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SUMMARY 

The edge-stress  problem for a [+45Is graphite/epoxy  1amina.te was examined 
i n  detail.  A review of t h e  l i terature on t h i s  problem  showed t h a t   t h e   i n t e r -  
laminar  normal stress Uz d i s t r ibu t ions   a long   t he   i n t e r f ace   be tween   t he  +45O 
and -45O plies, ob ta ined  by va r ious   i nves t iga to r s ,   d i sag reed   i n   magn i tude   and  
s i g n .   I n   p a r t i c u l a r ,  a f i n i t e   d i f f e r e n c e   s o l u t i o n  and a p e r t u r b a t i o n   s o l u t i o n  
p red ic t ed  a t e n s i l e  Uz, whereas   the   f in i te   e lement   methods  predicted a can- 
p r e s s i v e  stress. S ince  a stress s i n g u l a r i t y   e x i s t s  a t  t h e   i n t e r s e c t i o n   o f   t h e  
i n t e r f a c e  and t h e   f r e e   e d g e ,   t h e   d i f f e r e n c e s   i n   m a g n i t u d e   o f   t h e  p e a k  stress 
were expected, b u t  n o t   t h e   d i f f e r e n c e   i n   t h e   s i g n .  

T h i s   p a p e r   i n v e s t i g a t e s   t h e   r e l i a b i l i t y  of t h e  displacement-formulated 
f in i te   e lement   method  in   ana lyz ing   the   edge-s t ress  problem. Analyses of t w o  
well-known e las t ic i ty   p roblems,   one   involv ing  a stress d iscont inui ty   and   one  
a s i n g u l a r i t y ,  showed t h a t   t h e   f i n i t e   e l e m e n t   a n a l y s i s   y i e l d s   a c c u r a t e  stress 
d is t r ibu t ions   everywhere   except   in  two elements closest to the stress discon- 
t i n u i t y  or s i n g u l a r i t y .  Stress d i s t r i b u t i o n s   f o r  a Cf4.51, laminate  showed t h e  
same behavior  near t he  s i n g u l a r i t y  as found  in   the  well-known  problems  with 
e x a c t   s o l u t i o n s .  The displacement-formulated  f ini te   e lement   method,   therefore ,  
appears  to be a h igh ly  accurate technique for c a l c u l a t i n g   i n t e r l a m i n a r  stresses 
in   canpos i t e   l amina te s .  The disagreement among the  numerical  methods was 
a t t r ibu ted  to the  unsymmetric stress t enso r  a t  the  s i n g u l a r i t y .  

INTRODUCTION 

Delamination is a c r i t i ca l  fa i lure  mechanism for laminated canposite 
materials. Before  delaminat ion  can be predicted, ana lyses  m u s t  be developed 
to  a c c u r a t e l y  calculate the   i n t e r l amina r  stresses t h a t  cause delamination. 
Seve ra l  attempts have  been made to  o b t a i n  accurate stress d i s t r i b u t i o n s   i n  a 
f in i te -wid th   l amina te  subjected to  u n i f o r m   a x i a l   s t r a i n  (refs. 1 to 1 0 ) .  
F i n i t e   d i f f e r e n c e  (refs. 1 and 3 )  , boundary-layer   theory  ( ref .  41, extended 
Galerkin  method (ref. 7 )  , and f i n i t e   e l e m e n t  method (refs. 2, 6, 8 ,  9, and 1 0 )  
were used i n   t h e s e   s t u d i e s .  

For the  angle-ply  laminate ,  [+45Is, the   inter laminar   normal  stress d is -  
t r i b u t i o n s   o b t a i n e d  by va r ious   i nves t iga to r s   d i sag ree   i n   bo th   magn i tude   and  
s ign .   S ince  a stress s i n g u l a r i t y   e x i s t s  a t  t h e   i n t e r s e c t i o n  of the   f r ee   edge  
and   t he   i n t e r f ace  (ref. 10)  , t he   d i f f e rences   i n   magn i tude  were expected b u t  
t h e   d i f f e r e n c e s   i n   t h e   s i g n  were not.  

A possible source of t h e s e   d i s c r e p a n c i e s  is t h e  way d i f f e r e n t   n u n e r i c a l  
methods  behave  near stress s i n g u l a r i t i e s .   V e r i f i c a t i o n   o f  a p a r t i c u l a r   a n a l y s i s  
is canplicated by t h e  l a c k  of a n   e x a c t   s o l u t i o n   f o r   t h e   e d g e - s t r e s s  problem. 
However, if an   ana lys i s   can  be shown to b e h a v e   c o r r e c t l y   f o r  similar problems 
t h a t  do have   exac t   so lu t ions ,   one ' s   con f idence   i n   t he   ana lys i s  is bolstered. 
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I n   t h i s   v e i n ,   t h e   p r e s e n t  paper i n v e s t i g a t e s   t h e   u s e  of displacement  formulated 
f i n i t e   e l e m e n t   a n a l y s i s  for s o l v i n g   t h e   e d g e - s t r e s s  problem. F i r s t ,   t h e   h i s t o r y  
of   the  edge-stress  problen is rev iewed.   Next ,   the   re l iab i l i ty  of t h e   f i n i t e  
element  method  for  canputing  edge stresses is inves t iga t ed .   F ina l ly ,   d i sc repan-  
cies between t h e   f i n i t e   e l e m e n t   s o l u t i o n  and o ther   numer ica l   so lu t ions   for   the  
edge-stress  problem are discussed.  

SYMBOLS 

semiwidth  of   the  s t ra ight-edge  laminate ,  m 

Young's modulus f o r  isotropic material, MPa 

Young's modulus f o r   o r t h o t r o p i c  material i n   t h e   i - d i r e c t i o n ,  MPa 

shear modulus for o r t h o t r o p i c  material, MPa 

p l y   t h i c k n e s s ,  m 

p re s su re  , kPa 

displacement   funct ions,  m 

d i sp lacements   in   the  x- , y-, and  z-direct ions , m 

Car t e s i an   coord ina te s ,  m 

u n i f o r m   a x i a l   s t r a i n   i n   t h e   x - d i r e c t i o n  (Eo = 0.001 ) 

angle  between x a x i s  and l o n g i t u d i n a l   a x i s  (see f i g .  1 (a)  ) , deg 

Po i s son ' s  ratios for i s o t r o p i c  material 

Poisson 's  ra t ios  f o r   o r t h o t r o p i c  material  

C a r t e s i a n  stresses (see f i g .  1 ( c ) )  , MPa 

Subsc r ip t s :  

i 

11213   l ong i tud ina l ,   t r ansve r se ,   and   t h i ckness   d i r ec t ions ,   r e spec t ive ly ,  
of a u n i d i r e c t i o n a l   p l y  

