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ABSTRACT

This report addresses research into active (feedback) contrﬁl of
the Satellite Power System (SPS), a large mechanically flexible aerospace
structure. The basic objective of this snalysis iz to develop an overall
assessment of the interaction of the SPS structure and its active

control systems.
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Executive Summary: NAS=9-16053

In order t¢ take maximum advantage'of the space environment, especially
the available solar energy, future spacecraft and satellites will tend to
be large (0.1 = 100 kilometers in their lergest dimensions) and very meche
anically flexible structures. It is likely that such large space structures
(LSS) will exhibit the following characteristics:

(a) high total mess but low mess density (mass distriduted throughout

the structure over a large ares);

(b) a very large number of low frequency resonances (many below

1 hz);

(e) wvery low natural damping (hence, easily excited resonances)
Because of their high level cof flexibility, they will tend to react to
forces, such as thermal and gravity gradients, soler pressure, and small
impulse loadings, in ways which were heretofore igncrable in smaller struc-
tures. In particuler, a concept like the Satellite Power System (SPS)
will be especielly vulnerable to these distruvence forces and yet, simul=-
teneously, be exvected tc meet stiringent performance reguirements fer
shape fidelity, orientation slignmert, vitretlon suppressicn, and pcinting
accuracy; however, all LSS will face similar difficulties.

Active control must be usei to suzment such structures in crier o

meet these specifications. The basic element of active control is feedback:
sensors at various critical locations on the structure produce electronic
gsignals proportional to local disturbence-induced errcrs in position,
velocity, or acceleraticn; these signals are processed by control alger-
ith=ms implementeé in an on-line digizal ccrmputer; the computer genergties

new electronic signals which are control commends spplied to contrel
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actuators such as thrust engines cr'torquihg devices; the control
actuators, plcc.ed at various locations on the structure, exert forces
to bring the strusture back into line and reduce the effects of any dis-
turbances. Although the placement of appropriate actuators and sensors

is an important item, the control algorithm, implemented in resl-time by

the on-line computer, is the principle component in this feedback link
from sensors to actuators; it must be carefully designed to cerry out its
cocnplex tasks within the physical limitations of the actuators and sensors
and the ;omputamional limitations of the computer.

The essential element of the centrol algorithe 1s e model of the

structural dynamics. This model is used to predict the dehavior of the
structure and compare it with the actual sensor meesurements. It uses

any errors it detects to imprcve its Dercepticn of the instantaneous
structural behavior and generate control commands to ceuse this behavior
to meet the system specifications, e.g. to keer the SPS microwave system
accurately pcinted at the Earth. For the rather rigid structures which
comprise current spacecraft ana savellites, such models are relatively
simple; however, LSS require very ccmplicated sets of partial differential
equaetions and cerresponding boundery conditions to precéict the behavior

at every location on the structure., A LSS is e&n example of what is celled

a distributed parameter system (DPS) which in theory must be descrited by

an infinite number of modes of vibration, but even in practice a very
large number of these modes is required to adequately approximate the
dynamical behavior of the structure.

The number cof modes included in the structure model is related to <the

computer memcry capacity and its access time, i.e. how fast {he comruter
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can calculate. If only a few modes are included in the controller's
model, the cozputer can do the calculations very fast and there is
imperceptible delay in the feedback system. However, if a large number
of modes is included in order to accurately model the structural dbehavior,
the computer must respond more slowly and the actuator feedback commands
are delayed and arrive too late to correctly reduce the distrubance effects.
in some cases, they arrive so late that they increase the disturbance
effects and cause the system to be unstable. This 4. lemma of how many
nodes t; keep (and which ones to throw out) and still be able to compute
control commands rapidly is called model reduction; it is the crux of the
LSS active control problem. Even if all the low frequency modes of a
structure like SPS were retained in the controller model, they would

zore than exhaust the available computer capacity. Conseguently, a model
reduction must be performed and a trade-off made: Scme modes are retained
and others (thought tc be less critical for performance) are left cut of
the controller's model,

liow we come to the conircller-structure interscticn problem. By

necessity, we are forced ¢¢ design a controller which actively centrels

the structure using a reduced model. The cecntroller computer is only
E?; aware of the modes included in its model of the structure. The residuel
ik P21
£

(i.e. unmodeled) modes are an intrinsic part of the actusl structure, but

the controller has no internal knowledge of them. When a particular
sensor cetects a local displacement error, this error is made up of contri-
tutions frem all modes - modeled and residual; the part cf the sensor out-

tat caused oy residual mcdes is called cbservatiorn stillover. The control

U.E, computer accepts the senscr signal and compares it with its reduced internal
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model to produce control commands. Such a command causes a force t0 be
epplied at an actuator; this force excites all mcdes - modeled or residual.
The excitation of the residual modes is called control spillover (control
energy "spills over" into the residual modes).

Consequently, through the structure coutroller we have feedback
arcund the modeled modes of the structure (which we want) and feedback
around the unmodeled modes through the conircl and observation spillover
terns. Fhis latter is the controller-structure interaction and it must
rot be ignored in the design and evaluation cf active large space structure
cortrol. It may sound foolishly obvious but an ectively controlled stiruc~
sure is quite different from a pessive structure; by electronic feedback,
the active controller chenges the structure's charscteristics, and its
response to disturbances. It is intended that this chenge will improve the
verformance of the structure; however, if the controller-structure inter-
ection assessment is not considered as a2 fundementel part of any active
contrel design for LSS such as SPS, the scught after performence improve-~
ments will be lost. In fact, in some cases, the ccntroller interaction
witnh the unmcdeled modes can cause them tc be unstable which would mean an
eventual less of control <f the siructure.

This report presents a "tcp-down" approach tc the design and analysis
cf sective centrol systems for lerge aerospace structures, like the SPS.
The introduction in Section I describes the LSS contrcl issues and the
ctlectives of this study in greater depth and gives some current references

ca *he general problem. Sections II and IIT describe the mein reseerch

rerfzrmed:
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(a) development of a mathematical framework for the LSS control
problem;
(v) development of methods to synthesize active structure con-
trollers from distridbuted parameter or finite element models
of the structure;
(¢) Aevelopment of methods to analyze and assess the controller-
structure interaction and its impact on the successfiul
éperaxion of actively controlled structures.
Section.IV describes the aprlication of this approach to a generic model
of the SPS which emphasizes the most stringent SPS control requirement:
accurately pointing the microwave pover transmission sub-system. Section V
proposes and assesses methods to compensate and reduce the deleterious
effects of the contreocller-structure interacticn; this discussicn includes
structure, as well as controlier, modifications. Section VI discusses
an important issue for actively controlled structures: the contrel is only
as gcod as the model. We have already seen the effects cf the unmcceled
modes; hovever, even the mudeled moies may be ratner pcor.y described cdue
to our lack of knowledge cf the zerc gravity behavior ¢f lerge structures.
Conseguently, scme of the perameters of the structure rmey te deorly mcdeled;
nence, there is = neeé for cn-voard estimation c¢f siructurel perame<ters and
the ability of the coatrol algorithm to make use of these parameter esti-
mates to adapt (i.e. tune) itself tc the structure it is contrclling.
Secticns VII and VIII present discussions and conclusicns ¢ the results
of this study and recommendations for future research directions both in

systems thecry and exveriment design. The terers puvlished under thil

[ ]

contract appear as Aprendices A-EZ and G; Arpendix ¥ contains a paper which
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was not supported by this contract but is germane tc the topics discussed

in Section VI.
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I. INTRODUCTIOR TO THE SPS ACTIVE CONTROL

1.0 Introduction

The Satellite Pover System (SPS), as described in [1], is an extremely
large serospace structure; its cperation will require 1nta§rttion of struce-
tural design and active control systems tO generste and transmit, vie
microvaves, large quantities of electrical pover from geosynchronous orbdbit
to receiving antennae on the earth's surface. The solar collector portiocn
cf the satellite is the largest piece of the structure, see (1] Figure &;
it has & low structursl mess (in proportiocn tc the total sateliite mass) and
is mechanically flexidble with many low frequency rescnances. In addition,
the microwave transmitting antenna, although much smallier in size, is a
flexibtle substructure which must be “ine-pcinted at the earth with miznimal
structural dynamic interacticn with the sclar array.

The following areas are most likely to wequire some active control to
augment the structural design during in-space cperation:

(a) eattitude centrel for soiar orientaticr ¢f the array structure;

(p) shape cr Zigure contrel of the array siructure to maintain the
norinal form;

(e) fine earth pointing control cf the micrcwvave transmission
antenna.

Tov feedracr) contrel weuld be iuplementesd Ty cneline éigital gro-

Active
cessing 7 signals,from a variety of senscrs located cn the structure,tc
produce control actuator commands,fcor thrust and mcmentum devices,tc make
the necessary ccrrecticns <o achieve the above ccnircl ovjectives. These
contrel tasks might be achieved with serarste, cr “decentralized”, centrol-

lers cr by a central ccntrcl precesscr or scme cormtination cof these; the

~asks would have <c te sscemplisned simultanecusly con the SPE.

§-2




2.0 Zechnical Discussion

2.1 Problen Statepent

Since the SPS is a techanically flexidle structure, its dynanic Ye-
haviour is modeled by & continuum description, i.e. a set of coupled par-
tial differential equations which model the flexidle substructures, ¢.§.
beams, plates, membranes, and a set of boundacy conditions vhich model
the interconnection of these substructures 0 each cther and to rigid masses
in the total SPS structure. This means that SPS is in the categery of
disyriduted parpmeter sygiems (DPE), i.e. those descrided by partial dif-
ferential equations as distinguished from luzped parameter systens which
are descrived by ordinary differential equaticns.

Such a DPS description of SPS would have tze Jorm:

B, * P *Au=F (2.1)
vhere u(x,t) represents the (vector of) displascements (rctaticnal ané
translaticnal) from the equilidrium position of <he structure O at the
point x and time ¢ due c the external force dis@rivuticn F(x,t). The strue-
tural internal resitoring forces A°u and damping = ole 8Te generated Ty partisl

differential operaters &' ?‘with sppropriace boundery conditicas con u, e.g.

)

)

ny

*

Agu e 1‘;2\;,, s 0, on bowndary ¢f 0 (2.
-

The mass distridbution of the structure s given by =(x). The force distri-

bution is composed of disturbtance fcrces FD and contrcl ferces F.:

Px,t) = !‘D(x.‘.) . .“C(x,t) (2.3)
Conircl may Ve intreiuced via ! force or mementum sctustors with
s=plitudes 2. (t):
E 3

where b, (x) are the influence functicns ¢f the indivicus_ sctualcrs and
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%‘i £{t) is the vector of actuator cozmands fi(t). Observasion of the systen

: is done via P sensors:

| y(t) = Cyu + Cou, (2.5)
c vhere 4im y(t) = P and (2.5) allews “c- position, velocity, accelerstion, or

combinations of these measurements. There would alsc be sensor and sctuator

&ynamics associated with (2.L)=(2.5) but these cynamics have nct hHeen showvn;

they would be part of the assessmenz.
f The performance desired of the SPS in terms of pointing accuracy, shepe

eontrol, and solar crientaticn zay be stated in serzs ¢f clizsed-locy tran-

siant and steady-state behavior ¢r as a performance functicn, such as modal
energy or peintiag error, to be =inicized. 3ctr t:pes ¢f perfcrmance speci-
ficaticn will Te taken into account irn this assesszent.

Trex DPS thecry, the dynamical tehavior ¢f the uncontrzlied ZPS gtruc-
ture is descrived by an infinite number of vitrasion mcdes - the rigid
body (zerc frequency) mcdes jius 21l the indeperdent {rescrant frequency)
Joex zofes. In practice, finite element structurel analysis teinigues
are used to produce approxizmate Zocdal data (ocde freguencies and mode sheres)
wbich vields s large-scale, lumpeid rarazmeter xcdel cf tne SFS (l.e. & lz.ge
T infinice number ¢f modes!. Thnis large sctle mciiel suffers fron

s
L3 4 .

zodel errcr i.e. error in the mcdal data; and unnmcdeei residual modes cf

In addition, althcugh the large scale =cdel can be used fcr analysis
and computer sizuwlaticn purpcses, it is usually <22 large :c use fcr an

- < . - -4 P4 4 4 Y
cn=bcari, real-tima contrsller. The lizitel capscicy :=f such ccnercllers
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will reqguire that a reluced-crier mcie. ¢f <l

tails selecticn of & smaller sutset of =odes (cr an sggregation ¢f rmodes)
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that gives & reasonably faithful representation of the total system be-
havior. The active controller design would be based on this reduced-order
model. Such a controller would take the form:

£(t) = H ., y(s) + H., 2(¢t)
. 11 12 (2.6)
z(t) = 321 y(t) + B,y 2(t)

vhere dim z(t) = § < =, The controller dimension S anéd the parameters H’l’

H E would be determined directly from the reduced-order model

12* H210 Hpp
of the SPS. The size of S and the operations involved in (2.6) are directly

related to the capacity of the on=-boerd control cemputer (or subcomputer).

2.2 Fundamental Research Problexs for Active Zontirol of S

The most fundamental control research problem for the SPS is the
interection of any cn-boerd active controller (2.6), tesed on a reduced-
order model, with the actual SPS structure (2.1)=(2.5). This structure-
controller interaction occurs because of modeling error, control-device
¢ynamics, and spillove. due to modes not included in the recduced-order
medel (for "spillove=", see [2]-[3]); ¢his interaction is the most crucial
research issue to be considered in this analysis. Other important issues to
be essessed are the following:

{1) selection of approrriate structure vidbration riodes to controcl o
achieve desired system performance;

(2) the effect of residual (uncontrolled) modes on system performance;

(3) the effect of modeling error (i.e. mcdal eprroximatiocn) on system
performance;

{5) the use of erprorriste corpensation, i1f needed, 4c ccunteract

resiéual mode and model error effects




(S) the effect of actuator and sensor dynamics on contrcller design 1
and system performance;
(6) controller design with multiple distributed actuators and sensors;

(7) control device (actuator or semsor) location, quantity, and char-

acteristics necessary to achieve the basic control cbjectives; ii

(8) examination of the trade-offs available in the basic control
approeaches, including structural design, pessive dempers, direct output
feedback, and modal control with compensation feedback and

(9) separation contrel of the SPS array struciure from the microwave

antenaa to reduce the effect ¢f vibraticnes in the rmain structure on the

beam-zointing accuracy.

2.3 Avrroach

This analysis will use the flexible structure ccntrol thecry of

[2)-[6]to develop & genersl methematical fremework for the assessment of

—

basic active control systems rrocedures for the SPS. The cevelcopment of

this framework will be the principle element c¢f this assessmeat. It will

be able to begin with a continuum description cof E7S, cr a finite element
description, or even & sirplified continuum model, suck as & dlate model,

and fcllow through, in a "tcp-dow-" menner, tc <the Tesic ccntrcller logic

and provide an assessment of the fundamental issues ralised in Section 2.2.
Particular ermphasis will be given to making the fremework broad enough to
include new coentrol trends, e.g. [7]-[9], and, yet, capable cf yielding
answers to the above issues and to the assessment of cther approaches tc
(reduced-crder) modeling, e.g. traveling-wave vs. =cdal cescriptions cf

SPS. Tt will not be limited tc the current SPS reference system [1].

- g
e -
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This approach will emphasize:

(a) generic problems of SPS control;

(v) the basic design logic for controller synthesis;

(¢) the trade-offs inherent in the basic control aprroaches for the
attitude, figure and polanting control tcsks;

(d) the interrelationship and interaction of the overall structural
aesign gnd its models with the active controller design and operationi

(e? the distributed parameter nature of the modeling, control and

interaction problems.
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II. ACTIVE STRUCTURE CONTROL: CONTROLLER DESIGN
AND . INTERACTION ANALYSIS

Our basic objectives in this study are to develop fundamental con-
troller synthesis approaches for SPS structure control and to assess the
interaction of the SPS structure with its active controller(s). An imple-
mentable active structure controller is one which can make use of a wide
variety of possible sensorg and actuators to synthesize con-line, via
digital computer(s), the feedback control commands necessary to maintein
the structural shape, attitude, and/or pointing requirements in the pres-
ence of disturbances. Such a controlier must be finite-dimensional. The
centroller dimension must not be too Ligh because this dimension corre-
sponds to the on-line computer cepecity (i.e., the size of the memcry end
the speed of memory access).

The fundamental issue is the finite-dimensicnal, implementable con-

trecl of an infinite-dimensionel, distributed parsmeter structure. Any

controller syrnthesis technicue zust produce finite-dimersional controllers
for the distributed parameter structure; this will alweys involve some

kind of nodel reduction of tne infinite dimensional system. Lowever, due

tc +this model reduction, there will elweys be e secntrcller-structure in-

teraction with residual (unmodeled) structure dynamics. In general, the

sources of contrecller-structure interaction are the following:
(a) structure modeling error (i.e., poorly known model parameters)
(b) unmodeled control device dynamics
(¢) spillover due to structure dynamics unknown to the ccentroller.
Therefore, it is not encugh 4o produce active controlier synthesis
procedures for structural control; the controller-structure interaction

VRIGINAL PAGE L
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must be analyzed for any such procedure. This ana s is an intrinsic
part of the problem and should be done with a view toward comtroller re-
design for reduced interactions. Without a general mathematical frame-
work which takes the above issues into account, it is impossible to
handle the active structure control problem in any but a trial and error
fashien.

In Paper A: TFeedback Contrcl of Dissipative Hyperbolie Distriduted
Parameter Systems with Finite Dimensional Controllers (presented at the
1979 IEEE Control and Decision Conference; revised and expanded version
submitted to SIAM Journal of Contrecl and Optimization) we have presented
such a genersl mathematical framework for model reduction, controller
synthesis, and interacticn analysis. This framework is used to assess
modal ccntrcl approaches to active stiructures. In modal centrol, it is
assumed that the vibration mode frequencies and mode shapes of the struc-
ture are known. A group of critical modes are chosen, e.g., by their
excitabpility by the disturbance frecuency spectrur ¢r by their contribu-
tion to a performance index such es the microwave antenna pointing

accuracy; the cholce ¢f critical modes is not a triviel issue by any

means and merits further investigeticon. These critical medes ferm the
reduced-créer medel ¢f the structure. The modal ccntroiler is synthe-
sized with only the critical mode data. In Paper A, the most general
linear controller is considered; this allows trade-offs in the controller
design, the number and location of ccutrcl devices (actuators and
senscrs), and the on-line computer capacity. Very simple mcdal criteria
are develcred tc assist the gesigner in essessing the availasble decign
trade-offs. The controller-ztructure interasction is enalyzed, and

bcunds on spillover and mode} errcr are produced; these bound; indicate
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the tolerable levels of these interaction term. for stable operation

of the active structure. When the bounds are satisfied it makes sense

to use the modal controller as designed; when they are not satisfied,
the designed controller should be used with caution and, more reasonsdly,
it should be redesigned or spillover ccmpensation should be added. Ve
will say more later about spillover compensation. The mathematical
framework presented in Paper A ie very general and can handle many other
types of active structure control; it is not limited tc modal contrel.
The most cemmon tool available to structural dynamicists is NASTRN

which is a large-scale computer code based cn & finite element analysis

of a structure. Approximate mode shapes and frequencies are available
fror NASTRN and can be used in active controller synthesis. The fact
that the modal deta is approximate adds the effect of model error to that
of spillover to further comriicate the controller-structure interaction.
In Paper E: TFinite Element Models enéd Feedback lcntrcl of Flexible Aerc-

space Structures, the structure control synthesis and analysis problex is

consifered in deteil for firice ele-ernt models cf :he structure. Bound:

or tolerable mcdel error and spillover are produced to indicate when an

implemen.able active controller based on a consistent finite element

arrroximation of & structure lire SPS makes sense and can be expected

t0 operate stably.

