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ABSTRACT 

By i ts  v e r y   n a t u r e ,   a n   o p t i c a l   h e t e r o d y n e  receiver is b o t h  a receiver and 
an   an tenna .   Ce r t a in   fundamen ta l   an t enna  properties o f   h e t e r o d y n e   r e c e i v e r s  are 
desc r ibed   wh ich  set t h e o r e t i c a l  limits o n   t h e   r e c e i v e r   s e n s i t i v i t y  for  t h e  
d e t e c t i o n   o f   c o h e r e n t   p o i n t   s o u r c e s ,   s c a t t e r e d   l i g h t ,   a n d   t h e r m a l   r a d i a t i o n .  
I n   o r d e r  t o  a p p r o a c h   t h e s e   l i m i t i n g   s e n s i t i v i t i e s ,   t h e   g e o m e t r y   o f   t h e   o p t i c a l  
antenna-heterodyne receiver conf igu ra t ion   mus t  be c a r e f u l l y   t a i l o r e d  t o  t h e  
i n t e n d e d   a p p l i c a t i o n .   T h e   g e o m e t r i c   f a c t o r s   w h i c h   a f f e c t   s y s t e m   s e n s i t i v i t y  
i n c l u d e   t h e   l o c a l   o s c i l i a t o r  (LO) ampl i tude   d i s t r ibu t ion ,   mismatches   be tween  the  
s i g n a l   a n d  LO p h a s e f r o n t s ,   c e n t r a l   o b s c u r a t i o n s   o f   t h e   o p t i c a l   a n t e n n a ,   a n d  
nonuniform  mixer   quantum  eff ic iencies .  The c u r r e n t  s t a t e  of knowledge i n   t h i s  
area, which rests heav i ly   on   modern   concep t s   o f   pa r t i a l   cohe rence ,  i s  reviewed. 

Fol lowing a d i s c u s s i o n  of n o i s e   p r o c e s s e s   i n   t h e   h e t e r o d y n e   r e c e i v e r   a n d  
t h e  manner i n  w h i c h   s e n s i t i v i t y  i s  i n c r e a s e d   t h r o u g h  t i m e  i n t e g r a t i o n   o f   t h e  
d e t e c t e d   s i g n a l ,  w e  d e r i v e   a n   e x p r e s s i o n  for t h e  mean s q u a r e   s i g n a l   c u r r e n t  
o b t a i n e d  by mixing a c o h e r e n t  local  osc i l la tor  w i t h  a p a r t i a l l y   c o h e r e n t ,   q u a s i -  
monochromatic  source.  We then   demons t r a t e   t he   manner   i n   wh ich   t he  I F  s i g n a l  
c a l c u l a t i o n   c a n  be t r a n s f e r r e d  t o  a n y   c o n v e n i e n t   p l a n e   i n   t h e   o p t i c a l   f r o n t   e n d  
o f   t h e   r e c e i v e r .   U s i n g   t h e s e   t e c h n i q u e s ,  w e  o b t a i n  a r e l a t i v e l y   s i m p l e   e q u a t i o n  
f o r   t h e   c o h e r e n t l y   d e t e c t e d   s i g n a l  from an   ex tended   incoherent   source   and   apply  
it t o  the   he t e rodyne   de t ec t ion   o f   an   ex tended   t he rma l   sou rce   and  t o  the   back-  
scatter l i d a r   p r o b l e m   w h e r e   t h e   a n t e n n a   p a t t e r n s   o f   b o t h   t h e   t r a n s m i t t e r  beam 
and  heterodyne receiver m u s t   b e   t a k e n   i n t o   a c c o u n t .   F i n a l l y ,  w e  c o n s i d e r   t h e  
d e t e c t i o n   o f  a c o h e r e n t   s o u r c e   a n d ,   i n   p a r t i c u l a r ,  a d i s t a n t   p o i n t   s o u r c e   s u c h  
a s  a star or  laser t r a n s m i t t e r   i n  a long  range  heterodyne  communicat ions  system. 
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1. INTRODUCTION 

Heterodyne or  coherent  detection  can be  advantageous i n  a var ie ty   of  
applications.  Heterodyne  receivers have a t  least  two fea tures  which are quali-  
t a t i v e l y   d i f f e r e n t  from incoherent   (or   d i rec t   de tec t ion)   rece ivers   ( re f .  1). 
First of a l l ,  the  receiving bandwidth is determined by the I F  bandwidth  which, 
i n  p r inc ip le ,  can  be var ied a t  w i l l  to   give  very  high  spectral   resolut ion.  
Secondly,  information  related  to  the  phase  of  the  radiation  signal is  retained 
i n  the I F  output and the  outputs  of two o r  more rece ivers  can be cor re la ted   to  
make coherence measurements comparable t o  t h e  aperture  synthesis  techniques  of 
radio  astronomy. 

To achieve  high  spectral   radiat ion  with  incoherent   or   di rect   detect ion 
systems,   radiat ion  f i l ters   or   spectrometers  must  be u t i l i z e d  and the  combination 
of  very  narrow  bandwidth  and  high s e n s i t i v i t y  (low l o s s )  i s  u s u a l l y   d i f f i c u l t   t o  
rea l ize .  I n  general ,  a heterodyne  receiver w i l l  be more sensit ive  than a d i r e c t  
detection  receiver  with an equivalent  noise  equivalent power (NEP) fo r   spec t r a l  
resolut ions below a cutoff bandwidth which depends on the NEP and the   in f ra red  
wavelength ( r e f s .  1, 2 ) .  The sub-Doppler spectral  resolution  of  heterodyne 
receivers  can be exploi ted  to   s tudy  the  molecular   const i tuents  and kinematics 
of  remote  sources  yielding  specific  information s u c h  a s   a l t i t u d e   p r o f i l e s  of 
absolute  abundance  of  the  species,   vertical   temperature  profiles,  and wind 
ve loc i t i e s   ( r e f .  3 ) .  I n  detect ing  extraterrestr ia l   thermal   sources ,   the   infor-  
mation i s  gathered by passive  heterodyne  spectrometers  whereas, i n  our own atmo- 
sphere  or i n  planetary  atmospheres  visi ted by spacecraf t ,   act ive  backscat ter  
l i d a r s  can  be  employed. I n  cont ras t   to   the  above appl icat ions where the  radia- 
t ion  s ignal  is total ly   incoherent   or   only  par t ia l ly   coherent ,   the   s ignal  from 
the   l aser  transmitter i n  a heterodyne communication  system ( r e f .  4 )  i s  coherent 
except  as  modified by atmospheric   effects   ( ref .  5 ) .  T h i s   a r t i c l e   a t t e m p t s   t o  
present a unified  theory of heterodyne  receivers which addresses   the  opt ical  
des ign   cons idera t ions   for   a l l   o f   these   appl ica t ions .  

A representative  heterodyne  receiver is i l l u s t r a t e d  i n  Figure 1. Signal 
radiat ion i s  co l lec ted  by an opt ical   antenna and focused,  along w i t h  a loca l  
o s c i l l a t o r  beam, onto a square-law  frequency  mixer  operating a t   t he   r ad ia t ion  
frequency. The l a t t e r  beams have center  frequencies Vs and VL and  powers 
Ps and PL. The  two frequencies mix to   g ive  an output  spectrum  centered a t  the 
intermediate  frequency VIF = VS - VL where VIF i s  much smaller  than  the 
infrared  frequencies VS and VL and t y p i c a l l y  on the  order  of a GHz o r   l e s s .  
The resu l t ing   s igna l   cur ren t  i s  amplified by an I F  amplif ier  of  bandwidth BIF 
and r e c t i f i e d  by a nominally  square-law  detector  to  give a current  output  pro- 
por t iona l   to   the  power i n  the I F .  This i s  usua l ly   input   to  a low-frequency 
f i l t e r   o r   i n t e g r a t i n g   c i r c u i t   t o   f u r t h e r  enhance  the  spectral  resolution  and/or 
s e n s i t i v i t y  and i s  then  recorded. 

