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“unsteady laminar flows with flow reversal [1].
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SURBAARY

ntiy a new progcedurs, which solves the goveraing boundsry-layer
has besn developed Tor caleviating
in regions where the stream-

the solution scheme was modified by a
Hith this modifica-

Baee

equations with Keller's box mathod,

wise velocity contains flow reversal,
procedure which accounted for the downstream {nfluence.
tion, the unsteady flow over a circular cylinder started fmpulsively from
rest wes successfully calculated to values of time and space greater than

in any previous solutions. An examination of unsteady separation for laminar
flow was made and revealed that the unsteady boundary layer for that flow,

van ak large times, was free of singularities.

ve extend the methed of vef. {1] o turbulent boundary
Tayers with flow reversal. Using the algsbraic eddy viscosity formulation of
Cobesd and Swith {27, we consider seversl Test cases to fnvestigite the
proposition that unsteady turbulent boundary layers also remain free of
singularities.

Since the solution of turbulent boundary layers reguives a closure

In this repors

%.3!.’%

assunption for the Reynolds shear-stress term and the accuracy of the solutions

depend on this assumption, we &lso perfoim turbulent flow calcutations by
using the turbulence model of Brodshaw, Ferriss and Atwell [3§: we solve the
goveraing equaticns for both models by using the same numerical scheme and

compave the predictions
in which wall shear is posftive.
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The prodiciion of unsteady Surbulent boundory loyers with Fiow reversal

§s of fuportonse in & mmder of crvedymaade proviess, wotebly in dynoslie siall,

Buifoting and oust studies. Huomwer, stwe of te wove populer fuvbulence ‘

motels fepticitly szsums that the w1 shear §5 posiolve ead thefv awiension

to wnsioady Flows with Flow reversal is not assy. 1t reowiros sodificetions

to the functional Form of the Taw of the wall and t0 ¢he meneer in which ¢he well

shear is datermined. Two near-wall assumptions are considered here. In the

first, the near wall grid point is Tocated in the Togarithmic vegion and the

. Taw of the wall is used to 1ink the {low properties at this grid point to the
wall. In the second, a Van Driest formulation due to Cebeci and Smith [2] is
used;ihisimyiiesthaﬁth& gricd point clozest to the wall will occur in the vis-
cous sublayer.

%

&

g
§

A further aspect of these flows of current interest is the possibility of
a singularity occurring in the reversed-flow region., Examples of this phen~
omenon have also been reported in laminar fliows but, in carlier studiss Cobect
11,41 and Bradshew (53 have showm thet the ocourrence {5 not o festure of the
governing equations but fs dus to the Vimitaticns of tha mumrical procedure
used.  We shall dumonstrate that, Tor the ewamples we study,there 1s ro indicae
e of such a strgularity In turbulent Plow elther bul ere 15 & clear indi-
cation of ropid thickening of the boundary layar.

In addition to the enemination of wall functiens, we have also cenciderad
two turbulence modals for unsteady flows without flow reverszsl, The aloshraic
eddy-viscosity forvulation of Csboe! and Swith (S} {s coaspaved with the trans~
port model of Bradshaw, Ferriss and Atrell {3) (BF). Cateulatiens were porfarmed
to determing whather the vepresentaticn of unstsady lows with strong pressure
gradients vequires that account be teken of transport of turbulence guantittes.
Az will be shown, the prediztions with both wodels ave nearly identicsl for
both steady end unsteady ¥lows with and without strong pressure gradient,

The report has besn propared with six sain sections desoribing,
respectively, the soverning squations, the numerical pracedure, the resulis,
concluding remarks, refavences and the computer program which uses enly the
€S model, '
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unsteady tacomprarsible Jaulin faaid 68
;Ei}'; F. % jg;w 23 1{
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B4, a3
B Bk 34, 8 G be 2
aan wn ez o oy, of npeta G ko ‘ﬁ
i T Yu TV TR TN Ty (@
Hare
I ey =
/] aiwscist e
L vl {33
and we recall that u' end v' denete fluctuations ebout the ensemble-
average velocity: u' and v' are zero in unsteady leminar {low, and

v au/fdy 1s negligible outside the viscous sublayer in a fuvbulent flow.
These equaticns ars subject to the usual boundary conditionz, which in the
case of boundary lsyers arg
y e {,