DESCRIPTION OF THE EDGE-STRESS PROBLEM 

Figure 1 (a) shows a long, symmetric l amina te  loaded in   t he   x -d i r ec t ion .  
The laminate  has a width  of 2b and  has  four plies, each of th i ckness  h.  Away 
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f ran   the   ends   the   d i sp lacement   in   any  x = Constant   plane  ( f ig .  1 ( b ) )  were 
assuned to be 

where is a uniform a x i a l   s t r a i n ,  and U,V,W are func t ions  Of Coordinates 
y and z alone. (See r e f .  1 . ) 

I n  t h e  analyses  each p l y  is i d e a l i z e d  as a hanogeneous, elastic o r t h o t r o p i c  
material w i t h   t h e   f o l l m i n g  properties ( r e f s .  1 to 10)  : 

E11 = 137.9 GPa (20 x 106 p s i )  

E22 = E33 = 1 4 .48  GPa (2.1 x 106 p s i )  

G12 = G23 = G13 = 5.86 GPa (0 .85  x l o 6  p s i )  

The s u b s c r i p t s  1 ,  2,  and 3 correspond to  the  l o n g i t u d i n a l ,   t r a n s v e r s e ,  and 
t h i c k n e s s   d i r e c t i o n s ,   r e s p e c t i v e l y ,  of a u n i d i r e c t i o n a l   p l y .  

For convenience ,   the   in te rsec t ion  of t h e   i n t e r f a c e  between plies and t h e  
face edge  (z = h; y = b i n   f i g .  1 ( b ) )  w i l l  be referred to  as t h e   i n t e r f a c e  
corner.  Also, t h e  a p p l i e d   u n i f o r m   a x i a l   s t r a i n  Eo was a r b i t r a r i l y  set equal 
to  0.001 throughout   the  s tudy.  

SURVEY OF THE LITERATURE 

The edge-stress  problem for canposite materials has rece ived   cons iderable  
a t t e n t i o n   i n   r e c e n t   l i t e r a t u r e .  However, s ign i f icant   d i sagreement  still e x i s t s  
i n   t he   canpu ted  stress d i s t r i b u t i o n s  for specific laminates.  Table I sunmarizes 
t h e  work of sane p a r t i c u l a r   i n v e s t i g a t o r s .  

For [0/90Is and ~ 9 0 / 0 I s  l amina tes ,   the  stress d i s t r i b u t i o n s   o b t a i n e d  by 
most i n v e s t i g a t o r s   a g r e e   q u a l i t a t i v e l y .  However, for [ f45Is  laminates   consider-  
able d isagreement   ex is t s .  A s  previously  ment ioned,   the   inter laminar   normal  
stress u z  ve ry   nea r   t he   i n t e r f ace   co rne r ,   ob ta ined  by v a r i o u s   i n v e s t i g a t o r s ,  
was found to differ in   both  magni tude  and  s ign  depending  on  the  par t icular  
nunerical   technique  used  and  the  manner  in  which  the f ree-edge  condition was 
accounted   for .   F igure  2 i l l u s t r a t e s   t h e   d i s a g r e e m e n t  by comparing (Jz d is t r i -  
butions a l o n g   t h e   i n t e r f a c e   ( r e f s .  1 ,  5 ,  6 ,  and 1 0 ) .  A t  t h e  i n t e r f a c e   c o r n e r ,  
Pipes and  Pagano (ref. 1 )  and Hsu and  Herakovich (ref. 5) ob ta ined  a t e n s i l e  
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value  of  0,. However, Hsu and  Herakovich (ref. 5)  also repor t ed  a compressive 
value of o Z  obta ined   wi th  a f i n i t e   d i f f e r e n c e  program  of  Pipes (ref. 3 ) .  They 
at t r ibuted the   nega t ive  v a l u e  to  t h e   n u m e r i c a l   i n s t a b i l i t y   i n   t h e   f i n i t e  differ- 
e n c e   s o l u t i o n .   F i n i t e   e l e m e n t  solutions by Wang and  Crossnan (ref.  6) and R a j u  
and Crews (ref. 1 0 )  also gave  ccxnpressive  values  of Oz. (The (Sz stress was 
plotted w i t h   a n   i n c o r r e c t   s i g n   i n  ref. 6, as confinned by a pe r sona l  comnunica- 
t i o n   w i t h  Wang. A l l  t he  results of t h e   f i n i t e   e l e n e n t   s o l u t i o n s  of Wang and 
Crossnan   p re sen ted   i n   t h i s   pape r  were obta ined   independent ly  by the   p re sen t  
au thors   wi th   the  same e l e n e n t  and i d e a l i z a t i o n  as i n   r e f .  6. These  independent 
canputat ions were made t o  f ac i l i t a t e  canparisons  of stress d i s t r ibu t ions  which 
were not reported i n  ref. 6.) Tang and  Levy (ref. 4)  ob ta ined  a zero  value for 
Uz. Herakovich et a1 ( r e f .  8) d id  no t   p re sen t  Uz d i s t r i b u t i o n s   a l o n g   t h e  
i n t e r f a c e .  

Because of s t e e p  stress g rad ien t s   nea r   t he  free edge, a l l  i n v e s t i g a t o r s  
excep t   t hose   i n   r e f e rence  9 speculated t h a t  a stress s i n g u l a r i t y   e x i s t s  a t  t he  
i n t e r f a c e   c o r n e r .   I n   f a c t ,  R a j u  and Crews ( r e f .  1 0 )  showed t h a t  stress singu- 
l a r i t i e s  e x i s t   f o r  [0/(0-90)ls laminates,  where 0 6 8 6 90. 

I t  is well known t h a t   s i n g u l a r   p o i n t s   p r e s e n t   d i f f i c u l t i e s   i n   n u n e r i c a l  
and  approximate  methods  and  that   d i f ferent   numerical   methods  cer ta inly  behave 
d i f f e ren t ly   nea r   such   s ingu la r   po in t s .   Fu r the r ,   t he   behav io r   o f  a nune r i ca l  
so lu t ion   near  a s ingu la r i ty   depends  on how well the  continuum is modeled and 
what nuner ica l   t echniques  are used nea r   t he   s ingu la r   po in t s .  A l l  of   these 
f a c t o r s   p o s s i b l y   c o n t r i b u t e  to  t h e  d i s c r e p a n c i e s   i n   f i g u r e  2. 