Although the   p re sen t   a r t i c l e  w i l l  address most factors  influencing  the  per- 
formance  of t h e  receiver  i n  Figure 1, it w i l l  emphasize  the  design of the  opt ica  
f ront  end of the   rece iver   for  a var ie ty  of applications  and, i n  p a r t i c u l a r ,  t h e  
manner i n  which the  opt ical   antenna geometry and l o c a l   o s c i l l a t o r   d i s t r i b u t i o n  
a f f e c t  system s e n s i t i v i t y .  I n  Section 2 of t h i s   pape r ,  we review  the  noise 
processes  relevant  to  the I F  s ignal  and discuss  the  system  signal-to-noise i n  
the I F  i n  terms  of  an as  yet   undefined mean square  signal  current.   Section 3 
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b r i e f l y   o u t l i n e s   t h e   s e n s i t i v i t y  improvement  achieved by time in t eg ra t ion   t ech -  ’ 
niques .   In   Sec t ion  4 ,  w e  address   the   ca lcu la t ion   of   the  mean squa re   s igna l  
c u r r e n t   i n   t h e   m i x e r   p l a n e   f o r  a general ,   par t ia l ly   coherent ,   quasi-monochromatic  
source  and,   in   Sect ion 5, demonstrate   the manner i n  which t h e  I F  s igna l   ca l cu la -  
t i on   can  be t r a n s f e r r e d   t o   a n y   c o n v e n i e n t   p l a n e   i n   t h e   o p t i c a l   f r o n t   e n d   o f   t h e  
receiver. I n   S e c t i o n  6, w e  a p p l y   t h e   g e n e r a l   r e s u l t  t o  the   spec i f i c   p rob lem  o f  
coherent ly   de tec t ing   an   ex tended   incoherent   source .  The r e s u l t s   o f   t h a t   s e c t i o n  
are then   appl ied  t o  the   he te rodyne   de tec t ion   of   an   ex tended   thermal   source   in  
Sec t ion  7 and t o  t h e   b a c k s c a t t e r   l i d a r   p r o b l e m   i n   S e c t i o n  8 and some use fu l  
des ign   gu ide l ines  are genera ted .   In   Sec t ion  9,  w e  a p p l y   t h e   r e s u l t s   o f  Sec- 
t i o n  4 t o   t h e   d e t e c t i o n   o f  a spa t ia l ly   coherent   source   such  as a laser t r ans -  
mitter i n  a heterodyne  communications  system  or a d i s t an t   po in t   sou rce   such  as 
a star. 

2.  THE SIGNAL-TO-NOISE RATIO OF A HETERODYNE RECEIVER 

The power s i g n a l - t o - n o i s e   r a t i o  of a he te rodyne   rece iver  i s  a measure of 
i t s  s e n s i t i v i t y   s i n c e   s e t t i n g   t h e   r a t i o   e q u a l   t o  one   permi ts   ca lcu la t ion   of   the  
noise   equiva len t  power ( N E P ) .  I t  i s  g i v e n ,   i n  most cases o f   i n t e r e s t ,  by 
( r e f .  1) 

We w i l l  leave t h e   c a l c u l a t i o n  of t h e  mean s q u a r e   s i g n a l   c u r r e n t  <iM > t o  la ter  
sec t ions   and  l i m i t  ou r   p re sen t   d i scuss ion  t o  the   va r ious   no i se  terms i n   t h e  
denominator of Equation ( 2 . 1 )  . 

2 

The l o c a l   o s c i l l a t o r   i n d u c e d   s h o t   n o i s e ,   o r  quantum no i se ,  <is2> is  
often  the  dominant  noise i f  h V  >> KTB where TB i s  the  equivalent   blackbody 
temperature of a thermal   source   ly ing   ins ide   the   an tenna   pa t te rn  of t h e  
rece iver .   Shot   no ise  i s  due t o   f l u c t u a t i o n s   i n   t h e  ra te  of a r r i v a l   o f  LO pho- 
tons .  If  t h e  LO power i s  much grea te r   than   the   s igna l   power ,   the  mean square 
sho t   no i se   cu r ren t  is given by 

<is > - 2BeBIFiDC 2 -  - 

where iDc is t h e  DC cu r ren t   gene ra t ed  by t h e  LO, e is  t h e   e l e c t r o n i c   c h a r g e ,  
B I F  is the  intermediate  frequency  bandwidth,   and hV is  the  photon  energy.  
The in t eg rand   con ta ins   t he   de t ec to r  quantum e f f i c i e n c y  nQ and t h e  LO i n t e n s i t y  
IL which are assumed t o   v a r y   o v e r   t h e   p l a n e  of t h e   d e t e c t o r   d e f i n e d  by t h e  two- 
dimensional   coordinate  rD. The parameter B equa l s  1 for   photoemissive  mixers  

- 

-+ 
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whi le ,   for   photoconductors ,  it equa l s  2 d u e   t o   f l u c t u a t i o n s   i n   t h e   g e n e r a t i o n  
and  recombination  of  charge carriers as desc r ibed  by L e v i n s t e i n   ( r e f .  6). 

One can rewrite Equat ion   (2 .2)   in   the  more fami l ia r   form 

i f  w e  def ine   an   average  quantum e f f i c i e n c y  nQ by 
- 

and PL is  t h e  local oscillator power i n c i d e n t   o n   t h e   d e t e c t o r .  

Radiation  from a the rma l   sou rce   con ta ined   w i th in   t he   r ece ive r   f i e ld   o f  view 
and the  receiver   bandwidth BIF w i l l  be   cohe ren t ly   de t ec t ed  and s u b j e c t   t o  
so-ca l led   "he terodyne   ampl i f ica t ion ."   In  some experiments,   such as i n   p a s s i v e  
he te rodyne   spec t romet ry ,   th i s   thermal   source  i s  t h e   o b j e c t  of s t u d y ,   w h i l e   i n  
o t h e r s  it co r re sponds   t o  unwanted 
s e c t i o n s   t h a t  it can be descr ibed  

background  noise. We w i l l  show i n  la ter  
by   the   equat ion  

where nT i s  'an o v e r a l l   e f f i c i e n c y  which  depends i n   p a r t  on the   des ign   of   the  
op t i ca l   f ron t   end .  

F luc tua t ions   in   background  rad ia t ion ,   which   spec t ra l ly  is  o u t s i d e   t h e  
rece iver   bandwidth   bu t   wi th in   the   in f ra red   response   band   of   the   mixer ,  w i l l  a l s o  
produce   no ise   cur ren ts ,   g iven  by <iB2> in   Equa t ion  ( 2 . 1 )  as  w i l l  sources   o f  
r a d i a t i o n   o u t s i d e   t h e   a n t e n n a   p a t t e r n   o f   t h e   r e c e i v e r   b u t   i n s i d e   t h e   h e t e r o d y n e  
receiving  bandwidth.  McLean and P u t l e y   ( r e f .  7 )  have  der ived  expressions  €or  
t h i s   n o i s e  component  which are complicated  €unct ions of wavelength ,   spec t ra l  
i n t e r v a l ,   d e t e c t o r  area and  temperature ,   and  f ie ld  of view. The la t te r  no i se  
is not   ampl i f ied  by the  heterodyne  process,   however,   and  can  be  rendered 
n e g l i g i b l e  by choosing a l a r g e  enough l o c a l   o s c i l l a t o r  power  and  by s p a t i a l l y  
and s p e c t r a l l y   f i l t e r i n g   t h e   i n p u t   r a d i a t i o n .  

