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I. INTRODUCTION
Sound is both a physical phenomenon defined as the wave oscilla-
tion of a medium and a physiological phenomenon defined as a sensation
received by the ear due to acoustic waves. As a mechanical vibration
sound is characterized by frequency, amplitude, and phase angle. How-
ever, no simple and unique relationship exists between the physical
measurement of sound and the human perception of sound. Consequently,

many physiological methods exist to evaluate various aspects of the

verception of sound. For example, the human perception of pure tones
is described by normal equal loudness contours.

Furthermore, sound is also a psychological phenomenon which can be
characterized in terms of annoyance and desirability. An undesirable,
unwanted, or excessive sound is called a noise. Besides producing
annoyance, noise can produce various degrees of permanent hearing loss.
Also, since people prefer to live in quiet places and to be near quiet
obJects, noise can have an economic importance.

Due to the increasing public concern with the environment and to
the growth of commercial aviation in this country, aircraft noise is
considered to be one of the more significant noise sources. As a re=-
sult aircraft noise abatement is a major objective of government and
industry.

Airport community noise can be reduced by applying restrictive
aircraft and airport operational procedures or by developing new tech-

nology. Safety and economic considerations reduce the effectiveness of
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such operational restrictions as the multi-segment approach, pover cut-
back, runway restrictions, establishment of airport duffer zones, and
land use control. Consequently, in recent years noise has become an
important consideration in the design of turbofan aircraft engines.

In the study of turbofan aircraft engine nolse, the noise is con-
sidered to be due to various sources and each source is associated with
specific components of the engine or specific air flow conditions. The
noise from turbofan engines is often attributed to the following three
sources: the fan, the jet exhaust, and the engine core. Fan noise prop-
agates to the ground from both the engine inlet and exit duct planes.
Also, Jet mixing noise is produced by both the fan and core exhaust air.
These turbofan engine noise sources are shown schematicilly in Fig-
ure 1. The relative magnitude of fan noise and jet exhaust noise is
generally greater than core noise for most operating conditions of cur-
rent engines.

Fan noise is characterized by a high pitched whine produced by the
rotating fan blades. The high velccity jet exhaust generates noise as
it mixes with the relatively quiescent atrosphere. The term "core"
noise refers to all the other noise sources including the following:

1. Combustion noise which is the noise associated with pressure fluc-
tuations due to uneven burning

2. Entropy noisc which is the noise due to nonuniformities in the ex-
panding gases as they pass through the turbine stages and the
exhaust nozzle

3. Rotating machinery noise due to the compressor and turbine

4. Flow noise due to air passing through ducts and over internal sur-

faces.
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Most of the noise from current turbofan engines is attridbuted to
the fan or jet. Over the past fev years aircraft system quieting tech-
nology has been developed which reduces the noise from these two
sources. However, research on core noise and combustion noise, in par-
ticular, has not been neglected.

Combustion noise research is conducted because it could be impor-
tant in future aircraft design for three reasons, First, it coul?d be
the dominant noise source in the duct-burning turbofan engine, vhich is
one of the proposed commercial supersonic aircraft engine propulsion
systems {Stewart and Weber (1978)). Second, as the noise from the fan
and Jet sources is reduced on future aircraft, the importance of such
secondary sources associated with the engine core as combustion noise
increases. Third, core noise including combustion noise can be a sig-
nificant contributor to overall engine noise during takeoff or approach
when the fan noise and the Jet noise are reduced because of forward
velocity effects (Stone (1975)).

In order to characterize aircraft engine combustion noise the fol-
lowing items are of interest:

1. The acoustic power level variation with burner geometry and per-
formance parameters

2. The transmission loss across the turbine and at the engine exit

3. The combustion noise directivity pattern of far field engine data

k. The combustion noise spectral shape

5. The peak frequency of the combustion noise spectrum.

These are also the items a combustion noise prediction scheme would

vield as part of an aircraft engine design procedure.




In order to obtuin thls informatlon, muny different types of test
facilities and a variety of measurement techniques are used to study
combustion noise. These tests are conducted with the expectation that
(1) combustion noise measurements on non-engine test facilities are re-
lated to combustion noise measurements on engine test facilities and
(2) that combustion noise measurements made using different engines are
related to one another. Some of these test facilities and measurement
techniques will be described next.

The studies of Bonnell, Marshall, and Riecke (]971), Mathews and
Rekos (1976), Karchmer and Reshotko (1976), Shivashankara (1977),
Reshotko, Karchmer, Penko, and McArdle (1977), and Karchmer (1978) were
made using operating turbofan engines.

Combustors installed in open flow ducts were used by Kazin and
Emmerling (1974), Strahle, Muthukrishnan, and Neale (1977Ta, 19TTbv),
Abdelhamid, Harrje, Plett, and Summerfield (1973), and Plett, Leshner,
and Sumerfield (1975).

The studies of Emmesling (1975), Emmerling and Bekofske (1976),
Sofrin and Ross (1975), Sofrin and Riloff (1976), and Reshotko and
Karchmer (1977) “cre made using combustors installed in closed duct sys-
tems called component development facilities,

Combustion noise from open flames was measured by Smith and Kelham
(1963), Hurle, Price, Sugden, and Thomas (1968), Knott {1971), and
Muthukrishnan, Strahle, and Handley (1976).

External and internal pressure measurements can be made on tests
of combuystors mounted in turbofan engines and in open flow ducts. Only

internal pressure measureme;nts can be made in tests of combustors in-




stelled in closed ducts, and only external pressure measurements can be
mude of thg noise of open flames.

In the study of combuation nolse, pressure measurements are sudb-
Ject to one~third octave: band analysis or narrov band spectrum analysis
to obtain frequency and amplitude information. Also, transfer function,
correlation, and coherence calculations are sometimes made between pairs
of pressure measurements to obtain infcrmation on amplitude and phase
changes during propagation, on time delays between signals and on the
signal to noise ratio.

Experimental studies of combustion noise using operating turbdofan
engines are made with realistic combustion region boundary conditions
and at realistic combustion region operating conditions. Howvever, sep-
arating combustion, fan, compressor, turbine, and jet noise contribu-
tions from one another in external far-field acoustic measurements can
be difficult. Consequently, correlation and coherence techniques using
internal and external microphones have been developed to identify com-
bustion noise in the far-field acoustic measurements and to quantify its
contribution (Karchmer and Reshotko (1976), Shivashankara (1977),
Reshotko, Karchmer, Penko, and McArdle (1977), Karchmer, Reshctko, and
Montegani (1977), Karchmer (1978)). Using these techniques, the com=
bustor has been shown to be a source of lov frequency core noise
(Karchmer and Reshotko (1976), Karchmer, Reshotko, and Montegani
(1977), Karchmer (1978)).

Extensive testing of many combustor designs on full-scale turbofan
engines using correlaticn and cohere, e techniques can Le expensive. An
alternative procedure i{s to conduct acoustic design studies on a less

expensive test facility. The combustor component duct rig is one type




of less expensive facility. Because this facility is closed, opersting
the combustor at realistic conditions of temper-ture, pressure, and flow
is possible. However, the combustion region boundary conditions pru-
duced by a combustor component duct facility differ from those of an
engine since the turbine is not included in the component duct rig.

This may not be too significant since von Glahn (1978) was abdble to cor-
relate combustor acoustic pover levels inferred from internal fluctua-
ting pressure measurements made on both the engine and the combustor
component duct facilities with operating conditions and chamber geome-
tries.

Constructing a combustor test facility which costs less than an
engine can also be accomplished by installing a combustor in an open
flow duct. For this facility also, the combustor boundary conditicas
differ from those of an engine. In addition, while the combustor in
this type of facility can operate at turbofan engine combustor temper-
ature and flow conditions, the combustor operating pressure for a given
duct exit termination (horn, open duct, flange, nozzle) is alsc deter-
mined by the flow and temperature specified. Consequently, matching
engine operating conditions with this rig is difficult. Therefore, the
open flow duct rig is used mcre often in conducting such fundamental
research as separating hydrodynamic entropy, and direct combustion
noise contributions to internal fluctuating pressure measurement
(Strahle, Muthukrishnan, and leale (1977)) than in making parametiic
studies.

This disseration describes an investigation of the propagation of
combustion noise in an open flow duct. This is a new aresa of re-

search. The research is conducted using a combined experimental and
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theoretical approach. The objective of the theoretical investigation is

the study of the interaction of the combustion noise propagating in a

plane wave mode with the duct combustion environment. In this case, the

@uct combustion environment includes the emissions produced by the com-
bustor, the air flow, and the duct exit impedance and inlet impedance.
The interaction of a propagating plane acoustic wave with combustor
emissicns has not previously been considered. This work uses a dynamic
systems state-space approach to study this problem.

This investigation was initiated due to difficulties encountered
in the study of the structure of the internal fluctuating pressure
spectra measurements taken in an open flow combustion test facility.
The structure of the measured spectra differed from the spectra predic-
ted on the basis of longitudinal duct resonance mode theory using the
combustor duct system exit temperature to determine the acoustic isen-
tropic propagation velocity. However, the changes in the spectral
structure when the geometry is changed longitudinally caused most inves-
tigators to conclude that the spectral structure is related to longitu-
dinal duct resonance modes.

Since the spectral structure could not be understood, doubts arose
about the usefulness of combustion data taken on e liquid fuel open flow
combustion test facility. The money saved in using this type of facil-
ity for detailed study of combustion noise would be wasted if the ex-
perimental results could not be understood.

The work discussed herein is part of a research program at the
NASA Lewis Research Center. The purpose of the research program is to

analyze the pressure spectra measured within an operating ducted gas




turbine engine combustor test apparatus. The research program has the

following major goals:

1, Identify the comhustion noise source apectra

2. Identify the influence of the duct geometry on the spectra

3. Identify interactions between the combustion process and the acous-
tics,

This dissertation has the more limited goal of modeling the opera-
ting ducted combustion system and calculating pressure auto-spectra and
cross-spectra. (Consequently, only topics related to the propsgation of
combustion noise in a ducted system are studied.

In Chapter II, the failure of the use of the isentropic¢ sound
propagation velocity to predict the frequencies of longitudinal duct
resonance modes in an operating ducted liquid fuel combustion system is
explained. It is shown that liquid hydrocarbon droplets or solid soot
particle emissions from a combustor may make the plane vave propagation
velocity less than the isentropic speed of sound and may attenuate core
noise. Any variation in plane wave propagation speed may have impor-
tant consequences in the wesign and selection of acoustical duct lining
to attenuate engine core noise. This variation in plane wave propaga-
tion velocity also implies that in order to predict the frequency var-
iation of resonance caused peaks and dips in a combustion noise spec-
trum measured in a duct, one must measure soot and hydrocarbon emis-
sions and understand the physics and chemistry of the acoustic emission
interaction.

In the cases studied, the air mass flow rates are less than
D ke/sec, the duct exit temperature is 020 K, and the flow Mach number

is much less than unity. The type and amount of emissions depends on
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such combustor operating conditions as the air and fuel mass flow rate
and on the type of fuel., It also depends on combustor design of such
items as swirlers and fuel nozzles. Since the problem is complex, nnly
two fairly simple types of interactions between emissions and arcustics
are treated herein. The interaction discussed occurs in a mixture of
an ideal gas and either a cloud of liquid fuel droplets or a cloud of
solid soot particles. In both cases, the interaction is between a plane
wave propagating in the mixture and the cloud.

Smoke emissions are generated by aircraft engines (Jones (1977)).
Consequently, the presence of a cloud of solid soot particles in a liqe
uid fuel ducted combustor system is possible. Thus the selection of
this case as one to be studied seems reasonable. The selection of the
situation where the duct contains a cloud of liquid fuel droplets is
more complicated.

In addition to smoke, aircraft engines also produce gaseous hydro-
carbon pollution (Jones (1977)). Moreover, Jones (1977) says that un-
der certain conditions where a combination of factors produces large
drops and poor mixing of the air with the fuel spray high levels of hy-
drocarbons can be produced. The hydrocarbon gas pollution may be due
to droplets which pass through the flame front without oxidizing and
which eventually evaporate. Consequently, & cloud of liquid fuel drop=-
lets may exist in the ducted combustion system studied if droplets can
pass through the flame front and if a typical droplet does not evapor-
ate before it leaves the duct. For the cases studied a particle is in
the duct less than 0.3 second. The calculation of the evaporation rate
of a liquid fuel droplet is discussed by Graves and Bahr (1959), Faeth

(1971), and Harrje (1972). Calculations are done using simplified
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modela, The results are a function of the initial conditions such as
droplet diameter. Examination of nome typical results ahowed that vhile
the umbient temperatore (920 K) is 300 to 40O K above the distillation
temperature of the liquid, conditions could exist such that a liquid
droplet might not evaporate completely in the time it is in the duct
(éraves and Bahr (1959)). Accordingly, calculations were made consid-
ering the presence of a cloud of liquid fuel droplets.

The literature contains a number of theoretical and experimental
studies of the propagation of a plane wave through a cloud of particles
which show that particles can cause dispersion and attenuation. Stud-
ies considering viscous and thermal interaction but not mass transfer
were made by Marble (1969), Epstein and Carhart (1953), and Chow
(1964), Temkin and Dobbins (1966), and Dc.Mins and Temkin (1967).
Studies which consider water vapor mass transfer in addition to vis-
cous and thermal interaction were made by Cole and Dobbins (1970),
Marble and Wooten (1970), Davidson (1975), and Marble and Candel (1975).
The theory of Cole and Dobbins was experimentally confirmed by Cole
and Dobbins (1071).

The physies of liguid hydrocarbon droplet attenuation is assumed
to be identical to the physics of water droplet attenuation since the
same physical models are used to describe droplet evaporation (Faeth
(1977Y).  The approach followed in calculating liquid hydrocarbon
droplet attepuation is similar to that of Marble and Candel (197%).

The model for the physics and chemistry of carbon particle attenuation
it handled by a modification of the theory given by Morble and Candel

{197%).  The consideration of mass transtfer from the zoot particle to

the gas by particle oxidation i new,
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In the approach used, the particle spacing is assumed to be small
enough in comparison with the acoustic wavelength that the particle
phase may be represented as a continuous distribution of weak acoustic
source and dipoles. This is the approach used by Marble and Candel
(1975) and a similar approach was previously used by Temkin and Dobbins
(1966), Marble and Wooten (1970), and Davidson (1975). The method is
popular since it shows explicitly the relaxation character of the prob-

lem and includes the dispersion of sound.

