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1.0 INTRODUCTION

Included in this report is a novel method of inverting Laplace transforms by
using a new set of orthoncrmal functions. As a byproduct of the inversion, it
is seen how to approximate very complicated Laplace transforms by a transform
with a series of simple poles along the left-half plane real axis. The inver-
sion and approximation process is simple enough to be put on a programavle hand
calculator. :

2,0 INVERSION AND APPROXIMATION

Let f(s) be a Laplace transform and F(t) itas ex-ot inverse. yF(t) will pe
the approximate inverse, given by . :

j
| » : : : _
oLo(st) « «+« « AnLy(st) ‘ ‘ (v)

<

AF(t) = AqLy(st) + A

where the Ly(st) are the new orthonormal functions (described below and in the
appendix). The Ay values are the Fourier coefficients and are given by

|

N
=

Ap(s) = F(t)Ln(sﬂ}dt A (
J v

)

S is a free paramcter chosen to produce the best approximation, as shown below.

The integral square approximation error is given by

o

B N
o © e o)
~ N S 7 ." Al o '
Blo) = [ wF) - B0 e = [rofac - N ae) w0 (3)
N L
0 0 n=t
1
To minimize the integral square error, s is chosen such that
N
A 2 .
C = \, Ap(s)  is maximum : ' ()

—
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The new orthonormal ‘functions are shown below.

- - - . -N&
Ly = pae~St + pape@5t o jagem3Sta i w pape nst (5)

The values of ,aj are chosen such that

bplgdt = 0 forn £ m
0 =1 forn=m
The first 10 orthonormal functions are listed below.

¢ Dseit s> 0

—
13

La = v lUa(=ro=8t & 3¢-88t)
Ly = v OR(3078E - 20728t 4 100738
Ly = y&a(-to-st o 30(?"25"l - 60e-38L 4 35@~Ust)

5603t _60e~25t 4 210e-35t - 280e~4st + 126e-55t)

i
.‘\
-
o

L,

Le = v T8s(=be™50 4 105e=80 & 5600=38t 4 126007t

- 10e00BEL Gonene )

-
-3
3

« VTTE(70-50 = 168079t 4 1260e~35t - 42000-#st + 6930e-5st

- 55LLe=05t 4 1716e-T8L)

. ot e
V105 (=85t ¢ 2hleTed

9
[o+]
t

b . 25000735t 4 11550e~HSt 2 277207580

v 36036e-08L L onpnue=Tst 4 gu3se-8st)

L = v o 2600=T80 4 B6200=35L L 27720018 4 000GNe= D8

o 168 Be-tEt 4 180t G0e=TE L 1000600880 4 2N T0E-THL)



Anqp g T L T

ey X

i

" 8OFM20
Lig = v205(-10e-5t + 4950=25L . 7920e-35L + 60060e=4st - 252252¢=581
+ 630630e-05t - 960960e~T5t + 8751606785t - 4375800-93¢

+ 92378103ty

Figuré 1 shows plots of the first four, L.
The values of the pay coefficients are given by
(n+ i - 1)t

(-1t Vosn | D
Citd - N (n - 1)

onr

N i=1 :
ndi = (=11 vosn - I (n2 - 32) (8)
PE(L - 1)t §=1 .

(-1)n+1 vins n : ' (9)

18

where a4

The recursion relationship for the pap; is given by

pd] = (=1)n+1 yons n n=1 2, +*°, N (10)
n2 - (i - 1? .
paj ¥ = —eeeememeeew 349 1032, 3, **y o0 (1

i{i - 1)

The recursion relationship for the L, is given by

an - 1 )
Un = 2 by n o= 2,3, 0y N (12)
vi(n - 1) : )
nin - 1
Vpy = e n=2, 3, cor, N (13)
<ty =t .

RS
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Ly = Yis emSt ) ' (1)

Ly = VA e=8t(6e=5t - 1) ‘ . (15)
Lp = Up{(em8t = Vi # Vi {dlpoy = Lpop/Upog) o2 3, B, ceey N (16)

This is the relationship that should be used to compute the Lp in a computer
program. It is simple, fast, and accurate.

/ : , :
Equation 2 gave the Fourier ccefficients in terms of F(t)., In terms of
the Laplace transform, f(s), thcy are given by '

f

i3

Ay = N pagflis) (17)

hote that as n  increases, so'hoes the magnitude of the pay, which has

i oscillating sign. This can cause sericus roundoff error problems in

cemputing the A, It is speculated that the maximum valus of n = N be

limited to approximately the aunter of significant decimal digits of accuracy
used by a particuler computer. Une way to evaluate thio problem for a particular
computer is to setd

£{8) = mmm———

s + 1
Let s = 1 and compute the A, Theoretically

Ay = 11D ) !

