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ON CERTAIN INTEGRALS WHICH PERTAIN TO THE FORCED VIBRATION OF PLATES
By
Harold Levine
Joint Institute for Aeronautics and Acoustics

Stanford University

Introduction

The normal velocity anywhere on an infinite plane elastic surface
immersed in a uniform compressible fluid and driven by a time-periodic
concentrated force or moment admits a single complex Fourier type integral
representation; and its estimate at points remote from the site of excitation
can be achieved with the standard procedures of asymptotic analysis. To
investigate the surface response near the driving point, Crighton (1972)
employs a noteworthy albeit indirect procedure which (in the case of a line
force or moment) rests upon a correlation between asymptotic behaviors of the

respective functions

£(x) = FE@e T ar , x| >0 (1)

o
and

F () = fE@e™ax , g]+e, Img>0 )
0

in the designated limits. A particular consequence of the latter relation,

namely

[oo]
F+(in) = f f(x)e—nx d« , n>0 (3)
0
associates (through Watson's lemma) terms in the asymptotic expansion of F+(in)
as 1n > +° with the Laplace transform of terms in the expansion of f(x) as

x > 4+0 . The determination of F+(§) , or half-range Fourier transform of

f(x) , is accomplished by a split of the full range transform



F(Z) = F,(£) + F_(¢) (4)

into component parts which are analytic functions of the complex variable ¢

in the overlapping domains Im § > - , < € , respectively, F(g) itself being
analytic within the strip |Im g] < ¢ of the Z-plane. As Crighton observes,
however, to effect the above split (which is a characteristic of the Wiener-
Hopf technique for solving integral equations) generally poses an integration
problem with comparable difficulty to that presented at the outset by (1);

and there are additional technicalities requiring consideration if (1) is re-

placed by the Fourier-Bessel integral (or Hankel transform)

o2
£(x) = [ F(5)JIy(zx)g dg (5)
0
that occurs in the case of point excitation. Prior to Crighton's suggested
function theory approach and with a wholly different motivation, Grosjean
(1965) gave precise rules and conditions for the explicit construction of

convergent infinite series, around x = 0 , which describe functions defined

by the Fourier cosine/sine integrals,

(o] [¢0]
JF(Z) cos tx dz and SF(7) sin zx d7 ;
0 0
since these are predicated on the hypothesis that F(Z) is a real function,

with a convergent or asymptotic expansion of the form

3l N a, N 0<acx<l
L) [y
Ea §a+l a real

the results do not serve the purposes of a near field plate excitation analysis.
It is the objective of this note to directly recast the various plate

integrals considered by Crighton in a manner that permits their systematic
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development near the source point; and thus to dispense with manipulation of

the velocity transform. The advantage of such a direct procedure is manifest

by the ease with which distributed forces over the plate are incorporated into
the analysis, whereas Crighton's approach is rendered more difficult at the out-
set by any change in the velocity transform or the function F(Z) . After the
procedure is introduced (§1) in connection with a line source problem and followed
(52) by consideration of a point source, the analogous problems relative to uni-
formly distributed forces over strips or circular areas of the plate receive
attention (§3). There are good reasons, since the exact plate admittances pos-
sess a complicated analytical nature, to seek out useful (simple) approximate
representations along the lines taken by Crighton, in fact, for the heavy fluid

loading (low frequency) limit with a point force or moment,

1. The Line Source Problem

The surface velocity v(x)e_iwt of a thin elastic plate lying in the
(x,z)-plane, with a uniform compressible fluid adjacent thereto (in y > 0 ,
say), which results from the application of a normally directed line force

Foé(x)e_iwt along the z-axis, is represented by the Fourier integral

in0 ;? ch—kz exp(-1¢x) dg (6)
2TB
—00 4
(C4-kp)VC2-k2-uk:

wherein m and B denote the specific mass and bending stiffness of the

v(x) = -

plate, p = um is the fluid demnsity, k = w/c specifies the acoustic wave

174 designates the bending wave number

number in the fluid, and kp = (mwz/B)
of the plate in vacuum. Following a customary prescription, the path or con-
tour of the integral (6) approaches the real axis as |;| + ®© and passes
above/below all singularities on the negative/positive real axis; and the
function /éE:ZE , rendered single-valued with cuts from k to ® and -«

to -k , respectively, assumes the asymptotic form |C| at the limits of

integration.



