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SUMMARY 

An approximate  method is d e s c r i b e d  for computing  the j e t  n o i s e   p a t t e r n  of 
a maneuvering  a i rplane.  The method permits one t o  re la te  t h e   n o i s e   p a t t e r n  
i n d i v i d u a l l y  to t h e   i n f l u e n c e s  of a i rp l ane   speed   and  acceleration, j e t  v e l o c i t y  
and   acce lera t ion ,   and   the   f l igh t ’pa th   curva ture .  The a n a l y t i c   f o r m u l a t i o n  
de te rmines   the   g round  pa t te rn  directly w i t h o u t   i n t e r p o l a t i o n   a n d   r u n s   r a p i d l y  
o n  a minicomputer.   Calculated  examples are p resen ted   i nc lud ing  a c l imb ing   t u rn  
and a simple climb p a t t e r n   w i t h  a g r a d u a l   t h r o t t l i n g   b a c k .   F o r   c e r t a i n   t y p e s   o f  
o p e r a t i o n ,   t h e   r e s u l t s   d i f f e r   s i g n i f i c a n t l y  f ran those   ob ta ined  by previous  
met hods. 

INTRODUCTION 

Je t  n o i s e  is a major problem assoc ia ted   wi th   communi ty-a i rpor t   re la t ions .  
The e f f o r t  to reduce   the   l eve l   o f   no ise   exper ienced  by r e s i d e n t s   n e a r   a i r p o r t s  
has   inc luded  t h e  s t u d y  of a i r p l a n e   o p e r a t i o n s  as t h e y   r e l a t e  to t h e   n o i s e  
r e c e i v e d   i n   r e s i d e n t i a l  areas. One important  factor i n   t h i s   s t u d y  i s  t h e  form 
of t h e   c o n s t a n t - i n t e n s i t y   g r o u n d   p a t t e r n  as a f u n c t i o n  of t h e   a i r p l a n e   t r a j e c -  
t o ry ,  its v e l o c i t y   v a r i a t i o n ,   a n d  i ts  engine   opera t ion .  The cons tan t -dec ibe l  
contours   p rovide  a g raph ica l   means   o f   eva lua t ing   t he   po ten t i a l   bene f i t   o f  
vary ing   these   parameters .  

A t  p resent ,  several d i f f e r e n t   m e t h o d s  are used   fo r   cmpu t ing   t he   g round  
p a t t e r n  of j e t  noise. The f i r s t  is a s t r i c t l y   n u m e r i c a l   a p p r o a c h .  One can 
u t i l i z e  a canputer program, s u c h  as t h a t  o€ r e f e r e n c e  1 ,  for   ccmputing  the  sound 
p r e s s u r e   l e v e l  a t  a f i x e d   p o i n t   d u e  t o  a j e t  a t  a g i v e n   l o c a t i o n   a n d   o r i e n t a -  
t i o n .  For a g iven  j e t  p o s i t i o n ,   t h e   n o i s e   l e v e l   c a n  be c a l c u l a t e d   o v e r  a range 
of ground  gr id   po in ts .  Then t h e  j e t  is moved t o  a new l o c a t i o n   a n d  t h e  c a l c u l a -  
t i o n   r e p e a t e d  for t h e  same ground  points .  After s u c h  ca lcu la t ions   have   been  per- 
formed  for  a number of j e t  l o c a t i o n s ,   t h e   g r o u n d - l e v e l   c o n s t a n t - d e c i b e l   l i n e  is 
determined by i n t e r p o l a t i o n .   T h i s  method  possesses   the   advantage   tha t  many 
complexi t ies   (such as a t m o s p h e r i c   a t t e n u a t i o n )  a re  i n c l u d e d   i n   t h e   c a l c u l a t i o n .  
One of the   d i sadvantages  of t h e  method is t h a t  i t  de termines   the   g round  pa t te rn  
i n d i r e c t l y  by i n t e r p o l a t i o n   a n d   t h e r e f o r e   r e q u i r e s   c a l c u l a t i o n s  a t  many more 
p o i n t s   t h a n  a method t h a t   c a l c u l a t e s   t h e   p a t t e r n   d i r e c t l y .   B e c a u s e  of t h e  
lengthy  computer times, the   g round- leve l   observer   po in ts   mus t  be widely  spaced, 
and accuracy is lost by i n t e r p o l a t i n g   i n   t h e   r e s u l t i n g  coarse g r i d .   F o r   t h e  
same reason,  the discrete g r i d   l o c a t i o n   i n c r e m e n t s   a l o n g   t h e   f l i g h t   p a t h   m u s t  
b e   r e l a t i v e l y   l a r g e .   S i g n i f i c a n t   v a r i a t i o n s   i n   t h e   g r o u n d   p a t t e r n   c a n   t h e r e b y  
be lost  when t h e   a i r p l a n e   d i r e c t i o n  or t h e  j e t  v e l o c i t y  is varying  because 
r e l a t i v e l y   g r a d u a l   c h a n g e s   i n   t h e s e   q u a n t i t i e s   c a n  cause r a p i d   v a r i a t i o n s   i n  
the   cons tan t -dec ibe l   enve lope .  

