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International Technology Associates, Inc.
7303 N. MARINA PACIFICA DRIVE . LONG BEACH, CALIFORNIA 90803

PHOTOPOLARIMETRY OF SCATTERING SURF=ACES AND

THEIR INTERPRETATION BY COMPUTER MODEL

SUMMARY

The compu...,r model of Wolff (1975) of a rough planetary surface

is simplified and revised. Close adherence to the actual geometry of

a pitted surface and the inclusion of a new function for diffuse light

has resulted in a quantitative model comparable to observations by

plenetary satellites and asteroids.

A new function is derived to describe diffuse light emitted

from a particulate surface. The function is in terms of the indices

of refraction of the surface•material, particle size, and viewing

angles.

Computer-generated plots are made that describe the observable

and theoretical light components for the Moon, Mercury, Mars and a

spectrum of asteroids. Other plots describe the effects of changing

surface material properties.

Mathematical results are generated to relate the parameters of the

negative polarization branch to the properties of surface pitting.

The range of validity and accuracy of the various Albedo-polarization

rules is discussed in terms of the computer surface model, and the CSM

taxonomy is matched with the predictions of the Model.

An explanation is offered for the polarization of the rings of

Saturn, and the average diameter of ring objects is found to be 30 to

40 centimeters.
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.i	 light,	 2) doubly-reflected light, 3) diffusely reflected light, 4) effects

of shadow that creates the opposition effect, and 5) effects of shade on

double-reflections that create the negative branch.

Despite the model's success in dealing with polarization, it suffered

in demanding long computer routines to examine even minor parameter

changes, and was not subject to mathematical analy.,is to provide further

insights.

In this article, an improved model is created in which the detailed

mechanisms of reflection in a surface are examined so as to provide the

model with a closer relationship to the physical structure of the surface.

Also, the long computer routines are replaced by a simpler model of the

double-reflection process using four representative light paths to

represent the doubles processes in each of four quadrants. The ' , esult is a

simpler, more tractable model which can be calculated easily and which

provides additional insight to the reflection processes taking place in a

rough surface. The model provides both polarimetric and photometric

equations as a function of the phase angle and physical surface properties.

The

It is assumed that the solar-system environment contains a meteroid

flux which more or less uniformly impacts the surface of airless planets.

The resulting surfaces are not assumed identical but the impaction process

produces similar pits and jagged particles ranging from micron-sized dust

to larger particles which are in turn covered with pits and particles. All

variations of this type of surface are sufficiently similar to justify a

model of light reflection in which the dominant processes are:

1) single reflection

2) double reflection in pits and between particles

- 2 -
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3) diffuse, non-polarizing reflection, and,

4) the production of shade and shadow

The identification of variations from the model in measurements of

solar system bodies is an objective of the analysis.

Diffuse reflection is defined as the sun of all processes except

single and double reflection, and includes refraction, higher-order

reflection, and particle ac&ttering. It is assured that the diffuse light

is unpolarized because processes requiring three or more events in a randam

,jagged surface will almost certainly produce randomized light.

The Unique Properties of Pits

Despite the apparent disorder of a rough particulate surface, it

turns out that there exist mathematically describeable properties of such

surfaces, which are important to the photopolarimetric measurements of the

reflected light. Unfortunately, perhaps because scientists are disciplined

orderly thinkers, we have acquired an antipathy to the apparent disorder of

a dirt surface. Reflecting this attitude, it has been commonplace to

substitute for a surface, an array of spheres or a cloud of random

particles which can be attacked by neat, known mathematical methods. It is

argued here that this has led to some erroneous conclusions, and, if one

wants to have a reliable model and a descriptive mathematical formalism,

then it is necessary to directly examine the geometric properties of the

real surface itself.

The random pits, holes and interstices of an impacted surface have

the geometric property of partically `Crapping light rays in a manner that

suppresses the probability of single-reflection while enhancing the

probability of double-reflection. Consider the fate of a ray which enters

a pit but has not yet headed outwards. The probability of getting out with

- 3 -



only a single reflection decreases the farther in the ray goes. The

probability of a single-reflected ray getting out is equal to the solid

angle occupied by "clear sky" (as the ray sees things from down in the

hole) divided by 4fr. That is
	

i

Singles probability = P 1 s (angular apeture) /4 ?i

Note that we are not talking about the probability of optical reflection

which is given by the Fresnel equations and must also be a factor, but

about the geometric probability of "getting out" or happening as a single

reflection, as if the rays were billard balls. In that follows this will

always be called the geometric probability (of the surface structure).

Note that if P 1 : singles geometric probability and P2 is for doubles, etc.

then

P1 + P2 + P3 .. = 1

We can approximate the singles geometric probability by assuming that the

diameter of pits is about equal W the depth of pits. Then, we have that

P 1 2,7yd2/4rrd2. 4 a 1/16 which is very much smaller than that obtained from

cloud models.

It is the character of a pit to return a ray back into its source

hemisphere with two or more reflections. Accordingly, the geometric

probability of double reflection and higher order reflections are enhanced

over cloud models or flat surfaces. Although pits come in all shapes, the

concept is illustrated at opposition in Figure 1 dsing hemispherical pits.

Two reflections will always occur- in Figure 1A if a ray enters inside of

the center circle, so the geometric probability is proportional to the

circle area. If a ray enters the annulus outside, three or more

reflections will occur with a probability proportional to the annulus area.

The relative probabilities are approximated knowing that the circle

-4-
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i	 1 FIGURE 1„ This illustrates an optical
rroperty of pits. At opposition a heati-
spherical pit creates about four times as
many double reflections as singles. All
higher multiples ire about equal to the
amount of doubles.

A more realistic surface behaves
similarly to th© h=wmispherical surfaco2 but
depends on the extant of the surface ruggednoss.
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FIGURE 2. The angular distribution of the reflected light depends on the
average width to depth ratio of the surface pits. The angular distribution
also depends on the type and direction of the reflection. Forward-going
double reflections are most constricted im entrance and exit from a pit.
Backward-going doubles are least constricted, with sicexays doubles and
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singles being intermediate. Tr]ID is a computer parameter proportional to
the width to depth ratio.
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radii are the sides of a 45 0 - 90 0 triangle.	 So, using the fact that the

sum of all probabilities equal unity, we obtain

P1V1/8

P2 =' 4A

P3+P4...'= 3/8

we have arrived at the important result that the geometric probability of

double reflection is about 4 times larger than single reflection. This is

quite opposite to the impression gained from using random cloud models that

ignore the special character of a pitted surface. Of course, we have not

yet counted the single reflections that strike the external surface without

entering a pit. If such external areas were assumed equal to the space

between touching round pits, then the P 1 geometric probability becomes

about 1/4 instead of 1/8. P21 P3 etc. are decreased proportionately.

Relatively simple observations of the rough airless planets allows

one to deduce that the proportion of singly-reflected rays is very small in

the light emitted from them. Indeed, a convincing experiment can be done

with two sheets of paper - one of them glossy and one of them rough. Look

at the reflection of an electric lamp from the glossy paper, at all

Possible phase angles. One can easily see the large increase of

reflectivity predicted by Fresnel's equations at phase angles of 160-180

degrees. Note that this phenomenon identifies single reflection. Now,

repeat the experiment using the rough paper; there is no increase seen at

large phase angles. It is concluded that single-reflections from the rough

paper, and the rough planets, are highly attenuated - contrary to

conclusions based on random cloud models.

-6 -



On the Effects of Fine Dust

Electron microscope photographs of lunar surface particles by Bowell,

Dollfus, and Geake (1972) showed the particles to be heavily coated with

tiny particles of wavelength-sized dimensions (1 micron) . This dust has a

mayor effect on the optical properties of the surface.

Because of the small size of the dust particles and this top-layer

location, the dust is able to reflect mush more light than its proportion

Of	 mass	 in the	 total	 surface layer	 would	 indicate, especially	 at

Opposition. The	 opposition	 effect	 is	 a	 phenomenon	 due primarily	 to

shadowing by the large particles on a surface (particles which are opaque

to the light being	 observed). When not in shadow,	 the dust particles

adhering to the bottoms of pits enhance the reflectivity. If the dust

particles are not opaque, which is to be expected if they are small, then a

large fraction of the light refracted into them is reversed by internal

reflections and emitted to the observer. The bottoms of pits and other

areas are then much brighter than if the dust were not there.

The presence of fine dust might be detected by measurement of the

amplitude of the opposition peak. Knowledge of fine dust presence may be.a

useful clue to the history and composition of the body observed.

Calculations of the computer model for the Moon and ccmparison with

measured properties of lunar rocks lead to the deduction that the Moon must

have considerable fine dust. Otherwise, the reported average size (about

20	 microns)	 of particles	 is incompatible with	 the lack of	 specular

reflection from the Mbon.

Because dust, if present, is the first reflecting layer, it is of

prime interest. Especially so since the attention of research activities

has tended to overlook the tiny volume of dust in favor of the more

-7-



•	 b

interesting large particles and rocks. It has became very easy to assume	 '

that the optical surface consists of the particles and rocks rather than

the inconspicuous dust.

The computer surface model can accommodate one surface layer which

can be particles of any size (an average size is assumed) . In the model,

the uppermost layer gives rise to the diffuse component of light which is a

function of particle size, indices of refraction, wavelength, and the

angles of observation. If there is no dust, the diffuse component is due

to a layer of large particles and a comparison of observations with the

model will yield relatively small values of absorptivity ( because the

particles are large) . If dust exists, the comparison will yield large

values of absorptivity (because the particles are small) . The product of

absorptivity and particle size can be closely estimated from measurements

of the amount of diffuse light. Accordingly, computations of absorptivity

and size using measured data is one means of identifying dust presence.

Another means may be in matching the shapes of photometric and polarimetric

curves.