If the bending stiffness has a negligible magnitude the version of (6)

for a mass-loaded plate,

iFO ? ch—kz exp (-1irx) dz

v(x) = s
2 Trmw
-00 /Cz—kz + 1
- lFO luFO < exp (~17x)
=== 8(x) = g J g , M
nw o, /53
Vg -k + u
presents the specific complex-~valued function
«© ]
I(x) = f —exp(=itx) 4 (8)
-00 éz—kz +

dealt with by Crighton in the first application of his method for estimating
Fourier integrals at small values of the parametric variable; and the available

estimate, which serves for later comparison, is

I(x) 2 =2log x-2(log %-—i-ZT—r) -2 % sinh-l(%)— %-E--ZC +Tux 4, x*+ 0 9

where vy = v(§:;5 and C = 0.5772 ,.. denotes the Euler constant.

To arrive at a characterization of the (even) function I(x) suitable
for development when small values of x are contemplated, assume that x > 0
and displace the contour into the lower half of the Z-plane where the integrand
is exponentially small at infinity; then I(x) is expressible in terms of a

principal value integral along the branch cut between - and -k , together

£2 2
with a (half-) residue contribution from the pole at ¢ = =-vk'™+u" = -y on the
lower side thereof. Consequent to a change in sign for the integration variable

along the cut there obtains, accordingly,

k di1x o itx
Ix) = £ (dv) . “(dD o, $ Jtyx
k

Vrz—kz + U -/Tz-kz + u




o 2 2 .
=2 4 elTX ; —k2 dt - ﬂi'H elYX
k T =Y Y
] elTX 2 oo eiTx dt i1x
=2 [ ————d1t+ 2u o 5 7 " m 2 e , x>0 (10)
k /42-k2 k VQZ_kZ ™7 -y

with the symbol # used to designate a principal value. The first integral

appearing in (10) can be explicitly described by means of a Hankel function, viz.

o 1TX .
f —2 4t = —'"51— Hél) (kx) , x>0 (11)
x /2 .2

VT©-k

and thus the second defines a function

o  jTx

I = § = — (12)
k 2 .2 1 -¥v
T -k
which satisfies the differential equation
%3 2 i (1)
— +yJ=~-—=1H (kx) . (13)
dxz 2 0

It is a simple matter to express the general solution of the latter equation,

namely
X . ., X
J(x) = Ae VX 4 BetYX -‘%% J sin Y(x—x')Hél)(kx') dx' (14)
0
and the consequent relations
o]
A¥B = J(0) = + dt (15)
k T2_k2 (T2-Y2)
o
Y(A-B) = -11'(0) = # tdt (16)
k 42_k2 (TZ—YZ)

determine both the constants A,B . Inasmuch as the principal value integral

(16) vanishes, A = B , and thus
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= =_]:. dT =_-—]-'— f_]:l.=_...:.|'__'—l.u
A=3B8 5 kf — Xy log = Zvn sinh (k) an
T -k™ (17=Y")
whence
S PR o NG D
J (%) yu log vy cos yx - 2y df sin y(x=-x )HO (kx') dx' . (18)

Combining (10), (11), and (18) supplies an alternative representation of

the function defined in (8),

I(x) = mi H(l)(kx) -2 log Xt cos Yx = m 2 eiYX
0 Y Y—H Y 7 2
Y = +u (19)
2 x 1)
- mi %#— S sin Y(x—x')Ho (kx') dx' , x >0
0

which lends itself readily to series expansion for small x . The specific

estimate (9) furnished by Crighton emerges from (19) once the approximations

(D) oy o4 L 20 - kx, 2i
HO (kX)—l+ﬂlog°2—+TC

cos yx 21 , LI iyx

are employed and the integral (of order x2 log x ) is neglected.
A slightly different procedure for passing between the representations

