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ABSTRAC'T 

A new self adaptive coordinate transformation for the finite-difference 
solution of turbulent boundary-layer flows is presented which permits a uniform 
mesh to be used in the computational coordinate which extends across the layer. 
This coordinate transformation uses the local value of the skin friction coefficient 
to scale the thickness of the wall layer regi.on, and the local maximum value of 
turbulent viscosity to scale the boundary-layer thickness. Results are presented 
for two dimensional boundary layers in both positive and negative pressure gradients 
and comparisons are made with experimental data and conventional variable-grid 
results for low-speed turbulent bOlmdary-layers. The cases chosen illustrate 
the capability of this new transformation to capture the boundary layer growth 
over the full extent of laminar, transitional, and turbulent flow with no grid 
adJustment as well as its ability to conSistently enlarge the wall layer region 
for accurate shear stress representat [on. In adcli t.i on, preliminary results of 
mesh refinement studies using the new coordinate transformation are presented. 
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Figure 1. Introduction 

Current procedures which are used to generate the mesh across a turbulent boundary 
layer require the specification of several mesh parameters which are generally difficult 
to relate to the length scales of the flow itself. In addition, these length scales 
vary as the solution Evolves downstream thereby resulting in a mesh which although 
"optimum" in one region, may be inappropriate in another. The objective of the present 
investigation is to develop a procedure which simplifies the specification of the 
grid point dlstribution across the turbulent boundary layer. It is desired to have 
this procedure properly account for the growth of the wall layer as well as the overall 
boundary-layer thickness. Since most flows are initially laminar at the start of the 
boundary layer and then are followed by transition to turbulent flows then this 
procedure should be uniformly applicable to laminar, transitional, and turbulent flows. 
The approach taken is to develop an adaptive grid technique based on known analytical 
properties of boundary layer flows. This approach results in a coordinate transformation 
which is based entirely on fluid dynamic concepts. 
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Objective 

• Develop a procedure which: 

• Simplifies specification of grid point 
distribution across turbulent boundary layer 

• Properly accounts for wall layer and boundary 
layer thicknesses 

Approach 

• Adaptive grid technique based on known 
analytical properties of boundary layer flows 
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~ Figure 2. Grid Requi rements for Turbulent Boundary Laye rs 

It is well known that turbulent boundary layers are characterized by two 
transverse length scales, the boundary layer thickness and the wall layer thickness. 
These two length scales generally are quite different in magnitude thereby making the 
'analysis of turbulent layers more complicated than laminar boundary layers where 
generally only one length scale is present, the boundary layer thickness. In addition 
the wall layer and boundary layer thicknesses vary in the stream direction depend} ng 
upon the pressure gradient, wall boundary conditions, etc. In laminar flow it has 
been shown that when the boundary layer equations are expressed in terms of the Levy­
Lees variables, the streamwise growth of the boundary layer is significantly reduced 
thereby simplif'ying the numerical solution of the governing equations. Most turbulent 
analyses also use the Levy-Lees variables but since these variables do not properly 
capture the boundary layer thickness it is necessary to monitor the numerical solution 
and add points in the outer region to accommodate the boundary layer growth. Also, 
in order to provide adequate resolution of the wall and wake region and simultaneously 
use as few grid points as possible, practically all numerical approaches for turbulent 
boundary layers use a fine mesh near the wall and a coarser mesh in the outer region 
as shown here. There are two difficulties with this approach: 1) the initial choice 
of the mesh distribution, and 2) the ad,justment of this mesh as the wall and boundary 
layer thicknesses vary downstream. A new coordinate transformation was devised to 
simultaneously capture the boundary layer growth and automatically scale the inner 
wall layer region thereby allowing a uniform step to be used in the transformed 
coordinate, N. The resulting turbulent profile, schematically shown here, has the 
appearance of a laminar profile when plotted in terms of N. 
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Figure 3. Capture of Turbulent Boundary Layer Growth 

