pipelining. Each example consists of four cases. Case ,1
repreéent,s, the plant discretized at a 7 second sampling period with its

correspond!ng LQG compensator (no pipeline). Case 2 represents the plant

discretized at a —;— second sampling period with /ts corresponding LQG compensa-

tor. This case does not Include any pipelining, but Is not physically implementable

due to the short sampling interval. The performance Index for this case consti-

Section 4.5: Compensator I/0 Plpelinlng Examples ‘ 79.
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tutes &n unreachable lower bound to the performance of the augmented-plant ap-
proach to pipelining (case 3)). Case 4 (blind plpelining) results when the compen-
sator designed for case 2 is pipelined in order to make it physically implement-
able. Thus the delay due to the pipeline is /griored In the pipelined design, usual-
ly resulting In & performance level that is worse than the non-pipeiined level (and
perhaps even in a systcry that is unstable). Assuming that J is a monotonic in-
creasing function of 7, we can expect that the different casas wili rank, from
highest J to the lowest, as follows: case 4, case 1, case 3, case 2. (It Is possl-
ble but unlikely that case 4 couid have a lower J value than case 1.) Remember,
however, that case 2 is "9t Impleme_ptabl_e._

The simplest 1/0 pipelining example cons!sts of a single-input, single-output,
single-Integrator plant:

#[t] =ult]*w,[t]
y[t] =x[t]+w,[t] (4.14)

where T=6 seconds. Referring to Chapter 2, equations (2.1)-(2.8), the parame- .

ters @ and ﬁ weare both chosen to be 1 and the noise intensities '51 ahd ',5,2 were

selected to be 0.3 and 0.125. Figure 4-9 lliustrates the cliscretized system and
the form of the compensator before pipelining (case 1) and after pipelining
through state augmentation and redesign (case 8). A one-level version of the

direct form If structure (obtained from the \I",° matrix of the direct form II, as

mentioned in section 3.3) is used for the compensator. Note the incluslon of the
two fractional delays (registers) In figure 4-9b, as mantioned earlier in this sec-
tlon. The form of the system for case 2 would look the same as that in figure 4-

8a; however the gains of all the branches would differ. For case 4, we nesd only

80. Chapter 4: Architectural Issues: Serialism, Parallelism, and Pipelining
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(b) Pipelined System, rate 2/T (case 3)

(z Yrapresents a T/2 second delay)

Figure 4-9: Compensator I/0 Pipelining for the Single-Integrator Plant

Sectlon 4.5: (;ompansator 1/0 Pipelining Examplas

81'

i s i

e i oS o 5T



add one serles delay to the signal flow graph of case 2.

Three other examples are also considered; a double-integrator plant, a
two-state harmonic oscillator plant, and a sixth-order plant derlved from' the tongl
tudinal dynamics of the F8 fighter aircraft (see Chapter 6 and Appendix A). The

continuous-time parameters of the double-integrator system are shown helow:
. 0 1 0
x[t]= 1o ofx[t1+* ],
y[¢]=[1 0] (4.18)

For this system, the continuous-time parameter @ was a 2x2 Identlfy matrix, R

was 1, E1 was the diagonal 2x2 matrix dlag(0.2, 0.3), and .'5'42 was 0.126. For

the harmonic osclllator, all the parameters were the same as for the double-

Integrator system, except for the 4 matrix which is given below:

[o 1] )
A=1_4 o _ (4.16)

The performance indices for all the varlous cases are shown in figure 4-10,

Key:
Case 1 — rate 1/T system
Case 2 — rate 2/T system (not iImplementable)
Case 3 — rate 2/T pipelined system designed via state augmentation
Case 4 — blind pipelining

example plant T Case 4 Case 1 | Case 3 | Case 2
single integrator 6 | (unstable) 2.42 2.05 1.34
8
68

double integrator (unstable) 328 179 63.2
harmonic oscillator (unstable) |  82.7 12.8 8.72
8-state F8 plant 1 .0038 00312 | .00282 | .00222

Flgure 4-10: Compensator I/0 Pipelining

Under case 4 we see the consequences of pipelining and ignoring the delay in-

82, Chapter 4: Architectural Issues: Serialism, Parallelism, and Pipelining
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curred. Three of the example systems actually became unstable, and with the
fourth, the Index J /ncreased. As axpected, all the case 2 indices were lower
than case 1, with case ”3 lying between thé two. To judge the effectigeness of
the state-augmentation plpelining imethod of casa 3, one must examine tﬁe degree
of improvement in J relative to the possible improvement (the dlfference‘ between
cases 1 and 2). The besat improvement shown was for the harmonic oscillator,

which Is no surprise since the osclllator’s natural frequency of 1 radlans/second

2r

%
Is close to the unpipelined sampling rate % The remaining three exampies also

~_showed significant improvement. Agaln, whether or not the pipelineable compensa-

tor (with one extra state and at least one extra coefficient) Is to be used will

~ depend on the particular level of performance desired and the penalty invoived in

complicating the hardware,

§4.6 Summary

To summarize this chapter briefly; section 4.1 introduced the architectural
notlons of serlalism, parallelism, and pipelining, and explained the hardware
cost/execution time tradeoff tied to these issuas. The Issues of serialism and
pnrallellsm were shown to involve the same considerations for digital compensa-
tors as for digital fiiters. Section 4.2 discussed the {imitations of pipelining tech-
niques, aspecially the one concerning pipelining in a closed loop (feedback). The
extra delay Incurred due to the use of pipellning had a deleterlous effect on the
performance of the feedback system. This problem made the consideration of
plpelining for feedback compensators very different than in the case of digital

filters. Section 4.3 developad a design technique based on state-augmentation

Section 4.6: Summary 83.
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t for dealing with the problem of control system pipelining. Finally, the last section
treated a typical application of pipalining techniques to microprocessor-based con-
%y trol systems. For thl's. application, the compensator Input/Output operations and B2
J multiply operations could be pipelined to realize a doubling in the system sampling
rate, Four examples were presented to lllustrate the technique.
\ ‘
%
v
v
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Chapter 5: Finite Wordlangth Effects: Quantization Noise

§6.1 Introduction

One of the major implications cf the use of finite wordlengths within a com-
pensator is the necessity of having the nonlinear operations of quan.tlzatlon and
overflow In the structure. First, the Input A/D unit must convert an analog signal

to a fixed-point representation with a specific number of bits Nyg (Commerclally

avallable units typically produce 8, 8, 10, 12, or 16 bits). This procedure in-
volves an Implicit gquantization of the Input level to ona of the set of possible

nad-blt words and constitutes an approximation (a source of error). The

remainder of a structure’s quantizers are required by the muitiply operations

within the structure. Glven nr-blt digital words for the node signal variables, then
any multiplication by nc-blt coefficients produces an (”r+"c ¥-bit product. To store
this result in an n,-blt (state) storage register, or to serve as an nr~blt Input to

another multipller, requires a quantizing operation. Furthermore, the addition of

two n,-bit fixed-point words could produce an extra significant bit, which requires

*

another nonlinear operation to keep the wordlength at n, bits. Discussion of such

overflow nonlinearities will be deferred to Chapter 7.

The A/D and multinlier quantizations mentioned above introduce two types
of undesirable effects, classifiable as periodic and random. The periodic effects
(limit cycle osclliations) will be treated in Chapter 7. The random effects, quant/-
zctlon nolse, are the subject of this chapter.

Several distinctions can be made when referring to quantization nolse.

Section 6.1: Introduction 886.

LTI UK s bmsvonag s g - 15 25 | S BY: g T St e TS S 2

e



First, the storage registers (and quantizers) within a structure may have different,
nonuniform, wordlengths; such a structure will aiways perform beter Iin terms of
roundoff noise effects than the constrained case of uniform wordlengths [A11].
However, by using uniform wordlengths, the hardware expense and complexity will
bhe greatly reduced. Often, little potential performance Is lost by such a rastric-
tion. Since the A/D converter Is usually a separate plece of hardware, little
affected by the remaining compensator hardware architecture and design, it need
not be subject to this restriction. Consequentiy, A/D and internal wordiengths can
and typlcally do differ. We will assﬁme that the signal variable registers are of
uniform wordlength, and that thﬁe A/D wordiength can be different from the internal
compen'sator wordlength.

The second distinction is In the placement of the structure’s quantizers.

~ On one hand, they can be Inserted after every multiplication — ensuing adders

would thus have to deal only with n,-bit qu~antities. However, if we are wliling to

complicate the adders, quantization can be delayed until after the node additions,
placing them just before each storage register or intermadiate node value r(k).

With this method, adders would have to sum nr+nc-bit quantities, but fewer quan-

tizers are needed. This alternative trades off hardware complexity (double-
versus single-precislon adders) for quantization noise (fewer quantlzers‘ implies
fewer nolse sources). Both these options will be considered in this chapter.

The final distinction in discussing quantization noise Is in the type of quan-

tizer usad. Commonly, the choice Is between rounding, which selects the finite-

precision word that Is closest to the [deal value, and truncating, which simply

drops the extra bits of precision. Truncation, and specifically sign-magnitude trun-

cation, has the advaitage of requiring no extra hardware, and also an advantage

86. Chapter 6: Finite Wordlength Effects: Quantization Nolse
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in terms of the resulting (reduced) number of possible limit cycle osciliations. 1

! However, rounding can be shown to have the advantage of reduced quantization
| . .
. ~ holse effects, and the extra hardware it requires is not very complex. In addi- 94; q

tlon, roundoff effects are more easily analyzed. Consequently, this chapter will pri-
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marlly focus on roundoff quantization. In Chapter 7, we will consider other ap-

proaches to quantization which provide advantages In terms of limit cycle

behavlor, that Is, fewer limit cycles or limit cycles of smaller arﬁplitude. ¥
This chapter is organlzed as follows. Section 6.2 will discuss the major is-

sue of dynamic range and scaling as applied to digital fiiters. In section 6.3 we

will adapt these Ideas for digital control compensator scaling. For this adaptation

we wilil have to consider the entire closed-loop system In determining the appropri-
ate scaling for compensators. Set-point LQG configurations and thelr implications
as regards the scaling issue will also be discussed. Section 5.4 will dascribe the

roundoff and sign-magnitude truncation quantization characteristics and present

models for analyzing their effects. Methods of anélyzing roundoff noise effects us-

ing the model developed in section 5.4 will be treated in section 6.56. Using these

procedures, sectlon 6.6 will describe the minimum roundoff noise filter structures

T

Introduced by. Mullis and Roberts [18,37,38] and Hwang [39], and will then adapt
these results to derive minimum roundoff noise compensator structures. Finally,
section 6.7 will demonstrate the procedures developed in Chapter & for compen-
sators by applying them to 10 candidate structures for implementing a specific

control system.

\
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§6.2 Dynamic Range Constraints

It Is not meaningful to discuss quantization noise effects (proportional to
the least significant bit of the slgnai wbrd) without also considering the dynamic
range of the signals within the structure. Qur overall objective is to minimize the
total number of bits necessary for the fixed-point digital words. Choosing a
specific structure based on its required least significant bit size (quantization
step size) Is of Iittlé v;llue unless the ﬁied-;;oint words can represent the full
dynamic .ranqe of the node signals whlle keeping overflows to a'mlnlmum. Thus,
we must maximize signakto-noise ratlo without incurring 6verﬂow. These aims can
bs accqmpllshad through sca{lng. By scaling the coefficlents of a structure we
can reduce the overall dynamic range of the signals within the structure and also
normél‘lza the maximum signal slze (the overflow level) at each node. Once a
structure Is scal_ed, we can use the quantization step size as a valid basis for
comparison with other structures which have been scaled using the same scaling
procedure. (This section will present several of these scaling procedures.) Note
that scaling does not alter the type of structure nor its ideal transfer function.

Consider the second-order filter of figure 5-1a. This structure has three

statas, Implying three storage registers. Clearly, if the v2(k+1) node and the

y(k+1) output node do not overfiow, then none of the node signals will overflow,
since the other nodes are simply delayed versions of these two. Thus, scaling in-

volves ovarflow constraints on these two nodes. Such constraints would be Ine-

quality constraints, that is, the signal magnitude must be /ess than the overflow

level. Of course, too small a signal magnitude would result in higher quantization
nalse levais. Intuitively, we would like to alter the magnitudes of the signals at

these two nodes just enough to prevent the occurrence of overflow, but without

88. : Chapter 6: Finite Wordlength Effects: Quantization Nolse

I T T vy SR %

G



DAt S 7 Sy A R . SN Al

(a) Unscaled

u(k) )
y(k)
_bz
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N
(b) Scaled
u(k)
¢ Ca :
Z ‘y(k); 1 \/kz
7 7
: D/A

7
vi(k)

where do = agkz/k;
di = a1ka/k;
d2 = azkz/k;

Figure 5-1: Scaling a Second-Order Section

-

changing the fiiter transfer function. For example, to modify the signal magnitude

at the v 2(k+1) node, the Input unity coefficient must be multiplied by some factor

k.‘. and then to preserve the transfer function of the filter, the three coefficients

Section 6.2: Dynamic Range Constraints
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a ay, and a o must be multiplied by P Similarly, scaling the y(k+1) node in-
1

volves multiplying g 2y, and a, by another factor ka. The corrasponding —';1—
2

factor must then be absorbed by the output D/A converter to ensure an un-
changed overall transfer function. The resuiting scaled structure is shown In
figure 6-1b.

An Important cholce must be made in selecting k1 and kz. Let us define

optimal scaling to refer to' that choice of scalers which satisfies the dynamic
range constraints of the scaling procedure (inequality constraints) with equality.
Thus, in general, sljch scalers willhnot be simple powers of two. For the example
above, optimal scaling would result in a structure with 6 non-irivial multiplications,
instead of 5. Optimal scaling usually carries the #dvantagé over non-optimal scal
ing (which results when the scalers are constrained to be simple powers of two
to simplify thé hardware) of reduced quantization noise effects, even with the ex-
{ra noise sources caﬁsed by the additional scaling coefficients. Thus, scaling in-
troduces another tradeoff between performance and hardware complexity.

Two basic methods exist for choosing the dynamic range constraints. The
first is a deterministic norm-based method introduced by Jackson [65]. Define the

Lp norm of a digital frequency-domain transform H(z) as follows:

.
y 1
W, = 3’!; {:-I"("“"T) |? dw b (6.1)

where W is the sampling frequency in radians per second. If F i (z) Is defined to

be the transfer function from the Input to the / th hode that must be scaled, then

80. L Chapter &6: Finite Wordlength Effects: Quantization Noise
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Jackson has used the fact that:

"I“‘)ISH"'i“ “ || for ——+—l--1, PPo2 14" andforallk (6.2)
Po

,qu

where r,(k) Is the signal at the ith node to be sceled, and U(z) is the z-°

transform of the filter input u(k). Note that when this inequality is gp"piled to

u(k) itself (r;(k)=u(k), Fi(z)=1) we find that |u(k)| <M, if nullposMO for

any pg2 1.

- Now let us return to the scaling issue for node /. Assume that the max-

Imum signal magnitude possible in the filter without overfiow Is MO" - Further as-

sume that ||Ull,, <M., and thus u never overflows (its magnitude Is always
“irg 0 - .

$M,). Then using (6.2), the node signal r, wlil not overflow if:
7] <1 tor an . (6.3)
p . ~ : |

This scaling rule, Lp scaling, must be satisfled at every node In the fiiter struc-

ture. Satiéfylng this rule with equality corresponds to optimal scaling as

described above. For the example of figure 5-4, the scaling mulﬁpllers k1 and K 2

must be chosen to satisfy (6.3) for /=1 and / =2
The écallng rule described above stili allows some degree of freedom even

for optimal scaling, namely the choice of p 0 and p. If all we know about the input
v Is that Its magnitude will be below M, (so that v could be a DC level), then Po

can only be Infinity. The only scaling that we can apply Is L.' scaling. However,

assume that v Is also known to have no DC component, and in fact supposa that

Section §5.2: Dynamic Rimge Constraints 01.
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IIUIIZSMO. Now we can select Po to have any value between 2 and infinity.
For example, a p 0 of 2 .would correspond to L 2 scaling, and a Po of lnflnlty would
correspond to I.1 scaling. In this case, we would select the scaling method that
would resuit In lower lavels of quantization noiss, the L 2 scaling method. In gen-
eral, the larger the p (meaning smaller po), the less conservative the scaling rule

will be, Implying lower nolse levels. Thus the more we know about the possible

filter Input slgnals, the better the acaling will be in terms of the resulting nolse
gg,.

lavels. For example, If all we know about the input is that It is smaller than Mo
In magnitude, then it could even be v -Mo. For this case, Po ™% and p=1,
Thus the L1 ‘norm of F i (z), the area under the F / (z) curve, must be forced’ to 1.
This type of scaling Is more c;onsarvatlve (results in more quantization noise) than
L o Or L, scaling,

A related deterministic scaling method has been described by Hwang ESS].

p

defined as:

1
“r, ||p- ( $ |r,(k)| )P (6.4)
The time-domain count.erpart of (6.2) éan be written as follows:
ol s o], ful,, wbl-tmer @0

where f } (k) is the impulse response of node | at time k, and u(k) is the filter in-

put. The fallowing scaling faw results: if M0 is the maximum signal magnitude al-

02, Chapter 56: Finite Wordiength Effects: Quantization Noise
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lowed in the fliter and |ju]l, <M, then
Po 0

’"Q"ps1 forall/ (5.6)

guarantees no overflow.

In order to compare L_ and /_scaling methods, we must examine the rela-

P p
tionship between the Lp and Ip norms [66):
""uw‘"U";‘"”"z‘"“"gsuunm5"0“1 (6.7)

Given the relationship of (6.7), we can determine how conservative any given
scaling rule is as compared to all the other scaling rules. From (6.7), we know

that if the Input satisfles the constraint [JU|| | SMg, then it must also satisfy
fluli,< Mg (but not vice-varse). Thus, as far as the type of input signal Is con-

cernhed, knowing that the L1 norm of the input Is le_ss than Mo Is less raestrictive

.

than knowing that Its / , norm Is less than MO‘ We can generalize this statement

to the entire list In (6.7). Since a less-restricted input corresponds to a more-
conservative scaling, we can use the relationship (6.7) to determine how any

scaling method compares to any other. Thus the most conservative scaling-is 7,

scaling, and the least conservative corresponds to I1 scaling. The actual scaling

method selected will depend on wﬁat information is known about 'the filter Input
signal and its transform.

The second method for establishing dynamic range constraints and choosing
scaling multipliers is a stochastic method [18,37,39]. With a random input signal,

one considers the probabllity of overflow at each node rather than trying to

Sectlon 6.2: Dynamic Range Constraints 03.
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prevent overflow completely, which is no longer possible. Scaling will be accom-

plishhed by equalizing the probabllity of overflow at each node. Let us assume

that the maximum signal level without overfiow Is MO’ and that the Input Is a
Mo

zZero-mean Gausslan random process of standard deviation 3 The probability of

overflow at the Input A/D Is then 0.003. The variance of the signal at node / will

MO 00 \12\%
be equal to --—( 3 [f,(k)] ) . But this quantity Is just the /, norm of f (k)
3 \k=0 !

multiplied by the Input variance. Thus, to equalize the probability of overfiow at

each node we must set ||7;||,~ 1 for all /, which is equivalent to /, or L, deter-

ministic (optimal) scallng.

In terms of a state-space structure as discussed in Mullls and Roberts
[18,37], scaling corresponds to a diagonal similarity transformation of the un-
scaled structure. ‘In the more generel context of Chan's ndtatlon or the modlﬁéd

state space reprasentation as described ih Chapter 3, scaling can be described

by a set of diagonal scaling matrices SI. We will essentially follow the presenta-

tion of scaling for filters made by Chan [17], but in the context of the modlﬁed.
state space representation. (Thus a delay will be added to the cutput of the
filter structure, as with a compensator, but the structure is still a filter — 60
external feedback Is involved.) We will extend scéllng ideas to the control set-
ting in saction 6.3,

A scaled structure has fhe following modified state space represéntation:

(input y, output u)

B Chapter &6: Finlte Wordlength Effects: Quantization Nolse
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V(k+1) E‘” .
) . y(k)

where v Is a vector, y and ¢ are scalars representing the compensator input and
output respectively, and the tilde designates scaled quantities as opposed to the

original unscaled values written without a tilde. The matrices gq, cves ¥1 are re-

lated to the matrices ‘I'q. eoey ¥y by:

¥,-5 ¥, (s,_.,) -1 forieg, -+ ,1 (6.9)

where

s -[Sq 0]
o 0 1

and all S, are diagonal. Since the u(k) Is scaled, the D/A scale factor must in-

clude an extra multiplicative factor p equal to the reciprocal of the (n+1.n+1)"’

entry of sq to convert u(k) to u(k).

In the context of the modifled stata space representation, we can now exam-

Ine stoéhastlc /5 scaling using (6.9). Let us partition ¥ =\I'q e '1'1 (deﬂhed

In section 3.3) as follows:
¥, = [¥4, V5] (6.10)

where \Il" Is (n+1)x(n+1) and \1'1 2 Is (n+1)x1. Assuming Infinite-precision

coefficients, the states, Input, and output of the fiiter can be related with the fol

lowing state space of order n+1:

Section 5.2: Dynamic Range Constraints 06,
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V(k“'1) v(k)
[U(k+1)] =¥ [u(k) + W, oy(k)

V(k)] (6-11)

For this system of equations, the state covariance matrix IV can be written:

o ) '
V- [:gk)] [vew weo] 2, (‘1'111" W,z) (\Ir.,f,‘w,z] (5.12)

Let us define the matrix Kq to be VV /¢, A Lyapunov equation equivalent to (5.12)

is usually easler to evaluate for computing K q°

The diagonal elements of Kq represent the gains from the input variance to the

state node variances. Now we need the galns from the input node to the inter-

' mediate node variances, assuming that the structure is multi-level. Since the in-

termediate nodes are related to the state nodes via the precedence level ma-

trices \Ii.l through \I’q_1, we can compute a set of matrices K; whose diagonal

elements are the desired gains from the input variance to the variances of the In-

tarmediate node vector I

K, O
q
K/-‘I’i‘l’i—1 "'\p-‘[o 1]‘1’1""1”_1"1",’ fOl"l=1, "‘,q"'1 (5.14)

Stochastic scaling (12 scaling), which equalizes the probability of overflow at all

the nodes In the sirusture including the input, can be realized by forcing ali the

diagonal entries of the K, matrices to unity. Thus all the node varlances will be

06. Chapter 6: Finite Wordlength Effects: Quantization Noise
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the same as the input varlance. This scaling is accomplished by applying a diago-

nal tranaformation to the unscaled structure where:

[s,]u- ([K,]”)45 for i=1, + + - ,q and all J (6.16)

The resulting structure (6.8) would have KI matrices whose dlagonal elements

ware all unity entries, as desired.

§56.3 Digital Feedback Compensator Scaling
In this section we will discuss the Implications of LQG set-point

configurations to the Issue of compensator scaling, and then adapt the / o sto

chastic scaling method described in the previous section for filters to the digital
feedback compensator.

The scaling Issue for digital compensators differs in certain respects from

the filtering applications described above. The first of these involves the type of

scailng appropriate to LQG systems. Most of the LQG configurations as described
in Ch(apter 2 will have set points, In other words, reference Inputs for the regula-
for portion of the design. These non-zero set-point regulators [1] will have the
same parameter values as desdribed lh Chapter 2, Independent of the set polint,
but the resuiting DC compensator Input will affect the scaling. As stated before,
conservative scaling Is required whenever we allow the presence of DC inputs.

Specifically, / 2 scaling Is not possible, eliminating the stochastic approach.

Figure 5-2 presents the set-point LQG system described in Kwakernaak and

Sivan [1], where u, la the reference Input. If we wish to drive the output y to

Yps then v, must be set to Hc:' 1(1) Ypr where Hc(z) is the closed-loop tranafer

Section 6.8: Digital Feedback Compensator Scalling az.
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Figure 5-2: Set-Point Compensator Configuration

function from v, to y:
Ho(z)=L(z1 -®+TG) 1T (6.16)

Unfortunately, this compensator has a DC input since the steady-state value of y

iIs non-zaro. Thus -12 scaling is not possible. However there Is one ather

(equivalent) approach to describing the system of digure 5-2 and the equations of

Chapter 2. Define E, v, and ¥ to be the deviat/ions of the states, Input, and out-

put from the steady-state values xo.'uo, and Yo Thus, E-*x-vxo, VEU-ug, and

Y=y-yqo Asin [1], the following rejatlonshlp must hold: . »:,;.\\:_\
(6.17)
Yo=trg

Now, fqllcw through the LQG design equations of Chapter 2 for the (dgvlatlons of

88. Chapter &: Finite Wordlength Effects: Quantization Noise
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the) states §, input », and output . With the actual state, Input, and output varl-
ables being represented by x, v, and y, we can then produce figure (6-3). Thus it

is possible to use an alternate LQG set-point configuration where the

— G G e S v eh S Gmae Wik mme  Gvee  wee e e e bwee e

actual
plant

Compensator (2.14)
designed for
(Eny) system

Figuia 6-3: Alternate LQG Set-Point Configuration
compensator input has an average value of zero, thereby allowlng us to apply sto-
chastic (/ 2) scaling. The disadvantage to this alternate configuration is the

neceassity of having two reference Inputs which must maintain the precise relation-
ship (6.17), typically In the presence % plant parameter uncertainty.
This disadvantage will vanish wiienever the plant has a serles Integration

(at least one pole at the origin s=0), which Is a very common occurrence in con-

Section 5.3: Digitai Feedback Compensator Scaling 99,
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trol systems. In fa‘,ct, freq-,;ently an Integrator is added to an actuator (parf of

the plant) to provide dasensitlvlty to constant disturbances. To see the effect of

an integrator pole on the configuration of figure 6-3, let us write Ug as”

-1
(L(I 4)’11') yo- However, since the DC gain L(I-8)~1T blows up if there are

any open-loop Integrator poles in the plant (poles at z=1), Ug is forced to zero.

In other words, It the plant bas any series Integration, the LQG configuration of

figure 6-3 need have only one reference Input, Yo©Y and not two. Note that the

configuration of figure 62 does not change when the plant has integrator poles;
both compensator inputs will still have DC components, and the system as a whole‘

still requiras the reference input v

r From this peint on, the figure &3

configuration Is assumed so that / 2 scaling can be applied, | : #

e e

The second difference between filter and compensator scaling arises when

we try to appiy / 2 scaling as described in (6.12)(6.16) to a compe'nédtbf. “This

procedure wouid treat the compensator as a separate entity (functionally & fiiter),
ignoring the LQG plant and feedback path. Yet e compensator operating open-loop
need not even be stable. The stochastic scaling method requires the varlances

of the signal variables at the compensator state nodes so that the matrices K,

, and SI can be’computed. Clearly these varlances depend on the overall closed-

San RN X

loop performance. Thus we will have to adapt the fliter scaling procedure so that

It applies to digital feedback compensator scaling.