The f in i t e   e l emen t   me thods   i n   r e f e rences  6,  8, and 1 0  are displacement 
formulat ions based on t h e  t o t a l  po ten t i a l   ene rgy   t heo ren .  They d i d   n o t  
e x p l i c i t l y   a c c o u n t   f o r  a stress s ingu la r i ty .   The re fo re ,   t hey  d id  no t  model 
e x a c t l y   t h e  stresses at  t h e   s i n g u l a r   p o i n t .  I t  is important to  i n v e s t i g a t e  
whether a f i n i t e   e l e m e n t   s o l u t i o n   b e h a v e s   i n  a cons i s t en t   and  re l iab le  manner 
n e a r   s i n g u l a r i t i e s  and  whether accurate stress d i s t r i b u t i o n s   c a n  be obtained 
a r b i t r a r i l y  close to t h e   s i n g u l a r i t y  by progress ive   mesh   re f inenent .  The 
p r e s e n t  paper addresses these   ques t ions .  

First, f o r   i l l u s t r a t i o n ,  sane obse rva t ions  are noted  regarding  the  behavior  
of stresses near a stress d i s c o n t i n u i t y  or a stress s i n g u l a r i t y .  Second, f i n i t e  
element solutions are examined for two well-known problems involving stress d is -  
c o n t i n u i t i e s  and s i n g u l a r i t i e s .   L a s t l y ,   w i t h   t h e   i n s i g h t   g a i n e d  fran these  
problems the   f in i te   e lement   so lu t ions   for   the   edge-s t ress   p roblem are s tudied.  
The d i f f e r e n c e s  between t h e   p r e s e n t   f i n i t e   e l e n e n t   s o l u t i o n  and other  numerical  
methods are discussed. 

STRESSES AT DISCONTINUITIES AND SINGULARITIES 

Both s t ress  d i s c o n t i n u i t i e s  and s i n g u l a r i t i e s  have  unbounded f i r s t  p a r t i a l  
derivatives of stress aomponents. For numerical   methods,   this leads to obvious 
m o d e l i n g   d i f f i c u l t i e s   i n   t h e   l o c a l i z e d   r e g i o n   o f   h i g h  stress g r a d i e n t s .  I t  
can also c a u s e  less obvious  problens related to t h e  stress t enso r  symmetry, for 
example, Uq - - Up. Although a l l  nuner ica l   and   approximate   ana ly t ica l   so lu-  
t i o n s  assune t h a t   t h e  stress tensor  is symmetric, the   manent   equi l ibr iun  
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equat ions  of an   i n f in i t e s ima l   vo lune   e l anen t  show t h a t  it can be unsymmetric 
if t h e  f i r s t  par t ia l  de r iva t ives   o f  stress are unbounded (see ref. 11 ,  page 67 
or ref. 1 2. page 40) . 

To i l l u s t r a t e  the unsymnetry of t h e  stress tensor  a t  a poin t   o f  a stress 
d i s a m t i n u i t y ,   c o n s i d e r   t h e   p r o b l e n  of uniform pressure on part of a smi- 
i n f i n i t e   p l a n e  as shown i n   f i g u r e   3 ( a ) .  The problen  has an exac t   so lu t ion   wh ich  
may be r e a d i l y   d e r i v e d   f r a n   e q u a t i o n s   g i v e n   i n   r e f e r e n c e  13, page 127. The 
s o l u t i o n  is as follows: 

The boundary  condition  on  the  shear stress is t h a t  Up 7 0 along y = 0, 
which is s a t i s f i e d  by the  above  solut ion.  However, i f   t h e   p o i n t s  (?a,O) are 
approached  along x = +a, then U (+a,O) = ~p/lT. Therefore ,  aV # om a t  t h e  
p o i n t s  (+a,O) due to the  stress d i s c o n t i n u i t y .  Y 

The e x a c t   s o l u t i o n  was ob ta ined   u s ing   t he   A i ry  stress funct ion  which was 
developed  f ran  the  equi l ibr iun  equat ions  with ayx = oxy a t  a l l  i n t e r i o r   p o i n t s  
of the   reg ion .  The on ly   cond i t ion  imposed on t h e   s o l u t i o n  a t  the  boundary was 
t h a t  it s a t i s f y   t h e  applied boundary  conditions.  Symmetry of   the  stress tensor  
a t  boundary  points  is no t   necessa ry   fo r   t he   A i ry  stress f u n c t i o n  to e x i s t .  
Similar results of Uxy # am can be shown a t  s ingular   points ,   for   example,  a t  
t h e  t i p  of a crack where t h e  stresses are also unbounded. 

The complete e l a s t i c i t y   s o l u t i o n   a c c o u n t s   f o r   t h e  proper behavior  of  the 
stress canponents  everywhere  in a continuum  including  the  neighborhood  of stress 
d i s c o n t i n u i t i e s  and s i n g u l a r i t i e s .  On the   o the r  hand,  numerical  and  approximate 
a n a l y t i c a l   s o l u t i o n s  a l lm  cons iderable   f reedcm  in   spec i fy ing   the   na ture  of t h e  
s o l u t i o n  and s i g n i f i c a n t  errors can be introduced by en fo rc ing   i nco r rec t  symme- 
t r y   c o n d i t i o n s .  

As mentioned ear l ier ,  numerical  and  approximate  procedures are based on 
the   assunpt ion   of  a symnetric stress tensor   everywhere  in   the  cont inuum  includ-  
ing   t he   po in t s   w i th  stress d i s c o n t i n u i t i e s  and s i n g u l a r i t i e s .   T h e r e f o r e ,   t h e s e  
procedures   cannot   account   for  an unsymnetric stress tensor  a t  these   po in t s ,   and  
t h i s  leads to d i f f i c u l t i e s .   F o r  example, i n   f i g u r e  3 (a)  p r e s c r i p t i o n   o f   t h e  
boundary  condition Om = 0 a t  (fa, 0) a u t a n a t i c a l l y  sets oxy = 0 a t  t h e s e  
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po in t s .  The numer ica l   so lu t ions   ob ta ined   wi th   those   boundary   condi t ions   cannot ,  
in   genera l ,   agree   wi th   the   exac t   so lu t ion .  

In   the  displacement-based  f ini te   e lement   analyses ,   the   boundary  condi t ions 
on stresses are not  specified a t  discrete points .   Rather ,   on parts of t h e  
boundary  where stresses are prescribed, the  boundary  condi t ions are accounted 
for   th rough  equiva len t   nodal   forces .  The noda l   fo rces   r ep resen t   i n t eg ra l s   o f  
t h e   s u r f a c e   t r a c t i o n s .   T h e s e   i n t e g r a l s  are always  bounded  whether or not  a 
stress s i n g u l a r i t y  or d i s c o n t i n u i t y   e x i s t s .   T h e r e f o r e ,  it is of i n t e r e s t  t o  
s tudy  how t h e   f i n i t e   e l e m e n t  method calculates the  stresses near stress discon- 
t i n u i t i e s  or s i n g u l a r i t i e s .  