In Chapter 1II, a linear analytic procedure for modeling the com-
bustion duct system acoustics is discussed. The model includes both
the source region governed by the solution to a non-homogeneous wave
equation and the propagation region governed by the solution to the
homogeneous wave equation. All non-linear processes in the system such
as those which might arise due to interaction of the pressure wvave and
the emissions are neglected in the model.

A solution to the Sturm-Liouville non-homogeneous one-dimensional
wvave equation, which governs the source region when there is no mean
uniform flow, can be found by the method of eigenfunctions (Morse and
Feshback (1973, p. 793), Byron and Fuller (1970)), or by construction
of the one-dimensional Green's function (Morse and Feshback (1973,
pp. 122, 523, 825, 828, and 832), Duff and Naylor {1966)). Applications
of both solution approaches to aero-acoustics are discussed by Goldstein
(1976). The eigenfunction sclution method was applied to a combustion
source problem by Mailing (1963). The hon-homogeneous one-dimensional
wave equation cannot be classiried as being a Sturm-Liouville type if
flow is included since this introduces complex coefficients into the

wave equation. In the analysis developed in Chapter III, the presence




13

of & uniform mean duct flov and the interaction of the flow with com-
bustion emissions is included, and the solution approsch is based on
construction of the one-dimenzional Green's function.

A solution to the homogeneous one-dimensional wave equation which
governs the propagation of plane waves in the duct is formulated as a
two-port transmission line using acoustic transmission matrices. The
use of this approach to model distributed parameter systems is dis-
cussed by Takahashi, Robbins, and Auslander (1972), and an introduction
to its use in acoustics is given by Lampton (1978). The equations de-
veloped by Lampton (1978) are for the no-flow case. Transmission ma-
trices which include flow have been previcusly applied to duct acoustic
problems by Parrott (1973).

In Chapter IV, the experimental results are presented. In Chap~
ter V, the experimental results are compared with the theory developed
in Chapter III.

In summary, this dissertation analyzes dispersion in an operating
liquid fuel ducted combustion system, gives a procedure for calculating
pressure auto-spectra and cross-spectra, presents measured auto-spectra
and cross-spectra, and compares the measured spectra with the calcula-

ted spectra.
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II. PHYSICAL CONSIDERATIONS

In this chapter the propagation of a plane wave through a station-
ary gas containing a particle cloud of either liquid fuel droplets or
80lid soot particles is discussed. However, the governing equations will
be derived for the more general case of non-zero mean velocity since the
next chapter considers this case. At an appropriate point in this
chapter the additional assumption of zero mean velocity will be made.
A. Governing Equations

The propagation of a plane wave through a gas containing liquid
water droplets or solid soot particles is governed by a wave equation.
The wave equation used in this chapter was derived by considering a
Plane wave propagating through a droplet or particle cloud in a sta-
tionary gas. This wave equation was derived by Marble and Candel
(1975) for a cloud of water droplets. This section reviews the deri-
vation and interpretation of this wave equation.

The wave equation derivation is based on the following major as-
sumptions:

(1) The particulate mass fraction and volume fraction are small.

(2) The particulate spacing is smaller than the acoustic wave-
lengths considered. Consequently, the particle cloud and gas can be
treated as a continuum.

(3) The fluctuatjons of pressure, density, temperature, entropy,
and velocity are small compared with their mean values. Therefore,

the squares and cross products of these parameters can be neglected,

14
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(4) The fluid velocity is much smaller than the speed of sound.
(5) The bulk gas can be treated as an ideal gas.

In deriving the one-dimensional, constant area continuity equa~

tion, the liquid droplets or soot particles are assumed to be mass
sources. Consequently, the density of the gas and the gas velocity are

related in the continuity equation

3p/36 + 3(pu)/ax = n¢ (2.1.1)

where p is the gas density, u is the gas velocity, 6 is time, x is
a Cartesian coordinate, and d; is the local mass production rate due

to the presence of n particles per unit volume each having a rate of

mass production of ¢. (The symbols used in this chapter are defined
at the end of the chapter.)

The momentum equation for the gas is

3(7u)/30 + a(puc)/ax + 3p/3x = nF + n&p (2.1.2)

where Sﬁ is the gas pressure. The first term on the right side of
Eq. (2.1.2) represents a volumetric force due to the n particles per
unit volume each exerting a drag force on the gas.'F, as the cloud of

of particles moves through the gas. Using Stokes' drag law, the drag

force is
F= sn-u(Ip - ) (2.1.3)
where r 1is the particle radius, u is the gas dynamic viscosity, and

;; is the particle velocity. The second term on the right side of

Eq. (2.1.2) represents the momentum added to the gas locally which is

equal to the product of the mass generated and the lccal particle vel-

ocity ;E. Substituting Eq. (2.1.1) intr ¥3. (2.1.2) yields
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pou/a8 + pu du ax + 3p/ax = oF nT(Gp - ) (2.1.4)

The gas containing the particles is assumed to be a multicomponent
ideal gas characterized by the following two equations:

T = o @/ (W) (2.1.5)
and
. e = cv'f (2.1.6)

vhere & is the gas constant, t 1is the temperature, (MW) is the gas
molecular weight, e it the internal energy per unit mass, and e, is
the gas specific heat at constant volume. The following entropy repre-
sentation of the equation of state is obtained by direct integration of

the relation

t ds = de - p w/0® (2.1.7)

after substitution of Egs. (2.1.5) and (2.1.6):

5 - s, = o [Grp) (6 /0)Y] (2.1.8)
vhere
ey = cy + B/(M) (2.1.9)
and
Y = cpley (2.1.10)

vhere s 1is the entropy of the gas, cp is the gas specific heat at
constant pressure, and Yy is the specific heat ratio of the gas.
Fluctuations are assumed to be small so that each quantity is only

slightly perturbed. Hence, each quantity can be written as the sum of
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an unperturbed or constant value designated by the subscript o and a

small perturbation designated by the subscript 1:

p=o, + 31
vty

:P- %90* %01

P=p, *tD

8'80*81

DR

F= F,+F

(2.1.11)

(2.1.12)

(2.1.13)

(2.1.1%)

(2.1.15)

(2.1.16)

(2.1.17)

Substituting Eqs. (2.1.11) to (2.1.17) into Eqs. (2.1.1), (2.1.k),

and (2.1.8) yields the following first-order system of equations:

Dol/De + 0, aul/ax = né;

OoDu /D0 + 3py/3x = nFy + mb (uy o = ug) + neg(y ) - wy)

D(sl/cp)/Dﬁ = D(pl/Ypo)/DB - D(pllpo)/ne

(2.1.18)

(2.1.19)

(2.1.20)

where D/D8 is the substantial derivative, D/DB = 3/36 + uoa/ax.

Equation (2.1.20) is substituted into Eq. (2.1.18) to remove the

density as a variable. The resulting equation in terms of non-dimen-

sional parameters is

D(pl/vpo)/DB * ey a(ullco)lax = nOl/oo + D(sllcp)/De

wihere y is the isentropic speed of sound given by

(2.1.21)
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c:‘: = v’tal(!ﬂ) - vpoloo (2.1.22)

Equation (2.1.19) enn be written in terms of nondimensional parameters

D(ulleo)lne *+ ¢, 3(p1/Yp°)/33 = nF, /o e, + (“’1/°o°o)(“p,o - “b)

+ (wh,..’/occo)(up’1 -y) (2.1.23)

The wave equation discussed in this chapter is derivcA by making
the following additional assumptions:

(1) The average mass production is zero.

¢, =0 (2.1.24)

(2) The mean particle and gas velocity are both zero.

%o =u =0 (2.1.25)

Consequently, the one-dimensional, mixture, linearized conservation
equations for zero mean flow relating perturbations in velocity, pres-

sure, and density are as follows:

3(p1/ypo)/36 +c 3(u1/co)/3x = ntl/po + a(sl/cp)/ae (2.1.26)

a(ullco)/ae * g a(pl/ypo)lax = nFI/poco (2.1.27)

A wvave equation solution to these equations is found next.
The conservation Eqs. (2.1.26) and (2.1.27) contain unknown source

terms ¢,. s,, and F,. In order to solve Eqs. (2.1.26) and (2.1.27),

1’
first, a small perturbation in pressure is assumed to cause a small

perturbation in each source term. Consequently, transfer functions
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J(u)/pg. J(u)/cp, and f(w)/p°c° relating a small change in mass,

entropy, and drag force can be defined a: follows:

o[or/oo] = @10 105y 1v2,) (2.1.28)
I 1

o[al/cp] = (J(u)/cph Lpl/n:o_ (2.1.29)

o[nFllpcco] = (I(u)/poco)o[pllvpo] (2.1.30)

vhere ¢[ ] is the Fourier transform operator and w is the angular

frequency.

The next ctep is to take the time and space Fourier transform of
Eqs. (2.1.26) and (2.1.27) to obtain an algebraic equation. All per-
turbations are assumed to be proportional to exp [( 1x°n - me)] . Conse~-
cuently, the Fourier transform of a function g of the independent
variables 6 and x produces another function denoted G of inde-

pendent variables o and kon defined by

© © -1k Ox
G(m,koﬂ) =/ eiwﬁ/ g(8,x)e © dax do = Q[g(e,x)] (2.3.31)

The inverse Fourier transform of a function G of the independent var-
iables w and kA produce another function, g, of the independent

variables 6 and x defined by

2 [ - ik_0x
0.0 = (%) / oo / Glokgle © almas = ¢ [stw )]

(2.1.32)
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To find the Fourier trunsform of n time derivative, the time derivative

of Eq. (2.1.32) is taken

3g(0,x)/30 = (~1w)e™L [o(u.xoa)] (2.1.33)

Since the Fourier transform operation is unique, teking the Fourier

transform of Eq. (2.1.33) yields

o[28(8,x)/28] = (-1u)o[a(0,x)] (2.1.34)
The corresponding Fourier transform of a space derivative is
o[e(s,x)/3x] = (1x 0)¢[a(e,x)] (2.1.35)

Taking the time and space Fourier transform of Eqs. (2.1.26) and
(2.1.27) and substituting Eqs. (2.1.28) to (2.1.30) yields the follow-

ing equation in matrix form

r - = -
(-1u) - 43531 + (-tu) %}pﬂ ¢, (1k ) p, /Y,
L =0
e (1k Q) - %0%3' (-iw) v, /eg
d - L -
(2.1.36)

A non-trivial solution exists providing the determinant of the coeffi-

cient matrix vanishes. Solving the determinant yields a second-order

polynomial equation for (ikoﬂ)
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(‘ﬁ) (:..’&)- Aﬂ... (:.&)M - (1k°ﬂ) (1k°n) - ﬂ%)- =0
o P poca

(2.1.37)
The solution to Eq. (2.1.37) is given by
r h
1/2
(1,0) = 34 Z) (1T @] ) p (2.1.38)
Poo o
. o
where
2 -1
. (_ia) - (_i_«g) ﬂﬂ,(ﬂ)ﬂ&l (2.1.39)
(o c p_C - (o]
0 (o] 00 n P

An approximate solution to the wave number equation (Eq. (2.1.37)) is
given by Marble and Candel (1975). This solution may be obtained from

the exact solution (Eq. (2.1.38)) by assuming that

2
jfgﬁ} << g (2.1.k0)
PoC
and that
-l ,l, w. i
(éig) ( wl) (:_2) EACHR | PP (2.1.51)
¢ p ¢ c [o4
o oo o P

With these assumptions and after some algebraic manipulation the two

approximate wave number solutions to Eq. (2.1.37) are




22

’
(uon)’ =1 (;—“;)-(5%—) "lp“’ + (-iw) !—c@- + {-ﬁcﬁ ) (2.1.42)
° o P oo )
- et dfe) . [ i \|4(s) J(w) F(uw)
(ikon) i (co) (200) e + (=iw) cp - pocod (2.1.43)

The wave number for waves moving to the right used by Marble and Candel
(1975) is given by Eq. (2.1.42) in terms of the notation used herein.
By definition, the sound propagation velocity is related to the

wave number equction by

clw) = 'I'-T(iiij’ m/sec (2.1.4k4)

Also by definition, the acoustic energy attenuation coefficient in

Nepers per meter is

a = =2 Re(ikon) (2.1.45)

Nepers per meter is converted to decibels per meter by multiplying by

10 log e = h4.3k:

a = -8.68 Re(ikon), dB/m (2.1.46)

In this section the fundamental governing equations were discussed.

Furthermore, for the case where the average mass production, mean parti-
cle velocity, and mean gas velocity nre zero, equations for calculating
the sound propagation speed and the attenuation of a plane pressure wave
propagating in a cloud of particles were determined. These equations

depend on transfer functions relating a small change in mass production,

entropy production, and drag force to a small change in pressure. The
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derivation of these transfer functions for the case of a plane wave
propasntins in a cloud of liquid fuel drops and a cloud of solid soot
particles is discussed next.
B. Response of the Fuel Droplet Cloud

Fuel droplet emissions from combustors in the combustion duct sys-
tem can occur when the fuel droplet spray consists of large-diameter
drops and the air injected around the fuel nozzle through swirlers
mi e¢s8 poorly with the fuel spray. This combination of large fuel drops
and poor mixing produces high levels of hydrocarbon emission (Jones |
(1977)). The larger droplets which pass through the high temperature
reaction zone are assumed to evaporate in a relatively cool gas mixture
having 8 low oxygen concentration. Accordingly, the process is approx-
imated by considering evaporation without combustion (Faeth (1977)).

The processes and assumptions typically employed in an analysis of

fuel drop evaporation are discussed by Graves and Bahr (1950), Faeth

(1977), and Harrje (1972). However, rather than using a complex model
to obtain expressions for ql(w)/oo, J(m)/cp, and J’Tw)/poco. the
approximate model used by Marble and Candel (1975) for water drop evap-
oration is adapted for use herein by making appropriate assumptions.
This model is discussed in Appendix A. The resulting expressions pro-
vide: (1) a guide to the order of magnitude of the transfer functions
Mw)/o ;f(w)/cv. and  F(w)/p_ec . and (2) information on the fre-
quency dependence of the sound propagation speed and the attenuation.
Recause the resulting expressions are i{dentical to those which could be
obtained from expressions derived by Marble and Candel (1975), they are
shown in Appendix A. The numerical values of the factors in these ex-

pressions are different because the physical propertlies were changed
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to those for a fuel drop rather than those for a water drop. The re-
sults of calculations using this theory are discussed in section D.
C. Response of the Scot Particle Cloud

Soot produced by gas turbine combustors oxidiges as it flows
through the duct system (Linden and Heywood (1971), Norgren (19T1), and
Gouldin (1973)). In order to accurately calculate the response of a
cloud of' soot particles to an acoustic pressure perturbation, the mass
distribution, the chemical composition, and the distribution of particle
shapes and sizes should be known. It is also necessary to know the rate
constants for the heterogenous oxidation process and the heat transfer
process. However, at tuis time none of this information is known ac-
curstely. Consequently, the following model includes the basic physics
and chemistry in only an approximate manner. An experimental study of
the oxidation of soot by Wright (1975) and a mathematical model for the
gasification of coal char discussed by Simmons and Lewis (1977) were
useful in formulating the approach used in this work. The model is
based on the assumption that the soot particles can be treated as being
made of porous carbon, having a spherical shape, and having a uniform
temperature.

