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ABSTRACT

There are currently no well-established numerical techniques for
evaluating the bit error probability performance of a Satellite Communication

System that includes:

- Uplink and downlink noise
- Uplink interference

- Transponder AM/AM and AM/PM nonlinearities

In this report we present new computational techniques that efficiently compute
these bit error probabilities when only moments of the various interference ran-
dom variables are available. The approach taken is a generalization of the well-
known Gauss-Quadrature rules used for numerically evaluating single or multiple
integrals. In what follows, we develop the basic algorithms, show some of its

properties and generalizations, and describe its many potential applications.

Some typical interference scenarios for which the results are particularly

applicable include:

- Intentional jamming

- Adjacent and co—channel interferences

— Radar pulses (RFI)

- Multipath

- Intersymbol interference
whiile the examples presented stress evaluation of bit error probabilities in
uncoded digital communication systems, the moment techniques can also be applied
to the evaluation of other parameters, such as computational cutoff rate under
both normal and mismatched receiver cases in coded systems. Another important
application is the determination of the probability distributions of the output
of a discrete~time dynamical system. This type of model occurs widely in
control systems, queueing systems, and synchronization systems (e.g. discrete

phase-locked loops).
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I. Introduction

Our primary motivation for investigating the moment techniques presented
here is the numerical evaluation of satellite communication system performance.
These systems typically possess transponders which exhibit such nonlinearities as
AM/AM and AM/PM conversion and are further corrupted by a combination cf uplink

and downlink noise, and various interference signals such as those due to:
- Intentional jamming

— Adjacent channels

- Radar pulses

- Multipath

- Intersymbol interference

— Co~channel interferers
It is often difficult to have a complete statistical characterization of

these interference signals. Some moments, however, are often easily computed
based on some simple models of the various interference signals. Hence, given
the available moments, we should desire a technique by which one could achieve

an approximate performance evaluation.

The particular moment technique presented here is based on the solution
to the classical '"Hamberger Moment Problem" as discussed in Krein (Ref. 1). This
solution has previously been applied to linear communication channels by
Benedetto, Biglieri, and Castellani (Ref. 2) and Yao and Biglieri (Ref. 3). It is
also known to be a generalization of the well-kmown "Gauss-Quadrature Rules' for
numerically evaluating integrals (Ref. 4). We present here some new algorithms
for solving the basic moment problem and then generalize them to complex and
multi-dimensional random variables. Although our primary application is motivated
by the evaluation of satellite communication system performance, there are numer-
ous other practical applications of this moment technique which shall be discussed

at the conclusion of this report.

In Section II, we examine the transponder satellite model and motivate the
need for developing a computationally efficient numerical technique for evaluating
the bit error probability of such systems. The moment technique will have appli-
cations to all types of signal modulations including the new bandwidth efficient
modulations such as MSK, SQPSK, CPFSK, and TFM (Refs. 5-7). Section III dis-
cusses the basic assumptions and statement of the classical one variable moment

problem. Section IV presents a solution to the moment problem using the




Berlekamp-Massey algorithm (Ref. 8)* and an accompanying root-finding algorithm
along with some numerical examples illustrating their use. Section V presents an
efficient algorithm for computing the moments of a sum of independent random
variables in terms of their individual moments. Section VI presents some basic
existence theorems concerning the solutions to the moment problem. Generaliza-
tions to complex random variables and pairs of correlated random variables are
given in Section VII. Section VITL shows how to solve the moment problem given
some constraints on mass points. The accuracy of this moment technique as well
as the derivation of bounds on the approximation error are presented in Sec-

tion IX. TFinally, various applications are discussed in Section X along with

conclusions.

%
Another algorithm which can be applied to this problem is the Euclid algorithm
whose relation to the Berlekamp-Massey algorithm is discussed in Ref. 9.
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II. Transponder Satellite Channel

Typically, a transponder satellite is modelled as shown in Figure 1 where

we define

x(t)
i(t)
n (t)
r(t)
BPF
a(t)
TWT
ZF
z(t)
n, (t)

y(t)

il

transmitted uplink signal
uplink interference signal

uplink noilse

x(t) + i(t) + nu(t) = gignal entering the satelllite system

bandpass filter

signal entering the TWT
traveling wave tube amplifier
zonal filter

satellite downlink signal
downlink noise

gignal received at the ground station

(2.1)

We now 1llustrate the problem of performance evaluation for the above satel-

lite channel when the modulation is coherent binary phase shift keying (BPSK) for

which

x(t)

"0'" data bit is sent

s(t) ,

It

x(t)

-s(t) , "1" data bit is sent

n (1) SATELLITE TRANSPONDER
u

| l alt)

(2.2)

n d(f)

o

| r(t)
]

BPF [-—— TWT »  ZF

Figure 1. Satellite Channel

2(t) y(t)
),



where

1]

s(t)

IA
[n3
1A
=3

V2P cos wot ; 0

(2.3)

ja=}
il

transmitter power

We assume the BPF is ideal in that it limits the satellite input signal

r{t) to the signal space generated by the pair of quadrature basis functions

¢C(t) = \/%'uos wot

I P . . ; 5
¢s(t) =~ |7 sin mot, 0 <tz T (2.4)
Hence
a(t) = r ¢ (€) + r o (t) (2.5)
where
T
r, = r(t)¢c(t) dt = X, + ic + L
0
(2.6)
T
r = r(t)¢s(t) dt = X + i + noo
0

are the projections of r(t) on these basis coordinates.



Here for BPSK we have xS = (0 and

YPT , . "0" data bit
x, = (2.7)
-/PT , "1" data bit

while
ic’ iS are the quadrature components of the interference signal

n,..» B, are the independent components of the uplink additive white

Gaussian noise.

The bandpass filter's function is to filter out all noise and interference
outside this signal space (spectrum) without distorting the signal. We have

assumed the bandpass filter works ideally.

Next we define the envelope

_ 2 {2 2
R = T (1c + rs> (2.8)

and phase

r
n = tan 1 (;fi) (2.9)
C

of the signal a(t); i.e.,

a(t) =r ¢ (t) + ro_(t)

R cos [mot + n] (2.10)



The TWT is assumed to create AM/AM und &M/PM nonlinear conversions which

are mathematically described by the zerv menuiy functions of the input eavelope R;

viz.,
f(R) = AM/AM nonlinearity
g(R) = AM/PM nonlinearity

Thus, the TWT output followed by a zonal filter is given by

z(t) f(R) cos [wot + g(R) + n]

Y

\ﬁg f(R) cos [g(R) + n] ¢C(t)

i)

+\[§ £(R) sin [g(R) + n] ¢_(t)

(2.11)

In general, we assume a conventional/ground station receiver based on the

ideal additive white Gaussian noise channel. With few exceptions, it is usually

impractical to design special receivers for each channel. 7The conventional

receiver is modellad as in Figure 2.

A
' =
1(..:_ fT( )dt e Y T 2y
0

$.0)

Figure 2. Ground Station Receiver

Here we have

T

ng, = nd(t)¢c(t)dt

(2.12)



z, Jgf(R) cos [g(R) tn- g

z =
(2.13)
- *
g = recelver phase reference
and the decision or demodulation rule
decide "0" if ¥, 0
(2.14)

decide "1V if'yC < 0.

Suppose the "0" data bit is sent [x(t) = g(t) = VT;¢c(t)] where

ES A PT is the energy per symbol. Then, given Z the conditional error probabil-
£ ’
ity is

{

) ’2 .
= . 0 . = - Qi A . 5
PEn(zc) Prob lyc < IZC, X, VPT% Q ( N z?) (2.15)

where Ny is the single-sided noise spectral density of the downlink noise nd(t).

The average error probability is then

P, =E sP (z )) (2.16)
EO l EO c ,

%
We assume a phase-locked loop tracks the long time sverage phase of the satellite
output signal.

Jaats
EAXAY

The function
[s¢]

QG == | exp-yhay

is the well~known Gaussian probability integral.
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where E {+} denotes the expectation over the probability density function of Z,.
Since from (2,13) together with (2.8) and (2.9), z, is a function of r and r,

with now

r =/VE_+1 +n
C s C u

c

then, equivalently
z=F(/E +1i +n , i +n )
c s c ue’ s us

for some known function F(.,.).

Hence, the average bit error probability has the form

-
P, =L (P F(/E"+i+n,i+n
EO E0 ] c uc s us

where E {+} is now the expectation over the random variables ic’is’ noas and L

\

f

(2 173
‘t«.'

(2.18)

(2.19)

]

Another form for this error probability can be had by first defining the

complex random variable

[2 .
T (rC +jr.)

[(/ES +d+ nuc) + g+ nus)]

=
i

where

j=7-1
R = |W]
n= W

(2.20)

(2.21)



Then we have for some known function G(*) the error probability

P, =E jG(W)I (2.22)
DR

The key to evaluating the bit error probability for the BPSK mudulation

technique with the general satellite channel involves the evaluation of

P. = E {pEO[F(rc,rs)]§§

= E[GW)] (2.23)

wher: T, and r_ are, in general, two correlated real random va:iables. This

requires knowledge of the joint probakility distribution p(rc,rs) of the pair of

random variables T, and r,. This is not always available and even when we have

it, we still have to evaluate the double integral

0 [%.4]
PEO = PEO [F(rc,rs):lp(rc,rs)drcdrS (2.24)
(2] -0
In practice, it is often easier to obtain'some joint moments
W, AL [chem) . bm o= 0,1,2,00, N (2.25)
im = clg M ’ 39 by s
*r complex moments
o= EWY m=0,1,2,""*, N (2.26)



The remainder of thils report examines lhiow we can use available moments and
obtain an approximation to E {PEo[F(rc,rS)]} or E[G(W)]., 1In particular, we
describe a way of obtaining discrete approximate probability distributions of the
form#*

jPr(W=z)=m S R = 1,2,00, v (2.27)

'8
based on morents of the complex random variable W as in (2.26) or

Pr(rc==x£, rs==y2) = Py L =1,2,"**, v (2.28)

based on joint moments of two real random variables r,, g as in (2.25). These

approximate distributions then yield approximations to (2.23) in the form,

AY

. \M
PEO [F(rr;’ ls)” = L,“’;LPEO (F(Xz’ yz)) (2.29)
o=1

I

E
%
and

E [G(W)] = ng(zg) (2.30)

Ponl
[i} <
=

Equations (2.29) and (2.30) represent generalizations of the Gauss-Quadrature
technique which is often applied to numerically evaluate double integrals of the

form in (2.24) when p(rc,rs) happens to be of a Gaussian nature.

Although we limited this example to BPSK, the approach outlined here
applies equally well to coherent MPSK for all integer M and also to other general

bandwidth efficient modulation techniques.

*The hat """ is used to denote the word "approximate.'
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III. The Classical One Variable Moment Problem

Let X be a random variable (continuous or discrete) and suppose we only
know its N -+ 1 moments

b = B k= 0,1,2,000, N (3.1)
where Hg = 1. We want to find an approximation to the true probability distri-
_bution of X in the form of a discrete probability distribution. The classical
moment problem is to fins the smallest numbe: of points xl, Xgy **ty X and

v
welghts Wyslys *ots W so that the approximating distribution

Pr{x - xz} =, 5 &= 1,2,0e, (3.2)

satisfies the given moment constraints,

v
—-h — k. - . & "
My E(Xk) = WX k = 0,1,2, , N (3.3)
=1
Suppose we start by assuming that Pr(X = xz) mg; § =1,2,-++, v is8 the
true distribution so that
v
b= EE) = Y wxs (3.4)
k k 278 )
=1

0,1,+++. Next define the polynomial

v
]ii[ (1 - Dxl)
2=1

is true for all values of k

c(D)

i
0
+
0
=}
+
0
=}
+
+
]
o

(3.5)

11



where CO = 1, Also consider, for arbitrary n, the relation
AY) v \Y
= > rl-j
“1¥n-j Z; '] Z 2%
i=0 i=0 =1
v v
o Xy ijg
=1 j=0
v
_ Z n.( -1
= MQXQC(xz )
=1
=
since x; is a root of C(D). Then recalling the fact that c¢

written in the alternate form

\Y

>

j=1

i

n c.u

jn-j

This form of the relationship between moments allows us to i

outputs of a real field linear feedback shift

O ©

(3.6)

0 L

(3.6) can be

(3.7)

nterpret moments as

register as shown in Figure 3.

soessssese

Kn=-v+ Fp-2

Kn-y

Hney

Hn

Figure 3.
Shift Register

12
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Note that, although at this point, we do not know the points X5 Xy "0y X
nor the polynomial C(D) given in (3.5), we have the interpretation that the
given N + 1 moments of (3.1) are generated by some linear feedback shift
register with feedback coefficients thaé specify this polynomial. This is a new

interpretation or formulation of the classical moment problem.