The development (Jf the coordinate lransformation begins by first generalizing 
the Levy-Lees transformation for laminar flow to turbulent flow by using a reference 
turbulent viscosjty level to replace the laminar edge viscosity in these transformed 
variables. For laminar flows the usual Levy-Lees transformation converts the 
equations from physical variables to similarity variables such that even when the 
flow is not self-Similar the boundary layer edge is essentially constant in the 
transformed normal coordinate. In the laminar case the normalized molecular viscosity 
coefficient is 0(1) in the outer region of the boundary layer. For the turbulent case 
this transfonnation is modified to normalize the turbulent viscosity coefficient to 
0(1) in the Quter region but is done in such a manner that the form of the equation 
is unchanged from the laminar set. Thus in these transfonned variables, in the outer 
region, the solution for laminar and turbulent flow should be approximately the same 
since the outer boundary condition (F=l) is the same for both. Therefore, since 
these variables capture the boundary layer growth in lamin&r flow, the same growth 
capture should occur in the turbulent case. The turbulent Levy Lees transformation 
is a generalization of that used by Schlichting in his Ph.D. thesis in 1930 to transform 
the turbulent momentum equation for jets and wakes into a "laminar-like" form thereby 
permitting the laminar similarity solution to be used for a turbulent flow. The 
new turbulent Levy Lees transformation can be used with any turbulence model provided 
that a representative turbulent viscosity level can be identified, In the present 
work the two-layer algebraic eddy viscosity model of Cebeci and Smith was used, in 
which the reference turbulent viscosi ty is that for the outer lCl(,rer. This value 
varies only with the distance along the surface sioce an intennittency function was 
not used at the boundary layer edge. 
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Figure 4. Composite Coordinate Transformation 

The use of the turbulent Levy Lees transformation avoids the need to continuously 
add or subtract grid points at the edge of the turbulent boundary layer due to 
boundary layer e;rowth or decay. However, a variable grid distribution is still 
required, in fact now even more so, to adequately resolve the wall layer thickness 
since it has been correspondingly reduced along with the boundary-layer thickness. 
Clearly, an inner region transformation is needed to enlarge, in the computational 
coordinate, the hiGh e;radient wall region. Fortunately, the analytical behavior of 
the turbulent boundary layer profile is known in the wall layer region and this 
information can be used as the basis for an inner region (wall layer) transformation. 
It has been established numerous times both analytically and experimentally over the 
past 40 years that the veloel ty varies with the logarithm of the distance normal to 
the wall in the wall region. This relationship is not valid in the immediate vicinity 
of the wall since it is singular and must be replaced with the laminar sub layer profile 
where the velocity varies linearly with the distance normal to the wall. Hence a 
logarithmic coordinate transformation could not be used if we want to solve the 
equations all the way to the wall, which is desired in most boundary-layer analyses. 
In a recent paper, Whitfield presented a new analytical expreSSion for the velocity 
profile in the wall region which also has the proper analytical behavior in the 
laminar sublayer. This analytical expreSSion is used in the present work in the wall 
or inner rec;ion such that a constant increment in the transformed coordinate results 
jn a constant increment in velocity. With the inner region coordinate transformation 
established it is now necessary to speci.fy a suitable transformation for the outer 
or wake region. The outer coordinate transformation is motivated by the observation 
tho.t with the turbulent Levy Lees transformation di scussed in fiGure 3, the boundary 
layer edge is fixed and the governing equations closely resemble the laminar equations 
in the oute. region. Hence the outer transformation is deduced from a function which 
closely fits the Blasius solution. Whitfield found that this function closely fits 
turbulent data in the outer region Which supports the idea that in this region the 
laminar and turbulent solutions resemble each other. A composite transformation is 
established by combining the iIll1er and IJuter transformations employing concepts from 
the method of matched asymptotic expansions. The final result is that the semi-
infini te phYSical space 0 ~y~"" is mapped into a uni t interval O~NH in the computational 
coordinate N, and that the transfonnation used is based completely on fluid dynamic 
concepts to assure a universal applicabjlity of the method. A sketch of the inner, 

- - ---

outer, and composite functions is shown to illustrate their relative magnitudes. 
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201 