FINITE ELEMENT ANALYSIS OF WELL-KNOWN PROBUMS 

I n   t h i s   s e c t i o n ,   f i n i t e   e l e m e n t   s o l u t i o n s   f o r  two well-known  problems 
involving stress d i s c o n t i n u i t i e s  arid s i n g u l a r i t i e s  are presented  and  compared 
w i t h  e x a c t   s o l u t i o n s .  For each problem the   r e l evan t   dana in  was i d e a l i z e d  by 
eight-noded isoparametric elements.  Three  meshes - coarse, medim, and f i n e  - 
were used. The medium mesh was ob ta ined  by subdividing  each  e lement  of t h e  
coarse mesh i n t o   f o u r   e l e m e n t s .   S i m i l a r l y ,   t h e   f i n e  mesh was obtained by sub- 
dividing  each  e lement  of t h e  medium mesh i n t o  four elements.  

Stress D i s c o n t i n u i t y  
I Figure   3 (a )  shows a s e m i - i n f i n i t e   p l a t e   w i t h  a uniform  pressure p over 

the   reg ion  -a 6 x 5 a. A s  discussed i n   t h e   p r e v i o u s   s e c t i o n ,  stress discon- 
t i n u i t i e s   e x i s t  a t  the   ends ,  A and A ' ,  of t h e  loaded region.  The e x a c t  so lu -  
t i o n  for t h e  problem is g iven   i n   equa t ion  ( 2 ) .  F igu re   3 (b )  shows t h e   f i n e  mesh 
i d e a l i z a t i o n  for the  problem. 

Figure 4 shows the  normalized  shear stress d i s t r i b u t i o n  aYx o n   t h e   l i n e  
y = 0, which  should be zero .   In  t h i s  f i g u r e  and a l l  s u b s e q u g n t   f i g u r e s   t h e   f i n e  
mesh r e s u l t s  are r ep resen ted  by a sol id  curve  through  the data; on ly   t he  p e a k  
value is shown by a diamond symbol. The coarse and medium mesh results are 
shown by circular and r ec t angu la r  symbols, r e s p e c t i v e l y .  The f i n i t e   e l e m e n t  
stress fo r   t he   t h ree   meshes  is approximately  zero  except   in   the  neighborhood 
of   point  A. Very  near  point A t he  shear stress Uyx had r e l a t i v e l y   l a r g e  
p o s i t i v e  and  negative  values. However, f o r  a l l  t h r e e  meshes the  nonzero  values  
were confined to  two e lements   on   e i ther  side of p o i n t  A. The in t eg ra l   o f   t he  

shear  stress ayx dx  on  the y = 0 l i n e  was n e a r l y   z e r o   f o r  a l l  mesh 

ref inements .  

Figure 5 presents   the   normal ized   shear  stress d i s t r i b u t i o n  oxy  on t h e  
l i n e  x = a for 0 5 y 6 a. The f i n i t e   e l e m e n t   s o l u t i o n s   w i t h   t h e   t h r e e   m e s h e s  
agreed  very well w i t h   t h e   e x a c t   s o l u t i o n   e x c e p t   i n   t h e  immediate neighborhood 
of   po in t  A. Again,   the  region  of  disagreement was confined to the  two elements 
n e a r e s t   t h e   d i s c o n t i n u i t y .   N u n e r i c a l   i n t e g r a t i o n   r e v e a l e d   t h a t   t h e   e q u i l i b r i u m  
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cond i t ion  dy = pa was satisfied approximately for a l l  

i d e a l i z a t i o n s .  
1 x=a 

Stress S i n g u l a r i t y  

A bimetallic plate s u b j e c t e d  to uniform  tension was selected to  i l lustrate  
f i n i t e   e l e n e n t  results near a s i n g u l a r i t y   r e s u l t i n g  fran an  interface  between 
dissimilar materials. F i g u r e   6 ( a )  shows t h e  plate wi th   t ens ion   on   the   edges  a t  
y = f8a,  remote f r a n   t h e   i n t e r f a c e  and   w i th   t r ac t ion  free sides along x = 0 
and x = 8a. Stress s i n g u l a r i t i e s   e x i s t  a t  p o i n t s  A and A '  ( r e f s .  1 4  and 15 ) .  
The f i n i t e   e l e n e n t   i d e a l i z a t i o n  for a r i g i d  bottan plate ( E I I  = =) is 
shown i n   f i g u r e   6 ( b ) .  

The stresses on  any rad ia l  l i n e  fran t h e   s i n g u l a r   p o i n t  A (or A ' )  have 
t h e  form (refs. 1 4  and 15) 

where I C )  is a vector  of cons t an t s ,  r is t h e  radial  d i s t a n c e  fran p o i n t  A 
and O(r-CY+l ) r e p r e s e n t s  terms of the order and  higher. 

The exponent CY is t h e  s i n g u l a r i t y  power. For t h e  case of a r i g i d  bottom 
p l a t e  (EII = a,), p l a n e   s t r a i n   c o n d i t i o n s  and V I  = 0.3, t h e  c1 has a value 
of 0.289. 

"r 
As p o i n t  A is approached a long   t he  bond l i n e ,  y = 0,  the   shear  stress 
w i l l  be s ingu la r   w i th  CL = 0.289. B u t  as p o i n t  A is approached  along 

t e free edge, x = 0, the   shear  stress UXy has a zero  value.  Therefore, t h e  
shear  stress and its canplanent are unequal a t  t h e   s i n g u l a r   p o i n t .  

F igu re  7 presents   the   normal ized   shear  stress a long   the  bond l i n e ,  y = 0,  
ob ta ined   wi th   the   th ree   meshes .  Because of t h e   s i n g u l a r i t y ,   t h e   s h e a r  stress 
had a s t eep   g rad ien t   ve ry   nea r  x/a = 0. The shear  stresses for t h e   f i n e  mesh 
were f i t t e d  to equa t ion  (3) and a was found to be 0.263. This   va lue   agrees  
well wi th   the  0.289 ob ta ined  fran re fe rences  1 4  and 15. 

Figure 8 shows the  normalized  shear  stress d i s t r i b u t i o n   a l o n g   t h e  x = 0 
l i n e .  As expected, t h e  shear stress was n e a r l y   z e r o  a l l  a long   t he  free edge 
and was nonzero   on ly   near   the   s ingular   po in t .  As i n   t h e  stress d i s c o n t i n u i t y  
case, the   reg ions  of nonzero  values were confined to two-elment   thicknesses .  
Nunerical i n t e g r a t i o n  showed t h a t   t h e   i n t e g r a l  of t h e   s h e a r  stress 

dy was n e a r l y   z e r o  for a l l  mesh r e f i n e n e n t s .  I x=o 

These two e x a m p l e s   s u g g e s t   t h a t   t h e   f i n i t e   e l e n e n t   s o l u t i o n s  are  accurate 
everywhere  except  very  near a stress d i s c o n t i n u i t y  or a s i n g u l a r i t y .  However, 
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the   reg ion   of   inaccuracy  is l i m i t e d  to about  t w o  elements  and  such a region  can 
be made very m a l l  by p rogres s ive  mesh refinement.   Therefore,   these  examples 
i n d i c a t e   t h a t   v a l i d  results may be obta ined  by f i n i t e   e l e m e n t  methods i n   t h e  
neighborhood of s i n g u l a r i t i e s  and d i s c o n t i n u i t i e s .  