3 e yew 0 y+& wern fn gl {4}

The presanca of the Beynelds atrass temm, -0 y'  introduscs an zdditinzel
unknown 0 the systom glven by £gs. (2} to {4). In this ruworl we presont
calouiations %‘@8’%@ o diTforent turbulence models. One is an alesbrale
eddy-viscosity formulation develsoped (Vor stsady flows) by feboct end Imith
end the other 15 & transporie-sguation wodnl doveloped by Evedshau, Ferviss

and Abwalil. In the £S5 model, we write £g. {3) as
v {vte il {83
B uy

with two sepsrate fovmulss for € in ¢the s0-05

Tied frowr vogion of ¢the
&e@m&ary my@ze {e Sﬁ is dofined hy the Tolledng for

{eghy = 10,4511 ~ exp(-¥/8)]3 3 zz;wg {6}

Wi 208

A= 265 (1 = 1L.8(py & £1)17 {72}
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The boundary bubesen the faney &nd @@tew ragiens 1s estabiished by the contine
ufty of the eddy-viscosity Toraulas.

In the BF modael, which 15 usad Gnly outsida ths viscous sublayer, we
pssume T = -t'v’  end write o single first-order partial-differential equa-
tion for 1%t; the equation was originally developed from the turbuient emargy
equatisn but can be equaltly well regardad as an empirical closure of the exact
shear-stress trensport eguation. Thig voeds

; ' 3/2
Dc ¢ 2%,y By Bro gar B & (o) - 20, e
BEEsetuas ViYW gy oy BV — 2y e (2)

Hare a4 iz 2 dimenzicnless guantity, VK is & veloclty apd L is the dis-
sipation length parsnelsn s 4 alzabratcally by Lf: = By} with
neyls and F{n) glven shie T to an gupivicsl gurve by

[ ¢ n o« 0.93
fla) = £ 0.055 - 0.058{2 — é)’“ 5.18 = g « 1.1
U186 aupl-t0{a ~ 1.1}} n 2 f.0 {19}

In & more advanced varsien of this turbulence wodel 167 L 1tself 45 doteve
mined from 8 transoerd eguetien.

The turbelent trenspore velosity Y., nominally (5707 + w'v' ey
is propovtional to & velocity scale of the lavee eddles end s chosen to be

Tone
¥, = 2 w§%§.@§ﬁ§ (1)
;g .

whare gf{n) s given by
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-wsﬁfﬁ 164 + 6,820} ae 0.8 PR P
ale) = { 3.3%0.268 ¢ 2452507y 0B gne 1O {32 '
% “E&M % 34’% : v wr LU
In the OF andel @'zgﬂﬁ%mgg the {oner bowndery conditions for 1), (2} asd {93
sve appiiad outsids the viscoug &m%y@m psunlly at ¥y © %vﬁg o In the
steady-Flow study veported in (71, these boundory @ﬁﬁé@%ﬁ ong &m*
1 Y4, } ;
Ug e !,;5'&‘,(g in - * 8.2/ {13}
U, ¥y 3U
I M 1 ,
v ¢ u_ 8 (14)
T
13 By
= + A . b et
A IRV v 4 B a4 {15)
Here ¥y is svaluated from the continuity couation (1), and e 13 evalueted p

fram {1) end (2) on the assumption that the valoclsy u s glven by

uj e 'iej" Y . . " ey
T | {36

for H<y= *gs Eg. (13} is, of course, a special cuse of {16).~ The evalua~
tlen of e i3 discussed In Ref. [7]; the Test tewm in {18) can be as large
as half the second (pressure-gradient) towm. In unstendy fiew without flow
rovarsal, we use the same {an2r “boundery® conditions &t ¥y ® f;%z’}w/u?a but
beeause of the presesce of the time-dependont tevm in {2}, of becomes more
comiicatad. IF we agein assums that (16) holds - remombar thet the turbulence
structure of the {ansr layer is wmlikely to be affoctod unioss the extgrnale
stresm fraguaney 1s very high - then (1) ond (2] give

y? an 71 3 2

TET,t f g & ey b f o (Whdy + wy {373
0 ¢ y=iy

Integrating we can write



e
- .-

fremadn .