A second procedure c u r r e n t l y   i n  u s e  is t h a t  of r e f e r e n c e  2. This   procedure 
u t i l i z e s   t h e   f a c t   t h a t   t h e   c o n s t a n t - d e c i b e l   e n v e l o p e  is v e r y   n e a r l y  a c y l i n d e r  



for s t r a i g h t ,   s t e a d y   f l i g h t .  The i n t e r s e c t i o n  of t h i s   c y l i n d e r   w i t h   t h e   g r o u n d  
is an ellipse. The  method  of  reference 2 a p p r o x i m a t e s   t h e   f l i g h t   p a t h  as a 
series of   s t ra ight - l ine ,   cons tan t -condi t ion   segments .  The  ground  pat tern is 
accordingly  approximated  by  sect ions  of  ellipses. The  advantage  of t h i s  method 
is t h a t  it is f a s t  and simple. Its p r i n c i p a l   d i f f i c u l t y  is t h a t   t h e   c o n s t a n t -  
dec ibe l   enve lope  is no t  well approximated  by a c y l i n d e r   e i t h e r  when t h e  j e t  
v e l o c i t y   v a r i e s  or when t h e   a i r p l a n e   t u r n s .  

A t h i r d  method fo r   comput ing   t he   g round   pa t t e rn  is t h a t  of r e f e r e n c e  3 
or 4. T h i s  method u t i l i z e s   e x p e r i m e n t a l  or c a l c u l a t e d   d a t a   f o r   p o i n t s  located 
at  known s l a n t   d i s t a n c e s   f r o m   a n   a i r p l a n e   i n   s t r a i g h t ,   l e v e l ,   s t e a d y   f l i g h t .  
These data are t h e n   a p p l i e d   s y m m e t r i c a l l y   o n   e i t h e r   s i d e   o f   t h e   f l i g h t  track a t  
c o r r e s p o n d i n g   s l a n t   d i s t a n c e s   f o r   a n   a i r p l a n e   w i t h   v a r y i n g   t r a j e c t o r y  or engine  
parameters. One advantage  of   this   method is t h a t  i t  is e f f i c i e n t   i n   t h a t   t h e  
c a l c u l a t i o n  is performed  only a t  t h e   n e c e s s a r y   l o c a t i o n s  - t h e  t w o  ground  con- 
tour poin ts   cor responding  t o  each   l oca t ion   o f   t he  airplane. Furthermore,  it can 
avoid  a number of t h e o r e t i c a l   u n c e r t a i n t i e s ,   s u c h  as a t m o s p h e r i c   e f f e c t s   a n d   t h e  
precise a n a l y t i c   f o r m   o f   t h e   d i r e c t i v i t y   f u n c t i o n ,   t h r o u g h   t h e  u s e  of empirical 
d a t a .  A poss ib l e   d i sadvan tage  of the  method is t h a t ,   i f   t h e  tabular  i n p u t  is 
based  on  experimental   data ,   any error or anomaly  due t o  the   exper imenta l   condi -  
t i o n s   b e c a n e s   l o c k e d   i n t o   t h e   c a l c u l a t i o n .  A d e f i n i t e   d i s a d v a n t a g e  resu l t s  from 
t h e   f a c t   t h a t   t h e   d i s t a n c e s   a n d   i n c l i n a t i o n   a n g l e s  associated w i t h  a ground-level  
no ise   contour   for  an a i r p l a n e   w i t h  a v a r i a b l e   d i r e c t i o n  or j e t  v e l o c i t y   d o   n o t  
correspond t o  those for s t r a i g h t ,   s t e a d y ,   l e v e l   f l i g h t ,   I n   f a c t ,   i f   t h e  air-  
p l ane  is t u r n i n g ,   t h e s e   p o i n t s  are n o t   e v e n   s y m m e t r i c a l l y   s i t u a t e d   w i t h  respect 
to t h e  local f l i g h t   t r a j e c t o r y .  

The p r o c e d u r e   d e s c r i b e d   i n   t h e   p r e s e n t  paper r e p r e s e n t s  a d i f f e r e n t  
approach to  comput ing   the   g round  no ise   pa t te rn .  The method is based p r i m a r i l y  
on ana ly t i c ,   r a the r   t han   numer i ca l   t echn iques ,   w i th   t he  u s e  of the   envelope  
t h e o r y   o f   d i f f e r e n t i a l   g e o m e t r y .  The a n a l y t i c   f o r m u l a t i o n  permits one to  
re la te  t h e   n o i s e   p a t t e r n   i n d i v i d u a l l y  t o  t h e   i n f l u e n c e s  of a i rp l ane   speed   and  
acce le ra t ion ,   t he  j e t  ve loc i ty   and   acce le ra t ion ,   and   t he   f l i gh t -pa th   cu rva tu re .  
Cond i t ions   fo r   wh ich  a s p e c i f i c   c o n s t a n t - d e c i b e l   e n v e l o p e  does n o t   e x i s t  are  
determined.  The running time f o r  a s ingle ,   comple te   t ake-of f   no ise   contour  i s  
a few  seconds  on a minicomputer   with  screen  display of t he   con tour   and   t he  
ground track o f   t h e   a i r p l a n e   t r a j e c t o r y .  