Two o ther   impor tan t   sources   o f   no ise  are Johnson or   thermal   no ise   asso-  
c ia ted   wi th   the   mixer   and   the   IF   ampl i f ie r .  The mixer no i se  is given by 
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<iJ2> = 4 K T ~ B ~ ~  
%I 

where TM and % are  the  mixer's  (or  mixer  load  resistor's)  temperature  and 
resistance as seen by  the  IF  amplifier.  For  most  cooled  mixers,  this  would be 
negligible  compared with the  amplifier  noise  given  by 

<iA2> = 4 K T ~ B ~ ~  
MRA 

(2.7) 

where TA and RA are  the  amplifier's  noise  temperature  and  input  resistance, 
and M is a  factor  less  than  unity  which  accounts  for  impedance  mismatches 
between  the  mixer  and  amplifier. 

Clearly,  other  sources  of  noise exist.  "Excess  noise" is common  in 
receivers  which  employ  diode  laser  local  oscillators  and  generally  arises  from 
multimode  effects or other  non-ideal  behavior  in  the LO. Noise  can  also  be 
introduced at the  electrical  contacts  to  the  mixer  element or by  temperature 
fluctuations  in  the  mixer.  These  sources  are  unique  to  specific  systems  and 
will not be  considered  further  here. 

With  sufficient LO power,  most of the  above  noise  sources  can  be  made 
negligible  relative  to  the  quantum  noise  <is2>  and/or  the  background  thermal 
noise  contribution <iT2>. If the  mean  square  signal  current  is  given  by  an 
expression of the  form 

where Ps is  the received  signal  power  and  qHET  is an as yet undefined 
heterodyne  receiver  efficiency,  then,  under  strong LO illumination,  the  signal- 
to-noise  ratio  tends  to 

Setting  the  latter  ratio  equal  to  one  and  solving for PS/BIF yields  the  noise 
equivalent  power  per  unit  bandwidth; i.e., 

NEP  (W/Hz) = - hV { B + QT [exp (hV/KT) - 13 "> 
~H E T  

(2.10) 



where nHET and nT bo th   depend   on   t he  optical  f r o n t   e n d   g e o m e t r y .   I n   t h e  
quantum  noise  l i m i t  (hV >> KT) , Equat ion   (2  . l o )  r e d u c e s  t o  

NEP(W/Hz) = - BhV 

~ H E T  

whereas,  i n   t h e   t h e r m a l  l i m i t  (hV << KT), it becomes 

nnl 
NEP (W/Hz) = KT 

~ H E T  

(2.11) 

(2.12) 

If w e  i nc lude   mixe r   and  amplifier Johnson   no i se ,  w e  can  w r i t e  f o r  a g e n e r a l  
photoconductor  

2hV + nThv K(TM + TA) NEP (W/Hz) = - + 
%ET [exp(hw/KT) - 11 G 

'HET 

(2.13) 

where G is t h e   " c o n v e r s i o n   g a i n "   d e f i n e d   b y  A r a m s  e t  a l .  ( r e f .  8) 

3. DETECTION AND TIME  INTEGRATION 

I f   t h e  power   s igna l - to-noise  r a t i o  i n   t h e   I F  is  less t h a n   u n i t y ,   t h e   s i g n a l  
can be d e t e c t e d   b y   i n t e g r a t i n g   t h e  detector o u t p u t   o v e r  a s u f f i c i e n t l y   l o n g  
period o f  time. The v o l t a g e   s i g n a l - t o - n o i s e  r a t i o  a t  t h e  f i l ter  o u t p u t   i n  
F i g u r e  1 i s  l i n e a r l y  related t o  t h e  power S/N b y   t h e   e q u a t i o n   ( r e f .  1) 

The l a t t e r  e q u a t i o n  assumes t h a t   t h e   I F   a m p l i f i e r   h a s  a r e c t a n g u l a r   b a n d p a s s  
s p e c t r u m   ( d o u b l e   s i d e b a n d ) ,   t h e   r e c t i f y i n g   d e t e c t o r  is  an   i dea l   squa re - l aw 
d e v i c e ,   t h e   f i n a l   o u t p u t  f i l t e r  h a s  a noise   bandwidth  Bo much less t h a n  BIF 
and  the  power S/N is much less t h a n   u n i t y .   S m i t h  ( r e f .  9)  h a s   c o n s i d e r e d  
t h e  more g e n e r a l  case w h e r e   t h e   I F   a m p l i f i e r  is  n o t   s t r i c t l y   s q u a r e - l a w   a n d   d o e s  
not   have  a r ec t angu la r   bandpass   spec t rum.  H e  h a s  a lso c o n s i d e r e d  power S/N 
r a t i o s  much g r e a t e r   t h a n   u n i t y .  If t h e   o u t p u t  f i l ter  i s  a s i n g l e   s t a g e  RC 
c i r c u i t   s u c h   t h a t  Bo = -c0/4 = RC/4,  Equat ion   (3 .1)  becomes 
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4.  COHERENT  DETECTION OF A  GENERAL  QUASI-MONOCHROMATIC  SOURCE 

We turn  now  to  the  calculation of the  mean  square  signal  current <iM > 
for a  general  quasi-monochromatic  source. This problem  has  been  considered  pre- 
viously by  Rye  (ref. 10) and  McGuire  (ref. 11). With  only minor  modification, 
the  derivation  given  here  parallels  that of McGuire. If  we assume  that  the 
detected  radiation  lies  within  a  frequency  bandwidth Avs that is narrow with 
respect to  the  center  frequency VS,  the  real  signal  field at the  mixer  plane 
can be  represented  by an expression  of  the  form 

2 

where W = 2TVS and  the  complex  signal  field  envelope E, t) at the point 
rD  in  the  detector  plane  varies  slowly  in  time  relative  to  the  exponential 
exp(iwSt). The time  dependence of the  envelope  might  reflect  the  modulated 
output of a transmitter  laser  in a heterodyne  communications  system,  the  ampli- 
tude  and  phase  fluctuations  inherent  in  the  signal  from  an  incoherent  thermal 
source or backscatter  lidar, or even the effects of atmospheric  turbulence  on 
the  signal.  The  envelope,  through  its  dependence  on  the  detector  coordinate 
rD, also  contains  spatially  dependent  amplitude  and  phasefront  information. 

+- S 

-+ 

If  we  represent  the  LO  field by a similar expression, the  current out of 
the  square-law  mixer is given  by 

where wL is the LO center  frequency  and  the  integral  is  over  the  active 
detector  area.  Upon  performing  the  quadratic  multiplication  of  fields  in 
Equation  (4.2),  we  obtain  both  sum  and  difference  frequencies.  High-frequency 
sum terms  varying as exp(+2iwst),  exp(f2iwLt),  exp(fi ( W  +W ) t) , lie  outside  the 
bandwidth of the  mixer  and  hence  can  be  ignored. The  dlfference  terms  produce 
two  "DC"  currents  corresponding  to  the  average  signal  and  local  oscillator 
induced  currents  and  an  additional  mixing  term  given  by 

$ L  
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where  the  IF  frequency WIF - - Ws - WL. Squaring  Equation ( 4 . 3 )  yields 

If we average  the  above  expression  over  a  time  interval T short  compared  to 
the  coherence  times of the signal  and  local  oscillator  field (Ts and TL) but 
long  compared  to  the  IF  beat  period,  TIF,  we  may  write 

dt iM  (t) 2 

since the field  envelopes  can  be  viewed  as  effectively  constant  over  this  time 
interval  and  hence  the  terms  varying as exp(k2iwIFt)  in  Equation (4.4) average 
to zero  over  an  IF  beat  period. In certain  applications, such as passive 
heterodyne  spectrometry of a thermal source,  the  integration time  can  be 
arbitrarily  long. The limit  of  Equation  (4.5) as T approaches  infinity  is 
then 
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where we have  invoked  the fact  that  the  signal  and  local  oscillator  fields  are 
statistically  independent  and  hence  the  fourth-order  correlation  function 
<Es(rD,t) E,* (:D' rt) €L(~D' ,t) EL*(:D,t)> can  be  written as the  product of two 
second-order  functions. The second-order  correlation  functions  can  be  related 
to quantities  appearing  in  the  theory of partial  coherence  by  noting  that  the 
"mutual  coherence  function"  (MCF) of a  quasi-monochromatic,  stationary  optical 
signal  field is defined  by  (ref. 12) 