AR

WWWWMWWMJ. T e P S ,VM.:;,.A% P T

q,,,%%

&
We can also write {‘% a} as
+
> ¥
" e, Wy B o2l L2
=g 2Ly 4 ,,.,,.. f g B bt X 8.5 e
T : éy * eFn 2 TV J ()& ()
4 g ¥ .
or as ' .
m;r T,
T ende 4 L2 Anruuﬁh g Al T
qu = Tqay '%' y‘gg aﬁ; 4 %] u&,!/gg -‘f‘};c ¢ {é;ﬁ?y}
wheve F = %!g;s at y =y end of coms Frow TR
is the same as in staady Flow. l
Equstion {18c} now replaces {153.
.
§
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"My usg E@“%ar‘ two-paint fladte-di Fferonce mothod {ealled the Rox
’}fm@tﬁ§$} %@ sotve the syitem of %ﬁm@«%%ﬁﬂ dageribad fn the previeus sectica,

is methad o wisteady Flows with no Flow reversa! wsing
the (S wodsl hes besw dezcrilad dn Bef, (8. Its sppifcution fo stondy Cwoe
dimensional floes using the UF wodel 4s daseribad im Bef, (7], Here we
present a description of the axtension of the £% sodel to unsteady two-
dimensional turbulent Tlows with flow reverssl as well as a description of
the extension of the BF wode? o unsteady turbulent Flows with no flow
reversal,

3.1 CS Vethod with and without Flow Reversal

As in previous studies (see, for example [8]), we transform the equations
with

% = x/L, T = tu /L, 0= (uo/vﬁ}%y {19a)

and 8 dimensionless streaw function F{X,n.t), whers

Here U, 1z a reforance v&?ﬁﬁiﬁyﬁ 8 vefarence Yength, and ¢ is ﬁ&@

ucual definition of the stroum function covvesponding to the continuity coustion
(1), With the relations éz€§ﬁ&é by {19} and with the defluivion of eddy
viscosity, equations {1} to {3} and the boundsry conditicns can be weitton

as

e
H

2 § p— ! a¥f ge 3 -?5
(BF") + 5 59" oy = R \ Y g B W (20}
“ ax ok ¥
=0, f=f=0; nen, ., e ufu, 20, (21
Primes denote differentiaticn with respect to n and
e fe B, B,
o= ufug, Pg = %{gg e b
: B et
e (22}
% * 24
+ M
B=14%e. € 5

For simplicity, we shall now drop the bars on x and €.

RIS S s SRR
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He use L0 sepevate sotuliom procedures Lo solve the system aiven by
Eos, (209 end {2%). Uhon there fs no Flow %QVQF#%? soyans the laver, we
wee the gtanderd Box, On the other hand, when there ﬁg Plas veversal, then
we use the so-calied 2ig-7iy Box as é@gﬁ@ﬁﬂ 24 Bulo.

Yo zolve Fgs. (20} and {21} by the stendard Box athed, ve first write
B, {203 in ters of threa first-ordor eguations by @wvfaﬁ%g%fg Rovt gepsnde
ent varfahles ulx,m,t), v{x.n.t), that is,

. _ ' =y {23a)}
u =y (?.3?).)
(bv)' + 5 vy = x(u 2y 20, 20 (23¢c)

We next consider the net cube shown in Fig. 1 and write difference approxi-
mations to Egqs. (23). Equations {23a,b) are approximated using centered dif-
ference quotients and averaged about the midpoint (xig tos ﬂjm%), The
difference quotients which are to approzimate (23¢) ars written about the
widpoinl (xg 3 tn 150 gl L) of the cube whose mesh widihs are Fyn &

and h,. This pw&%aﬁur@ y@m;A$ the following equations;

