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SUMMARY

‘Investigated in this study are finite-element modeling alternatives as
well as the utility and limitations of the 2-D structural response computer
code CIVM-JET 4B for predicting the transient large-deflaction clntic-plntic
structural responsaes of 2-D beam and/or ring structures which are subjected to
riqiﬁ-fngmint impeoct. These matters wers assessed in a sequence of computer
rungi and by comparing pudicuéna with experimental tnnllcht-tuponu and
permanent deformation data obtained for 6061-T651 aluminum beams with both
endéll clamped and subjectesd to perpendicular impact at midspan by a solid
steel sphere. Investigated next was the applicability of the CIVM-JET 4B
amiysis and code for the prediction o! atecl-conulhnont-rix{q responsa to
impact by complex deformable fraqmncs from a tri-hub burst of a TS8 turbine
rotor; corresponding experimem:al measurements were provided for comparison
by the Naval Air Propulsion Test Center (NAPTC).

In another aspect of this study. dimensional analysis considentions
were used in a parametric axamination of (a) data from engine rotor burst
containment experiments conducted by the NAPTC and (b) data from sphere-bsam
impact experiments carried out by the MIT-ASRL. The use of the CIVM-JET 4B
computer code for making parametric structural respunse studies on both
fragment-containment structure and fragment-deflector structure has been
illustrated. A judicious combination of a few selected experiments plus the
use of a computer code such as CIVM-JET 4B for paruﬁottic and tradeoff studiaes
are beliaeved to represent an effective procedgre for the design of 2-D -
fragment-containment and/or fragment-deflector structure.

Since the CIVM-JET 4B computer code_ as actu._:uy implemented accommodates
large-deflection, elastic-plastic, transient structural responses but oaly
small strain, some modifications to the analysis/computation procedure have
b«n developed to alleviates this restriction. Some preliminary exploratory
results thereby obtained are presented.

“:’1

14




escape along a "bé.tmless" pPath; the respective behavior ig termed as -being
either fragment .contaimment or fragment deflection. of Principal interest
in this report Lg the theoretical Prediction of the transient responses of

corresponding
dimension of the attaclcing-fragnent, the deflections of the impacted

being, in fact, two-dimensional. anp idealizeq model of this kind ig
indicated schematically in Fig. 1 where the actual structure
the C/D structure is représented by a “foundation"

of normal and tangential
springs; also, various end-support conditions can be accommodated in ®his

type of idealized 2-p model. Thisg type of model tends to include the maip

which supportg
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thickness, and subjected to initial-velocity distributions, prescribed
externally-applied loads, or ftmant'impact has been &eveloped The
capabilities and features of these computer codes [1-5]* have been -summa-
rized in Ref. 6. Discussed later in this report is the application of two
of these codes for the analysis of some example fragnent-structure impact
problems. 4

For structural response conditions wherein the use of a 2-D idealiza-
tion is an excessive over-simplification and where one seeks to predict
the response in greater detail, the stzuctu:e needs to be modeled as a
shell (with stiffeners, if present) (7-9],to permit accounting properly
for the 3-D shell structural deflectipns which are present. On the other
hand, an excessively fine modeling suéh as the use of 3-D solid elements
to represent a single~layer shell, stiffeners, etc. leads to an excessive
computational burden for many purposes. Hence, “"shell-behavior modeling”
serves as a logical next improvement over 2-D modeling of C/D structures.
Accozdinqiy, theoretical prediction methods to écmpute the responses of
plates and shells to initial velocity distributions and prescribed exter-
nally-applied transient loads (7] aie being adapted to predict 3-D struc-
tural response to fragment impact [10]. Such 3-D shell response predic-
tions are discussed no further in this report.

Confining attention to 2-D structural response predictions, the
availability of reliable transient response prediction méthods fof
fragment-impacted 2-D C/D structures may be of use (as noted earlier) for
preliminary design estimates and parametric calculations. Also, the use
of such prediction methods may enable one to reduce the scope of actual
impact/response expériments on candidate C/D structures; of course, it is
esséntial to conduct certain'types of experiments to establish concrete
qualitative and quantitative behavior. This experimental information also '
can be used to test the accuracy and adequacy of proposed prediction '
methods for certain ranges of parameters and conditions. Properly
conducted experiments of this type are very expensive; hence, the judicious
complementary use of theoretical transient response prediction methods is
of evident value.

Numbers in square brackets [ ] denote references given in the reference

list.
2
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" In order to evaluate the accuracy and edeqpecy of the cited txeneient
structural response predicztion methods, various eiperinents have been '

" carried out to provide appropu:ia'te experimental data. Complex experiments
involving impact of typical engine rotor fragnents against contaimment
rings have been conducted at ‘the Raval Air Propulsion Test Center. Sinpler
impact experiments with an impacting fragment of simpler and fixed shape have
been carried out at the MIT Aercelastic and Structures Research Lebo:atory.

The Naval Air Propulsion Test Center haq provided data on the ) o
responses of aluminum and steel contaimment rings to (1) impact by a
single TS8 turbine rotor blade and (2) tri-hub burst fragment attack from
a 758 turbine rotor ([11-14]% for example). In these cases the attacking
fragment is complex and undergoes a consideiehie amount of>deformation and
geometry change during its impact interaction with the contaimment ring.
For case (1), theoretical transient response predictions which take into
account the changing geometry, mass moment of inertia, etc. of a single
attacking-rotor-blade fragment have been carried out successfully [15];

’ . even this simple case required a substantial book-keeping effort. 1If a

similar procedure were applied to the TS8 tri-hub rotor burst attack case

(wvhere each fragment'consists of a segment of "rigid" rotor disk and 17

deformable blades), it is clear that an_impractically huge amount of book-

keeping and computation would be encountered. Accordingly, each actual
bladed-disk fragment has been replaced in the computational model by an
idealized model whieh may be visualized as a "hockey puck” of selected
fixed diameter; frictional or frictionless impact between this idealized
fragment and the contaimment ring is accommodated. The choice of an
appropriate size for each idealized fragment involves some study and
judgment, and is discussed later in this report.

To remove that judgméntal question and to provide cleaner, better-
defined, and more detailed transient structural response measurements for
evaluating the proposed impact-induced-response prediction method, simpler
impact experiments on a smaller scale were performed at the MIT-ASRL {[16].
The fragment selected was a solid steel sphere of one~inch éiameter;
modeling of this fragment is simple and efficient since to determine its
space occupancy at avgiven instant in time, it suffices to know its CG

*aAlso, see gef. 37. ’ - 3



Selected. Well-defined transient strains, permanent strains, and permanent
deflection data were obtained. These data were envisioned to provide a defini-
tive basis for evaluating the accuracy ard adequacy of the basic 2-D transient
structural response prediction scheme {3-15,17,18]. .Wit.h veri.ﬁ:ication thereby
established, one could Proceed with reasonabple confidence to tackle the ques-
tion of selecting an approptiate'idealized model for typical complex fragments
Such as bladed~-disk fragments. _

Accordingly, discussed in Section 2 are calculations and comparisons with
experiment for the sphere-beam impact problem. Section 3 is then devoted to
analysis, modeling, and theo:etical-experimental comparisons for the 758 tri-
hub rotor fragment attack against a steel containment ring.

Discussed in Section 4 are parametric effects on Structural responge
induced by fragment impact. Dimensional analysis considerations are discussed
with respect to data from engine rotor burst containment eéxperiments and to
data from the simpler sphere-beam impact experiments. Illustrated in Sec-
tion 4 is the application of the CIVM-JET 4B computer. code--to puam&ic type
Studies -- using for illustrative convenience the sphere-beam‘impact Problem.
Discussed are (Ia) the effects of the width-to-thickness ratio for "equal weight"
containment structures, (b) the effects of idealized fragment size, and (¢) .
geometric scaling effects. . Illustrative applications of this code to a study

of the responses of simple fragment deflectors are described in Section 5.

strain, the results of a brief exploratory study to modify the code to include
finite strain behavior are described in Section 6. Given in Section 7 are a
Summary, conclusions, and comments pertinent to this study;

Appendix A contains a concise review of the governing equations upon
which the CIVM-JET 4B computer program is based. Information on analysis
modifications employed to accommodate finite strain behavior for 2-p struc-
tural response behavior is given in Appendix B.
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STRUCTURAL RESPONSES OF ALUMINUM BEAMS. WITH-CLAMPED -
ENDS TO STEEL SPHERE IMPACT ’

In.order to obtain appiopziate and detailed twq—dimen#ional (i-D) ' L

SECTION 2

2.1 Problem Definition
2.1 Problem Definition

transient structural response data under well-defined impact conditions
;;b that a definitive evaluation could be made of the adequacy of the
j‘appx':ox:l.um:e collision-interaction analysis employed in the CIVM scheme,
Esome.simple experiments have been conducted at the MIT-ASRL and are re-
ported in Ref. 16. Beams of 6061-T651 aluminum with nominal 8-in span,
1.5-in width, and 0.10-in thickness and with both ends ideally clamped
have each been subjected to midspan perpendicular impact by a solid steel
sphere of one-inch diameter as indicated schematically in Pig. 2. Impact
velocities ranged from those sufficient‘to pProduce small permanent deflec~
tion to those needed for threshold rupture of the beam. Spanwise-oriented

strain gages were applied to both the upper and the lower (impacted) sur-
face of the beam at various midwidth angd spanwise locations. In each test,

transieht strain measurements were attempted for 8 of the gages; after
each test, permanent strain readings were ohtained—from—all"sﬁrviving.gages.

Also, permanent deflection measurements of the beams were made.

To- provide ideally-clamped boundary conditions at the ends of the
beams, these specimens were machined from a solid block of 6061-T651 alumi-
num (1.55 x 3.60 x 13.0~in) as indicated schematically in Fig. 3. The indi-
cated "integral support collar" was ih turn bolted securely to a heavy flat-

ground steel channel support structure with close-clearance 1/2"-13 Holo-
this design and arrangement is believed to have pro-
vided a very close simulation of "ideally-clamped' ends. To reduce the
hazard of undesired or ”prematuré cracking” at the boundary because of

Krome shoulder screws;

stress concentrations at a sharp re-entrant corner, all "inside corners"

- were machined to a radius of 1/8-

nominal beam thickness.

~ - -

in which is somewhat greater than the
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Target beams of 6061-T651 aluminum were employed because this materi-
al has well-known mechanical behavior, exhibits very. little—stzainnharden-
ing, and is relatively insensitive to strain-tate effects. A l-inch diameter
steel sphere was chosen as the impacting fragment since its geometry is well
defined (and preserved) throughout the impact attack, is devoid of sharp
edges which might cause atypical local shearing penetration of a target, and
was of convenient size, shape, and mass for use with the available experi-
mental launchiag apparatus so as to achieve the desired levels of fragment
kinetic energy at initial impact. The target beam dimensions: thickness
h = 0.100-1n, vidth w = 1.50~-in, and span L = 8.00-in were chosen for vari-
ous reasons, as follows. A small width w was desired so that the ensuing
beam response would be of essentially 2-D . character- however, the aiming ac-
curacy of the available launching apparatus was limited and, hence, a 1.5-in
width was selected to permit achieving impacts reasonably ﬁell centéred at
the beam's midwidth-midspan loéaéion. A length-to-thickness ratio of about
80 was chosen so that the beam model would possess a significant degree of
bending as well as extensional rigidity. Purther, the Span was kept large
compared with the diameter of the attacking fragment so that “local impact
effects"™ would be confined in a region remote from the supported ends of
the beam. Finally, the 8-in span was also selected-such that the time to
achieve peak deformation would be short enough to prevent the required com-
puting time for the theoretical transient response prediction scheme from
being excessive; this judgment was based upon much previous computational
experience (17, for example] on‘similar structures. With these selected
. dimensions for the "missile™ and the target beam, it‘was anticipated that
the beam would exhibit essentially 2-D‘defotmation everywhere except in
the immediate vicinity of tﬁe "sphere-beam impact point". Thus, this ex-
Pperimental information could serve the dual purposes of providing data to
check (a) beam 2-D response Predictions and (b) narrow plate 3-D struc-
tural response calculations (in the future), to fragment impact. The
reader is invited to consult Ref. 16 for further details of these experi-
ments.

An- inspection of each beam specimen indicates that except near the



point of impact itself (i.e.. where |x|~g 0.8 in), the beam underwent

_essentially 2-D deflection behavior; pronounced 3-D behﬁvior occurs nearer
the point of initial impact. Hence, the 2-D structural response code-

| CIVH-JET 4B (4] or CIVM-JET SB (5] may be expected to provide valid com-
parisons in the regions_]xl 2 o.é-in. Accordingly, calculations and o

- comparisons with experiment havn}bgep carried out mainly for two typical
conditions given in Ref. 16, and'ire discusgsed in subsequent subsections
of this section; an additional case vas also examined briefly. In particu-
lar, the test specimens and assoéiated‘conditions identified as beam speci-
mens and tests CB-13, CB-16, and CB-18 are employed, and the pertinent
data are as follows. - : ' '

Beam Dimensions (in) ] Steel-Sphere Data

Specimen ) : )
and Weight Initial Impact
Test ~_Thick., h Width, b . span, I (grams) Velocity (in/sec)
CB-13 -100 1.501 8.002 66.738 2490
.CB-18 .097 1.498 8.002 66.810 . 2795
CB-16 © .098 1.495 ‘ 8.002 66.809 2870

Specimen CB~13 exhibited moderate permanent deflection while specimen
CB-18 displayed a state of large permanent deformation; model CB-16 experi-
enced an even greater response: to just bgzely beyond threshold rupture for
the entire cross section. '

ments, it is useful first to examine the effects on the predicted response
of the number of finite elements used to model the beam; this is discussed
for both specimens CB-13 and CB-18 in Subsection 2.2 where the mechanical
behavior of the beam material is assumed to be insensitive to strain-rate
effects. Next, in Subsection 2.3 the effects of (small) strain-rate
sengitivity of the beam material on the predicted transient responses of
steel-sphere impacted beams CB-13 and CB-18 are illustrated. Then in
Subsection 2.4 comparisons. are made between structural response predic-
tions and experimental measurements for specimenS»C8-13,'CB-18, and CB-16.

S e n e e
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Subsaction 2.5 contains sumnary cbservations and Some considerations of alter-
nate selections for-nodeung the problem of structural response to fragment
impact. A ' :
2:2_Effects of Pinite-Element Modeling

To illustrate the efze&s of various finite-element modelings and
of material strain-rate effects in Subsections 2.2 and 2.3, respectively,
predictions are compared with each other. Por this fllustrative purpose
a piecewise linear stress-strain material mdel which is represented by
the mechanical sublayer model [ses Ref. 17, for example] was used to ap-
proximate a stress-strain curve given in Re£.19 for a similar aluminum
alloy (6061-T6 and/or 6061-T6511); this piecewise linear approximation had
been employed in similar preéiction.s. reported :l.n Refs. 7 and 20 as well as
in a number of computer runs made early in the Present study before measure-~
ments of the static uniaxial stress-strain behavior of the 6061-T651 alumi-
num used in the present beam models was documented in Ref. 21 in 1977.
Hence, rather than repeating many calculations employing the Ref. 21 stress-

'st:;'ain data, it was decided to bPresent the predictions to be shown in Sub-

sections 2.2 and 2.3 based on the earlier "illustrative" stress-strain
approximation. That piecewise linear approximtion_to the 0'1"711 static
Stress-strain curve of Ref. 19 is.given by the Sstress-strain pairse:

(@ps¥y;) = (0 psi, 0), (41,000 psi; 0.0041 1a/in), (45,000 pai; 0.0120), and
(53,000 psi; 0.1000). -Since this applies to static conditions, thig model is
termed elastic, strain hardening (EL-SH). Finally, the use of both the "illus-
trative Fit A" stress-strain apémximtion and a similar approximation to the

stress-strain behavior of 606_1-'1‘651 aluminum as documented in Ref. 21 will be
discussed in Subsection 2.4 where predictions are compared with measured

‘transient responses and permanent deflections of the Present steel-gphere

impacted beams.

Before discussing the Prediction of beam structural response to
steel-sphere impact, it is useful to consider briefly a simpler stryc-
tural response prbblem in which impact is not involved and, hence, the
modeling and analysis uncertainties are lesser. In particular, consider
first an initially flat 6061-T651 aluminum beam of 0.102-in thickness,

* .
Hereinafter these values will be called Stress-strain “illustrative Fit a~.,

.
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spanvise region centered at midspan; experimental data for such a case is
given in Ref. 16 for a model identified as beam specimen CB~1. ‘Por this
case, the impulsive loading produced esae.ntialiy a uniform initial lateral
velocity. of 6660 in/sec over the inpu.lsively-loaded portion of the beam.

This case is employed here only to 11lustrate the ef.fec:s_ on the
Predicted transient stzuctuzai response of the number of unifoxn;‘-leng:h
beam finite elements used to model this structure. In pmimi}. the
finite element computer code of Ref. 3 as modified 1y the studies of
Ref. 20 was employed in three modeling calculations; namely, the half-
span of the beam was modeled by 10, 20, and 30 equal:length 4DOF/node
finite elements, and Symuetry conditions were imposed at midspan. Over
the central impulsively~loaded region, the model’s elements were assigned
"uniform” initial velocities such that the initial kinetic energy of the
mathematical mcdel matched that implieq for the actual cp-j test specimen
whose density ‘was taken as 0.098 l.b/ins. '

For the CB-1 test conditions, the Predicted midspan deflect_ion w is
shown in Fig. 4a as a function of time for the 10, 20, and 30 element/hal f£-
Span calculations. It is geen that, the 20-element and 30-element predic-
tions essentially duplicate each other; also, the 10-element predictién is
very close to the other two predicgions. Hence, it appears that the 10-
element calculation represents nearly a "converged prediction”, and the
20-element model Provides a clearly convérged result. Somewhat more sensi-
tive indications of convergence are shown by the Predictions of transi-
ent axial strains on the upper (non-loaded) surface of the beam at loca-
tions x = 0.4, 1.60, and 3.0 in Reasured from midspan; these predictions
are shown, respectively, in Figs. 4b, 4c, ang 4d. Except at X = 0.4 in,
the lO-element pPrediction is jn reasonable agreement with the 30-element
Prediction. at all locations, the 20-element ang the 30-element

.'I'he impu.lsively-imparted velocity was determined from calibration experi-
ments (described in Ref. 19) using explosively-loaded flyer plates.

&



'predictions agree reasonably with each other.

Prom the CB-1 calculations, one can conclude that the use of a 20-
element per half-sran FE model with 4 DOF/node elements will provide an
adequate structural model fcr predicting large-deflection, elastic-plastic
transient structural responses os this impulsively-loaded beam structure
insofar as the number of finite elements used to model the stnx:ture is
concerned. Hence, it is reasonable to expect that a similar modeling
B fineness should suffice for #nalyzing the responses of similar beams to
steel-sphere impact -~ provided that the impact~interaction and associ-
ated modeling requirements are not more stringent. '

"It should be noted at this point (as discussed also in Appendix A)
that converged finite element predictions”hy the assumed displacement
method depend not only upon using an adequately large number of elements
but also upon employing a type of element-assumed-displacement field
vhich includes continuity of w and its first spanwise derivative and con-
tinuity of the v displacement as well as constant strain terms and rigid
body modes. These conditions are fulfilled by the present beam elements
as noted in Appendix A. Sought here, however, is engineering convergence
(accuracy to perhaps S to 10 per cent with the use of a modest number of
finite elements) rather than strict mathematical convergence (accuracy to _
a fraction cf»a per cent by using a great number of elements); this is
“achieved” in the present instance by using about 20 or more elements
per beam half span.

Next, consider the analysis of beams CB-13 and CB-18 which were
subjected to steel-sphere impact. To analyze these cases, various numbers
of both uniform-length and nonuniform-length finite elements were con-
sidered for modeling the entire nocminal 8-in span of the beam, as indi-

' cated in Pig. 5. Shown for only the half span are the finite-element
arrangements examined; the length of each element is shown. For the
several arrangements of elements of nonuniform lengths, the intent was to
use fine meshing near tﬁe point of initial impact and near the ¢lamped
ends to provide detailed information where significant bending (as well as

10
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stretching) was expected; in regions of small spatial variations of behavior
and where very little bending was expected, coarser meshing -(longex' elements)
were expected to provide adequate information. “However, the presence of
small—lenqt.h f.inj.te elements causes the maximum patural trequency of the
“nathmucal model of the entire structure to be much higher than would be

the case i!. one were to use the same number of uniform-length finite elements.
Thus, smce the central-difference timewise finite-difference opetator is
used foz the timewisa solution of the equations of motion in CIVM-JET 4B,
thismeansinmthatonenustuse a much smaller time increment At for a
nonunifom mesh FE model than for a corresponding uniform-mesh FE model.
Purthe:. if one were to analyze a contaimment-ring structure that could be
impacted _t_:y, perhaps, several fragments at any circumferential location of the
ring, it would be infeasible and illogical to attempt to model the ring with
nonuniform finite elements -- an array of uniform-length finite elements would
- be clearly the sensible choice. Therefore, in view of thesz considerations,
subsequent finite element modelings and calculations of the steel—sphex:e—
impacted beass utilized only uniform-length fianite elements.

In particular as Pig S shows, the entire beam was modeled with
either 23 or 43 uniform-length finite elements, with the miGspan of the
center finite elemenﬁ located for convenienﬁe at the midspan of the beam
itself: the location of the point of initial steel-sphere impact. The
. effects of these two PE modelings upon the predicted responses of speci-
mens CB-13 and CB-18 will be examined next. From the earlier "convergence
discussion” with referencé to impulsively-loaded model CB-1, it is ex-
pected that the present 43 element model (X 22 elements per half span)
will exhibit "converged impact-induced response”. It is also of in-
terest to assess the sensitivity of the predicted impact-induced re-
sponse to a similar but coarser FE modeling; namely, essentially one-half
of the number of uniform-length elements used in the former case.

First, it should be noted that, as expected, the structural be- ‘
havior of these steel-shpere impacted beams was two-dimensional at all
spanwise stations except for those near (within about 0.8-in of) the
‘center of initial irpact; nearer the point of initial impact, very .

11



pronounced thxee—dxmenslonal structural deformatzons are evident. There-
tbre, since the CIVM-JET 4B analysis and code pertalns strictly to 2-D
structural response; theoretlcal-exper1men.al compa:zsons (see Subsection
2.4) can be made logically only at stations |x| > 1.0 in. -However, as

a matter of curiosity, compar1sons between experzment and 2-D pridictions
will be made in both of these regions: |x| > 1.0 in and |x| < 1.0 in.

CIVM-JET 4B calculétzons were carried out to predict the impact-
Lnduced responses of specxmens CB-13 and CB~18. 1In each case the impact-
ing fragment was modeled as a rigid 2-D circular fragment of 0.S-in
radius. In the xmpact-interactzon portion of the zomputer code, locally
perfectly—e‘astlc impact was assumed; hence, a coefficient of reet;tutxon
e of 1.0 was used. The alumlnum beam material (p = 0.098 Lb/ln weignt
density) was modeled as cehav1ng in an EL-SH fashion by "illustrative
Fit A". The time increment size At used was 1.0 and 0.5 usec for the 23-
element and the 43-element model, respectively.

Shown in Fig. 6 are the predicted time histories of the léteral
displacement w for the 23- and the 43-element case at spanwise statlons
x=1.2, 1.9, and 3.6 in for specimen CB-13. A similar plot is given in
Fig. 7 for the more severely impacted specimen CB-18. Both of these
figures indicate very close agreemerit between the Predicted time his-~
tories of displacements from these two modelings_at_each.of these span-

wise stations.

A more sensitive and ﬁeaningful comparison of these predictions
involves axial strains Yll on the upper (U) or the lower (L, or impact)
surface of the beam at various spanwise stations. Such comparisens are
shown in Figs..8 and 9 for specimens CB-13 ard CB-18, respectively.
Summarized in the following tabulation are the comparisons of these two
predictions (23 and 43 element, both EL~SH) with each other (and/or versus
experimental data for rough comparison only) shown in these figures.

12
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Time Histories of Strain on
Surface U(upper) and/or L(lower)

Specimen Fig. ‘Statioﬁ x(in) Predicted Measured
CB-13 - 8a o "~ t® anar? ' -
- 8b 0.6 " u ' v
- 8c. 1.2 o ' -

" 8d 1.s . . Uand L ’ Uand L

- 8e 2.1 ® -

» ‘8 - 3.7 Uand L v
c3-18 9a 0 : v? ana 12 -

" 9 0.6 S -

- 9c 1.2 & o v

- - od 2.1 : R . e

" 9e 3.7 . Uand L U

Superscript "a” denotes locations which coincide with the midspan
station of a finite elament.. Superscript "b" pertains to stations x
which coincide with a nodal station of the PE wodel; the associated
strain value‘plotted is the average value given by the two elements at
that nodal junction station. Predicted strains at locations riot marked
by ;a" or "b" occur at some station intermediate between the end and the

midspan of a finite element.

' The inclusion of measured strain data in these plots is intended
to provide some intuitive guidance in assessinyg the 23-element vs. the

43-element predictions.

Figuies'aa and 8b are included fpr academic interest; at these loca-

tions (x = 0 and x = 0.6 in), the computer values are legitimate for 2-D
structural response and hence may be coﬁpared with each other. However,

it is not proper to compare predictions with measurements at x = 0.6

since 3-D structural behavior is evident in the experiments and the mea-
sured strain history there must be affected accordingly; nevertheless,

the "inappropriate” 2-D predictions are included vs. measurements in

Fig. 8b. Strains predicted by nodal averaging at station x = 1.2 in are
shown in Fig. 8c for both FE modelings. At x= 1.50 in, the predicted
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strains are at element locations intermediate between midelement and a node;
in Pig. 84, 2-b predictions are ;nmpared with measured strains also under
2-D structural :esponsé conditions. Midelement strains for both calcula-
tions are shown in Pig. 8e for x = 2.1 1n; again cne observes similar )
qualitative and quantitative behavio: betwuen these two predictions. “How-

) ever, no measurements are available to aid one's assessment. Finally,

Fig. 8f shows pzedicted and measured strains in & region where the impor-
tance of the bending behavior is changing rapidly with spanwise location;
predictions at element locations intermediate between the midelement

point and a node are "compared® with measured values on the upper surface
at x = 3.70 in. FHere the 23-element prediction differs markedly from the
43-element result; incidentally, the latter is in better but not really -
good agreement with experiment. Near x = 3. 70 in the strains change rapid-
ly with x in this region -- as shown in Fig. 8g where the predicted upper-v
_surface strain vs. x at time after initial impact TAIT ~ 1020 usec is

plotted for the 23- and the 43-element calculation. Figure 8g demonstrates

the severe strain gradients which occur near the "midspan impact region"
and near the clamped end of the beam.

More extensive comparisons between EL-SH predictions of transient
strains are given in Fig. 9 for the more severe impact conditions
prevailing for specimen CB-18. The midelement strains predicted at
X = 0 again exhibit pronounced differences between the 23-element
and the 43-element case. At x = 0.6 in, predicted upper-surface strains
are shown and pertain to element locations between midelement and a
node; also shown are measured ‘strains on the upper surface at x = 0.6 in.
Again, the 43-element predictions agfee better with experiment than do
the 23-element predictions, although these 2-D prediction§ are not
strictly comparable with the 3-D measured data. However, at x = 1.20 in,
2-D predictions could be ccmpared legitimately with measurements since
the latter pertain to 2-D behavior als> at that station, except for the

use of illustrative stress-strain Fit A; here, better and racher reason-

able (perhaps coincidental) agreement between the 43-element predictions
of nodal-averaged strain and expe;iment is sgeen. Midelement predicted

+Cqmpaxisons of predictions with measured strains may be found in Fig. 17.
14 ‘ ‘ h
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strain in the 2-D reqidn is ploéted in Fij. 94 at x = 2.1 in. 'Finally,
near the clamped end at x = 3.70 in, predicted upper surface straine to:
CB-18 are compared with Measurements; the severe strain gradients in

this region can readily lead to pronocunced theoretical-experimental
discfepancies. The comparison here is similar to that noted earlier con-
cerning specimen CB-13.

With respect to representing rapid variations of strain with span-
vise ‘distance at stations very close :o the clamped ends, these variations
can pe represented adequately in principle by employing a finer finite
element mesh in those regions. In additien, however, it should be noted
that. :near the clamped ends of - severely-impacted or loaded specimens there

is visual (orange peel) evidence of the occurrence of transversa shear defor-
maticn ~- whereas the present finite elements do not include this behavior.
If transverse shear deformation effects become éufficiently important, finite
elemenzs which include this effect could be used but this use, in turn, will
lead to a much larger highest frequency of the mathematically-modeled
structure [17] thereby requiring one to use a much smaller time step size

At if the central-difference operator were used for the timewise solution.

It was noted earlier that near the midspan impact point the 43~
element predictions differ from the 23-element predictions for each of the
specimens CB-13 and CB-18. The principal reasons for this involve the de-
tails of the (approximate) impact-interaction claculation method employed, as
described in the following. In essence, when the fragment impacts the beam,
a calculation is made to determine the amount of moméntum transferred from
the fragment to a portion of the beam centered about that impact point -~
called the "locally-affected region” which is defined as that which will
experience an imparted velocity increment. The distance from the impact .
point to either end of this locally-affected region* is denoted by the
One est;mate" is that L ef £ is the product of the
1/2 times the time step sx;e At being

effective length ff'

simple elastic rod-wave velocity (

See, for example,'Appendix A of Ref. 4 or Appendix B of Ref. 5.
.'Another esctimate of Leff is discussed later in this subsection.
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used, where B is the elastic modulus and p is the mass per unit volume of the

beam material; for aluminum- &
Computer code was emploved an

172
o]

= 198,486 in/sec. Since the CIVM-JET 4B
d this program uses the central-difference time-
wise solution cperator, the time step size At must be less than 2

avoid calculation divergence, where ©oax

/mmax to
is the maximm frequency of the

‘mathematical model of the structure for Small-digplacement linear elastic
behavior. 'For large-deflection elasti
tions, experience has sliown that one must use a smaller value for At such as
bt < 0.8(2u_, ). Showfz in the following tabulation are u 2u, |
0-8(2/w )+ and the actual timestep size At used for the 23- and 43-element
18; included also are the finite element length

modelings of CB-13 and cB-

c-plastic transient response calcula-

E, 172 :
- . -
and Loge (b-) At
Time Stap Size Values
Lore
No. of M we =i ga2 4y & e Blea.
Uniform nax TRAX O “nax used P used | hng;h
Elconnts {rad/sec) —{usec) scc) sec {in) (in)
2? 0-124349’&101 1.608 1.287 1.00 0.198% 0.3478
43 0. 232600:107 0.860 0.688 0.50 0.0993 0.1860

Note that since- (1) impact occurs at the center of the finite element which

is centered at midspan and (2) L
locally-affeéted impact region in

>
eff

one-half of an element length,the -

cludgs not only the center element but

also a portion of one element on each side of the impacted element. “hese

three elements, therefore,

contribute

to the mass portion of the besm which

acquires a distributed increment of velocity associated with the momentum

transfer. The mass involved and employed in the computational logic is
that at the end nodes of the centrai element for the assembled finite
element model and hence represents the mass of 2 complete elements: all of

the center element and one half of the element on each side of the center

element. Thus, it can be seen readily that for a given impact, the larger

impact-affected region assumed to be associated with the 23-element model

will experience a congiderably smaller velocity increment than will the
impact-affected region in the 43-element model; thus, near the impact
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point, oné expects and does see a much more severe response for the 43-
than for the 23-e1ement model (see, for example, Figs. 8a and 8b for - .
spe;;nan CB-13 and Figs. 9a and 9p for specimen <B-18). AsAin St. Venant's
Principle, the Predicted responses at locations remote from the “impact-

affected” zone are in good agreement for the 23- vs. the 43-element calcula-

tion, except near the Cclamped end whe?e pronounced bending occuxs.ahd
produces significant differences.

The just-discussed estimate for the !mpact-affected haif length
Léff'; (§,1/2 At for a single impact;éan Le seen to yield unreasonable
estimates if one were to employ a very large or a very small value for
At. In the former case, the normal-d4recfion momentum transfer produced
by the impact-induced th;éugh-the;thiﬁkness (and spreading) stress waves
will have ceased long before the largé At (which may be permitted by
another timewise finite difference operator) has elapsed; hence, the acty-
al region receiving this normal-direction momentum transfer or velocity
increment will be much smaller than the above estimate for Leff assumes.
On the other hand, for very small At, the impgct-induced stress wave
pPassing through the thickness may not yet have reachea the opposite free
surface -- thus, tlhe momentum transfer envisioned in the calculation model
could not have been completed physically. Thus, for a single impact, one
can méke a more rational_estimate for Leff from stress wave Propagation
consideratirns even though the basic structural response and impact/inter-
action model being used does not take explicit account of this type of

"across-the-thickness" stress wave propagation behavior.

Figure 10 depicts in a simplified fashion two‘idealized types of
impacting-fragment geometries: (1) a 2-D fragment of circular cross section,
which contacts the ﬁéxget at a "line" and (2) a 2-p fragment of rectangu-
lar cross section. For impact of the 2-D beam target by thé solid cylin-
drical fragment, a highly simplified picture is shown of ‘the sequence of
stress waves which propagate "across the thickness direction” of the beam.
For present purposes let it be assumed that these stress waves are simple
elastic waves. At the initial impact point, a "line source of compression”
is produced; a compression wave prspagates into the plate as a cylindrical
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‘front from this "line source" and veékens as it expands because of
*geometric divergence". The material particles being traversed by the’
'compression wave are given a material vélpcity in the direction of the )
propagating wave front; When this compression front reaches the opposite
free surface of the plat: where the stress is required t6 remain at the
zero-stress ‘condition, a cancelling tension wave arises and can be viewed
' as emanating from source center SC-2 located at a distance h beyond this
free surface. This reflected tension wave also veakens:qs it propagates
(and diverges) through the plate and imparts an additidé,particle velocity
. to the material in a direction opposite to the diiéctio@:of travel of the
propagating tension wave front. When this tghsion wave?ﬁxont reaches a
free surface, a corresponding reflected compression v;ve;is generated at
pseudo-source-center SC-3. When this new compression frbnt reaches the
opposite free surface, a new tension front is creaﬁed with pseudo source
center at SC-4. The wave front strength created initially by each new
pseudo source becomes weaker and weaker for each successive source --
roughly inversely proportiocnal to the square éf the distance from the
source center. Hence, by the time that wave front 4T from SC—4 reaches
the originally impacted surface, one can azguevreasonably that subsequent
waves would be able to induce only slight additional increments to the
particle velocity of the material anversed by the stress waves. Thus{

a reasonable estimate of the beam length region Leff which'experiences a
substantial velocity increment in the direction normal to the plate is

selected as the intersection of wave front 4T with the half thickness
station of the beam; from this geometric picture one can show that
Leff % 1.94 h (see Fig. 10a). The actual stress wave propagation is
much more complex than described here (see Refs. 22 and 23, for example);
however, it is believed that the present description is adequate for the
purposes of selecting a reasonable value for the beam impact-affected
zone half-length Leff’ For this type of impact, therefore, it would not
be unreasonable to choose 1.5h £ L off < < 2.0h -- independent of the calcu-

lation vime.step size At.

By similar arguments, the beam impact-affected zone half lethh
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e er for the beam impacted by the rectangular saction f.ragment depicted in
Fig. 10b might be estimated as 2(/2 +h<l’.“- 2/+2h.

with respect to the 43.-e1e‘lnant calculation discussed earlier, the

- present estimate for L o ff would be appmximteiy 1.94h = 0.194 in; hence,

the total impact-affected zone of 2L - = 0.386 in would amount to about
two beam element lengths (i. e., 2(.186) = ,372 in). m: turns out to be
consistent with <he previously—discussed 43-element calculation wherein
the I. £f employed resulted in estimating the impact-affected zone to in-
clude both nodes of the impacted center element of the assembled beam
Structure. Those two nodes are zegarded as receiving the impact-imparted
impulse and do represent the mass for 2 beam elements. Thus, the 43~
element calculation can “e regarded as valid from the collision-inter-
action standpoint, whereas the 23-element calculation assumes an un-
reasonably large region of the beam to receive the momentum transferred
by the a&acking fragment in a single impact. This means that near the
point of impact, one should use shorter elements than in the 23 equal-
length-element case in order to take into account properly the beam

‘region which effectively receives the transferred momentum (and associ-

ated velocity increment)from a single impact.

Finally, it is of interest to note that 43-element EL-SH Fit A
calculations were carried out for the steel-sphere-impacted CB-18 beam .
by using various At values in the CIVM-JET 4B program. For this modeling
it was found that 2/¢..|max = 0.860 Usec; hence, the rule-of-thumb choice
for an acceptable At to avoid calculation instability from
error growth for large-deflection elastic-plasnc transient response
predictions is 0. B(Z/ln ) = 0.688 psec. Calculations were carried out
for At values of (a) 0. 5 usec which corresponds to .58 (2/w ) and (b)
0.75 usec which corresponds to .87 (2/0) ). For At = 0.5 usec, the transi-
ent response calculations were found to be well behaved and converged.
However, at At = 0.75 usec, the predicted impact-induced response became
appreciably different (and larger) than for the converged calculations.
This experience indicates that when carrying out mpact-:.miuced nonlinear

response calculations which utilize the timewise central d.xfference
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tems. It appears from thig experience that the roith rulé-of-thumb
17, for example] for selecting At(i.e., At $0-8(2/w 1)) is applic-
able and should not be "stretcheq” unduly,

2.3 Strain-Rate Effects
22 Cllectsg

When the effect of stiain rate on the mechanical behavior of the
Structural material is taken into account, the material is denoted ag _
ehaving in an elastic, Strain-hardening, Strain-rate sensitive fashion: -
';.-':I.-SH#SR. ‘An approximation to account for the principal effects of
strain rate on the uniaxial sStress-strain- béhaviqr of ductile metals is
given by the following Cowper-Symondg relation [24]:
:—:ﬁ =+ g l/p) (2.1)
ok , . :
where co and ayk are, respectively, the Static and the strain rate-
dependent yield Stresses of the kth elastic, perfectly-plastic mechani-
cal sublayer?é ig the strain rate, and D and P are materiaj strain rate
constants. For aluminum, Ref, 25 suggests the use of D = g509 sec-l
and p = 4; these values are employed here also _for illustration.

Shown in Figs. 11 and 12 for Specimens CB-13 and CB-13, respec-
tively, are 43-element EL-SH ang EL-SH~SR Predictions of midspan dis-

deflections of each specimen as a func.“ion of spanwise location x. As
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;’ ' for corresponding EL~SH calculation; although small strain-rate sensitivity
is used, strain-rate effects in metals effectively "stiffen" the structure
thereby leading to a lesser response.* Note that for both the CB-13 and

- the CB-18 example, the EL-SH p:ediction of the pemnent deflection is in
better agreement with experiment in the 2-D region than is the EL-SH-SR re-
sult; the experimental result is plotted along the midwidth station y=0
of each beam and includes pronounced 3-D defometion evidencs over the region

Ix| < 0.8 in.

Por specimen CB-13. 43-element EL-SH and E::.-SB-SR calculations were
made wherein steel-sphere perpendicular impact was specified to occur
initially at the midspan location of the beam. 'rheoretically, the en-
suing beam response and fragment motion should remain symmetric. Bowever,
because of calculation roundoff error, one finds that after many time in-
Crements in the calculation have occurred some response asymmetry and con-
sequent fragment motion asymmetry appear.* Hence, a second EL-SH-SR 43-
element calculation was done wherein, at the end of each At time increment
in the calculation, the fragment was required or "constrained” to move and ‘
‘ remain in the x = 0 plane; for convenience, this calculation is termed

herein‘ 43C. This constraint resulted in only small changes in the pre-
dicted beam response -~ affecting slightly the time at which peak strain
was predicted to occur at a given station only near midspan, but not af-
fecting the value of that peak szgm.ficantly. These 43-element EL-SH,
EI.-SE-SR, and EL-SH-SR/43C strain Predictions at x = 0 are shown in

Pig. 13a for specimen CB-13.