The transfer functions .4 (w)/p . .J(m)/cp. and fow)/poco are
derived from equations that describe the particulate phase of the one-
dimenaional flow of the gas-soot particle mixture with transfer of
mass, momentum, and energy. When specifying the functiocnal dependence
of Fw)lo e and .J(w)/cp, the following selection is made. As pre-
viously discussed, for the force acting on the gas due to & particle,

Stokes' viscous drag law is used. Thus, the total force on the gas is

F = -n6Wrsu(;'- ;s) (2.3.1)

i R TN, M s LR EuESRasnaess e
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For the heat transfer from the particles to the gas, Newton's law of
convection is used. Thus, the total heat transfer from n soot partie-
cles into a unit volume of gas having thermal conductivity k is

Q= n(hwri) -d:}i K(?s -t) (2.3.2)

vhere the heat-transfer Nusselt number NuH equals 2 if the air is
stagnant. The value 2 which is generally assumed, is used herein since
the difference between the particle velocity and the gas velocity is
assumed small.

The viscous drag transfer function is discussed first. A soot
particle of mass m_ and radius r_ is moving with a velecity u

s a 8,1

in the gas. The gac has a velocity uy due to the wave motion. The
particle experiences a Stokes' drag force of 6wrsu(u1 - ug l)‘ and the
]

resuiting particle equation of motion is

du

-—‘?—ﬂ-l— = " - - ~
Mg ao l'l 6wrsu(ul us,l) (2.3.3)

The gas velocity is related to a pressure perturbation for small per-

turbations by

u, = capl/ypD (2.3.4)

The time Fourier transform of Eq. (2.3.3) yields the following expres-
sjon for the response of the particle velocity to a pressure perturba-

tion:

¢ P
= —2 . o4 5
Q[nzz.l] 1+ (-iw)t 0[ypﬁ] (2.3.5)




vhere

T = g;ﬁti (2.3.6)

Physically, the time constant Tt is the time interval in which the
particle velocity is reduced dy a factor of 1l/e from its initial

value due to the Stokes' drag force. Substituting Eqs. (2.3.4) and
(2.3.5) into Eq. (2.3.3) and using Eq. (2.1.30) yields the following
expression for the viscous drag force perturbation in response to a

pressure perturbation:

F néwr urc (-iw)r P
4 |a..
¢ XN E + )|t P, (2.3.7)

Consequently, the viscous drag force transfer function is given by

[ 4
Fw) _ _s[l (du)x ] (2.3.8)
pc T -jw)r
Q0
where
mﬂ
Ke = 5 (2.3.9)

The heat generated by the oxidation of a soot particle is assumed
to be transferred directly to the particle. Thus, the entropy source

perturbation term may be calculated considering only the heat transfer

between the n particles and the bulk gas using Eq. (2.3.2) as follows:

ds N
i U e n
t’o‘)c m Ql n(lmr) 3, (t. 6,1 " m.l) (2.3.10)
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The differential equation for the entropy source perturbation can then

be written
8 '3 t -t
831  =,1
A (2] 222 (2.3.11)
P s ()
where

(2.3.12)

Physically, the time constant 71_ 1is the time interval in which the gas

entropy is changed by a factor of 1l/e from its initial value.
Perturbations in bulk gas temperature and pressure are related to

perturbations in soot particle temperature by combining the time deri-

vative of the bulk gus energy equation (Eq. (2.1.20) with u = 0.0)

with the perfect gas law and Eq. (2.3.11) to show

t P K t -t
A=) oy A, sl sal =l
e\t (v-1) 3 3 A t, (2.3.13)

The slowest process in the burning of a soot particle controls the re-
action rate. Depending on the temperature and the particle geometry,
this may either be the diffusion of oxygen to the particle surface or
the chemical reaction rate at the surface. For this model, the chemi-
cal reaction rate is assumed to be slower than the diffusion rate
(Linden and Heywood (1971)). Consequently, it controls the oxidation
process. The soot is, for simplicity, assumed to be carbon. However,
evidence exists that the soot contains a few percent hydrogen which,

in practice, could be important. To model the chemical reaction of

El
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oxygen with the soot, an adsorption/desorption mechanism is used in-

volving the following sequence of reactions:

2
((302)a —e O+ 02

Xy
C+ (coe) —_—2 2%
a

where (COQ)a is a surface oxide (i.e., an 0, molecule adsorbed on the
carbon surfaces (Wright (1975), Simmons and Lewis (197T)).

This process may be followed by a gasification reaction which pro-
duces carbon dioxide (Wright (1975)). Only the initial production of
carbon monoxide is considered herein.

The following concentration equations can be written for the se-

quence of chemical reactions considered:

'&%[( )J 1[0] [( 2)3] - K, [(coz)a] (2.3.14)

- wlc] = [CO )] + K, [0,) (2.3.15)

The concentration of (002) is assumed constsui because a steady-state
a

condition is achieved where as much is created as is destroyed. Conse=-

quently, the time derivative of (002) is zero. Thus, the lefi side
a
of Eq. (2.3.14) can be set to zero, and the following expression for

the concentration of (002) is obtained:
a

i




[( 2)] K‘[fi] (2.3.16)

3

The carbon consumption rate, which equals the net rate at which mass is

added to the gas by a single particle per unit particle surface area, is

then given by

$-npd- B B 2 e

K2 + K K + K slt

=Kp
a 02

The following Arrhenius model chemical reaction rates (from Simons

and Lewis (1977)) vere determined empirically to fit a wide range of

data:
x3 = 9500 e'19'7°°/t kg/mz-sec (2.3.18)
K /R = 21072 71 00/t 4 o /h-sec (2.3.19)
= 5,5 107 e-38’7°o/t kg/ma-sec (2.3.20)

The rate of mass addition to the bulk gas per unit volume for soot par-

ticles having surface area a, is then

ng = naSKapog (2.3.21)

For a small perturdbation in surface temperature and oxygen particle

pressure, the resulting change in mass addition can be written as

P
nd =n¢_ +nd. =nak |1+ :9-E§9<3§*l P 1+ -234; (2.3.22)
o} 1 s a Ka dt to 02,0 Pg ]
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Thus, the mass perturbation term is given by

P
0 t mc'l
n‘l = (n“xgpo) po x dt to po (2-3.23)
2,0

This equation is rewritten as

where

T o= (2.3.25)
a
A = f‘- (2.3.26)

Y, = — (2.3.27)
and
t
=-2_3
C = K dt (2-3-28)

The external surface area per unit mass of a spherical carbon particle

of diameter ds is

2 2
( ) 4 (Q.) 2000 kS 1000 ds kg
3

AE=

Typical internal surface area per unit mass of coal char as measured

by molecular adsorption are 100,000 to 400,000 m2/ks for 100 u particles
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vwhich is four orders of magnitude greater than the external surface area
per unit mass (Simmons and Lewis (1977)). Consequently, the model cal-
culations made herein use internal surface areas per unit mass approxi-
mately four orders of magnitude greater than the external surface areas
per unit mass.
The oxidation reaction is
C+ % 02 + CO

The heat generated is given by

Q. = 2 nh - Z nh, -5%,); (2.3.30)

P R

The heat balance equation for a soot particle is then

N
é%'(mscsts,l) = -(Pwri) (T;g) K(ts,l - t*»,l) - Q.4 (2.3.31)

s

When all n particles are considered, Eq. (2.3.31) becomes

c t 'S t -1 n¢
s 8 (fsa) . faftaaten) P
s ¢ de(t ) T t ) £ (2.3.32)
P o S\ o 0
where
Q
- c
€= T (2.3.33)
o'p

The perturbation in the partial pressure of oxygen is related to the
mass source variation and the total pressure perturbation using the

continuity equations. The oxygen continuity equation is




aul lﬁ
% ‘0, . *Po, X "T™h 12 (2.3.34)
~ e -~ 9

for when a mass of carbdon, 01. is added to the gas the oxygen concen-

tration is reduced by 16 ¢/12. The bulk gas continuity equation is

2 2.
Y) pl + pO X n’l (2-3-35)

The velocity gradient is eliminated from Eqs. (2.3.34) and (2.3.35) as

follows:
1 ¢
? 9 - 'Jill )
Moo 1% te™ g %
(2.3.36)
ax po po 1] po po 0
2,0 2,0
Thus,
LT
i‘.i 14,.—-19-—— :-l-apl- 1 Ogll (2.3.37)
o 12 0 ° Ll Do 30
16 0 2,0

However, the oxygen and the bulk gas temperature are jdentical, and
the gas properties are assumed to be identical; that is, both behave
as perfect gases. Consequently, Eq. (2.3.37) can be written in terms

of pressure perturbations as follovs:

2
1+38y P
né 16 Yc p, Yo
1 —2]. (2. 2l (2.3.38)
oo\ 2 2 \P, ~ P, .
16 0, 2,9

Fquation (2.3.2L4) and the Fourier transforms of Eqs. (2.3.13),

(2.3.32), and (2.3.38) can be put in the following matrix form:




(6E°€E°2) o _
2
o'z [ 91 %
(1) 04 A »v WH 28 n_» . .
- e Pi-, T |t
0g e g ow_ ,,,
- §
M
‘ |
% o . 5 . 4, .‘_ Mw _
_, ° Aﬂm 5 Aaﬂ..vuuuu %
|
B4
[«
e IT&*Q = L ] = W‘.

-] 8
(T = A)(m=) | | peem 0 0 - _'.% . ?L




The solution is

.Y. = d-la (2030"0)

The mass source transfer function is found by using the solution
for Ql/oo obtained from Eqs. (2.3.39) and (2.1.28). The entropy
source transfer function is found using the quantities ¢ [thl/to] and
) [t,_,l/tol vhich were obtained from Eq. (2.3.39), the Fourier trans-
form of Lgs. (2.3.11) and (2.1.29).

In this section the response of a soot particle cloud to a pres-
sure perturbation was investigated. As a result equations were derived
for calculating the transfer functions relating a small change in mass
production, entropy production, and drag force to a small change in
pressure. The next section discusses typical dispersion and attenua-
tion curves calculated for sound propagetion in a liquid fuel droplet
cloud and in a soot particle cloud.

D. Sample Calculations

A typical dispersion curve and an attenuation curve calculated for
vaporizing fuel droplets by using the arbitrary parameters in Table I
are presented in Figure 2. The propagation velocity varies from 506
m/sec at low frequencies to the isentropic speed of sound (610 m/sec) at
high frequencies. The attenuation is greater than 3 dB/m above L00 Hz.

The relative importance of the transfer functions .l(w)/oo,
J(w)/cp. and f(‘n)/oocp in calculating attenuation and dispersion
using Eqs. (2.1.42), (2.1.L44), and (2.1.46) can be determined from Fig-
ure 3. The viscous drag transfer function, f(u)/poco. and the mass
source transfer function, ,l(w)/po. shown in Figure 3 have negligible

effects at combustion noise frequencies which are belovw 500 Hz. Conse-

quently, the entropy source transfer function determines the attenuation




TABLE I. - Parameters® used to calculate dispersion and attenuation

for the case of fuel droplets vaporizing

t,K.......

Ky Wim=X . . . ..

.
.
.
.

Pos ks/m3 .

c_, J/kg-K

Y * & 8 8 & s = s o

3
P kg/m” . . . .

J/kg=K . . . .
M e o o s ¢ o o
(Mw)g e e e e e
(MwW)

¥, kg/m=sec . .

an' m‘?/sec .« e e e

L * e 8 e e 2 e s e

.. 922.0
5.38/100"2
. . 0.378
. « 1100.0
N 0

.. 85,0

1100%10°
. . 28.97
114.0
3.66x10°°

L. skx10"°

K o o o o s o

v

HVL’ J/ks . .
na, , kg/m3. .

o m/sec . .

n, HVt/Tocp .

Be (M), / (M)

N e o o ¢ o o

mL, kg .« . .
KL NML/po. .

T’ sec . s .
T Sec .« . .
D!

TTL, sec

. . 5.13%10

... 0.05
. b.16x107
. . 0.0058
. . . €10.0
A 'S |
C . 3.9k
. 1.6bXI013
3.5ux107 17
. 1.5310"2
6

. 1.6Lx10"°

.. 1.18x107°

8Defined in Appendix A.
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and dispersion at low frequencies. Specifically, the viscous drag force
transfer function can be neglected below 1200 Hz. Above 1200 Kz the
entropy transfer function becomes less than the viscous drag force
transfer function and this accounts for the increase in the attenuation
shown in Figure 2 above 1200 Hz.

A typical dispersion curve and an attenuation curve calculated for
oxidizing soot particles by using the arbitrary parameters in Table II
are shown in Figure 4. for soot particle mass fractions of 0.015 (exam=-
ple 1, Table IT) and 0.001% kg/m> (example 2, Table II) and an oxygen
partial pressure of 0.05. The sound propagation speed varies from L4L0
m/sec for a mass fraction of 0.001% and from L20 m/sec for a mass frac-
tion of 0.015 at low frequencies to the isentropic speed of sound (610
m/sec) at high frequencies. The attenuation for a mass fraction of
0.015 is greater than 3 dB/m above L0OO Hz. However, it drops to less
than 1 dB/m for a mass fraction of 0.0014. It was also found that for
these cases the viscous drag force transfer function and the mass
source transfer function could be neglected at low frequencies.

In this chapter the , ropagation of a plane wave through a station-
ary gas containing a particle cloud of either liquid fuel droplets or
501id soot particles was studied. The fundamental governing equations
were discussed. In addition, sample calculations were made producing
typical dispersion and attenuation curves for both cases. Sample trans-
fer function calculations for the liquid fuel droplet cloud case were
also presented. The failure of the use of the isentropic sound propa-
gation speed to predict the frequencies of longitudinal duct resonance
modes is explained as being due to the presence of clouds of particles

which csuse the sound to propagate at a lower veloc.icy at combustion
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TABLE 1I. - Parameters used to calculate dispersion and attenuations

curves for the case of soot particles oxidizing

tr K. . . 922.0 Q, J/xg . . . .-3.637’(106
x, W/m=-K . 5.38’(10-2 AI' n2/kg . . e s h.G‘lOe
0, kg/m>. . .. 0.318 || o, w/sec . . ... 609.0
Cp, J/ks-x . 110000 [ Y Q/TOCP . * s e 0-3.585
Yoo D I K., kg/N-sec . 8.08x10710
[ J kg/m3 . . 1880.0 T &
s 7 ;\"?'—,r?- . .« » o« « 1T7.0
Cgo J/ks-m3 . . 3200.0 1

-15
L R 1.0><10.6 By kg . . - 7.87<10
M) ... 28.97 T, Se¢ . . . . 1l.1bx10”°

g . 28.