Among the practical constraints on structure contrcl, we are inclined
to assume that point actuators and sensors will be used; these may be
placed a* many locaticns cn the structure. In some special situations
e &istriruted actuater, e.g., use of electrcmagnetic field interacticn
of the SPS and the earth, may be available. Such distributed actuaiers
and sensors are not exciuded from the framewerk established in Paper A

and may be used to advantage when they exist.
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It should be mentioned that in all of our work on active structure

control we are talkiﬁs about feedback or closed-loop control of the

structure. In "Control-Structure Interaction in a Free Beam" by S.
Shrivastava and R. Ried (NASA Report JSC 16699, May 1980), an energy
approach is used to study the controller-structure interaction for a
free bean with on-off thruster control. The paper illnstrites the
excitability of structure modes to such nonlinear control forces. This
is certainly an important consideration; however, one should be careful
not to draw many detailed conclusions from such an analysis because the
control is open-locp. Many of the convroller-structure interaction
effects appeer because of the feedback nature cf active structure control.
The analysis of Shrivastava and Ried aids in understanding the complex
way in which & flexible structure responds to open-loop thruster loads;
it is quite complementary to our analysis which considers linear forces
genereted by feedback contrecl systems.

The gbcve mentioned papers A and E gre .rpendices 4 and B ¢f this

repcrt.
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III. ACTIVE STRUCTURE CONTROL USING SINGULAR PERTURBATIONS

In the previous section, we presented a general tr;mswork for active
structure control synthesis and analysis. It was based on a regular
perturbation viewpoint, i.e., the spillover and model error terms were
taken as perturbations of the desired system; this is how we arrived

at ocur spillover and model errcr bounds for closed-locp stability. A

different viewpoint which uses singular (as cpposel tc regular) perturba-

tions is described and analyzed in FPaper C: Reduced-Crder Feedback
Centrol of Distributed Parameter Systegs Via Singular Perturbaticns
(presented at the 1980 Princeton Ccnference on Infarmation Sciences
and Systems; revisec version submitteé to Journal cf Masthematical Analy-
sis and Applicetions) and Paper D: Stability c¢f Distributed Perameter
Systems with Finite Dimensional Compensators Via Singular Perturbation
Methods (presented at 1980 International Congress cn Aprlied Systems
Research and Cybernetics). Applications ¢f the gerersl aprroaches tc
aerospace structures are discussed in Faper Z: (lcsed-Loop Steblility
cf Large Space Structures Vie Singular and Regular Perturbdation Tech-
nigues (presented st 1980 IZEE Centrol and Decisiorn Conference).

T™e princizal difficulty in arpiving the singilar verturdbation
approach is to arrive at a physically meaningful singular formulaticn.
When this can be done the system separates into a critical subsystex
that must be contrcolled and a residuel subsyster whose overall effect
can be approximated statically. This makes the ccntroller synthesis
and aralvsis very different freom that of Secticn IT and we feel this
Justifies a separate secticn devoted tc this approech.

C e
Y
No single arprcach to the active structure conircl prcblem can de

g
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expected to yield all the answers. Each one has its lgocial advantages

L e R T

and disadvantages in a given application. In this ané the previous
section, we have presented two very genersl viewpoints vhich incorpor-
ate the controller synthesis and the interaction analysis which ve feel
is crucial to the solution of this complex prodlen.

Papers C, D, and E gre Appendices C, D, and E of this report.
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IV. CONTROLLER-STRUCTURE INTERACTION FOR SPS:
APPLICATION TO A GENERIC MODEL

Although the assessment approaches descrided in the previocus sece
tions may be applied to a wide variety of flexidle structure models,
including finite element models, we have chosen to look carefully at
their application to a simple model of SPS and the (potentially) most
difficult control problem: .accurately pointing the microwave antennae
on the flexible solar array structure. Of course, more detailed mcdels

will exhitit more aspects of this complex protlem but we are cperating

on the trite-but-true principle: You have to start somevhere!

The generic model we have used for SPS is a flexibdle beam with

lumped masses at both ends; this model was also considered in

"Projected Models of Solar Power System” ty J. Juang (Jet Propulsion
Laboratory Engineering Memc 3L7-58, Feb. 1980).

The &vnazmics are giver by

U, *o,u +*A usB T
{ te * S0 % Y A 0 (5.1)
v .
yelou*Zhu
where
ALusau -Bu (L.2)

¢ po e d %X

with eppropriate boundary cenditions and u(x, t) is the transverse d&is-
vlacement off ecuilibrium of the beam cf length £ . The demping oper-
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on'y sdds a small sxount ¢f dissipaticn tc the structure. We consider

several actuatcr-sensor arrangements.
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The perfcrmance index is given by:

Je I“ (E2(0, ¢) +» T°(2, ¢) + £° R £] at (4.3)
0
vhere the pointing error E(x, t) is given dby: .
E(x, t) = 8(x, ¢) = er(x) (L.4)

vhere er(x) is the desired pointing direction at the location x and

ot 3y
B(x ) = LeXatl

i Y
| ¢ °
is the angle c¢f the ncrmal (or pointing) vecter st locaticn x at tine
t . The contrcl penalty term hes a pesitive definite weighting matrix
2
P 3 this penalty term can be selected to keep the actuetor commands
within practicel limits.
The system (-.1) together with the performance index (4.2) formg
C
a distrivuted —graveter crtima’l contrel Trot.ex; this can be brought
intc the feorm of an criimel regulater bty considering:
C elx, +) = ulx, ¢} - u_(x) (L.8)
where ur(x) is chosen so that:
-
s Ju,
— u.€
= &, (4.6)
It is easily shcwn that
e .t +h esZ T
{ tt v v v & {‘.7}
F = + T » 2
ymloe*Zye G5y
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, vhen (as is the case by proper choice of U,
', ‘ .
Ay u =0 (L.8)
| we shall choose toO measure
i § .
i &y - co ur (1‘09)

instead of y ; this caz always t) done decause Cc L is & known tize-

invariant term. Alro, note that the pointing error deccmes:

° el
E Gy
i R A T

2(x, t) --g§ (4.10)

I

Combining (4.5), (&.7), (L.9), (L,20), and (L.3), we obtein a
distributed perameter ortiral regulator prob-.em, as desired. Tais probe
ez may be analyzed using the methods of Paper A. We have developed
active modal controllers by twe straightforward methods:

(a) produce the infinite dimensicnal contreller (which cannct be
izplemented) and truncate it t¢ cttain the finite dizmengicnal centrcller;
(b} <runcate the distriduted parameter systez ané perfcerzance
index, and generate the finite 4dimensicnal centrcller frax this reduced-

crder model.

The latter method seems <the mest natural from an engineering viev-
point. Whea the exz:t todes are known (as they are in this model), the
s - two methods yield essentially the saxze controller.

This application and the study cf its properties fcrm the tasls fcr
the zmasters thesis of =y research assistant, X. Mashayernhl;, this thesls

will te ccmpleted ané availsble by June I, 138L.

T
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4 V. COMPERSATILN OF TE:Z CONTROLLER-STRUCTURE INTERACTICK
3 G .
1.0 Compensatioa by Structural Modification
;'c Some alleviation of the controller-structure interaction may bte

odtained by purely structural modification or redesign. An optimal over-

all structural design may be done o redistridbute th~ mass and increase

the stiffness. TFrom our comtrel point of view, we neel incresased dampe

ing without seriocus loss of g2iffnass; since the stiffness is 2ainly a

function of configuration and the damping is ¢ function of materials and

construction, this may be attainable with structurel recon’igurstion and

use Of ccmposite materials. Also, we need %0 know the sysiem parameters

as ve.l as possidle; perhays, an attempt should be made T structurally

s isclate subsystezs cr to yield a structure composed of weLl-approximated
sutsystems. One thing is very clear, the bes: ccmprozise ¢f structurel

stiffness vs. damping would te nmade in the Treliminary design phase; such

r Becisicns require & dbasic understanding cf the elfects cT seructural ccn-

figuration and materials tc meet the zissicn regquirenments.
Structural add-ons include ccatings tc increase high Trequency damp-
. ing and (passire cr active. zmexber damypers tc incresse _cv Ireguency

da=ping. The latter are especially desiractile because it is the low fre-

quency damping that most needs augzentation; perhaps, scre coxbination of

A

» . dazpers plus & more sophisticated sctive contrcl ca- be used to achieve
the struciursal ccntrol reguirements.

0f course, Tuch of the structural desig is construined Ty famcicrs

’ cther thas the wtimete funmeticr of the cversll strusTiuve, e.g., transe

- A4 - e W @ e’

3 pertability and censtructicn im erbiz. lozetheless, in the ncre discant

::ygz:;r;irusnns

¢ ——
- _
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future we would expect to see contrcl-configured structures, i.e.,

structure and active'control designed and optimized as one integrated
package. Such an integrated optimization is not simply a matter of
producing a "super computer program”; s much deeper understanding of
structural behavior in the presence of active control will be required

to generate control-configured aercspace structures.
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.0 Compensation by Controller Modification

In general, we feel that structural modification alone is quite
limited as a means to reduce the controller-structure interaction. The
interaction problem occurs because of the combination of pechlnical
structure and control electronics; this suggests further use of elec-
tronic compensation as an alternative.

Actually, there are mary ways to introduce this spillover compensa-
tion. The basic requirements are the following:

(a) compensation should be added-on to the existing controller

(b) compensation should hot subs'tantially increase the number of
control devices or the dimension cf the controller (i.e., the on-line
computer capacity).

The methods we have investigated are prefiltering, cancellation,
residual aggregation, and enhancement. £Each of these has its advantages
and disadvantages; ncne is a panacea. The mest rnatural seexms o be
erefiltering. i.e., filtering the sensor outputs t¢ reduce ithe spillover
frequency components; however, phase distortion éue <c the filter can
heve as deleterious an effect on the stability as the spillcover it
removes,

We feel this area has nct received sufficient attention; there are
many promising directions for electronic compensation methcds which
need further investigaticen.

Srecial Purvcse (Localized)! Scnircilers

1)
[ ]

Decentralized control in general sounds like a gocd bet for active

structure control. Tt has teen used successfully in the aree of electric
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povwer generation and distribution; this application erea has some sur-

prising theoretical similarities to flexible serospace structures.

Therefore, we do not want to discount the possible benefits of a de-
centralized approach to structure control; however, we alsc do not want
to forget the extremely difficult technical problems that’ continue to

impede the development of a general theory of decentralized control.

L AR o S et

Still, a localized approach has 2 great deal of merit if we exploit
properties of the particular application. Specifically, the SPS micro-
wave pointing problem might be attacked in the following localized way:

treat the {lexible antenna as the precision system, i.e., the one in need

of accurate control, and the solar array as & disturbance system acting
upon the antenna; try to design a disturbance counteracting contrel to
poirt the antenns and simultanecusly reduce disturbances from the solar
array structure. Such an apsroach was first considered in "An Active
Modal Control System Fhilosophy for a Class of Lerge Space Structures,”
by M. Balas and J. Canavin (presented at 1977 Elecksburg Symposium).

Of ccurse, a centra.ized ccntroller with a coroplete dynamic model
of the array structure with entennae attached car dc a much better jcb
than the above-described locelized contrel. However, the centrslized
controller is much more ccmpiiceted ané mey rroeve impracticel tc¢ imple-
ment while the more simplie lccalized controller could be implemented
and may prove to be nearly as effective as the centrelized scheme. The
trade-offs in such locelized structure control schemes remain tc be more

carefully examined,

ORIGINAL PAGE IS
OF POOR QUALITY




el

VI. PARAMETER ESTIMATION AND ADAPTIVE CONTROL OF STRUCTURES

Active control of structures is based on a complete knowledge of
certain system parameters; for example, in modal control, the mode fre-
quencies and mode shapes must be known (at least, the mode shapes must
be known at the actuator-sensor locations). In practice, these param-
eters are poorly known and may vary with time. The control designer has
two choices:

(a) make the design robust, i.e., capable of carrying out the
control task even though the parameters have substentiel error;

(p) make the design adaptive, i.e., use the senscr information to
estimate poorly known parsmeters on-line and have the controller tune
itself up.

It is difficult to produce robust controllers for highly accurate
tasks without introducing unacceptably high gains; therefore, we have
concentrated on the adaptive approach. However, one should certainly
check the sensitivity of a given structure controller tc parameter inac-
curecies before proceeding with parameter estimaticn and/cr sdaptive
contrel,

A general arproech to parameter estimation and adaptive control for
aerospace structures is presented in Paper F: Toward Adaptive Control
of Large Structures in Space by M. Balas and C. R. Johnson, Jr. (from

Applications of Adaptive Centrol, K. S. Narendra ané R. Moncpell, eds.,

Academic Press, 1980). This paper was nct written under this contract;

however, we include it because it éiscusses the special prcblems of this
field within the context of our genersal mathematical frazmework. In

addition, some preliminary investigation (accomplished with NASA support

e —



this year) on sdaptive control of reduced-order systems is presented in
Paper G: Reduced-Order Adaptive Controller Studies by C. R. Johnsen,
Jr., and M. Balas (presented at 1980 Joint Autometic Control Confer-
ence).

Papers F and G are Appendices F and G of this report.
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VII. DISCUSSION AND CORCLUSIONS

No cne who has worked in the field of aerospace structures would
argue that active control of a structure as large and unruly as the
proposed Satellite Powver Systemis anything but a monumentally diffi-
cult task. Furthermore, no one but a fool or a madman would undertake
tc sclve the basic SPS contrel problems irn a2 one-year study. Hoping
not to §e judged the former and unsure about the latier, we have never-
theless undertaken the study of scme of these problexs under this con-
tract.

Throughout this work, our emphasis has bteen on the generic preblems
ané the distributed parameter nesture of SPS setive structure control
with the goal of cobtaining a deeper understanding cf siruciure contrel
technclogy bty focusing on an extremely complicated and 2ifficult structure.
We have gone in many directions during this study; of<en, in order to
ccver as much grecund as pessible, we have developed e given direction
enly to the point where it began to reveal its petentizl. Still, this
werk is not without substance. We have developed e =ethemeticel franme-
work for the assessmeat ¢of the sctive contrcl of aercsrece structures

like (although nct restricted tc) the SPS. TFrem this we heve generated

guite general technigues to:

(2) synthesize structure controllers from distributed parameter
or finite element models of the structure;

{v) analyze the contrcller-structure interscticn on the closed-loop
gterility, |

(e) ccmpensate, by structure or coentroller medificaticn, teo reduce

the interaction effects.
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This has been done within the constraints of maximum use of exist-
ing control and structure knowledge and tocls, allovance for a variety
of SPS models and configurations, and ability to include new develop-
ments in control and/or structure technology.

We have accomplished our principal objectives in this study:

(1) to develop basic active structure control approaches for SPS
ané assess the design trade-offs

(2) tb develop mathematical methods tc assess the effects of con-
troller-structure interaction on the closed-locp s:iability

(3) to develop numerical methods to ccmpute the stetility bounds
ef (2).

This work has produced seven published rapers and a mesters thesis.
We have presented various aspects ¢f the werk in several nsticnal con-
ferences and in seminars at L. B. Johnson Space Center and the Jet
Propulsion Laboratory throughout the year.

We hope our contriduticns ané the perspective presented here will
further the understanding of Setellite Power Systex ccntrcl and active

contrcl of aercospace structures in general.
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VIII. RECOMMENDATIONS FOR FUTURE RESEARCE IN LARGE AEROSPACE STRUCTURES

The research repcrted here has been on the development of systenms
theory. It is in this area that we shall make our principal recommenda-
tions.

Two areas, out of many which we have touched on in this report,
stand out as mejor issues in the successful develcpment of active struc-
ture coptrol:

(1) Structural modeling for active control, i.e., modeling of the

structure explicitly for feedback control purposes as opposed to assess-

ment of dynamical behavior under external loceads;

(2) On-line parameter estimetion and edaptive coatrol.

The first of these really is an indicetion of the different view-
peints of the structural dynamicist ané the structural control designer;
emphasis on this preblem would go a long way towari a nuch-needed
raprrochenment c¢f these two discipiines. One cannot realistically expect
t¢ cperate large aercsrace structures without scme rescluticn of the
seccnd issue; yet, on-line parameter estimation ani adaptive contrel
technigues lead to some cf the meost complex thecretical issues in dise-
tributed psrameter systems.

There is a clear need to lock beycnd the systems theory aspects of
large asrospace structures and to begin to consider the developament of
gr-und-based, and eventually in-space, experiments in actively controlled
ztructures. Of course, no successful ground-based experiment can begin
<o arpreech the dimensions c¢f something lixe the EFS; however, this is

21ct necessary to gain the basic understanding thet is needed tc cope with
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this new area of technology.

Instead, we may ﬁesin t0 investigate particular structural behavior.
For exoxzple, ground-based experiments to determine the dynamical dehavior
of flexible membranes attached to semi-rigid structures would help us to
understand a major component of the SPS: the interaction of the solar=-
cell blankets with their supporting structure. Furthermore, active
suspension control could be introduced into such an experiment to inves-
tigate ;ts capacity to suppress the blanket vibrations without seriously
increasing vidbrations in the surporting structure - a clear applicetion
of the systems concerts developed in tkis report to design and assess
the controller-structure interactions.