We have developad the following scaling procedure to account for the LQG

__—v-‘.
¥
R L LT X

feadback system in which the compensator is embedded. The steady-state vari-

ances of the n plarit states and n+1 compensatar states can be foun_d by combin- -

100. | Chapter 5: Finite Wordlength Effects: Quantization Nolse
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ing the state and compensator equations into a single augmented state space:

[x(k+1)] [x(k)] [ w 4 (k) ]
vik+1) | =A |vi(k) | + (6.18)
u(k+1) vl 1¥a12w20
whera
| |
& : On :I‘
A- _______________

and O, represents an all-zero nxn matrix and \I'“, \1'1 o represent the unscaled

compensator as partitionaed in (6.10). With this state space, let us now foliow the

general scaling procedure outlined In sectlon 6.2. The overall (2n+1)x(2n+1)

state covarlance matrix Z can be computed by solving the following discrete-time

. A T

Lyapunov equation: [16]
Z=AZ A'+C (6.19)
where
0, o

c- | L
0 (*1292‘1"12) | »

s

We now partition Z to separate the plant and compensator covarlances:

, 214 212] | (6.20) C

Z12' Z22 ' j

! ’ where Z“ Is nxn. As definad in {&.12), Kq will result from dividing Z 22 by :
Section 6.3: Digital Feedback Compensator Scaling 101.
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yy = cf. Thus

z
K =22

(6.21)
q I.Z1 1L'

‘fo compute Ki as in (6.14), the compensator states and Input y must ba uncorre-

lated. However, feedback introduces correlation:

v z Z .
22 12
E{lullv v v -[ ] , (6.22)
[y [ ] LZ1p 124yl
Normalizing by 05, we get:
q LZ”L' a
K =¥ ¥ ¥ |z, Ve, (6.29)
-7 1
LZ g9l
¢
fori=1, + -+ ,q-1

The scaling matrices S; now follow directly from (56.15). This scaling technique

has been applied for the optimal / 2 scaling of the compensator structures treated
in this thesis.

The last controller scaling question that arises concerns the A/D and DA con-

o]

-
a2t
¥ oe

verter scale factors. Once a compensator is scaled via (6.18)-(5.23), the proba-

bility of overflow within the compensator equals the probability of overflow at the

102. Chapter §: Finite Wordlength Effects: Quantization Nolse
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increase as kad .

A/D (for Gaussian A/D inputs). By setting the A/D scale factor (and inversely ad-
Justing the D/A scale factor), we can control this overfliow probabllity. In such a
procedure the compensator scaling proced(;re is unaffected by the A/D scale fac-
tor ~—~ the scaling muitipliers remain Invariant. The dynamic range of the Input
and output transients In the system (caused by changing the set point for exam-

ple) and of the set point itself wlll also affect the actual A/D scaling choice.

Whatever is chosen for Kot (and kja must include a ka-c? factor as well as the p

factor resuiting from the scaling of the compensator output node) the effect of

quantization noise on the performance index or on e output noise varlance will

6.4 Qqantizer Characteristics and Models

In order to analyze the effects of quantization in some tractable and sys-
tematic fashion it is necessary to model the nonlinear opératlon of quantization,
This saction will present the roundcff and sign-magnitude truncation quantizer
Input-output characteristics and the models commonly used for them. A discussion
of mode! validity then follows. We will assume throughout that the fixed-point

words reprasentlnghslgnal varlables have ng bits to the right of the hinary point,

-n
and that A Is defined to be the quantization step size. (A=2 1)

Figure 54 shows the input-output characteristic of the roundoff quantizer.
Let RO(x) be the rounded value of x. The error associated with such a quanti>-

or, @ = x~RO(x), satisfies (6.24):

Seaction 6.4: Quantizer Characteristics and Models 103.
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Figure 6-4: Nonlinear Roundoff Characteristic

_A . A
> <e < 5 | (6.24)

The model commonly used to represent the roundoff quantization operation is the

additive white noise model [§7]. In this case, roundoff Is modelled /inearly as a
zero-mean random noise added to the ideal (Infinite-precision) signai value. The
noise e Is assumed to have a uniform density as shown in figure 565 and to be un-
correlated with the quantizer input signal. The Valldlty'of this model is an
important consideration, since its use simplifies quantization noise analysis a great
deal. For .a continuous-time quantizer input signal, the usually-applied rule of

thumb states that the nolse model is valid if the Input to the quantizer crosses

104. Chapter 6: Finite Wordlength Effects: Quantization Noise
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Figure 5-6: White Naise Error Model Density

‘many’ quantization levels between sample times [28] — thﬂ't Is, the Input magn,’»’,&
tude must ﬂuc{uate over a range >> A in each T second period. o

A detalled analysis of the validity of the additive noise roundoff nbdel has
been carriad out by Sripad and Snyder [68] and Sripad [13]. These authors have
astablished necessary and sufficient conditions on the quantizer input such that

the mode! Is exact. Let ’x (s) be the characteristic function of the quantizer In-

put x (the Laplace transform of the probability density p(x)). Then:

(1) The density p(e) matches that of figure &6 If and only If ¢, (—23—!-) =0

for / # 0 and / an Integer.
(2) The noise samples e(k) and e(k+1) are uncorrelated If and only If the joint

characteristic function between the twe Inputs x(k) and x(k+1) satisfles

; .
‘x(k).x(kﬂ) ('g‘Z"u'a—Zl) =Q for ali j,/1#0.

(3) The quantities e(k) and x (k) are uncorrelated if and only If ‘x (.QZ_L) =0

Section 6.4: Quantizer Characteristics and Models 106.
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and 3% é, (w)=0 for w--g—A'-l.and all/ ¢ 0.
Unfortunately these conditions are difficult to verify since the probablility density
function of every quantizer input must be known! Even so, If a quént!zer unput
contains any Gaussian nolse (typically assumed in control problems, at least for
the A/D input) then none of the above conditions hold exactly.

This validity restriction is not as serious as it seems. Sripad [13] has In-

vastigated the properties of the quantization error glven a Gausslar Input of vari-

ance ¢2. From these resuits It is evident that the error e(k) has an approximate-
ly uniform distribution for o 2 .74, a condition that is not particularly restrictive.

In considering multiple quantizers (which Is the usual case), the question of
the Interaction of the quantization errors arises. The above analysis actually ap-
plies to a single quantizer only. When the model is used for all the quantizers
within a complex (recursive) structure, we further assume that all such noise

sources are independent. The question of the validity of this assumption is even

. more complex. However, it can be said that as a general technique, the additive

nolse model has proven Itself quite useful for the analyéls of roundoff noise
effects in digita! filters. Furthermore, any analysis techniques aimed at selecting
wordlengths based on the effects of quantization noise need not be exact any-
way — the internal and A/D wordiengths can only be selected in units of whole
bits. When the roundoff noise model breaks down, it tends to do so In a major

way; limit cycles occur. These oscillations are usually quite evident when they

are present \see Chapter 7). For our analyses, however, we will assume that

the uncorrelated additive white noise model applies.

Sign-magnitude truncation refers to the quantization operation of simply

106. Chapier &: Finite Wordlength Effects: Quantization Noise
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dropping the extra bits of precision in the quantizer input. The advantages to
this type of quantization are Its simplicity — no extra hardware Is required to im-
plement sign-magnitude truncation, unlike the roundoff case, and thls':‘Ktype of

quantization gives rise to fewer limit cycles. Figure 6-6 shows the lnﬁﬁt-output

quantizer output SMT(x)

o] _
2A -
A - —
-3‘A -2|A -.A ; quantizer input
v 1 ’ x .
5 A 20 aA
— 1-A
et {-2a
!
— {-aa

Figure 5-6: Nonlinear Sign-Magnitude Truncation Characteristic

characteristic of this quantizer. The quantization errors are now bounded as fol-

lows;
0 < e <A for x>0
-A ¢Ces O for x<0

Fcr this type of quantization, the modelling problem is more difficult. From (5.25)

Section 6.4: Quantizer Characteristics and Models : 107.
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we can see that a definite correlation exists betwesn the error and the input
values with sign-magnitude truncation; e(k) is a function of the sign of the quan-
tizer input x(k). Such nolse In a digital structure Is termed s*ate-dependent nolse.
Although Sripad [13] does present an additive white model for this quantization
operation, the conditions for which the model is valld aiz too restrictive for gen-
eral application. The additive white noise model is not even approximately valid,
as is the roundoff model. Claasen, Meckienbrauker, and Peek [69] have proposed

a quask-iinear model for sign-magnitude truncation:

A

X +@ 5.26
verxo ( )

SMT(x)= x -

where e Is an uncorrelated viiiiie noise of variance (Ja-- -—?:!;) A2 and the quan-

tizer input x is assumed to be a Gausslan process. The dependence on ¢ (the
varlance of x) accounts for the quasgilinearity and alsc the complexity ir using
this model for analysis, since the variance of each quantizer input must be com-
puted. An efficient technique for evaiuating these variances Is given in [69].
Empirically, the nolse variance at the output of a digital filter using sign-
magnitude trunceation would typically be about & to 10 times that of the same
filter using roundoff quantization [60]. Thus one should have an extra two bits
per signal word when' using sign-magnitude truncation In order to produce the
same (or better) nolse performance as wquld result from using roundoff quantiza-
tion. Beyond this qualitative statement, we will not consider the specific analysis

of sign-megnitude quantization noise effects for control compensators.

108. Chapter 6: Finite Wordlength Effects: Quantization Noise

Mg v

tom ek e . e o E————— = —

e s e

T

il



R A R A st e o . SR S 4 ool ¥ R SR S ad (L  ch aeni tt then e B adii e, b aact o o

P
A

§6.5 Roundoff Noise Analysis
This ssction will examine several methods for evaluating the effects of X
quantization noise In digital filters and compensators. As mentldned befoi'e. we

will focus on roundoff quantization. For filtering applications, we are typically con-

cerned with the statistical effects of quantization on the filter output. Although

Jackson [B61] examines varlous norms of the output noise spectrum, the noise

L as

variance (the L 2 norm squared) Is usually taken to be the metric.

There are two basic methods for computing the output varlance resuiting

P

from quantization noise effects, one in the frequency domain and one In the time

domain. The frequency-domain analysis method Is an application of residue theory

2
[62]. Given the 1th nolse source of varlance %—2— and the (scaled structure)

transfer function G, (z) trom the nolse source to the output node, then the output

variance ¢ 12 due to this nolse source can be written:

T VLT I SR T

2__ A%

N . S -1y,-1
o T5n ) $ G,(2)6,(z"")z"'dz (6.27)

where j represents the square root of -1. The contour Integral (6.27) can be
. evaluated by factoring G, (z)Gi(z"1)z'1 to determine lis vole locations. If np of 3 ;

these poles z ] lile Inside the unit circle, then

A2 "p ‘ ' P
0,2 - 6131 (Resldue (GI(Z)G, (z~1 )2'1)at zj) (5.28) ‘ '

Since every nolse source Is assumed to be uncorrelated with every other, the to-

B R ol ke

tal output variance will simply be the sum of all the & 12

Section 5.5: Roundoff Noise Analysis 109. -
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If we apply this residue method to the A/D quantization noise source, we
sae that ’fd wliil depend on the fliter transfer function H(z). Since H(z) Is in-

daependent of the structure chosen, given Infinite pracision coefficients, the effect

of the A/D roundoff noise on filter output varlance is dependent oniy on kad and

the A/D wordlength. For a compensator the effect of A/D roundoff noise on J Is
aiso structure-independent, given infinite-precision coefficients.

The time-domain approach to analyzing roundofi effects Is presented by

Hwang [63] for one-level state space structures and Chan [17] for the general

muitrievel case. In the context of the modified state space representation as
presented in (3.10), the derivation pl;oceeds as follows. Assume that the struc-
ture has already been scaled so that the factor p described after equation (5.9)
must be Included to produce u(k) from the scaled U(k). For a filter of input y,
scaled output 3. and scaled states |'7, the effect of roundoff noise on the filter
states can. be described by: o |

v (k+1) v(k) q
[5(k+1)] ¥, [u(k) q"' /01-1(k)+¢q(k)+\ii12ead(k)(5.29)

where ¢, (k) rapresents the noise sources due to the product quantizations asso-

ciated with the precedence level matrix ¥ [ and ‘ad(k) represents the A/D noise

source. Recali tiiat all such error sources are assumed to be uncorrelated. Thus,

the roundoff noise covarlances can be written:

110. Chapter &: Finite Wordlength Effects: Quantization Noise
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where A, is the Internal quantization step size of the structure, Aad is the A/D
quantization step size, and A ; |8 a diagonal matrix whose (/,) yth e’ntry equals the
number of nor-integer coeflicients in the jt" row of Q,, that Is, the number of

roundoff error sources assoclated with the J th component of e This expression

 assumes that roundoff occurs after every non-trivial product. it double-precision

adders are used as described in section 6.1, then simply replace all the non-zero

entries of A / in (6.30) with ones.

To use (6.29) and (6.30) in computing the output varlance, we can take ei-
ther of the approaches used in sectlon 6.2 for computing variances; that is, al-
ther the Infinite series of (56.12) or the Lyapunov equation of (6.13) can be used.

For the infinlte-serles approach, we would have to approximate the series by com-

. puting anly a finite number of terms. The closer to the unit circle any of the poles

of the system (6.30) are, the more terms will be required for an acceptable ap-
proximation [83]. Consequently, we will use the Lyapunov equation method.

The steady-state (scaled) state covariance matrix V can be computed by

solving the following Lyapunov equation:
V¥, V¥, +0 (5.31)

where

Section 6.65: Roundoff Noise Analysis 111
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The output variance of a wil simply be equal to the lower right-hand corner entry
of V. Note that the above equations for roundoff analysis are solved ’uslng
Infinite-precision coefficients for simplicity. The insertion of the actual finite-
wordlangth coefficlents would only change the results In a minor way. (In this
case, there wlill be also a slight dependence on structure for the A/D noise contri-
butlon.) The use of Infinite-precision coeflicients Is especlally: justified when one
recalls that the selection of an Internal or A/D wordlength can only be made in
terms of whole bits.

Now let us adapt this approach for the digital feedback ¢ompensator.
Again, we need to consider the behavior of the closed-lcop system, as done by
Knowles and Edwards [7] and Curry [8] for sampled-data systems and Sripad
[18]. Curry [8] has considered the second.moment of the system output error
due to rounding for a specific sampled-data control system with a direct form' II
compensator structure. Knowles and Edwards [7] also used the additive white

nolse model for generating a bound on the quantization noise effects of direct

form II, cascade, and parallel compensator structures. Sripad [13] considered

the Increase |n the performance index J due to roundoff, using the additive white
nolse model, but did not conslder either the scaling Issue or an accurate and gen-
eral notion of a compensator structure. Our results will be more general since we

’

can consider any type of compensator structure, and they will of course be
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adapted from the digital filtering approach described above. The factors ¢ and

"ad described In section 5.2 must now be now explicitly included In the analysis

procedure. The scaled, augmented plant/compensator system, Including roundoff

nolse sources (but not plant or measurement nolses), can be written:

X(k+1) X (k) .o ’

Vk+1) | =2 JV(k) | + q . v (6.32)

U Ck+1) )] e k)+ g ¥, ¥ (k)+¥ (k)
AR AL 1%1-1 12%¢d

where ,
| I,
¢ : on :P da
. ) P — e e e ~—-] andk,, =
¥ ’ ¥ | ' Yea
12¥aq I 11 -

The resiulting (scaled) state covarlance matrix Z (due only to roundoff noise) will

; _bg the_ goluftlon to the following Lyapunov equation:

Z=AZ A+ [g 8 (5.33)

The covarlance matrix Z can be related to the performance index J by using the

trace form of J , equivalent to (2.6):

J = trace(Qxx") + 2 trace(M ux") + trace(R uu") (6.34)

=trace T Z
where
Section 6.6: Roundoff Noise Analysis 1138.
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By solving (6.33) and evaluating (5.34) for the scaled system covarlanceﬁma_tr!x
Z we can compute the increase dJ due to roundoff noise alone. Again, the
Infinite-precision coefficient values of the structure are used.
The analysls procedure described above extends easily to multiple-input
multiple-output structures, but as described in Chapter 8, the scaling jssue Is

more complex.

§6.6 Minimum Roundoff Noise Structures
Now that an analytic technique for treating roundoff noise effects has been

presented, both for digital filters and for digital compensators, we can desctibe

minimum roundoff noise structures. (See Chapter 3.) _Firs..'f, we will present the
one-level minimum roundoff noise filter structure derlved by Mullis and Roberts
[18,37,38] and Hwang [38], and then we will adapt the technique to produce a
one-level minimum roundoff nolse compensator structure. Assume that a one-level

filter structure has been !/ 2 scaled using (5.8)-(6.15), and that the roundoff nolse
could be evaluated with (6.31). (Neglect A/D noise.) For one level, (6.31) can |
be rewrlitten to include scaling:

A2

- s )1, s, + —L |
AL PP /CF s P oA (6.36)

Recall that A1 Is a dlagona! matrix whose J th diagonal entry equals the number of -

roundoff error sources represented in the jth row of ‘1'1, and that the scaling ma- i
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trix S1 is diagonal. The output variance due to product quantization can be ex-

pressed with the following trace:

o,
’g =p2 trace Il V (5.36)
where
o . . [ ] 0
n - L ] . : - ‘
a o L]
o L] - . L] 1
By substituting V for s; (s 1 )"1, we can rewrite (6.35) and (6.38):
AZ 1 1
r - -
a?
- — "‘2
cg-pa trace (IT S,V 81)
-tracep281 I Sqv
= trace (I /) (6.38)

Using the theory of adjoint operators [1], computing vg via (6.37) and (5.38) Is

exactly equivalent to solving the following adjoint Lyapunov equation and evaluat-

Section 6.6: Minimum Roundoff Noise Structures 116.

R P

e i sk



R e a4

e, St

ing the trace of (6.40): (See Appendix B)
Wim¥q W ¥y I (6.30)

A2

2-._!_ '2
5 12tra¢:e(AIS, W1)

A2 n.+.1. . .
...1.% 131 [A,]" [K1]” [w,]” (6.40)

This alternate expression for roundoff nolse will be important in the development

of an iterative constrained optimization technique for minimizing roundoff nolse

A e

effects, both for filter structures (see Chan [17]) and for compensator structures
(see Chapter 8).

Using the expression In (6.89), and the Lyapunov equation (6.13) for K1,
Mullis and Roberts [18] and Hwang [30] present a method for determining the
structure that mlnlmlies cg. The matrix A-1 Is assumed to bhe the identity I (for
double-preclsion adders) or (n+1)I (for the case of single-precision adders and
n+1 coefficlents). , Slnc;a the /=(n+1)-term in the summation expression for cg in

(5.40) Is not alterable by a similarity transform, we can ignore it for now and deal

only with K and W, the upper nXn portions of X ! and WI. Thus we must minimize

the following sum:
n .
2 KW (6.41)
i=1

If P Is an nxn (similarity) transformation matrix, then the product KW can be

116, Chapter &6: Finite Wordiength Effects: Quantization Noise
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shown to transform to P~1XWP. Thus the n elgenvalues of (P"KWP) are invari-

ant under trgnsformatlon by P. These eigenvalues are called the sacond-order
fiiter modes u ,2 Mullis and Rcberts [37] prove the following inequality. If X and
W are nxn, symmetric positive-definite matrices, then

10 1 h
w2 Ki%n® [71‘:’1“:] (6.42)

!
An (optimal) transformation exists such that the transformed Kt and Wt

Ky = Pk (P')'T. W, = P'WP) satisfy (6.42) with equality. Thus the minimum roun-

doff nolse possible, using (n+1)2 coefficients (in general) and quantization after

every non-trivial multiplicatiori can be expressed:

A2 2
2 ..r n+t1 | n
(vo)opt 72 . (n+1) [I(1 ]n+1,n+1 [W1 ]n*1.n+1 + [,i;‘n,] (6.43)

assuming we know some K 1 and W1 and can solve for the elgenvalues of KW.

If In fact we restrict ourselves to the block optimal parallel structure [37]
with its (fewer) 4n+1 coefficiants, then we are constralning the transformation ‘P
to be block dlagonal and (6.42) cannot In general be satisfied with equality. How-
ever, (56.42) Wlll be true for each second-order section (n=2). Thus the minimum

block optimal product variance can be written:
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(5.44)
2 NP

-1—% ((nﬂ,) [K1 ]n+1.n+1 [w1 ]n+1.n+1 * % (“1*“2) 24 'g' (“3“‘3)_2 LI )

This equation in fact suggests a new result — a pairing algorithm for real poles.
Once the modes of KW are determined, (6.44) will be minimized by pairing modes
8o thaf each ;-’Alr of modes s;zms ‘to approximateiy thbe s'ame quantity as every
other pair. In fact, (5.44) may even be lower than (5.43) due to vthe reduced
number of coafficients (nolse sources).

The one-lavel mlnlr_num rou_ndoff ‘nolse structure developgd above can be ex-
tended to the case of one-level compensators. Again, we can neglect the A/D
noise contribution, which Is invarlant to structural transformation. Equation (6.33)

can be rewritten In terms of its unscaled compensator parameiers ‘I'" and \1112

as follows:

2 =7ar V3107 + %—’; [8 A°1 ] (6.45)
where
-[3 )
1
and
118. ‘ Chapter &6: Finite Wordlength Effects: Quantization Nolse
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By recognizing that the unscaled covariance matrix Z just equals r-12r-1, we

can write (5.456) in a manner similar to (5.37) to produce:

0

Ara 0
Z=AZA + —— (6.48)
12 o A1S;1

The expression for the Increase in performance Iindex due to roundoff noise for

the scaled system, can also be written in terms of the unscaled covariance matrix

Z: (See (5.34))

dJ = trace (TZ) = trace {Tr'?zr" ) (6.47)

= trace (r“."l‘r“ z.)

el

Using an adjoint Lyapunov equation, as in (5.39) and (6.40), we can express

(6.46) and (5.47) as foliows:

w=awa+T . (6.48)
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A2 o 0
dJ = —— trace . w (6.40)
12 -2
0 (A1 S 1 )

if we define w, to be the lower right-hand (n+1)x(n+1) portion of W, then:

AZ

dJ = # trace (A,s ;2w1 ) (5.50)

This expression Is identical to the expresslon in (6.40). From this point on, the

derlvation of a one-level minimum roundoff noise compensator structure Is exactly

the same as the Mullls and Roberts and Hwang procedure discussed above (see

(6.40)-(5.44)).
Conceptually, the technique described above could be extended to multiple
levels. However, the Iiterative structure optimization procedure considered in

Chapter 8 Is far more useful for mlnlm!?lng roundoff noise.

§6.7 The F8 Example and Compensator Roundoff Noise

This section will examine the roundoff noise and scaling assocliatad with
some of the structures discussed in Chapter 3 for an actual sixth-order LOG sys-
tem. This system Is a simplified verslén of the longitudinal dynamics of the F8
fighter alrcraft at flight condition 12 (an altitude of 20,000 feet and a speed of
mach 8) [64]. Longitudinal control of the alrcraft is restricted to the elevator
alone and a single measurement y formed; these simplifications make the plant
model single-input single-output, so that all our analysis techniques directly apply.
The actual muitiple-input multiple-output model could be considered with our tech-

niques, but certain additional fssdas arise as discussed In Chapter 9.
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First-order actuator dynamics are included in the plant model, and and a
series Integrator is also added. Thus the configuration of figure 6-3 will only have
one reference input. Appendix A presents the continuous-time pidnt modé! in de-
tall. The sample rate (10 Hertz) is selected to be well above the highest plant
pole frequency (12 radlans/second). Thus T equals 0.1 seconds. The resulting
discrete-time model parameters are also shown in Appendix A.

For this plant model, the design equatlnons of Chapter 2 were followed. The
resulting K and G vectors are also given in Appendix 1. All calculations were
done in double precision (16 digits, or 654 bits) so that the system parameters and
K and G'vectors are effectively Infinite-precision quantities. The resulting perfor-
mance index J Is 0.00176477. This number is then taken to be the /dea/ value
of the performance Index, and degradation is measured relativé to it. .

To five significant digits, thé poles and zeros of the (ldeal) compensator
transfer function are:

I'd

b Pole Frequencies Zero Frequencles |
Zp1 = ' 0.29179 221 = 0.30119
2y = 0.58804 2y = 0.06728
Zn3 = 0.99514 Z,3 = - 0.89878
£, .=  o.e0880 2,55 = 0.88180 % | 0.26766
2p5,2p6 = 0.73149 * j 0.40220 .

Figure 6-7: F8 Compensator Poles and Zeros '
Note that, uniike higher-order digital vﬁlters,' there are many real/ poles and zeros in
this compensator. This fact complicates the pairing issue for parallel and cascade
structures. Note also the presence of poles and zeros very near the unit circle

at z=+1; these singularities can be critical in détermlnlng an acceptable structure.

Section 6.7: The F8 Example and Compensator Roundoff Noise ' 121.
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Before dlacussing the different structures tested, the structure-
independent A/D noise contribution wifl be considered, If we allow a 6% increase
in J due to this single noise source, then the procedure outlined in (5.32)-(5.845

using only d results In a 4.98 bit A/D wordlength, (This number does not In;

clude the sign bit) Typically for filtering applications, the A/0 wordlength need
not be as long as the structure’s internal wordlength; the same result appears for
this control and estimation application, as will be seen below.

Ten structures were evaluated in terms of their product roundoff nolsg

effects on J: the direct form I, five paraliel forms including a block optimal struc-

ture), three cascade structures, and the simple structure of equation (3.26). The

direct form II structure (a) has been described in figure 3-6 and equation (3.20),
and has 13 coefficients, Including a single scaling multiplier. The first paralie!
structure (b) Is composed of five direct form II sactions, one second-order (for
the complex pole pair) and four first-order. Each section fequires its own scaler,
80 this structure has a total of 17 coefficients. The next two paraliel strucﬁires
use three ’second-order sectlions, and hence the issue of how we pair the four

real poles Into two sectlons must be addressed. (There are three different ways.)

‘Parallel struzlure (c) palrs z 1 with z a and z 2 with zpa, separating the two

P P P

near-unit-circle poles, while structure (d) pairs these two poles (zpa and zp 4). to-

gether (see Appendix A). Each structure will require three scalers, for a total of
16 coefficients. '

Structures (a) through (d) are all direct form II-based and thus raquire two
precedence levels. Parallel structure (e) Is a one-level structure produced by

comzuting \I'”-\I'Z\IH wheare '1'2 and 1'1 are from structure (c), and using the

122, Chapter §: Finite Wordlength Effects: Quantization Nolse
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result as a one-level structure (see section 3.3). This structure will still be &

parallel combination of second-order sectlons; each section will be a one-level

version of a direct form II section. This structure will have 16 coeffcients, one i

more than (d) or (e). Parallel structure (f) is a minimum roundoff noise block op-

| timal structure as In equation (3.27) and uses the same pole palring as parallel

atructures (c) and (e).

As mentioned In Chapter 3, cascade structures involve the Issues of palr-
ing and orderirg; In addition to the pairing Issues encountered with the parallel

structure, the zeros must be pairad, and the sections must be ordered. Jackson

[61] has described general section ordering and palring critaria. Consider the /"

sacond-order section:

-1 -2
1 +¢”z =='a,22

Hl(z) - (6.61)

-1 -2
146,427 +b; 52

Complex pole palrs and complex zero pairs that are nearest each other are placed
in the same section (paired). Nearness means that we try to pair poies and zeros

8o as to minimize the peak magnitude (L norm) of Hl(z) for all /. As for section
ordering, when direct form II sectlons are used (with 12 scaling), the no.re vari-

ance of the filter output tends to be minimized Ly crdering the sections In terms

of increasing L7 where

W1l
K = (6.62)
AT

‘(Thls Is not a precise resuit.) This guldeline must be changed if the L, norm of

the output is our performance gauge, or if the direct form II saction is not used.
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Furthermons, Jackson does rot consider the pairing of real poles, Dehner [66]
and Mwang [66] develop general sub-optimal algorithms for selacting good paliring
and ordering, but these methods teiid ‘to require significant computer time to figure
out the ordering and pairing for higher-order filters, and they still do not address
the palring of real poies. Our roundoff analysis will consider just two different
cascade palrings/orderings. Cascade structure (g) consists of an arbitrarily-
chosen arrengement of poles and zeros (see Appendix A); section 1 contains the

complax pole palr (zps'zpa) énd real zero z, 4» section 2 contains the near unit-

mnm‘iitudo real poles Z5a and 4 and the complex zero palr (zz pr 5), anc sec-

%p

- tion 3 contalns the near unit-magnitude real zeros Z,5 and Z,a with the real

poles Zp4 and z,,. Cesacade structure (h) splits the near unit-magnitude poles

'Qnd zoros, and puts the complex pole and zero pairs together In the same section

(sse Appendix A). Both (g) and (h) require three scalers and a total of 16
coefficlents and four precedehce levels (see (3.22) and figure 3-6). Cascade
structure (i) has the same ordering and pairing as (g), but uses diract form I sec-
tlon§ as described In (3.23) and figure 3-7. Hence it has different scaling than
(g), differant scaled coefficients, and fewer scalers.
Finally, the simple structure (J) of (3.26) Is treated since this structure (or
a one- or two:level version of it) has been often used, even though this structure
(scdﬁd) requires an excesslve 60 coefficlents for the F8 system example.'
. Appendix A contains the actual modified state space representations of all

ten of these (12~scaied) structures. The [deal values of these coefficients are

presented in double precision.