Next define the polynomial

\Y Y

P(D) = E Wy I I (1 - ij)
=1 j=1
j#e
- 2 ... v-1
= P + plD + p2D + + P, D (3.8)
Then the moment generating function polynomial
k
JaY
n(d) A E e D
k=0
) v
_ E : '§ kY k
= mlxz D
k=0 \2=1
v )
N k
= E Wy E (xQD)
=1 i k=0
v
_ 1
‘2 :“2{1 —ngjl (3.9)
=1

13
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when multiplied by the polynomial C(D) yields the relation

\Y \Y]
Z Wy I—I(l - ij) (3.10)
i=1

1 (D)C(D)
2=1
j#L

H

P(D)

By equating terms with equal powers of D, the coéfficients of P(D) are given as

follows:

=)
o

i}

=
o

Pymg = Hyep Teg Myg F oot gy (3.11)

Thus, given the polynomial C(D) and the known moments of X, we can easily obtain
the polynomial P(D). Given these two polynomials we show next how the weights

Wys Wos *°% w,, are easily found.

14



Assume we have polynomials C(D), P(D) and the reciprocals of the roots of

C(D) which are the points X5 X Ty X Then, from (3.5)

23

' d
c' (0) &5 C)

AY] \Y]
= - E XQ I l(l - ij)
: =1 i=1

i#e
. 2 - V-1
= ¢y + ZczD + 3c3D + + VLVD
Note that
Vv
-1 T T -1
1 = - -
o) - [ (i)
j=1
j#k
and from (3.8)
v
_1 _ . —
P(xk ) = w I I (l xk X )
j=1
j#k
Thus,
-1
x. P (x )
mk=_ . —-lk Y k=1529 e,V
c'{x )
k

15

(3.12)

(3.13)

(3.14)

(3.15)



From the above relationships, we see in summary that the classical moment
problem is solved by first findiﬁg the shortest length linear feedback shift
register that generates the given N + 1 moments. This feedback shift register
is specified by the polynomial C(D) whose roots have reciprocals which are the
x . Next obtain P(D) from
rom (3.15).

desired probability mass location points Xps Xy T,
(3.11) and the probability mass values Wys Wys TTTs 0y

In the next section, we describe two basic algorithms, namely the

H <

Rerlekamp-~Massey algorithm which enables one to find the polynomial C(D) and an

algorithm to find the roots of C(D).

16



1v. The Berlekamp-Massey Algorithm (Ref. 8)

Given Hy» ul, LN UN the Berlekamp-Massey linear feedback shift register
synthesis algorithm is a technique for finding a smallest length feedback shift
register that generates Hyr Hps tre, Hy and is described by the polynomial

Vv
c(p) = ! I a - sz)
7=1
=c. +oD+ceD 4 ee +cD’ (4.1)
0" %1 2 v :

The following is a step-by-step description of this algorithm.

Define the following variables:

(a) m, n, 2 integers
(b) b, d real numbers
(¢) ¢c(),B(D), T(D) polynomials in D
N 2 o [
c() =1+ ch + CZD + + CZD
Step 1: Input moments
“O::l’ ul’ UZQ '." ]JN
Step 2: Set initial conditions
c(®) =1, B(D) =0, T(D) =1
m=1,n=0, £=0,b=1
Step 3: Compute
d = un + clun~l + c2un—2 toee ok Clun~£

17



*
Step 4: If d = 0, then
m+ 1l-+m
and go to Step 7.

Step 5: If d # 0 and 2% > n, then:
d .m
c) - 5 D B(D) -+ C(D)

m+1->+m
and go to Step 7.
Step 6: If d # 0 and 22 < n, then
C(D) -~ T(D)

c(p) - %-DmB(D) + C(D)

n+1-42=+2

T(D) - B(D)
d->b
1 -»>m
Step 7: n+1-+>n
Step 8: If n =N+ 1, stop. Otherwise go to Step 3. This algorithm results

in C(D) of (4.1)

and

v=-1

2
P(D) = py + pyD + pD° + +eo +p D (4.2)

*
The notation "A+>B" means replace B with A.

18



where from (3.11) we have

— — - - -
Py 1 0 0. .. . 0 g
Py ey i1 0.....0 Wy
= (4.3)
Py_q cv—l cv_2 B uv‘l
*
We next want to find the distinct real reciprocal roots X1 Xys *00y Xv
where we assume
[yl 2 Iyl 2 dxglz oz 0] (4.4)
and because of the distinct condition, Ixil = Ile only if X, = —xj.
In general, the linear feedback shift register relationship
v
b = - E cjpk-j H k=2v+1, 2v+ 2, «-- (4.5)
j=1
for some initial conditions ul, Hos cec, H, is satisfied by outputs of the
form
v
”k’E uixi‘; k=2v+1, 2v+2, - (4.6)
1=1

*
Section VI will prove these reciprocal roots are distinct and real.

19




with arbitrary coefficlents Ops thyy ttr, B To so2 this, substitute (4.6) into

(4.5) which preduces

" g
1, = - CL.H .
M Eid i'k-

<

Y

= - a.x% c.xTJ (4.7)
i1 2 :: ji

i=1 j=1

Since from (4.1) the quantity in parentheses ecan be identified as C x;l) - ¢
which from the factored form of (4.1) is seen to have value -1, then (4.7)
immediately reduces to (4.6).

Note that only when the initial conditions of the feedback register are
set to the given moments of the random variable X do we necessarily iwave
(ﬁi=ug} i=1, 2, *, V. Here we consider arbitrary initial conditions for the
linear feedback shift register defined by C(D).

Mewvt consider for some k > 2v,

AV
U = (X.Xk
k i%1
i=1
[0 X k o X k o X k
=alx1j( 1+&—2-<»—£ +—§<~3~)+---+&~‘1(~—‘1 (4.8)
1\*1 %1 \*1 1 \%1

20



Define

. k k
i, x2 uB %\ av xv
F(k) = 1+ (5] + o> »w) S e B (4.9)
1 \%1 1\*1 %1\ %1

and note that if the magnitudes of the xi's are ordered as in (4.4), then

lim F(k) = 1 (4.10)

Te->00

where convergence is primarily determined by the term,

o X k
ﬂz(_z)
*\*1

Here we can take the ratio of the feedback shift register outputs

u
k+l _  F(k + 1)
™ *1 TR (4.11)
and find the first reciprocal root by
u .
x, = lim el (4.12)
ko Mk
If we have lel = Ile > ‘Xli; £ =3, 4, +-+, v then x, = =X, and F(k) has
the form
k k
o o, [X o /X
F) = 1+ —= (-DF + a—‘qi(—f-) boeee 4 %(;{-‘i) (4.13)
1 1\ 1\"1

21



which oscillates

have

and the ratio

yields the first

o

2
“1
"(k + 2)
I1im -~ e
e300 F(k)

M2 2 Bk + 2)

k

two reciprocal roots

u ] F(k)

Y

)
1= lim “{r‘“
o0 k

between the limits 1 + - as k increases to infinity. . Thus, we

(4.14)

(4.15)

(4.16)

Note that we need to choose the initial condition of the feedback shift

register such that My # 0 for k > 2v.

An efficient way to generate Xy is to define

Then

i
- -1
Ar =
T
H .
r~i
LETL A ..
u Ar r-1

22
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(4.17)

(4.18)



Now recalling from (3.7) with k = n that

T T CqMpay T oM T ey

then dividing by “k—l we get

'«;L‘-"‘ C
}\ 3

AR e W W
k

T T L U L k=1 k-2 kev41

This recursion relationship together with (4.12) and (4.17) gives

(4.19)

(4.20)

(4.21)

provided [xll > [xgl;z = 2,3, *++, v. Alternately using (4.16), the first two

reciprocal roots become

X, = 1dim -
1 ke MMkl
_‘(2 = "'Xl

(4.22)

The procedure for finding the remaining reciprocal roots is outlined as

follows. ' Suppose we find X

as described above for the case where lel > lle;

¢ =2,3, *++, v. Then, we remove the corresponding factor from C(D) and define

a new polynomial

23



v
¢ ) = | I (1 - Dxp)

Q=2

= CD)
1 - Dxl

_ (D (1) .

= ¢ + cq D +

From the relation
cm) = (1 - Dxl)C(l’ D)

we equate the coefficients of equal

v-1

powers of D and obtain the relations

§S
(1) (1)
Cy-1 ~ xlcv—Z
(1
T %1%-1

24

(4.23)

(4.24)

(4.25)



or equivalently

(1) _ _
co = CO =1
1) (1)
cl = cl + xlco
(1) _ (1)
°x x T *1%-1
c(l) = + x c(l) = - EX_ (4.26)
v-1 v-1 17v-2 X '

| ot

The recursive relations in (4.26) define the polynomial C(l)(D).

If we have a pair of reciprocal roots such that x, = “X1» then we first

2
remove both of the corresponding factors from C{(D) and define a new polynomial

V.
¢® oy = H (1 - Dx,)

=3
_ c(D)
(L - Dxl)(l - sz)
__Cc@®
1 - xiD2
= 052) + C{Z)D + e+ CSE;Dv—Z (4.27)
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From the relation

c) = (1 - XJZ_DZ)C(Z)(D) (4.28)

we obtain

L2 _

1
0N

NO)

(2) c, t x

2c
2 . 2 1

c

c = c + xzc
v-2 V-2 1-v=4 (4.29)

(2),

The recursive relations in (4.29) define the polynomial C D).

The above approach for finding the largest magnitude reciprocal root or
roots is then applied to the new polynomial C(l)(D) or C<2)(D) to find the next
largest magnitude reciprocal root or roots. This procedure is continued until

all reciprocal roots have been found.-

The following is a summary of the reciprocal root-finding algorithm just

described.
Root Finding Algorithm
Assume moments Hgs Wy "0t Hy are used in the Berklekamp-Massey algorithm
to find the polynomial
COD) = c. + c,D+cD>+ -+ cD
0 1 2 v
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where CO = 1. The roots of C(D) are unique and real, The following algorithm

finds their reciprocals:

Step 1: Input

Cqe Sps 0 cv H Ns and ¢
Step 2: Set

ME=hpEr = =1
Step 3: Set

k=wv
Step 4: Compute

= . + .

2 = et et T et Men T Cor-1Me-2 T Akevhl
Step 5: Compute

s

k
Step 6: Compute
1
T, = T
k Akxk-l
2
Step 7: 1t |1, - T 4| + [T, - T, ,l=s e, go to Step 10.
Step 8: If k > Ne’ go to Step 21.
Step 9: k +~k + 1 and go to Step 4.
Step 10: If |zk - Zk~1l > g, go to Step 16.
Step 11: Set g
= e 4
%y Zx

Ne and € are convergence parameters.
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Step 12:

2 vl 2
Co-1 F XCyp T S
Step 13:
v -+ V-1
Step 14: If v=1,
set X, = ¢y and stop.
Step 15: Go to Step 2.
Step 16:
x_ = /T
v k
*o-1 ~ —/E;
Step 17:
2
¢,y + XVCO > CZ
2
¢y * X0y 7 Cg
+ x2 >
Cv-2 Cv-4 7 Cy-2
Step 18:
vy -2
Step 19: If v = 1, set X = m¢y and stop.
Step 20: If v = 0, stop.
Step 21: Go to Step 2.
Step 22: Declare ill-conditioned and redo Berlekamp-Massey algorithm with

moments uo, ul, ses, uN—l'
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If the original moments u are in fact not truc moments, then

VR R
the Berlekamp-Massey algorithm can result in a polynomial C(D) whose roots are
complex. This can be caused by various errors in computing these moments, as

well as possible roundoff errors in the above algorithms. Step 22 attempts to

detect such problems.