It is interesting that the Nbon possesses a two component (in size)

optical surface. The reasons why this has occurred are not at,all clear.

It would probably be a mistake to assume that two-size optical layers have

occurred elsewhere, since all size combinations appear possible. In the

case of small asteroids, there is reason to believe that dust created by

meteoritic impact might not be retained by the low gravity.

C, lculating Fine Dust Effects

The presence of fine dust particles adhering to large particles not

only has interesting consequences concerned with the capture of light rays.

It also brings to mind a concept put forth in a poem by Johnathan Swift

-8-
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(1865), later paraphrased by Fielder (1920).

"Big fleas have little teae to
Plague, perplex and bite 'um,
Little fleas have lesser fleas
and so on.... ad infinitum."

The application of this concept to airless planets greatly reduces the area

available for specular reflection. For, if one takes the area of

outJutting particles as r'../ 25%, and this area in turn is covered with

smaller particles, and so on, then the net area of specular reflection is

.25 x .25 x .25 . . . ad infinitum. In the model here, the effect is to

increase diffuse light at the expense of singles, while double reflections

remain about the same.

It is probable that the lunar surface reflects relatively small

amounts of singles. This would bm reflected in pol ari metri c data

as a decrease of P (;1*au) and increase in P (Min.). 	 Bowell ,

Dollfus and Geake (19'[2) have compared the optical properties of lunar

samples with adherent Mast against the polarization found for laboratory

materials and noted the decrease of amplitude of maximum polarization

P(max) accompanied by an increase of ?(min) amplitude in the lunar samples,

as would be expected from this concept.

In this model, fine dust is accounted for by a factor DUS which has a

value 1.0 for total dust coverage, and 0 for none. Note that FORTRAN-style

notation, such as "DUS" will be used for some mathematical variables in

this article, especially those that actually appear as such in the FORTRAN

program given in the appendix.

The Single Reflections of the Model

Assume that the incident sunlight is unpolarized. 	 After each

-9-



reflection from a surface, Fresnel's laws state there will be a component

of light, E i , polarized perpendicular to the plane of incidence, and a

component, N,.//, polarized parallel to the plane of incidence. The

reflection coefficients for the two components are taken as

X s 2 I El l2/I. _ `a-bI
2/1a+bi 2	and	 (1)

Y= 2 I E/ f /I.S 	 _	 I c-b) 2 /1 c+bl 2
	

(2)

where a = cos i

b = (m2 - sin2i)1
/2 	 (3)

c 2 m2cos i = m2a
	

(4)

and i is the angle of incidence, equal to half the phase angle G , and m is

the complex index of refraction defined by m = n(1-i 7( ) , and IS is the

intensity of incident sunlight.

The polarization fraction P is given by

P = (X-Y)/(X+Y)	 (5)

The singles intensity function is composed of two terms. An

opposition term depending upon reflections from pits and affected by

shadows, and a term due to reflections, external to pits, unaffected by

shadows. Both terms can be diminished by the effects of fine adhering

dust.

For the opposition term, 'A will be assumed there exists an average

t!idth/depth ratio, WID, which characterizes the pits of the surface, as in

Figure 2. At phase angles G<WID, most of the surface is in shadow and the

value of the term falls to near zero. Using an exponential to represent

the function, the term is,

-10-



opposition intensity pG ^(1 - DUS) ex p( - G/WTID)2 	(6)

The opposition term becomes zero for singles if the insides of the pits are

covered with dust that absorbs or converts all the incident light into

diffuse light.

The externally reflected term requires choosing that fracr c%.ri of the

surface which is exposed and available for specular reflection. 	 This

fraction, M, is expected, as discussed, to be in the range 0.1 NEXT<0.3

for meteorite-impacted surfaces, but conceivably could be different for

exotic surface materials.

Summarizing, the singly-reflected light intensity is given by

I 1 = I S (XT (1-DUS)SHAD + WID 0 - DUS)(exp(G/WID)2 Cj
	 Y	 (7)

A Comment on Reflection of Singles

The absence of intense re'lection of light from the Moon and Mercury,

at near grazing angles of observation is Prima Facia evidence that single

reflection is Small	 because Fresnel's equations predict reflectivity

(for singles) of 40 % to 100% at phase angles of 160
0
 to 180 °. This strongly

suggests that the factor EXT (external specular area) must be: small

in the computer model, or that DUS (fraction of fine dust coating) is

large	 or a combination of both.

On the other hand, Mars, the Asteroids, and other outer planets and

moons have never been observed at large phase angles, so the possibility of

significant specular reflection of singles exists. The asteroids,

especially, may be strong candidates to show some specular reflection,

since some of them may be still young since formation by molecular

condensation, and their small gravity may not retain fine dust created by

-11-
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meteroritie impact. The variation of the factor EXT and DUS in the

computer model can show predictions o: photopolarimetric curves for

comparison with observations, and so it may be possible to detect such

bodies even though observation at large phase angles is prohibited.

A second conclusion is that models and theories of light reflection

from rough surfaces which are based upon an assumed danination by single

reflection, are fundamentally unsound. The results of such models should

be used with great caution.

The Doubly-reflected Light Function

The computer model of Wolff (1975) which made a many-rayed simulation

of double reflections at all possible angles was convincing and yielded

much information on the processes of light reflecti*n, but the extreme

complication of the computer routine made it cumbersome and not amenable to

analysis. Using the experience of that model, a simpler analytic

expression has been devised in which four rays, one in each of four

quadrants, are used to calculate the properties of doubly-reflected light.

The new expression must still preserve the important properties of

double reflection which are:

1) the net reflectivity depends on the product of two reflection

coeffients;

2) intermediate light paths into left-right quadrants are calculated

separately from paths going into forward or backward quadrants;

3) shadow attenuation can be applied to the forward quadrant paths,

in accordance with the shadow geometry of a rough surface;

4) the net polarization calculates to zero at opposition; and,

5) the dependence on phase angle is closely preserved.

The four representative intermediate-path rays can be chosen in mazy ways,

-12-



but one apparent choice is that ray which points directly through the

center of each quadrant; i.e. exactly forward, exactl, backward, left and

right. 7nese have the required properties, but the net reflectivity is

about 20% less than the whole quadrant integration, so an adjustment factor

of about 1.20 is in order.

In the left and right quandrants, the average intermed.!,ate path is

always at right angles to the incoming and outgoing rays, so there is very

little change of the average angles of incidence which are about 45°. It

is therefore sufficient to use a fixed representative ray path to calculate

reflectivity.

Although the angles of incidence can be fixed at 45°, the change of

phase angle causes rotation and requires the use of the matrix calculation

of Wolff (1975) :

X(45°)	 z	 X (45°)	 I

 - (
C Y } = M20 . Y(45°)	

M	
Y(45°)	

I1 )	 -2

These are greatly simplified because of the constant angle 45°, so

1120 	 12 = CO32 (G/2)	 Sin2(G/2)
Sin (G/2)	 Cos (G/2)

where X(450) and Y(450) are reflection coefficients at 45 0 , I 1 and I2 are

the initial light components (we have chosen unity), and
X 2 

and 
Y2L 

are

the final double-reflected light components in the lateral ( left and right)

directions.

Only one such calculation is needed for each phase angle instead of

hundreds as before.

The matrices containing sines and cosines of G/2 account for the

'T

v
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interchange of Fresnel components as the phase angle changes from 0 0 to

1800.

In the forward and backward quadrants, the angles of incidence of the

average rays at the two surfaces change in direct proportion to the phase

angle, so the representative reflectivities become,

Forward quadrant:	 X2F = 1.2 (X(450 + G/4 1 MR, MI	 2

Y2Y = 1.2rY(450 + G/4 9 MR, MI)3 2	(9)

Backward quadrant:	 X2B = 1.2 CX(450 - G/4, MR, MI	 2

Y2B = 1.2 (X(450 - G/4, MR, MI)) 2	(10)

Probability Functions for Doubles

In addition to computing the reflectivity of the two surfaces, it is

necessary to compute the geometric probability that two reflections will

occur in the surface. An assumption is used here that the probability not

used by refraction o:'' by singles reflection, will be evenly divided between

doubles and higher order reflections - as was found for the case 9f

hemispherical pits. Maximum doubles probability occurs at opposition.

There are two terms of the maximum doubles probability; one term is

due to reflections from inside of the pits, and a second term is due to

p	 dust-covered area outside of the pits. If there were no dust, the outside

area results totally in singles. These two terms are:

GP2 = maximum doubles	 = 1/20 - EXT) + (EXT)(DUS) 	 (11)
geometric probability

t

Equal number of incident light rays must go into each quadrant at

Y,

t

-14-
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opposition because of symme'cry. It will be assumed that this is

approximately true at all phase angles. To support this, one observes

that polarization of the Moon and Mars are almost independent of the angle

of incidence. Note that phase angle independence is not assumed - quite

the contrary.

The probability of doubles escape from a pit depends on the phase

angle in different ways for the different quadrants. This is because

of the different angular paths taken by the rays as illustrated in

Figure 2A, B, C. The forward rays are cramped for space to make two

reflections and therefore a narrow exponential function with half the

angular pit width is used as in Figure 2B. The backward, left and right

quadrant rays are not constricted as the singles,so the exponential

expression to express the phase angle dependence has four times the width.

Summing up, we can now write the intensity of the doubly-reflected

light as the product of the reflectivity and the geometric probability,

as follows:

Left/right: I 2L= I 2R= I s (GP2) exp(-G/4WID) (X 2L+Y20/2	 (12)

Foward: I 2F = I s (GP2) exp(-2G/WID) (X 2F+Y2F )/2	 (13)

Backward: I 26= I s (GP2) exp(-G/4WID) (X 2B+Y2B )/2	 (14)

where the left and right quadrant contributions are identical.