-6
u’ kg/m"sec . . 3.66x10-5 Ts’ SEC - . . - ]-Smlo
. 0.05 T, Sec . . . e 3.09*10-5
02

Example
3 2

n 7.36x10° 6.73x10%°
mm_, kg/m’ 5.8%1073 5.310°"
k., nm_/o 1.5%1072 1.4x1073
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noise frequencies. In the next chapter the propagation of a plane wave

through a moving gas containing a soot particle cloud is discussed.

Moreover, a model for the operating ducted combustor system will be

described which can be used to calculate in-duct pressure auto-spectra
’ and cross-spectra.

Symbnls Used in This Chapter

matrix

soot particle exterior area per unit mass, m2/k3
soot particle interior area per unit mass, m?/kg
soot particle surface area, m2

soot mass, kg

sound propagation speed, m/sec

isentropic speed of sound, m/sec

gas specific heat at constant pressure, J/kg-K
soot particle specific heat, J/kg-K

gas specific heat at constant volume, J/kg-K
diameter, m

internal energy, J/kg

particle force exerted on gas

viscous drag transfer function

frequency, Hz

heat-transfer coefficient, W/mg-K

(_1)1/2

effective chemical reaction rate, kg-N-sec
chemical reaction rate of the lth process

. -1
propagation wave number, w/co, m
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MAw)lo mass source transfer function

(M) molecular weight

n soot particle mass, kg

Nu, heat-transfer Nusselt number, Hd/x

n number of particles per unit volume

n,, ng number of moles

P pressure, N/m2

p02 partial pressure of oxygen, N/m2

Q heat transferred to gas from particles by convection

Qc heat generated by chemical reaction per unit mass of fuel,
J/xe

X gas constant

r particle radius, m

5 (m)/cp entropy source transfer function

s entropy of gas, J/kg-K

t temperature, K

G system forcing function

u velocity, m/sec

x Cartesian coordinate

.; system state vector

Y relative concentration, partial pressure ratio or density
ratio

a acoustic attenuation coefficient, dB/m

8 see Eq. (2.1.39)

Y specific heat ratio of gas

€ chemical heat parameter, Q_c/cpto

L chemical reaction rate parameter, (to/Ka)(dKa/dt)
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Superscripts
)
)
()

()

+
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time, sec

gas thermal conductivity, W/m-K

soot particle mass fraction, nns/po

gas dynamic viscosity, kg/m-sec

gas density, kg/m3

Stokes' relaxation time, m/6lrsu. sec

adsorption relaxation time, 1/A/K p , sec

soot particle thermal relaxation time,
(mscp)/hwra(NuH/ds)x, sec

Fourier transform operator

mass source rate

dispersion-attenuation propagation wave number factor

angular frequency, 2nf, radians/sec

and subscripts:

vector quantity

instantaneous quantity

downstream propagating

upstream propagating

adsorbed

carbon

heat transfer

molecular oxygen

reference state

particle

soot

perturbed quantity

in bulk gas far from soot particle




III. ACOUSTIC MODEL OF THE COMBUSTION DUCT SYSTEM

The effect of attenuation and dispersion on duct spectra measured
in a flowing confined gas containing soot particles is discussed in this
chapter. The analysis presented in the last chapter investigated atten-
uation and dispersion in a stationary, infinite bulk gas containing
particles. Consequently, the previous analysis must be modified to
take into account the presence of mean flow.

In the last chapter it was determined that the viscous drag trans-
fer function Sr(w)/ooco, and the mass source transfer function,
ul(m)/po, have negligible effects at combustion noise frequencies on
attenuation and dispersion. Thaus, the entropy source transfer function,
J(w)/cp. determines the attenuation and dispersion at low frequencies.
However, the entropy source transfer function, .J(w)/cp, defined in
Chapter I depends on terms related to the mass source.

In this chapter, it is assumed at the start that the viscous drag
transfer function, jf(m)/poco, and the mass transfer function,

,le)/po, have negligible effect at combustion noise frequencies on at-
tenuation and dispersion and that only the entropy source transfer
function, <I(w)/cp, is important.

In addition, the entropy source transfer function, .J(m)/cp, de-
fined in this chapter will be determined by assuming that the conse-
quences of soot particle surface oxidation can be idealized as produ-
cing a constant time-independ;nt soot particle temperature. Conse-

quently, the model presented in this chapter includes only the effect of

Lk
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heat transfer between the soot particles and the flowing gas. This as-
sumption ylelds a set of equations dependent on only a single time con-
stant. As a consequence, the equations can be formulated as a distri-
buted system parameter identification problem with a single unknown
time constant. The model described in Chapter I is more complex and
depends on more. parameters.

An extensive review of the distributed system parameter identifica-
tion problem is given by Polis and Goodsen (1976). Rather than using
any of the methods described by Polis and Guodsen to evaluate the un-
known time constant, it will be evaluated as follows. First, the solu-
tion to the problem discussed herein is approximated by the solution to
an acoustic wave equation. Then, the acoustic wave equation and its
solution are used to model the propagation in the duct system and to
calculate auto-spectra and cross-sgpectra. Finally, by comparing meas-
ured spectra and calculated spectra the unknown time constant may be
determined.

A. Analysis

1. Model Wave Equation

The mass transfer and the body force due to viscous drag are ne-
glected. Consequently, Egqs. (2.1.18) and (2.1.19) yield in non-
dimensional form the following one-dimensional continuity and momentum

equations relating small perturbations:

D(ol/oo)/Dﬂ + coa(ul/co)/ax = 0 (3.1.1)
D(ul/co)/DO + coa(pl/Ypo)/ax = 0 (3.1.2)

The energy equation derived by considering only the heat transfer

between the particles and the bulk gas is
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toDs/D8 = nQ (3.1.3)
vhere the heat transfer rate per soot particle from the particiec intc g

unit volume of gas is
& = (nr?) Oy /a,)e (R, - %) (3.1.4)

This equation is similar to Eq. (2.3.10). However, the total deriva-
tive appears in place of the time derivative since the gas has a mean

velocity. The total derivative is given by
D/De = 3/36 + u03/3x

where the first term on the right side is the temporal member and the
second term is the convective member in the x direction. When the mean
flow is zero, as it was assumed to be in the previous chapter, the con-
vective member is zero. However, even with flow, when the entropy is
constant the convective term is frequently neglected if the time to con-
vect a disturbance through the volume of interest is large compared with
the time required for a gquantity to change from a minimum to a maximum,
The entropy is not constant in this problem since the heat transfer be-
tween the soot particles and gas is taken into account. Therefore, the
effect on the attenuation and dispersion of the convective term and the
heat transfer term may be of the same order of magnitude, Consequently,
the convective term is included in the governing equations.

In deriving the small perturbation form of the energy equation the

soot particle temperature is assumed to be time-independent
to= b (3.1.5)

Consequently, for small perturbations the energy equation (Eq. (3.1.3))

yields
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D(sy/ey)/Do = =(eg/tglty 4/t (3.1.6)

-.0

Thus, the system model depends on a single time constant, rs/rs. This
time constant is the ratio of the heat transfer time constant to the
soot particle mass fraction.

These equations are simplified further using small perturbation
thermodynamic relations. The ideal gas entropy equation is, for small
perturbations using Eq. (2.1.8),

2.
°p

©
-

l

(3.1.7)

A
o]

h o
YPO

Also, using Eq. (2.1.5), for small perturbations the gas equation of

state is

P P t,
RS -t—-'i (3.1.8)
po po ®,0

Equations (3.1.7) and (3.1.8) are substituted into Eq. (3.1.6) to deter-

mine the response of the gas temperature to a pressure perturbation.

Thus,
s [ t K t

(1 =2.(.£L__1),_D_[.(l_'llp +_:.\.1.],_(_5.)_°bl (3.1.9)

D cp D6 YP, P, Do YP, 1 tw.o T, tv,o

From Eq. (3.1.9) the desired relation is
D “s\te,1 p [1-y\"
— —— et T - e — ..
=+ T3 o\ )3 (3.1.10)

s/ "=,0 )

To remove the density perturbation, Eq. (3.1.7) is substituted into

Eq. (3.1.1). Thus
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2 (2 _ A\, . a(4).
Do ("’o - cp)’ o ax (co) 0 (3.1.11)

Soiving Eq. (3.1.11) for D(sllcp)/ne yields

2 (:1) =L (—pl-) ‘e 3—(-‘-‘1) (3.1.12)
De cp Do YP, 0 X <,

Equations (3.1.2), (3.1.6), (3.1.10), and (3.1.12) are the funda-
mental model equations. These equations are next written in state var-
iable form using acoustic pressure, particle velocity, entropy, and gas
temperature as the state variables. Then a solution to the model dif-
ferential equation is derived.

2. State Variable Formulation

The system differential equation based on the small perturbation
approximation is discussed next. Equations (3.1.2), (3.1.6), (3.1.10),

and (3.1.12) are written in state variable form as

3 - 2 -
Asga+Bu Q¢ T =0 (3.1.13)
where
l1-v 0 0 1
0 1 0 0
A= (3.1.14)
0 0 1 0
1 0 -1 0
= -
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1=y 0 0 1
¢ /u° 1 0 0
Bw= (3.1.15)
0 0 1 0
I 1 c /u, -1 0 |
-
0 0 0 K /14
0 0 0 0
C= (3.1.16)
0 0 0 x /1
s
0 0 0 )
/R, ]
. ullcO
q = (3.1.17)
sl/c
- tm,l/tm'o -l

The state variable solution to Eq. (3.1.13) is assumed to have the

form

N

(ix Q)lx-iwe
q}(x.ﬁ) = nye® e (3.1.18)

£=1

Taking the Fourier transform in the time variable and the space varia-

ble of Eq. (3.1.13) produces a set of four homogeneous algebraic equa-

tions in four unknowns expressed by the following matrix equation
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[A(-iw) + B(ik f)u_ + C]Q[(-iw), (ikon)] (3.1.19)

A non-trivial solution to Eq. (3.1.19) exists if and only if the follow-

ing determinant of the coefficient matrix vanishes:

A(1 - ) 0 0 A+ -Ti
S
(i R)e, 4 0 ° J=0 (3.1.20)
0 0 A KS/TS
i A co(lxoﬂ) -A 0 ]
where
A - (-iw) + (ixon)uo (3.1.21)

Solving the determinant equation yields a third-order polynomial wave

number equation for (iKOQ),

- .
2
A .
(T—> 1 - (3.1.22)
c
o}
L
and a solution A = 0 which corresponds to a wavenumber
s o _ iw
KlKoQ)a u (3.1.23)

The roots of the third-order polynomial equation can be found numeri-

cally to great accuracy using an iteration method due to Muller (Conte
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and de Boor (1972)). For the data studied herein the Mach number is

lovw and a gocd approximate solution at all frequencies is

iw
(ik Q)0 = - 2., 24 (3.1.24)
; °'d Tsuo uO
s . i(m/cs)
a (ixoﬁ) =TT (3.1.2%)
i 8
- i(M/cs)
(ixoﬁ) =~ TTw (3.1.26)
s
where
o
Cq = (3.1.27)
| 1 e —{x=1)
} t
1+ (-iw) ;5)
s
and
: u
MS = 'c—" (301028)
8

| The state variable solution to Eq. (3.1.13) is expressed in terms

| of four one-dimensional normal modes with wave nunbers given by Eqs.
(3.1.23) to (3.1.26). Equations (3.1.75%) and (3.1.26) indicate that two
modes may be interpreted as acoustic modes corresponding to right and
left traveling acoustic waves. The remaining modes represent waves
traveling with the flow. The wave defived by Fq. (3.1.23) is atten-
uated. However, this is not true tor the wave defined by Eq. (3.1.24)

since 13/:9 is assumed to be small. Thus, the attenuation of the wave

o
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traveling with the flow calculated by substituting Eq. (e.l.2h4) into
Eq. (2.1.46) is very large and this wave is highly damped for the cases
considered herein. Consequently, this mode quickly decays in the com-
bustion duct system. The wave with wave number given by Eq. (3.1.23)
is assumed to have negligible effect on the system. Thus, the pressure
and particle velocity and the structure of the pressure auto-spectra
and cross-spectra are assumed to be determined only by the acoustic
modes.

The state variable differential equation (Eq. (3.1.13)) depends
upon four dependent variables: pressure, particle velocity, entropy,
and bulk gas temperature. In the next section the non-acoustic modes
are removed from this state variable differential equation. This pro-
duces an acoustic state variable system differential equation which has
two independent variables: pressure and particle velocity. However,
the new acoustic wave number solutions are identical to the previous
ones. The acoustic state variable system differential equation is
further simplified by use of a velocity potential function to create a
single one-dimensional differential equation. This is the equation
used to model the system.

3. Acoustic State Variable Formulation

The set of differential equetions which has only the acoustic mode
is obtained by neglecting the convection term, uoas/ax in Eq. (3.1.6).