Typically small changes in the coefficients c **, ¢ can cause large

c
1’ 72
changes in the roots of C(D), particularly the larger roots. The smaller roots
of C(D) are generally more stable. This means that for the reciprocal roots

Xqs X Ty X the larger magnitude points tend to be more stable.

2’
To reduce roundoff errors in the Berlekamp-Massey algorithm, it helps to

control the dynamic range of the moments

W= B 5 k=0,1,2, coc, N (4.30)
by defining
Y = pX (4.31)
with moments
u {p) = pku ; k =0,1,2, ***, N (4.32)
k k

If we apply the Berlekamp-Massey and the root-finding algorithms to the moments

of Y = pX, then the resulting mass location points Yo Yor "t Y are related
to the desired points Xy Xgy T, X by
Y
X2=-5—; 2=1,2, e,V (4.33)
The weilghts wl, Wos **¢s wv remain the same in both cases. Here p can be

selected to control the dynamic range of the input moments to the Berlekamp-

Massey algorithm. A good choice is governed by the condition

uy(p) =1 (4.34)
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or

1
= e (4.35)
p VHE

We conclude this section with a t- numerical examples to illustrate the
use of the algorithms just discussed. The examples chosen will correspond to
probability distributions for which all moments are known. Thus the end products
of applying the foregoing algorithms will serve as verification of well-known

Gauss-Quadrature results for these distributions (Ref. 4).

.

As a first example, consider a zero~-mean Gaussian probability density

function for which

i

Hon 1+3:5 +++ (2n-1) & (2n - 1)!!
(4.36)

i
o

Uzn_l - H n = 1!29 st

Assume for the purpose of this example that only the first ten moments in
(4.36) are known. Then, using these as an input, the Berlekamp-Massey algorithm

proceeds step-by-step, as follows:

Step 1: N =9)
u0=l,ul=0,uz=l,u3=0,u4=3,
“5 = 0, u6 = 15, u7 = 0, Hg = 105, Hg = 0
Step 2:
c() =1, B(D) =0, T(D) =1

m=1l, n=0, 2 =0, Db =1

Step 3:
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Step 6:

Step 7:

Step 8:

Step 3:

Step 4:

Step 7:

Step 8:

Step 3:

Step 6:

(22 = n)

.

T(D)

c(D)

i

B(D)

]

Hq

(n < 10)

(2% = n)

T(D)

)

]

c()

=
1]

B(D)

Il

1 =1+ (0)D ; ¢

L

31
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Step 7:

Step 8:

Step 3¢
Step 4:
Step 7:

Step 8:

Step 3:

Step 6:

Step 7:

Step 8:

Step 3:

Hg

(n < 10)

=]

—~
w)

~
il

a
~
o
~
||

o]
~
()
~
]

(n < 10)

4+ cluz + CZ“l 0
-0

+C/ﬁ3+ Coly = 2
N, jt———
(-1) (1)

1 - p?

1-D%-20°=1-13D

b+1-2=3

1 - D%

2

2
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Step

Step 7:

Step

Step

Step

Step

Step

Step

Step

Step

m= 2
n==0
(n < 10)
d = “6 +-
15
(22 = n)
TM) = 1
cm =1
= 1
L =6
B(D) =1
b =6
m= 1
n=7
(n < 10)
=0
o
m = 2
n=28

e

(-3)(3)
- 3D2
- 3” - 2% (1 - 0%

2 4

- 6D” + 3D ¢, = 0, cy = 6, Cq 7
+ 1 -3 =14
- 3D2
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Step 8: (n < 10)

Step 3:
=0 =()
d = u8 + Cly; + 02u6 + c%%s + u4u4 = 24
S S s N e’
105 (-6) (15) (3)(3)
Step %: (2% = n)
T(D) = 1 - 6D2 + 3D4
c) = 1 - 6 + 3 - Zp? 0 - %)
=1 ~ lOD2 + 15D4; ¢y = 0, c2 = ~10, 03 = 0, 04 = 15, CS = ()
£ =84+1~4=35
B(D) =1 - 60° + 30"
b = 24
m=1
Step 7:
n=29
Step 8: (n < 10)
Step 3:
=0 =0 =0 =0 =0 =0
d = /9 + 01'8 + c%%; + ch; + cafg -+ c%%; =0
Step 4:
m= 2
Step 7:
n =10
Step 8: {n = 10). Stop.
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The resulting linear feedback shift register analogous to Figure 3 is
illustrated below:

N

+\

T :
T SR 0 !
1 0 1 0 3 0 15
o 1 0o 3 0 15 0
T 0o 1 0o 3 0 115 0 105
1o O 3 0 15 0 105 0

Figure 4. Moment Generating Linear Feedback Shift Register for
Ten Gaussian Moments

The corresponding generating polynomial is

co) = 1 - 100> + 150% 4.37)

which is the desired result.

Note that the last value of % [the order of the polynomial C(D)] computed
by the algorithm is & = 5. Thus, since (4.37) is only a fourth order polynomial

in D, we immediately conclude that

Cy = 0 _ (4.38)

Equivalently, from the factored form of C(¥) in (4.1), (4.38) tells us that

one reciprocal root has value zero; i.e.,

X = 0 (4.39)
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The remaining roots can easily be obtained by solving a quadratic equation or
2,
applying the root-finding algorithm. In the former case, let Z = D" in (4.37)

and equate the result to zero, namely,

1-10Z + 152° = 0 (4.40)
whose solutions are
7 = —1—'15-%)-@ - 544151844, 122514823 (4.41)
or
D = .737666486, +,350021175 (4.42)

Finally, the corresponding reciprocal roots are

x2,3 = +1,35562618
(4.43)

=
x[*’5 +2.856970014
Before showing how the root-finding algorithm can be used to approach the
results in (4.43), we shall finish the solution for the approximating probability
97 )y W From the coefficients
of C(D) and the given moments, (3.11) allows us to compute the coefficients of

distribution by finding the five weights wl, w

the polynomial P(D) which for this case becomes

r ] r i I
P 1 0 0 0 0 1
Py 0 1 0 0 0 0
p2 = -10 0 1 0 0 1 (4.44)
p3 0 -10 0 1 0 0
15 -0 -10 0 1 3
| P4 L g _/_‘ |7
e hg .
P C H
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or

il

pO 1, Pl = 0, pz = -9, }).3 = 0, pé}

1 - 9D2 + 8D4

]

P(D)
Differentiating (4.37) with respect to D gives
3

C'(D) = ~20b + 60D

Finally applying (3.15), we get the distribution weights

2 4
I
60 - ZOXi
or, using (4.43)
w2’3 = ,222075922
w4’5 = (011257411

(4.4%)

(4.46)

(4.47)

(4.48)

Clearly, if we try to apply (4.47) te the reciprocal root Xy = 0, we get the

result m, = -8/60 which is meaningless since probability distribution weights

k

cannot be negative. Thus, whenever one of the reciprocal roots is zero, we must

determine its corresponding weight from the usual normalization constraint on

probability distributions, namely,

E wk =1

=1
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Letting v = 5 and substituting (4.48) in (4.49) gives the remaining desired

result, namely,

w, = .533333333 ' ' (4.50)

2

To check with the result given in Ref. 4 for Caussian-Hermite Quadrature,
we need to divide the reciprocal roots {xi} of (4.39) and (4.43) by Y2 and multiply
the weights {mi} of (4.48) and (4.50) by Y/r. When this is done, we obtain exact
agreement with the tabulations for m = 5 in Appendix B of Ref. 4 of page 343.

We now demonstrate how the root-finding algorithm can be used to rapidly

approach the results found in (4.43) by solution of a.quadratic equation.

Step 1:

¢y = 0, e, = -10, ¢y = o, ¢, 15
Step 2:

Al = Az = A3 =1
Step 3:

k =4
Step 4:

z, = -10(1) + 15(1) W) () =5
Step 5: .

=1

Ay =7
Step 6:

T, = 71 = -5

(— E)(l)

Step 9
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Step

Step

Step

S5tep

Step

Step

Step

Step

Step

Step

Step

= 1 =
zg = ~10(1) +lS(l)(—3) (1) = -13

1
‘e = 13

2, = —10(1%) + 15(13/ (1) ( ) -1
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Step 7:

l'r7 - T6| + T - T5| =0+ 18 = 18
*
rep 9:
. 1 = 115
zg = -10(1) + 13(1)(13) (1) 13
e A3
Ag = 115
1 115
T =
8 13
(115)(1)
: 115 al 4o = 2%
|Tg - T7| + |T7 - T, !———-» 13‘ FO = To
= 4.153846
k=9
_ .nf13 L
zg = 10(115) + 15(115>(1)( ) 1
Ag = 1
_ 1 _ 115
Ty = ) 13
115
- 115 _ = 24
T - T8[ + |T8 - T, =0+ 113 13! =
k = 10
- _ - 191
2,9 = ~10(1) + 15(1)(115>(1> 53
- 23
‘0 = 191
1 191

T = =
10 23\ 23
(191)(1)

*

Herein we avoid writing out the particular steps we are at since the sequence
is always Step 4, Step 5, Step 6, Step 7, Step 9 until convergence is
obtained.
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191 115
T — — = ey oy or——— = 5
10 Tgl + ng T8l l23 13, + 0 = .541806

.

Notice how id1l T, - + - i
? ce how rap y ’ k Tk—l' lTk—l Tk—zl is converging. Heowever,

2 T 2 g is not. Thus, ultimately the test in Step 7 will be satisfied, and
so will the test in Step 10 which takes us to Step 16, namely the solutions for
the two reciprocal roots of largest magnitude. Let us examine how close we are

to the true results in (4.43) at this point in the root-finding algorithm. From

> . jieL
xg = T 53 = 2.881726536

x4 e /Tlo = -2,881726536

Step 16, we have

(4.51)

Comparing (4.51) with (4.43), we observe that after only 7 iterations of the
algorithm, we are already quite close to the true result, namely

X5 = +2.856970014.

The next example chosen for illustration is a uniform distribution; i.e.,

%-; Ix[ =1
. 4.52
p(x) = ( )
0 lxl > 1
The moments of this distribution are easily found to be
1 0 ; k odd
T 1 xdx = ' (4.53)
k2
-1 1 . k even
k+1°7
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Again let's start by assuming knowledge of only seven moments. Then, the

Berlekamp-Massey algorithm proceeds as follows:

Step 1: (N = 6)

=1,U=0’1'

Ho 1

Step 2:

c(d) = 1, B(D) = 0, T(D)

]
-

m=1l,n=0, 2=0,b=1
Step 3:
d = uo = 1
Step 6: (22 = n)
T(D) = 1
C(D) =1=1~ (0)D ; c, = 0
p=1
B(D) =1
b=1
m=1
Step 7:
n =1
Step 8: (n<7)
Step 3:
=0 =0
d = y& + cl%; =0
Step 4:
m = 2
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Step 7:

n= 2
Step 8: (n<7)
Step 3:
d=“24”‘1“1:%'
Step 6: (2% = n)
T(D) =1
C(D)=1——%—D2; ¢, = 0, (:2=-—%
g =2+4+1-1=2
B(D) = 1
m=1
Step 7:*
n=3
d = uy+eguy +eouy =0
m = 2
n =4
d = u44clu3+c2u2=%+o+ (-%)(%) =
T(0) = 1 ~ +D
(@
C(D)=l~%D2—£D2=1—%D2, c; =0, ¢, =

*
Here again we shall omit the step numbers until we reach n = 7.
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3D) = 1 =-%D2
- B
b =75
m=1
n=>5
d = “5 + clu4 + c2u3 + c3u2 = 0
m= 2
n==a6
- =1 3\/1
d u6 + clu5 + czu4 + c3u3 =3 + 0 + 6-5)(5) + 0
-4
175
T(D) = 1 - 2p2
5
[ 4
_ _ 3.2 \175/ 2 12
c(@) =1 ED Ji. D @_ 3D )
45
_ 6.2 3 4
=1l-3D +3sD

-1 _ 342
B(M) =1 5 D
_ 4
b =975
m= 1

n= 7. Stop.