(8) and (19) commences with the resolution

w [2 .2
10 = L5 Sl e (ton) dr = 1) - uL, () + 11,00 (20)
- g7 -y
where
o _-ilx w  iTx )
I.(x) = [ dg = 2 f ~S——d1 = mH "/ (kx) (21)
1 —o /7 .2 k /2.2 0
¢ -k T -k
x>0
o0 e-igx eiYX
Lx) = [ S5—5dg=-mi (22)

~e g -y



and
I,(x) = J ZexP(‘iCX) dz . (23)
~ fZ (2
Since
a2 2 6H)
G~754-y )13(x) = -mi Hj (kx)
dx
and
. . . X
13(x) = gelVF 4 Be VX I J sin Y(x—x')Hél)(kx') dx' (24)

Y o

it follows that

o = 1,(0) = f dg (25)

Cz_kz (cz—Yz)
and

/éz_kz (cz-Yz)

the null value of the last integral being a consequence of odd symmetry for

v(a-8) = -1IL(0) = - 414 -0,

the integrand. On deforming the contour of the integral (25) around the
branch cut extending from k to « and observing the cancellation of half-
residues from semi-circular arcs traced in the same sense above and below the

point C = Yy thereupon, the connection

[o0] [+ o]

s dg =2 dt
-c0 éz_kZ (C2-Y2) k 42—k2 (TZ_YZ)

results; hence (15) and (25) jointly indicate that o = f = 2A = 2B and the

(26)

identity of (24) and (19) follows.

It is appropriate to record, after noting the relations

; (1) Jl, 2, dmu
df sin yx Hy (kx) dx = i-+ ) log ¢ " )



and
J cos yx H(l)(kx) dx = - i Y >k
0 0 u
a complementary form of the representation (19), namely
(1) T (1)
I(x) = ™ Hy™" (kx) + T4 == / sin Y(x-x")Hy" (kx') dx' (27)
X

which permits a systematic approximation for I(x) at large values of x .
Upon rewriting the response integral (6), that incorporates both the

effect of plate mass and stiffness, in the fashion adopted by Crighton,

4 4 2 .2
iwfF, @ ( (T =k_)(T°=k")
v(x) = - 21TBO i) { g(C) + UkzF(C)} em:LCX dzg (28)
where
5
p2) = &ra2@@a?d) - 1vAad = 1 (P-gd) (29)
P P o1 n
and

V22 _x?

O (30)

F(B) =

attention focusses on the second contribution thereto, since the first can be
immediately evaluated in terms of the residues at the relevant poles of the

rational function 1/P(Z) . Further to the use of the partial fraction de-

composition
5 20 ¢ 5
1 n°n 1 dP
L - I , = =42 , I ar =0 (31)
PO pe o2 T % Ffgg g PO

the function

G(x) = S F(De dg = foo—F(T)—e dg (32)



is linked with previously encountered ones, namely 13(x) and J(x) [cf.

(23) and (12)]; thus

G(x)

5
L 20_¢
nel Bm

5
2 L ot
n=1 oo

Suppose that the roots Cn

w (2 2
;rek exp(-igx) dg

2 2
e
(gi-kz) ; exp(citx) 2d€2 . (33)
-0 ¥/Cz-k2 z ..z;n

» . = 1-5 |, of the polynomial equation P(z) = 0

lie above the integration contour in the {-plane, while those of opposite

sign are located below the contour. Then, if a particular ;n is complex-

valued, additive and distinct contributions to the pertinent integral in (33)

arise from a pole (at ¢ = :;n ) and a branch line (between 4w and +k ,

according as x : 0 ), viz,

[ exp(-igx) _dg

iz x
_omi n

00

2 2
CZ_kZ c -z,

2 J exp(itx) drt

22
ko f2.2 -

, X >0 3 (34)

[ ——, e +
z
n /Crszz

and estimates of the latter function for small values of x can be found in

a manner described above.