+ 

Under  the  assumption of cross  spectral  purity  (refs. 12, 13) , the  spatial  and 
time  variables  are  separable  leading  to 

where g ( 0 )  = 1 and Js (rlrr2) is the  "mutual  intensity  function"  (MIF) 
of the  signal  field.  From  Equations  (4.7)  and  (4.8)  we  note  that 

<Es(:D,t) E ,  (rD  ,t) > = TS(rD,rD ,0) = JS(rDrrD') and  hence  Equation (4 .6 )  
can  be  written  in  its  final  form 

+ +  

* - + a  + + I  - + +  

where Js(;D,ZD') and JL(ZD' ,;?,) are the  mutual  intensity  functions of the 
signal  and  local  oscillator  fields  in  the  detector  plane.  Calculation of the 
mean  square  mixing current  by  means  of  Equation (4.9) is not  always  a  simple 
task  due  to  the  difficulty in computing Js (ZDrrD' ) for  many  sources of 
practical  interest. In ensuing  sections, we will  demonstrate  how  the  calcula- 
tion  can  be  carried  out  in  optical  planes  other  than  the  detector  plane  and  the 
enormous  simplifications  that  often  result. 

+ 



B e f o r e   c l o s i n g   t h i s   s e c t i o n ,  it i s  worthwhile t o  no te  two u s e f u l   p r o p e r t i e s  
o f   t he   mu tua l   i n t ens i ty   func t ion ;  i . e . ,  

and 

(4.10) 

(4.11) 

where Is(?D) i s  t h e  t i m e  ave raged   s igna l   i n t ens i ty  a t  t h e   p o i n t  rD. + 

5. PROPAGATION OF THE MUTUAL INTENSITY  FUNCTION 

Cons ider   the   s igna l  e lec t r ic  f i e ld   p ropaga t ing   f rom  the   an tenna   p l ane   i n  
Figure 2 t o   t h e   d e t e c t o r   p l a n e .   S m a l l   a n g l e  scalar d i f f r a c t i o n   t h e o r y   ( r e f .  1 2 )  
g i v e s   t h e  e lec t r ic  f i e l d   i n   t h e   d e t e c t o r   p l a n e ;  i .e. ,  

where k = 2~r/A,  PA(ZA) is  the   an tenna   pup i l   func t ion  and t h e  term i n   b r a c k e t s  
co r re sponds   t o  a Huygen's  wavelet  emanating  from a p o i n t  rA i n   t h e   a n t e n n a  
p lane   and   t rave l ing  a d i s t a n c e  rlU! t o  a p o i n t  rD in   t he   mixe r   p l ane .  Then, 
from t h e   d e f i n i t i o n   o f   t h e   m u t u a l   I n t e n s i t y   f u n c t i o n  (MIF),  it i s  clear t h a t  

-+ 
-f 

For a s t a t i o n a r y   p r o c e s s l   t h e  t i m e  o r i g i n  is  of no consequence  and  therefore 

( E S k A . t  - -) I-'AD C ES*(ZA' , t  - %)> C = (Es(sAlt) E, rA , t  - 
*[. I C - 

(5.3) 
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NOW, i f   the- t ransverse   d imens ions   o f   the   an tenna  and de tec to r   pup i l  are small 
compared to   the  coherence  length of t he   s igna l   r ad ia t ion   de f ined  by 1 = c/AVs, 
t h e   v a r i a t i o n   o f   t h e   s i g n a l   e l e c t r i c   f i e l d   o v e r  a time i n t e r v a l  
t = - rm)/c is neg l ig ib l e  and  Equation (5.3) i s  e f f e c t i v e l y   t h e  
s igna l  MIF in  the  antenna  plane.   Equation  (5.2)  then becomes the  propagat ion 
l a w  f o r   t h e  MIF as f i r s t   d e r i v e d  by Zernike  ( refs .  1 2 ,  14); i .e. ,  

If w e  subst i tute   Equat ion  (4 .5)   in   (4 .9)   €or   the mean square   s igna l   cur ren t  and 
reverse   the   o rder   o f   in tegra t ion ,  w e  ob ta in  

where PD (;D) is  t h e  mixer pup i l   func t ion .   I f  we now de f ine   an   e f f ec t ive  
l o c a l   o s c i l l a t o r   f i e l d   g i v e n  by 

the  corresponding  effective MIF i s  then  equal   to  

Subs t i tu t ing   Equat ion   (5 .7)   in to   (5 .5)  and  comparing t h e   r e s u l t i n g  
expression  with  the MIF propagation l a w  ( 5 . 4 ) ,  we note   tha t   the   b racke ted  t e r m  
in  Equation  (5.5) i s  simply  the MIF o f   t he   e f f ec t ive   l oca l   o sc i l l a to r  back- 
propagated t o  the  antenna  plane.  We may the re fo re   wr i t e   fo r   t he  mean square 
mixing cu r ren t  
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The physical   s ignif icance  of   Equat ion (5.8) i s  tha t   t he   ca l cu la t ion   o f  
mean square IF s igna l   cur ren t   can  be c a r r i e d   o u t   i n  any  convenient  optical   plane 
as f i r s t   p o i n t e d  out by Rye ( r e f .  10) .  This  has practical importance  since i t  
i s  u s u a l l y   e a s i e r ,   f o r  example, t o  compute the  backpropagation  of a coherent LO 
e lec t r ic   f ie ld   th rough  an   op t ica l   sys tem  than   to   p ropagate   the  MIF of an 
incoherent   source   in  a forward  direction  through  the  system  to  the  mixer.  This 
f a c t  w i l l  b e   w e l l   i l l u s t r a t e d   i n   l a t e r   s e c t i o n s .  

Although we have considered  only  free  space  propagation  in  the  present 
der ivat ion,   the   approach i s  equa l ly   va l id  when intervening  opt ical   e lements  
such a s   l e n s e s ,   m i r r o r s ,  and ape r tu re s   a r e   p re sen t .  The simple Huygens wavelet 
in  Equation (5.1) i s  then  replaced by an appropriate   t ransmission  funct ion  €or  
t h e   o p t i c a l  system ( r e f s .  10,  1 2 ) .  

6. HETERODYNE DETECTION OF AN EXTENDED INCOHERJ3NT SOURCE 

The expressions  der ived up t o   t h i s   p o i n t  have assumed a g e n e r a l ,   p a r t i a l l y  
coherent,  quasi-monochromatic  source. We consider  now an  important   pract ical  
a p p l i c a t i o n   i n  which the  s ignal   radiat ion  emanates  from  an extended  incoherent 
source and propagates   to   the  antenna  plane  as   in   Figure 3 .  The propagation  of 
the MIF proceeds i n  p rec i se ly   t he  same fa sh ion   a s  i n  the   p rev ious   sec t ion  
except   tha t   there  i s  no coherence  between  the Huygens wavelets  emanating from 
the   i n f in i t e s ima l   sou rces   l oca t ed  a t  rS and rs ' .  Thus the  second-order 
cor re la t ion   func t ion   in   the   source-antenna   p lane   vers ion  of Equation (5.3) 
becomes 

-+ -+ 

(6.1) 

where Is(rs)  i s  the   t ime  averaged   rad ia t ion   in tens i ty   a t   the   po in t  r S  i n  the  
source  plane  and 6 ( r s  - r s ' )  is  the  two-dimensional  Dirac  delta  function. I t  
can  be shown t h a t   s u b s t i t u t i o n  of Equation  (6.1)  into  the  source-antenna  plane 
vers ion of  Equation  (5.2)  and  performing  the  double  integral  over rs' y i e lds  
the  propagat ion law f o r   t h e  MIF of an incoherent   source   ( re f .  1 3 ) ;  i . e . ,  