FINITE ELEMENT  ANALYSIS OF THE EDGE-STRESS PROBLEM 

A s  p rev ious ly   men t ioned ,   t he   ob jec t ive  of the   p re sen t   s tudy  was to develop 
an accurate numer ica l   so lu t ion   for  the edge-stress  problem  of a canposite lami- 
nate .   At ten t ion  was focused on a r+45Is  laminate.  The f i n i t e   e l m e n t  ideali- 
z a t i o n   f o r   t h e   [ f 4 5 I s   l a n i n a t e  is p r e s e n t e d   f i r s t ,   f o l l o w e d  by a convergence 
s tudy  of   the stresses n e a r   t h e   i n t e r f a c e   c o r n e r .   S t r e s s   d i s t r i b u t i o n s  are pre- 
sen ted  for the   l an ina te   in te r face   and   th rough  the   th ickness  a t  the   f r ee   edge .  
F i n a l l y ,   e q u i l i b r i a   c o n s i d e r a t i o n s  are d iscussed .  

I d e a l i z a t i o n s  

Because  of  the symnetries in   the  problem,  only  the  shaded  region 
( 0  I y I b; 0 I z 6 2h) i n   f i g u r e   l ( b )   o f   a n  x = Constant   plane was con- 
s idered .  The d isp lacement   func t ions  U and V were prescribed as zero  on 
t h e  y = 0 l i n e  and  the  displacement   funct ion W was p resc r ibed  as zero  on 
t h e  z = 0 l i n e .  

The s h a d e d   r e g i o n   i n   f i g u r e   l ( b )  was i d e a l i z e d  by eight-noded isoparametric 
elements as shown i n   f i g u r e  9. To s tudy  the  convergence  of   the stresses near 
t h e   f r e e   e d g e ,   t h r e e  meshes were used. The mediun mesh i n   f i g u r e   9 ( b )  was 
obta ined  by subdividing  each  element  of  the coarse mesh ( f i g .   9 ( a ) )   i n t o   f o u r  
elements.  The f i n e  mesh i n   f i g u r e   9 ( c )  was obta ined  by a similar subdiv is ion  
of each  element  of  the medium mesh. The coarse mesh  had  135  nodes  and 36 ele- 
ments ,   the  mediun mesh  had 485 nodes  and 1 4 4  e l emen t s ,   and   t he   f i ne  mesh  had 
1 833  nodes  and  576  elements. 

Convergence  Study 

The stress d i s t r i b u t i o n s   o b t a i n e d   w i t h   t h e   t h r e e  mesh  models  for a [+45], 
l amina te  were examined. The stresses t h a t  showed the  steepest g r a d i e n t s  were 
the  inter laminar   normal  stress U z  and the   i n t e r l amina r   shea r  s t ress  (Txz. 
The d i s t r i b u t i o n s   f o r   t h e s e  stresses through  the   th ickness  a t  t he   f ace  edge  and 
a long   t he   i n t e r f ace  are canpared f o r   t h e   t h r e e  models. 

Interlaminar  nbrmal s t ress  Oz.- F igure  lO(a) shows the  0, d i s t r i b u t i o n  
through  the  thickness   a long  the  f ree   edge,  y = b, f o r   t h e   t h r e e  models. I n  
t h i s   f i g u r e  and a l l   s u b s e q u e n t   f i g u r e s   t h e   f i n e  mesh results are represented  
by a curve  through  the  data;   only  the value a t  t h e   i n t e r f a c e  is shown as a d i s -  
crete value (diamond  symbol). The coarse and  medim mesh results are shown by 
circular and  rectangular  symbols,   respectively.  The solid symbols i n d i c a t e   t h e  
s t r e s s e s   i n  +45O ply.  A s  shown on the   f i gu re ,   t he   va lues   o f  Oz f o r   t h e   t h r e e  
meshes agree c lose ly   excep t   nea r   t he   i n t e r f ace .  A t  t h e   i n t e r f a c e ,   t h e   t h r e e  
meshes  produced  not iceably  different  0, va lues   bu t   wi th   the  same s ign .  

- 
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Figure  10 (b) shows the   average   in te r laminar   va lues  of uz plotted a g a i n s t  
normalized  dis tance fran the free edge. The uz results from the   th ree   meshes  
are in   exce l l en t   ag reemen t  for (b  - y)/h b 0.08. However, a t  t h e  free edge, 
y = b, due to t h e   s i n g u l a r i t y ,   t h e   c a n p u t e d  uz values  are aga in   no t i ceab ly  
d i f f e r e n t   f o r   t h e   t h r e e  meshes,   wi th   the  f ine mesh producing   the   l a rges t   va lue .  

In te r laminar   shear  stress U=.- Figure  11 (a) presents   the  through-the-  
t h i c k n e s s   d i s t r i b u t i o n s  of uxz a t  the   f r ee   edge ,  y = b, for t h e   t h r e e  models. 
F igu re  11 (b) shows t h e  uxz d i s t r i b u t i o n s   a l o n g   t h e   i n t e r f a c e .  For a l l  t h r e e  
meshes, as i n   f i g u r e  10 ,  the  canputed stresses differed s i g n i f i c a n t l y   o n l y   v e r y  
near the i n t e r f a c e   c o r n e r ,   w i t h  the f i n e  mesh aga in   g iv ing   t he   l a rges t   va lues .  

_ _ ~ _ _ ~ _ _  

Fran these results it is ev iden t   t ha t   t he   f i n i t e   e l emen t   so lu t ion   conve rges  
everywhere  except  very  near  the interface corner.   That is, for decreasing mesh 
s i z e ,   t h e  canputed stresses con t inue  to change  only  in t h i s  p a r t i c u l a r   r e g i o n .  
This  region is very mal l ,  on t h e  order of (b  - y)/h < 0.08 i n   f i g u r e s  1 0  
and 1 1 .  The stresses outside t h i s   r e g i o n  are bel ieved to be accurate when 
i n t e r p r e t e d   i n   t h e   l i g h t  of t h e   p r e v i o u s   d i s c u s s i o n s  for poin ts   near  stress d is -  
c o n t i n u i t i e s  and s i n g u l a r i t i e s .  