The pole contribution is absent if [ is real and

larger than k i1in magnitude, whence

fem(-im) _dn

-0 2

4

-k

2

u

. exp(itx) dt

2 2 2 2
&t k 2l ToL
® 4t 1 X (1)
4 cos 7. x ¥ 73 " 3% S sin r,n(x-x')HO (kx') dx'
"k 2_2 =g n 0
T n x>0
cos [ X z /C X
- log <—k3+ "%"l> - z—ﬂz.:-i—‘ [ sin Cn(x—x')Hél) (kx') dx' .

. /Crzl_kz K n 0

(35)
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2. The Point Source Problem

A corresponding version of the analysis hitherto given is available for
dealing with fluid-loaded plate excitation by point forces; in this circum-
stance the plate velocity resulting from a normal force ].“O(S(r)e_lmt is

characterized by the Hankel transform integral

1wk, = /g2’ 3 ()

0 (36)

21B
0 (¢ —k)/ 2 2

where r denotes the radial distance from the point of application of the

v(r) = -

force, JO identifies the zero-order Bessel function and the other symbols
retain their earlier significance. Utilizing the same rearrangement of inte-
grand factors which brings the response integral (6) to the form (28), it now

follows that

5
_ 0 4,4 2.2 )
v =gy et (k) (6 kO ()
inO
Ty f F(C)J (zr)zdg (37)

(1)

where the sum contribution, involving the Hankel function HO , arises from
the pole singularities of the function 1/P(Z) defined in (31) (namely, at
the points cn , n=1-5, in the upper half of the r-plane) and the integral
term involves the function F(Z) defined by (30), (31). The Hankel transform

of F(r) , namely
6(r) = § F(DI,(zr)dr (38)
0

is next rewritten [compare (32)-(33)] as
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5 » [2 2

= Yo -k
G(r) nEl 20 ¢ Of 3 2 Jo(cr)cdc
L
. 5 9 o JO(Cr) rdz (39)

2
2 L ag(g-k") [
. nn n 2 2
n=1 0 22_ 2 - ()

whence the point force admittance, or ratio v(O)/F0 , acquires the representation

5

_iw 4 .4 2,2
v(0)/Fy = == nzl oz log (cn kp)(cn k™)
3 2 2. 1
- I ac (C-k") f . (40)
pe] RDTM 0 55 CZ _ CZ
T -k n

After subdividing the range of integration and employing suitable changes of

variable it turns out that

[ ] k
0 ;dcz 2i2=kf Edcz 2i2+iof Edcz 2i2
ek 4 Cn -k z Cn -z g Cn
o k
dt dt
= i [ (41)
0 12 - Ci + k2 0 Tz + Ci - k2

and thus the individual integrals of (40) are readily evaluated in accordance
with the specifications (real, complex) of the (S if ) is real and greater

than k , the first (a principal value integral) vanishes and the second equals

/z;rzl—kz +1ik
/;Izl-kz - ik

1 2 ,2.-1/2
- §'(Cn-k ) log

A knowledge of the function

© J.(gr)
H(r) = [ —2 =

2 2
0 e

(42)
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(which has the particular value (41) at r = 0 ) is a prerequisite to the

eventual determination of v(r) from (37) - (39); and, inasmuch as
2 o J (rr)edr ikr
d 1 d 2 0
(5 +=—+ () = - [ = - = (43)
dr2 r dr n 0 55 r
-k
there follows a representation,
T o
H(r) = AT (£ 1) + BN (£ 1) + 23 (£ 1) [ N.(z r')elkT gp'
0 °n 0°n 2 0 °n 0 0 n
T r ikr'
- — 1 |
2 No(&y®) [ Jgleyre ™ ar' (44)
which involves both the zero order Bessel and Neumann functions and is ren-
dered precise by the assignments
A=H0O) , B=0. (45)

Since finite range integrals occur in (44) the latter permits ready estimates
for H(r) at small magnitudes of r .

The point admittance and velocity profile for a fluid loaded plate
have, as a matter of fact, been determined by Filippi and Saadat (1972),
independently of Crighton, using a straightforward though lengthier transform/
inversion procedure; none of these authors, however, consider distributed

force plate excitations, whose analysis is taken up next.

