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Preface

We have decided to compile a preliminary documentatio: of the new
GLAS Fourth Order General Circulation Model. The present documenta-~
tion has not been subjected to a careful editing process; we hope
that its possible usefulness will compensate for some of its defects.
The model dynamics (COMPO, COMPl and COMP2) is still undergoing
minor improvements, especially in the time differencing scheme which
we hope will improve its efficiency. The "physics" routine (COMP3)
has not been documented because it is being thoroughly revised. The
present version of COMP3, similar to the one used in the GLAS/GISS
models (see the dqcumentation Ly Tsang and Karn), with modifications
introduced by Y. Sud (1979) is included in the code. Criticisms and
suggestions for improvement will be reatly appreciated, since a final

documentation will be prepared in 1980.

We are very grateful to all the peéople that have helped us generously.
In particular, Dr. N. Rushfield had a major impact in the process of
making the model operational. W. Connelly, D. Edelmann, D. Han,

S. Breining, P. Anolick and M. Almeida were very helpful in the devel-
opment of the model. The documentation was expertly and cheerfully
typed by S. Mathis; D. Edelmann and D. Rosen have also cooperated in
its compilation. We want to express our special gratitude toward

Dr. Y. Sud, who offered us generously both his advice and his time

in the development of the "physics" routine, and most especially to
Dr. M. Halem without whose many useful suggestions, constant encour-

agement, and long patience, this work would not have been finished.

Eugenia Kalnay-Rivas

November 1979



I. Introduction

The band fourth order model is a GOM which uses quadraiically conservative,
fourth order horjzontal space differences on an unstaggered grid and seoond
order vertical space differences with a Matsuno (forward-backward)
or a smooth leapfrog time scheme to solve the primitive equations

of motion.

This program numerically solves these equations one latitude hand

at a time which greatly reduces the amount of computer core storage
needed to run the program. It also uses the same variable names,
order of computations, I/0, post-processing as the standard second
order GCM. Appropriate modifications have been made for tLhe fourth
order differences and leapfrog scheme. (See the 1978 Goddard Model-
ing and Simulation Research Review for an overview of the fourth

order band model.)

The main feature of this model is that fourth order approximations
are used for all the horizontal derivatives. The derivative g%-is

approximated by

(WIS

(q(x+Ax)—q(x—Ax)\ 1 (q}x+2Ax)~q(x-2A§))
2AX ! 3 4 A%

and the derivative %; (gT) by

%-[(T00+T(X+Ax))(q(x)+q(x+Ax» % (T(x)+T(x—Axn(qix)+q(x-Ax»]
4Ax
_ L [(T(x)+T(x+2Ax»(q(x)+q(x+2AxD - (T(x)+T(x—2Ax»(q(x)+g(x—2ﬁx»]
3 8AX




The second approximation is derived by averaging the flux T to
yield a conservative form of the dynamic equations. Note that if

T is equal to 1 the second equation reduces to the first.

The primary variables are the horizontal components of the wind
velocity, W=(u,v), the temperature, T, the specific humidity, g, and

the shifted surface pressure,r , (m=P_-P

s Prop’ Ptop=10 mb) .

The secondary variables are the geopotential,¢$, the vertical wind

velocity,&, and the pressure, p.

The following pages give the differential equations of motion for

the GCM model with the initial and boundary conditions. This is
foilowed by the equations with the corresponding fourth order approx-
imations which use the same notation as the current second order
model. A complete description of the primitive equations with

the o coordinate system is found in the Arakawa UCLA notes (1976).
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Primitive Equations of Motion

Horizontal momentum equations

d [
variide = 2V o v vy + & (ndw)

Q)

RT

i

Continuity equation

am
(3.1) 5t
(3.2) %%-= - ?V'(mw)do

0

Equation of state
RT
p

o =

+ Ve (mW) + %E(WG) =0, or

1
= ~V. %n\vdo

First law of thermodynamics

amT

9 .
—— + Ve (MVT) + ﬁ(no'r)

ot

From 0 =T/pk, p=pT+on, w=5w+ﬁo, n=§%*w'7n,

=M+-1I-QN
°» ©p

)

Replacing in 5,

mokT dm Ve VT

9 TG _ .k dmao oo
30 30 T T
P
onT k 9m68 _
-—§-E + V ('"\VT) +p 0 =

Humidity equation

dmq . =
et Ve (MVq) 0

Hydrostatic equation

9¢  _ .
TE = G0

p Ot
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Of the variables w,u,v,T,q,¢,a,5 we update the 5 primary variables
7,1,v,T, and q using equations 1,2,3.2,5 and 6. From equations
3.1, 4, and 7 we can obtain ¢,0, and ¢ which are our secondary

variables. Note that p=0ﬁ+ptop.

Sea level pressure (used only in the smoothing routine SMSHAP)

Hydrostatic eq. %-g% = -p = -% = -%T [y 1og(§§£ = - %%
s

¢S
5. SLP = p(o=1) exp(-—:)
RT
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DERIVATION OF THE EQUATIONS AT THE POLES

Consider the continuity equation

o o

coupled with a conservation equation g%=s which can be expanded into

amOT
90

anT + V.(MWT) +

T =78

If we integrate this equation over a polar cap of radius A¢

27 %—A¢ 27 w A
o' 2 - 2
g 8 cos¢d¢dr = - V. ("WT)a“cospddda
i
7 > 3
2w m/2=-A¢ 2m 1m/2-A¢
- a—g—g—Tazcos¢d¢d)\- ﬁazcos¢d¢d)«
/2 /2
and we assume the value of %%2 to be approximately constant over the
polar cap
21 w/2=A¢ 2 w/2=A¢
ol _2 , ~ 01T 2
dy. 5E 2 cos¢dodr =~ (EE—} a“cos¢dodA
X m/2 0 w/2
_ 2, anmT
= 21a“ (1-cosA¢) (§E”)NP

The first term in the rhs is, using Gauss' theorem

2n w/2=-A¢ 27
- v(~V.(ﬂWT)a2cos¢d¢dA = -ervT a sinA¢dx
T/2
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This can be approximated as

IM
zTr v‘x I
-5 {fi "iviTi a sinA¢

The third term on the rhs is

2n n/2=A¢
amaT _2 ~ 2, amaT
A Ay~ a cos¢d¢dr — 27ma” (1 cosA¢)(—§——)

and similarly with the source term.

From these equations we obtain

onT - m cotlA¢/2 _ 3TOT
(at )Pole = -(-1) TaiMm z:"("1"1.'1‘1)7r ( 90 )Pole + 8
3~4¢
2 2sinA¢/2coshd/2 cotA¢
since 2ra sin Aa/gwa (l-cosA¢) = Y o2
IM IMa 2sin 5 TaIM

This formulation is used in the continuity, momentum temperature and
moisture equations. Note that the first term changes sign in the

South Pole (m=1). In the momentum equations we make use of the

transformation
- ol _ (_qyM
Ui = 51nAui (-1) cosAvi
V, = (--1\m coslu, - sinlv,
i ' i i

where m=1 for the South Pole and m=2 for the North Pole. Ui' Vi are
the "cartesian" wvelocities at longitude Xi’ and U, Ve the corres-

ponding spherical velocities.

The pressure gradient terms are computed making use of Green's

Theorem: 30 _ (3P - -
jfﬁ. dxdy -ﬁdy,ﬁ'ag dxdy = J;dx
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For example

2n n/2=-40¢

%% azcos¢d¢dA = =0 ¢aldd (~cosrd)r)

0 n/2
o =5 - A

IM
ale2n

In the U-momentum equation we have then the following pressure terms

M
omu, . _ Ad ORT
Gt p alI=cosd) M iz=:l (o3 +(-5=)p my)coshy

and similarly for nv .
o @ 4 "~ : A
In the model we have approximited A¢w-251n2-i

Then Ad ol 1
a(I=cos®)IM ~— _ _ gﬁ M

Based on this formulation we construct the fourth order scheme at
the Poles by taking % of the differences evaluated at A¢ from the
Poles (as expanded here), minus % of the differences at 2A¢ from

the Poles.

This formulation is not conservative at the Poles. However we have

found that this has had no noticeable effect in the conservation of
mass or energy in the model. 1In our shallow water experiments we
studied a set of equations that were quadratically conservative,
but inconsistent at the Pole, and another scheme analagous to the

GFDL scheme, which is both quadratically conservative and consistent
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at the Poles, but suffers from a serious truncation errcr near the
Poles in the pressure gradient term. The scheme that we chose gave

better results than tuae other two (Kalnay-Rivas, 1976).
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Computation of the horizontal pressure gradient as suggested by
N. A. Phillips

(1) Let 6=8 4+ 6', § = 280°K/1000* i.e. constant
(2) =% + ¢', k = R/Cp = .286

iﬂ- = -Cpd + § = ¢, - CpUp® with ¢, = CpBL000F

ap

(3) T=T(p) + T, T(p) = ﬁpk

Thus our new dep.ndent variables are

o' = ¢ + cpf (p-1000%)

T = T ~ §pk

Vn), the pressure gradient in the momentum

In this way (V¢ + 9%2

equations gets transformed into

k )
(4) VT 4+ vp' + oRoE- vy + IRT
m ( J¢ Z? GRGP vr 5 V)
ORT' _EE
= ﬂ(zp + —-——Vﬂ) + ﬂ(zy GRSP V)
But tam smnond parenthesis is zero:
k

koK
+ Reg—Vp =0

Ve + ORO %— Un= -CpBVp
In regions of steep orography, the second parenthesis in (4) is much
larger than the first. When the horizontal pressure gradient terms
are computed in their original formn, the near cancellation of the
two terms introduces large truncation errors. The procedure sugges-~
ted by Phillips greatly reduces this truncation error. We have chosen

a simpler definitiun of ¢° than the one suggested by Phillips.
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III. Finite Difference Variables and Grid

The notation used in fourth band mudel is the same as the standard
GLAS (GISS) second order GCM except that we use a non~-staggered hori-

zontal grid. A complete description of the variables can be found
in the TSANG-KARN documentation of the GISS 9 level mndel,

finite difference approximations to the primary variables u,v,T,q,

and 7 at the mesh point (iaA,jAd, (k~4)A0). Also the scaled variables

Ta,TV, ...are approximated by LLTETY “vijk' e »

The finite difference equations also use the following geometric arrays:

DXP(j) = mj = a cos¢jAA, DYU(3) = nj = aA¢j '

We use a factor of 12 in DXYP to make our scaled fourth gpder differences simpler.
DXYP(]j) = 12..‘:‘j‘nj ' nij = DXYP())‘Wij P Uijk = nj"ijuijk

.

*
ADLDP = 12.a%AAAd , V.., = m.7

f ijk jij

gk = Mig*954x

F

il
i

' 1) £, 4+ ADLDP- b, U,
i3k DXYP(])f] P smwj UlﬁlJ

Horizontal Grid

The fcurth order kand model uses an unstaggered grid in the hori-

zontal direction.

e
j=omiv.potey” | T L [T 1]
re f LTI\ JM intervals between
; 1 » ‘ south pole and north pole
j=1(S.Pole) i
“‘jL_ ‘
i=1 i=2 A i=IM i=IM+1

IM intervals in the longitudinal direction and periodic,

i=IM+1 is identical to i=1l.
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Al L0Onh = ™ aAd ISP | 31

(i-1)4A-m = (i-1)5°-180° ¢j

o

(§=1)4¢ = % = (j-1)4°-90°

>
[

JSP = 1 JNP = JM1 = JM+1

Vertical Grid

The vertical grid is staggered; the values of all. the variables

u,v,T,q9,7, ... except 5 are computed at the center of each layer.