I n  order to k e e p   t h e   a n a l y t i c a l   e x p r e s s i o n s   t r a c t a b l e ,   s e v e r a l   s i m p l i f y i n g  
assumptions are made. The method i s  limited to  c a l c u l a t i n g   t h s   o v e r a l l   s o u n d  
p r e s s u r e   l e v e l  or, e q u i v a l e n t l y ,   t h e   i n t e n s i t y ,   w h e r e a s   o t h e r   e x i s t i n g   m e t h o d s  
i n c l u d e   t h e   c a p a b i l i t y   o f   c o m p u t i n g   e f f e c t i v e   p e r c e i v e d   n o i s e   l e v e l s .  The j e t  
a x i s  is assumed to  be a l i g n e d   w i t h   t h e  local f l i g h t   d i r e c t i o n .   E f f e c t s  of 
a tmosphe r i c   a t t enua t ion   and   r e f r ac t ion  are n e g l e c t e d .   T h e s e   e f f e c t s  are con- 
s i d e r e d  to  be n e g l i g i b l e   f o r   p r o p a g a t i o n   d i s t a n c e s  of p r i m a r y   i n t e r e s t   i n  t a k e -  
off and l a n d i n g   s i t u a t i o n s .   F i n a l l y ,   o n l y   t h e   i n c i d e n t   n o i s e  i s  cons idered ,  
s i n c e  only t h i s   n o i s e   c a n   b e  related t o  t h e   a i r p l a n e   o p e r a t i o n .  Sound  impedance 
c a l c u l a t i o n s   f o r   f l a t   u n i f o r m   s u r f a c e s  are  
d i c t i n g   r e f l e c t i o n   e f f e c t s   i n   t h e   p r e s e n c e  
structures, shrubs,  trees, a s p h a l t ,  etc. 

fundamen ta l ly   i nappropr i a t e   fo r   p re -  
of a h e t e r o g e n e o u s   d i s t r i b u t i o n   o f  
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SYMBOLS 

func t ion   de f ined  by equa t ion  (4a),  m 

p r o p o r t i o n a l i t y   c o n s t a n t ,  m 

speed of  sound, m/sec 

u n i t   v e c t o r   d e f i n e d  by equa t ion   (5c )  

c o n s t a n t   o f   p r o p o r t i o n a l i t y  (eq. ( 1  ) ), W-m4/kg2 

a i r p l a n e   d r a g ,  N 

j e t  e x i t   d i a m e t e r ,  m 

sound i n t e n s i t y ,  W/m2 

s o u n d   i n t e n s i t y  on a s p e c i f i c   c o n s t a n t - i n t e n s i t y   s u r f a c e  

f l i g h t  Mach number 

convect ion Mach number of j e t  edd ie s   w i th  respect to  a, 

mass flow of a i r  i n  j e t ,  kg/sec 

mass flow of f u e l  i n  j e t ,  kg/sec 

un i t   vec to r  a t  a i r p l a n e   l o c a t i o n   p o i n t i n g   i n   d i r e c t i o n   o f  local 
cen te r  of c u r v a t u r e   o f   f l i g h t   p a t h   ( e q .   ( 5 b ) )  

o v e r a l l   s o u n d   p r e s s u r e   l e v e l  

dis tance  f rom je t  e x i t  to  p o i n t  on c o n s t a n t - i n t e n s i t y   s u r f a c e ,  m 

= dR/dr, m/sec 

= dR/d$, m 

vector  to  gene ra l   po in t  on c o n s t a n t - i n t e n s i t y   s u r f a c e  

p o s i t i o n   v e c t o r   o f   a i r p l a n e ,  m 

sound p r e s s u r e   l e v e l  

d i s t a n c e   a l o n g   f l i g h t   p a t h ,  m 

t h r u s t ,  N 
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T 
0 

unit vector at  airplane,  pointing i n  local  direction of f l i gh t  
(eq. (Sa) 1 

t torsion (out-of-plane  curvature) of f l i gh t  path, l / m  

V airplane speed, m/sec 

je t   veloci ty ,   dsec 

W airplane weight, N 

n exponent i n  equation (1)  

ic local  flight-path  curvature, l / m  

P density, kg/m3 

T time, sec 

e airplane climb angle, deg 

4 

9 

" 

angle between r - r t ,  !? plane and T, n plane  (see f i g .  1 ( b ) )  

angle between r - r t  and ? (see f i g .  1 (b )  ) 

" 

- -  

Superscript: 

- vector 

Subscripts: 

0 free  air  conditions 

j condition i n  j e t  

ANALYS IS 

Basic J e t  Noise  Equations 

The expression given i n  reference 5 for  the intensity of noise from an 
axisymmetric j e t  is 

P, 2V, *d2 
I "  

Poao5R2 ( I  - M~ 00s $1 5 

where Mc is proportional  to V./ao w i t h  a proportionality  factor  that is 
assigned a  value from 0.5 t o  0.62 by various  authors. The present  analysis 
uses  a  value of 0.5 (consistent w i t h  ref.  6) .  