The total contribution of doubles is

I2= I
2L+ I 2R+ I 2 + I 2
	

(15)

-15 -



II. A NEW FUNCTION TO COMPUTE DIFFUSE LIGHT

We seek a particular mathematical description of a well-known

property of light diffusely reflected from particles. It is commonly

observed that colored crystals appear white if they are finely ground.

This is because light paths through the crystals are shorter when finely

ground, and the total surface area is larger. Accordingly, the reflection

opportunities, which appear white, are increased and the absorption

opportunities, which produce color, are decreased. This phenomenon is an

example of the calculation sought. Specifically, we want to find an

expression for the emitted diffuse light as a function of particle size and

the optical indices of the particles.

The advantage to be gained from this approach is that by using the

measured albedo and an estimation of the real index, a calculation can be

made of the product:

(particle size) x 'maginery index)

Then, two measurements at different wavelengths, displaying different

absorption, will yield an unambiguous particle size. Further measurements

confirm the result.

This approach consists of four steps. First, the amount of light

which enters the particulate surface is calculated. Second, the distances

travelled inside the particles are calculated. Third, the amount of light

emitted into the source semisphere is obtained, and finally, a normalized

angular distribution function must be added to provide isotropic ( assumed

random) angular emission.

Step 1: Light Entering the Surface.

-16-
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The amount of light refracted into the surface particles can be

computed by assuming that all angles of incidence are equally likely, which

is reasonable for a random jagged surface.

The weighted average coefficient of refraction, designated REFS', is

the integral overall angles of incidence, a:
'i i/Z

REF : 1 - 2
	

- x(a,MI, MR) + Y(A,MI, mr) l da	 (16)

^	 1
a

which can be nunercially integrated easily in a computer program. For

purposes of analysis, a simple approximation can be used,

REF ^— 1	 - 1/2 fX(450 0 MI, MR)+(Y(450 , MR, MI)	 (17)

where the integral has been approximated by the value of the integral at

the center (450) of the integration range. This is perhaps no more than

5-15% in error.

Step 2%and 3: Light Paths Inside and Escape from the Particles.

After a photon enters a particle, it will bounce around inside by

internal reflection, until it either escapes by striking a wall at an

incident angle which is less than the critical angle, or, it will be

absorbed. It follows that the length of the path traveled inside depends

on the real index of refraction through the critical angle, on the size of

the particle, and on the imaginary index which governs absorption.

The probability of escape depends on the size of the "Cone of escape"

whose apex angle is the critical angle and which is formed around a

perpendicular to the wall. If all angels of striking the wall are equally

probable, then the escape probability is the ratio of the escape-cone

w
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solid-angle to the solid-angle of a hemisphere (2Yr radians) . - However,

since an escaping ray can be emitted into either the outside hemisphere

( really escapes) , or into the planetside hemisphere ( gets trapped again) ,

the true probability of escape is 1/2 of that ratio. The escape cone solid

angle will be dnoted CONE ( n) . For an index n=1.6, CONE/477 =12p.

The emitted ray intensity at the Nth reflection is

4 IN = - IN CONEATra N
	

(18)

By regarding N as a functional variable, with little error, the above

expression integrates immediately to

IN = IN-1 exp(-N CONE/4tr)	 (19)

If the substance of the particle is absorbing, then the ray will al-l^.

be diminished between reflections by absorption while travelling the paths

of length N x D, where D is the average distance between reflections -

about the same size as the particle diameter. This can be written

IN-1 = Io exp (-KDN)	 (20 )

where Io is the intensity of a ray when it first enters the particle and K

is the absorption coefficient; K = 4-r(MI)/%

Combining Eqns (18, 19 9 20) yields the . light emitted at each

reflection

a IN = Io exp(-N (KD + CONE/4T')) x ( CONE/or, )eN

-18-



The total emitted light is obtained by summing this expression over all

reflections from 0 to 00 Again, to avoid a cumbersome procedure and

result, an integral can replace the sum with little error.

00

&IN '-' - 1  exp(-N (KD + CONE/47r)) x ( CONE/4 r) dN 	 (21)
a

0

Integrating and replacing 
1  

with I SREF, yields

I 3 = Diffuse emitted light = I S REF/(1 + 4-;,KD/CONE)

= I S REF /C1+ (4;1 ) 2 DAMI/CONE	 (22)

where Is is the illuminance of the sun at the surface of the planet, D, is

particle diameter in wavelengths, and REF is Eqn. (16 or 17), already obtained.

Equation (22) is the expression sought. It provides the intensity of

diffuse emitted light as a function of the particle size D, and the indices

of refraction, MR and MI which are contained in CONE, REF, and K. This

result is somewhat surprising. One might expect an exponential attenuation

of light to yield a sharp darkening as absorption is increased rather than

the simple inverse relation obtained. But the summing of many paths

results in a less severe attenuation.

Step 4: Angular Distribution of Diffuse Light from a Planet.

It is evident that diffuse light from a planet travels the least

distance thrc>ugh the planet's surface in reaching an observer, when it

comes from the sub-earth point and is at zero phase angle. At larger phase

angles, the path through the surface assumes greater and greater values.

The derivation of a function which describes the attenuation due absorption

along the path is given by Wolff (1975, p. 1 1402). The result is classical

•	 —19—
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and termed the Lommel=Seeliger function (L-S). In terms of the phase

angle, G, and the longitude, L, it is:

ATTENUATION = 2 cos(G-L)/(cos(G-L) + cost) 	 (23)

In order to approximate the opposition effect, one can arbitrarily

divide the light of Eqn. (24) into halves, one half of which is subject to

opposition shadowing, thus Eqn. (24) is multiplied by

Opposition factor = ^g + hexp (G/WID)

We can now reach our final conclusion by combining the above with

the new result shown in Eqn. (22), and thus obtain a complete expression

for diffuse light from a rough, particulate planetary surface:

PLANET"S DIFFUSE LIGHT = I s 2 REF cos (G-L) ( ;-2 + %exp(G/WID))

(1 + 4uKD/CONE) (cos(G-L) + cosL)
(24)

The physical interpretation of Eqn. (24) is that light enters a

particulate surface and along its path successively enters various particles,

bouncing around inside of them, exits, enters, etc. and eventually a part

of the light reaches the surface and goes to the observer. Two photon

capture probabilities are involved, one is capture by a particle and this

probability increases with phase angle, G, and depends on L; the second is

capture by the crystalline lattice inside the crystal and this depends on

particle size, its length, and the indices of refraction.

Eqn. (24) is a new result. Its ultimate usefulness and accuracy in

describing the emission of diffuse light remains to be tested by

observation.

- 20 -
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Case of An Entire Planet

If the entire planet is in the field of view of the measuring

instrument, as must be the case when observing small objects, such as

the unresolvable asteroids, the total signal is the integral oven the

visible, illuminated portion of the planet. A spherical body will be

assumed.

The differential element of area in the integral must be a projection

of the planet's surface onto a plane perpendicular to the line to the

observer. Reference to Figure 3 provides an element dA = (R cost cosl dL)

(R dl(1 - cosL(1-cosl))). R is the planet radius, L is the longitude and

1 is the latitude. The illuminated part of the planet lies between

longitude - ',T'/2 and longitude ;; /2-G.

The integrand must sum over the three components of light I l , I2
N

and I3

I(planet) = E(sun	
111 + I

2 + I 3 JdA

where the three components are given by Eqns, (7), (15) and (24).

The integration over latitude 1 is straight-forward and results

I(planet) = R2 	dL ^ ( cosL 
)+cos2 

L (i-7/ 2 - 2 ] [I l + I 2 + I 3
]
	 (25)

There appears to be no ready integral for Eqn. (25). If I = f(L),

so in the computer model, this integration is carried out numerically.

- 21 -



Ra L cosL cash

Terminator of the Planet

At the location of the terminator, a function of G and L, the

intensity of I i , I 2 and 1
3
 must go to zero. Eqn. (23) accomplishes this

for I 3 . Fur I 1 and I 3 , an approximation for the visible, illuminated area

ofa particle is useful:

SHAD = 1 +	
G

L -^^

This is used as a multiplier of I 1 and I2.

adI(I- co5L( I - w d ) )

FIGURE 3, integration over the visible
illuminated surface of a planet uses
an area element projected onto a surface
perpendicular to the observer.

Diffusely-emitted light has a different
annular  dependence than SinPlrs or doublM3
and has a greater dependence upon longituie.
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III. COMPUTER PLOTS OF THE MEW MODEL

The following sets of figures use the new surface model to plot

quantities which are observable, as well as the separate components of

polarization and light intensity which are not observable but of interest.

At first, the main goal of the plotting program was to produce a

model which matched the Moon, since we know most about that surface. This

was done by choosing suitable values of the parameters DUS, EXT, real

index (MR), imaginary index (MI), pit width/depth (WID) and longitude.

After those values were once determined, they were not altered during the

production of this entire group of figure sets, except for the variation,

one-by-one, to illustrate the effects of each parameter, shown in the

figure sets.

The unusual discovery was made that by changing only MI, it was

possible to reproduce the characteristics of much of the CSM taxonomy of

asteroids. This is discussed at length in what follows. The quantitative

matching of computer results with observations over a broad range of

parw,,%, ters and measurements is quite remarkable in view of the diverse

properties concerned and the complex nature of the functions involved.

It is concluded that the model can be regarded as quantitative for many

purposes.

- 23 -
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IV. THEORY OF THE POLARAMETRIC NEGATIVE BRANCH

Besides indicating the presence of a pitted regolith, the negative branch has

the potential of providing useful informationx especially for the outer planets

which are only visible at small phase angles. It follows that there is a need

to understgnd the formation of the negative branch in quantitative detail so

as to make use of the numerical information available. This section describes

in detail the light components which contribute to the negative•branchoand,

formulae are derived for the approximate position of the inversion angle and

the polarization minimum.