. EL~-SH and EL-SH-SR predictions of transient strain on the upper

- and the lower surface of- beam CB-13 at a representative 2-p location
(x = 1.50 in) are compared with measurements in Fig. 1l3b; similar com-
pa.tj.sons for the upper surface of the beam at station x = 3.70 in are
shown in Fig. 13c. At both of these locations, the EL-SH-SR calculation
provides the better agreement with experiment. Finally, Fig. 13d shows

. EL-SH and EL-SH-SR p:edictions Versus measurements of the permanent
strain as a function of spanwise location X. In the 2-D response iegion,

the measured permanent strain is less. than about 0. 7 per cent for
*Figure 13c indicates an "exception” to this for the EL-SH-SR calculat:.on
but this occurred because of inadvertent asymmetric impact -- corrected
‘subsequently by the EL-SH-SR/43C calculation.
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specimen CB-13; it is seen that the pxedicted permanent upper-surface strains
tendtobesmhathrge:thentheneasuredvalm, vith the EL~-SH-SR
p:egliction being in closer agreement with exzeriment. A . :

_  similar comparison of EL-SH and EL-SH-SR strain predictions for beam
CB-18 are shown in Figs. 14a, 1db, l4c, and 14d. Hote in Pig. 14d that the

' measured permanent upper-surface sfrain vs. x in the 2-D :egiox': is less than

about 1.5 per cent. Aqainpredictedpemnent strains are somewhat larger
than measured. _

Overall, the EL-SH-SR predictions are better in some regions while
the EL-SH predictions are better in other regions, particularly near the '
point of impact. Because some predicted asymet.tic behavior was observed
for symmetric impact conditions vhen using the EL-SH-SR condition and )
also because -of- uncecstainty of pr:oper strain—rate parameter values, most
of the following comparisons and studies are perfomed with only the
EL~SH material modeling.

Fipally, it should be noted that there is widespread agreement that
the mechanical stress-strain behavior of tempered aluminum is relatively
insensitive to strain rate at room temperature conditions (compared with
mild steel [25] or titanium [26], for example), but the degree of-the
sensitivity is in doubt. Reference 27 indicates that at room temperature
various of the common aluminum alloys in the soft annealed ("0") condition
(such as 1060-0, 1100-0, 6061-0, 7075-0, for example) display distinct
rate sensitivity; these same ailoys'when tempered to the T3 or T6 condi-
tion exhibit almost no strain-rate semsitivity. There is, however,
scatter of strain-rate data amongst various referemnce sources [28-30]. .

2.4 Comparisons of Predictions with Experiment

Examined in Subsection 2.2 was the effect on' the predicted deflec-
tions and strains of using various finite-element modelings of the steel-
sphere~-impacted beams when the beam material was treated as behaving as |
an elastic strain-harding (EL-SH) material. Next, in Subsection 2.3
the effects of including material strain-rate (SR) dependent behavior
was explored (the material was treated as EL-SH-SR) by employing




illustrative strain-rate constant values D = 6500 sec-l and p = 4 for
aluninum [25]. In both of those subsections, the predictions vere
compared primarily with each other. Based upon those studies and the
considerations discussed in those subsections, the combination of
(1) a 43-element model to reprasent the entire beam and (2) material
‘EL-SH behavior was chosen as being a reasonably satisfactory basis for -
predicting steel-sphere-impacted beam 2-D responses for the pyrpose of
ccuparing.predictions with experimental measurements, for beam specimens
CB-13, CB-16, and CB-18, except that now the stress-strain curve of Ref. 21
for the 6061-T651 bean material should be employed.i These comparisons
(experiment, predictions with illustrative stress-s:if.raintPit A, and pre-
dictions with the new stress-strain fit for 6061-T651 aluminum) are dis-
cussed now in this subsection. ‘

For convenient reference, the test conditions and observed effects
on these beam specimens are sumnarized concisely in the following:

Steel Sphere Data
Specimen Post-Test
and - Weight Initial Impact Initial Kinetic Condition
Test (grams) Velocity (in/sec) . Energy (in-1b) of Beam
CB-13 66.738 2490 1187 Moderate perma-
: nent deforma-
. tion
CB-18 = 6€6.810 - 2795 1489 lLarge perma-
nent deforma-
tion
CB-16  66.809 2870 1569 Specimen rup-
' tured; thres-
hold rupture
condition

Note that beam CB-13 exhibited a moderate degree of permanent deformation
while the more severely impacted CB-18 beam displayed large permanent
deformation. Within about 0.25 in of the center of impact and along a
roughly circular band, scme tiny cracks are observed on the upper sur-
face of specimenFCB-IB but these cracks do not extend through the

[N
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"thickness of the épecinen. ‘Similar but scmewhat more Pronounced cracks
are seen on the upper surface of specimen CB-18, but again, these cracks
do not extend through the thicknas_s of the specimen. The even-more-
severely impacted beam CB~16 (2870 in/sec impact velocity) fractured
across the entire thickness and vidth of the beam at essentially the
midspan impact station; the crack line (see Pig. 15) Suggests that crack
initiation occurred along the “circular crack initiation zone® cbServed

the bean. The CB-16 impact condition is essentially that for "threshold
camplete fracture® since the Steel sphere was stopped and reboundedé; the
sphere did not pass through the crack-produced opening. Also near the
"fracture station" of specimen CB-16, a considerable degree of necking
was observed in the beam-width direction -- indicating the presence of
very large strains. All three specimens bore evidence of significant
-Sstraining on the lower (tension) surface at each clamped end, with the
degree of straining here varying from slight for Specimen CB-13 to pro-
nounced for specimens CB~18 and CB~16.

. .From an examination of these Specimens, one can see readily that
three-dimensional (3-D) deformation behavior occurred on all three speci-
mens in a gpanwise region' totalling about 1.5 inches in length éentered
about the (midspan) station of initial impact (x = 0). Also, very close
to the clamped ends, a small amount of 3-D deformation Occurred. Thus,

of small to moderate size (the basic formulation does not accammodate
large strains.), Predictions can be'compa;ed “legitimately' with measure-
ments only in those beam spanwise station regions in which predominantly
2-D response behavior occurs; these regions are estimated to be roughly -
0.8 < ,xl < 3.70 in. For comparisons made fo; curiosity at locations
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beyond the “zone of vali&ity", one must be aware of the tenuous nature

of such comparisons. Also, the experimental
“region of 2-D behavior® can be argued to be

é;the Prediction model assumes throughout the Predicted response that no

. material fracturing or cracking has occurred.

Figures 163 through 164.

| show 2-D predictions (43 element, EL-SE 1llustrative Fit a) of tne upper-
:‘:ésurface axial strgin_yll at stations x = 0, 0.6, 1.5, and 3.7 in for
specimens CB-13, CB-18, and CB-16 (listed here in the order of increasing
severity). The expected ascendancy in response severity jig evident;
however, the CB-16 Prediction exhibits only a slightly greater strain

Comparisons of the Yll beam-surface strain predictions versus

Deasurements for specimens CB-13, CB-18, and
—<=irements

CB-16 are shown in the

figures listed concisely below for convenient reference:

Figures where Predicted Strain vs.

Stadion [x|(in)+ 0.6 3., 1.5 3.0

Experinent are Shown

Entire Span for
3.7 Permanent Strain

Specimen

. CB-13 &b - 13 -
CB-18 9b 9¢c 14b .-
CB-16 17 17¢ 174 17e

13c -13d
- "l44

17f - -
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It should be noted that all of thése predictions utilize illustrative
stress-strain Fit A and hence, 'should not properly be coqpaxed with ex-
periment; later, predictions utilizing a ‘corresponding stress-strain fit
for the actual 6061-T651 beam material will be presented. - ‘

Since specimeas CB-13 and CB-18 each retained its structural ia-~
tegrity t-_hroughoutf. its transient response, one can compare strain rre-
dictions leqitimatély with experimental measurements for these specimens
for the entire history, including the permanent deformation condition for
the 2-D region O.é;i | x| § 3.70-iﬁ. In this regard for transient strains,
see Figs. 13b and' lic for model CB<13, and Figs. 9¢ and 1db for model
CB-IB;'for'both4s§ecimens it is seen that the 43-element EL-SH prediction
is in reasonably gpod agreeﬁent with experiment and that the straih
‘levels involved doanot exceed the bounds of validity of the present theo- .
retical foémnlation ahd,computer program. However, the bounds of validity
appear to be excéeded near the widspan impact point ﬁhd close to the
clamped boundaries. Note alsc from Fig. 8b for CB-13 and Fig. 9 for
CB-18 where "illegitimate" comparisons are made in the 3-D experimental
response region at x = 0.6 in, that the 2-D predictions are in rough
agreement with measurements during the early part of the time history
but then tend tc diverge vs. experiment as time progresses; also at sta-
tion x = 0.6 in, the strain gages beccme detached from the specix-n
at an unknown time after initial impact and the str;in trace on t-e oscil-
loscope record vanishes. Finally, the.spanwisé distribution of predicted vs.
experiment germaneqt upper suif;ce strain Yll is shown in Fig. 132 for
specimen CB-13 and in Fig. 144 for specimen CB-18; in both cases the ex-
perimental strain level is small in the 2-D region 0.8 < |x| < 3.70 in,
and the EL-SH-SR prediction is invbétter agreement with experiment than
is the EL-SH prediction. Also, thereAis somewhat better theoretical-experi;—

mental permar~ent strain agreement for specimen CB-18 than for specimen CB-13.

For specimens C3-13 and CB-18, Figs. lla and 1l2a, respectively,

shcw 2-D predictions of the vertical deflection w as a function of time
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 after initial impact at spanwise stations x = 0, 1.2, 1.9, and 3.6 in; 1
corresponding transient deflection measurements were ‘not obtained. Bow- .

ever, measurements were made of the spanwise distributions of Emnent
w-deflection; compared in Pig;. 11b and 12b for specinens CB-13 and CB—18,
respectively, are 2-D predictions of the pemanex;t y-deflection versus o
measurements. 'l'hese plots of measured w-deflection represent at each span- :
wise station x for |x| > 1.0 in,the average of measurements taken along
lines y = -0.5, 0, and +0.5 inch since each specimen exhibited some pem

. nent twist because impact did not occur exactly at the y = 0 width loca-
tion (see Table 7 of Ref. 16). For |x] < 1.0 if, the measured w-deflec-

SRR TP

tion values plotted represent those along y = 0 and the average of those

at y = -0.5 in and y = +0.5 in at each |x| stat;'.bn: in this region, _ g
the 3-D nature of the deflection is evident franl-_these plots. Note that
in the 2-D region (0.8 < le < 3.7 in), the permanent deflection predic- :
tions (43 element, Fit A) compare much better with experiment for specimen
CB-18 than for specimen CB-13; a similar but less dramatic result was noted
earlier with respect to permanent strains. Further, the EL-SH-SR w-deflection
prediction appears in each case to agree slightly better with experiment than
does thé EL-SH prediction. Bowever, this might ‘be accidental because 6nly‘ very
approximate values for the strain rate parameters D and p in the Eg. 2.1
approximation were employed -— the authors are unaware of better values

for D and p which experimental data t;o;zld confirm for 6061-T651 aluminum.
Also, remember that all of the predictions discussed thus faf have

utilized "illustrative stress-strain Fit A". Shortly, CB-18 predictions
whici'x employ a corresponding stress-strain fit for the data of Ref. 21

for 6061-T651 aluminum (the beam material) will be discussed.

With respect to the predictions and comparisons given in Fig. 17
for specimen CB-16, note that the predictions assumed that CB-16 re- .
mained structurally intact throughout its transient response, whereas
beam CB-16 fractured across its- entire cross section at essentially the
midspan impact attack station near its transient response peak at a
time estimated to be between about 550 and 650 microseconds after initial.
impact. After through fracture occurs at midspan, there is rapid
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‘unloadinq of the "membrane state” of the beam on both halves of the beam;
this is seen most readily by comparing the measured strain trace on the
upper surface at stations x = 1.50 in for CB-18 vs. that for CB-16.
Similarly, the measured strain tiacgs shown in Fig. 17 for Specimsn
$8-16 depart progreﬁsively from predictions aftexr about 600 microseconds

from initial impact.

Recall that "illustrative stréss-sirain Fit A" was made from the
uniaxial static tensile stress-strain data OT vs Yll of Ref. 19 by a
piecewise linear titting of the Ref. 19 data. Now for 6061-T651 aluminum.
a similar data fittinq has been made c~ the data 1n Fig. 29a of Ref lx
the resulting. approximacion is termed Fit B and is defined by the follow-
ing stress-strain pairs. (OT,Y11 =(0 psi, 0 in/in):; (44,000 psi, '0.0044) ;
(46,590 psi, 0.035); and (54,000 psi, 0.175), and serve to identify the
quantities defining each'ot the three elastic, perfectly-plastic sublayers
of the associated mechaﬁical sublayer model. The cited Ref. 21 data and .
the Fit B (as well as tha points of Fit A for the Ref. 19 data) are shown
in Fig. 18. The piecewise linear Fit B was made to the Ref. 21 data
shown on Fig. 18 whereas Fit A was made to similar data 6{ Ref. 19 for
a slightlyvdifferent aluminum alloé condition. Note that although these
fits were made to different sets of data, they are in reasonably close
agreement with each other up to Yll values of about S to 6 per cent; be-
yond this level, these fits differ somewhat but are still close with
respect to the accumulated areas under these curves. Hence, one would
expe;c tha transient response predictions from using the "more realistic™
Fit B to differ only.a small amount from those obtained from using the
previéus "illustrative Fit A" for the conditions of either specimen,

CB-13 or specimen CB-13.

Predictions of steel-sphere-impact produced structural response
for specimen CB-13 were made by using, as before, 43 equal-length 4 DOF/
node elements for the entire beam and stress-strain EL-SH fit B. The
resulting predictions of w-deflections and strains are compared with thé
earlier EL-SH Fit A p:ediétions and with experimental measurements. for

specimen CB-13 in Fig. 19. As expected, these two predictions are seen
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to differ only slightly from each other; similar qualitative and ﬁuantita-
tive comparisons were rcpad at other spanwise stations (not shown). Hence,
corresponding Fit B calculations were not made for specimen CB-13. ’

; To illustrate the effect of a simplen apptonimation to the stress-
strain behavior of the aluminum material, an elastic, perfectly-plastic
(EL-PP) approximation was employed wherein the “yield stress was taken as
45,000 psi; this approximation, of course, involves no strain hardening.
Shown also in Fig. 19 are transient response predictions for specimen
CB~18 when the EL-PP approximation was used. It is seen that these pre-
dictions for w (Pig. 19a) and for upper surface strain at x = 1.2 in
(Fig. 19¢c) are in very close agreement with the previous Fit A and Fit B
EL-SH predictions. Only at the midspan impact station x = 0 (Pig. 19b)
does the EL-PP prediction differ significantly from the earlier pre~
dzctxons, but here the predicted strains are larger than those for which
the ptesent analysis and computer code are valid.

From the CB—13 and CB-18 comparisons of 2-D predictions of impact
induced transient and bermanent strain as well as transient and perma~
' nent w-displacement, it is seen that predictions agree better with mea-
Surements for the more'severely impacted CB-18 beam than for the less
severely impacted CB-13 specimen. The former exhibits more pronounced
>3-D deformation, necking, and shear deformation than does the latter, of
course, none of these effects are included in the 2-D predictions. Since
specimen. CB-13 behaves in a manner more closely approximating that of the
'1dealxzed 2-D prediction model than does CB-18, one would expect better
agreement between CB-13 predictions and measurements than between CB-18
predictions and measurements .in reg1ons of 2-D response behavior, but

. this is opposite to the Present findings.

If one assumes that the 2-D predxctions will tend to overestlmate
the structural response for "gentle impact conditions” such as those of-
specimen CB-13, a similar overestimate might be expected also for
severely-impacted specimen CB-18. However, in the latter case, the more

pronounced roles of 3-D deformation, necking, and transverse shear
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deformation would tend to produce larger structural deflections than other-
vise woild occur; this teﬁdenéy) therefore, vsuld bring predictions and
experimental measurements of beam response into closer agreement. This is
in accé:d with the comparisons observed. However, the Guestion of why the
p:edicted 2-D impact-induced structural response is too large for cases of
dominantly 2-D structural behavior remains to be answered adequately.

‘An analogous situation was observed in the studies of Ref. 20 wherein
2-D ptedictions were carried out for aluminum beams with' clamped ends and
which were *geometrically identical" to the CB-13 and CB-18 beams. Those
specimens, termed CB-1 and CB-4, were impulsively loaded (16] by the sheet
explosiye loading technique (SELT) over their entire width and for a total
spanwise length of 1.8 in centered at midspan; a uniform initial velocity
of 6660 and 10,590 in/sec for beams CB-1 and CB-4, réspectively, was im-
parfed to each beam in the explosive-covered region. The 2-D predictions:
for the more severely loaded CB-4 specimen are in better agreement with
experiment than are those for the less severely impulsed CB-1 specimen.

An assessment of thé uncertainties associated with (1) the ex-~
plosively-imparted impulse for the CB-1 and CB-4 speciﬁens [16] and (2)
the pre-impact steel sphere velocity for the CB-13 and CB-18 tests [16]
indicates that those uncertainties are far too small to contribute sig-
nificantly to the rémoval of the discrepancies between 2-D-pré&ictions
and experiment for the "gently loaded" specimens CB-1 and CB-13. For '
example, for specimen CB-13, it was estimated that at ﬁorst the spheréfg
pre-impact velocity might have been 2400 in/sec ragher than the 2490
in/sec value cited in Ref. 16 from calibration firings tests. Shown in~~-
ngs. 20a and 20b are 43-element EL-SH Fit A predictions of transient
and permanent deflection, respect;vely, for these two sphere-impact velocxty
values. It is seen for each calculation that the predicted permanent de-

flections exceed those measured.

-While greater strain-rate sensitivity than assumed and a greater
energy absorption in the 3-D region near the impact -zon~ (leaving less to

be absorbed by the remaining structure in 2-D deformation) would tend to
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account for some of this overprediction, one cannot cite these as decisive .

factors. The inclusion of transverse shear:deto;mation and/or the use of
a larger number of the present finite elements would tend to increase the
severity of the predicted response. Thus, as of now, a decisive qﬁsntiea-
tive explanstion for the eited discxepancies remains eiusive.

2.5 Comments |

2.5.1 Utility and Limitations of the 2-D Analysis

The prediction method under discussion applies to the large-
deflection elastic—plastic transient structural responses of simple struc-
tures which undergo stxxctly two-dimensional (2-D) displacements when sub-
jected to fragment impact or to impulse loading, but only small to moder-
ate strains (< 10 per ‘cent) are accommodated. The present analysis and
associated computer ptoérams do not take large strain conditions into
account (properly); it would be timely and useful now to extend the analy-
sis to include large strain behavior but the time and effort requ;red to

accomplish this task is a matter for future consideration.

The present 2-D analysis of structural response to Ersgmens impact
pertains to relatively low speeds of impact in the direction of the normal
to the surface of the impacted 2-D structure. Accordingly, transient
structural response rather than through-the-thickness severe stress~wa§e
response dominates; hence, under sufficiently rigorous impact attack, the
structure can undergo severe deformations which results typically in a
>tensile-type fracture near the fragment impact point for a ductile metal -
target structure [1}2, 16, for example]. At these impact- velocities one .
does 'not observe (local stress-wave-induced) shear-plug failures -~ which

are commonly seen for much-higher-speed impacts ([31].

The present analysis assumes both the target structure and the im-
pacting fragment to aci in a strictly 2-D manner. Conceptually, this im-
plies that the structure is a narrow beam or ring and that the attacking
fragment has the same geometry at all stations in a plane parallel to the

V"spanwise axis” of this iméacted structure; in particular, the attacking
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fragment is idealized as consisting of a non-deformable solid circular
cylinder which extends across the entire width of the beam or ring.
Clearly, this idealized model does not match the physical conditions
.present in the steel-sphere-impacted beam experiments used "to agsess the
accuracy of the present prediction method the fragment is not a 2-p frag-
ment and the observed structural response behavior is not strictly 2-D in
character: thus, ‘a rigorous theoretical—experimental comparison cannot en-'-v
sue. Hbvever, with recent improvements [32] in the experimental techniques
and apparatus for conducting small-scale impact experiments having the same
scope and objectives of those of Ref. 16, ° it is now feasible to conduct
similar beam impac: experiments with a solid cylindrical 2-D fragment rather
than the one-inch diameter steel sphere employed in the Ref.1l6 experiments,
and thus to obtain more nearly 2-D structural response data fer impacted
simple structures. - )

Clearly, the present 2-D analysis is inherently incapable of pre-
dicting the 3-D deformations expected and cbserved to have occurred in a
region centered about the "impact point" in steel—sphere-impact speci-
ments CB-13, CB-18, and CB-16. For the 2-D predictions, the idealized
fragment was defined to be a solid 2-D cylindrical fragment of one-~inch
diameter and to have the same mass and impact velocity as the steel sphere
in each case. Note that the present 2-D 43—e1ement EL-SH predictions for-
-the peak strain at the midspan impact station (x = 0) for cases CB-18 and
CB-16 is about 16 per cent and 16.4 per cent, respectively: these 2-D
predicted strains exceed the range of validity of the present analysis
formulation and computer code implementation and may be very different from .
the actual peak extensional strains which are present in the clearly 3-D
deformation region there. Experimentally, both beam CB-18 and beam CB-16
"are close to the rupture threshold for these 3-D deformation conditions
of strain and stress; a reliable quantitative characterization of the
biaxial or triaxiel strain state to define this rupture threshold for this
6061-T651 aluminum material is lacking. Severe necking of the material
near the fracture station of specimen CB-16 is evident. It is uncertain
also at which extensional strain level one ‘would observe threshold rupture
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of the 6061-T651 beam if a strictly 2-D fragment attack were actually per- -
formed; in this case also, the 2-p deformation state would be violated by

the presence of necking which is of 3-p nature (and which Precedes rupture).

Thus, the Present strictly. 2-D prediction mathod and code cannot be
used, except as a (recognizably) rough indicator of threshold rupture. -

That is, one might select Yll = 0.164 (or 16.4 per cént) corresponding to

the CB-16 prediction as the "rupture threshold" for 2-D‘ structures com- »
posed of the Present 6061-T651 aluminum material, when the spanwise direc-
tion of the structure is aligned with the plate-roll d#rection of this alumi-~
pum stock (as was the case for beam specimens CB-13, Cﬁ#}ﬁ and CB~18). One

might use this rough criterion to estimate for a 6061-T651 aluminum ring, the
ring %nickness necessary to contain a given enerqgy lével of attack by 2, 3,

¢ Or 6 etc. equal-size idealized fragments of given'sizé. While expariments

are necessary as final confirmation of the required containment ring thick~
ness, the availability of this prediction scheme should reduce substantially
the scope and number of the necessary confizmatiop experiments. 1In this
sense, the present 2-D Prediction method can, in spite of its inherent
limitations. serve aé a useful parametric analysis and Preliminary design
tool for 2-D type fragment containment and/dr deflecto: structures.

2.5.2 Modeling and Analysis Considerations

Let it be assumed that: L , . —_

(a): a specific 2-p type structure is to be subjected to impact
" by a 2D ffagment‘as accomm dated in the CIVM-JET 4B com-
puter program, o '

(b)  the uniaxial static stress-strain curve of the struc-

' tural material has béen;épecified ;nd fitted by-piece-
wise linear segments for use in the mechanical sublayer

model (also that values are specified for the strain
rate parametérs'brand P), and '

(c) ‘the size, mass, and kinetic energy of each attacking
fragment are given.

The next matter to be considered is the selection of the number and
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size of the finite elmehts to be u.sed to model the structure. The elements
must be numerous enough and of small enough size: (a) to provide a:con-
verged solution at least in an engineering sense and (b) to accommodate with
reasonable accuracy f.he physicany plausible” impact-affected effactive
length region = 2I.eff = 4h of the :Llnpacted structure to which momentum is :
transferred during a single fragment impact. The latter means that the
length of each finite element near an impact station should not exceed
about 2h (i.2., twice the thickness); otherwise, the collision-imparted
velocity increment to impact-affected zone of the structure will become
implausibly small and the resulting predicted response will be less severe
than realistic in this region.

3

‘ Pdrther, if one has a structural configuration or arrangement
wherein it is apparent that important levels of strain will be present
and will be changing rapidly with spanwise location, relatively many short-
length elements should be used in these regions to model the behavior there
Properly, whereas fewer larger-size elements could be used in regions of
spatially slowly changing strains. However, as pointed out earlier {Sub-
section 2.2; also see Section 3), if one is considering a containment ring .
which may be impacted by fragments at many locations (which may also change
-as .time progresses) around the periphery, the clearly-logical choice is to
use only equal-length elements.

If one uses CIVM-JET 4B which employs the timewise cent.ral d.:.ffer-
ence operator. t:he soluuon time step size At must be chosen to be
(At) <o. 8(2/w ) where W is the max:mum natural frequency of the
mathemat:.cal model of the structure for linear behavior. One finds that
for a given total number of 4DOP/node fim.te elements, the smallest tnm
occurs when equal-length elements are employed; thJ.s, in turn, permts the
largest allowable At to be used for avoiding computational ‘blow-up. The
same number of nonuniform elements will require one to use a smaller At
(and hence to J.ncur ‘more computing expense) in order to avoid computa-
tional dJ.saster. In most cases, therefore, the use of equal-length

Alternatxvely, one can employ a larger At while avoiding blow-up of compu-
tational roundoff error by using a different type of tJ.mevn.se fimte-dxffer-
ence operator (see Subsection 2.5.3).
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.elements to model the structure will be advisable.

As described in Refs. 4 and 17, the approximate Ii;mpcct-lnter-
—action-model employed makes use of :l.mpulse-mmentun and ‘energy consider-
ations to predict the momentum transferred to the impact-atfected portion
of the structure from each impact by a fragment. -The structure, in turn.
has beeu represented by finite elements whose mass matrix properties are
evaluated from kinetic energy expressions using an assumed velocity dis-
tribution in each element consistent with this basic assumed displacement
field .of the element; accordingly, the resulting mass matrix ig called the
variationally consistent mass matrix" -- this is a symmetric non—diagonal
matrix. Reference 17 explored the use of this ncn—diagonal mass mtrix
for these "momentum transfer” calculations and encountered erratic be-
havior (see Ref. 17 for further details); ; hence, a diagonalized mass was
constructed [17] and led to plausible. behavior. Thus, the CIVM-JET 4B code
(4] has utilized a diagonalized mass matrix model for the momentum trans-
fer calculations. Finally, the momentum transfer Prediction can be
carried out by assuming. the local impact to be perfectly elastic, per-
_ fectly inelastic, or intermediate between these conditions by assigning
as input a ualue for the coefficient of restitution e of, respectively,
e=1l,e=0,0r0<e<1; the Ref. 17 studies show results for various
e values and conclude that the perfectly-elastic case e = 1 g the most
reasonable engineering choice for most of the types of lov-speed impact
conditions under consideration here. The user of CIVM-JET 4B, however,

can spec:.fy any value of e (0 X e <1) as he wishes.

2.573 Use of CIVM-JET 4B versus CIVM~JET SB

Both of these computer Programs permit one to predict the large-
deflection, elastic-plastic transient responses of 2-D structures which are
subjected to low-speed impact attack by one or more idealized fragments.
CIVM-JET 4B is restricted to the analysis of single layer (single material)
structures and employs the timewise central difference- operator for the
transient solution calculation, whereas CIVM-JET SB can deaJ. with multilayer
multimaterial 2-D structures and uses a different timewise tmite-difference
operator (the Houbolt operatcr) for the tme\n.se solution.’ ‘ﬂus latter
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op'ezator is uncanditionaily stable and thus pgmits one to use a very large
time-gtep size, if desiged, without encoun(:eri’ng computational roundoff
-emr»bloﬁ-upr this ‘adﬁnuga' was the principal mt:l.vntion for f.he‘
adoption of the Houbolt operator in CIVM-JET 5B. However, the occurrence

of impact and the attendant accounting for the impact-imparted velocities

to the "locally affected" portion of the structures results in effectively
changing the timewise operator at and for a short time following each im-
pact from the Houbolt qperatpz to an operator which is no longer uncondition-
ally stable [10]. 'rhe:ée'foze, the allowable At is also restricted although
not as severely as in C‘IVH-JET 4B.

Some elaboration on this correction for impact" matter tollows The
CIVM~JET 4B program calculates the exact time of contact between the frag-
ment and a local region of the impacted structure. This time will always

. occur at some sub-time increment which is smaller than the time-step size
employed for the solution procedure. The use of the central difference
operator allows an accurate correction to be applied to the structure during
the remaining portion of the time-step incrgment. These corrections are
done in a manner which allows a correct distribution of energy and momentum
in the system even though a "nonuniform time step” has been employed. The

| Houbolt operator will not advance the solution properly if a nonuniform time
step correction is imposed; hence, a differeni maﬂ interaction procedure
_had to be introduced. The CIVM-JET SB program performs an ",approximaté
time of contact correc‘:tion" to the structure displacement field; an im-
pact is detected to have 6ccurred within a time .step by noting the presence
of _;n_dverlappinq of the fragment and the structure. The corrections are
then applied in CIVM-JET 5B as though the initial contact occurred at the
beginning of the time step. A response prediction iteration is then per-
formed at this time to guarantee a complete correction, and then the struc-
tural'response solution continues through time until another fragment-
stmcture overlap is encountered. Since the applied impact-interaction
mbdel in CIVM-JET SB is an approximation of the model used in.CIVM-JET 4B, -
a comparison between the two solution techniques should prove useful for
futﬁre impact—_interac‘;j.on models. Tt should be noted that the “exact time -
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of contact” solution gives a more "realistic” analysis of the impaet-mter- :
“action, but it becomes very time-consuming as-the number of. ‘elements used

to model the impacted structure increases. Incidentally, the application '
of this "exact time of contact" mcgbinteraction solution technique

when using plate elements (10, for mlcl for analyzing plate or panel
response to fragnené impact would be érohj.bitive. '

Another factor that influences.‘_;the largest allowable At in CIVM- .
JET SB is the fact that the Houbolt oi';erator is of implicit type; there-
fore, the intermal forces associated with large defle{:tions and plastie
behavior depend upon the solution beinq sought. These terms, hence,
have been approximated by extrapql;ti:riq linearly from known solutions at
the immediate two earlier time instants without iterating to convergence
within each time step. Therefore . thiese pseddo-forces may become pro-
gressively less and less accurate particularly if large At time steps

are used.

Since CIVM-JET SB requires much more storage and computing for each
time step of calculation than does CIVM-JET 4B, to be cost competitive
with -45, one must use for -5B a At at least 4 times larger than the
allowable At for CIVM-JET 4B. Note that CIVM-JET 4B uses the unconvan-
tional form of the equations of motion while CIVM-JET 5B employs the
equations of motion in their conventional form which involves more computing .
per time step; both of these formulations (4, 5, 17] are given concisely in '

Kppe.ndxx A for the reader s convenience.

Figure 21 compares for the CB-18 experiment pred:.ct:.ons of the CIVM-
JET 4B and CIVM-JET 5B computer programs using the EL-SH Fit A material
- model and 43 equal lenqth finite elements. The predictions for the CIVH- :
.JET 5B model are given for two time step sizes: At = 0. S usec and At= 2.5
usec. The first time step size is identical to.that used in the CIVM~JET 4B
calculation which uses the central difference temporal operator. The second
time step size represents the point at which the CIVM-JET SB model becomes
cost effective compared with the CIVM-JET 4B model. :
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Predictions are plotted for four spanwise locations (x = Q. 0, 0.6, 1. S,
and 3.7 in) which include the impact region, the mid-region which is
dominated by 2-D deforuation. and the region close to the clamped boundary.
In each region the solutions are qualitatively similar to each other; for
engxneering purposes these are also quantitatively the same.

'A CIVM-JET 5B calculation was carried out by usinq a At size which
was about 10 times that permitted by the central difference method used in
CIVH-JET 4B; this solutlon exhibited 1nstability when impact and correc-
tion was encountered for the CB-18 example. It is}not known for the CB-18
conditions the larqest At permissible for well-behe§ed ealculations when
CIVM-JET 5B is used; 4 times and 10 times larger Aé than permissible for
CIVM-JET 4B showed, respectively, well-behaved and unstable behavior for
CIVM-JET 5B calculations.

The Houbolt operator as employed with the CIVM-JET SB impact
modeling is seen to be an alternative solution technique to CIVM-JET 4B,
but care must be exercised that a cost effective time step be determined

without encountering a region of instability.

The CIVM-JET 5B program was not used in further impact correlations
and studies performed in this report. The 5B Program compares favorably
with the 4B program for predictive accuracy; however, the CIVM-JET 4B pro-
gram had been exerciseq for a longer period of time and has provided
piausible results for several impact-interaction modelings. These con-
siderations led to the decision to study jet engine ‘impact problems and

‘the impact-interaction parameter varlatlons (see Section 4) with the
CIVH—JET 4B program.

The preceding discussion has dealt with the principal considera-
tions for deciding whether to use CIVM-JET 4B or CIVM-JET 5B to predict
impact-induced transient structural responses of 2-D beam and/or ring
structures. Either code can be used to analyze s1nqle-layer structures
but only CIVH-JET 5B can be employed to analyze multzlayer, multlmaterxal
" structures. Earlier it was pointed out (see also Subsection A.2 of Ref.4)
that a diagonalized mass matrix modeling of the structure is(needed for
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Iv the prediction of momentum transfer fmp the fracjnentAto only the trans-.
lational degrees of freedom of the impact-affected re(;ion of the struc-

ture. iiow. séme discussion is given of va:ioué available choices for this

-d:l._aqbnalized mass matrix modeling, and their consequences.

. Pirst, recall that the present beam and/or ring finite elements -
have 4 DOF/node; these are the in-plane and normal-direction transla--
tional displacéuients v and w, respectively, and the »extension” X and
"rots-ion"™ § (see Appendix A and Fig. a.l). In deriving the mass mat:r:.x
for a single finite element from the kinetic energy expression or fr_ojn
the Principle of Virtual Work, one obtains a non-diagonal mass matrié:t.
termed the "variationally consistent mass matrix";one obtains mass métrix.
‘entries on the diagonal associated wiﬁh each of the 8 DOF's (4 at -eacfx-
end), as well as the off-diagonal "mass coupling” terms. The use of ithe
consistent mass matrix as well as a mass _matrix diagonalized inavariéus
ways has been studied [17, 33-3€]; both types of matrices are used
widely with reasonably similar transient -response results. Where feasible.
or where considerations such as impact-induced momentum transfer calcula-

‘ tions are needed, the couiputationally more efficient diagonalized mass
matrix is preferred. Further, it was found that the predicted transient
responses of 2-D structures to transiently applied loads when a diagonal
mass matrix was used were affected only slightly by different choices
for-the diagonal entries associated with the non-translqii_ogaj._ﬁegrees

- of freedom of the element as lor}q as the diagonal entries asso;iated _
. with the translati;nal degrees ;qf freedom of the element-were kept the

- ' same (17, 33-36].

_ "'For the cése‘of -sinq.le.—.layer struc;‘:ur._es ‘of u_niform thickness,. one .
can readily define the. diagonal mass matrix entries associated with the
translational degrees of freedom v and w. at each node: this is simply

" one-half of the mass of the element. The choice of the proper diagonal
mass matrix entries corresponding to the non-translatipnal ] and X de-

grees of freedom at each node is less apparent; these entries, however,

39

P
-



are generaced automacically in the consistent mass matrix calculetion. For

'a beam element which consists of sevcral variable-thickness layers of dif-
_fe:enc_material..the "intuitive selection” of even the "translational en-
_tr:ie:s.'é in a fully diagonalized mass matrix becomes a much more diffi-

cult and complex undertaking; however, the calculation of all of the mass
matrix entries in the consxstent mass matrix ‘remains very simpie and automatic.

Thexefore, it is convenient and natural to ask how one might select a diagon-

alized mass matrix by making use of the automatically-generated consistent mass”

matrix. This matter has been explored by Key and Beissinger {33}, Clough {35],
_and Kinton [36]; there is general agreement on the selection of those entries
assoc;ated with the translatzonal degrees of freedom, but various selections .

have been suggested for the diagonal entries associated with the remaining

degrees of freedom.

The approach suggested by Key and.seissipger [{33] and by Hinton
{36] may be summarized as: the procedure of lumping (mass matrix
diagonalization) recommended in view of the infinite possibilities is to
compute the diagonal terms of the consistent mass matrix and then to scale
these terms so as to preserve the total mass of the element; that is, so
that the sum of the mase entries at both ends of the element for each
translational degrees of freedom shall equal the total mass [36]. A
similar procedure has been proposed by Key and Beissinger {33]:.the trans-
litional entries for the diagonalized mass matrix are Jetermined from-the
consistent mass matrix by adding the corresponding off—diagonal transla-
tional term to the diagodal term -- this does result in identifyirg the .
total beam mass as the sum of entrles at each end of the_ element for a
given translational DOF. However, no clearly euperzor means for choos;ng
the non-translaticnal entries for the dlagonal1zed mass matrix from the

' consistent mass matrix is apparent. One possibility suggestéd by Fey and 3

Beissinger 1s that these non-translational diagonal eriries be scaled
from the consistent mass matrix so that the highest natural frequency is
matched with the highest natural frequency of the structure modeled with
consistent mass (and stiffness) matriCec. Since no'clearly suéeridr .

4'tran51ent response results ars demonstrated for such a cnoxce and 51nce
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same At limit if one were to compute the transient structural response

by using. the: timewise central-difference operator, this is regaxded as an : .
unattractive choice. Instead, a plausible choice for these non-transla-

tional entries of the diagonallzed mass matrix is desired such that the

highest natural frequency of thé modeled structure becomes "as low as

,possxble -~ this would have the ‘effect of 1ncreasing the permissible

.time step size At for central-difference operator calculations, with no

trimental effects when one employs an implicit timewise operator such
the Houbolt operator.
Three candidate mass-maérix diagonalizing schemes are considered :
here. These are described conczsely in the following. For clarity,
consider a single initially-straight beam element with the following

4 degrees of freedom (q3) at each end:

End 1 (or Node 1) End 2 (or Node 2)
g, =vzo a, =V
3 an 7
= = a_v. =

. . ____1‘ =

Mass Matrix Diagonalization Method 1- s . — -

This- 15 an »intuitive engineering method“ whizh can be used readily

only for sxngle-layer elements of either constant or linearly-varying
thlckness. The same translational masses are assigned to DOF's ql and q,

L] - a
and another value to DOF's qs and q6 the sum mll 55 m22 + m66

total.mass of ‘the beam. Non-translational .DOF's q3 and 9, are assigned
my, and M as being the same "estimated effective rotary inertia" for
the beam; a similar assignment is made for M, and Mog* See Appendix A
of Ref. 4 for a fuller discussion. Concisely, these diagonal mass matrix

entries are (non-diagonal entries are all zero):
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the thickness-dependent‘constant: c1 an§3
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.where c2 are-g;ven by

’ c - (2h2 + hl)
1 3(h1 f h2)

2 2

+
hl + 4h1h2 hz
2 36.(h1 + hz)

In these expressions p is the mass per unit volume of the beam element,
b is the width of the beam, £ is the length o7 the béam element and h
and h

2
tively.

1
"are the thickness values for the beam at ends 1 and 2, respec-

For present purposes, this description is considered to be

adequate; see Ref. 4 for further details.