¥
igﬂ . ‘5.;1 {g“‘ ¢ . tf"",tﬁ’
‘FJ ‘5“3” - 1 5955 a ) , (28a)
fan _  dem L Eem , o
g usly - vl 0 ‘ {25b)

(b - (bv) ]

+ %- (ﬁ!};j - gy (uz)'ﬂgﬂ & o &4 (Vj ,%‘% ,,5% + wﬁ‘f‘% A, %‘V;j;;}

2
f%j
&
- mﬁujfj;: " Ry (24¢)
whars
K, x
. - 2 . 234 o A8) e
‘ o ETRT Bpt T M3t Vi My Tiy -
§ {1 n nmt
er 2:08Y L TF % ( Y 234

- (w)§3‘§1 ¥ {fv)g‘; - afpgil
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Fig. 1 Net cube for the staondard Box methed.

. % o0
ltare by v§3£ we mean yim DR

W o Tha sum of the valuss

of ¥y at three of the four comers of the fare of the box. Alse

‘é “’l’sgi"‘ g ?ﬁ“"i a_x‘i""'!
70 T )

1 ‘i 4} o5 s
'l {‘fj” * ‘ﬁ’jj.g;

The resulting algsbraic system glivan by £q3. (24} together with the

boundary conditions, which now

are nonlinesyr. YWe use Mewton's method to Tineorize the systom and solve the

e

uy = G, (25}

Yinear systam by the block elimination method discussed in raf. [2].
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Fe. (220} buk relain thes for

By

{Ein.6} and Clom ab frge % e m“;,&e;.. To weite Hu @iferame " 00

oy rs ey s & sexe i
epprovitetions for & ﬁi&f& ¢ at g“‘%q&:" pdg® ﬁ}*:“%% WA eHEime
RE %

arevicusly comsuls f walues 0F . I u :i > 8, thn wa use the sbundsrd
Box method: 1f aqjj;: < 0, then us write (23¢) for the Box centoved at P
{ses Fig. 2} using quantities conteved &8 P, Q, ond R, w%%we

P= (X5 Ty gyl Qs (x50 Tpe g}
R (o tpogs nges) (26)
Eaquation (23c) caen then be written as
(bv)' (P} + g (Fe)(P) = x(P} wu(ﬁ) (Qa + $u(R) — au (R) ~ ev(Q) % (Q)

- ot} £ () + 2 o)y (27}

bare
X e 3 W, e B n
- ‘?'?"3 - % %”‘ 4 &7
5 wromadn § § ot {28}

Bepl T ¥y 2

* Rt X

Fig. 2 Finite difference wolecule for the Iig-Zag differencing.
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3.2 BF Mathod with no Flow PBeversal

The scluticn of the geverning equstions for unsteady flows with the BF
model, even with no flow veversal across the boundary layer. is much morve dif-
ficult than with the €S model. This 1s because of the hyperbelic nature of
the governing equations, tegether with the nonlingar boundavy conditions, which
play an important role in the solution procedure. As is common in most (47 not
all) methods that use boundary conditions away from the “wali,” the wall shear
stress is also an unknown parameter; 1t can be treated as 2 gigenvelue or &s '@
mechul as described in Ref. [71. The latter procedure is wuch move efficient
than the former procedure and is used here.

To solve the BF mudal covntions, we Tirst introducy the strony funclion
wix,y) 85 in Bef. {7] in under 1o cetisfy the continuity eqvntiean. Hith
Jﬁ; = v treated as machul, tha resulting system con be w witten a5 g syshen of
four fivst-order equations: )

Wt (250)
¥ | {z30)