Since the last value of % (namely % = 4) in this case agrees with the order
of the final polynomial C(D), there is no reciprocal root which has value zero.
The four reciprocal roots can be obtained as before by substituting Z = D2 in C(D)

and solving the resulting quadraﬁic equation. In particular,

6 3.2
122+ 52" =0 (4.54)

L



whose soulutions are

Z = 8,651483715, 1.348516283

or

D = £2.941340462, +1.161256338

Finally, the corresponding reciprocal roots are .

1

ps +,339981044

1,2

[

X +,861136312

3,4

(4.55)

(4.56)

(4.57)

Again the weights of the approximating probability distribution are found

by substituting the given moments and the coefficients of C(D) in (3.11).

"po‘ [~ 1 0 0 0
pl _ 0 1 0 0
P, ) - g- 0 1 0
QPQ_ , _.0 —‘% o 1
or
Pg = 1, Py =0, py = ;2%"’3=
P(D) = 1 - 30

Differentiating C(D) with respect to D gives

¢' () = -L2p + L0’

45

o wl ©

Thus,

(4.58)

(4.59)

(4.60)



Finally applying (3.15), we get the distribution weights

L)
k -1., -1)
xk C (x(
X4 m_lLXZ
e o K 217k
i%-l%xz (4.61)
35 7 Tk
or using (4.57), these evaluate to
wl,Z = ,326072569
’ (4.62)
m3’4 = ,173927423

To check with results given in Ref. 4 for Gauss—Quadrature with constant
weight function, we merely need to multiply the weights of (4.62) by 2. When

this is done, we obtain exact agreement with the tabulations for n = 4 in

Appendix A of Ref. 4 on page 337.
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V. Computing Moments of Sums

In many applications, we wish to compute the moments of the sum of
independent random variables. An efficient algorithm for doing this when given
the moments of the individual terms in the sum is presented here, This approach

is due to T. C. Huang (Ref. 10).

We assume the random variable X with moments

1

8y ; k=1, 2, - (5.1)

My

has a moment generating function
o(w) = E%) (5.2)

Using the expansion

k
wX § : W Lk
e =1 + ‘ FX (5.3)

k
d(w) = 1 +Z %mk (5.4)

Next use the expansion

gn (1 + a) = D ] (5.5)
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to obtain the form

0
:E:: Wk
gn o(w) = &n }1 + T ™
k=1
® P J

=1

Here Al, Az,

a weighted sum of the moments.

(5.6)

. are the so-called semi-invariants of X and can be expressed as

We now determine an algorithm for computing the semi-invariants from the

moments and vice-versa.

Define

E(w) = Ej'lz
2=1
Then,
o(w) = bW
has derivatives
n-1
q)(n) () = Z <n;l) @(k) (w)E(n_k) ()
k=0
n
- Z <?:i)¢(n~3) e (W)
i=1

48

n=1,2, ***

(5.7)

(5.8)

(5.9)



Since from (5.4)

3™ (0) = m (5.10)
and from (5.7)

e 0y = 2 (5.11)

then evaluating (5.9) at w = 0 gives us the desired relationship, namely*

n
- } : (n—l)
m_ = . m LA,
n 4 =1/ n-j 3
3=1
n-1
_ n-1 :
= An_+- ; A(j—l)mn—jkj (5.12)
i=1
or equivalently
n-1
i} n-1
An =m (j—l)xjmn-j (5.13)
3=1 '

Here (5.12) and (5.13) together with the initial condition
m, = Al (5.14)

allows us to easily compute semi-invariants from moments and moments from

semi-invariants.

*Note: m ®(0) = 1.
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Suppose now we have a sum of independent random variables X., X

l’ 2’

i.e.,

Y =X F X, b X

and we wish to find the moments of Y defined by

k
e FEED 5 k=0,1,2, o, N

when given the moments of the individual Xi's, namely,

U

m, 8 E(XE) ; k= 0,1,2,+*+, N

ik
i=1,2, «+«, L

(5.15)

(5.16)

(5.17)

We begin by defining a recursion equation analogous to (5.13) which relates

the moments and semi-invariants of each random variable Xi, namely,

n-1
A, =m, - (?“1>A,,m, .3 n=1,2, +, N
in in j-1) ij i,n-j
j=1
where
Ail = mil for i = 1,2, *=--, Li

Next, recall from (5.7) and (5.8) that
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Now consider the moment generating function of Y as follows:

ewY)

it

@Y(m) E(

( m(xl+x2+- . .+xL))
= Ele

) 2 L
exp[z %’—,—(Z Aiz>] (5.21)

=1 i=1

Thus, the moments of Y are obtained from a recursion relation identical to (5.12)

_ k-1
o= At E (j-l)“k-j"j (5.22)
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where

L -
AN
M T - Mg
i=1 .
(5.23)
Hy =

m,, = E (%5 Mk
k- L k=1,2 N
k=1,2, ..., N " =12
=12 L i 1) seey
"'] =
/"k T )\k ; )‘ik
k=1,2, ..., N N

Figure 5. Moments of Sums

which shows how the moments of Y are easily obtained from the mcments of Xl’ X2,
e, XL. The procedure involves L transformations, T, from moments to semi-
invariants using (5.18), taking the sum of these semi~invariants to obtain the
semi-invariants of Y, and finally inverting the transformation T_1 once, using

(5.22) to obtain the desired moments of Y.

As an example of the application of the results in this section, consider
the important problem of assessing the performance of the satellite communication
system modeled in Section IT in the presence of multiple pulsed RFI sources. For
the purpose of this example, we assume that each RFI source emits pulses with

Poisson arrival times and the sources are independent of one another. Thus, for
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the ith source, i =1, 2, +++, L, the probability that n pulses

interval T is described by the distribution

occur in an

(5.24)

where the mean of the distribution, Yio is typically linearly related to T, i.e.,

Yi = aiT

(5.25)

We wish to characterize the moments of the discrete random variable corresponding

to the total number of pulses in an interval T contributed by the L sources.

The: random variable Xi corresponds to the number of pulses which arrive

from source i in the interval T. Using the Poisson distribution of (5.24), we

compute the moment generating function of Xi as

I
(2]
§
2
(RN
[
0]
|4
=]
P
sl -2
— s 3
S

QX,(M) = E{ewn} =

L

(5.26)

Using (5.6), we can immediately identify the semi-invariants of Xi as follows:

Ui
2
2 e,

n @xi(w) = yi(e“’-l)

i}
5[,
>
|
=]
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or

-

in = Y4 for all n (5.28)

Thus, for a Poisson process, we see that all the semi-invariants are equal to the

mean of the process.

Letting Y of (5.15) now correspond to the random variable characterizing
the total number of pulses in the interval T contributed by the L sources, then

we can immediately apply (5.22) and (5.23) to obtain its moments. Thus,

L L
A
o E A, = E Yy Sy for all n (5.29)

and

(5.30)
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VI. Existence and Uniqueness of Solutions

Given the moments Hg» Hys s My of the random variable X, the Berlekamp~-
Massey algorithm finds the smallest number v and coefficients Cys Cpy oy €
such that

\) .
M= - E CoMnog n=v, v+1, -, N | (6.1)
=1
where if N is odd then¥*
v < 1AL (6.2)

We now show that for N an odd integer, the reciprocals of the roots of the

polynomial
C(D) = c. + e.D + D> + +++ + c D’ (6.3)
0 1 2 v

are the desired mass points, Xys Xgy U0y X, and the probability masses at these
points, Wys Woy "ty W given by (3.15), do indeed yield the approximate
probability

a)

Pr(X = XZ) =W L= 1,2, «oe, v (6.4)

which is the unique solution to the moment problem given moments Ho» Hp» Ty My

In the following, if X is a discrete random variable, we assume that the
true probability distribution has at least v points with nonzero probability.

Otherwise there would be no point in finding an approximating probability

N+ 1

*Except for pathological cases, we have v = 2
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distribution for X. Now note that since ¢y = 1, (6.1) can be expressed in

matrix form as follows:

B Mg My o v e e oM 7] F'cv .
L L R e ] Cv-1
. . = 0 (6.5)
Moo My omom e s Mgy o
e — b —d
This corresponds to v linear equations in v variables o Chps "'ts € and has
a unique real solution if
B _
oo M1 RS |
M = (6.6)
]J\)_l Ll\) R u2\)'—2
N —

is nonsingular. M is singular 1f and only if there exists a column vector a

with elements ags ap» > a1 such that

|
=
[E]
I
o
N
o
~I
N
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or

v=1 v-1
‘“‘1

”1+3 =0 (6.8)

i=0 3=O
Recalling the definition of the moments, then equivalently
v-1 v-1
i+jy _
E E aiajE(X =0 (6.9)

i=0 =0

or

ST
[v_dax |

This is possible only if all the values of t.i¢c random variable X are at the

te]

(6.10)

v-1 roots of the polynomial

A(x) = a.x {6.11)

For our case, this is not true since we assumed that at least v points have
nonzero probabilities. Hence, M is nonsingular and the Berlekamp-Massey

algorithm yields a unique solution given by the polynomial C(D) in (6.2).

The roots of the polynomial C(D) must be distinct and real. To see this,

we consider the reciprocal polynomial

o) = p°c()

=¢ +¢ D+c D 4+ - 4+ cD (6.12)
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and show that the roots of Q(D) are distinct and real.

Suppose, form < v, A Az, cee, Am are the only distinct roots of Q(D).

l’
Let Bl, 82, see, Bm' (mn' < m) be those real distinct roots where Q(D) changes

sign for real D. Define polynomial

m
R(D) = n (™ - 8,)
i=1
m'
_ i
= riD (6.13)
i=0
Then
Q(D)R(D) > 0 (6.14)

for all real D since changes in sign of Q(D) are reversed by sign changes in

R(D). Also the only real numbers for which
Q(MR() =0 (6.15)

are the roots A,, A,, **°, A . Since the random variable X takes on values at
1 2 m

other points besides these m root points (m < v) we have

E[Q(X)R(O] > 0 (6.16)
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However,

v m
ELQ(OR(X)] = E ch"‘J z ' r X

| \j=0 i=0

[ m' v

=k r, e, x -]
1 J
_ i=0 j=0
m' v

= E r, cjuv+i—j (6.17)

which equals zero since

v
c, , =0 forn> v 6.18
Z ] un"J - ( )
j=0

Thus, by contradiction, we must have m = v and all roots of Q(D) and C(D) must be

real and distinecet.

Since all roots are real and distinct

(6.19)

must be real since the polynomials P(D) and C(D) have real coefficients. We

also know that w *y W, satisfies

l’ wz’

Vv

e E wzxzk . k=0,1,2, **+, N (6.20)
9=1
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Hence, for any polynomial F(X) of degree < N, we have

v

E[F(x)] = sz F(xz)

=1

Choose, for some 1 < & < v,

\Y

F(X) = I | (x - xj)2 > 0
j..-:
j#e

which has degree 2v - 2 < N. Then

\Y

E[F(X)] = Z w F(x,)

i=1

\Y

2
= w, I—I (XJL - Xj)

j=1
J#e

>0

and thus

The condition
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(6.21)

(6.22)

(6.23)

(6.24)

(6.25)



completes the prowf that Wys Wy, *° %, 0 is a set of discrete probability

weights.