The values of ¢ are conputed at the edges c¢f the layers.

o=0 — o=0

k' . ——__ﬂ_—_—’/\’ &k ’. 1 ' pk .
u,v, T, qy
ks 1 Tkt r Pgryy

—— T o~
—

N L AY..__.._ — /A»s\\ \\-_...
d =1 M"w‘ T W\ Mw

In the case of uniform vertical resolntion and NLAY=9 vertical lavyers,

. k-1
= IG(K =
Oy SIG{K) 5 (0,1/9,...1)
o _ - 2k~-1 1 17
k. - SIGE(K) - 18'—‘ - (18’...’18)

and Ao = 1/9 .

5ijk and its scaled version éijk are defined at the eight interior
edges, i.e. for oi with k=1 to 8 since §6(0)=56(1)=0 from the

boundary conditions. The pressure Py 1 =70 +Ppgp is defined at the

same level as G,,_;.
Note for level k we need é‘., and 8. ., to form the second ordcer
ijk 1ik-1

vertical differences:

S 1oL AV - & . .
Sisk Visk™Viske1) 7 Sigk-1 VisktVigk-1

o

)

ORIGINAL PAGE IS
OF POOR QUALITY



I11-2  Periodic Filtering of Short Waves

An integral part of the numerical scheme is the periodic applica-
tion (every ISMTH steps, generally 2 hours) of a 16th order Shapiro
filter. This has the effect of removing waves shorter than 4Ax,
which are not resolved in the model, while waves longer than 4Ax,
which are accurately computed by the difference scheme, are not

affected by the filter (Kalnay-Rivas and Hoitsma, 1979).

The filter is applied to an array qj in the following way:

] . = - o= (Y -
Let d, (qj) d5417957 a_ (qj) 957941

Then a Shapiro filter of order 2N is given by

— N N
L= qgua=(=1 d, d .
95 = 9y (=1)"(a, 4a_) a5

The response of the filter applied to a wave of the form
q.=Q eprEHij) is
q; i

o i nlN TAX
qy = (1 sin™" =) y

The 2-dimensional filter is applied as a product of l-dimensional
filters (first in longitude, then in latitude). 1In latitude we
filter the fields on great circles formed by meridians of longitude

A and A+1, where 0< A <y. We are presently filtering only potential
temperature and sea level pressure. These fields were chosen because
they are not very affected by orography. Winds are not currently
filtered, because the adjustment between mass and velocity fields
does .ot alliow the development of short waves in the winds alone.
However, in the tropics, where the adjustment of winds to the mass
field is minimal, the winds are somewhat noisy, and we may opt to

filter them too.
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Iv. Boundary Conditions

Periodicity in the Zonal (East-West) direction

Tivemg = g m=1,2,3,..., 3J=2,...,JM

QIM+mjk=Qmjk m=1,2,3,..., j=2,...,IJM, k=1,...,NLAY
fOI‘ Q=U,V,T,q,¢’d,'ﬂ'u,'ﬂv,...

Boundary condit.ons at the north and south poles.Define the array

INDEX as follows:

INDEX (i) = i + 1—1‘21 i=1,2,...,1%
. I .
INDEX (i+33) = i i=241,..., 10

i.e., INDEX: %ﬁ»rl, 1:,_”1+2,...,IM,1,2,...,-I—‘;—“
Then we can define

TigM+2 — "INDEX (i)JM for the poiits needed "beyond" the North Pole,

— . - (1] ol | ]
and Tio = “INDEX(i)Z for the points "beyonc" the South Pole

and similarly for T,q,¢.

For the horizontal velocity V=(u,v) we have

\% -V

igM+2k - ~VidMmk

Viok = Viak
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V. Finite Difference Equations

THE ZONAL (U) MOMENTUM EQUATION

dmu _ _ 1 (lruu) + a(ﬂvposy'u)] _ 9(mdu)
ot acosé A ad o
. T 3¢ . ORT am u tany
acoS¢[§T + —B—-—xl t £+ ——F)1v + mF .
- COMPL: HA: PUL, , . PULy L1 s
l,.k 6—-’\.———*\ _ >
2 I Uk UigkctUioagi) T OF 5kt 0515k UagntUienji)]
Puzi_1 PUZ,
- - (0% X
SO0 29k U 5tVso29) = U5kt ho k) WigktUisasi!
PVl
*—-\
* * ;
HE TV oV a1k) U405 0030 = (VK #VE 50000 (055340554000 ]
PV2
g T
- 5*[(Vle *J 21 (Uijk*uij-Zk)'(V’ijk +v*3+2k) (Uijk+Uij+2k)
VA:
+.5% (8

i3k-1Yi3x*Vi5k-1" ijk(Uijk+Uijk+1)]/A°k:>
COMP2: PG:
+(m, J*n K {8*[¢!

0
kRTle (n

. )] o+
“p! . i-15" l+lj
i-1ljk 1+le Py

OkRTi'k
[¢°+2 k ‘b -24 k+ — L- (TT. .-'»'f.- .)]
j i-2j Py i+23 'i-2j

C: COoMP3

* *y
+ TR0+ (TR, )

Note: - COMPl, COMP2, COMP3 are the names of the three subroutines
where the different terms are computed. HA: Horizontal ad-
vection terms. VA: Vertical advection terms. PG: Pressure
gradient terms,C: Coriolis term.

Also note that PV2 is set equal to zero for j=0 and j=JM, i.e.,
there is no transport of mass acrcss the poles.
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THE MERIDIONAL (V) MOMENTUM EQUATION

RIAY _ 1 9 (nu-.v)

[ 3 (mvcos¢Vv ] dmov
ot acos¢ A 3¢

Y

_Tma¢ oRT 37, _ utang
a[a¢ + 5 a¢l (f+——§——)ﬂu + 7F

COMPl: HA:

3NV, .. _
— ik = {4 *[(Uljk i-1jk) (v, +U

ot

- *
1Jk 1 ljk) (u 13k +l]k)(vljk

- *
S5 LUt U o™ Vs it o250 ~ O 59T a25k) VigktVivasx!

TV YT o1 VaetVig-nd = VetV e VisetVigen

- * * *
+5 [(V1]k+vlj+2k)(vljk Tk) v 1]k+V1]+2k)(Vljk 1j+2k)
VA: .
*.5* [Sl]k 1V 1jk+vijk-1)_Sijk(vijk+vijk+l)]/Ack}
COMP2: i- o BT
* * v -
gy 8L L0 5 1O ge1kt “““;1' (T35-1"T55+1" ]
RT!
. 4 ) Vi ijk -
t 0yt T (Mige2™Mig-2) 1

C: COMP3:

- * *
Fijk i3 Uijk)+(HFy)

Vislix



THE THFRMODYNAMIC ENERGY EQUATION

. k
anT BWUT + 37MVecos¢.T, _ k 3m6T/p
t - acos¢[ 3¢ ] P 00
TOKT 9w U am . vV om T
ooobGet mﬂ*‘aw’*cp
COMPl: HA:
ANT, 4
.___.L * * * *
ot tar[(uy 3k+U ljk)(lek i=- ljk) (u 1Jk+U1+13k)(T13k 1+13k)
-,5% * - *
> [(U13h+u 23k)( 13k 1 23k) (u 13k+u +23k)( 1Jk 1+23k)

* * - * *
TV o1k (Tt Ty -1k VEsktVisen) TiitTi ek

- * * - *
+5 [(vljk tym2k) TagktTigean) = Vd5etVi o) (Ti5ptT g0 ]
+.5p" 18, L, ijk_l) -85 (4 ijk+l)j/A° )
ijk 13 Piir  Pis PROpt Py
ijk ijk-1 ijk ijk+1
COMP2:
o KT 4k am + U*, {8.*[y -1 ]+ - }
(+ =—2IK (7, 28 5] SR TS EILE T E LR B Pl PO R
pijk ij ot
* * -
M S LR LR TORLIP IS D LU FPL LIPS b
COMP3
Q. .
+ (___}_Jﬁ)
Cp



THE MOISTURE EQUATION

1 dnu.q . dmVcosd+q, _ 3mdg
acos¢ ( 5 T ) ] mo. + T{E-C)

COMPl: HA

* - w *
IR EITEL FRIR RPN LAU SR FRPTR NN RN

- * »*
.5 ((Uijk ¥, 4+U%

* V= (]
FUTe2gk) (Fi50tai o210 = (U150 240 (94 43+ 40400 )

w *® * - *
OV VT -1k (999 50y VI Vigeni) (934x%9 5410 ]

ijk

- 5% *
.5 [<V’jk+v

* - *
13kVTg-25) (Fi5kt 9y 5-20) T VE VT eap) (945t 54 ]

* L] -.
o378 5km1 (9 5xt 9 1) "8 41 (g g ey ) 1700 )

COMP3:

+N(E,

1jk.C )

ijk

Note: The current transport scheme for the moisture field is being

modified.



THE PRESSURE-TENDENCY EQUATION

om _ g (40, (218 8nvcos¢]

t 2, acos¢ - dA ¢

=1
COMP1:
= * » -] % * -] ®
CONV, g5 =80, (8.7 (UY 350Ut h150) *UT424507 V1252
w % -tk * -ty®
* B VY0V e VY e2e Vg -20!
COMP1:
9My 4 I
e T | a=1 COWVigy
THE VERTICAL VELOCITY EQUATION
am _ _ 1 anl , 3mVeosd, _ 93 , .
3t ~  acos¢ 5%+ 3¢ ] - 55 (m9)
Thus
oll _ L Ac
giving:
COMF1: ;
. L] a
8iik {sijk_l + CONV,y 4 Aoy m}



VI, The Forecast Equations at the Poles

The fourth order band model uses a spherical cap at the poles, and
the finite difference approximations to the equations of motion must
be derived for this spherical region. Stereographic projection is

used to give us a well-defined velocity vector at the poles.

From trigonometry, (Fig.Via) if the vector (U,V) in X-Y coordinates
is represented by (U',V') in X'=-Y' coordinates where the prime co-
ordinate axes are rotated by an angle ) then,

(1) U = U'cosh - V'sin)

U'sint - V'cos)

]

{2) v

We want to interpret "polar stereographic”
4 velocities (UNP'VNP) also as "spherical"

velocities (U,V),, as we approach the

Fig. VIa North Pole along a meridian of longitude ).
From Fig. VIb, which shows a unit vector in both coordinate systems, we
see that, at the North Pole, spherical coordinates are ro?ated by an
angle (§+A) with respect to the polar stereographic coordinates. Therefore,

- Ty - ; T
UNP = Ucos(A+2) V31n(k+2)
= Usin (AL T
Vap = 0s1n(A+2) + vCos(A+2)
or
) UNP = ~Usin) - Vcosi
_VNP = UcosA = Vsinl

Similarly, for the South Pole:

= =UsinA + V A
@) USP Usin c?s
VSP = ~UcosA = Vsinl
also,
(5) 4] = -UNP51nA + VNPcosA
v = -UNPcosA - VNPSlnA
(63 U = -USP51nA - VSPcosA
Vv = Uspcosk - VSPsinA
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The initial values for Unpk vNPk ’ Uspk ' VSPk

are obtained from equations 3 and 4 by averaging in the zonal
direction on the line of latitude j=45 for the north pole and j=2
for the south pole. In the forecast stereographic velocities are advected
and cransformed back into spherical velocities after each time step

by equations 5 and 6.