As a consequence Eq. (3.1.9) becomes

o \c de Y P, ty o
b

S _ P t, Kty
d(_i)_.:-d_[ﬁl_ﬂ._i+__&]=_;§.rzl (3‘109)




From this equation the response of the bulk gasc temperature to a pres-

sure perturbation is

S t Y
4, 8) =, 4 (i-x) L (3.1.30)
IR NS I U N

Taking the Fourier transform in the time domain in Eqs. (3.1.29) and

(3.1.30) yields

(3.1.31)

and
s | S P
°[; ] i °[§;—} (3.1.32)
b p o)
where
S (w) 1-7y)
e < (3.1.33)
! L+ (=iw) =

The time Fourier transform of Eq. (3.1.1) is

(~iw) + u =|e O, 2. 0 (3.1.3k)
(=iw Y ax c, “o ax YP, - et

Substituting Eq. (3.1.32) into the time Fourier transform of

Eq. (3.1.12) yields

, Y u
E—im) tu, ;L] 1 - Ji§21]¢"-L' + e, éL' Ll 0 (3.1.35)
[& X (.p I-Ypo [N X CO

st i




A plane wave solution to Eqs. (3.1.34) and (3.1.35) can be obtained in

terms of a velocily potential, ¢, where

w == %¥ (3.1.36)
and
= 2 2
Pl = pO (ae + uO IxX " (3~1-37)

Substituting the time Fourier transform of Egqs. (3.1.36) and (3.1.37)
into Eq. (3.1.35) yields a new governing pertial differential equation

called the non-adiabatic velocity potential wave equation

2 2
—-d-— —(.i_ =
Lefv] = [(-iks) ‘M dx] ofv] - N elvl =0 (3.1.38)
where
CQ
= =TT (3.1.39)
cS [l _ J’(wl]l/c
°p
and
kK = = (3.1.%0)
5 ¢

S

The velocity potential solution is assumed to be proportional to
exp((ikoﬁ)x - iwd)). Substituting this solution into Eq. (3.1.38)

vields a wave number equation which has the acoustic wave numbers given

by Eqs. (3.1.25) and (3.1.26) as a solution. Consequently, the velocity
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potential wave equation solution consists of an acoustic wave traveling
upstream and downatream expressed as
(ik ) 'x (ik 0)7x
v=lae °  ape © [e7hu® (3.1.41)
In the following sections the use of the Fourier transform operator no-
tation is discontinued and all variables such as ¢, p, and u are
Fourier transformed variables. The following sections apply the acous-
tic state vector formulation and the velocity potential definition to
the study of sound propagation in the ducted combustion system.
B. Application to Ducted Combustion System
The analysis developed in the last section is now used to study the
spectral structure of pressure measurements made in the ducted combus-
tion system shown in Figure 5. The ducted combustion system shown in
Figure 5 consists of: (1) a source region inside the combustor can,
(?) a non-source region inside a spool piece and a long duct, (3) an
area expansiocn and contraction on either side of the spool piece, and
(4) a downstream boundary at the exit of the long duct and an upstreanm
- -undary at the combustor inlet.
The solution for the velocity potential in a non-source region is
given by Eq. (3.1.41). The velocity potential wave equation
(Eq. (3.1.38)) is assumed to apply in the source region with the addi-
tion of a source term G(w,Xx) on the right-hand side. Using the com-
bustor inlet and exit impedance as a boundary condition, aunique Green's
function solution for the velocity potential is found. The acoustic

pressure and particle velocity can be fourd from a velocity potential

solution using Eqs. (3.1.36) and (3.1.37). Conscquently, the acoustic
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pressure and particle velocity at the combustor exit can be determined
from the velocity potential so;ution in the combustor. The acoustic
pressure and particle velocity at the combustor exit can then be used
to find the acoustic pressure and particle velocity at any other point
in the ducted combustor system with foure=pole equations in transmission
matrix form derived using Eqs. (3.1.36), (3.1.37), and (3.1.41). The
combustor exit impedance can be calculated from the duet exit impedance
using the same four-pole transmission matrix equations. The transmis-
sion matrix approach is discussed by Parrott (1973, Lampton (1978),
Igarashi and Toyama (1958), Miwa and Igarashi (1959), and Igarashi and
Arai (1960).

Details of the mathematical models used in calculating the auto-
spectra and cross-spectra are presented in the following sections. The
next section discusses the source region.

1. Source Region

The acoustic state vector approach developed in the last section is
used to study the spectral structure of pressure measurements made in
the ducted combustion system. The linear non-homogeneous velocity po-

tential wave equation assumed to apply in the source region is
Ly = G(w,x) (3.2.1)

The boundary conditions at the combustor inlet and exit are, respec~

tively,

(3.2.2)

and

I s S
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o? oe™ (3.2.3)
oo oo 1

x=Lc

In the following anulysis, the combuslion noise source is assumed Lo be
acoustically compact in the x-direction. That is, the size of the
source region is assumed small in comparison with the length of the
waves generated. The volume source~distribution of monopole order con-

fined to the duct cross-section x = X, is written as

Glu,x) = C_#(w)8 (x - xg)( - nﬁ) (3.2.4)

Similar source descriptions have been previously applied by Mani (1978)
to a fan noise problem and by Morfey (1971), Ingard and Singhal (1975,
and Swinbanks (1975) to duct noise source problems.

Substituting Eqs. (3.1.38) and (3.2.4) into Eq. (3.2.1), and the
time Fourier transforms of Eqs. (3.1.36) and (3.1.37) into Egs. (3.2.2)
and (3.2.3) and some algebraic manipulation yields a mathematical prob-
lem that has the form of a general second-order Sturm-Liouville differ-

ential equation with unmixed boundary conditions:

Ly = - é%‘(c %ﬁ) + Iy = ECOJwa)G(x - xz) (3.2.5)
Zer ay
:ICI(O) = TS L vl (-iko)w =0 (3.2.6)
©o x=0
yA
, _ CI ay _ -
.ICE(LC) -{["o"o + Mo]dx + xko)w 0 (3.2.7)
x=L
c

where
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1 -
c =e 8 (3.2.8)
and
2
c=i-ik—’)— (3.2.9)

However, since the differential equation has complex coefficients the
operator £ 1is not self-adjoint or Hermitian.

Since the differential equation is not self-adjoint, the develop-
ment of a solution in terms of an orthogonal set of eigenfunctions is
more complex than obtaining a solution by constructing the Green's
function solution (see Swinbanks (1975), Morse and Feshback (1953),
pp. 884-886), and Kraft (1977)). The Green's function solution is con-
structed using the two initial value soluticns of the homogeneous egua-

tion

Lv=0 (3.2.10)
which satisfy Eqs. (3.2.6) and (3.2.7). This method is described by
Morse and Feshback (1956, pp. 523-530) and Friedman (1956) who apply it
to self-adjoint operators. The solution to Eq. (3.2.10) with boundary
condition riven by Eq. (3.2.6) is

(1kon)*x (ik_2)7x
Vor = 8le + RCIe (3.2.11)

where

o



3
2]
bt
+
x
g™
o0
+
[ ]
(™

Ret ® F = (3.2.12)

The solution to Eq. (3.2.10) with boundary condition given by Eq. (3.2.T)

is

(ix a)*x (ik ) x
° e © (3.2.13)

where

[, 2 .
CE +
(pc*Mo)n-l . -
00 ik (0 -0 )L
- (o] o]

R, = = = e (3.2.14)

Consequently, the Green's function solution to Egs. (3.2.5) to (3.2.7)

is given by
r
¥ (x, )0 (x)
CE'"L'"CI
—CoJf(w) W(xl) 0<x«< x, < L,
F(0,x,x,) =9 (3.2.15)
b (x, )W (x)
-C () LA _CE 0<x, <x<L
L o w(xl) 2 c
where W(x) is the Wronskian
dy ay
Wix) =y, —E - —<L (3.2.16)

I ax - YoE Tax
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Using the time Fourier transforms of Eqs. (3.1.36) and (3.1.37), the

pressure and particle velocity Fourier transforms at the combustor exit

are
P, " oo[(-iw) +u %]@(m,x,xl) (3.2.17)
X'Lc
and
u = - 39; fl(w,x.xz) (3.2.18)

Equations (3.2.17) and (3.2.18) define the acoustic state vector at the
combustor exit determined from the combustor inlet and exit boundary
conditions and the source spectrum. Relating the acoustic state vector
at the combustor exit to the acoustic state vector at any other point
outside the source region is done using an acoustic transmission matrix.
The acoustic transmission matrix is based on the solutioen to the homo-
geneous wave equation -nd it will be discussed next.

2. Duct Acoustic Transmission Matrix

The duct acoustic transmission matrix relates the acoustic pres-
sure and particle velocity at one point in the duct to the acoustic
pressure and particle velocity at another point providing neither point
is in a source region and the duct has a constant area. It is calcu-
lated as follows.

Substituting Eq. (3.1.41) into Egqs. (3.1.36) and (3.1.37) yields
the pressure and particle velocity equations

(1k 2)'x (1k @) x

P, = poco(—iko) a,,8e + algbe (3.2.19)

and

= Sewmn g R
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(ikon )*x ( ik @ ) x
u = (1k°) a,,8e + a22be (3.2.20)
where
+
8, " 1-M0 (3.2.21)
8, =1=Mp (3.2.22)
8, = ot (3.2.23)
and
8y, = 0 (3.2.24)

The integration constants a and b in Egqs. {3.2.19) and (3.2.20)
are determined by assuming that x = 0, p = p(0), and u = u(0) at the
upstream boundary and x = L, p = p(L), and u = u(L) at the downstream
boundary. As a consequence, the relation between the acoustic state

vector at x = 0, y(0) and the acoustic state vector at L, Y(L) is

Py %11 %] /P2
-+ -
Y(L) = = =[um n]x(o) (3.2.29)
1
u a (1,) u
1 u, 21 22) \'1/ .,
where y
(ix a)*L (ik 2)7L
a a e ° ¢ - 8 a e °
1% 12%21

. (3.2.26)

PN L
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o e e(1x°n) L. e e(u:on) L,
11712 11712
“,, = p.C — (302027)
: © o 811%20 ~ 82%2
) ~
. s e(1k°n) L, . (1k°n) L,
21%22 22%21°
a = (3.2028)
21 PoColay 85 = Bra s
and
+* -
s e(ikon) L. . .n e(ikon) L,

%11%2 T *21%12
Now that the transmission matrix between two points in a constant area
duct has been derived, it is necessary to discuss the transmission ma-
trix that applies across a discontinuity.

3. Discontinuity Transmission Matrix

The four-pole transmission matrix used at the Jjunction of two pipes
of different diameter {s based on an acoustic energy conservation law.
Various definitions for the acoustic energy in flowing fluids are given
by Morfey (1971), Mohring (1971), Candel (1975), Eversman (1979),
Tester (1973), and Bergman (1946). While none of these definitions is
applicable to a plane wave propagating through a soot particle cloud in
a flowing field, the method for finding an energy conservation equation
used by Morfey (1971) and by bergwman (19k6) is applicable. The rela-
tionship which has the form of an acoustic energy conservation law is

derived using Eqs. (3.1.34) and (32.1.35). A quantity corresponding to

acoustic energy flux is defined by
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N=Jf v (3.2.30)

where the acoustic energy per unit mass is

Ay =uy /e (3.2.31)
and the mass flux fluctuation rate is

vy = e w tup, (3.2.32)

If Eq. (3.1.34) is multiplied by w/co and Eq. (3.1.35) by ,lllcs, the

sum of the resulting second-order equations can be put in the form

oy E L, (N,
Co o0

where E represents an acoustic energy density

: 2
ORI O E
ci S cp %/ \"Ps/ \% cp YP,

(3.2.34)
R i | A
e = % —2(;—) (3.2.35)
oo c o
o
Integrating Eq. (3.2.33) over a volume yields
(~1iw) EL;Q av + f % ndo=o0 (3.2.36)
o© s

since

fv-%av=f¥‘-;do (3.2.27)

R
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The area discontinuity can be assumed to take place sharply at the junc-
tion of two pipes with different diameters causing the flowing gas to
undergo a sudden expansion or contraction. As a consequence of

Eq. (3.2.36), across the pipe discontinuity the acoustic energy is

constant
N(1)s(1) = N(2)s(2) (3.2.38)

To derive a transmission matrix across the discontinuity Eq. (3.2.38) is

rewriti-n as
Jl(l) = )'1(2) (3.2.39)

and

S(l)wl(l) s(e)vl(e) (3.2.40)

Algebraic manipulation shows that the acoustic state vectors on either

side of the discontinuity are related by

Y(x.) = [B_ ]Y(x,) (3.2.41)

o8 s s(1
1 D
5(2) o l°
t- [sm M, )]
(B ]= (3.2.42)

AT e 3 s
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The next section discusses the last step in formulating the model which

is the specification of boundary conditions at the combustor inlet and

the duct exit.

4. System Boundary Conditions

First, the boundary condition at the duct exit is discussed. Ex~-
perimental investigations of the evit impedance of flow duets reported
by Mechel, Schilz, and Dietz (1965) and Cummings (1978) show the duct
exit pressure reflection factor may be greater than unity. Theoretical
investigations reported by Lumsdaine (1977), Lumsdaine and Ragad (1977),
and Mungur and Plumblee (1979) show that the pressure reflection factor
is greater than unity because of the flow field at the duct exit. The
following empirical expression for IRI is given by Ingard and Singhsal
(1975)

(1-M) 1.33
IR] = 0.95 T M) kry < 0.5 (3.2.43)
o

where IRl is measured at the upstream end of a duct. In the case of Jet
exit flow, MO is replaced by -Mj (Lumsdaine (1977)). Yor the case
studied herein |R| is about 1.03.

The model calculations shown are made using the following combus-

tion duct exit pressure reflection factor

3

(1-M)f' v
= ¢ _ o 09
R = [R|e" = W) Tz (3.2.44)
PpC
o 0

the duct exit impedance is
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p_c v \Y

J.(v) 8,(v)
Z ”“[1_21“]_12 1’ (3.2.45)
o 0

Where

v = Ekrd/‘/ 1 - Mi (3.2.46)

Jl(v) is the Bessel function of the first order and first kind, Sl(v) is

the Struve function of the first kind and first order, and r is the

d
duct radius. The Quct exit impedance used was derived by Lumsdaine and
Ragab (1977) for a circular duct with flow having an open end fitted
with an infinite acoustically rigid flange. Again, in the case of Jet
exit flow, M, is replaced by -M_  in Egs. (3.2.44) to (3.2.46).

The other boundary condition is specified at the combustor en-
trance. To model the impedance the combustor entrance is taken to be
closed by a rigid circular plate at the entrance. This corresponds to a
zero particle velocity at x = 0. Consequently, the pressure reflec-
tion factor is unity at x = Q.

Now that the elements that are needed to calculate pressure auto-
spectra and cross-spectra have been described, the calculation proce-
dure will bte precented.

C. Calculation Procedurs

The following procedure is used to calculate the pressure spec-
trum. It is applied at each frequency as necessary to obtain the de-
sired spectrum. First, the exit pressure perturbation is arbitrarily
assumed to be one Pascal. Then using the duct exit acoustic impedance

based on the duct exit pressure reflecticn factor given by Eqs. (3.2.LL)

to (3.2.46), the particle velocity is calculated. Next, using the duct

N P T




transmission matrix and the area discontinuity transmission matrix as

necessary the acoustic state vector at the duct exit is used to find the
acoustic state vector at the combustor exit. The resulting acoustic
pressure and particle velocity are used to calculate the combustor exit
impedance.

The next phase uses this impedance, the combustor entrance impe-
dance, and a white noise source spectrum to determine the velocity poten-
tial solution in the source region. This velocity potential solution
is used to calculate the acoustic pressure and particle velocity at
the combustor exit due to the specified source and boundary conditions.