Mass Matrix Diagonalization Method 2 . -

Thls ‘method defxnes a diagonal mass matrix mD by using the

entries already computed from the consistent mass matrlx mgj, as
follows: B
' ‘ D _.C ..C
- = +
M1 ™1 T Mis
D - mc + mC
P22 7 22 T T2
I
33 33" 44 44
mo' oC c
55 55 51
o® = oS . S
66 66 61
D _ C N -
P77 7 Tgg T Mgg

By =
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‘Hence, this method is readily applied to multilayer, multimateriai vari-
able thickness structures. '

Mass Matrix Diagonalization Method 3

This method is similar to Method 2, beihg different only with
respect to how the non-translational degree-of-freedom entriesfm:i are
calculated. All diagonalized mass qat:ix entries are calculatéd by the
rule o :

mo = mc + mc
TRl SR PO
Hence, : o

- D c .. ¢ D c ¢
Tt TP Bgg = Mg + Wy

D c c D c c

Byz ¥ Py * Wy - e " Tes * T62

D c c D c - ¢

My3 = P33 * Oy, L R T

D c ¢ D c c

Maa ™ Paq * Psg Tgg ™ Mgg * g3

These three mass matrix diagonalizations as well as the consistent
mass matrix were used to calculate the maximum natural frequency of
clamped-ended beam CB-4 when modeled'vith twenty 4 DOF/node elements per
half span --_imposing symmetry conditions at midépan. The results are

as §9llows:

. . . ' -2
— Mass Matrix -mmax (At)CI; w
- . _ {(rad/sec) (usec)
' Consistent .767_8)___(_107 _ 0.26
" piag. Method 1 .2165x107 0.92
(Intuitive) ' )
‘Diag. Method 2 = - .421'0x107' T 0.47
Diag. Method 3 .9874x107- 0.20

Since only diégonalized mass matrices are employed in the calculations of
structural response to fragment_impact, it is seen that Method 1 permits
the largest allowable At to be used if one were to employ CIVM-JET 4B

43

R 4 8



vhich uses the central difference timewise operator; however, Method 1 has
been dévaloped»only for singlé-layer e;emeﬂts. Hence, for multimaterial;
mnitilayer vi:iable-thickn?ss elements, Methods 2 or 3 could be used; of
these, Method 2 appears to be the, preferred choice since it will permit the
use of a larger At than will Method 3. ) '

Some further comparisons are given in Table 1 for some predictions
of large elastic-plastic transient response of- impulsively-loaded beam CB-4.
The half span was modeled with 20 equal-length 4DOF/node elements, the

'EL-SH Fit A stress-strain behavior was used, and a uniform lateral velocity

of 10, 707 in/sec was applied to the center node and to the next four
nodes. Shown in Table 1 are predicted quantities (maximum Gaussian.sta--
tion strain, maximum nodal strain, elastic energy, kinetic ene:gy.‘plastic
work, and midspan w-displacement) at loo.usec after the (sudden) initial
velocity was applied -- for the use of: (a) the consistent, (b) the
Method 2 diagonalized, and (c) the Method 3 diagonalized mass matrix.

It is seen that the response gquantities predicted at t = 100 usec are
close in all three cases; the two predictions which utilize the diagon-
alized mass matrix are very close to each other. Hence, it is recom-
mended that until better mass diagonalization schemes are developed,
Metheds 1 and 2 should be adopted where applicable. These aze'the' '
methods employed, respectively, in CIVM-gET 4B and CIVM-JET 5SB.
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SECTION 3

CONTAINMENT-RING RESPONSE TO TS8 TURBINE = - -
ROTOR TRI-HUB BURST ATTACK

3.1 Problem Detinition

. In: the spln-chamber !ecility of the Naval Air Propulslon Test Center
(NAPTC) numerous experiments have been conducted wherein various types of
actual and simulated engine rotors have been rotated at high rpm and caused
to fail ln various ways. ngh—speed Dynafax photogrephs nominally at
35,000 pictures per second have recorded the motions of the resulting frag-
ments and’ thelr impact and interaction with a variety of contelnment-ring
structures (12-14 and 37, for example] Some of these containment rings
were of single-layer construction; others were of multilayer multimaterial
‘construction. In some cases, strain gages were applled to the containment
ring, and the resulting transient strains and permanent strains were recorded.

Selected for discussion and analysis in this section of this study
is NAPTC Test 201 [13,14] in which a 4130 cast steel containment ring of
0.625-in thickness, 1.50-in axial length, and 15.00-in inside diameter and
weighing 12.83.pounds rested horizontally on smooth support wires and en-
circled a TS8 turbine rotor which was caused to fail in 3 equal 120-degree
segments at about 19,859 rpm and to lmpect against this steel contalnment

- ring. Circumferentially oriented strain gages were ettached to the ring
at. various clrcumferential locations. at the ring's midwidth position. ]
Transient s strains were tape recorded for 10 such gages; transient strazos
from 4 of these 10 gages were also photographically recorded from swept
oscill .« *ope displays. In addition after the test, permanent straing indl—
cated by the four gages which survived intact were recorded.

Given in Table 2 are the weight and geomettic data defining the'con-
tainment ring, the rotor-burst fragment properties, and the test conditions
for NAPTC Test 201. Note that the I.D. of the ring was 15.00 inches while

"From NAPTC's ACIPCO 2 billet [14].
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the 0.D. of the TS8 turbine rotor was 14.00 inches; this 0.S5-in clearance
‘between the ring and the blade tip is untypically large but was selected to
permit better_photographic_clarity_and~de£initionr Each fragment consisted
of a "120-degree"” sector ot the rim with 17 attached blades; the distance
from the axis of rotation of the rotor to the CG of the fragment was

2.797 inches. At the rotor burst rpm of 19,859, the translational velocity
at the CG of each fragment was 5816.7 in/sec while the blade-tip speed was
14,557.2 in/sec. The resulting total kinetic energy of the 3 released fraq-
ments at burst was 908,830 in—lh, of which 476,766 in-1b was translational

" and 432,054 in-1b Qas rotational. Hence, each fragment at burst had
nominally 158,922 in=1b of translational and 144,018 in-1b of rotational
kinetic energy. :

Shown in Fig. 22a is a schematic of the TS8 power turbine rotor modi-
fied to undergo a tri-hub burst, and Fig. 22b shows a sketch of a typical
fragment before impact. A photograph of one of the 3 fragments after the
test is shown in Fig. 22c. The quality of the Dynafax photoegraphs (taken
at 35,000 pictures per second) of the impact of the 3 fragments and their
interaction with the ring happened to turn out, unfortunately, to leave
much to be desired; however, shown in Fig; 23 are a few sample photographs:
(a) pre-test, (b) after rotor burst but before impact of the fragments with
the ring, and at about 200, 514, and 1286 microseconds after initial impact
in parts (c), (d), and (e), respectively. Figure 24 shows the permanently :
deformed containment ring; note that position marks have been provxded at
S-degree intervals along the ring® s midthickness location. Also shown in
Fig. 24 is the post-test condition of the 3 attacking fragments.¢ Note that
' only one of the fragments still possesses many of its original blades. The
‘Dynafax pictures obtained show that this denuding occurred late, after the
- fragments fell by gravity below the_piane of the containment ring and sub-

sequently struck the heavy steel sides of the test chamber, resulting in
greatly enhanced "fragment damage". Of course, very severe deformation and.
curling of wany blades of each fragment can be seen to have occurred while
the containment ring is still suffering the impact attack. This attack con-

tinues until well after the peak response of ‘the containment ring has been
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reached: only leter do the fragments escape the ring by tallinq below
"the eontainment plane”.

Piguxe 25 indicates the circumferential locationa of st:ain gages
which were ‘used-to-measure—transient and petmanenc strains on the outer sur-:
face of the rinq. These locations are de!ined by stations 1 through 72
marked at 5-degree intervals around the :ing. station 1 is assigned 6 = o°
station S :epresents 0= 20 ., etc. Note Shat permanent strains, as £ollovs,
' were obtained from intact strain gages afeet the test at only four loeations:

Station 8(deq) élPermanent Strain(s)
9 40 - 0.95
13 60} - 3.23
33 160 i - 1.97
37 180 - 3.3

Static uniaxial tensile stress-strain measurements for coupens of

- 4130 cast.steel from NAPTé's Naticnal Forge billet were supplied [14];
these data were analyzed and used for the theoretical analysxs of NAPTC
Test 201 since according to Ref. 14 the Test 201 ring material is almost
identical to that of the National Forge billet. Accordingly, these stress-.
stfain data were approximated by piecewise linear segments defined by the
following stress-strain (0,€) pairs: 0,€ = (0 psi, 0 in/in); (80,950 psi,
.00279); (105,300 psi, .0225); and (121 000 psi, .200). This 0,c fit is
used 1n the mechanxcal sublayer mater1a1 -behavior model and is referred to.
as elastlc, strain-hardening (EL-SH). When strain-rate "effects are taken
into account, the perfectly-plastic yield st:ess'of each (kth) mechanical
sublayer for strain rate é is taken to be that given by Eq. 2.1. ‘Since
'measgrements have not been made of the strain-rate dependence of the 0,¢c
behavior of the steel used in the NAPTC Test 201 ring, it has been assumed
that Lts strain-rate dependence is approxxmately that of mild steel [25] .
for which D = 40. 4 sec -1 and p= S.
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3.2 Ring Modeling &nd the Effects of Idealized-?ragment
Size and Friction

divisible by 3 (since a 3-fragment "simultaneous” impac; attack is involved)

is 48 elements. Each element, therefore, subtends a 7.54degree sector.
In addition, considerable Previous experience [3, 17] in the finite element

tended Ccircumferential region indicated that this size choice will pPermit
one to obtain "converged transient response predictions" for large-deflec-
tion elastic-plastic structural behavior. Accordingly, 48 cubic-cubic

In the present effbf%,'a subplementary convergence study was carried
out. For this study a cizéular;arch (or beam) covering a 60~degree arc,‘
having both “ends pinned-fixed, and having a width of 1.50 in, a thickness of

was subjected to a stepéfghction:;adial'oﬁtward concéntrated.load of 7,000
pounds at the midspan location and lasteg forvlso mié;bseconds.‘ The stress-
strain behavior of the aluminum mate;ial'waé assumed- to be that identified
Previously as Fit A EL-SH—SR..The entire 60-degree strﬁéture was mndeled by
6, 10, 14, 18, 23, and 30 equal-length 4DOF/node cuxyed'beam elements, and

i
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" tions were carried 6ut‘by using the JET 3a computer program of Ref. 3,

 this Program employs the timewise central difference cperator. Summarized
in Table 3 for each of these modelings a;e:‘qknx. z/ubax, 0.8(2/m5ax), the
At -actually used, and values calculated at t = 150 microseconds for (1) the

hated). Transiedé'responsg predictions are compaxéd for the 6, 10, and

30-element modelings in Fig. 26; Pig. 26a shows the midspan deflection_w :
versus time, while Fig. 26b illustrates the Predicted outer-surface strair -
time history at the quarter-span statign (159 from—midspan). Note that fo?:
" this rather severe concentrated-load example, these illustrated piedic~‘ :
tions appear to have converged at least in an engineering senger when 10 or:
more equal-length elements are used; that is, the results noted when 10, 14;
18, 22, or 30 elements were used were very closé_(peak deflections and

the transient solution for a forty-element complete ring, the above study
which shows convergence for ten elements per sixth ring, and cost con-

bshortly after initial blade-riqg-;ppact; the impacting gi;ae begins to de-
form and curl; addiéiqnaiiEIAdés on theée’ same fraqmeht suﬁsequen:ly impact the
ring and also curl.‘ As this impact/interaction Progresses, ea?§ °§ th%se .4
bladed-diék,fragmenté applies a load of contihuaIly chahgiig di;tribuéion

and magniﬁude to the ring including frictional forces; of course, the ring
_applies equal and opposite loads to the bladed-disk‘fééqment. .Thus, the

Predictions.
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reached. Similar changes continue thereafter but more ’_slpvly and less

dra'm.gtically.

As noted earlier, a detailed accounting and f6llowing of the de-

formation of just one blade is a formidable task; hence, following the de-

- formation behavior of the 17 blades on each of these 3-bladed-disk frag- -

.consists of a rigid circular disk of properly-selected diameter. Each

: idealized fragment shall have a mass and a mass moment of inertia equal
to those of the initially-released bladed-disk fragment itself; requir- .
ing that the idealized fragment have a CG'translational W1ocity and rota-

‘tional velocity at "release™ equal to those values for the actual fragment

translation and rotation. Further, ocne can account for a fixed coefficient
of friction Y between the fragment and the ring by employing an appropriate
value for U in the CIVM~-JET 4B program.

An examination of the basic dimensions of each undeformed bladed
disk fragment (Fig. 22b) as well as Plausible estimates of the probable
state of severely-deformed bladed disk fragments of this type led to the

following estimates of idealized fragment radius r : (a) minimum of 2.555 in,

£

(b) maximum-of 4.20 in, and (c) an "i_ptgmedj.ate_'_,_.value of 3.60-in. The -

minimum value represents the rigid-disk part of the bladed-disk fragment
Plus a-small additional region encomp@_s:sing seve,fely curled blades. The
maximum (or extreme) idealized radius s:e_lecged livs between that-gecessaiy
to circunscribe the greatest and the least lateral dimension of the unde-
formed fragment. Since the energy absorbed in blade curling is relatively
small, the attacking fragment will still possess perhaps 95" per cent of

its pre-impact kinetic energy when half of the 17 blades have curled over

" in a regiom outboard of about r = 4.06 in measured from the rotor shaft

axis. Hence, although the actual impact attack begms at first-blade
t'ouching. the "serious impact attack" upon ghe containment ring comes much
later when the blades have curled over against each other and against the
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‘outer rim of the_‘ aisk part of the fragment. At this stage the "effective

radius” of the attacld.ng fragment is approaching the cited "minimum plausible

value” of'rg = 2,555 in. These choices are depicted schematically in Fig. 27. -

The use of an Lmolausibly-laxwge idealized rigid circular fragment
would clearly constrain the containnent'ring and unrealistically limit the
amount of its deformation in the impact/contact region of each fragment.

On the other hand, the physical dimensions of the rigid disk portion of the
fragment and the region: occupied by severely curled over and mutually con-
tacting blades make the choice of an Te smaller than choice (a) to be clearly
illogical. Hence, for a severe threshold-containment type ‘of fragment attack,
one expects that the use of an idealized fragment of fixed rf & 2,555 in
would result in a quite:reasonable prediction of the maximum response of the
ring; houeyer, it is-impossible physically for this type of idealized model
to give a reasonable apéroximation of the actual transient response history
of the containment ring — actual impact will occur much earlier and,
initially, much more gently than for the idealized fragment.

FPigure 28 depicts the geometric test and modeling data for the 4130
steel containment ring subjected to tri-hub TS8 turbine rotor burst in NAPTC
Test 201. The ring is represented by 48 elements and EL-SH-SR material be-
havior is taken into account. Three equal-size idealized fragments are used;
all three fragments are assumed to inpact initially simultaneously at equi-

distant circumferential locations. g . : ‘ —

The effects of idealized-fragment size can be illustrated ‘most conveni-

) ently perhaps by comparing the extreme deformed-ring configuraticn for each of

these 3 cases, as shown in Fig. 29%a: the time at whlch that extreme deformed
state occurs is different for- each of these 3 cases. For these 3 extreme de-
fored states, Fig. 29b compares the circumferential distributlon of the cir-
cumferentlal-extension strain (Yll) on the outer surface of the ring. Clearly,
the extreme response of the ring is greatest for the smallest and is least for
the largest idealized fragment sxze. In these three calculations, it was
assumed that there was zero fricticn between each fragment and the rlnq. '

It may be of interest to examine the nature of the transxent strains
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" which are p:edicted to occﬁr at various cﬁ.‘écﬁnfezentihl locations of the
containment ring. As a .convenient means of identifying circumferential
ldéations. Pig; 30 shows a predicted deformed ring configuiation (and the .

3 idealized fragments) at 1000 microseconds after initial impact; shown also
are the element identification numbers.’ Predicted inner-surface and outer-
surface circumferential transient st_iains are shown in Fig. 31 at elements 1,
4, 6, 9, 11, and 47 for the case r, = 2.555 in and U = 0. One may interpret
the mean of the inner surface and outer-surface strains as representing
roughly the "membrane strain” pottiér_l, and the deviation from thj_.s mean as
the part arising from bending.

i.

The effect of using a triqtioiﬁ coéfficient U value of 0.3* is iilus-
trated in Pig. 32a where the defoméﬁ ring configurations for U = 0.3 and
. U = 0 at 1200 microseconds after initial impact are shown for tf = 2,555 in.
Since these deformed ring profiles are shown with respect to the fixed y, 2z
coordinates, it is seen that they are “"slightly rotated” with respect to each .'
other but the deformation severity is comparable. Shown in Fig. 32b at that
same time instant is the outer-surface distribution of predicted circumferen-
tial strain; here also, it is seen that the effects of friction between the-

idealized fragment and the containment ring have little effect upon the magni-
tude of the peak strains predicted at this instant. Hence, most of the calcu-

lation cases-carried out gss_mned:ﬁ':{ctionless impact.

Summarized in Tablz -4 are the pertinent data which characterize each- - . —
of the various CIVM-JET 4B calculations made to predict the response of the
present containment ring. The time increment size used in every case was

: 2.5 microseconds. : ' . . P T A

3.3 Comparisong of Prgdictions with Experiment . -

Por reason'é 'note";i in Subsection’ 3.2,: predicted time histories of im=-
pact-induced contaimment ring strains cannot be compared rationally with

measured transient strains for this’ r_i.nq-fraqment impact problem. Also,

. - i '
This choice as a plausible and reasonable value is indicated by the studies
reported in Ref. 15. v
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because of poor Photographic quality, reliable Aneasurem.ents‘-of the extreme
deformed tiné eonfigur!ationi:Q not available. Hence, only the permnent
deﬁonied ring cbn_fiquration and several measuremehﬁs of ring outer-surface
pemnent strain are a'vaillable_tor.,a—meaningful“comparis"on with predictions.
As noted eu'lier; the 'ptediction utilizing an idealized?traguent: radius rf,
of 2.555 in and u = 0 is the ‘most reasonable and plausib_le case for compari-
son with the NAPTC Test 201 experimental data. : '

Accordingly, 'Pig. 33 cc-mpares the measured permm{ent deformed-ring
configuration with that estims=ted from the calculations. The latter éonfiqu-
ration was chosen by examining a sequence of prédicted é:gfomd-rinq configu-
rations throughout the response to peak deformation, andgsubsequen,tly to and
beyond maximum springback. Peak responée and maximum spginqback occurred,

' respectively, at about 1200 and 3180 microseconds after initial impact. The
selected "l_aredicted permanent-deformation configuration” was taken as that
predicted at 2600 microseconds after initial impact; this corresponds ta. the
time midway between the time at pPeak springback and the time at the next peak
deflection of the ring. The circmferenti:al distribution of predicted ring .
outer-surface strain at this same time instant is shown in FPig. 34. Measured
permanent strains are shown at ;ocatj.ons. corresponding to "matching locations"”
between the predicted.defomed ring profile shown in Fig. 33 and the configura-
tion and location data depicted in Pig. 25. In terms of 9 defined in Fig. 28, .
the strain gage locations (a different 6 in Pig. 25) were 'detemi’ned' by
- orienting the measured Permanent de_formed-}ing é;nf.-i.guration for a best match
with the predicted deformed-ring confiquraﬁion (as per Fig. 33). 'The result-

- ing 8 positions for the "permanent strain® gages were deduced to be:

o 8 of .E‘iq.; 25 8 of Figs. 28
Gage (deg) and 34 (deg)
B
13 o - 30
33 160 130
37 - 180 150-
53
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P&cm Fig. 33 it is seen-that there;is'feasonable agreement between
prediction and experiment for the:permanently-deformed-rinq configﬁiatioﬁ.
The permanent strain_aqréementAobserved—in—Fig; 34 is less faithful but still
reasonable. By varying rf. u, eté. over a plausible range of valueé, better
theoretical-experimental agreement could be expected but such variations
would lead only to predictions constituting results in an 'uncertaiﬁty band”
whose convincing narrowing would be diffiéult to achieve*. There will ré- ‘

main an inhe:ent’uncertainty band in predictions vs. exper;ment unﬁess and.
until one employs ‘a more faithful and completd model ‘of the complex’attack-

ing fragment. Clearly, various steps in this direction are possiblézbut-at
a price in complexity and computation. ' :

Finally, an examination of the Dynafax photographs for NAPTC fest 201
indicatés.thaf the three fragments may not have been "released" simultaneously.
-It appears that one fragment initially contacted the ring; two Pictures later
4 second fragment appear to have come in contact with the ring; and one pic-
ture later the third fragment appears to have hade contact with the rirg.
Note that the time ‘interval between pictures is about 23.6 microseconds. To
examine the "sequenti#l release and impact effect", a CIVM~JET 4B calculation
for re = 2.555-in and U = 0 was made wherein fragment 1 was released; frég-
ments 2 and 3 both were released 60 microseconds later. - An examination of

—the-resulting predicteqd transien;_impa€§:interaction response revéaled_in-A
_Ssignificant differences from the cbfreséééding sihultaneous impact case.

g S -

-

3.4 Comments . _ L.
B Although the‘prgsgn;;CIVM:JET 4B analysis agd code employs a hithjf
idealized rigid-fr&?ment model‘tb'represenf a Eoﬁgiéi défofmable fragment
which impacts 2-p conéainment/deflection structures, it appears that the use
of a plausibly-selected size of the idedlized fré%ment‘and'Ghe fﬁithfﬁ‘ o
modeling of the translational (and, of lesser importance, the rotational)
kinetic energy prior to impact will lead to reasonable'engineefinq predicﬁions
of the peak response and the;pgrmanent deformation of the impacted containment

ring. Calculations indicate that the use of plausible values for friction

.Also, the availability of o,&,e data for the particular lot of 4130 cast:
steel from which the NAPTC Test 201 ring was made could reduce further the
uncertainty band of these predicted responses. -
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between the fragment and tﬁe impacted structuze has'very little effect upen -
the predicted transient response of a containment ring. ’

. - e et g - e . .- .

- Of the various modeling parametets and values which the analyst must
select, that havxng the greatest effeet on the peak predicted structural re-
sponse of the containment ring is the idealized fragment size itself.

Finally, two reminders concerning the limitations of the present CIVM-
JET 4B analysis aﬁd code are pertinent. First, the anelysis applies strictly
only to the two-dimensional type of structural response; hence, cases 1n-

volving an xmportant degree of 3-D structural response cannot be represented
by the present analysxs and'code. Second, the governing equations for this

analysis apply'to%large-deflection and large-rotation elastic-plastic transient
structural response but the strains themselves must be small. An ubper limit
on the streins for which this analyses is valid cannot be specified precisely;
however, predicted strain values exceeding roughly 6 to 10 per cent should be
regarded with caution. Clearly, rupture threshold predictions for ductile
metal C/D structures will involve substantially larger strains; accordlngly,'
an extension to accommodate large strain behavior properly will be necessary

to achieve that end rationally and reliably.
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SECTION 4
CONTAINMENT STRUCTURE PARAMETRIC EFFECTS ON
STRUCTURAL RESPONSB INDUCED BY FRAGMENT IMPACT

Sectiong 2 and 3 of this report have been devoted tc discuaeing
numerical methods for predicting 2-d transient structural responses of,

respectively. (1) clamped-ended beams subjected to rigid-fragment (steel
sphere) impact and (2) containment rings subjected to impact attack by - ;
idealized. engine rotor fragments. The capabilities and limitations of the
associated computer codes CIVM-JET 4B and CIVM-JET 5B were reviewed’ together ;
with guidelines for selecting an appropriate structural model so as to cbtain !
reliable engineering predictions of fragment=-impact-induced structural —
response (within the range of applicability o{ the prediction method as
actually implemented in these computer codes). ‘Also, predictions were
compared with representative experimental data.

Since the scope and complexity of actual fragment attack against
containment structure usually greatly exceeds that which is feasible to
include in mathematical/numerical Prediction models, it is often useful to
employ a judicious cambination of (1) mathematical/numerical predictions and
(2) actual experiments -- in order to study in a cost-effective manner the

effects of each of the numerous variables upon, for example, the (least) -m

—wets™ and/or cost of a’ contaimment structure which is to be selected to

achieve threshold contaxnment of a ngen fragment attack. similar results
for a series of different postulated fragment attacks may also be of xnterest

The use of mathematxcal/numerxcal predictions alone is hazardous because of . 4

" the possxble inadvertent cmxssxon of important 1ngred1ents present in the
‘actual physical problem. On the other hand, the use of experiment alone 1s

inadvisable because of the tame~and large cost per test as well as the great
number of tests required to explore the effects of each of the potentially-
important parameters and variables of the problem.

+ PN . : . .
That is, the dividing line between fragment containment and non-containment.

. a—
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In this section the use of dimensional analysis in studying the effects
of various pertinent parameters upon the containment threshold response of
vach of various 2-d containment structures to fragﬁent impact attack is
explored with reference to: (1) ﬁathemacical/numefica; predictions and
(2) actual experiments. The dimensional analysis ;s discussed first in
terms of a rather qeneralvsltuation involvingvfragment attack against a
broad class of contalﬁment structures. Then the analysis is specialized and
applied to (a) NAPTC experimental studies [12,13,3?j of 2-d containment
ring responses to specific types of engine-rotor-f%dgmenc impact attack and
(b) MIT-ASRL experimental (16] and numerical scudiés of.steel-séhete impact
attack against a simple ductile metal Beam. Pinaliy, the effects of scale
are discussed; that is, the question of determininéJthe physical paraméte:
values for a 'similar\containment ring" required to achieve threshold contain-
ment when the "similar fragment attack” emanates from a iotor of N times the

size of a given reference rotor of the same material is examined.

4.1 Dimensional Analysxs Considerations

There are two basic mutually-ccmplementary methods that can be used to
quantify the containment threshold capability of a given containment strqcture
which is subjected to a given fragment impact attack condition, and to
identify the major parameters affectiﬁg a-particular-structure's containment

. potential: B . . . - .

(1) A mathemacxcal model representing the governxng_g;uatxons of the T
large-deflectxon elaatxc-plast1§ respbhses of Ehe containment "
* ~ - - structure and the- meaccxng fragments, and of the xmpact-xnte;éction
- behavior can be Aeviééd. These equations can then be rendered
Jdimensionless. Theae dimensionless parameters can be varied in
{ magni tude and thd subsequent solutxons of the mathematical model
will Jdetermine the effects that these parameters have on the sought

threshold-containment conditions.

(2) A physical approach can be used in which all of the “physical
parameters” thought to be involved in the.impact-inte;action and

response are identified and formulated into a set of dimensionless

-



Parameters [38,39]. This set of dimensionless parameters can then
" be varied individuglly in a sezies-of—experiments"to dé;ermine
their effects on the sought containment thresholq.

ing the important impact-interaction variables and assessing the magnitudes
of their éffects in a cost-effective manner. The mathematical model readily
identifies the "important parameterg” from a theoretical épptoach; however,
the accuracy of this process depends upon how closely and§fu11y'the equagions_

model the physical Problem. fThe impact-ihteractioh and the associated tran-

' Problem and the mathematic$1 models of this interaétion'f4}$, and 17} céntain
2 number of restricﬁive assumptions. Therefore, the mathematical model is' '
itself subject to experimentalVverification/correlation to determine its
applicability, accuracy, and reliability., The physical approach, by itself,
is also limited by the complexity of the Problem and cost considerations.

In forming an- "intuitive" set of governing Parameters, one may neglect an

used to study the effect of each Parameter. (A "simple® experimental Program
—

could readily consist.of over a hundred separatg test runs in order to

quantify the-effects of five or six major parameters; an experimentélvprogram
with five independent variables and a series of three test levels to analyze

the effect of each variable would consist of 5~ o 125 separate test runs.) .

from a simple set of experimental models, the key parameters affecting
contaimment can be visualized and cast into dimensionlgss form in a Physically
meanirgful manner. As demonstrated by Langhaar [38], and utilized in
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preliminary contaviment'studies {39], a set of dimensionless parameters can
be constructed from a set of pertinent variables by application of the'
Buckingham-Pi theorem. If n is the number of variables present and r is the
number of least;order dimensions represented by these’variables (i.e., mass,
length, time, etc.), a completa set of m dimensionless parameters can be
constructed where m = n - r. This set of dimensionless parameters will b&

no means be unique; but, by physically examining and justifying each dimen-
Sionless parameter, a meaningful set of m parameters can be constructed. The
effect of each of these parameters can be studied individually by conducting '
a series of (l) experiments or (2) mathematical solutzons, holding all other.
parameters constant. Of course, one could and should conduct g artial. !
factorial experiments to examine the possible presence of synergestic effects.
This procedure is permissible if one knows that there are no synergestic
effects between the parameters. In the absence of such knowledge, some tybe
of factorial experiment would be appropriate.

4.1.1 General Description

It is necessary first to identify all of the principal varzables
influencing a general impact-interaction and response of a container or
deflector structure which is subjected to fragment impact attack. Before
these variables are assembled into a useful set of dimensionless parameters,
the variable list should be reduced by eliminating those variables whose
effect on the overall interaction is physically reasoned (or can be shown)
to be insignificant. Once a "complete” set_of primary variables is identi-
"fied, they can be combined based on physical relationships into a convenient
_set of dimensionless parameters. e '

The variables describing'anv"impact-interaction" can be divided into two
distiﬁct qroups"‘(l) those varxables unique to the xmpacted structure, and
(2) those .variables unique to the’ meactxng fragmenttk). These variables
can be further subdivided into qecmetrxc,'klnematzc/environmental, and

. : ‘

- .

material variables.

The contaimment structure is defined geometrically by itsllength, width,
and thickness; if the structure is conceptualized as a ccmplete (containment)
ring, the radius of the ring.becomes a primary variable rather than the'-
length. If the container is a section of a doubly-curved 3-D body, two radii
of curvature will become primary geometric quantities. For purposes of."
simplicity, the containment structures treated here are regarded as being

three-dimensional thin-shell bodies of revolution (i.e.,'rinqs. cylinders,
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or séheroidal sections, see Fig.A 35), or as 'plates or beans A thickness
measure can be defined for any of these structures (here all are assumed to
be of constant thickness); appropriate lengths, widths, or radii also can be
defined. .

For illustrative purposes the attacking fragments are considered to be.
portions of a jet engina turbine rotor,, Pig. 36. The fragment could be
either a single blade, a segment of the hub with attached blades, or a
bladed-disk sectcr. All three of these potential fragments can be described
geometrically by a width (i.e., axial Projection which is assumed to be
constant), the distance from the rotor axis of rotation to the fragment CG,
and the length of the fragment fram its CG to the blade tip, see Fig. 36.
The movent of the fragment relative to the container must be defined
geometrically. since the container is initially motionless in the reference
space used for the analysis, the fragment will possess all of the initial
translational and angular velocity of the system. The angular velocity of
the fragment is a primary variable while the translational velocity of the
fragment is defined by the angular velocity and the location of the fragment

center of gravity, rCG

These geometric and kinematic variables and their dimensions are

summarized below for both the fragment and the containment structure (or

container):
T B Geometric and Kinematic Variables
Quantity Description Units |
w T lor22) .| ° Major Radius:(or'Spam). .. L
0 .
< v
] r (orw) | Minor Radius (or Width) L :
.13 2c . < S - :
g h - ;] . Thickness ’ - o L -"f
c .
R.f Length from Pragmcnt CG to Blade Tip| L
T ~ Distance from Axis of Rotation to
q:’ Fragment CG
E .
S we Width (Axial Projection) : L
[ . R ) v .
' we Angular Velocity | 1
n " Number of Fragments : I
__TOTAL: 3 Variables
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. The material ‘EgErtids of both the fragment and the container are not
as readily quantified as are the gecmetric and Kinematic quantities. Both
the !ragnent and the container have their own mta:ial_ma_dmitieL p. ‘ _ -
(assumed constant for each one) per uni: initial undeformed volume. Bach ‘
material can be quantiﬁed conven.iently by an elastic modulus, a yield sf.ress,
an ultimate stress, a maximum strain, and strain rate parameters. These
material values are obtained from standard tests conducted with a coupon

of the structural uterial". The values o‘ and o are defined in terms of
engineering stress (also called the E‘irst Piola-x.u'chhoff stress) a

(cr = P/A . where P = applied force and A = initial cross sectional area)
because t.he maximum enginggring stress o, convenien_tly identifies the maximum
load L that the structpre'l can bear (and this occurs immediately prior to
necking). The strain vil_uzs are defined in terms of extensional linear
strain, E; (where E, = T =, % = deformed length, and % = initial length)
because this is the conjuqate to the engineering stress such that the total

internal strain energy per unit initial volume U. (propomonal to the energy

per unit mass Um) of the test coupon is:

3 IP
‘P it 41 U ) ~

The ultimate stzess, Oy’ is defined here as the maximum stress attained
during the tensile test (ou = Pm/Ao) ‘and the corresponding extensional strain
is called "the maximum strain, sm“. Strain rate dependency is approximated
by a strain-rate-affected yield stress, O‘ (e), as defined from empirical data
(Refs. 24 and 25) by: i ae '

| 5 (¢) =0'<l ‘—-—-’ ) jj_(;.z;

where D and p are enpuical maten.al constants and € is the st.run rate.

To. complete the set of material variables (assuming isotropic materials

for both the fragment and the container) are Poisson's ratio and the coéffi—
cient of thermal expansion. Also, the imp;act-interaction is influenced by
_two material quﬂatities which “couple” both the fragment and the container
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material together: the coefficient of friction and -the coefficient of .
restitution, each of which is dimensionless. '

These "macerj.él property variables" are summarized below.

Material Property Variables .

Quantity Description Units
Pe Material Density rrist
Ec Elastic Mo.du].ﬁe l.-‘/]:.2
. Yield stress E‘/I.2
° ¥

W O, Ultimate Stress F/L2

g ' o

ovd -

3 e Ultimate St--in L/L
D, Strain Rate Constant - 1
pc Strain Rate Constant -
v, Poisson's Ratio -

Coefficient of Thermal Expansion 6-1

. . 2,4

[} £ Material Density FT /L
Eg Elastic Modulus F/L?
.-of Yield Stress E'/:I.2
. 2
g Ultimate.Stress.. - F/L-
£ =y

& ) . s

5| € ' Ultimate Strain | L/L

N
o : -1
&l . D, Strain Rate Constant T
— P 'Strain Rate Constant -
Ve© ~ Poisson's Ratio -
. Coefficient of Thermal Expansion 9-1

‘Coefficient of Friction
Coefficient of Restitution

TOTAL:

20 Variables
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. To define completely t?e impact intgraction, several variabieg
associated wiﬁh the‘suxtouhding “enviromment” are needed. The local
graviéa;ional accqleration; the local temperature, and the ;6cai time frame
must be included in the analysis,” and are listed below. | '

Environmental Quantities ‘
Quantity ' Description . Units

g ) Acceleration of Gravity : ‘'L/T
Temperature (above normal) f{

3
N

Time v ?‘ B

TOTAL: 3 Variables

To this point, variables which characterize the conﬁainhent structure
and the attacking fragments have been discussed but no parameters havé been
' chosen to describe the consequences or the results of the postulated fragment-
impact attack. With respect to the containmeht structure itself, one must
define the basic objective; two evident possibilities are:

(1) to prevent fragment penetration -- in this case one is interésted
in defining the dividing line between containment and non-contain-
ment of the fragments or

(2) to limit the maximum intrusion of the intact (non-ruptufed) contain-
ment structure into the surxrounding space (to avoid inflicting
damage to critical components, controls, etc.) =—— in this case one
might select the maximum deflection z, of ghe container to be a

. parameter of interest. ; ‘
Also, it is conceivaﬁle'(although unlikély) that one would be interested in
descripihg.the consequences to the deformhhlgvfragmené‘of its deplqraﬁie
impact attack against the containment structure. In this case~ohe might
choose one or more parameters to desériﬁevthe maximumvdefléction zf'of the
fragment. Accordingly, one might add the following two quantities to the

variable list:
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- Effécts Quantities _
Quantity | "Description Units

2 . Maximum Deflection of the ' L
) Containment Structure

z, " Maximum Déflectioq of the Fragment L

length, force, time, and/or temperature. Hence, there are 29 (i.e,, '515-4 = 29)
independent dimensionless paraineters that can be formed fm the prcpc;sed
set of variables. ' '

The folloﬁing is a list of these 29 dimens onless parameters, grouped

in four descriptive categories: material, envirommental, geametric, and
kinematic:
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SET QF PHYSICALLY PLAUSIZLE NON-DIMENSIONAL PARMMETERS

T omE '  : “Trl:s-.n
T, =€, . | M7 = (£ 0)/(x +2£)
Ty, _ ‘ ) Tie = B/ (e 4,
T ™ Ve § Ti9 = ¥/

- "si = pc g "20 = hc:/rc

PR o Ty = b f

8 117; =y : LA wf/(z oc*le)
,Tra‘;- e : a3 " Wert)/m
L pc/pf Ty = (w r )/(h D)
"0 ™ %ot | Tas = (WgFg)/ (r gL, )0,
M1 = O/, L 267 (O e /o Xt )Y
M2 = E/Eg g 27 = Oy Sgp)/0g tuf (x el

g . (gr‘;)‘/(ﬂlrcc)z LIS <z m

§ Ty = (m/e | T29 = 2¢/%¢

~§ T = T /e - '

Gy .

In the "material® category, !rl through Tr8 are already dimensionless,
while 1r through rrlz consist_of ratdos of container—to—fragment mass density,

static y:.eld stress, ultimate stress, and elastic modulus. The envx.romental"

' category, 1'!’]:3 15, J.ncludes gravitat.mnal to- centn.fugal accelezat:.on .
effects, and thermally-induced strain ratioed to ultimate strain for the
container and the fragment. Included in the geametric set, ir 16 through LA
are the (dmens:l.onless) number (n) of fragments (tac:.tly it is assumed that
the bursung rotor fragments into n equal—s:.ze pxe-shaped bladed-d:.sk frag-
ments) as well as pertinent geometric ratiosof charactenz:.ng dmensmns of

the containment structure and the fragment(s). Next, the kinematic set, 1r23

through 129, may be regarded as xnd.tcatxng the seventy of the mpact attack.
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fragment CG in time t to the ;la:u thickness of the container. _In_ﬂ.z,—and
"25 the CG velocity» of the fragment ig ratioced to “"velocities” involving the
strain rate constant.s Dc and Df for the container_ and the fragment, respec- .

for the contaimment :fmaterial and the fragment material, respectively, to the
fragment tip kineti_;_’c' energy per unit volume. Finally, WZB and 1r29 are the

dimensionless "effef_:'é;s Parameters"”, ratioing the maximum deflection to a

assumed to be isotropic and the container geometry is restricted to thin

certain experimental situations to be described in Subsection 4.2, for which
the fragments are deformable. However, in certain experiments and in
numerical predictions (both to be discussed in Subsection 4.3), the impacting
fragment is rigid (mn—defomable) for all intents and purposes. Hence, it. .
is .useful to exa.mine the effects of considering a rigid fragment ipn reducing
the number of éha.ractefizinq dimensionless pParameters for riqid-fragment

impact,at;ack. . . v
If the fragment were assumed to be rigid, all of the fragment material

"' _variables (except density) and the fragment deflection z; would be ignored,

- ———— thereby reducing the variable list by 9. That is, I-:f, ofo' c

fu'« efm"‘ ‘Dfo Pf-l
v, a, and Z; all would be eliminated as variables. This means the deletion

- £

~

" of variables Trz. *_rr4,'1r6, ™0 _"11' LYY LYY yyr and T,9¢ thus leaving .20

A further redhétibn in the number of basic diniensionless variables can -
be achieved by "imposing further restrictions. Fror example, if al} contem= - - .

plated experiments and analysis were to be carried out for ‘near-earth condi-- .
_é.ib_ns, the localgravitational acceleration g ‘could be removed as a \;aziable.



Purthcr if one assumes (1) that the containment structure is at essexitially
a uniform temperature even though that -tempezaﬁuze be "elmted' so that
there are no thermally-induced stresses and (2) that whatever calculations
are carried out include the appropriate material property data (z ¢ O cu’ 0 o
écm' D R p . v ) for that elevated tenpexature condition, one can elininate
both the tenperature T and a from oonsideration as variables. With the
elimination of the 9 rigid-fxagment “variables” and these latest 3 variables
(3, T, and a ). there are now only 21 vuiables left and these are expressed
in terms of the 3 fundamental units: length, ‘force, and time. Accordingly,
one is now left with a "reduced set" of (33-9-3)~-3=18 independent: di.menaion-
less parameters (B), as remnbezed and listed below:

REDUCED SET OF DMSIONI.ESS PARAMETERS
(Rigid Fragment, Near Earth, No Temperature Gradients)

Material . Geometric Kinematic

81_. €ne 88 -n - 615 = (wf‘rcct)/hc

B, = Ve By = (rcn)/(ros-l-lf) Bie ™ (mfr.cs)/hcbc

83 =P ‘ 810 = hc/(rcs"'f’ 817 = (o“:u m)/p [w (r +2 n ] .
84 TH B11. = wc/'f‘ ‘ B‘].8 = z<:/hc

>BS e . | 812 = h.c:/:c

86 “ %/ﬁf 813 = h_c/'c :

8, = E:c/ °c; o 814} ve/ gt L)

Exnally. it should be mted that this is a'possible but a non—umqne set
4 of cha:actenz:.ng d.unensxonless parameters. Other combinations of these (or
. ‘equivalent related) variables- could be constructed to give an equally-valxd

" set’ of 18 dmensxonless parameters.
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Next in Subsections 4.2 and 4.3, related more-restricted categories of :
problems will be discussed involving certain experiments and/or numerical
predictions. Also, an alternate set of dimensionlessiparameters will be

considered. §

4.2 Dimensional Considerations Applxed to the NAPTC Rotor-Burst-

Contaimment §§Eer1ments '

As a part of the NASA study on Rotor Burst Protectlon, the Naval Air

Propulsion Test Center (NAPTC) has conducted a serxes‘of experiments {13,37,
for example] in which actual aircraft englne rotors have been rotated at high
speed, caused to burst into varlous fragment pattﬂrns, and the subsequent -
fragment impact against contaznment rings has been studzed These experi-
ments were corducted in order (1) to investigate the associated impact-
interaction phencmena for contaimment structure impacted by typical complex
deformable fragments, (2) to obtain an empirical data base to aid in
contairment-structure design, and (3) to obtain data which would be useful:
(a) in guiding the development of and (b) in evaluatlng numerical methods
for predicting the responses of bodies involved in fragment/structure impact,
interaction, and response.