In the following equation we will denote the polar velocities by
VPk m’ VPk m and the temperature and other variables in a similar
’ ’
way, TP, _, TP + ... where m=1 for the south pole and m=2 for the
,m k,m

north pole. The following constants are used,

COEF1=(-1)"  COEF2=-COEF1 RADIM=3-a:IM
CON1=4COT(.5A¢) /RADIM

CON2=-COT (A¢) /RADIM

CON3=4DT/ (RADIM*SIN(.5A¢)

CON4=DT/ (RADIM*SIN (A¢) )

JPOL(K,M)=(2 JdM )
3 JM-1

r=JPOL(1,m)=first interior value of j(2 for the S. Pole, JM for tae N. Pole)

$=JPOL(2,m) =second interior value of j(3 for the S. Pole, JM-1 for the N. Pole).
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ZONAL (U) MOMENTUM EQUATION (POLES)

COMP1:
BWUPk m = IM
* w - 1 * »
=t {COEF1* [CON1 121 nlrvlrk( kSlnAi+COEF1 virkcosAi)
M
* - 4 *
+CON2 151 wisvisk(uiskslnxi+coapl viskcosAi)l

+.5[sp l(Up +UP 1) SP (up +UPk+1)]/Ao }

COMP2:

M o, RTP,
. _CON3 k""Tk .
+ P (-5 z (¢1rk ——55;- i) COSA,
+coNd T z (5! 0kRTP ;) cosA, ]
DT isk? PP
COMP3:

f . -
+ m"Pm VPklm) + (vpm Fpk'm

MERIDIONAL (V) MOMENTUM EQUATION (POLES)

COMP1 :
amVPy ,m ={COEF1* CONl*I¥ (COEF2* *COS) . + Sin).)
— T [ 2 M Vipk (COEF2*U, ., FCOSA;+V,  SinAy

IM
* - * * 1
+CON2 121 Tis lsk(COEFZ Ussk COSAi+ViSk81nAi)]
+.5[SP, _, (VP +VP, _;)=~SP, (VP +VP, ,)1/ho,}
COMP2: CON3 IM kRTP
+me [- T * Z (¢1rk pPk Tr1r)Sln>‘i
o, RTP
CON4* k" k .
DT .E (¢1sk pP Wls)SlnAi]
i=1 k
COMP3:
-— f . .
) UPk,m + (TP SPk’m)
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THE THERMODYNAMICS ENERGY EQUATION (POLES)

COMP1:
anTP, IM IM
= " * * "
ST {corFl* (conl i_l"irvirkTirk+C°N2 151 TiaViskTisk’
TP TP
+.5pp§ m (SPi_ 1 ! kim + i'l'm )
’ ’ pP pp
k,m k-lpm
TP TP
~p, [ (—eB KL ) /g, )
’
PPr,m  PPk+1,m
COMP2:
"B _o, KTP 9mP IM
4 (DK k'm{ M 4+ CON5* I [(COEFL*UP, _COS\.+VP, _SINA.)*
ot k,m i k,m i
ppk,m i""l
COMP3: (8m, =m0 H)
mP
+(EE—‘QPk)

THE MOISTURE BALANCE EQUATION (POLES)

COMP1:

amqPy o IM M
. ! - Al * * v
5T {COEF1* (CON1 iil"irvirkqirk+C°N2Iil"isviskqisk)
+.5(8P) ) n(aPy ntaPy_ g p)=SPy n(QPy 4Py, )1/00) )
COMP3:
*
+(mP_ EPk)
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THE PRESSURE TENDENCY EQUATION (POLES)

IM IM
= D1 % * , . * ,
CONVPLkJSOEPl {CON1 izlwlrvlrk+CON2 iil“iSVISk)Ack
am Pm NLAY
k=1 &

THE VERTICAL VELOCITY EQUATION (POLES)
. , IR
ka'm = Spk-l,m + CONVPLk - Aok e
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VII. Diagnostic Equations (¢,d,p)

Once the updated values of wU, nv, 7T, mq are found we unscale:

n+1 n+1/ n+l

Uik = Uik for all i,j,k.

Similarly for V,T,q. We also filter the fields near the poleé to

prevent linear instability (see subroutine AVRX). o0 is obtained

from § by unscaling also.

nl n+l
We determine from "ij and Op v pl]k
n+l _ n+l =
pijk = okﬂij + pTOP pTOP—constant.

@S is the surface geopotential {(a function only of latitude and
longitude)

For the Phillips genpotential we define (p)k at the center of the layer in the
following way:

k+1 K+1
(o = Pijkel! Pk’ (pX= kll aE:+1)
i3k (k+1) (p, * P
k=1'2'octhLAY

ijk'+1"Piqpr!

where
k+1 N k+1 e .
Pijkn (SIGE (k) L +pTOP) (SIGE(k)—ok), i.e.
k+1 | . Coad k .
o) is obtained by exponentiation and (p)~ by differences.

The following equations represent the geopotential calculations

used in the ¢0ld fourth order model.
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Let k

. k
N, .0, RAo C P . P,
” 1j 'k k _ N 1jk+1 djk=1
Cijk = ‘"%;T;”““ fa[ k| ®E 1)* “k'-l(l X “”)
J L 1Pijk Piik
for k=1,...,NLAY
with
pk = p... and pk = pk
ijo ijl ijNLAY+] ijNLAY

An optimized version of Cijk is:

T, L0, RAO
\ = A1 K"k .5Cp k .k S k .k
Ciik 5T T G E L A LA R Pj k-1
13k Piik

Rather than compute ¢ and then subtract § we do everything at once:

' o= - TH % - ) m
(1) 1§NLAY ¢S CPTH* (PSKAPA pijNLAY) + ﬁil Cijﬁlijk
'1‘ i M 'I.‘ 1} 4
. k k ijk 1yk+1 R
= ! oy % - T2y -
(2) ijg ije+r t %? (pijg+l Pijk) (4= + X ) - 20)
- Pijk  Pijk+1
where
= - K k

CPTH = Cp * 0 PSKAPA = 1000" = bg -
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VIII. The Time Differencing Scheme

The fourth order band model has the option of using the Matsuno
time scheme or the smooth leapfrog scheme (see MWR-Vol 100 (487~

490) R. Asselin!.

Let Qn represent a typical variable that is to be updated tc¢ time
n+l, and let D(Qn) represent the nonlinear space differences. The
Matsuno (Euler-backward) scheme is as follows:

Q = Q"+atp(QM
Q™1 = Q"+atD(Q)

The standard leapfrog scheme is given by

Qn+1_Qn-l n
(1) % = D(Q)
n-1 =n=-1
For the smooth leapfrog scheme we replace Q by Q
(2) Qn+l___c—2n~-1 + 2AtD(Qn)
with
(3) " = (1-v)Q" + .5v(@ L+t

1

Equation (3) representz a simple time filter except o"™" is used

n-1

instead of Q in order to save core storage. The above equa-

tions (2) and (3) represent the order in which the smooth leapfrog
scheme is evaluated. For n=1 we define 60=Qo then we update in
equation (2) followed by the filtering in equation (3) which is

needed for the next time step.
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The smoothing step introduces dissipation with respect to time,
controlled explicitly by the parameter v, as compared to the im-
plicit dissipation in the Matsuno scheme. The amplification

factor can be found in the paper by Asselin.

A further modification must be made to the smooth leapfrog scheme
when source terms are included. Essentially the idea is that we
must include the source term effect over two steps rather than one.
If we do not dqo this, then the source effects (COMP3) are included
only in every other step which will introduce large discretization

errors. (For details see the attached report, Appendix B.)

If the source terms are called every NCOMP3 steps, then for

step n=NCOME3

o} = @2 + 20tp(@™™h)

-n=1

Qy = (1-v) Qn-l

+ .5v(072% + QM)

Then compute the source terms Sn and include in both steps n and n-1l,

o" = o + ncomp3-aAts”

-n-1_ =n-1

Q" t= 7" + NCOMP3-Ats"

The actual code is complicated by the fact that we actually use
scaled and unscaled variables, but the generalization is straight-

forward.
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IX. Documentation of the Code (Preliminary)

The band fourth model uses special equivalences and nonstandard dimen-
sions in crder to have the variables P,U,V,T,SH stored in contiguous
locations for each line of latitude. Thus, we desire to have the

variables stored as follows.

IM NI AY*IM IM NLAY*IM IM NLAY*IM IM NLAY*IM IM

[y & Y Y 4. > Y
| = + + $ > * Y v — v
1 IM+1  (NLAY+1l)*IM+l
PHIS 4] Ts \4 SHS T P SH PHIS Ueswoo

The scaled vzriables PT, UT, VT, TT, SHT are to be stored as follows:

M NLAY.*TM M NLAY*IM M NLAY*IM M NLAY*IM M

[ 3 & & $- e Y 3. 3
! g B o v v - n g
1 M (NLAY:+1) *IM+1
PU uT GT vT GW Yy PT SHT . PU ur ...

The above storage designation is accomplished by dimensioning

PHIS (4* (NLAY+1) *IM,JNP) instead of PHIS(IM,JNP) (for a fine grid

we have PHIS(2880,46), for ultrafine we have PHIS(4800,72)). Then
we equivalence NLAY*IM locations of the first line of latitude of U
with PHIS (IM+1,1) to FHIS((NLAY+1l)*IM,1l) (the first IM locations of

PHIS are used for the qguantity PHIS itself).

Similarly, we equivalence TS(1l,1) to TS(IM,l) with PHIS((NLAY+1)*
IM+1,1) to PHIS((NLAY+2)*IM,l) and so forth. (See the enclosed com-

puter codes for the exact values in the fine and ultrafine versions.)
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In order to have the successive lines of latitude arranged properly
in storage we dimension our variables to achieve this purpose. Thus,
we have U(IM,4* (NLAY+l),l) instead of U(IM,NLAY,JM), similarly for
v,T,SH,UT,VT,TT, and SHT. For P we have P(4* (NLAY+l)*IM,l) instead
of P(IM,JNP) and similarly for TS, SHS,GT,GW, and PT. Note that the
variables U,UT,... are only computed at IM*NLAY*JNP points, the
special dimensions are needed to properly align the variables in
storage. It is important to recall that we are using two proper-

ties of the FORTRAN Compiler:

First, by equivalencing two elements of two different arrays we im-
plicitly eqguivalence the other elements of the arrays. Second, that
last array dimension can be left as 1 as long as it is dimensioned
properly in the calling routine or it is equivalenced to a properly
dimensioned array. Note we could have dimensioned U as
U(IM,4*(NLAY+1l) ,INP) we would use the same amount of storage. It is
crucial to have the IM* (NLAY+l) dimension because it would cause the
computations on U for the successive lines of latitude to be shifted
IM* (NLAY+1) locations where the next line of latitude of U are stor-
ed. PFor clarity and simplicity in programming we use the standard
equivalence of U,V,T,SH with Q(I,L,N,J) with U equivalent to Q(I,L,1,J)
and so forth. 8Since we want P,U,V,T, and SH in contiguous storage
locations and the equivalence of Q with U,V,T, and SH, then we must
dimension Q as Q(IM,NLAY+1,4,1) instead of Q(IM,NLAY,4,1). We fill

in the extra locations by including PHIS,TS,SH, and P.
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COMP@ Description

This subroutine contains the time schemes and controls the calling

sequences of the routines COMPl, COMP2, COMP3, and the polar filter-~

ing routine AVRX.

The logic of this subroutine involves three considerations. First,
it permits one to choose either the Matsuno or the smooth leapfrog
time scheme. Second, the latter scheme involves the use of storage
arrays PSM and QSM. Third, the unscaling, smoothing of the updated
variables QT and the call of subroutine COMP3 occur at the value
JS2=J~2 when J is the value of the current line of latitude which

is being computed. The routine COMP1l and COMPZ require the values

of U,V,... at 082 in order to compute the updated values at J because
fourth order differences are used in the meridional (J) direcwuion.
Only after the COMPl and COMP2 are called for value J can we unscale,

smooth, and finish processing the variables at JS2.