By, R , |
L4 ..,_._. z B 150,01
Y wogg =Py te {39}

' : 372 o

3y g A 2 [ _ 2 % g )
YT ww P E Tt = e s, (8] § {204}

We again center Egs. (2¢a.b) sbout the midpeint (x € 3. 5} end Ees,

{28¢c,d} about the midpoint {xi“” aets? 13 %} of tﬁe i@&% aﬁ@aﬁ tn Fig. 1.
Tnis procedure yields the following %@ﬁ%%ﬁr“r algebraic gountions:

i”ﬂ - 1 gﬁ = 2
1 gﬂ - i gm o ‘g 9“ = . 1
‘s gn i gn i g,n 1 s ﬁ”‘g H ‘s ,m
T T T e I N IR TR R T I R I
-"Ls;j“ Feg) S Gl ) Y gl e g5,
- Eaﬂu;jz = iy {3@&)

o

R

R e

AN VR e

i

R A T P 8

[ PN S S
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where now
1 3 n o %y Bn
[+) 2 g e, v g <] e ps g T, ® 3 =3 A 8 % = .
LI VRS LIS = i ﬁ&i ?ai

- o =4 _ ;04234 %Im r-1 _ , 1.0-1 Zimi
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Again the sysiem given by Egs. (31} is nonlinear and is Vincarized by

using Newton's method. This procedure gi@as rise to the Tollowing form
(2 < <)

ﬁw‘g ""'@Fv’jm«i ® (?‘3)3 ‘ . (
’3'3 - 6@3@3 "'"‘2"‘“‘5‘ {&lj + ngﬂjm?) = (?‘é)jﬂ-] (

L

31a)

31b)
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Hure for convenience we have dropped the gw@mw’?%“ .7 and have definad
(Sk)j iiﬂ = Y 29 6oe g @)
gn
(5§ 3:} = "3ﬂ i Oli_‘éj + Gi/hj (‘a’-’-;,,gﬁ é’j-?'a }
i-1.0
($2)j ® =By 8l - ?iﬁfhj (‘?’j’ ’3’5 % }
() = ayf2 Hu)y, + (VD"
(sg% = i’g: "e‘}
Qgﬁ}j & VR, . €$é§)j @ “W%
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’ia
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(ﬁ'ﬁ )j (’5’3_3% %3 o ! g; ?j*’z’f&‘
% 3 1
Jel.m .
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For § =1, we use the boundary conditions given by Egs. (13}, (14) and |

{15} ang first write them ass

¥y ..
ty = w,g{?,ﬁ I edn 4 5.2

. Wy oKX =0
T ww‘?’# | ﬂfﬁfié} g‘é‘&; Qmwg.mﬂ 3
B I I A T Yy T

After wa weite the difference equations and Timesrize the vesulting moniinear

gxprassions, we gat

Yao¥b
Bty - iz.ﬁﬁ ‘gv‘a %T%&ﬁ? {?«531 {3%2a)
234
Y«g(“*g - Ez)éug + (W‘ﬂ & "5%3@)5% * t(*@»’-g - E‘ﬁ} “”33{\35% - U3 %33&@3 @ {E’?.}’i
{320
{32¢)

&ty + gyiwy = gjrg)qE

whers
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For § = J, we use the uteal bouaduvy condition,
B -3
513;3 uﬁ
which in 1ts Vinearized Tomm s

am

ta_ Yoow
. E@J g?ﬁ‘g‘q«z Lo

The equatiens (31} ¥or 2 < § « J and the boundary conditians g.ven by
Egs. {32} and (33} %arae 2 Tinear syston which 12 solved by the block-

elimination method divieszad o Ref. {9].
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where o 45 2 positive comstent. Thé sems @@?&ﬁ%%}"é?sgv’ﬁ@%ﬁaﬁ was) @@@mwﬁ?grfcra
used by tebeci [1] for iaminar fiews i ovder €0 study the computation of. o o f
unsteady Taminar Flows with flow veversdl using the sclution procedure desceibed 9|
in the previcus section and to see whether There is a siﬁgu%ar%é§>&éscuiat@ﬁ€~

with such flows.