The last phase uses the duct transmission matrix and the area dis-
continuity transmission matrix as necessary to calculate the acoustic
state vector at any point in the duct from the acoustic state vector at
the combustor exit. The pressure auto-spectra at a given point is cal-

culated from

B (@) = ( p¥u,x,)p, (w,x;)) (3.3.1)

and the cross-spectrum between two points is calculated from

= ®(
Hij(m) ( pl(n,xi)pl(w,xj)) (3.3.2)
The pressure level at a given frequency is calculated from
PLi(w) = 10 log,4[H;; (w)] (3.3.3)

In this chapter the acoustic model which will be used to calculate pres-

sure auto and cross spectra has been described. The next chapter will

describe the experimental investigation.
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Symbols Used in This Chapter

A,B,C,D
a,b
a

E 4

E

T

9 (w,x,y)
Glw,x)
Hiw)

H

i

/

k

L.¥

PL

matrices

velocity potential wave equation coefficients
pressure and velocity wave equation coefficients
boundary condition operator

source spectrum coefficient

sound propagation velocity, m/sec

isentropic speed of sound, m/sec

gas specific heat at constant pressure, J/kg-X
diameter, m

acoustic energy density, J/m3

frequency, Hz

soluticon in source region

source term

source term coefficient

heat transfer coeffficient, w/mz-K

(_1)1/2

energy per unit mass, J/kg
propagation wave number, w/c_, m !

second order space differential equation operator
combustor length

Mach number, uO/c

soot particle mass, kg

heat transfer Nusselt number, Hd/«x

acoustic energy flux

number of particles per unit volume

pressure level, dB

H
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C 4
R

r

J(w)/cp
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2

pressure, N/m
heat transferred to gas from particles by convection
time and space Fourier transform of q
system state vector
gas constant, J/kg-K
reflection factor
radius, m
entropy source transfer function

2
area, m

entropy of gas, J/kg-K

temperature, K
velocity of bulk gas, m/sec
Wronskian
a
mass flux, kg/m“, sec
Cartesian coordinate, m
acoustic state vector
acoustic impedance, mks Rayles
duct transmission matrix element
discontinuity transmission matrix element
specific heat ratio of gas
time and space Fourier transform of D/D@
see kEq. (3.2.8)
see Eq. (3.2.9)
see BEq. (3.1.18)
time, sec

gas thermal conductivity, W/m-K

soot particle mass fraction, nm/p0




g

——

w

T

2 kr/(1 - )7

gas density, kg/m

soot particle thermal relaxation time,
mscp/hwre(NuH/ds)x

Fourier transform operator

reflection factor phase angle, deg

velocity potential function

velocity potential wave number factor

angular frequency, radians/sec

Superscripts and subscripts:

¢

(-P

)

time average

vector quantity

instantaneous quantity

upstream propagating

downstream propagating

wave propagating with flow
combustor exit

combustor inlet

exit of duct system

identifies an axial duct location
identifies source location
elements of a matrix

property of or due to soot particle
reference state quantity

perturbed quantity

property far from soot particle




IV. EXPERIMENTAL INVESTIGATION
A. Apparatus, Test Conditions, and Instrumentation

The test facility is shown schematical.iy in Figure 5. The com-
bustor consists of a J-U7 burner can placed concentrically in a 0.30 m
diameter by 0.77 m long flow duct. The combustor section is followed
by a 0.38 m diameter by 0.76 m long spool piece. This section is fol-
lowed by a 0.30 m diameter by 6.1 m long flow duct. A photograph »f
the test facility and test site is shown in Figure 6. The nozzle
shown mounted to the long duct in Figure 6 was removed for the tests.

The measurements discussed were made at an exit temperature of
approximately 920 K and at air mass flow rates of 0.5, 1.13, and 1.68
kg/sec. The corresponding air velocities at the exit of the long duct
were 18.5, 41.6, and 61.3 m/sec and the corresponding fuel flow rates
were 0.009, 0.018, and 0.027 kg/sec. The fuel-air ratio was about
0.02 for each test condition. Also, at each of these test conditions,
the fuel used was a Jet aircraft fuel called Jet A.

Simultaneous internal Tluctuating pressure measurements were made
at the three locations shown in Figure 5. One measurement was made in
the spool piece. Two measurements were made in the long duct, one Jjust
downstream of the spool piece and one near the nozzle exit plane.

The transducers used were conventional 5/8 cm diameter (nominal)
condenser microphones with pressure response cartridges. To preclude
exposing the microphones to the high temperature combustion gases in

the duct system, the microphones were mounted outside the duct. The

T2
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fluctuating static pressure at a given location in the duct system was
connected to a microphone by means of a "semi-infinite" acoustic wave-
guide tube which wus & very long pilece of narrow tubing. This design

eliminated longitudinal resonance and produces an anechoic connection

betwean the duct system and the transducers.

A drawing of a typical probe is shown in Figure 7. The micro-
rhone was flush mounted in the acoustic waveguide through a supporting
block and housed in a pressure chamber. Attached to the block were a
5/8 cm diameter sensing tube on one end and a coil of tubing of the
same diameter, 30 meters long, on the other. The diameter of the coil
was approximately 30 cm.

The sensing tube of each probe was flush mounted as a static
pressure tap at each measuring location. A regulated nitrogen purge
flow was maintained in each sensing line to protect the microphone
trom hot combustion gases, Since the signals from pairs of probes were
} to be useu to calculate cross-spectra, the regulated purge flow system
{ was separate for each probe. This prevented any common valve noise

from the regulator contributing to the cross-spectra. Static pres-

T T

sure was balanced across the microphone by means of a small vent hole
connecting the pressure chamber and sensing tube. A schematic of a
typical duct probe installation is shown in Figure 8. A photograph of
\ duct probes installed in the spool piece is shown in Figure 9.

The internal probes have previously been used for engine measure-
r, ) ments (Karchmer and Reshotko (1976), Reshotko, Karchmer, Penko, and
McArdle (1977). and Karchmer, Reshotko, aid Montegani (1977) and mea-
surements in a combustion component test facility (Reshotko and

Karchmer (1977). Probe Jdesign, frequency response, and operating char-

acteristics are discussed by Karchmer (1978).
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/—PURGE FLOW
REGULATOR
TAP

0.635 cm DIAMETER i
MICROPHONE - -~ §

=

SUPPORT BLOCK~

Figure 7. - Duct pressure probe,
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B. Data Acquisition and Processing

As part of the facility start up procedure, the microphones were
calibrated with a pistonphone which provided a standard sound pres-
sure level of 124 dB (referenced to 20 uPa) at 250 Hz. Microphone
signals were sent over shielded cable to a remote control room for am-
plification, signal conditioning, and recording on FM magnetic tape.
The tape recorder used was equipped with IRIG standard, intermediate
band, group II electronics, which provides a flat frequency response
to 20 kHz on both record and reproduce at a tape speed of 60 in./sec.
The dynamic range available was approximately 48 dB. All signals were
recorded on 120 second record lengths for later processing. Record
lengths of 120 seconds were used to obtain high statistical confidence
in the spectral data. Spectrum function confidence limits are de-
scribed in Appendix B. All measurement errors are determined by the

microphone response which is generally accurate to better than plus or

minus 1 dB. //

Operating conditions were monitored and recorded on the NASA
Lewis CADDE system (Central Automatic Digital Data Encoder). On line
data processing und analysis was limited to 1/3 octave-band spectral
analysis of the various pressure signals.

All auto-spectra and cross-spectra produced from pressure signals
were obtained by off-line processing of the taped signals on a twc-
channel, FFT {Fast Fourier Transform) digital signsl processor, with
built-in analog to digital converter and 120 dB/octave anti-aliasing

filters. The 99 percent confidence interval for the spectra computed

from the taped signals is shown in Appendix B to be better than plus

or minus 1.5 dB.

D e v
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The auto-spectra and cross-spectra considered herein are defined
as follows. The finite Fourier transform of time signals x(8) and

y(8) of the record length 0 is

0
X, (1) f x(8)e 1210 4o (4.2.1)
0

~C

0
Yo () f y(e)e'i?"fe ae (k.2.2)
0

The two one-sided auto-spectral density functions (also called power-
spectral demsity functions) and the single one-sided cross-spectral
density function obtainable from measurement of signals x(8) and

y(8) are defined by the following expressions

lim 2E

G () = =7 T [x8(e)x, ()] (k.2.3)
G, (1) = 5%—’3;35- [Y&(r)Yo (1)) (h.2.4)

_ _lim 2B
6 (0 =555 [ROG(N]

ny(f) + iQxy (k.2.5)

where E[ | denotes on expected value operation (Bendat and Piersol
(1971)). The auto-spectra are chown in the following figures in terms

of pressure levels referenced to 20 uFa defined as

N
ILX

"

10 10gIO{Gx(f)] (4.2.6)

PL

W

1]

10 1og10[Gy(f)] | (L.2.7)

e




80

The cross-spectra are shown in the following figures in terms of pres-

sure levels referenced to 20 uPa and phase angles defined as

PLn(f) = 10 logw{(tiy(f) + Qiy(f)} (4.2.8)
¢ (f) = tant -qﬂ(—y(f) (4.2.9)
= an . .
xy ny f

C. Measured Pressure Auto-Spectra and Cross-Spectra

Constant bandwidth pressure auto-spectra and cross-spectra mea-
sured in the spool piece, near the entrance of the long duct, and near
the exit of the leng duct are shown in Figures 10 to 13. The spectra
at each location have a different structure. However, at each loca-
tion, the structure of the measured spectra is similar for each test
condition. For example, the location of resonance peaks and dips in
Figures 10 to 12 is nearly the same for each operating condition. At
each location and for all test conditions the peaks and dips tend to
be sharper at the low frequencies and broader at the high frequencies.

Constant bandwidth pressure cross-spectra measured across the
area contraction at three test conditions are shown in Figures 13(a),
‘b), and (c), respectively. Both magnitude and phase arc shown. The
location of the resonance pesks and dips in th~ magnitude plot of the
cross-spectra is nearly the same at each test condition. Also, the
peaks and dips again tend to be sharpter at the low frequencies and
braoder at the higher frequencies.

The phase plot can be characterized as neither just a negative
sloped straight line due to a time delay nor Just a curve that varies

abruptly between 0 and 180 degrees in a regular manner that would be
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Figure 10. - Pressure auto-spectra measured in spool piece.
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Figure 11 - Pressure auto-specira measured near entrance of long
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Figure 12 - Pressure auto-spectra measured near exit of long duct,
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Figure 13. - Pressure cross-spectra measured across area
contraction,




due to the presence of waves having approximately equal magnitudes but
opposite sign travelling upstream and downstream. Instead the phase
plots show both tendencies with the time delay tendency dominating at
the higher frequencies.

A large peak appears above 200 Hz in the auto-spectra and cross-
spectra measured at air mass flows of 1.13 and 1.68 kg/sec. These
peaks appear at such high frequencies that they cannot be related to
specific duct resconance harmonics. These peaks may be due 1o a feed-
back resonance between the combustor and the duct. They are not ana-
lyzed herein.

In the next chapter calculated suto-spec.ra and cross-spectra will
be compared with the measured auto-spectra and cross-spectra discussed
in this chapter.

Symbols Used in This Chapter

ny real part of cross-spectra

E[ ] expected value operator

f frequency

Gx auto-spectra of x signal

Gy auto-spectra of y signal

ny cross—-spectra between x and y signals

i (-1)Y?

PL pressure level

Qiy imaginary part of cross-spectra

Xe(f) finite Fourier transform of x time signal
x(#8) x time signatl

Ye(f) finite Fourier transform of y time signal
y(e) y time signal




o T

86
0 record length, sec
0 time, rec
¢xy cross=npectrum phase angle
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V. COMPARISON WITH EXPERIMENTAL DATA

The single time constant model discussed in Chapter III is used
now Lo calculate auto-spectra and cross-spectra at locaticns which cor-
respond to the locations of the measured auto-spectra and cross-spectra
presented in Chapter IV. The parameters used to calculate the mass
fraction and soot particle relaxation time used are given in Table III.
The value of the soot particle relaxation time is considered to be
1.5’<10-6 sec for all cases. The time constant, rs/xs, used in each ex-
ample then is due to the presence of different soot particle mass frac-
tions as shown in Table III.

For a wave propagating downstream and for the time constants given
in Table IIT, the sound propagation speed and attenuation calculated by
substituting Eq. (3.1.25) into Eq. (2.1.44) and Eq. (2.1.46) are -aown
in Figure 14, For a time constant of 1.0 sec, the sound propagation
speed is 610 m/sec which is the isentropic sound propagation speed.

The sound propagation speed is above 600 m/se. above 50 Hz for a time
constant of 0.010 sec. However, for a time constant of 0.001 sec, the
sound propagation speed varies from the isothermal speed of sound prop-
agation, 510 m/sec, to the isentropic speed of sound at high frequen-
cies. For a time constant of 0.0001 sec the sound propagation speed is
the isothermal speed of sound below 340 Hz.

For time constants of 1.0, 0.010, and 0.0001, the attenuation is

less than 0.5 dB/m at most frequencies below 340 Hz. However, for a

87
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due to soot particle-gas heat transfer

TABLE III. - Parameters used to calculate dispersion and attenuation

t, K

, W/n-k .
P, kg/M3 . o

J/kg=-K . .

kg/M3 .

m « » =+ » o

ti/sec .

e o = @

s & s

. 0.3u2x10°

. 3.15%10°%

.« . 922.0

5. 38x10™2

0.378

1100.0

1.k
.. 10

6

. . 609.0
6

m,kg ...
1 sec . . . . 1.5X10-6
Example
1 2 3 k
Isothermal Mixed Adiabatic Adiabatic
D
n, number/m> 1.8x10%3 1.8x10%° 1.8x10%1 1.8x1013
nm_, gm/m3 5.67 0.567 0.0567 5.67x1o'h
Ko Nms/pO 1.5x10’2 1.5x10‘3 1,5x10’h 1.5x10’6
1 /x_, sec w107 1x10”3 1x1072 1.0
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Figure 14, - Calculated attenuation and dispersion.
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time constant of 0.001 sec, the attenuation is greater than 1 dB/m
over the frequency range of 150 to 340 Haz.
A. Auto-Spectra

Celculated auto-spectra are compared with auto-spectra measured
vith a mass flow rate of 0.5 kg/sec in Figures 15 to 18. Auto-spectra
calculated with 1 /c_ = 1.0 sec and 0.001 sec for the location in the
spool piece upstream of the area contraction are compared with auto-
spectra measured at that location in Figures 15(a) and (b). For
ts/zs = 1.0 sec, the sound propagation speed is isentropic und the at-
tenuation is negligible. Consejuently, the dashed curve shown in Fig-
ure 15(a) presents the result which would normally be predicted. The
calculated dips and peaks shown in Figure 15(a) are in different loca-
tions than the cnes measured. Also, the dips an. peaks are *harp at
all frequencies while the measured dips and peeks are sharp only at the
low frequencies.