A: = 0 for n > 1

dAlso see theorem 1h in the ar

e oy
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N
B 2
C = Ap = 0.5
D o
n=1

Due to roundoff eriror, the thecretical values will not be achieved for N
large.

Perhapa a better way of computing the A, {(which may be slightly less affected
bty roundoff error) is to use the algorithm shown below, which alac computes C.

Ap = fns)

IF {(n.EQ.1) GOTO b

PO a o=zt on -t

{n - 1Y o N
s .
Ap = Anp = &0 (n - i)s

o]
-
s
y—
o=
~
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Note that a should bhe chosen such that € 13 maximum.

All the Lj, approach zero as t  approaches infinity. Therefore, the
approximations work well only when F(t) * 0 as t approaches infinity. This
will be the case for stable system weighting functions - an important applica-
tion. An example of what to do when F(t) .does not decay to zero is shown
below. Let

8(3) 5 s—————
{
'
i

Apply thé final value theorem,

G(=) = Lim sgfs) = 2
3*0

30 ingtead of inverting pg(s), invert

Now F(t) * 0 as ¢t approaches infinity and G(t) = F(t) « 2. Thus
N(](t} z 2 o+ .-".!"‘(?.\

3.0 EXAMPLES

A3 the first example, let

a0
{8) 2 cre—— (183

(s + 1)< o 5
The exact inverse is

F{t) = e~t cos () R (10)
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Figures 2 through 9 show the vaiues of

N
¢ = 55‘ A;
dowonat

1= 1

-

versus 8 for values of &

i
o /
/
ad i
!
YRV 20n!
FOLiedt = 0,27300

<

[t {9 scen that each valie of
choice ¢f @
|
Flgure 10 shows plots
Wiz oum oz 2.2

Ay = 0.33372 55910

0.28719 57080

o2
™
i

= ~0,210531 HELE7

b2

e Eex
e il

The approximate Laplace transe

from 1 to 14,
obtaln (reglecting roundoff errors) is 0.2730C since |

can grectly inflaence the accuracy of the

of i F(t},
2 Intthis cagse

(20)

The maximum value that- C  can .

(21)

L has itz own optimum value of 3, and the
fit.

(L), and gF(t). For Nz 3 tre optimum value

e tigremt it Lo ppne-fl.6t , (22

orm ia thus seen to be

3,355 CorrLazs CLBOS
3f{a) = - N s b eom———— (27)
- G 22 s i h s o+ B6
For N = € the optimum value of 5 2 0.3 and
a3 0U18510 anoy Axow 030807 eager
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Ag

11

0.22324 71254

~0. 11047 63746

E13

=

BOFM2C

Ay = -0.107H2 23756

0.11492 41046

6F(L) & =1.916e-0.9t o 43,5070=1.8L | 250 178¢~2.T¢

From Cigure 8 4% 1, seen that N = 10
fit. For this case

hy

A3

and

1oF

For the neat example

The exact lnverse i

0. 14960 23073

L

1t

1

0. 18661 71768

~0.03656 05018

50

o . oy Ny
- 165G QLQQbB:v—L.)JL P

+ 654,8310=3-Et | 5197, 636e-H.5t & 174, 4885 bt (21)

and 8 = 0.6% will give an excellent

t

11

i

0.31134 50651

0.03684 Bhosk

«0.03590 26947

-0.02596 24701

0.0u412% EG6O6

~0.8200-0-050 o g9 B5de-1.30 L 1195, 8050-1.95

W a e meen WD B T PP« .f -
+ 10 138,37 heme b oLy 2650.063e~34250 & 110 050.528a~3.91

. pl
TR E0H 13he=D.cL

w B 134.6“He"5-85L e 12 ThE 17 1e~baSt (2%)

,\
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N
1
F(t) = E(e't - =2ty _ -2t (27)
N > o
Figure 11 shows plots of C = 25 An versus s for N = 4, 8, and 12. 1t is L
’ n=1 . | g

clear that for s = 0.5, only four terms are neceded to give an excellent fit. L
In this case | o _ ' \:

)
i

4F(L) = -0.00261e70-5t & 0.17291e~t 4 0.66316¢-1.5¢ - 0.83353¢=2t  (28)

/ ;
Figure 11 shows plots of F(t) and yF(t). There is no visible difference:
between F(t) and LF(t),.

Let

g(s) = ln< 1) } (29) '
S + ! .