In performing calculations. for this case and for the others considered
here, care must be taken in gensvating the initial conditions in the {t.y}
and {x,y)} planes at scme distance, say X * Ko For a laminar flow iF

Xy ® 0, the initial velocity profile fer the veloclity distribution g%w&ﬁ by
fo. (34) can Be taken as Blastus amd theve {s e difficulty ebout cwputing -
the solution vﬁ %> 0 since the inittul boundady *ay@w is of 2ero thickmess.
if Xy ¥ 0, e canviake e
z %3)

Y TR+
1 a{xo xa){ﬁ 0<x <y

Q

@&

put then at x = x ﬁﬁ@r@ is a diseontinuity in the By ressure grodient. Since
i¢ acts on an a?wa dy»@gt Blished boindavy Teyer, e iﬁf%i&% respoaze 18
javiscid leading ?@f@&?ﬁy ts a velecily sHp end honde a subbousdary Yayer at
the wall. The tre wfﬁ&ﬂﬁ of the boundary Tayer ¢ %ied r&%aa? gubtle {see Ref.
(103} but 97 ws @V@ not too eoncerned with the ¢atatls of %%@’s@%ﬁ%ﬁ@% wear
H= Koo which ?s the czse heve, a cowdenicnt hWCmégfﬂawééié be to urite

Eq. (34} as ‘E_( ‘ﬂ

T, = 1= o Varlx —ahpef - t%) (35)

=53

whare is a smoath functicn which wanishes 1f x < n@A and s unity if
X Ry > 8 For example, we can feke F(s) = sin{es/Z) 8«5 <1, and

g = 0.06 with ten stolions baltwoen -w'= R gnd x = 8. ﬁ %mﬁ?a? gife
Ficulty would @aﬁg? 8t t=0 i¢. 3. in E@. {34) were . ?@ﬁ%@ﬁeﬁ by ¢ “since
the boundary 1ay@f‘ss v&?? @s&mﬁﬁﬁﬁﬁ@d g t =,

18



Cey waing ﬁ%*‘”f;ﬁ% eupressione for B thoce show by elrgle

, ‘ ient Tiow caleviations with
the C5 mosdel for ohe test coss ﬁﬁgﬁs By Bg. {537 with o= 40 st 2 it
Reynolds muber o, f» = 2.2 2 Wie. The resuits shom fa fﬁgq 3 wors obtatned
e wore gbluingd
with fn. {7}, and those shom By 22Vid Vines with &3, {7) «%%Lf&n a3 '

sty

a
A ﬁ?ﬁ’ﬁ ‘ R £
BISK

§@§§WQ§ 3 and & show the vemits ¢ Aﬁﬁg Crrhil

As can ba sesn, both sxpressions glve nzerily the same resulis.

The results in Fig. 4, as in Jaminer flows, exhibit no stons of singqular~
ity for all calculated values of t. This is in contrast te the findings of
Patal and Nash [11]. Agaln, as in Taminar flows [3), we seo the familiar
rapid thickening of the boundary layer in the roversed flow region. IFf §¢
had not been for this, the calculations would have been computed for greater
values of t than those considered here.

The two other test caaas considered here correspord to Cases § and 5,
as reported by Carr {121, Caze § {5 for unsteedy Howsrih 7low. [ sturls
from @ wall-astobiished sb@ﬁ«w Flat~nlate Flow, on which A Tinosy denele
tion of we'-is imposed et © = U. The extermal velocity dfciribution is

w.

e

- given by
U = 1 —ufn - 1.26)% 1.24 < x < 8,68 {27}
where o 13 a comstant equal to 2.4/3.45 sac Tl e Tiow wes assumed to

be steady up Lo x = ?tiﬂna the velpcity distribution E£c. {37} was thm
{mposed as a Tunction of w end €. This test case differs from the provious
one in that, once ths Flow Separstes, it dows not reattach., Fow this veasesn,
the calculations can only be continved as far as the statich wiere the fiow
reversgl first occurs. The faltial velocity profile &t x = 1.24 and for
all time corvespond to & flat-plate profife with a wmomentum thickness Q&yﬁ@??ﬁ
mumber (Re) of 4880, and Tocal skin-friction coefficient €p of 2.8 x 1077,

fAs in tﬁ@<pr@v%¢§$ tast case, v introduce a functio ?3 50 thet el
x=1,28, u jéx = 0., Sirce we aleo want the soluticns e L = 8 to core
respond 0 s#a,éyvs%ate selutions, we introduce ansther fimctien *2 in urder
to set @&@iaﬁ ® 0, With these functiems, Fq. (37) then beceses