QOther experirents in active contrcl ¢f beams and plates could be
designed and carried out to assess the potential c¢f active structures
and to illuminate the problems. Although computer simulation is an
excellent tool for analysis of structural behavior, it is only as good
&s the rodels ¢f the phencmena t¢ be studied, These mcdels require sub-
stantial improvement in crder tc successfully predict the complex
behavior c¢f large serospace struc-ures. Such improvezents can cnly
grow out c¢f & better understending cf structures and trheir interection
with ccntrol - an understanding which cer be greatly alded Ty lebecratory,

and space-shuttle-based, experiments with generic structures.
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lﬁ. FEEDBACK COMTROL OF DISSIPATIVE HYPERBOLIC DISTRIBUTED PARAMETER SYSTEMS
WITH FINITE OIMENSIONAL CONTROLLERS

Mark J. Balas
Electrical and Systems Engineering Department
Rensselaer Polytechnic Institute
Troy, New York 12181

ABSTRACT

The class of dissipative hyperbolic distributes parameter systems
is defined here; it includes many physical phenomena such as mechanically
flexible structures and certain linear wave propagation problems. Feedback
control theory for this class of systems is investigated. Although scme re-
sults on infinite cimensional controllers are presented, the emphasis is on
practical (i.e., finite dimensional) controllers based on reduced-order
models of the distributed parameter systam and the closed-l1cop operation cof
such controllers in the actual system. Sufficient conditicns, in terms of
"spiilover® bounds for the unmcdeled residuals, are oresentaa “or 2xscnen-

ttally stable closed-locp operation.

1.0 INTRCOUCTION

Many physical phenomena are best described by partial ¢iffsrential

equations, e.g., (1], Chapt. 1, and hence, are distridbute¢ parameser svstams

man cge

(OPS}. Several books have been written an OPS and control, e.5., [27-077, a3

weli as, 3 large numoer of paners, e.5., the survevs [37-T27; apolicazicsns of

oPS control range from mechanicaiiy flexidie structures i wilcFire succrese

sion, e.3., the survey [10]. Our special area of intersst has been acoiica-

tion to large flexibie aerospace structures, 2.3., tne surveys _i113-7127;

p |
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although the results obtained in this paper may be applied to such struc-

tures, they can be applied to a much larger class of probiems, namely,

dissipative hyperbolic DPS.

2.0 DISTRIBUTED PARAMETER SYSTEM DESCRIPTION: DISSIPATIVE HYPERBOLIC SYSTTMS
We consider DPS described by the following:

L‘J’{-‘l « Avit)+8f(t), v(0) = v,
y(t) = C v(t)

(2.1)

where the system state v(t) is in a Hilbert space H with inner product (-.,-)
and associated norm || -|i. The differential operator A is linear, time-
invariant, has domain D(A) dense in H, and generates a Co semigroup U(t)

on H. The DPS is called dissipative hyperbolic here when the semigroup

U(t) has the following "growth" property:

-£%

My e ,

CU(e)

~—
A
=

-
t >3 (2.2)

where : > 0 and Mo > 1; when € > 0, we say <he oPS i3 stricly dissicasive,
1£c 20, we 1ssume M, = 1. For more zetails on semigroucs, see [§1-777,
r13]-[143.

The contral is introduced via M inputs:
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wnere the 3cuator inflyence functions Sy are in 4, The system {s ooserves

via ? sensors wnose outputs y.(t) fcrm tne vector yitl = iJI::}. cens ;:(:}}
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and are given by

yj(t) s (cJ. v(t)) (2.4)

" v " o o ] et
i e T I o

T T
L _J

where the sensor infiuence functions cj are in H, The rank of the input oper-

ator £ 1s M and that of the output operator C 1s P. In most UPS applications

R
o

the control and observation must be done with a finite number of devices;

hence, these restrictions on 8 and  are natural. Usually, the control de-

i g ‘ vices will be localized, i.e., the influence functions b1 and cj #i11 be

? nearly Dirac delta functions.

l % . The class of dissipative hyperbolic systems includes mechanically
flexible structures, where € is related to Lhe natural or materials damping

! in the structure, and certain wave propagaticn problems which are described

) . by symmetric hyperbolic systems of partial differentia: equations, e.g., [i5];

in fact, it includes most oscillatory DOPS. It does not include (so called)

parabolic problems 1ike the heat equation; for these systems, the semigroup

o U(z) is nolomorphic [16] and she control orobiems are scmewnat different.

Control of saratolic CPS nas deen considersd in, for exampie, (3., [187-013].

- - w'"
Qur control aporoacn t3 dissisative hvoerbolic JPS empnhasizes ‘m-

t - A -
(2.27, the zcatrsiler

¢ slamentapilisy, {.e., from tne sensor cutsuts y(<) {-

muSt synthes:ize control commands f(:) in [2.3) =5 acequazaly stapiiize ang
‘ : improve the performance of the DPS, and these commanas mus< e synthes'zed

i T with an on-line computer. (onsequently, the control syntnesizer must De 2

! finite dimensional dynamical syscem {usually ¥ Tcow 2imensicn). This 2'aces

reasonable, cractical constraints on tne °PS contral crodiem [207.

| nfinice Jimensicnal contrclier resuits are Cresentes ‘n lec. I, re-
duced orcer modeling and impiemenzanie controilers are ciscusseg in Se<s. =

4
F and 3. OJur main results on closed-icoo stacility *-e cresentad ia Sec. £ 4itn




application of these concepts to control of large flexible structures in

Sec. 7 and general conclusions in Sec. 8.




3.0 INFINITE DIMENSIONAL CONTROLLER

Although the results presented in this section may not be implem-

table (and, in many applications, they are not), they do give some insight
into the DPS control problem.

Control laws for DPS, as in the case for lumped parameter systems,

often take the form of gains multiplying full state feedback:
£ (t) = 6 v(t) (3.1)

where G is a bounded control gain operator; this is especially true when a
performance index is optimized, e.g., (6], Chapt. 14. However the states
v(t) for a OPS are in an infinite dimensional space and, in most cases, can
not be recovered with a finite number of sensors as in (2.4). Consequently,

one is led to a state estimator (again, as in the lumped parameter case) of

the form:

2B L A G(t) + 8 £(2) + K y(2) - B8, (3) = 0
(3.2)
y(t) = € ¥(2)
wnere < is a sounded estimatyr gain operator constructad so thatl v(z) remains
in J(A). The estimator error, e(t) = v(e) - v(t), satisfies

f 4

e\ .

st‘ = (A-KC)e(t), e0) = -v, (3.3)
It is natural :o take the control law (o)

ey,
£ = 3 u(s) = 6 vit) + () Wk, e
00406‘

3 - t - - '1 G
in nlace of /3.1) and hope for tne best. 4th

The following theorem gives sufficient conditions “or the axgenen-
g

zially stable cperation of the infinize dimensicnal controllier (3.2) and
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(3.4) in closed-loop with the DPS (2.1), (2.3), (2.4):

THEQREM 3.1

If (A, B) and (A*, C*) are exponentially stabilizable, then there
exist bounded operators G and K such that the infinite dimensional
controller produces an exponentially stable closed-loop systam
and V(%) converges exponentially to the DPS state v(t).

The proof of this theorem uses results from [21] and appears in Appendix I;

a OPS (A, B) of the form (2.1) is exponentially stabilizable if a bounded

gain operator G exists which causes the semigroup U1(t) generated by A +8 G

to satisfy
“‘Q] t

HU ()] <M e , t>0 (3.5)
where M, > 1 and g, > 0.

[t is krown from [22] that, if ¢ = 0 in (2.2), then neither (A, B)

»* % * .

nor {A , C ) can be exponentially stabilizable becausa 8 and C are finite
rank (and, hence, compact). Tnis means tnat, iF the cpen-lcop CPS is rot
strictly dissipative (no matter ncw small = is), then no amcun* of contralier
feecback will make the ¢lcsed-loop svstem exponentially stable.

The infinite dimensional controller may aiso be written {n convoiuticn
form:

Lt A

f(t) = ;6 GU (t - ) Ky(z) de

o~
[PS]
.
[s)]

~—

wnere 6(:; is the CO semigroup generated by A - 3 G - X (. However, it may
not se Jossinla <o imolement eisher (2.8) or (3.2) and (3.4) with fini<a
dimensional devices. Cf course, eitner version af the infinita cimensional
controiier may be aoproximately implementad an¢ this is the subject of the
next section.
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4.0 REDUCED-ORDER MQOELS OF OPS

Even though the underlying structure of a DPS may be described by
(2.1)-(2.4) and, hence, is infinite dimensional, the controller may have to
be based on a finite dimensional approximation of the original OPS, in order
to be implementable fn the sense of Section 2.0. Such an approximation or

reduced-order model (ROM) is a projection (not necessarily orthogonal) of

the DPS on H onto an appropriate finite dimensional subspace HN of H. The

ROM subspace HN has dimension N and its projection is denoted by PN; the

residual subspace HR associated w’th ’ completas the decomposition
H ai%qC)HR and its projection is denoted by Po. The total OPS state v

is the sum of the ROM state Vy = PN v and the residual state vq z PR v:

v(t) = vN(t) + vg(t) (4.1)

The choice of subspace HN and the projection PN ccmpletely specifies
the residual subsoace HR and its corresponding projection PR; this choice
is usually cictated 5y the physical acciication and kncwiedge (or lack of
knowledge) about the sctecific JPS involved. In many situations, the pariial
diffarential acuations or the corresponding Scundary conditions are tco came-
olicated to permit simple closed-form solutions. Consequently, 2an 2coroxi-
mation of CPS, such as the Rayleigh-Ritz-Galerkin or finite element metned,
[23]-[24], must be used to deal with the problem numerically; this is one way
to produce a OM of the OPS but it is by no means the oﬁly way to generat2
such 3cproximations.

we will restrict our attention in this pager =0 consideration cof
R0M's obtained from orcjecticn {not necassarily orthegenal) anto a zair of

A

reducing subsdaces Hy, Hy for *he differential operator &, i.2., the folicwing
i b




conditions hold:

H = Hy@Hy (4.2a)
Py (0(A)) G D(A) (4.2v)
Py AP v =0 (4.2¢)
Po APy v =0 (4.2d)

From [25], p. 172, these conditions are equivalent to the condition that

PN commutes with A:
v e D(A) - PN v € D(A) (4.3a)

A PN v = PN Av (&.3b) .

0f course, PR also commutes with A.

Throughout the rest of this oaper, any ROM considered for (2.1)

will be based on some pair of reducing subspaces HN and HR for A. Tne

projection onto these subspaces may or may nct be orthogonal; when it is

orthegonai, we will have HQ = H“ and

STELERINILE RN (+.2)
and

Pyt = 1Pl =] (4.5)

An example of reducing subspaces occurs when HN is a modail subsodacs,
i.e.,

Hy = sPan {99, o . Ly 3y ‘

wnere A N = Rk >y for eigenvalues kk with corresacnaing 2igenfunciisns 3

these eigenvaiues A, Must be semarated from the rest of the scectrum o7 A

(i.e., a2 rectifiable, simpie closed curve can be drawn in the complex plane




so as to enclose an open set containing Aps o0 s Ay in its interior and
the rest of the spectrum of A in its exterior). From [25], p. 178, Hy and
HR form a pair of reducing subspaces for A and AN S PN A PN is a finite
dimensional operator whose spectrum is exactly {xl, e ey XN} while the
spectrum of Ag 2 Py A Pp is the rest of the spectrum of A. Note that the

projections are orthogonal when A is normal [25], p. 277.

We emphasize that other reducing subspaces may exist for A but

the modal one is useful when a finite set of separable eigenvalues, and their
corresponding eigenvectors, can be found; this is the case, for example, when
€ A has compact resolvent ([25], p. 187). Also, the modal subspace is physi-
: cally reasonable for producing ROMs of many DOPS such as mechanically flexible
structures. It should be noted that, wnhen the exact modes are not immediately
ﬁrf‘ available (even though they may be known to exist) and approximata modes are
used for Hys the subspaces HN and HR are not necessarily reducing subspaces.
We have the following result for dissipative hyoerbolic OPS:

ORIGINAL PAGE IS
THEQREM 4.1 OF POOR QUALITY

1f HN and HR ars reducing subspacas for A in {(2.1), then this

oPS deccmposes into

: ve(t) = Ay vy (t) + 8y £(t) , vy (0) = Py vy (3.6)
%
4 . = N = s
4 T AR Va BR . VQ(O) P_.{ Vn (4.7)
k Coyl(e) = Gy vyg(e) + Cq va(t) (4.8)
N .
‘Nhere VN = pN V, VR = PR Vg AN z Fl\‘ A ?N, 3“ 2 DN 3! CN = . PN, e‘.-b°
3
1 In addition, the projections PN and PR commuta with the samigroup
: U(t) generated Sy A and Aq generates tne C0 semigroup Y,{t) = Pa J(e) P.
. € ‘ " ‘ "
S, —n i NS T -
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with the growth property:

-t
[TUp(t)[[ s Mpe , €20 (4.9)

where Mo = |[Pp]| My with(Mo. :)as in (2.2).

The proof of this theorem uses results in [25] and appears in Appendix iI.

The ROM corresponding to the projection of (2.1) onto the reducing
subspaces Hy and Ho is defined by (4.6) and (4.8) with CR assumed zero:

\'/N(t) = Ay vy(t) + By f(t) , vN(O) * Py Yo
gt) = Cy wy(t) (4.10)

or (4.10) may be abbreviated as (AN, By CN)‘ In particular, when Hy is the
modal subspaca for N(separated)eigenvalues of A, we call the corresponding

ROM - the modal ROM.

The interaction terms BR f and CR Vo are called control and observa-

tion spillover, respectively. It is through these terms that a feedback con-

troller can interact with the residual subsvstem (4.7). This would not be the only

intaraction if the ROM nad been based on nonreducing subspacas for A; in zhat
case mocdel error terms - PN A PR Va and PR A PN LY would have apreared in
(4.6) and {4.7), respectively. However, these terms are zerd wnen reducing
subspaces are used for the RCM (as pointed out in Theorem 4.1).

Henceforth, the ROM (AN, BN’ CN) will be assumed to Be controilabie

and opservable. [t is not difficult to verify whether a given ROM satisfies

this assumption via the usual finite dimensional scace tachnicues; when the

modal ROM is usad, it is aspecially easvy to verify, e.g., [12..

w
(&)

SMPLEMENTABLE FEzCBACK CONTROLLERS =QR 3PS

The performance of the controlled DPS will usually be axcressad in
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terms that can be accomplished with ROM state feedback, e.g., pole placement
or optimization of a performance index for the ROM. For example, when the
modal ROM is used, the modes chosen would be the most critical (i.e., easily
excited by whatever disturbance sources are present) modes: increased
damping and/or stiffening of these modes would be the main goal of feedback
control. We will suppose that the desired control law for the OPS (2.1)

is given (or adecuately approximated) by

£(t) = Gy vylt) (5.1)

where the gain operator GN can be selected via pole placement or optimal
regulator methods, [26], applied to the ROM (4.10).

If this control law (5.1) could be implemented, the closed-locp
system (2.1) and (5.1) would have the form (using (4.6)-(4.7)):

vN(t) = (AN + BN GN) vN(t) (5.2)
3VR(t) .
= * 8, Gy vN(t) + Aq vR(t) (5.3)
where v(t) = vu(t) + vR(t). The ciosed-lcop stapility of (35.2)-(3.3) wcuid

fallow from the result:

THEQREM 5.1

Let the control law be given by (5.1). If (AN, B“) is controliable,

then G“ can be chosen so that AN *oyc-€> Q0 and

-
-

L4

*
Plyl(e) ! ¢ | ! .
Hv(e)l < MO MN M e '}VO!‘ , t2>20 (g.4)
where
/ 1 o ¢ to 1 C o . \
;IPR“ T ’.PNll "'-‘ﬁ\; ;.PR. ',ZPNE
. if nonorthogcnal orojections P‘ and PQ are ysed
M = ‘ :
< 2 1/2
(1 + I 3y ) :
' ' ORIGINAL PAGE 1.

OF POOR QUALITY

\ if orthogonal projections are used




and a, 3 8/4y, 8 = |18g GNIIIﬁthe control spillover coefficient),
¢ t
: Ay 2 Ay *+ By Gy generates e N" with

A‘N -oyt

t
”‘"n‘ , t20 (5.5)

and (No, €) are as in (2.2).
% The proof of this theorem appears in Appendix [I1. Note that only control
‘C spillover 8 is present in (5.4); this is because direct access to v“(t) has

been assumed.

Of course, one rarely has direct access to the ROM states v, (t); at: i
5 c best, one could try to recover them from the outputs of P = N sensors but
observation spillover would interfere with this approach. Therefore, the

control law (5.1) can not be exactly implemented (except in the special case

¥ that the observation spillover in (4.8) is zero). Instead, aestimates of
GN vN(t) must be generated from the sensor outputs y(t). This can be done
via the following imolementable, finita dimensional controller:
4
7(t) = Hy v(t) + "2 2(t) \3.€a)
2(t) = Fz(t) = Hy(t) +E €(t), z(0) =0 {3.5b)
! where dim z = 5 < N = dim vy.
Let ey(t) = z(t) - Ty vy(t) and, from (4.6}, {4.3) and (5.5b), we
obtain:
’

e~
on

. *‘»’““MW% W R Sy

when +he failowing assumctisons are made atous TV and .

N (5.9
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We will assume that the matrix F can have any desired stability margin

GF' 1.9.,

el < M L e (5.10)
€ This means that F can be chosen so that it shares no common eigenvalues with
B 1 Ayi therefore, by (27], Chapt. 8, there will exist a unique solution T, of
: % (5.8) and hence, E can be chosen to satisfy (5.9).
%C From (5.6a) and the definition of eN(t), we obtain:
F(£) = Gy wy(t) + Ky a(t) + Hyy Cg va(t) (5.11)

when we make the assumption that Hn and le can be chosen to satisfy:

Hyp Cy * Hip Ty = Gy (5.12)
This last assumption, plus (5.10), can be satisfied when N - P < S < N, e.g.,
(28], but it can often be satisfied for S < N - P, e.g., (29]; the special
case S = N is the usual full state estimator or Kalman filter based on the
ROM, e.3., [30]. Therefore, the assumotions {3.1C) and (3.12) can always e
satisfied by some implementable ccontroller (5.6) whose dimensicn S is less
than N; the actual design of such a controller is a well-ssudied preblem in
finita dimensional space and will not concern us further; such a contrslier
may be synthesized directly with a digital comcuter, (267, Chact. 6. However,
please note that the design of the controller (5.6),and all necessary assump-
tions,can be done entirely in terms of the ROM. This is a reasonable aporoach
since the residual subsystem sarameters (AR, BR' CR) may Se much lass acguritely
newn <han those for the ACM; in most cases only Hounds on these carametars
would Se availabie in practice.