Then ‘from equations 26 and 28, g(s) 1is approximated by

0.00261 0.17292  0.66316  0.16647 B

— + + (30)- T
s + 0.5 s + 1 s + 1.5 S + 2 :

ug(s) = -

For s > 0, ug(s) is an.excellent approximation of g(s), as seen below:



10
Note

4G
where

G(t) =
Note G(0) = 1

For the finnl
(s) =

which has an ¢

F(L) =

gis)

0.69315
64663
JosuT
28768
A5H15

08701

= 0.002610-0-5t 4 0.17292e~t + 0.66316e=1-5t + 0.16647e=2t

1 Y
(o=t - e~ )
t

and  »G(0) =

example

a= ¥

xact inverse of

1 1
——— XD |-
Wit 3 4

Figure 13 shows plots ot Oz

tor N =6

y&(8).

0.69304
61660
LHO54T
28769
L5415

.08701

0.99994,

n=

the optimum value off o =

T S D TR T D R

versus el

.8, and

10

for values

of

o, PO £ SRS Y s

S S TR

80rM20

(31)

(32)

(33)

(38

10, and 14,

e e v Dy
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F(E) s 1.45610=0.8t o 1o iyg1e=1.0t 4 83,89370 .Ut
6

- 204.88700-3-2 4 p32,5780e-4t o g7, 7r3e-t. St
As seen from figure W, gF(t)

a very pood approximation of  F{t), which is
remarkable since  F(t) ;‘ii a complicated function of time that is very dissimilar
to a power series in @00t :

is
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Figure 1.- Plot of first four orthonormal functions.
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APPENDIX

THE L, FUNCTIOKS AND PROPENTIES
For brevity, the theorems and lormas presented here will be shown without
proof. ) '
Definition 1

The scalar product of £(1) and g(t) will be defined by

0

fog) = rlt)e(trdt (13
0]
Cefinition &
Jer €4 ne L”\_‘t 3 he
r
- ¢ -
Lpist) = pageTsot (2)
12l
whare
¢ ——— (o« L - 1
PR b Y 3

Altornmately

e (D)l

where
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MMM1§
For n > 1
néi - X - X - ey n
z T - (6)
S ' (x + D{x + 2 (x+ (0= D)x +n) :
i= '
/
Corollary A:
/.1, (st)dt = (_ﬁ)n+1! 2 - . : : B o
) n W
0
or |
!
t
n :1
24
‘; g = (-1)0+1/Zsn - .
Lo 1 n
i=1
Corollary'B;
Ly(0) = J2ns o | .

or

n

ndi = /2ns | : - | , oy

Vg

[
1"
pury

SPORER



Theorem 1:

The system of functions Lp(st) are orthonormal.

(Lpysbp) = 0 forn#m

4 forn o=m

Definition H:

The generating function gl(z,t) is defined as
1 : '
glz,t) = 1 - ; 7 = g(1/z,8)
/1 + e @ 5L
\ (1 - 2)?

Theorom 2t

Fxpansion off  glz,t)
(&3 1

N 1
C(=ni
gz, bty = 0 N\ ——ulL) (st)
e /208
n=1

[Ra)

~(;1)n+1

glo,t) = 2

— /s o
n=l

)

Theoren 3:

The differvence equation satis{ d by Ln(sp) i

7/

into Maclaurin's series gives

That is

80FM20

(1

(1)

S

el
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2n -1 fr_, nin- 1) (h - 1(n-2)
u Ly = 2 . ‘IE,»_, - + ~ ] L1

vnin - 1) l 2n -1 2n -3

ST T )

1tv(n - N{n -2
) e | C)Ln-»"{ (16)

2 an - 3 “‘ ‘

Theorem 4

The differential equation satisfied by Ln 1is
‘ 1
I(eSt = 1, + sest Lo+ s2nfly = 0
Also of interest is
S 4n=1 - }
Ly = (-4)n+| [é““St(1 - e'St)n ]]
‘ (n - 1) d(e“St)n_1
Theorenm 5:
2 . T
e-nst = 2 opi(n -~ 1)!\\ : Li(st)
a e (n + )10 =~ i)
i=1 .-
Definition 61
Lot
&N
J( F(t)dt
0
be finite.
) Lot nF(E)  be an npprox1h¢tinn of F(L). The integral sguare. error is

datined by

25

(16)

o)

(185
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o0
o E = [(NF(t) - F(t))2dt (19)
(U :
Theorem 6:
The best appfoximation of F(t) in the integral square error sense
(E minimized) is given by '
N ! |
AN i _ \
CWF(D) =) Apln(st)] (20) \
n:1 /', N

where

o “

Ag(s) = fv(t)un(sft)dt

0

* The integral

E is minimized by choosing

square error js now given by .

N N
O “
>L A, >0
n=1

. . N

s such that :é Ap . is max imun.