However, for Ta/"s = 0.001 sec, the calculated dips and peaks are
in better agreement with the measured dips and peaks. In addition, the
dips and peaks are sharp at low frequencies and broad at high frequen-
cies in excellent agreement with the measured spectra. The improve-
ment in the position of the calculated dips and peaks is due to the
sound propagation speed calculated with the time constant of 0.0C1 sec.
This time constant producer the nonlinear behavior ¢f the sound propa-
gation spe~d whith compresscs the aute-cpectra curve chown in Fipure
15(x) in & non-,inear fashicn. Furthermore, the ~haunge in time con-
stapts from 1.9 to 0,001 cee, changes the cpectral ctructure from have-
ing sharp peuks i dipe a4t wil requenci~s o having, sharp peaks and

dips at inw trequencie. und broad peaks and iipr 2t high frequerciecz,

L e
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Figure 15. - Comparison of measured and calculated auto-spectra
in spool piece (u, = 18.5 misec).
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Figure 16. - Comparison of measured and calkculated auto-spectra
near long duct entrance (u, = 18.5 misec).
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Neasured auto-spectra at the location near the long duct entrance
dowmstream of the area contraction are compared with auto-spectra cal-
culated using time constants of 1.0 and 0.001 sec in Figures 16(a)
and (b), respectively. Again, calculations made using the 0.001 sec
are in better agreement vith the measured data.

That using the isothermal speed of sound propagation sather than
the isentropic speed of sound propagation in model calculations does
not produce auto-spectra which agree with measured auto-spectra is
shown in Pigures 17 and 18. In these figures measured and calculated
spectra near the entrance and near the exit of the long duct are com-
pared. Auto-spectra calculated using a time constant of 0.0001 sec,
vhich produces little attenuation and an isothermal sound propagation
speed below 340 Hz, are shown in Figures 17(c) and 18(c). The calcu-
lated curves are compressed versions of the curves shown in Figures
17(a) and 18(a) which are calculated with a time constant of 0.0l sec
which produces little attenuation and an isentropic sound propagation
speed above 80 Hz. Neither the curves calculated with a time constant
of 0.01 sec or 0.0001 sec are in as good agreement with the measured
data as the curves calculated using a time constant of 0.001 sec shown
in Figures 17(b) and 18(b). The changes with mass fraction sppear
graphically in the form of stretching or as a vompression of the basic
structure. TheSe changes were easy to recognize but proved difficult
to simply explain.

In summary, the single time constant model developed in Chapter III
provides a simple, elegant theory which explains the spectral structure
of the measured auto-spectra. In addition, the next section shows it

also explains the structure of the measured cross=~spectre.




B. Crosa-Spectra

The cross-spectra calculated using time constants of 1.0 and
0.001 sec are compared with the data measured for u, * 18 m/sec in
Figure 19. The model calculations made using a time constant of
1.0 sec shown in Figure 19(a) produces a cross-spectra which does not
look like the measured cross-spectra. However, the cross-spectra cal-
culated using a time constant of 0.001 sec shown in Figure 19(b) does
resemble the measured cross-spectra. The peaks and dips in the cross-
spectra magnitude calculated using a time constant of 0.001 sec are
close to the locations of the peaks and dips in the measured cross-
spectra. In addition, the structure of the measured and calculated
magnitude curves is similar. Furthermore, the phase angle calculated
using a time constant of 0.001 sec and shown in Figure 19(b) is in ex-
cellent agreement with the structure of the measured phase angle.
C. Mean Flow

Calculations made using a time constant of 0.001 sec with three
di fferent mean flow velccities are shown in Figure 20. The calculated
pressure level at the exit of the long duct changes slightly with the
mear, flow speed at the low frequencies. While the change is greater
at the higher frequencies it occurs predominantly in the spectrum
level and not in the frequency location of the peaks. Consequently,
these changes could not be observed in the measured spectra. Howvever,
the measured spectra shown in Figure 11 for the three flow velocities
have similar trends at low frequencies. Accordingly, the spectra mea-
sured at the higher duct exit flov velocities are also in fair agree-
ment with the model calculations made for the time constant of

0.001 sec.
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D. Discussion

Ko attempt was made in this investigation to determine soot part-
icle size or mass concentration. Data in the literature indicate that
typical soot particle diameters range from 0.05 to 1 um (Linden and
Heywood (1971)). Smoke concentration ranges from 0.53 to 5.8 gm/m3
in the primary combustion zone and from 0.00018 to 0.015 gm/m3 at a
combustor exhaust station were found by Norgren (1971). Besides being
a function of position in the combustor, smoke concentration was found
to be a function of combustor model, fuel-air ratio, and operating
pressure by Norgren (1971).

1. Spectra Structure

The spectral structure for a given operating temperature and a
given geometry is determined by the value of the ratio of the soot par-
ticle thermal relaxation time to the mass fraction. Using Eqs. (2.3.9)
and (2.3.12) and the parameters in Table III, the soot particle concen-
tration can be calculated from the soot particle radius for a given

value of this time constant by

nn_ = h.BbXIog(ri)/Qrs/xs), sm/m3 (5.1)

This function is plotted in Figure 21 for three values of the time con-
stant. Also shown in Figure 21 is the smoke number for a given soot
particle concentration as given by Norgren (1971). The circled point
in Figure 21 at r_= 0.342 ym and (nms) = 0.567 gm/m3 corresponds to
the value in Table III for rs/xs = 0.001 sec which produced the spec-
tral structure that most resembled the measured structure. This par-
ticular point may be unrealistic since it corresponds to a large

smoke number. However, any point on the TS/KS = 0.001 sec line would
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also produce the same spectral structure. Consequently, these results,
to this extent, are independent of the parameter in Table III. Unfor-

tunately, this also means thst the method cannot independently de used

to estimate the soot particle radius or mass concentration.

Figure 21 also indicates how the sound propagation speed varies
with soot particle radius and mass concentration at combustion noise
frequencies. The sound propagation speed can be determined from Egs.
(2.1.44) and (3.1.25) to (3.1.28). The sound propagation speed is iso-
thermal at frequencies for which (wtslrs) is less than unity. Conse-
quently, sound propagates isothermally at frequencies less than a cor-
ner or break frequency, f, given by

£ = =t (5.2)
Above the corner or break frequency the sound propagation speed is
changing from isothermal to isentropic. Along curves A, B, and C
the break frequencies are, respectively, 15.91, 159.1, and 1591 Hz.
For a time constant of 0.01 sec, corresponding to curve A in Fig-
ure 21, the speed of sound propagation exhibited in Figure 1k is less
than 5L0 m/sec at frequencies below 15.91 Hz. Also, for a time con-
stant of 0.001 sec, corresponding to curve B in Figure 21, the speed
of sound propagation exhibited in Figﬁre 14 is less than SLk0 m/sec at
frequencies below 159.1 Hz. Consequently, at combustion noise frequen-
cies, in the region above curve A in Figure 21 the sound propagation
speed calculated is isentropic. In the region below curve C the cal-
culated speed of sound is isothermal., However, along curve B a
mixed speed of sound propagation occurs at combusticn noise frequen-

cles.
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The maximum amount of attenuation is difficult to determine from
Eq. (2.1.46). However, it is possible to determine the frequency
vwhich maximizes the phsse angle of (ikno). The attenustion at this
frequency is about 54 percent of the maximum attenuation. Substituting
Eq. (3.1.25) into Eq. (2.1.46) and maximizing the phase angle shows
the phase angle maximum attenuation at any operating temperature, for

M= 0.0, occurs at

1/2
foax * BT, (5.3)
The phase angle maximum attenuation at this frequency is
rmax
Cpax = 4. 96 -?i:-, dB/m (5.4)

Thus, along curves A, B, and C in Figure 21, the phase angle maxi-
mm attenuation occurs, respectively, at 18.83, 188.3, and 1883 Hz and
is, respectively, 0.15, 1.53, and 15.3 dB/m. The attenuation i5, re-
spectively, 0.2846, 2.846, and 28.46 dB/m &t f = 1.0x10°°.

The measured spectra shown in Figures 10, 11, and 12 may have
similar structure at each operating condition because the value of the
ratio of the heat transfer time constant to mass " raction did not
change much with operating condition and was approximately 0.001 sec.

On the other hand, if the broad peak above 200 Hz, which occurs
in the measured spectra taken with long duct flow velocities of Ul.6
and 61.3 m/sec, is due to feedback between the duct acoustics and the
combustion process, then its occurrence at these operating conditions

may be due to a decrease in acoustic damping of the lcngitudinal waves

due to a change in soot mass fraction or radius at these operating




conditions. This poasibility suggests that soot puriicles can dbe used
to control certain types of combustor instability by attenuating pres-
sure oscillations at eritical frequencies.

2. Model Assumptions

In Chapter III the soot particles are assumed to have a uniform
temperature and no mass loss because these simple assumptions produced
theoretical results which agreed with measurements, because they
greatly simplified the analysis and because more complicated assump-
tions did not produce better models. The actual effect of a pressure
perturbation on the temperature and mass equililirium between a liquid
or solid particle and a gas is a complex problem depending on at least
the following influences:

1. Convective heat transfer to or from the particle.

2. Heat transfer within the particle.

3. Mass transfer to or from the particle.

4. Surface chemical reactions on a soot particle.

5. Liquid-vapor phase transitions of a droplet.

6. Radiative heat transfer.

Radiative heat transfer is not an important factor in this case because
the combustion duct operating temperatures are low.

Many models can be constructed which describe this problem for a
soot particle. As an example, it is possible to analyze this problem
by assuming instantaneous heat transfer within the particle and by
using a pressure and temperature dependent surface chemical reaction
vhich effect heat and mass transfer as was done in Chapter II. Ti::

model is complex and depends on many parameters.
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In Chapter III the particles are assumed to have a uniform tem~
perature. This is assumed to be due to some unsperified pressure and
temperature dependent surface chemical reaction. The model developed
is dependent on only a single parameter, the ratio of T to Ky

It is possible to analyze this problem by ignoring surface chemi-
cal reaction effects on heat and mass .t..'ansrer and by assuming in-
stantaneous heat transfer within the particle. The resulting thermal
relaxation time for a l-um particle iz about 0.3 usec which shows that
this type of particle quickly follows any temperature change and does
not have a constant time independent tempereture. However, experi-
ments shov that smoke concentrations of soot particles are reduced as
soot travels from a measuring rtation at the primary combustion zone
to one at the combustor exhaust (Norgren (1971)). Consequently, sur-
face chemical reactions cannot be ignored. Further study is needed to
discover what assumptions are best for analyzing this problem.

Symbols Used in This Chapter

t'b corner or break frequency, Hz

tw frequency of phase angle maximum, Hz
*nax

phase angle maximum attenuation, dB/m




VI. SUMMARY AND CONCLUDING REMARKS

In Chapter I, the motivation for the combined experimental and

analytical program described in this dissertation is established. Spe-

cifically, the importance of combustion noise in future aircraft design
is indicated. Current approaches to combustion noise research are dis-

cussed. Next, the need to study the propagation of combustion noise is

established. Then the topics investigated herein are specified as be-

ing concerned with answering the following two questions:

(1) what is the wave equation in an operating ducted combustion
system?

(2) What formulation of the solutior. to the wave equation provides
an acceptable mathematical model of an operating ducted combustion sys-
tem?

Finally, the available work of ii.crest in these areas is discussed.

In Chapter II, the plane wave equation as modified for the re-
sponse of a fuel droplet cloud or a soot particle cloud is discussed.
It is shown that al low frequencies sound can propagate at speeds near
the isothermal speed of sound.

In Chapter I1II, an acoustic model of the combustion duct system
which depends on a single time constant is presented. This chapter
describes the use of a two-port transmission line using transfer ma-
trices to represent sound propagation in the homogeneous differential

equation solution region of an operating ducted combustion system. The
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use of an approach based on construction of the one~dimensional Green's

function in the non-homogeneous region is discussed.

Chapter IV first describes the experimental hardware, instrumen-
tation, and frequency domein representation. Next, measured auto-
spectra and cross-spectra are presented. Briefly, the ducted combus-
tion system consisted of a J-U7 can combustor, followed by a short
spool piece, and then by a long duct. Fluctuating pressure measure-
| ments within the operating ducted combustion system were made with

specially constructed "semi-infinite" wvaveguide probes, with conven-
tional microphones being used as the pressure transducers. The data
obtained fram these probes vere off-line processed on a fast Fourier
transform digital signal processor. The processor was used to obtain

pressure level spectra as well as cross-spectra between internal pres-

|
i
;

sure measurements.

In Chapter V the measured auto-spectra and cross-spectra are com-
pared with the calculated auto-spectra and cross-spectra and the re-
sults are discussed. Auto-spectra and cross-gpectra calculated using
a time constant of 0.00] sec in the model developed in Chapter IIT are
in excellent agreement with the measured auto-spectra and cross-
spectra.

B, Recommendations for Future Work

The experimental data obtained in the present study support the

idea that combustor emissions in the duct act as the primary mechan-
ism producing the attenuation and dispersion of combustion noise in
this operating liquid fuel combustion system. However, combined
acoustic and combustion measurements need to be made if the theory is

to be compared with the experimental data. Thus, this is an area

[N




vhere continuing research efforts should be directed. Unfortunately,

ansvers to the many remaining questions will probably be found only
through multidisciplinary research.
C. Concluding Remarks

The usefulness of a single parameter linear system model to de-
scribe the dynamic behavior of an operating ducted liquid fuel combus-
tion system has been established. When allowance is made for disper-
sion and attenuation effects and the boundary conditions are properly
specified good agreement between measured and analytical spectra and
cross-spectra is achieved. However, it is not clear if these results
can be related or applied to actual engines. For example, the design
of liners or suppressors for combustion noise reduction obviously re-
quires knowledge of the appropriate wave equation and the correct prop-
agation speed of sound. (Clearly, if dispersion and attenuation due to
soot particles or liquid fuel droplets occurs in actual engines at low
frequencies it must be taken into account. However, the propagation
speed of sound at low frequencies in actual engines is unknown.