Figure ! F is a plot of the four components of light which contribute *„o the

negative branch:	 I
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FIGURE l7, . The light components which make up the negative branch.

The polarization -iininum depends on functions of the pitwidths only. But the
polarization inversion angle depends on the pit functions in competition
with the specular polarization from external surfaces.
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There is a common misconception that the angle of minimum is half of the

inversion angle and therefore measure of either provides the same information.

It is evident from the above figure that neither of these is true. The two

angles are related to separate factors.

The components in the figure are those which contribute to polarization, and are

defined with respect to the plane of vision (Sun-object-Earth) which is the plane

of symmetry. Double-reflecting rays which go either side of the plane and then

forward are termed sideways doubles. They are t'he.cource of negative polarization.

Rays which reflect twice and stay in the fors*ard quadrant are termed forward-

doubles. They contribute little to the positive polarization because of rapid

attenuation in getting out of the pits. Backward doubles are big contributors to

positive polarization because their path makes it easy t o get in and out of pits.

The Location of P-min .

In the figure near the location of P-min, the two most rapidly changing

components are the Gideways doubles (-) and the forward doubles (+) . Uben the

rate of change of their sum is zero, a minimum occurs. The other two smaller

components can b e ignored, because they are both + , but since one is decreasing and

the other increasing, even their small contribution is nullified.

accordingly, the minimum occurs

r	 'Lx ^ (_
when

G/	 = ^ [Q-Yh  ( - Cr/r-)]]dCY L	 ` J d^
where G is the phase angle, S and F are constants derived from pit width/depth.

After carrying out the differentiation, taking logs of both sides, and solving

for G, the esult is	
2 Ir/S !	

.N	 x! Vv i D
Thus the phase angle of P-min depends mainly on the geometry of the pits

through the angular attenuation constants F for forward doubles, and S for

sideways doubles. For example, if we use the values used in the computer program,

S - 4, F62, and WID - .2J, then G( min) w .8 x WID - 90
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This approximation is, go(°d if G(min) is small, say less than about 140 •

At larger angles, the approximation breaks down because of the presence of

single (+) polarization which will make the observed angle small than the

calculated approximation. This can be deduced from the figure.

With this understanding of Pain, one is immediately led to ask, Why do

the asteroids have smaller pit width/depth ratios than the Noon, Mars or

Mercury ? and What is the character of asteroid Ceres 1 which has an

unusually low G(min) a 70 ?

The Inversion Point-

The point of inversion occurs when the sum of all components is zero.

From the figure this condition is

singles polarization (EXT..DUST..)+ a-G/B a 2 e-G/S

It is not convienient to go further %i th this relation because of the

complex dependence of the singles polarization on dust, external surface,

Dfi, MR $ as well as the pit geometry. ??owever it is possible to establish

a useful qualitative principle. First, establish that backwards doubles and

sideways doubles have a fairly fixed ratio regardless of the type of surface.

This is true ,exactly,at opposition because both kinds of rays follow the

same kinds of paths with average reflection angles at 150 for both. As phase

angles become larger, the Sideways-doubles average angles still remain near

L5 0,vhi1e the average angles for backs*ards doubles is 450 - G/2 . If G is not

too big, both t3=pes of double rays are affected almost the same.

It follows from the above that the most significant effects on polarization

near the inversion point are due to the intensity of singles relative to

doubles. Now, combine this idea with the geometric principle (discussed

elsewhere) that the sum of pitted area (produces doubles) plus non pitted

area (produces single!) is a constant, and we arrive at the general qualitative

principle that : The Inversion Point is An Indicator of the Relative Amounts

of Pitted and Non-pitted Area . If pits are relatively larger, the inversion

- 92 -

Y



point moves to the right. If pits are smaller - to the left. This

principle is good enough to merit quantitative calibration using laboratory

objects.

?roof from Observation and Analysis

Ample evidence is available to substantiate these conclusions. Moon

measurements always show an unchanging G(min) if wavelength is varied, but

G(C) changes. This is because G(min) depends on pit ratios which don't change.

In the figures of this report where F.XT or DUST are varied, G(0) always moves

right if these two factors are increased, This is because they increase the

pitted .area. Laboratory samples show the same effect. When looking at wavelength

dependent data, recall that the measure of size should be the wavelength itself,

so that increasing wavelength tends to decrease non-pitted area.
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V. THE COMPUTER MODEL COMPARED TO CSM TAXONOMY

This surface model has provided results which may be closely compared to

the CSM Taxonomy of Sowell et al (1978). Fxamination of the mathem?tics involved

show that this has occured because the new model provides quantitative

expressions for both diffuse light and specular light. The older model had

no computation for diffuse light; it .merely lumped in the rea.ired amount to

obtain the desired reflectivity.

EFpecially, the diffuse light equation, which is a new result, is dependent

on particle size, wavelength and both the real and imaginery indices,

of refraction. This results in a proper relation between those factors when

computing dif.Luse light and when computing specular light, This i :portant

addition to the rowel and the resulting quantitative agreements with observation

provide confidence that, the noael describes a pitted, perticulate surface

characteristic of airless planets, in an accurate fashion.

T :o k--r.ds cf eflected Light

The be y avicr of the new model becomes clear if one keeps in .ind howthe

y ti-.,o kinds of light, specular and diffuse, change as the imaginar^-r index changes.

:iffvse light is ^^in,  due to light which enters ;articles, travels

through them vhile undergoing several internal reflections, and eventually

emerges after some absorbtion. Js the absorbtion constant (imErginary index)

is increased, this diffuse light steadily decreases in amplitude eventually

reaching almost zero. ! •'hen the ima girar-T index is small, diffuse light

dominates over the specular (singles and doubles) light. -'owever, there

arrives G trans:%tion value when diffuse and specular light are about equal.

Then,further . .;rease of the index allows specular light to dominate.

The specular light basically depends on computations of Fresnel's equations

the res:;-Its of t-:hich are modulated to account for the effects of the pitted
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Figure I E- • This figure was prepared for comparision with figures 1 and 2 of
No.e11 et al (19 i ,1 ) -,hick suck color indices against albedo in

scsttwr-::iagra^; of' a fete* hundred asteroids. Those figures for:: the basis

1ho a _ree° c t c-' this co-np:.;,er model with the S,C, and I•i groups
of asteroids is excellent-. in the figure, as you move along the Y!eavy line
beL;inning at the range, the imaginary index of refraction (absorbtion
constant) steadily increases.

The ouantita',,ive agreement with asteroid measurement is all the
more remarkable in view of tt^e fact that no adjustable parameters have been
used for fitting. The entire computer mo el was crested, and then matched at
only one point: the I•foon, atthe point F-min = 1 % and reflectivity = 9 r

ro^, that t: ne ont:ard, all calculations have been ^lade with the
sane model. In view cf the non-linear; complefr functions for the two variables
plotted above, agree ent by coincidence see^.s in^ossible.

her. ^iaking ru •-ier-cai co:^rarisors, keep in nirzithat the computer
model contains no variation of color due to molecular phenomena. If visible,the
mccel 7zterial would an-ear as neutral shades of dray.
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Figure i . This figure was prepared for comparison with figure 3 of
Bowell et al (1978), which is a scatter-diagram of asteroids

using similar coordinates. Their diagram displays the grouping of the CSM
taxonomy,

The Egreement on the location of the S and C asteroids when
comparing the computer model with measurements is very good, however the
model's values of r-min ere far too large in the M-range, or what ought
to be the M-range. They run off scale above.

the puzzle is complicated by the lack of knowledge of the
real observed r' asteroids. It is not known vhether, in fact, they possess
Surfaces, liaterials, or any characteristics ccmparea l̂ -le tzththe assumed
comp ,:ter nodel..

Yowever, the computer model itself maybe unrealistic for values
of the inagirary index in the metallic spec;lar range. The large computed
values o P-,un, 3 to 8 percent, are a result of the assumed presence of
pits a:d particles Wade of glittering metallic material. Is this a correct
description ? It might also be that the metallic material of the r: asteroids
is a malleable sort and doer not form the pits and particles assumed.
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surface. '.-.hen the ina ,ginary index is small, Fresnel's equations are practically

unaffected by charges in the index. As it is increased, reflectivity slowly

increases, and there arrives a value, about Yd - 0.1, when the specular light

is about equal to the decreasing diffuse light. At larger values of the index,

the spec:L'Lar light increases rapidly. However, it should be noted that both

the parallel and perpendicular components of the Fresnel calculation increase,

but unequally, so that the weaker asymptotically approaches the other's value.
close

:'hus, polarization gra .-ally cores/to zero for very large values of the ---agirary

index.

These calculations are strcrgly based upon the physical laws of optics.

Even though one ^,i`ht quarrel with the details of diff;:se reflection or the

formation, of the negative branch, the general trend of reflectivity and polarization

are inevitably in accordance i•;ith the model. Accordingly, the evidence for the

model's interpretation of the CSIM taxonomy is equally strong. Figures 15 and

17 have beer prepared using the same kind of coordinates and showing the same

ranges of C, S and M. asteroids as displayed by the authors of the CSI! taxonomy

(Powell, etal, 1°76) . The coincidence of these diagrams, and other numerical

agreements, can hardly be accide ntal especially in view of the complex variation

of the diffuse and specular light, a.id the fact that there are no adjustable

parameters to create "fits"

The Albedo Rules

Rules nave been veriousl.y proposed and used to obtain the albedo of

unresolveable planets using the slope of polarization, maximum polarization,

and -animum polarizatior as a f=ction :,-' the phase angle. Figures I 	 and 1.9

have been prepared to shop: how these rules appear from the calculations of the

computer :model. In all three cases, the computer model produces a quantitative

agreement ,,rfththe empirical rules in a linear range which corresponds to the

S asteroids and uar •b of the C asteroids.