4
n=1 '

Theorem 7, completeness theorem:

’ Ir

(21).

(22)
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[te]

er(t)Edt

0
is finite, and the Laplace transform of
N

E =+ 0 as

Theorem 8:

: Let the Laplace transform of F(t) be

o0
f(s) = }[ F(t)e=Stdt
0
Then
,).l,
Pa(s) = D payt(is)
i=1
Theorem 9:
NF(t) can be written as
N
Nl“(t) = \/,\ N{%n‘.J"nSt
n=1

where

Nbp #

n

2y 'rﬁ;, A C D TPV S L o Fod ST
e lh nitye/ NvVngtves/ ¥ N¥nj3

80FM20

F(t), f(s) exists, then

(23)
(2w
(25)
IR anwfiﬁz)} (26)

TR,
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and where

N
1 - _ '
Nbig = Nbjy = - k2i kaj “(kap = 0 for m > k) @27
2s . ' .
k=1
or
1 ‘ 4
(-1)1+] 1 1 (N + 1)1 (N + j)1
! NPij = Nbji = (28)

2(1 + ) 101 = D G~ 1)1 (N = 1)1 (N - §)1

Lemma 2

N
o~ NPy (-1)N=] (N + j)t

v x4+ i P (N = 5)131(5 = 1)1
i=1

(x = N{x=2)(x=-N 1 :
(29)

(x + (x +2)++(x +N) x = J
Theorem 10:
N
. 1 . NBp .
£is) = = Y e . : (30)
S e i+n .
nz1 ’
Theorem 11:
N N
A - m
Z, Moo= 2, NBpfns) R (2
n=1 nz=

where NBp was given by equation .26.

28
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Theorem 12: :
N
NF(O) = N V/2RS A, ' - (32)
- .
n=1
" Theorem }3{ ; ‘
= =J \
/ \
o ) /m
’ |- : .
/ Gt Lp(st)Ly(st)dt =;‘> méj n8j ' ' , (23)

(' Larsd
!

n o
< . !
n€j = > naig((i + 3)s) - (34)
i=1
where g(s) is the Laplace transform of G{t).
Theorem 1U:
The best approximation to the jth derivative of F(t) 1is
N
F(I(t) = ApLa(st ’ ‘ . (35)
N () E‘Jnn()‘- i - 3
n=1 :

‘where

29
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n n
shn = Z nag(18)36(is) - F(+0) Z nag (- 5)3=1 (36)
i=1 izt
[
. n o4 .
dr o 6°F :
- - N pag(is)d=2 - Z naj(is)d=3
dt St dt2 )
t=4+0 1=1 - t=40 i=1 e P P
\.
. n
dJ-1F
S
datd-1 ~
tz+0 *°
Note
o dJpuF(t)
NGy 2 (37
dtJ
For example, if J = 1, the first derivative, then
n
1Ap = SS nai(is)ris) - V2sn F(+0) (38)
izl '
lote equaticn 16, corollary B,
nw
N ay = VA
i=1
was used to obtain equaticn 38. The value of F(+0) can be obtained from
the -initial value theorem.
FCeU) = Lim ouf(s) (39)
" s - Q)

)
fend
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Ifr j = 2, the second derivative, then

n

obp = S} ni (18)20(4s) - V230 nsF(+0) -

i=1

If § = 3‘
$
\ | |
| .

n .
ne

34p = N nai(is>3f(i5) - vZsn ;—(n2 + 178CF(+0)

£

i ' S izt

e AF

p nl
- Y250 nén e— - /280 —

dt
t=+0

For j = 4

80FM20

(L0)

(41)

"
~ —— n&
yhy = S> nai(ib)uf(is) - v 23n g-(nn + Un? + 1)83F(+0)
P

izl
Ve o ., aF
- =¥ 50 n?{ng + 1)s¢ —
e dT
tz+0

a3F

- I

- V250 e—

Theorem 15:

3
(&}

deF

e

dt?
t=+0

(42)

(u3;
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(s - a)(s -.a)f"_((n « 1)s - a)

(s + a)(23 + a)++(ns + a

(k)

B = (~1)P*14 /ORE

By = A V3T e (45)
5+ a S _ : : o

i
i

‘ j . _ ‘
Note the results for A = 1 and a = 0, F(t) a unit step function.. In this
case . . | ‘

Ap = {(-1)n+? o i
) ons |

tience

i (~1)n+1 ‘ ‘ _
NF(E) = 2 N Spmmr—ln(st) _ )
A NS
n=

From corollary B, Lp(0) = /Zhs, hence -

"
o

NF(D) N even ' - ‘ (148)

2 . N odd

The equatiors shown in theorem 1% are useful for testing the accuracy of
computer computations.
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