Stress D i s t r i b u t i o n s  

Along the   i n t e r f ace . -  The stress d i s t r i b u t i o n s   a l o n g   t h e   i n t e r f a c e ,  z = h, 
ob ta ined   w i th   t he   f i ne  mesh model are p resen ted   i n   f i gu re  12 .  For canplete-  
ness ,  the  uz and uxz resul ts  fran f i g u r e s  1 0  and 1 1  are also included. 
F igu re   12 (a )  shows t h e  ax, ay, oxy, and uxz d i s t r i b u t i o n s  and f i g u r e   1 2 ( b )  

shows t h e  G z  and Uz d i s t r i b u t i o n s   p l o t t e d   a g a i n s t   t h e   n o r m a l i z e d   d i s t a n c e  
fran the free edge. Txese stresses were canputed  from the e l emen t s   i n   t he  +45O 
ply.  The corresponding stresses i n   t h e  -45O p l y  were n e a r l y   i d e n t i c a l   e x c e p t  
the  . s igns   o f  oxy ar.d oZy were reversed.  

Figure  12  shows t h a t  ox, ay, and oxy a t t a i n   t h e   c l a s s i c a l - l a m i n a t e -  
theory  values  a t  a d i s t a n c e  of about 4h f r a n  the free edge. The three dimen- 
s i o n a l  stresses az, azy, and axz a l l  decay to ze ro  a t  a similar d i s t a n c e  
fran the  edge. Near the edge, a l l  stresses have g r a d i e n t s .  The stresses ax, 
Uy, and a- increase   near   the   edge   bu t   d rop   abrupt ly   in   the  two elements 
n e a r e s t  t he  edge. On t h e   o t h e r  hand, the   shear  stress azy i n   f i g u r e   1 2 ( b )  
passes th’rough zero and rises s t e e p l y  to a p o s i t i v e  p e a k  a t  t h e  edge.  This 
sudden rise, once   aga in ,   occurs   in   the  two elements closest to the  edge. 

Because   t he   i n t e r f ace   co rne r  is on the  f r e e   e d g e ,   t h e  stresses uy, uxy, 

and uzy should  have a zero   va lue .  However, because a s i n g u l a r i t y   e x i s t s  a t  
t h e   i n t e r f a c e   c o r n e r   ( r e f .  1 0 )  and because t h e   f i n i t e   e l e m e n t   s o l u t i o n  does not 
prescribe zero  boundary stresses, t h e s e  stresses have  nonzero  values. I t  is 
of i n t e r e s t ,   t h e r e f o r e ,  to examine the   th rough- the- th ickness   d i s t r ibu t ions  of 
uy, oxy, and ‘szy a t  the free edge. 

9 



I 

Through the  thickness.-  Figures 13 t o  15  show the  dis t r ibut ion of Oy, am, 
and Oyz, respectively, i n  t h e  top  ply (+45O) along  the  free edge for a l l  
three mesh models. The s t resses  i n  the -45O ply were nearly  identical  to  those 
of the +45O ply,  except the  Up and Uyz signs were reversed.  Also included 

i n  figures 13 and 15  are   the   f in i te  element results  obtained w i t h  Wang and 
Crossnan’s  (ref. 6)  model.  These resul ts  were obtained wi th  three-noded’tri- 
angular  elements and, i n  general, l i e  between t h e  present  coarse and medium  mesh 
results that  were based on eight-noded  isoparametric  elements. 

Figures 13 t o  1 5  indicate  that   the  stresses O y ,  Uyx, and oyz were very 
nearly  zero  for most  of the  free edge. A s  i n  the  previous examples, the  region 
of disturbance was limited  to two elements on either  side of the  interface. 
With progressive mesh refinement,  the  thickness of the  elements was reduced and 
so was the  region of disturbance. For a l l   th ree   s t resses  Uy, Oyx, and oyz 
( f igs .  1 3 ,  1 4 ,  and 15, respectively)  nmerical  integration  revealed  that 

LZh Oy dz s,z” OF dz  J oyz d z  
h 

were nearly  zero  for each of three models. However at  the  interface  corner, 
each of the s t resses  Oy, OF, and oYz had nonzero  values and, curiously, 
these  values were unaffected by  mesh refinements. I n  general,  for a very f ine 
mesh, these  results  indicate  that  the computed s t resses  would be zero a l l  along 
the  free edge except at  the  interface  corner. 

Because a s t ress   s ingular i ty   exis ts   a t   the   interface corner and recalling 
the results for   the  f ini te  element solutions and the  exact  solutions i n  fig- 
ures 4 ,  5, 7, and 8,  t h i s  discrepancy of s t resses  on the boundary i s  expected 
near the  interface  corner. 

Equilibrium  Considerations 

Any solution  to  the  edge-stress problem should satisfy  the  following  equi- 
librium requirements. A s  shown i n  figure 16 ,  the  top p ly  of a [_+451, can be 
treated  as a free body. Equilibrim requirements  for  the  free body are 

y-force  equilibrium 
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z - fo rce   equ i l ib r iun  

Job 
Uz dy = 0 

Manent equi l ibr iun   about   (0 ,h)  

UY(z - h)   dz  = 

For the  [+45], ,   the classical l a n i n a t e   t h e o r y   p r e d i c t s  Uy as z e r o   i n   t h e  
in t e r io r   o f   t he   l amina te .   The re fo re ,   equa t ions  ( 4 )  reduce t o  

b b 
Uzy dy = 0 

Nuner i ca l   i n t eg ra t ion   o f   t he  stresses i n   f i g u r e   1 2 ( b )   r e v e a l e d   t h a t   t h e  
p r e s e n t   s o l u t i o n   s a t i s f i e s   e q u a t i o n s   ( 5 ) .  Hawever, it appears f r a n   f i g u r e  3 
of   re fe rence  1 t h a t   t h e  u z  d i s t r i b u t i o n s  obta ined  by f i n i t e   d i f f e r e n c e   t e c h -  
niques d id  n o t   s a t i s f y   t h e  l as t  of equat ions  (5 ) .  Th i s  is because t h e  Uz dis-  
t r i bu t ions  changed  s ign  only  once,   leaving an unbalanced  manent .   In   the  present  
f i n i t e   e l e n e n t   s o l u t i o n ,  sz changed fran canpression t o  t ens ion  a t  about 
( b  - y) /h  = 0.2  and changed  sign  again a t  a b o u t  ( b  - y)/h = 2.4 b e f o r e   t h e  
stress Uz became z e r o .   T h i s   d i s t r i b u t i o n   l e f t  no unbalanced  manent. The 
f i n i t e   e l e m e n t  results of   re fe rence  6 shaw similar behavior.  