3. Distributed Source Problems

If the thin plate adjacent to an infinite expanse of fluid, is subject

to a uniform normal pressure, with the magnitude Poe—imt , over a strip

domain ]x] < Q, =0 < z < » itg velocity factor possesses the one-dimensional

Fourier integral representation
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P, f°° J2oi® exp(-irx) sin 22
™ C
&=y P

which reverts to (6) in the limits % -~ 0 , 2P02 > FO . On neglecting the

bending stiffness at first, a simplified version of this integral,

iP0 ° VCZ-—kZ exp(-1Cx) sin T4

az , (45)

v(x) = -

v(x) = S dzg
Tmw C
Pt 4y
iP o . 1yP _
= -0 ; o5 gx Sin 44 dr - 0 r exp(-izx) sin 78 dr
LR z w55 z
Vg -k + 1
iP iuPO
= T [sgn(g+x)+sgn(2-x)] - p— L(x) (46)
places in evidence the (even) function of x ,
w . . 2’
L(x) = f exp(-igx) sin ¢ dr 47)

- véij;§-+ u :

whose counterpart, I(x) , is defined in (8). Pursuant to a resolution of

the sine function into exponentials, there obtains

-izl izk
1-e = (d-e’ 7) exp(-igx) df _ L () + Ly(x) + LyGx)  (48)

’ n/cz-kz +u

1
8§ ™8

L(x) = 55

with the component parts

o e—i;x _ e—ig(x+£)

1 dg
L (x) =5 [
1 21 z

. 2+ (49)

o ~-irx
L,(x) =2 [ 2 —
2 21-00 C /2 )
and S
w ,  =iZ(&=x) ® =17 (%-x)
Lo(x) = - & j L= dz ='2'lIfle ac .
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When O < x < £ all the latter can be inferred from the single function

F(o,8) = I T - TP 4

- : »/2;2—-—1<—2—+u

which, on adopting the transformation scheme of §2, is expressible in the form

» 0,8>0 (50)

oo igt__ioT o iBt__iat
Fo,B) =2 [ —— &2y 42" 5 L Lo & e
kK /2 .2 T K 2 2 Ty T
T =k T -k
+ i (elMV-eBYy | (51)
Y
Let
? dt eiOLT
P(a) = - (52)
k 2 k2
and T=
dp 7w (1)
'a'& = = 2 HO (ka) ’
whence
a ka
_ T L ' .. - (1)
P(0) = P(0) - 3 Of Hyo (ke Yda' = 5% 1 Of Hy™" (&) dE] . (53)
Write
© iat
Qo) = § —- Ao (54)
k 42—k2 =Y
and (cf. (12), (18))
o
Q _ _ 1 Yiu 'y 1) (gt '
Ta YT log yp <08 Y + 3y {sin'wxdf cos yx'Hy™" (kx') dx
o
- cos Yo J[sin Yx'Hél)(kx') dx'}
0
so that
1 + )
Q(a) = Q(0) - log 'Y_U sin yo + 5 / HO (&) dg
2y Y-H 2ky O
ka
- nz J cos y(o- %)Hél)(i) dg . (55)

2ky" 0
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On the basis of (51) - (55) a finite integral characterization of F(a,B)

is reached, viz.

k kB (1) io iB +
F(a,B) = - 5 f Hy (E)dE +7i J%(e Y e Y) - i J% log X:E (sin yB-sin yo)
vy ka Y Y-H
(56)
2 kB ko
-7 fy—z- [of cos y(B-%—)Hél)(g) dg-of cos Y(a—é)HO(l)(g) dg]

and thence follows for the bounded velocity v(0) along the mid-line of the

strip
ip 1pP . L(0) iP. P
_ Yo Mo _ By MBg
v(0) mw Tmw = " T TP
2 2
iP . P .k k& iy“P iy“p
-0 20 Wiy g - (1-e") + —L 105 L sin y2
mw 2 0 2 2 Y-u
mwy O mwy TmuY
3
uP. ki £ (1)
+ 5 J cos Y(Z-k)HO (&) dg . (57)
mky w O