-+ -+ 
-f -+ 

-+ 

where t h e   i n t e g r a l  i s  over   the  f ini te   dimensions of the  source. We may  now 
subs t i tu te   Equat ion   (6 .2)   in to   (5 .8)  and reverse   the   o rder  of i n t e g r a t i o n   t o  
ob ta in   fo r   t he  mean square I F  s igna l   cu r ren t  
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2 
<iM2> = 2(&) ?t2 $$ dzs Is($s) 

Through  use of t h e  MIF p r o p a g a t i o n  l a w  given  by  Equat ion (5.4), w e  r e c o g n i z e  
t h e   b r a c k e t e d  t e r m  i n   E q u a t i o n   ( 6 . 3 )  as t h e   m u t u a l   i n t e n s i t y   f u n c t i o n  of t h e  
b a c k p r o p a g a t e d   e f f e c t i v e   l o c a l  o sc i l l a to r  (BPELO) e v a l u a t e d  a t  t h e   p o i n t s  
rS = rs' B u t ,   s i n c e  JE (rs ,rS) = IE ( zs )  , t h e  t i m e  a v e r a g e d   i n t e n s i t y   o f   t h e  
BPELO i n   t h e   s o u r c e   p l a n e ,   E q u a t i o n   ( 6 . 3 )   r e d u c e s   t o   t h e   r e l a t i v e l y   s i m p l e  
e x p r e s s i o n  

-+ -+ - + +  

Thus w e  h a v e   t h e   v e r y   u s e f u l   r e s u l t   t h a t   t h e  mean s q u a r e   I F   s i g n a l   c u r r e n t  i s  
p r o p o r t i o n a l  t o  t h e   o v e r l a p   i n t e g r a l   o f   t h e   e x t e n d e d   i n c o h e r e n t   s o u r c e   i n t e n s i t y  
w i t h   t h e   b a c k p r o p a g a t e d   e f f e c t i v e  LO i n t e n s i t y .   I n   t h e   n e x t  t w o  s e c t i o n s ,  w e  
w i l l  a p p l y   t h i s   r e s u l t   t o   t h e   d e t e c t i o n   o f   t h e r m a l   r a d i a t i o n   a n d   t o   t h e   b a c k -  
s c a t t e r   l i d a r   p r o b l e m .  

7. THERMAL SOURCE  DETECTION 

The t o t a l  power AP r a d i a t e d   i n t o  a hemisphe re ,   w i th in   t he   IF   bandwid th  
BIF, from a small area AA on a blackbody i s  

AP = - 2n hwBIF AA 
A 2  [eXp (hV/KT) - 11 

O n l y   t h e   p o w e r   e m i t t e d   i n   t h e   d i r e c t i o n   o f   t h e   r e c e i v e r   c o n t r i b u t e s  t o  t h e  
s i g n a l  MIF i n   t h e   a n t e n n a   p l a n e .   T h u s ,   i f   t h e   r e c e i v e r  i s  i n  a d i r e c t i o n   n o r m a l  
t o  t h e   p l a n e  of the   b l ackbody ,  w e  m u s t   m u l t i p l y   t h e   a b o v e   e x p r e s s i o n   b y  a 
f a c t o r  l / n  cor responding  t o  t h e  power emitted per s t e r a d i a n   i n   t h e   n o r m a l  
d i r e c t i o n .  We must also m u l t i p l y   b y   1 / 2   t o   a c c o u n t  for  t h e  f ac t  t h a t   t h e  
he te rodyne  receiver d e t e c t s  
i n t e n s i t y  t o  be s u b s t i t u t e d  

on ly   one   po la r i za t ion   componen t .   Thus ,   t he  
i n t o   E q u a t i o n  (6.4)  is  g iven   by  

- 1 hvBIF 

X2 [exp (hV/KT) - 13 
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and  Equation (6.4) becomes 

(7.3) 

where t h e   i n t e g r a l  i s  s imply   t he   t o t a l   backpropaga ted   e f f ec t ive  LO power  sub- 
tended by the   source .  

I f   t he   dominan t   no i se  mechanism i s  t h e  LO-induced shot   noise   given  by 
Equa t ion   (2 .3 ) ,   t he   IF   s igna l - to -no i se   r a t io  i s  

< i M 2  > rlT 

power <is2 > f3 F x p  (hV/KT) - l] 

where qT is the   ove ra l l   he t e rodyne   r ece ive r   e f f i c i ency   fo r   t he rma l   sou rce  
detect ion  introduced  in   Equat ion  (2 .5)   and  def ined by 

(7.4) 

- 
where qQ i s  the  average  mixer   quantum  eff ic iency  def ined by  Equation ( 2 . 4 )  
and PL i s  t h e  LO power i n c i d e n t   o n   t h e   d e t e c t o r .  If t h e  mixer quantum e f f i -  
c iency i s  uniform,   Equat ion  (7 .5)   reduces  to  

where w e  have  used  Equations  (5.7)  and (4 .11 )  . The q u a n t i t y  I ~ ( r s )  is  t h e  
i n t e n s i t y  of the   ac tua l   backpropagated  LO r a t h e r   t h a n   t h e   e f f e c t i v e  LO. The 
quan t i ty  ?IT r ep laces   t he   mixe r   e f f i c i ency   i n   t he   co r re spond ing   equa t ions   i n  
t h e   c l a s s i c   p a p e r  by  Siegman ( r e f .   1 5 ) .  

-+ 

I f   t h e   s o u r c e  i s  so l a rge   t ha t   t he   backpropaga ted  LO i s  c o n t a i n e d   e n t i r e l y  
wi th in  i ts  d i s k   r a d i u s ,   t h e   i n t e g r a l   i n   E q u a t i o n   ( 7 . 6 )  i s  s i m p l y   t h e   t o t a l  LO 
power in   the   source   p lane .   Except   for   an   a tmospher ic   t ransmiss ion   fac tor  qA, 
t he  l a t t e r  i s  equal  t o  the  backpropagated LO power e x i t i n g  from  the  antenna. 
Thus, the   overa l l   he te rodyne   e f f ic iency   (7 .6)   can   be   b roken  down i n t o   s e v e r a l  
components; i . e . ,  

where qo t a k e s   i n t o   a c c o u n t   r o u t i n e   o p t i c a l   l o s s e s   d u e   t o   r e f l e c t i o n s  and 
s c a t t e r i n g   w h i l e  rlR i s  a geomet r i c   e f f i c i ency   wh ich   t akes   i n to   accoun t  
v i g n e t t i n g ,   c e n t r a l   o b s t r u c t i o n s ,  LO phase f ron t   cu rva tu re ,  etc. i n   t h e   o p t i c a l  
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antenna.  Numerically, qR i s  equal   to   the  f ract ion  of   the  or iginal  LO power 
which e x i t s  from t h e  antenna  during  backpropagation. 

where W i s  the  gaussian  spot  radius i n  the  antenna  plane and w e  have defined 
two parameters  (ref.   16) a = a/w and y = b/a. The geometric  efficiency  has 
been p lo t t ed   a s  a function of c1 and y i n  Figure 5. 

The important  thing  to  note i n  Figure 5 i s  t h a t ,   f o r  a given  nonzero  value 
of t h e  l inear   obscura t ion   ra t io  y = b/a,  the optimum ef f ic iency  is  less   than  
what one would expect  based on simple  blockage  of  the incoming rad ia t ion  by the 
central  obscuration.  For  example, y = 0.5  would imply  an areal   obscurat ion 
efficiency  of 1 - y2 o r  75%. The peak eff ic iency i n  Figure 5 , however, would 
only be  about 47% i f  one were t o  choose  an optimum gaussian  spot  radius  corre- 
sponding t o  c1 = 1.3. Nonoptimum choices   c lear ly   resu l t  i n  s ign i f icant ly  worse 
performance. 