It is convenient for discussion purposes to consider two separate groups
of the NAPTC experiments. 1In one group«simple—containment rings of .a given
material were used in an attempt to determine the containment threshold for
rotor burst attack from a GE TS8 turbine rotor spinning et 20,000 rpm, for
cases in which the rotor was caused to rupture into 2, "3, or 6 equa1-51ze
pxe-shaped bladed-disk fragments._ The second group consisted of similar.
experzmenée.oot 1nvolved a different and larger turbine rotor (a P&W J65)
with an 8500 rpm rotor-burst condxtxon. _Each group is con51deredvsepa:ately

in the follow1ng. o . . .

4.2.1 TS8 Rotor Burst Containment - = -

The TS8 turblne rotor employed in these contalnment studles as depicted
in qu. 37 has a 14-in dlameter, about a 1l-in axial lengii.. S1 blades -- each
4w1th a 3.5-in length, welghs 10.8 pounds and was modxfled to rupture into
2, 3, or 6 equal—sxze ‘ragments at a nomlnal 20,000 rpm.
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: In these containment expe:xments, there was a single soerce of fragments
-- the TS8 rotor -— hence. the fragment material paramete:s were not varied;
also, the basic geometric paraneters of the fragment source were not varied,
only the number n of equal-size fragments used was varied, and the geametric
parameters associated with each are Jmplzed when one specifies the value of
nﬁ With respect to the containment Structure, it was intended that a single

containment material (4130 cast steel) be" employed. The only variables
employed were the axial length (or width) v, and the radial thickness h of
the contaznment structure, the latter quant;ty being varied as a means ot
defining experimentally the contaxnment threshold.

@: In view of these facts, it is convenient and useful to summarize the’
fixed Quantities and the variables needed to characterize the contaimment

'rlng and the fragments. Further, becauJe of the restricted set of variables .
-involved, it is useful to select a slightly different descriptive set of
~ quantities for the fragment attack from the "general set” consxdered in

Subsection 4.1. Since the fragment gecmetry is unchanging except as implied
by the aumber n of fragments, it is useful to describe each fraguent by

mf = mass of the fragment

If = mass moment of inertia of the fragment about its CG

we = angular velocity of the fragment (and rotor) at rupture

vf = translational velocity at the CG of the fragment at release
Teg = distance from the ax;s of rotetion to the CG‘of the fragment

Automatically implied is the distance from the fragment CG to the blade tip.

Accordingly, listed below are the characterLZan quantltles which remaired

fixed—and those that were varied in this’ gtoup of NAPTC experiments;

CONTAINMENT RING FRAGMENT *

Fixed Quantities Fixed Quantities
Material ’ Material

" Inner Surface Radius, r ‘wf, vf

Variables ‘ Variables (Only as Implxed bv n)
Radial Thickness, hc mes If, rCG' re
Axial Width, w.
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Note that for a given mmﬁber. n, of equal-size bladed-djisk fragments, the
£ Sour ad r, are fived; in this case there are no fragment-
- attack variables — and the value of p suffices to define the attack for

given: fragﬁem: material and we (vf is defined automatically since T\ and

Qiantities m,, 1

w, are given). : o .
The above ’_g:ha:acterizatio_n of the fragment attack Permits one to describe

important scala’.}'quantities Present in this problem; namely, the pre-impact

translationai'q@ the rotational kinetic e:nei:qy of each fragment: (kg)

and (KE)f ’ ze‘,s'pectively. The total kinetic energy (KE)O of the "fragmeortnt

genezatorgtmay be eéxpressed in terms of tﬁese individual fragment quaiﬂ:ities

by :

(€)=t =fe) (k) | .,

In these NAPTC experiments the "total attack kinetic energy (KE) * waé held
(essentially) constant. Hence, the geometry associated with a selected value
of n dictates for each fraﬂent both the actual value and the different

by each fragment. This distribution ig shown, for example, by Martino and
Magano ([40], Clarke [41], and McCarthy [42) as depicted in Fig. 38. calcula-

the following dimensionless variables [18,37,39] :
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(éc) = ‘F(}'e/";' WC/'?‘; (KE)o/(V\é r-), ‘yn) 4.9
\—w_.m_‘ll \ . ~— /
RESULT , VARIABLES

where wc denotes the weight of the cohtainnent ring. Alternatively, if the
actual threshold rupture condition is being sought and described (thereby
replacing (E ) ), one can represent. the containment threshold by the follow-

ing functxonal dimensionless description :

T (VA TR R

Although this characterization is‘gi§§n entirely in terms of dimensionless
quantities, it may be more useful and clear to describe the threshold contain-
ment condition in terms of only attack kinetic energy (KE)° and ring weight wc
instead of (KE)O/(Wcz) since both (KE)° and r are held fixed. Other
"dimensionless-result displays"” will be presented for similar reasons.
_ Summarized for convenience in Table 5 are the parameter values identify-
-ing the TS8 turbine-rotor-burst fragmen£ attack for n=2,3, and € ~ -agments.
Table © contains a summary of the NAPTC tests of the TS58 turbine rotor Buxsts
against 413U cast steel contaimment rings. Note that while the ring thickness
hc was varied.in tests using n=2,3, or 6 fragments, the effects of ring axial
width wc were studied to a meaningful extent only for the n=3 case. Finally,
note that the 4130 cast steel material used for these containment rings came
from two different suppliérs and the associated mechanical properties turned
_out to be samewhat different (Table 6). This fact should be kept in mind in .
assessing the resulting experimental data; most tests involved the NF material
but a portion of the tests (that is, some of the tests for n=3 only) involved
the "dlfferent" ACIPCO material.

In the cxted 'NAPTC tests there was no‘determxnatzon of the cxrcumferentxal
Stréxn on the ring (either extreme peak transxeqt or extreme permaqent){

howevé:, the permanent deformed ring configuration was photographed for

*1f desired, one could use (W _r)/(KE) rather than (KE) /(w r) to obtain a
small rather than a large dimensionless number.
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docmntadon. -The principal reault fron’eaeh of th'eso'tests vu"t.hat the g
ring either contained (C) or d.ld not -contain (NC). the attacking fragments.
Thus, unless conditions for C and NC are very close to each other, it is not
possible to display results such as those indicated functionany by BEq. 4.4
or by Eq. 4.5. Instead, one could evaluate and display the ratio of the total
translational pre-inpact kinetic energy (ICB) ¢ to the weight w of the contain-
ment ring (called herein ‘the STFE - Jeciﬁ.c translational fragnent kinetic
energy) as a function of :he number of n of attacking fragments while holdinq
constant the ring axial width w.i in this category ot; tests, the ring thick--
ness hc would be varied, and would automatically i.mply a value for the ring
weight W - A plot of this type is shown in Fig. 39 for the fixed value of
ring w:.dth v. " 1.0 in*; the symbol “oO" indicates that the fragments were
contained whxle the symbol "X* means that the fragments were not contained.
Note that Fig. 39 is similar to Fig. 6 of Ref. 37 where the ratio of the
total fragment kinetic energy (KB) to the ring weight w == called SCFE
(specific contained fragment energy) -— is shown. 1In t.tu.s report the STFE is
chosen as a basis for discussion since rotor burst contaimment ring performance
depends almost entirely upon the value of the translational portion of the
fragment kinetic energy attack; the rotational portion is of comparatively
insignificant importance. A "curve" has been faired through these data to
identify (or estimate) roughly the dividing line between containment and
non-contaimment; additional data would, of course, improve the reliability of
this faired curve. One should expect this faired curve to approach an STFE
asymptote as the anumber of equal-size fragments is increased indefinitely;
this would correspond to a uniform membrane strain state in the ring and,
hence, would enable the ring to absorb A maximum amount of stra.m energy
before smultaneous outer-surface rupturmg would occur at all circumferen-
tial stations of the -ring. - On the other hand, ‘the least number (n=2) of )
equal-size fragments produces severe local bend:.ng in addition to the membrane
straining; the result-is’' that this locally-severe bending-membrane outer-

vsurface extensional strain reaches rupture levels at the least total

translatxonal kinetic energy attack value. At’. all other values of n,

There are’ insufficient data to permit mak.mg similar plots for other fixed -
values of- containment ring width w.: : :
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this threshold containment curve' lies between the nw=2 value and the afore-

‘.mnt.ioned asymptote. Also.' only for n=2 is disk sharp-edge gouging of the
x:ing evident. .

Mming to Piq. 38. t.he munt.s of txansutional and :outional ld.netic
energy - possessed by fragments of varying sizes originating from t:he same rotor
are shown. The three-fragment impact situation has more total trmhtional
kinetic energy than does the two-fragment attack. On an individual basis, the
impact of one tri-hub fragment is more severe than the impact of one. bi-hub
fragment; however, the fragment-ring i.nte:action of the three fxagnent attack

‘lessens the severity of the impact-induced response. As the tota} nunber of

rotor fragments approaches infinity, the deformation of the contq"iment ring
approaches that of pure membrane stretching. As the number of fx:"a:gmenf_s
present decreases, the severity of local bending deformation inétéases. 'rhis
is readily visualized in Fig. 40 (from Ref. 37) where a comparison is made of
the final deformed shapes of identical contaimment rings subjected to either
two- or three-fragment impact. The two-fragment impact produces fewer regions
where bending is presenﬁ, but the level of bending will tend to be greater in
these regions than in corresponding regions for rings impacted by more frag-
ments. The hypothesis offered here is that a 1/3-rotor fragment contains
more translational kinetic energy than a 1/2-rotor fragment, but the impact-
induced ring response (taken as a collective action) appears to be more severe
for the- two-fragment attack.

A limited expexmental study was made also of the effect of various ring

widths w. (or the ratio wc/wf). on TS8 turbine rotor fragment contaimnment --
only for the 3-fragment case. Figure 41 shows the STFE as a function of con-
taimment ring width w for the 3-fragment case of TS8 turbine rotor burst.

'~ These data :.nd:.cate an optimum energy-copmq capabalxty at a nng width wc
" . of 1.00 in, which is equal to the axial pro;ected width of -the attack:.ng

fragnents. mu.le v. = 0.5 in and w = 1.0.4in clearly. involve 2-d structural
responses of these nngs. the fomer exh:.b:.ts 1arger bending-induced strains
compared with the latter, and hence reaches aJrupture strain level at a
smaller'attack specific t.rans'lational'-' kinetic _energy value ’than the latt&.
On the other hand, havuxg w 51gxuf1cant1y larger than We wlll lead to 3-d

' structural response behav:.or in the unmed:.ate v:.c:.mty of the po.mts of impact
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attack; this loé:aily more severe response fesnlts in Producing’ rupture styaip -
levels at these locations at a much smaller value of the attack STFE than for
the 2-d4 smu response cases —- especially thoge near vc = v‘..

It was noted earlier that the character of the ring response differs
depending upon the nlnﬂnx of equal-size fragments involved in the impact
‘attack. Thus, for the Present T58 turbine rotor burst contaiment tests, one
. may depict conveniently the threshol.d-eoixtaimnt data for the 2, 3, ang '
- 6~fragment cages on a single dimensionless Plot (Pig. 42) of the ratio of

ring mass to total fragment mass, (nr)/(mf). versus the ratio of total o
" fragment translational kinetic energy (ltl-'.‘)':’t to an “idealized Baximua energy
absorption index for the containment ring”, U&. The quantity UE is a
convenient but fictitious quantity which represents approximately the total

Portion of the transient response (to local rupture) are considerably less;
. " o i -1 s o
for pfgsent purposeg an "effective rate of- 2850 ‘sec ) is dssumed* to apply
‘_‘throughout the volume of the ring material. Thus,-accordidg*to;;q;'4.2 and
*Table—6 thé,rafé—depeﬁhénf’effectiée'yield stress of the NF 4i3O cast steel
material is estimated to be :  ";-': LT

~

o ' Lo L -
C e €\ ., ﬂs):"zzwzd
f’o}—’--q(‘-h]Dl ) 5 oa(H 40-4I ’ Ps"i :

matérial is not known, the static valye of 0.08 in/in from rab;e 6 will be

As a rough. estimate on the basis of the NAPTC Test 201 transient Strain data,
but it could be significantly less.
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used. ‘For the present rough detemimtion of U ’ tha NP uterial is apptmd.-
mted as being rigid, linearly strain ha:dening to tupturo: hence, |

(@), =< [+ L‘z__>] .o',[z'z,,,za Lo

in=lb

]- 9140

Then U is found by multiplying this value for U by the initial volume of
the meezial comprising the containment ring.

The solid curves shown on Pig. 42 for n=2, 3, and 6 were specif.ied as
follows. Since {the total fragment mass is ‘known and the nominal rupture rpm
is given as 20,000, the total translational kinetic ene:q§ is known and is
constant for eé;ch value of n; for a given containment ring, the ring mass
andjuc (for the-": NF material) are both determined -~ thus defining the solid
curves associaegd with the NF material _for eac:: value of n. Similarly, the
dashed curve was established for n=3 for the ACIPCO-supplied 4130 cast steel
material; for this material, analogously the following very different value

for U was used:

in-1b

(U) = .;5[235 637+—3—°2- J- 38,270
AC

in

- which means that the ACIPCO material is m_xch tougher than the NF material.

It should be noted that the curves shown on Fig. 42 indicate the nominal
or intended rotor-burst condition of 20,000 rpm. In actuality rotor :ug;ture
occurred at a slightly different rpwm in a given test. For a given ordinate
value, rotor rupture actually occurred at a higher (lower) rpm than nominal
for those points lying to the n.qht: (left) of a given curve. Thus, one can
see readily how near the nomnal condxtlon that the actual rotor bursts

-

occurred.

An examination of F:Lg. 42 reveals the - followxng two trends:

(1) There is a rat:.o of ring mass to fragment mass below which there

are few or no cqntamments. This level is apprcxmately 0.7

(2) There 'is a ratio of total fragment translat:,onal energy to maximum
' energy absorbed by the ‘containment ring above which there are few

or no containments.
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The first trend cited above occurs at nearly the same mass ratio for all
three values dt'fragmeht number n. Evidently, as the mass of the con;ainment .
ring decreases ip comparison with the fragment mass, a point is reached where
the deformations surrounding the "impact point® dominate - the impact-interaction
and lead to a local tensileifailuxe without greatly deforming the surrounding
containment structure. There is no fixed energy ratio for the second trend,
but a different energy level prevails for each fragment configuration. This
is because the magnitude of the total translational energy stored in the
fragments is dependent upon the configuration (or value of n). From Fig. 38
it is noted that an indivi{ual tri-huﬁ fragment possesses the greatest trans-
lational kinetic energy, bu@ collectively the six-fragment configuration
pPossesses the laiqest total;ﬁranslational kinetic energy (whefeas an even
larger total translaiional kinetic energy level is attained by a nine-fragment
impact configuration). a hypothetical containment limit as n+» would be at
an energy ratio of 1.0 if Uc were known accurately, because this is the point
at which it is assumed that the maximum energy can be absorbed in just reach-
ing tensile failure simultaneously at all circumferential stations in the
containment structure. _

This containment limit is based on the absorption of translational
kinetic (impact) energy by the containment rings through membrane stretching.
However, if bending deformations occur at 2 non-negligible level, the contain-
ment limit woula shift to a value less than 1.0 because an equal volume of
material would absorb twice as much energy by pure membrane stretching than
it will by pure bending before reaching the "local rupture” condition. The

" extent of bending deformation for the 2, 3, and G-E;;gment rotor burst was
mentioned earlier. in this se¢tion and is borne out i Fiéﬁidz'gbqéuéﬁiffiné "
cdn&ainmentvlimit.» V S :

‘Two additional means of displaying the present NAPTC experimental data’

‘on TSé‘tﬁrbine tri-hub (n=3) rotor burst containment ére‘useful and are shown
1-as Figé.!43 and 4§;.only fo#'the,NF material for clarity.i-Figu;é 43 shows

tﬁe-ratio of ring thickness hc té ring inher-;urface‘radius.r: (hc/i) versus L
"(KE)ot/Uc for fixed values of the width ratio,wc/wf. ‘Figure 44 shows the

ratio of containment ring thickness hc to ring width wc versus the energy
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ratio (KE) ot/U, for fixed values of Arth'e.wid.‘th ratio w fv,. Confining
attention to tri-hub bursts (n=3), an examination of Figs. 42, 43, and 44

- reveals the quantitative and the expected quaiitative relationship between
the thickness of the ring and the “containment potential” of that structure.
To achieve containment by the NF 4130 cast steel material (for the greseﬁc
limited data only): :

(1) Pigure 42 indicates that a ring mass at least 0.7 times the total
fragment mass should be used, ' ‘ :

(2) Figure 43 shows that a ring thickhess hc at least 0.08 times the
ring inner-surface radius should be chosen, and/or

(3) A ring width at least as great as'but not much greater than the
(fraqment width should .be selected;- according to Pigs. 41 and 44;
however, the data are too sparse to permit making a more precise
choice. _

These criteria for estimating the containment bounds do not guarantee

containment {as is indicated in Figs. 42-44); however, all of the rings which
contained fragments that were released from rotoré‘ at the design IPm meet

all of the above-mentionegl criteria; only test 177 fails to meet thege bounds,
but the rotor failed at an rpm significantly lower than the design speed. A
There appears to be a minimum width, thickness, and total mass for the
containment ring of given material in order to insure a high Eroba.biling

of containment. ' o '

These observations are also discernible from similar NAPTC plots in

Ref. 37 but are not as clearly apparent_as_in-Figs. 4l-44. - In addition, the
‘nondimensional p:lo.ts ih Fig. 42 readily separate differences based on .
material prop'erties_% show’ the ré_lation of the data pomts to an "ideal curve”
for that material im’pa"ct,e_d by a Afr-'agment released at the design rpm, and
indicate the pertinent ge‘m’zie"t?:fi.c:: vafiables. » _ .

The above exercisé,gi&fes atbriefi illuStra#ioh of the use of nondimen-
sional analysis for:'disélaj;ing,'the ,maﬁor factors influencing the containment
of a rotor fragment if a'il appx'opr,i'ate‘data had been obtained. . This process
can be applied to any set o‘f'_exp'e;'ﬂimenta.l dét,a in order to quantify more
cléafly the imporﬁant'inteiaétion\s and parametric effects, particularly if
thg dimex_'lsionless cpmbinatj.ons are chosen with same prior knowledge éf the ‘

prinéipal physical Processes present.
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4.2.2 J65 Rotor Burst Contaimment T

The Curtiss-Wright J65 turbine rotor employed in thﬁ; group of NAPfC
-experimental fragment-contairment studies has a 30.64-in diameter, a 1.25-in
axial length, 72 blades, a weight of 127.75 pounds, and was modified to
rupture into 2, 3, or 6 equal-size bladed-disk fragments at a noninal 8500 rpm.
The- pre-impact fragment data characterizing these tests are given in Table 7.
To date, the number of fragment-containnent tests using this laxqe' rotor is
small -- as sunnarized in Table 8 where the specific tests are 1dantified by

test number, the number of equal-size fragments, and the axial width w -of the
. 4130 cast steel contaimment ring used in each test. Note that all of these
tests (except two) utilized rings having w -wf-l .25 inch also, each of these
rings had an inner-surface radius r=15.82 inches. Listed ‘also in'Table 8 are
the mechanical property data [37] for the ACIPCO-supplied 4130 cast steel
batch from which these contaimment rings were made.

Since the geometry of the J65 rotor is different from that of the
pteviously-discussed T58 rotor (that is, a simple scale factor multiplying
the geometxy of the TS58 rotor does not result in giving the dimensions of
the J65), one can not make direct comparisons between these two sets of test

results in a simple straightforward dimensionless variable sense. 1In addxtion.
the rotor-blade and disk materials for these two rotors are different. Aalso,
the available data are too sparse to make any czzt;cal comparisons between
these two sets of data (TS58 and J65). Hence, the present J65 data are dis-
Played in plots similar to some of those discussed earlier for the TS8, as

follows:
' Figg;é No:‘%f . ~ Quantities  ~ . S
4s ~ 'STFEwvs.n '
46 - g mr/(nmf),vs.~(x3) -/U} for fixed n
Y , h /r vs. (KE) /U for fxxed n

Por these J65 slower, more-massive fragments and more-massive conta;nment
rzngs (than for the TS8 tests), the U value used was estlmated by assumlnq
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a (smaller) et!ective strain rate of 500 éaé-l for the "mild steel™

ACIPCO 4130 cast steel :I.ndicated in Table 8.: Amlogcnsiy' .

y = 60,000 (l + soo, ) IS’?,aoa Pu. | s a
i - : 40 0,000 in=Ib

U) = -08[15‘1 oaa+—’—— ]= 20 —2=%
( “Jac-¢5 - 2 14,3 in’

A_"’I‘hen. U_ is found by multiplying this value for Ec By the initial volume of
_material in the contaimment ring.

) Because of the relative paucity of the present'contaiment ring test

:  data for the J65, one can make only a few tentative observations, paxallel-
ing those mde concerning the TS58 test data:

(1) There is a minimum ratio of container thickness to ring inner
radius (hc/r) below which no containments are expected. This value - -
appears to be 0.27 for the C-W J65 rotor fragments (Fig. 47). '

(2) A ratio of container width to fragment width of one (w c/w};‘ = 1.0)
appears to be optimal for containment purposes.

(3) There is a maximum value of translational fragment energy to’
max;mum energy absorption capabi-lity of the container (m)otfn o
above which no contaimments can be expected. This value varies
with the number of fragments involved in the impact but in all
cases must be loss than 1.0 (Fig. 46) since this is the theoretical _
limit where pure membrane behavior (maximum energy absorption) occurs.
It is apparent from the brief study of the C-W J65 rotor impact data and the

previonsly-revxewed GE '1‘58 rotor impact data than an "optimal experimental —

process™ can be carried out to find a ontairment th.reshold. First, a contain-. .-

ment ring equal in wldth to the fragment axial lenqth should be chosen. Then

the ring tluckness should be varied mcreasuzg from a value at which the mass’ I-
ratio is one (sxnce t.hJ.S is the theoret:.cal lower limit of containment rJ.ng S ‘_,1
weight == pure membrane behavior) ‘until a: containment is achieved. This procé;s: .
includes all three of the above—ment:.oned impact-interaction observations and

should lead rap:.dly xn experiments to the- selectmn of a “light-weight" fragment = *.

conta:.ner .

! .Note that under these assxmpuons (adm.ttedly rough), this ACIPCO material
under the J65 test conditions appears to be less tough than for the TS8
cases with either NF or ACIPCO material. It would act even less tough- if
-the "effective strain rate" were smaller. See Tables 6 and 8.

b o
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#bout 400 and 1300 ft/sec. This location was picked (42) siace the center of
grgvity—of rim pieces with various numbers of attached blades would likely

lie near this location =- and these velocity values- would tend to be conserva-
tively large. Ot'couxsp, corrections can be mAde for ffagments whose CG
locations lie closer to or more distant from the axis of rotation. If the
Clearance between the contaimment ring and the blade tip were small, the
velocity component of the fragment perpendicular to the impacted structure
surface at initial impact would be reduced by the sine of the angle 8 between
the trﬁjectory and the tangent to the impacted sutface: these sine values are
typically well below 0.2. Alternatively, consider, for example, thé idealiza-
‘tioh of the TS8 tri~-hub burst fragment as a nondeformable circular disk as
discussed in Subsection 3.2; in this case ¥ ® 2-797 in and the ring inner-
surface radius r = 7.50 in leads.to incidence angles 3 (given by cosB-rCG/(r-rf)).
whose sines for rf = 2.555 in and £, = 4.20 in are 0.825 and 0.531, respectively.
These values, however, are rather large compared with the incidence angles for
initial impact of lladed disk fragments in actual engines with “conventional

tip clearance” between the blade and the casing. Thus, for many situations

the component of the éelocity of the- impacting fragment nommal to the contain-
ment structure may be expected to range from about 200 to 650 ft/sec or less,

In this rarge of impact velocities, frégments such as (1) bladed-disk fragments
{37, for example] or (2) l-inch diameter solid spheres impacting ductile metal
(a) containment rings [37], (b) beams (16], “and/or (c) Panels {21], respectively,
produce a tensile-rupture type of loqgl‘SQ;lutgapﬂ.:he contaimnment structure.

No other types or containment-structu;e-faild;esipave been observed for

fragments of this type with this range of nprmé¥rcomponent impact- velocity. rt -

" requires significantly higher impact velocities of "hard and. compact™ fragments

or missiles such as rigid rods, for example, to produce shear plug‘failure 31,
43-451: Cratering and stress-wave induced ffécturing (Spallinq)freguire very much

higher- impact velocities still [31]. For a;l'practital‘purposes,,therefore; one

-is justified in restricting one's attention to tﬁé tensile mode of failure

(rupture) insofar as aircraft engine rotor fragﬁent penetration gf'duc;i;e metal
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contaxnment st:uctuxes 13 conce:ned. Alnost without: exceoticn, these ‘bladed<disk .’

tragments act as :eadily deformable” durinq :heix early stages ot inpsct-

. xnteraction. and deceleration beto:e the effective fragment” reaches a nore
' compact, -hard, and stiff state; the contaimment ring becomes loaded over a )

"fairly large” circumferential region by each fragment and subsequent structu:al
response ensues.

Some supplementary information to subgtantiate the expectation that
shear plug failures are unlikely for the postulated types of fragments and
range of normal-componené'iﬁpact velocities may be of interest from impact
studies reported, for example. by Rinehart (31}, Hagy and Sankey [43], Recht
and Ipson {44], and Lethaby and Skidmore ([45]. Both tensile rupture and
shear-plug failure modes are encountered in the “sub-ballistic velocity
range”, and axe discussed in those studies. It has been known [31] for a
very long time that a pluggxng failure” will occur very early in the impact-
interaction-response process, whereas tensile rupture occurs very late in
this process when the gross structural response of the slowly-responding
structure "reaches a peak", roughly speaking. The following discussion,
however, will be ccnfined to shear plug failure and criteria for its
occurrence, and follows the Hagg and Sankey (43] description. Of particular
interest is the normal component impact velocity vf below which no shear plug
failure can occur and is given, according to simplified theory, by the follow-
ing inequality:

2 ] z
KWpr AR >Z ™My {(m;_,mc) . (4.8)
If Ve is large enough to violate this inequality, s.. - plug production is
possible. Expre551on 4.6 means that pluggxng failure will occur 1f—the energv
absorbed By thé target structure's "meact-affected" reglon is less than the

energy Idst dgrlng an inelastic impact (e=0), where L — _‘_

K 1s an experzmentall'-determlned factor related to the shape of,
oo ..
o ~the meactlng face of the missile (—-< K < -)

- h {f is tne thickness of the target. structure (in)
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P . xs the shearxng perimeter of the contact region between the L
o impacting fragment and the target st:ucture (Ln) '

- T :is the dynamic ultimate shear strength of the ta:get (psi)

[« 35 ' represents apptoxxmately the energy absorption capacity of the
structural material to failure, per unit initial volume

v° is the volume of the meact-affected" portion of the structure

me is the mass of the f:aqment

mc‘ is the mass of the’ ”impacg-aﬁfected“ portion of the structure

vf is the impact velocity ceeéonent perpendicular to the impacted
surface '

f(mf,mc) for an inelastic impact,[25,43] is given by mc/(m‘+mc)

Restricting attention for present illustrative Purposes to a 2-d containment
ring or beam for which the width of the impacting fragment wf is equal to
the width w. of the containment Structure, one may write Eq. 4.6 (as an

equality) as

KZWcT"'Z"'O&Sm“’chlz 2 S i (4.7)

l
™Y

Mo+ fow hi

where o is the mass per unit initial volume of the containment structure and
% is an as-yet—undetermxned meact-affected spanwxse length of the stiucture.

Collecting terms and rewrztlng, Eq. 4.7 becomes A

h[Ah + Bh +c] o (s.9)

where ' “f1

A= 2 p W Z’ZK 7 (4.8a)

B=2Zw me T ' (4.8b)
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C=wld [a;‘e_ eé“-m{ v;z . . (4.80)
me—solution-—of“aq.*%:s—ts—gtven;by:
(1) h=0: Trivial Solution.
or (2) ArZeanec=0 or _
;_L__B_,. BV C s
_;fh—.z[ A 'V(A) 4X ] - ,

Since % > O,‘; .a pl;ysiully—valjd solution (h > 0) is possible only for C=0:

-Thus, the plugging threshold impact velocity is independent of both T and £,

and is given by .

2
”~

20, €
v =4

f £

Applying the Table 6 values for the N!'-supplied 4130 cast steel, the
plugging-threshold w velocity v, is estimated by this
simple theory to be:

14
[2(111,000)(-08) 2

v' -— - p—1 4-722 / .
F|(283)/(38¢.09) | o=

if the static properties are used or
i

[ L 719 1., 17
2 (19,140) -
v, = ( 2 = 7277 in/sec.
t |(283)/(386.09) |
if the previously-discussed estimated dynam. properties are emploved. The
applicability of this analysis requires the missile to be essentially non-

deformable; thus one can not apply this when considering the "readily
deformable” blades of TS58 bladed-disk fragments. However, if one eo-nsxders
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the.previously—discpssed idealized circular fragments for the TS8 tri-hub
(r=3) burst, the perpendicular component of the impact velocity would be
4833 -and-3111—in/sec-for £, = 2.255 and 4.20-in respectively -—- both of
vhich are below this roughly-estimated threshold Plugging condition.

4.3 Illustrative Parametric ‘Studies of Beam nse to Pr ¢

In Subsection 4.1 a set Of dimensionless parameters which can be used
to characterjize the response et a ccnta.lmeut structure to impact attack by
deformable fragments such as! bladed—disk fragments from a ruptured aircraft .
enqxne rotor was discussed; t.his set of parameters was then reduced to the
case in which the. attaclu.ng fragnents are rigid rather than deformable. Next.
in Subsection 4.2 an exaunation wvas made in terms of suitable dimensionless
and dimensional quantities of NAPTC experimental data on a restricted set of
conditions involving aircraft engine rosor deformab le-trm impact attack
against steel contaimment rings. Now in the present subsection, a similar
examination will be made of experimental data on impact-induced response of
a simple beam structure subjected to rigid-frgxnt (steel sphere) impact
attack; in addition, numerical predictions of beam response to rigid-fragment
impact attack will be presented to illustrate the effects on the structural
response of varying certain of the dimensionless para{nete:s which can be used
to characterize this problem.

4.3.1 Dimensional Analysis of MIT-ASRL Experiments on Beam Response

to Steel-Sphere Impact -

First, it should be recalled the ‘'subject MIT-ASRL experiments involved -
perpendicular impact of a 1.00-in-diameter steel 'sphere at the mdspan-uudwx?th
location of 6061-'1'65i aluminum “containment” beams of thickness h=0.100-in,
width w -vl. 50 in, and span 2=8.00 in with both ends ideally clamped. 1In these
experiments only the initial impact velocity of the steel sphere was varied

in order to produce various degrees of peak structural response including
rupture: as reporcted in Ref. 16, experiments and test specimens CB-9, CB-13,
C3-18, CB-16 and CB-14 with steel sphere initial impact velocities ranging
from 1900 t~ 3075 in/sec permitted determining the initial impact velocity

(or initial fragment kinetic energy) for threshold containment. The pertinent:
gecmetric, mass, and material property data are summarized in Table 9. Under
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these fragment gecmetry and beam gecmetry impact conditions, the structural
response of the beam was of 3-d character at and close to the point of midspan
impact but appeared to be of 2-d character over the remaining (approximately
70 per cent volumewise) portion of the structure. Rupture at tha midspan
impact station appeared to be governed by the 3-d structural response
behavior produced there; this rupture was of tensile character rather than

a shear-plug failure.* . .

With respect to a dimensionless-parameter chnracurization of this sphere-
beam impact-interaction and response problem, one i;qht elpl.oy the set of
dimensionless parameters discussed in Subtoct!:on 4.1.2 for containment-
structure response to rigid-fragment attack - since the steel sphere
reasonably qualifies as a comparatively rigid tnqncnt in the present instance.
The 18 parameters 8, ... B, cited in Subsection 4.1.2 need to be relabeled
as appropriate for the present sphere~beam impact situation. Pirst, since
the same beam material was used throughout this test series, the dimensionless
material parameters Bl-en;c' Bzwc. 83"«:' 54'11. Bs-c. Bé-pclot' and 87-2c/oc
remain valid but are not variables. Next, the geometric parameters may be -
recast by using (a) the sphere diameter d to replace the previous (rccﬂ.f)
and/or Ve and (b) the beam span L to replace r, - to obtain relabeled
parameters 8, ... 8,, as B.*n, B =(2)/d, Byo=h/d. B, =w /d, B e, 8)3=h/v .
and 81 ‘-d/d: here again all but the last parameter remain meaningful but none
are variables. Finally, the "kinematic" set of variables can also be recast
by using the normal-to-the-surface impact velocity v of the non-rotating '
sphere to replace Wer and uf(rccﬂ.f) therelzay rewriting 815 cee 818 as
- Byg=(vt)/n, B 6™/ (RD.), 817-(oc“/ea)/(of V'), B)g"z/h vhere Big is an
“effects parameter” - the ratio of the maximum deflection to the beam thick-

o

ness.
Note that the only independent variable is the initial impact velocity v.

Hence, one may express 818' to; example, as a function of the dimensionless
variables 815. 816' and 817=

2ou € 172 °
]

¢
and the pertinent data cited in Table 9 indicates that for shear plug failure,

the fragment velocity v¢.should be > 8400 in/sec -- well beyond the range of
test conditions needed to produce threshold rupture of the beam [16].

k4

Note that the previously-cited criterion for shear plug failure vf >
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Next, if one is not interested in the time of occurrence of the maximum
displacement z, 815 el.i.mimted Further, since only one beam material
and one fragment material have been used, both 816 and 617,: are defined when
v is specified; hence, one can regard 8,7 as being the only significant
variable, thereby cbtaining . :

£ (Fn ) ' " (a.10a)

for a final cause~-and-effect display.
Alternatively, rather than using z/h as a measure of the mpact-lnduced

effects, one might elect to employ the maximm lonqxtud;nal upper-surface

strain ew. Hence, analogously one may write e as a function of the only

(4.10)

significant va.nable 8

? ( (4.11)

Instead-of displaying e as a function of B E (c )/ (p v ). it is
cqnven.ient to replace 817 by the ratio of the uutial kinet.xc enerqy (KE:)
of the fraqnent" (!:1-:)f =V (s‘.>f v2)/2 to the “idealized maximum energy
abgorption index for the contaimment structure® 0 as discussed in Su.b-
section 4.2.1, where U = U times the ituual volune of contaimment
material and

-— g, - O
[é:émo d;-l- “'2 2 “energy capacity” per  (4.12)

unit initial volume

Hence, one may write

+V£ is the volume of the fragment (steel sphere) material.
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In the sphere-beam impact experiments under discuisi.on [16], transient
strain measurements were made at various spanwise stations for the upper
and/or the lower surface of the beam. Steel-sphere impact occurred at
midspan (x-b) on the lower surface. Although the spauuly-mim strain
" occurred at the upper surface at or near station x=0, transient strain
measurements were not made succes'sfuuy there; however, successful measure-
ments of upper-surface transient strains were made, for example, at ’
[x] = 0.6 in and |x| = 1.50 in on the beams cited in Table 9. Accordingly,
the measured peak upper-surface longitudinal strains Yll (denoted as ¢ for
convenience) at stations |x| = 0.6 in and [x]| = 1.50 in are shown in Pigs. 48a
and 48b, respectively as a function of (KE) t‘/uc' For convenient reference,
‘the test/specimen, fragment velocity (!E)f. and (’KE)E/'OC are tabulated below:

it veleeity (B ),
Specimen v(in/sec) in-1b UC Remarks .
CB-9 1896 686 .0657 Small permanent deflection
CcB-13 2490 1183 .1133  Moderate permanent deflection
cB-18 2794 1489 -1426  Large permanent deflection
CB-16 2868 1569 -1503  Slightly beyond threshold con-
tainment; specimen ruptured
cB-14 3075 1804 .1728  Well beyond threshold con-

taimnment; specimen ruptured
very early

where Uc = acx {beam volume) = 8700 (1.20 inz) = 10,440 in-1b. Note in
Figs. 48a and 48b that the measured peak strain at each of these stations
increagses with increasing (XE) f/qc -— for specimens CB-9; CB-13, and CB-18.
However, under more severe impact, specimen rupture occurs and thereby
“"releases the loading® which results in smaller peak strains at “remote®
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stations x| = 0.6 in and |x| = 1.50 in; this is particularly pronounced for
' specimen CB~-14 which ruptured very early after initial impact.

-By: m].oqy with-the manner of- presenting the NAPTC data in Subsection 4.2
to identify threshold containment, Pig. 49 depicts the present MIT-ASRL sphere-
beam. impact test results in terms of the ratio of beam (contairment structure)
mass to fragment mass versus (KE) f/'0 ; fragment contairment is ‘represented by
the tyﬂol “0" and non-containment by "x*.

Becausq fragment velocity was the only independent variable in the Ref.
16 sphei'o—ben impact experiments, this essentially completes the display of
the pettinant dimensiocnless data. Next, numerical parametric 2-4 studies which -

simlta:a in a restricted sense the sphere—bean impact problem will be
d.ucusscd

4.3.2 Parametric Numerical Predictions

It is convenient to use the sphere-beam impact problem to illustrate
the use of the CIVM-JET 4B code for parametric numerical predictions because
of (a) the small number of variables which can be employed usefully in
. studying this well-defined problem and (b) the rehﬁively econocmical camputa-
tions required to obtain pertinent results. Recall, however, that the
CIVM-JET 4B code applies strictly to problems involving 2-d@ behavior and
structural respongse. Therefore, in applying this code to simulate the
sphere~beam impact problem, and particularly when one varies certain
qeouetric and other problem parameters, changes in one parameter may imply
changes in a mmber of other parameters. This matter must be kept in mind
in defining the characterizing non-dimensional variables and fixed quantxt:.es
for the following four illustrative cases considered here:

Case A: Only the diameter of the impacting fragment is changed in a sequence
of calculations (i.e., d=1.00, 1.25, and 1.75 in) but the fragment
mass and the initial impact velocity are unchanged from the CB-18
sphere-beam impact condition. A

Case B: The fragment mass and initial impact velocity are fixed at the CB-18
values and d=1.00 in; the mass and the span of the aluminwa beam
are fixed at the CB-18 values. Varied in a sequence  of calculations
is the ratio wc./h of beam width to beam thickness to assess this
effect on the peak impact-induced strain.



Case C: The fragment mass and initial impact velocity are fixed at the CB-18
values, d=1.00 in, and the span and width of the alumimm beam are
fixed at £=8.00 in and w_=1.50 in. Varied in a sequence of calcula-
tions is the thickmss h of the beam to assess this effect on the
peak i.npact-induced strain in the 2-d beam sttucture. '

Case D: The fragment mass and initial .i.mpact velocity are fixed at the CB-18
value, d=1.00 i;x, and the span and the thickness of the aluminum
beam are nxed at 2=8.00 in and h=0.100 in. Varied in a sequence
of calculations is the width w_ of the bean to assess this effect
on the peak i@pact—induced strain in t}Ee 2~d beam structure.