It is also easy to see that this set is unique from the constraints of the

moments given by (6.20).

In matrix form, this is

e '—1  —
g 1 1 1 .. .
pl xl x2 X .
Xz Xz X2
Mo 1 2 3
Xv—l v-1 Xv—l
Hy-1 1 % 3 ‘
where the matrix
1 1 1
XJ X2 X o
2 2 2
B T S
M = '
Xv~1 Xv-l Xv—l
1 2 3

is a Vandermonde matrix (Ref. 11) with nonzero determinant since Xl’ Xy

are distinct.
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Wy
(6.26)
N\)
(6.27)
’ X
v
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VII. Generalization to Correlated Random Variables

In many communication systems such as the satellite transponder system
example in Section I, we want to evaluate the expected value of a function of a

complex random variable such as
W=X+3Y ; j o= V-1 (7.1)

This is typically the complex envelope of a narrowband signal. If we follow our

earlier approach and assume we have available a set of complex moments

k
M = E(WY) k =0,1,2, ***, N (7.2)
then we can again apply the Berlekamp-Massey algorithm. The Berlekamp-Massey
algorithm works for any field so certainly the complex number field is no

problem. This algorithm, in fact, was originally developed for finite fields.

Despite what seems like an obvious extension of the previous results, the
complex random variable generalization of the moment technique needs to be
investigated further as there are some special cases where it does not seem to

work. Suppose, for example,

W=e (7.3)

where 6 is uniformly distributed over (0,27). Here, we have

=
=

Il

=
=

o
e

it

o —
(=
& =
1 1l

o

1,2,3, ** (7.4)

1 ; w=20
Pr(Ww =w) = { (7.5)

LARRaY
Falas) \vv N
vy T A_".:"‘_ “t i F'{I.ﬂ

R Y e 4
e E Tha o
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In this case, however, we can reformulate the basic desired expectation as

efcw)] = E[e(el®)]

i

fi

E[H(0)] (7.6)

where we achieve an approximation using moments of the real random variable 6.

Another example which causes problems is W = X + jY where X and Y are
independent zero mean Gaussian random variables with variance 02. Then
j®

W = Ae (7.7)

where A is a Rayleigh random variable that is independent of 6, a uniformly
distributed phase random variable. Again we have complex moments given by (7.4)
" yielding the trivial approximation (7.5). This case can also be solved easily

using a reformulation as follows:

E[c(w)] = E[6(xX + V)]

E[F(X,Y)] (7.8)

Now we can zpply the real random variable approximation for X and Y to

obtain

Pr(X = xz) = Pr(y = yz) =W, 3 L= 1,2, ¢+, v (7.9)
k k
based on moments E(X ) = E(Y); k= 0,1,2, +««, N. Then
v v
E[F{X,Y)] = E E wlme(xg,xm) (7.10)

2=1 m=1

This, in fact, is the double application of the Gauss-Quadrature rule for

Gaussian integrals called Gauss-Hermite approximation.
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The above pathological cases can be easily handled using the single real
random variable moment téchnique described in Sections II through VI. They'
point out, however, the need to further investigate the complex random variable

generalization.

We now consider the generalization to two correlated real random variables
which includes the complex variable problem as a special case. As shown next,
this approach requires multiple application of the single random variable tech-

nique and, most importantlv, does not result in unique solutions.

Assume we wish to evaluate E[F(X,Y)] when we only know the (N + 1)2 joint

moments

by = ExYY) 5 i, k=0,1,2, -+, N (7.11)

We 1ssume the joint probability of X and Y is approximated by vz pairs of

poinig¥®
{xzymlz} ; R” m = 1’2’ ".’ v

and probability masses at these points given by

A
= = = . = CRCI ‘2
Pr(X Xy Y ym[2> pm|2w2 H L, m= 1,2, , V (7.12)
where Pmlk is the approximation to the conditional probability of Y = ymll given
X = X, while w, = Pr(X = xg).

This allows for the approximation

v ooV
E[F(X,Y)] ;ZZ pmlzwzF(xﬂ,’ymlz) (7.13)

2=1 m=1

*The notation y |, indicates that the discrete set of points at which Y will be
allowed to have probability mass depends on the discrete set of points chosen
for X to be allowed to have probability mass.
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To find the approximating joint discrete distribution, consider first the

constraints imposed by the given joint moments of (7.11), namely,

= mxlyS

A\ v
-— i k’ . 1 - s 4 e N
= E E pmlzwﬂ,xzymlz ; 1, k = 0,1,2, , N (7-141
2=1 m=1

For k = 0, we have

Hik

v
Mg = E wzx; s i=0,1,2, +o0, N (7.15)
=1

By applying the single real random variable moment technique, we can find the

smallest set of v [v = (N4 1)/2 for N odd except for pathological cases] unique

mass poigﬁs X5 Xgy "0 X and weights Wys Wos =vvy mv satisfving the N + 1

moments of (7.15).

Next observe that if we define the approximating conditional moments¥®

\Y

~ _ k . =
Bl melzyml% 5 k=0,1,2, ..., N (7.16)

m=1

*Note that this approach does not insure that the approximating conditional
moments ﬁkll be equal to the true conditional moments uk[g = BE(Yk|X = xXg) nor
does it guarantee that they are a valid set of moments in the sense of producing
a convergent Berlekamp-Massey algorithm. More often than not, however, the
approach will be successful and yield meaningful results.
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for each & = 1,2, «++, v, then we merely apply the real random variable moment
technique v times to find the points {ym|2} and conditional probabilities

{pmll}' We get these conditional moments from the following ~~pression:

E(XlYk)

= :E:::E:: P|e” zxi lz

2=1 m=1

uik

\Y v
I DA
A ) m|27m|2
=1 m=L
\
-3 s .
LJuk]'Q' (7.17)

For each fixed k we have a set of linear equations for AR “k|2’ .y uk]v
since {wz} and {Xg} are known. These equations can be expressed in the matrix

form

— — ) - -
o | 1 1 1 .... 1 ] oy Byl
1k £ TS B BRI “2 W2
2 A
Hox L T T T “3 Fg|3
: . ) ) (7.18)
Xv—l v-1 yv-l 0
u\)--l,k 1 *2 e Ty v "k|v
L_,_ ) L_ — — —nd
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where the transformation matrix is M of (6.27).
polynomials (Ref. 11)

= ao(n) + al(n)D + az(n)D2 + e

with the obvious property that

{1 ; 2=
T (x,) =
n—2 i 0 2 #n
then, equivalently the coefficients ai(n); n= 0,12,

*
easily found, have the inner product property

[oco(n), a; (@), +--, av_l(n)] 1

*See Appendix A.
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Defining the LaGrange

"\)

v-1
av_l(n)D

(7.19)

(7.20)

*y, v = 1, which are



Hence, the inverse of M in (6.27) is easily seen to be

"a0(1> a (1) ay(1)

ag(2) 0 () 0a,y(2)
o=

oco(\)) ocl(v) az(v)

oL\)—l(l)-—1
(2)

o‘\)»l

(7.22)

uv—l(\)) ]

and from (7.18), the desired conditional moments are found from the joint moments

by
61 M1

“2 ﬁk[Z

: wv‘ uk v

This ccmpletes the solution.
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s+ k=0,1,2, +++, N (7.23)



The above solution to the two correlated real random variables moment
problem is clearly not unique since we could have interchanged the role of the
random variables X and Y. Also it is not clear if this approach results in the
fewest number of mass points compatible with the given joint moments. Finally
this procedure may be improved by using an invertible transformation T to define

new variables X and ¥ where

X X
=T (7.24)
Y

42

Joint moments ﬁik = E(il?k) can be easily found from the original moments and we

can easily find ¥(-,+) such that
E[F(x,7)] = E[F(X,D)] (7.25)

The choice of new transformed variables would come from examination of the original
physical problem that led to the requirement for evaluating E[F(X,Y)]. Joint
moments may alzo be easier to find by an appropriate transformation. For special
cases such as when X and Y are correlated Gaussian random variables, we can

always find a transformation such that X and Y are independent zero mean Gaussian
random variables with variance 02 = 1. Then the problem of evaluating the expec-
tation of F(X,Y) = F(X,¥) reduces to a double application of the single real

variable moment solution.

An alternate approach to the correlated random variable problem, which
does not depend on whether X or Y is chosen as the unconditioned random variable,
is based on a direct two-dimensional generalization of the one-dimensional solu-
tion. In particular, we do not search for pairs of points and associated proba-
bility masses whose values for the second dimension are conditioned on those
found for the first dimension. Rather, we directly proceed to find joint mass

points

EQ = (X‘Q”y%) ; Q’ = 132’ ) v (7‘26)
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and weights w,; £ = 1,2 «++, v at these points giving the approximate joint

23
probability distribution

PrXx=x,, ¥ = yz) =w, L 0 =1,2, vecy, v (7.27)

2

Here again the available input consists only of the (N + 1)2 joint moments of
(7.11) and the desired output is the evaluation of E[F(X,Y)]. Once we have the

approximate joint probability of (7.27) we may make the approximation

\Y

E[F(X,Y)] = ZwlF(xz,yl)
2=1

Our goal is to find an approximate joint probability distribution as given

in (7.27) with the fewest number of points v that satisfy the joint moment

condition
ik
v
ik .
= E WX YU s ik =0,1, *»+, N (7.28)
=1
First, we denote Ql’ ﬁz, cee, QVX as the set of distinct numbers among the
set X, X, *» x . Similarly, we let §1, §2, cen §vylmathe set of distinct num-
bers among the set Yo Yoo T Yy Thus, there are a total of vxvy < v distinct
pairs (§2, §m) and the desired set of mass points (Xl’ yg); $ = 1,2 «+-, vis a

subset of all such distinct pairs.

Next, define the polynomial

G, (D)

v

v
X
I I (1 - DRQ)
2=1
X

a, + alD + eee + avxD (7.29)
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where ag = 1. Note that analogous to (3.6),

vx vx v
S et T2 wn
m i-m,j m 78 L
m= m=0 =1
v
v x

I
=
x
ke
=
[EN
~d
=
(&N
o]
>
©
|
=]

=1 m=0
Vv
- i ] -1
Z W%y Yo Cx ( %y )
=1
=0 (7.30)

since xzﬁl (or ﬁm_l) is a roect of CX(D). Thus, (7.30) can be written in the

alternate form

uij =~ E amui—m,j 3 iz v iz 0 (7.31)

For a given value of j, (7.17) has a shift register interpretation analogous to
Figure 3. In particular, the conditions on the coefficients aps 8y "t Ay
imposed by (7.17) are those of a v ~tap feedback register that is required to

be able to generate N + 1 different sequences, namely,
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1100: ulo’

UOl’ Ull’ e

.
.
.

HON, ulN’
\N

) U\) __1,09 11\) ,O:
X X

» uv _‘1’19 u\) ’1)
X X

* Uv _1’N’ Hv ’N’ *
X X

S

v—
Initial Condition

.3 :JNO

oo’ uNl

’uNN

For each of the above N + 1 sequences of length N + 1, the first v, terms serve

as the initial loading of the feedback shift register specified by the polynomial

coefficients al, az, esc . a .