The question remains: How weil can this implamentable cantroller

3 be made %0 cerform? This is the subject of the next section.
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6.0 CLOSED-LOOP OPERATION OF THE IMPLEMENTABLE RQM-BASED CONTROLLER

Even though the dasign of the controller (5.6) is based entirely
on the ROM(4.10), this controller must operate in closed-1oop with the
actual OPS (4.6)-(4.8). Consequently, the residual subsystem (4.7) is in-
volved in this operation via the control and observation spiliover terms.
It is a rare situation when these spillover terms are zero; this occurs if
the actuator and sensor influence functions by and cj 1ie entirely in the
ROM subspace HN. Most practical DPS problems will involve a certain amount
of spiliover even though it may be small; this can lead to degraded perform-
ance and, in some instances, instability [30].

Let q(t) = [v;(t) e;(t)]T. From (4.6)-(4.8), (5.7) and (5.11), we
obtain the closed-loop system:

a(t) = &y alt) + B, vplt)

3va(t) 1 T \ (6.1)
STt G908 Ay vple)
whe!e
Ay By By 3y
VO
13
0 ;
r
. !.BN Hi Cr
12 "
H Cq
Tay = (33 5y By tiypl o and Tpp = 2g = 35 #yy &g
wich the inizial csnciziens i * LZN 5 'TH PH v:_' arg v;,:; = =R Iy cesine
Haln)]] = (lvgle) 2= ey(ey )12

We have the following useful result:
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THEQREM 6.1

If no observation spillover is present (CR = Q) in (6.1), then F

can be chosen so that Ac ®gp -0y 0 and

ot (] vyt | Pl ey (0 e @ N (014 €20 (6.3
where

By Hygt! Tyl

Mo < My M (1 + I (6.4)

and (My, oy)s (M, gg) are as in (5.5) and (5.10), respectively.
The proof of this result appears in Appendix IV. Note that (6.4) is not the
only bound for Mc; in fact, the "“sharper" we can make the bound on Mc. the
better our later results become.

The next two results are the principal ones in this paper; they give
surficient conditions for exporential stability of the closed-locp System in

terms of spillover bounds:
THECREM 6.2

Assume that (AN. BN' CN) is zontrollable ang obsarvapie, that Sﬂ
is checsen in (5.12) so that Tyt 9, and that £ is chcsen
fn (5.6b) so that 5o > oy. [f no observation soillover {s cresart

({.e., CR s (), then, the closed-lo0p system (8.1) satisfies:

- -c* s ’
M e--lj‘ 1 :>C

Pw()ih <M M "y R
-

o

[V}
W
~ -

)

where




» ok
-

¢ 1 €
b
P
-

[‘i €
ho
Pl

r

r

{

¢

.

ot

~ ¢
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w(t) & Ly (t) ¢T(8) vg ()],

v(t) = vy(t) + vplt)

Iw(e)]] 3 (HIv(e) 12 + [ley() 11912 and

M" 1s given by (5.4) in Theorem 5.1,and M. 1s bounded as in (6.4)
in Theorem 6.1.

The proof of this theorem appears in Appendix V.

THEOREM 6.3

Let the open-loop system (2.1) be a sirictly dissipative hyperbolic

OPS (f.e., € > 0). Under the same assumptions as Theorem 6.2 excent

that observation spillover is present, the closed-lcop system (5.1)

stability margin is at least ¢ ’ where

SN M N T (6.6)
when T = 13! i?H11 Cal " * ''H CR§; is sufficiently small ¢’ > 0.
[n that case,

Dw(t)il g M Mo M e g 202 (8.7)

The oroof of this theorsm appears in Appendix VI. There is no zsoint in cone
sidering such a result when (2.1) is not strictly dissioative nuperdolic, ce-

cause ¢’ could not ever by positive in (6.6).

7.3 _APOLICATION: CONTROL 2F SLEXIBLE STRUCTURES

-
—

Feechback zontrol of vitrations in mechanically flavidie siructuras

nas scoiizaticn t0 many cur=ent angineering cropiems. lontrsl oF flexiCle

structures, in general, was addressed in [30], [3c] ana [38]. A new aopiice-




tion area - control of large aerospace structures - is very active at present,

the current control theory trends in this area have been surveyed in [12].
{ § The results obtained fn this paper have airect application to control
E g;; of flexible structures, in general, and largd aerospace structures, in parti-
: i cular; this application will be discussed in this section in order to fllustrate
o the use of the results of Sec. §.0. This section will follow the format
§ € established in [38]; for clarity's sake, some of the format will be repeated
; here.

we consider the class of flexible systems that can be described by a

s generalized wave equation; this represents the fdealization of many mechanically
flexible structures. The generalized wave euqation is given by:

. ;—ig ¢ b3+ AU = F (6.1)
which relates the vector of displacements u(x,t) of a body I, a bounded open
set with smooth boundary 32 in n-dimensional Euclidean space R", %o the applied

’ control Forces F{x,%). The operatar Ao is a tine-invariant, symmetric differ-
entiai operator with compact resclvent and lcwer semibounded soectrum. The
demain D(A,) of Aj fs dense in the Hilbert space inz) aith {.,.) Zenciing ¢ne

’ usual inner preocduct and ''* . dencting tne asscciatag nerm. The natural Zameing
in the structurs is modeled by tne term b%% where D is a non-negative Icns-ant,
The control forces

! ‘ YRIGINAL PAGY: 1
Fx,e) = 8f(2) = 2 b(x)fit) OF POOR QUAL'TY (5.2,
1% .

are srovided by M acsuatars with influence functicns bi(x). The Gisolacements

)

-

ire measured Sy ° avariging sensirs

(% 1)

y(z) = Cou(x.t) 3.3
e S0 o « o« 4 2, The accuaisr are

S and acrmalizec %o nave unit intagral.
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When the support of bi(x) is in a small neighborhood of a point Xjs We say it

is a point actuator and, similarly, we define a point sensor. The point

actuator and point sensor situation is of special interest here. This class

of distributed parameter systems includes interior and boundary control cf

vibrating strings, membranes, thin beams and thin plates. Although, only

&
4
¥

i‘? general sensors may be modeled.

displacement sensors are considered in (6.3), this is not a restriction - more

It is well known ([25], p. 277) that the spectrum of A contains only |

isolated eigenvalues kk with corresponding eigenfunctions 3, such that

¢
M. .
and Aﬁk = Xk’k’ We will assume that \ is positive. The resonant mode fre-
. . /2 .
: yencies u, of the structure are given by w, = (X )1" and the corresponding
Tt k K k
' eigenfunctions % are the mode shapes. Thus A satisfies
(Agu,u) > alful %, 2 >0 (5.4)
t and nas a square root AOT/Z. tvery vector ust(Q) has 2 unigue reorasentzticn
= 2 rg 3\
u( x) o ukok(x) (6.3) i
' where U = f,uckdx and we define the orzhogenal orojections ;ON, poR o} é
N i
N ;
i P .U L ou.2 j
; 0 k’l k k i
? - (6.8)
£ R -
2 Pgyu * oout
g k=N+1
3

A}
iy

0

™)

Lat V be the domain of Ao and W 5e the domain oF A A new ocerascr A is
" defined in H by

a) O(A) = 7 x W = 4,

"§ ' J w S .
h § , \ 2 Vo g
' ) A [;] = fow - Acé] for ueY, wedW :

o~
(613
~.4

~

L
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The energy inner product ("')E ts defined on H, by

u u
1 2
NEE (A, 2uys 872050 + twy, ) (6.8)
LN 2
E

for u,, u, € Voand wy, w, €W ,and the Hilbert space H is defined as the
closure of H] in this energy inner product. The associated energy norm is
denoted by !{-i]E and is a measure of the total potent1a1 and kinetic energy
in (“’“t) where u is a solution of (6.1). Let v = [u , ] be in W and

write (6.1), (6.2) and (6.3) as

%1 = Av + Bf , v eH1
(6.9)
y = Cv
where 8 =[g ] and C = [Co 0]; this is in the form (2.1).
0
It is easy to see that
» u
v = ,‘J 5% (5.19)
k=] ukJ
2 > 2 - . o
and liviig = [\kuk + ukzl Also, A generates a {, semigroup Uit}
= k=] ‘

by [14] o. 1I-53. The follicwing result, due to Goldst2in and Rosancrans
(39], gives conditions under which this semigrouo U(:) satis¥ies (2.2) and
hence (6.9) is a {strictly) dissipative hyperbolic system:

i¥ b5 < 2a then

-

- (

()l < oy e iy, t 20

: z

(¢ 1}

n

\
where v = [1+(b/22)][1-(5/23)17"'. Conseguently, U(:) satis<ies {2.2) with

/
¥, = (1)1

y and : = b/2. Note tha: the hvoothesis for this resuit means

that € < a, f.e. the damping mus®t e smaller than <he sguyare cf the lowest

BT T T
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mode freauency. Another bound of the type (6.11) is available in [36] without
the restricticn € < a; however, the damping coefficient b is not quite so
directly related to £ in (2.2). The bound used above will be very convenient

g to illustrate our results.

Recalling (6.6), we define the projections PN’ PR on H by
=~ N

)
(11]
o

ot N 0
| w Py W Q;QEZNQ
P 2, (6.12)
i oz, ,6‘0 %
./73)

0
1]
o

W Py ¥
and note that they are orthogonal ir the energy inner product and that HN=PNH and
HR=PRH form reducing subspaces of H, as described in Sec. 4.0. In fact, HN is a medal
subspace, and vN=PNv and vR=PRv satisfy (4.1), (4.4)-(4.5). Consequently, the
system (6.9) partitions into the form (4.6)-(4.8),and the correspending moda’

{ ROM is given by (4.10) where Ays Bys Cy may be identified with the ma<ricss

-

N 0 [CNO 01 , respectively, with &, = diag [Xl’ Cee e Ayl

0 B - I

f’ . - ™/ T -y - . .
Wi 3NQ = L(ai,:k)] , and CNO = ;\C;,Qk)l. Tnus, the centrallability and
' : v ' -

observability of the ROM can be detarmined from (AN, BN“, CNO) wnen the camping
b is small ([38], Theorem 2.1). Of course, it is quite easy to assass the con-
trollability and observability of this latter system and the conditions decend
on the intaraction of the actuator-sensor influenca funciions witn the mecds

snapes Dq‘, e ey DN.

|
|
|

1¢ +he ROM is contrailacie and obsarvabie, the usual “inits d‘menmsiora’,

state space contrcller can be designea Sased on the medal RCM (e.g. [260). I

nas the form:




e
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f(t) = Gy vy(t) (6.13)
Uy(t) = Ay Ty(e) + By F8) + Ky(y(t) - §(2))
(6.14)

y(t) = ¢y Vy(t) , y(0) =0
This is a particular case of (5.6) with dimension S=2N (twice the number of
modes in the ROM) and parameters: Hy 20, H,,=Gy, F o= Ay - KyCy» He=Ky and
EsB,. Also, note that ey(t) = QN(t) - vy(t), f.e. Ty = Ioy. Since R0M is
controllable and observable, Gy and X, can be chosen to achieve (5.5) and
(5.10) with any desired stability margins sy and sp.

Thus, (6.13)-(6.14) represents an implementable (finite dimensional)

modal controller for the flexible structure (3.1)-{5.3), or equivalentiy (5.9).

It is basad on a modal RCi1, i.e. it is designed to control the ¥irst N modes
of the structure (of course, different sets of N modes cculd have been used -
it is not necassary that they be the first N modes). The basic assumption

made in synthesizing such a modal controller is that the N modes chosan For

cantrol will adequatalv renresent <he important vibratignal beravior 0f the

wnola €lexible structure:; this assumpsion can often he satisfied in oractice,

and it is the basis Tor many structure controliars.

Having synthesized an implementadle modal! controilar 2 adesuataly
tailor the vibrationa® response of N critical mcdes in the flexible structure,
we must not think we are done. The clesed-locp benavior of our controller is

affected by the resicual modes in Ha Tar wnich we nave rot designed, as weili

as the controlled medes in Hy for which we nave designea. Thesa intaraciicns

[¢]

§ )
‘D

3CCur tnrgugn <he coniroi and observaticn sciliover tarms Zefined in Sac. -,

C

and zan crastically aiter the ses‘red rcer<ormance of the controlied siructure;

in fact, an exampie is presantad in [30] where the closed-100D systam Seccmer

unstaple.

g ke fen
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Consequently, the analysis of closed-loop behavior discussed in
Sec. 6.0 is especially pertinent. The principal results Theorems 6.2-6.3
give an indication of how much spillover can be tolerated in the closed-
loop system. In the context of flexible structures, Theorem 6.2 may be
compared with tha results of [38] where observation spillover was assumed
negligible (however, note that no damping was present in [38]). Combining
the results of Theorems 6.2 and 6.3 for this application, we find that the
closed-1ooped system,consisting of the flexible structure (6.1)-(5.3) and
the finite dimensional modal controller (6.13)-(6.14),will remain ex-
’ given by (6.6),if the observa-

’
tion spillover coefficient I' is sufficiently small to make £ >0, or

ponentially stable with stability margin ¢

*
[ < e/MCMOM (6.15)

In this application, ¢ = %- where b<2a in (8.1) and (6.4), MQ is given by

/
\ 23+h 172 5. 18)
s.o = 23-5 (D.nC)

.4) since orthogonal projections are used:

172
, 2y -\
M*=\1 +.3\‘.—;\l') (6.\/
where ., = 5/.\.N and 1y %Sy CEs and, from (6.3),
18, Gy
Mo< e (1 ) (6.18)
=c

*c. -3y and My, M- come from (3.3) and (3.1C) respecsiveiv.

-

bar" norm denotas tne matrix norm comcatibie witn the euclidean

&

SRR .. o . - aoy s -
- asrm.  Sinally, tne contral and observation ssiliover cce’ficients i anc |
e

L .

e are given by

’; % M o 7 1;/2

. 3s 13,5, <f = > (bt Gy (8.19)
f ] RN E'(is\ K] fa 3y N j
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and

1K, Co | : I (c.8,)° 2 (6.20)
T2 | 1KyCol] < 1K b I Cird .
H N™R |E-] Nl(jﬂ kaNe] | d k )

It may seem like quite a complicated business to obtain all the data
to check (6.15); however, most of the information can be obtained from the
finite dimensional ROM and its corresponding controller, and the rest comes
from the structure properties a,b. The spillover coefficients (6.19)-(6.20)
depend on the controller gains GN' KN and the actuator-sensor influence on
the residual modes. Consequently, (6.15) gives an indication of how much
spillover can be tolerated in the closed-loop system.

Additionally, (6.15) gives the control system designer an aid to
redesign the system for better gverall stability; quite simply,either the
controller gains must be reduced or the actuator-sensor influence functions
bi' cj must be chosen to minimize their influence on the residual modes.
0f course, this latter could be accomplished if one had complately free
cheice of o., cj; one wculd choose them L3 De in Hy wnich is crehogenal
o Ay and botn T and 2 would te zerc. Pl2ase not2, for a flaxible structure
this would mean the influance ‘unctions were linear cempinaticns cf tne <on-
troilad modes ¢cniy. Yet, in practice, most actuatirs and sansors nave 2
very localized influence {they are nearly goint devices), and this oractical
constraint would make it very unlikely that zero soillover could be agnieved.
Nonetheless, adiustments in the location ¢f actuators anc sensors could de
made in order 2 reduce the spillover. Further, one csuld reduce scitlover by
controiling mcre modes at the ¢ost of increasing tne zsintralier Zomociexity
anc corressonging Somputiticnal buscen In tne In- ine Idmoutar,  liner

/

acproaches to spiilover recucticn and cempensation [2.3. crefl

surveved in [12]. The apriors Ceund {3.13) can Se used %0 assess the trade-

.

cffs in these aoproacnes for “laxibie structure csnirel.
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8.0 CONCLUSIONS

In order to better understaﬁa the behavior of highly oscillatory dis-
tributed parameter phenomena such as mechanically flexible structures, the
class of dissipative hyperbolic distributed parameter systems (DPS) has been
introduced. The fundamental propefty of such OPS is that the cpen-loop
system (2.1) must be exponentially stable, i.e., satisfy (2.2) for € > 0.
Conditions have been presented in Section 3 for exponentially stable opera-
tion of the infinite dimensional controller, (3.2) and (3.4) or (3.6}, in
closed-loop with the DPS; however, the principal concern of this paper has
been with finite dimensional controllers for the OPS. Such controllers are
practical in the sense that they can be imclemented with a small numter of
actuators and sensors and one,or more,small on-line computers.

The tinite dimensional controllers (5.6) developed here in Section
§ are based on reduced-order models (ROMs), i.e., finite dimensional aggroxi-

mations, of the actual OPS. The class of ROMs usad here has been derived

[ 4]

in

o™

action & from reducing subspaces; a larce subciass of reducing subsoaces

con=ains the mocal sutspaces which have heen used ex:tansively in flaxi

»
or
-
[{1]

structurs modeling and contrci. The controller synthesis is dcne entirely
in tarms of the ROM.

Since the finite dimensional controllers deveioped in Secticn S
must operata in closed-locp with the actual OPS and not just the ROM, it is
crucial % analyze the spillover, i.e., controller interaction with the
residual {urmcdelled) part of the IPS. {ne cannot expect %0 be adig %0 20
this in utmose cetail sinca the resicuals of the IPS are the zart tnat is
least xncwn; however, ssiliover dcunds can te srescrined for stadble aceration

of the closed-loop system and this has heen cone in Section §. The Zrincipai
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results are Theorems 6.2 - 6.3 ; the value of these results is that the
stability conditions may be checked using only knowledge of the ROM and
bounds, 8 and ', on the spillover present in the open-lcop DPS. The bounds
8 and I may be calculated directly, or estimated where necessary, from the

ROM projections of the actuator and sensor influence functions b1 and cj.

When the spillover bounds are small enough to satisfy the stability conditions,
the finite dimensional controller will function to enhance the behavior of
the ROM subsystem of the DPS without causing any instability in the resicual
subsystem. When the stability conditions are not satisfied, the system may
be stable or it may not; however, this should be a warning that some spill-
over compensation be added and the conditions rechecked.

Several closely related OPS topics seem to require further in-
vestigation:
(1) sharper spillover bounds
(2) beunds obtained from singular perturbations
(3) nonreducing subspaces and mcdel error
(4) nonlinear control
(3) adaptive control

Since the spiilover bounds have teen octtained frem regular periursa-
tions, they may be sharpened Sy making tighter estimates, e.g., for MC in
(6.4); connections need to be made between our results and other stability
results for large scale and OPS obtained by Siljak (31] and Michel and
Miller [32]. In addition, Seunds sbtained for OPS via singular perturdations
look oromising for many apslications, e.g., [33].