Clear ly ,   to  maximize the   e f f ic iency  of coherent  detection  of a thermal 
source which f i l l s  the   rece iver   f ie ld  of view,  one  wishes t o  choose  an o p t i c a l  
geometry  which allows  the  effective  backpropagated LO t o   e x i t  from the  telescope 
w i t h  near-unity  efficiency. Although t h i s  i s  most e a s i l y  accomplished w i t h  
off-axis   ref lect ive  te lescope  geometr ies  which eliminate  the  central   obscuration 
problem,  one i s  not  limited  to  such  geometries i n  general. For example, if we 
use  appropriate masks i n  the  LO beam t o   c r e a t e  a l o c a l   o s c i l l a t o r   d i s t r i b u t i o n  
i n  the mixer  plane which matches  the A i r y  pa t te rn  of the  central ly   obscured 
Cassegrain  telescope i n  Figure 4 ,  the  backpropagated LO w i l l  form  an a n n u l a r  
d i s k  i n  the  antenna  plane which matches the  antenna  pupil  function and provides 
u n i t y  transmission. T h i s  r e s u l t  assumes,  of  course, t h a t   t h e  mixer quantum 
eff ic iency is reasonably  uniform. The transmission loss of  the beam s p l i t t e r  
i n  Figure 4 is  included i n  the   op t ica l   e f f ic iency  Qo. 

For  such  large  sources,   the  efficiency i s  not  sensit ive  to  the  wavefront 
curvature of the LO beam except   to   the   ex ten t   tha t  it modifies  the LO trans- 
mission  through  the  antenna  pupil.  For  example, i f  one considers two systems, 
project ing  the same gaussian  spot  size i n  the  antenna  plane  of  Figure 4 but 
having two d i f f e r e n t   r a d i i  of  curvature  for  the LO phasef ronts ,   the   f rac t iona l  
transmission and hence the  receiver   eff ic iency w i l l  be the same.  The system 
w i t h  the  wider  backpropagated LO divergence w i l l  detect   point  sources  near  the 
o p t i c   a x i s  w i t h  l e s s   s e n s i t i v i t y   b u t   t h i s  w i l l  be  compensated f o r  by the 
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detect ion of addi t ional   point   sources  which are beyond t h e   f i e l d  of  view  of t h e  
receiver  with  the  smaller  backpropagated LO divergence. On the  other  hand, i f  
t h e  source is  of   l imi ted   spa t ia l   ex ten t ,  maximum de tec t ion   e f f i c i ency   d i c t a t e s  
that  the  backpropagated LO be  contained  totally  within  the  source  pupil   function 
and hence LO phasefront   curvature   effects  w i l l  p lay a more important  role.  For 
small thermal  sources i n  t he   nea r   f i e ld  of  the  receiver,  as i n  a laboratory 
experiment, t h i s  can  be  accomplished by choosing an  o p t i c a l  system  which effec- 
tively  focuses  the  backpropagated LO onto  the  target  source and provides  near- 
unity  transmission  efficiency  for  the  backpropagated LO. 

8. INCOHERENT BACKSCATTER L I D A R  

Consider  the  l idar  system  in  Figure 6.  An outgoing  pulse  of  temporal 
width 6 i s  transmitted  through  the  atmosphere  illuminating  the  aerosol 
s c a t t e r e r s  i n  i t s  path. The mixer current  a t  time t i s  due to   r ad ia t ion  
sca t te red  a t  a time t - R/c from a volume defined by the  length c6/2 w i t h i n  
t he   r ece ive r   f i e ld  of  view as  determined by t h e  backpropagated  effective LO 
in tens i ty .  Although the   ae roso l   s ca t t e r e r s   a r e  randomly  spaced and t y p i c a l l y  
many wavelengths  apart ,   the  return i s  not   s t r ic t ly   incoherent   s ince   the  
sca t te re rs   wi th in   the  volume of in te res t   a re   " f rozen"  i n  the i r   pos i t ions   dur ing  
the  passage of a short   laser  pulse,   thereby  producing a coherent  or  "speckle1' 
component i n  the  re turn.  Thus,  based on a s ingle  r e t u r n ,  one  cannot  perform 
the  long  time  average  necessary  to  progress from Equation (4.5)  t o  ( 4 . 6 )  i n  our 
derivation  of  the mean square  mixing  current < i M 2 > .  However, i f  we imagine 
repeating  the  l idar  experiment many times  over  the same source volume and 
obtaining an  average  current waveform out  of  the  mixer,  the  coherent component 
would be expected  to  average  to  zero  over  the ensemble of  measurements  due t o  
the random relative  motions  of  the  scatterers.   After  averaging a s u f f i c i e n t l y  
large number of  current waveforms, we would then be l e f t   w i t h  t h e  incoherent 
component. Thus, if   the  physical   process  being  observed is  e rgod ic ,   i . e . ,  
ensemble averages  are  equal  to  time  averages,  the mean square  mixing  current 
w i l l  be given by <iM2> where the  notation now a p p l i e s   t o   e i t h e r  an ensemble 
average  or  time  average  since  the two are   equivalent .  

With the  additional argument  given  above, w e  can apply  Equation (6.4)  t o  
the  pulsed  backscat ter   l idar  problem. The source  intensi ty   funct ion Is which 
i s  now a function  of  range ( Z  coordinate)   as   wel l   as   the  t ransverse  coordinates ,  
i s  given by 

where I T ( R , r S )  is  the i n t e n s i t y  of the  coherent  transmitter beam a t   t h e  
range R and transverse  coordinate rs, dO(T)/dR is t h e   d i f f e r e n t i a l   s c a t t e r -  
ing  cross  section i n  the backward d i rec t ion ,  c6/2 is  the  length of the 
sca t te r ing  volume, p ( R , r S )  i s  the   dens i ty   d i s t r ibu t ion   of   sca t te re rs ,  and 
p is  a fac tor   o f   o rder   un i ty   o r   l ess  which takes  into  account  depolarization 
e f f e c t s .  The product  [da(r)/dR] IT (R,?s) is  the  power sca t te red  i n  the back- 
ward d i rec t ion   per   s te rad ian  by a s ing le   s ca t t e r e r   l oca t ed   a t   t he   coo rd ina te s  

+ 
-+ 

-+ 
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( R , r S )  while  the  product p (R,;s) (c6/2) is  t h e  number of scatterers p e r   u n i t  
c ross -sec t iona l  area in   t he   sou rce  volume. Subs t i tu t ing   Equat ion   (8 .1)   in to  
(6.4) g ives  

which y i e lds   t he   impor t an t   r e su l t   t ha t   t he  mean square   s igna l   cur ren t  i s  pro- 
po r t iona l   t o   t he   ove r l ap   i n t eg ra l   o f   t h ree   quan t i t i e s  - the   coherent   t ransmi t te r  
in tens i ty ,   the   backpropagated   e f fec t ive  LO i n t e n s i t y ,  and the   dens i ty   d i s t r ibu -  
t i o n   o f   s c a t t e r e r s .  I t  i s  u s e f u l   t o   n o t e   t h a t  we have not  made the  assumption 
tha t   t he   t r ansmi t t ed  and l o c a l   o s c i l l a t o r  beams a re   coax ia l   i n   de r iv ing  Equa- 
t i o n  (8 .2 ) .   I n   f ac t ,   t he   equa t ion  can  be  used f o r   b i s t a t i c   l i d a r  systems pro- 
v ided   the   t ransmi t te r   and   rece iver   op t ica l   axes   a re   near ly   para l le l  and  an 
appropr i a t e   o f f se t  between t r a n s m i t t e r  and LO beams i s  included  before  computing 
t h e   i n t e g r a l .  If the   t r ansve r se   s epa ra t ion  between t r ansmi t t e r  and rece iver  i s  
s m a l l   r e l a t i v e   t o   t h e   s p o t   s i z e s  of the   t r ansmi t t e r  and BPELO a t   t h e  range R, 
t h e   b i s t a t i c  system can   be   t rea ted   as   coaxia l  t o  a good approximation. 