Figure 65-8 summarizes the product roundoff nolse results (that is, the noise

128, Chapter 5: Finite Wordlength Effects: Quantization Noise
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wordlength max/min 1,- .
structure lavels | N spa dga scaled cosflicient : ]
(a) direct form II 13 | 18.86 | 18.26 8006560/0.12

(b) paralle! diract form II 17 8.06 7.456 1.5/0.6046
(c) parallel direct form II 16 | 10.18 0.39 10.6/0.073
(d) parallel direct form II 15| 14.74 | 13.94 156.7/0.0016
(e) parallel, 1-level version of (c) 16| 9.78 | 8,99 6.3/0.073 S

(f) block optimal paraliel 26| 788 | 7.08 1.1/0.0029 T
(g) cascade direct form II 16 | 16.69 | 14.68 1101/9.00062.
(h) ca.cade direct form II 16 | 10.61 | 0.47 34/0,073
(i) cascade direct form I 14 | 16.62 | 14.36 320/0.012
(D) simple 60| 9001 ] 764 1.6/0.0000003

Figure 5-8: Roundoff Nolse Results 3

e onsney ey
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caused by the rounding of multiplier products, not A/D rounding) for these te:

structures, assuming optimal 12” scaling and not accounting for ine finite

wordlengths of the coefficlants themselves. The ‘levels’ column lists the number
of precedence lavels, and the ‘N’ column !Ists the number of coefficients including A
scalars in the structure. The roundoff noiselresults are presented in terms of the
Lo ’ numbér of signal (wordlength) bits that are required to hold the Increase In J due
‘ to product roundoff nolse to 6% of the ldeal.value. Again, these numbers do not
include the sign bit. Two wordlengths are presented for each structure. The
left-hand column (larger) corresponds to the case of roundoff after every nontrivi-
al multiplication and single-precision adders, while the right-hand column
corresponds to the case of double—précislon adders and quantization after addi-

tion. The last column of figure 6-8 shows the maximum and minimum magnitude of

the scqled coefficlents and Is important In determining the coefficient v‘plordlength.

., ' The wider the range of values, the more fixed-point coefficient bits will probably )
be needed to achieve a given level of performance (see Chapter 8).

From figure 6-8 we can see that the different pole pairings associated with
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parallel structures (c) and (d) produced results that differed by 4.5 bits. Placing
the nearunit magnitude poles in different sections was quite effective. Similarly,
of the two cascades (g) and (h), the one with these same two poles In different
sactlons required 6,2 fewer bits. Clearly the palring/ordering Issue is not a trivial
question.

Structure (b), the combination of first- and second-ordar parallel sections,
with its 17 t.:oemclentsl outperformed every- other structure exc.'ept the block op-
timal. Even so, the extra 8 coefficlents of the block optimal structure with
sacond-order sections only gained 0.2 bits of performance over this structure.
Thus, when evaluating dlfferent structures, it Is important to know the block op-
timal result (for varlous palrings) so that we can judge whether a suboptimal
structurs like (b) Is effective enough. In this case it clearly is. If we are con-
strainad to one level, then (e) Is probably best given its 9 fewer coefficients than
the optimal and onily 1.9 bits poorer performance. Actually, in this case one
should check the performance of a one-level version of (b).

As expected from the literature on digital filters, the discrete form II has a
vary poor nolse performance. It is interesting to note alsc ti;at the simple struc-
ture with its many coefficients (and hence many noise sources) performed excel
lently. It is not clear whether this would be true for the simple structure’in gen-
eral,

The second worriength column in ﬁgure 6-8 shows the galn possible when
using double precision adders and fewer quantizers. Depending on the structure
tested, a savings of from 0.8 to 1.47 bits was realized. Whether this small sav-
ings Is enough to justify the higher-precision adders will depend on the particular

application.
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§5.8 Summary

Briefly then, we can summarize the major points brought out in this chapter
concerning the statistical effects of quantization noise in compensators. The pro-
cess of scaling a digital feedback compensator requires the consideration of the
overall closed-loop control system in which the compensator Is embedded. Thus
we had to adapt the methéds developed for .sca!ing digital ﬁligeré to this prob'lem.v
Furthermore, when applying the statistical approach to scaling to the set-point
LQG system, we had to consider an alternate configuration for the system. For
t_hé analysis of roundoff noise effects in compensators, we agaln ‘"hvaq to adapt the
tachniques used In digital signal processing to consider the effects of the overall
closed-loop system. The development of minimum roundoff noise structures for
compensators required similar adaptations. When these mathods were applied to
a specific control system example, we were able to compare different types of
structures in terms of their roundoff noise performance. The Importance of the
palring and ordering issue involved with the paraliel and cascade structures were
shbwn to be even more complex for compensators, due to the numbers of real
poies that are common in control system compensators. Furthermore, the defauit
structure for LQG controllers, the simple form, was shown to be a poor cholce of

structure in general for the LQG compensator.
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Chapter 8: Finite Wordlength Effects: Quantizing the Coefficients

§68.1 Introduction

The Implementation of a discrete-tine system described by an Ideal
Infinite-precision transfer function in finite-precision hardware involves several Im-
portant issues. Chapter 6 has discussad the quantization noise problem, and
Chapter 7 will present the Issue of limit cycle osclllations. This chapter will con-
slder the problem of quantizing the infinite-precision coefficients of the structure
so that they may be stored in a finite-length fixed-point binary representation. As
with the roundoff noise question, coefficient quantization effects are also heavily
structure-dependent, and thus the analysis of such effects is important when
selecting a good structure and its required coefficient wordlength.

Approximatiing the coefficients of a siructure with a finite number of bits
will ‘cauae a degradation in the system’s performance as compared to the ideal.
Assuming that a given quantitative performance measure is provided, we can
measure the tradeoff in the numbef of bits versus the degradation. Then, assum-
ing that we specify an acceptable amount of degradation, one must determine the
minimum number of coefﬁcienf bits needed to meet this goai, and Athe structﬁre
which has the smallest such wordlength.

Whatever the structure, the fewest number of total coefficient bits will be

required if we allow each coefficient to have a different wordlength. We certainly

will not need fewer total bits after adding a constraint such as uniform
wordlength. However, the resulting complication in the digitai hardware due to
non-uniform memory widths and restrictions on the hardware multipliers make this

superior apportionment of coeffictent bits very costly. For this reason a uniform

128. Chapter 6: Finite Wordlength Effects: Quantizing the Coefficients
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fixed-point coefficient wordlength is typically assumed. This assumption will be

carrled through in the analysis, assuming ng fractional bits, a sign bit, and enough

integer bits to represent the largest coefficient in the structure. We will also as-
sume that each structure has already been scaled, since the scaling operation
can radically cha}i%ge the dynamic range of the coefficients, and hence‘the re-
quired wordlength.

The remainder of this chapter is organized as follows. In section 6.2 we
will describe different methods for selecting structures that have small required

coefficient wordiengths, and different ways of evaluating the required coefficient

wordlength once a structure is selected. In particular we will discuss a pole-«

location-based qualitatlve methcd for comparing structures, a direct approach to
wordlength evaluation, and a statistical approach to structural comparison and
wordlength determination. We will show that the statistical method has a very im-
portant advantage over any other approach =— it can be used as the objective
function in an iterative structure optimization procedure (see Chapter 8). Sec-
tions 8.3 and 6.4 describe the statistical method in detail for the LQG problem,
while section 6.5 presents the direct evaluation procedure. Using the F8 system
presented In Chapter 5, various coefficient wordlength results, and conclusions are
presented In section 6.8. Finally, the Joint analysis of coefficient wordlength

effects and roundoff nolse effects is addressed In section 6.7.

§6.2 Methods of Analysis
Given some measure of performance, there are several methods for calcu
lating the degradation due to coefficlent quantization, so that a good structure

and the wordlength necessary to meet some allowed degradation level may be

Section 6.2: Methods of Analysis 128.
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selected. Before discussing these methods, we must address one other important
quastion — how are the |deal coefficients to be quantized? The simplest and

moat common procedure I8 to round the coefficients to n, fractional bits. Unfor-

tunately, there Is no guarantee that this is the best method in terms of some

specific performance metric. In fact, the optimal set of nc-fractional-bit

coefficients is usually not these rounded values. This fact has given rise to
several optimization techniques [67,68,69] for determining the best set of quan-
tizad coefficients for a glven structure and wordiength. Typically these tech-
niques start near the rounded coefficient set (in discrete coefficient space) and

search for minima. Unfortunately, these methods can be extremely time-

consuming, with the resulting coefficient set not necessarily that much better than

that obtained by rounding. Consequently, we will assume that ﬁnite-wordlength
coefficlents are produced by rounding the ideal values.

The effect of a quantized coefficient on any performance maasure Is essen-
tially a sensitivity question. From a frequency-domain viewpoint, having
coefficlents of finite wordlength implies that there are only a finite number of pos-
sible pole and zero locations in the z-plane. Thus one approach to the selection
of a structure with minimal coefficient guantization effects could be accomplished
by examining a graph, or grid, of these locations; the coefficient sensitivity in an
area of high grid density would be small, Thus, the structure which had the den-
sest grid In the area of the desired poles and zeros would be chosen. Several
structures have been described in terms of pole location grids; for‘ example, the
coupled form second-order section of Rader and Gold [70] has a uniform square
grid over the entire z-plane, while the direct form iI has a ho_n-uniform grid, den-

sest near z =%J. Avenhaus [34], Abu-El-Haija, Shenoi, and Peterson [71], and
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Agarwal and Burrus [72] have described second-order sections whose grids are
densest near z = +1, thus making them excellent for implementing lowpass filters.
Avephaus has also presented other sections and their respective pole location
grids. Such a general approach to filter s;tructure selection at least has &n intul-
tive appeal. Of course, there is no guarantee that a structure with high grid den-
sity for the desired pole locations will necessarily be the best structure in terms
of any other n;easure of performance degradation due ‘to coefficient quantization
effacts, especially when using performance measures such as the trace of the er-
ror covariance (for a Kalman filter), or the performance index J/ (for LQG systems),
or phase lﬁargin (for a classical control system).

Given any set of quantized coefficlents, the most direct and accurate way
to' evaluate the effect of finite wordlength on performance would be to recompute
for the quantized coefficient values the entire transfer function, performance Index
J, phase margin, or whatever quantitative ma&sure Is appropriate. In fact, this Is
the approach taken by Sripad [13] for analyzing the effects of finite wordiength
coefficients. While this method has the virtue of being accurate, it tells us only
one point on the‘ performance/wordlength tradeoff curve. The performance meas-
ure would have to be reevaluated for each potential wordlength until the desired
degradation level has been bracketed (bounded above and below) by wordiengths

differing only by one bit. Then the larger of the two wordlengths would be the re-

quired coefficient wordlength for that structure. Such a brute-force approach

could be quite time-consuming, especially when we wish to compute the required
number of bits for several candidate structures.
What would be quite convenient would be to have a procedure where a sin-

gle evaluation established the behavior of the performance/wordlength tradeoff
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curve. The required wordlength could then be estimated easily from knowing the
allowed degradation level. Also, since the wordlength must be integral, some ac-
curacy can be sacrificed to gain simplicity, as long as the required wordlength is
not underestimated. More importantly, if the coefficient wordlength estimate is
continuous In nature, that Is, not confined to an integral nhumber of bits, then it is
possible to apply an optiml;zétmn technique [17] to synthesize better structures.
In this procedure, whlch. we will describe in Chapter 8, continuous transformations
are applied to an initial structure., These transformations are determined by a gra-
dient search technique based on some contlnuous, differentiable scalar objective
function of the coefﬁclents of the structure. Certainly, if our required wordlength
Is strictly integral, it is not differentiable.

The concept of a statistical estimate of wordlength has both the advan-
tages mentioned above. Thfs approach originated in the study of digital filters
with the work of .Knowles and Olcayto [73]. Avenhaus [67] applied this idea to
the digital filter power transfer function (as a performance measure), and later
Crochiere [32,74] used the concept with the filter transfer function magnitude
and a wordlength-optimization procedure, |

The remainder of this section wiil review the basic development of the sta-
tistical wordlength measure for digital filters [74]. Consider. a general scalar
measure of performaence * that is a function of a set of coefficients, and is con-
tinuous and differentiable. For exampie, the error in the transfer function magni-
tude at a specific frequency, the I.ntegrated squared error in the transfer f;Jnction
magnitude, and the performance index for an infinite-time-horizon LQG problem are
acceptable measures. With a finite-precision implementation,“ the resulting f will

depend on the N quantized coefficients (c1, Copr * " N) of the structure. The
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value of f associated with any particular finite-precision structure will reflect a

degradation in performance as compared to the ldeal (infinite-precision) vatue f 0

Assume that this degradation df can be expanded in a Taylor's series about the

ideal value. Keeping only first-order terms,

df(c Lo} e C )~ N __al_ d
1" N = % ac CI (6.1)
i=11% |,

where c; is the I"’ coefficient to be rounded, dci is the error due to rounding,

5]
and EcL is the first partial derivative of f evaluated at the unrounded

! o
coefficient values. Note that coefficients such as 3, 2, 1, and % are naormally not

affected by rounding and should not be Included in the sum (6.1).

-n
If A Is the quantization step size 2 €, the fraction represented by the

least significant bit of the fixed-point coefficient word, then each dcl must lie

between *%‘ Given the partial derivatives in (6.1), we could then upper bound

the error df, producing a very pessimistic wordlength estimate:

(.QL
acl. ©

The basic idea behind statistical wordlength is to treat an ensemble of

AN
"527
=1

ar < (6.2)

structures. Over this ensemble, the coefficient errors dcl can be thought of as

uniformly-distributed zero-mean uncorrelated random variables, each of variance

2
—1-;,-. The error df is therefore also zero-mean with a varlance:
=
Section 6.2: Methods of Analysis 133.

et abeiaddt



2
2 482 N |or
(‘df) 12 l§1 [aCI “] (6.3)

For large N, the central limit theorem can be applied to justify a Gaussian
distribution for df . Thus with a glven probability, say g6%, one can determine
the variance needed for the error df to remain within some prescribed bound, In
other words 95 out of 100 of the structures in the ensemble will result in sys-
tems whare df remains within this bound.

From a table of the Gausslan distribution,
Pr| | ar |52adf] = 0.954 (6.4)

If the quantity of interest f is constrained to lie within =£ 0 (the degradation lev-

E .
el) of the ideal f_, then (6.4) implies that Tar equal —29— This result can be

combined with (6.3) to produce an estimate of the parameter A:

v3E
A- 0 (6.5)
2
N 1oar
z lac,
1=1\%i |,
Given A, the statistical wordlength can be defined to be:
‘ 1
SWL = 1 +log, 4 - (6.6)

The  first term in (8.6) represents the number of bits necessary to

represent the integer portion of the coefficient word (bits to the left of the fixed

binary point) and the second term gives the n'umber‘ of bits n, hecessary for the
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fractional portion of the coefficient word (bits to the right of the binary point).
The sign bit is not included in this expression.

In the digital filter area, Crochiere [31,32,74] presents a number of results
comparing the statistical wordlength of structures using the transfer function mag-
nitude as the performance measure f. Since this choice of f is frequency-
dependent, the resulting estimate is also frequency-dependent. The final
wordlength can be selected as the maximum of the estimatés over the frequency
range of Interest. In the examples treated by Crochiere, the statistical
wordlength estimate was 1 to 3 bits conservative as compared to the actual
minimum number of bits nhecessary to just meet the transfer funcfion errar limit. In
a related work by Chan and Rabiner [75], which considered a large number of
finite impulse response filters and a similar statistical approach to coefficient
wordiength, the resulting 95% confidence level estimates were also observed to
be conservative. Crochiere [32,74] was also able to‘x‘;s:e statistical wordlength
as the basis for a filter opf.imization procedure quite different from the technique

we will present in Chapter 8 (but not applicable to LQG compensators).

§6.3 Statistical Wordlength and LQG Systems
As mentioned in Chapters 1 and 2, it is natural to use the performance in-
'dex J of (2.3) as the measure of performance f for a steady-state LQG system.

Using the approach of the previous section, the change in J would be estimated

by:
N | as
dJ(c1,c2,...c~)z 2 (-5;— dc’.] (6.7)
/=1 i 1o
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Howaver, the optimal nature of the LQG control problem forces all the first-order

sensitivities & to be zero. Therefore a higher-order approximation is neces-

bc,
sary:
1 NN ( a2y ]
dix— 3 3 |=——1| dc,dc (8.8)
2 jay jma \Bep0ey |, T

The use of second-order terms (not used in digital filter nnalysié) Is a unique as-
pect of our statistical wordlength formulation. However, the use of these terms
would be implicit In any statistical estimate based on the error in an optimized
scalar performance measure. If a digital filter was designed by minimizing the in-
tegrated squared error between fhe desired and actual filter transfer function
magnitude characteristic, then a statistical wordiength estimate based on this per-
formance measure would have to use second-order sensitivities — all first-order
sensitivities would be zero. Thus our statistical wordlength derivation couid be an
extension to the techniques of digital signal processing. However, when the
overall filter statistical estimate Is taken to be the maximum over a set of esti-
mates made at specific frequencies (each based on the transfer function magni-
tude errar at that frequency), then of course the first-order sensitivities for each
of those estimates would be non-zero no.matter how the original filter was
dasigned. This was the casa consldered by Crochiere. Fraquently in fact, digital
filters are not designed by minimizing a .di'fferentlable scalar criterion. Thus one
would have to use the. approach taken by Crochiere for developing a statistical
wordlength estimate.

Proceédlng from (6.8), recall that all the errors dci and dc i are assumed
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to be uncorrelated for /#j. Thus, the mean of dv will no longer be zero:

N | a2
E(dJ)-—;- ) —;—L% E[(o‘ci)z] (6.9)
i=1 cc lw
!

For convenience, define the random variable € to be the square of dcl. Its mean

——

- A2 2, B A4
and variance can be shown to be E(e)=¢=—1-—2— and F(ec)=¢< = 160" The

sacond moment and variance of dJ can be written as follows:

3w [e2,] ) @2 v & a2 2
f[(d./)2] = 5 A ri— 3 3 a2y 92y
i=1 |3 lw i=1j=1 |8c? | acf‘ o
i#f
@2 8 w vy 2
¥ 2 T 2 8¢,dc (6.10)
i=1 j=1 \ %%y |,
I#]
2
2 2
% N |82 N2 N N | 32
(04;)%=— 3 * (e) y 3 ( J (6.11)

i>]

Recall the application of the central limit theorem in section 6.2. We can '

make the same assumption for our higher-arder statistical wordlength derivation.
For the usual digital filtering estimate, the coefficgient guantization could either de-
crease or increase the error in the transfer function magnitude at any specific
frequency. This error was zero-mean. In the control case, the value of J can
only iIncrease under coefficient quantization, Thus we need only have a

specification on the maximum allowed value of J including the degradation due to
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coefficient quantization: JotE o’ Following the general approach of section 8.2,
we must relate this valite to the two-sigma point in the distribution for dJ (See

figure 8-1):

p(dJ)
A

| A e L\ >
] e —DE— D —DE——> -
4 4T 4HE,

Figure 8-1: Probablility Density of dJ

JptEg=detdd +20,, (6.12)
This choice of LT gives a 97.5% conﬁderice level in terms of remaining below

the allowed deviaticn E o’ Combining (6.11), (6.12), and the values of € and Oy

we can derive an expression for A2:

| o 1 N |82y

ﬁ - z +
| | a2 24E¢ Ly lac? |,
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1 | N N 82y N |82
|5 5 2] )t |2
0 {i=1j=1 "% |4 =1 |8c? o
' 1>
Using (6.6), the SWL can be written:

: SWL =1+ Liog,, [ -1 (6.14)
, 272 A2

There are several important distinctions between the statistical wordlength
method as described in secticn 6.2 and the expression (6.14). First, the require-
ment of second derivative terms has led to a fairly complex expression for the
SWL — an efficient computational procedure will be critical. Second, since the
herformance index J is not frequency dependent, neither is the statistical
wordlength estimate. Only one evaluation will be needed, rather than one per fre-

quency as with the transfer function-based filter wordlength estimate. Another

P P P CU Gy S S ISV ¥ PN

. distinction Involves the Gaussian assumption, The analysis in (6.12)-(6.14) ap-
* ' plied the central limit theorem to justify this distribution. Yet we know that the
distribution of dJ must be one-sided (dJ must be positi've). Thus the 97.5% proba-

bility figure may not be as accurate as the digital filter probability of 95%. How-

ever, it is not realily important whether 95 out of 100 structures have statistical
estimates that are conservative, or 85 out ofv100, and so forth.
The final distinction between the usual filtering estimate described in sec-

tion 6.2 and the LQG controller estimate is the non-zero mean degradation dJ. For -

the filtering case, the mean degradation in the transfer function is zero. For the

LQG development, it is possible to form an estimate without taking into account

the standard deviaticn of the error dJ. If we set the mean degradation value to

Sectlon 6.3: Statistical Wordlength and LQG Systems 139.
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equal the allowed degradation E ,, then using (6.9):
0

AZ N |82y
24 2

87-50- (6.16)

2
i Vac,

From (6.16), we can write an expression for A2

bl

24£

A2- (6.16)

N 32‘!
z

- 2
=1 aci

o0

A mean statistical wordlength (MSWL) can now be defined, using (6.14) and

(8.18):
N | 82y
z —————
; 1=1 ‘aciz ®
MSWL =1 + —log, SAE. (6.17)
0

The interpretation of this MSWL!. estimate is that one half of the structures using

this wordlength will have more degradation than E o’ and one half will have less.

Whether or not the MSWL is a useful estimate depénds on the width of the dJ dis-
tribution in figure 6-1 and on the changg in this di_stribution from structure to
structure. In other words, it will depend on the tightness in the relationship
between the SWL and the MSWL estimates. Consequently, we will compute both
estimates for a selection of structures. The advantage of the MSWL isv clear —
reduced complexity and hopefully significantly less ~time4.for its evaluation.

At this point it is convenlent to mention the analysis of sub-optimal compen-
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sators. If the sub-optimal compensator results from a parameter optimization prob-
lem [19,20], then the first-order sensitivities will all be zero and the statistical
wordlength approach developed in this chapter can be used. If the sub-optimal

design is only an approximation of an optimal design, then we can still apply this

methed. The only difference would be the inclusion of first-derivative —a%‘l— terms
/

(first-order sensitivities); these terms would be non-zero since the compensator

is not optimal, or even locally optimal as in the parameter optimization designs.
Again, it is important to realize that the estimates derived in this section

for LQG compensator coefficient wordlength could also be useful for digital filters,

as long as the filter design optimizes some scaler differentiable objective function.

§6.4 Computing the Statistica! Wordlength
As in Chapter 6, the trace form of J will be convenient for computing sta-

tistical wordlength. Recall the following two equations from Chapter 5:

J =trace (T Z2) (6.18)

Z=AZA' +C (6.19)

witere T contains the welghting matrices Q, M, and R as in (6.34), and 4 and C

are defined by:

i I
® : o, :Pkda
Ar = e e e e
V1 2tkag | ¥4
and
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Assume that the structure has already been scaled, so that \Il“ and W12 contain

the infinite-precision scaled compensator parameters. If (6.18) is evaluated with
these infinite-precision parameters, the resulting velue of the performance index

Yo will be independent of the structure chosen. Hcwever, the partial derivatives
of J, with respect to the coefficients of the structure, evaluated at the ideal
coefficients values, will of course be structurejdependent. The second-partial

derivative of (6.18) can be written:

2 a2
aan =traceTaaaz
c;9¢; c;8¢;

(6.20)

Thus the partials of Z (each a matrix) must be cempu.ted efficiently. Taking the

first derivative with respect to ¢ j of (6.19) produces:

az oz

e §2 J e £} t

™ Aac A +Q, +Q, (6.21)
i i .

where
} 0 0
Q- §5LG' +
Ci v, ,
0 {—=0,V¥..

aci 2712

The second partlals of Z can now be written:
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8¢,3c; "ac}acj” *Xij Xy (8.22)

where

2
xl"aaA aaZA,+aaA 5§£”+:Az:w+aaaA
J cj c; c; cj o cj c; cj

ZA'

Rather than solving (6.22) N 2 times (extremely time-consuming) we can apply the

adjoint method used in Chapter 6. Equations (6.20) and (6.22) can be replaced

by the following two equations:

62J o ' "~
aciacj trace U (xij + Xi.i ) 2 trace (UX”) (6.23)

U=m0a+7 (6.24)

where 0, A, and T are all (2n+1 )_><(2n+1) matrices, and 4 and T can be found in

(6.19) and (5.34).

Further simplification is possible when evaluating (6.23) once Ois comput-

ed. The matrices A and \1'1 292\1’12' can be expressed in terms of ¥ _:
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| A= [0 ‘I'w] ) i I (6.26)
, i
| i
. LKog | o ]
? r, 0]l% © ©°}r o
: v, 0,%, =" 0 0 0 n
127212 7 [0 ¥, n+1 o ¥ (6.26)
' o o o,

Thus. the expression for X ij can be grouped into four terms based on derivative

. v : ‘ v ‘
quantities; one involving 2 and 8z , one involving 2 and ~—a-g—, a third in-
= 0c J 8cl acl. dc f
22w ov,, 2 4
valving ———, and the last involving and . The first partials of Z are
aciac i ac’. 8c i ;

known from soiving (6.21) N times. Now let us examine the derivatives of ¥ .
Since a coefficient can occur once in only one ¥ j Matrix, the first partial of ¥

with respect to c; (assume c; is located at index (k,/) in \I".m) will be:

?El.""wq‘q'qﬂ e

met ¥ (8.27)

m+1Ex¥

where E ki is defined to be a unit element matrix of the same dimensions as ‘lﬁ’m.

This matrix is all zeyro except for a single unity entry at index (k,/). Similarly, If

¢, is located in \I't at index (r,s), we can write:

144. Chapter 6: Finite Wcrdlength Effects: Quantizing the Coefficients

e T o

E;;L;...Nnu,...
i"’h
t




RPN

e m e o o nm——— it a4

PRSP

= TN e Dl

b R e S s L S S B i Tk A Bmamm A mmn —Eekp i e % W

b R oty g NI O ST o A o P BRSO B T g U TR IEOW #et

ow

00
aciacj -wq "5 wm+1Ek’wm__1 " e wt“"Efswt—“ "5 e w1 (6.28)

We can infer from (6.28) that if c; and c; are in the same matrix \Ilm (thus m=t),

a2y

then

must be zero. This fact simplifies the calculaticn of Xl j to some ex-

2
ac,

tent (significant for the MSWL estimate, which only requires X ij for i=j). Appen-

dix C presents further details regarding the evaluation of (6.23).