\Y
X

Next define

i

=

(1~ Zyz)
=1

b0 + bl

y

v
Z 4+ ver +b_ 27
AY)

(7.32)

where bo = 1. Using the same development as that leading to (7.30), we obtain

now
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y y v
= i j—n
2 n"i,i-n Z b, Z WXy Yy
n=0 =0 f=
|
AY) vy
= i 3 -n
WoXg Yy, § : by,
=1 n=
v

=0 (7.33)

since yg—l (ox ?m—l) is a root of CY(Z). Thus, analagous to (7.31), we can write
(7.33) in the alternate form

Myg = E bnui,j—n ; 120,32 Vy (7.34)

Note that, although at this point, we do not kit~ the two sets of points
il, ﬁz, *rc, Ryy and ?1’ ?2, seey, ?gy or thei; gencgutini ,olyrnomials CX(D) and
CY(Z), we have the interpretation that the given (N + 1} i int moments of
(7.11) are generated by two linear feedback drift regicisrs with feedback tap
coefficients that specify these polynomials. This is a new interpretation or
formulation of the classical two-dimensional moment problem. Furthermore, even
after we were to find these two sets of points by some suitable algorithm, they
would not yet be paired together. Thus, at that point, it would still be unclear

which v pairs (xz, yz); 9 =1,2, *++, v out of the vxvy pairs <§2’ ﬁm) are

valid mass points.
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To resolve this ambiguity, we proceed as in the one-dimensional case by

next defining the polynomial

P(D,2)

v -1v -1
X

Y
E :'E : i g

i=0 =0

e

v v
v X, v,
E w, | l (1 - ij)}‘ I (1 - Zyi)
e=1  3=1 1=1

(7.35)

where the primes on the two products in (7.35) respectively denote omission of

the factors corresponding to ﬁj =X, and ?i =Y. Thus, we may write the equiva-

leut relations

AY
X
v ' I !(1 - DX.)
- DR = j=
(1 ij) 1= ng)
j:
Voo
Yy

[ [a-=p

v
y 1
¢ ”~n '=l
I i (1-2%,) = —=
9;) (1-zy,)
i=1

Also define the joint moment generating polynomial

o o
= E E 1,3

i=0 =0

Then, assﬁming the moment relationship of (7.28), we get
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u,z) = TT y: iyRJ piz3

120 §=0 \ 2=1

_ Z Z(x pyl Z(yzZ)j
o1 o
v

1

) sz (1 =Dx))(1 - Zy,) (7.38)

o=1

which when multiplied by CX(D) and CY(Z) produces the relation
l

!
v ' v

s

|
o (JTa-sp||[]a-=p

- j: i=
u(D,2)C (D)Cy(2) = ng (1 - Dx,) (1-zy,)
2=1

= P(D,2) (7.39)

Equating coefficients of equal powers of D and Z in (7.39) yields the coefficients
pij of the polynomial P(D,Z). The procedure for accomplishing this is as follows.
Substitute the polynomial representations of u(D,Z), CX(D), and CY(Z)
given in (7.37), (7.29), and (7.32) respectively into the product in (7.39) to

yield

Vv
y o]

AY]
X
1 A \
2 2 \ \ akb D1+kzg+2

k=0 2=0 i=0 j=

u(0,2)Cy (D)C,, (2)

AY

v
X [oe] o]

i,]
akbzui—k,j—QD Z (7.40)

k=0 2=0 i=k j=t
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b

Note that
vy - o m1n(3,v )
) INEEED MO MEEE
2=0 j=2 =
Ve e - min(i,vx)
PIREREDY > (7.41)
k=0 i=k i=0 k=0

Using the equivalences of (7.41) in (7.40) yields

min(di,v ) mJn(J,v )

H(D,2)Cy (D)Cy (2) = 5 > D E aby g iogD
“O j=0 k=0
v -1lv -1
X y
= P(D,2) = E pileZJ (7.42)
i=0 §=0
Finally,
i 3
= ->. E akbﬂ,ui—k j—,Q, ; i = 0,13 ey \)x - 1
2
i=0 2=0 (7.43)
j=0,1, "', \)y‘-l

This relation is fhe two-dimensional generalization of (3.11).

Note that for i = vx’ we have from (7.42) the condition

AY
X

E ak”i-k,j—z =0 (7.44)

=0
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and for j 2 vy, the condition

v
y
. =0 (7 .45)
beMik,g-0 = '
2=0
both of which agree with the conditions on al, ays *tts Ay and bl’ b2’ LN bvy

previously found in (7.31) and (7.34) respectively.
In summary, given the polynomials CX(D), CY(Z) and the known joint moments
of X and Y, we can easily obtain the polynomial P(D,Z). Given CX(D), CY(Z), and

P(D,Z), we show next how the weights wes & = 1,2, *++, v are found.

From the definition of CX(D) in (7.29), we have

>

d

C&(D) 3 Cx®@)

(1 - Dﬁj) (7.46)

[
BN)
U

Thus, to evaluate Ci (xz—l) where x, = ﬁmo,only the term corresponding tom =m

2
in the summation of (7.46) would have a nonzero contribution, i.e.,

0

i=1
Jmo
AV
X ~
1 Xj )
= - X, (l —-Ez) (7.47)
j=1 '
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where the nrime 1s again used to denote omission of the factor in the product

for which ﬁj = X Similarly, for CY(Z), we would have

N\
Cy (y ) = &GO

v
yr §1
- " e aa— {
A l i (} 3. (7.48)
i=1
From the definition of P(D,Z) in (7.35), we observe that
-1 -1\ _ .
P(xg . Y )—0 3 2 #m (7.49)
Also,
v v
-1 -1 ' ﬁ] I i' yl
P(XQ ,yz )=w2 —;{I 1."'—}'-7;
j=1 i=1
w
- Qz ] "‘1 1 "1
- <x2 ) cY(y2 ) (7.50)
272
or

W, = S8 o= 1,2, ceey v (7.51)

The above relation for the weights of the approximating joint probability dis-
tribution is clearly seen to be the two-dimensional generalization of (3.15).
Also, we have demonstrated that out of the total of v _v_ pairs of points

Xy

(ﬁz, ?m) only v of these pairs, namely (x ); &= 1,2, ¢+, v will result in

s Y
2 2
nonzero probability weights as determined from (7.51).
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As a check on our procedure, let us exumine the known special case where

X and Y are independent. Here the joint moments have the form

uij = (1lx)i(uY)j s 1,3 = 0,1, =**, N (7-52)
where
A i
(PX)1=E(X) ; 1 =0,1, *¢+, N
(7.53)
A ] .
(uY)j = E(YJ) 3y =01, *¢*, N

Here (7.31) reduces to

X

- E a,m(ux)i_m L v (7.54)

m=1

(ux)i

which is the single sequence shift register requirement as in (3.7). Similarly
(7.34) reduces to

v
y

(ugdy =~ E bn(“Y)j—n . vy (7.55)
n=1

Thus, we get the correct sets of points ﬁl’ ﬁz, sen, ﬁvx and ?1, ?2, e, ?Vy
where VoV = V3 i.e., all pairs (ﬁl, ?m) have nonzero probability weignts.
Suppose now that (wg)m; m = 1,2, *°*, v and (wY)n; n=1,2, **, vy are the

probability weights for each random variable. Then, (7.38) has the form
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m=1 n=1

= 1, ||} . l .
1(D,2) ZZ( ). € [(1 T } (7.56)

and correspsndingly (7.35) becomes

AY AY Y v
X y X . y ,
0.2 = Y Y w [ Ta- p [a-2p (7.57)
m=l n= j=1 i=11|

v
% y S
-1 -1 L | | VYT (2 2
P(x2 Yo ) = (“x)g<mY)m < 'EZ)'&=% {l xn/
f
(w, ), (w)
x4 y m ! -1 ' -1
"l sl e

Thus, in conclusion, we see that the general two-dimensional forms of the results

are consistent with the known case where X and Y are independent.
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VI1I. Constrained Moment Problem

In some applications, we may wish to place a constraint on the mass points
when solving the moment problem. In this section, we consider a few special
cases where some of the probability mass points are fixed. Here let X be a

random variable with moments

W = E{Xk} : k=0,1,2, +-+, N (8.1)

We want to find an approximate discrete distribution for this random variable

based only on the given moments. Suppose, however, we require that the approxi-

mate distribution have probability mass at given points Yis Yoo *7%s yp. Our
goal is to find the fewest points Xys Kpy "0ty Xy and probabilities
Pr(X = Xi) =0, 3 i=1,2, «++, v
(8.2)
f’r(X=Yj)=Zj 5 j=12, «--, p
that yields
v P
Y, o= w xk + - z yk : k=0,1,2, **-, N (8.3)
k ii jj 3 3 b b b
i=1 j=1
Hence, given moments Hos Mo ** s uN and a set of fixed points yl, Yoo ** % yp,
we wish to find the smallest v, mass points X5 Koy T, X and probabilities
wl, Wos "7 wv, Zys Zos "t zp where

o

v

w, + z =1 (8.4)
Zl z:p
i=1

\ np Az 21T FILMED

™ B
4“"1:f'} Pf\_’_'.}t [ DR T S
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Suppose the unconstrained moment problem yielded v* and x*, XZ’ AN XS*,

wi, ”Z’ veey ws*. Let a,b be any numbers where

a < min x:
i
(8.5)

b > max xz
i

We now examine some special cases of the constrained moment problem [see Krein

(Ref. 1), pp. 53-55].

Case I: p =1, y, = a

v
Ny = E mix§,+ zlak ; k =0,1,2, *++, N (8.6)
i=1

Consider

| <
<

Mgl T e \i=1 i=1
- a AY

= A2 (8.7)

Z vy (xy = a)
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since 1 - zl

we see that

and

(8.9) and (8.10) reveal that the set of weights {&i; i=1,2,

properties of a probability distribution.

W, Defining

wi(xi -~ a)

Gi = : i=1,2, *«*, v (8.8)
w, (x, -
D ey -0
j=1
B, >0 since x, > a (8.9)
i = i =
v
;ﬁ (:)i'-'l (8.10)

+, v} has the
Substituting (8.8) into (8.7) gives

Vv
H - au '
k:1 — L E (Bixlg ; k =0,1,2, *++, N-1 (8.11)
1 i=%
Hence, given Hos Hys 7% Mo compute new moments,
W, - au
k+1 k
e =T k =0,1,2, . N-1 (8.12)
1
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and use the unconstrained moment solution to get Xy Xp»
&l’ &2, U &v’ Note that
\
p, — a= w,(x, - a
1 Z J(J )
i=1
so that
. wi(xi - a)
wy T - a
M1
or
& - a
w, = Ej ! ) i=1,2 V
i X, - a ? *e
i
and
v
zy =1 - Wy
i=1
LVEEEN
w, (U, = &y
-1 - i1
x, - a
i=1

and

(8.13)

(8.14)

(8.15)

(8.16)

We thus find the solution to the moment probiem where.(8.6) is satisfied with

one mass point y, =2 fixed and all other mass points having values greater than

yl'
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Case II: p = 1, vy = b
v
Wy = E w X, + zlb ; k = 0,1,2, , N (8.17)
i=1
Consider
v v
b w,xk + z‘bk - w,x¥+l + z bk+1
b " z : i7d 1 z : i i 1
kM \i=d / \i=i
b -~ ul v
b - E wixi + zlb
i=1
v
; w,xk(b - %.)
i=1
= > (8.18)
w,(b - x,
J( J)
j=1
v
since 1 - z, = E mj. Defining
=1
N wi(b - xl)
w, =g ; i=1,2, ==+ v (8.19)
w,(b - x
2wyl =%
j=1
we see that
w, >0 since b > x, (8.20)
i— — i
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and

Thus

Hence, given Hg» Hp»

and use the unconstrained moment solution to get Xy X

g"l, (:)2’
so that
or

, compute new moments

Note that

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

b



and

Case III: p = 2, yi = a vy, = b

v
_ § : k k k
By = wixi + zla + 22b
i=1

(8.27)

(8.28)