It 1s also possible to express, in analogous fashion, the mean velocity over

the width of the strip,

1 2 1P0 1uP0 %
EI';& v(x) dx = il v o ;& L(x) dx
(58)
(Mo PP P osingp2 g
mw T Lmuw z ’
-2 éz_kZ + 1
having regard for the result
o 2k%
. L
e & /77 vl 0 Y
Yo -k" +q
_i-JH% (1_e21Y2) --—E§ log X;E (1-cos 2v4) (59
2y 2y Y-u

2 2kg £ (1)
+in E— S sin y(28 - DH (L) dE
2693 0 k’ "0
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and this enables a characterization of the distributed force admittance/

impedance of the plate.
For points on the plate external to the strip, say x > & , the relation

1

51 F(x-2,x+L) (60)

L(x) =

obtains and, applying (56), this yields

] k(x+2)
Leo = 2 5 TR Py ag + I (1T LY ek,
27" k(x-1) 2y
- > 1og T (sin y(xH) - sin y(x-2)) (61)
2.Y Y—H
2 k(x+) k(x-2)
+in HEo (0 F Teos yGere -2 (0aE - f cos vk -DulD (©)ag}
kYY" 0 0

In the limit 2-+0 ,

LGx) 2 Ry L) ,_o + 02D

2 . 2
= {1 -T% Hél) (kx) -1 _7TY_1J ele - log Yt cos Yx+ 1 Iy H(l) (kx)

Y Y-u Y2 0
2 kx
-1 R S e va-2ri ) ag)

RI(x) + 0(2%)

and the recovery of the line force expressions (7), (8) from (46) is immediate.
When the applied pressure acts on a circular area (with radius = a) the

velocity distribution corresponding to (46) takes the form



-17-

_iﬂo S é k2 %ﬂ@)
v(r) = —_ S z Jo(Cr)CdE
o ST,

iaP, = iayP

 J (gr)J. (za)
[ 3,(e0 (za) dg - —2 § 2——1
0

= J
0 éZ_kZ +u

as a function of the radial distance from the center of this domain. The

dz (62)

simplification of (62) commences by noting that

o o, 0<a<r

f J (cr)J (za) dz = 1/2a , 0 <a=r (63)

l/a , a>r

and adopting the rearrangement

© Jo(cr)Jl(Ca) © J,(zr)J, (za) o ® JolEr)J, (za) © J,(zr)J, (za)
dz = [ dzg+u” S dz-u /[ )
0 /Cz_kz +u 0 /C’z_kz 0 '/cz 12 (¢ -YZ) 0 o~y
(64)

for the second term. Let

o J . (zr)J. (za) a 2T 2, 12 _,
M(r) = S 0 1 dr = E%Z S ortde' [ dy exp(ik#ég;r 2rr'cos P)
0 Cz-kz 0 0 V42+r'2—2rr' cos P
(65)
and define
© J,(gr)J; (za)
N(r) = dg (66)
0 /c K (t -Yz)
whence the relation
d2 1 d 2
(:1';,_' Tty IN(r) = -M(x)

follows, with a consequent representation

dg
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r r
N(r) = AJO(Yr) + g:JO(yr) df r'NO(yr')M(r') dr'-vg No(yr) df r'Jo(yr')M(r')dr'

(67)
wherein
} © ) g
A = N(0) = . (68)
0 /77 2=
r“-k T =Y
Since
2 o J.(za) .
d 1l d 2 1 1 i ika
( 2 + a da ty - —7)A =- 7 dz ka (e 1
da a 0 2 .2
z -k
it turns out that
a a

A= otJl(Ya) - %—E Jl(ya) Of Nl('YT) (e To1) dT+ Nl(ya) JN (YT) (e -1) dt

a
i ika i ikT
aJl(Ya) - 5 (1-e7) + §§'J1(Ya> S No(yr)e dr

kay

!}

- 72 Ny (ya) f 3 (we1kT dr (69)

after invoking some Bessel function properties. A vanishes, independently

of o, when a =0 and

=]

dA 1 d 1
a7 = (a0 = 20f ccz )
/ x Y
so that
1.7 dT kg 1 1k
== {4 s- 1/ =5} =-Z=tan " ¢ (70)
Y o T -U 0 T'+u TH H

and the determination of A 1s complete.
The third and last integral in (64), say

© J,(zr)J,; (za)
P(r) = [/ — iz , (7D
0 T -y

can also be recast by means of its differential equation

2 o]
S EE tOR® - S E0nG e, a0 ()