A s  a simple  numerical  example, w e  now consider   the  case of gaussian  t rans-  
mi t t e r  and l o c a l   o s c i l l a t o r  beams descr ibed by 

and 

where PT and PL a re   t he   t r ansmi t t e r  and l o c a l   o s c i l l a t o r   o u t p u t  powers and 
u T ( R )  and uL(R) are   the  corresponding  guassian  radi i   a t   the   range R. Sub- 
s t i t u t i o n  of  Equations  (8.3)  and  (8.4)  into  (8.2)  yields 

where we have assumed a uni form  sca t te r ing   dens i ty  p ( R )  and a uniform  mixer 
e f f i c i ency  ne. Clear ly ,  < iM2 > increases   with  decreasing uT and uL imply- 
i ng   t ha t   t he   s igna l   l eve l  w i l l  be maximized i n  a labora tory   sca t te r ing   exper i -  
ment by focusing  the  t ransmit ter  and  backpropagated LO i n t o   t h e  sample. 

I f   t h e   s c a t t e r i n g  volume i n   t h e   l i d a r  system  of  Figure 6 l i es  i n  t h e  f a r  
f i e l d  of t he   t r ansmi t t e r  and LO beam waists, we can  use  the  approximations 
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which e x h i b i t s   t h e   f a m i l i a r  R-2 dependence   fo r   t he   l i da r   equa t ion .  Equa- 
t i ons   (8 .3 )   and   (8 .4 )   sugges t   t he   de f in i t i on   o f   an   e f f ec t ive  area f o r   t h e  

gaussian beam waists given by AT = TUTO /2 and AL = noLo / 2 .  Fur ther   def in-  
ing  an  average  antenna area A = (AT + A L ) / 2  and l e t t i n g  AL = EA and 
+ = ( 2  - €)x, Equation  (8.6) becomes 

2 2 

which  has a maximum f o r  & = 1 given by 

Thus, w e  have  demonstrated  that ,  if w e  c o n s t r a i n   t h e  sum of   the   t ransmi t te r   and  
r e c e i v e r  areas t o   t h e   v a l u e  2A, w e  o b t a i n  a maximum s i g n a l  when E = 1 o r  
AL = AT, i . e . ,  when the   an tenna  areas are  matched. To i n c l u d e   o p t i c a l  and 
a tmospher ic   t ransmiss ion   losses ,   Equat ion   (8 .3)   should  be mul t ip l i ed  by qAqT0 
and  Equation ( 8 . 4 )  by rlAqRo where n, i s  the   a tmospher ic   t ransmiss ion   for  
the  range R and qTO and 'lRo are t h e   e f f i c i e n c i e s   o f   t h e   t r a n s m i t t e r   a n d  
r ece ive r   op t i ca l   sys t ems .  

I t  s h o u l d   b e   c l e a r   t h a t ,   j u s t  as i n   t h e  case of   thermal   source  detect ion,  
any LO power f a l l i n g  on t h e  mixer t h a t   c a n n o t  be backpropagated  through  the 
r e c e i v e r   o p t i c s   t o   t h e   s o u r c e  w i l l  c o n t r i b u t e   t o   t h e   s h o t   n o i s e   b u t   n o t   t o   t h e  
s igna l   cu r ren t   and   t he re fo re   r ep resen t s  a r educ t ion   i n   sys t em  s igna l - to -no i se .  
Thus ,   v igne t t ing ,   cen t ra l   obscura t ions ,   and   phasef ront   e r rors   can   have  a major 
impac t   on   t he   l i da r   e f f i c i ency  by (1) reducing  the  t ransmission  of   the  back 
propagated LO and ( 2 )  i n f luenc ing   t he   an tenna   pa t t e rn   o f   t he   backpropaga ted  
e f f e c t i v e  LO in   Equat ion  ( 8 . 2 ) .  The a n t e n n a   p a t t e r n s   o f   v i g n e t t e d ,   c e n t r a l l y  
obscured,  and  decollimated  gaussian beams have  been  computed  by  Klein  and 
Degnan ( r e f .  16). 

478 



9. COHERENT SOURCE DETECTION 

For a spa t ia l ly   coherent   source   such  as a laser o r   d i s t a n t  star,  w e  can 
w r i t e  €o r   t he   mu tua l   i n t ens i ty   func t ion  a t  t h e  mixer 

where ES and @s are real func t ions   which   descr ibe   the   s igna l   ampl i tude   d i s -  
t r i b u t i o n  and  phasefront   in   the  mixer   plane.  A similar expression  can  be 
wr i t t en   €o r   t he  laser LO. Subs t i tu t ing   Equat ion   (9 .1)   and   the  LO equ iva len t  
i n to   ou r   gene ra l   exp res s ion   €o r  <iM2> given by Equation  (4.9) , w e  o b t a i n  for 
a coherent   source 

I n   t h e   t r i v i a l   c a s e  where the   mixer   e f f ic iency  and t h e   s i g n a l  and LO beams are 
uniform  over  the  mixer of a r e a  AD, Equat ion   (9 .2)   reduces   to   the   fami l ia r  form 

where Ps = E ~ ~ A ~ .  I n   t h e  most gene ra l  case, w e  can  use  Equation  (2.8)  to 
de f ine  a coherent   he te rodyne   e f f ic iency   g iven  by 
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p lane  is c o n t a i n e d   i n   t h e   c e n t r a l   l o b e   o f   t h e   s i g n a l   A i r y   p a t t e r n .  Degnan and 
Klein ( ref .  18) considered several i l l u m i n a t i o n   p r o f i l e s   f o r   t h e  LO inc luding  
uni form,   gauss ian ,   and   an   Ai ry   pa t te rn   matched   to   the   s igna l   Ai ry   pa t te rn .  
T h e i r   r e s u l t s  are summarized i n   F i g u r e  7 .  O p t i m u m  d e t e c t i o n   e f f i c i e n c y  is  
achieved when t h e   m i x e r   c a p t u r e s   t h e   e n t i r e   s i g n a l   A i r y   p a t t e r n   a n d  a matched 
Lo is  u s e d .   I n   t h i s   i n s t a n c e ,   t h e   r e c e i v e r   e f f i c i e n c y  i s  simply 1 - y2 
(where y i s  the   obscu ra t ion   r a t io   de f ined   p rev ious ly   fo r   t he   Casseg ra in  
an tenna   i n   F igu re  4 )  co r re spond ing   t o   t he  areal  o b s c u r a t i o n   l o s s  and  repre- 
sented  by  the  "matched" LO cu rve   i n   F igu re  7 .  The d i f f e rence   be tween   t he   i dea l  
or "matched" LO curve   and   the   un i form  or   gauss ian   curves   cor responds   to   the  
he t e rodyne   de t ec t ion   e f f i c i ency  oHET. 

I f   t h e   m i x e r  i s  i l l umina ted  by a uniform LO, t h e  optimum Ai ry   d i sk   r ad ius  
( t o   t h e   f i r s t   n u l l )  i s  found to be RA 2 1.35RD  where RD i s  the   mixer   rad ius .  
I t  should be n o t e d   t h a t   t h e   A i r y   d i s k   r a d i u s   v a r i e s   w i t h   t h e   o b s c u r a t i o n   r a t i o  
for   an  opt ical   antenna  havir lg  a given f-number ( r e f .  18 ) .  The optimum e f f i -  
c iency omT i s  approximately 83% f o r  no o b s c u r a t i o n   a n d   f a l l s   r a p i d l y  as t h e  
o b s c u r a t i o n   r a t i o  i s  increased   even   i f   one   chooses   an  optimum s i g n a l   s p o t   s i z e .  
An optimized  gaussian LO wi th  waist r a d i u s  w = 0 . 6 4 R A  and a c e n t r a l   A i r y  
s ignal   disk  which  matches  the  mixer   radius  RD y i e l d s   g r e a t e r   s e n s i t i v i t y  com- 
pared   to   the   un i form LO s i n c e  it more c l o s e l y   m a t c h e s   t h e   i n t e n s i t y   d i s t r i b u t i o n  
o f   t he   cen t r a l   A i ry   d i sk   fo r   t he   s igna l .  The  power c o n t a i n e d   i n   t h e   o u t e r   r i n g s  
of   the   Ai ry   pa t te rn  i s  l o s t ,  however,  and t h i s   a c c o u n t s   f o r   t h e   m a j o r   d i f f e r e n c e  
between the  " ideal"   matched LO and  gaussian LO cu rves   i n   F igu re  7 .  For a more 
d e t a i l e d   d i s c u s s i o n ,   a n d   f o r  more general   p lots   of   non-opt imized  geometr ies ,  
t h e   r e a d e r  i s  r e f e r r e d  t o  t h e   o r i g i n a l   p a p e r  by Degnan and  Klein  ( ref .  18) .  