Consider
)
_ § : k+2 k+2 k+2
“Hipn + (a + b)pk+1 - abuk = - wixi + zla + zzb
i=1
v
2 : k+1 k+1 k+1
+ (a + b) WXy + z,a + ZZb
i=1
AY] \
‘ E : k k k
- ab ”ixi + zla + 22b
)
v
= m.xk (—x? + (a + b)x, ~ ab)
i1 i i
i=1
=0
k 2 k
+ z,a (—a + Ja - ab) 4+ zzb (
)
k
—Z w X (b - xi)(xi - a)
i=1
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Thus,

v
. E wixg(b - xi)(xi - a)
g T (2 DIy, - abn (5.30)
~Hy + (a + b)ul - ab ' v )
w,(b~-x,)(x, - a
:E:: J( J)( J )
=1
Define the new probability distribution
w, (b - x,)(x, - a)
G = —= ; i=1,2, <=+, v (8.31)
w.b - x)(x, ~
E J( ‘J)( 5 a)
j=1
and moments
} “Hyyg F (a + b)uk+l - abu, . e 01 e w2 8.52)
% My + {a + D)y - ab 3 2hr Tt :
Thus, using moments “0’ His "0 My oo find xl, gy *7ts X and
w,, Wsy ***, W_ from the unconstrained solution. Then
1 2 v
W, [—-u + (a + b)y, - ab]
i 2 1 ] _— .
w, = R ICAE) : i 1,2, s V (8.33)
i i
To find zl and z, solve
v
uo = E mi + Zl + 22
i=1
v
— )
My = WX, + z,a + z, {8.34)
i=1
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or

(8.35)

>

>
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IX. Accuracy of the Moment Approximation

In this section, we examine the accuracy of the moment approximation for
E{f(X)} where X is the random variable with given moments W = E(Xk);
k= 0,1, **+, N, The solution to the moment problem yields points {xz} and

weights {wk} where we have the approximation

Pr(X = xz) =w, 3 L0=1,2, *r=, vV (9.1)
and
v
E{f(X)} =ngf(xl) (9.2)
2=1

Two types of bounds are »sresented for the accuracy of this approximation. The
first bound assumes a bounded K + 1 st¥ derivative of f(x) while the second bound
assumes that X is a bounded random variable and the N + 1 st derivative of f(x)

is convex N or convex U in thke finite range of X.
A. Bounded Derivative

Assume all K + 1 derivatives of £(x) exist everywhere and that

K+1
e 6y & 4o £ (9.3)
dx
is bounded for all x. That is
g
(X+1) !
lf (x)‘ E-BK+1 for all x (9.4) «

*For N even we take K = N - 1 while for N odd we take K = N - 2,

{-TTEDING PAGE BLANZZ
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Next, consider integration by parts to obtain

% n-1 n-1 *
(n) (x = u) o {(x - u) (n-1)
f (u) CEE) du = WY f (u)0
0
X -1
(n~1) (x - u)n
+ £ (u) (n — T Y du
0
n-}‘ K
- - E £ ) X+ £ (9.5)
k=0
Thus, setting n = K + 1, this becomes
S“K () ,; x {x ®1), | x = wf
f(x) = £ (0) —k—"+J f (u) TRT du (9.6)
k=0 v 0
and changing the variable of integration,
K Kk "1 K
F(x) = E £ o) X4 T L) (00D gy (9.7)
k=0 0

9%



(K+1)(x)

Now using the bound on f in (9.4), we have

1 1

K K
A fUR+L (1 - uw (K+1) el (1L - u (K+1)
'IK+1| X K1 £ (xw)du| < [x 7| —xr— f (xu)du
0 0
1 K
< IXK+1| (1 Iz'u) If(K+1) (xu)l du
0
1
K
K41 _(_1__:‘ u)
< By X7 gr - du
0
xK+1
= Bgel ®F D (9.8)
Since the first N moments are the same ror the true and approximate
probability distributions, we have |
K K
k k
( (k) D: Sl QR (k) X
E f (0) o = L f (0) o (9.9)
lk=0 k=0

Thus, the approximation error is due to tae integvzl term in (9.7). Taking the
expected value of (9.7) with respect to the true and approximating distributions

and differencing the results yields the error bound

>

€

g & [EE® Y - BLE®)D]

= |E{T - BT 3 < [B{T 3] + [B{T, }]

= E{IIK+1|} * ﬁ{lIKﬂl}

. E{XK+1I}+ﬁ<IXK+1|}

— "K+1 (K + 1)!

(9.10)
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If, as assumed, K = ¥ -~ 1 for N even and K = N - 2 for N odd, then

!XK+1| = XK"'1 for N even or odd

and

2B Fers H N even

MN-1

By 1w - DT

N odd

(9.11)

(9.12)

(9.13)

The bound derived above can be generalized to functions of two correlated random

variables.
B. Bounded Random Variables

Suppose X is a bounded random variable where

a<X<hb

(9.14)

Given moments Hos My "° 7 UN’ we now define principal probability distribution

functions. These are approximate probability distribution functions subject to

various constraints on mass location points of the type previously considered in

feciion VIII.

Case I: N = 2n ~ 1 (N odd)

For this case, the principal distribution functions are the solutions to

the following:

(1) Unconstrained: v =n
Xpo Xgs U, X
Wys Wos > W
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(2)

and

Constrained: p = 2, y1 =a, y, = b, v=mn-1
Xqs Xgy T07 X

Wys Wyy °00, W

Case II: N = 2n (N even)

For this case, the principal distribution functions are solutions to the

following:

(1)

and

~
Y
N-?

and

and

Constrained: p = 1, vy = as vV = n
Xpe ¥pr 1T Xy

Wy, W cer, W
12 722 > “n

Constrained: p = 1, Yy = b, v=mu
Xis Xgy 00 X

ml’ wz, e, W

Denote the two principal distribution functions as

Pr. (X = %

1 L 0=1,2, =+, Vv

12) -

Pr, (X

Il
ke
f
=5

22)
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Rt

An important bound due to Krein (Ref. 1) is given as follows:

Let f(x) be any function where

N+1
LML) A
£ (x) = L £(x)

is either convex U or convex N in [a,b]. Then

E M0} < E(EO} < £, {£(X)}

where
V1
El{f(x)}= E muf(xu)
=1
and
&
i Y} = :
Ez{f(X,} E w22f<x22)
=1

Note that if

fF™3) (%) > 0 for all x ¢ [a,b]

then f(N+l)(x) is convex U in [a,b] whereas if

f(N+3)(x) <0 for all x € [a,b]
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(9.19)

(9.20)
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then f(N+3)(x) is convex N in [a,b]. Yao and Biglieri (Ref, 3) have applied
these results to the Gaussian probability integral f(x) = Q(x) [see (2.15)]
to obtain tight bounds on error probability perfdrmance of BPSK signaling over

additive white Gaussian noise channels with bounded interference signals.
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X. Conclusions and Other Applications

Our primary motivation for this study of computational techniques based on
moments 1s the evaluation of satellite communication system performance with
uplink interference signals and satellité nonlinearities. Here we presented new
ways of solving the moment problem, examined the accuracies of the approximations,
and extended the techniques to two correlated random variables. The computational
requirements are modest and the approximations are very accurate for evaluating

bit error probabilities (Ref. 3).

Although our example stressed evaluation of bit error probabilities, we
can apply these moment techniques to the evaluation of other parameters, such as
channel coding cutoff rates under both normal and mismatched receiver cases
(Ref. 12). Most modulations and interference signals can be handled using these

moment techniques.

Another very important application of the computational techniques based
on moments is the determination of the probability distributions of the ocutputs
of a discrete-time dynamical system. Specifically, consider a discrete-time
system with inputs that are independent random variables with known probability
distributions. Figure 6 shows a generic system where XO has a known probability
distribution and {nk} are independent random variables with known probability
distributions. There are many examples of control systems, queueing systems,
and synchronization systems where this type of model occurs. Our goal is to
find approximate probability distributions for the state Xk at time, tk’
k= 1,2, ***, i.e., we wish to determine an approximate probability distribution

of the form

Pr(Xk = sz) =W £=1,2, **°, v (10.1)
for k = 1,2, +--.
M )(k +1
S | Fk(xk'"k) | SR -

Xk+1 = Fk (Xk,nk); k=0,1,2, ...

Figure 6. Discrete-Time System
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The moment technique can be used in a recursive manner to solve this

problem as follows:

Step 1: Compute the moments of Xl'

Hik

1

E(Flg (X, n0)> . k=0,1,2, <**, N (10.2)

where we use E(+) to denote expectation over both the initial condition random

variable XO and the input variable n

0’
Step 2: Solve the moment problem to obtain the approximation

Pr(X1 = Xlz) =W, &= 1,2, -, v (10.3)
Step 3: Compute the approximate moments of X2 using the probability distribu-

tion obtained in Step 2 for computing the expectation over Xl’ viz.,

()

z wlR,E{Fllc_(xlSL’. nl)} (10.4)

=1

Hok

e

where E(+) now denotes only the expectation over the variable n.

Step 4: Solve the moment problem to obtain the next approximation

ﬁr(X2 =x, ) =00 ; L =1,2, «=+, v (10.5)

2% 28
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T oy

etc. By repeating this procedure, we obtain

it

Pr(Xk = xkk) =W, 3 L o= 1,2, =, v

k=1,2, «--, (10.6)
as desired. Since in each step we use valid moments, the algorithms for solving
the moment problem should ot encounter any difficulties. TIncreased accuracy

can be achieved by increas. g ihie pumber of moments used in each stage. Indeed,

we could consider using differert values of N at each stage.

Note that the above procedure does not require that the system, which is a
Markov process, be irreducible. Also, we can extend the results to second order

processes of the form

Xk+l = Fk(xk’xk"l’nk) 5 k=20,1, «-- (10.7)
Here we can define

Y, =X (10.8)

and obtain the vector first order form

Xk+l Fk.(xk’Yk’nk)
= (10.9)
Yk+l Xk
This is a special case of two dimensional systems of the form
Ker1 = P Ko ¥yomy)
(10.10)

Virr = G Ko Yo%)

where XO,YO have known joint probability distributions and -[nk,zk} is a
sequence of independent pairs of random variables with known joint probability

distributions.
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To find an approximate joint distribution for (Xk,Yk) of the form

~

Pr(Xk = Xpgr Y T ykmlz) - pkm]ﬁmkl ; m =1,2, +rry v (10.1D)

for k = 1,2, *** we can repeat the steps given above using the joint moments and

the two random variable generalization of the moment technique discussed in
Section VII.

Here we have demonstrated an application of the computational techniques
bzied on moments to two dimensional first order Markov processes. Many specilal
cases of this application need to be further explored. Synchronization systems,
in particular digital phase-locked loops, fall nicely into this category.

Queueing systems analysis is another area wheve such techniques will be very
useful.

The computational evaluation technique based on moments presented in this
report is a very general and powerful numerical technique for evaluating the
performance of a wide range of systems particularly communication systems. We
feel that the applications of these moment techniques have just begun. Subse-
quent reports will be devoted to the analysis of various modulation and coding

schemes used over sateliite channels where the techniques described here will be

the basic analytical tool.
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APPENDIX A

A Recursive Method for Finding the Coefficients of a
Polynomial Generated by a Product of
First Degree Factors

Consider first the problem of determine the coefficients {ak(v)} of the

polynomial

\Y

A
P, (D) = I_I (D - XQ)
=1
= ay(v) + a, (WD + ay(ND® + oo+ a, ()0’ (A-1)
We start by defining
Pl(D) =D - x = ao(l) + al(l)D (A-2)
Thus,
ao(l) = =%
(A-3)
al(l) = 1
Next, consider
P,(D) = (0 - x)(D - x) = P, (DD = x,) = ay(2) + a (2)D + a, (2)D°  (a-4)
Clearly then
aO(Z) = —xz(—xl) = —xzao(l)
31(2) = —xz(l) + (l)(~xl) = —xzal(l) + ao(l)
(A-5)

a,(2) = (D) = a;(1)

=T ~TDING PAGE DLANZ NCT FILMED
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Generalizing to arbitrary k, we define

k+1

Prp B) ™ I—[ (D - x,) =P (DO - xm)
=1

= ao(k + 1) + a, (k + 1)D + a,(k + I)D + - (k + 1)Dk+1 (A-6)

tan

and hence

al(k + 1) = —xk+lal(k) + aO(k)
ag(k + 1) = —xk+1a2(k) + al(k)
ak(k + 1) = -xk+lak(k) + ak—l(k)
ak+l(k + 1) = ak(k) (A-7)

Finally, letting k = v - 1 in (A-7) givas the desired result, namely a recursive

relation for the coefficients of the polynomial in (A-1).