Unfortunately, the evaluation of (6.23) still requires the computation of
equation (6.21) for all N coefficients. However, these computations can also be
simplified. The Lyapunov solution method used in this analysis Is that of Barraud

[76], and has several distinct parts. Given an equation like (6.19), this method

© will:

(1) Compute an orthogonal transformation matrix .P that converts A4 to upper
Schur form (upper triangular except for the first sub-diagonal row):

A, =PAP

(2) Use P to transform C to Cg: Co =PAP

(3) Solve the transformed equation Zg =Aszs/ls'+cs' by a back substitution
technique

(4) Transform the result Zs to Z via Z =PZSP'

The number of operations involved in each step is proportional to (2n+1)3 if Z, A,
and C are (2n+1)x(2n+1). However, by far the majority of the computations are
involved in step 1, which performs an aeigenvalue-eigenvector analysis of 4. Step

3 requires (approximately) 6% to 10% of the total time, depending on the particu-
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lar A matrix. The important point to realize is that step 1 need only be performed
once for all N equations (6.21). In facit steps 2 and 4 can also be simplified by
including the P and P multiplications in the matrices M1 and M2 described above

for the X, J terms. Using this method, there will still be a proportionality to

N(2n+1)3 in computing (B.21), but it will be many times smaller than for the ful
four-step procedure.

In summary, the computational procedure for statistical word_lengfh primarily
involves the second derivatives of J required for (6.10). Assuming that computa-
tion time is dominated by the number of multiplies, the following approximate

dependence of the computation time on the number of coefficients N and the

'

Pd

(augmented) system order 2n+1 exists:
tgwy « N2(20+1)2 + N(2n+1)8 + (2n+1)3
For the MSWL estimate, this proportionality will be reduced:
tyswe N (2n+1)3 4+ (20+1)3

Thus, as N increases, the MSWL estimate becomés computationally more and more

efficient as compared with the SWL estimate.

§6.5 Direct Wordlength Comg utation
For comparison, it is important to include the direct method for determining

the coefficient wordlength required tov mieet or exceed the degradation level E o

Basically, this procedure will involve selecting a test wordlength, rounding the

coefficients to that wordlength, and then forming the (finite-precision) matrices ¥ j?

A, and C. Using these finite-precision parameters, the Lyapunov equation (6.19)
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must be solved and the trace (6.18) evaluated. The resuiting value of J can be

compared to Jw+E,o, and then a decision made whether to alter the test

wordlength up or down.

If the performance index were strictly monotonic in the coefficient
wordiength, then a binary search algorithm could be designed that would always
succeed in finding the required wordlength., For example, starting at some large
initial test wordlength, one could decrement the test wordlength 10 bits at a time

until the performance index exceeded the value JotE o then Increment the test

wordlength in smaller steps until the performance index was below Jm+Eo, and so

forth. However, J need not be strictly monotonic in wordlength, since the
coefficient rounding operation is so nonlinear, Héwever, J /s roughly monotonic.
Thus, the search procedure must try to account for possibie anomalies in the
behavior of J. One other pitfall must be avoided; if the test wordlength is so
small that the resulting feedback system is unstabie,i then the computed J value

will be meaningless, One simple way to test for this possibility would be to exam-

ine the resulting eigenvalues, which are a by-producf of the Lyapunov solution

method of Bafraud.
The method we have used is based on the above discussion. After ioosely

bracketing the allowed degradation £ 0 with two test wordlengths, the lower of

" which is tested to guarantee stability, an exponential curve Is fit to these two

points. Using E 0 and this curve, a reasonable choice of a new test wordlength

.can be made. From this point, the test wordlength is stepped a bit at a time until

the required wordlength Is established. The detalls of the algorithm are shown

below:
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(2)
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(4)

(6)

(6)
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Bracket the wordlength w with the initial values wmax=48 and wmin=0.
Initialize the increment 7/ at 10, and set the initial value of w near the

value wmax. Compute the ideal J, using the double-precision coefficient

values, and add an allowed level of degradation to produce the desired

performance Jo.

Decrement the wordlength w by J.
Test for a negative wordlength w. If found, set w to 1.
Round the ideal coefficient values to wordlength w, and compute the resuit-

ing test value "t of the performance index.

Test for instability by comparing Jt toJ . If "'t is smaller, the system with

coefficients of wordiength w Is unstable. Then increment w by /i, halve the

increment size, and return to step (2). Otherwise, if Jt is larger than J_,

continue.

Test to see |if Jt is between J_ and J o If so, set wmax to the current

value of w and return to step (2). Otherwise, set wmin to the current
value of w and continue. Thus we have bracketed the required wordlength
with wmax and wmin, and know the performance levels for each of these
wordlengths.

Using the two wordiength/performance points found in step (6), and also

the ideal performance value J (associated with some very large

wordlength, say 100), fit an exponential curve to describe the perfor-
mance Index as a function of the wordléngth. Interpoiate to find a next
guess at the required wordlength. Round the coefficlents to this

wordlength and compute the resulting performance index.
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(8) If this value is greater th,a"n' J o increase w a bit at a time until the resuit-
ing performance level is below JO' The corresponding w wilf be the re-

quired wordlength. If however the performance level from step (7) is

below "0’ decrease w a bit at a time until the resulting performance level
Is above JO' The corresponding wordlength w, plus one, will be the re-

quired wordiength.

The direct algorithm may be time-consuming as compares to the statistical
method because It requires repeated solutions of the Lyapunov equation (6.19)
until we bracket the desired performance, and no simplifications are possible from
one solution to the next since each finite-precision A matrix Is different. If an

average of o iterations are required to establish the required wordlength, then

the dominant number of multiply operations required to compute this true

wordlength (TWL) is proportional to:
» 3
?TWL «n; (@n+1)

Thus, a comparison between the statistical estimates SWL and MSWL and the TWL

described above will depend upon n, n;, N, and the constants of proportionality.

However, as the number of coefficients increases, the statistical estimates will
become less and less efficient, while the true wordlength computation time
remains essentially constant. Recall though, that the statisﬁcal estimate is still
useful as the basis‘ for a wordlength optimization procedure as discussed in
Chapter 8. The true wordiength method could not be used for such a procedure,

since It is not continucus and thus not differentiable.
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§6.8 The F8 System and the Coefficient Wordiength Issue

The effects of finite coefficient wordlength were evaluated for the F8 sys-
tem example and the ten structures described in Chapter 6. The results are
presented in figure 6-2 using the followlng format. Column 1 lists the number of
Integer blts required for the coefficient word; this value is obtained from the larg-
est scaled coefficient value (see figure 5-8). The next three columns list the sta-
tistical estimates SWL and MSWL, and finally the true wordlength as evaluated in |
section 6.6. In each case, the execution time in seconds for each wordiength
determination method is listed in parenthesis following each entry. These times
are subject to some small amount of uncertainty depending on specific run-time
conditions, so they must be regarded as approximate. Again, the wordlenéths list-
ed represent the number of coefficient bits (not including the sign) required to
achieve at most a 5% increase In the performance index J. Finally, the last
column of figure 6-2 lists the number of bits by which the SWL estimate exceeds

the actual required wordlength.
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structure | SWL MSWL __ TWL SWL-TWL
a) direct form II 16 | 35.99 (0.81) | 36.05 (0.70) 32 (1.2) 3,99
b) parallel d.f. II 1 6.84 (0.93) 6.16 (0.78) 6 (1.08) 0.84
c) parallel d.f, II 4 | 12,38 (0.87) | 11.62 (0.78) | 11 (1.26) 1.88
d) parallel d.f, II 4 | 19.02 (0.86) | 18.14 (0.77) { 13 (1.08) 6.02
e) 1-level from (c) | 8 | 11.08 (0.90) | 10.22 (0.78) | 10 (1.19) 1.08
f) block optimal 1 7.02 (1,26) 6.2 (0.91) 7 (1.11) 0.02
g) cascade, df. II | 11 | 26.25 (0.83) | 25.38 (0.72) | 21 (1.21) 5.25
h) cascade, df.II | 6 | 14.61 (0.86) | 13.81 (0.72) | 14 (1.36) 0.61
1) cascade, d.f. I 9 | 24.26 (0.84) | 23.38 (0.71) 20 (1.1) 4,26
) __simple 1 9.06 (2.44) | 8.26(1.29) | 8 (1.71) 0.06

Figure 8-2: F8 Coefficient Wordlength Results

A great deal of jnformation may be drawn from figure 8-2. First, we can
discuss the performance of the ten structures with regard to ccefficient
wordlength. Referring to the TWL values, we can see that the paraliel structure
(b) using first- and second-order direct form II sectléns, and the block optimal
parallel structure (f) performed the best, needing only 6 and 7 bits respectively,
Quite acceptable performance was alsc achieved with the simple structure (j) (9
bits), the one-level parallel structﬁre (e) (10 bits), and the paraliel structure (c)
(11 bits). As with the roundoff noise results of Chaptér &, the direct form II
structure (a) performed the worst. For the two parallel and two cascade struc-
tures using all second-ordef sections but with two different pole pairings, the pair-
ing that was better for roundoff nolse ((c) and (h)) was also superior for
coefficient sensitivity — 2 bits better for the parallel case, and 7 bits better for
the cascade. |

In fact, if we rank the structures on the basis of their required coefficient
wordlengths (b, f, j, e, ¢, d, h, i, g, a) and then also on the basis of their signal

variable wordlengths/roundoff noise performance (f, b, j, e, ¢, h, d, {, g, a), we can
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see a very strong correlation. The orderings are nearly identical — only the ad-
Jacant structures b and f are interchanged, as are h and d. The correlation
between good roundoff noise performance and low coefficient sensitivity has been
well-publlclzed for digital fiiter structures [17,40,48,77,78]. Of course, these
results pertain to the sensitivity of the transfer function magnitude to its
coefficients. From our results, this correlation seems to carry directly over to the
control compensator setting.

One point to be cognizant of is that certain coefficients in a structure,
when rounded to the TWL wordlength, may in fact become zero or unity, thus elim-
Inating them as multlpl!ers. This situation occurs in the simple structure (j), reduc-
ing the number of coefficients from 50 to 40, in the block optima_l structure (f),
reducing the number of coefficients from 25 to éd, and in the parallel structure
(b), reducing the number of coefficients from 17 to 1 6. Such reduction should
factor into the structure selection procedure.

Taking the number of multipiies, number of p'recedence levels, roundoff
noise performance, and required coefficient wordlength all into account, paralle!
structure (b), which uses first-order sections for real polles and second-orqer sec-
tions for complex poles, Is probably the best choice. To achieve an overall 3%
maximum increase in J with this structure, we could use an 8-bit A/D converterv,
8-bit coefficients, and 10-bit signal variables. (Due to the quadratic nature of J,
each extra bit reduces the increase in J by épproximately a factor of four.)
Each of these wordlengths includes the sign bit. If circurﬁstances re;:yuired a
one-level structure for a short sampling peridd T, then we would probably use the
block optimal structure and 24 hardware multipliers. Any ﬁnél decision as to

structure selection is of course application-dependent,
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The above discussibn applies to the actual wordlengths found by the direct

method. Now let us examine how useful it would be to make the comparison of

: atruétures using the SWL statistical estimate, For the ten structures shown, the
SWL estimate ranged from O to 6 bits conservative, which is quite a wide range.

However, this situation is easily explained. Structures (d), (g), and (I) had the

poorest estimates. Not coincidentally, all three of these structures have two par-

fch:lar coefficients in~ common, -.89938344 and 1.9938281 (see Appandix A), .and
these two coefficients dominate in the expression for statistical coefficient
wordlength for these examples. Removal! of these two coefficients from the sta-
t!sgcq! vo’l.ord'lengthA analysis proquces ggtimate§ with!n one bit Qf the trqe
wordlength. Thus these caser represent low probability events (from the left-
hand tail of the distribution in figure 6-1). In any case, these particular two
coefficlents resulted from pairing the two real near unit-magnitude poles, which
_has already been shown to be a poor choice with respect to finite wordlength per-

formance. Of the ten structures, the SWL. estimate Is excellent (0 to 1.1 ‘blts

conservative) for the five lowest coefﬁclent wordlength structures and the cas-

cade (h).

As for a comparlsonv between the SWL and MSWL estinates, the MSWL

value was consistently .68-.94 bits below the SWL value. This tight range of

values suggests that the distribution of dJ shown in figure 8-1 is quite narrow.

Thus the MSWL, which is simpler to compute, may well be preferable to the SWL.
- One could compute the MSWL and then add some fixed number, say one bit, for an
estimate. The primary advantage to using the MSWL estimate over the SWL,

glven their apparent tight correlation, would be In the constrained optimization pro-

v
f
)

cedure of Chapter 8. In principle, the optimization procedure could use eithar sta-
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tistical estimate for its objective function. Since the MSWL estimate is simpler to
compute, it would be preferable to the SWL for the objective function. In Chapter

8, this estimate will be used as the basis for finding a minimum coefficient

wordlangth structure.

. Figure 8-3 shows a plot of the e)&écutlon times of the TWL, SWL, and MSWL
2.6
A
T
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Figure 6-3: Execution times vs. Number of Coefficients

routines, as run on an Amdah! 470 at the Charles Stark Draper Laboratory, versus

/ :
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the number of coefficients in the structure. From this figure we can see that the
TWL computation takes hetween 1.1 _and 1.36 seconds (since the routine could be
written more efficiently to reduce the execution time for structure (j)). For ap-
proximately 20 coefficients or less, the SWL estimate is somewhat faster to com-
pute than the TWL value, about 15% to 30%, and the MSWL is at least ancther
tenth-second faster than this.

One important advantage to either the SWL or MSWL estimates Is the
second-order sensitivities they produce. Once these values are computed, it is
easy to see which coefficients dominate, as far as the required coefficient
wordlength is corncerned. The portion of the structure in which @hese coefficients
occur is then a likely candidate for optimization as described in Chapter 8.
Specifically, the second-order section In which these coefficients occur should be
unconstrained — in other words, it should not have a direct form II structure, but
have a structure with more coefficients and thus more degrees of freedom. The
optimization procedure will then exploit these extra degrees of freedom and pro-
duce an overall structure with a lower vequired coefficient wordlength. ‘

Ir; addition, tl'1ere is a further advantage to knowing the individual sensitivi-
ties. In figure 6-2 we can see that structures (a), (c), (d), (e), (@), (h), and (i)
have at least one large coefficient that requires the large number of integer bits
(more than 1) in the fixed-point coefficient word. By replacing each of these
coefﬁcienté by a smaller-magnitude coefficient followed by a shift, we can reduce
the number of integer bits that are requiréd. The amount of the shift (number of
bits) will be limited by the coefficient sensitivities. For example, structure (d) has
only 2 coefficients larger than two (see Appendix A). Thelr ideal values are ap-

82y
2
8¢,

proximately 16.7 and ~156.7. From the SWL analysis, their sensitivities are
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approximately 0.043. Tha dominant sensitivities with respect to determining the
actual coefficient wordlength (and for the sake of this discussion we will leave
out the coefficients 1.99383281 and -.9938344 mentioned above) are on the ord-
er of 160, Since each factor of 2 decrease In a coefficient value results in a
factor of 4 increase in its sensitivity (because we are taking second-order sensi-
tivities), we can decrease these two large coefficlents by é factor of 8 (three
bits), while only increasing their sensitivities to about 2.8. Since this is still
Insignificant with respect to 160, the statistical (and true) fractional wordiengths
will not increase appreciably. The net result is a savings in total wordlength of
three bits (from 13 to 10 total bits), while ad&ing only two simple three-bit shifts
to thé hardware. Note that such a shift operation does rnot involve any additional
hardware, but just a rewiring of the respective multiplier output and the following
quantizer or adder input. In structure (d), all we are doing is replacing a multipli-
cation by 15.?1737??648.2?;2 with a multiplication by 1.9646722206034 &and a

three-bit shift (a multiplication by 8) and similarly for the other large coefficient.

The table presented in figure 6-4 shows the reduction possible for all ten struc-

tures (where this method applies). Structures (¢) and (e) ncw rate so much

better in terms of required wordlength that they are nearly as good as the best

choices (b) or (f).
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TWL possible shift | expected TWL
structure L_| (no shifts) (bits) (with shifts)
(a) direct form II 16 a2 1 21
(b) parallel direct form II 1 8 unnecessary ()
(c) parallel direct form 11 4 11 38 8
(d): parallel direct form II 4 13 3 10
(e) parallel 1-jeve!l from (c) | 3 10 2 8
(f) block optimal parailel 1 7 unnecessary 7
(g) cascade, direct form II | 11 21 6 15
(h) cascade, direct formII | 6 14 3: |
(1) cascade, direct form I 9 20 4 16
() simple C 1 9 unnecessary | '8

Figure 6-4: Shifting to Reduce Coefficient Wordlength

§6.7 Joint Analysis of Roundoff Noise & Coefiicient R'oundinq Effects

. Chapters 6 and 6 have présented'analyses of roundoff noise effacts and
finite coefficient wordlength effects as if the two were compietely Independent.
Ideally, one would want to analyze the roundoff effects on a Qstructm"e using its
actual finite wordlength coefficients. However, the structure must of course be
scaled bsfore the coefficient wordlength aﬁalysls can be carried out. i‘hus, a
near-ideal structural selection procedure would first scale the structure, then com-
pute its required coefficient wordlength, round the inﬁni.te-;.)recision coefficient
values to that wordlength, and finally compute the necessary sigpal variable
wordlength via a roundoff noise analysis using the roundéd coefficient values. The
procedure we have followed differs in that the roundoff analysls is performed us-
Ing the infinite-precision coefficient values, rather than the rounded values. This
simplification was made for .two reasons. First, the effect of ‘using infinite-

pracision coefficients in the roundoff analysis causes only very minor changes as

compared to using the finite wordlength coefficients (a second-order effect).
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Second, the nature of the roundoff analysis procedure Is approximate to start
with. We are adding just one more small approximation. Once the roundoff
analysis procedure of Chapter 6 and the statistical coefficient wordlength determi-
nation methods of Chapter 6 are used to select one from a group ofvcandidate
structures, then it would be advisable to go back and do a more care;;ll analysis
of the finite wordlength effects and required wordlengths for this structure.

A more Impor»'tant‘observation is the following; we have assumed that the
Increase in J due to roundoff noise (including the A/D contribution) must be limited

to some level, say 5% of the ideal J, and that the increment due to finite

wordlength coefficilents must also be limited to some level £ o’ say 5%. Thus the

total degradation will be approximately the sum of fhese vélues, or 10%. There is
no Implicit reason why the overall error bhdget must be split evenly between
these two effects. In fact, once a structure Is selected usingAthe techniques
deécribed in Chapters & and 6, the respective required wordlengths can be
modified, perhaps to convenient or more nearly equal values by apportioning the
two error limitations differently. Such a degree of freedom should be exploited to
help simplify the hardwaré by conforiring to more standard wordlengths and thus

less expensive and more avallable hardware components.

Sd.§ Summary

In this chapter, we have exe;mined the coefficient wordlength issue for digl-‘
tal feedback compensators. The use of a statistical approach to the determina-
tion of an acceptable wordlength was stressed. The common digital filtering esti-

mate was shown to be inadequate for LQG compensators due tc the optimal na-

ture of an LQG design. Through the inclusion of second-order sensitivities in the
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statistical formulation, we derived a statistical estimate that is appropriate to the
LQG problem, and in fact any design problem involving the optimization of its per-
formance criterion. As a comparison, a direct method for determining the required
coefficient wordlength was presented, and 10 example structures were compared.

Based on the results presented in section 6.6, we can conclude that the
SWL or MSWL estimates are not simple enough to overwhelmingly justify their use
(ihstead of the TWL calculation) on a calculation-time basis alone. However, there
are two excellent advantages for which we highly recommend their use. First,
thev resulting second-order sensitivities are an excellent guide for (1) reducing
the required wordlength of certain structures with large coefﬁclents (greater than
two), and (2) discovering which sections of a structure dominate in determining

the required wordlength (this information could be used to select which portion of

" a structure to optimize, as discussed in Chapter 8). Secondly, through the use of

the MSWL as an objective function, we can effectively determine a constrained
minimum coefficient wordlength structure by applying transformations as described
in Chapter 8. Once a set of candidate structures h#s been compared with regard
to their roundoff noise, coefficient wordlength effects (using the statistical esti-
mates), precedence levels, and so forth, and a structure selected, we should
analyze it in more detail, Specifically, it would then definitely be worthwhile to

evaluate the 7TWL as a final step in determining the required coefficient

wordiength.
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Chapter 7: Finite Wordlength Effects: Limit Cycles

0

§7.1 Introduction

The roundoff noise analysis of Chapter § depends on the validity of the ad-
ditive white noise model for roundoff quantization. However, this model Is not al-
ways valid. In particular, a digital structure can exhibit oscillations known as /im-
it cycles. Any linear system Including one or more nonlinearities can exhibit auto-
nomous oscillations due to those nonlinearities. For digital filters or compensators,
quantizétion nonlinearities exist after each multiplication proddct or sum of pro-
ducts, al;d overflow nonlinearities exist after each adder. In addition, both non-
linearities operate on fhé ideal A/D converter -outpfut. We can classify the result-
Ing osciliations as quantizer limit cycies or overflow limit cycles, depending on the
type of nonlinearity that causes them. Of these two types, the overflow limit cy-
cle tends to be more disastrous In its deleterious effect on performance
— when {t occurs, it has an amplitude equal to thé maximum representable digital
signal. -

In the digital signal précessing literature, there are a great number of
results concerning limit cycles. An exbellent re\'riew‘ of fhis literature on limit cy-

cles can be found In Kaiser [21], or in the finite wordlength survey articles by

Classen, Meckienbréiuker, and Peek [60] and Cppenheim and Weinstein [67]. - Wiil- }

sky [16] presents a comparison of these resulis to the nonlinear system stability
results known to the centrol and estimation field. Rather t.han catalogﬁing all the
different results and techniques used for giea!ing with limit cycles in digital filters,
aur effort will be confined to only‘the more general approaches, since they are

more likely to extend to the conircl environment.
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Several points concerning the digital signal processing lmit cycle results
should be mentioned. First, most of these results concern zero-input limit cycles,
oscillations that occur when there is no input driving the filter. When a non-zero
input /s present, it is unclear just what limit cycle behavior means, since the
response of the filter to the input can be superimposed on an oscillation, or it can
actually eliminate the oscillation [79]. Second, most of the digital filtering limit
cycle. results are specific to a singlé structure, usually the second-order direct
form II structure. Since limit cycles can only be caused by nonlinearities in the
recursive part of a filter, thesé results are further specific to the pole section of
the direct form II structure. Two general conc!usipns follow from the digital. ﬂlter-
Ing results.  First, for. avolding quantizer limit cycles, sign-magnitude truncation is
to be preferred over roundoff. Recall that the reverse is true when quantization
noise minimization is considered. Second, for avoidlng overflow limit cycles, the

saturation characteristic Is to be preferred over the two’s complement overflow

characteristic. For overflow, it is Iimportant to keep in mind that the two's comple-

ment characteristic requires no additional hardware — it is implicit in any addition
using two’s complement arithmetic. Additional hardware is required to implement
the saturation characteristic.

As a whole, our results concerning limit cycles in digital feedback compen-
sators are limited. However, in this chapter we will make four observations. First,
we will point out that zero-input limit cycles always occur for control systems with
open-loop unstable plants. Second, we'wlll stress just how the feedback loop of a
contiol system can alter the limit cycle performance of a digital compensator. In
fact, even If the compensator alone has no limit cycles, the feedback system of

plant and compensator together can exhibit limit cycles. Third, for a variety of

Section 7.1: Introduction 161.
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reasons, we will show that the limit cycle results in digital signal processing do
not generally apply to the control setting. Finally, we will discuss the significant
question of whether limit cycles themselves are an Issue at all for LQG Systems.
At oven the simplest level, no LQG system could even be thought of as zero-lnput.
given the system 4riving and measurement noises.

The remainder of this chapter Is organized as follows. Sections 7.2 and
7.3 will ‘present the more general digital signal processing approaches for dealing
with quantizer limit cycles and overflow limit cycles, respectively. Finally, section
7.4 will consider the various aspects of the limit }:ycle issues as they concern di-
gital feedback compensators. Specifically, the observations mentioned above will

be dealt with in greater depth.

§7.2 Quantizer Limit Cycles .

There are three basic approaches for dealing with the lll.mit cycles caused

by the quantization nonlinearities in a digital structure. The first of these Is sim-
ply to apply general nonexistence results, which guarantee that limit cycles do not
occur. Many of these are so general as to apply to the overflow case as well.
This procedure can be quite restrictive as to the types of structures and quantiz-
ers (roundoff or sign-magnitude truncation) that apply. The second approach is
quite different; If Qve can bound the magnitude of thé quanﬂzation effects (this
bound would include’ limit cycle and noise effects) to some level dependent on the
wordlength, then we need only use wordlengths long enough to make these
effects negligible. Such analysis techniques are frequently based on Lyapunov
tﬁeory [16]. Finally, the last procedure involves random rounding; basically‘this‘

refers to the technique of adding randomness at selected points in a structure to

162. Chapter 7: Finite Wordlength Effects: Limit Cycles
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break up potentigj limit cycles. Of course this technique tends to add noise to
the system, requiring longer wordlengths to restore performance to desired levels.
All three of these methods will be reviewed in this section, and their extensions

to the LQG control problem considered.

§7.2.1 General Nonexistence Results

We will discuss three general nonexistence resuits described in the digital
signal processing literature. The first of these is a frequency-domain criterion in-
troduced by Claasen, Mecklenbréuker, and Peek [80] and based on the sector na-
ture of the quantizer and/or gverflow nonlinearities. Let us divide the digital filter

under coﬁslderatlon into Its lnear and nonlinear portions as In figure 7-1. In

vi Y& v2 €2 V3 €«

NL; NL> 1 NLg |— ess

Figure 7-1: System Divided into Linear and Nonlinear Portions

general, multiple nonlinearities must be considered. The signals e,(k) and vl.(k)

will represent the input and output of the Ith nonlinearity. The linear portion of

~ the system in figure 7-1 can be described by the transfer response matrix W(z),
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where

F(z)=w(z)v(z) (7.1)
and I(z) and V(z) are the z-transforms of €(k) and v(z) respectively. Now let us

assume that the /" nonlinearity Is a sector nonlinearity; that is, it lies entirely

within the shaded sector of figure 7-2, where m; is the sector slope. (For

NLi(¢)
A slope = m;

\4
L]

/

- Figure 7-2: Sector Nonlinearity

roundoff quantization, m; =2, and for sign-magnitude truncation or overfiow non-
linearities, m, = 1.) The result derived in [80] states the following: given ko

nonlinenrities as described above, and -a W(z) that is finite for |z | = 1, zerv-input

limit cycles of period N are absent if:
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Re{Ww (el 2xh/N ) - diagonal (—’;’1—-) <0 (7.2)
i

forh = 0,1, - - Integer[N/2]

Furthermore, if the nonlinearities are also time-invariant, with a symmetric nonde-

creaéing charactaristic, then limit cycles of period N are abseant if the real part of

N-1 1
Iko+dlag 1§1 (a” (1-—2,{)+6ﬂ(1+z'{)) W(zh)—dlag(;n—;-) (7.3)

is negative definite ( < 0), for all @ ji and 8 Ji greater than or equal to zero and

z) =gl2%h/N

Equation (7.3) Is more difficult to gpply than (7.2) since linear programming tech-
nlques must be t;;ed to ~t'akcia.‘al;ndv-&z'ﬁtage of the a and 8 pﬁrameters. However,
(7.3) is a more useful condition, since it may prove nonexistence when (7.2) does
not. (Note that for @ =8 =0, conditions (7.2) and (7.8) are identical.) Unfor-
tunately, both these relations require multiple evaluations (one per N), not to men-
tion the task of proving negative definiteness. We can simplify the application of
(7.2) and (7.3) somewhat by exbresslng these conditions differently. §iljak [81]
has found an efficient technigue for proving the positive realness of a function
G(z), which he has extended to the matrix G{z) case. (A real rational function

G(z) Is strictly circle positive real If it has no poles outside the unit circle, and

the real part of G(z) is strictly positive on and outslde the unit circle.) Thus, for

one nonlinearity, we could replace the repeated evaluation of (7.2) with a test for
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the positive realness of (—’%» - W(z)). Stlil, this procedure Is not terribly simple,

aspeacially in the matrix case. Application of (7.2) and (7.3) to the 1 or 2 quan-

tizer two-pole direct form II sections of figure 7-3, for both roundoff and sign-

(a) One Quantizer: (after Adder)

Input =0 ' ' output
. > | quantizer > T > ad
N\
&
\ .
N, !
_b,
N

(b) Two Quantizers: (before Adder)

input = 0 4 ’ output
- N\ S N\ . AN .
7 7 7
N7
a/ '
quantizer <
75
%
quantizer <

Figure 7-3: Direct Form-II (no zeros); -1 and 2 Quantizers

magnitude truncation nonlinearities, shows the advantage in using sign-magnitude
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truncation over roundoff; the range of possible a and b values for which a quan-
tizer limit cycle cannot occur is much greater under sign-magnitude truncation
quantization [21,60].