Many iCM3 are projections cnio nenreducing sutspacss; for examcie,

when approximatea modes are substituted for exact moces, tne approximase modai




25
subspaces are not reducing subspaces. In the case of nenreducing subspaces,
the controller intaraction with the residual subsystem can occur through nen-
zero model error terms ANR = PN A PR and ARN = PR A PN. as well as the spill-
over terms. The bounds obtained here for spillover should be extended to

mode) error bounds, as well.

Finally, preliminary results in nonlinear and bilinear control of
DPS have been obtained in [34]-(36] and the surface has barely been scratched
in adaptive (or self-tuning) control of OPS, e.g., the survey [37]. Much

more remains to be done in both of these areas.
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APPENDIX 1: PROQOF QF THECREM 3.1

Since (A, B) and (A’. C') are exporentially stabilizable, there
| exist bounded G and H such that A + B G and AT+ ¢y generate U1(t) and
?f ¢ V(t), respectively; U1(t) satisfies (3.5) and V(t) satisfies

LR < ™My t.‘zt v t20 (1.1)
where M, > 1 and €, > 0. Choose K = -H" and from (1], p. 251, A - X C gene-
rates U,(t) where Uj(t) = v(t); consequently, Hugte)i! = VTR ] e v
Therefore,

°€2t
;_ e(t)[| My e © ]yl (1.2)

Also, from (3.3}-(3.4) and (2.1),

2t o (4 +86) v(t) + 86 e(t) (1.3)
or, from (3.5) and (1.2),
=€yt b oA . )
Piv(e) [T < My e (1+M, 'B e’ dt [18GI!)[!v ! {1.3)
anere 1 ® £y - £, Let M = M, M, and {2 nin(e,, ;2}.
a0, e e M ey (e e I e <
W) M S (1 e e Lt
In either case, vor t > 0,
()] < Mg €T v (1 tieal 1) (1.5)
fc
1 From (1.2}, fer ¢t >0,
i
§ . , -2 : .
j f‘e(:)‘!i‘“ie“ 'fvc_ (1.5}

ﬁ

-

Therefire, <ne 210sec-t0Co §vstam ‘s sxscrentialls stacia,

. e R Ao iy




APPENDIX 1: PROOF OF THEOREM 4.1

—

By the definition of reducing subspaces (4.2¢ and d), ANR 2 Py A PR = 0

and Aoy ¥ P A Py = 0 and (2.1) becomes (4.6)-(4.8). Since the cefinition

of reduci g subspaces is equivalent to Py and P, commuting with A (see 4.3b),
then, by (25], p. 173, they also commute with the resolvent operator R(}, A)
of A for any )\ in the resolvent set; because A generates a semigroup, the
resolvent is non-emoty. But R(i, A) is the (unique) Laplace transform of the
transform of the semigroup U(t), e.g. [25], p. 482; therefore, the projections
must ccomute with U(t).

Let 'JR(t) 2 Pp U(t) Py then Ua(t) 15 & C semigreup on Hp because

0
Ua(t) UR(‘:') . PRU(t) P U(t') Pp = Py U(t) U(t") Py v Py Ule =) Pys

Ua(t +#t') for t, t' > 0; this uses the fact that P, commutes with u(e). 0f
course, UR(O) * Po which is the identify on Ho and the strong continuity follows

from that of U(t). It is also clear Trit A, generates Up(t) because, for v in

UR(t)v'v.Hm o (el v - v «p Tim Y v -V _ o
.3 =) TRt Red T R

Pg A Pq v = Agv by the continuity of O.. Tha jrowth orccerty (1.3) f3ilCws

Ay =

from (2.2) and U (t))] = PR U(E)' < TRl TTU(T because Py cammutes witn

In

3
-
H
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APPENDIX 111: PROOF OF THEOREM 5.1
§ Since (AN, BN) is controllable and finite dimencional, GN can be
chosen so that gy > . From (5.2)-(5.3) and (5.3),
P ¢ v ()] < Mmge 7 (v (0)]] (111.1)
% -t , ¢ €T
: IVR(EN 1 < Mg €™ (Hvgit + £ €™ 118gGyl1 [1wy(e) I dr) (111.2)
f ¥ because UR(t) vR(O) = PR u(t) Yy from Theorem 4.1. Combining III.1 and
111.2, obtain |
At
et N i
. vt [ < Mo e™55 (1 + M1 = e ) o [1PI1) (v ! (111.3)
Therefore, using (I11.1) and (II1.3),
[V < Hvg(ed T+ Hvg(ed]] < &7
t -8yt -ayt
Mg + My(e + Mo(1 - 2) ag) 11PN Hhvgth o (111.8)
Note that (III.3) is the same as Triggiani's bound in [17], Theorem 6.1.
-3t
i From (111.4), obtain (5.4) for nonorthogonal projections hecause 2 AN
-3t -3yt
Mo 2y (1-e ")c<e N MR 2 < 1+ MR 2y and MR = MO!fPR'E > 1 from
Theorem 4.1. Hcwever, when the orojections are orthogcnal, then !’vR(t)j’ <
€L /o P i P . byl ;'2 Y AP N - B ,,wZ
; Mae 77 (v + My Hivy (0) 1) and Tiv{g) T = Pl () 1)
e | a2 .2
< (4 M & EHZ L Iva(0)]] + 2y Hvg (011102 + [Ivg(0)11% 3
, < (Ve a s al) (M e SHZ v (0) 112 = Hivg(0)1]2]
1 - '
v(t) ! i(l*zN*':zNz"/zMMl.,‘t'\vo:;
- becausa (3 + b)2 - azlg (1 + 2+ :2) (32 - bz} which isLemma 3.1 in [12
R

S, s i o ok S i 10 5 .
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APPENDIX [V: PROOF QF THEOREM 6.1

5
¥
PoF

With CR = Q0 in (6.1),

A‘nt

q(t) = e q,

From (5.5) and (5.10), it is easy to obtain
-0 Ft

ley()l] <Mce T ||Ty vy (0)]

and

t t AMT
SENCHRSECE

<N
HVN(t)” iMN e

|18y Hypl| Hleyle) 1] ¢

But, using (IV.2), (IV.3) becomes

gyt |18y H

T
. n:.;N..
vy 1] <M e N[ & 1 vy ()]

¢ {

32

(Iv.1)

(1v.2)

(Iv.3)

(Iv. 4)

because F can be chosen so that lc > 0. From (IV. 2) and (IV.4), the desired

result follows because My and M, are not less than unity and 1. > Q.

-
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APOENDIX V: PRQOF OF THEOREM 6.2

Let Cq = 0 in (6.1) and note that K}e * 0 and A,, = Ap. From

(6.1), obtain
a(t) = Ay a(t)
(v.1)
avR(t)
at
where |iq(t)]| satisfies (6.3) in Theorem 6.1 by appropriata choices of F

* Ké1 a(t) + Ag va(t)

and GN. From Theorem 4.1, AR generates the semigroup UR(t) with growth

property (4.9). Using this in (V.1) produces

where I!:';]H = HBRGNH
Since (6.3) is similar to (III.1) and (V.2) is similar to (II1.2)},

the proof of this theorem - Thecrem 6.2 - can be carried ocut in the same

manner as the orcof of Thecrem 3.1 in JApoendix [.! (wnere ga(%) takes the

alace of v“(t) and M. replacas M“.)
1 - i
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¢ APPENDIX VI: PRQOF QF THEQREM 6.3
1 C
i T T T .
: Let w(t) = [q'(t) vg (t)] and, from (6.1), obtain
'.
E , w(t) = B w(t) + &R  w(t) (VI.1)
N
f where A° s and AAO =
R M 0 BRHiCp
¢ From Theorem 6.2, KA generates a semigroup So(t) with growth property, from
(6.5):
11 (8)]] < M &™=° (V1.2)
! 0 -t ‘
»
= )
where Mc = MCMOM . Also, from (6.1),
REvy D12 e 1 112 172 \
i ! L 3 ! n' | D =
:‘\Oi! (,. 127! t»BRH‘]]CR!I ) bt (“'3)
Since 3:5 is bounded, Ib + SKO generates a semigroup S(t) (e.g., [13] n. 8C
or (6] p. 210); therefore
() = §{t) Wl (v,
scwever, <rem {(VIL1),
w(t) = Soit) w(o) + ﬁ' SQ(t-t} l:a wi<) d= ILE
Taking bounds in (VI.3) and using (v1.3), obtain
] an t s
. w(t)!! < Me o™t [hiw(o) il = 70 e Diw(s)t) a- ] (V1.6)
’ ¢
} Les n(z) B ett w(t) o and, frem (J1.3), obtain
- .
sy el < Meon(ol - 75 h(z) 4< e
rom e Gromwall Inequality {e.3., (€] p. 123 ar (121 n. 11:-4%) apolied 22
. (‘1-7)v
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; Tt .
h(t) < Mg e " h(o)
L
i or, equivalently,
't
1 [lw(e)]] <& F [lw(o) ]|
A
4 where ¢/ s given by (6.6) and this is the desired result (6.7).
the semigroup S(t) is exponentially stable when ¢’ is positive.
{
{
.
¢
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(V1.8)

(Vi.9)

Clearly,
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ABSTRACT

Large flexible aerospace structures, such as the solar power satel-
lite, are distributed parameter systems with very complex continuum des-
criptions. This paper investigates the use of finite element methods
to produce reduced-order models and finite dimensional feedback con-
trollers for these structures. Our main results (Section 5.0) give con-
ditions under which stable control of the finite element model will

produce stable control of the actual structure.




.

1.0 Introduction

Large flexible aerospace structures, such as the solar nower satel-
1ite[1]. are distributed parameter systems with very complex continuum
descriptions. Often, their cCynamics are modeled by large-scale
systems of ordinary differential equations which are obtained via the
finite element method for structures. To obtain implementable, i.e.
finite dimensional, feedback controllers for these structures, we shall
use this model as the basis for the control synthesis.

The question of closed-l1o0p operation of such controllers within
the actual structure is certainly a fundamental one. In this paper,
we shall point out some connections between the finite element models
and the closed-loop stability. These results will be used to give an
answer to the following version of the above fundamental question:

When does stabie control of the finite element model ensure stable con-
trol of the actual structure?

For distributed parameter systems, in general, the finite element
method (FEM) for time-cdependent problems is very well explained in [2]
Chaoter 7, (3] Chapter 9, and the excellent survey [4]. The related
approaches called "spectral methods" are described in [5). The use of
FEM for analysis of distributed parameter control problems involving
interior and boundary controls has been considered, for example, in [6] -
[10]; all of these references are concerned with parabolic (i.e. diffu-
sion-1ike) distributed systems and, with the exception of [10], they
are concerned with open-loop (i.e. non-feedback) control.

In contrast, our concern is feedback control of hyperbolic (i.e.

highly oscillatory) distributed parameter systems and the use of FEM
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to develop low-order finite dimensional controllers for such systems,
Control approaches for structures have been surveyed in [11]-[13]. The
most popular approach for structural control is the resolution of the
structural vibration into normal modes, (semi) discretization of the
distributed system by truncation of this modal expansion, and controller

design based on the truncated modal model; this is called modal control.

Modal analysis of structures has been described in many references but
an enjoyable survey is [14]. The use of modal analysis in feedback
controller design depends on a complete knowledge of the modal data
wiich is rarely available for something as complex as a large aerospace

structure. Instead, this modal data is approximated by finite element

structural analysis computer codes (e.g. NASTRAN), and it is this approx-

imate mocal model that is used for the controller design, e.g. [15].
The stabilitv of closed-loop operation of the finite dimensional
modal controller in the infinite dimensional distributed parameter
structure is guestionable even when the actual modes are known, as shown
by a simple example in [16]. The mechanism for instability is the
combination of control and observation spillover in the residual (un-
modeled) modes of the structure [13]. However, closed-loop stability
bounds have been obtained for highly oscillatory distributed parameter
systems with low-order finite dimensional controllers [17]. These
bounds indicate the tolerable levels of spiliover for stable operation,
but they are based on "reducing" subspaces. For large aerospace struc-
tures, this corresponds to exact knowledye of the modal data used in
the controller, although the resicual modal data need not be so pre-

cisely known. This paper addresses the closed-loop stability question




for structure controllers based on finite element approximation of the
modal data. The distributed parameter control problem for flexible
structures is described in Section 2 and the finite element approximation
in Section 3. The corresponding finite element modal controllers are
presented in Section 4, and our main results on the closed-loop stability

are Theorems 1 and 2 in Section 5.

2.0 The Distributed Parameter Control Problem for Flexible Structures

We consider the class of fTexib1e structures that can be described
by a generalized wave equation; this represents an idealization of many

mechanically flexible structures. The generalized wave eguation is

given by:
E’2“+b-3ﬂ+Au»F (2.1)
at? 3t o y

which relates the(vector of)displacements u(x,t) of a body &, 2 bounded
open set with smooth boundary 35 in n-dimensional Euclidean space R",

to the applied control forces F(x,t). The operator A0 is a time-invariant,
self-adjoint differential operator with compact resolvent and lower semi-

bounded spectrum. The domain D(Ao) of A° is dense in the Hilbert space

2

LE(Q) with (.,.)° denoting the usual inner product and !{-!lo denoting

the associated norm. The natural damping in the structure is modeled by

2u
ot

with A° but is taken here to be & non-negative constant, for convenience.

the term b where b could be any bounded self-adjoint operator commuting

The control forces

F(x,t) = BOf(t) = T b.(x)f.(t) (2.2)

are provided by M actuators with influence functions bi(x). The dis-

placements are measured by P averaging sensors

R




y(t) = Culx,t) (2.3)

where yj(t) =g cj(x)u(x.t)dx with §=1,2,. .. ,P. The actuator
and sensor functions bi(x). cj(x) are in LZ(Q) and normalized to have unit
integral. When the support of bi(x) is in a small neighborhood of a point
X;o we say it is a point actuator and, similarly, we define a point
sensor. The pofnt actuator and point sensor situation is our principal
interest here. This class of distributed parameter systems includes
interior and boundary control of vibrating strings, membranes, thin beams

and thin plates. Although, only displacement sensors are considered in

(2.3), this is not a restriciton - more general sensors may be modeled.

It is well known ([18], p. 277) that the spectrum of A, contains
only isolated eigenvalues xk with corresponding eigenfunctions ¢, such
that

M S

<. ..

and Aock = A 2. e will assume that A is positive. The resonant

12 4nd the

mode freguencies w. of the structure are given by w, = (Ak)

correspondinc eigenfunctions ¢, are the mode shapes. Thus Ao satisfies

(Aou,u) > a!!u!!g ,a>0 (2.4)

0

and has a square root A°1/2. Every vector ueLZ(C) has a unique represen-

tation
«®
u(x) = = ukok(x) (2.5)
k=1
where u = (u,ck)0 and we define the orthogonal projections PON. PoR by
P us T yz i
0" ya KTk
(2.6)
R (- ]
P us 2 ut¢
° keN+1 K K
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Let V be the domain of A° and W be the domain of AOI/Z. A new operator a
a A is defined in H by i
a) D(A) =V xWE= Hy 3%
¥ (2.7) |
- b) A[:] - [-bw - Aou for ueV, weW
5 The enerqy inner product (.,-) 1s defined on H1 by
“ [uz) 1/2
. , = ¢ 1/2 /
( . v, ) = (R Euy A ) e (g o) (2.8)

for Uys Uy eV and Wys Wo € W, and the Hilbert space H, called the state

space, is defined as the closure ov Hy in this energy inner product. The
associated energy riorm is denoted by ||-1| and is a measure of the total

potential and kinetic energy in (u,%%) where u is a solution of (2.1).
TT
let v = {uT . %% ] be in K and write (2.1), (2.2) and (2.3) as

av .
3t Av + Bf , voeH]
(2.9)

, y = Cv
where B = [g ] and C = [Co 0].
0
It is easy to see that

ve k:1 &k o, (2.10)

and l{vl!z = I [xkukz + &kzj. Rlso, A generates a C, semigroup u(t)
k=1

by [19], p. 11-59. The following result, due to Goldstein and Rosencrans

(20], gives conditions under which this semigroup U(t) is (slightly)

exponentially stable and hence (2.2) i3 a (strictly) dissipative hyperbolic

system:

" i
4 ..’,.MW‘MMMWW.‘W AN T g A

L ‘
P 1
A

A msdtesacdh v Cmo amcxmke
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if b < 2a then

) (2.11)
vt ] < Mt (v . t20

| where M s (v)'/2, ¢« b/2, and v = [1+4(b/20)101-(b/20)17). Mote tnat
| ( the hypothesis for this result means that ¢ < a, i.e. the damping must

be smaller than the square of the lowest mode frequency. Another bound

4 of the type (2.11) is available in [21] without the restriction ¢ < a;

éff however, the damping coefficient b is not quite so directly related to ;
: € in (2.11). The bound used above will be very convenient to iilustrate i
: our results.
ot Recalling (2.6), we define the projections Py, P on H by
N
] Pou.)
\ PN H NJ
F 4 w Pow
...72)
u PRu
4 0
P £
R
: w PRw
0
;
} and note that they are orthogonal in the energy inner product and that
L
: Hy® P\H and Ho= PoH form reducing subspaces c¢f H, as described in (17].
l In fact, HN is a modal subspace, and VN PNv and vp* PRv satisfy:
] v
1K fﬁﬁ-ANvN‘bBNf
] <' Vg
t ¢




where AN . pN A pN, BN = PN 8, CN s 7 PN. and, corresocondingly, for

SRR (. ol

(AR' BR. CR). Note that AN. BN, CN may be identified with the matrices

0 1
N , , [0 0], respectively, with A, = diag (A, !
Ay bl 8,’ N N !
N N i

RN AN]. BN° . [\bj.¢k)]T , and CN° . [(cj'¢k)]' and, if point sen-

AR, 1 i

sors and actuators are used, then BN° ard CN° involve only mode shapes

¢ evaluated at the actuator and sensor locations. The terms BR ¢ and

CR vy are called, respectively, control and observation scillover, and

it is through these terms that the residual modes vg are affected

by any feedback controller which accepts the sensor outputs y and
generates control commands f.

Modal controllers can be based on the recduced-order mode! (ROM)

whose states are v, and whose parameters are (Ays By CN); such a model
is obtained by ignoring (for the purpose of contrnlier synthesis) the
residual modes, i.e. setting BR = 0 anc C. = 0. The controllability

and observability of the ROM can he determinec from (AN. cNo. CNO) when

the damping b is small ([22], Theorem 2.1). Of course, it is quite

easy tu assess the controllability and observability of this latter
system,and the conditions depend on the interaction of the actuator-
sensor influence funétions with the mode shapes ¢y, . . . 4 &y

[f the ROM is controllable and observable, the usual finite dimen-
sional, state space controller can be designed based on the modal ROM

(e.g. [23] or [24]). It has %Ne form:

F{t) = Gy vy(t) (2.13)

o RO o

I() = Ay Ty(t) + By F8) + Ky(y(1) - F(2))

R F(t) = Cy wy(t) 4 vy(0) = 0
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This controller has dimension 2N (twice the number of modes in the ROM).
Since the ROM is controllable and observable, GN and K, can be chosen to
échieve any desired stability margins N and Of for AN + BN GN and

AN - KN CN respectively; optimal control, as well as pole placement
techniques, may be used successfully for the controller design.

