i,
3
I

NASA Contractor Report 3287

WN ‘84V) AUVHEN HO3L

Nonlinear Transient Analysis by
Energy Minimization - A Theoretical
Basis for the “ACTION” Computer Code

Manohar P. Kamat

CONTRACT NAS1-15080
JULY 1980

NNASN



FEGH LIBRARY KAFB, NM

T

RN

NASA Contractor Report 3287

Nonlinear Transient Analysis by
Energy Minimization - A Theoretical

Basis for the “ACTION” Computer Code

Manohar P. Kamat
Virginia Polytec/mz'c Institute and State University
Blacksburg, Virginia

Prepared for
Langley Research Center
under Contract NAS1-15080

NNASAN

National Aeronautics
and Space Administration

Sclentitic and Technical
Information Office

1980







FOREWORD

The computer program ACTION was developed to support NASA Langley
Research Center's program to improve crashworthiness of general aviation
aircraft. The development of the ACTION program was supported by NASA
Langley under grants NGR 47-004-114, NSG—1546 and other task orders.

This project, during its first phase, was under the cognizance of
Dr. Edwin Kruszewski, then Branch Chief, Dynamics Branch.

For the follow-on phases the development work was under the cognizance

of Dr. Robert Thomson, Head, Loads Control Section, Dynamics Branch.

The technical monitor, Dr. Robert Hayduk, of this branch was the responsible
government officer and assisted in some of the work. For the first two

phases the co-principal investigators at VPL & SU were Dr. Robert Melosh

and Dr. George Swift. Dr. Manohar Kamat, Mr. Ben Brenneman,and the late

Mr. Jon Dana provided technical support. For the third phase the co-principal
investigators were Dr. Manohar Kamat and Dr. George Swift. Mr. Douglas Killian
provided technical support on the second and third phases of the project.

Dr. Manohar Kamat was the principal investigator for the final phases.

Mr. Norman Knight, Jr., and Mr. Linh T. Duong provided technical support.

The computer code CRASH previously developed by the Department of
Transportation was the basis of the ACTION computer code which finally
came to fruition only as a result of the efforts and dedication of several
people, especially those of the graduate students. The author of this

document is indebted to all of them for their contributions. The directions
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and the continued encouragement of grant monitors Robert Thomson and
Robert Hayduk of NASA Langley during the development of this program were
as always invaluable. The hitherto taken-for-granted assistance of Ms.
Barbara Durling of NASA Langley on several occasions during the develop-
ment of the ACTION program certainly merits a great deal of appreciation.
Finally, a word of gratitude is in order to Marlene Taylor, Fran Carter,
B. J. Vickers, and Jane Harrison for typing many versions of this

document.
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Section 1
INTRODUCTION

A structural engineer is often faced with the need to predict the
response of structures under failure conditions in attempting to make
them fail-safe or crashworthy. Under failure conditions the load magni-
tudes may be large and the structural response may involve large perma—
nent deformations, rupture and tearing.

With finite deformations the equations of motion of the structure
are coupled in products of the derivatives of displacements and stresses:
the unknowns of the problem. Material yielding may introduce non-linear
stress—-strain relations. Thus, nonlinear transient response prediction
requires the evaluation of deflections, velocities, acceleratiomns,
stresses and strains in a structure of complex geometry and ductile
material under time-varying loads that may cause the members of the
structure to undergo large motions and deformations and/or respond
plastically.

A number of well-known computer codes which can be used for post-
impact studies of aircraft may be identified [1,2]. They can be classi-
fied as general or special purpose programs. General purpose programs
such as MARC and NASTRANlinclude some of the capabilities necessary for
crash simulations. Special purpose programs such as the present computer
program ACTION, provide in addition special modeling and evaluation
processes which are particularly useful for crash. Because special purpose
programs focus on a particular problem class, they are potentially more
efficient for that class, and presumably require less computer resources,
and are more manageable.

In the partitioned spectrum of crash simulators defined by McIvor,

1NASTRAN: Registered trademark of the National Aeronautics andSpaée Administration.



[1], ACTION qualifies as a level four code: providing the capability to
represent the material and geometric nonlinear transient behavior of a
structure composed of truss, frame and membrane elements. In com—
parison with other level four simulators, ACTION offers the following
unique features:

1. The ability to automatically control time discretization error.

2. Representation of impact with a rigid barrier including treat-
ment of gapping and friction effects.

3. Logic specifically designed to minimize data transfers by keep-
ing all working data in core and providing an analysis mode which avoids
generation of large stiffness matrices in explicit form.

4. Response data defining the allocation of stored and dissipated
energies.

The ACTION code, although quite suitable for nonlinear static
analysis is primarily designed for analyzing response of vehicles crash-
ing into a rigid or a deformable barrier. The objective is to predict
analytically the response of a lightweight alrcraft during a crash. The
simulation is based on a discretized model of the structure using finite
elements which may undergo finite motions and deformations and may
respond plastically. A transient analysis of such a model then yields
the displacements, velocities, accelerations, internal loads and
stresses, at points of interest, under time varying loads that may cause
complete failure of the structure.

The objective of such a nonlinear transient analysis is to develop
an understanding of the multi-faceted relationship between the complex
structural configuration of an aircraft and its response during crash.

Such an understanding can provide the basis for crashworthy design of



lightweight aircraft, better restraint systems and efficient energy
absorption devices which will reduce passenger trauma.

This report outlines the theoretical basis for the ACTION computer
code. Instructions for the preparation of input and the interpretation

of results can be found in reference [3].



Section 2
FORMULATION OF ACTION

This section describes the basis and highlights the intricacies of
nonlinear transient analysis of a structure. Because of the complexity
of structural geometry and response it is necessary to construct an
approximate mathematical model. The objective is to predict the dis-
placements, velocities, accelerations, internal loads and stresses at
points of interest under time-varying loads that may cause complete
failure of the structural model.

The mathematical model is a finite element displacement model.
Simulation consists of discretizing the actual structure by finite ele-
ments, approximating the response of each element by a finite number of
deformation states expressed as linear functions of generalized joint
displacements and analyzing the mathematical model numerically.

Most researchers prefer to use a step-by-step incrementally linear
approach for the solution of the nonlinear equations of the finite ele-
ment model. 1In this process, sometimes referred to as the vector ap-
proach, the load is applied in increments which are sufficiently small
so that a linear analysis will approximately represent the structural
response for in increment. An iterative technique at constant load is
used to satisfy equilibrium exactly for the partial load. The deformed
geometry and stress state for a partial load is used as the initial
state for the next load increment. Turner et al.[4], in their pioneer-
ing paper, provide a description of the process for finite deflection
analysis by the step-by-step technique. Martin [5] provides some illus-
trations. Oden [6] and Hibbitt et al.[7] show applications to problems

involving large strains and finite displacements. A comprehensive re-



view of the many abberations of the incremental method for geometrically
nonlinear problems is provided by Haisler et al [8]. Armen et al.[9],
[10] Belytschko [11], [12] generalize the step-by-step process to pro-
blems involving both geometric and material nonlinearities. The work

of these authors represents the many applications of the step-by-step
approach that may be found in the literature.

ACTION represents the structural characteristics by a scalar func-
tion. The equilibrium configuration is established based on derivatives
of the function. This approach, sometimes referred to as the scalar ap-
proach, has been successfully used in nonlinear structural analysis by
Bogner et al.[13]. Mallet and Berke [1l4] show results of applying the
process to truss structures. For transient analysis the formulation
couples a step-by-step numerical integration in time with the function
minimization procedure. Discrete steps are taken in the time co-ordinate
and function minimization is used at each discrete time point to find
the solution. Young [15] was probably the first to illustrate the uée
of this approach for nonlinear transient response simulation.

The approach consists briefly of the following steps:

1. Assume suitable element displacement field as a function of

the local spatial co-ordinates with generalized joint dis-
placements as unknown coefficients.-

2. Relate the element generalized displacements to global gen-
eralized displacements of the system accounting for pre-
scribed boundary conditions.

3. Develop expressions for strains in each element as functions
of the global generalized displacements. (These expressions
will account for nonlinearities in the derivatives of the dis-

placement field.)



7.

Determine the corresponding stresses and strain energy den-
sities in each of the elements of the assemblage using respec-
tive material models.

Integrate the strain energy density over the volume of each
element to yield element strain energy as a function of the
global generalized displacements.

For transient analysis, knowing the values of the generalized
displacements, velocities, accelerations, etc., at time t
extrapolate assuming displacements vary as prescribed func-
tions of time.

Determine by energy minimization, the configuration which im-
plies satisfaction of equilibrium at the end of the next (load)

time increment.

The simulation provides accurate results for static analysis with

linear material behavior. For transient analysis with inelastic material

behavior several factors limit the accuracy:

1.

Because of the assumed displacement-time relations for the
response the approximation does not accurately describe the
response for large time steps. Depending upon the type of the
temporal integration scheme used, there is a possibility of
divergence of the solution from the true solution as time steps
accumulate.

For inelastic stresses, the evaluation of the strain energy
may be in error for certain deformation states due to approxi-
mations in integration. This error may be reduced by modeling
the affected element with a number of smaller elements.

Because of discretization of the actual structure by an assemb-



lage of kinematically admissible finite elements, in general,
the calculated solution can be expected to be in error from

the true solution for the actual structure due to large geo-
metry changes of particular elements. This error can also be
reduced by modeling the given structure with more elements.

The inelastic material représentation may be inadequate in some
cases because the constitutive equations of ACTION are rather

simple idealizations of true behavior.



Section 3
DEFORMATION MODEL

fhe deformation model is a mathematical model which characterizes
the deformation of the structure in terms of unknown variables. The
model is synthesized from deformation states of each element of the
structure. These deformations are expressed in terms of displacements
of "joints" of the system, points at which the elements interface.

The displacement field within each element is chosen as a continu-
ously differentiable function of the local spatial co-ordinates and the
joint displacements. The field maintains interelement continuity of the
essential derivatives and includes constant strain states so that the
representation provides a Galerkin model of the system. The generalized
joint displacements of each element are related to the global displace-
ments of the assemblage of the elements. These relations, which can be
interpreted as transformations of the local generalized displacements,
may be linear or nonlinear depending upon whether the motions and defor-
mations of the elements are infinitesimally small or finite. For large
angular changes, these transformations are accomplished using Euler
angles which are linearly independent by virtue of the fact that the
rotations are performed in a prescribed order.

The remainder of this section formulates the deformation character-
istics of each type of element used in the ACTION simulator and the
transformations to relate element behavior to the common rectangular

cartesian coordinate system.

3.1 TRUSS ELEMENT [15]

A truss or a rod element is a structural component of uniform cross-



section which is initially straight. It is assumed that the element is
capable of resisting only axial deformation imposed by joint displace-
ments through momentless connections. Using a linear interpolation
function for the axial displacement, closed form expressions for stresses
and strain energy for the linear elastic range are developed. For the
inelastic range development of the expression for the strain energy

involves the use of the material model of the element.

3.1.1 Deformation

Figure 3-1 shows the initial and deformed positions of a typical
truss element specified by the co-ordinates of the two joints, p and q,
which it connects. These co-ordinates are defined with respect to a
fixed global system of reference axes X, Y and Z. x and y denote the
local co-ordinates axes corresponding to the deformed ﬁodal configura-
tion. Motion of the element is defined by finite displacement vectors
Hp and Eq of the two joints. The components of the displacement vector
U in the X, Y, Z co-ordinate directions are denoted by U, V and W re-
spectively. Element deformations are denoted by an axial displacement
function u(x). It is convenient to express the element strains with
reference to the deformed nodal configuration, finite nodal displace-
ments being accounted for in the transformation from global to the local
displacements,

From Fig. 3-1 the initial length, L, of the element is given by
2 2 1/2

2
L = X - X + (Y -Y + (Z - Z 3-1
[(q p)~(q 1)) (q p)] (3-1)
The deformed length, L, is given by
~ 2 2 2.1/2
L = X +U0 -X -1 + & +V -Y -V +(Z +W -Z - W -2
[¢ q q P P) ( q q P P) ( q q P P) ! (3-2)

Hence, the change in length, DL, is given by
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Fig. 3-1 Geometry and Deformation of the Truss Element,
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2(AXAU + AYAV + AZAW) , AU + AV® + AW

1
12 1.2

DL = L[1 + /2 _

L (3-3)

where A is the difference operator for q and p end values.

Equation (3-3) gives the change in length for joint displacements
of any magnitude. The quantity inside the brackets in Eq. (3-3) should
be positive but due to manipulation errors, wvalues less than zero may be
realized. Then DL is assumed to be -L: the maximum value physically
possible. For values of the quantity inside the brackets close to one,
DL is evaluated by using a binomial expansion.

Next, the assumption of the usual linear interpolation function in

the corotational co-ordinate system yields
DL
Su = x(—) (3-4)
L
whence
DL
€ = (—L) (3-5)

Su being the relative displacement of the end q relative to the end p

in the corotational system and € being the strain.