4 



The n o i s e   a s s o c i a t e d   w i t h  a moving j e t  is t r e a t e d  i n  r e f e r e n c e  6. The 
s o u n d   i n t e n s i t y  for a j e t  moving a t  Mach number M is 

4 
c P ~  - :) 

T =  

where  the  exponent  is cons idered  to be an empirical parameter. I t  is o f t e n  
taken  to be 5. Hawever, the  experimental ly   measured  form for t h i s  express ion  

M 
varies c o n s i d e r a b l y  when M, - - 

2 
approaches 1 .  Various parameters i n  equa- 

t i o n  (1 )  can be altered to a c c o u n t   f o r   t h i s   d i s t o r t i o n .   I n   t h e   p r e s e n t   a n a l -  
y s i s ,  rl is r e t a i n e d  as an  unspecif ied parameter, its value  being  ass igned t o  
correspond  with Mc i n   a c c o r d a n c e   w i t h   t h e   d a t a  of r e f e r e n c e  6. Another possi- 
b i l i t y ,   s u g g e s t e d   i n   r e f e r e n c e  5, is to change t h e  b racke ted   quan t i ty  t o  

f - (.- - ;) cos j2 + o.o+ - ; J y 2  

M 
Th i s   mod i f i ca t ion  to equat ion  (1) is r e q u i r e d   i f  % - - 

2 
a c t u a l l y   a t t a i n s   t h e  

va lue  of 1 ,  for o therwise   the   denominator   would   vanish   for  $ = 0. A t h i r d  
p o s s i b i l i t y  is to  weaken the   four th-power   exponents   in   the   numera tor   o f  equa- 
t i o n  ( 1 ) .  E i t h e r  of the l a t t e r  t w o  v a r i a t i o n s  would  require   corresponding 
ad jus tmen t s   i n   t he   fo l lowing   equa t ions .  

The j e t  t h a t   i s s u e s  from t h e   n o z z l e  a t  a f i x e d  time T has associated wi th  
it a s u r f a c e   o n   w h i c h   n o i s e   i n t e n s i t y   a t t a i n s   t h e   l e v e l  I,. The fo l lowing  
equa t ion   fo r   t h i s   ax i symmet r i c   su r f ace   can  be obta ined  from equat ion  ( 1 ) :  

I n   t h i s   f o r m u l a ,   p j ,  M, Mc, and   poss ib ly   even  d  may v a r y   w i t h  time. 
Thus, R can be expressed  as a f u n c t i o n   o f  $ and T i n   t h e  form 

5 



where 

and 

M 
B ( T )  = - - 

2 

I t  is t h e o r e t i c a l l y  possible to calculate t h e   n o i s e   d i s t r i b u t i o n   f o r   a n  
a i r c r a f t   f l i g h t   t r a j e c t o r y  by c a l c u l a t i n g ,   f o r  a s p e c i f i e d   i n t e n s i t y ,   t h e  
c o n s t a n t - i n t e n s i t y   s u r f a c e s  of equat ion  ( 3 )  for small increments  of time along 
t h e   t r a j e c t o r y .  However, i t  is more e f f i c i e n t  to compute  d i r e c t l y   t h e   e n v e l o p e  
of a l l  t h e s e   s u r f a c e s   f o r   t h e   e n t i r e   t r a j e c t o r y .   T h e   f o l l o w i n g   a n a l y s i s  pro- 
v i d e s  a method fo r   comput ing   t h i s   enve lope   su r f ace .  I t  i s  based on   t he   t heo ry  
described i n   r e f e r e n c e  7. 

Envelope  Equations 

The p o s i t i o n   v e c t o r  of t h e   a i r p l a n e  a t  time T is denoted by r t .  The 
- 

moving t r i h e d r a l   c o o r d i n a t e   s y s t e m  is determined by a set of base v e c t o r s  
T, n, b ( f i g .  1 ( a )  ) obta ined   f rom  the   der iva t ives   o f  f t  (see r e f .  8)  
- "  

- - -  
b = T x n  

6 



According to equa t ion  (5b), the  local f l i g h t - p a t h   c u r v a t u r e  is t h e  magni- 
t u d e  of  dF/ds.   Denote  the  generic  vector of a po in t   on - the   cons t an_ t   i n t ens i ty  
surface by r. Then the  components of r - r t  i n   t h e  T, n, and b direc- 
t i o n s  are r ead i ly   de t e rmined   f r an   t he   d i ag ram  o f   ' f i gu re  1 (b) . Thus r can be 
w r i t t e n  

- " - 
- 

where a l l  the   vec to r s  are func t ions   o f  T, and R = R($, TI. For each  value  of  
'I t h e r e   e x i s t s  a surface on  which I = Is, and t h e r e  also e x i s t s  a cha rac t e r -  
is t ic l ine   on   t he   enve lope   o f   t hese  I = I, s u r f a c e s .  Each  of t h e s e   l i n e s  m u s t  
s a t i s f y   b o t h   e q u a t i o n  (6) and   the   equat ion  

(See r e f .  7 . )  The set of a l l  t h e   c h a r a c t e r i s t i c   l i n e s   c o n s t i t u t e   t h e   e n v e l o p e  
of   the   cons tan t -dec ibe l   sur faces .  The d e r i v a t i v e s   i n   e q u a t i o n  (7) can be calcu- 
la ted frcm  equat ion ( 6 )  wi th   the  u s e  of t h e   F r e n e t - S e r r e t  formulas ( r e f .  6, 
p. 1 8 ) :  

+ [RT s i n  $ cos @ - VR(K cos $ + t s i n  $ s i n  $11; 