Thus, (2.13)-(2.14) represents an implementable (finite dimensional)

modal controiler for the flexible structure (2.1)-(2.3), or equivalently

(2.9). It is based on a modal ROM, i.e. it is designed to control the
first N modes of the structure (of course, different sets of N modes
could have been used - it is not necessary that they be the first N
modes). The basic assumption made in synthesizing such a modal con-

troller is that the N modes chosen for control will adeguately represent

tha important vibrational behavior of the whole flexible structure; this

assumption can often be satisfied in practice, and it is the basis for
most structure contiollars,

Having synthesized an implementable modal controlier to adequately
tarlor the vibrational response of N critical modes in the flexitle

structure, we must not think w: are done. The closed-loop behavior of

our controller is affected by the residual modes in HR for which we nhave

not designed, as well as the .ontroiled modes in HN for which we have

(signed. These interactions occur throuch the control and observation

spillover terms defined in (2.13) and can drastically alter the desired

performance of the controlled structure; in fact, an example is presented

in [16] where the closed-loop system becomes unstable. Consequently,

the closed-loop stability analysis presented in [17] is extremely impor- %

tant; these resuits give an indication of the amount of spillover that

can be tolerated in the closed-loop system without loss of stability.




3.0 The Finite Element Approximation and Open-Loop Convergence

Unfortunately, all of the controller synthesis and c1osed-100p
analysis presented so far is based on reducing subspaces HN and HR and,
in particular, on exact knowledge of the system modes $rr - - -0 Oy
used in the ROM; this modal data must be approximated in most cases
due to the complexity of the actual partial differential equations and
associated boundary conditions which describe the structure (2.1). Such
approximations do not Jead to reducing subspaces, in general; therefore,
further discussion is necessary.

The most natural approach (and the one we shall use) seems to be
to approximate the modal data required for the modal ROM (AN’ By CN)
via the finite element method (FEM) for time-dependent distributed para-
meter systems (2.9); the data required will be the ROM mode frequencies
w, and the corresponding mode shapes ¢,(x) evaluated in neighborhoods
of the actuator and sensor locations when point devices are used. Once
this FEM approximated modal data is available, the controllability and

observability of the ROM may be tested,and the FEM based modal ccntrolier

may be synthesized using the approximate modal data in (2.13)-(2.14) as
though it were exact. Although the FEM approach requires a great deal of
“number-crunching" to obtain the approximate modal data, this data is
needed for the open-loop structural analysis and is calculated anyway,
regardless of control considerations. Also, the large scale computer
codes necessary for such FEM calculations are available and in general
use (e.g. NASTRAN and others).

This makes the FEM approach to structure controller synthesis

appealing; however, the ciosed-loop stability analysis is much more diffi-
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cult. The fundamental question to be answered is - when does stable
control of the FEM model produce stable control of the actual structure?
To begin to answer this question, we must give a more precise descrip-
tion of the FEM approach.

A precise description of the FEM approximation of time-dependent
distributed parameter systems like (2.9) is given, for example, in [2]
Chapter 7, [3] Chapter 9, or the survev article [4]. We point out
that, historically, the FEM was developed specifically to numerically
approximate the behavior of a given distributed parameter system or set
of partial differential equations; in control terms, it was intended
to give » close approximation of the dynamic behavior of open-lgop sys-
tems like (2.9). However, we will use it in a very different way,
namely to develop reduced-order models of the system (2.9) for synthesis
of finite dimensional, feedback controllers to be used in closed-loop
with the system (2.9). In the usual applications, the stability of the
ROM plays a big role, and hyperbolic systems like (2.9) are notorious for
their lack, or very low margin, of stability when the FEM is used. In
our application, the stability of the ROM is less important because the
feedback controller will be designed to improve its stability; more
important to our application is the stability of the residual (unmodeled)
pa~t of the system over which we have no direct control.

We describe the FEM approach to finite-dimensional controller syn-
thesis for the distributed parameter system (2.9). Let Hy be an increasing
sequence of finite dimensional subspaces of the state space H for (2.9).
Each subspace Hy has dimension N. To meke ‘'ife easier, we 2ssume that

each HN is a subspace of D(A) so that its elements satisfy

URIGINAL PAGE L
OF POOR QUALITY
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the boundary conditions for A; however, so called non-conforming elements
may be used in the more general case. In the FEM, each subspace HN
consists of splines (i.e. piecewise-polynomial functions) of fixed degree
defined over a mesh (usually, of triangles) laid out to approximately
cover the structure 2 (see [3] Chapter 6). No matter how irregular the
shape of the boundary of Q such meshes can be fitted very closely; this
is one of the principal assets of the FEM. To each mesh, a normalized

mesh parameter h (where 0 < h < 1) is assigned so that the mesh is refined

as h - 0 and the dimension N of the subspaces increases indefinitely.

3.1 The Galerkin Approximation

Let PN be the orthogonal projection from H into Hys this is called

the Galerkin projection. The corresponding orthogonal projection onto

&
Hy

to H is said to be of order q when

is called Pp (1.e. Pp= 1 - PN). The "rate of convergence" of H,

[1Po vIl < K A (3.1)
for v in H (or D(A)); this rate is related to the ability of splines in

HN to interpolate functions in H. We shall not be concerned with the

rate of convergence ; consequently we write (3.1) as

lim [Py v]] =0 for v in H (3.2)

and suppress the dependence on i for our discussion.
Let wy(x), . . ., Yy(x) form a basis in Hy (i.e. they are linearly

independent). These functions are called patch functions or assumed mode

shapes. An approcimation of the solution v(x,t) of (2.9) can be formed

in HN by

"nr1eZ

vN(x,t) =

. v (t) ¥ (x) (3.3)

1
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i.e. assume separation of time and space variables with all spatial
variation lumped into the patch functions v (x). The choice of the
coefficients vk(t) remains; these are obtained by substitution of (3.3)
into (2.9):

3vN

3x CAVytBf+E (3.4)

where E is the equation error, and the vk(t)'s are chosen so that

PN(E) =0 : (3.5)

This is called the Galerkin approximation; when it is carried out with

the spline subspaces HN described above, it produces the FEM approxima-
tion (3.3) where the coefficients vk(t) are given by the entries of the
solution vector vN(t) = [v1(t), C e e vN(t)]i for the system of

ordinary differential equations:

-~

Mo vy = Ay vy + By f (3.6)

NEN T AN N T OON

where M, = [(wz’ wk); .
Ay = [legs Ayl

and B

The matrix %N is symmetric and positive definite because {wk(x)}k§1 are

linearly independent:

T~ N N : N N )
z Moz= T T z(v,w)z, =(ZI z¥,, I Z¥ )20 and
N e A e M L
- N
0= g? My 2z f and only if I z.y =0 which leads to the z, =0
k=1

due to the linear independence of the y, . Therefore, (3.6) can be solved
uniquely for v, (t) whenever vy(0) is specified, and hence the FEM approxi-
mation (3.3) is obtained. It is assumed that v, (0) is given by the

vector of coefficients of

el

Py WY
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vN(O) = PN Yo (3.7)
expanded in the basis {wk(x)}k§1. Note that
v = Py vy (3.8)

The approximation (3.3) is called a semidiscretization of (2.9) because

time t remains continuous in (3.6).

It should be noted that to obtain the most analytical benefit from
the FEM, the approximation (3.3) should be obtained from the "weak" form
of (2.9); however, we omit discussion of this technicality and refer the

interested reader to [3].

3.2 Convergence of the Approximation

Let e(x,t) = v(x,t)-vN(x,t), the FEM solution error, and consider

from (2.9), (3.4), (3.5) and (3.8):

avN

—t—- = AN VN + BNf , VN(O) = PN VO (39&)

3_E=A v, + Ae + B.f e(0) = P v (3.9b)

ot RN N R R0 i

y = CyvytCe (3.9¢)
where AN = FN A PN, BN = PN B, CN = CPN, BR = PR B and ARN = PR A PN.

Since PN is orthogonal projection onto the finite dimensional subspace

HN, (AN, BN, CN) may be identified with appropriate matrices easily re-

c lated to the ones in (3.6) by choosing the orthonormalized basis for HN

3

obtained from {wk}kz]; in addition, ARN is a bounded, linear operator.

In gereral, ARN is not zero, and hence HN and HR are not reducing sub-

¢ spaces for A; furthermore, v, # P\ v, and so v, and e are not orthogonal

to each other, Consequentiy, except for the special case where the exact

modal data is known and HN is chosen to be a modal subspace, the FEM

st i A e s Gt -
o e AL o R A 1 i e i
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does not partition (2.9) into the previous form (2.13) analyzed in [17].
The FEM partition (3.9) must be analyzed separately.
From (3.9b) and the fact that A generates the Cy semigroup u(t),

obtain:
e(t) = U(t) Py vy + 17 U(t-T)[Agy Wylx) ¢ Bpf(x)] e (3.10)
Take norms in (3.10) and use (2.11) to obtain:

[le(t) ] < My €51 1P vl + 25 L] Agy vlx) !

i i

R V0!
+ 1Bl TIF(T)] + [1Agyl1 11e(1) 1] dr) (3.11)

Now use Gronwall's Inequality ([25], p. 124) on (3.11) to obtain:

-g,,t N _
Helt <My e " U1Pg voli + £ e LliAgy V(1)1
+ 1iBgil Hf() 1] ex) (3.12)
where e, = € - MGIIARN}l. This can he used to prove the following

convergence result:

Theorem 3.1: The following two conditions guarantee convergence, over any

finite interval of time, of the FEM approximation (3.3) to the actual
open-loop solution of (2.9):
(a) IIARN§! < o where a 1is independent of N
(b) Tre approximation is consistent, i.e. lim !{ARN vil =0 for
<11 v in D(A). e
Furthermore, conditions (a) and (b) are equivalent to

lim |[Agy!! = 0 (3.13)

N

Proof: From [18], p. 151 lemma 3.5, we obtain that (a) and (b) imply
(3.13) because D(A) is dense in H. Conversely, it is easy %o

see that (3.12) implies {(a) and (b); so

T I ¥ s e g R T . - e e
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these conditions are equivalent. Use (3.12) with N replaced by e-Moa

enc let 0 <t <T. From (3.2) and (3.13), obtain lim |le(t)!] = 0. #
N+

This is only a slight modification of the usual open-loop convergence
results (e.g. [5] Sec. 4), but it will be convenient for our needs.

F criori estimates of the convergence rate of e(t) as a function of the

resh parzmeter h can often be made.

3.3 An Alternate Form of The FEM Approximation for Flexible Structures

We want to carry the development of the FEM approximation (3.3) and

(3.6) @ bit further. We can rewrite (3.3) as

v(x,t) = Lugxit), wy(x, )7

where
N 1
<r g4 (x,t) = = vk(t) ¥ (x) (3.14a)
1 kg-l
L ' i 2
wK;x,t) = kf: vk(t) Y (x) (3.14b)

.‘.-.-,,,.'.ZT" . , : >
wiere U = [ak by ]° is in Hy- Now the entries ir the matrices M,

iq, éﬂ in (3.€) are given by:

(vooyy) = (wl]. A wk1)o + (wlz, wkz) (3.15a)
: 2 .
(¢, Ay ) = (wi1. Ay ¥y )0 - (wzz. Ag wk’)O - b(wlz, wkz)o (3.150)
Mo
(v, ,Bf) = I (v, by) f. (3.15¢)
- i) 0

From *his date (3.6) may be solved for the coefficients vk(t) of the FEM
approximation (3.3).
An alternate form of the FEM approximation is obtained by choosing

0 , 0
spline subspaces %q in HO with e](x), v eN(x) as a basis for SN .
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Instead of making the approximation in the state space formulation (2.9),

§(~ we do it directly on (2.1):

N
uN(x.t) = I uk(t) ek(X) (3.16)

k=1

where uk(t) satisfy the system of ordinary differential equations:

. . 0 «r 0
My O+ b Myuy + A7 Uy =B f (3.17)
= T e [{ 0 =
€ and BNO = [(eg. bi)]' It is easy to see that M, and ANO are positive defi-

nite matrices because A0 is a self-adjoint, positive differential operator.

From the extended eigendata problem:

A 2 T A2y (3.18)
we obtain the approximate mode frequencies
. A 1/2
r G = (1) (3.192)
and approximate mode shapes:
" N %
v ck(x) = 2:1 24z ck(x) (3.19) %!
where 2z, = [Zk1 y e e e s sz]T. When we form the nonsingular matrix Q
VN=[£1. I ’AN] (3.20) J
3 .
we find that
RETNER (3.21a)
) N MN Ty .
i
B T T,0 0
g Vy Ay Vy oty =diag Dy, m (3.21b)
’ g The model ccordinates g, are defined by
} , ]
g ¢ uy = Vy Qy (3.22)
1 and (from (3.17) we obtain
o . 1] T, 0 -
Oy tbay *A gy =Yy By f (3.23)
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This system of ordinary differential equations is decoupled into N second

order systems and, hence, is quite easy to solve for ay- From (3.22),

we can obtain the coefficients for the alternate approximation (3.16).
The alternate formulation (3.16) of the FEM for flexible structures

is the standard one used in structural analysis; it is related to the

one obtained in (3.3) or, equivalently, (3.14). Appropriate versions

of (3.2) and (3.9) and a convergence result similar to Theo. 3.1 can be

produced; fcr example, see [2] Sec. 7.3. For convenience we shall con-

tinue to use (3.3); however, alternate versions of our later results

hold for (3.16).

4.0 Feedback Controllers Associated with the FEM Approximation

The FEM reduced-order model associated with (2.9) is defined on Hy
and given by

ov

N E 3 k 3
T AT BT W0) = Py

(4.1)
y F cN N
where (AN’ Bye CN) are defined in (3.9) and are determined by approximate
modal data. Since Hy is a finite dimensional subspace, (AN. By CN) may
be identified with their matrices in an appropriate basis of HN' and
(4.1) is equivalent to a lumped parameter, state variable systzm for
which a well developed Teedback control theory exists, e.g. [?3] or [24].
The controllability and observability of (AN. By CN) ere 2¢s1ly
checked via simplified conditions obtained in [16]. These conditions
are the same even though approximate, rather than exact, modal data are

used; the conditions apply because of the low level of natural structural

damping present in these structures (i.e. b is small in (2.1)).
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The FEM Feedback Controller is based on the ROM (4.1) and defined

] b'Y
; A
: = GN Vi
:1 ( < ON s AN l\;N + BN-‘ + KN (Y‘S’) (4'2)
Y =Sy Yy 5 w0 =0
| where, due to the controllability and observability of the ROM, we can
adjust the controller gains Gy and Ky s€ tast Ay + By GN and Ay - Ky Cn
have any desired stability margin. The controller (4.2) has finite dimen-
sion N (where N = dim Hy )i so we can abuse notation by using QN instead
v
of 33! . This controller consists of a linear feedback cortrol law and
full order state estimator {full order in the sense that it is matched
to the full order ROM). Much lower order controllers than (4.2) may
be developed, but we leave that issue for another time.
We define the estimator error e, = ON - vy 2nd, from (3.9¢) and
(4.2), obtain:
- i Lo
ey (AN Ky CN) ey * Ky Ce (L.3)
Also, from (3.9a) and (4.2), we have
‘ If there were no FEM solution errcr (i.e. e = 0), then (*.3) and (4.4)
it
i would be designed with a desired stability margin. Consequently, the

controller (4.2) would stabilize the model (4.1) by design; hcwever,
our principal interest is the closed-loop stability of the actuel struc-

ture (2.9) with the controller (4.2).
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§.0 Closed-Loop Stabilitv: Main Results

The closed-1000 sys*am consists of the actual structure (2.9) with

the FEM controller (4.2). The closed-loop system state is [v eN]T where

Vevy+e and e ® ;N - vyi equivalently, this state may be written
. T
we lvN ey e)

where w satisfies ‘from (3.9), (4.3) and (4.4)):

T
Haea (5.1)
A1 A2
where Ac = and
Ay Ao
Ay *+ By Gy By G, 0 i
A d A =
N v P2 ’
0 A Ky Oy Ky ©

Ay = (Apy * Ba Gy B GyJ anu hyp = A

Since A11 represents & firite dimensiora’l system, it is bounded and gene-
rates 2 C0 semigroup UN(t) with the following growth property:

-e,‘.t )
HUy(E) ] < My e , 120 (5.2)

where My > 1 and ¢, > 0; ¢, is the designed stability margin cbtained
in Sec. 4.0 bv the choice of controller gains GN and KN. We have the

following closed-loop stability result:

Theorem 5.1: If the FEM model (AN‘ BN, CN) is controllable and cbservable

e a

for every N and if conditions (a) and (b) cf Theo. 3.1 are satisfied, then
controller gains GN ang KN can be chosen so that AC generates 2 C0 semi-

group Uc(t) such that
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w(t) = Ue(t) w(0) (5.3)
and
-ect
U] < Me e » t20 (5.4)

where [ful| = ([lvyl1? + leyl12 + [1el1H)2

HKN cn Hky €1 3 12
MNMO (1 C 'gNN-g )

EC'C'HCBNn
8y ® lAxyll + 21i8pl1 [1GyI] » and My, € are obtained from (2.11).

The closed-loop system is stable, if GN is bounded for all N and,for N

sufficiently large,

c By < € (5.5)

Proof: Choose GN and KN $O that ey > € since (AN' BN’ CN) controllable
and observab'e. Let A. = Ay + LA where
-
A Ay ¢ 01
AO = and LA = J
0 Ay o O

Note that Aj generates 2 (j samigroup Uo(t) such that

A

Ug(t)[] < M, e . >0

where ¢q = min (cN. €) = g; this follows from arguments similar
to those used :0 prove Theo. 5.1 in [17]. Since ![z2A!| =
l|A21§l < By AL is a bounded perturbation of the semigroup gene-
rator Ay; hence, by [25]. Theo. 10.9, ». 270, AC generates 2 C.
semi group Uc(t) which satisfies (5.4). The conditions (2) and

(b) of Theo. 3.1 imply that




3]

19m ![Asy]| = O
Mm i Agyl |

and this, together with(3.2)and the boundedness of GN' implies

1im 8, = 0. If N can be chosen large enough to satisfy (5.5), then
:;: 0 and the closed-loop system (5.3) is exponentially stable.
Note that Mc may increase as N~ e« o it is not always certain

that (5.5) can be satisfied even though 6§, - 0. #

Theorem £.2: In Theo. 5.1, if there exist positive constants a, and
Gy such that

a8 (5.6)
Mo 2oy 8y y

then there is a finite integer N* such that, for &11 N > N*, (£.3) is

exponentially stable.