3.2 FRAME ELEMENT [15]

A frame element is a structural component which 1s initially
straight and which undergoes axial, bending and torsional deformations
resulting from finite displacements and rotations of its ends. A frame
element of general cross-section resists loads mainly by three types of
stresses namely Gx’ Txy and sz. For such a frame element, a general
treatment of shear deformations is quite complex hence only thin-walled
cross—-section frame elements, wherein the plastic strain energy due to
shear deformations can be ignored, are implemented in ACTION.

For the linear elastic case a closed form expression for the elas-

tic strain energy density is developed.

11



For the inelastic case, however, the calculation of the elastic portion
of the total strain energy density is based on the shear flow theory
for beams with thin-walled cross-section and the incremental dissipa-
tive strain energy density Ug is assumed to be that due to the effects

of normal stress and strain alone.

3.2.1 Geometry of Deformation of a Frame Element

Figure 3-2 shows the initial position, of a typical frame element,
specified by the co-ordinates of its end points (the p ane q joints it
connects) with respect to a fixed system of global axes X, Y and Z. Roll
orientation is specified by the angle between a reference axis of the
cross-section and the plane formed by the member and its projection in
the XY plane. This angle is denoted by Y. (If the member is parallel
to the Z axis, Y is measured from the X axis.)

The longitudinal axis of the element and two reference axes of the
cross-section form member axes x;, ¥; and z,. A vector, {Vv}, known in
the global co-ordinate system can be described with respect to the member
co-ordinate system as vector {Vl} given by

v} = [TV} (3-6)
where [Tl] is an orthogonal transformation matrix with the property

[r,1%01,] = [1] | (3-7)
where [I] is the identity matrix. Premultiplication of both sides of
Eq. (3-6) thus yields

) = 11,17 v} (3-8)

The transformation matrix, [Tl], which describes large angular
rotations from global axes X, Y, Z to axes X5 Y. 2 are given by

[16] as

12
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cc c.s -s
y z y 2 y
= |- + + -
[Tl] ¢S, stycz c,C, sxsysz sxcy (3-9)
s s +c s c. -s_C + c s s c_c
X z Xy 2z X 2z Xy z Xy

where e, = cos¢i and s; = 51n¢i for i = x, y, z. Angles ¢X, ¢y, ¢z
are defined in Fig. 3-2 and the rotations have been performed in the

order ¢z’ ¢y and ¢x. From this figure it can be deduced that

cos¢X = cosY sind)X = siny

2 z - zp
cosqby =1 31n¢y = - —S—ET———

Yo T Y9~
cos(bZ = T 51n¢z = 7

where
2 2 J.2 2
2 = - X + - d L= 27+ -
\l(xq xp) (yq yp) an \/ (zq zp)

Motion of the frame element is characterized as the superposition
of a rigid body motion and deformations. There is no limit on the size
of the rigid-body motion; however, the deformations are assumed to be
small. Motion of the frame element is a function of the three transla-
tional displacements and the three rotational displacements of the two
joints which the member connects.

To define joint displacements and rotations a set of joint axes, at
the joint p which are initially parallel to the global axes X, Y, Z,
are introduced. The joint displacements are denoted by the vector U
which has components U, V and W in the X, Y and Z directions respectively.
The rotations of the joint p, ex, 6y, Gz, are about the joint axes which
are initially parallel to the global axes. Motion of the element is,

thus, separated into two parts: a rigid-body motion which is described

by the displacements and rotations of joint p, and a deformation which is

14




described by the motion of joint q relative to joint p.

Initially the joint axes are situated parallel to the global axes
with the origin at joint p. The rigid body motion translates and rotates
the joint axes to the position x', y', 2' as showm in Fig. (3-3). The
translation is given by the vector Ep and the rotation is described by
the transformation [TZ]p which relates vectors in global system to vec-

tors in the displaced x', y', z'

position of the joint axes,
LI . -
{v'} [T2]p{Vl} (3-10)
The transformation [TZ]p is identical in form to [Tl] of Eq. (3-6) ex-

cept that the angles exp’ e , ezp are used in place of ¢x, ¢y, ¢Z.

yp
The rotations must be specified in the order 6_ , 6, © to be able
2p ypP Xp
to use a form for [T2] similar to [Tl]' The member axes remain fixed

with respect to the joint axes. Rigid-body motion carries the joint

axes from their initial position parallel to the global axes) to the

]

position x', y', 2'. z, become axes

Likewise, the member axes X5 Yy 2q

Xys Yos 2y after the rigid-body motion. However, the new member axes

Xys Yos Z, are oriented exactly in the same manner with respect to the

]

joint axes x', y', z' as were the member axes x z, with respect

1? Y1* %1

to the global axes. Hence, any vector {Vz} described with respect to

the new member axes X5 Yos 2y is related to the vector {V'} described

' axes by the relation

with respect to the x', y', z
= ' -
{v2} [Tl]{V } (3-11)
Accordingly, use of Eq. (3-9) yields
Wy} = [1,101,1 1V,
or
{v,} = [T3]p{vl} (3-12)

where

15



Fig. 3-3

Finite Motion of the Frame Element.
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[T3]p = [1,11T,1, (3-13)
Since, both [Tl] and [T2]P are orthogonal transformations, their pro-
duct is also an orthogonal transformation i.e.

T =
Thus, vectors specified in the global axes can be expressed in the de-
formation axes (member axes after rigid body motion) %55 Yo 2y by the
relation

_ T

v} = [T3]p{v2} (3-14)

To describe the deformation of the element, the displacements of
the joint q need be expressed with respect to the deformation axes.
From Fig. 3-3 it follows

§ =R +U -L-U_ -
u —q g =

B~ B -1+ (U - 1)

where Su is a vector described with respect to the deformation axes.

Use of Eq. (3-12) then yields

Su X - X L U -1U
q P q p
Sv )= [T Y - Y -{0 )+ [T V -V 3-15)
[ 3]13 q p L 3]p q p (
Sw Z -2 ) W - W
q P q P

where Su, 8v, 8w are the displacements of joint q relative to joint p
along Xys Yops 2, axes respectively; X, Y, Z are the co-ordinates and U,
V, W the translational displacements of the joints measured with respect
to the global axes.

For numerical calculations, the arrangement of terms in Eq. (3-15)

is poor, requiring the differencing of nearly equal numbers. Since
L AX
0, = [Tl] AY
o AZ

17



The terms are rearranged to:

{5u ) {AX AU :
§vy = [T,] [T, 1 Ay, + [T,] Av ' (3-16)
&.} 1 47p AZ} 2°p {AW}

where [T4]P = [T 1] (3-17)

21y =
and A is a difference operator for q and p end values in the global
axes. After manipulation of the trigonometric terms in [TZ]p’ [T4]p

may be expressed as

- 2 2 .2 .2 —
-2(sy2czz+cyzszz) c,S, -S,
[T,] =[-C. S +5 S C —2(S2 C2 +C2 52 )+S_S S s C (3-18)
4°p Xz XY 2 %2722 "x27z2° "x'y 2z Xy
2 2,2 2
._Ssz+styCz _Ssz+stySz _z(sxzcy2+cx25y21

where the subscript '"2" denotes one-half of the indicated angle, the
angles involved being 6_ , 6 and 0 .
Xp°~ yp zp

To complete the description of the deformation, expressions for rota-
tion of joint q with respect to the deformation axes are required. In
the development of these expressions, the rotations of each joint are
permitted to be large but the differences between the rotations defined
by

A8 =06 ~-6_, A6 =20 -0 _, A8 =296 -0,

X xq Xp y ya yp 2 2q Zp

are assumed to be small, so that cosA8~1 and sinA6=A8. The intent is
to permit large rigid body motion of the element but limit the defor-
mation of the element to small rotations. With this restriction, the
relative rotations wx’ wy and wz of the joint q with respect to the
deformation axes are similarly given by

{wx} it {Aex} "l {Aex}
vos = [T ]IT AB = [T A8 (3~19)
v 1 2°p y 3'p y
4 49 A8,

z

18



Equations (3-19) have been obtained based on the fact that infinitesimal
rotations can be treated as a vectbr.

Thus, deformation of the frame element is specified by the rela-
tive displacements and rotations of joint q with respect to joint p.
The relative displacements Su, 8v, Ow are given by Eqs. (3-16) and the
small rotations ¢X, wy’ wz are given by Eqs. (3-19). These equations
contain large angle transformations which entail considerable calcula-~
tion effort. For problems with small joint displacements and rotations,
approximate transformations may be employed with considerable savings
in calculations. This is achieved by replacing the trigonometric func-
tions by their power series expansion and retaining only terms of the

second-order. The resulting approximation is given by:

- %(@5 + 92) 6, - o,
Su 1.2 2 AX
Svp = [Tl] -6 +66 - (8" + 87) 0 Ay
Sw z Xy 2% z X AZ
6 +006 -6 +06 -—5w+e’] p
y X z X y 2z 2 7 x y
L
-
1 6 -9
z y AU
+ {-6 1 8 AV (3-20a)
z X AW
<] -0 1
y X
P
AB - 0 A8
v X yp z
PoS= [T.] {AB_ + 6 _AD (3-20b
W 1 y Xp 2z
zZ

-6 _AB_ + AB
Xp ¥ z
If all second-order terms are neglected in the above expressions, the

linear deformation equations are obtained

19




Su 0 ez —ey AX AU
Svo= [Tl] —Gz 0 Gx AY} + <AV} | (3-21a)

Sw 6 o 0 AZ AW
y X P
1px Aex
wy = [Tll Aey (3-21b)
4 ae;

These results may be used for problems where the displacements and rota-
tions are small (i.e., (rotations)2 << order (relative joint displace-
ments)). If non-linear deformation effects are to be represented as in
the case of buckling problems, the second-order approximation must be
employed.

The parameters 6u, Ov, 6w, wx’ wy’ wz are the generalized displace-
ments as seen at thé end point q relative to the end point p of the ele-~
ment. Deformation along the length of the element is described by intro-
ducing displacement functions uo(x), vo(x), wo(x) of a longitudinal
reference axis and the angle of twist Bo(x) about the reference axis as
shown in Fig. 3-~4. The x, y, z axes of Fig. 3-4 are the X9s Y5 2,
axes of Fig. 3-3. The subscript is dropped to simplify the notation in
the development to follow.

The displacement functions uo(x), vo(x), wo(x) and Bo(x) define
deformations of the reference axis. Displacements of points off the
reference axis are obtained by making the usual kinematic assumptions
of the engineering theory of beams under bending and torsion. For the
sake of simplicity, the equations of equilibrium with bending and tor-
sional deformations, lateral displacements and twists are referenced
to a longitudinal axis through the shear center and are denoted by v(x),

w(x) and B(x) respectively as shown in Fig. 3-4. Based on the results
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Fig. 3-4 Generalized Displacements of the Frame Element.
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from strength of materials and elasticity [17] the following expressions
are assumed for the displacemenﬁs u*, v¥*, w* of points off the centroidal

reference axis:

dvb(x) dwb(x) dvs(x) dws(x)
u*(x) = u(x) -y dx - 2z dx + cbl(}’:z) T + ¢2(Y:Z) T
+ 9q(y,z) B
vk (x) = vb(X) + vS(X) -(z-zS)B(X)
wx(x) = v (%) + ws(X) + (y-ys) B(x)
(3-22)

The subscripts "b" and "s" indicate lateral displacement due to bending
and shear and the functions ¢l’ ¢2, ¢3 describe cross-section warping.
The total lateral displacement at the shear center is the sum of the
bending and shear components

v o= vy + Ve, WEwhw (3-23)
The deformations of the reference axis can be obtained by setting y =
z = 0 in Eqs. (3-22). It is implicitly assumed in Eqs. (3-22) that lon-
gitudinal warping is unrestrained and that plane sections remain plane
during stretching and bending even though the total deformation produces
nonplanar cross-sections.

For thin-walled closed cross-sections, the stresses produced by re-
strained warping are small. The same is not true of a thin-walled open
section where a deformation model with restrained warping would be de-
sirable. The assumptions of plane sections remaining plane during bend-

ing deformations and of plane rotations during torsional deformations

are quite adequate for inelastic material behavior. However, warping
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functions become complex functions of the distortion parameters and the
material properties. The secondary, self-equilibrating stresses due to
restrained warping, 1f any, are neglected for elastic and inelastic

material behavior for sake of convenience.

3.2.2 Strain-~Displacement Relations

With the assumption of unrestrained warping, the axial strain consis-

tent with the deformations assumed in Eqs. (3-22) is given by

dzv d2w

_ du b _ b, 1| dvy2 , (dw2 N
= z 5 + 2 [(dx) + (dx ] (3-24)
dx X

Implicit in the Eq. (3-24) is the assumption that squares of rotations are
negligible in comparison to unity. Equation (3-24) is adequate for des-
cribing the initiation of buckling but not adequate for describing post
buckling behavior. A rigorous treatment of shear distortion based on

the theory of elasticity is quite involved even for the elastic case.
Hence, to simplify the treatment of shear distortion, especially for

the inelastic range, an approximate strength of materials approach is

used.