These diagrams can be used to deduce reflectivity in the usual wa.y , or
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REPRODUCIBILITY OP THE
OREUNAL PAGE IS POOR

POLARIZATION SLOPE, % per Degree, at Inversion Angle

rigure^ The Computed Polarametric Slope versus the Computed Albedo, and some
Gonparisons it ty Asteroid measurements.

The computer nodel agrees well with the Measurements of asteroids, and
supports the contention of Zellner that the Slope-albedo rule is linear ; in the
S-range and part of the C-range. There is a saturation of the polarimetric slope
in the M-range, due to the transition of reflectivity dominance from the diffuse
mechanism to specular reflection.

The small diagrams in the lower left and the upper right show the magnitude
and direction of corrections for conditions of diffuse light and real index
other than *,hat assumed for tM is figure.

The fact t tat the correction vector for point-particle diffuse light is
parallel to the linear portion of the Slope-albedo Rule means that calibration
error due to this cause will not occur, but subsequent use-error will be concealed;
i.e. C-objects with extremely fine (d < l) dust will be rusinterpreted too far
towards the S-range.

There is a theoretical minimum albedo of 2.5% for pitted, particulate bodies.

- 98 -



POLARIZATION	 P-maxi use scale x 10 '" 	 — I
P-min; use scale x 1

Figure ' I c. i$axinram and I•:inimum Polarization From the Computer Model*

These two curves show a theoretical rersion of'the corresponding rules to
obtsin albedo from F-max and P-min. These rules are not as reliable, it is thought,
as the Slope-albedo rule. The reason, discussed elsewhere, is that errors in the
P-min and P-max rules are opposite and tend to cancel in the Slope Rule.

The computed F-:pax Rule computed here agrees well with observationsy however
the F-min Rule here is drastically violated in the metallic I-^- range by asteroids
presumed to be of t his type.

Reasons for the X-range failure could be : the pitted,particulate model
does not describe objec-^s in the M-range; or, there do not exist any N-type
objects, i.e. metallics vitn large absorbtion and pitted surfaces.
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conversely, if the reflectivity canbe measured by an independent means such as

radiometry, then the variation fro •a the computed curve can be used to deduce

variations from the assumptions of the computer model. Potentially computable

variations include the real index of refraction and the existence of very fine

dust which ca±zses diffuse lie.,t by point-particle diffraction.

The ^:aximun, and :inirium Polarization Rules

Figure 19 shows the comp ,-,ted rules. These rules have been found empiracally

to be less accurate than a Slope-albedo Rule and the model offers a logical

reason for t' is. :lla_ximum polarization of the the positive branch depends on

the amount of singly-reflected light compared to the diffuse light. The singly-

reflected light, in turn, depends on the amount of specular area visible on the

planet. Any v.rieticns of that area fraction must produce errors in the rule.

Similerly, the mininum polarization rule depends on the amount of doubts

reflected light ccmra.rea tot'-e diffuse light.The doubly-reflected light, in turn,

depends on the amount of pitted, particulate area visible on the planet. Any

variations of that area fraction proauces errors in the minimum rule.

T c 301,riaation So-pleTentarity Principle

L ver r usef ,_.l principle for interpreting polari^ietry can be derived from

a s f nple geon etric ccncept concerning airless planets. It can be stated,

^'h SEC' = vr^"-C e; e::der.t 1 cre p se cf ~ositive P olarization is klways I.cconpanied

bar a Decrease of "e-glA ve Polarization" . it follows from these three

assumptions

1) On a planet, the area of pits plus the area of non-pits is a constant

(equal to the total area).

2) pits produce double reflections and negatively-polarized light.

3) ?don-pits produce single reflections and positively-polarized light.

Thus, if the surface structure of a planet should vary from some norm which,

say,characterizes an albedo rule, the:: the singly and doubly reflected light

1,7111 vary inversely. In albedo rule dependent on the positive branch. will
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have an error, but the albedo rule which depends on the negative branch will have

the 'opposite error. Another example : If a geometry-dependent variation should

occur in the study of polarization inversion angles, then a change which increases

the positive branch will decrease the negative branch and the inversion point will

rove to the left. Grpositely, a variation decreasing positive polarization will

cause the inversion & igle to move to the right.

The Slope-albedo Rule

In a review of albedo rules, Howell and Zellner (1971) clearly show that

the empirical scatter of data is least for the Polarization-slope Albedo Rule.

The computer model provides a logical reason why this should be true. It results

from the Polarization Complimentarity Principle and the fortuitous choice of the

inversion point to measure the slope. This point lies midway between the domains

of the positive and negative polarization branches. If geometry-dependent variations

frog: the Rule norms should occur, t:.en by the +rinc`le, opposite chaises occur in

the regative and positive polarization '-ra::ches is ich tend to cancel each other

in the slopo. If tine reader is not convinced, a little pencil and paper work

r'ra4.T7ng the slopes is ::^uickly ccnvircing. you will also notice, in pencil

I.L. Glriv, t'-at although the slope remains constzr,t, the inversionar_gle moves

to t he left or right, depending or. the type of variation chosen as required

by the Frinciple.

esrite these advantages of the Slope-albedo Rule, examination of Figure lS

shows that the .linear rule ma y fail completely for some dark C objects and

metallic objects. The double branch of the computed rule suggests that some

A or 0 objects could be confused with each other, if independent .means is not

used to cetera^dine on ;•!:,ich ror. tior. of the curve an object_ lies.

1. 1_1:ei. R.edeening-r lbedo Rule

Figure 20 shoes a plot of reddening vs reflectivity as computed using the

surface model. Like other rules, it has a linear portion and a second branch.
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REDDENING., magnitude per degree

Figure 2_0. Reddening is defined as the increase of color ratio with
increasing phase angle. The data for this figure was
obtained by measuring the slope of 'the computed color
ratio curves. Reflectivity is takan at zero phase angle.

All data refers to curves for the integrated whole planet.

It is interesting that in both the diffuse reflection region
and the specular region, the rule of thumb,"The Darkest Planets Ohow
The Greatest Reddening" , is observed. However, there has never been any
recognition of two branches to the rule,, nor a failure of the rule in
the :M-range of asteroids. Reddening measurements have very large errors
which is why it has been only a qualitative rule. Recent improvments in
the sers-.tivity of photometry might charge this situation.
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It also probably is relatively free from geometry-caused error, like the

Slope Rule, because reddening depends on the relative slopes of the diffuse

light compared to the slope of the sum of singly and doubly reflected light .

if the reddening measurements are ;Wade at angles where the amplitudes of

singly and doubly reflected light are about equal, then geometric variations

in the surface will not produce errors. Such equality only occurs for the

very-large values of the imaginary index and at phase angles rear zero, thus

it night be cur-eful for outer solar-system objects which are ictallic. However,

this is some error cancellation for all values.

Unfcrtanately, the reddening rules requires great sensitivity and

accuracy im the photometry, so that it would be useful only for bright objects.

An Improved Polarization-minizrum yule

The P-min "ule for finding albedo is very useful for objects in the outer

solar-system where phase angles are always small, but it lacks the error-cancelling

feature of the Slope-albedo R ule. Forever, an improved ?-ran xule can have the
C

error canelling feature by using the inversion angle as a negating parameter.

For example,	 an adjusted F-min is calculated using

AZJUSTFD P--'aN	 1 + G; C) - G„_ x F-ML
kG	 32

where Ga is an average (calibrated) inversion angle and k is a calibration

constant. This makes a correction for the geometr--induced errors in the

same •.a , as occurs naturally in the slope-albedo rile. The shift of the inversion

angle G(C) detects the change of geometry and is used for correction.
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For a wavelength shift of 33 percent.

Figure 2 1. This figure shours the dolor ratios taken from the computer plots
displayed in figures elsewhere. This color ratio is similar to .
color indices such as the U-V or the R/B index of Rowell et-al (1978).

The color ratios and reflectivity numbers are taken from the
computer-generated figures at zero phase angle.

The small diagrams at the top of the page provide corrections
to the curves for values of parameters different than those
assumed in the computer model. Note that the corrections are vectors.
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Obtaining Added Information. From Albedo Aule variations

If independent means is available for measuring albedo, then. the variations

from the the values expected from polarization or reddening mersurements, can be

used to calculate other parameters of the surface. Two important such parameters

are the real index of refraction and the amount of very-fine dust which causes

.:* f"se litht by diffraction.

Each of these two parameters causes variation of the computed reflectivity

with a unique vector on the appropriate diagram. All portions of the diagrams

can be calibrated with these vectors. Two examples are shown on the figures.

Vie a and E Type Asteroids

The H and E asteroids do not appear to fit immediately into the series of

objects corresponding to an ordered variation of the imaginary index. However,

this conclusion is very tentative becausethere are only 2or 3 of these objects

identified. *Nevertheless, such objects probably fit into the computer surface

model because the only deviations of the objects are with respect to color, and

color due to molecular/atomic absorbtions is not modelled. Furthermore, the

position of these objects in the high albedo range means that there is considerable

dif r.:se light Lnd therefore color variations are strongly present.

Another Model Correspondence

jhe computer model agrees with the OSM taxcnctrr,; in ;net another way. In the

Todel there are various logical means to add color for	 and objects, but

no tca : * for the dark C t-,Tes. And, indeed, there is only one observed C object,

P=ng the hundreds which shot-:s color. Asteroid 85 to has a small pyroxene band

a'.-)scrbt--on. This observation see-is - 7rsterious.
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VI. THE WAVELENGTH DEPENDENCE OF LIGHT
FROM DARK, ROUGH PLANETARY :SURFACE

Introduction

An obvious means of deducing some propertiE v_ of the surface of airless

planets is measurement of reflectance variation with varying wavelength.

