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This   paper   concerns  i terative methods for   so lv ing   boundary   va lue   p rob-  
l e m s  f o r   s y s t e m s   o f   n o n l i n e a r   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s .  The methods 
i n v o l v e   s u b t r a c t i n g  an average   o f   res idua ls   f rom  one   approximat ion   in   o rder  
t o  arrive a t  a subsequent  approximation. 

The paper  is d i v i d e d   i n t o   f i v e   p a r t s .  The f i r s t   p a r t   g i v e s  two ab- 
s t ract  methods i n   H i l b e r t   s p a c e .  The second   pa r t  shows how t o   a p p l y   t h e s e  
methods to   quas i l inear   sys tems  to   g ive   numer ica l   schemes   for   such   problems.  
The t h i r d   s e c t i o n   c o n t a i n s  some s p e c i f i c   a p p l i c a t i o n s .  The f o u r t h   p a r t  con- 
t a i n s  a d i scuss ion   o f  some p o t e n t i a l   t h e o r e t i c  matters r e l a t e d   t o   t h e   i t e r a t i o n  
schemes. The f i n a l   p a r t   i n d i c a t e s  work in   p rogress   concern ing   ex tens ions   and  
improvements  of  the  above. 

1. Two a b s t r a c t   i t e r a t i v e   s c h e m e s .   S u p p o s e  H is  a H i l b e r t  space, H' a 
c losed  subspace of H and P i s  an o r t h o g o n a l   p r o j e c t i o n  on H whose range is  a 
subse t   o f  H'. Suppose   a l so   t ha t  L i s  a s t rongly   cont inuous   func t ion   f rom H t o  
L(H,H) so  t h a t  L(U) i s  an   o r thogona l   p ro j ec t ion   fo r   each  U i n  H. It w i l l  be 
seen  how a va r i e ty   o f   boundary   va lue   p rob lems   fo r   non l inea r   sys t ems  may be  re- 
duced to   t he   p rob lem  o f   f i nd ing  U E H '  EO t h a t  

(1) L(U)U = o ,  P(U-W) = u-w 
where W i s  a given  e lement   of  H'. It will b e   s e e n   t h a t   t h e   f i r s t  p a r t  of  (1) 
r e p r e s e n t s  a quasi l inear   system  and  the  second p a r t  of (1) i s  a way of  as- 
s e r t i n g   t h a t  U s a t i s f i e s   b o u n d a r y   c o n d i t i o n s   d e s c r i b e d  by the   g iven   e lement  W. 

For 6>0 an i t e ra t ive  scheme f o r   a t t e m p t i n g   t o   f i n d  U s a t i s f y i n g   ( 1 )  i s  

(2) wo = w ,  'n+ 1 - W n  - 6PL(Wn)Wnyn = 0 , 1 , 2 ,  ... . - 

I f  {W jrn converges   to  UEH' ,  then  n n=O 

( 3 )  P(U-W) = U-W and PL(U)U = 0. 

A s o l u t i o n  U t o  ( 3 )  is  c a l l e d  a quas i so lu t ion   t o   t he   p rob lem (1). S e e   r e f .  1 
f o r  a d i scuss ion   conce rn ing   quas i so lu t ions  vs. a c t u a l   s o l u t i o n s .  

A second  scheme  uses a c o n t i n u o u s   i t e r a t i o n   p a r a m e t e r   b u t  i s  o therwise  
similar t o  ( 2 ) :  Define Z :(O,m)+ H so t h a t  

( 4 )  Z(0) =w,z'  (t) = - P L ( Z  ( t ) ) Z   ( t )  , t r o .  
I f  U = l i m  Z ( t )   e x i s t s ,   t h e n  U s a t i s f i e s  ( 3 ) .  
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For  numerical   schemes  one is i n t e r e s t e d   i n   f i n i t e   d i m e n s i o n a l   c h o i c e s  
f o r  (2) u n d e r   f a i r l y   u n r e s t r i c t i v e   h y p o t h e s i s  on P and L. I n   r e f .  2 i t  i s  
shown t h a t  (2) a lways 'converges   in   the   l inear   (L(x)   independent   o f  x€H) f o r  
6 = 1. S i m i l a r   r e s u l t s  may b e   o b t a i n e d   f o r  ( 4 )  by n o t i n g   t h a t  ( 4 )  is a l i m -  
i t i n g  case of  (2) as 6 + O .  