3.2.3 Deformation Modeshapes: Linear-Elastic Material

Based on the results from engineering beam theory, deformation mode-
shapes are assumed and axial and shear strains are derived as functions
of relative joint displacements. The deformation modeshapes describe
deformation along the length of the member as caused by relative joint
displacements &u, &v, Ow, wx’ wy’ wz defined in Section 3.2.1. Neglect-
ing shear deformations and assuming unrestrained warping these results

are
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u_ _Su
L "1

v Sv

b _ 2 _ .3 b 3_ 2

I = (3n 2n7) - t ny,
W, ow.

b _ 2,3 b _ 3 2

T = (3n 2n )-—f— (n n >wy

where,

Sv = Gvb + zswx, Sw = 5wb - yswx

(3-25 a-4d)

(3-25 e,f)

n = x/L and ys, zg are the co-ordinates of the shear center of

the cross-section of the beam.

The stress resultants associated with the deformation shapes of Eqs. (3-25)

are given by

- ga du
N EA ax
dzvb dzwb
MZ = EI 3 + EI z 2
dx Y2 ax
d2vb d2wb
- M =EIL z + EL 7
y y dx y dx
dg
T=GJ ax
where,

A=[da I =[z%a, I =[yla, I
YA Z A

(3-26 a-d)

vz = fAysz

the parameter J is the torsional constant for the cross—section and the

parameters E and G are the material elastic moduli in tension and shear,

respectively. Equilibrium of the frame element in Fig. (3-5), gives
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Fig. 3-5 Generalized Forces of the Frame Element.
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z b b
V = -——=-EI - EI .
y d dx3 yz dx3
(3-26e,£)
dM d3vb d3wb
vz STax C T EL z 3 " EI 3
Y2 ax Y ax

In the development of Egqs.(3-25), it is assumed that the x-axis or
the straight line defined by the joints p and q, passes through the
centroid of the cross-section. Thus, eccentricity between the struc-
tural joints and the centroidal axis of the element is not represented.
Note that in Eqs. (3-26) torsion and bending are uncoupled, since twist-
ing and lateral displacements are referenced to.the shear center.

The effect of shear deformation due to bending is approximated.

The gross shear distortion of the beam is described by an effective

shear strain. From the geometry of shear deformation, the shear strain-

displacement relations are given by
dvs dws

sty T Tax Y

sxz = dx (3-27a,b)

where the subscript "s'" indicates the shear component of deflection.

The shear strains produce shear forces based on a gross response de-—

scribed by the expressions

- AG s AG s (3-28a)

v -AG _ s AG_ s ' (3-28b)

The constants k_, kyz’ kzy’ kz are to be determined so that the gross
shear model best represents the shear deformation in bending. From
among the various methods available for the calculation of the shear

constants the maximum-strain method is the one used in the ACTION simu-

lator. In this method, the maximum strain at the centroidal plane is
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assumed to be the effective strain and

k = (ny)centroid - szy (V _/AG) = AQz
y (V_/AG) b I G| centroid y b I | centroid
y z°z z 2z
(3-29 a,b)
_ (sz)centroid vaz AQX
k = = . (V_/AG) = .
z (VZ/AG) bnyG centroid z bny centroid

where Qz and Qy are the first moments of area (on either side of the cen-
troidal axis) about the centroidal axes z and y respectively. These
constants are easily evaluated and results are found in strength of

materials books [18] for a variety of common cross—sectiomns.

The constants ky, k o, k kz must satisfy the reciprocity rela-

yz zy
tions
I Iz
k =k =k =k (3-29 ¢,d)
vz z Iyz zy y Iyz

However, if these constants are obtained by the maximum-strain method
as outlined above, they may not satisfy the reciprocity relations for
certain cross-sections.

Next, solving for vy and v from Eqs. (3-28) with the help of Egs.

(3-26 e,f) and (3-29 c,d) gives
3 3

dv EI d vb dwS EI d Wy
= 5T 3 & - N Ta 3
x y dx X dx

which have the solutions

\A GVS v GWS ,
T-"T > T1°"T (3-30 a,b)
where _
Sv 12k EI Sv Sw 12k EI Sw
_s__yz | _b_1L, —s.zy |k, 1, (3-30 ¢,d)
L 2 L 2 Yz| L 2 L 2 Yy
GAL GAL

Equations (3-30) are simple linear mode shapes that describe the defor-

mation caused by bending shear. Adding these to the initial mode shapes
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from Eqs. (3-25) gives

u_ Sy

1 n -I-:
Sv. Sv z

v _ 2z _,3 b 3_ .2 s s

L= Gn"-2n) =+ (7 -, + g+ ) Yy (3-31 a-d)
Sw. Sw y

W o_ 2 3 b _ 3_ .2 s _ s

T = 3n 2n) — - n >wy +n—4-=-n v,

B=nv

X

z y
= .—S_ = -_ —S-
where v va + SVS + ( L)wx’ 8w wa + Sws ( L)wx
The deformation modeshapes of Eqs. (3-31) represent a linear defor-
mation theory. These results may be extended to include the nonlinear
coupling between axial and lateral deformations. An axial deformation

of the following form is assumed

2 2
du _p_ 1 d_v:l [é_vz -
ax - K3 |laxd tlax (3-322)

where K is a constant given by the relation

Su 1

2 2
2 8u 1 dv dw -
K =<2+ = i dn] + [dn an (3-32b)

0
Equation (3-32) replaces the first of Egs. (3-31).
Collecting results from Egs. (3-31), (3-32) the deformation mode

shapes for the linear elastic frame element are summarized as follows:

du _ o 1 [,dv,2 , dw2
an = Kb -5 [(dn) +(dn)]

dn
v Sv
v o_ 2 3 b 3_ 2 s
f—(Bn-Zn)—-—L+(n n)qbz+n—L
Sw Sw
W o_ 2 _ 3 b _ 3 _ .2 s
7 = (3n nY) T (n n)ll)y+n——L
B=ny (3-33 a-d)

X
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where
Gv = Gvb + Gvs + zswx’ SW = wa + GWS - yswx ' - (3-33 e, f)
and K is given by Eq. (3-32b).

Equations (3-30) and 3-33 e,f) can be solved simultaneously to

obtain
Sv gz g sw %z Is
va - _L + 2 wz T L lpx wa __L - _E-wy +.—f wx
L l+a > L 1+a
v z
where,
12k EIz 12k EI
o = —'LZ N U.z = *zz——z (3—34a,b)
y GAL GAL

The parameters ay and az are a measure of the relative importance of

shear deformation. For a lateral displacement imposed at the end of the

element, 0 is the ratio of shear deformation to bending deformatiom.
With the deformation mode shapes defined the constant K of Eq.

(3-32b) can be evaluated. The expression for K is

Sv Sv Sv Ov Sv
_6u 3 b, 2 1" b 1.2 s b,1 s
K=Tg+35 ) -5 1T Yt t—T (¢ +v3 1)
Sw Sw Sw Sw Sw
3 % 2 1 °"% 1.2 s °Y . 1%
TS OT) toL YtV tTo oot (3-35)

3.2.4 Deformation Mode Shapes: Inelastic Material

The determination of deformation mode shapes for inelastic action
in the frame element is not feasible in a general analytical formula-
tion. For approximate treatment of the inelastic case the elastic
mode shapes of Eqs. (3-33) are used. For consistency of assumptions,
however, it can be shown [19] that the linear axial deformation mode-

shape of Eq. (3-25a) has to be replaced by a quadratic variation of
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axial displacement u along the length of the element.

This is achieved

by the introduction of an additional node, r, at the center of the frame

element.

Thus

and Gu

2=

Only the axial displacement u.

of this node is monitored.

(3-36)

The transformation relation between the global displacement AUl and

Su. can be shown to be

1

$

where

A

it
L

1=

a1,
Al L 2
gt g2t
g2l g2
s o
xlt o+ 722
12 s 12
o TZﬁ
1 My 1
2 L 8

the i-jth element of the

Sw*

- Ay

L

30

1
+2_L(A4+A

N

of Section 3.2.1.

(3-37)

(3-38a-h)

Equation



(3-37) assumes that A, is nonzero. If this is not the case, similar

equations can be derived in terms‘pf AVl or_AWl.

It seems appropriate to remark in passing that this feature of the
frame element using a quadratic variation for the axial displacement
field is not necessary for the linear case wherein the aeformations
are referenced with respect to the centroidal axis. However, if used
with deformations being referenced with respect to the centroidal axes,
the quadratic variation degenerates to a linear variation. More impor-
tantly, the feature could be exploited to analyze linear response using
reference axes which are not coincident with the centroidal axes and/or
for the purposes of simulating rigid links. Of course, this then implies
that the strain energy of deformations cannot be computed using the usual
closed form expression of the linear elastic case but rather be computed
using numerical integration as in the inelastic case to be described
in Section 6.4.

For inelastic response, the relative contributions of bending and
shear to the total lateral deformations are initially unknown. An
iterative solution for the magnitude of shear deformation is required. The
iterative solution is implemented by adjusting the relative contribu-
tions of bending and shear iteratively until the shear deformation as
measured by the effective shear strain, converges. The following steps
are involved:

1. 1Initial magnitudes of shear and bending deformation are assumed
based on the elastic solutions of Egqs. (3-30c,d) and (3-34).

2. An analvsis is performed for the stresses and strains in the

Y _ are evaluated and Egs.

element. The effective shear strains vy s
sxy® 'sxz

(3-27a,b) and (3-30a,b) are used to obtain new measures of tHe shear
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deformation components,

(Gvs)new = styL ? (aws)new B stzL (3-39a,b)

3. The new shear deformations are compared to the old, normalized

by a measure of the total deformations from Eqs.'(3—30c,d).

l(Gvs)new B (Gvs)oldl <« 1
|6vb|+|6vs|+|1/2 szl

(3-40a,b)
|((xsws)new B (6ws)oldl <« 1

[6wb[+|6w;1+[1/2 wyL[

If these ratios are sufficiently small (equal to 0.10) the iteration is
stopped, if not, the iteration is repeated from step "2" with the new
values of shear deformation.

Consideration of shear deformation requires a considerable cal-
culation effort for the inelastic case. Therefore, shear deformation
should be considered only for those elementé where it is judged to be

of significance.

3.2.5 Shear Flow Theory:

Figure 3-6 shows the forces acting on an element of a thin-walled
frame member. With the usual assumptions of shear flow theory of thin-
walled members [18] equilibrium of forces in the longitudinal direction
yields

S
do .
q= - kf) ax tds + 4 (3-41)
0]

where 4 is the shear flow at the origin of s. Equation (3-41) gives the
variation of shear flow around the perimeter and along the length of
the beam as a function of the longitudinal stress O.

Subsequent treatment of shear stress by the shear flow theory varies

depending upon whether the cross-section is open or closed. For thin-
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Fig. 3-6

Free Body Diagram of a Thin-walled Section.
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walled open cross section, the torsional shear stresses vary while the
shear stresses due to bending shear are constant across the thickness.
For thin-walled closed sections the torsional and bending stresses are
constant across the wall thickness hence both are described by the shear
flow theory. Thus, in the case of the IE section element (a thin-walled
open section) the shear stresses due to torsion are neglected both for
the elastic and inelastic cases, although for the elastic case the
strain energy due to torsion is accounted for. 1In this regard the
treatment of the IE section element is inconsistent.

For closed cross-sections, Eq. (3-41) describes the change in q
around the perimeter. The integration constant 9, in Eq. (3-41) is
selected so that the shear strain, when integrated around the perimeter

gives the prescribed twist i.e.

CL . O? vds (3-42)

where A0 is the area enclosed by the section and Y is the shear strain.
Since, in the formulation of the material model of Section 4, it is
assumed that the shear response is elastic. 1In this case Eq. (3-42)

becomes

- q _
dx 2A é ds (3-43)

Substitution for q from Eq. (3-41) in the above equation yields

S

a8 _ QS do _0

ax 2A G ax tds]ds + ds
or

a6 g8 P
4y = fﬁ-i (3-44a)
t

where
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S dg
q' = H t ds (3-44b)
0

It can be shown that the denominator of Eq. (3-44a) is given by
2

F1) Lds = i‘;_o_ (3-45)
where J is the torsional constant for the section.
If q(s) denotés the tétal shear flow due fo bending and torsion,
qb(s) the shear flow due to bending -alone and qt(s) the shear flow due

to torsion then the latter is given by

q, (s)= —l'sﬂq ds (3-46)
t s
0
where S is the perimeter of the section. Hence
q,(s) = q(s) - q (s) (3-47)

3.3 MEMBRANE ELEMENT

A membrane element is a plane triangulaf thin element which under-
goes only in—ﬁléne deformations resulting from displacements of its
vertices. No out—of—plaﬁe deformations are admitted, but the element
can undergo large rigid body motions. The usual assumptions of the
engineering theory of membranes are implied in the development of the

element stiffness properties.