Such a measurement at one viewing angle will provide color information but

cannot distinguish a flat sheet from a rocky landscape. To obtain information

about the surface geometric structure, it is intui:.ively clear that the surface

must be viewed at different angles seeking some variation as a consequence of

the surface geometry. In practice, this means obtaining color data at different

phase angles.

For this discussion, two sources of color variation are considered : Cne,

where Vie absorbtion of light inside the surface material is due to vavelength-

dependent interactions of lir:ht with the atomic and molecular energy levels. Two,

where the observed color variations are to size and geometric factors of a pitted,

particulate surface such as that of the airless solar-system bodies.

The former variations are often seen as absorbtion bands in the reflectance

spectra. Such measurements and their analysis have been extensively carried out

by Y:Ike Caffy and Tom McCord (1y7 R1, and Clark Chapman, to name a few investiE tors

in an active field. The results can lead to identification of some of the mineral

types making up the surface. This computer model does not nodel this effect; instead

it is "neutral gray".

The second source is not so obvious because the color variations are mainly

due to the relative sizes of particles compared to wavelengths. Observeable color

changes are only significant when particle sizes are of the same order as the

wavelength, say, ,,/d<I: Z. Several phenomena can occur. In particles which (trap

light to morarily by internal reflection, short wavelengths are absorbed more

than long wavelengths, because the short wavelength path is a greater number of

Tavelengths and that is the factor upon which absorbtion depends. The result is

increasing diffuse light reflectance vi th increasing wavelength,
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Another phenomenon of the second type is the charge of the ratio. of

diffusely-reflecteO light to specular light as the viewing angle changes.

This happens becai.:se iffase light tends to eneege evenly at almost all

angles, whereas single and double reflected light lends to emerge at angles

close to the incident rays, if the surface is a pitted one. Since the diffuse

reflectivity is wavelength dependent and the speculav light is much less so,

t::e result is a wavelength dependence on the phase angle.

these latter two geometric effect: are i-,r^Iicitly included in this

cc -Muter noaei cf E. :-t4-en rartic;ilate s..rface.

F.',mlarEtion of The Reddening Effect

I.n unexplained phenomenon of the airless planets is the reddening of

their reflected light with increasing phase angle. phis has been observed

by Gehrels, Coffeen and C;cir.gs (1964) and Gehrels and Owings (1962) on the

?Moon; on Mars by Irvine et al (1968) and on the asteroids by Wocley et al

(i,55). these observers measured reflected light using photometers and band-pass

filters in the IR, visible, and UV wavelengths. Reddening was r eported as an increase

of the ratio of long wavelength intensity compared to the shorter wavelength

intensity, as a difference of magnitudes.

Various explanations of reddening hove been suggested including a) Me

scattering, from transparent particles of a dominating critical size, b) surface

roughness concentrfted in wavelength-sized dimensions that produce suitable

diffraction, and c) electrostatically sus pended dast. No quantitative analysis

has resa'Ited.

This computer surface model has been used to calculate reddening as a

result of geometric effects (but not due to molecular colors). Each of the

fig-are sets elsewhere in this report has a computer plot of color ratio as

a function of phase angle. These plots agree perfectly with the observations

to the extend that observsticnal errors permit (errors are lar'ge). It can be
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.concluded t::at the geo:etric reddening computed is sufficient to explain

the observations of the Moon and asteroids. There is a possibility that

molecular reddening may also increase the effect on Mars.

Reddening to Investigate Surface Structure

As mentioned above, reddening measurements Which take place at sucessive

view angles contain information about the three-dimensionAl surface structoule,

In. principle, the sake is true for polarization, and polarization difference

measurements, for that reason, all of these plots have been provided in tnis

report. Admittedly, I don't have a.r7 good scheme yet to use the polarization.

wi-'ferences.

;here is a converse idea. If the surface Ft-r-:cture can be ass:red, and of

course It Jss 2ssa^:p 4-L— is i^►plicit ir. all the albedo rules which rely Or, t:ie

e-xis zence of a rit.e;i p rt_c:::-e surface, 'hen it is possible to deduce the

re'lect'vit.) Of t..e S'2rftCe. the pOlsrisa ^7.Ori-21bedC rules are all Well {nOS.rn,

but reddening has never been used in a quantitative way. iowever, there is a

qualitative rule of thumb, "The Darkest Objects Always show The Greatest

Reddening?' . I believe that the improvements in sensitivity of photometry

now -^.ake i', possible to obtain sufficiertl-t r accurate deta.

r'. Rad erir.o-alceGO Rule has been plotted in Figure 	 using the slope of

the color ratio, versus reflectivity. Slope is taken at 30 degrees phase

angle and reflectivity is taker: at zero phase. There are not enough accurate

measurements existing to make a comparison t^:ith this t: ecry meaningful, but

it may be horse: that certain geo-etric sources of error v.ill be balanced out,

Rust as occurs in the polarization slope albedo rule.

Ccmruter Calc•.:lations

: o ohta.-;.n i -J,tires ( ),(G ,(^ of each figure set, the following formulas

V..
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e

wero used to calculate the ordinates

REDDENED PCMT - 2.5 x ln(Bl/B 2)

REDDVTED PLA:;ET - 2.5 x ln(integrateaB l / integrated B2)

POLERI'A1'IOP; DEFERENCE - P2 - Pi

where the subscript 1 refers to a calculation with particle size(XTL) - 15

wavelengths, and subscript 2 for particle size(XTL) - 20 wavelengths. B 1 and

B2 are the total reflectivities.

The corresponding wavelength shift is (20 - 15)115 - 33% or

;2C - 15)/2C - 25%, depending on your point of view.

r
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Rr,TRODUCIBII.IT'Y OI'' THE
ORIGINAL PACGI; IS POOR VII. THE RINGS OF SATURN

This computer model combined with yolarimetry by Lyot (1929), vollfus(1979),and

P.Jnhnson et el (1979) provides confirmation of some 	 of the models of the

rings which are reviewed by Morrison (chapter 120 Planetary Satellites J. Burns

Ed, 1977) and by Cook and Franklin (ibid, Ohapter 19) and, yields a calculation

of the diameter of the bodies composing the rings.

Optical , infra-red, and :microwave measurements of radiation plus radar

returns have led to the identification of water -ice as a constituent of the

ring bodies together with methane or ammonia compounds in the form of dirty

rough snow balls. Size estimates are between 3 and 3C centimeters (:orrison)

or 6 to 100 centimeters (Cook and Franklin). Alternatively, the balls could

be ;much larger with smaller, i.-bedded, dense nodules of those dimensions, in

order to account for the radar results.

The polarimetry , :measured at phase angles of 6 degrees or less, shows

a negative branch amplitude of 0.5 to 0.8 % . The angle of minimum is k °ly

defined at about 1 i degrees (Lyot) and 1.2 1 1 degrees(Johnson). The polarization
z:ere caused by a pitted surface, then the .:its appear impossibly deep. Nevertheless

the opposition effect has been observed with the same narrow width. The

conclusion seems inescapable that the shadowing of opposition is respon-

si:,le for the negative branch. (The suppression of forward-going double

reflections by the shadowing is the cause of the negative branch.)

However, it is not necessary to invoke shadowing by surface pits only.

Inter bail r,ha&Dwirg is possible and likely, and creates no paradoxical

geometries, so that negative polarization from it follows logically. The

equivalent of pit/depth ratio, but for inter-ball shadowing, is the

dimaeter/separation ratio. Let us estimate, using the polarization data,

that the computer variable ;'Iii ^=1 t 4 degrees, or that separation/diameter

=1h 13.

It now becomes poosible to calculate the size of the dirty snowballs. The



reported optical depth of the rings is slightly less than 1 . The thickness

of the rings has been measured at about 1 kilometer. Thus a little geometry

yields the average diameter of the balls as a little less than

average call diam = r1Y x RIP;G iEICKYESS

"'ION/DIAM)^	
28 : 10 centimeters4	 (SEPARA 

This value agrees with the limitation imposed by the reported radiation

and radar measurements mentioned above. It does exclude the very large

snowballs with imbedded dense nodules.

It is possible that there is some negative polarization due to the pitted

surface of the balls themselves, but it is not likely. The dimensions of the

particles and pit walls are tiny - obviously much smaller that the balls

themselves. In view of the reported high albedo, it is unlikely that these

pits and particles produce much shadowingjbecause they are translucent. Shadotrs

are the sin qua non of the negative branch. If there is no s':adowing, there is

nc negative Pole rizaticn. On the other hand, large balls are quite opaque, even

thoug'1 composed of particles which are translucent on a micro-scaler and

produce first-class shadows.

The following figure shows an estirm ted inter-ball polarization together

t•:ith a small possible surface polarization which sum tothe observed data.

F 	 PHASE hNC-Lk.

possible surface polarization

L	 '^	 inter-ball polarization

Q / /	 sum = observed data

0.5

Figure	 Estimates of the polarization components of Saturn's
rings which match the observed data.
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X, THE FORTRAN PROGRAM
(Used for Figs. 8A to 80

i	 ^ SYP' FUtiCh g • • I:'^PCH __
	 _ ..	 _ _.-._ ...-__._.__.. _ __.. _.. __..__..._-.____ .__._ __._..____.__ . __._

1 •

	

2.	 -IOP9IS	 POLAPI

	

?.	 REAL L9 R•MI
4 • CCMPLEX CA,? CB•CC g Cti

----

	

^.	 CIMENSION MB11(92.6)•AE12( 92.6)9AB21 ( 9296)•AB22 ( 9296) • AB1(9296)9

	

5.	 * AE2(42. 6)• AE3(92.6)•AB(92.6)•APOL(92.6)•APB1(9296)•ApB2(9296 )9

	

7.	 * APLiJB(92.6)iAPLGF(°296)9AREC(92.6)9'A P EDP (92-9639A-POLWT)(92i-67`
3	 FORMAT(ln•F6.3915C7.2)

	

7.	 4	 FORN-AT(lX•I:9lX916G7.2)
INITIAL CONSTANT + START 00 LOOPS

	1:•	 kIC=020

	

12•	 DUS=. -

	1^.	 EXT=•?