Figure 5. Implement Coordinate Transformation 

The composite coordinate transformation presented in figure 4 is incorporated 
into the boundary-layer equations expressed in terms of the turbulent Levy Lees 
variables which were discussed in figure 3. The transformed equations are obtained 
in a straightforward manner and are not substantially different from those in figure 3 
other than the explicit dependence of the term vN/vS' These equations are solved 
with a standard implicit finite-difference scheme in which a uniform mesh is used 
in the normal direction. The use of the coordinate transformation results in less 
than a 10% increase in computer time over that used by our UTRC computer code which 
was recently developed using the variable grid finite difference scheme developed 
by Blottner. This code has been used in the present work to provide calculations for 
comparison purposes. This new coordinate transformation is an adaptive grid procedure 
since it relies on two quantities, the local skin friction and the local reference 
viscosity to complete the specification of the composite coordinate at each stream­
wise location. In the results presented here these quantities were obtained from 
the solution at the previous station since a non-iterative scheme was used. This 
adaptive grid procedure is applicable to laminar flows since the wall layer region 
is nonexistent (hence Ni = 0) and only the outer transformation is used. In transitional 
flows the wall layer region is initiated at the start of transition and thus allO",S 
for the natural development of the wall region as the flow evolves from a laminar 
to a turbulent boundary layer. 
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• Finite difference solution of equations in !, N coordinates 

• Adaptive grid - Cfe and (I + ;) ref depend on local solution 

• Applies to laminar, transitional, and turbulent flow 

Laminar - set Nj = 0 

Transitional - inclusion of inner region initiated 
at start of transition 

Turbulent - compos-ite transformation 



~. Figu~e 6. Skin Friction Distribution - Flat Plate 
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This figure shows a comparison of the skin friction distribution obtained from 
calculations in which the composite coordinate transformation (adaptive grid) and the 
variable grid (geometric progression) techniques were used. Both predictions agree 
well with the experimental data of Wieghardt. In the present case 101 points were 
used across the layer and there is no plottable difference in the results. Reduction 
in the number of points from 101 to 21 resulted in essentially the same solution 
using the adaptive grid; the same reduction for the variable grid scheme resulted in 
a slightly different solution as shown here. The arrows indicate the locations at 
which profiles from the different approaches will be compared. 

0.006 

0.005 • 

0.004 

efe 0.003 

0.002 

0.001 

1 

____ {Adaptive grid, N = 101,21 
Variable grid, N = 101 

Variable grid, N = 21 
0 Exp. data (Wieghardt) 

Reoo/m = 2.2 x 106 

Uoo =33 m/s 

t 

3 
5, meter 

4 5 

203 



Figure 7. Displacement Thickness Distribution - Flat Plate 

Shown here is a comparison of the displacement thickness distributions from the 
adaptive grid scheme versus that measured experimentally. The agreement is good and 
the solution is shown to change only a few percent when the grid is reduced. Similar 
changes were found to occur in the variable grid scheme when the same grid reduction 
was made. Detailed grid studies are presently underway in order to compare the 
relative truncation errors of the adaptive grid scheme and the variable grid scheme. 
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Figure 8. Velocity Profiles in Laminar Levy Lees Variables 

In the next several figures flat plate velocity profiles at the locations 
previously indicated in fig~re 6 will be shown in terms of the normal coordinate as 
given by the laminar Levy Lees transformation, the turbulent Levy Lees transformatiffi? 
and the composite coordinate transformation. The present figure clearly shows the 
two-layer structure of the turbulent bOllildary layer as well as the significant 
boundary layer growth which occurs in this variable. Use of the laminar Levy Lees 
transformation for turbulent flows is nat significantly different than working in the 
physical or lliltransformed coordinate. Also plotted is the Blasius solution which 
is the laminar self -similar solution for a flat plate. Note that the Blasius solution 
has a much smaller value of teat the edge of the bOllildary layer than the turbulent 
profiles despite the higher skin friction (slope at wall) in the turbulent case. 

1.0 ~ ~---"' ..... - - - - - -- - - - -1.011"----..~---_... " -.--

/ 
0.8 f- I 

~ 

/ ,.----
/ / 

,/ 

/ 
" '/ 

0.6/ 

0.4 

0.2 -

s =0.17 m 
s =4.6m 
Blasius 

O~ __ ~J~ _____ I~ ____ ~I ____ ~J __ ~ 

o 10 20 30 40 50 
"1 

205 



Figure 9. Velocity Profiles in Turbulent Levy Lees Variable 

This firrure shows the same profiles in the new turbulent Levy Lees variable 
and indicates that the turbulent boundary-layer thickness has been preserved in this 
new val'!able and that it is nearly the same value as that of the Blasius profile. The 
bar over the"'J -coordinate is used to distingUish between the turbulent Levy Lees 
variable anti . the laminar Levy Lees variable as discussed in figure 3. Both variables 
have the same form; it is only the interpretation of the ~-variable contained in the 