DISCUSSION OF NUMERICAL METHODS 

F i n i t e   d i f f e r e n c e   ( r e f s .  1 and 3 ) ,  p e r t u r b a t i o n   ( r e f .   5 ) ,   a n d   f i n i t e  ele- 
ment (refs. 6,  8, and 1 0 )  are a l l  approximate  methods  which use  t h e  basic 
assunpt ion  of  a symnetric stress t e n s o r   i n   t h e i r   f o r m u l a t i o n s .  A l l  a long   t he  
f r e e   e d g e ,   i n c l u d i n g   t h e   i n t e r f a c e   c o r n e r ,   t h e   f i n i t e   d i f f e r e n c e   a n d   p e r t u r -  
bation  methods imposed the  boundary  condi t ions Uy = Uyx = Uyz = 0. These 
boundary  condi t ions  force  the  canplementary  shear  stresses Uxy and Uw to 
also be zero  a t  t he   i n t e r f ace   co rne r .   Bu t  a t  t h e   i n t e r f a c e   c o r n e r ,   t h e  stresses 
are s ingular   and  the stress tensor  is not  symmetric. Thus,  the stresses Oxy 
and Ow are not   zero  a t  t h e   i n t e r f a c e   c o r n e r .   I f  Uy and Uxy are zero,  

it can be shown t h a t  U, is fo rced  to be t e n s i l e  for a t e n s i l e   a p p l i e d  load. 
Details are g i v e n   i n  the appendix.   This may b e   t h e   r e a s o n   t h a t   t h e   f i n i t e  dif-  
ference  and  per turbat ion  methods  predicted a t e n s i l e  Uz at  t h e   i n t e r f a c e  cor- 
n e r   i n   f i g u r e  2. 
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On t h e   o t h e r   h a n d ,   t h e   p r e s e n t   f i n i t e   e l e m e n t   s o l u t i o n  did n o t  explicitly 
p r e s c r i b e  ay, urn, and uYz to be zero at t h e   i n t e r f a c e   c o r n e r .   I n s t e a d  it 

prescr ibed   the   normal   and   tangent ia l  forces on  each of the  e lement  sides, which 
l ie  a long   t he  free edge, to be zero.  Also, as d i scussed  earlier, t h e   i n t e g r a l s  
of the stresses were z e r o   i n   t h e   p r e s e n t   s o l u t i o n   o v e r   t h e  
e n t i r e   f r e e   e d g e ,  y - t h a t   t h e r e  were no net  normal  and  tangen- 
t i a l  forces on   the  free edge.   Furthermore,   the   f ini te   e lement  so lu t ion  satis- 
fied a l l  equilibriun requirements.  

CONCLUDING REMARKS 

The edge-stress problem f o r  a [+45], laminate  has  been s tud ied  by s e v e r a l  
i n v e s t i g a t o r s   u s i n g   f i n i t e   d i f f e r e n c e ,   p e r t u r b a t i o n ,  and f i n i t e   e l e m e n t  dis- 
placenent  methods.  The  interlaminar  normal stress uz d i s t r i b u t i o n s   a l o n g   t h e  
in te r face   (be tween  the  +45O p ly   and   t he  -45O ply)   d i sagree   in   magni tude   and  
s ign   for   d i f fe ren t   methods .   Because  a stress s i n g u l a r i t y   e x i s t s  a t  t h e   i n t e r -  
sec t ion   of   the   in te r face   and   the   f ree   edge ,   the   d i f fe rences   in   magni tude  of 
Uz were expected. The d i f f e r e n c e   i n   s i g n  was not expected. The f i n i t e   d i f -  
f e r ence  and pe r tu rba t ion   t echn iques  predicted a t e n s i l e  uz, where as t h e   f i n i t e  
e l emen t   so lu t ions   p red ic t ed  a canpressive uz very   near   the   f ree   edge .  

Ava i l ab le   con t inuum  so lu t ions   r evea led   t ha t   t he  stress t enso r  may no t  
n e c e s s a r i l y  be symnetric ( t h a t  is, u i j  # aj: for i # j )  a t  a stress discon- 
t i n u i t y  or s i n g u l a r i t y .  However, a l l  approxlmate  and  nunerical  methods  use 
symnetric stress t enso r s   i n   t he i r   fo rmula t ions .   The re fo re ,  two well-known prob- 
lems, one  involving a stress d iscont inui ty   and   one  a s i n g u l a r i t y ,  were analyzed 
to check  the  f ini te   e lement   method.   These  analyses  showed t h a t   t h e   f i n i t e  ele- 
ment  method y i e lded  accurate so lu t ions   everywhere   except   in  a reg ion   involv ing  
t h e  two e l e n e n t s  closest to t h e  stress d i s c o n t i n u i t y  or s i n g u l a r i t y ,  and t h a t  
t h i s   r eg ion   can  be made a r b i t r a r i l y  small by r e f i n i n g   t h e   f i n i t e   e l e m e n t  model. 

For the   p re sen t   ana lys i s   o f  a [_+45Is l a m i n a t e ,   t h e   f i n i t e   e l e n e n t   r e s u l t s  
n e a r   t h e   s i n g u l a r i t y  (a t  t h e   i n t e r s e c t i o n   o f   t h e   i n t e r f a c e   a n d   t h e  free edge) 
were similar to  the behavior for 
f i n i t e   e l e n e n t   s o l u t i o n s  for the  
to  be a c c u r a t e   e x c e p t   i n   t h e  two 
fore, the   p re sen t   f i n i t e   e l emen t  
t i a l  energy  formulation,  appears 
analyzing  the  edge stresses i n  a 

t h e  two w e l l - k n m  problems. The p r e s e n t  
edge-stress   problen are, the re fo re ,   be l i eved  
elements closest to  the   s ingular i ty .   There-  
displacement  method, based on   the  total  poten- 
to be an accurate and usefu l   t echnique  for 
c a n p o s i t e   l a n i n a t e .  

The p r e s e n t   f i n i t e   e l e m e n t   a n a l y s i s   o f  a [*45], laminate  showed t h a t   t h e  
i n t e r l a n i n a r  stress uZ is canpressive a t  t h e   i n t e r s e c t i o n  of t h e   i n t e r f a c e  
and t h e  free edge. The f i n i t e   d i f f e r e n c e  and p e r t u r b a t i o n   s o l u t i o n s   i n   t h e  
l i t e r a t u r e  may have predicted a n   i n c o r r e c t   s i g n   ( t e n s i l e )   f o r   t h e  uz stress 
because o f   t he   a s sunp t ion  of a symnetric stress tensor   canbined  with stress 
boundary  conditions a t  t h e   s i n g u l a r   p i n t .  