2 .  Quas i l i nea r   sys t ems ;   u se  of f i n i t e   d i f f e r e n c e s .  It is  f i r s t   i n d i -  
ca t ed  how a f a i r l y   g e n e r a l   s e c o n d   o r d e r   q u a s i l i n e a r   s y s t e m  may b e   p l a c e d   i n  a 
s e t t i n g   t o   w h i c h   t h e  i terative schemes (2 ) ,  ( 4 )  apply .   Extens ive   genera l i -  
z a t i o n s  w i l l  b e   e v i d e n t .  

Suppose R i s  a bounded  open  subset  of R2 and  each  of R,S,T is  a cont in-  
uous   rea l -va lued   func t ion   on  R3.  Funct ions   z ,u ,v  on R are sought  s o  t h a t  

+ S ( Z , U , V )  ( ~ 2  +VI)  + T ( z , u , v ) v ~  = O  

(5 1 z 1  - u = o  

where  u1 = 6u/6x, u2 = 6u/6y e tc .  

I f   a p p r o p r i a t e   d e r i v a t i v e s   e x i s t   a n d  (5) h o l d s ,   t h e n  

P ick  two piecewise  smooth  one-dimensional  curves r and r '  i n  3 and a 
func t ion  WE C ( E ) .  Consider   boundary  condi t ions  for  (5) : 

where (i:;;) d e n o t e s   t h e   d i r e c t i o n   n o r m a l   t o  r '  a t  p. 

Define  A:R3+L(R9,R3)  modeled  on (5)  s o  t h a t  

N o t e   t h a t   i f  Z , U , V €  C ( I )  (E)  and 
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Denote L2(S2)9 by H ,  denote   by H' t h e  set of  a l l  (z ,z~ ,u ,u ' ,v ,v ' )€H 
where z 0  = ( z l   , z 2 )  etc.  and a l l  i n d i c a t e d   d e r i v a t i v e s  are L2 g e n e r a l i z e d   d e r i -  
vatives (cf  ref. 3 ) .  Denote  by H i  t h e  set of  a l l  (z ,z '  ,u,u ' ,v,v ')€H so that  

and  denote by P t h e   o r t h o g o n a l   p r o j e c t i o n   o f  H o n t o  HC. 

To complete a d e s c r i p t i o n  of  how (5) ,  (7). are c a r r i e d   o v e r   t o  (1) a de- 
s c r i p t i o n   o f  L i s  requi red .   Denote   L2(m3 by K and   de f ine  C:H +L(H,K) so  t h a t .  
i f  U,Z€H, t h e n   f o r  almost a l l  ~ € 0 ,  

(C(u)z) (PI = (A(q>A(q)*>-'A(q) '21 (PI 

where q : ( r y s y t )  and r , s , t  are t h e  f irst ,  fou r th   and   s even th  elements respec- 
t i ve ly   o f   U(p ) .  F i n a l l y   f o r  u€H, L(U) : C(U)*C(U). 

For w as above ,   def ine  W =  (w,wl,w2). S t a r t  i t e r a t i o n  ( 2 )  wi th  W. Then 
f o r   n = 0 , 1 , 2 ,  ... , Wn h a s   t h e   p r o p e r t y   t h a t   t h e   t r i p l e   c o n s i s t i n g   o f t h e   f i r s t ,  
four th   and   seventh   e lements   o f  W s a t i s f y  ( 7 ) .  S i m i l a r  s t a t emen t s   ho ld  €or  t h e  
i t e r a t i o n  ( 4 ) .  n 