+ (RT s i n  $ s i n  @ + tVR s i n  $ cos @)E 

where RT is ob ta ined  by d i f f e r e n t i a t i n g   e q u a t i o n  ( 3 )  wi th  respect t o  time. 
S u b s t i t u t i n g   t h e s e   e x p r e s s i o n s   i n t o   e q u a t i o n  (7) a n d   c o l l e c t i n g  terms ( n o t e   t h a t  
terms invo lv ing  t s u b t r a c t  o u t )  y i e ld   t he   fo l lowing   equa t ion   fo r   t he   cha rac -  
terist ic l i n e s :  
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KR 

which can also be written 

KR cos @ = s i n  $ + -(cos + - :) R 

R' 

Both forms of the  equation  are  important i n  t h e  calculation of the  charac- 
t e r i s t i c   l i nes ,  which, taken together,  constitute  the  constant  noise  level enve- 
lope. If the  local  trajectory  curvature K is not too  small,  equation  (8a) is 
used. F i r s t ,  $ is varied i n  small  increments and those  values of $ for 
which the  absolute  value of the  right side of the  equation is less  t h a n  1 y i e l d  
values of cos @ corresponding to  points on the  characterist ic  l ine.  These 
points  are computed fran  equation (6). 

When K is very  small,  small increments i n  $ correspond to  large  incre- 
ments i n  @, and the  procedure u s i n g  equation  (8a)  consequently becomes l e s s  
accurate. I n  t h i s  case  the f l i gh t  path is  approximated as being straight.  
Equation (8b) is used and produces characterist ic l i n e s  which are  approximately 
the circles  obtained by equating  the le f t   s ide  of equation  (8b) t o  zero  for  very 
small K values. Each one is the  individual  parallel on a surface given by 
equation (3 )  t h a t  s a t i s f i e s  

Differentiating  equation (3)  w i t h  respect  to 9 yields 

and therefore 

R 2 [l - B cos $1 
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With  equation (10) e q u a t i o n  (9)  becomes 

which  can be w r i t t e n  as a q u a d r a t i c   e q u a t i o n  for cos $, w i t h   t h e   s o l u t i o n  

I n  these   equa t ions ,  RT is o b t a i n e d  by d i f f e r e n t i a t i n g   e q u a t i o n s  ( 3 ) ,  (4a) ,   and  
(4b)   wi th  respect to time. I f  RT # 0,  t h e   r i g h t  side of equat ion   (12)  is a 
f u n c t i o n  of $. I t  is t h e n   s o l v e d   b y   i t e r a t i o n .  

The g round   pa t t e rn  is c a l c u l a t e d  by l o c a t i n g   t h e   i n t e r s e c t i o n s  of the   char -  
acter is t ic  l i n e s   w i t h   t h e   g r o u n d   p l a n e .  However, i t  is sanetimes advantageous 
to  re la te  d e t a i l s  of the   g round   pa t t e rn  t o  specific v a r i a t i o n s   i n   t r a j e c t o r y  or 
j e t  ve loc i ty   by  a s t u d y  of t h e   f u l l   c o n s t a n t - d e c i b e l   e n v e l o p e .  

DISCUSSION AND EXAMPLES 

Equation (8a) and its a p p r o x i m a t i o n   f o r   l o w c u r v a t u r e   f l i g h t   p a t h s  
(eq. ( 1 2 ) )  are, i n  many respects, r a t h e r   r e m a r k a b l e   r e l a t i o n s h i p s .  When t h e y  
a r e  combined  with  equations (1 ) to  ( 5 )  and  (1 0 ) ,  t h e y   p r o v i d e ,   i n   r e l a t i v e l y  
s imple   a lgeb ra i c   fo rm,   t he   e s sen t i a l   i n fo rma t ion  for p r e d i c t i n g   t h e  effects 
o f   each   o f   t he   f l i gh t   and   eng ine   pa rame te r s   on   t he   cons t an t - in t ens i ty   g round  
p a t t e r n .  

The Problem of Exis tence  of the   Envelope  

I t  is o f   i n t e r e s t  to examine   the   condi t ions  for which  an  envelope  of  the 
cons t an t -dec ibe l   su r f aces  may f a i l  to ex i s t .   Th i s   p rob lem  co r re sponds  math- 
e m a t i c a l l y  to de te rmin ing   t he   ex i s t ence  of s o l u t i o n s  to  equat ion  (8b) or equa- 
t i o n  (1 2 ) .  I t  should be b o r n e   i n  mind t h a t   t h e s e   e q u a t i o n s  would  have a 
sanewha t   d i f f e ren t  form i f   e q u a t i o n   ( 1 )  were modif ied to permit v a l u e s  of B 
near or exceed ing   1 .  

Equat ion (8a) has  a s o l u t i o n  when t h e  absolute va lue  of t h e   r i g h t   s i d e  does 
not   exceed  1 .  When i n t e n s i t y   l e v e l s  are cons ide red   t ha t   co r re spond  t o  d i s t a n c e s  
of t h e  order of t h e   f l i g h t - p a t h   c u r v a t u r e ,   t h e n  KR approaches  1,   and a solu- 
t i o n  is v i r t u a l l y   a s s u r e d   e x c e p t  for RT/V ex t r eme ly   l a rge ,  as might   occur   wi th  
the   swi t ch ing   on  or off of a n   a f t e r b u r n e r  . 