3.3.1 Geometry of Deformation of a Membrane Element.

Figure 3-7 shows the initial and deformed positions of a typical
membrane element. The initial undeformed position of the triangular
element is specified by the co-ordinates of its three vertices, p°,
q° and r° (taken in a counterclockwise sense) with respect to the fixed
system of global axes X, Y and Z. The vertices of this triangle after

deformation are labeled as p, q and r. Local x' and y' axes are chosen

to lie in the plane of the deformed triangle with the x'-axis coinciding
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UNDEFORMED ELEMENT

Fig. 3-7 Deformation of the Membrane Element,
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with the side pq. The z'-axis is accordingly perpendicular to the plane
of the deformed triangle. o and B denote the angles at the vertices p°
and p before and after deformation respectively. If Ui’ Vi and Wi (i-=
P°, q°, r°) are the displacement components of the ith vertex referenced
with respect to the X, Y and Z axes respectively, then the co-ordinates
of the vertices, p, q and r with respect to these axes are

Pl

x, =X, +U,; vy, =Y, +V,, z, = Z, + W, (i = psq,r). (3-48)

Unit vectors 81 and & along the sides pq and pr are given by
x i+y j+z k ~ ~ ~
81 = 9P 4P P - (x i+ vy j+z k)R
I ap ap qp
qp qp qp
(3-49a,c)
x ity i+ z, k ~ ~ ~
8 =B PP = (x_i+y_3j+z _K/Q
Vxt+ y + z° P P P
P rp
where
Fig TR iy T a7 Bay T BT

Accordingly, unit wvector 83 normal to the plane of the triangle is

~

e e : i -x k
2 = e = [(yqurp rp qp) e qpxrp rp QP)J (x qp Irp rPYQP) ]
3 sinp D
(3-50a)
where
2 2 2.1/2
+ - + - (3-50b)
[(yqp rp erqu) (ZQPXrP erxqp) (xqpyrp eryqp) ]

The unit vector 82 (along the y'-axis) is then given by

€2 T €3 X% 7
2 2 A
+ - +z z i
b, Op20p) ™ Zqp apYrp Pap?rp)?

Aty @Rl -y (a2 x x O} (3-51)

DR rp qp *ap qQp gp rp gp rp

+{z (x2 +y2 ) - (x +y v )}12

|t ap “ap Zap “Fqp*rp Yqp rp’ ']
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Equations (3-49) through (3-51) together yield the required transforma-

tion matrix between global and local co-ordinate systems, i.e.,

or

ey Al AZ X3 T

~ — ~ _

e3 Vl Vz v3 k

+ SR N

iy o_ AZ H, Vv, az (3-52b)
k Ay My Vg 1&g

X v Z

A, =32 9P , - _-9P

1 R °* "2 R * "3 R

b= [x (32422 ) - x (v y ) /DR

1 rp "qp gp *ap ' qp rp Zqp°rp

(3~52c,g)
2
= - +x x DR

Y2 [yrp( qp qp) yqp( ap’rp gp rp)]/

o = [z (> 4y ) -z (x.x_+y_y. )1/DR

3 rp T qp “qp qp “Fqprp qp’ rp
\)l = (yqurp_yrpqu)/D’ \)2 = (quxrp—zrpxqp)/D

d v, = - D
and V3 = (XY o XY qp)/

3.3.2 Deformation Made Shapes, Stresses and Strains

stant strain element.

The simple

st form of a plane stress triangular element is the con-

The assumed displacement field as a function of

the local co-ordinates is

The constants in Eq.

]

u a + a
o)

v b +b
o

lx + a

lx + b2y

Zy
(3-53a,b)

(3-53) are evaluated from the conditions
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Oso = ’ 0,0 =

u(0,0) u, . v(0,0) vy

u(R®,0) = uq ,» v(R°%,0) = vq (3-54a,c)
.- v(Q°cosa, Q°sina) = v,

Substitution of Eqs. (3-54) into (3-53) yields

u(Q°cosa, Q°sina) = u

6u Gu Su
u = uP + ( Ro)x + [m - —‘—CLRQ cotaly
. (3-55a,b)
6v Gv' Sv
v o= Vp + ( o)x + [Q—S:ITI‘—).E - JRO Cota]y
where
Su =u -u_, 8v =v -vw (3-55¢)
q q p q q P
Su_=u -u , 6v. =v -v (3-55d)
T r P r r p

The rigid body motion of the element in the local co-ordinate system is
ellmlnated by setting u_ = v_=v_= 0. The strains €__, € and Y
P P q XX" ¥y

for finite deformations are the components of the Green's strain tensor

which for the two dimensional case reduce to:

du 1,9 1
Cxx T~ 3% T 2 ( 2 (Bx)
Su 1 Su »
=g+ D (3-56a)
v 1 au?2 1, gv.2
= — 4 = (— + =
vy T oy Z(By) 2(3y)
e 1 ouy E&S Sve 2
= Q°sino, +-§ [Q°sina - TRe Cota] + = qij;ﬁiﬁ (3-56b)
- U 9V, Quu , Qv v
Yey T 9y T ox T 3x oy | ax ay
Su Su . su u su
r
= (63;;;& ~ —ﬁ%.cota) + 6—§%)(635§;a - —E% cotq) (3-56¢)
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From Fig. 3-15 it is evident that
6uq = (R - R°); Gur = {(QcosB - Q°cosq); 6vr = (QsinB - Q°sina) (3-57)
where

a=(X X +Y Y R® 3-58a
cos ( qp rp qp rP qp rP)/Q ( )

+ R 3-58b
(xqpxrp quer qp rP) /Q ( )

cosfB

Equations (3-56) through (3-58) complete the description of the strain
field as a function of the relative nodal displacements which in turn
are functions of the global displacements. It should be noted that non-
linear terms in the strain displacement relations, Eqs. (3-56) imply
that the formulation admits arbitrarily large rotatioms but at best
moderately large strains.,

3.3.2.1 Stresses and Nodal Forces of the Elastic Membrane Element: The

stresses in the constant strain membrane element, assumed to occur at its

centroid, are given by

E E
o =——F(__+ve_);0 =———(c__ +VE_ )}
XX (l_vZ) XX vy vy (l_vZ) vy XX

Txy = 7@ Yxy (3-59)
The corresponding nodal loads in local co-ordinates can then be obtained

by the relations [20]
Su Su Su Su

pr = - % {[Oxx(l + Tﬂ) + rxy(Qosﬁ - T? cotd) ]Q°sina + Txy(l+ ‘1?3‘) (Q°cosa-R°)}

h Gv GVr o .
Q=5 ([0, (1 + gogrg) 1 (Qcosa - R*) = 1 w1 ¥ GFainy) O sinal

n Sy So, Sy ot Dgy e

qu =3 {[oxx(l + ) + Txy(m - —g° cota)]Q°sina - Txy(l + 39Q cosa}

" Gv Gv
Qy = 7 tlo,,Q m)]q cosa + T, (1 + % Slﬂa)q sino)

Su

Ux = % Uy = % Oyy ¥ Qf:_rina)Ro (3-60)
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Section 4

MATERIAL MODEL

4.1 Basic Assumptions

This section provides the theoretical basis along with its under-~
lying assumptions for the material behavior in the inelastic range.
By material behavior, we imply the prediction of the stress state and
the strain energy density at a point in a material for a known strain
state. Two theories are available for describing the material behavior
in the inelastic range: (i) the deformation or total-strain theory and
(ii) the flow or incremental strain theory. The difference between the
two theories lies in the fact that the deformations predicted for the
volume element by the former theory are independent of the loading path
while those predicted by the latter theory are path dependent., Further-
more, the deformation or total strain theory postulates the existence
of a strain energy density function in terms of total strains while the
flow or incremental theory postulates the existence of an incremental
strain energy density function in terms of the incremental strains. In-
cremental strain theory has the advantage that it describes more fully
the behavior of a volume element but it has the disadvantage that the
thoery requires time consuming numerical analysis. The total strain
theory on the other hand has the advantage of mathematical simplicity
but does not conform to physical reality for some problems [21]. Be-
cause of its mathematical simplicity ACTION uses the deformation or total-
strain theory. It is believed, however, that even at the expense of
the complexity of the material model there may be a slight computational

advantage, in terms of the performance of the solution algorithm, to be
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gained by the use of the incremental strain theory [22].

Both the total strain and the incremental flow theories assume that
the total strain or the strain increment, as the case may be, can be
decomposed additiﬁely into an elastic and a pl&stic compénent. Lee [23]
has shown that such a decomposition is in general not valid for large
strains but may be justified if the plastic strains are predominant.
Incidently, Hencky's total strain theory assumes that in the strain
hardening range the inelastic component of the total strain is predomin-
ant. Thus, in view of [23], of the two theories Hencky's total strain
theory would appear to be more consistent for cases wherein the strains
are large.

Hencky's theory [21] embodies three hypotheses: (i) the principal
axes of stress and strain coincide; (ii) Mohr's circle diagram of stress
and strain are similar at any stage in the inelastic deformation; and
(iii) volume changes are elastic i.e., the inelastic deformations are in-

compressible or that vp -1 These hypotheses lead to the following

¢
relation
€ _-€ Y
GXX_OXX'= 2Y = constant (4-1)
XX VY 2T__y

Furthermore, Hencky's total strain theory assumes that the strain energy
density, W, is a function of the effective strain, €, defined as

2 (e:2 +eZ ve_ e +lyz )l/2

for a two dimensional stress state
J3 XX Yy xxyy 2 'xy

€ = (4=2)
exx for a uniaxial stress state
such that
(02 +02 -0 0 _+3T 2)1/2 for a two dimensional stress state
XX ¥y XX Yy Xy
é¥ =g = (4-3)
de

Oxx for a uniaxial stress state.
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The stress strain relations

7S = cyy and By = 2Txy (4-4)

obtained from Eq. (4-2) satisfy.Eq: (4-1).

Equations (4-2) and (4-3) impiy the use of Hencky's total strain
theory along with its assumption that in the strain hardening range
the inelastic component of the total strain is predominant [21]. This
in a way is consistent with the assumption that-fhe total strain can be
decomposed into an elastic and a plastic part especially in cases where
the strains are large [23]. According to reference [23] it is only when
the plastic strains are predominant that such a decomposition is justi-
fied. Thus, the present formulation appears to be consistent in the
strain-hardening range.

Next, Von Mises criterion is used to predict yielding. Accord-
ing to this criterion yielding is assumed to occur when the éffective
stress, O, wﬁich incidently is also the second invariant of the stress
tensor or equivalently the octahedral shear stress, reaches the value

By, the yield point of a uniaxial tension test.

4.2 Modeling of stress—-strain curve and the treatment of stress-strain

history [15]

The stress-strain curve of the material under uniaxial temsion and
compression is used as the effective stress—effective strain curve. This
curve is modeled by eight straight line segments as shown in Fig. 4~1.
Four of the eight segments describe the tensile side of the curve and
the remaining four describe the compressive side. The left and right hand
ends of the curve represent material failure. The sign of the quantity

(exx+€yy) i.e., the sign of the first invariant of the strain temsor is
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used for the selection of the tensile or the compressive branch of the
curve., It is assumed, however, that the material has the same modulus
in tension and compression. The model permits situations involving
initial stress and strain. It is required that all points on the curve
be uniquely determined by the strain parameter and certain indeterminate
conditions requiring special treatment are not considered.

From an unloaded state the loading for cyclic increasing or de-
creasing strain follows the initial linear elastic portion of the curve
as long as the effective stress does not exceed the stresses correspond-
ing to tensile and compressive yield points. For increasing effective
strain beyond the yield points, the loading follows the effective stress-
strain curve with yielding occurring as described in the previous sec-
tion. Once into the plastic region, when the effective strain starts
to decrease, unloading occurs. Unloading in the plastic region is as-
sumed to be elastic with the load path described by the shape of the
initial elastic portion of the curve. Points 'b' and 'd' in Fig. 4-2
denote the new tensile and compressive yield points. Loading for addi-
tional decreasing and increasing strain follows the new elastic curve as
long as the effective stress does not once again exceed the stresses corres—
ponding to the new yield points. For straining beyond the new yield
points, the subsequent loading and unloading is treated as described
earlier except that the portion of the stress—-strain curve between points
'bo', 'do' in Fig. 4-2 is for all practical purposes forever lost from
the "memory" of the material. This type of stress—strain behavior gives
a larger tensile yield stress and a smaller compressive yield stress as a

result of plastic deformation in tension. The converse is true for plas-
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tic deformation in compression. These changes to the stress—-strain
curve are the strain~hardening and Bauschinger effects.
Recall that the transient response is based on a stepwise integra-

tion in time. Each time step corresponds to a loading or an unloading

increment on the stress—strain curve. Let G €, correspond to a previous

0’ 70

time point and al, El represent the state at the current time point. If

€1 is greater that EO’ it is assumed that the material "loads up" only.

Likewise if El is less than €

down only. This is illustrated in Fig. 4-3. It must be recognized that

0’ it is assumed that the material loads

for any given loading two or more solutions all of which satisfy equil-
ibrium are possible but all these solutions correspond to different

strain histories. Hence, for £, greater than €. the only possible

1 0

solution is the one corresponding to the point 'a'. The solution corres-

ponding to the point 'c' satisfies the constitutive relation but vio-
lates equilibrium for a member loading up. The point 'c' is a possible
solution for El greater than EO if and only if the member is first
loaded up to the point 'b' and loaded down from this point to the point

'c'. Such two step loading processes are not admitted in the formula-

tion.