Langley  Research  Center 
Nat ional   Aeronaut ics   and Space A d n i n i s t r a t i o n  
Hampton, VA 23665 
October 27, 1980 
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APPENDIX 

POINT SOLUTION 

In   t h i s   append ix ,  a p o i n t   s o l u t i o n  is p resen ted  for the  inter laminar   normal  
stress uz a t  the   i n t e r f ace   co rne r   o f  a [f45], laminate .  A symmetric stress 
t enso r  and stress boundary  conditions were assumed. This   so lu t ion   demonst ra tes  
tha t   the   magni tude   and   s ign  of uz a t  the   i n t e r f ace   co rne r   can  be e x p l i c i t l y  
o b t a i n e d   f r a n   t h e   c o n s t i t u t i v e   r e l a t i o n s ,   c o n t i n u i t y   c o n d i t i o n s   a l o n g   t h e   i n t e r -  
f ace ,  and the  boundary  condi t ions uy = ayx = 0. 

Consider a [+45Is laminate.  The c o n s t i t u t i v e   r e l a t i o n s  for a +45O p l y  are 

where 

and 

s12 s13 

s22 23 

s33 

s14 0 

s24 0 

s34 0 

s44 0 

s55 

0 

0 

0 

0 

0 

s66 

- 

- 

Implicit in   equa t ion  (Al) is the   assunpt ion  of a symmetric stress t enso r .  

The s t ress - f ree   boundary   condi t ions   a long  y = b are 

ay = ayz = ayx = 0 



and 

APPENDIX 

C o n t i n u i t y  of d i sp lacemen t s   a long   t he   i n t e r f ace ,  for a l l  y ,   r equ i r e s  

€ = E  
45  -45 
X y x y  

E = €  
45  -45 
Y Y 

The imposed a x i a l   s t r a i n  is 

€x = € 
0 

Equations (A1 ) , (A2) , (A4),  and t h e   c o n t i n u i t y  of uz across t h e   i n t e r -  
face  can  be  solved to show t h e  stresss Ux i n   each  of t h e  45O and -45O plies 
is the same. Solv ing   equat ions  (Al) to  (A5) for the   po in t   where   an   in te r face  
meets t h e   f r e e  edge g ives  

€0 = Sll'x + S13'z 

0 = SI 4ux + S34UZ i 
Solv ing   equa t ions  (A6) f o r  ux and uz, 

€0'34 
s11 s34 - s14s13 

ux = 

- s14  uz = - 
s 3 4  ux J 

For g raph i t e / epoxy   l amina te s   cons ide red   i n   t h i s  paper, equa t ions  (A7) g ive  

Ux = 24.62 x l o 3  €o MPa 

uZ = 57.44  x 103 c0 MPa 
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Thus the  point  solution  predicts a t e n s i l e  uz at the  interface corner for 
tensi le   applied  strain as the   f in i te   d i f ference  and perturbation  solutions 
predicted.  Therefore, uz is forced to be t e n s i l e  i f  a symmetric s t r e s s  
tensor is assuned and the boundary conditions Uy = Up = Uyz = 0 are 
prescribed. 
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TABLE 1.- SUMMARY OF  INVESTIGATIONS  FOR THE EDGE-STRESS PROBLEM 

! Investigator (s) I Reference I Method  used 

1 Pipes  and  Pagano 1 1 Finite  difference 

Rybicki  Finite  element 

Pipes  Finite  difference 

- 
Tang  and  Levy  Boundary-layer  theory 4 

Hsu  and  Herakovich 

Finite  element a6 Wang  and  Crossman 

Perturbation 5 
~~ 

Wang  and  Dickson 

Hybrid  stress 9 Spilker  and  Chou 

Finite  element a8 Herakovich  et  al. 

Series  solution 7 
~~ ~ 

Finite  element 

Raju  and  Crews  Finite  element Cl 0 
" ... "" 

aDisplacement-formulated finite  element  method  with  three-noded  triangular  elements. 
bQuasi-isotropic  laminates, [+45/0/90 Is with  several  stacking  sequences. 
CDisplacement-formulated finite  element  method  with  eight-noded  isoparametric  elements. 



L 
Y 

(a) Four-ply  laminate.  

(b) An x = Constant   plane.  

(c) 3-D stress components. 

Figure 1.- Laminate   configurat ion,   loading,   and stresses. 
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Finite element 
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Finite difference 

I 1  

ref- lo\ 

0 

Figure 2.- Comparison of interlaminar normal stress  calculated 
by various methods. 
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VY 
(a)  Uniform load on a semi - in f in i t e  plate. 

0 

. -  

(b) F i n i t e   e l e m e n t   i d e a l i z a t i o n  - f i n e  mesh. 

F igure  3. -  Problem involving s t ress  d i s c o n t i n u i t y .  
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Figure 4.- Shear stress (a,,/p) distribution on y = 0 line. 
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Figure 5.- Shear stress (aq/p) distribution on x = a line. 
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2 = 0.3 
Plane strain 

(a) An isotropic  bimetallic plate under  tension. 

(b) Finite elanent idealization - fine mesh. 

Figure 6.- Problem  involving  stress singularity. 
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Figure 7.- Shear stress (a,,/p) distribution  along the bond line (y = 0). 
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Figure 8.- Shear stress (axy/p) distribution  along  the x = 0 line. 
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(a)  Coarse mesh. 
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(b) Medium mesh. 

(C) Fine mesh. 

Figure  9.- Rectangular mesh models. 
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(a) CJz along the free edge, y = b. 
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(b) cTz along the i n t e r f a c e ,  z = h. 

Figure 10.- The csz distributions for  various  idealizations of a 
[ +451 laminate. 
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(a) oxz along the  free edge, y = b. 
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(b) Uxz along  the  interface, z = h. 

Figure 11.- The uXz distributions for various  idealizations of the 
[ +45] laminate. 
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(a) The ox, uy, uxy, and uxz d i s t r i b u t i o n s  along t h e   i n t e r f a c e .  

Figure 12.- S t r e s s   d i s t r i b u t i o n s   a l o n g   t h e   i n t e r f a c e ,   f i n e   m e s h .  
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(b) The uz and ozy distributions along the interface. 

Figure 12.- Concluded. 
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Figure 13.- Dis t r ibu t ion  of Uy through  the  thickness a t  the free edge i n   t h e  +45 ply. 
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F i g u r e  14.- D i s t r i b u t i o n  of Urn t h rough   t he   t h i ckness  a t  t h e  free e d g e   i n   t h e  +45 ply. 
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Figure 15.- D i s t r i b u t i o n  of Dyz through  the  thickness  a t  t h e  free edge i n   t h e  +45 ply. 
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(b) Free body diagram of t h e  top ply.  

Figure 16.- E q u i l i b r i u m  condi t ions .  
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