A different limit cycle nonexistence result for digital filters can be related
to the norm of the transition matrix of one-level state space structures
[82,83,84,85,86]). This procedure can be applied to either the quantizer or

overflow limit cycle. Suppose we have a one-level state space digital filter struc-

ture:

v(k+1) = f(Av(k)) +8 y(k)
u(k)=C v(k) (7.4)

where f represents all the nonlinear operations of the compensator. Note that the
type of nonlinearity implied by (7,4) can act only on the ideal values A v(k). Thus
quantization must occur after addition, implying double-precision adders, and simi-
larly for the overflow nonlinearity. For two’s compiement overflow (see section

7.3), this requirement presents no difficulty; if we define Q() to represent the

. two's complement nonlinearity, the following relationship is true: [82]

Qry +ny+03)=Qlng + Qlny +1g)) (7.6)
where.ni is the result of a multiplication. The same cannot be sald of the satura-

tion averflow characteristic, and one or two extra adder bits are required to accu~

mulate the true sum before applying saturation.

Let us consider the zero-input case (y(k) = 0) for (7.4). For quantizer and

overflow nonlinearities, we can show that:
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where ||u||2 refers to the Fuclidean norm (v v)%. For sign-magnitude truncation

and all common overflow characteristics, 4 would be 1, while for roundoff 4 would
be 2.

If we define the matrix norm of 4 as follows: [83]

lla V"g
A, = max { ——— (7.7)
Milp = mex) Wi, ~
then we can write: [83]
flavi,<|la uz "VHZ _ ‘ (7.8)
Combining (7.4), (7.6), and (7.8) produces:
v+ Dl < v A1l “V“;g (7.9)

Thus we can =nsure the nonexistence of zero-input limit cycles by _the condition

y Al <1 (7.10)

- gince this implies a continuously-decreasing state norm. Mills, Mullis, and Roberts

[82] have expressed this result in a different manner for the more general case

of jivji=(/ D v)% where D is a positive defiiite diagonal matrix, and the case of

an overflow nonlinearity (y =1): overflow (and hence sign-magnitude truncation

with double-precision adders) limit cycles will not occur if and only if D -A4' D A Is

positive-definite. (This result is based in Lyapuriov theory.)

Based on these results, It is natural to consider structures for which the

noim of A is small (and of course less than 1). It can be shown that a minimum
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. norm filter would be (ine for which:

lz . Ja = mex (1 1) @.11)

| : This quantity is always less than 1 for (stable) digital filters; thus such filter

" o

} ‘ structures have no overflow oscillations, and no quantizer oscillations under sign-
magnitude truncation.
Barnes [84] discusses minimum norm filters composed from minimum norm

} sections of arbitrary order. However, we will restrict our attention to the more

useful case of second-order sections. In fact, a minimum norm second-order sec-
i tion is identical to the Rader and Gold coupled form section mentioned in Chapter i
8. The matrix A for a coupled form section with poles at (& %+ Jw) would appear as i

follows: [85] (See figure 7-4.) ‘.

% 4]
A=|_u o (7.12)

The lack of limit cycles under overflow and sign-magnitude truncation for the this
structure will not be affected by séaling [82].

For roundoff quantization, these norm-based results cannot be used to
prove the nonexistence of limit cyéles for the minimum norm structure unless the
maximum ﬁltér eigenvalue is less than one half. In fact, Jackson has shown that

roundoff limit cycles will occur for the coupled-form structure [86]. Fam and

Barnes [85] have introduced a method for taking a filter structure whose A norm

y is greater than one half, and computing an equivalent form whose norm is less B
v i ‘ '
; f than one half. This technique combines recursive and nonrecursive filter sections

but greatly Increases the number of multipliers and delays over the original struc-
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Figure 7-4: Coupled Form (Normal) Second-Order Section .

ture.

It should be mentioned here that these results tie directly into the results
for wave digital filters. Fettweis and Meerkbtter [47] have shown through the
use of a state-norm called pseudopower that overflow limit cycles and quantizer
limit cycles will not occur in wave digital filters using sign-magnitude truncation
quantization and any common overflow characteristic, such as two’s complement ér

satura on.

§7.2.2 Limit Cycle Amplitude Bounds

One common method for dealing with quantizer limit cycles is to bouhd‘ their
amplitude, and then to choose a wordiength long enough to make-this bound small.
Many methods exist for formulating ampiitude bounds on the effects of quaré%_%za«
tion, which of course must include Iimit cycle effects. A good review of thesz
methods, many of which have been presented in the context of sampled-data co_ﬁ-

trol systems, can be found in [80] and [87]. In the results pertaining to digital
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filters [87,88,89], the direct form II second-order section is usually considered, or
specifically the recursive portion of this section. Recall that only the nonlineari-
ties' in the recursive portion of a structure can give rise to limit cycles. Of
course this simplification is not possible for a control system, since the entire
compensator structure is involved in the feedback loop.

We will discuss one of the more general approaches to limit cycle amplitude
bounding This approach involves the use of Lyapunov theory, and is consldered
for digital filters in [87] and for sampled-data control systems in [11] and [12].

Consider a system with the following state equation:
x(k+1)=A x(k) + B u(k) (7.13)

where x represents the state, and v the inputs. Following Parker and Hess [87],

the system (7.13) is bounded-input bounded-output stable If the (zero-input) sys-

tem
x(k+1) =A x(k) : (7.‘i4)

Is asymptotically stable in the large. If so, a Lyapunov function x' P x exists

where P is the symmetric positive-definite solution to the equation:
P=APA+C . (7.15)

for any symmetric positive-definite matrix C. If kthe input to the system (7.156) is
upper bounded by some constant x, then an upper bound on the norm of the state
vector x can be derived [11,12]. This bciind, which again will include all the
effects of quantization, Is fairiy cdmplex to computé, l’s a functloﬁ ‘t.)f A, B, P, and
the eigenvalues of tha C and P matrices, and will be directly proportional to ». |

The procedure outlined above can be easily applied to digital filters [87]

with one or more precedence levels. For the roundoff nonlinearity, we know that
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every roundoff quantization error is bounded by -42— (A for sign-magnitude trunca-

tion). We can simply define these quantizer errors as inputs to the filter system,
and then compute an upper bound on.the filter state norin that is proportional to
A. The difficulty that arises in using this bound is in selecting a Lyapunov func-
tion, or equivalently, in selecting C [87]. Consequently, this bou(nd can be quite
loose, especially for certain combinations of filter parameters [87].

Other methods of computing limit cycle amplitude bounds either are even
less tight then the Lyapunov-based bound ([9,10]), or are not easily extendible to
the control system setting (such as the effective valhe method of Jackson [88]),

or are even more difficult to compute {such as thé matrix method of Parker and

Hess [87]).

§7.2.3 Random-Rounding Techniques For Limit qule Quenching

The previous two sections have described two different ways for dealing'
with limit cycles. The first involved ué!ng structdrés for which limit cycles could
be proven not to exist. The second involved ihe use of sufficient signal bits té
bound the limit cycle amplitude to a negligible level. A third method exists -~ elim-
Inating limit cycles when they do vccur (presumably determined by simulating the
structure). The idea behind this procedure is tﬁat limit cy;::les (which represent a
correlated quantizer error effect), can be broken up, or decorrelated by introduc-
ing some randomness into the quantization procedure. This procedure results in
the replacement of a periodic Iimit‘ cycle by an aperiédic sequen’ce of reduced
power [90]. Justification for this method can be found in Kieburtz {79], who re-

ported limit cycle breakup as the level of a random input signal was raised. Furth-.

‘v er intuition for the technlque can be presumed from the success enjoyed by dith-
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er techniques for the stabilization of unstable nonlinear systems. [91,92]

Specific results concerning the use of randomized quantization methods ex-
Ist only for the case of the direct form II second-order section. The first method
involves randomly switching between roundoff quantization and sign-magnitude
truncation. By utilizing roundoff most of the time, its low-noise advantages can still
be maintained, while the occasional use of sign-magnltude truncation will give us
the reduced number of limit cycles common to this type of quantizer. Kieburtz,
Lawrence and Mina [90] outline this method and present specific examples of its
use. Unfortunately, such a technique cannot be guaranteed to eliminate all DC
and half—rate !ir_nit cycles (limit cyc!es with a two-samp!e‘ period). However,
Lawrence and Mina [93] do describe some additional constraints that can be ad-
ded to prevent such limit cycles.

Buttner [94] has taken & different approach to Implementln,;l random quanti-
zation. In his approach, a random signal is injected at one point in the direct form
II structure io break up any possible limit cycle. One obvious difference with this
approach is that, with no input to the filter, there will stili be a noise output. In a
control system, already driven by noise, this additional noise would hrobably be
insignificant. Specifically, Blittner describes two possible approaches; first, in the
direct form II section with only one quantizer {after a double-precision addition),
simply replace t'he least significant bit of the quantizefi sum with a random bit.
This procedure produces 4 times the output noise power as compared to rounding,
since the error Introduced can be anywhere between A, but has the advantage
of eliminating all possible limit cycles. The second approach introduces a random
least significant bit in one of the products Input to the double-precision adder.

Although this generates approximately half the noise generated by the first

Section 7.2.3: Random-Rounding Techniques For Limit Cycle Quenching 173.
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method, it will not prevent the occurrence of limit cycles unless the input to the
sacond-order sactlon Is aperlodic and non-constant. Bilttner then recommends us-
!nq a cascade of second-order sections, with the first approach used to suppress
;Il limit cycles in the first saection, and the second lower-noise approach used in
all remaining sections. Since the input to these sections must contain the random
output component generated by the first section, the second method will be
sufficient to suppress all limit cycles in these sections. Examples were presented
comparing this random rounding approach to the use of s‘ign-magnitude tru‘ncation
to eliminate limit cycles, and also to the use of roundoff quéntlzation with longer
wordleng'ths‘to' reduce Ijmi‘t cycle émplltude. Again, all these resu!ts were generat-

ed only for structures composed of direct form II second-order sections.

§7.3 Overflow Limit Cycles

In this section, we will examine the results sﬁec!ﬁc to overflow limit cycles.
Overflow limit cycles are particularly important because they have maximal ampli-
tude — thus, of course, bounding techniques do not apply. In genéral, there are

two overflow characteristics of particular interest, saturation (figure 7-5a) and

. two’s complement (figure 7-5b). A two’s complement overflow characteristic. is the

natural overflow characteristic resulting when using two’s complement addition.

No additional hardware is necessary to realize this overflow nonlinearity. The sa-

turation overflow nonlinearity, which does require some hardware, is less prone to

causing overflow limit cycles than the two’s complement characteristic.
Two separate issues concerning overflow have been discussed in the digi-
tal signal processing literature, the prevention of zero-Input overflow limit cycles,

and forced-response stabllity. Stability of the forced response means that the
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Figure 7-5: Common Overflow Characteristics

filter must recover from an overflow, that Is, return asymptotically to the state
values that would have occured if no overflow nonlinearity had been present.

General results concerning zero-input overflow limit cycles can be inferred

Section 7.3: Overflow Limit Cycles 176.
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from the discussion in section 7.2.1 on the frequency-domain criterion of Claasen,

Meckienbriuker, and Peek for the saturation nonlinearity (using m; = 1). Using the

norm-based method of Barnes an‘d Fam, or Mullis and Roberts, we can generate

nonexistence results that would apply to any common overflow characteristic.

More sp_eclﬂc results exist for the second-order direct form II section

input=0 , output
_ N overflow N\ N °
v / nonlinearity 7/ 7
Ve
a,
| N\
s, 1
b
N

Flgure 7-6: Direct Form II with Overflow Nonlinearify

shown in figure 7-6 and for structures composed of such sections, Wil.lso'n [96]
and Ebert, Mazo, and Taylor [96] have found regions in the a, b parameter plane
where overflow limit cycles will not occur with two’s complement overflow, and
have shown that no limit cycle can occur when using the saturation overflow
characteristic for any (stable) values a, b. In general the saturation charac_téristic
Is to be preferred over the two's complelﬁenf characteristic so far as overflow
limit cycles are coricerned. However, it does require extra hardware components

to implement the saturation overflow characteristic. Thus we would test the gen-

eral conditions In section 7.2.1 to see whether or not the use of two’s comple-

176. Chapter 7: Finite Wordlength Effects: Limit Cycles

P S A AT

e i

I



P . et Lot i 7 b it S

. yoee T k
. M““'1ﬂ"&'-¢i'~'«¢.\ LG o e

ment overflow could cause oscillations, The use of the saturation overfiow
characteristic, with its additional hardware, would be advised whenever the gen-
eral criteria' of section 7.2.1 did not succeed in guaranteeing the absence of limit
cycles for the two’s complement characteristic.

Recovery from overflow can be determined by the following general result
also derived by Claasen, Meckienbrauker, and Peek [97]: if a system has no

zero-input overflow limit cycles for all time-varying nonlinearities satisfying:

—m. < Q06K)
x

j s 1 for x#0, and mj>0 for all k (7.16)

where O() is the overflow nonlinearity, and this condition could possibly be tested
using the general criteria described in section 7.2.1, then the forced response
will be stable for all overflow nonlinearities satisfying (see the shaded portion of

figure 7-7):

1+m;-m; x <O(x)s1 forx > 1

~1~mj-mjx>o(x)2—'1 forx <-1’ ' ~(7‘1~7).

This result means that a system with no zero-input overflow limit cycleé for all

overflow characteristics satisfying (7.16) for mj=1 (such as the wave digital

filter) will be forced-response stable for. cﬁaracteristics satisfying (7.17). S.atu'ra-
tion satisfies (7.17), but two’s complement overflow does’ not‘. Again, ;his result
demonstrates the general advantage of saturation.ovér two’s co'mplement overflow
so far as limit pycles are boncérned.

Beyond the general result-: of (7.16) and (7.17), there also exist specific

rasults concerning forced-response stability for the direct form II qécond-order

B

section of figure 7-6 [98,99].
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Figure 7-7: Forced-Response Stable Overflow Characteristic

§7.4 Digital Feedback Compensator Limit Cycles

In this section we will consider the limit cycle issue as it relates to digital
feadback compensators. Several important obsef\)ations can be made. First, any
digital control system with an open-loop unstable plant must exhibit qua'ntlzer fimit
cycles. Recalllt_hat the plant output is sampled, digitized, and quantized at the
compensator input. This means that any output magnitude below the smallest
quantization level is effectively ignored by the complensator'. If the oper;;loop
plant is unstable, the output will tend to increase in magnitude until it reaches the
lowest quantization level, and some contro!l action can occur to drive it back to-
wards zero. However the process wfll then repeat. The net resul@ is a fqrm of

low-amplitude limit cycle in the output of the system. Such a limit cycle will occur

no matter what the transfer functions of the plant and compenSator are, as long

as a right-half plane pole exists, although these parameters wlil certainly affect

the amplitude and frequency of the limit cycle. A proper choice of A/D wordlength
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would keep this amplitude at the system noise level, so that it could essentially
be ignored. One other implication of the presence of this limit cycle is that no
general digital filtering limit cycle nonexistence result can succeed In proving limit
cycle nonexistence for digital control systems with unstable open-loop plants.
Furthermore, even systems with open-loop plants that have poles at s=0 can exhi-
bit low-amplitude limit cycles if any DC offset exists in the output of the D/A con-
verter.

One of the key points relating to compensator limit cycles is the overall

effect of the closed loop on the limit cycle behavior of the compensator. For ex-

ample, consider the digital compensator as a stand-alone digital network. Any limit

cycles that this open-loop compensator may exhibit are strictly dependent on the
nonlinearities in the recursive sections of the compensator. However, when the

compensator is embedded in the feedback loop, afl the nonlinearities are part of a

‘recursive portion of the control system, and thus are all Involved in determining

limit cycle behavior. Thus, compensator limit cycles that would occur for the
open-loop sitﬁation will be altered when the loop is close:.'d. By the same reason-
ing, even i¥ the open-loop compensator would not exhibit limit cycles, the overall
feedback system of plant and compensator together may exhibit limit cycies. As
an example, consider the simple cdntrol system in figure 7-8. Any finite impulse
response operi-loop compensatof or filter is non-recursive. Therefore it can have
no limit cycles. However, when we embed such a filter in a closed-lvop stable
control system as in figure 7-8, limit cycles may occur. For the example above,
let us measure slgnal. amplitude in units of A, the quantization step size. defined in
Chapter 5. With either roundoff or sign-magnitude truncation quantization, the out-

put y can exhibit the folioﬁllng half-rate limit cycle:

Section 7.4: Digital Feedback Compensator Limit Cycles 179.
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Figure 7-8: Control System with Finite Impulse Response Compensatbr

+10, -10, +10, -10, ...

A related limit cycle result specific to feedback systems has been reported
by Fettweis and Meerk&tter [100]. Motivated by the presence of digital filters in
looped telegraph systems, they have shown the following. For a finite impulse
response or wave digital filter embedded in a feedback loop, no quantizer limit cy-
cles can occur If sign-magnitude truﬁcatlon Is used for all quantization operations

including the A/D and:

max _|H ((z)] max |H,(jw)| <1 (7.18)
z]=1 w
where H1(z) is the transfer function of the digital network embedded in the loop,
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and H2( jw) is the transfer function of the open-loop plant. This result is quite ' %
similar to the small loop-gain theorem known to control theorists [60]. As with the 5
digital filtering results, the above condition points out the advantage of sign- | 3
magnitude truncation over roundoff gquantization so far as limit cycles are con-
cerned. Unfortunately, for control systems in general, the condition {7'.18) is very ‘ ,‘
restrictive in terms of the types of plants one could consider. Certainly any sys- 4
tem whose plant had an Integrator pole or even a strong rescnance would not
satisfy (7.18). However, this is the only real result in the literature for quantizer ‘ > 4
Iimit cycles in feedback systems.

Another important observation ‘is that the techniques for dealing with limit
cycies in digita! fiiters do not tend to work for control compensators. As shown f f

above, none of the nonexistence techniques can be extended to consider open-
loop unstable plants. Now let us consider control systems whose plants have in-

tegrator poles. As a simple example, consider a double-integrator plant:

. 01 0 ‘
x[t]= [0 ‘0].x[t]+ [1] ult]
(7.19)

T T T T I T I ST WU S o

y[e1=[1 o] x12]

o If we discretize this system at a sampling rate of 1 iHertz, and design a first-order

compensator, the three-quantizer configuration of figure 7-9 results. To apply the

results of Claasen, Mecklenbrauker, and Peek discussed in section 7.2.1, wa must

') first compute the mairix W(z). Defining ¢ and v as shown in ﬁgure 7-9, W(z) will
S ,
v be: s
i oy
i |
.i .
i
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wiz)= || 24Oz ) 0 0 (7.20)
(1-z"1)2

Unfortunately, the (2,1) entry of W{(z) is not finite on the entire unit circle, and
thus the results of (7.2} and (7.3) cannot be applied. This will be true for any
system whose plant has an integrator pole. One possible method for handling this
problem would be to replace the z=1 poles In the W(z) matrix with poles at
z=1-¢ where €>0. Then we could evaluate (7.2) or (7.3) in the linit as ¢20. How-
ever this evaluation, or the application of the positive real test of §iljak. will be
even more complex to compute. Note that if a discretized plant has all its poles
entirely within the unit circle, then the Claasen, Mecklenbrauker, and Peek results
may be used directly.

Now let us attempt to apply the general norm-based results of section
7.2.1. To account for the behavior of the entire closed-loop system the vector
v(k) in (7.4) would have to include both the plant and compensator states. Fol-
lowing the analysis of (7.6) through (7.10), this would involve the evaluation of
the norm of the closed-loop system matrix analogous to the matrix A in (7.4), and
the assumption that the noilinearity f operates on the entire vector Av. For the
compensator case this would be a very restrictive assumption, since in fact the
nonlinearity only operates on the compensator states. Furthermore, the norm-
based analysis applies only to one-level structures. Also, the main advantage to
the norm-based technique, naméiy t%!e derivation of minimum norm structures, can-

not be applied to compensator structures; it would involve transforming the
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closed-loop system matrix A. However, this matrix is highly constrained given the
caontrol systaem configuration of plant and comnpensator. Thus A can not be subject
to drbitrary transformations.

The Lyapunov-based bound discussed in section 7.2.2 has been actually
used for control applications [11,12], and could even he used for opgn-loop un-
stable plants. In the analysis of section 7.2.2, let us consider the pe'rformance of
the entire closed-loop system. The vector x in (7.13) and (7.14) would have to
be replaced by a vector including ell the plant and compensator states as men-
tioned above. Of course, in the LQG case, we are not interested in bounding the
norm of x, but the more general performance index-related norm l!x"_!‘xll; where T
Is defined in (5.34). However, since T is a symmetric positive-definite matrix, it
can be factored into the product T =7'T. Thus we can define a néw x to be Tx,
similarity transform A and B, and proceed as outlined in (7.13)-(7.156). The result-
lng.bound will be just as loose as for the filtering case; the difficuity will still be

in selecting the Lyapunov function.

The final point we would like to make concerns the general question of limit.

cycles in control systems. No LQG control system is actually zero-input in nature;

there is always system noise present. According vto the resulis of Bfittner dis-
cussed in section 7.2.3, it is likely that this noise will quench autonomous oscilia-
tions if the noise level is large enough. Thus limit cycle oscillations themselves
may not be an Issue in most control systems. However, there are other effacts
caused by the nonlinear quantization operations in a compensator. First, jump
discontinuities may occur. In such a case, small changes in the input signal iead
to l¢ 2 jumps in the output [16]. Furthermore, we have not even cbnsi&ere‘d the

effects of the correlated noisé that results from the presence of quantization non-
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. linearities. Even if limit cycles do not occur, the presence of correlated noise in ﬁ
contro! systems can significantly deteriorate performaince. Recall that LQG sys-
b
’ tems are designed with the assumption that the system noises are white. This i E
1
whole area is largely unexplored for digital control systems. ”
X
:A
]
1
. i
L
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Chapter 8: The Optimization of Structures

§8.1 Introduction

Techniques for the optimization of structures with respect to some scalar
objective function are very Important for the synthesis of compensator structures.
Typically this objective function would involve either the increase in the perfor-
mance index due to roundoff noise, or some measure of coefficient sensitivity such
as the SWL or MSWL, or perhaps a welghted combination of the two. In such a
fechnlque, it is important to have control over the numbe; of multipliers and delay
elements In the optimized structure, since these parameters are critical in deter-
mining the complexity of the hardware. | |

As shown .In Chapter 3, any struqture can be transformed to a new
(Infinite-precision equivaient) structure through the use of a set of transformation

matrices. In the context of the modified state space appropriate to controllers, If

we have some scaled structure with parameters \Il1, ‘1'2, -+« ¥ . then we can

q

transform this structure to one with parameters %1’ '\72, e W q by:

= -1 =1 e
¥, =PV, (P,_1) for/ =1, . q (8.1)

where the Pl for /=1, +--,q~-1 are general non-singular transformation ma-

trices, and

PSPOO' ._[PO]

0 01

The presence of unity entries in the matrices PO and Pq are necessary so that
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the actual input and output nodes of the original structure are not altered by the

transformation process. One consequence of this restriction is that the output

nqde scaling parameter p described in section 6.2 will be invariant to such
transformations.

Once we have computed '(8.1), the new structure will have to be rescaled
so that it satisfies the same dynamic range constraints as the original un-
transformed structure. This overall technique will result in a new structure with

the same number of delay elements as the original. However, if the matrices P’.

are completely general, the number of coefficient multiplies (non-unity and non-zero

entries in the matrices \I'i) will be very large. Thus it 's necessary to constrain

the P; matrices in order to gain control over the resulting number of coefficient -

-multiplies.

Chan [17,101] has presented such a constrained optimization technique for
digital filters, using a notation appropriate for describing digital filter structures.
In section 8.2 we will present the steps involved in this constrained optimization
technique for a general objective function, but in the context of the modified
state space representation appropriate to digital feedback compensators (see
Chapter 3). In section 8.3 we will adapt the technique c‘>f Chan for the minimiza-

tion of roundoff noise effects in compensators, and apply the technique to a

specific example. In section 8.4, we will use the MSWL estimate presented in

Chapter 6 to adapt Chan’s general technique to the minimization of coefficient

rounding effects in compensator. No specific example will be presented. Finally,

in section 8.5 w2 will discuss methods for selecting which entries In the original

\I', matrices are to be constrained (heild constant), and which are to be varied,
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presumably becoming non-zero and non-unity. This last section represents an im-
portant extension to the work of Chan, since it applies equally well to digital com-

pensators and to digital filters.

§8.2 The General Constrained Optimization Technique of Chan
The optimization technique of Chan is based on the following observation
[17,101] (here considered in the context of the modified state space representa-

.tion). Consider the differential equation (8.2): -

d¥,(t)

—— =) ¥, (1) - ¥, (1) G;_4(t) for 1sisq (8.2)

where the matrices GI are of appropriate dimension.  Any . solution
{11'1(t), _ ,\I'q(t)} at any t will represent a structure (infinite-precision)

equivalent to {¥,(0), -~ -, \I'q(o)} if:

G(t) 0 0 at) o]
Go)=| 0 1 0 Gq(‘)=[ o 1]
o 01

where G(t) is arbitrary. The solution to (8.2) has_ the form:

¥,(t)=P ()%, (P;_;) '@ (8.3)
where
dP; (t) ‘
i =Gl(t)PI.(t) for 0<i<q (8.4)

and the initial condition P,(O) matrices are identities. Starting with an initial

structure which we will assume to be scaled, the technique basically integrates
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(8.4) to obtain new transformed structures. The GI matrices are selected to

cause an overall reduction in some objective function. Const?aining any particular

coefficient in a \Il, matrix to be constant can be easily accomplished by holding
Its derivative in (8.2) to zero, which implies constraints on Gi and Pi'
Now let us present this procedure in detail. Define v to be the operation

that forms a vector from a matrix by stacking its columns:

[ column 1
column 2

W¥,) = . (8.6)

last column

Using this operator, let us define ¥(t) and g(¢) to be vectors composed of all the

elements of {¥,(t), ---, \I'q(t)} and {G(1).G ;(t), - -+, Gq(t)}:

w(¥ () (G 4(t))
¥(t) = . g(t) = : (8.6)
V(‘I'q(t)) V(Gq (t)

We can now express g—%—?—)- as a linear function of Y(t) and g(t) using (8.2) and

(8.6):

—degt) =F(t) g(t) (8.7)

where the large matrix F(t) is a function of the elements of Y(t). If we wish to

hold the /th component of Y(t) fixed, then we must simply set the ith component
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of d dft) to zero. Thus the dot product of the / th row of F (t) and the vector

g(t) equals zero. If several components of Y(t) are constrained, then let us

stack up a!l the corresponding rows of F(t) to form a matrix Ro(t). Since the ma-
trix product of Ro(t) and g(t) is a zero vector, we can say that g(t) lies in the
null space of Ro(t). Thus during the optimization procedure, the vector g(t) must

be constrained to lie in this nuli space, which is a function of the elements of

¥(t). Chan points out that a nontrivial g(t) satisfying this constraint condition will

exist if the number of Y entries held constant Is less than the dimension of g (t).
The next step in the optimization procedure is to express the derivative of

the objective function f (t) in terms of g(t). Using the chain rulé, and (8.4):

ar_ g ar Py

at = % ap; at
T o (8.8) .
=3 g t)r(t)
=P

Now, by stacking the elements of the G’.' matrices as In (8.6), we can define the

gradient vector £ as a linear function of g(t):

9f _ g '
g “EWe® (8.9)
We would like to select the vector ¢(t) in the negative E(t) direction, so that %—:-

will be as negative as possible. However, keep in mind that g(t) must also satis-
fy the null space constraint described above. Thus, if we choose g(t) to be a
unit magnitude vector indicating the direction in which the optimization should

proceed while satisfying the constraint, then:
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(8.10)

where ER(t) is the projection of §(t) onto the null space of Ry As explained in

Chan [17], En(t) can be found by computing:

Ep () =X (x* X)X k) (8.11)

where X is a matrix formed from a set of column vectors which form a basis for

the null space of Ro.