4.3 Evaluation of Dissipative Strain Energy Density

For the elastic-plastic response the strain energy demsity is de-
composed into an elastic part and an incremental dissipative part.
Thus, if 'ao' in Fig. 4-4 denotes the state at some previous time to and
if 'a' denotes the state at time (to+At) then the incremental dissipa-
tive strain energy density AWd and the elastic strain energy density We

are, by assumptions, the appropriate areas under the idealized effective

stress—effective strain curve as shown in Fig. 4-4.
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For the truss element €, is the only strain prescribed and the
corresponding stress UX is assumed constant over the length of the
element. For the frame element, however, stresses vary throughout the
volume of the element. Certain number of Lobatto quadrature or refer-
ence points are used to describe the stress distribution throughout the
element. At each of these points, the material model is used to deter-
mine the stress and the strain energy density (We+AWd). In the interest
of simplicity, it is assumed that the shear stress-strain behavior is
adequately described by linear elastic response. This implies that the
plastic action is adequately described by the effects of normal stresses
and strains alone. This approximation should be appropriate for ele-
ments wherein plastic axial or bending actions predominate. 1In the case
of a membrane element all the three stress components are by assumption,
constant throughout the element and hence as in the case of the truss
element the stresses and the strain energy density need be evaluated at
a single point.

The above ingredients comprise the treatment of loading and un-
loading in the plastic regions with strain-hardening and Bauschinger ef-
fects. Although, the model used here is typical of most material be-
havior it is relatively simple and not all material behavior will fit
this model. Caution should particularly be exercised when this
simplified material model is used in conjunction with membrane elements

(two-dimensional stress states) undergoing cyclic loading.
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Section 5
KINEMATIC CONSTRAINTS
Practical modeling considerations demand that equations of motion
be augmented by constraint equations. This section describes constraint
models in ACTION which facilitate representing a rigid tie between joints
and an impenetrable contact plane.

5.1 Rigid Link Element

A "rigid link" is a finite element which does not deform appre-
ciably. As the nodes in the structure undergo displacements, the rigid
element merely translates and rotates without any appreciable deforma-
ing at a joint whose ends do not coincide thereby simulating eccentri-
cally connected members. Rigid links may also be employed advantageously
when entire sections of the structure undergo very little deformation.
During these periods the sections can be treated as assemblages of rigid
links to greatly reduce the number of unknown displacements and thereby
reduce the computing time. The nodes of a rigid link are located with
reference to a global co-ordinate system and they are identified as be-
longing to the same rigid link by input specification to ACTION. Points
in each rigid link are referenced by a local co-ordinate system originat-
ing at the primary node of the link. The local co-ordinate system trans-
lates and rotates with the primary node as deformation takes place.

Since there is no relative displacement due to deformation in the
rigid link, the right hand side of Equation (3-15) set equal to zero will
provide the relationships necessary to describe the motion of the g-end or
secondary node of the link in terms of the translation components and ro-

tation components of the p~end or primary node of the link.
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Solving this equation for the global displacement vector of the
secondary node of the link yields

W} = {0} + 1500 (L} + (R}, - (R}, (5-1)

This equation is envoked whenever the displacement components of the nodes
are updated.

The equation is implemented by searching the list of elements for those
designated as rigid links. When one is found, the displacement components
of the secondary nodes are replaced by those calculated by Equation (5-1).
Furthermore, given the translation and rotation components of the velocities
and accelerations of the primary node, the motion of a secondary node is
determined using simple rigid body kinematics. Finally, knowing the
kinematics of the secondary nodes the contribution to the total poten-
tial energy, of inertia forces and loads applied directly to such secon-
dary nodes, can be determined.

5.2 Impénetrable Contact Plane (Terrain Model)

The ACTION code includes a model of an impenetrable terrain to simu-~
late a ground plane. The ground plane is assumed to be rigid and flat
i.e., like a concrete runway. Penetration of the ground is not allowed.
Resistance to forward motion along the ground plane is provided by
coulomb friction. Impact with the plane is represented as a plastic col-
lision.

The paragraphs that follow explain the ground plane model in ACTION.

5.2.1 Node Capture and Release

The model detects when the nodes of the aircraft model contact the
ground plane. Once contact has been made these nodes are constrained

to remain on the ground plane until they are pulled off by the release
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of internal energy stored within the aircraft model. Thus a node of the
aircraft model does not bounce off the ground plane due to the effect of
the coefficient of restitution, but is pulled off when tension would other-
wise be implied between the structure and the impenetrable plane.

Nodal displacements are obtained by solving the equations of motion
for a particular time step. The current position of each node is then
determined relative to the ground plane. If a node penetrafes the ground
plane, the time step is reduced and integration of the equations of
motion is repeated. When a node penetrates the ground plane using the
minimum time step, a check is made to see if its previous position above
the ground plane was closer to the ground plane than its current posi-
tion which is beneath the ground plane. (The likelihood of a node fall-
ing exactly on the ground plane at the end of a time step is remote.)

If the node's previous position was closer to the ground plane, integra-
tion is backed up to the beginning of the current time step and a flag

is set to signify contact between the node and the ground plane. If

the node's position at the end of the current time step is closer to the
ground plane, this position is used to mark the ground plane and a similar
flag is set. Thus a node is considered to lie on the ground plane when

it is as close to the ground plane as permitted by the minimum integration
time step. (In terms of the logic of the code, the ground plane moves

up or down to coincide with the position of the node.)

Once contact has been made between a node and the ground plane, it
must be determined whether or not the node is to be constrained to re-
main on the ground plane during the next integration time step. This re-
quires calculation of the total vertical resultant force acting on the

structural model of the aircraft at the captured node. This force, which
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is normal to the ground plane and positive upward, is the derivative of
the strain energy function with respect to a displacement of the node

in the direction of the outward normal to the ground plane. A positive
normal force means the structural model is in compression in the vicinty
of the captured node. 1In this case the vertical degree of freedom of the
node is constrained for the next time step, but the node is still free

to move horizontally along the ground plane. The vertical degree of
freedom is constrained in the sense that the vertical displacement of the
node corresponding to its current position on the ground plane is fixed
for the next time step. A negative normal force means the structural
model is in tension at the captured node. Then the vertical velocity,
acceleration and all the higher order time derivatives of displacement

of the node implied in the temporal algorithm are set equal to zero.

The free equations of motion provide the basis for predicting subsequent
behavior of the node until it is recaptured.

Due to the discretization of time it is assumed that the best approxi-
mation to the point in time when a negative normal force is found is based
on the minimum integration time step. Thus if a negative normal force is
discovered at the end of a2 non-minimum time step, the time step is reduced
and the integfation is repeated.

A coulomb friction force is applied to each node captured by the
plane. The force is applied in the direction opposite to that of the hori-
zontal velocity components of the captured node. The magnitude of the
force is equal to the coefficient of friction input by the user times

the positive resultant nodal force normal to the ground plane.
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Section 6
ANALYSIS BY ENERGY MINIMIZATION

6.1 Background Information

It was indicated in Section 2 that two distinct solution approaches
exist: (i) the vector approach and (ii) the scalar approach. In the
former approach, the mathematical model is derived on the basis of the
principle of virtual work and reduced to a system of non-linear second-
order differential equations in time. In the latter approach, a scalar
or a potential function associated with the energy of the model is
introduced, minimization of which yields the desired equilibrium con-
nce scheme is
utilized to effectively eliminate time as a variable. As a result, in
the vector approach the equations of motion are reduced to a system of
nonlinear algebraic equations in the unknown nodal parameters of the
finite element model. In the scalar approach which is of relevance to
this report the problem is reduced to a well known problem in mathema-
tical programming namely the unconstrained minimization of a nonlinear
function of several variables.

For all structural problems with geometric and material nonlinear-
ities of the type considered herein the required potential function al-
ways exists. Although, this technique has been hitherto used for mainly
positive or negative definite systems, other systems which fail to be
positive or negative definite can be handled by using the least squares
method or the modified conjugate gradient method with preconaitioning
[24]. 1In some cases, for such systems displacement incrementation
rather than load incrementation in conjunction with conventional uncon-

strained minimization techniques can also be effective [25].
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6.2 Solution Basis

The minimization scheme as applied to the solution of transient

nonlinear structural analysis problems consists of minimizing a poten-

tial function associated with the system for an assumed relationship

between displacements and time.

The displacement-time relation for each

generalized nodal displacement of a finite element model is assumed to

‘be of the form [26]

qei

]

qei

BAYE_, + G - BB G, + By, + ap;

YA + (=) (BB, + qp;

(6-1a)

(6-1b)

where 9.4 is the i-th generalized nodal displacement at the end of the

time step and B and Y are constants. The quantities 904 and aei can

now be expressed in terms of the i~th generalized nodal displacement,

9942 velocity, iOi and acceleration, aOi at the beginning of the time

step and the generalized nodal displacement, 9oys at the end of the time

step. Thus,
3. = qn, +dn. (A + L Lo {(q . - q,.) - (AD)q _wo® } (6-2a)
9ei = Y01 T Yo1 B 0ty ‘‘Yei T Y01 Qo1 2 Yoi
G ooi e (e - - o, - 800G (6-2b)
ei 0i B(At)2 ei 0i 0i 2 0i
The equations of equilibrium
M.q ., - F, + U 0, i=1,2,...,N (6-3)
itedi i qui

for an N degree-of-freedom system with lumped masses can then be written

as

. +'—————§ {(qei

It can be easily verified that Eqgs.

56

- 930

2
. (At) ™ .. U _
(Bt)qg; = 5~ dog}1 - Fy + 5, =0,
el
i=1,2,...,N (6-3a)

(6~3a) correspond to the necessary



conditions for the functional

1 2 1

1 - 1 }
9oy ~ (B(At)z 991 + Bao) Yoi T GE T Ddggle

- Pyl eranydag t U C (6-4)

to be stationary. 1In Eq. (6-4), U is the strain energy and C is an arbi-
trary constant. Thus, knowing qu, aOi and aOi at time t for any given
load Fi at time (t+At), the functional S may be minimized with respect to
the generalized nodal displacements, 9 g (i=1,...,N), in order to deter-
mine the corresponding stable equilibrium configuration. Although, the
coefficient of Mi in Eq. (6-4) is quadratic in Qq» the strain energy,

U, will in general be a nonlinear function (at the very least a quad-
ratic for a linear problem) of the generalized nodal displacements 9y
(see Section 3). Thus, in general the functional S is highly nonlinear.
Since, U is a positive semi-defimite function for most structural ma-

terials, the functional S can be seen to be convex.

6.3 Minimization Algorithms

Of all the algorithms for unconstrained minimization only the quasi-
Newton or the variable metric algorithms have been more frequently used
for such nonlinear problems, because of their higher effectiveness [27].
Again, unless there exists an algorithm which exploits and maintains
sparsity of the Hessian approximation during its passage to the minimum,
one has to resort to some form of a first order conjugate gradient al-
gorithm for problems wherein N is an extremely large number.

Beginning with an arbitrary initial guess, these algorithms seek
a direction of travel and the amount of travel in that direction. The

manner in which these are sought depends upon the sophistication of
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the particular algorithm invoked. Most often the directions of travel
are sought in a manner which guarantees not only a decrease in the vaiue
of the function but also convergence to the minimum in a finite number
of iterations (usually N+l for an N dimensional space) in the case of
quadratic functionals. It is important to note that all functionals in
question are very nearly quadratic in the neighborhood of the minimum.

6.3.1 BFGS Variable Metric Algorithm

The present formulation uses the well-known BFGS (Broyden-Fletcher~
Goldfarb-Shanno) variable metric algorithm [28] which is supposedly the
best current variable metric update formula for use in unconstrained
minimization. This algorithm dispenses with the exact line searches
while using an update formula which, in the case of a quadratic func-
tional, guarantees a monotonic convergence of the eigenvalues of the ap-
proximating matrix to the inverse Hessian. The iterative scheme which

is begun with the null vector as the initial guess is defined by

where

{g}(k) = vs(q(k)) = gradient of S at q(k)

[H](k) is a matrix which is designed to approximate in some sense

} ()

the inverse Hessian matrix of S at {q and o is an appropriately

chosen scalar. The BFGS update formula is given by

w1 - - 2 epm M an - D + oHes (6-50)

where
(p] = {o}{y}® (6-5¢)
B = {0} {y} (6~5d)
fo} = {q} &) _ (3 ® (6-5¢)
ty} = (g3 Ly ®) (6-5£)
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The a(k)

in Eq. (6-5a) is chosen either by a linear search or by a step
length but so as to maintain the positive definiteness of the matrix
[H]. The details of the step length calculation may be found in refer-
ence [29] or reference [30].

The iterative scheme is begun with an initial guess which for the
first time step is usually the null vector for {q}, the unknown general-
ized nodal displacements and the identity matrix for [H], the approxi-
mation to the inverse hessian. From thereon these quantities at the end
of the previous time or load step are used as initial guesses for the
next step and it is this reasonably good approximation to the inverse
Hessian that is instrumental in giving the second order methods a signi-
ficant advantage over the first order methods like the conjugate grad-
ient techniques. The required gradient of S is evaluated analytically
although doing so by a finite differencing scheme is also possible. The
use of an analytic gradient however, results in a substantial saving in
the computational effort. This saving is the result of not only a
cheaper gradient evaluation but most often a faster convergence of the
solution because of higher accuracy of all the computed quantities [27].