The code for the poles is identical in format with the code for the
other J values except the variables are scaled by the pressure PPOL

only,

The main program contains two calls to COMP¢ which cannot be treated
independently because of the calling sequence: COMP@(Q,QT), COMPY
(QT,Q). 1If the first call is a leapfrog step (LF), the second one
must be also LF. If the first call is Matsuno predictor (MP), the
second one must be Matsuno corrector (MC). This is represented
symbolically by LF-LF, or MP-»MC, The second call can be followed
by either MP or LF. Each of these combinations requires different
transfers.
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Description of the Time Step Sequence Parameters

NSTEP: Counts the time steps. Starts and restarts both begin

with NSTEP=0.

NSEQ: The number of steps (combined matsuno and leapfrog) in

each (repeated) sequence of time steps.

MLF(I): MLF (I)=0 or 1 according to whether the Ith step in the

sequence is Leapfrog or Matsuno, respectively. First step
is always Matsuno (MLF(l)=1l).

ISMTH, Smoothing routine (SMSHAP) is called MOD (NSTEP-NSM1,
NSM1: ISMTH) ; if ISMIH=0, there is no smoothing.

NCOMP3, Physics routine (COMP3) is called MOD (NSTEP-NCM)l,
NCM1: NCOMP3) .

Sample Runs

Matsuno only:
NSEg=1, MLF(l)=1, MATSUN=1, DT=750., NSM1=0, NCM1=0
BCINO3=4, ISMTH=8
Leapfrog only:

NSEQ=1, MLF(1)=1, MATSUN=0, DT=600., NSM1=0, NCM1=0
NCOMP3=5, ISMTH=10

1 Matsuno, 4 Leap-Frog:

NSEQ=5, MLF=(1,0,0,0,0), MATSUN=not needed, NSM1=0,
NCM1=0, DT=600., NCOMP3=5, ISMTH=1l0



COMP1 Description

The COMPl subroutine contains the horizontal and vertical advection
differences. The DO loops over I are arranged to make use of the
periodicity of the variables in the zonal (I) direction. For example,
suppose we are to compute D(I)=Q(I+1l)-Q(I) for I=1,...,IM. Then the
corresponding code is

I=IM

DO 10 IP1=1,IM

D(I)=Q(IP1l)-Q(I)

I=IPl
10 CONTINUE

Where we used the periodicity Q(IM+1)=Q(1l).

In the meridional (J) dicrection we compute our difference approxima-
tions in stages in order to make maximum use of each line of latitude
of a typical variable when it is in core. The fourth order differ-~

ence approximation to %% (i23jA¢)=D(i,2,3)

Qigi+2‘Qizj-2)

4A¢

1) 4 figgney-1, 1
3355 3

Thus we see that Qilj will be needed in the difference approximations

to g% for 3-2, j-1, j+l1, and j+2. The corresponding code is

DO 20 I=1,IM
QFLUX1= 4*(Q(1,L,JP1)+Q(I,L,J))
QFLUX2=~,5%(Q(I,L,JP2)+Q(I,L,J))
p(1,L,JP2)= D(I,L,JP2)-QFLUX2
p(r,L,JPl)= D(I,L,JP1)-~QFLUX1
D(1I,L,J) = D(I,L,J)+QFLUX1+QFLUX2
20 CONTINUE

For simplicity the array D is inititalized to zero and Q is scaled

so that (1) contains no divisions.

At the poles (j=1 or J=JNP=46) we use the values given in section IV
on boundary conditions. We have special code for these cases denoted

J=2 or J=JM corrections.
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COMP2 Description

This routine contains the Coriolis force term, the geopotential
calculation (which should be made into a separate subroutine), and

the pressure gradient and energy term calculations.

The geopotential PHI is dimensioned PHI(72,9,5) since we only need

at most five storage locations for any computation. We use modular
arithmetic (MODS) to compute the indices JMOD, JP1MOD, JP2MOD which
correspond to the standard index values of J,J+1, and J+2. Thus
PHI(I,L,6) is stored in PEI (I,L,1), and we avoid shifting array values

by using the JMOD index as a pointer.

For the south pole calculation we need geopotential values at J=2

and 3, thus, for J=1 we compute PHI for J=1,2, and 3. For successive
values of J we need only compute PHI at JP2 which is needed in the
pressure gradient calcualtion at J. Therefore, the calculation of
PHI and the associated array PK are coded for calculation at JP2.
Except for the first J value we are only computing the geopotential

at one latitude value for each pressure gradient calculation.
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Flow Charts

18

25

29

IF (JP2>JM) GO TO 25
IF(J>1) GO To 18
JP2=JP2MOD=2
((SAVE QTPOL(M) IN QSMPOL(M),M=1,2))
((SAVE QJ (JP2) IN QSM(JP2MOD)))
IF (JP2>2) GO TO 25
( (INCREMENT JP2,JP2MOD) ) GO TO 18
CALL CaMP1(Q,QT,J)
CALL CaMP2(Q,QT,J)
( (ELIMINATE NEGATIVE HUMIDITIES)
IF (PT¢(400,1100. ) ) STOP
IF (J<3) GG TO 200
IF (J=3) GO TO 70
( (UNSCALE QT(JS2)))
CALL AVRX(QT,JS2)
( (LEAP FROG, MATSUNO AS RELATED TO THE
SEQUENCE OF 2 CALLS TO COMPO:
1st CALL 3 IF 3 LF or MP 3 MC,
2nd CALL 9 IF 5 LF or LF 5 MP or MC 3 MP)
IF (LF>LF) GO TO 45
IF (LF-MP . OR. MC*MP) GO TO 58
((STATUS: MP*MC OR MC*LF))
((P(I,JS2)+PSM(I,JS2MOD) ,Q“QSM))
IF (MC*LF) GO TO 63
(STATUS: MP*MC))
(contin.)

COoMPO  (Q,QT)

Jsl=1
Js2=1

((MAIN LOOP))
DO 10 J=1,JM

((COMPUTE ALL J-PARAMETERS) )



58
45

63

64

67

70
-200

10

caMPo (Q,QT)

((P(I,J52)«PT(1,J52) ,Q-QI*DXYP*PT)) GO TO 64

((P(I,JS2)« *P(I,JS2)+a*(PSM+PT),
Q-B*DXYP*P*Q+o.* (QSMHQT*DXYP*PT) ) )

CONTINUE
( (SOURCE TERM CORRECTION FOR LEAP FROG))

IF (NOT COMP3 CALL) GO TO 67
((Q-Q-QT*DXYP*PT) )

IF (NOT COMP3 CALL) GO TO 67

IF (MATSUNO PREDICTOR STEP) GO TO 67

CALL CQMP3 (QT,JS2)
((COMPLETE SOURCE TERM CORRECTION,
Q-Q+T*DXYP*PT) )

IF (J<IM) GO TO 200
( (INCREMENT JS2,JS2M0D) )

IF (JS2<JM) GO TO 29
((POLES) )

Js2=JS1
JS1=J

CONTINUE
((END OF J LOOP})

carl (Q,QT,J)

( (COMPUTE JP2~JS2MOD) )
IF (J>2) GO TO 2150
JS1=JS2-JS1MOD=JS2M0D=1

{contin.)



coMPl  (Q,01,)

2150 IF (J=IM) GO TO 2158
( (COMPUTE PV;,PV: =V o+ Vo)) |
IF(J=1) GO TO 2225
2158 { (COMPUTE PU,, PU2= U; + U;+2))
( (COMPUTE HORIZ.ADVEC,.-IN JONG. DIREC.))
IF (J = IM) GO TO 2237
2225 ( (COMPUTE HORIZ.ADV.~IN LAT. DIREC.))
IF (J>1) G0 TO 2290
((J=2 CORREC. TO HORIZ. ADVEC & CONV.))
((CONV, CALC. FOR CONT. EQ.))
2290 IF (J<JM) GO TO 2405
2237 ((J=JM CORREC. TO HORIZ. “WDVEC. & CONV,))
. -
2405 ((CONV + OONV * DSIG(L)))
IF (L<NLAY) GO TO 2150
IF (J=1) GO TO 2600
( (COMPUTE SIGDOT,PT))
( (COMPUTE VERTICAL ADVEC.))
IF (J<JM) RETURN
2600 ((POLES, M=l or 2))
( (HORIZ. ADVEC.))
((ConNT. E.Q.))
( (SIGDOT PL, PTPOL))
({(VERT. ACAEC.))
RETURN
END OF COMP1
Alternative code from @~ tOo @
IF(J.EQ.1) GO TO 2222
((COMPUTE PUy, PU,))
( (COMPUTE RA%I) ))
GO TO 2235
2222 ((J=2 CORREC )
2235 IF (J<JIM) GO TO 2225
( (J=JM CORRECQC))
GO TO 2405

2225

2405

( (HORIZ ADVEC(J) ))
( (CONV .CALC.FORCONT.EQ.))

( (CONV CONV*DSIG(L)))
-——-—'——-u—
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3001

3005

3007

3055

IF(J>1)

IF (J>JM)

IF (L<NLAY)

coMP2 (Q,QT,J)

( (COMPUTE JP2=... ))

((JP2=JP2MOD=JPKP2=1))

( (CORIOLIS ))

((FIRST MAIN LOOP IN L))

((DO 3030 LX=1,NLAY ))
((COMPUTE ENERGY TERM IN
THERMODYNAMIC EQN ))

((L=NLAY+1-LX ))

GO TO 3001
3005

GO TO 3032

GO TO 3055

( (COMPUTE PK(I,LL,JPKP2)FORLL=1,NLAY))

( (COMPUTE PHI' (I,NLAY,JP2MOD))

:3065

( (COMPUTE PHI' AT JP2MOD FOR L<NLAY))

3065 IF(JP2=1 or JP2=JNP)

3030

3032

3085

3135
3111
3031

IF(J=1)

IF (J > 2)

IF (J=20rJM)

IF (J < JM)

( (COMPUTE W(JP2MOD)))

( (INCREMENT LX ))

GO TO 3030

((IF J=1 GO TO 3005 AND COMPUTE PHI(2),W(2)))

((2nd MAIN LOOP IN L))

((DO 3031 LX=1, NLAY))

((J=2: VT,TT CORREC.))
(((P) FCR 1J EQ.))
(((P) FOR V EQ.))

(( CORREC. TO (P) J=IM))
( (POLES) )

( (CONTINUE) )
( (RETURN) )
END

GO TO 3111 ( POLES)

GO TO 3085

GO TO 3135

GO TO 3031



A FOURTH=-ORDER FORECASTING MODEL*
(E. Kalnay=-Rivas, D. Hoitsma, and P. Anolick)

The GISS fourth-order model (Kalnay-Rivas, et al.,
1977), which is a fourth-order, energy-conserving GCM on an
unstaggered grid, had shown promising capabilities. It produced
forecasts that showed an iwprovement over the second-order GISS
forecasts with the same fine grid (4° x 5°) resolution, but that
were somewhat inferior to the "ultrafine" forecasts. However, the
first version of the model required excessive amounts .of computer
memory and time for execution.

The model has been reprogrammed into the "fourth-order
band model." The new program solves the primitive equations one
latitude band at a time. The arrays are stored in an interlaced
way, with all arrays being updated at the same latitude stored
contiguously, and similarly for all arrays used in the computation
of the time derivatives. This design of the program makes effective
use of the virtual memory capability of the Modeling and Simulation
Facility's IBM 370/165 or Amdahl computers. The virtual memory
facility permits the execution of programs whose cure size is larger
than the one available, by placing the excess on disk and reading in
those pages of informaticn needed in the current calculations. The
band fourth-order data structure and computations were constructed
to optimize this virtual I/0 process; a possible improvement may be
to interlace also the arrays being updated with those used to compute
the time derivatives. The use of the virtual memory facility avoids
the explicit I/C used in the current Kern model, and yields a simpler
program. (The band structure was suggested by G. Russell.)