In order to create an algorithm that will implement the optimization pro-
cedure as described above, we must divide the continuous parameter t (call it
‘time’) into discrete steps of length h. Thus the optimization algorithm will involve
a series of computations that produces a ﬁew transformed structure at time t+h
from the transformed structure at time t. This process can be repeated until the

value f(t+h) of the objective function for the new structure is as small as we

fike, or until no further significant improvement seems likely.

So for a given structure at time ¢, we can perform all the computations in-
velved in (8.6)-(8.11). The resulting vector g(t) is used to update the transfor-
mation matrices by integrating (8.4). Chan uses the simple Euler integration for-

mula to form a tentative ﬁi for the next time instant t+h:

B (t+h) =P () +h G, (t)P,(t) forOsisq (8.12)

where h is the integration step size. The reason that this choice is only tentative

Is that the new structure formed with the transformations f’, (t+h) would not in

general satisfy the scaling constraints of the original siructure. We must include
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some scaling operation in order that the structure resulting from the transforina-

tions P,(t+h) is also scaled as desired. Recall from sections 5.2 and 6.3 that / 2
scaling involves the diagonal transformation matrices S, whose slements are the
reciprocal square roots of the dlagonal elaments of a set of matrices K,. In fact,
the matrices K; (t+h) for the new transformed structure can be related to the ma-

trices K / (0) of the original scaled structure by: |
R,(m») =B, (t+h) K,(0) ﬁ,'(uh) for 1<i<q (8.13)

Note that the diagonal elements of K,(0) are all unity since we have assumed our

original structure to be scaled. Using (8.13), we can describe the sicaling

transformations (6.9) that would have to be applied to the structure resulting from

the transformations ﬁl in order to scale it.  In particular, the j th diagonal element
of S‘, would be the reciprocal square‘ root of the j th diagonal element of Ki' The
diagonal transformation matriqes Si can be combined with the tentative transfor-

mation matrices ﬁl to form the scaled transformation matrices PI (t+h:
P,(t+h)=s,(t+h)ﬁ,.(t+h) (8.14)

Thus the structure formed by transforming with the matrices PI above will have
corresponding K ! matrices whose diagonal elements are all unity.

Using the transformations in (8.14), we can compute the new modified

state space matrices W i (t+h) with (8.3). Note that the \Ifi matrices of the new

structure are always computed using by appiying the updated transformations of
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(8.14) to the ¥ i matrices of the original structure. In othar words, the structure
is not formed by updating the ¥ i matrices of the previous time step. This method

was used to keep the effects of numerical inaccuracy to a minimum. Even with
the method currently in use, we must consider the fact that the Euler integration

cf (8.12) is only an approximation to (8.4). Thus, after computing the new \I'l ma-

trices, we must check that the constrained entries in each matrix have not
changed, that is, we must check to determine whether the errors in the con-
strained entries are less than some preset tolerance. If these errors were too

large, then one approach would be to halve the step size h and repeat the pro-

cedure starting with the computation of the tentative transformation updates ﬁi in

(8.12). If in fact the errors are small enough, then we should reevaluate the ob-
. Jective function f (¢+h). If the resulting value is not smaller than at time ¢, and it
need not be due to numerical errors, then we should again use the approach of
reducing the step size h and repeating the computations starting with the same
updates in (8.12). If the objective function did turn out to be smaller than the
value at time t, then the optimization procedure can continue for the next time
t+2h, starting with the original formation of the .vector ¥(t) in (8.8).
The ovefail algorithm can be summarized as foliows:

(1) Initialize the procedure with \111, \Ilz, e, \Ilq as ‘1’1(0), ‘1'2(0). o ’
‘Ilq(o) and compute K i (0) as described in Chapter 5. Evaluate the objec-
tive function, and set all P (0) to be identity matrices. Initialize h to 1.

(2) Determine the matrix F and the constraint submatrix Ro as defined in (8.5)

- (€.5).
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(4)

(6)
(6)

()

(8)

(9)

Find a set of basis (column) vectors x i for the null space of Ro and form

them into the matrix X:
X= [x1 Xo Xg - - ] (8.15)

Express the derivative of the objective function as a function of g(t), that
is, find £(t) as defined In (8.9). Find Its projection onto the range space of
X using (8.11).

Evaluate g(t) using (8.10).

Compute a tentative set of matrices ﬁ,(t’+h) by Euler lntegration (8.12),
and evaluate the corresponding K ;j Matrices in (8.13).

Scale the 5,(t+h) matrices using (8.14) and evaluate the new (scaied)
modified state space matrices \I'i (t+h).

Check for errors .In the constrained coefficients of \I"I‘(t). If any, halve h

and return to step 6.
Recompute the objective function f. If it has increased, halve h and re-
turn to step 8. Otherwise, return to step 2 unless no further improvement

is desired.

o

aduen

§8.3 The Minimization of Roundoff Noise Effects in Compensators
Chan [17,101] applied the general procedure outlined in section 8.2 to the

constrained optimization of filter structures for minimimum output roundoff noise

varlance. In this section we will adapt this technique to the constrained optimiza-
tion of compensator structures for minimum roundoff noise effects. In particular,

we will mininize the Increase in the performance index J due to roundoff quantiza-
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tion noise, In fact, part of our adaptation can also be applied to generalize the
technique of Chan for digital filters.

To apply the general technique cj!esnribed in section 8.2 we must specify
an objective function f, are.d also exprass ‘e dJerivative of £(¢t) in (8.9) as a
function of g(t), or in other words, compute ‘E(r 4. Chan has used an approach
similar tq that described in section 5.6 to form an objective function. Thus the

output noise variance was expressed as a function of the matrices K T Wi,' and

A;, which were discussed In section 5.6 for one-level structures. Recall that the

these matrices can be found by solving two Lyapunov equations of the same ord-
er as the number of unit delays in the filter structure. Thus Chan essentially ex-
tended the roundoff‘ noise expression derived by Mullis and Roberts and Hwang to
apply to muitipie-level filter structures. Chan was then able to define an 6b_jec-
tive fupction, and derive an expression for its derivative as necessary jn (8.9)-

In this section we will adapt Chan’s roundoff noise expression far the digi-
tal compensator case. Specifically, we will use the context of the modified state
space r‘epresenfation, account for the performance of the entire closed-loop sys-
tem, and also specify thé objective function to reflect the increase in the perfor-
mance index J. Thus we will be extending the expression we derived in section
6.6 to the casé of multiple-level compensator structures (see (6.44)(5.49)). We
will also show that the expression derived by Chan for the derivative of f applies
almost unchanged to the compensator case.

We can extend (5.50) to include multiple precedence levels as foli\?ws.
Excluding‘A/D noise, we can rewrite equation (5.33) as: (Tildes representithe

quantities of the scaled system.)
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where A is defined in (5.32) and

»

% '

n-Aqﬁqu_,&qmr v a,Aq_zwq_,v q

q q-

+ e+ &q...q;a‘\‘&z!...\fq'

Recall that A'. is a diagonal matrix whose }"’ diagonal element represents the

number of roundoff noise sources associated with the jth row of ¥ i Ar is the

quantization step size of the quantizers in the structure, A4 contains the parame-
tars of the closed-loop system, and Z is the steady-state covarilance matrix of

the plant and compensator states. Also note that the parameter kad will have no

effect on the optimization procedure described below, or on the procedure to be

described in section 8.4. Thus it can be set to 1 if desired.

If we replace Z with T Z ™1 as in (5.46), where T is the scaling transfor-
mation matrix that relates the original unscaled system of plant and compensator

to the scaled system:

T= (8.17)
0 Sq | |
then (8.16) can be rewritten:
yenza A2 [o 0] ,
= o ——
ZA 75 o @ (8.18)

where 4 is given in (5.45) and & is given below:
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The expression for dJ, the increase in the performance index due to roundoff
noise, is given in (5.46), and shown below:
dJ = trace {T Z} (8.18)
Using the adjoint Lyapunov equation as described in Appendix B, and as ap-
plied in (5.47)-(5.60), we can express dJ as:
aJ A'? t (W [0 0 } (8.20)
15 race ) .
where W is given in (5.48). Defining the lower right-hand (n+1)x(n+1) portion of
. W to be Wq, we can rewrite (8.20):
A2 |
= —-—c_ “‘2
dJ 13 trace (Aqu Wq
Q=2 1 -2 t ? '
+ +
Aq—1sq~1 'I'q Wq?q Aq~23q~2‘l'q—1 ‘I'q qu'qwq~1
ce -2 . ' e
+ + A STV ‘ \Irq ququ ¥,) | (8.21)
Once we have gotten to this point, the remainder of the development Is very shmi-
¥ '
' lar to the development of Chan {17]. As Chan has done, we can now define the
. matrices WI' Using a recursive definition,
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wi "Wl"_1! w,+1 Wi+1 for .i". trry, q"" (8.22)

These matrices are called nolse¢ gain matrices by Chan, since their digéonal ele-
ments reflect the gain from each roundoff noise source variance to the variance
of the filter outpiyd, For our development, they will represent the gain from each
roundoff noise source variance to the increase dJ in the performance index. Ap-

plying (8.22), equation (8.21) can be further simplified:

AZ ¢
or equivalently,
a2 4 |
dJ = - A [s.'e] W 8.24
12 iE" ?[ i]jj i 11[ f]jj ( )

Thus only the diagonal elements of Wi appear in {(8.24). Since the diagonal ele-

ments of K i equal the diagonal elements of S,"z, and in fact all equal one for a

scaled structure, we can eliiminate this terin, at least so far as the evaluation of
A2

{(8.24) is concerned. Since the scale factor Tcz— will not affect the minimization

process in any way, we can formulate the following objective criterion for the

effects of roundoff noise:

q
"5 (? 41, ‘[Wi],-,-) (8.26)

Now we must turn to the task of expressing the derivative of f as a func-

tion of g(t). Chan [17] has shown that the digital filtering K; and W; matrices
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have the fcilowing derivatives:

aK, ) .
dt = Gi(t)Ki(t)"*‘Ki(t)Gl'(t)
""‘"d_t—""” "GI’(t) W,(t)-W,(t)Gl(t)

These will apply equally well to the compensator case with its analogous X i and
Wl matrices. Using (8.24)-(8.26) and following the method used in Chan we can

write the derivative of the objective function f:

T .g 'z;[A/]”((g;[K,]“) [w,]” + [K']U (a‘-’;[w,]”)} (8.27)

After substituting for the derivativas in (8.27) with the expressions in (8.26) and

some manipulation as in Chan [17], we arrive at the following compact expression:

- 3 trace (M) 6,(0)) (8.28)

i '

where

[Mi(t)]jk =2 ([K,-(t)]jk [W,-(t)]jj [A,]U - 4], [w,.(t)]jk)(a.zg)

The quantity £ needed in the optimization procedure can easily be obtained from
(8.28) and (8.29).

Clearly, the K i and W,. matrices in (8.29) are dz=fined differently from those

derived for digital filters. Other than this, there are two external differences

between our expression in (8.29) and the original expression derived by Chan.

First, the lack of the factor [K,] in the second term of (8.29) Is due to tha

kk
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tfact that aill the diagonal elements of KI are unity; recall that we assumed that

our original structure was scaled. This is largely a procedural difference between
Chan’s derivation and our vwn — it terms of the optimization, it makes no

difference, The second difference in this expression Is the presence of the A,

term. Recall that the j"’ diagonal entry of A'. represents the exact number or |

roundoff neoise sources assoclated with the j th row of ¥ i’ During the optimization

procedure, any unconstrained unity or zero entries in these ¥ matrices will in gen-
eral become non-zero and non-upity. Thus these new sources must also be includ-

ed in the A i matrices at the beginnlng of the optimization procedure. Inclusion of
the A i terms allows us to consider all possible structures. The assumption made
by Chan, that the A,. matrices can be taken to be Identities or proportional to

Identities, can often be in error, especially for struactures with multiple pre-
cedence levels and few coefficients. The result will be only an approximate op-

timized structure. Our inclusion of the A ; terms can be easily be incorporated

into the digital filtering optimization resuits of Chan. This is one example where
our results can be applied for digital filters.

With the optimization procedure derived by Chan and the correct initial con-
ditions, a structure identical to the minimum roundoff noise filter structure derived
In closed form by Mullis and Roberts can be found. Similarly, using the adapted
optimization procedure described above and the correct initial conditions, we can
also duplicate the minimum roundoff noise compensator structure that we derived

in section 5.6. To achieve this result for compensator structures, we must allow

- all the coefficients (except the next-to-last column of \1’1) of a one-level Iinitial
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scaled structure to vary. Thus all the diagonal entries of the matrices A, must

be set to n+1. Similarly, by allowing enly 2 by 2 diegonal blocks of coefficients,

plus the last row and column (input and output coefficients) of \1’1 to vary, we can

optimize and produce a block optimal structure. In fact this procedure was used
to generate the (one-level) block wyutimal F8 compensator structure studied in
Chapters 6 and 6.

Tt optimjzation procedure was also applied to the (scaled) two-level paral-
lel F8 compensiitor structure composed of direct form II sections designhated as

(c) In Chapters 5 and 6. Its modified state space (before optimization) is shown

below:
[ 1 0 0 o 0 0
0 1 o 0 0 0
(o) 0 1 0 (¢ o
\1'2 = o 0 o 1 0 0
o 0 0 0 1 o
o 0 0 0 0 1
c c c c c c
(8.30)
1
o 1 C o o 0 o 0
c c 0 o o (4] (o) c
‘1'1 N o 0 o 1 o o 0 0
o o c c o 0 o c
0 o 0 o o 1 0 0
0 0 0 0 c c 0] c |

where each entry ¢ represents a coefficient. Two extra coefficients were added
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by allowing two other entries in \P1 to vary, ‘the (6,6) and (5,8) entries. Thus

there will be 17 coefficients total in the optimized structure. For this example,

the matrices A1 and A2 will be:

A1-dlagonal[0 3 0 3 2 3)
A, =dagonal[0 0 0 00 O 6] (8.31)

Before optimization, the scaled coefficients values ranged from 10.48 to 0.073.
Figure 8-1 shows the range of coefficients values and the resulting number of sig-
nal bits necessary to hold the value of dJ due to roundoff to 6% {(as in Chapter 5)

after each iteration of the optimization process:

Iteration Number | Number Of Bits | Coefficient Range
0 10.46 ‘| 10.48 - 0.073
8.745 ' 3.2 -0.108
8.057 1.46 - 0.108
8'2 n
8.088 n
8.06 "
8.066 "
8.057 "
8.056 "
8.0565 "

CoONOOALBN=

Figure 8-1: Roundoff Noise Optimization Results

Without including the 2 extra coefficients; which alters A1 and increases

the apparent required wordlength of the initial structure to 10.46, the number of
bits neeced (see figure 6-8) was 10.18. Thus the true Improvement resulting
from the optimization was 2.12 bits, This is quite impressive, since it was at-

tained basically in only two iterations and is quite close to the block optimal value

of 7.88 bits, which requires 25 coefficients. In fact, it is identical to the perfor-

mance of the 17 coefficient parallel structure (b). We note that iterations 3, 4,
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6, and 7 involved halving the integration step size due to increases in dJ over
the current Jeast value, and that the value: after iteration © was actually lower
than the value after iteration 2, but not appreciably. In the digital filter examples
treated by Chan in [17,101], typically only & to 8 iterations were required to
achieve the full benefits of the optimization procedure. The block optimal compen-
sator structure computed via this optimization procedure took & iterations to
reach the approximate minimum wordlength.

A byproduct of the optimizatiocn procedure for the figure 8-1 example was a
reduction in the maximum coefficient value. Instead of needing 4 integer bits to
represent the largest coefficient (see Chapter 6), the optimized structure required
only one, again an Impressive savings in wordlength. Intuitively, this savings may

exist for any increase in the number of coefficients in a structure. This point

needs more investigation.

§v8,4 The Minimization of Coefficient Wordlength in Compensators

In this section we will develop an objective function for the minimization of
coefficient rounding effects on the performance index J. Basically, we, will use
the MSWL expression as presented in Chapter 6. The optimization could just as
well be carried out for the SWL estimate, but the MSWL is simpler to combute and
still tightly related to the more accurate SWL value. This abjective function is
quite different from the one developed in Chan [17], since it is based on J, and
hence involves sécond—order sensitivities. Again, as with the SWL and MSWL
derivations, this development will be useful in digital filtering for filters that are
designed by optimizing some scalar differentiable criterion.

Instead of minimizing the actual MSWL value, we will copy the approach of
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the previous saction; rather than minimizing the actual required wordlength, we
will minimize the expected value of dJ. of course, for the analysis of finite
wordlength coefficient effects, this expected value is over an ensemble of struc-

tures — It is not a time-average as in the roundoff noise case, Reviewing the

results of Chapter 6, E(dJ) can be written:

2 N |42
E(dJ)--%—E 0%y (8.32)
m=1 acnz, 0

where N is the number of non-zero, non-unity, and non-power-of-two coefficients in
the structure. Thus we can drop the scale factor as we did with the roundoff

noise objective function to form a new f:

N | a2
f - 8 ;’ (8.33)
m=1 acm lw)
where
2 25
—é—l’z— = trace (T E—ZE (8.34)
acm acm
0, 0
Z=AZn (8.35)

+
0 (‘Fmez‘rm')

and T contains the performance index weighting matrices as shown in (5.34).
The tilde again refers to the parameters of the scaled system. We can also write

the expressions (8.34) and (8.35) for the compensator before it is scaled, result-

ing In:
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—a-m-‘é--trace (T 8 ‘:) V (8,36)
aam aam
e, 0
Z=AZA +

‘ (8.37)
0 (‘1'1292‘1’12')

where a, represents a coefficient of the unscaled structure. As with the ap-

proach for roundoff noise minimization dlscussed In section 8.3, we would like to

express f as a function of the unscaled parameters and the scaling matrices S,..

This is nscéssary for the computation of the derivative of f; even though the ori-

ginal structure selected for the optimization will be scaled, and its Sl matrices will

be identities, they do affect ths Jerivative of f.
can be rela'ted to the terms

acm 7 . : aam

The terms

as follows. Since

f, =S, \I'i Si"_11, a scaled coefﬁéient icm at index (j,k) in the matrix Vﬁ, can be

related to its unscaled counterpart by:

[¥:] - 51, %1, [(Sf )™ ]kk (838
Since Sm is thus a multiple of a,, we can write:

2
82y _ 02 | [Si-1] 4

oca BaZ [Si ] il

(8.39)

We can express this relationship compactly for all the coefficients In level / as;
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where Y 2(M) Is a matrix function whose dimensions match those of its argument

82y

> only Iif the (J,k)t" location in M
oM ] 7

matrix M and whose (j.k)"' element Is

corresponds to a multiplier coefficient in the transformed structure, and zero oth-
erwise. Racall that all entries in the precedence level matrices of a structure
whose ideal values cannot be represented exactly with a finite humber of bits are
multiplier coefficients. Thus all zero, unity, and power-of-two entries would not be
considered to be multiplier coefficients.

To compute the derivative of f with respect to t, we will need to determine
the relationship of the second-order sensitivities of J with respect to the.
coefficients of the transformed structure to the second-order sensitivities of J
with respect to the untransformed coefficients. The general transformation ma-

trices P, in (8.1) and (8.2) are not diagonal, so the simple expression in (8.40)

cannot be used. In fact, for the coefficlent ¢ in the ith javel of the transformed

m

2
structure, the term _3__._12_ will now be related to all the second partials of J with
oc
m

respect to the entries in \Ili that correspond to multiplier coefficients in the

transformed structure, including the mixed second partials. To demonstrate this,
the following matrix chain rule can be applied [102]; If x and y are scalars, and

M a matrix, then:
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For this expression, the derivative of a scalar with respect to a matrix M is
defined to be the matrix whose (j.k)"’ element is the derivative of the scalar

with respect the (j.k)th slement of M. Now let the precedence level matrices as-

soclated with the transformed structure be designated with the tilde symbol. By

applying the matrix chain rule with J as y, the coefficient ut index (/,k) in ¥ ; as

x, and \I'i as M, then we get:

ag %%

v, a[\iil.]jk

= trace (8.42)

oJ
a[gi ] JK
Racall from (8.1) that the relatidnship between the transformed and un-

transformed precedence level matrices can be written \?.i =Pi v / (PI_1)'1. Thus

the second term in the trace of (8.42) can be written:

a‘l’,' 1
P ——————— | Y - [ 2 Sl
] Pi_q' Ex; ’(P,) (8.43)
i Jk
Note that equation (8.42) seems to imply that the derivative . - is a func-
a [\Y,]
JK
tion of the matrix -;"ff‘;w, which involves derivatives with respect to af/ the entries
i

of ¥ i not just the few coefficient entries. This would imply a tremendous compu-

tational load, especially when second derivatives were considered — for a

seventh-order compensator with two precedence levels and 7 intermediate nodes,
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we would have to compute mixed second partials with respect to all the entries in

each level, or 492+492 second derivatives, This number would be indepandent of
the number of actual muitipliers in the structure. Even though this computation
need only be pe"rformed once at the start of the optimization process, it would in-
volve far too much computation time. Fortunately, it is not necessary to compute

all the derivatives above. In fact, since the matrices Pi are constralned not to
vary certain fixed entries in the \I', matrices, the matrix in equation (8.43) will

have a ¢gseclal property; it will have zero entries in exactly those locations

which will eliminate the dependence of (8.42) on derivatives with respect to ‘I’i

entries which are not in the same locations as the multiplier coefficients of the
transformed structure. In other words, the derivatives of J with respect to the
multiplier coefficients in the transformed structure will be functions only of the

derivatives of J with respect to the ¥ i entries which are in the same exact loca-

aJ

B\Ei

tions as those multiplier coefficients. To reflect this fact, the term in (8.42)

should be replaced by Y(\Pi ), where Y (M) is a matrix function whose dimensions

match those of its argument matrix M and whose (j,k )th element is -5[-’—3‘—5——- only
Jjk

If the ( j.k)th location in M corresponds to a multiplier coefficient (non-zero, non-
unity, etcetera) in the transformled structure, and zero otherwise. Note that this

definition of Y(M) is analogous the the definition of Y2(M) in (8.42). Thus we

can rewrite (8.42):
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— 0 trace (v(w ) £y E (R "‘) (8.44)
a[‘pl]”‘ i i-1 “kj (i)

To relate the second derivatives of J with respect to the coefficlents of o

the transformed and untransformed structures, let us take the derivative of

(8.44): ]
a2y -1___ 8
o w trace |P; ' E,, (P}') ———— [Y(¥,) (8.45)
o[¥] % - () °[¥] o)

Inside the trace expression abovae, the matrix chain rule (8.41) can be applied to

each non-zero element of the derivative of Y(¥ ,). For example, If the (r,s) entry

of ¥ ; is aiso a multiplier coefficient, then: : g

9

p, }-1
trace )P, 4 Ekj (P,) 5%,

(8.46) ;

%],

We will define this trace to be [Bi ]rs' Interchanging the order of differentiation,

and applying the same reasoning that eliminated the extra derivative terms In

v

(8.42), we can express (8.46) as follows:

[B‘l]rs - trace[P,_1'Ekj (PI')"‘ .5.[_3______ (Y(‘pi)) (8.47) X
| 1] rs |

Note the prasence of the mixed second partial derivatives of J in (8.47), Let us

f
i
%
i
¥
i
j
i
{
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kil

define the matrix B, to have non-zero entries [B’]rs as described In (8.47)

where (r,8) is the location of a multiplier coefficient in the transformed structure,

and zero otherwise. With this definition, (8.45) can be rewrlitten:

;—[:;-?i-?= trace (P,_1'Ekj () B,) "~ (8.48)
ik
Thus with (8.47) and (8.48), we have now fully described the relationship
between the second partial derivatives of J with respect to the coefficients of
the transformed structure and the mixed second partials of J with respect to the
corresponding coefficients in the untransformed structure.

We can include scaling in this formulation by applying the results derived in
(8.38)-(8.40) to the transformed structure. Thus, the complete expression for

the objective function f(¢) will be:

F=3 S72 v (¥, 82, (8.49)
=1
where
[Yz('f,)]jk = trace (P,._1' Eyj (P,‘)“ B,) (8.50)

and ¥ j how represents the coefficient parameters after transformation but before
scaling, and Bl is a function of all the mixed second partials of J with respect to
the entries in ¥ / that correspond to coefficients in the transformed scaled struc-
ture. Given that the transformed scaled structure will have N coefficients, the

advantage to the above formulation of f is that the N2 ‘mixed second-order
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o coefficient sensitivites need only be computed once, at the start cf the optimiza- K

tlon procedure. The N2 l.yapunov equations thaf will have to be solved for these o
sensitivities cannot be simpilﬁed through any application of the adjoint Lyapunov
operator described in Appendix B. However, the entire set of equations will have
the form (6.21) as described in section 6.4, and can be simplified in the same

manner as the computations involved in (6.21). Specifically, the first step of the

Lyapunov solutiorr: method can be bypassed for all N2 equations. As before, this

saves at least 75% of the total computation time involved in such solutions. |
Now that we have formulated an expression for f(t), we can examine its

derivative with respect to the transformation parameter t. Following the procedure

of (8.8), we must first evaluate the derivatives of f with respect to the matrices

Pi' and then multiply the resulting 1t yerm by the matrices G, P for all /. From

(8.49), —c—’q’—:—- will involve the derivative of Si‘z, which is a matrix composed of the
; _

T

diagonal elements of Ki, and the derivative of its inverse. These can be found

by applying (8.26) and a simple matrix identity for the derivative of a matrix In- ’

daf av (¥,)
verse [102]. The derivative —— will also Involve the derivative —=——. This
dp, dPi

term can be computed easily since the expression for Yz(\Fi) in (8.50) and in-

volving Bi in (8.47) is a direct function of the ¥ i matrices. All the other terms in

(8.47) and (8.50) are not dependent on the ¥ ; matrices. The actual formation of

N

£(t) in (8.9) from the resulting derivative expressions will be quite tedious, but

really Is only a matter of bookkeeping. As a whole, the method we bhave

described above is computationally quite efficient. We have not tested the optimi-
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zation procedure of section 8.2 in the context of the statistical wordlength-based

objective function (8.49) for an actual example,

§8.5 Criteria For Selecting Unconstrained Coefficients
As stated by Chan [101], one of the major open issues concerning this op-

timization procedure relates to selecting which entries in the \I’i matrices will be

constrained. For the optimization of parallel or cascade compensator structures
composed of second-order sections, we have formulated some general guidelines
that seem appropriate. As will be shown, these guidelines can be applied equally
well to the digital filtering case.