In all of tuese calcu]éﬁions. the beam with both ends ideally clamped was
modeled, in accordance ‘with the modeling guidelines established in Section 2,
by 43 equal-length fini:te elements with 4 DOF/node, 3 spanwise and 4 depthwise
Gaussian integration stations per element, and a fixed beam span of 2=8.00 in.
Also, the uniaxial stress-strain behavior of the beam material was represented
via the mechanical sublayer model by the following Fit A stress-strain pairs:
(c.€) = 41,000 psi, 0.0041; 45,000 psi, 0.0120; and 53,000 psi, 0.1000. The
material was regarded as behaving in an EL-SH fashion -~ insensitive to strain
rate; hence, the material strain-rate parameters D and P are deleted. '.l‘he
beam initial mass per unit volume was taken as 0. 25384 x 10 (lb-sec )/in
The impacts are treated as frictionless and locally perfectly elastic
(coefficient of restitution e=l).,

Before discussing the numerical predictions obtained for Cases A, B, C,
and D it may be useful to review in a summarized fashion the pertinent
dimensionless parameters and variables. First, returning for a moment to
the g&imental sphere~beam impact results discussed in Subsection 4.3.1,
the previously-discussed parameters for that 3-d structural response problem
are listed for convenient reference and comparison in Table 10 where the set
of 18 "usually significant parameters" has been reduced to 17 since the
attacking fracment has only one significant dimension: its diameter for
that experimental situation wherein only the peak strain (or threshold
rupture) was of interest, only one significant variable was present while
all other parameters remained at fixed values.
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. " Shown also in rabio 10 are the corresponding dimensionless parameters
when one attempts to sizulate the Hlpmo-berupactp:obl.-bym“o
of the 2-d CIVM-JET 4B computer code for each o the cases A, B, C, and D. For
the 2-4 simulation, the fragment may be nqudd as a rigid circular disk of
dimtetdandvidthvfnthutmnbouqatpm Hence, if one varies the
fragment diameter while keeping the fragment mass constant (as in Cases A, B, C
and D), omuyenvisionthisuboinqweapulhedby (a) Pruci.biwthc
t:agnentyidt.hvt tontchthabeuvidthv and:oquizingthc fragnntuu
per unit volume pg to change accordingly or (b) keeping 9! fixed and envision-
ing w, to change appropriately while sdpuuf_tnq at the same time that both
811 2 ur‘:/\:g and 814 Zw /d must have no effect: ‘upon the mmerically predicted

response; the latter is satisﬁ.ed automatically by the basic ingredients of
the 2~d CIVM-JET 4B code. Hence, thisu:te:vievu adopted in the Case A,
B, C, and D studies. Indicated in Table 10 for each of these three cases are
the dimensionless parameters which remain fixed and those which vary. 1In
accordance with the preceding discussion, the following are the case-by-case
variables and the result of primary interest:

. variables .
. Case  Primary Secondary Primary Result

A By =174 - "~ By " Cmax
B B)3 = ¥, Bjo = WVa 818 * Cmax

B = WL
c By, = WL By = WA ' 88 ™ Cmax

B3 = DY
D Byg =t - By T ‘;c/ Ve B3 ™ Cmax

results for each of these four cases are discussed separately in the
following subsections.

4.3.2.1 Fragment Diameter Effects on Beam Structural Response

For Case A, the effects of various fragment diameters d=1.0, 1.25, and
1.75 in for the CB-18 conditions of impact velocity and kinetic energy (KE)
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are shown in Pig. 50 for lower-surface impact occurring at the midspan
station x=0; a calculation time step size At of 0.5 microsecond was used.
Shown in Pigs. 50a ahd Sb are the predicted upper-surface longitudinal
‘ ctxainryu -ar‘mti;ou"x-O‘and x=0.6 in, respectively, as a function of time
after initial impact. At each of these two illustrative locations there is
very little difference between the predicted peak strains produced by impact-
ing fragments of postulated diameters of 1.00, 1.25, and 1.75 in -- because
of the fact that for the given level of initial KE attack, the peak response
of the beam near midspan is such that the smallest radius of curvature of
the beam exceeds that of each of these attacking fragments. However, under
‘more severe impact attack, it is evident that at and near midspan the beam
could deform enough so that the beam's least radiué:‘ of curvature could
approach or attempt to become less that that of the non-deformable attacking
fragment; in the latter instance the fragment could interfere with or inhibit
the beam from incurring such large bending (and membrane) strains as would
occur under the same severe initial KE attack from a "sufficiently small
diameter” fragment. :

For the CB-18 level of initial KE attack, one would need to postulate
an idealized fragment diameter equal perhaps to the beam span £ in order to
influence the peak impact-induced strain or deflection response of the beam.

4.3.2.2 Effects of Width-to-Thickness Ratio on the Response of a
Beam of Fixed Span and Mass .
.For this Case B study, the reference aluminum contaimment beam has
dimensions h=0.10 in, w_=1.50 in, and 2=8.00 in and is subjected to the CB~18
initial kinetic energy conditions of rigid-fragment impact attack. Examined

here is the effect upon the beam's predicted transient and peak responses of
varying the ratio wc/h of the contaimment beam width v, to the thickness -h
while preserving the cross-sectional area so as to maintain fixed the total
mass of the beam. The following smariz_eé the geometric combinations
studied, the reference calculation time step size '(At)r, and the At actually
used:
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Time Step Sire

~ ~ (At

[Case w_(in) h(in) B e w x 107 ‘—";,i! At Used

. (rad/sec) (usec)  (usec)
B1 50 .30 167 16 577 27 .30
B2 100 .15 - 6.67 8 .289 .S5 .50
B3 150 .10 15 533 g3 68 .so
B4 200 ..075 26.67 4 .233 .68 .%0

BS ' 3.00 .050 60 2.67 .233 .68 N 50

Here one might ask — for a given impact attack, contaimment beam span, and
-total beam mass, what ratio w c/h would provide the best contaimment potential
(or the smallest peak strain)? : o
For the postulated CB-18' level of impact attack and an idealized fragmest
diameter of 1.0 in, the predicted peak midsurface strain (also called“’-me_nhrvane
strain) and the predicted Peak upper-surface lonqit@inal strain (Yn) max 2t
midspan station x=0 are shown in Pig. 5la ag a function of wc/h. The differ-
ence between these two values represents the bending contribution to the
upper-surface strain. It is seen that not onl; does the upper-surface peak
strain increase as vc/h decreases (toward narrower and thicker beams) but
also the bending contribution to that peak upper-surface strain becomes a
larger fraction of the total; further, the peak membrane strain appears to
reach a maximum vnear w c/h = 10 and then decrezses for smaller values of vc/h.
Thus, it appears from Pig. Sla that the containment. beam structure which
leads to the smallest peak strain is that with the largest ratio w -—
which means a wide and thin beam. However, the Present CIVM-JET 4B calcula-
tions are not valid for large wc/h or small l/vc because the structure behaves
in a platelike manner with significant biaxial stresses whereas the computer
code ingredients assume a beamlike state of uvniaxial stress. Also, as pointed
out by Timoshenko [46] for elastic behavior and Jones [47] for elastic-plastic
behavior of uniformly-1loaded "beams®”, the deflection behavior deviatas siénif-
icantly from that for a "narrow beam" for aspect ratlos !./wc less than about
2. Hence, the Fig. S1 predictions of upger—surface (Yn)m at x=0 should. be
paid little heed for wc/h 3 40.
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Another "limitation® on the wide-beam results may be described as
follows. FPor the present 2-d simulation of the sphere-beam impact problem,
the idealized fragment of given diameter may be visualized most propexiy as
acixcnhrcyunderofvidthv utchinqthemnwidthv. with a density.
changed apm'opzhtely to preserve the given total tza.gnent mass. On the
other hand, one may visualize the idealized fragment to consist of a circular
disk of given material density, diameter, and fixed width ¥, such that the
total mass matches that of the reference fragment. However, there are no
means by which the "small" width ve of the latter fragment can be recognized
by the 2-d CIVM-JET 48 code, although this latter fragment simulates more
closely the' physical sphere~beam impact situation which-exhibits decisive
3-a features. Thus, one can not expect a 2-d structural response code such
as CIVM-JET 4B to provide realistic predictions of threshold containment for
fragments which produce significant 2-d structural behavior of the mpacted
structure. .

Shown also.in Pig. 5ia is the maximm upper~surface strain at beam
station x=1.50 in as a function of w c/l'x; the peak deflection at station x=0
is shown in Fig. 51b as a function of wc/h. Both of these quantities are
seen to be rather insensitive to w c/h for this fixed initial-kinetic-energy
impact actack.

Note that in this Case B study the cross-sectional area is kept constant
as vc/h is varied. Thus, the extensional stiffness is the same for all cases
but the bending stiffness increases rapidly as w /h decreases. Thus, it may
be of some interest to examine the time }ustories of the predicted upper-
surface strain at the midspan impact station x=0 and at a station a short
distance from the impact station: x=1.50 in; these results are shown in
Figs. 52a and 52b, respectively. It is seen that at sfation x=0, the maximum
strain is predicted to occur earlier for the narrower and deeper beams. A
similar but less distinct trend is cbserved for station x=1.50 in; however,
the maximumm strain predicted at "remote” station x=1.50 in is almost
ind_pendent of wc/h whereas the peak strain at x=0 (in the immediate impact-
affected region where the beam acquires a velocity increment frem each of a
succession of fragment impacts) depends significantly upon wc/h. This
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response insensitivity to vc,’h is expected at stations Ix] >21¢ L ¢¢ fOr the
postulated ﬁxedinitmumdcenetthpactattack :Lnaccozdancevith
St. Venant'’s ?z’iacigle: station x=1.50 in qualifies in this sense since from
‘the equation L_,, - At(zlo)]'/ egs i3 estimated to be épprodmtely .060,
.099, .099, .099, and .099 in for Cases Bl through BS, respecnvely. In view
tthuer.dfvaloos. only;henodesboundinqthecentetiupactedelaent
receive impact-imparted velocity increments; there are 7 nodal stations
between the nearest node receivan impact-induced velocity increments and
station x=1.50 in. C

It is perhaps useful éé this point to remind the reader of the necessity
of anployiné a sufﬁ.ciently small time step size At for mmerical predictions
of nonlinear impact- i.nduced transient structural response - such as the use
of the CIVM-JET 4B cauputex program. In carrying out the predictions for
Case B4 .(wc/h'26.67, vc'Z.OG in, and h=0.075 in), a At value of 0.75 micro-
seconds was tried; this is somewhat larger than the nocminal guideline for
selecting an appropriate At for this computer program: (At) <o0.8 (Z/QW)
S 0.68 usec. Hence, At=.75 usec corresponds to 0.88 (2/wm). Por this case:
(1) an unrealistically large value of (Yll’mk was predicted at x=0 and (2) at
and near the time of this (Yll)mx' there was a severe spatial variation of
upper-surface Yu along the center impacted element, whereas a slow spatial
variation-is_expected physically and is observed in well-behaved computer
‘runs. Thus, the wuse of a too large At was suspected. Accordingly, the At
was reduced to a convenient value of 0.50 microsecond, and the calculation
was repeated; this resulted in well-behaved predictions, and the peak Yll at
x=0 was plausible as seen on Fig. S51.

In view of the erratic results obtained for Case B4 when At=0. 75 usec
= .88 (2/mm), the extensive printed-out results for Case Bl were studied
carefully since At=0.30 usec = .89 (Z/mm) was used. For the latter case
no evidence of erratic behavior was found. However, based upon the rather
extensive set of calculations carried out in the present study, as well as
in prior studies, it is concluded that restricting At such that At < 0.8
(2/w ) will lead to numerizallv reliable transient large-deflection elastic-
plast:.c structural response predictions of simple beam/ring structures when
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the timewise centxal-@ifterence operator is used (as in CIVM-JET 4B, JET 3a, -
and JET 3C). To date, computational blov-un has never been encounted when
one éhoses At < 0.8 (2/w ). ‘

4.3.2. 3 Effect of Beam Thxckness on the Kesponse ef a Beam of Pixed
Width ard Span
To be discussed here are the results for Case C wherein the meactzng

fragment has a fixed mass and fragment d;ameter (d=1.00 in) and a ngen
initial impact velocity which matches the CB-18 sphere-beam impact experiment.
The span and the width of the aluminum centainhent beam are held fixed with
1=8.00 in and w =1 5C in. Var-ed in a sequence of calculations is the thick-
ress h of the beam to assess this effect on the peak impact-induced strain

in this 2-d bear structure: a time step size At of n.5§ m;croseéond was used
for all calculaticrs. When h is varied, ﬁhe result is a change in-(a) the
beam mass per unit span, (b) the extensional stiffness, and (c) the bending
st;ffness of the bean, but these stiffnesses do not change in the same propor-
tion. Table 10 indicates the dimensionless parameters which remain fixed and
those which vary uﬂder these Case C conditioéns.

If one confines attention to only peak-response results (irrespective
of when the peak occurs), the Principal dimensionless variables reduce to
three: S =h/d, B =h/% and B =h/w - -Since 4, ¢, and-wc are held constanc,
each of chese varxables varies proportzonally to h. Hence, for convenience,
the peak response results: (a) (Yu)max at the midsurface and at the upper

. surface and (b) peak deflection w/%, both at the midspan impact station x=0
are shown in Fig. 53 as a function of beam thickness h. For this selected
limited range of beam thickness, the peak valuez of total strain, membrane
strain, and midspan deflection all vary linearly with h. -

The result for h=0.10 in represents a 2-d simulation of the CB-18 sphere-
bsam impact result; the experimental CB-18 sphere—beam impact case involved
an imdact severity and accompanying significant 3-d beam response (near the
impact station) verging on material rupture. , For the 2-d simelation bv the
CIVM-JET 4B code (and the modeling employed), the predicted pea® strains must
be less than those produced in the actual C3-18 3-d4 response case. However,

for discussion purposes it will be assumed that the peak upper-surface strain
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predicted by this 2-d model represents the “contaimment threshold® va.lue that:
can)eusedtojndgevhethetornotagivenz—dbemunder 2-d fragment a
can or can not contam the attacking fragment. Accordingly, that “critical®
YuvalneisselectedaslSpetceht In turn this means, of course, that_-
the thinner beam .(b=.075 in) would have ruptured but the thicker beam (h=.15 in)
uouldnots:mceits(yn) atxuodx.dnotexeeedupercent

One can regard this set of Case C calculations as simulating mne:ically
the procedure used in the NAPTC contaimment tests wherein containment rings
of fixed inner-surface radius and fixed width were varied in thickness and'
then subjected to a given fragment attack (fixed number, mass, and initial
kinetic energy) to determine experimentally the thickness for threshold contain-
ment. Hence, if desired, one may display the present results in a fashion:
analogous to Fig. 42 for the NAPTC results; namely, displayed in Fig. 54 are
the "present predictions® in terms of the ratio of beam mass to fragment mass
v&sus the ratio (K‘B)f/ﬂ of fragﬁent initial kinetic energy (1489 in-1b) to
the conta:.nme.nt structure energy absorptiocn index U . As not.ed earlier U =U
times the volume of the beam material and U is 8700 (:Ln-lb)/:l.n . . For conven-
ient reference, the guantities characterxz:.ng the Case C calculations are:

case b @ naw, w2 v, P "¢ penanys
tn’) P U
€L .075 .075 .050 .00%4 0.90 .6 .190  Did mot
contain'
c2 .10 .10 .067 .0125 1.20 .8 .143  Contaimment

Threshold

c3 .15 .15 .10 .019 1.80 1.2 .095 Contained

Included for convenient reference in Fig. 54 are the data points corrgsponding
to the Ref. 16 sphere~beam impact experiments; the symbols O and X mean,
respectively, that the fragment was contained or not contained. Similarly,
the symbols 0 and + mean that the predictions (Cases Cl, C2, and C3) indicate,
respectively, contaimment or non~contaimment for the CB~-18 level of kinetic
energy attack.
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It is evident that one could carry out CIVM-JET 4B calculations to
determine the beam thickness h required for threshold éonmment of other
values of single-fragment kinetic energy midspan attack such as, for example,
the CB-9 or the CB-14 values of 686 or 1804 in-1b on aluminum containzent
beams o_f 1.50-in width and 8.00~in span. For these cases it would be
postulated that‘ the selected critical Yll of 16 per cent for tt;reshold

contaunent a.pph.es.
It should be noted that the Case C ranges of beam dimensions are such

that t};_xe structure should exhibit beamlike behavior (rather than platelike
'behavior) as the computer code employed assumes.

' 4.3.2.4 Effect of Beam Width on the Response of a Beam of Fixed
» Thickness and Span
To be discussed here are the results for Case D wherein the impacting
fragment has a fixed mass and diameter (d=1.00 in) and a given initial
velocity which matches the CB-18 sphere-beam impact experiment. The span
and the thickness of the aluminum containment beam are held fixed with

2=8.00 in and h=0.100 in. Varied in a sequence of calculations is the
width, wor of the beam in order to. assess this effect on the peak impact-
induced strain in this 2-d beam structure. Note than when v, is changed,
the membrane stiffness and the bending stiffness are changed by the same
percentage: ch/'-rc; also, a change in v, results in a change in the beam
mass per unit span. For these calculations a time step size At of 0.5 micro-
second was employed. Table 10 indicates the dimensionless parameters which
remain fixed and those which vary under the Case D conditions.

If one confines attention to only peak-response results (irrespective
of when the peak occurs), the principal dimensionless variables reduce to
t\it;: B I/ /v and 8 h/v ; since only 2-d behavior is dealt vith in the
calculat:.ons. “1 =h/w beccmes the only meaningful dmensxonless variable.
For comrenience. therefore, the peak response results: (a) the midsurface
and the upper-surface values of (Y l max and (b) the peak deflection w/%,
both at the midspan impact station x=0 are shown in Fig. 55 as a function of
contaimment beam width V. For this limited range of v. values (from 1.125 in
to 2.25 in), the peak value of midspan deflection varies linearly with V.
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but the membrane and outer surface peak strains show a concave upwards
relationship as the widt decreaSes.‘ This effect occurs because of the .
increase in curvature AF.peak deflection as w, decreases,—and—viﬁh—a—constant
thickness, hc' the bending strain will increase.

As v, varies, the mass per unit span of the aluminum beam varies. Thus,
for a given fragment inpgct velocity, the velocity imparted to the impact-
affecteq sparwise :eqioh of the beam will vary with v, accordingly, with the
result that the “rate of absorption of the fragment's kinetic energy” as a
function of time will also vary significantly with Yo as shown in Fig. S6.

Both this subsection and Subsection 4.3.2.3 have dealt with the effects
of varying the beam: uass by varying either the beam width v or the beam
thickness, h . respectxvely, while holding the fragment ptope:ties constant.
Figure 57 is a composite of Figs. 53 and 55 showing the effects on peak mid-
span deflections and peak outer-surface and membrane strains as the mass per
unit span is varied (by varying either the width or the thickness). At
equivalent values of beam mass per unit span, the tvo results show the effects
of varying the beam cross-sectional area. Referriny to Fig. S1 in which five
values of w /h are plotted for a constant beam mass, the effects of varying
the beam cross sectional aspect ratxo are illustrated and apply directly to
the results of Fig. 57. In Fig. 57 there are two mass-variation plots, one
for a variable thickness and the other for a variable width as tabulated in
the following:

Thickness Variation wWidth variation
w. " constant = l.S.in h = constant = 0.1 in

h vé/h wéhaac wc wc/h véh-Ac
0.075 20 .113 1.125 11.25 . .113
0.100 1S .150 1.500 15.0 .150
0.150 10 .225 2.250 25.5 .225

From this tabulation it is noted that there are three values of beam cross
sectional area, A ; at eacn value of A there are two values of w /h corres-

ponding to a varxatxon in thickness or a variation in width. For A = .113 xn
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the smaller value of vc/hproducedbyvuyingonly tha\d.dthproducu higher
peakmuul. which is axpected from exsmining Pig. 7. FPor an increase in
A_ to .225 i.n (or an increased mass), the smallest value-of-w ~/h—13~acta1md
by a thickness variation. The. peak sf.rd.n is slightly larger than that
attained by varying the width but the increase in strain is not as large as
would be expected from an examination of Fig. 51. An explantion of this is -
readily attainable by noting that the relative change in slope of (Yn)

vs. v/has seen in Fig. 51 13 dependentwonthenqniuﬂeoth (A -v.h).
it :l.s likely that as A decreases, the chau;e in slope will i.ncrease. vh.ile
for an increasing A the effects of va.ryinq the aspect ratio will not be as
gteat as that shown in Pig. S1.

All of the paranetxic vuiations examined above were petfomed mueri-
cally on oontaiment beams which were expected to demonstrate largely 2-4
deformations. The principal result of the studies conducted in this subsec-
tion and in Subsection 4.3.2.3 is the demonstration of the effects of varia-
tions both (a) mass per unit span and (b) aspect ratio, and their interde-
pendency. ’

4.3.2.5 Comments on Scaling Effects on Beam 2-D Structural Response

Let attention be restricted to a "containment beam" of appropriate
st::uctural proportions. and/or propoxtions in relation to the impacting
fragment(s) such that 2-d structural response will ensue. Further, let the
component of the velocity of the impacting fragment normal to the impacted’
surface be large enough to produce large-deflection elastic-plastic transient

structural response (up to, perhaps, tensile rupture) but small enough to
avoid the "shear plug” type of failure. Within this 2-d sttuctnre and 2-4d
impacting-fragment framework, the CIVM-JET 4B computer code can provide
reasonable estimates of the transient structural responses (within its
specified domain of validity) of single-layer 2-d containment beams.

Impact attack against a given target structure may be characterized by
{1) the time-zero location or the spanwise station and time of initial impact
of each of the n attac]ung fragments as well as (2) the following data on
each impacting fragment: (a) mass, (b) mass moment of inertia, (c) components
of translational velocity, (d) rotational velocity, and (e) size of each




idealized nondeformable fragment; these fragments are required in the present
code not to interfere with each other. The resulting structural rosponse for
a given (postulated) attack can be computed readily, but the effect of. chang-
ing one of the many variables in this n-fragment attack is not readily deter-
mined in this highly nonlinear problem except from direct calculations.

However, if one confines attention to a single-fragment perpendicular-impact

attack at a given spanwise station of the structure, one may assess more

'readny the effect upon the maximm predicied str_#n in the containment

structure of .moderate changes of (a) the cross-sectional dimensions of the
2-d structure and/or (b) the kinetic energy (via mass and/or pre-impact
velocity) and/or size of the idealized attacking tragnent. Hence, it is to
this restricted set of conditions that the follovi:};xg observations are directed.
For the postulated single-fragment impact attack (that is, a fragment of
given diameter, mass, and perpendicular-impact velocity) against, for example,
a contaimment beam of given material, of given span, width, and thickness,
and having both ends ideally clamped, the location and value of the maximm
extensional strain predicted vil; depend upon the spanwise location of the
initial fragment-beam contact. If d<<<%, midspan impact will result in having
(Yn)m occur at midspan -- and "rupture® at that station can be expected if-
the pre-impact (KE) £ is sufficiently large. However, if initial ttagnex_xt-
beam contact occurs between midspan and a clamped end, the maximmm strain Yll
will, in general, no longer occur at the spanwise station of initial impact;
as the initial-impact spanwise station approaches one end from midspan, the
location of (Yll)mx is expected to shift “rapidly” toward and to remain very
Close to the clamped end.* Accordingly, it is necessary to consider single-
fragment impact at only a fixed spanwise station in order to assess readily.
the effects of beam and fragment parameter changes upon the peak strain
produced in the structure. For this purpose, therefore, let attention be
confined to midspan perpendicular impact against 2 given beam by a single
non-rotating idealized fragment. ; '

*

It should be noted that the 43 equal-length finite element modeling of the
beam by elements with 4 DOP/node is inadequate to represent accurately the
strain behavior near the clamped end. A much finer finite-element mesh is
needed near a clamped end to provide reasonable strain predictions in that
region; this, however, will result in a much larger wp,x and an attendant
required smaller At for the timewise solution by CIVM-JET 4B. .
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With respect to the fragment 1!:301!, its modeled behavior may be
described in terms of 3 quantities: diameter, mass, and velocity. Pirst, -
assuming that the contairment beam has been-modeled-by-a-sufficient-number-of- -
(uniform-length) finite elements so that "converged structural response™ can
be realized both from (a) basic structural modeling requirements and (b) an
adequate description of the local inpact-inte:action “momentua transfer”
behavior, it has been shown earlier that fragment diameter has a “negligible
effect™ upon (Yll)inx for small (m)tot however, for a (xl-:)!° h:ge enough
to produce large deflections and substantial changes of curvature :of the beam,

a large-diameter fragment can constrain the structure and thereby ;‘éhange
significantly both the spanwise distribution of (Yll) and the valu;e-and-
location of (Yu)" .« On the other hand, if the idealized fragment diameter -
is very small, neither the spanwise distribution of peak *11 nor (Yn)

will change since no fragment-beam constraint occurs and the basic finite~
element modeling of the structure will leave unchanged the value and the
spanwise distribution of locally-imparted velocity changes experienced by

the beam from a fragment-beam impact -- for sufﬁciently small diameter values
of the ideahzed fragment. ’

Hence, let the> structure be modeled adequately and the idealized fragment
diameter be properly small in the Me sense. In that event, the remaining
“fragment variables"” (mass and velocity) can be represented by only one .
significant (and scalar) quantity: (KE) €0’ the pre-impact kinetic energy of
the fragment. Thus, one can evaluate (Yll)nax as a function of (ICE)fO/Uc
for the postulated contaimment beam of fixed h, Vo and 2. -

It would be interesting and instructive to see if the energy ratio

/'Uc for threshold contaim_!ent (based upon proﬁucinq a (Yll)ma.x of 16
per cent) by a beam of fixed span 2=8.00 in and width wc-1.so in but changed
thickness would be the same for various values of initial fragment kinetic
energy (KE) fo OF would change somewhat, since the only changes would be in
{a) the beam thickness h and (b) the initial 2-d fragment kinetic energy or
velocity (since a fragment of fixed mass is employed). Accordingly, the .
following calculations were carried out by modeling the beam with 43 equal-
length 4 DOF/node elements and using an idealized fragment diameter of 1.00 in

with a fixed mass of 0.315 x 10> (lb-sec?)/in:
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Spanwise Léngth‘(in) of
o . Impact-Affected Zone, Lbff
Case  h(in)* (xg) fo (KB), /U Used in 43~ Plausible
' Element Model  value = 2n

(in-1b)
c4  .o46 686 .143 .186 ©.092
cSZ¢2  .100 1489 .43 .18 . .200
c6 .12 1804 .143 .186 .242
C7 .200 - 2978 .143- .186 400
cs .200 2978 .143 .400 - .400

‘and impact conditions and also serves as the "2-d threshold contaimment
reference” corresponding to (Yll)max at x=0 of 16 per cent and (KE)fO/Uc=0.143.

For this given energy ratio and the indicated values of (KE)folranging from

0.186 in. On the other hand, as argued in Subsection 2.2, a Physically
Plausible estimate for this impact-affected length is about 2h. Hence, Cases
CS and C6 are reasonable in this regard but Cases C4 and C7 involve "unreason-

able Leff values”. The consequences of this particular "choice" for Leff-ln
Cases C4-C7 are shown in Figs. S8a and 58b for the time history, respectively,

of (a) upper surface strain at the midspan station x=0 and (b) fragment kinetic

energy loss ratio ((KE)fo - (KE)f]/(KE)fo 7T Or energy ratio transferred to
the beam -~ where (KE)fo and (I(E)f represent, respectively, the initial and
the current kinetic energy of the fragment. Both of these time histories
are very similar for Cases CS5 and C6, but those far Cases C4 and C7 are very
different} the éalue of (Yll) and its time of occurrence are quite similar

max
between Cases €5 and C6 but are distinctly different for Cases C4 and c7.

*
Nominal values for h are used here for the sake of convenience.
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The “improper effective-length modeling” for Cases C4 and C7 could be
remedied by using finite elements of different and apptopriate length for a
spanvise region centered about the midspan impact point. For Case C4 this
would mean using elements of about' 0.092-in length in the cent:al reqgion and, -
for efficiency, longer elements for the remainder of -the beam. On the other
hand, Case C7 could be “"remedied” without changing from the present 43 equal-
length element model by distributing the imparted velocity increments to the
4 rather than the 2 nodes nearest to the midspan impact point: this rather
convenient and simple change has been used in carrying out Case C8 where the
L off used is '0.40 in compared with the physically plausible estimate* of
0.40 in (= 2h). The results from Cases C7 and C8 are compared in Fig. 59
(which corx-esponds to l’ig. 58a).

Ia Fig. 59 the peak strain of Case C8 is greater than for Case C7 (which
are identical numerical examples except for a variation of the “impact-affected
length®). It would be expected that as the impact-affected length is incréased,

‘the effects of the impact interaction would be spread over a greater region

and reduce the peak strain noted at the point of impact. However, as the
impact-affected length L eff iDCreases, the mass of the beam in the impact-’
affected region increases; for the CIVM (collision imparted velocity method)
scheme of subimpact momentum transfer (Appendix A)', the -amount of kinetic
énergy transferred to the beam increases during each subimpact. This may be

_Seen more read:.ly from the following tabulat.xon and sketch which depicts for

the present 43 equal-element example:

(a) impact occurring at the center of the element centered at beam
midspan,

(b) the adjacent equal-length elements,

(¢} various values of assumed impact-affected length I‘eff expressed
in terms of element length,

(d) the number of associated impact-affected nodes on one side of
midspan according to Leff i‘tself and according to CIVM-JET 4B logic,

(e) the total kinetic energy transferred to the beam in a single (first)
impact ratioed to the Pre-impact fragment kinetic energy (lCE) for
(1) the entire impact-affected beam region and
(2) .only the center 2-element region associated with the two nbdes

on either side of the &u’.dspan impact point, and

*See pages 17-19 and Fig. 10.
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(£) the ratio of item (2) to item (1) expressed as per cent:
A . » Element
— Loge —t=— Lgg, —‘, : l‘mmh

Midspan Impact Point

[ §

No. of Affected: Ratio of KB transferred- Per Cent to
L *| Nodes on One * | to-Beam to (KE) o for Region of
eff Side of Midspan .| Pirst Impact . Two Nearest
(Elem. Length By L By Code | To Entire | To Two Nearest Nodes
eff | Beam Nodes ' :
Oto 1l 1 1 .250 «250 100
1to 1.5 2 1 .250 .250 - 100
1.6 2 2 .289 .265 91.6
1.8 2 2 .340 .276 , 81.2
- 2.0 2 2 .370 .278 75.0
2.2 3 2 .390 . .276 70.8
2.4 3 2 .401 .272 ) 67.8
2.5 3 3 .406 .270 66.6
2.6 3 3 .430 : .273 63.6
2.8 3 3 .463 .273 h 59.0
3.0 3 3 .490 .271 55.4
3.2 4 3 .508 .268 52.8

It is readily seen that the central portion of the beam surrounding the
point of impact received more kinetic energy for Case C8 during the first
subimpact when the effective length is chosen as two times the beam thickness
than for Case 7. This tends to increase the peak strain predicted at the

" impact location.

A similar kinetic energy transfer calculation was carried out.for Case C4

with the present element length and for a reduced element length. The initial

* .
Note that this value for Cases Cl through C7 is .532 and for Case C8 is 2.09.
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energy absorption ratio for the central two element eegion with the present
element length (0.186 in) is 0.066 while for the reduced elemant length
(0.092 in) the ratio would be 0.034. This would result in a 'large decrease
in the rate of absorbed kinetic enerqgy, whicn will lower the peak strain.

The ratio of container width to thickness, w_/h, was not preserved
. during this study. It is conceivable for scaling purposes to vary the mass
per unit span by varying the beam width and holding the thickness constant.
for a given mass or cross sectional area, Ac,;:he containment beam will have
two different aspect ratios, w /h, for a single mass value by the variation
of either the thickness or the width and holding the other two dimensions
constant. Referring to Figs. S1 and 57, it uould ‘be expected that Case C4
would attain higher peak strains if the width ‘had been reduced rather than the
thzckness. chever, from Fig. 57, a small decrease in peak strains is expected
for Case C7 with an increased width. :

To this point in Subsection 4.3.2.5, a change in (KE’ has been assumed
" to occur by a change in the fragment velocity v; the fragment mass P has
been assumed to be fixed. Alternatively, one could change (KE) by holding
v fixed and changing me. Suppose, for example, that (KE)fo is xncreased by
75 per cent over the CB-18 value by maintaining v=2794 in/sec but increasing
me by 75 per cent. On the basis of calculations already done for a contain-
ment beam of fixed span (£=8.0C in) how can:one choose beam dimensions wc and
h such that (Yn)max at midspan will be a pre-selected value such as the 16
per cent found for the basic CB-18 beam-fragment impact condition (Case C2 or
CS)? For this endeavor, let it be assumed that a matchinq of (KE)EOIUC shell
be required -- thus defining the cross-sectional area uéh as being 75 per
cent greater than the CB-18 value of 0.15. This means, in turn, that the
ratio of beam mass per unit length to fragment mass is exactly the same as
in Cases C2 and CS for the CB-18 example itself. Further, if one requires
that the ratio vc/h to be the same as in the CB-18 beam (i.e., 15), one obtains
h=0.132 in and w.=1.98 in. Hence, all of the dimensionless parameter values
of the postulated example match exactly those of the CB-18 problem except for
h/% and wé/l: these two parameter values are sufficiently clscse to those for
CB-18 that little effect is expected. Accordingly, one expects (Yll)max for
the proposed beam-fragment impact problem to match cather closely that of the

CB-18 example (see Fig. Sla). The predictions of upper-surface v.. as a

11

105



. e ——— P T A& A = —— e+ s e = o~ o

function of time at the midspan impact station x=0 for these two cases are
shown in Pig. 60, and confirms this expectation. ' i

It appears, therefore, that the scaling of one containment configuration
to another* in order to contain a geometrically similar fragment can not be
accanplisl_xed by merely scaling the volume of the beam to preserve - the ratio
of fragment kin_etic energy to beam energy absorption capability (817- (KE) f/uc)'.

‘Instead the proper scaling or preservation of the ratios of beam mass to frag-

ment mass and beam width to beam thickness must also be taken i.nto account.

4.4 Comments on Container Design »
The effects that various material, geometric, and kinematic’parameters

have on a fragment-container impact-interaction have been discuséed briefly
in the preceding ‘subsections of Section 4. Two sets of experimental data
(NAPTC multi-fragment impact on steel rings and MIT-ASRL single-steel-sphere
impact on aluminum beams) were analyzed in order to identify some of the
primary parametric effects. In addition, a plausible 2-d numerical analysis
was applied for both of these experimental situations for a more extensive
parameter-variation analysis.

There is a basic difference between the numerical analysis carried out
on the NAPTC fragment-ring impact data (Sectién 3 and Subsection 4.2) and the
MIT-ASRL fragment-beam iﬁpact data (Subsection_4.3). . The NAPTC fragment's
initial impact angle is very different; all of the fragment-ring impacts
occurred at oblique angles while all of the fragment-beam impacts occurred
at normal (90°) incidence angles. In order to make ce'rtain comparisons A
between these tJo parametric studies, it is necessary to examine the effecté
that impact incidence angle has on the impaét interaction. ‘

Figures 6la and 61b show the results of a fragment-beam impact inter-
action for a 60° initial impact incidence angle.“ The fragment and beam
are geometrically identical to the CB-18 fragment-beam impact expeti.ment.
described in Section 2 and in Subsection 4.3. The fragment is a rigid disk

~with a 1.0-in diameter.” The double clamped 6061-T651 aluminum beam has a

length of 8.0 in, a width of 1.5 in,and a thickness of 0.1 in. The CIVM-JET 4B
computer code is used for the analysis with 43 equal-length finite elements

to represent the beam and an EL-SH material approximation for the aluminum

L 3 .
. Based on a structure of fixed span as stated on page 10S.
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via the mechanical sublaye'r. modei and stress-strain Pit A (see éége 8). Tﬁe

trugmq_nt was allowed to impact ‘the beanm at the midspan location with a vertical

velocity of 2794 in/sec and a tangential velocity of 1613.12 in/sec (total
velocity of 3226.23 in/sec, a total kinetic energy of 1985 in-1bs, and an |
initial incidence angle of 60° meacured from the tangent to the beam lower
surface). The coefficient of friction, 11, was set equal to zero (as was the
case with all calculations reported in Subsectic;n 4.3). Therefore, this
fragment's translational kinetic energy component normal to the beam (1486
in-1b)-is identical to the total translational kinetic energy used in the
earlier normal impact calculations. _ '

Figure 6la is a time history of fragment trajectory angle 6. One sét of
data points correspends to the present exampie of a 60° initial incid_encé
angle. The second set of data points corresponds to the CB~18 normal impact
" incidence cése. Note that both examples have .idenltica.l preimpact normal
velocities of 2794 in/sec and that fragment rebound occurs almost at the
same time after initial impact (approx. TAII=650 microseconds). For the .60°
initial incidence angle the fragment is 0.97 in from the beam midspan location
at the time of rebound.

Fiqure 61b is an upper surface strain profiie at TAII=655 microseconds
for both the 60° and 90° initial incidence angle cases. This time corresponds
to the time of peak transient response for the 60° case, is about 25 micro-
seconds before peak response for ;he 90° case, and is the approximate time
of fragment rebound for both cases. Note that the 60° case has a much wider
region of significant beam deformation, Sut the peak strain is greater for '
the 90° case.

The absolute peak strain predicted for the 90° case is 0.16 which is
the assumed threshold failure strain. In the 60° case the beam permanently
absorbed a total of 1660 in-1b of energy while the beam in the 90° case
absorbed permanently only 1411 in-1b of energy. It is apparent from this
study that the normal pre-impact velocity cocmponent is the most critical
(for an interaction in which a negligibly small value of friction 'i:oefficient,
U, is used), and ‘tha~ an analysis assuming a normal impact for the same

initial total kinetic energy will be conservative. Therefore, parametric
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will vary widely based on fragment type, cbntainer location,.container gécmetry,

and many other proslém dependent Parameters. The analysis of Subsections 4.2

. and 4.3 is meant to be "general” and applicable to-a-wide variery of beam or

ring type containers. Not considered, however, was variable spanwise geometry,

fragment deflection,or selective fragment Penetration. '
Having identified the most prominent paxametérs affecting the peak

response of a general ring-like or beam-1ike container, (assuming 2-4 deforma-

tions, and restricting oneself to small Strain theory), how can these analysis

techniques (empirical and analytical/numerical) be applied to container *

.design? First, two basic criteria upon which the design of an engine rotor
container might be based should be identified:

(1) A specified region needs to be Protected. a fixed container
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(2) A "costing function” is applied to the air vehicle system and
a fixed mass is allocated for containment purposes. A container
material and gecmetry must then bé'decided upon to maximize the‘
containment poten:zal of this fixed-mass structure.

A design program will most likely utllzze both of these criteria durzng
different stages of the design process. First, a fragment generation problem

.is identified and a s;ecifie& region™ to be protected is then defined. An

analysis will then proceed to determine a rxrst estimate of cost (weight,
labor) to contain various sxzes and conflguratzons of fragments for that
particular aircraft engine. s?hen, a "cocsting function” based on the cost

of protection ve:sus'the levél of‘uoncontaiﬁment that can be tolerated (or
requlated) is defined and'anéupper limit is placed on the mass of the contaiher
and on the costs of manufactdke, installation, and maintenance.