The band fourth-order model computations have been
optimized so that each time step is computed in the Amdahl in half
the time requived by the old model. The array structure has also
been designed to reduce the amount of overall storage and high-
speed memory by a factor of two (see Table 1).

Table 1. Comparison of fourth-Order Model Computing Requirements.

Original B..nd
4th-Order Model 4th-Order Model
Core (bytes) 3500K 1500K
CPU time per step
(COMP1, COMP2) 34 sec 17 sec

*Reprint from Atmospheric and Oceanographic Research Review~1978,
CTAS, NASA Technical Memorandum 80253,
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The model has been programmed so that it can use both
the Matsuno and the leapfroa time schemes, the latter with the
Robert time smoother. Xf Q% and D(Q") denote the fields at time
nAt and the corresponding time derivative computed from thd space
differences, the smoothed leapfrog s.ieme is

oMl = 9"l 4+ 25t p(QM)
Q" = Q" + .su(enTl + oMt -20M)

with 0° = Q°. The use of a smouthing coefficient requires a
slightly smaller time step. For example, with v = .1, the
model is marginally stable with At = 288 sec., compared to
11 = 300 sec, for the Matsuno and leapfrog schemes.

The smooth~d leapfrog scheme is further modified to
include the suhbgrid “physics® terms, and scaling and spatial
smoothing proc«iures. Since the "physics" is called every
few time steps, unless the leapfrog scheme is restarted after
every call to the "physics," only one of the two consecutive
fields will be affected. The restarting procedure is time-
consuming, so it has been replaced by the following algorithm

Qn-l = Qn-l - Qn

6" = oM + st

Qn—l = Qn‘l + Qn

where S™ corresponds to the "physics" terms. This procedure,
which ensures that the physics is applied te two consecutive
time steps, hzs been tested with good results.

The model can be extended into an "ultrafine" version
in a straightforward way.

Preliminary Results. The first numerical integrations performed
with the new band fourth~order model show dramatic improvements
over forecasts made with the GLAS model with the same resolution
("fine grid” or 4° latitude by 5° longitude). The quality of the
forecasts is now comparable with those produced with the "ultrafine"”
(2.5° latitude by 3° longitude) version of the model. Results
from a 3-day numerical integration are presented in Figure 1.
During an extended 8-day integration of the new fourth-order
nodel, the atmospheric systems remained remarkably smooth,
exhibiting a realistic behavior both with respect to position

and intensities.

References

Kalnay-Rivas, E., 2 Bayliss, and J. Storch, 1977: The fourth-
order GISS moca:. of the global atmosphere. Contributions
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The 4th Order GISS Model of the filobal Atmosphere*

E. Kdlnay-Rivas ') and ?), A, Bayliss*) ¥ and J. Storch?)

1) Massachusetts Intitute of Technology Dept, of Meteorology, Cambridge, MA 02139, USA
) Goddard institute for Space Studies NASA, New York, NY 10026, USA
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Abstract: The new GISS dth order model of the global atmosphere is deseribed, 1t is bused on 4th order
quadratically conserving difterences with the periodic spplication of a 16th order filter on the sea level pressure
and potemtisl temperature equations, & combinstion which is approximately enstrophy conserving, Several short
range forceasts indicate u signiticunt improvement over 2nd order forecasts with the same resolution (~ 400 km),
However the 4th order forecusts ate somewhat inferior to 2nd order forecusts with double resolution. 'This is
probably duc to the presence of short wayes in the range between 1000 km and 2000 km, which are computed
more gccurately by the 2nd order high resofution model, An operition count of the schemes indicates thut

with similar code optimization, the 4th order model will require approximately the same amount of computer
time a8 the 2nd order model with the same resolution,

I is estimated that the 4th order model with u grid size of 200 km provides enough accuracy to make
horizontal trancation errors negligible over o period of a week for all synoptic seates (waves longer than
1000 km),

1. Introduction

1t is generally accepted that the use of 4th order finite differences is more efficient in reducing
space truncation errors than the use of higher resolution on a 2nd order model (KREISS and OLIGER,
1972), Linear analyses and shallow water type of experiments give an upper limit of the imjrovement
that can be expected from the reduction of errors in the horizontal differences. For example, Table |
corresponds to a linear wave equation with phase speed ¢ = 11 ms™', typical of atmospl: ~riz motions. It
provides i measure of the “computational predictability period™ after which the errors introduced by
horizontal truncution alone become very serious. The table suggests that for waves longer than 2000 km
a 4th order -- 400 km grid model is preferable to a 2nd order - 200 grid model. Wives shurter than
2000 km are forecast more accurately by a 2nd order -- 200 km grid model. In order to insure that
horizontal truncation errors are small in the -3 week period of atmospheric predictability for all
synoptic scale waves it is necessary to use either 4th order differences with a grid resolution of the
order of 200 km or 2nd order differences with a grid of the order of 100 km. Numerical experiments
with simple nonlinear models (W1 LLIAMSON and BROWNING, 1973, KALNAY-RIVAS 19764, from now
on 1) also indicate dramatic reduction of errors by the use of 4th order differences.
All these studies indicate that a considerable improvement in forecasting skill is to be expected from the
usc of 4th order differences if @ substantial portion of the forecasting errors is due to horizontal trunca-
tion errory. In actual numerical forecasts there are several are seversl other important sources of errors:
vertical truncation errors, errors in the initial conditions, and poor “physics™ (i.e. parameterization of
physical processes like radiation, dissipation, subgrid transports, cumulus convection, boundary layers,
ete.)

* (Puper presented during the DMG-AMS Meeting, Hamburg 19765 see Prefuce to Issue 1 271977
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® Jable 1, Flapsed time T after which g wave of wavelength L moving with o phase
speed ¢ = LEms™ ! lags by more than 100 kKm due to Space traneation errors.

Ax =400 km Ax = 200 km
2nd order L= 2000 km, T 0.4 duys L= 2000 km, "= 1,6 duys
differences L = 4000 km, T = 1.6 days L = 4000 ki, T = 6.4 days
4th order L= 2000 km, T 1.5 duys L= 2000 kny, 1= 21 duyy
differences L= 4000 km, 1= 21 duys L L= 4000 km, 1" = 128 days

At the Goddard Institute for Space Studies (GISS), New York, we have developed a 4th order general
circulation model (GCM) with the expectation that it witl yield more accurate short range forecasts, and
probably more realistic climate simulations, but with the improvement limited by the other sources of
errors, The model is described in Section 2, The results of several experimental short range forecasts are
discussed in Section 3. A sample 36-hour forecast is presented and compared with forecasts by the
standard 2nd order GISS model, which has the same resolution as the 4th order model, and by the
“ultrafine” 2nd order GISS model, which has twice the horizontal resolution, Section 4 contains the
conclusions and a discussion of future work.

2. Description of the model

The 4th order GISS global atmospheric maodel is @ primitive equation model using longitude
(A), latitude (¢) and sigma (0) coordinates, The basic equations and the parameterizations of physical
processes are the same as those of the standard 2nd order GISS global model (Somervitle ef al, 1974),
The finite difference scheme is quite different and is deseribed in the following subsections,

2.1. Finite-difference scheme

The horizontal grid is uniform (constant AN and A¢) and non-staggered, There are two ways
to define such a grid, depending on whether variables are defined at the poles, as done by WILITAMSON
and BROWNING (1973), or half u grid size away from the poles (HOLLOWAY et al, 1973), We chose the
former method because in the absence of smoothing near the poles it allows a time step twice as large
as the latter, The singularity that sherical coordinates have af the poles is explicitly avoided by the use
of a polar cell where “stereographic™ velocities are used.

In the vertical direction we use a staggered grid with &, the vertical velocity, detined at the boundaries
of cach layer, and all other variables in the center of the layer. The vertical grid cun be non uniform
although experiments have been made se far with constint Ao, Experiments reported in 1 indicated that
no significant improvement in accuracy was obtained when a 4th order staggered conservative scheme
was used in the vertical direction. Therefore the model has 2nd order vertical differences, The compu-
tation of the geopotential b is performed as indicated by ARAKAWA (1972), with a modification
suggested by priLLips (1974)

a) Forecast equation away from the poles

Several systems of horizontal difference werl tested as reported in 1. The scheme chosen for the
basis of tiese experiments consists of the simplest possible quadratically conservative 4th order differences.
4



We define the finite difference horizontal divergence gperator at the vertical level k as
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Here 11 = pg - py is the difference between the pressure at the surface and the constant pressure at the
top of the model, a is the radius of the earth, w = ui + v§ is the horizontal velocity vector in spherical
coordinates, and we use the finite difference notation
SaaB =8Nt nAN2, ¢, 0,t) - pt -NAN2, ¢, 0, D]/(nAN),
(2.3)
g™ =gt nAN2, ¢ 0, D+ (N nAN2, ¢, 0,0)/2,

and similar formulas for the other independent variables. With this notation, the continuity equation away
from the poles is

g:'=~- Dy (1)~ 118, 0y (Z4)

or, if we integrate it in the vertical and make use of the boundary condition
0=0at0=0,1,

M __
';)t“ o — Dk(l) Aoy (2'4b)

K1

where K is the number of vertical layzis. Equation (2.4b) is the forecast equation for 1. The momentum
equation is

ot ) . Uy tang
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1l

Here T is absolute temperature, F is the frictional force, k = R/C,, Q is the diabatic heating per unit
mass, pis the pressure and p* is computed as indicated in Subsection 2.1¢. The moisture equation for the
water vapor mixing ratio q is

g o .
() )k;_ Ditad 118, (g ), + 1 C) @7

E and € are the rates of evaporation and condensation,

In the momentum equation (2.5) we follow i device suggested by PHILLIPS (1974) to alleviate the
difficulties of the computation of the pressure gradient in o-coordinates in the vicmnity of orography.
s st LT e U i 2 et
We detine T' =T T(p), & =& d(p), where T =0 p*, 0 = 280 K/(1000 mb)*, b = dyy - €, 0 p* and by =
K A . eqm ' « ) y . 1
1(1000 mb)*  ph b We have simplified PHILLIPS® expression for By since its precise value is not
important, With this procedure, in the pressure gradient {erm there is an exact cancellation of the terms

U+ okT

p Vi1, and this implies a significant reduction of truncation errors in cegions with steep orography,

b) Forecast equations at the Poles

We have followed the method used by WHLLIAMSON and BROWNING (1973) and define a polar

cap of radius 4 A¢g on which we use “stereographic” (or rather “cartesian™) velocity components defined
by the transformation

Upp = usin\ t veos

Vip = tpcos) o vsin) (1.8)
with inverse

us=o Uyp Sinh 4 Vip cos)

vE UL Leosh Vo psin) 19)

where the top and bot{om signs correspond to the north and south poles respectively. The positive
x-uxis of the cartesian coordinates coincides with the meridian of longitude X = (0, The difference in
signs at the south pole is due to the choice of a right handed system of coordinutes with the verti-
cal unit vector pointing outwards. Formulas (2.8) and £2.9) are used to define “spherical” or “cartesian™
velocity components wherever they are required in the finite difference equations,
The finite difference horizontal divergence operator at the poles is defined by an average aver all
longitudes \;:

142 (4
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where \p = (i 3) AN, AN = 2a/l and A, = Ahasin(n A@)/[2ma* (1 cos(nAg))). The finite difference
gradient operator at the poles is also defined by an average over all longitudes:
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Then the continuity equation at the poles is
ol p K
“(:j"*“' -o= QAkZ_"D. p‘k(l) Aoy, (2.12)

the momentum equation is

(QL'M

i )k =FDypg (V) - 1y pd, (b,,. V‘,'p)k +f4p kx(llV)“,'k

v 1
=y p {V pp Q'I’“:;! Vip "Jk +Fyp, i (2.13)

where Vip= U,p i + Vypj. The thermodynamic equation is

(i)“-l'“l"l:)ip , = FD“l,k(T)“"‘ {p';p”yp 8(7 ‘b”) (f;;'?;;'{—l'f"}k (2'14)
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and the moisture equation is similar,

c) Diagnostic equations

In o-coordinates, the pressure is defined by p = oll + p.. Following a suggestion by PHILLIPS
(1974) we define at the center of a layer p§ = 1/(x + 1) §,pk * ' /8,px, instead of Pr = (PL)¥ as in ARAKAWA
(1972). This formula was derived under the assumption that the potential temperature varies in a g-layer
much less than either the temperature of the pressure. PHILLIPS indicated that a more accurate relationship
between temperature and geopotential can be expected from this formula.
The geopotential @ is determined following ARAKAWA (1972): If &g is the surface geopotential, then the
geopotential at the center of the lowest layer is

K

by =g+ N CTy (2.15)
k=1
and at other levels
« Ty 12 ° .
By =dyay + Cpdogs Lo (Prat) | (2.16)
° Pk+1y/2
The coefficients Cy are determined {rom
flog RAgy, €, ===y
Cy = ez e (G A8 3 K 2.17)
K Pk pﬁ ( ol )k (

The vertical velocity in o-coordinate is determined from (2.4a) and (2.4b), and the boundary condition
o=0ato=0,1:

K
50"1«"‘]1‘{ :Dk(l)Aok “‘Dk(l)’ (2.18)
K=1



d) Boundary conditions

In the cast-west direction we use periodicity: g(\ + 2, @) = g(), ¢) for all variables, When the
value of a variable is needed “beyond™ the poles, we define it by continuation along the same meridian;

v(ht (Gt g )=-w (1r+ A m(gw Ag&)) ;g(,\, z(% + A¢))=g(n+)\, i(f_{»Aa)) ,

where g represents all variables other than the two horizontal velocity components. In the vertical the
top and bottom are material surfaces through which there is no flux (6=0at 0 = 0, 1) except for subgrid
boundary layer fluxes of moment’is and heat included in ¥ and Q,

2.2.  Filtering near the poles and high order filtering

The CFL computational stability condition requires a very small time step unless linearly
unstable short waves are filtered out near the poles, For this purpose several alternative procedures
have been tried but so far the method found to give most satisfactory results is the fourier filtering of
the prognostic variables u, v, T and the indirect smootiing of 1\ through the filtering of the sea level
pressure (SLP) field,
The fourier filtering is performed polewards of 66° latitude. The amplitudes of the fourier components
of zonal wavenumber n are multiplied by a transfer function which is 1 for n <N and decreases linearly
to zero between n = N and n = N + 5. The number of retained modes is defined by N(¢) = integer part
of (90 cos ¢). We have tried filtering the stereographic velocities U, V instead of u, v but no improvement
was obtained.
Since both the surface geopotential and the surface pressure fields contain large amplitude short wave
components due to the presence of orography, an artifical smoothing of these fields represents a
distortion of the real geometry of the boundary. On the other hand, the SLP is an instrinsically smooth
field, and its high wavenumber components more closely represent atmospheric waves. Therefore in our
model the SLP is filtered near the poles and 11 is recovered by solving the transcendental equation used
to relate them
It was found that the 4th order model forecasts were less smooth than those of the 2nd order GISS
model, especially in regions with steep orography. Based on the same considerations we have introduced
a periodic application of a high (16th) order filter (SHAPIRO, 1970) on the SLP and potential tem-
perature fields, which are not very affected by orography.
The filter is of the form g = {1 ~ (F3)*}{ 1 - (F1)*} g, where F3(gij) = (gi+i; ~ 2&ij + & -ij)/4 and has a response
F} [exp (ik\)] = ~ sin (kAN/2) exp(ikA). This filter climinates waves shorter than 44X and even after
hundreds of applications has negligible damping effect on waves longer than 4AX,
In the meridional direction there are three simple alternative forms for F,},:

F3,(8i) = (@ij+ 1~ 283 + 8ij-1)/4

Fon(gip) = ((@ij+ 1 ~ &ij) cosdys 172 = (@ij — Bij-1) cos By 2 |/(4 coss;)
and

Fau (8i)) = [F3 (gij cosgy) /cos gy

FRANCIS (1975) used F,§,", which is the only one that conserves the area weighted average of g.
However,we have found that the three meridional filters produced virtually identical results. This could



be expected because the waves affected by the filter are too short to be strongly influenced by the
convergence of the meridians. Since F}; and Fiu can be programmed as efficiently as F} we find them
preferable In the model we use Fd,,, with g continued “beyond” the poles as indicated in Subsection

2.1d. At the poles g , p is defined as the averoge over all longitudes A; of the filtered values g;, +p. At the
present we are applying the high order filter to the SLP and potential temperature fields once every two
hours.

2.3.  Enstrophy constraint

BAYLISS and ISAACSON (1975) have developed a simple method to make any finite difference
scheme conservative with respect to any quantity. The method has been tested in our model by forcing
conservation of enstrophy on the dry adiabatic version of the model, although in such a model it is
potential enstrophy that is conserved. The procedure is the following: Let the vectors U and V represent
the values of the velocity components discretized over the grid and let the functional G(U, V) denote
the consistent 4th order approximation of the mean square vorticity. At each time step a correction
U', V' is added to the predicted values U, V such that G(U + U', V + V') = G(U,, Vq) Where Uy, Vo
deciote the velocities at time t = 0. Since this equation cannot be solved explicitly, it is linearized about
the predicted values U, V:

(39 T +(gc)h L V' = G(Uq, Vo) - G(U, V) (2.19)
U, V
If we assume

W.V1=e (55 5v); 5 (2:20)
then « can be determined from (2.19):
_ G(Uo- Vo) G(U, VZ
NERE

(2.21)

It may be casily shown that the choice (2.20) minimizes I U’ Il + | V' I ,the norm of the correction vector.
1t has been found that this procedure improves the forecasting skill of the model. However, when it is
used in combination with the periodic application of the high order filter the improvement is marginal.
Therefore this option is not included in the standard version of our model,

2.4. Summary of the properties of the model

The finite differences of the model have the following properties:

a) Horizontal differences are performed on a nonstaggerad grid and have 4th order truncation errors.

b) Vertical differences are performed on a staggered grid and have 2ad order truncation errors.

¢) The differences are conservative in the sense that in the absence of diabatic and dissipation, mass and
energy are conserved except for marginal terms at the poles. Non-conservative differences similar to
those used by WILLIAMSON and BROWNING (1973), starting from real data, proved to be nonlinearly
unstable after less than one day of integration.

d) Unlike the “box method”, the horizontal differences remain 4th order near the poles (KALNAY-RIVAS,
1976b)

A-9



€) The model contains no horizontal diffusion expect for the possible use of a dissipative time scheme
and for the periodic application of the high order filter. It has been shown in 1 that the combination
of a 4th order quadratically conservative scheme with the periodic application of a high order filter
replaces successfully the use of an enstrophy-conserving scheme. This is because waves shorter than
four times the grid size are the ones subject to aliasing and to large truncation errors, and they are
removed by the filter before they attain finite amplitude. Waves longer than four times the grid size are
accurately computed by the 4th order scheme and are not affected by the filter,

3. Numerical forecasts
3.1.  Analytical initial conditions

The model was tested using 3 dimensional extensions of both the nontrivial steady state
solution and the Rossby-Haurwitz wave initial conditions used in 1. The forecasts remained smooth
during the several days of interation, Errors in the steady state case were an order of magnitude larger
than in I because of the use of single precision arithmetic on the 1BM/360-95 computer. However, it
was found necessary to use double precision for the longitudinally averaged pressure gradient at the
poles in order to avoid excessive local error growth,

3.1. Forecasts with real initial data

As mentioned before, the parameterization of physical processes included in the terms F, Q, C
and E of Equations (2.5) -- (2.7) has been adapted from the standard 2nd order GISS model (SOMERVILLE
et al, 1974). The only change that has been introduced is the reduction by a factor of 2 of the surface
drag coefficient. Thic was found to be necessary in order to avoid an excessive damping of the pressure
systems after one or two day forecasts, We believe that the fact that in the staggered grid the surface
winds are obtained by a horizontal average reduces the relative effect of friction in the standard model,
At the present time (November 1976), we have performed S experimental short range forecasts, Since
they have been made with slightly different versions of the 4th order model, we don't yet have a reliable
sneasure of the model’s forecasting skill, The initial data so far has been available in the staggered grid
used by the standard model so that winds have been linearly interpolated to the nonstaggered grid. This
is a source of error which may have adversely affected the 4th order forecasts.

We have performed a single 4-day forecast which indicated that the model remains very stable and that
synoptic systems show no tendency to become unrealistically weak.

All the numerical 4th order forecasts show a significant improvement over the 2nd order forecasts
performed with the same resolution. This improvement appears as a better estimation of the changes in
position and intensity of several pressure systems. This in an encouraging result, especially in view of the
study made by BAUMHEFNER and DOWNEY (1976) which indicates that the standard 2nd order GISS
model forecasts compare favorably with those made by the NMC and NCAR models with similar
resolution.

On the other hand, and contrary to our expectations, the forecasts made with the 2nd order GISS model
with double horizontal resolution were found to be either similar or superior to the 4th order forecasts.
This is more true in the sea level pressure than in the S00 mb forecasts. We consider that there are
several possible reasons for this result. One is the extra errors introduced in the 4th order model initial
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Figure 1. Observed 36 hr, sea level pressure at 0000 GMT, 22 Februury 1976

data by the averaging of the winds. A second reason (and probably the most important one) is the
existence of waves with significant amplitudes and wavelengths between 1000 and 2000 km. These
short waves are better detected in the initial data and more accurately forecast by the 2nd order model
with double resolution. The nonlinear interaction of these short wives with longer synoptic waves
which according to linear theory are better forecasted by the 4th order model is clearly very important.
A third important reason is the fact that errors introduced by the parameterization of subgrid processes
become less important as the grid size is reduced.

We present an example of a 36 hour forecast of the sea level pressure corresponding to February 22,
1976, 12Z. Figure 1 is the verification sea level pressure map, Figure 2 is the forecast computed with
the standard 2nd order GISS model, which has a resolution AX = §°, A¢ =4°, Ao = 1/9. Figure 3 is the
4th order forecast computed with the same resolution, and Figure 4 is the forecast obtained using the
“ultrafine’” 2nd order GISS model which has a resolution AX = 2.5°, A¢=2°, Ag =1/9.

The most striking improvement showed by the 4th order forecast is in the position and intensity of the
low in the eastern portion of North America, In fact, this low and the high over the Atlantic Ocean have
been forecasted better by the 4th order model than by the 2nd order model with double resolution.

On the other hand the developing cold high in central Canada and the intense low pressure center south
of Greenland have been predicted better by the double resolution 2nd order model. As usual in this
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Figure 2. 36 hr. horecust using the standurd 2nd order GISS model

type of comparison, the three forecasts share several important deficiencies. For example the intensity
of the high over southwest USA has been overpredicted by the three models, probably because of
difficulties introduced by the orography. The low south of Alaska has been erroncously split by the
three models, This splitting, which is slightly less pronounced in the 4th order forecast, may be due to
both errors in the initial data and orographic and coastal problems.