For the optimization of roundoff noise effects, the block optimal form of
Mullis and Roberts, and Hwang still tends to have too many coefficients, as com-
pared with structures of nearly the same performance. However, It is possible to
usé block optimal sections combined with direct form II sections, thereby saving
several coefficients. In order to select {"e section that should be converted to t;

block optimal section, we must examine the objective function ¢ in (8.25). Recall

that 7 depends only on the diagonal elements of the matrices Al and Wi' The
matrices AI reflect the number of roundoff sources that are associated with the
rows of the matrices \I',, and the dlagonal elements of the matrices Wi contain
the gains from the variances of the Intermediate nodes I to the performance in-

dex J. For a parallel direct form I structure (see (8.25) and figure 3-8), which

has two levels, the diagonal elements of W1 will be pairwise associated with the

specific second-order sections. Since we know the weights [A f]”, the relative
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diagonal values of Wi will indicate which sectijons in the structure contribute the

m‘ost‘ to the objective function f. The matrix W2 for a parallel direct form II
‘ i

structure will not be important to this consideration, since \1'2 contains multipll‘ér
,Foefﬁclents and hence roundoff sources that only affect the output node. Recall
from (8.1) that this node cannot be altered by the optimization procedure.

' Let us consider the example treated in section 8.3. For this structure, the

parallel structure (c), the diagonal values of W1 were as follows:

[W1 ]fl for 1<j<6 = (1.?1, 7.32, .092, .264, 342, 465) (8.61)

Since the diagonal values of W1 are pairwise associated with the three second-

order sections of this example, we can easlily identify the third section as the
trouble spot — the third pair of values (342,466) is clearly the largest, given

the weights A1 in (8.31). This fact justifies the specific location of the two ex-

tra coefficients chosen to be varied, In fact, if we had allowed the section to be
truly a block bptimal section, it would have required three extra coefficients and
not two. However; in this example there are indications that the performance
with two could be quite excellent — hence one should not automatically go to a
block optimal section. Certainly, this point requires further investigation.

When optimizing only a portipn of a structure as discussed here, it is
necessary to know the performance level that would result for the block optimal
case, so that one can judge the effectiveness of using fewer coefficlents. This
value can be found using this same optimization procedure, but with more uncon-
strained ¥ entries (more multiplier coefficients). Note that this approach to deter

mining which saection of a structure to optimize can also be adapted to include
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cascade structures. We should also mention that the above guidelines will of

course not be too effective If the diagonal elements of W1 tend to be similar in

magnitude.

A similar guldeline may be used when minimizing coefficient wordlength. As
mentioned in Chapter 6, by computing the MSWL or SWL, we have already comput-
ed the second partials of J with respect to the coefficients in the structure.
Furthermore, the SWL computation will also producé the mixed second partials of
J. It is precisely these sensitivities that we need to produce F in (8.48). We

would simply have to compute the SWL of the original structure {\I’ i(O)}, and save

the sensitivities. If any of the second-order sensitivities of the original

2
aam

structure are particularly large as compared to any others, then the second-order
soction In which those coefficierits reside would be a likely candidate for optimiza-

tion. In particular, any zero or unity entries in the portion of the W i matrix

corresponding to that section should be unconstrained in the optimization pro-
cedure. Such a section, when optimized, will have the same form of modified
state space representation as a block optimal section, but it will be optimal with
respect to a different criterion.

Although the criteria presented above by no means fully answer the ques-

tion of which ¥ / entries to constrain, they do provide an important guide in situa-

tions where performance and minimal numbers of coefficient multiplies are impor-
tant.
In one sense, the constraint issue Is part of a larger topic; the selection

of an Initial structure from which to optimize. One property of the iterative con-
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strained optimization procedure described in this chapter Is that the number of

~
R T

precedence levels is fixed during the optimization. Therefore, optimizing a two-
T Jlevel structure for some objective function does not tell us whether an extra lev-
el will significantly improve performance, or if one less level can be used without
degrading performance. In general more ievels provide more degrees of freedom Lo
for the optimization, but of course this will depend on the number of constrained

coefficients and their locations in the ¥ i matrices. For now, these questions must

‘be dealt with by trying different initial structures, with different numbers of levels.

T T T I I A T O - T S R S N I T W U L. U T

Further work is needed in this area, both for the synthesis of digital filter struc- .

tures, and for the synthesis of digital compensator structures. '
1
o
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Chapter 9: Summary, Conclusions, and Future Efforts

§8.1 Summary and Conclusions

In this section we will outline the basic points developed in this thesis.
We will especially stress the difference between the issues as they relate to di-
gital compensators as opposed to digital filters.

Many elegant matheinatical solutions exist for control problems. Often, the
resulting compensators are directly implemented on large-scale computer systems,
where speed and accuracy are assured, and cost not critical. The issues in-
volved in the implementation of such cbmpensators on small-scale digital systems
have not received the attention they deserve. For these applications, the finite
memary, relatively slow speeds, and the expense of the hardware must be con-
slderer/ In the overall desjgn process. Fortunately, these very issues have been
examined in the context of digital signa! processing, and a great many useful
results exist. Our approach was to use, adapt, and extend these results to digital
feedback compensators. This development is essentially the contribution of the
thesis. In several situations, however, we have extended these results to the
point where they also constitute a useful extension for digital filtering applica-
tions. These extenslon’s will also be pointed out in this summary. ‘

The steady-state LAQG control and estimation problem was selected as a
basic framework for several reasons. First, this type of controlier has been
shown to have desﬁ'able performance properties in terms of its robuétness, mul-

tivariate formulation, optimal nature, and so forth. Second, the LQG problem has

received a great deal of attention in the recent literature, and is being increas- .

ingly applied to real systems. Third, the LQG problem has an explicit scalar objec-

218. Chapter 9: Summary, Conclusions, and Future Efforts

g

a1 < vmcom e i a4



e T TR T

tive function, which can be adopted as a performance metric against which the
degradation due to finite wordlength effacts can be measured. It is not neces-
sary to choose such a performance measure or even the LQG problem at all. How-
ever, this chvice allows us to develop results in a concrete setting. Finally, using
the LQG control framework, we can bring out all the issues we wish to raise, and
this can in fact be done using single-input single-output systems. As we will dis-
éuss, extenslons to the multlple-lnputAmultiple-output case are straightforward,
although the issue of multiple-input multiple-output structures renﬁains largely unex-
plored.

In Chapter 2 we presented the assumptions, problem statement, and solu-
tion method involved in an LQG system, and raised a key point. The calculations
involved in producing the compensator output and state values require a finite

amount of time tc’ This time must be accounted for in the LQG design procedure.
Two Implications arise: 1) the sampling period must be greater than tc, and 2)

the compensator output at a given sample time can only depend on past compen-

sator state and input values. However, if T >> tc’ we must not constrain the sys-
tem to wait a full 7 seconds for its control update. It shou/d only have to wait tc

seconds. Hence, we presented the LQG solution method and sample-skew Idea
given in Kwakernaak and Sivan [1].

Once such an /deal compensator is designed, it must be implemented in
finite-precision hardware. In Chapter 3 we presented the concept of a structure
as defined for digital filters, and the notation introduced by Chan for representing
such structures. The concept of an accurate notation for reflecting the arithmetic

and quantization operations in a structure and the inherent precedence of these
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operations is critical; although all structures have the same transfer function and
same performance as the ideal compensator under infinite precision, they will in
fact all differ, in general, under finite-precision arithmetic. For control applications,
two points were stressed. First, a state space is insufficlient to represent all pos-
sible structures. In fact, it can represent only that class of structures possess-
Ing one precedence level. Second, and more important, the notation developed by
Chan for filter structures is not quite suitable fér representing ccmpensatorﬁ struc-
tures — In fact, the concept of l; structure is slightly different in control applica-
tions. In digital filtering, the calculation time necessary to compute the next filter
oqtput from the current filter states is _ignored. since it on!y represents serles c_!e—
lay time. Whether the ﬁltefed data emerges 0.1 seconds after its input, or 0.15
saconds, Is really of no concern, as long as the data rate is high enough. Howev-
er, this delay must be included in any compensator structure, since this structure
is embedded in a feedback loop. If one considers this delay as part of the plant
(that is, as a series delay following the compensator), then this effectively ralsés
the dimension of the plant and of any compensator designed via the LOQG ap-
proach. On the other hand, including the delay as part of the compensator accu-
rately describes the operation of the compensator since every unit delay
corfesponds to a storage register, and allows us to consider more general struc-
turas In which tiie added delay does not appear as a series delay following the

compensator. Thus we édapted Chan’s notation for compensator structures, and

celled it the modified state space representation. It has all the advantages of,;;

Chan'’s notation for digital filters, and furthermore includes all the calculation de-
lays that exist In the compensator. A major implication of this definition of com-

pansator structures is that a delay-canonic structure (one that has a minimal
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e sl il
e




- e i T e T TR YRR

number of delays) for an n"'-order plant and n"’-order compensator has n+1 unit
delay elements, instead of n as in digital filtering. Thus a cascade of direct form
I second-order sections, not canonic for digital filters, /s canonic for digital com-
pensators. In the context of this definition of structures, we presented several
classes of structures and pointed out that a straightforward implementation of the
Ideal compensatur @yuations (called a ‘simple’ structure) is not usually a good
choice for steady-state LQG compensators, since it has many more coefficients
than nearly every other structure used in digital filtering. Of course, for situations
where it was not convenient to compute the parameters of any structures other
than the simple structure, such as in adaptive control systems or in any system
where the appropriate Ricatti equations must be computed online, the simple
structure or a one- or two-level version of this structure (still with many
coefficients) must be used. |

In Chapter 4 we presented several digital computer architecture concepts
as they relate to digital filters and to digital compensaters. The basic idea of
serialism and parallelism, the degree to which processes run sequentially or con-
currently, extends without modification to digital compensators. The Intuition that
can be gained concerning precedence and maximally-parallel architectures from
the Chan woituation for digital filters is identical to that gained from the modified
state space representation for digital compensators. However, the same cannot
be said concerning the application of pipelining to compensators. In fact, the ap-
plication of pipelining to compensators brings out another point — the interaction
between the ideal design process discussed in Chapter 2 and the implementation
of the resulting compensator. Basically, the use of pipelining alters a structure so

that the number of precedence levels in the structure is reduced, while still pro-
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ducing nearly the same transfer function. The only difference is the addition of
one or more serles delay units. Fewer precedence levels means a smaller
minimum calculation time and a faster possible sampling rate. For digital filters,
the extra serles delay encountered Is of no importance, as discussed above.
What Is significant Is the potential increase In the data rate. However, for com-
pensators, this delay must be considered in the design process. If ighored, this
delay results in extra negatlvé bhase shift and t‘he perfor.maﬁce of the contro)
system may deteriorate — it may even become unsiable, as demonstrated in
Chapter 4, To include the effects of the delay, we can simply increase the order
of the plant (with one addltlonal state per unit delay added) and redesign the op-
timal LQG compensator for the higher sampling rate. The resulting higher-order
compensator structure must be able to be pipelined in the same manner as was

the original structure. Depending on the application, the pipelined control system

with Its Increased sample rate can have superior performance as compared to the

original, slower, non-pipelined system,

\;:lni the next three chaptars, the effects of finite wordlength in ‘digital com-
pensators were investigated. These effects were divided Into three areas: the
uncorrelited effects resulting from quantization of the multipllér prodUcts (quantl-
zation nolse, Chapter 5), the correlated effects of these samg wiantization opera-
tions and the overflow nonlinearities in the compensator (limit cycles, Chapter 7),
and the effects of quantizing the infinite-precision coefficients of a structure
(coefficient gquantization, Chapter 6).

The analysis of quantization noise includes an important sub-issue — scal-
Ing. Scaling Is necessar& to match the dynamic range of ths signals in the struc-

ture to the dynamic range representable with the ﬁxeé-point words, Various
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types of scaling were described for digital filters, depending on the known charac-
teristics of the compensator input signal; some are more conservative than oth-
ers (because they assume less is known about the input), thereby resulting in
higher noise levels. For digital feedback compensators, two issues were brought
out. First, the common LQG set-point configuration makes use of a compensator
with two inputs, either or both of which can have DC components., This fact would

require that the most conservative type of scaling be used (I1 scaling), and

would in fact require the use of techniques for scaling multiple-input struciures.
However, we show that the use of an alternate but equivalent set-point
configuration can avoid this problem. With the alternate configuration, the compen-
sator has only one input, and this input has no DC component. Thus a less con-

servative scaling procedure (/ 2 scaling) can be employed. The stochastic scaling

method applied equalizes the probability of overflow at every node in the struc-
ture. However, this probability depends on the behavior of the entire closed-loop
system, not the compensator alone (which could be unstable). Thus we have
adapted this digital signal processing scaling procedure for use with digital com-
pensators.

Once a structure is scaled, we can compute the effect of quantization

nolse on some objective criterion. For digital filters, we presented the mocdeliing

assoclated with roundoff and sign-magnitude truncation quantization, and restsict- -

ed the analysis to the more tractable (and lower noise) case of roundoff. To com-
pute the noice power due to roundcff errors at the output of a digital filter, a
Lyapunov equation of order n can be solved, where n Is the number of unit delays
in the filter. For digital compensators, again, the effect of roundoff arrors on the

performance index is a closed-loop phenomenon. Thus we have adapted the
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analysis method to include the entire plant and conpensator .systém, as we did
for corﬁpenaator scaling. In addition, for digital signal processing applications,
Mullls and Roberts have derived a one-level minimum roundoff noise filter structure,
It provad possible to adapt this method to produce a minimum roundoff noise com-
pensator structure_. As before, the entire closed-loop system had to be con-
sidered. ’.

To test th¢ roundoff effects of different structures for implementing a
higher-order compensator, the F8 example was Introduced. The results from a

roundoff analysis of these structures brought out several points. First, as in digl

tal filtering, the uirect form II structure had poorer perforinance In terms of the in-
crease in J due to roundoff noise than factored forms like thé cascade or parallel '

structures, and as in digital filtering, the pairing and ordering issues assoclated

with cascade structures were significant in determining their performance. As ex-
pectad, the block optimal minimum roundoff noise compensator structure was
better than any of the other structures tested. HoWever, two points were ralsed
that were different for digital compensators as compared to digital filters. | First,
the palring issue is further complicated in control compensators due to the‘ pres-
ence of many real poles. Most digital filters have at most one real pole. Howewv-
er, controllers can frequently have more than one real pole. Thus these poles
must be paired if second-order sections are to be used. The same applies to real
zeros. Tﬁus even a parallel compensator structure brings out' the pairing issue,
where parellel filter structures have no such consideration. Secondly, the default
‘simple’ structure for digital compensators, not used for filter structures, did per-
form comparatively well. However, there were two structures with many fewer

coefficients that did even better.
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The effect of coefficient rounding on performance is basically a determinis-
tic one. Given a set of coefficients, we can compute exactly the resulting perfor-
mance degradation. However, in digital filtering, a statistical appioach based on
fiist-order sensitivities has been developed for astimating the coefficlent
wordlength required to meet some degradation level. Thus it is not necessary to
directly evaluate the performance repeatedly until a suitable wordlength is found.
We have extended the statistical approach to the LQG compensator, and in so do-
Ing, have raised an important point. Because the LQG compensator minimizes the
performance ndex J, all first-order sensitivities with respect to the compensator
coefficlents are zero. Thus second-order sensitivities are necessary to estimate
the increase In J due to coefficient rounding, and in fact J can only Increase with
such rounding. The necessity for second-order terms will be true of any parame-
ter optimization problem, for example, sub-optimal control problems like reduced-
order compensators. In fact, if a digital filter is designed to minimize some
differentiable scalar objective function, then a statistical wordlength estimate for
this filter using this same objective function must also use second-order sensitivi-
tles, This constitutes an extension to the results for the implementation of digital
filters. !

Other Issues concerning coefficient wordlength are raised when we apply
the statistical methods developed to the F8 system. First, we have evaluated
the structures according to the wordlength required to achieve a specific degra-
dation level. As in digital filters, there was a strong correlation between the low
nolse and low coefficlent sensitivity structures. Again, for digital compensators,
we can state that the ‘simple’ structure performed well, but was still out-

performed by the same two structures as In the roundoff analysis. The SWL gta-
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tistical estimate deveivped using second-order sensitivities, a new concept,

proved to be conservative as is its filtering counterpart based on first-order sensi-

tivities, However, for the five structures requiring the least bits, it was very ac-

curate (O to 1.4 bits conservative). The SWL value was much more conservative
for the poorer structures: the direct form II, and the cascade and parallel struc-
tures using identical inadvisable pole pairings. Unlike the usual digital filter sta-
tistical estimate, a second simpler-to-compute estimate was possible, based ohly
on the mean degradation in performance. (This vaiue would ‘be zero for any esti-
mate based on first-order sensitivities.) This MSWL estimate was very tightly re-
lated to the SWL value, from .68 to .84 bits lower In all 10 cases, and can thus
casily be used for a relative wordlength comparison between several candidate
structures or In an optimization algorithm. The major advantage of these two sta-
tistical estimates over a deterministic determination of wordlength was not in the
computation time saved, which was minimal (158% -~ 30%) for under 20 coefficients
and nonexistent for over 20, but in one very important area. Since the estimates

were continuous in nature and differentiable, they could be used as the scalar ob-

Jective function for a structural optimization procedure. In such a procedure

based on the statistical estimate, we had to compute all the (mixed) second par-
tial derivatives of J with respect to the N coefficients — but this needed to be
done only once for the entire iterative procedure. This point was further
developed In Chaptet 8.

In the discussion on limit cycles in Chapter 7, we reviewed the methods
used in digital filtering for dealing with Igmit cycles. Although our results in this
area were limited, four observations relating to digital compensators were brought

out. First, a control system with an open-loop unstable plant, or a plant with an
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integrator pole, must of necessity have some sort of low-amplitude limit cycle.
The systém output will increase from zero untll it reaches the lowest quantization
level of the output A/D, Only then can contro! action seekﬁto restore the system
to the zero level — but then the process will repeat. This situation is unavoid-
able since the system is essentially open-loop when the magnitude of the output
level is less than one A/D guantization level. Second, the global feedback loop
around the compensator will change the nature of the limit cycles In the compen-
sator, and can even cause limit cycles. For ‘example, a finite impulse response
filter will not exhibit limit cycles, yet a feedback system using a finite impulse
response compensator may exhibit limit cycles. Third, the techniques used in
filtering for dealing with limit cycles do not often extend to compensators, espe-
cially when the plant has an integrator or right-half plane pole. Finally, based on
the random rounding and experimental results in the digital signal processing
literature, it is not clear whether any limit cycles will exist in LQG systems. The
nolse driving the system and the noise in the outpuf will tend to quench any limit
cycle that may occur. This of course will depend on the intensity of the noise.
However, even though limit cycles themselves may be suppressed, other nonlinear
effects such as jump discontinuities may accur, Furthermore, the quantization
noise in the system is not white, and the very presence of correlated noise in the
system may cause difficuities. There are few techniques for handling these
effects, even for digital filters.
The final topic we treated in the thesis is the iterative constrained optimi-
zation of structures. The basis for this technique lies in the work of Chan for
filters. Howaver, we can again adhpt the algorithm to handle digital compensators.

For minimizing roundoff effects, the adaptation was quite similar to that required to
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compute the closed-form block'optlmal one-level minimum roundoff noise structure
of Chapter 5. However, for minimizing coefficient roundoff effects, our extension Is
quite different from the Chan approach, since our statistical estimate is based on
second-ordar sensitivities. We dgmonstrated the optimization technique for roun-
doff noise effects for several structures, but did not test the changes required to
produce a minimum coefficient wordlength stiucture. Our effort in optimization did
bring out two points whfch extend the optimization technique of Chan for digital
filters also. First, our technique for the constrained minimization of roundoff noise
was more general than that of Chan. We accounted for the exact number and lo-
cation of roundoff error sources In the structure; Chan uses an approximation to
simplify his analysis. This change can easily be incorporated into Chan’s ﬁlter
structure optimization algorithm. Secondly, we pointed out some general ap-
proaches to selecting which portion of ‘a compensator structure should be optim;
ized, that is, the portion that will produce the greatest improvement when optim-

lzed. These guidelines also apply to the optimization of filter structures.

§9.2 Future Efforts

-

Based on our results, there are several extensions that should be meﬁ-
tioned, and also several new issues that we did not address. Let us first consid-
er some of the extensions, both to other performance criteria and to other control
or estimation problems.

In principle, our results extend to the consideration of other performance
measures, such as g;ain margin, phase margin, and so forth. However, the details
of the derivations and the actual equations will be quite different. For example,

the statistical wordlength estimate may be dominated by first-order sensitivities.
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However, for the steady-state Kalman filter problem (considered at length by Sri-
pad [183]), our results would be more directly applicable. As in the LQG case, this
problem has a simple minimized scalar objective function, the trace of the error
covariance matrix. However, since this is not a control problem, but an estimation
problem, it will have many of the characteristics of a digital filter. Thus, while a
statistical wordlength procedure for the Kalman filter will require the use of
second-order sensitivities (like the LQG case), the scaling and roundoff analysis
procedures will not depend on any closed-loop system behavior (unlike the LQG
case). Still, the adaptation of our results and techniques to digital Kalman filter
lmplementations will be fairly straightforward. Of course, the Kaiman filter would
have to be considered to be a multiple-output compensator (see the discussion
below on multiple-input multiple-output systems).

Our efforts can also be easily extended to certain sub-optimal parameter
optimization control problems. Both the optimal nature and the closed-loop aspects
of the LQG problem are found in these controllers. In fact, if the same J Is taken
to be the performance measure, all our results apply. The equations will differ
only in the fact that, in gener&l, the compensator dimension will be smaller‘ than
the plant dimension.

As menfioned above, there are several issues which we did not consider in
our work., The first of these involves the nature of the LQG problem. By express-
Ing all the desired performénce characteristics of a control system in a single all-
encompassing scalar function J, there can be som.e guestion 95 to the relevance
between the minimization of J and the satisfying of the initial performance objec-
tives. The work of Harvey and Stein [24] mentioned In Chapter 2 is an Important

step towards solving this problem. What we can state is the following: to the
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extent that the index J is relevant to the desired control system performance,
our analysaes based on Increaseas in J will be relevant to the relative performance
ot an Implementation.

Another important issue is the application of our results to multiple-input
multiple-output compensators, since there are a great many real-world systems
that are multiple-input multiple-output in nature. Given some multiple-input
multiple-output structure, our results apply with only a few minor changes. Howev-
er, the whole question of how one designs multipie-input multiple-output structures
is basically unexplored. The modified state space notation is sufficiently flexible
to cover the multiple-input multiple-autput case, if we simp_ly have input and output
vectors, instead of scalars. Multiple-output scaling 's' no Qroblem, since' the
present technique already scales-all the nodes. However, some modifications will
be réquired to implement scaling procedures for multiple-input L.QG compensators.
Certainly we can still compute the variances of all the nodes of the compensator,
accounting for the closed-icop nature of the control system, and its driving and
measurement noises. Recall that the aim of the stochastic scaling procedure was
to equalize the probability of overflow at all the compensator nodes and tﬁe com-
pensator input (piant output). However, for multiple-output plants (mu‘ltiple-input
compensators), there is a problem. Figure 9-1 shows a simple double-input com-

pensator. The variances of the two system outputs Y4 and Yo will not in general

be the same. Thus we cannhot equalize the probabilities of overflow at every
nods and every compernsator input. One possible solution is to select only one of
the compensator inputs to have the same probability of overflow (after scaling) as
alt the nodes, and to allow the remaining compensator inputs to have a lower pro-

bability of overflow. This can be accomplished by choosing the compensator Input
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Figure 9-1: Double-Input Compensator Control System

Y with the largest variance for use in the scaling procedure of Chapter 5. In-

stead of normalizing K_ in (6.21) and K i in (56.23) by dividing by the variance of

q

¥, we will use the variance of y;. However, in equation (5.22), the symbol y must
refer to the vector y, not y; Other than these changes, the rest of the compen-

sator scaling procedure basicaily remains the same. ’(In the full multiple-input
multiple-output scaling procedure, recall that v must also be a vector.) One other
point involving scaling should be mentioned. Since each A/D unit has its own
scale factor, we must also consider this scaling issue in the multiple-input sense.
However, to preserve the overall ideal system performance, all these scale fac-
tors must be the same. Again, their choice will depend on the plant output whose
combined variance/system transients are the largest.

The question of multi-loop limit cycles doqs not really f_q_‘rther complicate the
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limit cycle question. If any effective limit cycie analysis method is found for deal-
ing with single-loop control systems, it should directly extend to the muiti-loop
case.

Limit cycles themselves may not be an issue for LQG control systems.
Howavaer, there is a middle ground between white additive quantization noise and
a limit cycle oscillation. Jump phenomena and the presence of correlated noise
can be very detrimental to control applications. The work of Sripad [13,56] and
Parker and Girard [103] on the correlated nature of quantization errors should
serve as a foundation for studying such effects. '

Another important issue is involvad in the constrained optimization of struc-
tures presented in Chapter 8. At one level, more work needs to be done in test-
Ing and evaluating the minimization of coefficient wordlength. However, on a more
fundamental level we have the question of how to select the Initial structure.
(Recall that the iterative optimization procedure must begin with a specific struc-
ture and then apply transformations to it.) The choice of initial structure is impor-
tant because the iteration procedure cannot change the number of precedence
levels in the initial structure. The question of how many precedence levels to
use is a very complex one. It is dependent on the number of (unconstrained)
coefﬁcients desired, the speed requirements of the application, and the accept-
able level of performance degradation. Furthermore, given an initial structure, we
do not always know the best way to choose which coefficients to constrain.
Such considera{tions are of importance to the optimization of both digital compen-
sator structures and digital filter structures.

Finally, we wish to mention a longer term effort that may become of impor-

tance to control engineers. This thesis effort has assumed right from the start
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that a fixed-point nuimerical representi‘;ﬁtion is being used. This implies minimal ex-
pense and minimal computation tifne as}\ compared to floating-point arithmetic com-
putation. However, as the hardware evolves, new systems of arithmetic arise
that may be competitive with fixed-point. Particularly, a system called FOCUS
[104] has beeii reported in the literature. The main motivation for FOCUS has
been the problems encountered in control and certain other signal processing ap-
plications. Specifically, control systems require the most accurate control signals
when the system output is close to the desired level (to reduce steady-state er-
ror) and less accurate control levels when far from the desired set point. The
. ’ FOCUS system of numerical representation and arithmetic combines the accuracy
advantages of floating point with the hardware simplicity and higher speed of
fixed point. Applications of our work on compensator implementatio;l to ;he FOCUS
number system ‘may become quite useful for control systems.

The purpose of this thesis was to expose the fundamenta! issues involved
in the digital implementation of control compensators, and to use, adapt, and ex-
tend the techniques of digital signal processing'ln order to develop methods appli-
cable to control. We believe that our efforts have provided the foundation for an

overall methodology for the implementation of compensators.
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Appendix A:

F8 Data

This appendix wlll present the contlnuous-time F8 model discussed In

Chapters 6 and 6, and Its discrete-time equivalent. The G and K matrices comput-

ed by the procedures mentioned In Chapter 2 are aiso given.

Finally, data

defining all 10 candidate structures analyzed in Chapters 5 and 6 and also the

optimized structure discussed in Chapter 8 will be presented.