I f  KR is small, e q u a t i o n  (I 2) is a p p l i c a b l e ,   a n d   t h e  ra t io  RT/V becmes 
t h e   p r i m a r y   q u a n t i t y   t h a t   d e t e r m i n e s   t h e   e x i s t a n c e  of s o l u t i o n s ,  When t h i s  

9 



ratio is p o s i t i v e ,  its l i m i t i n g   v a l u e  is 1 ,  s i n c e  i n  t h i s  case t h e   r i g h t   s i d e  of 
equa t ion  (12 )  is e x a c t l y  1 r ega rd le s s   o f   t he   va lues  assumed f o r  B or q. The 
p h y s i c a l   i n t e r p r e t a t i o n   o f   t h i s   s i t u a t i o n  is t h a t   t h e   e x t r e m e   a x i a l   p o i n t  on t h e  
cons t an t -dec ibe l   su r f ace  is moving away f rm t h e   a i r p l a n e  a t  e x a c t l y   t h e  same 
speed as t h e   a i r p l a n e   s p e e d  so t h a t   t h i s   p o i n t  is f i x e d   i n  space, wh i l e   t he  
success ive   cons t an t -dec ibe l  surfaces a r e   i n c r e a s i n g   i n   o v e r a l l   s i z e .  Thus,  each 
one   enc loses   the   p rev ious   one   wi th   no  common p o i n t s   e x c e p t   t h a t  a t  9 = 0 .  

When t h e  ratio RT/V is negat ive   (decreas ing   the   va lue   o f  V - V) t h e  
l i m i t i n g   c o n d i t i o n   f o r   t h e   e x i s t e n c e   o f  a s o l u t i o n  to equa t ion  ( 1 2 j  is de te r -  
mined by t h a t   v a l u e  of t h e  ra t io  t h a t  causes the   expres s ion   unde r   t he  radical 
to become n e g a t i v e .   I n   t h i s  case, the   cons t an t -dec ibe l   su r f aces  are c o l l a p s i n g  
so rap id ly   t ha t   each   one  is enclosed by the   p rev ious   one  and, t he re fo re ,  no 
enve lope   po in t s   ex i s t .  

Basic Examples 

For  the sake of s i m p l i c i t y   i n   f o r m u l a t i n g   i l l u s t r a t i v e   e x a m p l e s ,   v a r i a t i o n s  
i n   a i r p l a n e   s p e e d  and d i r e c t i o n  w i l l  be taken  to be g r a d u a l   i n   n a t u r e  so t h a t  
the   quas i -equi l ibr ium  theory   o f   re fe rence  9 is app l i cab le   fo r   de t e rmin ing   t he  
a i r p l a n e   f l i g h t   p a r a m e t e r s .   A c c o r d i n g  to t h i s   t h e o r y ,   t h e  required t h r u s t  is 
t h e  sum of  the  airplane  drag  and  the  component of w e i g h t   i n   t h e   f l i g h t  direc- 
t i o n .  Thus f o r  a simple c l imb   pa t t e rn ,  

For a f a n  j e t ,  

Combining  equations (13a) and  (13b)   yields ,   for   the j e t  v e l o c i t y ,  

1 v j = v +  D + W s i n  8 
ha + if 

The engine mass flow is approximate ly   p ropor t iona l  to PjMc and i t  may be 
ma in ta ined   nea r ly   cons t an t  under   quas i -equi l ibr ium  condi t ions .   I f   th i s  assump- 
t i o n  is made, equat ion  (14)  provides  a s imple   expres s ion  for j e t  v e l o c i t y   i n  
terms of cl imb  angle ,   and  equat ion ( 2 )  can  be  wri t ten  approximately as 
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- 
where A = The  fo l lowing   condi t ions ,   representa t ive  of a heavy 

f igh ter -banber   a i rp lane ,  are assuned for purposes of i l l u s t r a t i o n s :  

D = 75 kN 

W = 336 kN 

V = 91.0 m/sec 

ina + hf = 438 kg/sec 

= 1.585 m 

?l = 5.0 

Is = 75 dB, based  on  reference  value  of  1 0-l2 W/m2 

Then, for t h e   c l i m b   p r o f i l e  shown i n   f i g u r e   2 ( a ) ,   t h e   g r o u n d   p a t t e r n  shown 
i n   f i g u r e   2 ( b )  resul ts .  The  form  of t h i s  ground  pa t te rn  may be compared  with 
t h a t  of t h e  s e c o n d   e x a m p l e ,   i l l u s t r a t e d   i n   f i g u r e  3, for which  the climb a n g l e  
is n e a r l y   c o n s t a n t   ( f i g .  3 (a)  ) . I n   t h e  la t ter  c o n s t a n t - t h r u s t  case, the  enve-  
lope of  the  c o n s t a n t - i n t e n s i t y   r e g i o n  is approximately a cylinder  and,  conse- 
quent ly ,  i ts i n t e r s e c t i o n   w i t h   t h e   g r o u n d  is n e a r l y  e l l i p t i ca l .  The e f f e c t   o f  
t h e   c u t b a c k   i n   t h r u s t  by about   one- th i rd  is e v i d e n t   i n   f i g u r e   2 ( b ) .  The 
cons t an t -dec ibe l   r eg ion   on   t he   g round   con t r ac t s   r ap id ly  as t h e   a i r p l a n e   l e v e l s  
o f f ,   a l t h o u g h   t h e   f l i g h t  is  much lower than a t  the   cor responding  time i n   t h e  
example  of   f igure 3. 