	

lc.	 MI=.007
	17•	 CC 1C1 N-DY=19'i	 MI=•2+(t.^DX-1)*.1

1 c	 h,=idry41	
-	 _-	 --_._..-_..__-

	

2-•	 GP2=((1•-EXT)*(1•+GUS)+EXT*DUS)*0.5

	

21.	 C?'=Ch'oLX (NP •-MI )

	

Z2.	 SUS"=C.0

	

2Z.	 CC :, PJR=I.SG

	

"; 4.	 CG= IP:p-0.5)/°7.3
C :, = C1^4 P LX (COS l 2G ) 9 0 .

	26•	 CE=CSGRTC" **2-(SIN(DG))**2)

	

27.	 CC=CA*(CP'**2)

	

2'3.	 FRESY=CASS(CC-CB)**2/CAES(CC+CB)**2 

	

2c•	 FFESX=CAPS(CA-CE)**2/CAES(CA+CB)**2
	?C.	 _	 SUM=SUM+(FPESX+FRESY)*C.5

	

31.	 R,EF=1.0-SUr1/9C.0

	

:,2.	 CONE= 3.14/CAES(C!" 	 *2
	330	 CO 1CC NG=1990

G=GA/5:7•:

	

mac.	 PJT G VALUES INTO THE ARRAYS

	

3^.	 AR_CPtP.G9t^)=0.4

	

39.	 =B11tNGo1)=GA.

	

^-I.	 X6211^:G91)=GA

	

4 2.	 -`522(%G•l)=GA
43_0 1	 -	 4 u1(NG 91)=G4

	

44 .	 AE2(NG•l)=GA.
L

	

1- 7. 	E 1 ( N G • 1) - G A	 hl:pRODUCIPITLITY OF THE

4	 A P -P 2 (N G 9 1) = G A	 ORIGINAL I' AGL IS POOR

4^.

51. ,FEDP(NG•1)=GA
52. raEC(^G91)=GA	 -

	

54.	 IF(G+L-1.54) 9
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I :40:;2 r.,CL^ I	 {'1EAA	 0816 1	 100 ISD PROPRIETARY

r
	

5..	 TO 10C

	

F 6 .	 N'T I NLE

C0LG F t: 2 11+CO3 (L IC0S lG+L) )+^-
	°.	 SIHG=SIN(0.5*G)

	

EC.	 CCHG=COS(0.5*G)

	

E1.	 C FPESNEL FUNCTION R.CUTIN;

	

6^.	 GO TO

	

{ 6..	 1 CA=CMFLX(COS(CG)90.0)

	

E4._	 CF=CSr,RT(C'•1**2=(SIN1( CG)i**

	

'I 6.5.	 CC=CA*(CM**2)

	

66.	 FPESX=CAES(CA-CB)**2/CABS(CA+CB)**2

	

i R.7.	 -	 F^ESY=CAnS(CC-C?)**2/CA^5(CC+C^)**^	 --	 ..-.

	

cS.	 _0 TO(10.2G•30940)•','F

	

c9.	 2	 CC',:TINUE

71. NF=1
72. GO TO 1

f.
.73 ,... -- Iu" _. X45=;PESX,--

	j 74.	 Y45-F°ESY

	

75.	 C	 CALCULATE SINGLE REFLECTION

	

7S4	 __...-L12'1=TEXT*CI":-I7US)+l7.-EXT7-*t1.-CUS	 16 *SHAU-_.__...­_

	

77.	 : G-0.5*G

	

761	 NF=2

	

79 .	 __	 G0 TD°. I
0	 20	 CC,,TINUE

	1.	 BX1=GR1 *FP ESX

	

tee.	 ----

	

r 3.	 .,1=0.5*(?X1+;.'Y1)

	

F4.	 C SIDEW4 YS DOUBLES AND MATRIX..^..-.____..	 CIY=(CGHG**2)*X45+(CIHG**2)*Y45
	Er.	 D1Y=(SIwG**2)*X45+(CGHG**2)*Y45

	

^'.	 C2X=DIX*Y45

X2L=(SIHG**2)*D2X+(COHG**2)*D2Y

	

f -700	 Y2L=(CCHC**2)*02X+(CIHG**2)*D2Y

	

=7:	 1 C CALCULATE FCRWA P 0 DOUBLES
	°2.	 „G=.7F54+G /4.

	

75.	 3C	 X2F=F.^ES.X**2
`	 Y2F=FPESY**:

	

.7.	 C EACKWAEC COt;SLES
DG=97F54-G /4.

	

-5.	 r:F =4
C7 .WGO TO _ 1_---

1. 40	 X2B=Fc'ESX**2
2. Y25=FGESY**2:^T	

SrR=Ea:P(-.13*G/WIC)_	 .

	^.	 S"S=EYF(-.25*G/kID)
IX2P=GP2*EXP(-(2.0*G/r4IG)ll*X2F*SHAD

	

'^.	 EY2F=GP2*EY.P(-(2.0*G/4'ID))*Y2F*SHAD-
-7. BX2L=2.*GP2*SOS*X2L*SHAD

EY2L=2.*GP2*S0S*Y2L*SHA0
?Y2B=Gp2*SCE*Y2B*SHA0

	

C.	 BY2E=GP2*C?*Y2B*SHAD

	

l.	 Ex2=(^:X2L+ :̂:!X2F+5X,28)*0.38
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•0:32 VOLFF OR1604A
	

0816	 1	 100	 ISO PROPRIETARY	 C

EY2=(*^Y2L +5Y2F + BY2B)*0.38	 -

E2=(EX2+BY2)*.5
C F ED Ct,LCULATION

pLAr^5 =.1
P0L=.1
DO 96 IF E-L =1.2
XTL=(15.+5.*iIPED-1))*(1.-DUS)+1.
E3=COLGF*PEF*(.5+.5*EXP(—(G/WIC,)))/(1.+XTL*MI*1589/CONE)
aEP=2.3*ALOG(E/(B1+B2+B3))
2-51+52+E3

C PLANETARY INTEGRtTION
SU"^=C.
RLi=-1.E-7

;7	 Tc=53*(2./(1.+COS(RLI)/COS(PLI+G)))/COLGF+92+?1*(1.+G/(RLI-1.57))

CRC=T=*((2./3.14)*COS(RLI)+(0.5-2./3.14)*COS(RLI)**2)
SUM.=SUM +ORD
RLI=FLI+.04
IF (PLI+G-1.57)97,97,98
SU"=SU-'*.04
P DP=2. r * .LC (PLAN SU )
PLANB7SUV.

POL'W0=PE1+F`B2—POL
PCL=Pi;1+PE2

5 6	 CO N TINUE
CO"-'PUTE F INAL RESULTS AND PUT INTO ARRAYS

a511(t,G9M)= EX 1
AB12(N^vgM) =Fv1
AE21(%G9M)=EX2

A822(NG,M)=EY2

4E3(NG•M)=E
y

3
t E (*! G	

- ^
M) rF	 gDPR  

ODuefii ==f s;> ors fi

4PR1(NG,M)=F51*10C.0	 ORIGINTA'
A= Ell ( NG, f•' ) =P. 2* 10 G. 0
AF'DLCR!6,f.: )=P0L *100.0

L	 N G 9 F. =PLAIN8
LFECP(iNG.M)=REDP

NFGLI:'C^(%r_- 	 3=FOLV5*100.
w?ITE(694)tiG•:'^19REGlREL'P953969PEI g PE29POL g POLW1 9PLAN69EX2L9

*-YZL• X2F9BY2P,BX'26i'BY2E--
I C C	 C0"<TINUE

1:1	 C0NTINU7'
C PLCT PP.OG Z,AMS -

CLLL ^LCTS(0.90.97)
CALL FACTC°(0.4)
C L LL - F'LOT(2.0,2.0r-3) ._ 	 _-	 _.--	 -	 ___	 17.
1-:-'OL(r-iil) =Go
APOL(32g1)=_!C.

CALL 4X1 S(O. 9 C.v21FPNASE ANGLE — DEG=EESq-21.6.0g0.•0.00r30.)

CALL -);IS(CoOvGoO.2lHPCL4,RIZATION aER Cc NT,21,7.0,90.,-10.,10.)
CALL S y "'FCL(1.96.9•1493GhIMAGIr;ARY INDEX VARIED—M RANGE 90930)

v
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:4C:32 WOL F F C816AA	 0816	 1	 100	 ISD PROPRIETARY

	1AF0	 _ CALL SYv20L(2.095.89.10930HXTL = 15-20-AVELENG'THSTHS - '	 90930)'
	17C.	 ClLL SYKECL(2.095.69.10930HREAL INDEX = 1.6 	 90930)

	

1"7 10	 CALL SYVE0L(2.95.49.192PHIMAG INDEX =092 TO 0.6 	 90.928)
?7i.^.._.____... .._._. CALL

-	2i:i0i2zHPIT"WIDTH/DEPTH"=-0'W80i0i^"27-

	

-_	 _-•

173. CALL SYVFOL(2.G95.09.10924H0UST = 40 PERCENT 	 90924)
174. CALL SY^'5CL(2.094.89.10930HFLAT SURFACE = 30 PERCENT 	 90930)
'-	 CALL SYr'BOLc2. 9 4.6,.1,30HL0i^G7TUGE	 -74 DEGREES --^^ X0,301 7	 )-6

	

1769	 CO 510 MLINE=296

	

177.	 AP0L(919MLINE)=-10.
1

	
__..__ •AP0L'(92-.P"LT%T)-5I"0:	

_	 --

	

17°.	 CALL LIP.E(APOL(191),APOL(19MLI".E)99091949MLINE)

	

1k00	 51 L' CCNTINUt	 18`
zrl 	 CALF rLCT(12.09000o-;)

A P OLo.,'D 92,1>=3C.
i E 

4 . ; • _ - -
'C A t1 _ 'A )CI -S'( O . 9 C , 2TH7 H'A Sr- AN Gt E" -D E`G R EI: S'i - 2 T^ ^^ O ^ D : i D : O'0 i 3 0 :) ^

	

1?^.	 CALL AXIS(0.090.0921HPOLARIZATION RIFF-PCT92197.0990.9-2.92.)