The i-th component of the gradient of S can be written as

B M - F e (6-6)
qui i‘ed i qui

The term in Eq. (6-6) requiring significant computational effort is

9 . . . . _
__LL_as it embraces the geometric and material nonlinearities. Thus,
oq .
C T el

au ’f‘ | oW 3 dw 3¢
= v, = ) [ D) G dv (6-7)
3g; k=1 Vi %ei K k23 Vi 4 X 99 kK

where
W = strain energy density; € and 0 the effective strain and stress

effectively as defined in Eqs. (4-2) and (4-3).
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6.3.2 Powell's Conjugate Gradient Algorithm

The algorithm [33] is designed to improve the linear convergence
rate of the Fletcher-Reeves' conjugate gradient algorithm [34] by using
a restart whose frequency is not the usual n or (nt+l) iterations but
rather one which is dependent on the objective function. Thus the
basic algorithm may be stated as follows.

Given {q}, the initial direction of travel {d}, is defined to be

the steepest descent direction -{g}l = —{Vs}l. For k > 2
{a},; = o} + A dd} (6-8a)
{a}, = -{gh + 8 la}_, + v {a}, (6-8b)
B, = {ehlle), - e}, _,1/{ak_ [{e}, - {g} ;] (6-8c)
v, = e el - (&) 1/4aYie),, - {e},] (6-84)

where t is initially set equal to one and for k > 2 t is set equal to

k-1 if
g}t ek | > 0.2][{g} | 1% (6-8e)

Xk in Eq. (6-8a) is determined by a line search which yields not only

a decrease in the directional derivative but also requires the angle

between {g} and {d}k to be close to ninety degrees. Next, if the

k+1
inequalities
~1.2] [} 1% < {a¥iMe}, < -0.8]|{g},||? (6-85)

are not satisfied then {d}k is assumed to be not sufficiently downhill
and the procedure is restarted by letting t = k-1 and redefining {d}k
by letting Yy in Eq. (6-8a) to be zero. The procedure is also

restarted if (k-t) > n by setting t = k-1 and assuming Yi in Eq. (6-8a)
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to be zero when k = t+l. For additional details of this algorithm along
with its fortran listing the interested reader should refer to reference
[35] which also provides a listing of the subroutine for the BFGS var-
iable metric algorithm of the previous section.

The storage requirements of this algorithm exceeds those of
Fletcher-Reeves' only slightly but they are certainly very small by
comparison with those of the variable metric algorithms. Thus, this
algorithm is intended for extremely large scale problems of the
order of thousand degrees of freedom or above. However, the
performance of this algorithm for the solution of such large scale

problems of relevance to this report remains to be investigated.

6.4 Evaluation of the Function S and its Gradient

The function S and its gradient must be expressed explicitly or im-
plicitly as a function of the global generalized nodal displacements of

the finite element model.

6.4.1 Function Evaluation

From a known vector of the generalized nodal variables in the global
co-ordinate system, consistent with the prescribed boundary conditioms, a
vector of local generalized variableslin the co-rotational co-ordinate
system of each element is established through transformations which are
functions of its geometry and its rigid body rotations (see Section 3).
The assumption of deformation patterns of the element as functions of
these local generalized nodal variables (interpolating polynomials)
yields element strains. Recourse to the element material model then
yields the corresponding stresses and strain energy densities at various

predetermined quadrature points over the extent of the element. Barring
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purely eiastic response, a simple weighted summation of these quantities

over the element volume yields stress resultants and strain energies re-

spectively. TFor purely elastic response these are provided by well-known
closed form expressions which can be generated as follows based on the

results of Section 3.

6.4.1.1 Strain.Energy Evaluation for Elastic Response

The total strain energy U may be expressed as
u= Yy u (6-9)

where for purely elastic response a closed form expression for Uk, the
strain energy of the k-th element, can be obtained from the usual defini-
tion of the strain energy and the use of the results of Section 3. Out-
lined below are such expressions for the truss, the frame and the mem-

brane elements.

6.4.1.1.1 Truss Element

The strain energy of the k-th truss element is given by

_1 _E 2
Uk =3 fv UXEde = g dv

which from Eq. (3-5) can be written as

_ EAL DL,2 N
Uk == ( L) (6-10)

wherein E, A and L pertain to the k-th stringer element.

6.4.1.1.2 Frame Element
The total strain energy of deformations of finite element due to

bending, tension and shear is given by

Uk = ukb + ukt + UkS (6-11)

where
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_E [ 2
Uy =3 J, eav

~ which from Eqs. (3-24), (3-25) and (3-32) reduces to

Sv v, 6w
__b 1,2 __by b
‘z[KA+ {I[( B2 - g, 3l 2 DD
év Sw, Sw
1 b __b b 2 b,
gy - v ww]+1[< + TV,
1l 2
+3 ¢y]}] (6-12)
L
1Mo
ukt—Zf Tax ¢
0
which from Eq. (3-33) reduces to
_6d 2
Upe = 2L ¥ (6-13a)
and
1 L
U, =% / . (Vyysxy + VY, dx (6-13b)
which from Eqs. (3-27), (3-28), (3-29) reduces to
Sv Sv w Sw
= GAL 1 52 L o 1y sy sy, 1 s
U = 52 e T L, T )( 9D + 7 (D1 (6-130)

Frame elements with only five typical cross-sections namely BOX, IE,
TUBE, ELIP and SORE (Solid Rectangle) are permitted. Explicit express-
ions for the various section constants associated with each of these

cross—-sections can be found in Appendix A.

6.4.1.4.3 Membrane Element

The strain energy of the k-th membrane element can be obtained by
integrating the strain energy density function Wg over the volume of the
element. The assumption of constant strain within the element simplifies
this integration to yield

u EAh 2 2 (1-v) 2 ] (6-14a)

=—-—>1e,  +e  +2ve_ e + 5+
k (1_v)2 L XX vy XX Yy 2 ny
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where from Figure (3-7)
A= %-Q°R° sin o (6-14b)

and the strain terms are given by Egs. (3~56) through (3-58).

6.4.1.2 Strain Energy Evaluation for Inelastic Response

Although closed form analytical expressions for U can be developed
when the material is elastic the same is not true when the material
yields. Then the response depends upon the current values of stress
components and past history. As shown in Section 4 Von Mises' yield
criterion together with Henckey's total strain theory provides a simple
means of calculating strain energy density distributions throughout an
element that has yielded. Because total stresses and total strains are
no longer linearly related recourse must be made to numerical integra-
tion of the strain energy density over the volume of the element.

The strain energy density may be decomposed into an elastic part
and an incremental dissipative part thereby providing an estimate of the
total energy of the system that has been dissipated through inelastic
deformations. Thus for a system with m elements

m . m

U = strain energy = z ut = z Ui + AU;
i=1 i=1
T i i
= I (, wav+ [ aWav) (6-15)
i=1 Vi € i

where Wi and AWé are obtained from the material model as described in
Section 4 (see Figure 4.3).

For open or closed cross-—sections of the type shown in Fig. (6-1).
The integrals in Eq. (6-15) are expressed as sums of integrals over a
finite number of strips, n_. In keeping with the assumptions of the thin-

walled theory the integrands are assumed constant over the thickness
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Fig. 6-1 A Model for Strain Energy Integration.
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of these strips. Both integrals in Eq. (6~15) are of the form

n
s

ot [, £.da (6-16)
SRR

which using a three point Lobatto quadrature rule in each of the two
co~ordinate directions in the plane of the strip reduces to

3 3 g

zzl kzl jzl tjAjHQHk fj,Q,k (6-17)

H, and H, are the weights and f, is the value of f, at the f£-kth
2 k jek j
quadrature point [31]. The exact locations of these quadrature points

(or equivalently also the stress reference points) for the four dif-

ferent cross~sections can be found by referring to Appendix A.

6.4.2 Gradient Evaluation

The gradient of S as defined by Eq. (6~7) involves the accelera-
tion vector aei which for a given vector 94> is provided by Eq. (6-12)
as

= I [(ay - 9py) -~ G B0) - G - By, (A6)°] (6-18)

q . = .
ei B(At)2 ei

and the gradient of U with respect to qei is given by the general ex-
pressions in Eqs. (6-8). The expressions in Eqs. (6-8) can, however,

be simplified and reduced to a closed form if the response is purely

elastic.

6.4,2.1 Strain Energy Gradient Evaluation for Elastic Respomnse

For purely elastic response the i-th component of the gradient of

strain energy can be calculated as

U m  “r AU, or

au ‘z“ k ) k i
= = =) ( ) (6-19)

e k=1 ei k=1 j=1 OF3  9Yej

where r, are the local relative degrees of freedom of the g-th node

relative to the p~th node and nr the total of such local relative degrees
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of freedom. Uk is the strain energy of the k-th member, k = 1,2,...,m

being the number of elements which have the 9y degree of freedom in

common.

6.4.2.1.1 Truss Element

tion

From

The relative degree of freedom in this case, £ = DL/L, is a func-

of the relative global displacements AU, AV and AW. Thus,

au _ ¥ 3

5= L (RAL)e [% (6-20)
q 1i=1 q

Eqs. (3-2) and (3-3) it follows that

de  _ (AX+AU) . 3¢ _ g _
ou_ 2 > Ju_ T au (6-212)
q L7(1+e) p q
3 AY+HA d )
ave - ((Z_Jl)k ; EV_E - - ﬁé (6-21b)
q L7(14+€) P q
AZHA 3
s =GP, S - T (6-21e)
q L (14+e) P q

6.4.2.1.2 Frame Element [37]

The relative degrees of freedom in this case are 6u, 6vb, wa,

wx’ wy and wz and whereas Egqs. (6-12) through (6-14) provide U as a

function of these relative generalized displacements, Eqs. (3-16) through

(3-21) provide the necessary relationships between them and the relative

global generalized displacements AU, AV, AW, AGX, Aﬂy and AGZ.

Thus for the k-th element

ol
k_ Su -
56w - EA (7 (6-22a)
ol 8v. ow
__k _6E _ by _ __by .1
3(5Vb) LZ {IZ[Z( L ) lbz] + ZIYZ[( L ) + E le]}
12k_EI Sv I Sw
y_z ¢ 1 s ¥z 1 1 S
+ 2 {ky ) +—5 G&F Tt ——kzIy) ! (6-22b)
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al Gw Sv
Ty = 5 (L L26gD) +v,] + 211D = 5 v, 1)

8(5W )
12k EI I ov ow
1
(e Sl atd- Ly + 22 D) (6-220)
Yy 2z zy VA
ol
—N)_i=%wx (6-22d)
au Sw, Sv
k _ 6E __by . 2 1.5 _1
5$;-— L2 {Iy[( I ) + 3 wy] + ZIyz[Z ( T ) - 3 ¢z]}
6K EI _jL_ 1 Gvs 1 GWS
+,_____Z. {¢ )(‘———‘+ T )(—E—) +_Ef'(—if0} (6-22¢)
z'y P
ol Sv, ' Sw.
k_6E o b L2 1,1
6k EL _JL_ 1 Gws 1 5VS
-—QL——— {( )( kzIy)(_i—) + iﬁ'(—i-ﬁ} (6-221)

Furthermore, it can be easily verified from Egs. (3-30c,d), (3-34 a, b)

that
a(va - 1 [ adv 2 wa + fgi sz] (6-23a)
qui (1+¢z) qui s qui 2 qui
and
2&% = (1+l y g 7 5‘8’%““ i2LLa—BIEX] (6-23b)
Qi dJy Qg S %eg Qg

It remains to derive expressions for the derivatives of the relative
generalized displacements. For the case of large of deformations pro-

vided by Egs. (3-16), (3-17) and (3-19)

o{su} _ T T
(6-24a,b)
{6u} _ T T
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where the

11
TT

21
TT

31

12

22

32

components of [TT]P are

0

(

+ cy sy sz)(AY + AV) + c, cy(AZ + AW)

(

+ Sy sy sz)(AY + Av) - Sy sy(AZ + AW)

S s
X

C
X

z

z

+ c

]

s
y

s
X Yy

cz)(AX + AU) + (-sx ¢,

cz)(AX + AU) - (cx c,

- Sy cz(AX + AU) -~ sy sz(AY + AV)

~ AZ + AW
ey ( )

s

X

c_c (AX + AU) + s_ ¢ s (AY + AV)
y =z X y z

- s, sy(AZ + AW)

[

X

c_c (AX + AU) + c_ c_ s _(AY + AV)
y z X Yy "z

- cy sy(AZ + AW)
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13

H
1}

- cy sz(AX + AU) + cy cz(AY + AV)