For  the  third  example,  shown i n   f i g u r e  4, t h e  same c o n d i t i o n s  are assumed 
as f o r   t h e   e x a m p l e  of f i g u r e  3 e x c e p t   t h a t   t h e   a i r p l a n e   t u r n s  as it climbs. The 
ground track o f   t h e   a i r p l a n e  i s  shown i n   f i g u r e  4, a l o n g   w i t h   t h e  75-dB ground 
p a t t e r n .  The d i r e c t i o n a l   n a t u r e   o f   t h e  j e t  n o i s e  is a p p a r e n t   i n   t h i s   f i g u r e ,  
r e s u l t i n g   i n  a bulge in   t he   cons t an t -dec ibe l   con tour   t oward   t he   ou t s ide  of t h e  
t u r n .  I t  is a p p a r e n t   f r a n   t h e   f i g u r e ,  however, t h a t   n o i s e  a t  t h i s   i n t e n s i t y  
l e v e l  is experienced  over  a g r e a t e r   l e n g t h  of time o n   t h e   i n s i d e   o f   t h e   t u r n .  

Comparison  With  Other  Methods 

I n  an attempt to i l l u s t r a t e  h o w  the  computer  program  of  reference 1 might 
be used to estimate a g r o u n d   p a t t e r n   o f   i n c i d e n t   n o i s e   i n t e n s i t y ,   t h e   c o n s t a n t -  
d e c i b e l   r e g i o n s  were computed for t h e   a i r p l a n e  a t  f o u r   d i s c r e t e   l o c a t i o n s   a l o n g  
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a s t r a i g h t  climb p a t h   i n c l i n e d  a t  an angle   o f  14.04O. O t h e r   f l i g h t  parameters 
t y p i c a l  of a m i l i t a r y  j e t  t r a i n e r  were 

Jet v e l o c i t y ,  m/sec . . . . . . . . . . . . . .  562 
. A i r c r a f t   v e l o c i t y ,  m/sec . . . . . . . . . . .  95 

Climb  angle,   deg . . . . . . . . . . . . . .  14.04  
Je t  mass flow,  kg/sec . . . . . . . . . . . . .  33 

The fou r   co r re spond ing   cons t an t -dec ibe l   l i nes  are shown i n   f i g u r e  5 a long  
w i t h   t h e  e l l i p t i ca l  l i n e  computed  by the   p resent   method.  N o  a t tempt  was made 
to  estimate an  envelope of the   four   reg ions  calculated by t h e  method  of  refer-  
ence 1, inasmuch as t h e  coarse g r i d  resulted in   po lygon  contours  of i r r e g u l a r  
shape   such   t ha t  a t a n g e n t   f a i r i n g  to these   con tour s   cou ld   no t  be performed i n  
a unique  manner. 

One assumption  of  the  method  of  reference 2 may lead t o  d i f f i c u l t i e s  when 
je t  or a i r p l a n e   v e l o c i t y  is v a r i e d   r a p i d l y .  As was m e n t i o n e d   i n   t h e   I n t r c -  
duc t ion ,   the  method o f   r e f e rence  2 assumes t h a t   t h e   f l i g h t   p a t h   c o n s i s t s  of 
cons tan t -condi t ion   segments   for   each  of  which  the  envelope is a cyl inder   and  
tha t   t he   g round   pa t t e rn  is a segment  of  an ellipse. C o n s i d e r   t h e   s i t u a t i o n   f o r  
w h i c h   t h e   f l i g h t   d i r e c t i o n  is cons tan t ,  b u t  sane other   parameter   (such as  f l i g h t  
speed o r .  j e t  v e l o c i t y )  i s  varying.   Thus,   the   approximating  cyl inders   for   each 
o f   t h e   d i f f e r e n t   s e g m e n t s   o f   t h e   f l i g h t   p a t h   h a v e   d i f f e r e n t  r ad i i .  I f   t h e   s e g -  
ments were made shor t e r   and   sho r t e r ,   t hen   t he   approx ima t ing   cy l inde r s  would 
approach circles, w i t h   t h e  radi i  v a r y i n g   c o n t i n u o u s l y   w i t h   t h e   f l i g h t  parame- 
ters,  I n   t h i s  limit, t h e s e  circles would be approximate ly   the  same as the  char-  
acterist ic l ines   u sed   i n   t he   p re sen t   me thod ,  and  consequent ly   the resu l t s  f o r  
t he  two methods  would be ve ry  similar ( p r o v i d e d   t h a t  an e n v e l o p e   a c t u a l l y   d i d  
e x i s t   f o r   t h e  assumed c o n d i t i o n s )  . Of course,   such a cont inuous ly   vary ing  pro- 
cedure would defea t   the   purpose   o f   re fe rence  2, which  assumed  constant-condition 
segments  for  the  purpose  of  reducing  computer time. Furthermore,   the   assumption 
of t hese   cons t an t   cond i t ions  leads to results t h a t   d e p a r t   r a d i c a l l y   f r o m   t h o s e  
of   the  present   method when t h e  j e t  v e l o c i t y   v a r i e s  a t  even a moderate ra te .  
T h i s   d i f f e r e n c e   i n  resu l t s  is due t o  t h e   e x t r e m e   s e n s i t i v i t y   ( a p p r o x i m a t e l y  
fourth  power)   of   the   s ize   of   the   constant-decibel   region to  t h e  j e t  v e l o c i t y ,  
which causes a r a p i d   v a r i a t i o n   i n   t h e   r a d i i  o f   t h e   c h a r a c t e r i s t i c  circles COT- 
responding to a g r a d u a l   v a r i a t i o n   i n   t h e  j e t  ve loc i ty .   Thus ,   the   shape  of t h e  
envelope   pred ic ted  by t h e   p r e s e n t  method would d i f f e r   s i g n i f i c a n t l y   f r o m   t h e  
c y l i n d e r s   p r e d i c t e d  by r e f e r e n c e  2 .  