In each phase of this design work, a set of empirical and/or analytical
impact data is needed. A design procedure which depends totally on empirical
data of adequate scope will arrive at a design which might be viewed as having
been "proof tested", but likely will be costly and time consuming. If there
is an attempt to .decrease the experimental costs by arbitrarily or "intuitively"”
limiting the scope of the experimental program or by using "scaled" experi-
mental models, there is a probability of alternate containment designs being
undiscovered or of the erroneous assessment of key parametric effects (because

of insufficient data or inadequately scaléd experiments). Conversely, a

" design program relying solely upon 2-4 analytical/numerical prediction data

should be less expensive but may not address ﬁhe actual containment problen
adequately because of the basic restrictive assumptions of the analyticai
method, and will not provide a "proof tested" Jesign. )

A more rational and cost-effective design process might consist of a
small preliminary set of "full-scale™ experiments to assess the effects of a
few basic parameters and to obtgin sufficient data to calibrate a numerical
analysis to "compensate” for the "restrictive assumptions" in the analysis.
The analytical technique (once correlated with preliminary data t;om the
pilot tests) could then be used for more extensive parametric studies. Also,
it could be used to aid in the design of an "adequately-scaled” model of the

1
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fragment-structure impact-interacticn to be used in further experimental
ctudies. The adequacy of the contaimment structure thus designed conld be '
verified by a small selective set of full-scale proof tests.
Tue parametric effects that dre ideatified ia Subsections 4.2 and 4.3

cmldheutilindasaguidefo:deeeminingtheodgimlpuotexperinents
in ;irocess.

and the series of analytical studies to be used in the desig
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SECTION 5

ON THE USE OF A DEFLECTCR FOR FRAGMENT CONTROL

5.1 Problem Outlxne
The preceding sections have dealt vith the containment of a fragment, in
which the impacted structure is tequixed to absorb essentially all of the :
fragment's translational kinetic energy. For many practical applicacions.lzr
only a particular region is required to be. free from fragoent intrusion, and
a structure could be utilized to deflect the fragment from a path chat vould

otherwise enter this region. A deflector can be described by the sane set

of dimensionless parameters that has been used already to characterize a
container, plus three additioaal interactive parameters: &, the angle change
of the path of the fragment:; 8, the angle of initial impact; and {, the point
along the structure at which initial impact occurs. Table 10 lists the 18
dimensionleés parameters used to describe a beam containment of a rigid
spheroidal fragment. To this list will be added B)o~ a. (measured positive
clockwise), 82
distance along beam). An illustrative cantilever-type deflector is depicted

8 (measured positive counter clockwise), and 621 = £ (fractional

in Fig.-62 with the appropriate approach and deflection angles (6 and a)
indicated.

_For the deflector system, there are three equally-important dimensionless
parameters which describe the effectiveness of the deflector: emax' the
maximum strain attained by the deflector; z/h, ratio of maximum deflec-
tion (= or w) to the beam thickness h which indicates the extent to which
the deflector impinges upc:: the spaée that is being protected; and a the
change in fiight path of the fragment. There are, therefore, three means by
which a deflector can “fail": (1) the deflector remains structurally intact
but the fragment is still allowed to enter the ﬁrotected region (insufficient
path-angle~change a): (2) the deflector structurally fails and it either
proceeds xnto or allows the fragment to enter the *protected region (Lmax is
too large): and/or (3) the deflector remains structurally intact and the
magnitude of 2 is sufficiently lazge to deflect the fraqment but the t:ansxent

Jdeflection of the deflector carries it into the region to be protected (z/h is
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too large). In each of these cases the pProtected region suffers an intrusion
by either the fragment or the deflector.

The primary purpose of this brief se"tion is to study the response of
an illustrative deflector type structure to the variation of two of the
dinensionless parameters discussed above: 6, and £: the results will be
assessed on the basis of the transient values of a and z/h. and of €aax®
There is an insufficient amount of experimental data on fragnent—det‘lector
i.npact and response to constrict "effects plots®, but based on the evaluation
set ‘forth in Sectj.ons 2 and 4 of this report, a brief numerical parametric’
study was performed and will be desc:ibed The remaining dimensionless
parameters, 81 818' will not be addressed in this section. These parameters
have been discussed in Section 4 and it 1s believed that their roles will be
similar for a deflector as they are for a container structure.

5.2 Numerical Model of a Cantilevered-Beam Deflector

In order to keep the parametric evaluation of a deflector as simple as
possible, a aumerical model nearly identical to that used to model the "beam-
containers of Sectioa 4 is utilized. The deflector is modeled simply as a

cantilever beam of length 8.0 in, width 1.5 in, and thickness 0.1 in composed
of 6061-T651 aluminum. The CIVM-JET 4B computer code is used to analyze the
beam as 43 equal- length finite elements (44 lumped mass nodal points). The
material properties of the 6061-T651 aluminum are assumed to be’ elasuc-straxn
hardeuxng (EL-S5H) approximated by the mechanical sublayer model using Fit A
{see page 8). a sz.ngle attacking fragment is modeled as a 1. O-in dzameter
 rigiad c.u:cula.: dxsk with a translational velocity of 2794 in/sec and a mass of
.3815:10 (lb-sec )/in. This model is identical to the model CB-18 conditions
used in Section 4.

The boundarv conditions of the beam deflector represent a cnucu ractor
influencing the effectiveness of the deflector. In Subsection 4.4 a numerical
study of an identical beam that was doubly clamped was performed for a frag-
ment mcxdence anqle of €=60°, A fragment deflectxon occurred during that
analysis; however, for the purposes of this study, a deflector will be
defined to have one end free. Therefore, the analyzed deflector has one end
clamped and the other end free.-
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5 3 parametric Evaluation of a Cantilevet-aeam Deflector
In this analysis, parameters B, -817 (Table 10) are held constant and

only paramsters 820 and 821 (0 and g) are varied. Thus, the evaluation of
a ftagmnt—detlector impact is based on an exam.nation of the following:
(a) 818 = z/h = 21(9.5)
Deflector Response
18 o
(c) 819 =q = f €, _ Pragment Response N

(b) B, o™= €pax fz(eoi)

There are an mfun.te number of values that could be chosen for either
£ or 8, however, for this analysis, only a few selected values will be
examined. If the beam were Ereely supported (resting on wires, for instance),
the best poss:.ble mpact l.ocauon for maximum energy absorption would be at
the beam center. Because the beam is clamped at one end and since the beam
dimensions have been chosen to be equal to the “threshold containment size"
for a doubly-clamped beam when impacted at midspan by the same ftagment size
and KE as utxlxzed here), the probability of a successful deflection/contain-
ment should increase as the value of £ decreasest Note that the CIVM-JET 4B
‘ . analysis can not properly evaluate the 3-d stress stAte that will be found:
at the clamped end so that impacts which occur close to the clamp will provide
meaningless predictions near the clamped end. Therefore, § will be selected
0.5 < £ < 1.0. For £=0.5 the impact-interaction will initially be identical
to the contaxmnent studies of SectJ.on 4, and this value (£=0.5) is chosen to
be the fxrst point of evaluat:.on, the subsequent structurai response will be’
different since now one end of the beam is free while the other is clamped.
For each of the £ values examined, there are three values of O that are
analyzed: 9=30°, 60°, and 90°; (where 8=90° is an initially normal impact).
The values 8290° was chosen to dstermine the amount of "tangential velocity”
that the deflector can impart to the fragment as the heam deforms; also, "cross-
cortelatiéns" can be drawn to the normal-impact contaimment studies of
Section 4 for beams with both ends clamped. Corresponding studies of 6-120°
and 150° were not performed because the deflected fragment would travel
 towards the clamped end in these two situations, rather than towards the free

end and, hence, would not “escape”.

T .
Assuming that transverse shear-induced failure can be ignored.
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Figures 63a through 63c show the results of a fragment impact upon a

"cantilever beam for £=0.5 and 0=30°, 60° and 90°. Pigure 63a is a plot of a

resulting from these three impact configurations. Note that for all three
situations, including the relatively "shallow® impact angle 8=30°, the fragment
has become “embedded” within the confines of the deflector. Figure 63b depicts
this situation more clmly as a p].ot of beam profile and fragment location at
905 microseconds after initial impact. Note from Pig. 63a that this corre-
spmdsmﬂ\eumatvhichmttmtsmmbeingdeflectedtwuds

the clamped end since a is decteasi:n'q (the 8=30° case does not show a negative
value of a during the time span presented). The beam has deformed greatly

and for each 0 case there is a portion of the beam which is below any portion
of the disk-like fragment. The impact-interaction with a doubly-clamped
containment beam (Section 4) is generally finished by 900 microseconds after
initial contact. It is interesting to examine the energy remaining in the
fragment at this time after impact with a deflector:

INITIAL IMPACT LOCATION: £=0.5
Impact Fragment Kinetic Energy Fragment Kinetic Energy
Incidence '
Angle Before Impact | At 905 Microseconds TAIIX
Total (KE),  Nommal (KE) g | Total @), (xE), Parallel
e ' to z axis
(deq) (in-1b) (in-1b)} (in-1b) (in-1b)
30° ’ 1489.1 372.3 912.8(61]* 47.4[13]*
60° 1489.1 1116.8 459.9(31] 296.6[27]
90° 1489.1 . 1489.1 544.6(37) 534.8(36}

The fragments for each value of 8 possess the same pre-impact total
kinetic energy; after 905 microseconds, the fragments still possess a signifi-
cant level of kinetic energy, and will continue to impact the deflector. The
peak transient strains, hm, have already occurred by this time and
Fig. 63c shows a plot of upper-surface strain versus deflector location at

'rhe bracketed numbers are the percent ratios of the energies at 905 micro-
seconds to the corresponding pre-impact energy values.
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905 microseconds after impact, plus the value of the peak strain which

occurred earlier during the impact interaction. Note that the peak strains

for 6=60° and 90° occur at or vezy near the point of initial impact. For the
8=90° case the fragment remaing at the same x location (Fig. 63b) ‘and there

is only one significant peak lor the upper surface strains. The 6=60° case -
shows the fragment traversing the span of the deflector, creating two

locations of significant peak upper-surface strains. _The first (and largest
peak) occurs at the point of initial impact while t:he second peak occurs at the
spanwise location where the fragment has become embedded" (Figs. 63a and

63b). However, the 0=30° case shows a very small peak at the point of initial
impact and a significantly larger peak _upper-surfac_g strain at the spanwise

location of fragment “embedding”. The 0=30° ttagmeht still possesses 60 per-
cent of its initial kinetic energy at 905 microseconds after initial impact;
as can be seen from Fig. 63b, the fragment will continue to impact the deflec-
tor at this new spanwise location creating a large peak upper-surface strain.

The fragments for 6=60° and 90° have expended most of their original kinetic

energy during the early impacts while for' 8=30° the fragment still possesses ‘
most of its original kinetic energy and will expend it during a later succes-
sion of mp;ct;s.

_Further examination of Fig. 63c shows a predicted large concentraced
strain at the clamped end for all three 6 cases. However, as was pointed
out earlier in this subsection and also in Section 2, the 2-d CIVM-JET 4B
analysis can not accurately evaluate the large 3-d strains which occur neax
a clamped boundary; also, even within the 2-d framework, a finer finite
elanent mesh would be needed near the clamped end to permit a reasonable .

approximation to the spatially tapxdly-varymg strains near the clamped end.
Therefore, care must be exercised when examining the strain distribution
along the deflector, and strain predictions at and near the clamped end
should be viewed skeptically.

Overall, the peak strains for these three impact conditions (8=30°, 60°,
and 90° -- all at £=0.5) are significantly lower than the peak strain pre-
dicted for 9=60° and §=90° for an identical doubly-clamped containment beam.
However, the beam deflections are very large and could result in either (1)

the excursion of the deflector into the protected region or (2) the eventual
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failure of the deflector at the clamped end because of the large induced
strain and/or bending moment. It appears that the fragments will continue
to remain in contact with the deflector and will probably not enter the
protected region without a tensile failure of the deflector.

To complete this brief examination of fragment-deflector impact-interaction.
it is desired to consider a value of initial-impact-station location § that
will allow the fragments from all three 8 cases to escape fram contact vn.t.b
the deflector. In order to "guarantee" thig occurrence, a value E-.875 was
chosen for 9=30°, 60°, and 90° with all other parameters 1den';ical to the
§=.50 situation. Figures 64a through 64c show the resuits of _th:l.s impact
scenario. )

Figure 64a shows that little fragment deflection -(a) has occnired for
any of the impact 6's. The 6=30° and 60° cases show identical final values
for a; in all three 8's, the fragment has ceased impacting the deflector by
300 microseconds after initial contact. Figure 64b shows the large (continu-
ing) excursions of the deflector's free end; for 6=30° and 60°, the fragment
has completely left the vicinity of the deflector by 905 microseconds after
initial impact. Examining the fragment kinetic ehergies, the following is

noted:
INDITIAL IMPACT LOCATION: £20.875
Impact
::;:i:ence . Before Impact At 905 Microseconds TAII
. . ---}—~ Total (KE) Normal (KE) Total (KE) (KE) . Parallel]
£ £ f £
6 to z axis
(deq) (in-1b) . {(in~1b) (in-1b) (in-1b)
30° 1489.1 372.3 1337.2(90]* ' 234.6(63])*
60° 1489.1 1116.8 | 1048.0(70] 718.2(64]
90° 1489.1 1489.1 964.1(65] 963.3(65)

For each § case, a significant portion of the fragment's kinetic energy still
remains at 905 microseconds after initial impact and it is evident from

*
See footnote on page 114. v
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Fig- 64b for all three cases that the fragments either have escaped or will escape.
Figure 64c depicts the upper-surface profile at this time with only one peak
registered for each value of 8 and each peak upper-surface strain occurring

at or'near the point of initial impact. Note that very low strain levels nhave

been recorded at the clamped boundary because the rotations at the clamp at

"this time (Fig. 64b) are also very pmall. It appears for all three values of

e thai the deflector has sustained a "permanent hinge® near the midspan location
(Fig.® 64b) and indeed this is a point of peak upper-surface compressive strain
(Fiq.?64c). j .

; Overall, an impact in the vicinity of £=0.875 appears to result in the
'failuxe" of the deflector. The deflector has failed by allowing the frag-
menéé to escape with most of their original kinetic energies along paths very
élosé to their original path. The deflector also sustains extremely large
defléctions of its free tip, the excursions of which may-easily enter the
nprotected region"™. It appears that tensile failures of the deflector are
not imminent or likely for large values of §. .The deflector has fommed a
secondary plastic hinge at a location remote from the clamped end, resulting
in reiatively low bending strains. The peak strain at the point Bf impact
for the 9=90° caée is relatively large (0.14 compared with a "failure strain”
éf 0.16 deduced from an identical beam that was doubly clamped and subjected
to the CB-18 impact conditions); however, since the fragmenﬁ has escaped, a
tensile failure at this location would be inconsequential to the flight path
of the fragment. It is interesting to note that the peak upper-surface
‘strains for 0=60° and 90° at £=0.875 are larger than those recorded for -
£=0.50. This is because of the larger levels of local bending that 6ccurs
for £=0.875, which can be seen from a compariéon of Figs. 63c and 64c. For
the 0=30° case the relatively low level of total energy t»ansferred from the
fragment to the deflector for £=0.875 prevents upper—surface strains from
becoming larger than those predicted for £=0.50. For £=20.50 the 0=30° case
ha¢ its peak upper-surface strain located at a spanwise iocation removed
from the point of initial impact. For £=0.875 the fragment has escaped,
which precludes the transfer of kinetic energy to the deflector by "later"”
subimpacts.
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5.4 Comments on Deflector Design

A brief overview of deflector structures thaf are assumed to be
geometrically ideéticél (except for the boundary conditions).to the.previously-
analyzed container beams was presented in Subsections 5.1 < 5.3. A ﬁimple
parametric evaluation was performed on the effects of (1) the spanwise' ]
location of initial impact and (2) the initial fragment incidence angle.

The deflectors analyzed were assumed to have all geametric and material -
parameters independent of spanwise location. )

The user of .a deflector -type structure assumes that only a specific
region is to be p;otected, thus the criticalness of a given fragment attack
against a given &éflector‘structure of this type is dependent upon the span-
wise iocation of ?he initial impact. It is édncei&able that a systematic
variation of the épanwise mass distribution of the deflector (in the region
near the clamp, between the clamp and the initial impact region, in the '
impact region, and between the impact region and the deflector's free end)
will lead to a container of minimum total mass and an optimal mass distribu-
tion for fragment-deflection purposes. The question of mass-distribution
effects was not studied in this report, but could be carried out readily
with fhe CIVM-JET 4B code.

The boundary conditions for the deflector are themselves extremely
critical in determining the effectiveness of a fragment deflector. An
actual deflector may be attached at one end to a "rigid" structure but may .V
also be attached at a number of spanwise stations to a relatively flexible .
surrounding structure (e.g., the thin engine casing, stifféners,vetc.) which__
will tend to limit the deflector's deformation and also absorb some of the
fragment's kinetic energy. Considerations of this type are highly problem
dependent and would require an extensive set of numerical or empirical
studies in order to assess the parametric effects adequately.

The purpose of Section 5 was not to identify all of the parameters.
affecting a fragment-deflector impact-interaction nor to arrive at a deflector
design by optimizing the mass distribution or the applied boundary attach-
mepts. .Instead, only a brief illustxative‘examination of a structure that
is identically geometrically configured for either a containment or a
deflection role is'intended. Recognizing the limitations of the previously-

discussed deflector analysis, it is still_possible to make some overall
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camments concerning the use of a éeflector‘structuze, for fragment control.

In Subsection 4.4 a possible process was reviewed for the design of a
fragment contaimment structure using a combination of empirical and analytical/
numerical daea.’ A similar process is recommended for the design of a deflec-
tor. A design is guided by cost (weight, manufacture, insgallation, and
maintenance) considerations. A careful decision must be made concerning the
extent of the fragment control (the maximm size and energy of the considered
fragment, the size of the region to be protected, and the implications of
selective fragment penetration or deflection) based on these cost constraints.
The final design is bounded by thes:e considerations, and the allowable mass
must be optimized to control the widest yarie:y of possible 'fragment—sgmcture
impact interactions. A deflector may be the "first choice"” as a fragment
control structure. However, if a ct;ntainer+ is designed, there is the possibil-~
ity that a portion of the container support structure might fail (either
early in the impact-interaction or due to a direct impact by a second frag-
ment;. This situation would necessifate the treatment of the combined
container and its failed support as a single "deflector type" structure. '
Therefore, a deflection analysis may be needed in a wide variety of fragment
control designs.

Given an adequate set of pilot deflection experiments for correlation
purposes, the 2-d impact-interaction analysis described in this report should
give a reasonable evaluation for a deflector design. The last stage of ah
design process for a container, deflector, or dual  container/deflector would
require full-scale proof-tests because of the inherent limitations of the
present mmetically-génerated code predictions or, of empirical "scale-model™ .

génerated experimental data.’

That is, a partial ring or a panel which is intended to contain rather than
to divert or deflect the fragment. )
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SECTION 6

EXPLORATORY MODITICATIONS AND EXTENSIONS OF THE ANALTSIS : : -

6.1 General Considerations ' . ' N
—_— g _tonsiderations ‘ i
In the present calculations discussed thusg far, the finite-element

analysis proceddxe'de;c:ibed in Refs. 4 and 17 for}the large~deflection
elastic-plastic transient responses of Bernoulli~Epler beams and rings has
been utilized. The retention of the classical Berﬁbulli—suler assumption

that normals to the reference axis of the bean und;:qo no change in length
during deformation implies a restriction that strains‘ate not large, since
large straining will Produce thinning (in tensidn) br thickening (in compres-
sion) of the body's depthwise dimension. -Also, theichange-of-curvature part
of the strain—diéplacement relations used in Refs. 4, 17, and 20 (and named
strain-displacement relations A, B, é, D, and E in Ref. 20; also, see Eg. B.5
of Appendix B) are restricted to small membrane strains, since the membrane
strains have to be included in the Lagrangian bepdinq strain expression when
they are finite. The term "finite strain” (as compared with "small® or
"infinitesimal" sﬁrain) refers to strains that are not negligible when compared
with unity. Con#idering a curved beam, for example, as depicted in Fig. A.1
with curvilinear coordinates €, N, § in directions 1, 2, and 3, respectively,
if the strain measure is the Green ("Lagrangian") strain tensor in mixegd
component form* y;, expressions of the type (l+2¥§), for example, océur in the
constitutive equations (see Eq. B.21 of Appendix B); if ?; is the Green-strain-
tensor mixed component at the reference axis of the beam (or “membrane strain"),
expressions of the type (1+2$§)‘occur in the Co-dependent pa;t of the str&iﬁ—
displacement relations (see Eq. B.2 of Appendix B). If Y§<<1 so that 1+2yi:1,
" one usually refers to the strain as being “infinitesimal" or "small®; otherwise,
the strain is referred to as being "finite" or “"large”. sSince it is always
true that Y;Z?i' the small-strain approximation breaks down first in the

constitutive equations and later in the strain-displacement equations.

. - .

Tensor mixed components (identified by both subscripts and superscripts) are
used here for general applicability since in curvilinear coordinates the
formulation takes a much simpler form when formulated in terms of the tensor

mixed components (for example, Y; instead of Yi5» and S% instead of si13);

‘in rectangular Cartesian coordinates, Yij=Y§=YiJ is satisfied identicaliy;
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In addition to the Bernoulli-Euler assumptions, the mechanical-sublayer
model of the material was used in Refs. 4 and 17; this model, in turm, requires
that the stress-strain curve being modeled must be monotonically increasing
—- the stress associated with thig stress-strain curve must not dea:ease w:.th ’
increasing strain -- and unloading must proceed elasti.cally at the sams
modulus as the ongmal elastic modulus. Thns, since the stress rk = ?o OT
(see Ref. 21 page 23, where it was assumed that the original mass density
p was equal to the final mass density p so that ‘l’ was equal to the "true
stress" g ) versus axial Lagrangian strain tensor canponent Yll approximately.
exhibits tlu.s type of monotonic behavior (whereas su vs. Yll does” not) '
mechanical-sublayer fit to this uniaxial tensinn stress-strain curve was made
and the resulting values as reported in Subsection 2.2 (termed Fit A) and in
Subsection 2.4 (termed Fit B) were employed. The resulting stresses Tk were
used in the JET 3 and in the CIVM-JET 4B program as playing the role of the
second Piola-Kirchhoff stress which appga:s in the basic governing equations
[4, 17 and Appendix A of' the present report] upon which the above programs
are based. In view of the above considerations as well as the data scatter

. in the experimental ‘measurements of uniaxial stress-strain behavior of a

number of 6061-T651 aluminum test specimens, the adopted compromise procedure
was believed likely to provide reasonable predictions_of st.ructurai response
involving small levels of strain. At what strain levels these appro:ximations
lead to unreliable predictions remains quite uncertain. Therefore, scme
additional exploratory studies of limited scope designed to remedy, in large
part, these noted deficiencies were carried out and are discussed in this
section. ' '
The modifications made consist esSentiain' of five aspects as described

concisely in the following, and discussed further in Appendix B:

1. The proper second Piola-Kirchhoff stress tensor'components- Sij
appearing in the basic governing equations are employed in the
computef program by making proper transformations in the constitu-,
tive equations of certain stress and strain measures employed in a

+In Ref. 21 rectangular Cartesian coordinates are used; for these coordirates,

- .1 - .11 . . . . .
Yll 5 Yl =Y l. However, in this section and Appendix B the "axial direction

for a beam or the circumferential direction™ for a ring is regarded as the
n or "2" d.u'ectmn.
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new mechanical sublayer fitting of uniaxial Stress-strain data for
6061~-T651 aluminum (21] as cited under item 2,

?E&@:£%=B(j~+ﬁ) | .(6.1a)

6*5%§=%(i+ﬁ;) | (6.1b) -

P = uniaxial load applied to the test specimen

Ao (A) = <cross-sectional area of the origina} undeformed (current

defoz'med) Specimen

‘k'o (2) = the original undeformed (current deformeq) gage length
po (p) = mass per oriainal undeformed (current deformed) unit
volume of the material
2-2
~ (3 . .
Eu = ) = longitudinal component; of ‘the elongation Strain tensor-
° )
o = P = Cauchy (" true") stfes‘s = i‘&(l-ﬁﬁ )
T A - A »p u
o "o v
£* = fn R.L = logarithmic ("natural® or "true®) strain = n(1+E )
() ) u
G 3 : R
T 2 -— O0_ = Kirchhoff stress =g E ). = £
X 5 r =K I.:(1-94-‘..“), GE Ao

It is perhaps useful to recall that the second Piola-Kirchhofg stress
tensor component 522 or Sg = (pseudo force)/ (undefomed area). =
[P/(l*Eu)]/Ao = UE/(1+Eu) . 122 C
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It turns out [46,'9. 23] that the uniaxial stress-straiﬁ curve for
ductile metals such as aluminum is essent;ally perfectly antisymmet-
ric‘'(i.e., for tension and compression) and moac tonically increasing
when expressed in terms of Tu and €*. Hence, the mechanical-~sublayer
model is well suited to describe this type of behavior. In particular,
the uniaxial stress-strain behavior for the 6061-T651 material of
Ref. 16 (as.given in Fiq. 29a of Ref. 21 for longitudinal tensile’
specimens of circular cross-section and converted to T vs. €*) is
given by the following T ,e* pairs for mechanlcal-sublayer Piecewise-
linear fxttlng. (T #S*) = (0,0); (44,200 psi, 0.00442); (40 +200 psi,
. 0.075), and (76,400 981, 0. 615).

3. It is assumed that strain-rate effects can be approxlmated by an
equation of the form of Eq. 2.1, as follows' s

(@), =(2), (1+]&

(6.2)

= static yield stress of the kth elastic, perf: :tly-
Plastic mechanical sublaver (superscript s ar.! subscript k)

(t)x = rate-dependent yield stress of the kth elastic,
perfectly-plastic mechkanical sublayer -(subscript k)

E* =-§E- %'= longitudinal component of the rate-of-deforma-
' tion tensor (also called Du_in Eq. B.1C of app. B)

For illustrative purposes, the material strain-rate constants 4 and

p for aluminum cited in Ref. 25 are used: d=6500 sec::‘l and p=4.

4. Thickness changes are accommodated approximately.

5. The change in length of the reference axis becauqe of finite membrane
strains is included in the expression for the cnanges»of-cuzvature

in the Lagtangxan strazn—d;splacement equat;on.

Equat;on 6.2 is similar to Eq. 47 of Ref. 47 whica dealt with multiaxial

conditions.
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To illustrate the effects of these modifications upon the predicted
transient 2-d responses of simple structures, calculations were carried :out
for two severely-loaded beams [16]: (a) explosivelyfinpnlsed beam CB-4 and

(b) steel-sphere-impacted beam specimen CB-18. ’ ’ -

s — . - g ewe - —_ - - - -~ - -

6.2 Elosiveltm Beam CB-4

Spec:nen CB-4 was an initially-flat 6061—'1'651 aluninun bean of 0. 102-:Ln
thickness, 1.497-in width, and 8.005-in sSpan w:l.th ‘both ends ideally clamped,
amisubjectedtoum.fomlmpnlseloadxngoveritsentxrevxdthandfora
1.8-in spanwise region centered at midspan; experi.mental data for this test
specimen are given in Ref. 16. Fotthiscase. t.heimpulseload:.ngproduced
essentially a uniform initial hte.ta.yeloaty_ of—,{ 10,590 in/sec over the
impulsively-loaded portion of the beam. For analysis, the half span of
specimen c:B-4 was modeled by ns:.ng 20 equal length 4 DOF/node finite elements,

-and symet::y conditions were imposed at midspan. Pour spanwise Gaussian

stations and four depthwise Gaussian stations were used for the volume
mmerical integration of the finite-element equations. A consistent mass
(M) matrix was enployed for each finite element. A time increment size At

~of 0.25 microseconds was used (equa.l to 1. G/wmx. where wm is the maximum

frequency of the d:l.screte numen.cal model). The aluminum material was treated
as behaving in an EL-SH-SR fashion, with material rate constants @=6,500 sec.l
asd pea. Themsspermtmualvolmep was taken as 0.25384x10">
(}.b-sec ) /m - Response predictions for specimen CB-4 were carried out for
the above modeling and conditions for: (a) the new mechanical sublayer
fitting procedure of T, vs- ‘€* (SubSection 6.1, item 2) and strain-displace-
ment relation Type F cf Appendix B and (b) the former scheme (employing stress -
('r ) vs. strain (Yll) Fit A of Subsection 2.2 and stram-d:.spla.cenent relation
'I‘ypeCoprpendleandRef 20).

Indicated in the following tabulat.lon are the comparisons of these two
predictions with each other (and/or versu.s experimental data) as shown in
the indicated figures for the time histories of the longitudinal Green strain
tensor camponent* Yll on the upper (non-loaded).‘ and/or the lower (impulsively-
loaded) surface at variocus spanwise stations of beam specimen CB-4:

On these figures Y11 is used to denote the longitudinal component of this strain
since this is the notation used in corresponding earlier figqures in this report.
However, this would be Yg in the more systematic notation of Append:.x B.
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Time Histories ot'yu on Surtace R

6Sa 0.0 (Midspan)

65b 1.4
65¢ 2.2

654 3.0

Upper’ (U) and/or Lower (L)
Predicted Measured
Uand L . -
‘"Uand L v
o u

v ]

With the exception of the midspan station (x=0) , all other stations

. coincide with finite-element nodes,
is the _average value given by the two

, :

and the associated strain value plotted
elements at the mdal—junction location.

It is seen that, of the spanwise stations shown, the ujor differences

between the two procedures occur at the midspan statiou »=9 in,

vhere :he

finite-strain formulation shows that between 150 usec and 500 usec the lower
(loaded) surface experiences larger strains than the upper surface while
the fomet "small-strain® formulation indicates the opposite behavior. Also,

at this midspan stauon, the strains predicted by

the finite-strain procedure

are considerably larger than the strains predicted by the small-strain pro~

cedure. At the other stations, where smaller strains occur,

_between the two predictions are correspondingly smaller.
Shown in Fig. 65e is the spanwise strain distribution at t=300 usec

from x=0 in (midspan) to x=4.00 in (clamped and),
surface. This time instant is taken as typical,

the differences

of the upper (non-loaded)
since the strains have

already achieved their peak and about 97s of the initial kinetic energy has

been transformed into strain energy by that time.

The strains predicted by -

the finite-strain fomulat:.on are larger t.han those predicted by the snall—

strain_ formulation with the exception of a” regl.on -at the

end of the mpulslvelv-

loaded zone (x=0.9 in) and a region at the niddle of the half-span (x=2.0 in
to x=2.4 in). The nodal strain discontinuxt‘.ies typical of the 4 DOF/node
t'unf.e elenent (employed in the Jl-:'r 3 and CIVM-JET 4B programs) are evident

from the graph. ' This asstmed-d:.splacenent finite-element model involves

cubic polynomials in the assumed-displacement field fcr v (the axial displace-

ment) and w (the lateral displacement).

.See the footnote on the preceding _page.
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at each end of the finite-element are the displacements v and w and the

“displacement gradients® x = g—: + § and ) = % - -E. These dégrees-ot‘-treeda_n

provide continuity of displacement (v and ¥) and continuity of membrane strain
(3 =X + 172 5% + 12 4%) but thé bending stratn & = 1= Sang oy Zn
: is not continuous at the nodes sin;e g—: and n are ppt degrees-of-freedom.
em s Hlence, strainr jumpa appear at each finite-element node since inside each

. .
SR PO AN |

element the displacement funcfion is continucus to derivatives of all orders

the displacement gradients x = %’- +-§ and P = g—: - % and their detivadves -
-g% and %ﬁ The degree of the pPolynomial j.nvolved in the displacement gradients

X and ¢ is of the second order (or quadratic) for an initially-sttaight ‘bean.
The degree of the polynomial involved- in the tepreszsntation of the first
derivatives of the displacement gradients g—z -3w_ 3 (%) and

P 3n2 an _
ALy 3w s e fir rd 1 £ initial} h
n = 3—2 + a—n- (E) 1s of the St order or linear, for an initia y-straight

n

beam (using the 4 DOF/node cubic-cubic element). Prom Fig. 65e it is observed
‘ that the degree of the polynomials involved in the spanwise strain distribution
is (mainly) either quadratic or linear. '
It is also observed that the largest discontinuities occur at locations
where bending strains are largest: adt the end of. the impulsively-loaded Zone
(x=0.9 in) and at the immediate zone adjacent to the clamped end (x=3.8 in
to x=4.0 in). at the clamped zone, a very large sttain- discontinuity is

larger with the finite-strain formulation, which involves a2 more nonlinear
represontation of the behavior than the "sma.ll-strain"_ formulation. It ig
evident that a finer mesh of finite élements is needed in this clamped-zone
region to represent accurately this nonlineat behavior. However, time and
fund restrictions have Prevented a more thorough study of this matter at this
time.

cad . .- . . —— . S s -l . L

'See Ref. 20 for an evaluation of a formulation wluch includes element-~ ‘
junction continuity of bending strain for the small-strain approximation.
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Finally, the predicted transient midspan t:ansve:s@ displacement w is
shcwn in Pig. 66. It is seen that the finite-strain formulation and small-
strain fomu].ar.ion predictions are in fairly good agreement «vith each other.

The ca:puting time required :or the two fomulations for explosively-
impulsed besm CB-4 is displayed comniently in the following tabulation
(for 4000 time steps with a time step size of 0.25 nicroseconds all runs
were conducted on an (BM 370/168 ccnputer). '

<

No. of _No. of Gaussian - Total No.

Po’éﬁmlaiion B 4 - Sta. per Elenm. of Unknown

S Spanwise  Depth pop

Small Strain 20 4 4 .79

Pinite Strain 20 4 4 79

Strain-Displ. Mass  No. of cpu CPU(min)
Formulation Relation =~ Matr!s = Cycles * Time (DOF) (Cycles)
© Type (min)

Small Stra‘n c o™ *4000 8.63 27.3x1078

Finite Strain F o™ 4000 11.07 35.0x10~5

The effects on CPU time of the more lengthy expressmns used and manipulations
required for the finite-strain calculations are evident from an inspection
of the last column. ,

6.3 Sfeel-Sphe:e—Impacted Beam C8-18

Steel-sphere-impacted 6061-T651 almnmn beam specimen CB-18, the )
geometry and impact conditiqns—fnz—uha.ch—have—bear._sc:med in Subsectxon 2 1,
has been analyzed only for EL-SH material behav:.or by (a) the (new) f:.mte
strain procedure (employing the stress (‘r ) vs. strain (e*) mechanical-sublayer
fit of Subsection 6.1, item 2; and strain displacement relation Type F of
.Appendix B and (b) the former scheme (employing stress (T ) vs. stta.m (Y )
Fit B of Subsection 2.4 and stra:.n—d:.splacement relation Type B of Appendxx B).
The beam was modeled with 43 equal-length 4 DOF/node elements; locally '
perfectly-elastic impact (e=l) was assumed. Three spamrsise Gaussian stations

and four depthwise Gaussian stations ‘were used for the volume numerical
integration of the finite-element equations. A diagonalized (lumped) mass
(DM) matrix for each element was employed. A time increment size At of
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0.5 microseconds was used (equal to. 1. 16/(» ¢ where @ oax is the maximum
frequency of the discrete gumerical model). Summarized in the following
tabulation are the comparisons of the two Predictions with each ot.hex (and/or-
versus experimental data) shovn in the indicated figures for the t:l.me histories
" of the longitudinal component of the Green ("Lagrangian”) strain tensor Y,, on

the upper (non-i.mpacted) and./o: the lower (impacted) surface at various span-
wise stat.ions of bean specj.nen CB-18:

'rime Histories of Y,, on Surface
U (Upper and/or L (éowex)

Fiqure ‘Station |x| j(i.m)- Predicted v Measured

" 67ab- 0.0 Uand L T e ~
67c;d 0.3 Uand L -
67e 0.6 U
67¢ 1.2 v v
67g,h 1.5 Uand L Uand L
671, 3 3.0 Uand L -
67k, 2 3.7 Uand L ) -
67m,n 40 . vamdr : --

. Location x=0 in (at the midspan of the beam) coincides with the midspan

Gaussian integration station of a finite element. Location x = + 4.0 in is

at t.he clamped end of the beam and coincides with a finite element node, at

which clamped-end conditmns have been imposed (namely that the displacements .

v and w and the lat:eral-dz.splacement gradient ¢ are zero) . All other stations

occur at locations intermediate between the end and the mdspan of a fxmte

element, and do not coincide with spanwise Gaussian 1ntegxatxon points. Also,

measured permanent strains are indicated on these figures where available.
These figures show that the strairs Yu predicted (a) by the current

"finite-strain procedure“ and (b) by t:he former ‘mu-strain Procedure®

agree reasonably well with each other and_/or with experiment at all of

these stations except x=0, 3.7, and 4.0 in. Large strains do occur at both

x=0 and x=4.0 in; also, the occurrence of large strains at x=4.0-in exerts

a distinct and pronounced efféct at "nearby station" %=3.7 in (located in

the element adjacent to the finite element at wh.xch the clamped end conditio_n

128




ha.s been i.mposed).

“bending moment .

Although the calculations have been ca:ried out for only

900 microseconds, ‘it appears that the current "finite st:ein procedure” would
provide better pe:nanent strain comparisons with measurements at all spanwise
stations (1f carried ocut long enough i.n tine) than by the former "small-strain

procedure”. '
Figura 68 shows that the time histories of the midspan lateral deflec-

“tion w from these two predictions for beam CB-18 are very close to each other.

-~ .

Finally, the time }ustor:i.es of the support reactions My. S_, and P at
station x=4.0 in are shown in Figs. 69a, 69b, and 69c, respectively. for
these two-predictions. The agreement between these two predictions is very
good for the longitudinal: suppott :eacf.ion force P (associated with the

membrane strains), but one obsezves some differences in the transverse support
reaction (shear) force S and large differences for the support reaction-
'rhese differences are believed to be caused by the fact

that the expressxons of CIVM-J'E:T 43 for the bending part of the stra.m are
valid only for small rotations and small strains, while the finite strain
version of the program does not have this restriction. Of course, the

support reaction bending moment MY- is most influenced by the bending part

of the strain-displacement relations.

- The computing time required to analyze steel-sphere-impacted beam CB-18 .
by the two procedures, under otherwise-identical conditions, is cooveniently
displayed in the following tabulation (for a time step of 0.50 microseconds;
all runs were conducted on an IBM 270/168 computer) : -

) No. of No. of Gaussian Total No.
Formulation FE Sta. per Elan.‘ of Unknown
. Spanwise ° Depth " DOF
- Small Strain 43 3 4 170
Finite Strain 43 3 4 170
Strain-Displ. Mass No. of CPU CPU (min)
Formulation Relation Matrix Cycles Time (DOF) (Cycles)
Type (min)
_Small Strain B DM 2250 5.11 - 13.4x10°°
Finite Strain 'F . DM - 1850 6.81 21.7x10°°
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Here again, the finite—strain-ﬁoznulation calculations require more CPU time
Per (DOF) (cycle) than for the “mall-straia formulation. The smailer CPU :time

more-heavily populated coﬁQistent mass matrices vg, diaqonnlized mass -
matrices for the cm-1g calculations, and the use of 3 rather than 4 spanwise
Gaussian stations for the CB-18 calculations. . ;

It appears that (a) the use of the proper (second Piola-Kirchhoff)
Stress tensor in the constitutive equations by making propét transfornations
of certain stress and s;rain measures, (b{ the hse of rk v§3 €* for
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SECTION 7
SUMMARY, CONCLUSIONS, AND COMMENTS

7.1 Summary
-The_type of response exhibited by a given protective structure to engine

rotor fragment impact atta_ck depends, among other things, upon the lateral
(axial) dj.mensi::n of that structure compared with the cofre§ponding dimen-
sion{s) of the attacking fragnent(é) . If these dimensions are comparable,
the structural response of the protective structure is ‘essentially the same :
at all of its axial stations at a given circumferential location; accordingly,
this structural response is termed "two-dimensional” (2-D). However, if the
axial length of the protective structure is suﬁstanﬁially greater than the %
" corresponding dimension of the attacking fragment, the structure exhibits a.
three-dimensional (3—0) type of structural response. The present report is
devoted to considering only the former (2-D) cateqorir of structural response
problems. In particular, the present report describes studies performed to
assess the applicability, feasibility, and utility of employing a 2-D struc-
tural response computer code (a) for predicting the transient large-deflection
elastic-plastic structural responses of 2-D ductile metal protective struc-
tures to fragment impact and (b) for‘ carrying out variation-of-parameters
studies to assess the consequent impact-induced structural responses of such
fragment-impacted structures. These studies involved the use mainly of the
CIVM-JET 4B computer program which permits analyzing the 2-D structural
responses of single<layer curved Bernoulli-Euler beams and/or rings which
are subjected to impact attack by one or more idealized non-deformable
fragments. Some calculations were also carried out with the CIVM-JET 5B .
program which has features and capabilities similar to the former code except
that it can represent Bernoulli-Euler 2-D !;eam/ring stiuctires that consist
of (a) a single layer or (b) several layers of 'different materials which are
hard bonded at each interface. CIVM-JET 4B employs the central-difference
timewise operator while CIVM-JET SB uses the Houbolt timewise fuute-d:.fference
operator. The spatial descnpt:.on of the structures in’ both codes is
accomplished by the use of finite elements. In general, one seeks to employ
the smallest number of finite elements, which will result in converged or

accurate transient response predictions.
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A‘sfudy to select appropriate finite element (spatial) modeling was
carried out for an aluminum beam which had both ends clamped and was subjected
to exﬁlpsive-impulse loading over its entire width and ovﬁt a short-spanwise
regién centered at midspan; this répresents a well-posed initial value problem
and does not involve the added complexities piesent when fragment impact .
againét the structure occurs. Transient reséonse and permanent deformation
measurements were available for comparison with predictions. _

%ollowing this study, an assessment was made of the adequacy of the

ICIVHfJET 4B analysis and code for Predicting the respongse of a beam with both
,ends?clampéd and subjected to perpendicular impact at midspan by a (non-
defofﬁable) solid steel sphere. Experimental transient response and permanent
defdrﬁation data were available for comparison with predictions. This
problem was modeled as invblving a 2-D structure subjected to 2-p fragment
impact attack; the assumed 2-D type of structural response behavior appeared
to have been pPresent at nearly all spanwise stations of the beam except near
the midspan impaét regions (and very close to the clamped ends) where signifi-
cant 3-d behavior was present. Included in this modeling investigation was
a study of the effects of (a) various number of equal~length finite elements
to represent the beam, (b) including or ignoring strain rate effects on the
stress-strain behaviét of the beam material, (c) the use of alternate choices
for the impact-affected length of the beam measured from the impact statién,
(d) various diameters for the idealized fragment, and (e) vﬁrious selections
to represent the diagonalized mass matrices for the beam finite elements. .

| Next, the CIVM-JET 4B pProgram was used to predict the response of a

4130 cast steel containment ring which was subjected to TS8 tur§ine rotdr »

tri-hub burst impact attack in NAPTC Test 20l1. For analysis, eécﬁ(éiﬁded-

radius r_; the effects of using various plausible and ext;eme vaiueq for rf
were investigated. The non-deformable idealized fragment modal can not
Tepresent properly the behavior of each bladed-disk fragment since fhé blades
deform_sevetely during the impact/interaction and response of the containment
ring and the disk. Hence, the predicted and observed. transient respoﬁse
details must be different. However, if one selects 4 reasonable and plausible
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value for the idealized fragment radius Ego one can reasonably»expect that
the predicted peak response should compare favorably with that measured; this
was the principal aim of this particular study. Examined also was the effect
upon the predicted responses of the containment ring and the. fragments of
friction between each fragment and the containment ring.