It is  now i n d i c a t e d  how a f i n i t e   d i f f e r e n c e  scheme f o r  ( 5 ) , ( 7 )  may be 
cons t ruc ted  by d e f i n i n g  f i n i t e  dimensional  spaces E and & which  approximate H 
and K above.  Suppose GO is a r e c t a n g u l a r   g r i d   w i t h   e v e n   s p a c i n g  6 s o  t h a t  
G E G O  n-fi h a s   t h e   p r o p e r t y   t h a t   i f  pE G ,  then  a t  least  one  of p + 6e is i n  
G , i = 1 , 2 ,   w h e r e   e l , e 2  is t h e   s t a n d a r d   b a s i s   f o r  R2. Def ine   t o   be  a v e c t o r  
space  of all r e a l - v a l u e d   f u n c t i o n s   o n   t h e   g r i d  G. F o r   u E K , d e f i n e  

i 

I 
- 

(u(p + 6ei)-u(p-6ei))/(26) i f  p + 6ei,p-6eiE G 

(Diu) (PI = (u (p  + 6 e i ) - u ( p ) ) / 6   i f  p-6e i 6 G 

(u(p)-u(p-6ei))/6 i f  p +  6ei 4 G ,  i = 1 , 2 ,  P E G .  

Define " H = K 9 .  F o r   ( z , u , v > € & ~ ,   d e f i n e  
D(z,u,v) = (~,D~z,D~z,u,D~u,D~u,v,D~v,D~v). Denote  by E' t he   r ange   o f  D. 
Define T,L' subse t s   o f  G approximating r and I" respec t ive ly .   Denote   by  H o '  
t h e  set of a l l  D(z ,u ,v)EH'   such   tha t  

%+I -n = W - PL(yn)yn,n= 0 ,1 ,2 ,  . . . 
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where L is d e f i n e d   e s s e n t i a l l y  as above.  Condition (8) on P i m p l i e s   t h a t  
boundary  condi t ions are p r e s e r v e d   u n d e r   t h e   i t e r a t i o n  (9) aGd hence are sat- 
s i f i e d   b y  a limit of  [Wn] i=o .  

S i m i l a r   s t a t e m e n t s   h o l d   f o r  a f i n i t e   d i m e n s i o n a l   c o u n t e r p a r t   t o   t h e  
i t e r a t i o n  ( 4 )  . 

Process  ( 4 )  i n   t h i s   f i n i t e   d i m e n s i o n a l   s e t t i n g  becomes a v a r i a n t   o f   t h e  
"method o f   l i nes" .  It  spec i f ies   one   equat ion   and   one  'unknown' f o r   e a c h   p o i n t  
i n   t h e   g r i d  G. The ' t i m e '  parameter  i s  i t e r a t i o n  number, n o t  a d i s t i n g u i s h e d  
v a r i a b l e   i n   t h e   s y s t e m   o f   d i f f e r e n t i a l   e q u a t i o n s .  Use of  ( 4 )  t hen  may extend 
the   u se   o f   t he   'me thod   o f   l i nes '   t o  a l a r g e r   c l a s s   o f   p r o b l e m s .  

3 .  Appl i ca t ions .  

Take 52 t o   b e  a bounded r e g i o n   i n  R2. Define R , S , T  i n  (5) s o  t h a t  

R(z,u,v) = 1 +v2 

S(Z,U,V) = -  uv 

T(z  ,u,v) = 1 + u2. 

System (5) then is 

( l + V 2 ) U l   - u v ( u 2 + v 1 )   + ( l + u 2 ) v 2 = 0  

z1 - u = o  

2 2 - v = O  

As a s i n g l e   s e c o n d   o r d e r   e q u a t i o n   t h i s  is 

( l + z $ ) z 1 1 -   2 z 1 z 2 z 1 2 +  (1+ z f )  222  = o ,  

t he   min ima l   su r f ace   equa t ion   fo r   r ea l -va lued   func t ions  on a r e g i o n   i n  R2. 
Condi t ions are s p e c i f i e d  by 

f o r  some g i v e n   f u n c t i o n   f .  The FORTRAN code l i s t e d   i n   r e f .  4 may b e   e a s i l y  
m o d i f i e d   t o   d e a l   w i t h   t h i s   e q u a t i o n .  