Another  difference  between  previous  methods  and  the  present work  is i l l u s -  
t ra ted i n   f i g u r e  6 .  C o n s i d e r   t h e   l i m i t i n g   c o n d i t i o n   f o r   w h i c h   t h e   c y l i n d e r s  
become e s s e n t i a l l y  circles, o n e   o b t a i n s   f o r   t h e   i n t e r s e c t i o n   o f   e a c h  c i rc le  wi th  , 

the   ground  plane t w o  po in t s   symmet r i ca l ly  s i tua ted  o n   e i t h e r  side of the  ground 
track. I f   a t m o s p h e r i c   a t t e n u a t i o n   a n d   r e f r a c t i o n   e f f e c t s  are n e g l i g i b l e ,   t h e s e  
p o i n t s  would  be l o c a t e d  a t  approx ima te ly   t he  same s l a n t   d i s t a n c e  as t h e   s i d e l i n e  
p i n t s  used as a basis f o r   t h e   c a l c u l a t i o n   i n   r e f e r e n c e s  3 and 4.  Thus, i f   t h e  
a i r p l a n e  were cl imbing a t  a c o n s t a n t   a n g l e ,   b u t   t u r n i n g   o u t  of a v e r t i c a l   p l a n e ,  
the  methods  of  reference 2 ( u s i n g   v e r y   s h o r t ,   s t r a i g h t - l i n e   s e g m e n t s )   a n d   o f  
r e f e r e n c e s  3 and 4, would y i e l d  similar resul ts  - a p a t t e r n   c o n s i s t i n g   o f   p o i n t s  
symmetr ical ly  disposed o n   e i t h e r   s i d e   o f   t h e   g r o u n d  track and  resembling some- 
what  an e l l i p se   "ben t "   a round   t he   g round  track as a c e n t e r   l i n e .  However, t h e  
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ground   pa t t e rn   ca l cu la t ed  by t h e   p r e s e n t  method d i f f e r s   s i g n i f i c a n t l y   f r o m   s u c h  
a shape, as is i l l u s t r a t e d  by the  comparison shown i n   f i g u r e  6. T h i s   d i f f e r e n c e  
r e s u l t s  from the f a c t   t h a t ,   f o r  a t u r n i n g   m a n e u v e r ,   t h e   c h a r a c t e r i s t i c   l i n e s  are 
no  longer  circles bu t  more e l o n g a t e d   f i g u r e s   t h a t   s t r e t c h  o u t  t h e   e n v e l o p e   i n  
t h e   d i r e c t i o n   o f   t h e  j e t  e x h a u s t ,   t h e r e b y   d i s p l a y i n g   t h e   f u l l   d i r e c t i v i t y   o f   t h e  
j e t  noise .  

CONCLUDING REMARKS 

A method f o r   c a l c u l a t i n g   t h e   c o n s t a n t - i n t e n s i t y   n o i s e   l e v e l   s u r f a c e  result- 
ing  f rom  the jet  engine  of  a maneuvering  a i rplane  has   been  presented.  The 
method d i f f e r s  f rom  o the r   p rocedures   bo th   i n   app roach   and   i n   t he   r e su l t i ng  
ground  pat tern  shapes.  The c a p a b i l i t y   o f   t h e  method to treat t h e   e f f e c t   o f  con- 
t i n u o u s l y   v a r i a b l e  j e t  v e l o c i t y  was demonstrated by an  example  of   an  a i rplane 
performing a simple cl imb  pat tern.   Another   example,   for  a c l imbing   tu rn ,  demon- 
strated t h a t   t h e   n o i s e   i n t e n s i t y   p a t t e r n   d i s p l a y e d   a n  asymmetry  with respect to 
the  ground track t h a t  is n o t   a p p a r e n t   i n  simpler t r ea tmen t s .  The a n a l y t i c  form 
o f   t he   equa t ions  permits one to re la te  t h e   n o i s e   p a t t e r n   i n d i v i d u a l l y  to t h e  
e f f e c t s   o f   a i r p l a n e  speed and   acce le ra t ion ,   f l i gh t -pa th   cu rva tu re ,   and  j e t  
v e l o c i t y  and acce le ra t ion ,   and  also to d e t e r m i n e   e x p l i c i t l y   c o n d i t i o n s   f o r   w h i c h  
a cons tan t -dec ibe l   enve lope  does n o t   e x i s t .  

Langley  Research  Center 
Nat ional   Aeronaut ics   and Space Adminis t ra t ion  
Hampton, VA 23665 
August 11,  1980 
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Figure 3.- Example 2. Climb  profile and  75-dB ground  noise pattern. 
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