" Dimensional analysis considerations to identify pertinent dimensionléss
parameters were employed in examining experimental data obtained (a) by the
NAPTC on engine rotor-burst impact tests on steel conta;nment rings and (b)
by the MIT-ASRL on alyginum beams subjected to steel-sphere impact attack.
The use of the civu-Jﬁf 4B computer code for carrying out parametric
structural response studies has been illurtrated for both fregment—containment
structure and fragment-deflector structure.

Finally, since the CIVM-JET 4B computer code as actually implemented
accammodates 1arge-def1ection elastic-plastic transient structural responses
but only small strain, some modifications to the analysis/computation proce-
dure have -been developed to. alleviate this restriction. Some preliminary

. results from this study were obtained and are included.

7.2 Conclusions

Within -the context of employing the present type of computer code(s) to
represent: (a) 2-D Bernoulli-Euler large-deflection, 2lastic-plastic transxent
structural responses such that the maximum strains are not large (i.e., less

- than roughly 8-10 per cent) and (b) the fragment (assumed to produce the
impact-induced structural response) idealized as a non~-deformable circular
2-D fragment, the following observations are made from the ptesent study .and

 from related similar MIT-ASRL studies [4,5,15,17,18,20]: o '

1. For the analysis of single-layer** structures subjected to fraoment
“impact, the CIVM-JET 4B code is more efficient that CIVM-JET SB.
Since CIVM-JET 4B uses the explicit conditionally-stable timewise
central-diffe;ence operator together with the very compact and

efficient unconventional form of the equations of motion whereas

The listed conclusxons are based upon the present study unless indicated

otherwise.
*®
However, for the analysis of hard-bonded multx—layer Bernoulli-Euler

structures, only one of these two codes (CIVM-JET SB) 1s applxcable.
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CIVM-JET SB uses the unconditionally-stable (for linear systems)
timewise Houbolt finite-difference operator together with the less~-
compact conventional form of the equations of motion, it was séecu-
lated that the latter combination might be more efficient mainly
because (hépefully) of a la.rger allowable time step size At than for
the former. This has turned out not to be true bacause the At is
found to be limited by the mentm-transfe: and correction proce--
dure” employed to account fox: momeatum transfer from the fragment
to the target structure at each of a succession of impacts.

All further comments pe:uin to the application of only the CIVM-JET 4B

computer code. - ;. -

2.

To insure numerical stabihty, the time increment size At for solu-
tion of typical nonlinear transient response problems should be
selected such that At < 0.8(2/mw) where W o is the highest

natural frequency of 'the mathematical model of the system for small-
displacement linear-elastic behavior [17]. No numerical instabilities
have been encountered when this guide has been followed; however,
either local or global numerical instabilities have been observed

for At > 0.88(2/wm).

At each of a succession of impacts of the non-deformable fragment
against the 2-D target structure, impulse-momentm‘ relations are
employed to-pfedict the velocity decrement suffered by the attackifxg
fragment and the associated velocity increment acquired by an impact-

. affected region of the target structﬁ;:e.' Alternate schemes have

been’ used to estimate the size of this impact-affected region.
Since physically the size (or spanwise length) of that impact-

' affected region must be independent of both the time mcrement: size
‘At used in the calculation and the size (length) of the fxm.te

elements used to-model the structure, elementary stress-wave-propaga-

tion arguments have been u.sed to estimate the d:.stance L £ from

ef
the impact station to each end of the impact-affected region to be

approximately twice the thickness h of the structure. Accordingly,
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in regions of expected impact, the finite element lengths should not
exceed 2h; smaller finite-element length values  should be used, if
needed, for other non-impact considerations such as solution

convergence.

4. fo be consistent with certain assumptions employed in the approxi-
mate procedure for predicting the velocity increment received by the
impact-affected region of the structure from a given impact, a
diaoonalized mass matrix of the finite-element model of the structure
is employed. Various means of achieving the diagonalized mass matrix
were explored. ‘The main effect of these alterﬂate choices was to
affect WA which, in turn, influences the selection of the size of
At required for numerically stable calculat;oqgg(see_Subsectzon
2.5.2).

5. The inclusion of plausible values for the coefficient for friction u
between the target structure and the idealized fragment reveals very
little effect upon the transient response of the impacted structure
but can affect significantly the rotational motion of the idealized

fragment .{15, 18, and the present report].

6. Conclusion 5 implies in'paxt that the response of a fragment-
impacted structure is only slightly affected by friction and/or by
the rotational motion (or‘rotational kinetic energy of the attacking
fragment) but that the structural response is dominantly affected by
the translational velocity (or translational kinetic energy) of the
attacking fragment. This observation is consistent with the find-
ings in this study. T T

7.' From the .present serles og calculatlons of the txansxent responses

of fragment-xmpa-ted 2-D siructures, 1: is noted that the peak

structural response is affected: (a) only slightly if one ignores
 strain-rate sensitivity effects for relatively rate-insensitive
materials such as 6061-T651 {or T6) aluminum* but (b) very signifi-

cantly for .rate-sensitive materials such as mild steel. Hence, it

*
However, for aluminum beams 2nd/or rings subjected to severe impulsive load-

ing, strain rate effects are found to have a very significant effect upon the
predicted responses of these structures. In these cases a larger volumetric
proportion of the structure experienced higher strain rates and for a longer
period of time than in the present fragment-impacted structures.
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| is important to determine whether or not the mechanical behavior of
the material under consideration exhibits significant rate sensitiv-
ity and, if so, to include that descrlption quantitatively. Purther,
uniaxial material stress-atrpin measurements (or data) are required
from material coupons whose 1engthwise axie is zligned with the main
direction of tensile or compression stress expected in the'Z-D frag-
ment container or deflector structure -- since mechanical anisotropy
present could lead to the 1nadverten* use of improper mechanical data
in the analysis with attendant misleadinq results, :

8. The presently-available experimental data on the responsee of both
beam and ring structures subjected to fragment impact are inadequate
to represent both (a) 2-D structural response and (b) 2-D fragment
impact attack -- up to the threshold rupture condition of the impacted
structure; conditions short of this rupture state are wideiy-agreed to
be inadequate for contaimment assessment purposes. Since suitable
techniques are now ava;lable for conductzng such tests and making the .

essential measurements, experxments to ramedy this data deficiency are

recommended.

9. The fact that the presentlcomputer codes [4, 5} as actually imple-

2-D structural responses but only small strain means that although
large numerical values of transient strain can be and are predicted
-from- these programs, those predicted large strain values (i.e.,
greater than about 8-10 per cent or even less) can not be correct.
Steps are described in Section 6 to remedy this deficiency and
prellmlnary results show that sxgnlfxcant differences in tran51ent
strain predlctlons in certa;n portaons of the structure are revealed
.by this more comprehensxve treatment. However, the predicted
transient deflections (displacements) are almost unaffected by those

lmprovements.

10. The present calculations and comparisons with NAPTC experimental
measurements of a steel containment ring subjected to TS8 turbine
retor tri~hub burst attack in NAPTC Test 201 indicates that the use
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1.

of an idealized non-deform-ble fragment of plausxbly-selected size
(as an approximation for each of the deformable bladed-dzsk fragments).
for use in _the CIVM-JET 4B program can provide predicted peak and

Permanent ring deflection configurations in reasonably close agree=-
ment with experimental observations. The current CIVM~JET 4B pre-
dictions of large (or finite) transient and permanent strain for
this case can not be correct but the breadboard CIVM~JET 4C Program .
now available should remedy this deficiency. However, the available
measurements of transient and permanent strain for this case are
inadequate to permit a definitive assessment of the accuracy of

either of these predictions.

lFinally, the following two additional observations are offered:

In the present model of fragment/structure impaét and interaction,

impulse~momentum relations are-uysed to estimate the momentum transfer.
Hence, the velocity increment imparted to the "impact-affected por-
tion" of the structure for each of a succession of impacts depends
upon the ratio of the mass of the fragment to that of the impact-
affected region of the structure. Henee, in seeking to define

scaled conditions to pPreserve the peak structural-response strain
which is induced by fragment impact, one must preserve certain energy
absorption and "incremental momentum-transfer” parameters as noted

in Subsection 4.3.2.5. 4

An examination of NAPTC experimental data in-which spinning rotors

were caused to rupture into n equal-sxze bladed-disk fragments

) (n=2,3,4, or 6) and subsequently to meact against containment rlngs,

shows clearly why the bi-hub (2 fragment) attack at a given burst
rpm prodices more severe ring response than observed fer 3-, 4-, and
6-fragment attacks == even though a 3- fragment burst results in
fragments with the greatest amount of translational kinetic energy
and hence were often viewed as posing the most severe threat to a
containment ring. For n=3 and greater,' the deforming blades
"cushion” the impact, and peak ring response is reached while only
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the "smooth contour® of the fragment is in contact with the ring;
a;u—of—these—t:ansimtly-and—petmently deformed unfailed rings
exhibit a smooth contou.r.‘ Howaver, for the 2-fragment case, a sharp
corner of each of these 2 fragments attacks the ring and causes
extranely severe and localized bending (and perhaps some shearing)
of the ring —— resulting in local failure at significantly smaller
.attack kinetic energy levels than for the n>2 cases.

b
At

7.3 Comments .

" Included here are’ J.ndicauons of some analysis development needs,
recommendations for expen.ments to remedy mportant deficiencies in expen.-
mental data on severe fragment—:.mpact-:.nduced structural response, and some
related observations.

Anzlysis Needs
Within the framework of 2-D structural response. of‘ containment or

deflector structure subjected to 2-D non-deformable fragment impact attack,
the type of nonlinear transient response analysis and computer code discussed
herein which includes large-deflection, elastic-plastic behavior but only
small strains (as actually implemented iz the computer code) should be
‘extended to “include finite strain effects; the preliminary work to this end
as dJ.scussed in Section 6 and Appendix B should be carried forward to
ccmplet.on, including comparisons with apptopnate well-defined expenmental
structural response data for a range of maximum responses extended to and

including material rupture. _ _ .
Although under the conditions representative of engine rotor gragment'

impact, the type of ductile metal containment structure rupture observed has
been, in alinbst all cases, noted as being “tensile rupture” without clear
evidence of" sig'nificant transvets'e shearing effects, it may be useful to
extend the theoretical prediction method to include transverse shear' deforma-
tion effects so as not to pzeélude the proper treatment of this behavior
where and when it occurs. This inclusion, however, will tend tomake the

predictions more complex and expensive.
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The necessity of taking into account the fact that fragments such as
rotor blades, bladet_i-disk segments, or bladed-rim segments often defom'
- severely during impact attack against containment or deflector structure
is a matter which has been weighed and debated ccnsiderably. One school
of though holds that taking into account transient fragment deformation would
involve a great amount of extra computation and bbok-keepinq because, it is
argued, one can predict: the peak containnent-st:u?ture response with adequate
accuracy (in view of the various uncertainties présent in many other aspects
of the impact/response problem) by representing ;Ach attacking deformable .
fragment as a simple non-deformable fragmgnt,of.biausihly-selected size, mass,
as well as pre-impact translational and rotation%} velocity -- although there
is clear recbgnition that the time history detaii% between the actual réspbnse
and‘that predicted by the idealizedjmodel are cerfain to be different. Another
school, while conceding the plausibility and the analysis feasibility and
efficiency of the above-described viewpoint, argques that fragment deformation
and possible subsequent multiple fragmentation will alleviate and distribute
the impact-induced loads on the structure such that the actual zesponsé of
‘ . the containment structure will be less severe than one would predict by the
above-indicated idealized rigid-fragment analysis. However, no proposals for
deformable-fragment models to represent specific categories or conditions of
importance for containment-structure design are offered, but sometimes there
are implied wishes and suggestions that engine rotor faiiure presents no real
safety problem and should be ignored. Although qifcraft losses and fataiities
caused by or stemming from engine rotor fragments have been small to date, the
annual rate of uncontained engine rotor fragments in commercial avaiation has
“persisted at about one peerillion engine hours since about 1962 as reported by’
Mangano et al. [37], HcCarthy>[42]: and Gunstone [55].

It should be noted that Both‘defotmable-fragment and rigid-fragment
analyses have been carried out successfully for impact-attack by a single blade
of a Tss.tuxbine rotor against an aluminum containment structure [15,17]; the
amount of computing required and the type of impact/interaction analysis used
for these two cases are very diffgtent. Thus, either approach can be employed
if required. Thus, if a persuasive case'can be made for including deforming-
fragment behavior-in the analysis of aircraft enging rotor fragment impact

attack against contaimment or deflector structure, this can be done ==~ but with

an attendant addition in computational complexity and cost.
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strain. Hence, it is recommended that this work be extended to finite strains
in a fashion analogous to that indicated in Section 6 and Appendix B. .
Although there are significant unfinished aspects of the trénsient large
deformation response analysis of single-layer.ductile~metal protééfiva'struc-
tures subjected to fragment impact (and these should be pursued vigorously
and resolved), it would be both tiﬁely and useful to initiate thé:hevelopment
of methods to predict‘ﬁhe severe transient responses of multilayer, multi-
'material 2-D structures under fragment impact attack, includin§ conditions
which produce sequential failure of the various Structural layers. These
maferials, in general, will be,anisotxopic, and each layer can have substan- i
tially different mechanical properties and failure behavior fzém its neighbérs.
Both ‘despite and because of the complexity of this type of structure, the
development of appropriate ahalysis me“hods should be Pursued without delay;

mental impact-induced response program for well-defined experimental condi--
tions and careful detailed measurements.

Experimental Needs

To provide appropriate and definitive data for the efficient evaluation

- of the adequacy and accuracy of proposed methods for‘prediccing the impact-~

. Structures, the following experiments are recommended:

(a) To generate well-defined 2-p Structural response data.'GQGI-TéSI :
.aluminum beams like those of Ref. 16 should be>subjected to midspan
perpendicular 2-D'impac;-by a solid steel Sylindrical body. °
Transient strains should be measured.opn each surface at various -
spanwise stations. For a su;tablé region centered at midspan and

for regions close to each clamped_end of the beam, a pattern.of
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‘ ' ’ nechanically-llgﬁély—scizbéd closély-spaced grids should be provided
to permit the determination of the ‘values and disttibutién of the
permanent strain since these are regions where significant strains
are oipected. 4 '

(b) To ganerate well-defined 3-D structural response data for efficient
theoret.ical-expe:imntai correlation evaluation of the adequacy of
the proposed finite-strain extension of the analysis of Ref. 10, )
6061-T651 aluminum beams like those of Ref. 16 should be subjected
to midspan perpendicular 3-D impact by a solid steel sphere.
Measurements similar to those described under (a) should be made;
of special importance are the proposed pemanent strain determina-
tions from the nechanically~scibed gnds.

This currently unavailable experimental information i§ essential for a meaning- °
ful evaluation of the adequacy and accuracy of the cited pred:.ctions methods
to predict structural responses up to and including material rupture

More comprehensxve experimental data than are nuw available on contain-
ment ring response to engine rotor fragment impact would be valuéble- both in

. its own right and for checking the adequacy of prediction methods such as

' h CIVM~-JET 4B or alternate approaches. .In particular, it is recommended that
4130 cast steel containment rings much like that in NAPTC Test 201 be subjected
to TS8 turbine rotor tri-hub burst impact attack such that the peak impact-
induced response will be (a) much closer to ring rupture than in NAPTC 'resg 201‘
and (b) slightly exceed the threshold ring rupture condition. This could be )
achieved at the nominal rotor-hurst kinetic energy levei of NAPTC Test 201 by ° -
us:.ng somewhat thinner contaimment rings. The recommended measuxements ‘

- include: B LT
(a) Transient strain at a number of circumferential locations on the
ring's outer-surface midlength location, and at the midsurface on

both end faces at .several c:.rcmferentxal locations.

(b) Finely-spaced lightly-scribed closely-spaced lines on the entire T
outer circumference of the ring should be provided, and both their '
pre-test and post-test spacings measured to permit determining the

permanent outer-surface strain.
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(c) High speed photographs slizould be made to cbserve the transient
motions of the fragments and of the ring; photographic quality
“similar to that achieved in NAPTC Test 67 should be sought.

This would provide representative and detailed data on containment-ring
response to Complex deformable bladed-disk fragment impact attack. _

- For each of these types of experiments, uniaxial static tensile stress-~
strain tests: to rupture should be carried out on containment-structure coupons
whose axialifézientation of each is (1) parallel to the ‘spanwise or circum-
ferential dit_ecdon.' (2) perpendicular to-orientation (1), and (3) at an
intermediaté orientation angle; these measurements shou:ld reveal whether or
not the material is isotropic. Such testss should be carried out at (a) the -
slowest and éb) the fastest. feasible constant cross-head speed; these speeds
should be recorded. Lightly-scribed mechanical grids should be provided .on
each specimen to permit detétmininq the distribution ang value of the perﬁanent‘
outer-surface strain on each specimen. Measurements should also be made to
permit determining the pre-test and post-test cross-sectiénal areas of each
specimen alc;ng its axial test-region length.

General -
Although improvements in the capabilities of the CIVM~JET 4B computer
code are_needed.and are Planned, it is believed that the CiVH—Jm 4B computer
code can be of significant assistance to industry for many parametric and
preliminary de<ign purposes in rotor burst ptotec_:tiog ‘Studies and in the '
design of fragment-containment and/or fraginenﬁ-deflector étructuxes. ‘
it is sSuggested that an effective procedurefgét t:h_e_ @e‘s_;’,gning of frag-.. .
ment containment or fragment deflector structure to a g:l.ven type of engine
rotor fragment attack ;vould be to conduct a few well-instrumented full-écale
_ tests. With these Preliminary data as guidance, . computer codes such as
CIVM-JET 4B, for exampie, éould be ;lsed to 'ca.rry out parametric and tradebff
studies. Of course, all other relevant empirical and semi-empirical informa-
tion shuld also be applied in deveioping a pfoposed Protective-structure

* . .
- This recommended set of mechanical property tests represents the absolute
minimum of such. tests. 1In addition, tests should be carrj_.e'd,out to. determine
" the sttain—zatefdependent-behavior, of the materials under both uniaxial and

multiaxial stress condit.ion;, including the entire Strain range to rupture
and strain rates up to at least 3,000 sec™! — to permit constructing an
adequate stress, strain, strain-rate description for each material.
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design. ‘Then several carptully-selected full-scale proof tests should be
. conducted to demonstrate the idequacy of 't'.he final design and to confirm
that’ mportant; effects had ‘not been overlooked. Such a procedure should

-be -much-more—time—andcost-effective than a ‘Iatgely experimental approach.
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TABLE 1

COMPARISONS OF RESPONSE PREDICTIONS FOR VARIOUS MASS MATRIX
-MODELINGS-OF-IMPULSIVELY~LOADED CLAMPED~ENDED BEAM CB-4 AT
' 100 MICROSECONDS AFTER APPLICATION OF THE INITIAL VELOCITY

Mass Matrix Consistent | Diagona' _Diagonal
Modeling Masg Method 2 Method 3
Midspan
Displacement o ' -
v (im) 0.7099 0.7141 0.7114
Max. Gaussian
S.a. Upper-Surface -
Strain (per cent) 10.04 10.12 10.07
Max. Upper-Surface ‘ '
Nodal Sta. Avg. Strain ;
(per cent) 10.39 , 10.49 10.39
Kinetic Energy (in-1b) | 809.1 813.2 812.5
Elastic Energy (in-1b) 30.5 29.3 31.0
Plastic Work (in-1b) 1118.9 1161.4: 1162.0
Initial Kinetic )
1958.5 2003.9 2005.5

Energy (in-1b)
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TABLE 2

DATA CEARACTERIZING NAPTC TEST 201 FOR 758 TURSIHE ROTOR
TRI-HUB BJRST AGAINST A STEEL CONTAINMENT RING

Containment Ring Data

Inside Diameter (in) 15.00

Radial Thickness (in) 0.625
Axial Length (in) ‘ 1.50
Material - 4130 cast;steel

Elastic Modulus {psi) 29 x 106
4130 Cast Steel

Fragment Data*

Type T58 Tri-Hub Bladed Disk Fragments
Material Disk: A-286  Blades: SEL-15

Outer Radius (in)- ) 7.00
Fragment Centroid from Rotor Axis (in) _ 2.797
Fragment Pre-Test Tip Clearance from Ring (in) 0.50
Fragment CG to Blade Tip Distance (in) 4.203
Fragment Weight Each (1bs) T 3.627
Fragment Mass Moment of Inertia about its
CG (in 1b sec?) ' , 0.0666
Rotor Burst Speed (rpm) o 19,859
Fragment Tip Velocity (ips) ' 14,557.2
Fragment CG Velocity (ips) ’ 5816,7
Fragment Initial Angular Velocity (rad/sec) . i 2079.6 -
Fragment Translatinnal KE (in-1b) ) -
Each Fragment . R 158,922
Total for Three Fragmeats - 476,766
Fragment Rotational KE (in 1b) . - . S
- . Each Fragment Ce e e s : 144,018
. fTb;al:for_ThreesFraqmeﬁtS“*" o 432,054

- - R .
Applies to each ﬁragﬁent'gnléss,spgdified otherwise.

A R
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- TABLE 4

SUMMARY OF CIVM~JET 45 CALCULATIONS MADE TO ANALYZE
4130 STEEL CONTAINMENT RING RESPONSE TO T58 TURBINE
ROTOR TRI—HUB BURST ATTACK IN NAPTC TEST 201

Ca.lculatiot‘x?- r_(in) ‘ Simultaneous
Identif. No. £ M Impact
THR-1 ) 2.555 ‘ . 0 Yes
THR-2 3.360 - 0 . Yes
THR-3 4.203 ) Yes
‘ THR-4 2.555 0.3 Yes B
THR-5 2.555. 0 No®.

In all cases: (a) 48 equal-length cubic cubic elements with
4 DOF/Node were used and (b) the steel ring material be-
havior was modeled as EL-SH-SR.

Fragment 1 was released first and-60-microseconds later,

fragments 2 and 3 were released; unsymmetric

response'subéequently occurred.
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TA.BLE 5

DATA CHARACTERIZING “THE PRE-IMPAC’I‘ FRAG‘!EN'I‘S IN THE NAPTC TS8
TURBINE ROTOR BURST TESTS AGAINST 4130- STEEL CON'I‘AIN!‘!.ENT“RI_NGS"

Blade Tip (in/sec)

Quantity Number of Equal-Size Fragments, n -
- 2 3 6
Mass of Fragment — .
me, (lb-sec’)/in : 2| ram0”? | e.2200073 | 4.e6x2073
Mass Moment of Inertia :
about Fragment CG, If(in'—lb—secz)' .120 .0666 .0164
- Distance from Axis of Rotation _
of Rotor to Fragment CG, £ (in) 2.266 2.797 3.05
Distance from Fragment CG
to Blade Tip; £ (in) © 4.734 4.203 '3.95
Nominal Pre-Impact 'rranslation‘al 161,050 158, 200 95,079
Kinetic Energy per Ii'ra.gxm‘-mt+
(ICE)f » (in-1b) .
ot
Nominal Pre—Impact Rotat:.onal mnetlc 262,216 115,125 35,921
Energy per Fragment - -
(KE) P (in-1b) .
or-  __. SR SR
| Nominal ‘Translational velocity®
Fragment CG, v, (in/sec) 4,746 5,858 6,388
14,661 14,661 14,661

Nom.nal E‘axlure Speed

we = ‘20, 000 ~pm = 2094 rad/sec
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- TABLE &

SUMMARY OF CONTAINMENT RING TESTS, CCNDITICNS, AND MATERIAL PROPERTIES
FOR THE NAPTC T58 TURBINE ROTOR BURST CONTAINMENT TESTS+

-Ring -Width Conditions Studied

Test Identification

Number of

Axial Width ’
Ve (in) Fragments NAPTC Test Number

0.5 2 135,137

1.0 2 , 139,131,133, 142

0.5 3 168,169,172,177,178, 189, 207

1.0 3 126,127,128,130, 132,138,139, 141, 188

1.5 3 192,193,195, 196, 197,199, 201, 202

2.0 3 170,173,174,176

1.0 6 134,136,140

Identification of Contaimment Ring Material Supplier

Test Identification

Supplier Number of i
Fragments NAPTC Test Number
National 2 129,131;133,135,137,142
Forge (NF) 3 . .126,127,128,129,130,132,138, 139,141, 168
169,170,172,173,174,176,177,178
NF 6 134,136,140
3 el ;88,189,19;,193}195,#96;197,199

201,202,207

Nominal Mechanical éroperﬁieSnof 4130 Cast Steel Containment Ring Material’

Oy .‘oq',;"r; € “ Ef ... P v
' v AR ° . An (o) ) .o .
Supplier (ksi) .~ (ksi). (in/im) - ‘(psi) = Ib/ind
NF 80 11 0.08  30x10°  .283 0.3
acIrco 83 121 o,1s 30x106 .282 0.3

” : e
Ref. 37 -- subscript "o" refers to static properties.
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TABLE 7

DATA CHARACTERIZING THE PRE-IMPACT FPRAGMENTS IN THE NAPTC_J65_
TURBINE ROTOR BURST TESTS AGAINST 4130 STEEL CONTAINMENT RINGS

Number of Equal-Size Pragﬁents, n

“-Quantity
2 3 6
Mass of Ftaqmeht }
m. (lb-sec?)/in® .146 .0960 .0471
Mass Moment of Inertia
about Fragment CG, I f(j.n--].)a-secz) 7.92 -3.63 E; 0.891
Distance from Axis of Rotation
of Rotor to Fragmenﬁ cG, 'rcc(in) 5.405 6.843 8.155
Distance from Fragment CG
to Blade Tip, Zf(in) 9.915 8.478 7.165
Nominal Pre-Impact Translational 1,689,640 1,780,810 | 1,240,920
Kinetic Energy pexl- Fragment ‘
(I(E)f s (in-1b)
ot S
Nominal Pre-Impact Rotational _ 3,139,150 { 1,438,390 352,910
K.inetic.}:nerqy Per Fragment
(KE). , (in-1b) ~
or R . =

»qu.nal 'l‘zanslatxonal Velbcxty o R _
B Fragment cG, v, (m/sec) ' -a811 6091 - 7259

. Blade Tip (J.n./sec) ' 13,637, 13,637 7 | 13,637

Nan:.nal Fallure Speed ' .
we = 8500 l'pm = 890 zad/sec .

*
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TABLE 8

SUMMARY OF CONTAINMENT RING TESTS, CONDITIONS, AND MATERIAL PROPERTIES
-POR THE NAPTC J65 TURBINE ROTOR BURST CONTAINMENT TESTS

Ring Width Conditions Studied

Test Identification

NAPTC Test qube;

Axial width Number of
wc(in)- Pragments
1.25 2 o
2.50 2
1.25 3
1.25 6

167,175, 180,181,182,203
204,209

- 211

205,210,214 _
— e —— |

e

Nominal Mechanical Properties of 4150 Cast Steel
Containment Ring Naterial*

o € E P v
o o . IBO 3

Supplier (ksi) (xsd) (in/in)  (psi) 1b/in

ACIPCO 60 100 0.08 30x10° .283 0.3

+ )
Ref. 37 -- sgbggript "o" refers to static properties.
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TABLE 9
SUMMARY 'OF TESTS, CONDITIONS, AND MATERIAL PROPERTIES
FOR THE MIT-ASRL SPHERE-BEAM IMPACT-TESTS®

Test Identification and Impact Conditions

Beama ?nd - Fragment Datab Remarks
Test No. Impact Vel. | Initial Kinetic '
i (in/sec) Energy (KE)fO. (in-1b)
CB-9: | 1896 686 Small Perm.
o Deflection
cB-13. 2490 1183 : Moderate Perm.
Do ) L C Deflection
CB-18 2794 1489 Large Perm.
‘ : Deflection
CcB-16 2868 1569 Just Beyond
’ . Threshold Rupture
CB-14 3075 1804 Well Beyond
Threshold Rupture

a: Nominal Beam Dimensions are h=0.10 in, wb=1.50 in and. 2=8.00 in;’
both ends are ideally clamped.

b: Fragment is 3 l-inch giameter steel sphere of nominal mass
0.3815 x 10"~ (lb-sec®)/in; midspan fmpact.

Nominal Meéhanical Properties of 6061-T651 Aluminum Beam Material

o c o~ EL . Eirs .~ p v

. o . ' o uo’ N mC) TR _! o _.. "‘v V: ? -

(ksi) = (ksi) (in/in) - ' (psi) * 1b/in

42 45 . 0.20 10x10% - j0.098 T 0.3
< A

v

*Ref. 16 -% subscripti"o" refers to static properties.
. K o I o, s RSN
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LOWER
SURFACE
VIEW

FIG. 15 POST-TEST PHOTOGRAPH OF STEEL-SPHERE-IMPACTED 6061-T651 ALUMINUM

BEAM CB-16;

IMPACT VELOCITY

= 2870 IN/SEC

195

Y}



FIG.
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(CB-16)
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DISK MATERIAL : A-286
BLADE MATERIAL: SEL~15

(a) Schematic of Rotor &odified for a
Three~-Fragment Burst

. FIG. 22 GEOMETRY AND VIEWS OF TS8 TURBINE admn TRI-HUB-BURST FRAGMENTS

A7



() Sketch of a '!_.'58 Turbine Ro

tor Tri-Hub Burst Fragment _

FIG. 22 coNTINGED

S , 213



(c) Photograph of Post-Test T58 Turbine Rotor
Tri-Hub Burst Fragment

FIG. 22 CONCLUDED . APANE )
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(a) Pre-Test

(b) After Rotor Burst but B2fore Impact

23 DYNAFAX PHOTOGRAPHS OF TS58 TRI-HUB ROTOR-BURST ATTACX AGAINST A

FIG.
STEEL CONTAINMENT RING IN NAPTC TEST 201
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FIG.

(c) Time After Initial Impact, TAII=200 usec

23 CONTINUED

()

TAII;514 usec
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FIG.

23

CONCLUDED

()

TAII=1258 uscc



FIG. 24

POST-TEST VIEWS OF THE CONTAINMENT RING AND THE ROTOR-
IN NAPTC TEST 201

BURST FRAGMENTS



#37 (180°)
SCOPE CH. #4
TAPE CH. #12

#33 (160°) AP
Ayl G3 el 4 € PERM 330934€

€PERM = -10746 L€

#29 (140°)
TAPE CH. #7

#25 (120°)

SCOPE CH. #3 #1 (0°)

TAPE CH. #11 SCOPE CH. #1
TAPE CH. #9

#21 (100°) % #5 (20°)
TAPE CH. #16 g i - \ . - TAPE CH. #3
" #17 (80°) / L‘ 25 "
TAPE CH. #5 #13 (60°)
SCCPE CH. #2
TAPE CH. #10
€ PERM = -322664€
! #9 (40°)
TAPE CH. #4

€ PERM = -95464€

FIG. 25 POST-TEST 201 CONFIGURATION AND LOCATIONS OF STRAIN GAGES
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(b) Cylindrical Shell

(c) Curved Shell

FIG. 35 SCHEMATICS OF SHELL-OF~-REVOLUTION TYDEZ CONTAINMENT
STRUCTURES )
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B A

FIG. 36 SCHEMATIC AND GEOMETRY OF A BLADED-DISK FRAGMENT
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FIG. 37 T58 anD J65 ROTORS ILLUSTRATING MCOTFICATIONS To PRODUCE A Two-
FRAGMENT BURST (REF. 37)
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(a) sSmall Rotor 2-Fragment Containment Post Test Results

~RiGINAL PAGE 13
e !71’_\\.‘,‘? QUALm

(b) Small Rotor 3-Fragment Containment rost Test Results

FIG. 40 ILLUSTRATION OF POST-TEST CONTAINMENT RING AND FRAGMENT CONFIGURATIONS
FOR T58 2-FRAGMENT AND 3-FRAGMENT ROTOR BURSTS (REF. 37)
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APPENDIX A C -

REVIEW OF GOVERNING EQUATIONS

A.l Introduction

For . the reader's eonvenience, a brief review is given here of the basic
equations upon which the- canputer codes discussed in this report for predict-
ing the hrgrdeflection, elastic-plastic, transient structural 2-d responses
(of beams and/or rings) to externally-applied loads are based. In particular,
the equations” of motion based upon the Principle of Virtual Work are described
for a structure represented as a general solid continuum. These equations
are then utilized to provide a finite-element analysis of 2-d bemn/ring struc-"
tures; included are the pertinent strain-displacement relations, the selections of
appropriate generalized displacements and assumed tiisplacenent fields for the
element, and the derivation of element properties. A convenient stress-strain
representation for the mechanical behavior of the beam/ring structural material
is described. Finally, an illustrative transient-response solution procedure,

utilizing the timewise central-difference (explicit) operator for a 2-4
structure subjected to prescribed externally-applied transient bading is .
éiven: Refs. 3 and/or S5 may be consulted for a description of the use of
the (implicit) Houbolt timewise finite-difference operator for solving the
nonlinear equations of mot:.on. ;

To avoid unnecessary repetition, the procednres used to analyze the
responses of 2-d beams and/or rings to fragment impact is not included. For
that information, the reader is invited to consult (1) Ref. 4 concerning the
CIVM-JET 4B (single-layer structure) program or (2) Ref. 5 for the CIVM-JET 5B
(multilayer structure) program.

A.2 Formulation of the E@at:.ons of Motion
Consider a deformed cont.uxmm (or structure) to be in equilibrium under
the action of body forces and prescribed externally-applied surface forces

(or stresses) on the surface area Al ,7 let prescribed geometric boundary
conditions be given on the remamder %of the surface area A, - Let this body
undergo arbitrary infinitesimal virtual displacement .Gui consistent with the
prescribed geometric boundary conditions; for this situation, the Principle
of Virtual Work requires that [17,20, and/or page 248 of Ref. 48}:
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1 . ¢ 1 c
f S 'Sbg .4V -'f £B S dv-f T, Su . dA=0 an
v 4 v A ‘ -

where sj':i is the second Piola-Kirchhoff Stress tengor (based on a unit area
" of thé‘undef?tned body), B: is the body force (inertia, magnetic, etc.) per
unit mass, 3'; is the externally-applied surface traction (neasured per unit ‘
area of the undeformed state), Yij is the rLagrangjan ‘(or Green) strain tensor,
the u, are the displacement components, p is the mass per unit volume of

the undeformed state, and only di.splamts variations are Permitted. Note
that Ratin indices take on separately values 1, 2, and 3; repeated indices

Note that the Lagrangian (or Green) strain tensor Yij may be expressed
as ,

By employing the concept of D'Alembert's Principle, the body forces
poh; may be regarded as consisting of the D'Alembert inertia forces (~p ")
and other body forces pof; (magnetic, etec.). Hence, one may write:

i . i ¢ | .
‘FovBO = —fo u +j’° ‘Fo a ' : (A'3)_

where (7) denotes doﬁble differentiation with respect to time.
Applying Eq. A.3, Egq. A.1 becomes

A

%

fS"SY dV 'f(‘f; &i.‘.ﬁ{;i)dv-ft‘:;u.JA: O. (A;4)
v, 7 v o
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As usual in Ithe assumed-displacement version of the finites element method, .
the actual continuous structure is modeled as a compatibly-joined assemblage i
of finite elements. Exp:egﬁing Eq. A.4 in terms of the contributions from - =
each of the N finite elmnts.ox' regions, one obtains: '

(A.5)

Z(J S" Sx dV- (-f U-+ ');uav T Su, AA) o
n= ". A d'

Next, for each finite eleme.nt one chooses a selected finite number of control
stations or nodes at which ' "control generalized displacements® {q} are defined;
these "control stations® may be on the boundan.es and/or the interior of the
element. Using these control-station q's, one assumes the spatial distribu-
tion of the displacenents u, in the element to be expressible in terms of
appropriate J.nterpolat.mn functions such that one may write

u,(t) = [U‘(gf)J{?} .61

yrhere i (i=1, 2, and/or 3) represents a selected direction. Since the strains
Yi j are expressed in terms of displacement gradients and combinations thereof
(see Bq A.2), one may write

—lD, {3‘}+2£7J{D }tD _{?} | '(A.7)
Bence;.y‘..z lD‘.'.j{S;}-PL% J{ } D J{Si} P

Next, expressing Eq. A.S in terms of the element’s generalized displacements
and using Egs. A.6 and A. 7, one has

2“#(['"1{%}4{#}451{?} )=o o
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i

vhere the following are evaluated for each finite element (subscript "nv).

[] - j/ (U} 2 lu] av e

{P}z ]\’/"{D.,} S‘idVi‘ N ' a9m)

(4

| Méj { D.;HD; JS;{“V' | (a.5e)

Vv,
GaR PSR N (1) 7 B

Note that {p} and (h] involve stress information Sj':i thréughout the volume
of each finite -element. ]

Next, it is desired to express Eq. A.9 in temms of the independent
global generalized displacements {q*} for the complete assembled discretized

_{.s}=[J]{%*}" | o

Applying Eq. A.10 to Eq. A.9 to describe the System in terms of independent
global generalized displacements {q*}, one obtains: -

2 lsg (1657 + 197+ 9] (=0 amw

[”"‘] = [J]T["‘] [ J] - | (A.1la)
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A{F} = 70}
[»]= [.J]*Ih].[J]

{F1=1111

(A.11b)

(A; 1lc)

(A.114) ‘

Performing the summation and since the §q* are arb'trary and independent,

- one obtains:

- where

- [MJ=[ T

M]{5* }+{P}+[H {7} = {F}

#

fPr={Fs .-

- 310

(A.12a)

(A.12b)

(A.12¢)
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Note that [M] is the global mass matrix, [H] {q*} represents "forces"
associated with large deflections (mnlineax terms in the strain-displacement
.relations) and plastic effects’ -» {P} represents internal elastic forces,.
plastic forces, and some plasticity effects associated with the linear
terms of the strain-displacement relations+, and {F} represents the
generalized nodal load vector accounting for externally-applied distributed
or concentrated loads.