T
T 23 _ (~c. ¢ - s_s_s )X+ AU) + (~c_ s (6-25g,1)
T X z X'y 2z ' X Z &>
+ Sy sy cz)(AY + AV)
733 - (s o -c_ s s )X+ M) + (s_ s
T X 2 X y =z X z
+ cy Sy cz)(AY + AV)
and the components of [TR]p are
11 _
TR = = cy Cz
T 2L (s. x +c s ¢c)A_ - (-c_s_+s_s_c)
R X 'z X z X Xy
+(-s_ ¢ +c_ s s ) A6 +c_c_ AD
X z y x
31 _
TR = (cx s, = 8,8 cz) AGX - (s._ s_+ Cy Sy c)
—(c._ e +s_s s )AB -s8_c_AD
X z v
T 12 _ . s ¢ A -s s ANO -c_s - c_AD
R z z z
22 (6-26a,h)
T =s c c A _+s c s A
R Xy z p.< X v 2 y
- (c._c +s s s )-s_s_A0
X z y Tz Xy
32 _
TR =c c ¢, Aex + e, ¢, 8 AD
-(-s_. ¢c_+¢c_s s)~-c_s_ANAB
y 2 X ¥y
T 13 c s A8 +c c AB_ +s
R z X z y
23 _
TR = (—cx c, = s sy sz) Aex + (—cX s
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R = (5 ¢, = °x Sy sz) Aex + (sx s (6-261>
+c s c )M -c_ ¢
X'y 2z y Xy

6.4.2.1.3 Membrane Element

The relative degrees of freedom in this case are Suq, Sur and Gvr

(see Fig. 3-7). Thus for moderately large strains
ol 6u Su

k Ehsin_Q_ g q
( ){ (2 )Y (me—>— - coto(l + 2 —%))
aqej 2(1_\)2) quJ v Q° sin R
su Su Sur
+ (exx+\)z-:yy) (——&Ro + 1) + (eyy+\)exx)cota(———CLRo coto - g sina)}
36u Su
__R° _ g
+ \3q '){( 2 7 .Xy(Qgsina)(l + RO)
e]
cSur Su
+ (Eyy+\)5xx) (Q sma) (Q sina  R® cota) }
BGVr R® 6vr
+ (3qej){(€yy+\)€xx) (m) a+ m)}] (6-27a)
where
38u
5 q - aaR (6-27b)
qej qej
9d8u
54 L= ———Q—az cosp + Q gcosB (6-27¢)
ej ej de e]
3dv
St = o sing + Q ___,gzms (6-274)
ej qu e]
and
' ox ay 9z
aBR = —lﬁ [x a__‘lP_ +y _B__QP_ + z —,()—-9-2-] (6-27¢e)
dej ap Bay AP By IP Vg
Q ox oy 3z
‘88 =_(1f[xr Br+yr 3r+zr ar] (6-27£)
9o P 394 P 3dyy P 34y
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dcosB 1 qp p qp
=—= [( )X x ) + ( )y
3q, QR "7aq " Tp P 99, 39,47 TP
Byrp SZIE, azr : '
+y_( ) + ( Yz +z (D)1 (6-27g)
P 3q, 994" TP 4P 3q,y
9sinB - tB(BcosB)
quJ quj
- (1 = U
= {-1 if . =7 6-27h
3q3. } 1 qu P ( )
J { 1 =U or U
q p
dy ! =Y
—dB - J_1 if q . =V (6-271)
dq_, ej P
€l 0 #V orvV
{
o 1 =W
=4q-1 if . =W 6-27j
3, p (6-273)
{ 0 #W orWw
q P

with similar relations for derivatives of er’ yrp and zrp with respect

to qej'

6.4.2.2 Strain Energy Gradient Evaluation for Inelastic Response

For inelastic response the i-th component of the gradient of strain

energy is evaluated as

ou m r = or

ou v k oW, ,oe :
=) =3y Y5 D Ew D (6-30)

Mot k=1 Mei k=1 =1 Vi 9 K OTj K 9%y

where W and € are defined as in Eqs. (4-4) and (4-5) and the remaining
equations are defined in Section 6.4.1.2. As in the case of the strain
energy, the gradient evaluation for inelastic response necessitates a
similar integration using quadratures. Except for the change in the

integrand this evaluation is identical to that described previously.
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6.4,2,2.1 Truss Element

In this case Ek = Ek which is also the relative degree of freedom

(j=1). Thus

o€ _
Gl =1
J
Expressions for (Brjlaqei) are provided by Eqs. (6-21).

6.4.2.2.2 Frame Element

In this case again Ek = (Ex)k. With the aid of Eqs. (3-24) and

(3-32) this is seen to be

_ y Gvb
€ = K - I [6(1-2n) 5 + 2(3n—l)Wz]
Z 6WB
- i‘[6(1-2n) I - 2(3n—l)Wy] (6-31)

where K is given by Eq. (3-35). Thus, for the case of large elastic

deformations
BEk _,
9(8u)
9e Sv Sv
__ kK v _ _6y ._ 6 . by 1 _5
L(B(va))_ L -2 +5 ) -, g
oe Sw Sw
K o6z 6 1, s
L(B((‘wa))—_L(lzn)+5(L)+lO‘yy+L
o€ Sw
k 2z 1 b 2
=22 (3p-1) 4= (D) + v
sy - L O I Ty (6-32a,8)
y
9e §v.
k __ 2y 1y - L b 2
5@y -~ 1 OnD -5 () s,
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o€ Sw. Ow
k _ b S
L (B(SWS)) - ( L ) + ( L )

Expressions for (Brj/3qei) are provided by Egqs. (6-26), (6-27) and
(6-28).

When a frame element responds inelastically, an additional node
is added at the center of the element. The axial displacement field
is then defined with the aid of two relative axial degrees of freedom
6ul and 6u2 as evident from Eq. (3-36). Equation (3-37) provides the
definition of 6ul in terms of other usual quantities. The derivatives
of Gul and 6u2 can thus be obtained by differentiation of relations
in Eq. (3-38a-h). Explicit expressions for such derivatives are however

too lengthy and cumbersome and have been omitted accordingly.

6.4.2.2.3 Membrane Element

The effective strain, Ek in this case is defined by Eq. (4-4).

Hence,

e

BEk B f (exx * %-E )
XX 3e vy

k

de

S k _ & (e + L )
€ 3 vy 2 Txx
yy Kk (6-33a,c)

aek ) E_ny

BYXY 3 z

Expressions for (Brj/qui) are provided by Egs. (6-29).
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Section 7
SOLUTION ERROR CONTROL

Errors in the present solution process arise from two sources:
(1) truncation errors which occur due to truncating the series
representation of the response Eqs. (6-1) and (ii) round-off errors
which occur due to the use of a computer with finite digit arithmetic
precision. In addition to the accuracy considerations of the solution
process due regard must be taken of its stability. TFor linear systems
it has been shown by Goudreau and Taylor [32] that in order to maintain
unconditional stability of the numerical integration scheme given by

Eqs. (6-1) the parameter B should be chosen such that
2
B >0.25 (0.5 + V)

with vy > 0.50. No such criteria can be postulated for nonlinear
problems however, with the optimum values of B and Yy being very much
problem dependent [25].

Proper choice of a step size (time or load) is thus crucial. If
two large a time step is used truncation errors occur due to
truncating the series representation of the response. Furthermore,
there is a danger of instability of the numerical integration process.
If too small a step size is used, computer accuracy limitations arise
due to limited number of digits used by the computer to represent the
response. In practice, irrespective of whether a problem is linear
or not the determination of the optimum size is difficult because of
the difficulties of accurately measuring the errors due to polynomial
truncation and computer arithmetic truncation.

Automatic error control in ACTION consists of varying time steps
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to assure that the truncation error is tolerable. The errors are
controlled by adopting time steps so that the equations of motion are
satisfied to user specified accuracies at midstep times. In other words,
some norm of the gradient of S in Eq. (6-4) is required to be less than
a user specified limit. Using Eqs. (6-1) responses are interpolated
for midtime. An equilibrium check is made using these displacements
and midtime forces and interpolated accelerations. Similar equilibrium
checks are also made at the end of the time step. If the errors are
excessive the time step is halved and equations resolved. ‘If the

error is excessively small, the current results are accepted, stress
and strain histories are updated but the time step for the next
solution is increased by an arbitrary factor of 1.50.

The following definition of error is adopted for checking equili-
brium imbalance at the midstep or the end of the time step. For the
i~th degree of freedom the equilibrium imbalance is given by SS/Sqei.
The imbalance is weighted depending upon the relative magnitudes of
displacements. Thus, each gradient component is multiplied by the
corresponding displacement component and the resulting work-like
quantity is mnormliazed with respect to the current value of the
potential function S. Thus the i-th component of the error vector

is defined to be

9S
¢ ) q .
qui ei

Bi=——s 7D

The norm of the error vector is defined to be

| 1E]| = max (E;) - (7-2)
i

The errors at the beginning and at the end of the time step are
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assumed to be due solely to convergence limits of the minimization
process, Hence the allowable error at midstep due to trumcation is
assumed to be

||E||to + HElltOJ,At
Hel|, , At - (7-3)
et 2 3

At being the size of the time step. It is this measure of error at

midstep which is required to fall within user specified limits.
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Section 8

APPENDIX A - FRAME ELEMENT CROSS-SECTION DETAILS

A.1 The Box Cross-Section [15]

In this section formulas for the box cross—-section are given. The

box cross—section is a thin-walled symmetric closed section composed of

four pieces as shown in Fig. A-1. Each piece has
with the twoside pieces having the same thickness
bottom pileces having the same thickness.

Because of the significant difference in the
of open and closed cross-sections, use of the box
represent an open section by omitting pieces will
in torsional response. Thin-walled open sections
modeled by making a recourse to the IE section to

The x, y, z axes of Fig. A-1 are the Xys Yy 2y

a uniform thickness

and the top and

torsional rigidities
cross—section to
lead to gross errors
can be adequately

be described later.

axes of Fig. 3-3.

The geometric parameters of the box cross section are given by

A= 2(d1t1 + d2t2)

C C
. (dltl N dztz) 21 - (dltl N dztz)dz
y 2 6 2 z 6 2 1
Zdidg
I =0, J=-
yz d
4G, %
105

(A_la’ g)

where A is the cross-sectional area, yc and zc are co-ordinates of the

centroid, Iy’ Iyz and Iz are area moments of inertia, and J is the

torsional constant. From symmetry the position of the shear center is

at the centroid of the section, hence
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Box Cross—Section Definition.
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Shear constants k_and kz for the cross-section are determined based on

the maximum strain method [33]. Thus

A
kg = v ( centroid

A
) k, -2 (1)
y zZ

Ty centroid, z
Calculating the centroidal shear stresses for elastic bending the

above formulas reduce to

A 1 171
k === + d,t,),
¥y 4IZ 1 2 272

(A-2a,b)
d d,t

A 2 272
k, =t ©. Gt 3

y 2

With these ky and kz, the elastic shear deflection parameters ay and o,

of Eq. (3-34a,b) are

12k EI_ 12k ET
o =—>=%, o =—=F (A-2c,d)
¥ GAL CAL

For monitoring inelastic material response, five points are spaced
equally along each of the:four walls of the section dividing the box
element into 16 volume elements for the calculation of strain energy
using Lobatto quadratures. For reporting stress results the normal
stress, 0, and the shear stress, T, are determined at the 16 points
in Fig. A-2 and the stresses are subscripted by the point numbers

shown in the figure to identify their locatiom.

For the box section, Eq. (3-44a) for the shear flow constant

becomes
2A0G Ci Ci
L wx - g E_-[(Ta+Tb) + Eih(ca-ob_oc+cd)]
qo = 2 (A_3)
4A
—
J
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Fig. A-2  Quadrature Points for the Box Cross-section.
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where the sum is over the 16 volume elements. Based on the centroidal

strains, the measurements of the effective bending shear strains are

Avs 1 :
Yoy =T " 26 (T1n ~ T3
(A-4a,b)
Aw
- _s_1
Yoz =T " 26 (T15 = Tp)

All of the equations used to treat the frame member with box section

are now available.

A.2 The IE Cross—~Section [15]

In this section formulas for the IE cross-section are given. The
IE cross~section is shown in Fig. A-3. It is made up of seven
pieces-~five flange pieces indicated by the subscripts 1, 2, 4, 6,
7 and two web pieces indicated by the subscripts 3, 5. Each piece
has a uniform thickness which may be different from the thickness of
any other piece. Any combination of the five flange pieces may be
omitted by specifying the width or thickness, or both, to be zero.
The web sections, indicated by subscripts 3 and 5, cannot be omitted.
The x, y, z axes of Fig. A-3 are the Xys Yo 2, axes of Fig. 3-3.

The geometric parameters of the IE cross-section are given by

LA

A= A, = d.t.

1 L = R

vy =i (ad, -Ad, -Ad +Ad - Ad)
¢ T 2a (Agdy - Apdy - AL, * Agdg - Aydg
e =l a +and - (A +a ¢ e
¢ T LGt Ag+Aadg - (A A +5)dy

A A

3, ,2 5 2 2
+ 3 )d3 + ( + A7)d5 - AzC

3

[
|

= (A1 + A + A

2 6

82



I d dp
t, t2
[ a r% |
1
1 — J
, — | ds
V4 4 <13 t4
Ye l
/y ys —I—L Q4~ 7
le dg —
y
X ¢ | ds
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L de ds

Fig. A-3

83

IE Cross—section Definition.