-

Proof: This is a corollary tc Thec. 5.1. Ffrom (5.6), we outain
~
N
Y . g
that o £,8 < e and, for all K > N*, (5.5) is satisfied:

N

"y

M

m
m

¢ 52y -0 & N == Therefore, choose N* such
the result follows from Theo. £.1. @
The ahove results provide conditions under which tiz clcsea-lo0p system

(5.3) is stable and the FEM solutior error e(t’ satisfies
He(t)}l < Halt)li c2M e = flvgll » t20 (5.7)

because

2, ip

)!_ \!!25 ] ' "2

< 20iva it

This is an 2 priori convergence estimate for the closed-100p system.
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Since e=v - v, = (v - PN v) + (PN v - vN) and v - PN vePpve 0
as N+ by (3.2), we may be interested in the behavior of the term
PN Ve as N + =. However, from the properties of the Galerkin pro-

jection PN’

PN e=P PR v + PN(FN vV - vN) s PN V- (5.8a)

N

PR e= Py Pp v+ PR(PN vV - vN) =Pp v (5.8b)

Toev, Pyv = vy = PN e and v -Pyve=Ppe form the orthogonal components

of e in Hy and H;', respectively. From (3.9b) and (4.2), obtain:

N € .
—_— AN PN e + ANR Vo (5.9a)

- = A P, e+ A

5T - Ay Py &t A vp (A * Bp Gy vy + By Gy ey (5.9b)

where vp = Pp vp, Ayp 2 Py A Pp, etc. Also, (4.3)becomes

ey = (Ay - Ky Cy) ey + Ky Cy P&+ Ky G vp (5.10)

Let w = [vy,ey,P, e ,vR]T be the closed-1o0p system state, and, from

(4.4), (5.9) and (5.10), obtain

ow _
X - u (5.11)
Q1
where Qc = and
YY)
Q= 0 Av- K S X Ot Q2 Y KGR

L L
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Tre following alternate closec-loop stability result may prove useful in

those cases where conditions (a) and (b) of Theo. 5.1 are not satisfied

g by the FEM approximation:

Theorem 5.3: Assume, for every N,

—

(1) the ROM (AN’ N ¢ ) is controllable and observable

;
Et

(2) AN is (exponentially). stable with margin Sy
o (3) Aq generates an exponentially stable C, semigroup U ( ) with
. -gpt
[ Ug(t Him e R, t>0
(4) Yim [|Ao]] =
, Nor o NR

Then controller gains GN and KN can be chosen so that Qc in (5.11) gene-
rates a C, semigroup Uc(t) with

\ -Ect

B (el ke © b 20 (5.12)

where M. = max (M),, M) ,
€c = gy - M Ty » g = minloys cp)

! ry = LKyl TG+ 1Al

and Q,, generates the C0 semigroup U1](t) with
’ Uy (D) ]] < My &N t > 0.

If KN is bounded for all N and, for N sufficiently large,

} , MC Ty < g (5.13)
the closed-loop system (5.11) is exponentially stable.

) ) The proof of this result is sufficiently similar to that of Theo. 5.1

that we shall omit it. 1In some cases, the conditions (1)-(4) of Theo.
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5.3 may be easier to verify than those of Theo. 5.1. Again, the stability
of (5.12) leads to an a priori convergence bound on the FEM solution

error:

-g, t
lHe(t)|l <M e © llvgll » t20 (5.18)

6.0 Conclusions

The use of the finite element method (FEM) for numerical simulation
of complex distributed parameter systems is well known. In this paper
the use of the FEM to produce reduced-order models and finite dimensional
feedback controllers for distributed parameter systems has been investi-
gated with emphasis on application to control of large aerospace struc-
tures. Our principal concern has been to determine the stability of
tne controller in closed-loop with the actual distributed parameter
system even though the controller is synthesized using a FEM approxi-
mation. Our main results, Theorems 5.1-5.3, give conditions under which
stable closed-loop operation can be expected. Such conditions are
nspecially desireable for large aerospace structure control because the
FEM model is the tool most widely accepted for structural analysis and
large scale computer codes already exist to produce such models for very

complex structures.
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ABSTRACT

Implementable feedback control of distributed parameter systems must
often be based on reduced-order models due to the infinite dimensional
nature of the actual open-loop system. In this paper, we analyze the be-
havior of controllers designed via reduced-order models obtained with singu-
lar perturbations techniques. When such controllers are used in the actual
distributed parameter system, the closed-loop stibility is in question. The
results presented here provide bounds on the smallness of the singular per-
turbations parameter to ensure stable operation; such a priori bounds may be
used to evaluate potential reduced-order controllers for distributed para-

meter systems.
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1. INTRODUCTION

Distributed Parameter Systems (DPS) are described by partial differen-
tial equations. Examples of DPS include heat diffusion and chemical pro-
cesses, wave propagation, and mechanically flexible structures, such as

large flexible spacecraft and satellites, high-speed aircraft and surface

vehicles, and large civil engineering structures, e.g., bridges and tall

buildings.

: The state spaces for these systems have infinite dimension. Thus, it

is impractical or impossible to impiement feedback controllers based on

complete models of these systems; hence, reduced-order models must be used

for the controller design. A great variety of reduced-order modeling tech-
niques exist for general systems, e.g., the bibliography of [1], and new
techniques are presently being developed in the specialized areas 1ike large
aerospace structures, e.g., [2], [3]. Of particular interest are the model
reduction techniques based on asymptotic methods, such as multiple time

scales and singular perturbations, e.g., [4]-[7] and the excellent survey [8].

These papers address the large scale, but finite dimensional or lumped para-

meter, systems; to our knowledge, very little has been done with asymptotic

' methods for DPS with the exceptions: [9] Chapt. 5, [10], and the survey [11].

Qur interest here is less in the area of derivation of reduced-order
models for DPS (although that is an important topic in its own right);

’ rather, we are concerned with the successful operation of the controller,
designed on a reduced-order model, in closed-loop with the full system. Other
work on this basic topic may be found, for example, in [2], [12]-[15], and,

» for singular perturbations methods, [16]-[24]; none of these singular pertur-

bations papers deals with DPS, with the exception of [24]. This paper
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extends the preliminary results on singular perturbations and stability for
DPS obtained n [24] and obtains an upper bound on the singular parameter

for stable, closed-loop operation. Our results for DPS are in the same spirit
as those of [21]-[23] for lumped parameter systems; the method of proof

is different due to the infinite d4imensional nature of the DPS problem.

We consider linear, time-invariant distributed parameter systems with

the following form:

v, = Av + Bf R v(0) = v
¢ 0 (1.1)

y = Cv + Df
where the state v 1s in a Hilbert space H with inner product (.,.) and
associated norm ||-|| and the control vector f and observation vector y
have dimensions M and P, respectively, which denote the number of (inde-

pendent) actuators and sensors. When the system (1.1) is a distributed para-

meter system (DPS), the dim H = » and the operator A is (usually)an un-

bounded, differential operator with domain D(A), containing all states which
satisfy the boundary conditions of the problem fdense in H, while the in-
put and output operators B8 and C have finite rank M and P, respectively, and
D is a PxM matrix.

The operator A generates a Co semigroup U(t) on H. This semigroup
U(t) s usually exoonentially stable, i.e., it has the growth property:

-Got
[Hu(t)[] <Ky e ,  t20 (1.2)

where K° > 1 and 60 > 0. 1In physical systems of "hyperbolic“-type’energy dissi-

pative mechanisms make (1.2) true, even for DPS; however, 60 may be quite
small, as it often is in the case of large aerospace structures [2].
In the following sections, we develop the general idea of reduced-order

models for the systems of type (1.1) and obtain results on the operation

e -
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of controllers, based on these reduced-order models, in closed-100p with
the actual system (1.1).

2. REDUCED-ORDER MODELIMG GND CONTROLLER DESIGN
Let HN and HR be subspaces of the total state space H with dim HN =

N<oandH = KNQHR. Define the projection operators Py and Pp (not
necessarily orthogonal) and let " Py v and vp = Pp v. This decomposes

v into v = vy + vp and the system (1.1) into

Vy * AN vyt ANR vp * BN f R vN(O) = PN Yo (2.1)
‘;n = Aoy YNt A VR tBp . . vp(0) = Pp vy (2.2)
y =Cyvyt CR vp * Df (2.3)

Note that all parameters, AN’ ANR’ etc., with the exception of AR, are
bounded operators because they involve projection onto the finite dimen-
sional subspace HN. We abuse notation slightly by writing GR for avR/at.

Henceforth, we assume that AR generates a semigroup UR(t) on HR which
satisfies the growth condition:

-8t
[[Ug(t)[| < Kp e , t>0 (2.4)

where Ko > 1 and 6 > 0. In the special case of reducing subspaces (i.e.,

both Hy and Hp are A-invariant), &g = 8, and Ko = [[Pp|| Ky where &, Ko
are as given in (1.2). In general, KR and 5R depend on the choice of HN'
Hp subspaces. The growth condition (2.4) will hold for "parabolic", as well
as "hyperbolic" systems even though the more stringent (1.2) does not hold.
The reduced-order model (ROM) for the system is (2.1) and (2.3) with

CR and ANR assumed to be zero:

VN = Ay VN +Byf VN(O) =Py Yo (2.5)




Thus, the ROM depends on what choice of subspace HN is made and what type

of projection PN is used (or alternatively. what HR is). The subspace HN
is called the ROM subspace and the subspace HR’ the residuals subspace.

L
:
;
'
&
F

L The terms ANR VR and ARN vy are called model error and By f and CR Vg are
called control and observation spillover, respectively.

. 3
sy

P

3. REDUCED-ORDER MODELING AND CONTROLLER DESIGN VIA SINGULAR PERTURBAT:ONS

ol A e, G g

¢ For certain choices of subspaces HN' HR in Sec. 2, it is possible to
produce ROM's such that (2.1)-(2.3) become:
: WeE ANt AR YR BY T (3.1)
] ' £ GR = ARR wt AR vp t BR f (3.2)
y=Cuv+Cavwp+of (3.3)
’ where the singular perturbation parameter ¢ > 0 represents some small para-
meter dependence, such as electrical networks with parasitics or dynamical
systems with small masses and time constants (see [25]); alternatively, ¢
» may represent a ratin of time-scales in the system (see [7]). This approach
is especially valuable when the ROM is based on vibration modes for a mech-
anically flexinble structure and the frequency separation of slow and fast
’ modes can be used to provide the decomposition of (3.1)-(3.3). A survey of
singular perturbation techniques for model reductfon is presented in [8].
It should be noted that‘gpe of the most difficult tasks may be to formulate
' a particular DPS problem into the singular perturbations format (3.1)-(3.3).
The parameters such as AN may involve regular perturbations in e, as

well, i.e.,

. - 0 ~g
, Ay = Ayt ehy (3.4)
where i; is bounded for all ¢ and R: = 0. Also, it is possible to have multi-

. ”,‘ Uik it ‘v;;‘.u‘mw;w‘
i X




parameter singular perturbations where several ¢ parameters are present; see
e.g., [26]-[27]). To simplify the presentation, we shall not consider either
of the above situations here.

The singular perturbations ROM is 2L*3ined when ¢ = 0 and is given by

VN = I& Vk + F& f VN(O) = PN Yo

(3.5)
g W+0f
-1 -] -1

where Ky = Ay = Apo Ao Apys By = By = Aye A™' By Ty = €y = Cp AT Any,
and D=0 - Ca AR" Bp. This is somewhat different from the usual ROM (2.5)

duc . the parameter correction terms involving AR'j.

In the special case of
reducing subspaces Hye Hp (as in [24]), the model error terms Ayp 2nd Ap are
zero, and A, = A, By = By, and ¢, = CN;. however, D # D. Therefore, even in
this special case the ROM (3.5) is not quite the same as the usual ROM (2.5).
Note that the ROM (3.5) is finite dimensional (dim (M N) and the para-

meters (F&. By, C,, D) may be identified with their corresponding matrices in

an appropriate basis for HN. Henceforth, we assume the ROM (3.5) is ceon-

trollable and observable; for any ROM, this is easy to verify with the the

usual ran. tests for finite dimensional systems ([28] Chapt. 11).
Also, note that, although Ag is usually not bounded for a OPS, A.™'
is bounded due to (2.4). In fact, from [28], Theo. 8.9,
K
a1 s—§ (3.6)

The reduced-order controller based on the ROM (3.5) is given by
f=5yz
z=RK z+B f+Rly-y) ., 2(0) =0 (3.7)

ys Cyz+Df
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where dim z = N. This finite dimensional controller can be implemented for
the DPS, and the gains E&, Eﬁ can be designed for closed-loop stability when

¢ = 0; however, successful closed-100p operation is in question when € > 0.

4. MAIN RESULTS: CLOSED-LOOP STABILITY

The fundamental question is whether a stable closed-loop reduced-order
system (¢ = 0) will remain stable when the same controller (3.9) is used
with the actual system (3.1)-(3.3) when ¢ > 0 (although small). The answer,

as given below, is that it will when € is small enough; bounds on the small-

ness of ¢ are obtained.
The closed-loop behavior of the total system (3.1)-(3.3) with the

controller (3.7) is governed by

¥y Hin o H W
. (4.1)

€Wy Hay  Haad LW,
where w, = [v; e;]T » 8y = Z - Vg, W, = vp, and
[ Ay + By Gy BN Gy

Hyy =

Qy Ay - Ky Sy + Oy

. ® y <
Qy = (Ky Cp = Ayp!Ar ~ (Agy * Bp Gy)

NR
Hiz = _
Ky CR - Anr
Hyp = TAgy * Bp Gy Bp Gyl
and sz = AR. Note that H]], HIZ’ H21 are all bounded operators, and sz']

is bounded by (3.6); therefore let

ol . A S 5 i P I




A

Wi TR

Lyl <My o TIHH <My s [THy I <My

: (4.2)
- _ -1
|‘H22 I} < M4 s KR/6R ’ ||H22 Hz]ll S.Ms
When ¢ = 0, (3.1) reduces to
’ -~ -~
W, = H] W) (4.3)
which represents the reduced-order design consisting of the ROM (3.5) and
’ the reduced-order controller (3.7) in closed-loop. The reduced-order closed-
loop operator is given by:
I Ay + By Gy By Gy
' Hy = Hyy - Hyp Hpp  Hy o
which can be made stable by the choice of gains E&. Kﬁ, since the ROM (3.5)
is assumed controllable and observable in Sec. 3. Therefore, let the transi-
¥
tion matrix U](t) associated with H, satisfy:
‘6]t
]|U1(t)|§ <K e s, t>0 (4.4)
' Furthermore, H] is bounded:
|14y 11 < Mg (4.5)
where
. Mg = My + My Mo < K,/6,
When € > 0, we can write (4.1) as
_ A Hi2
y w=Hw = W (4.6)
Hz]/E H22/e
where w = [w¥ w;]T. The primary question to be answered in this section is
r whether the semigroup Uc(t) generated by H in (4.6) remains stable for small,
positive €, i.e.,
-Gct
, ||Uc(t)]| <K.e , t>0 (4.7)

e . - S -
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The answér is that it does remain stable and the following theorem -- our

main result -- gives a bound on the smallness required of ¢:

THEOREM 1: Let the controller gains G, .'KN be chosen so that H, in (4.3)
has stability margin 61 as in (4.4). There exists an €q > 0 such
that, for all 0 < € < €g» the closed-loop system (4.6) -- consisting
of the full-order DPS (1.1) and the reduced-order controller (3.7)
based on the ROM (3.5) -- is (exponentially) stable and the controller
state z converges (exponentially) to the reduced state vy this means
(4.7) is satisfied. An upper bound for €g is given by:

Sg _—
0 < T R My (L, # Wy~ ™in (e v M) (4.8)

where y is defined later in Lemma 1, and Kc, sc, in (4.7), are given

by:

§. = min (6] s 62/50) (4.9)
2 1/2 2

KC = K] KR (1 +a+a°) (3+3 M5 + MS ) (4.10)

where

8y 2 8p = g Kg My (1 4+ M)

a = My/fa] , 828 8/e5

and the constants are obtained from (2.4), (4.2), (4.4), and (4.5).
The proof of Theo. 1 requires the following two lemmae:

LEMMA 1: There exists €, > 0 such that, for all 0 < e < ¢,, the nonlinear

1

mapping h(L) = Hy, ! Hyy + € Hyp™' L (Hyy = Hy, L) defined on

= (L | [|L = Hy,™! Hyy[| < 1} has a unique fixed-point L* = L'(e)

e s e
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in Q (hence, ||L*|] <1 + MS). Furthermore, 2, = w, + L* w; trans-
forms (4.1) into
= (4.11)

€z, I 0 sz + e L* HIZ_ 2,
_ -1
where w] = H]Z H22

[, (14 M) ( My + M) and we write e, = y[My (1 + M) (M, + M)]")

L* (H]1 - H]2 L*). An upper bound for £ is

where 0 <y < 1.
LEMMA 2: There exists €, such that, for all 0 < e < ¢4,
/2 . -8t
[t ]12 + 12p(t)] 123 <k e ©
(4.12)

1/2
[Hiwg €012 + [1z,(0)11%]

- 1/2
where Kc = K1 KR (1 +a + az) and a, 5c the same as in Theo. 1.

An upper bound forsois given by (4.8).

The nroof of Lemma 1 involves a contraction mapping argument ([29],
Theo. II. 1.1, p. 24); however, the results of [30] might be used to obtain
a different (possibly,larger) bound for 1. It is well known ([29], p. 24)
that

L* = 1im L

where Lk is obtained via the algorithm:

Ly =hL) o k=0,0,2, ..., (4.13)

and L0 any member of Q. This algorithm may be implemented to calculate the

desired L*. The following gives an indication of the convergence rate:

k
L = 1 <3 kg - L#1] (4.14)

where vy is defined in Lemma 1. ORIGINAL PAGE 1=
OF POOR QU
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The proof of Lemma 2, and hence Theo. 1, makes use of Lemma 1 and
results from [28]. The proofs of Lerma 1 and 2 and Theo. 1 appear in

Appendices I-III.