4. Summary and conclusions

We have described the characteristics of the 4th order GISS model of the global atmosphere.
It is based on a quadratically conservative scheme with the periodic application of a 16th order filter on
the sea level pressure and potential temperature fields. As shown in 1 this combination is approximately
enstrophy-conserving. An operation count of the numerical schemes indicates that with similar code
optimization the 4th order model will require approximately the same amount of computer time as the
2nd order enstrophy-conserving GISS model with the same resolution, We also plar to introduce a
simplified semi-implicit scheme, and to study the possibility of using the combination of a nonstaggered
vertical grid with the Kreiss 4th order method described in 1.
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Figure 3. 36 hir. forecast using the 4th order GISS model with the same resolution as in Figure 2

The results of several short range forecasts indicate a significant improvement over the 2nd order forecast
with the same resolution. This improvement is shown in the estimations of changes in position and
intensity of several pressure rystems, We plan to study the impact that the greater accuracy of 4th
order differences has on the forecasting skill of variables of more practical importance, such as tempe-
rature and precipitation.

It has been found that the 4th order forecasts are somewhat inferior to the forecasts made with a 2nd
order model with double horizontal resolution. We consider that one of the most important reasons
for this result are the presence of waves it the range between 1000 km and 2000 kn which are com-
puted more accurately by the high resolution 2nd order model than by the 4th order model. Another
important reason is that errors introduced by the parameterization of subgrid processes become smallcy
as the size is reduced.

It is estimated that the 4th order model with a grid size of 200 km provides enough accuracy to make
horizontal truncation errors negligible over a period of a week for all synoptic scales (waves longer thzn
1000 km),
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s INCRODUCTION

The design of a numerical model for atmoapheric
simulation is not a etraight-forward procedure.
Both in the areas of mathematical and numerical
analysis, and in the parameterization of
physical processes not explicitly resolved,

the modeler faces several difficult cholces
between equally reasonable methods, and
uvometimes betveen similarly unsatisfactory
aethods.

In this paper we discuss the considerations
leading to the numerical design of the GLAS
Poucth-Order Global Atmospheric Model. This
sodel, which vas briefly described in Kalnay-
Rivas et al., [1977), has been restructured,
and several minor changes were introduced.
The computation time and memory requirementa
for the 4th order model are now eimilar to
thoee of the pregent second order GLAS

model with the eame 4° latitude, 5° longitude
and 9 vertical-level resolution [Sommerville
et al., 1974), However, the fourth-order
55357_?brecast ekill ia eignificantly better
than that of the current GLAS model, and
after 3 days it i's c~-<carable or better than
that obtained with the 2.5° by 3° version

of the GLAS model.

A discussion of several of the basic charac~
teristice of the model design i{s contained
in section 2. For each of them we present
some of the possible alternatives, their
advantages and disadvantages, and the reason
for our choice. In section ), we discuss
the effect on numerical forecastsa of changes
in the accuracy, resolutl?? and conservation
propertie: of the models.'!)  Section 4
contains some final reaarks.

N Ao of this writing, several of the
numerical experiments are not complete.

(*) Present sffiltation: Department of
Mathematica, Wesleyan University of Connecticut
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2. DISCUSSION OF THE DESIGN OF THE MODEL

Different numerical analysts and atmosphetvic
modelers often take different approaches in
the design of a numerical model for weather
Prediction. Sometimes they even have dffferant
basic philosophies. For example Arakawa (1966,
1972]), has been a pinneer i{n the development
and use of numerica! schemes that reproduce

a8 closely as possible the conservation pro-
perties of the continous equations of fluid
dynaaics that determine the motion of the
atmosphere. On the other extreme, Kreiss

and Oliger {1972, 1973] have advocated the

use of more accurate schemes even when they
don’t formally satisfy any conservation
properties.

The currvent GLAS model is based on Arakawa's
{1972] s¢ jond order scheme nsing a staggered
grid B. The scheme is energy conserving and
approxnimately enstrophy conserving for non-
divergent flow. In this section we isolate
the areas {n which the Fourth-Order model is
different from the GCLAS model, discuss some
of the alternatives, and the justification of
our choice.

2.1 Accuracy

There is s consensus among modelers that for
finice difference models with second-order
accuracy, horizontal resolution of about

400 km, and about 10 vertical levels, hori-
gontal truncation ervors are the most important
source of errors. The truncation errors

can be reduced by any of the following methods:

'Y Increased horizontal resolution,
retaining second-order differences.
Advaatages; If the horizontal grid size

8 teduced by a factor of 2, truncation
errore are reduced by a factor of 4. A
conparison of the effect of truncation ervors
on the computational ghase speed and group
velocity of a linear wave is presented in
Fig. !+ Another advantage is that increasing




the resolution allows smaller but poestibly
fmportant scales to be explicitly fncluded
in the model.

Disadvantages: The reduction of error ie
nfou. and the computation time 19 {ncressed

by & factor of 8.
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Fig. 1 Computational phase epeed and group
veloclty fot a linear wave of
constant phase speed ¢, for different
numerical schemes as a function of
wavelength L.

b. Fourth order schemes of the firet
kind. We include in this group the common
5~point explicit fourth order schemes
[Kreiss and Oliger, 1972]).

Advantages: Phase speed errors are much
swaller, especislly for long waves (Fige. 1).
Waves longer than 5Ax have smaller errore in
their phase speed with fourth order differences
than with second order differences with twice
the resolution. If we consider the computs -
tional group velocity, the crossover occurs
ot about 7Ax. The computational time {s only
increased by a factor between 2 and 3.
Disadvantages: Wiaves in the range of 2Ax to
4Ox are still grossly misrerncesented.

Ceo Fourth order schemes of the second
kind. In this group we include linear finite
elements, cubic splines and the "compact” or
Pade type 3-point 4th order differences
introduced by Kreiss [Orezag & lsraelf,
1972), ail of which have the same fourth
order accuracy.

Advantages: Theas fourth-order differences

are considerably more accurate than the
fourth~order differences of the first kind
(Fig. 1). The crossaver with double-resolution
second-order differences in the phase speed
error occurs at JAx, and in the group velocity
error at about 4A4x.

Disadvantages: In the sioplest case, Krelss'
fourth order differences require the solution
of tri~-diagonal matrices. Finfte element
schemes require the solution of at least block
tri-diagonal matricea. Even though there are
efficient methods to perform these {nversione,
they are still computationally expensive.

The extra accuracy can be compencated with
4th order differences of the first kind by
increasing the resolutfon, which has other
advantages, as we mentioned earlier. These
schemes, as well as in higher order finite
difference schemes, waves in the range of 2 Ax
to 4Ax are stil] grossly misrepresented.

dy Spectral schemes.
Advantages: .1] the baste of the epectral
expansion are the eigenfunctions of the wave
equation spectral schemes have no phase
speed errors. Because of this they require
lens resolution than finite difference schemes.
Disadvantages: Because of the iarge number
of computations required for the nonlinear
terms, spectral schemes are competitive with
finite difference schemes only in combination
with the use of less resolution and semi-
implicit time schemes.

Our choice: Wr chose to use fourth order
finite differences of the first kind because
they are computationally efficient and have
small truncation errors except in the range
of waves with wavelengths between 2ix and éAx.

2.2 Type of Grid

Both staggered and unstaggered grids have been
widely used by atmospheric modelers.

: ) Unstagpered grid: The advantage
of this grid 1s its simplicity. Higher
order schemes are easf{ly developed with this
grid. Its disadvantage {s that all centered
differences have to be computed over a
distance of 2ix.

b.  Staggered grids: Several staggered
grid configurations are possible as reviewed

by Arakawa [1972]. The one hYe called scheme C,
which 18 the most commonly used, has the
pressure defined at the center of a grid
cell, and the velocity components u and v
defined at their corresponding normal walls.
This grid has the advantage that the pressure
gradient and velocity divergence terms are
computed over s distance of only lAx, so

that inertia gravity waves are computed
with double resolution, Therefore, as

pointed out by Arakawa, geostrophic adjust~
ment {5 best represented in this grid. On
the other hand, advection teros are com~
puted with no more accuracy than in the
unstaggered grid, and in the Ccriolis’
acceleration term, it is necessary to take
horizontal averages of the velocities. The



higher resolution of tnertta gravity vaves
rc@hoal the maximen time etep for explicit
time schames by a faotor of two.Pull fourth
order achemes can be developed with staggered
scheaes but they are very involved [Kalnay-
Rivas, 1976]). To date, modelers using
staggered grids have introduced fourth order
differences only in the advection terme.

Qur_chofce: During extended range fore-
casts, second order errors in the nonfndvcctlve
terme may become tmportant. For this riason
ve chose to use an unstaggered grid that
ul:ovo the use of a siaple, full fourth-crder
scheame.

2.3 Conservation Properties and_the Use of
Horgzontal Diffusion ‘

With respect to conservation properties, there
are basically 3 ctypes of finite difference
ochemes for the primitive equations:

&) Nonconservative achemes, the simplest of
which {s the one based on the advective form
of the equations; b) quadratically or energy
conserving schemea; and c) enstrophy conserving
schemes. Advective and quadratically conserva-
tive scheaes can be casily developed using
staggered or unstaggered grids {Lilly, 1965;
Bryan, 1966). Enatrophy conserving schemes
for the primitive equatfons have been developed
on & grid C by Grarmeltvedt [{969) and Arakawa
and Mintz [1974). Sadourny (1965a, b] con~
structed a potential enstrophy conserving
schene on grid C, and Arakawa [1978]) has
recently developed a potentisl enstrophy and
energy conserving scheme also on grid C.

Nonconservative schemes require a procedure
to damp waves shorter than 4Ax, which other-
vise grow spuriously causing catastrophic
nonlinear instability [Phillips, 1959]}.

This has usually been done by means of linear
oF nonlinear horizontal d/ffustion, or by
ueing dissipative numerical schemes such as
the Lax-Wendroff, or schemes that contain
explicit horizontal averaging.

Quadratically conservative schemes avoid the
unbounded growth of the solutions associated
with catastrophic nonlinear instabilicy.
However, as Arakawa (1972) and Sadourny
{1975a, b) have pointed out, in the course

of long integraiions, there {s still a spurious
build up of energy in the ahortest waves,
which appears as an wunbownded growth of the
total enstrophy. In the absence of hori-
gontal diffusion, this type of plow none
linear instability will completely disiort
the solution. Enetrophy conserving achemes,
on the other hand, fmpose a stronger con-
straint on the growth of the smallest scales
present {n the model. For this reason, the
UCLA and the GLAS models, which use enstrophy
conserving schemes,dp not need to tnolude
horiaontal diffuston.

It should be emphasized that conservation of
enatrophy does not necessarily imply a more
accurate or realistic simulation. In the
real atmosphere, the constraint of quasi-
sgaoatrophic motfon implies that very lictle
of the energy gencrated in the baroclinically
unstable scales can reach the smallest scales
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and be eventually disaipated (Charney, 1972].
In a mmerical aodel, the finite resolution
{mposes an artificial “\all” at the short end
of the spectrum, inducing en excessive
sccusulat{on of energy in the shortest wvaves.
Thie prodlem {# worst in nonconservative
schemes, but it appears even in aliss-free,
energy~ and enstrophy-conserving spectral
models. This juetifies using some para~
meterization of the unresolved subgrid
eddies to withdraw energy from the smsllest
resolved scales.

Por this purpose, leith (1972] suggested the
use of nonlinear hortizontal diffusion in
which the eddy diffustion coefficient is pro-
portional to the local gradient of vorticity.
This forauulation {8 consistent with the trans-
fer of energy to subgrid scales in two-
diaensional turbulence. In another widely
used formulation, suggested by Smagorinsky
{1963} and based on & three-dimensional
turbulent cascade theory, the diffusion
coefficient {s proportional to the deformation
tensor. These formulations are better than
the use of linear diffusion, but they both
share the following problems: a) the diffu-~
sion cnefficient 1s computed inaccurately

for the shortest waves, and, more importantly,
b) when the diffusidn coefficient is large
enough to avoid the spurious growth of the
smallest scales, it produces excessive
danping of the larger scales Merilcea,

1975; Willfamson, 1978). Furthermore, at the
short end of the apectrum (scales of the order
of 100 ko), neither quasi-geostrophic nor 3-
diaensional f{sotropic turbulence theories

are really justified. Williamson [1978]
generalized a higher order diffusion of the
form V4kV?, suggested by Kreiss and Oliger
{1972}, still using the deformation type of
diffuston coefficient. This formulation

has the advantage that, because it is more
scale dependent, there 18 less damping of

the longer waves.