_1 2 2 2 2 2, _ .2
I = 3 (Ald1 + A2d2 + A4d4 + A6d6 + A7d7) Ay,
1
Iyz =5 [(-Ad + Aydy))dy - (- Ad, + A,d)d.] - Ay z_
1 7
J=3 1 At (A-5a,g)
i=1

The elastic shear center is located as follows. For loading in
the x-z plane the normal stress is given by
Iz-1 vy
o = _E_____Z%_.M
1.1 -1° 7
y 2 ye
where M.y is the bending. moment about the y-axis. From Eq. (3-24) the

shear flow is

VZ s
qQ-9qy=~——5"— [ (Iz-1I_y) tds
0 11 -12 0 ° ye
y z yz
dM
where Vz = —Ez-is the resultant shear force. This result can be used

to find the shear flow in each piece.
From the definition of the shear center, we have

4 d, dg d;

v, (yc—ys) =/ dyqqds; - J dq,ds, - S dgqeds, + S d5q,ds,
0 0 0 0
where Yo is the y co-ordinate of the shear center as shown in Fig. A-&.

Substituting for the shear flow and integrating the following expression

by Yo results

. L 1 _ 2. 2
Vg = Ve T ————p - I, [(z H)d (a0 a0k )
2(1,1,-17) .
vz ly
- (z -d_)d (d2t —d2t )1
¢"95)d5(dgte=dsty (A-5h)
2 2 2 2
I, 10 3 dpdadty - (G 3 dp)dadyey
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A similar treatment for loading in the x-y plane gives an expression for

the z co-ordinate of the shear center

—_— 2 —
Zg = 2. - 7 1L,00, - 5 d)dgdiey = (v, + 5 dy)dgdse,

[(z +d )d (d t.) - (z -d )d (d te -d t7)]}

171 2 t
The expressions for the shear flow in each pilece can be used to deter-
mine the shear constants ky and kz required for the shear deflection
calculations. Based on the maximum strain method formulas for these

constants are

k_=.._é(-r)

= A
y Vy y’ centroid’ k=3 (1)

z z’ centroid’

Calculation of the shear stress at the centroid based on elastic bend-
ing in the y-z plane and substitution into the above expression yields
for Ve positive:

d
Ky = 2 (¢
(IyIz-Iyz)(d3+d5)

c
) + Iyz(d3+zc](d5—zs)(dl—yc)

d6_yc
+ [Iy(——i——ﬁ - Iyz(ds—zc)](d6—yc)(d3+zs)}

(A-6a)

and for Y, negative

d +
A
k= {[I( €y - I _(d,+z )1(d+y ) (dc-z )
y 2 y 2 yz' 3 "¢ 27¢"5 s
(IyIz-Iyz)(d3+d5)
d +y
+ [1 =5 + Iyz(dS—zc)](d3+zS)(d7+yc)}

(A-6b)
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Fig. A-5 Quadrature Points for IE Cross-Section.
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The shear stress at the shear center is used to measure the effective cen-
troidal stress, as shown in Fig. A-4 for the case of positive Voo

A similar treatment for loading in the x-z plane gives the follow-
ing expressions for the shear constant kz:
z, positive:

_ A 1
k, = 2 {1, [agta; + 5 t5(dg-2 ) 1(d5~2 )
(I I -1I")Ht
yz yz” 5

dg dz
+ Iyz[-AG(T - Yc) + A7(2_ + yc) + ts(dS_zc)yc]}

z, negative:

_ A 1
kz = 5 {IZ[A1+A2 + 3 t3(d3+zc)](d3+zc)
(I I -I°)t
yz yz’ 3
4 dg
+ Iyz[Al(i—-— v - AZCE— +y) - t3(d3+zc)yc]} (A-6c)

With ky and kz determined, the elastic shear deflection parameters

ay and az of Eqs. (3-34a,b) can be calculated. These are

12k EI_ 12k EI
% = z %7 2 (a-6d)
Y GAL GAL

Equations (A-5) through (A-6) represent the principal cross-section and
member parameters used in the analysis of the IE section. They are
based upon geometry and the elastic deflection responses.

For monitoring inelastic material response, stress reference points
are selected so that the end and mid-points of each of the seven cross-
section pieces are represented. This selection divides the IE element
into 14 volume elements for the calculation of strain energy through the
use of Lobatto quadratures. The_normal stress, 0 is calculated at each
reference point as defined in Fig. A-5. The shear stress, T, is deter-

mined only at selected reference points as shown in Fig. A-5. The shear
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stress at the free ends of the flanges is zero.

It is evident that the shear flow theory does not contain torsional
components and hence cannot describe torsion of an open cross-section
like the IE cross-section. Thus, the torsional response is assumed to
be elastic and Eq. (6-13) is used to account for the torsional strain
energy.

For treating inelastic bending shear deformations, measurements of
the effective shear strains are required. Based on the maximum strain
method the centroidal shear stresses may be used to estimate effective
shear strains. However, in general the centroidal stresses are a
result of bending about both the y and z axes; hence it is necessary to
separate the centroidal stresses into components associated with bending
about the y-axis and with bending about the z-axis. For the box, tube
and elliptical sections this is done easily based on geometric symmetry
of the sections and the results are obtained in terms of centroidal
stresses, For the non-symmetric IE section the analysis is more com-
plex. Therefore a slightly different approach is taken. From Eqs. (3-

29a,b), the effective strains are

In these expressions, the parameters, Vy and VZ are the force resultants
of the shear stresses in the y and z directions. The forces Vy and Vz
are determined by integrating the shear stresses over the cross-section.
Assumption of a linear variation of shear stress between the stress

reference points, yields the following results:

Avs k Tz T4 T9
Yoy =T T 3a [(Ty ¥ 70415+ (T3 + 7dpty + (tg + 54,8,
T T
14 16 A-Ta
+(Ty3 + FOE F (g5 + 5], (A-7a)

89



- N

y

%\ 16 EQUALLY SPACED STRESS

REFERENCE POINTS

Fig. A-6 Circular Tube Cross-Section Details,

90



v,k Tg T,
Yoz =T ~26a LGt Tt 75t

T

T
10 12
+ 5 )d5t5](A—7b)

+(—2—'+

3 T11

The shear constants ky and kz in the above equations are those deter-

mined on the basis of elastic bending, i.e., as given by Eqs. (A-6).
All of the equations required for the analysis of a frame member

with IE cross—-section are now available. The procedure for evaluating

the strain energy is the same as that described for the box section.

A.3 The Circular Tube Cross—Section [15]

In this section formulas for the circular tube cross-section are
given. The circular tube cross—section is described by the mean dia-
meter, D, and the constant wall thickness, t, as shown in Fig. A-6. The

X, ¥, 2z axes of Fig. A-6 are the Xy Yys 2, axes of Fig. 3-2.

2
The geometric parameters of the circular tube cross-section are
given by

A=mt, y =2z =20

Cc C
2
= =._AD = =
Iy = Iz g Iyz 0 (A-8a,b)
2
_ _ AD
J —_2Iy =

where A is the cross—sectional area, Y. and z, are the co-ordinates of
the centroid, Iy’ Iz and Iyz are area moments of inertia and J is the
torsional constant. As a result of symmetry the shear center coincides
with the centroid of the section, hence

y =2z =0 (A-8c,d)

The shear constants k.y and kz determined on the basis of the maximum

strain method are
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Calculating the centroidal shear stresses for elastic bending and

substituting into the above formulas gives

ky = 2 and kz = 2 (A-9a,b)

With these ky and kz known, the elastic shear deflection parameters

ay and az of Eqs. (3-25) are

12k EI_ 12k EI
o = _ZL R az = —2—1 : (A-9c,d)
Y GAL GAL

Equations (A-8) and (A-9) constitute the principal cross—section and
member parameters used in the analysis of the circular tube cross-
section based on elastic deflection response.

For monitoring inelastic material response, 16 stress reference
points spaced equally around the circumference as shown in Fig. A-6 are
used. These points divide the circular tube section into 16 equal
volume elements which are used for the calculation of the strain energy
by Lobatto quadratures. These 16 reference points are used for report-
ing the normal stress, 0, and the shear stress, T, which are subscripted
using these reference numbers as shown in Fig. A-6.

Some of the general expressions developed for the inelastic ma-
terial response simplify considerably for the circular tube section.
Equation (3-40) for the shear flow may be simplified to

16

= ¢(RGy _ 1 -
9 = t(2L lyx 16 izl Ti) (4-10)

where the sum is over the 16 reference points at the p-end of the
element. Based on centroidal shear strain, measurements of the effec-

tive shear strains caused by bending are
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All of the equations used to treat the frame member with circular tube

cross~section are now available.

A.4 The Elliptical Tube Cross-Section

In this section formulas for the elliptical tube cross—section are
given. The elliptical tube cross-section is described by the two
diameters 2a and 2b along the major and minor axis respectively and the
constant wall thickness, t, as shown in Fig. A-7. The x, y, z axes of
Fig. A-7 are the X5y ¥o» 2, axes of Fig. 3-2.

The geometric parameters of the elliptical tube cross-section are

A = m(a+b)t, Yo = 2. = 0

c
Tt 2 t2
L =4 [(3bta)a”™ + (3atb) 4] (A-12a, £)
Tt 2 t2
L =% [(3a+b)b”™ + (3b+a) Z—]
I =0
vz
;o 4Grab)’e
E(e,n/2)
where
[2_.2
e="2 2 and E(e,m/2) is the elliptic integral

of the second kind.
The shear center coincides with the center as a consequence of the
symmetry of the cross-section and hence

y = z =0 (A—lzg)

The shear constants k.y and kz determined on the basis of the maximum

strain method are
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centroid

Calculating the centroidal shear stresses for elastic bending and
substituting into the above formulas gives

2 2
x aA bA

y ~ 3Tt k, = e (A-13,a,b)

With these k.y and kz known, the elastic shear deflection parameters

ay and o, of Eqs. (3-25) are

12k EI 12k EI '
o = # , az = ——TX (A"'ll},a,b)
y GAL GAL

Equations (A-13) through (A-14) constitute the principal cross-section
and member parameters used in the énalysis of the elliptical tube
cross-~section based on elastic deflection response.

For monitoring inelastic material response, 16 stress reference
points spaced equally around the circumference as shown in Fig. A-7 are
used. These points divide the elliptical tube cross—-section into 16
equal volume elements which are used for the calculation of the strain
energy by Lobatto quadratures. These 16 reference points are used for
reporting the normal stress, O, and the shear stress, T, which are
subscripted using these reference numbers as shown in Fig. A-7.

Some of the general expressions developed for the inelastic ma-
terial response simplify for the elliptical tube cross-section also.

Equation (3-40) for the shear flow may be simplified to
b4 16

X 1
t{2mab 1~ 16 izl Ti]
9 = 4aE (e) (A-15)

Where E(e) is the elliptical integral of the second kind and where the

sum in Eq. (A-15) is over the 16 reference points at the p-end of the
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element. Based on the centroidal shear strain, measurements of the
effective shear strains caused by bending are

avg Aw,
Yoy =T - 26 (137T1s)r Yoz =T < 26 (f17T9) (4-16)

All of the equations used to treat the frame member with elliptical tube

cross—section are now available.

A.5 The Solid Rectangular Cross—-Section [37]

This section provides formulas for the solid rectangular cross-

section which is described by its two dimensions D, and D2 as shown in

1
Fig. A-8. The x, y, z axes of Fig. A-8 are the Xys ¥o5s 2, axes of Fig.
3=2.

The geometric parameters of the rectangular cross-section are

A=DpD,, y =3z =0
Dip2 DlD:;
Iy =i I, ="43 > Iyz =0 (A-17a,c)
1,3 192 o 1 L
J== (a)y@ya-=2& J == tanh 2>
3 5 b 5 2a
kil n=1,3... n

Where A is the cross-sectional area, Ve and z, the co-ordinates of the
centroid, Iy, Iz and Iyz are the are moments of inertia, J is the
torsional rigidity constant and b is the larger and a is the shorter of
the two dimensions Dl and D2 [36]. As a result of symmetry the shear

center coincides with the centroid of the section, hence
y =z =20 (A-174)

The shear constants ky and kz determined on the basis of the maximum

strain are

= _A = A
ky TV (Ty)centroid’ k,=v (1)

centroid
y z
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Calculating the centroidal shear stresses for elastic bending and

substituting into the above formulas gives

K, =k, =% (A-17e)

With these ky and kz known, the elastic shear deflection parameters

ay and o, of Egqs. (3-25) are

12k EI_ 12k EI
o =—L 2 o =232 (A-18a,b)
y can? z eaL?

Equations (A-17) and (A-18) constitute the principal cross-section and
member parameters used in the analysis of the solid rectangular cross-
section based elastic response.

For monitoring inelastic material response, 2X2 Gauss quadrature
points for each of the four subrectangles and 25 stress reference points
spaced equally around the periphery as shown in Fig. A-8 are used. The
stresses at the stress reference points are calculated by simple linear

extrapolation of the stresses at the Gauss points.
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