'7 -variable which distinguishes the two transformations. Despite the capture of the 
turbulent boundary layer growth, it is seen in this figure that the high gradient 
wall region still persists which requires a variable grid for adequate resolution. 
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Figure 10. Growth of Boundary Layer Thickness - Flat Plate 

This figure shows a comparison between the streamwise variation of the boundary 
layer edge as deduced in the laminar Levy Lees variable versus that obtained in 
t~nns of the turbulent Levy Lees variable. The ability of the turbulent Levy Lees 
variable to capture the turbulent boundary layer growth is clearly seen here. 
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FibJre 11. Velocity Pro~iles in New Composite Coordinate 

This figure presents the same profiles shown previously now plotted in terms of 
the new composite coordinate. It is seen that this transformation results in an 
enlargement of the wall region, and since the boundary layer edge is captured by the 
turbulent Levy Lees transformation, the computed turbulent profiles show the same 
0(1) variation across the layer as the laminar profile thereby permitting a uniform 
mesh to be used. It is seen that in terms of this new composite coordinate the 
turbulent profiles change only slightly over a flat plate distance of 4.5M. These 
changes are greater in the outer region than they are in the inner which is probably 
due to the more approximate outer coordinate transformation as compared to the use of 
Whitfield's analytical solution for the inner transformation. 
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Figure 12. Edge Velocity Distribution 

The previous example was a flat plate in which the imposed streamwise pressure 
gradient is zero. It is well known that boundary layer flows are strongly influenced 
by the pressure gradient and thus as a test of the new technique presented herein the 
edge veloci ty shown in this figure was imposed as a streamwise boundary condition 
on the boundary layer equations. This distribution was measured by SChubauer and 
Klebanoff for the airfoil shown here and provides a good test case for the present 
work since both regions of favorable and adverse pressure gradient are present. 
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Figure 13. Skin Friction Distribution - Airfoil 

Comparison of the computed skin friction with that measured by Schubauer and 
Klebanoff is shown here. Excellent agreement is obtained except in the aft strong 

, adverse pressure gradient region where other investigators have concluded that there 
are three dimensional effects which of course is outside the scope of the present 
analysis. Comparison of the adaptive grid results with those obtained with the 
variable grid show that both solutions are the same except in the adverse pressure 
gradient region where the adaptive grid scheme shows better agreement with the data. 
Both cases were computed with 101 points across the layer. In the present case the 
computation does not extend to the separation point so as a further test of the new 
scheme an analytically imposed edge velocity was prescribed such that separation was 
encountered. No difficulties were encountered in this case and both the adaptive 
grid and variable grid schemes yielded nearly the same result. 
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Figure 14. Growth of Boundary Iayer Thickness - Airfoil 

This figure shows that the boundary layer edge is captured with the new turbulent 
Levy Lees transformation for both positive and negative preSsure gradients as was 
shown in figure 10 for zero pressure gradient. A slight increase in the boundary­
layer edge is observed with the turbulent J£vy Lees transfonnation in the adverse 
pressure gradient region; however, this growt,h is negligible compared to that which 
occurs in the usual laminar Levy Lees variable. 
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Figure 15. Conclusions 

In conclusion, a new adaptive grid procedure has been presented which automatically 
captures the boundary layer thickness and simultaneously enlarges the wall layer 
region through the use of a composite coordinate transformation. This new procedure 
demonstrates the benefit of using fluid dynamic concepts in mesh generation for 
numerical solutions since scaling problems and Singular regions are properly accounted 
for. The adaptive grid scheme presented here is simpler to use than a variable grid 
scheme since now only the total number of desired points needs to be specified by 
the user. In addition, this adaptive grid procedure has been demonstrated to be 
applicable to laminar, transitional, and turbulent flows. 
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• Adaptive grid procedure automatically captures boundary­
and wall-layer thicknesses 

• New procedure demonstrates benefit of incorporating 
known analytical properties of the flow into mesh 
generation 

• Adaptive grid procedure easier to use than variable grid 
scheme since only total number of pOints must be specified 

• Adaptive grid procedure applies uniformly to laminar, 
transitional, and turbulent flows 