	

1F^.	 CALL SYM'7 0L(1.96.9.14930HIMAGINARY INDEX VARIED-M RANGE 90930)
I  :._
	

CALL SYY -, 0 L ( 2 5.6,.1i30HWAVELENG7H- SHIFT ,_-- 33PCT._-_____-9 0-930) - --- - 	 -

I 	 519 n'LlNE=296

	

ES.	 APOL'WL(919MLINE)=-2.

	

^c0-;	 -__._.._---ArIILWLr(S2'iT'L I`1£^"=^•
151. CALL LINE(AFOLWD(191)9AFOLWD(19MLIP,E)99091949MLINE)
152. c19	 C0NTINUE_	 -- CALL PLC'T(129C90.09-3)

	

,P4.	 AREC(E 4 91)=C.
S	 APEC(8591)=30.

1-= 
	 ._.LA LL _AXIS1-0:,0.,21NPHASE__ANGLE' = 7E'G'PEES-9--;2T79-60'O.^O:^G:QIIi3T1-."T

	,97.	 CALL AXIS"(C.90.92c.HREDGENED POINTS CIFF-MAG 	 92897 .990.9:09.05)

	

5r.	 CALL SY! .'E^OL(1.96.9.14930HIMAGINARY INDEX VARIED-M RAGE 90930)
CA' 	 SY n'SCLC^.,F.P,9.I930Hb^AVELENGTN SHIFT = 33PC'T -'-	iDi"3D7	

_..___..

	OC.	 DO 517 MLINE=296

	

r 1.	 NFE=(a4*VLINE)=0.0
^REC(8 r, LI74E)'=:D rJ -_- --

	03.	 CALL LIB:E(M KED( 191)9AREC(19MLINE)98391949MLINE)

	

C 4 .	 517	 CONTINUE
CALL PLOT(12.C90.D9-3)

	

0E.	 A~EDP(8491)=0.

c ._ _	 _CAtC AXTSCL.90^^21HPHASE A'^GLc	 GttiFEES.^._.21_^6:'D ^C. - 0: O'0^7C
C1.	 AXIS(U.9C.928HREDDENED o L4RET9 DIFF-''AG	 928979990.9.09.05)

	1^.	 CALL SYN1 7-OL(1.96.9.14930HIMAGINARY INDEX VARIED-M RANGE 90930)
CALL SYt1 7CLC2.95.C9.1930HVAVELENGTH SHIF T = 33PCT	

q'C930.)

	

1C.	 CG 516 MLINE=296

	

1:.	 ApEDP(849NLINE.)=.0
'F ES.^ (8E , i -L ITQE) ='. 0.5

	1:.	 CALL LINE(AREDPt191) 9A,REDP(19MLINE)98391949MLINE)

	

?...	 51	 C0NTINU=.
CALL P L ^u T (l 2 . C , 0 . 0 9 - 3 7

	

_-,.	 AFLtJE (9191) =C.

CALL AY,IS(C."",C:921HPHASE ANGLE' -_T)	 --ESQ-2I ► 6.OiD:^O "OOe3G:)

	

;.	 CALL AXIS(D.G90.0921HREFLECTIVITY9PLANET 	 92197.0990990.09.05)
CALL	 30HIFkGINARY INDEX VARIED-M RANGE 90930)
DO 509 a LINE=296

	

-µ.	 AP LNS(51,h'LI^^E)=0.0
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1 0:32 WOLFF CE16AA	 0816	 1	 100	 ISD PROPRIETARY	 r

2-60 CALL	 LINE(APLNB(191),AFLNB(19MLINE)99091,4 ► MLINE)
27. E09, CONTINUE
?'. CALL	 PLGT(12.090909-3) 1944

3U- AB3(92,1)=30.

318 CALL	 AXIS(0-,0-,21HPHASE	 ANGLE	 -	 CEGREES,-21,6.090.,0-00830-)

32. CALL	 AXIS(C-0,D-0921HRFFLECTIVITY90IFFUSE	 92197.000990909005)
^3. CALL	 SY"E^L(1996-,9i4,30HIMAGINARY	 INDEX	 VARIED-M	 RANGE	 9000)
349 CO	 511	 PLINE=296
3:. AE3(S1,MLINE)=0.0

3c- AB3(920'LIN--)=-05
37- ChLL	 LINE(A63(1,1),AB3(1,MLINE),90,1,49MLINE)
5 :11 CCTINUE	

_ _	 _..	 _.N 201-
:=. C.*LL	 PLOT(12-C,O-C,-3) 211•
4 ^. APC^I,i) =C.

42. CALL	 AXIS(C-,C-,21HPHrSE	 ANGLE	 -	 DEGPEES,-21,6.0,0.90.00930-)

4 30 CALL	 AYIS(C- r=90-D92IHREFLECTIVITY,TGTAL	 9210.0990.,0.09.05)
44- CALL	 ;Yr:P^L(1-,6-,-14,::OHIMAGINARY	 INDEX	 VAP,IED_-M "RANGE	 90930)
45- CC	 512	 MLIN	 =2,6
46. AE(91,MLI'vE)=C.O

.47. AE (S2,MLINE)=-0-

C.LL	 LINE(AE(191),AQ(19MLINE)99091949MLINE)
4C. 512 CC N!TINUE 218

CALL	 FLGT(i2.090.09-3)	
____

228

CALL	 Aa:IScO - .,0-,21H aHASE	 ANGLE- DEGREES,-21,6. Oi0.,7D'.'0^430.)'
=-40 CALL	 AXIS(C-O,C-C,21riPGLAPIZATICN,SINGLES	 ,21,7.0,90-,0.0'910-)
.550 CALL	 SYh'EOL(1-,6-,-14,30HIMAGINARY 	 INDEX	 VARIED-M	 RANGE	 90930)
'Sc. uv	 513	 MLIN E - " 9 6
:57. APB1f:19MLINE) =0- G

^P. APE1(52,"LINc)=10.

C:,LL	 LI r :EtAPB1t191)9AP-1 t1910LIr:E)99011949*1LINE)^_.________-___-.
EO- _°13 C C N T I N U E 23:
61. CCLL	 L0T(1^-C,0-C,-3) 245

:62. A^c2(°1,1)=0.

?63. AF P2(5291)=30.
?64. CALL	 AXIE(O.,G.,2ih'FHASE	 ANGLE	 -	 DEGREES,-2196.090-,0-D0930-)

CALL	 :: XT SCO-C9O-'0,21HPGLC,PI7ATTON,GOUBLES	 ,21,7.0,90-,-4•,4.0)
C-LL	 SYY ---OL(1-,6-,.14,3CHIMAGIN'ARY	 INDEX	 VARIED-M	 RANGE	 9093C)

67. DC	 5'_4	 !ELINF=2,6 
4r'= 2 ( y l. ►. L I',E) =-4- C

7C. C: LL	 LI":E(NF?2(1,1),AF32(1,r1LI1iE>,50,1,4,MLINE)
514 COP:TINUE	

_	 __,._ __	 _	 __...
252

: 7 2. C-LL	 PLCT(12.0,C-0,-3)

r.",l( ;'2, 1 ) =3C•	
...

: 7 r, . CALL	 4XIS(C.,C9,21HPH-SE	 ANGLE	 -	 DEGPEES9-21,6.090-90.00,30-)

_75. C-LL	 A>: TS(0-C,"90921H ? EFLEC T IVITY,SINGLES	 921,7.0,90-,0.0,-f'04)
=-7. CLLL	 SYt''OL(1-,6-,-14.3CHIMAGINARY 	 INDEX	 VARIED-M	 RANGE	 90930)
-"bo DG	 515	 "LI":7=296

c.
C 4 L L	 LT : E(4 E1(i,1),Ati1l1,rLIr,E),90,1,4,^fLItrE)

00N7INdUE

-llg-



4 0:31 ;;0 .LFF	 0$16AA	 0816 1	 100	 ISO PROPRIETARY
CALL PLOT( 12.D,O.O t -3)er4-	 ^E20191)=C0

r-	
AC2(^2r1)=3C.

`A 6 '
2&79	 CkLL"AXIS(C,r0-t21HPHASE ANGLE - DEGREESr- 21r6 . 0r0.0 . ODt3D:)CALL Ax IS(C.0.0,Or21HPEFLECTIVITYrG	

9
OUBLES 921t7.Ot90.r0.Or.004)`^ 6•	 CALL SYh'GCL(l. ♦6.

r.14r3CHIh1AGINARY INDEX VARIED -M^	
rr 516 MLIN!Ec2 9 E	 RANGE -P000)C

G.	 ^t2(91tN'^IfuE)=0.0	 ,.
?cl•	

AP2(92)MLINE)=.004
2 r2'	 CALL LI" (AL' 2ll rl) - tAB - 2(I'r MLIN E) rQO ,rIt4.MLI	 )-._._°..,.___.X53.	 ^.6	 CONTINU	 -- _..._._. _ ...
^ c4 '	 CALL PLCT(12-Or0,0r999)

G6•	 STCF	
__	 33:341

v ^t its
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