I t  is a simple matter t o  compute the   e f fec ts   o f   misa l ignment   be tween  the  
s ignal   and LO beams o r   o f  a mismatch  between  phasefront  curvatures  using  the 
genera l   express ion   (9 .5) .   For   example ,   i f   the  two wavefronts  are misal igned b y  
an  angle 8 i n   t h e  yD d i r e c t i o n   i l l u s t r a t e d   i n   F i g u r e  2 ,  t he   exponen t i a l  
argument in   Equat ion  (9 .5)  is 

-t 
where kS and k, are the   p ropaga t ion   vec to r s   fo r   t he   s igna l   and  LO beams, 

lkSl 2 lkLl =: k = 2 ~ r r / X ,  and yD i s  t h e  y-component o f   t he   vec to r  rD. For 

c y l i n d r i c a l l y  symmetric f i e l d s ,   E q u a t i o n   ( 9 . 5 )   r e d u c e s   t o  a spec ia l   ca se  
previously  der ived  by Cohen (ref.  1 9 ) ;  i . e . ,  

-b 

( 9 . 6 )  

[Lro drD rD oQ(rD) EL2 (rD) ] [lm drD rD E L 2 ( r D )  3 
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where  r is the  radius of the  mixer, and we have  used  yD = rD cos @D and 
the  integral  expression  €or  the  Bessel  function  Jo(z), i.e., 0 

Cohen (ref. 19) has  generated  plots of qHET for a  variety of source-LO 
illumination  function  combinations  such as uniform-uniform,  Airy-uniform, 
matched  Airy-Airy,  uniform-gaussian,  and  Airy-gaussian.  He  considered  the 
tolerance of the  various  combinations  to  misalignment  and  allowed  for  a  quad- 
ratically  varying  mixer  quantum  efficiency. The sensitivity to  misalignment 
for  the  various  combinations  varied  less  than  15%  relative  to  the  most  sensitive 
uniform-uniform  case  given by 

(kr, sin 8 )  
kro  sin 8 I’ 

Thus, qHET = nQ for  no  misalignment  and  oHET = nQ/2 for 8 = 0.5X/(2rO) 
corresponding  to a half-wavelength  phase  difference  over  the  mixer  diameter 2r0. 
For  a  wavelength  of 10 ym  and  a  mixer  diameter of 200 ym, the  misalignment  angle 
at  which  the  detection  efficiency is reduced by a factor of 2 is 8 = 1.4O. 

For a  mismatch  in  phasefront  curvatures,  the  exponential  argument in 
Equation  (9.5)  is 

where C s  and CL are  the  curvatures of the  signal  and LO phasefronts  at  the 
mixer  plane.  For  cylindrically  symmetric  beams,  Equation  (9.5)  reduces  to 
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For t h e  uniform-uniform  case, 

~ H E T  

and nHET = nQ f o r  A($) = ($ - 6) = 0 while nHET = 0 f o r  A - = 

where ro i s  the  mixer  radius.  Thus, if t h e   l o c a l   o s c i l l a t o r  beam has 
C) 

(9.10) 

2 A/ro 

a 
planar  phasefront (C, = ") , the   s ignal  beam phasefront  curvature must s a t i s f y  
CS >> r O 2 / 2 ~ .  

It  should be noted i n   c l o s i n g   t h a t  w e  have a r b i t r a r i l y  chosen t o  perform 
the above calculat ions i n  the mixer  plane.  For a par t icu lar   an tenna   or  LO 
geometry, it may be more convenient t o  perform t h e  computation i n  some other  
opt ical   p lane  as   noted  previously i n  Section 5. 

10. CONCLUDING REMARKS 

T h i s  a r t ic le   has   a t tempted   to   p resent  a unified  approach  to  the  calculation 
of  signal-to-noise  ratios i n  optical   heterodyne  receivers  for a variety  of 
important  applications. N o  attempt  has  been made to   g ive  an  exhaustive  review 
of   the   ex is t ing   l i t e ra ture .  The references  c i ted  are   those which, i n  the 
author 's   opinion,   e i ther   lend  themselves   par t icular ly   wel l   to   the development 
of the  general   theory  of  optical   heterodyne  receivers  given  here  or have pre- 
sented  numerical  results  having  widespread  application.  There  are,  for  example, 
var ious   unc i ted   a r t ic les  which present  calculations  of  signal-to-noise  for  very 
specific  incoherent  source  or  backscatter  l idar  geometries.  These  have usually 
employed brute  force  computational methods tha t   g ive  l i t t l e  ins ight   in to   the  
general  approach  for  optimizing  system  sensitivity. While these  provide 
exce l l en t   t e s t s  of the   genera l   theory ,   the   a r t ic les  were deemed t o  be too 
special ized  to  be included i n  the  present  review. 

Clear ly ,  no a t t e n t i o n  has been p a i d   t o   t h e   e f f e c t s  of t h e  atmosphere on 
coherent wave propagation.  Although  the  amplitude and phase  fluctuations  pro- 
duced by the  atmosphere  are  inherently  included i n  the complex e l e c t r i c   f i e l d  
envelopes  introduced i n  Section 4 ,  no attempt  has been made here  to  give a 
quantitative  assessment of t h e i r  impact. I n  the  approach  taken  here,  the atmo- 
sphere  can  be  viewed as  simply  another  optical  element  through which the  coher- 
ent  backpropagated  effective LO must pass  to  reach  the  signal  source  or  vice 
versa. I n  the  thermal  source  detection and backsca t t e r   l i da r  problem, the atmo- 
sphere  presumably  modifies  the  backpropagated  effective LO in t ens i ty   d i s t r ibu -  
t ion  thereby  inf luencing  the  overlap  integral  i n  Equation (6 .4 ) .  A number of 
papers i n  t h i s   a r e a  have  appeared  since  the  early work of F r i ed   ( r e f .  5 )  
including a ra ther   extensive  recent   report  by Capron e t   a l .   ( r e f .  20) appli-  
cable   to   coherent   opt ical   radar .  
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Figure 1.- Block diagram of a  representative heterodyne receiver. 
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Figure 2.- Huygen's wavelet model for  propagation of  the mutual 
intensity function between the antenna  and mixer plane. 
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Figure 3.- Huygen's  wavelet model for  propagation of  the mutual 
intensity from an extended incoherent source. 



BACK PROPAGATED LO 

Figure 4.- Backpropagation of a  gaussian  local  oscillator beam through 
a  Cassegrain telescope. 
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Figure 5.- Geometric receiver efficiency for a large  thermal  source 
viewed  through  a  centrally  obscured  telescope by a mixer 
illuminated by a  gaussian  local  oscillator beam. 
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INSTANTANEOUS SIGNAL AT TIME  T 

Figure 6.- Functional  diagram  of  a  heterodyne  incoherent  backscatter 
lidar  system. 
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Figure 7.- Maximum  receiver  efficiency  factors  in  dB  for  detection  of 
a  distant  point  source  by  a  heterodyne  receiver  consisting  of  a 
general  centrally  obscured  telescope  (primary  radius a, secondary 
radius  b)  as a function  of  linear  obscuration  ratio y = b/a  and 
several  optimized LO distributions  (uniform,  gaussian,  and  matched 
Airy) . 
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