18



“5.0 e

Figure 3. Local skip-vr
Soltd Tines

10 e

&% % 10

7N

0 3
0 8.5 % 1.0
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Cgs thae shapy Footey 5 nen thtchnazs Roynolds wushar ﬁ% Fope
this tast cose. The @&Er'? éﬁsﬁ ware dumas by uaing both €S and BF models;
the rasults shown by salid Tiwes refer to the predictions of the €S model and
those shown by clircles refer to the predictions of the BF medel.
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e
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As segn from these threa figures, there s essentially no di¢feronce
hatween the sredictions of both models. Although there is semz discrepancy
in the shape factor predictions, this doss not seew o be too significant.
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, 4”1ﬁ$€@?§§ﬁﬁ & the prodictiuns of %:ﬁ £5 mudet, which also has %‘“ capabile
Sty of predicting enstesdy bowndery Teyars with oy w&x&w&a@, 5wt b shear
vanishes First orsund £ o 0,87, % © £.89, Sifes ihe commutst ?@ﬁ of boendary

Juyers for values of X f0 the resze 1.4 2 ¥ £ 445 fer ¢ > 0.27 depends
on the speeifiestion of & velanisy pro ”?m a@ % = 4,62, o2 gonevele sueh &
prafiie by asswming 1% 15 given by the extrapsiation of o welsnity profites
computod for x < 4.62,  This p ﬁﬁié?h in which the entvesslated etatisn norves
&8 8 dometvesn boundivy ﬁﬁﬂﬁ?igﬁﬁg aitams the exleulations 2o ko continued in
the negative wall shear reglen as shown {n Fig. 8.

‘k

" The third case considered in our study vovrresponds to Case 5 in ref. [12],
which in a way resembles the cxfzrnal velocily distribution in Eq. (34). It
is given by

[ {4+ () IE“ED}E?- (A2 + (Btzct)zfﬁ’ (39)
where A= 0.05, B = 3.4 sez“ﬁ, g5 {x~1.23)/3.45 and the vangs of x
values are limited to 1.24 = x < 4.69. As bafore, the initiel velscity pro-
files at x = 1.24 for all ¢ «correspond 1o a steady flat-plate flow with

R = 4860, Cg ™ 2.89 x ?ﬁ'gh Be again modify Eo. (33 5 zveid the dis-
@mzﬁ?&u:iy in the pressyre gradieni. This fime we maitiply the right-hand
side of Eq. (39 by Fy used dr Eu. {38).

QQG "

M‘:‘m ek
»whwm

: 5o 31

o] % ‘ 38

Figure 8. Variatien of wall-shear parameter fé with distance as a function
' of time for test case 4.
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e prasent the pred o both curbulionse o Flowra 13 i _— e e
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from these Tlgures, the predictioes of soth twrbelense mod
for a1l practical purpoces.. S '
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g gve the awm

oA

Figure 12 shoss the veriatio of wall shesr pavessier %"‘" g3 a ?e.%m% o0
ef x and €, and Figure 13 shous the caleulated veleoity fsmﬂw faciud
ing the reglons {n which thove {8 T revarsal acvess ¢hs boundary Tayer

’ These computations which are done by using the €S model provide confiramtion
of the general trends in test case 4, nemely that as in Taminar Tlows,
the umt@a@ turbulent boundary Tayers thicken rapidily with increacing €low
reversal. A new feature however 1s the dip in the grephs of f’é; naar

%5 = 2.5 which develops as ©  {ncresses ¢owards §8.40. 1t 1s possible thet &

singularity occurs in the solution at & Tater tise as many suthors heve sug-
gasted is the case for laminar boundary lavers. The most cozoet ergusent in
favor of this phencmenon has been advanced by Shen f38T et wo aote ¢hat
the most detinite sign of its ceourrence apueared in Ris graghs of 4isplecemant
thickress which showed spikey chavacteristies. Here the dlsplocsusnt wiickuess
seems to be falrly omcoth but the skin friction becomes spibay.
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Based on the studies conduched In %h%g ¥ W¢f%9 %@ THBerYR Thad e

1.