The equations of motion repfesented by Eq. A.12 are usually termed the
“unconventional form" but are very-convenient for analysis and computer
implementation. On the other hand, one can obtain the “conventional fom" "
of the equations of motion by employing the stress-stra.m and strain-
displacement relations to express the stress S i3 in terms of the elqnent
generalized displacements {q}, using the concept of initial strain:

Sz;_ i 4l (Y P

(a.13)

= g (D,muw} 05} - %, )

where Yf:l
siju is the matrix of elastic constants. Applying Eqs. A.13 and A.10 to
Egs. A.9, A.9b, and A.9c, one obtains:

R S A R A R (o X o NS

where (M] is the global mass matrix, [K] is the usual global stiffness matrix
(for linear-elastic small deflection behavior), {F} is the generalized nodal

is the plastic strain component of the_ total strain Ykl and

load vector represenung externally-applied distributed or concentrated loads,
{Fq } represents a "generalized loads” vector arising from large deflections
and is a function of quadratic and cubic displacement terms, {Pp} and {Fgl'}

*see page 50 of Ref. 17.
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are the gene.'ralizéd loac. vectors due to the presence of plastic strains and
are associated, respectively, with the linear and nonlinear terms of the
strain-displacement relations. ' .

Equation A.1l4 represents the so-called "conventional® formulation of the
equations of motion for nonlinear responses, where the large deflection and
plastic effects are taken into account through the uée of generalized (or
pseudo) loads which are function of plastic strains and displacements. The
element stiffness matrix [k] may be readily shown to be

(4] = [ (e in, Jay o

o
Also,

(4] = [JT1£10J] |

and

[K ] = . \(A.14«..~)
8

A more detailed discussion may be found in Refs. 17 and 20. . _
Note that the very compact and efficient "unconventional form", Eq. A.12,

of the equatio}xs of motion is used together with the timewise central-difference
;perator to predict 2-D transient structural responses in the JET 3A and JET 3C
codes of Ref. 3 and in the CIVM-JET 4B code of Ref. 4. Or the other hand, in
an endeavor to employ a larger allowable time-step-size increment At for the
transient response solution, the Houbolt timewise finite-differernice operator

is. used in the JET 3B and JET 3D codes of Ref. SéndintheJErSAand

CIVM-JET 5B codes of Ref. 5; these codes utilize the "conventional form",

Eq. A.14, of the equations of motion.
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"A.3 Pinite Blement Analysis of Curved Beams or Rings

Consider an initially—undefomed, arbitrarily-curved, varxable-th:.ckness,
single-layer bean or ring subjected to prescribed transient externally-applied
surface loads and to only D'Alembert body forces (inertia loads). Let it be
assumed that the ring consists of ductile metal-and that a large-deflection,
elastic-plastic transzent response will be produced. For analysis the
structure will be represented by a eanpatxbly—;omed assemblage of N finite
elements, one of which is depicted in-Pig. A.l where its gecmetry and
nomenclature are shown and where the deformation plane is N, £ ; the
coordinates n along and l; normal to the centroidal reference axis of the
beam are employed as the reference coordinates» for this curved beam element.

It is useful and convenient to uee the following gecmetry to describe
this typical curved beam element and to approximate the actual given complete
beam or ring by a finite number of these “typical elements”. Note first
that a glokal Y,Z Cartesian reference axis system as well as a local y,z
Cartesian reference axis system are defined; for the latter, the +y axis
passes. through the ends (that is, nodes i and i+l) of the element and makes
an angle +a (for this ith element) with the +Y axis. The slope, ¢, of the
reference circumferential axis N, which is the angle between the tangent
vector a to n and the y-axis of the local-reference Cartesian_frame may be
approximated by a second degree polynomial in 7, as follows [17]:

¢C1) = b, + by +b 7 *.15)

Qhere the constants b , bl' and b can be determined from the geometry of the
curved beam element as described next Assume that the change in element
slope ¢ between nodes i and i+l is small such that

cos ( ¢i-i-t T %)

| ' (a.16a)

and

(A.16b)

I
©-
[
o,

Sin (‘P“»( - ¢") i+l
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This restricts the slope change within an element to <15 deqrees The arc
length, n , of element i is approximated to be the same as the length of a
circular axc passing through the nodal points at the slopes ¢ and ¢

LL‘( ¢i+| B ¢b)
LT g san(____"w' %)

where L is the length of the chord joxning nodes i and i+l, and is given
by : 4 |

L=[Z.- Z)~ (Y Y] e
e three constants in Eq. A.15 are then detémnined from the relations
6(a) = 9, |
¢(7.)= Poui

Z: ¢
[ sin o dy = | $00d
o _ o
From Eq. A.18, the constants in'Eq. A.15 are found to be-

b, = %

b = -—2( bpm % )/7 | -
= 3-(?5““' ¢ )/(7.-)2

Accordingly, the radius of curvature, R, of the centroidal axis may be

hence, ni is given by

(x.17)

(a.18)

expressed as R = -{3¢/3n) -l -(b +2b n) 1, and the coordinates Y(n) and

Z(n) of the centroidal axis ‘are ngen_by

1
Yo = YL + j cos[ $cx) + | d7 (a. 20a)
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o7 | :
Zop =7, +] sm[oo)+a]dy  mam

Y —-Y S (A.20c)
. A L o '

The thickness variation along the element is apptoi;ﬁnategl as being
linear in n between nodes; thus,: '

) - |
h() = h, (} ——7—‘—>,+ hl:“ 7: a.21)

This completes the needed description of the geometry of the curved
beam element. ’Do]be reviewed next are the strain-displacement relations,
the assumed-displacement field for the element, and the resulting “element
pfoperty matrices” identified in Eqs. A.9a-A.9c and in Eq. A.l4a.

A.3.1 Strain-Displacement Relations
Let it be assumed that the curved beam deforms according to the
Bernoulli-Euler hypothesis; that is, (a) plane sections remain plane, (b)

normals to the midsurface (or reference surface. -- centroidal axis) before
deformation remain normal to that reference surface after deformation, - and
(c) these normals do not stretch. Thus, the displacements ¥(n,Z) and G(l—'\,;)
at any location (n,Z) within the element can be expressed in terms of the
displacements v(n) and w(n) at the reference axis (where Z=0) by

V(7,3) = v(n) -3 v(x) (3.22)
w(x,3) = w()
where ow v

W(7)=9,(-—R

(a.22a)
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By applying Eq. A.2 to Eg. A.22, one can show that the only Lagrangian (Green)
" strain component of importance in this problem Ynn (hereinafter denoted as
Y11 for simplicity) is given by [20]}: ’

1 c2- . 2 9(}/
R

— r , N . (A.23)
Linear Nonlinear ' Linear
N— v s [ — v »
Membrane Bending

or more compactly as

Y, = €(1) + 3 A(y) N e

where
v w :
X = > + R (A.23b)
3w
W = 5 -f\; (A.23c)
_ ] s
00 =X “"Z,'x + % 1 4 (a.234)

]( ( ’() = ﬂ (A.23e)

= 3 7 -
Note that the part of Yll which does not depend upon I is often termed the
membrane strain, and is complete in the sense that all of the linear and the
nonlinear terms of this portion are present in Eq. A.23. ' On the other hand,
only linear terms have been retained (in Refs. 3, 4, and 5 and for Present
purposes) in the bending part of this strain; the inclusion of nonlinear
bex;ding terms is discussed, for example, in Ref. 20.

Since (1) the displacements ¥(n,Z) and %(n,Z) can be expressed in terms
of v and w and (2) the extensional strain Y11 is expressed conveniently in
terms of the quantities X and ¥, it is both convenient and natural to employ
these four quantities as "genezallized displacements™ {q} at each end, i and
i+l, of the ith finite element.
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A.3.2 Assumed Displacement Pield
\

displacements and small rigid-body
the assumed dxsplacement field takes-the form [17,20]}:

_| st o ~(Z-Z) coso )4 (Y=Y st
-sing  cos¢ (Z- Zz ) sin (¢+q)+(y.)‘() cos(P+a) (A-24)

10 o # ][

b

w

‘o 7273 o o

This can be written more campactly as

][ el -

The eight undefined parameters 81 eee B may be expressed in te_as of the
eight generalized displacements {q} or

degrees of freedom. select~d for this
element -- Jour at each end (or node).

These {q} are defined by

* T o
: = l V‘ \v‘ LK' :Ki' Vi-n Wiet "I{.; x‘.ﬁ ] . (a.25)
ts

Hence one may write

e ﬁf “{3)= (A1 -
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{c”&fi sing. o o o

) o o

-sing  cos¢ o o o o o o
o o 1 o o o o o
o ' o o )

[Al= | 0T

cosby S, Ay oy, ° ° A A
-sing  cosd Ay 0 ‘ ?;z 7;3 o o

o ° 1 a2z s 4@) 1),

o ° o 1 G@) 4E) 2y, 357 |

. (A.26a)

and

;3 (LN sin (B39 (s Z) o5 (3,4 =)
( i+ Yl) c“(¢ *“)*‘(Z‘_“- Zz.) sin (¢i“+ «)

Corresponding *o' the assumed displacement field Eq. A.24, one finds

‘l’:l o o 1,-%— 27 3% -%_ -__I{P} w‘,{p} @a.272)

(A.26b)

- and

x.—.—[c o o | T:i%s 27 3’;]{?}5[6’{; J{F} (z;.zm)

Hence, the quantities eo(n) and k(n) appearing in the strain Yn(n 7)
which is denoted hereinafter simply as € are given by Eq. A.23a and become

c=(35+57)+ ('_“’) 323
_!_5 qu}+'luj{3} J{“}""{.“_’{B} J } (a.28a)
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/I{(q)z-ﬁ Tl R) lB {} ‘ (A.28b)»

Combining Eqs. A.24 through A.28b, one obtains

(el =[uw ] e

EPRNTYIA Lalioinish-Slsatals)
Z=1D]{s} | |
lD‘J=lB‘ _”U”A-‘] | fori=1, 2, 3 (a.30a)

[BJlul=le oo 1 ¥ -7y ‘21 5% _I
. leJ[U]:lO o | 7¢' 2 3{2 7l3¢' {3¢1J (A.30b)
BIVILe @ o 28 2 ey sy

In the process of solution, it is necessary to evaluate the strain

46, = A€, +F AKX, -(A.31)
a¢, = [D.J{az.}+1 5. {DHD H{ag.} +li.J{Q}lD,J{4 Fu}
- -lag DJDI{ 5.} - +Llag J{RID. {3 .
ax, =D, |{ag.}

Also, from Egs. A.24, A.23c, A.27a, and A.29, one ma: write

where
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(A.32)

o el el =

Accordingly, consistent with the assumed displacement field, one ay express

the-velocities w.r. v.',_ and J; (where (') denotes the time derivative) as

; = [NC’Z)] {7.} ) (a.33)
A.3.3 Finite Element Properties ' %
The finite element property matrices of interest are [m]; {p}, [h], and
{£} given, respect.wely, by Egs. A.9a, A.9b, A.9¢c, and A.9d for use in the
“unconventional formulation® -- to which the present review is being
restricted. In addition, however, as explained later it is useful to
evaluate the element stiffness matrix [k] for linear behavior as given by

Eq. A.l4a.

Element Mass Matrix ([m]

Since

‘{/{U‘} % ,'U‘ J ald 7 (A.9a)

one needs to form Ui (EJ) as indicated by Eq. A.6. For this case, using
Egs. A.22 and A.32, one obtains

. s o -3V /I o -3 -
u(st)y={" }= ! l= No (1% .30
av2-4 = 1S o | o o | o . .

. Y/ 7 2x3 “3xs sxi

Comparing Eq. A.34 with Eq. A.6,

[U‘] = t @ -: N(,() | (A.35)

o |
2x8 2x3 3x8
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Hence, from Eq. A.%a, {m]) becomes

| [m] =\£.[Nm];: éz [:, ? ’3}[N(v]d;.dr (l*g')‘l‘f A (A.ss)_;

Performing the 4§ ar integration at any station n and neglecting the % terms
for-thin rings, one obtains ’

Y —_—
["1] = 5 [N(’z)] [B(-:()][NCK)]J’( ' s
axg ° 8x3 3x3 3x8 ‘
vhere for a beam of uniform width b,
' 1o}l h(ﬂ ° ° ] \

- (A.36b)

Bcv=ﬂ)3 o1 [L‘f 3]4;«1;:_!;5 o hw o

ot- X< .0 o h(ﬂn

1z |

Recall that p° is the mass per unit volume of the tmdeformed“. body and the
integration is performed over the undeformed volume. In practice, the
integration indicated in Eq. A.36a to form [m] is Performed numerically — by
Gaussian quadrature. Note that [m] is formed by using the assumed displacenent
field which is used a;so to determine the strain Yll: hence, this =] is

called the consistent mass matrix and is a heavily populated matrix. The use
of both consistent-mass matrices and diagonalized-mags matrices is discussed

in Subsection 2.5.3.

Element Matrices {p} and [n]

Note that these matrices are given by

RO

1= ] D] [S" av
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Since the only "mating non-zero strains and stresses™ present in this ptoblen

are 711 and Su, the indicated summation becomes quite campact; for .

convenience, let Sn S 0 and 711 = €. Also, note from Eq. A.7 that D:Lj

pertains to the linear part of Yll‘- hence, from Eqs. A.7, A.23a, and A. 30,
it is geen that

Also, the nonlineax-te.rm contributions provide

{Du. : D{ 5({D,H D;J +{D3HD:J) o - o)

Hence, Eqs. A.9b and A.9c become

{P}"J (lD,J +Z[QJ)0’JV - a.38)
["] J ({DHD '*'{Q:H_DJ)O'JV  (a.39)

‘Since Dl' D » and 03 are funct:.ons only of n, one can perform first the daf 4z
:Lnteg’rata.on and then the dn integration. Accordingly, let

L(7()=;J‘J‘ odsd3 and I\'h:”ja' d;d? (a.40)

Applying Eqs. A.40 to Eqs. A.38 and A.39, one obtains, respectively:

{P} = _‘[n({Dt} Lep + {Ds} Kh"’z’) dx (A.38a)
_[h] =JL({DIHDIJ +{Dz}lDzDL"!’ "‘-’Z o (A.38b)

Since the Stress o varies, in general, at each time Step or instant at every
location within the volume of the element, {p} and [h] are evaluated by
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numezicai Gaussian quadrature at each time instant of the timewise solution

' process.

Element Applied-Force Vector {f} )

This element applied-force vector {£} involves only the surface traction
term since, for this discussion, it has been assumed that no body forces £t
are present. Hence, Eq. A.Qd simplifies to

{f} = ‘[q _S{U;}b I,L dA i (A.41)

-4

For convenience and su!p.h.czty. let it be assumed that the su.tfac‘e. integra-
tions of the prescribed aﬁpligd surface tractions ?: have already been
performed at each circumferential station N so as to provide force resultants
Pv(n) and Pw(n). and the moment resultant M, (n) each per unit spanwise

v
distance. 1In this case, Eq. A.41 reduces to

% F
{f} = ‘[ [sz) ]T F’i 7y (a.42)
\ | J o

Element Stiffness Matrix (k]

In the present ciscussion, the equations of motion for the complete
discretized structure are based on an "unconventional® formulation in which
the conventional elastic stiffness ‘matrix, (K], for the “complete assembled
structure” does not appear explicitly. However, in order to calculate an

-allowable time Step size, At, for the conditionally-stable central-difference

timewise operator, the largest natural frequency contained in the (linear)
mathematical model of the structure must be determined. To perform this

calculation, the elastic stiffness matrix for the assembled structure must
be computed. The elastic stiffness matrix (k] for an element is given by

Eq. 3.l4a: | . . "y . o
[‘k] = JV {D‘f} E "Q ID.uJ dV (A.14a)
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For the present problem Biju is simply the elastic modulus B and

,.Dld] s (LDIJ + ClDaj). Hence, one obtaj.ns. after performing the df Qg
integration for thin rings:

[£] =f ({D,} EbhmlD,j +{D3} E!:Zhsm [D:J) d,i .‘ a4

A.4 Stresg-Strain Description

For convenience and simplicity, the mechanical sublayer mdel is
employed to describe the mechanical behavior of the structural material
which is agssumed to be ductile. In the mecha.nical sublayer model, tia
unjaxjal tension (or compression) stress-strain curve of the material is
first approximated by (n+l) piecewise-linear segments which are defined
at coordinates [(g,, Ek). k=1, 2, ...n], as depicted in Fig. A.2a. Next,
the material is envisioned as consisting, at any point in the material, of
n equally-strained “sublayers®” of elastic perfectly-plastic material, with
each sublayer k having the same elastic modulus E, but an appropriately
different yield stress ook (see Fig. A.2b). For example, the yield stress
of the kth sublayer is

E él 4"—'")2) R | n (A.44)

Then, the stress value, O, k' assocxated with the kth sublayer can be defmed
uniquely by the strain history and the value of strain and strain-rate
present at that point. 'raken collectively with an appropriate weighting
factor Ck for each sublayer. the stress, 0, at that pomt corresponding

to strain € may be expressed as

z C g, (€) ' (A.45)
=1
where the weighting factor Ck for the kth sublayer may readily be confirmed
to be £ _
C A EJH .
Ak - E P {A.46)
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where
g, - -
E=E. E 2~ %
- 3 =
The elastic perfectly-plastic and linear strain-hardening constitutive
relation may be treated as special cases. In the case of elastic perfectly-

(l: 2,3, .- "): E = O (a.46a)
n+l 4

plastic behavior, there is only one sublayer, .and in the case of linear
strain-hardening material there are two sublayers and the yield lnut of the
second sublayer is taken sufficiently high so that the defomatioh in that
sublayer remains elastic. Finally, it should be noted that the :ébove rules
for the mechanical-sublayer model require that the st:eﬁs-s&aiq_ curve being
represented rust be such that the stress either increases mnotoi:ically with

increasing strain and/or reach a limit but it can not decrease; some of the

implications of this restriction are discussed in Section 6.

From the computational point of view, the use of the mechanical-sublayer
model is very convenient to analyze problems with general loading paths
including loading, unloading, reloading, and cyclic loading. Its features
jnclude the “kinematic hardening rule” which takas the Bauschinger effect
into account (see Fig. A.2c). Also, this mechanical sublayer model may
readily accommodate the strain-rate effect. Figﬁre A.3a illustzatés
schematically the uniaxial stress-strain behavior for a strain-rate dependent,
elastic, perfectly-plastic material whose rate dependence is described by
[24,25]: .

AN
a = g | + D _ (A.47)

while Fig. A.3b depicts the corresponding behavior foz; a strain-hardening -
material which is represented by the mechanical sublayer model, each sublayé
of which has the same values for the strain-rate constants D and p. For

this special type of rate—depéndent strain-hardening ma_terial', the stress-
strain curve at a given strain rate € is simply a constant magnification

of the static stress-strain curves along tays- emanating from the origin.
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Let it be assumed that at time instant tn the stress and strains of all
sublayers and, hence, of that material point are known. Between tm and t el
let there be a strain increment Ac el Ene
The individual sublayer stresses are found conveniently from the following:

and an associated strain rate (A

Z a;* - d-ﬁ,-ﬁ = a-yl
> O , ., ot
< a;: — 4, me+1 = a;,_“ (A.48)
A€ prent —— -
- [ ) © %,w - %,m -
2> =0,— O, = a't
- < O » ,l l’”‘ t)m*l
| < ~O o:l’,mﬁ == 9

where a "trial®™ value of stress at time t el in the kth sublayer defined by:

t .
o = O (A.49)
Aym+i ym +E A€,
and
L
Vo - O , + ——é g (A.50)
y4 ok D '

is analogous to Eq. A.47 and applies to the kth sublayer. Once one has

determined ck 1 for all sublayers at time tm-l' Eg. A.45 is used to compute
'ml
the actual uniaxial stress O 1 at that material location at t 1

A.5 Transient Response Solution Procedure

For present illustrative purposes, let it be assumed that Eq. A.1l2,
the "unconventional form" of the equations of motion, is to be used to carry

L
out a timewise step-by-step solution in small increments At in time by using
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the timewise central-difference operator: At time t=0, the structure is in
a known unstressed unstrained state with {q*} = {0} and {gq*} = {a}, for
example. Also, the structure is subjected only to prescnbed externally-
applied transient load.l.ng. _
Accordingly, Eq. A.12 is to be solved at a 'sequence of instants in time
At apart by employing the following explicit, conditionally-stable, central
d.l.ffere.nce, fmte—difference time operator approximation for the accelera-
tion qm:at time tm

- 'f-;fl -2 f- + 7;-‘
¢ = + O(At)z ., (A.51a)

- (at)’

where O(At) means that this finite-difference approximation has a truncation
error of order (At) Also, cne may approximate the velocity qm at time tn

by:
fnﬂ-l - u-l

. = + Oat)”

2 (At) (A.51b)

At time instant tm thé equaﬁiors of motion (Eq. A.12) become:

[MI{37,+ {PL+ [H]. {7} = {F}.

In Eq. A.52 all quantities, in general, except [M] change with time. If the
solution of Eq. A.52 has been obtained for ea.rlxer times, one can compute
{q'} from Eq. A.52 and then obtain {q‘} from Eq. A.5la.

Assuming that at t=0 the structure xs in a known condition {q'} =0 and
{q'} ={a}, for example, cne can readily obtain {q*} at t = mAt for m=l from
the followmg Tavlor series expansion:

(7] = (9} (5] at +2{57) @+ 0P mn

since (F}o is prescribed and all other quantities are known.
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In the timewise step-by-step solution process involving la:ge-deflectibn

elastic-plastic transient responses, {‘P}n and (H] change with time and hence
must be reevaluated, in general, at each instant in time. These quantities in
turn are composed by assembling the contributions {p"}lll and [h*]  from each
finite element. It is seen that these quantities involve volume integrals_of
information- involving, in general, the stress state Sij. In pracfice. these
evaluations are carried out by appropriate numerical integration; namely,
Gaussian quadrature. -

At any instant in time t (z=0,1,2,...), one needs to solve Eq. A.52 for
{a'}m' which is of the form:

[M] {X(i)} = {b(t)} - for m= 0,12, - (A.54)
m T e
where .

[M] is a known banded positive definite symetrj.c matrix (the
mass matrix for the restrained or unrestrained structure,
whichever case is being treated).

{x(t) }m is a vector of unknowns which must be determined by solving
Eg. A.54.

{b(r) }m is a known vector (representing all terms except [M] {'ci*}m

in Eq. A.52).

In principle, one can always form the inverse matrix [Ml-l and pre-multiply

Eq. A.54 by [M]™} to obtain-
-1 -t _
[M] [M){xw} = [M] {ber},
which results in the solution:

| {%(t)/}‘: [Mr{;(t)}m | | (a.55)

since [H]‘]'[H-] = [I] where [I] is the unit diagonal matrix. However, it has
been found that independent of the number of time instants at which one *
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wishes to solve Eq. A.54, such a procedure is not as efficient.as is the
Choleski method [49]. .

Briefly, the Choleski method involves factoring the matrix {M] to form
a lower triangular matrix (L] and an upper triangular matn.x (wvhich is the
- transpose of the former) such that [M] = (L] [I.] where" [I.] is "the transpose
of [L]. Thus, Eq. A.54 may be rewritten as

[‘l- L ]T{"‘“}_ = {gz(t)}m o 4 - a.56)

Next, form an intermediate matrix {y}ln which is defined as

v} = [L]j-{xét)}m . ';A,57,

From Egs. A.56 and A.57, it follows that

[LYv).= o], e

At each time instant, one solves Eq. A.58 for fy} very readily because (L]
is a lower triangular matrix. One then solves Eq. A.57 for {x} very rapidly
also by algebraic back-substitution. ) :
The following gives a concise step-by-step description of the typical
problem formulation and solution process.
Starting from a set of given initial conditions at time t = t = 0 on
the generalized chsplacements ({g*} = {0}, for example) and the generalized
- velocities {q} , one can solve Eq. A.52 for {q'} at time t  and then employ
EQ. A.53 to compute {q* } A slightly dlfferent_ but s.un.).lar procedure is
then used to advance the solution in successive time increments At. The
process involved in using the finite-element method and the present timewise

solution’ procedure follows [20]:

Step 1: Construct the mass matrix {m] for each finite element and then
assemble these contributions according to Eq. A.l2a to form the mass
-matrix [M] for the complete assembled discretized structure. This M)
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teéresenf:s the "final” mass matrix if the structure has none of its
gencralized displacements constrained (that is, held equal to zero,

for example); however, if such constraints exist, ore forms a reduced
or constrained mass matrix (and, in fact, a reduced set of the equations
of not:.on) by deleting the rows and columns of (M] associated with those
generalized displacements which are prescribed to be zero. Next, this
conrtrairza mass matrix is factored to consist of a lower triangular
matrix [L] and an upper_ triangular matrix [I.]'r ‘acoording to the Choleski

[M]=[L][L]T ' : (a.59)

Since [M] does not change in value with time as the transient structural

scheme:

response proceeds, one needs to determine {L] and [L]T only once — these
quantities need not be re-evaluated at each time step of the calculation.

Step 2: .The prescribed externally-applied transient forces can be amployed
to calculate the generalized applied forces {£*} acting-on each discrete
‘ , ~ element at each time instant t of interest. These, in turn, can be
assembled according to Eq. A.124 to form the assembled applied-loads
vector {F} for the complete assembled discretized structure.

Step 3: Assuming that at zero time (t = 0), the generalized displacements
{q*} = 0, the generalized velocities are nonzero {q*} = {a}, and that

nonzero external forces {F} are present, Eq. A.52 becomes

[MI{5} = {F} e
[LILT{3 ={F} |

or

from which one can calculate {?;"}o by using the earlier-described
Choleski scheme. Then from Eq. A.53 one obtains
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{Af‘}‘ = At‘{ ?*}; + é‘(ﬁt)z{g }; (A.61)

where
*{ - x{ -_ % ' .
{A%}-{?} {%} (a.62)
] ) o -
{ é‘} = { a.} = prescribed initial generalized _
° velocities : : (3.62a)
-Also,

{7] = {¢} « {25}

For this case, however, it has been assumed that {q*}o = {0}. Thus,
the displacement configuration {q'}l at time t, = t  + At is known.

Steg 4: Knowing the generalized nodal displacement increments

{Aq*} {q*} - {q*} and the generalized nodal displacements

{q*} ‘at t.me t,s one knows also the unstarred individual element
quanta.ues 1Aq}l and {q}l via Eq. A.10. Hence, one can calculatg,

in general, the strain increment (Ay. J)l developed from t to tl at
every Gaussian staticn (or point) required over and dept_hwxse through
each finite element from Eqs. A.23a and A.30:

(AYH')' = (X;,-)‘ - (\I:f)a (a.54)

=10, lag} |5 0.1} Hag} - £lag) (0.} Yes]

Witk a knowledge of (a) the stresses at t, =t - 4t, and {b) the
strain increment (AY )1. one can determme the stress increments
(Asu) and the stresses (S J) at time :l at each Gaussian station

by usmg the nertinent elastxc-plastic ‘stress-strain relations,
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including the yield condition and flow rule, in general. Bavevez, A
a simpler procedure will suffice for the present problens . ~

Step 5: Next, one can calculate {p} and (h], for each individual finite
element by using Egs. A.38a and A.38b, respect:.vely. Assembly of this
information according to Egs. A.12b and A. 12¢, respectively, provides
{P} and [B] Since the prescribed generalized force vector {?} is
available frcm known {f} information, the equation of motion, Eq. A.52,
at time instant t becclnes

[MI{#, = {F} - {P} - [H] (5] e

In the interest of mmm.:.z:.ng camputer storage and the number of
mampulat:.ons, one first forms for each individual element
- v}, = = (£} - {p} - (n) {a});- Then one forms the right-hand ,
' s:.de vector of Eq. A.65 by

[‘J] {,,‘?; .‘.’z tes ,\E.’N | (a.66)

For clarity of discussion, however, the' form of the equaticn repre-
sented by Eq. A.65 is used here.

Step 6: Since the right-hand side of Eq. A.65 is now known, one can use
the Choleski scheme to solve the following equation for the acceleration

T g e

Step 7: With {g*} now known, one can calculate the generalized displacement
increment {Aq*} from Eq. A.5la as

{A?"}z _-__{A g"}' +(at) {"*}l o (A.66b)
{A?*}z - {?*}; _ {f}‘ » (a.67a)

*See Egs. A.48 - A.50.

where

332

e is e e bt 24



'.{A 3‘}, = {?‘}, - {7‘}. | (A-671)
‘Thus, from Eq. A.s‘lg one has

{3"}, = {?‘}‘.'* ‘{A—f*}z . w@an

The process then proceeds cyclically from Step 4 onwards for as many
time steps as desired. ’ '

For ‘the central-difference time operator applied to a system of equations
such as Eq. A.12 or Eq. A.14, it has been shown (50,51] that At must be less
than or equal to'zlqnax to avoid exponential growth of errox {roundoff,
truncation, gross) where ”hak is the largest frequency embedded in the
mathematical model of the system. The criterion At < 2/ﬂnax must be
satisfied for a linear dynamic system such as that involving small-displace-~
ment linear-elastic behavior. However, for nonlinear large-displacement
elastic or elastic-plastic behavior, numerical experimentation [17, for
example] has confirmed that a smaller At is usually required to avoid this
instability. as a rough guide one may try At N °°8(2/hhax) as an jnitial
selection; if this value is not small enough, the calculation will blow up

(overflow) before many time steps have elapsed -- this behavior will be

readily apparent. In such a case one must choose a smaller time increment at.

Alternately, one could employ an implicit finite-difference time operator 4

such as that of Houbolt [3,17,52) or Park {53), for example. The solution
procedure is similar except that nonlinear large-deflection and plasticity
effects are handled either by iteration or extrapolation. Further discussion
of these alternate procedures is beyond the intended scope of this review.
Finally, this review of the solution procedure for the governing
equations for large-deflection, elastié-plastic, 2-D structural response has
has dealt with the case in which the structure has been subjected to
prescribed transient externally-applied‘loading. For cases involving
2-D structrral response produced by fragment impact, the reader is invited
to read the (more lengthy) descriptions_given in (1) Ref. 4 concerning v
single-layer structures and the CIVM~JET 4B program and (2) Ref. 5 concerning
multilayer hard-bonded Bernoulli-Euler 2-D structures.
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APPENDIX B

SUMMARY OF RELATIONS FOR FINITE STRAIN CONDITIONS

‘B.1l Objectives

in detail in Ref. 54.

B.2- -s train-Displacement Relations ¢

Fig. A.1 with Curvilinear coordinates €&, n, ¢ in directions 1, 2, and 3,

Structure. That is, it is assumed that:

(a) plane sections remain plane,

(c) these normals may stretch or contract -- according to the imposed

width (or &) directiox_z (that is, Yl =0). In this Case, one can show [54]
that the extensionaj strains yl, yi, and yg at any Lagrangian £ n, .:°
location in the Structure are given by: .

X: =c . ‘ (B.1)
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‘

P

Iz = ;z + 7 X . ' _ (B.2)
) : 5 (l +2 )’f)
3 ] I 3 '
. =1 — - (B.3)
LR [(H-Z_)’i) ] -

l;° is the Z-location of the “material® before deformation
(identified by superscript "o¥)

1 2 92 ‘ (B.2a)

= the membrane strain at co

A = (-:—Zj)(l-r- 7,) +\}/ §—§ | (.2b)
= “change of curvature®

The quantities x and Yy are as defined by Eqs. A.23b and A. 23c, respecuvely.
Also, it can be shown [S4] that the true change of curvature referred to
the deformed midsurface is given by

46 A

—_— (B.4)
——— — 3—
ds (1+2%2)
where @ is the angle of rotation, and s is the coordinate along the deformed
reference surface. Thinning effects are also included in Egs. B.1-B.3.
It should be noted that Egs. B.1 through B.3 apply for finite strains
and are denoted hereinafter, for convenience, as the Type F st.ra.m-d:.splace-

ment relations; however, the structure must be thin such that 1 + g— 1,

where R is the original undeformed radius of cutvature. On the other hand,
it should be emphasized that the "small Strain” expression for 72 given by
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Eq. A.23 applies to both small strains and small rotations such that
+ . Y:: 1, sin 6 T 68, and cos 6 = 1 where 8 is the angle of rotation.

B.3 _Assumed-Displacement Field
For the Bernoulli-Euler displacement behavior cited in Subsection B.2,

the assumed-displacement field for a curved beam or ring remains the same
as that defined in Subsection A.3.2. )

For convenient reference, the strain-displacement relations termeﬂ
Types A, B, C, D, and E in Ref. 20 are (in the present notation) given by:*

=’X;.+.L:vz+§’f+f[( ) 'l)“f’a,l] (?[ ( ] |
. _] | % s.5)

L Type B
L TypeD

L 1ype E

Type C

B.4 Finite-Element Properties
The finite element property matrices of interest are [m], {p}, [nl, and

{£} as given by Egs. A.9a, A.9b, A.9c, and A.9d, respectively, and/or by
Eqs. A.36a, A.38, A.39, and A.41, respectively. Note that each of these
matrices is evaluated by volume or surface integrals over the orig'inal
undeformed volume or surface. These evaluations are straightforward except
for {p} and (h] given by Egs. A.Sb and A.9%¢c, respectively, which involves -
the use of the second Piola-Kirchhoff stress S i3 however, in finite-
strain plasticity one works with the Kirchhoff stress T versus logarithmic
strain €*. Thus, one can represent the mechanical _stress-strain property
data fr::m uniaxial (direction n or "2") static (superscript "s") tensile
and/or compression data in terms of Tu vs. s; since this st.ress—st;ain
information is essentially perfectly antisymmetric with T monotonically

increasing (decreasing) as €* increases (decreases), where

*

Note that Eg. B.2 may be viewed as a "modification” of the Type E relation
given in Eq. B.S.
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T = 0'(l+ Eu) - e

6: = b £ = bn (I+E“) (8.7)

and
o, = AL = engineering stress of a uniaxial static test
° specimen; P is the applied load and Ao is the
pre-test cross-sectional area of the ‘specimen
E = the measured axial (n-direction) relative

elongation (also known as the engineering
strain) of the uniaxial test specimen

- change in gage length

original gage length

= output which strain gages or extensometers

can _provide

Necking effects, if any, should be deleted from the data. - Next, one makes

a piecewise-linear fit of the ru Vf. e; data in terms of n + 1 segments
defined by the coordinate. (ru)k, (eu)k' k = 1,2,...,n; the coordinates of
these segments are used in the mechanical sublayer material model to repre-
sent this behavior. According to the mechanical sublayer model, the material
is envisioned as consisting, at any point -in-the-material, of n equal].}'{-
strained sublayers of elasiic, perfectly-plastic material with each sublayer
having the same elastic modulus E but an appropriately different yield
stress. For example, the static yield stress of the kth sublayer is

given by

(i)ﬁ = E (e:),é | | (8.8)

Hence, at any given state of strain .E:;' the associated stress Tu is given by
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z.: AA (Z;) - : | (8.9)

where the weighting factor Ak for the kth mechanical sublayer may be readily
confirmed to be:

E.t - Ex

A -1 ' (B.10)
Av=—F
where E' = E for k=1
EA = (r)l- (’l}),., for k = 2,3,...n (B.11)
(€)= (D), ,
Epu= 0

The mechanical sublayer model is very convenient to analyze problems with
general loading paths —— including loadin.. unloading, reloading, and cyclic
loading; also, it approximates the Bauschinger effect reascnably well.
Further, strain-rate effects can be accommodated by treating the sublayer
yield stress as being strain-rate dependent according to:

s —
(=), = @), [T ]
4 w/k o
where (T ) is the rate-dependent yield stress, Du = 'i‘ = rate-of-deformation

axial component in a mna.xxal test, and 4 and p are material constants which

could be evaluated from experimerts for each mechanical sublayer. BHence,

"the stress at any given condition of strain €* and strain rate D‘; may be

written as

Z A (T ) (B.13)
A=1
For a curved beam which experiences: (1) significant circumferential
(n or "2" direction) strain and through—thé—thickness (Z or "3" direction)
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- Strain but negligible lateral (£ or “1* direction) strain and (2) non-
neqlxg:.ble stresses 1’2 only in the n-direction, one may express the stress ‘

rate (T ) for the kth sublayer in temms of the circumferential component

D§ of the rate of deformation tensor by

('Z.’:Zt = E D; | | (5.14)-

if Dg is entirely elastiic( (i.e., if D§ = (D )%) ana hence’ [ty ) ] < {(tu)k’l-z.

However,

is (T) > (T 3 (T) ‘ (T“Ze. (B.15)
and if (’[’: y <- (fzz‘)‘t 9 (—1'22)4é :‘ - (Tu)t (B.16)

Accordingly, the total stress 'r: at a ngen deformation and rate of defoma-
' tion is given by

- ; A,é (T:)‘é | (B.17)
=1l

However, for the evalvation of the element property matrices {p} and (h],
‘one needs to evalunate and use the second Piola-Kirchhoff stress std or S;'
and the associated Lagrangian or Green strain Y 3 or Yg. ’rhixs, one makes

use of the following relations ([54]:

7;: = S: (1+2z )w:) (8.18a)

'Z": = S;(l +2.~):) + 7 S: 3.’2" | (5. 180)
_ ¥

2 (, +szz)l (B.18c)

343



In the timewise step-by-step solution process and assbc.jl.ated computer -
program, one has available Yi and fg. Thus, since

T =% ~ (B.19a)
Tz —4(Z=| A"t <T:)A ‘ -

(@) =)y e

it follows .-that

n

Z [AA' (S:)*(l +2 X:)] (B.19¢)

46:!
=(l +z_2r§)§=:' A, (S1),

Sf(uzx:)

Hence, ,
n
z _ 2\ | .
Sz = £ Al ( Sz)q;_ | (.20)

Next, one can rewrite Eq. B.14 in terms of second Piola-Kirchhoff stress
and Lagrangian (Green) strain information from Egs. B.18b and B.18c to obtain
for the kth sublayer: ' .

. XZ

~z 2\ 2 2

(Sz) (’+Zbi) +Z (Sz) Yz = E

7] /i z
c ' ( [+2 Xz)

o

(S:)l: [E—z(:-:-z)’,f_)(sz)x] ve

G+2z ¥2)* ‘ (®-21

One may integrate this differential expression by means-of the trapezoidal

rule, for example, from time instant i-1 to an incrementally close instant
i to obtain: '
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AS. = {E -2 Sj" [(I+z)")-4)’]}
[(+27 (1207 ar+ 2a0) |

where - J

(S;)é | | (8.223)

(B.22)

— 2 | | .
= Xz : | (B.22b)

Sy

I
AS*E Sj —S;-' - - (B.22¢c)
AY

= Y‘-~ ye! (B.226)

An illustration of .the method used for computing the circumferesiial
stress (Sg)i = si at time ti at any gigen circumferential station and any
given depthwise station in a curved-beam element follows; such information
is needed since the volume integrals defining {p} and [h] are evaluated by
spanwise/depthwise numerical integratiqn (in particular, Gaussian quadra-
ture). Typically, one begins at the station in question by knowing the
stress (Si-l) and the strain (Yi-l) of the kth sublayer at time ti-l
the strain increment Ay at that station from time ti—l to time ti. To
begin, one assumes as a trial (superscript T) that the trial stress at time

and

ti: Ei may be evaluated by'follqwing an incrementally-elastic path:
ga st [E-ZS;-‘{(’*ZYE)‘AK}] ’

= + -

42 [(u+zx‘)z—(r+zx‘)ar+ z(AT)2]

A check is then performec as follows to see what the correct value of S;

Ab’ (B.23)

-

must be:
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o
W (L) £5,0e21") £ (T),

i X (B.24) -
Oy = Sx
-
@ 1 S;(1+27%) > (T.),
5 ; _ ( Tu)‘f . (B.25)
£ 7 (1+279)
(3 1£ gj (1+2 yz.) <-(Tu)l s
Si o (,Z_;)J _ (B.26)
4 (1+zw‘)

This procedure is appl:.ed to all sublayers at the station in question.
Hence, the stress S§ S s at time t is given by

S 5‘(52) Z A 5 .(8.27)

In the above process, strain-rate effects have been taken into account

by using: Dz L | :
s Pl
(Tu)k :_(Tu)l [[ + dz ] | (8.28)

where D; is given by Eq. B.18c. Thus, ‘
l !
T P ~ (B.29)
o ) (% ) [ Id(l +2¥; ) I J
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