Finally, as stated in the INTRODUCTION, the objective was to use a
dynamic system state-space approach to study the operating ducted com-
bustion system. The measurement techniques described herein, as well
as these mathematical methods have been available for many years. It
is the bringing together of both in a unified research program in & new
area with practical objectives that lead to this work making a major

contribution to the study of combustion noise.




APPENDIX A
RESPORSE OF THE FUEL DROPLET CLOUD

The purpose of this appendix is to discuss the derivation of the
transfer functions 4 (w)/p  and J(w)/cp for the case of sound
propagation in a liquid fuel droplet cloud following the approach used
by Marble and Candel (1975) for sound propagation in a water droplet
cloud.

The following assumptions are made:

1. The fuel drop is spherically symmetric.

2. Convection corrections can be obtained with experimental cor-
relations.

3. Fluid properties are assumed constant with the property values
determined at an appropriate reference condition. The liquid fuel is
assumed to be a single pure component.

4. The relationship between the gas phase fuel concentration and
liquid fuel droplet temperature is given by the vapor pressure corre-
lation for the pure 1liquid, i.e., the Clausius-Clapeyron equation.

S. The ambient gases have negligible solubility in the liquid
phase and only the fuel vapor is diffusing from the surface.

6. The radial motion of the liquid surface is assumed to be
small.

7. Heat transfer by radiation is neglected.
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8. Mass diffusion is represented by an effective binary diffusion
law corrected for convection, and the Dufour effect is neglected in the
heat flux (Bird, Stewart, and Lightfoot (1960), and Welty, Wicks, and

Wilson (1969)). The diffusion coefficient is calculated from

- -7 3 1 1 2 2
DAB 1.8583x10 }/t (m*m) Pvu»n/sec (A-1)

and the diffusion Nuasselt number is given by

1/2861/3

Ruy = 2 + 6 Re (A-2)

9. Reaction effects such as fuel oxidation are negligidle.

10. Heat transfer is calculated using the Chapman-Ensog formula for
the thermal conductivity of a monatomic gas at low density at tempera-
ture t corrected for convection (Bird, Stewart, and Lightfoot (1960),

and Welty, Wicks, and Wilson (1969)). The thermal conductivity is cal-

= 8.322hx10-2 V—(-)%-)-/cenk. watt/mK (A-3)

and the heat transfer Nusselt number is given by

culated from

Nu, =2+ 6 ReI/EF’rl/3 (A-4)

Surface tension and surface charge corrections are omitted.

11. The fluid in the drops is rapidly mixing creating droplets of
uniform temperature.

12. The mean flow velocity is neglected in the vapor and bulk gas

continuity equations.
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A perturbation in pressure causes a perturbation in the bulk gas

temperature, t. 1° the fuel droplet temperature, t_, the mass source,

P
01. and the partial pressure of the fuel far from the drop, Pv,ﬂ,l‘
The following system of equations is derived to relate these perturba-
tions. This common factor is dropped henceforth.

The bulk gas energy equation will be considered first. Since the
heat conducted from n liquid fuel droplets of radius rL into a unit
volume of gas having thermal conductivity x by a convective heat
transfer process with Nusselt number NuH is equal to the product of

temperature and the rate of entropy rise, the bulk gas energy equation

is
Nuy
Yo 'E = “(l‘" ) g, “tvrn T te) (A-5)
This can be written as
_Q_ i fla- tV'Lnl t‘:l (A‘G)
ae cp T, to

vhere the fuel droplet mass loading is given by nmL. the fuel droplet

mass fraction, Kp s is
=nm /o (A=T)

and the fuel droplet thermal relaxation time, Ty is

T, = mc //[hwr :(Nuﬂ/2 (A-8)

Perturbations in bulk gas temperature and pressure are related to
perturbations of fuel droplet temperature next. A small perturbation

expansion of the perfect gas state equation (Eq. (2.1.5)) yields
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°1/°o = p,/p, 1/t (A-9)

t
®y

Equation (A-9) is then substituted into the zero mean flov, small per-
turbation form of the ideal gas entropy equation (Eq. (2.1.8)) to
eliminate the density perturbation. Finally, the time derivative is
taken and the bulk gas energy equation (Eq. (A-6)) is used with the

result that

4l Al aja-nh by =£_s_)_f_r_,_ =Lyl " bea
t

ae Ypo P o ae Y po to de cp TL o

(A-10)
or in terms of the liquid mass fraction and thermal time delay

\ t p
A=) o L gy S ). LfVeLd | e, -
‘_ dﬂ(t (r=-1) ol5p) = = y (A-11)

The discussion so far has neglected the mass source term, 01' The

first step in introducing this term is to relate perturbations in vapor
r pressure, fuel droplet temperature, and mass flux to pressure pertur-
bations. The time rate of change of the droplet mass is governed by
the rate at which the fuel vapor can diffuse into the background gas.

Thus,

D Yy - Y
d £ 3 - 2 vs V"L V a - 1
ae\3 "L"L) = brrpeg a N“D( 1-Y, > T n (A-12)

The mass of vapor entering a unit volume occupied by n droplets is

in terms of the partial pressure

H“DI;’V L~ Py

¢ = nhﬂl‘ LP pv- (A-13)




For a small vapor pressure perturbation

P=p *P (A-14)

a small mass addition occurs

R EN (A-15)

vhere

Up\ (Py-1,1 " Py,=
¢, = nlwr o ODVSG?)( "'Lpo A (A-16)

The Clausius-Clapeyron equation is used to relute the fuel vapor

pressure perturbation to the fuel droplet temperature perturbation as

follows:
typ =t * tV—L,l (A-1T7)
Py.n,1 Hy-L By ()py
Lotk -1yt @ (A-18)
V-L,1 ‘“o'"'Pg P c L
since
1/98 >> 1/pf (A-19)
and
@t
Py.o = Py ﬁ"ﬂo— (A-20)
’ v

Substituting Eqs. (A-17) and (A-18) into Eq. (A-16) yields

) Up\ [ By Py o Ly Pyen
0l - nh”erDVg<?§— "?!I; P, to - P, (A-21)




113

Now, with the following thermodynamic relations:

ey = oy = Q/(m)g (A-22)
y= cp/cv (A-23)
K 4
Yy=-1l=7020= T-If!—-' (A-24)
R

Eq. (A-21) can be written as

() e o (M) | Py |t (_L_(MVEL.;_."V_.;-LI
L Py n DVg 2 P, tocp - Zuwig to pv’°

(A-25)
or as
% x g Pvea
=== =Y 8B "o (A-26)
0 D Y o pV,o
vhere the fuel droplet mass fraction, Ky is again given by
K, = am/e (a-27)
the molecular weight ratio of vapor-to-bulk gas, B, is given by
(),
B = -(-M;’-’—s' (A-28)
the latent heat parameter, n, is given by
Hv_
n = —=b (A-29)
tc
op

and the diffusion relaxation time, T is given by
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L

The fuel droplet energy equation involves the mass flux perturba-
tion as follows. The time rate of change of a fuel droplets energy is
equal to the instantaneous difference between the convective heat input

and the heat required for surface vaporization. Thus,

4 (s ,3 4
38 [(3 “rL)chLtV-L,l] = 2e1™1oLty-1,1]

.

2V
= -lrr? T elbyy - t,y) - By 4 L "13:"1,) (A-31)
or
3 t
K, cL ;8 V;L,l - /‘V-L,lt 1) _ (A=32)
P o T.L\ (o] o
where

1 =_m£2__ (A-33)
T,L A 2(""1[)(
ﬂr —
d'L

The fuel vapor mass source perturbation is related to the fuel
partial pressure perturbation and the total pressure perturbation as
follows. From the vapor continuity equation

3
2
20 °v,1 Y Pv0x  h1 (A-34)




w
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and from the bulk gas continuity equation

L,

K
20 P17 Po Tax

(A-35)

Using Eqs. (A-3L4) and (A=35), the velocity gradient can be eliminated

as follows:

Thus,

ol L. (= %ya (1)
°V.o po "v,o 30 po 36

(A-36)

(A-37)

Since the vapor partial pressure can be calculated from the gas law

Ry
Pv,= = TWR), tofy

and the vapor partial pressure ratio, Yv, is

P P
YV = V= V,0
Po %

it follows that:

b1 s I N 7O B
L YYV L) YPy o YR,

(A-38)

(A-39)

(A-L0)

The Fourier transforms of Eqs. (A-26), (A-11), (A-32), and (A-LO) can

be written in matrix form as




(-iw)(y = 1)

i =ae] 2| = 0
1 p
o
Py=a
(-iw)
pV,o
n - b -
where
[ 4
0 --‘E'Y ....éL.n
T, Vy~-1
D
[ 4 K
—-iw + ;_IL. - ;_2_
T,L T,L
o=
[ 4 [ 4
-T—L- X '_(“ih))"";L
T,L p cp L
0 0
L

Al.
b i

(A~b1)

(A-42)

? is the system state vector and ﬁ is the system forcing function.

The solution is then

-]

¥ =0

"

(A=43)
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After solving Eq. (A-43), the entropy source transfer function is

found using Eq. (A-10)

(A=Lb)

and the mass source transfer { .::tion is found using Eq. (2.1.8).

Symbols Used in This Appendix

R A RO

Re

S(w)

Se

matrix

specific neat of liquid fuel

gas specific heat at constant pressure

mass diffusivity of A through B

diameter, m

enthalpy

( -1 )1/2

molecular weight

liquid fuel droplet mass, kg

heat transfer Nusselt number, hd/xL

mass transfer Nusselt number, kg/DAB

number of particles per unit volume

pressure, N/m

Prandtl number, ucp/x

gas constant

Reynolds number, du/u

radius, m

transfer function for response of entropy source to a pres-
sure perturbation

Schmidt number, u/DAB
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s entropy of gas, J/kg-X
t temperature, K
. ; systen forecing function
| u speed, m/sec
) x Cartesian coordinate
. ; system state vector
Y relative concentration, partial pressure ratio or density
ratio
8 molecular weight ratio of vapor to gas
Y ratio of specific heat at constant pressure to specific heat

at constant volume

n latent heat parameter, letocp
| K gas thermal conductivity
3 liquid droplet mass fraction, nn.L/Do
8 time, sec
, "] gas viscosity
p density, ks/n3
GA,B collision diameter a Lennard-Jones parameter, A
L diffusion relaxation time, sec
T liquid droplet thermal relaxation time, sec
. $ mass source rate
; QK collision integral based on lennard-Jones Potential
w angular frequency, radians/sec
Subscripts:
D diffusion

H heat transfer




z%
¢

V=L

Ve

liquid

fuel wvapor

fuel vapor - liquid fuel
fuel vap - air

mean value

perturbed value

far from soot particle or droplet

et i




APPENDIX B
SPECTRUN FUNCTION CONFIDENCE LIMITS

The purpose of this appendix is to discuss some of the statiati-
cal and computational considerations involved in the random data analy-
8is reported herein. The primary source for this material is Bendat
and Piersol (1971).

The digital signal processor performing the random data analysis
discussed herein digitized each sample record of data into 1024 words
at a sampling rate, L 2,048 times the highest frequency selected for
analysis, fh. Accordingly, the processor memory period or sample

record length is

Number of words 1 _ ) ;Egh « 500 __sec
T= ( Record Number of words/sec/  2.0u8 fm qm’ Record

The resolution bandwidth is

¢
B === B
[ 500

]

Next, the finite Fourier transform is taken to odbtain a single es-

timate of the power spectral density function

G (r) == x(r,m)I°

wvhere
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T
X(£,T) = ‘/; x(0)e™ 12" a9 = x_(£,7) + 1x (£,7)

and

lx(f.T)|2 = X§(f,r) + xf(r,r)

The sample distribution of G,(f,T) is determined as follovs.
Assuming X(t) is a Gaussian random variable, then xR(f,T) and
XI(t.T) are Gaussian uncorrelated random variables with zero mean and
equal variances since the Fourier transform is a linear operation.

Consequently, the quantity

Ix(£,0)1% = X3(£,1) + x3(£,1)

is the sum of the square of two independent Guassian variables. Thus,

each frequency component of the estimate G(f,T) will have a sampling

distribution
x2
G(f,T) = 2
G(r 2
vhere xg is the chi-square variable with n = 2 degrees of freedom.

The (1 - a) confidence interval for the single record is

-

—éeg(ﬂ-< G(f)(—-g-G—Lr-l—
x2(0/2) Xi(l - a/2)

The (1 - a) confidence interval expressed in terms of decibels is




- 2 -~
10 1og, ,G(f) + 10 log,, Prarm) < 10 log, G(f) < 10 log, (G(f)
y &

+ 10 loglo ———2(1 7o)

For a 99-percent confidence interval

xg(nlé) = x?‘(o.oos) = 10.597

xg(l - a/2) = x2(o.995)o.01

Thus

[10 1ogmc(r) + 10 log, , ﬁ%ﬁ < 10 logloG(f) < 10 1ogloG(f)

2
+ 10 log,q 0.01]

or

~ ‘ _ ~
[10 log,G(f) - 7.2 dB < 10 log, oG(f) < 10 log, ,G(f) + 23 d.B]
""he error for a single estimate is unacceptable. The error is
reduced by averaging over an ensemble of estimates. This ls done by
computing N disjoint, that is, independent, sample records and av-
eraging the N estimates at each frequency of spectral component.

The total number of degrees of freedom becomes

n=2N

Vet awnd
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Por a total tape record of 120 seconds, the maximum number of indepen-

dent sample records is
R = 120/T

For the computation reported herein:
f = 1000 Hz
m
fs = 2048 Hz
T =1/2 sec
.2 = 2 Hz

N = 2ko

However, due to the processor design and the use of redundant data the
number of independent samples was less than 240 but more than 128. For

the following calculations N = 128 is used. Thus
n = 256

For n greater than 30, a normal approximation to the chLi-square

distribution is adequate. The expression

V2x2- \/Qn—l
is approximately normally distributed as the standard norm distribu-

tion. Hence
Plz < xa(a) =qa=¢ ‘/2x2 - \/2n -1
n a

For the 99-percent confidence interval
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Jhﬁum- V- 1= 2.58
\/ 2x:(1 - a/2) - \/Qn -1= 2,58

Xo(1 - af2) = [-2.58 + y/Z55]°/2 = 89.6289

xi(n/?) = [2.58 + \/255 212 = 172.0275

Consequently, the 99-percent confidence interval for this 128 point

example is

. 128 - -
[10 logloG(f) + 10 1e510 173, 0375 ° 10 1ogmc(r) < 10 1ogloG(t‘)

+ 10 log 89?2289]
or

[10 105100(1‘) - 1.3 dB < 10 105100(1') < 10 logmG(f) + 1.5 dB]
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