3

[y

ProseAn LHRSEAA Do Shopas
’%h *;ﬁe’f:kﬁsc-@-sm‘ ] gm g}rﬁ B

Tee mgricel solusion of unstesdy Teaivar @?ﬁ tarhuiont baundery | ' )
layers fnciuding the fiow reversal semsse the Tayer cam b ebtatfued o
cuite satisfectortly for @ glven pressure distributisn. A cubing-
tion of both requler and zigezeg box schames ave shoum %@ yield
accurate rosults for unsteady boundary Tayers.

Whether the unsteady boundary-layer equations for laminar and turbu-
Tent Tlows ave singular for a given pressuve distribution still
remains to be investigated. The results for test case 5 indicate
that at targe times theve is a puzzling “kink™ in the wall sheer
paramzter, f%' this may be due to a singularity or 1t owy be due
2o a mzmerical problem. Becent studies conducted by Cebect [14] and
van Derwaten and Shan {18] for a cirouler cylinder started
fmpulsively from rest fadicate that st VYarge times, ® = 1.25 or
move, there appears to be @ singuierity dn &% areund ¢ = 1200,
Lowever, these celeulations do net indlcate any puziling behavior
in thewell shear poremater neor "singularitys® the %gaw@?ﬁez

wre smooth and well bohaved for these and larger times. On the
sther hand, exemining the 6%-results for test cuse 5, we Find that
while theve s an obnormal behavier in @g at large {imos, the
corrseponding  A%-values are suooth and well behaved, & treund which
4s opposite to that for a circulsr eylinder.

A cozparisen of the prodictions of two turbulenes models. nemely,
£S snd BF models indicate that for attached flows, both wedels
yield almost fdentical results. This s aise true for fiows
which are sufficiently strong in pressuve gradient to cause Tlow
raversal across the layer.
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e e e e

gv four types of

the ;
s 2iste ef the fies e undsr eonsldavation.
welng folomstion 4o b m&ggéyﬁ Fo
# Tozal number of t-stations to be caleulated
MET Total nusber of x-stations to be cafculated
WT& x-station where transition begins. If the initial velocity

profile 1s for turbulent fiows, then NTR=1, If flow s all
feminar, set HIRHZT. .

ey Specifies whather the flow at x=0 staris as a2 flat-plate
flow or as a stagnation-point flow.
a} flat-plate flew
=2 stagnation-paint Flow

RL _ Free-stream Raynelds maber, u Lfv.
TPRNT Controls the avrint oulput
=} prints out only the bomdary-laver portmstars 4%.8, €2s
R&@a B . H g eutomal velogity distribuiion.

=2 prints f&& profiiae a5 weil a5 thy bousdsey-Toyor
navreieters and external velecity field.

BETA{1)} and V6P are the nommiform grid pavemeiers that control the spocing

zeross the Yever. The grid used in this veport is 2 cecmatric progression with
the pronerty that the ratio of lengihs of any two adiacent intervals 13 &
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There ara two paremeters in this egquation: h} » the length of the First step,
and ¥, the ratis of two successive steps. The total number of points o
can be calculated from the Following formula:
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turbuient Flow caleulations. The ini¢ial veloeity pralile i genevsted by
using the formulas propesed by Granviile (see vef, %)

‘5 L A N e 3f § 5
Lowsiny” ¢ e n{l - cosm} + {5 = 2°)) {40}
€

From £q. {40) amd from the definitions of 6% and o, % cen be shown that
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For a given value of c; and ﬁﬁg we can solve Eqs. (42) eond (43) for &
and H and then substitute them into Eqgs. (40) and (41), thus obiaining
u~profiie.

% oy 5 " Y IS &ofm o0 3 ¥ % P PR .
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oL &

formute and cemputes the dimensionioss pressure gredient pevompters analyticsily
as 42 shuwm 9n Bhe Tisving which folliows this section. The test case in &he
corputer Tisting is for cnze & of vof. [12].
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Fo ' F° and b as & fenchtion of the similerity verisble n and grid
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focal skin-$ricticn coeff A
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