Now referring to (7.19), we are interested in determining the coefficients

{a£n>(v)} of the polynomial

- P, (D)
[Jo-w-5+
=1

n

e

o™ (0

2#n

1]
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The procedure to be followed is identical to that used in the root-finding
algorithm associated with the Berlcekamp~Massey algorithm discussed in

Section IV. There a recursive procedure was described for removing a first
degree fa.cor from a known polynomial to arrive at the cocefficients of the

reduced polynomial. Applying that procedure to this case results in

ao(v) = —xnaén)(v)
al(v) = —xna§n>(v) + aén)(v)
2, = -x a{™ () + 2™ (v)
av—l(v) ==X (n)(V) + d(n)(v)
a, =2 (4-9)
or equivalently,
a,.(v)
aén) ) = - 2 .
n
(n)
a; (V) - ay (V)
agn)(v) __ 1 .
n
(n)
(V) - a; " (V)
(n) 1
) ) = - X
n
- L -2
a\)_l(\)) = - % =, a\)(\)) 5 n= 1,2, ==+, v (A_]_o)
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A special case occurs if X = 0 for any n,
by

1l

2™ (v)

i

agn) o)

e

f

Finally, comparing Qin)(D) with Tn(D) of

ain)(v)

ui(n) =

[*XY

\V
11 (xrl - Xz)
=1
23#n

which completes the derivation.
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In that situatlion (A-10) is replaced

al(v)

az(v)

av(v) (A-11)

(7.19), we immediately find that
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ADDENDUM TO:
SATELLITE COMMUNICATION PERFORMANCE EVALUATION:
COMPUTATIONAL TECHNIQUES BASED ON MOMENTS

JPL PUBLICATION 80~71

Jim K. Omura
Marvin K. Simon

Sept-mber 22, 1980

Introduction

Section VIII of the above referenced report introduced the reader to the
constrainsd moment problem wherein a soiution to the classical one variable
moment problem is sought subject to the constraint that some of the probability
mass points are fixed a priori. While the constrained moment problem was posed
in its general form (see Eqs. (8-2) - (8.4)), only the se'utions for & few
special cases were actually discussed. These special cases included the situa-
tions where either one or both of the end mass points of the approximating

prebability density function (pdf) were fixed.

Often one is interested in cases where it is desirable to fix, a priori,
one or more of the interior mass points of the approximating pdf. (Exampies
where this situation is applicable will be discussed in the next section.) The
solution to this more general problem was not discussed in the original report
and is the subject of this addendum. To avoid unnecessary duplication, it will
be assumed that the reader is familiar with the material in Section VIII and
thus r.ierence to key equations in that section will be made wherever convenient.
As such, the material 'iscussed here should be considered as if it was originally
integrated into the report with the only reason for not doing so being that it

was not available at the time the report was issued.

The General Constrained Moment Problem

Recall that the motivation for solving the general unconstrained moment

problem was the evaluation of

E{f ()} eff(x) p(x) dx (1)



e

where f(x) was "arbitrary" and p(x) was known only in terms of its first N+l

moments
[e4]

My = E{"k} - / K pGx) dx; k = 0,1,2,..., N (2)

-~—Q0

Although never explicitly stated, f(x) was assumed to have no jump discontinuities

since otherwise the approximate evaluation of (l), namely,

\Y,
Beo) = Z w E(x,) (3)
i=1

where the mass podints x_; 2=1,2,..., v and probability wedights Wy 3 2=1,2,..., V

X
are determined from the unconstrained solution of the moment problem, would not
yield the most accurate solution. Rather, what would be desired in this situa-

tion would be an appruximating solution of the form

v ] + -
A P £+ £y
E{f ()} = E wECx) + z: 2, 5 (4)
i=1 j=1 '
where Yo Ygr rees yp are a set of fixed points corresponding to the locations

of the p jump discontinuities in f(x). The solutis- co this problem is clearly
an application of the general constrained moment problem described by Eqs. (8.2)

- (8.4) of the referenced report.

Before proceeding to the solution of this problem, we cite a simple
example of where an approximating evaluation such as (4) might be of use, Con-
sider the problem of evaluating the amount of probability P in a given closed

interval [a,b] of the pdf p(x) which is known to exist over the doubly infinite



interval but whose form is known only in terms of ics N+l moments as in (2).

Thus, we wish to evaluate

b
P = /p(x) dx (5)

-~

a

which can be written in the alternate form

8

P = f f(x) p(x) dx (6)

where (1 ; 2 <x < b

9 o

f(x) =45 3 x=a, x=b (7)

L0 ; otherwise

Using (4), the approximate evaluation of (6) would have the form

\%

1
A
P = E W, + z1 + z, (8)

i=1

where we have employed the constraints Y, =as y2=b in finding the solution. Note
also that vl < v corresponds to the dimension of the set of unconstrained points

X which fall in the open interval (a,b).

With the above as motivation, we now proceed to discuss the solution to the

general constrained moment problem.

Let us start as before by considering the special case of p=1, where, how-

ever, the unconstrained mass points X;s X cons xv are nct necessarily all

2’



I

required to lie above or below the constrained mass point Yy Thus, our goal is

to find the fewest points X X cees X and probabilities

2’

i=1,2, ..., Vv

I
€

N
Pr{X = xi) =

gr(X =y.)

i}
N

1

that yields the given moments

v
§ * k
W = y wixi + zly1 ; k=20,1,2, ..., N
1=1
Let qp2 ql, and 9, be real numbers and define the polynomial
(x) = + x + x2
qx - qo ql qz

Next comnsider

Vv

(9)

(10)

(11)

] K 2 K 2
YoM+ UM T DMt T EE: “e¥p 6%)*'qlxz T ay%, ) teYy (qo*’qul Ty )

=1

<

= “zxqu(xz) * zlylkq(yl)
g=1

We now require that q(x) of (11) satisfy the conditions
ay) =0
and

q(x) > 0 for all x#y1

(12)

(13)

(14)



v -vv-—wmmxw
o

Then, using (13) and (14) in (12) gives

v >0
v e— k
dofe T d¥er + GoMig T Z walx)) x, (15)
=1
Next note that for k=0, (15) becomes
AY]
dogHg T dgHy T g, = wzq(xz) (16)
2=1
and thus, dividing (15) by (16) produces
Aot ¥ Ayt qz Kt _ Lk a7
qQgug + d M) T a0 v %
0"0 11
4= 1
B59(%5)
\J /
Defining
x A %M T I M T YV (18)
"k T QL Faw Fage
0°0 171 22 '
and
* w q(x
0, é_\_j_‘}__g_&)__ >0 (19)




we arrive at the new unconstrained moment problem given by

<

n = w o x, 3 k=0,1,2, ..., N-2 ' (20)

to which we can apply our usual solution (Section III of the referenced report)

%* % *
gy trra X and Wy s Wy 5 eees W Once having solved this uncon~
strained morent problem, we can obtain our desired results, namely (9), from

(16) and (19) as

to find X A

’

) “z*<q0“o gy T ag,)
L q(xd ?

2 =1,2, .00, V

(21) %

the latter result representing the normalization condition as inh (8.4) of the

referenced report.

Let us now examine some special cases when X is a random wvarlable boutided

between a and b.

Case I: y, = @ (Constrained lower end point)

For this case, we choose
q(x) = x - a (22)

which clearly satisfies (13) and (14).



Case II: v, = b (Constrained upper end point)

~ Here we choose
q(x) =b = x (23)
which again clearly satisfies (13) and (14). These two cases are identical to
the corresponding two cases given as examples in Section VIII of the referenced

report.

Case III: a < Y, <b

The appropriate choice for q(x) is now
2 2 2 )
Q@) = (x - y)" =y," - 2yx 4 x (24)

i.e., a double root at x = vi- Comparing (24) with (l1), we can immediately
identify that

_ .2
9h =7
q = -2y1 (25)
q, = 1

Finally, substituting (25) into (18) and (21) gives the specific desired results

2
% Y, Mo = 2y.p + u
_71 'k 1 k+1 k+2 (26)

2
Y ¥ - 2y1u1 o,

Mk




and

(27)

The previous results can easily be generalized to the case of two or more
point constraints. Specifically, we are now trying to solve the most general
problem described by Eqs. (8.2) - (8.4) of the referenced report where the p

constrained mass points may or may not include the end points.

To solve this most general case define the poiynomials
qj(x) s J=1,2, ..., P (28)
where qj(x) is the smallest degree polynomial that satisfies
() = °
qj(x) >0 for all x # yj (29)

Note that 1if yj i1s an interior point then qj(x) will be second degree, whereas

if Y5 is an end point, qj(x) will be first degree. Next, define

P
Q(x) =ﬂ qj(X)
j=1
=Qy tQxt e + QX (30)



where m is the sum of the degrees of the polynomials ql(x), qz(x), vy qp(x).

Analogous to (12), consider now

m m v P
B k+i k+i
§ : Qi¥iers = E: % Z S Z “37;
i=0 i=0 =1 j=1
v P
k k
= E mg’xg Q(XQ,) + E ijj Q(yj) (31)
2=1 j=1

‘

But from (29) and (30), we have

Q(yj)=0 ;5 J =12, ..., p

Q(xg) >0 3 2=1,2, ...,V (32)
Hence, (31) simplifies to
m Y >0
P —— S amp— 1<
i=0 =1

Evaluating (33) at x=0, and dividing (33) by this result gives a relation

analogous to (17), namely,

m
Z UM v

N [ Q(X ) 1
4=0__ N R &
m v ) (34)
g=1
E :Qi“i 24 0y Q0% )
i=0 i=1



Again defining the new moments

% i=
M =T (35)
E Qiui
i=0
and weights
% w,Qx))
wz = ) » »’21"‘1,2, ey v (36)
E ;ij(xj)
j=1

we arrive at the unconstrained moment problem given by (20) where the largest

value of k is now N-m. Once having solved this unconstrained moment problem
* % %
9t Xv and Wy 5 Wy 5 eeey W, We can obtain our desired results

from (33) with k=0 and (36) as

for xl, X

\Y)
o f
“y \Z Uy
_rs

w, = Q(xg) s L=1,2, ...,V (37)
and zl, 22, reas zp which are the solutions to the set of linear equations
v P
=§ <5+ S§ v % 5 k=0,1,2 -1 (38)
uk ) wl 9 ij 3 slydy ooy P
=1 j=1 ’

Let us again examine some special cases when X is a random variable

bounded between a and b.

10
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Case IV: p = 2, Y, Ty, = b (Constrained End Points)

For this case, we choose

2
Q(x) = (x-a) (b ~x%x) =-ab+ (a+Db) x-x (39)
This example is identical to Case III in Section VILI of the referenced report.

Case V: p = 3, y =@ ac<y, < b Yq = b

Here we choose

Q) = (x - a) (x-y) @ - x

—-aby22 + (2aby2 + (a + b) yzz) X

~ (b + 2@+ D)y, +y,) K @b+ 2 % - X (40)

Comparing (40) with (30), we may immediately identify the coefficients Qi;
i=0,1,2, ..., 4 and proceed to find the desired solution from (37) and (38). The
details surrounding other special cases of further complexity are left as an
exercise for the reader. We do, however, point out that the recursive method for
finding the coefficients of a polynomial generated by a product of first degree
factors discussed in Appendix A of the referenced report is particularly helpful
in finding the coefficients of Q{x) in (30). Note that the method used in
Appendix A to arrive at (A-7) does not require that all the factors correspond

to distinct roots. Thus, each second degree polynomial qj(x) need just be

looked upon as a product of two identical first degree polynomials.

11
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