(—=

dr2

|-

a
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and this yields

r r
P(r) = BJO(Yr) + g% JO(Yr) / r'NO(Yr') dr' - ?%-NO(Yr) S r'JO (yr') dr'
0 0
= BI,(yr) - -1—2
ay
or
P(x) = R(0)Iy(yr) - i; (1-3(y)) (73)
where
® J.(za) dg o
R SR 5 S
PO) = S gy SO0 (- gy @ (74)

and a principal value is understood. Differentiation with respect to a
in the formulas (cf. Luke (1962))

o J)(ta) dg

T
Sy = 7 By N ()]
and (75)
© Jy(za) dz
O:F —V= "7 [Hy(ya) +N, (ya) ] ,
where HO denotes the Struve function, yields
» J.(za)
1 =L .T -\
({ e dg = va T2 [Hy(ya) -Ny(ya)]
and (76)
» J. (za)
1 Sl T :
F gy e =gt g Byt +Ng )

(with primes indicating an argument derivative), whence

P(r) = - —li - %% Nl(ya)Jo(Yr) , r<a, (77)

ay
Collectively, (65), (67), (69), (70), (71), and (77) provide an efficient
basis for estimating the last integral in (64)--and thus the normal velocity
v(r) --within the area directly subjected to external surface pressure; and

they furnish, in particular, an expression
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iP iapP 0

0 1 ika
v(0) = o2 - 2 e @D a2+ N (a))
ay
ip 2 2 2
=0 g1 @™ s 3—;;— tan T3, () - L - BN (va)  (78)
Y " Yo 2y
a ka Y ig a ka Y ig
-—P—m T 0@ S NG De ds+—li-?_Yk N @) S TG Bete

for the velocity at the center thereof. The mean value of v(r) on this area

— 2 @
V== S rv(r) dr
0

a
2
ip 2ipp,. o J. “(za)
__0_ 0 s 1 dz (79)

nw ™y g
0 (2027 4

can be related to previous integrals whose display in convenient forms is

available; and the link appears after a sequence of manipulations

2
; 3, (za) dr 2 é i ;°J2(22;a sin 0) dr
g m g
0 /C -k + 1 0 0 /EZ_kZ +u
2 w./rz 1 ;o{_ 1 4 (Jl(ZCa sin 6)) 1 1dC
o 0 2a sin 6 dg z '/‘,;2—_?'*'11’1
2 nj'Z 1 1 ) 1 f°°J1(2;a sin 6) dr
o 0 2 (u~ik) 2a sin 6 0 V) 7% 2
¢ -k VZT-k" + W
1 1 _—]__W.{_Z 46 ;°J (ZZ;a sin 0) 5 L’*‘ZU 211/ -k it
2 y-ik Ta 0 sin © 0 ) (CZ-YZ)Z
¢ =k
11 1 TT§2 49 { ;OJl(ZZ;a sin 6) dr
2 y-ik Ta sin 6 — 2.2
0 0 éz_kz oy
_HZ_ g ° J (2za sin 8) dr ud 0 Jl(ZZ;a sin 0)
Y xS 7 2 yay ] 22 az (80)
T Yo oz gt Yo ey

which turns up representatives of the integrals defined in (68) and (71).
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There is, likewise, sufficient information at hand to obtain forthwith
the corresponding measures of the plate velocity when bending stiffness

plays a role. The integrals

® i . 5 oo _iCX
J F(p) EEE*E& e—lCX dz =2 T acz (Ez-kz) I sin Z& e dz
00 C g1 B RD e z > 2 2
d ¢ -k” (g -Cn)
an

[ D) JoErEdT = 2 Iz (kY J

z -
0 n=1 0 f2 2 (Cz‘ci)

in particular, make an appearance and the above presentations reveal that

functions of the type (54) and (66) are involved.
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