In our model, we have taken an approach closer
to Pourfier filtering the shortest waves,
as suggested by Phillips [1959]. Our "subgrid
parameterization” is based on the following
argument: The 4th order scheme is adequate
accurate for waves longer than 4 Ax but
grossly insccurate for wiaves between 2 Ax aqﬁ
34x Since the shortest waves camnot provide
any useful information in a finite difference
achems, we filter them out of the system
while their amplitude is stil} small. Even
though they are filtered out, the shortest
vaves still play an {mportant role in the
model: they act ae a buffer or "sponge layer”
tn the spectrum domain, allowing energy to
trickle down from longer waves and avoiding
the accumulation of energy that would other=
wise occur at the short wave cutoff.

The elimfnation of the short waves i¢ performed
in the model with the periodic use of a Edth
order Shapiro {1970) fiiter, first introduced
{n GCMe by Francie [1975). Figure 2 indi-
cates the response of Shapiro fllters of

order 4, 8 and 16. It can be odserved that

in the case of a 16th order fllter waves

longer than & are scarcely affected at all



even sfter 128 applications, which tn our
sodel correspond to a 10 day integration.
Waves shorter than & are virtuslly elimi~
nated. Llower order filters tntroduce too
mauch decay at long scales.

1.0
.8
\
S 16 order “
ql. | opplication \
2] 128 opplicatic \\
\
o A 1 L.
! 8 6 q 3 2L /0%
1.0
.8
6L 8th order \\
. \
4 L_l applic \
! i \
2 _28 applic. v, \
\
0 R 1 Y|
6 8 6 4 3 2L/ax
-~
\\
.8 \
41h order \
.6 \
\
al | opplicationes® N
2 128 opplications N \
~
o 1IN 1 L Y|
6 8 6 ) 3 2 L/ax
Fig. 2 Response of Shapiro filters after |

and after 128 applications.

In order to explore the effect of filtering
short waves we performed a series of 20 day
forecasts with a eimple shallow water equa~
tion model [Kalnay-Rivas, 1976}, using diffe-
rent coubinations of schemes, smoothing
operators and frequency of application as
indicated on Table 1.
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Al:  4th ordcr. nen-conservetive, no amoothln '

A2: » " ,linear diffustonVeiC’*/s
Ad: " . " ,16th order (lltut/a hrs,
A4 " . "o, . /time atep.

Bi: * , quadrat. conserv., no smoothing.

B2: "o, " ,l6th order fllter/b hro.
B3: " . " . 8th "
“ 3 ”» . " N ‘th " " "

¢+ 2nd order, * , no smoothing

TABLE l: Characteristicg of
rune in Fig. 3.

the different

IN3 YROPMY ag 'Y
A fuon o
106 no'h
103
Loe
(N ]]
100
9
90
.14
[ L}
o
Ve 'y e e - A e Y S § e
€ 4 6 8 10 12 164 I8 8 20 Time (dops)
Fig. 3 Variations of total enstrophy during

numerical integrations as indicated
in Table 1. The scale corresponding
to experlmenss Al and A2 is multi-
plied by 107

We found that all stable runs conserved total
energy with a high degree of accuracy. Fig. 3
shows the variation ir time of the total
potential enstrophy, which ie conserved
exactly in the continuous equations. The
results indicate that when the 16th order
filter {s applied every time step (10 minutes)
even a4 formally nonconse:rvative scheme con=~
serves both total energy and total potential
enstrophy during a long integration (Run A4).
The quadratically conservative schene controls
better the amount of energy going into the
smallest scales, so that in Run B2 it was
enough to apply the filter every 4 hours to
conserve potential enstrophy within 0.05%,
even though such conservation i{s not formally
guaranteed in the schene.




It may bo questioned whether the application
of a high order filter eliminates swall

scale features like frontal zones or the
elfects of orographic or cumulue convection
forcing on small scales. Fix. 4 fndicates
that this is true for lower order filters.
However a 16th ovder filter eliminates only
those components which are not resolved any=~
way, and still sllovws for the foruwation of
shsrp gradient zones and strong local eaxima.

10 PASSES (ONE DAY) OF SHAPIRO FILTER

“ERONT"”

16th ORDER

8th ORDER

4th ORDER

2nd ORDER

10 PASSES (ONE DAY) OF SHAPIRO FILTER

gy v A\
Irez ‘th ORDER
s N

AN 8th ORDER
/ \

'I\ 4th ORDER
@-—o-.OI“"‘egm-J ) \.-.QSho..‘F.‘,..o

/f\ 2nd ORDER

[ SN S o Cooprn-agin

".80 &
order Shapiro filter on 4) a step
funckion b) & spikaee

Effect of 10 applications of a 16th

Our chotce: We chose to use a quadrate
fcally chergy) conserving scheme because it
ts only slightly lesa effictent than an advec~
tive scheme and it requivres the applicatton
of s high~order filcer only every few hours
to avoid the effect of slowv nonlinear insta~
blity assoctaced with a epurivus growth
of enstrophy. We apply the filter to the
sec level presaure and potential tempera-
ture fields in order ig)cnnpenonte for the
effect of topography.

3.  EXPERIMENTAL FORECASTS:
RESULTS

PRELIMINARY

We plan to performs an extensive series of
forecasts to study che effect of using
different scheames and varying resolutfon on
the quality of actual weather forecasts. In
this section we present sime preliminary
results.

We tested the Fourth Order model by making 3~
dey forecasts from several initial conditions.
In every case the model pertormed much better
than the CLAS model with the same 4° by §°
resolutfon. After 3 days the forecasts were
comparable to the 2.5° by 3° version of the
GLAS model in the sea level pressure maps,
and had sliphily less phase errors {n the

S00 md maps.

Fig. Sa shows the verification sea level
pressure map corresponding to a 3l-day forecast
with February 19, 1976, 02 (a case that has
been studied in detail by Atlas et al., 1979).
Fig. 5b is the 3-day forecast with the Fourth
Order 4° by 5° model verifying on the same
date. The excessive gradients, especially at
high lattitudes are due to a faulty computation
of the ground temperature by the radiation
routine used in that run. Figs. S5c¢c and 5d

ave the forecasts generated by the GLAS models
with 4* by 5® and 2.5° by 3° resolution res-
pectively. Fig. 6 displays the corresponding
500 mb maps.

In Fig. 7a, ve present the verification sea
level pressure map corrvasponding to a I~day
forecast with February 1, 1976, 02 inftial
conditions. The results of six different 3~
day forecasts are shown in Figs. 7b to 7g.
The forecast in Fig. 7b was computed with the
aew full Fourth-Order model, using the same
resolution and parameterisation of physical
processes (except for the long~wave radiation
routine) as in the 4* by 5° GLAS model

(Fige 7c)s In Fig. 7d, the model was the
sane as in 7b, but full Second-Order accuracy
wes used. If we compare these three made
vith the same resolution, we see that the
fourth order model did considerably better,
especially in forecasting the development and
wotion of the cyclone southwest of Greenland.
The two eecond~order forecasts are close to
each other.

3 The {dea of filtering these fields is due
to Dr. A. Bayliss.



Fig. 7 shows the foracast made with the 2.5°
by 3° GLAS model starting from the NASA
iniciel corditions with assimilation of
sastellite data [Atlas et al., 1979). All
other forecasts were made from NMC's Global
Analysie initial conditions. The cyclo-
genceis forecast was poorer than with the
fourth order model, but over continental
North America the forecast was better. This
may be due to the higher resolution or,
possibly, improved initial conditions.

Fig. 7f presents the forecast made with NMC'e
6~layer, 380 km resolution, which has resolution
comparable to our 4° by 5° grid. For these
initial conditions, NMC's forecast wae better
than the GLAS second order forecast, although
it shared some of tts errors (such as &
spurious santicyclogenesis over the Creat
Lakes).

Fig. 78 shows a forecast made with a slightly
different version of the fourth order model.
The differences were as follows: In the 7g
forecast we used a Matsupo time step, a
surface drag that was .75 of that of the
standard model, the Shapiro was applied every
two hours, and a slightly different scheme
for the vertical advection of moisture was
used. In the 7b forecast we used a combined
Mateuno~leap-frog scheme, the surface drag
was the same as in the standard wmodel and the
filter was applied every hour. The two
forecaste are quite similar, but from other
experiments it seeme that the positione of
the oceanic lows west of Spain and south of
Alaska were somewhat affected by the change
in frequency of the Shapiro filter.

4.~ FINAL REMARKS

Although these are preliminary results,’the
new Fourth-Order model seems to have very

good forecesting skill. Similar excellent
results with fourth order-schemes were reported
by Campana [1978, 1979], and by Williamson

(1978). Campena found that most of the improve-
ment over the second order model was obtained
Just by introducing fourth order accuracy on
the horizontal averages performed on the
Shuman~Hovermale model. Campana also obtained
that for 2-day forecasts, fourth order
differences were importent in the advection
terms but not in the pressure and continuity
terms. We made shallow water equation
experiments that showed some deterioration

of the solution after about 8 daye when only
the advection ‘terms werez written with fourth
order accurecy. Since baroclinic models are
much more unstable thean the SWE, Campana’s
results may not hold during extended forecasts.
We are performing experiments to study this
possibility in our model. We are aleo
repeating some of the forecaste using &

vector invariant form of the momentum equa=-
tiong. The NMC 6-layer PE model used in

Fig. 7f is based on such a formulation, and

we want to determine Af it affects the
solution.
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We are perforsing integratione with a 2.5° by
3° version of the Fourth-Order model. From
linear theory, this should make horizontal
truncation errors negligible for most synoptic
scales for periods of a week or longer,

Still, narrow atmospheric features like those
due to sharp orographic forcing on the 1TCZ
will remain poorly resolved.

We have found the fourth order model to be
extremely sensitive to the paraneterization

of physical processe¢s. For exanple, it becane
unstable through excessive cooling near the
surface, apparently due to a flav in the
radiation routine. None of the second order
models was sensitive to this problea.

In this paper we have discussed the use of
formally nonconservative schemes coupled with
periodic filtering of the shortest waves as

an alternative to the use of conservative
schemes. It {s clear from the experimental
results that formsl enstrophy consecvaiion

has had no beneficial {impact on the quality

of the forecast (Figs. 7¢ and 7d). Conservation
of potential enstrophy [Arakawa, 1978) might
have a more positive effect.

We think that the use of nonconservative
schemes with high order periodic filtering i»
also justified in climate simulations as long
88 the rates of energy or enstrophy loss due
to filtering remain much smaller than the
observed rates of generation and dissipation:

Acknouledgements: Dr. A. Bayliss' contribu=-
tion was crucial in the development of the
model. The authors have benefitted from
stimulating discussions with Profs. M. Cane,
E. lsaacson and D. Randall. The authors are
grateful to Dr. M. Halem for his patience,
encouragement and many useful suggestions.
Pr. N. Rushfield and Mr. W. Connelly were
extremely helpful in the development of the
program. Dr. M. Wu provided us with her
accurate radiation routine.

Fig. 5 Sea level pressure maps corves=
ponding to J-day forecasts with
Februsry 19, 1976, 0Z initial

conditione.

Fig. 6 Same as Fig. 5 but 500 mbd
geopotential heighte.

rig. ?7 Same as Fig. 5 but for February 1,
1976, 0Z initisl conditions.
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