I f   y y a o o y u o o  are g i v e n   p o s i t i v e  numbers  and  R,S,T are chosen s o  t h a t  

R(Z,U?V) =a:+ ((y-1)/2)  (u2-u2-v2)  -u2 

s ( 2  ,u ,v)  = -uv 

~ ( z  ,u ,v)  = a: + ((y-1) / 2  (u2-u2-v2) - v2 

then (5) r educes   t o   t he   t r anson ic   f l ow  equa t ion   u sed   i n   r e f e rence  4 (and 
taken  f rom  reference 5 ) .  For   numerical   computat ions,   boundary  condi t ions a t  
i n f i n i t y  are r ep laced  by appropriate   boundary  condi t ions  on  the  boundary  of  a 
l a r g e  box. One a l s o   h a s   z e r o   n o r m a l   d e r i v a t i v e   c o n d i t i o n s  on a n   a i r f o i l   i n s i d e  
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the   box .   See   re fe rences  4 ,  5 f o r   d e t a i l s .  The 
is s p e c i f i c a l l y   f o r   t h i s   p r o b l e m .   P r i n t o u t s  of 
bers  (ug/am.) are g iven   t he re .  

FORTRAN l i s t i n g   i n   r e f e r e n c e  4 
r e s u l t s   f o r   v a r i o u s  mach num- 

, 4 .  F i n i t e   d i m e n s i o n a l   p o t e n t i a l   t h e o r y .  
connected  with (9) is t h e   c a l c u l a t i o n  of P x  f o r  

The ma in   computa t iona l   e f fo r t  
various  xEH.  Denote by 20 

a l l  ( z y u , v ) ~ K 3   s a t i s f y i n g  (8) and  denote  by IT t he   o r thogona l   p ro j ec t ion   o f  g3 
onto  J ~ .  From r e f .  2 i t  f o l l o w s   t h a t  P = DE-~ITD* where E ITD*D [ Hence 

t h e  main  work i n   c a l c u l a t i n g   t h e   a c t i o n   o f  is  t h e   s o l v i n g   f o r  x (given  y)  
in  l i n e a r   s y s t e m s  

LO 

(10) Ex = y. 

Now Jo is  a D i r i c h l e t   s p a c e   i n   t h e   s e n s e   o f   r e f .  6 and E is the   co r re spond ing  
L a p l y c i a n   f o r  20. So, E-l b e i n g   t h e   i n v e r s e  of a L a p l a c i a n ,   t h e   e f f e c t   o f  
mu l t ip ly ing  a v e c t o r  y by E-1 is t o   t a k e  a ce r t a in   nonnega t ive   we igh ted  aver- 
age  of  the  components  of  y.  References 2 and 4 con ta in   desc r ip t ions   o fme thods  
f o r   s o l v i n g   ( 1 0 )  . 

5. Extensions  and  Improvements. 

A promising  replacement   for  ( 4 )  i s  given by 

(11) z ( 0 )  = w z ' ( t )   = - ( V + ) ( z ( t ) ) ,   t 2 0  

where  a(x> E % 11 A(x)x1[2 ,x€H , A be ing   de f ined  as i n   s e c t i o n  3 .  One h a s   t h e  
f o l l o w i n g   e x p l i c i t   e x p r e s s i o n   f o r   t h e   g r a d i e n t   o f  4:  

Then (11) becomes a steepest  descen t   p rocess .   In  a number of  examples,   the 
only c r i t i c a l   p o i n t s  o f  C$I seem t o   b e   s o l u t i o n s   t o  ( 3 ) .  Fur thermore ,   so lu t ions  
z t o  ( 3 )  remain  bounded  and so  converge   to  a s o l u t i o n  u t o  ( 3 ) .  

Work i s  in   p rog res s   conce rn ing   t he   adap ta t ion   o f  (2)  , ( 4 )  and  (11)   to  
f i n i t e   e l e m e n t   s p a c e s   r a t h e r   t h a n   f i n i t e   d i f f e r e n c e   s c h e m e s .  It  is  expected 
that   methods w i l l  be   deve loped   which   use   f in i te   e lement   spaces   bu t   have  l i t t l e  
else i n  common wi th   conven t iona l   f i n i t e   e l emen t   me thods .  See  r e f e r e n c e  7 f o r  
some p r e l i m i n a r y   r e s u l t s .  
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