The parameters of the sixth-order single-input single-output continuous-time

F8 system are glven below, following the notation of Chapter 2:

The A matrix for the continuous-time sixth-order F8 system:

~8.686d-01
0.000d+00
1.000d+00
1.000d+00
0.000d+00
0.000d+00

The B matrix:

0.000d+00
0.000d+00
0.000d+00
0.000d+00
0.000d+00
1.000d+00

The C matrix:

1.000d+00

232,

6.7000d-04

~1.3467d-02
-1.2000d-04

0.000Gd+00
0.0000d+00
0.0000d+00

3.091d-03

-9.010d+00
~1.411d+01
=1.214d+00
0.000d+00
0.000d+00
0.000d+GO

3.128d+01

0.000d+00
~-3.220d+01
0.000d+00
0.000d+00
0.000d+00
0.000d+00

1.000d+00

-1.577d+01
-4.330d-01
~1.394d-01
0.000d+0:
-1.200d+01
0.000d+00

3.692d+00

0.00d+00
0.004+00
0.004+00
0.00d+00
1.20d+01
0.00d+00

0.000d+00

Appendix A: F8 Data
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The @ matrix for the state norm:

6.637d+00
0.000d+00
0.000d+00
0.000d+00
0.000d+00
0.000d+00

0.0000d+00
2.6554d-07
2.6860d-03
0.0000d+00
3.0850d-04
0.0000d+00

0.0000d+00
2.6860d-03
2.7174d+01
0.0000d+00
3.1210d+00
0.0000d+00

The ﬁ matrix for the control norm:

6.2520d+00

The driving noise covariance E.l:

0.000d+00
0.000d+00
0.000d+00
0.000d+00
0.000d+00
0.000d+00

0.0000d+00
0.0000d+00
0.0000d+00
0.0000d+00
0.0000d+00
0.0000d+00

0.0000d+00
0.0000d+00
0.0000d+00
0.0000d+00
0.0000d+00
0.0000d+00

TR L T e e TR R

0.0000d+00
0.0000d+00
0.0000d+00
2.7174d+01
0.0000d+00
0.0000d+00

0.0000d+00
0.0000d+00
0.0000d+00
0.0000d+00
0.0000d+00
0.0000d+00

The measurement noise covariance matrix 22:

0.000d+00
3.086d~-04
3.121d+00
0.000d+00
3.586d-01

0.000d+00

0.000d+00
0.000d+00
0.000d+00
0.000d+00
1.000d-06
0.000d+00

0.000d+00
0.000d+00
0.000d+00
0.000d+00
0.000d+00
0.000d+00

0.000d+00
0.000d+00
0.000d+00
0.000d+00
0.000d+00
1.000d-06

LT

1.84414-03
The discrete-time parameters for the above system sampled at 10 Hertz

were computed according to the equations in Chapter 2:

Appendix A: F8 Data
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Discrete-time Transition matrix ®: (Every two rows shown below s actually only

one row of the matrix &)

8.941658809876840d-01
-9.46729891346440d-06
-2,22006964581917d-01
-3.21783848076667d+00
8.966324067683084d-02
1.66118776302647d-06
9.63226781519899d-02
9.998906866444939d-01
0.00000000000000d+00
0.00000000000000d+00
0.00000000000000d+00
0.00000000000000d+00

Input matrix I':

~-2.33843803649613d-02
1.22296689664696d-05
~8.09744421678703d-04
~-6.18868880965549d-04
4.17661813028933d-02
©.08998966738716d-02

State weighting matrix Q:

6.19891054286166d+00
1.831875722331738d+00
3.01609191680769d-04
2.60488981163273d-056
-1.484563104023977d+00
~3.91315114446321d-01
1.31875722331738d+00
2.71739588981900d+01
-3.31370870518672d+00
-6.294727428938936d-01
-1.88174639302283d+00
~-1.68569768886660d-01

234,

5.93365418621274d-05
-8.61683445782787d-01
0.98658866653035d-01
7.07041304940429d-02
-8,47007233273550d-06
-5,82375346184306d-02
2,93704935200758d-06
~-6.29748911636677d-02
0.00000000000000d+00
3.51194227548261d-01
0.00000000000000d+00
0.00000000000000d+00

3.01560919168M,769d-04
-3.31370870518672d+00
2.47848377796048d-07
-1.83148582461534d-06
2.26275446201938d-03
3.00983380027126d+00
2.604889811653273d-05
-6.29472742893936d~01
-1.831465824615344d-05
2.37776667424236d+00
3.31476135012857d-05
1.16440114387846d+00

~-8.078977694742156d-01
-6.36698603844013d-01
-1.26236417743289d+00
1.330033465781691d-02
8.46367360609777d-01
~2.822856577782270d-02
-4.20099682385268d-02
~-2.33843803649613d-02
0.00000000000000d+00
6.98805772451740d-01
0.00000000000000d+00
1.00000000000000d+00

-1.48463104023977d+00
-7.89174639302283d+00
2.26275446201938d-03
3.31476136012857d-05
2.49886408802715d+01
1.83726081288867d+00
~3.91315114446321d-01
~-1.68654763886550d-01
3.00R88380027126d+00
1.18440114387846d+00
1.93728081 28886 713+00
6.65122883060226d~01
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. ; Cross-weighting matrix M:

' -3.63296371817073d-02

- 1.881003583969566d-06

' 6.491430258008668d-02
-3.60993806625830d-03 ' .

3.18190737871274d-02 ;

2.03591671654107d-02 "

Control weighting matrix R:

6.26266793029727d+00

e i s M et

Output matrix L:

1.00000000000000d+00 3.09100000000000d-03
1.00000000000000d+00 3.569200000000000d+00

3.12800000000000d+01
0.00000000000000d+00

State driving noise covariance matrix 91:

4,83676915174706d-08

1,87668416889601d-09

~1,04091167649513d-09
-6.69997525404007d-11
2.00314796017624d-09
8.47200406101626d-11
1.67658416889601d-09
7.25020464385916d-11
~-3.834011178564579d-08
-1.2068060793536556d-09
-2.33843803650306d-Cd
-6.19868380959793d-10

-1.04991167649513d-09
-3.93401117854579d-08
6.13464985323572d-11
3.46061668931529d-10
~6.40159235541700d-11
-1.61814214531290d-09
-56.6999752565494007d-11
-1.206805079353656d-09
3.4605616689315629d-10
6.930568700394746d-08
1.22296689879342d-11
4.17661813028401d~-08

Measurement noise covariance matrix 02:

2.00314796017624d-09
-2.33843803650305d~-08
-6.40156923565641700d-11
1.22206688879342d-11
9.941913569957619d-11
-8.09744421672949d-10
8..7200406101626d-11
-6.19868380969793d-10
~-1.618142145631290d-09
4.17661813028401d-08
-8.087444216729849d-10
0.99999966738716d-08

e L

e e a A K e a

1.84412610991842d-1:2

I L -
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Regulator gains G: (Also as computed in Chapter 2)

~7.64850358896862d-01 -3.386746765832647d-04 2.4563790080652670d+00
-1.60166608507206d+00 1.04707683654762d+00 5.10491114597691d+00

Filter galns K:

68.300012135060856d-03
-2.064158336543128d-01
4.01187820088173d-03
7.47232508540808d-03
-2.17848949924278d-03
-2.17948949924279d-03

The foliowing tables present the data defining the 10 scaled structures
analyzed in Chapters § and 6, and the optimized structure discussed in Chapter
8. Note that only the non-zero entries of the individual ¥ matrices are shown.

For all the structures the output node scaling parameter p eouals

0.02199717628337.
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. Structure (a)

Direct Form II
Number of Precedence Levels: 2
Number of Coefficients in Scaled Structure: 13
(non-zero, non-unity entries in the modified state space matrices)

SPRPNEINCN

Non-zero entries In ¥, ¥,

Matrix Index Value
7 (7,1) -2316.596730196619
" (7,2) 17216.30907463747
" (7,3) -46638.88776849179
" (7,4) 60049.21454042759
v . (7,6) -37783.02361009942
" (7,6) 9373.006832979322
" (1,1) 1.0
"o (2,2) 1.0
" (3,3) 1.0
" (4,9), 1.0
" (6,5) 1.0
" (6,6) 1.0 :
v, (6,1) ~0.11903082227744 %
" (6,2) 1.09870649812723
" (6,3) -3.98894899287426 ‘
" (6,3) 7.49504995996605
" (6,6) ~7.82430422984936 ;
" (6,6) 4.33762715269116 |
" (6,8) 0.00010128626129 i
" (1,2 1.0
" (2,3) 1.0 :
" (3,4) 1.0 “
" (4,6) 1.0 g
" (5,6) 1.0 :
.
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Stiucture (b)

Parallel Direct Form II, 4 first-order and 1 second-order sections
Number of Precedence Levels: 2
Number of Coefficients In Scaled Structure; 17

{non-zero, non-unity entries In the modifled state space matrices)

Non-zero entries in ¥, \111

Matrix Index Value

wz (7,6) 0.03890104412969
' (7,6) ° 1.15283628631438
J (7,4) 0,13875077275467
" (7,3) -0.00460563493139
" (7,2) 0.52228239125502
“ (7,1) -1.37949754700868
" (1,1) 1.0

" (22) 1.0
" (3,3) 1.0
" (4,4) 1.0
" (66) 1.0
" (6,8) 1.0

; \I’.‘ (2,2) 1.46297047489118
‘ " (2,1) -0.69683507325690
! u (6,8) 0.87673782068497
Lo " (3,3) 0.998687113677567
v (6,8) 0.64232806309622
" (4,4) 0.9956140956413208
" (4,8) 0.17364017081712

" (6,5) 0.58303698597208
" {58) 0.16261498391194

" (6,6) 0.29179162411121
" (2,8) 0.289808561606818
. (1,2) 1.0

238. : Appendix A: F8 Data

R e
. B35

x
RS R

R A a0 AN e

RS i . -
i W o B i S e, SN

s

i ki wd e

sirare: spaocr iU



Structure (c)

Parallel Direct Form II, 3 second-order sections
Number of Precedence Levels: 2
Number of Coefficients in Scaled Structure: 15

(non-zero, non-unity entries in the modified state space matrices)

Pole Pairing: (Refer to figure 5-7)

zp1 and zp4

zp2 and zp‘,3

5and z o (These are the complex poles)

%p p

Non-zero entries in \Ilz, \If1

Matrix Index Value

v 2 (7,6) 10.48075527883454
' (7,5) -10.29571120349337
" (7,3) ~0.31185194361843
" (7,4) 0.30767918685885
" (7,2) 0.52228239125501
" (7,13 -1.837949754700866
" (i,1) 1.0
" (2,2) 1.0
n (3,3) 1.0
" (4,4) 1.0
" (5,5) 1.0
" (6,6) 1.0

v, (2,2) 1.46297047489119
" (2,1) -0.69683507325690
" (4,3) -0.29140853484973
" (4,4) 1.29047873768878
" (6,5) ~-0.58617482824346
" (6,6) 1.68417794011116
" (6,8) 0.07295197592120
" (4,8) 0.10856479467707
" (2,8) 0.28980851506819
" (1,2) 1.0
" (34 .1.0
" (6.6) 1.0
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Structure (d)

Paraliel Direct Form II, 3 second-order sections
Number of Precedence Levals: 2
Number of Coefficients in Scaled Structures: 16
(non-zero, non-unity entries in the modified state space matrices)
Pole Pairing: (Refer to figure 6-7)

zp1 and zp2

zp 3 and zp 4

zp5 and Zy8 (These are the complex poles)

Non-zero entries in ¥ Py \I’1
Matrix Index - Value
4 '2 (7,86) 1.569834173340604
! (7,5) -0.48730146270494
" (7,4) 186.71737776482720
" (7,3) -15.69841756881241
" (7,2) 0.622282391256470
" (7,1) -1.87949754700784
" (1,1) 1.0
" (2,2) 1.0
" (3,3) 1.0
" (4,4) 1.0
" (5,5) 1.0
" (6,6) 1.0
\1'1 (2,2) 1.46297047489118
" (2,1) -0.69683607325690
" (4,3) -0.99383444709201
" (4,4) 1.99382806771667
n (6,5) ~0.17187605879836
" (6,6) 0.88082861008328
" (6,8) 0.48463047627064
" (4,8) 0.00148815020744
" (2,8) 0.28980851506826
" (1,2) 1.0
" (3,4) 1.0
" (5,8) 1.0
240. o Appendix A: F8 Data
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o Structure (e}

Pole Pairing: same as (c)

TR TR N AT e

Parallel, One-level Version of (¢)
Number of Precedence Levels: 1
Number of Coefficients in Scaled Structure: 16

(non-zero, non-unity entries in the modified state space matrices)

Non-zero entries in \I'.'

Matrix Index Value

\I'; (2,1) -0.696835073257
" (2,2) 1.462970474891
" (2,8) 0.289808515068
" (7,3) -0.088660341046
"’ (4,3) -0.291408534850
" (4,4) 1.290478737689
" (4,8) 0.108564794677
" (7,4) 0.085201505062
" (6,5) -0.586174828243
" (7,2) -0.615413829047
" (6,6) 1.584177940111
n (6,8) 0.072951975921
" (7,1) -0.363944688371
" (7,6) -6.143554825433
" (7,6) 6.307670104940
" (7,8) 0.949356818741
" (1,2) 1.0
" (3,4) 1.0
" (5,8) 1.0

Appendix A: F8 Data

241.

e

T S



Structure (f)

Rlock Optimal Parallel “
Number of Precedence Levels: 1
Number of Coefficients in Scaled Structure: 26
(non-zero, non-unity entries In the modified state space matrices)
Pole Pairing: same as (c) and (e)

ST NP,

Non-zero entries in '111

Matrix Index Value

v, (2,1) -0.33647827003132
’ (2,2) 0.68249200666952
" (2,8) 0.65051562691033
" (7,3)  -0.08038901173235
" (4,83) -0.20036428295682
" (4,4) 1.19946355533120
" (4,8) 0.11870639047793
" (7,4) ' 0.07597348041937
" (6,6) 0.19085044755223
" (7,2) -0.43070856151277
" (6,8) 0.731706865139682
* - (6,8) 0.45237970547959 ; :
" (7,1) -0.73947570074840 i
" (7,6) -0.54742490834586 -
" (7,8) 0.94099544414976 -
" (7,8) 0.94935681874100 |
" (1,1) 0.78047846822148 |
" (1,2) 0.48789111196657 ;
" (3,3) 0.091015182385780 ; i
" (3,4) 0.90953905526798 :
" (5,5) 0.85247108871418 b
" (6,6) 0.19692962981701 »
" (1,8) -0.13770626781352 Co
" (3,8) -0.00287783447672 '
" (6,8) -0.06296709412667
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Structure (g) i
i
Cascade Direct Form II, 3 second-order sections |
Number of Precedence Levels: 4 |
Number of Coefficients in Scaled Structure: 16 ;
(non-zero, non-unity entries in the modified state space matrices) ]
Pole and Zero Pairing: (Refer to figure 5-7) ;
Section 1: zp5 and Zpa’ Z,4 i
Section 2: zp3 and Zp4’ Z,4 and Z,5 j
Section 3: zp1 and ,zp2’ zZ, and Z,q j
3
j
;
)
P
i
:
E
.
{ 3
'
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Non-zero entries in ¥ o ¥a \If2, v,

Matrix Index Value

V¥, (7,6) -1101.642292912427
" (7,6) 6541.2874849022007
“ (7,7) 660.2771331108011

u 1,2) 1.0
" (2,1) - 1.0
" (3,4) 1.0
" (4,3) 1.0
" (6,6) 1.0
" (6,7) 1.0
\ 2 (7,6) - 0.88082861008329
" (7,6) ~0.17187605879836
" (7,49) ~8.00228882670692
" (7,3) 2.89048676941179
i (7,7) 3.40307257702863
" (1,1) 1.0
" (2,2) 1.0
" (3,7) 1.0
" (4,4) 1.0
" (6,5) 1.0
" (6,6) 1.0
7‘2 (7,3) 1.993828067 71666
' (7,2) -0.69383444709200
" (7,1) ~0.00051747678098
" (7,6) 0.00171808332848
" (1,6) 1.0
" (2,1) 1.0
" (3,2) 1.0
" (4,3) 1.0
" (5,4) 1.0
" (6,5) 1.0
v, (6,2) 1.46297047489119
" (6,1) -0.69683507325690
n (6,8) 0.28980861498215
u (,2) . 1.0
" (2,3) 1.0
" (3,4) 1.0
" 4,6) 1.0
" (6,6) 1.0
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Structure (h)

Cascade Direct Form II, 3 second-order sections
Number of Precedence Laevels: 4

Number of Coefficients in Scaled Structure: 15

(non-zero, non-unity entries in the modified state space matrices)
Pole and Zero Pairing: (Refer to figure 5-7)

Section 1: zp‘,g and zpa, z,5

Section 2: .zp5 and zps, Z,4 and Z,5

Section 3: zp1 and zp4, z,4 and Z,3

Appendix A: F8 Data
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Non-zero entries in ¥ & ‘1’3» ¥, {_., \Il1

Matrix Index Value
¥V, (7,6) -3508378898367860
" (7,6) 8.11873624443843
" (7,7) 26.9880231565290709

" (1,2) 1.0
" 2,1) 1.0
" (3,4) 1.0
" (4,3) 1.0
" (6,6) 1.0
" (6,7) 1.0

Vi (7,6) 1.29047873768878
o (7,5) -0.29140853484973
" (7,4) -0.46738885908277
" (7,3) 0.22026204990314
" 7,7) 0.25932232325397
" (1,1) 1.0
" (2,2) 1.0
" (3,7) 1.0
" (4,4) 1.0
" (6,5) 1.0
" (6,6) 1.0

\I'? (7,3) 1.46297047489118
' (7,2) ~0.69683507325690
" (7,1) -1.79860505553554
" (7,6) 1.856943686039663
" (1,8) 1.0
" (2,1) 1.0
" (3,2) 1.0
" (4,3) 1.0
u (6,4) 1.0
" (6,5) 1.0

v, (6,2) 1.58417794011116
" (6,1) ~0.68617482824346
" (6,8) 0.07295197611457
" (1,2) 1.0
" (2,3) 1.0
" (3,4} 1.0
" (4,5) 1.0
" (5,6) 1.0
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Structure (i)

Cascade Direct Form I, 3 second-order sections
Number of Precedence Levels: 3
Number of Coefficients in Scated Structure: 14

(non-zero, non-unity entries in the modifled state space matrices)
Pole and Zaro Pairing: same as (g)

Non-zero entries in i’a, VYo, \1!1
L ,
Matrix Index Value
¥, (7,8) -320.64634456770277
" (7,2) 157.6620966439277
" (7,6) 0.88082861008329
" (7,4) -0.17187606879836
" (7,8) 168.08974749306010
" (1,6) 1.0
" (2,1) 1,0
" (3,7) 1.0
" (4,8) 1.0
" (5,8) 1.0
" (6,5) 1.0
" W? (8,2) -0.02605431628362
' (8,1) 0.01249866671420
" (8,4) 1.00382806771669
R ® (8,3) -0.90383444709202
" (8,8) 0.01471512360640
" (1,2) 1.0
" (2,3) 1.0
" (3,4) 1.0
" (4,5) 1.0
" (6,6) 1.0
" (6,7) 1.0
" (7,8) 1.0
B8 oaecsssitaats
. (8,8) 0.39568416666143
" (8,3) . 1.46297047489118
" (8,2) ~0.69683507325690
" (1,2) 1.0
" (2,3) 1.0
" (3,4) 1.0
u (4,6) 1.0
" (6,8) 1.0
" (8,7) 1.0
N " (2,8) 1.0
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Structure (j)

Simple

Number of Precedence Levals: 3
Number of Coefficients in Scaled Structure: §0
(non-zero, non-unity entries in the modified state space matrices)

248.

Non-zero entries in ¥ 5, ¥, \1'1

Matrix Index

Value

(7,2)
(7,3)
(7,4)
(7,6)
(7,6)
(1,1)
(2,2)
(8,3)
(4,4)
(6,6)
(6,6)

'I"z (1,1)

(1,2)
(1,3)
(1,4)
(1,5)
(1,6)
(2,1)
(2,2)
(2,3)
(2:49)
(2,5)
(2,6)
(3,1)
(3,2)
(3,4)
(3,6)
(3,8)

0.79382318292963
0,13824583104339
-1.28133934418680
1.633233839565448
-0.22354700928533
~-1.07427890614435
1.0

*

b b wmd b
[eR=RoR=X:

1 0
0.89415889987584
0.02219872745941
~0.40090758959435
-0.00008683035986
~0.17493646514225
~-0.12721034794726
~0.00059340804849
0.998665886665303
-0.00167440057433
~-0.00789688283429
0.00003836766094
0.00000711410910
0.180686865658836
-0.00638575742111
0.84535736060977
0.000028699939843
-0.02382681069578
-0.011381382293756
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endix A: F8 Data

e e il A




e o g - W e A oS A it At

Matrix 7 Index Value

\I"2 (4,1) 0,10382245521832
(4,2) 0.00119679643943
. " (4,3) -0.02270574399998
" (4,4) 0.99899686644492
" (4,5) -0.01171380959156 |-
" (4,8) -0.00509674027466
" (6,5) 0.830119422754825
" (6,6) 0.68880300468145
" (1,8) 0.26341237237753
» (2,8) -0.02208549707703
" (3,8) 0.32520493273496
" (4,8) 0.32736911273784
" (6,8) -0.43182585076519
u (6,8) -0.43809680729865
" (1,7) -0.02223658684666
" (2,7) 0.00000003108449
" (8,7) -0.00155168069308
" (4,7) -0.00064200329831
" (6,7) 0.19562955072811
U (6,7) 0.47519418802086
u (6,6) 1.0
v, (8,2) -0.02874919859251
" (8,1) -0.02486071250568
u (8,3) -0.38589414084909
" (8,4) -0.02282538209825
" (8,5) -0.01812935894315

’ " (8,8) 1.07470407782701

" (1,1) 1.0 '
" (2,2) 1.0
" (3,3) 1.0
" (4,4) 1.0
" (5,6) 1.0
" (6,6) 1.0
" (7,7) 1.0

[

b .
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Optimized Structure Considerad in Chapter 8
(Based on Structure (c))

Number of Precedence Levels: 2
Number of Coefficient in Scaled Structure: 17
(non-zero, non-unity entries in thn modified state space matrices)

250,

Non-zero entries In \Ilz, \II1

Matrix Index Value

2 (7,6) 1.32435168286127
’ A7,6) -N.60777452620114
" (7,3) -0.31185194361846
" (7,4) 0.30767918685888
" (7,2) 0.562228239125601
" (7,1) ~-1.37949754700866
" (1,1) 1.0
" (2,2) 1.0
" (3,3) 1.0
" (4,4) 1.0
" (6,8) 1.0
" (6,6) 1.0

v, (2,2) 1.46297047489118
" (2,1) -0.69683507325689
" (4,3) -0.29140853484973
" (4,4) 1.29047873768877
" (6,6) 0.16466105298259
" (6,6) 0.65028182128291
" (6,8) 0.56874389081747
" (4,8) 0.10856479467706
" (2,8) 0.28980851506819
" (6,6) 0.93389611882824
" (6,6) 0.12826858819766
" (1,2) 1.0
n (3,4) 1.0
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Appendix B: The Adjoint Lyapunov Operator

If we ta'ke the trace of the product of two matrices to be an inner product

" on the space of matrices, and ¥ to be a matrix operator, then:

trace (x(X) U) = trace (X x (U)) (8.1)

where r" Is the adjoint operator of x. For ¥(X)= X-AXA', the operator " can

be derived from (B.1):

trace ( (X-AXA") U) = trace (XU) - trace (AXA'Y)
= trace (XU ) - trace (XA'UA)

= trace (X (U-A'UA)) (B.2)

Thus " (V) = U-AUA.

As used In section 6.5, the Lyapunov equation (6.37) and the trace (5.38)
were replaced by the equivalent équatlons (5.39) and (5.40). Re!atlng thlé to
the derivation above:

X=V
A=¥q4
u=w, (8.3)

" ()=n
A2

-—._.C... -2
00 ==L 48]
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Appendix C: A Simplified Evaluation of (6.23)
In this appendix we will derive the expression used In the SWL and MSWL
: algorithms for computing the second partlal derivatives of J. Evaluating this ex-
pression will be simpler than directly computing (6.22) and (6.25). Using (6.22) i
and the expressions In (8.25) and (8.26), and defining the following matrices:
| i
) I o, 1Ty,
| }
J |
* D= 0 : I (c.1)
[
LKag 1 0 .
' On 0 0 St
Dy,=|0 0,4 O (c.2) ;
0 o 92 3
- we can rewrite X, j i
k
0 01 a7 3z ;
Xy = aw, | P14t aw | P13z
0 3 i 0 3 1
: NCECE ' 0o o :
| ' ow,, | (P1204'+02) | au !
Be, 0
% | %; .
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Thus X; i will be a matrix whose lower right-hand (n+1)x(n+2) portion is non-zero,

s
f

and the rest zero. Thus the trace expression in (6.23) can be simplified:

2 v aw :
8% w2 trace | —2M1)2EMm2) + —2 M 1) m2) j
dc,dc. dc dc dc dc
ij Ji i '} J }
ow,  ov, S 2 b
+ 2 trace (Mm3) (ma)+ (M 5) (C.4) z 1

where M1, M2, M3, and M4 are precomputed matrices (computed only once for

all i and j) the fixed matrices D,1, Z, A, 02. 0, and ¥_. As it is shown in (C.4), a ; | 3

maximum three matrix multiplications and a trace operation are required for each

 term in (C.4), for each i and j. Thus in terms of operation counts, the calculation

e

of (6.23) wouid be roughly proportional to (N 2y (2n+1)3.

“In fact, this expression can be further simplified to reduce the computation-

) v

al load. By substituting (6.27) and (6.28) into the partial derivatives -50—"’. -é-‘-:—"-"-,
‘, : t
02w ;

' : and —————, applying simple trace identities, and combining the matrices \I’1, Wz,‘
‘ 9¢;8c;" " s
: \1'3 .o \I'q with M1, M2, M3, M4, and M5, we can produce: ’ j

- |
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32y
8c ,a y

= 2 trace ((MB)EM (m 7)—6-6-0-‘?—)
J
oz

+ 2 trace {(MB)E, _(M 9)-——*)
( rs acl

+ 2 trace {EM(M10)Ers(M1 1))

+ 2 trace (Eks(M12)) it I=r (C.6)

where the precomputable matrices M7, M8, M9, M10, M11, and M12 will

depend on which specific precedence-level matrices contain coefficients c; and
c J As the number of precedence levels goes up, so does the number of such

matrices — but they can still all be precomputed. Equation (C.5) canh be

simplified by taking advantage of the special form of Ekl and Ers (described in

saction 6.4). For the first trace term of (C.5), we can write:

(MB)E,, (MT7)=(V1) (V2) (C.6)

where V1 is a column (2n+1)-vector equal to the &kt column of M6 and V2 is a

row (2n+1)-vector equal to the 1th row of MT. Thus the first term of (C.5) can

be written as:

2 trace (V1) (¥ 2) -E%;—l= 2 trace (IV 2) 595_2" Wwi)=2W2) 5%%_ w1t) c.7)
i I J

Now, only one vector-matrix multiplication and one vector dot product are required

per / and j. In terms of operation counts, this simplification reduces the calcula-

264, Appendix C: A Simplified Evaluation of (8.23)
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‘ tion of (6.23) (given the first partial derivatives of Z) from being roughly propor-
tional to N2(2n+1 )3 to balng proportional to N2(2n+1)2, a large savings.
é‘l’he second term of (C.5) can be simplified in exactly the same mqn?agr as
term 1. The third term, since there is no dependence on c, orc J other'than_ in
Ekl and E,s, we can reduce to: ﬁ
, ]
2 trace (E"(M10)E,8(M1 1)) =2M10(/,rM11(s,k) (6.8) St
ll This involves even less computation then the first two tarms. Finally, the fourth
term reduces to the simplest form of all:
2 trace (E ks (M1 2)} =2 M12(s,k) ’ (c.9) ;
) Thus overall, the number of operations involved in computing this simplified expres- !
R " slon will be proportional to N2(2n+1)2 where N is the number of rounded
coefficients In the structure, and » is the plant order,
b
f = %

Appendix C: A Simplified Evaluation of (8.23) 266.
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