5. CONCLUSIONS
Our main result (Theo. 1) provides an upper bound (4.8) on the small-
ness of the singular perturbations parameter (e) which ensures stable closed-

loop operation of a finite dimensional controller with the full-order distri-

buted parameter system. Since the term le and H21 in (4.6) appear because
of spillover and model error, the bounds (and hence, the stability) improve
when these terms can be reduced (i.e., when M, and M; can be made smaller).
Lemma 1&2 taken together form an infinite dimensional version of the
Klimushchev-Krasovskii result [8].

When the distributed parameter system can be put into the singular
perturbations format, (3.1)-(3.3), the stability condition presented here
can be checked with only a limited knowledge of the unmodeled residuals pre-
sent in the full-order system. This makes it possible to synthesize low-
order controllers for distributed parameter systems via general reduced-
order modeling techniques and analyze their operation in closed-loop with
the actual system. Such a result appears to be particularly applicable to
distributed parameter systems with multiple time-scales or high-low fre-
quency separation, as is often the case in large aerospace structures (23,
[31]. The general modeling issue, i.e. obtaining a singular perturbations
format, for large-scale or distributed parameter systems is quite complex;
see [32] for further discussion.
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Appendix I: Proof of Lemma 1

We want to apply the contraction mapping theorem to h to obtain L*.

Consider any L in Q and note that
-1 -
LI < TIL = Hyp™ Hoq ]+ [THpp™" Hoql] <1+ Mg (1.1)
<e My LIL]] (Mg + My [IL]))

e My (14 M) (M, + M) (1.2)

because M = M, + M, M. in (4.5). Therefore h(L) is in Q when 0 < ¢ <ep
where

- -1
-1
because ||h(L) - Hop " Hopll < 1.

Consider L and L' in Q and, from (I1.1),
] ‘] t ]
[Th(L) = h(L)[] = € [[Hyp " [L(Hyq = Hyp L) - L'(Hyy = Hyp L]

2 & My (HIL(Hyy - Hyp L) = L(Hyp - Hyp L]+
[ILCHyy = Koy L) = LGy = By L))
<o My (1L HIL+ 1By = Ky L) TIL - L]
e My (201 + M) My e M) IL- L] < [IL - L] (1.4)

when 0 < g < €g where

eg = [My(My + 2(1 + MS)MZ]" (1.5)
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But, from (I1.3),
en = [(1+ M) My (M + 0, (14 1))]"]
<[V + M) My (M 420, (14 Ms))]"
= eBI(I + M.
Therefore, €5 < (1 + M) €, = 53 hence, we choose € < €, and, from (1.4),

h is a contraction on Q. By the contraction mapping theorem ([29] Theo.

I1.1.1, p. 24), h has a unique fixed point L* in Q for any 0 < € < €1 i.e,
= = -] .' -
L* = h(L*) sz H21 +¢ H22 L*(Hll H12 L*) (1.6)
and, from (I1.1),
[IL*]] <1 + M5 (1.7)
Note that Hn - H12 L* = H1 -€ w1 and, by substitution of Z, into

(4.1), obtain Wy = Hyp oWy +Hy, (z2 - L*w]) = (H1 -€ N1) wy + le z, and

€ 22 = e(\;l2 + L* wl)

Haq Wy * Hyp Wy + € L* ((Hy - € Wy) wy + Hyp 25)

sz [h(L*) - L*] Wy * (H22 + e L* H12) z,

(sz +¢eL* H]Z) z, by (I1.6).

This is the result desired. #
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Appendix II: Proof of Lemma 2

.Assume 0<ecx €9 < € and, from Lemma 1, obtain
W = (H] - € NI) Wy + Hpo z, (11.1)
€z, * (H22 +¢eL* le) z, (11.2)

Choose. t = t/e and 22(1) = zz(t). Therefore, from (11.2),

2:2 = 3,8 o i e (H,, +el*H,) 2
ot Ldr T €% 22 T EYT Pyl 2o -

Hence, from H,, = A and (2.4) and [27], p. 215, _ !

~

] < ke 2 [13,000]] (11.3)

where 32 =8p g (14 MS) My Ko because e [[L*H12|| < g (1 + MS) M,.

Choose
, -1 .
gy < S (i1 + MS) M, KR] (11.4)
so that §, > 0. From (11.3) and ||z,(t)]] = ||2,(1)]], obtain
L2,
lHz(8) ]| <kge € |lzp(0)]]
(o2,
<kpe f0 [[z,(0)]] (11.5)
because ¢ < €y
-1 .
Choose €g < & [+ MS) M2 M (M2 + Ms) K,] (11.6)

where 6] and K, are given in (4.4); assume €g satisfies (11.4), as well. Let

§; = & - g Ky M2 My (1 + MS) (M2 + MG) which is positive by (11.6). Since

||N1|| <M, M, (1 + MS) (M2 + MG)’ we have, from (4.4), (II.1), (11.5), and
(281, p. 215,
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-"1t t 313
Hwy(t)]] < K; e w0 ]| + M, Iy ® Flzo(s)|]ds]

8.t

skpe U Llw(0)1] + My kg 17 € ds [12,(0)1]]
-84t at

1 -
<K e Cllw(0)]] + M, Ko g - 19 (11.7)
-~ 82
0 L,
€

If 4> 0, then (11.7) implies |{w,(t)[]| <K e 0 (11w (0) ] +

-5 l(zz(O)ll). 1f A <0, then (11.7) implies ||w1(t)|| sKe

~

(1w, (0)]] + M2 'R l12,(0)[]). In either case, if &_= min (3 62) then
w . n er case, s n s ol
1 Tl %2 c 1" &,
-5t MB Kr
()] <k e © (w11 + = 112,011 (11.8)

and, from (11.5) and (11.8) and K, and Ko > 1,

-5t 2
1wy (112 + Hzplt 112 < (K kg e €0 (120012 + (1wy(0)]]

5t 2
2

My 2 c
+ T2T IIZZ(O)[[) ) < (K1 Ky © ) (1 +a+a

(1w @112 + (1250 117)
M

where o = TaT and the easily verified inequality:

b2+ (a+b)2 < (1+a+ad) (a%+bd)
is used with a = |\w1(0)|| and b = ||22(°)||- Therefore,

172 . -8t 1/2
(w12 + 1zl 11D <K oe © Ulw(@117 + 11z,(0)117)

(11.9)
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We must choose €y to satisfy (11.4), (11.6) and €g<e =Y

[M4 (1 + MS) ("2 + Ms)]". where 0 < y < 1. Note that, from (4.2), M, =
KRIGR. Therefore choose €y to satisfy:

€n < - min (1, .

0 Kﬁ (1 + MS)‘HZ K?’(ﬂz + HG) "2 i'ﬁ;

(11.10)

and this will meet all the requirements. However, we can refine (11.10)
further because 0 <y < 1 and MZ[M2 + MSJ" < 1; consequently, (11.10)

becomes :

s s
; 1
€ ¢ oW (T, (W, + ¥y ™0 (g Y M) (11.1)

which is the desired result. #
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Assume 0 < ¢ < ¢y, where g given by (4.8). Consider that, from

z2 = L + L* Wy

" "
= Q = Qw
22 "2
where
1 0 1 0]
Q = and Q'] s J
Lr I -r 1

From Lemma 2,(11.9) and (II1.1), obtain

.] - 'Gct
w(e)| < 1171 Al k. e = [Iw(0)]]

But ||Qw|| = '/T‘-V]IP + ||W2 + L "]HY

172
<O+ e+ e w8

(111.1)

(111.2)

(111.3)

by use of the easily verified inequality: al+ (b + aa)z‘g (1 +a + uz)c

u2+§)mma-lhﬁhb-lwﬂhawu-!HﬂL Therefore |[Q]] <

(O + esl] + 122 and, stmitarty, (1071 < (0 + L))+ I

Note that, from Lemma 1 (I.7), |[|L*]| <1 + M. When these inequalities are

substituted into (I11.2), it is clear that the desired result is obtained. #
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ASSTRACT

Using a siagular pevturbation formulation of the linear time-invariant distcridbuted
PaTEDecer sTstem, we develop a mathod to design finite-dimensional feedback compen-
saters ¢f azy fixed order which will stabilize the infinite-dimensional distributed
parameter syvstexm. The synthesis conditions ate given entirely in terms of a finite-
dimensisnal veduced-order model; the stability result depends on an infinite-dimen-
sioca. version of the Klimushchev=Krasovskii lemma developed in {10].

1.0 INTRODUCTION

Manv exgiteering systems exhibic 3 distributed pavameter aature and must b~ des-
cribed =7 partial differential equations. Examples of such distriduted parameter
svstezs (DPS) include heat diffusion & chemical processes, wave propagation, &
dechacically flexible structures. Various aspects of the control of DPS have been
ceasiiered i, for example, (1] - [5); our experience in DPS has been shaped dYV
arplicaticns in large aerospace structures [6].

Tne staze spaces for DPS have infinice dimensicn; sc, az best, veduced-order models
=ust be used in controller synthesis. However, the closed-loop stabilicy of the
icfinize Zizensional DPS with a finite dimensicnal feedback controller decomes a
f.adare=2a)l issue. The svncthesis of finire dimensional controllers for DPS and cthe
a2alvsis cf their closed-loop stability by singular and regular perturbation techai-
ques tave deed our main areas of emphasis [7]; this theory has been developed with
flexzitle structures and other highly cscillatory DPS applications in mind.

tvea i large~scale, lumped parameter systems, such as electric power distridbution
networks, it is necessary to perform ao0del reduction and reduced-order comtcroller
stuthesis and to snalyze closed-loop stability. The use of asvmptotic methods,
especia’lr singular nerturbations, has been very successful in this regard (e.g.
[8]). ¥ea have extended certain of these singular perturbarions methods for DPS

20 provide estimates of stability in an infinite dimensional setcing [9) - [10) and
a3plied czhez to mechanicallv flexible structures [11]. 1In this paper we will use
taese singular perturbation results to analyze the general finite dimensional com-
sensascr for limear DPS.
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We consider linear, time-invariant DPS with the form:

v.= Av+ Bf, v(0) = v
t 0 (1.1)

y =Cv

where the state v(t) is in a Hilbert space H (called the state space) for all

t30; the state space has inner product (:,:) and associated norm ||:||. The
control vector £ and the observation vector y have dimensions M & P, respectively,
vhich denote the number of (independent) actuators and sensors in use; thus, rank
B=M and rank C=P. The operator A is an unbounded differential operator with
domain D(A) dense in E and A generates a Co semigroup U(t) ou H. Many practical

DPS can be stated in this form [7]. ;

2.0 REDUCED-ORDER MODELING OF DPS: A SINGULAR PERTURBATIONS FORMULATION %

Since the state space B of the DPS in (1.1) is infinitc dimensional, we must obtain
& reduced-order model (ROM) upon which to base the finite dimensional controller
design. In general, this is done by selecting a finite dimensional subspace.

(with dim. Hy = N < ®) contained in D(A). This subsp.ce Hy is the ROM subspace;

ts complement HR is the Residual subspace, and together they decompose the state
space:

H-HN@H.R . (2.1)

We define the (not necessarily orthogonal) projection operaters Py and PR and let
vy = Pyv and vy = Pgv. These decompose the state v = vy + vg and the DPS (l.1).

In this paper, we will make two basic assumptions on model reduction processes

(1) the subspaces Hy, HR are reducing subsvaces (i.e. they are both A-
invariant);

(2) the subspaces Hy, Hy can be chosen to give a singular perturbations formula-
tion with small parameter €30 and an exponentiallv-stable residual subsvstem.

These assumptions yield the decomposed DPS (1.l1) in the feollowing form:

3‘1.\1
3;; - AV vy * BNf (2.22)
avR L
i £ Tt AR v, + B (2.2b) %§
y = Cyvg+Cpvp (2.2¢)

where Ay = PyAPy, By = PyB, Cy = CPN, etc. and AR generates the CQ semigroup
Ur(t) = PRU(t)PR with exponentizl growth condicion:

I ug(e)ll < K e R, c 30 (2.3)

where Kg 3 1 and Og > 0. All operators except AR are bounded. The terms Brf &
CR VR are called, respectivelv, control & observation spillover; they represent
the interconnections through which the controller can affect the residual sub-
svstem.

RN e -

The ROM of the DPS, in this formation, is obtained by setting £=0:

el o il - F - : " ) - j
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(2.4)

where Dy = - CpAR 13 & AR -1 is a bounded operator due to (2.3). The ROM is a
finite dimensional syscem and the parameters (Ay,By,Cy,Dy) may be identified with
matrices by choosing a basis in Hy; this will be done wherever necessary. We

shall assume, henceforth, that the ROM is controllable and observable (easily
verifiable conditions exist for finite dimensional systems). The ROM is completely
determined by the choice of the subspaces By & Bg.

3.0 FLJITE DIMENSIONAL COMPENSATORS FOR DPS

The form of the finite dimensional feedback compensators used here will be the
following: .

i= Ll v+ lez

2= Lyyy * Lyy2

(3.1)

where the compensator state z has dim. 2z = a < N < @ and L33,L32,L27,L22 are
matrices of appropriace sizes. We say the compensator is output feedback when
a=0. The order & of the compensator is assumed to be fixed at some acceptable

value which reflects the available capacity of the on-line computer being used to
implement (3.1). In [10], the compensator order was o = N.

The compensator design is synthesized as though the ROM (2.4) were the full DPS
(1.1), i.e. as though €=0. Let

F=ac+BL G (3.2)

where

. a0 - By O - % © = 1t I
A\X = [ , 5\' = s C\] = , & L = _
a N A + T
0 0] o I 0o 1 L, L,
with
1

[l ]
-
[ ]

12" (=L By "Ly

- -1
Lpr Gy =iy o7t

Lyg = Lpy(Tp + Dy Lyy)

= LZZ + LZl DN L

12
v
Let the composite state qy = [zN] in HN bs RP; from (2.4) & (3.1), this satisfies
(for e=Q):

Eow
t

The following theorem gives the conditions under which a stable design can be
synthesized:

12

™

&

= F y (2.3)

Theorem 3.1: If the ROM (Ay,3N,Cy,DN) is controllable and ocbservable and
M+P+a3 N+l (3.4)
then L may be chosen so that F given by (3.2) has any desired pole locations in
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.the complex plane.

The proof follows easily from results in [12] or [13] and depends on_the finite
dimensionality of the closed-loop system when €=0. Since the gains L can be
synthesized, the compensator gains L33,l317,L73,L22 can be found; however, we must

assume that || Dy || is sufficiently small to make both (Iy- L DN)™1 & (Ip+DNL11) ™t
exist.

4.0 CLOSED-LOOP STABILITY FOR THE DPS WITE A FINITE-DIMENSIONAL
COMPENSATOR

Let € be such that 0 < € < gp, and consider the closed-loop svstem consisting of
the infinice-dimensional DPS (2.2) and the finite-dimensional compensator (3.1).

Let the closed-loop state w in H = Hy x R® x Hp be given by

w'
w = N
YR
vhere wy -[VN is in By x R® § wp = vg in By. The norm on B is defined by
2
1/2
i 2 2
o il = lvgll 2+ zl1? + v ltD . G
From (2.2) & (3.1), the clos:d-loop state satisfies:
va
T = Hll Yy + le wp (6.23)
awR
€ T " HZl vy + sz Y (4.2b)
where
r
I e e P Pyk12
1l
Ll L2
-
By 1R
B =
12
[E1%

Byy = [Bglqy Gy Bglyo!
Byp = Ag + Bply Gy

But, (4.2) is in the form of the infinite dimensional Klimushchev-Krasovskii lemma
whose proof appears in the revised version of [10]; estimates on the upper bound
€Q are presented there, as well. TFrom the infinite-dimensional K-K lemma, we
obtain the following closed-loop stabilitv result:

Theorezm 4.1: If Hy, genmerates an exponentially stable Cp semigroup and the finite
rank operator
= . -1
BBy - BBy "By

has all its poles in the open left half-plane, then there exists positive £0 (whose

- B (4.3)
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© value can be estimated from the model data) such that, for all 0 < € < gg, (4.2)

is stable.

This theorem savs that under certain conditions the finite dimensional ceontroller
based on the ROM (e=0) will continue to stabilize the infinite dimensional DPS
when € is "small" but non-zero. The '"smallness'" required of € can be estimated
from bounds on the control and cobservation spillover terms, the constants Kg,OR
in (2.3) and the ROM data.

The following lemma greatly simplifies Theo. 4.1:
Lemma 4.2: B=F=a;+BIG (6.4)

The proof appears in the Appendix. Consegquently, Theo. 4.1 may be restated as
our main result:

Theorem 4£.3: If the stable compensator svnthesis conditions of Theo. 3.1 are
satisfied for the ROM (2.4) and if the control and observation spillover coeffi~-
cients & = |By| & I' = ||Cy|| are sufficiently small that

c
2
]

where Kg & O appear in (2.3), then there exists positive €p such thar for all
0 < € £ gg the same finite-dimensional compensator (3.1) stabilizes the infinite-
dimensicnal DPS (1.1).

RT HLl (4.5)

N

This follows from Lemma 4.2 and use of the semigroup-generator perturbation result
([14], Theo. 10.9) applied to

Byp = 4 + Bplyy G

because Bgli11Cp is a bounded operator.

5.0 CONCLUSIONS

Our main result (Thec. 4.3) gives conditicns under which a general finite-dimen-
sional compensator, based on a singular perturbations reduced-order model, will
stabilize an infinite dimensicnal (linear) distributed paramecer svstem. This is
an extremely useful result since all practical feedback compensators must be
finite dipensional in order to be implementable with on-line digital computers.
The result is valid for large-scale lumped-parameter svstems, as well.

The most difficult assumption to satisfy is the choice of reduced-order subspace
By to achieve a singularly perturbed formulation (2.2) of the distributed para-
zeter svstem (l.1); the other assumptions are reasonably easy to satisfy. Modal
methods have worked for mechanically flexible structures, e.g. [11]. A general
discussion of this modeling difficulty is given in [15]; it is a fundamental
problem in large-scale or distributed parameter svstems and should not be over-
looked.
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APPENDIX: PROOF OF LEMMA 4.2
= -1
B= By - Hyy By " Hy
Aty g By 21y
-1
Ly (Tp = Caliyy Bely)Cy  Log = Ly Gy 3Ly,
where Z = I, - L ;CR, "s
& B ) " AR + BRLllCR'
F= AN + BNL C
C[arninSy R
L S L2
Fa
¥
L
o N " . . . e
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é Ly (-0 by
. Ly = (T + Dlyy)

Loo = Lag * LoDyl

-1
8 Dy=- Gy By
Therefore, B = F if and only if
[ ) - - -1
(@) 2 = (L, - 10" and

(b) CgH,, lBR = = Dy(Iy = 1y30)"

However, (a) = (b):

1

i -1 -
' = Dy(Ty = LyqBy) © = - DgZ = - Dy + DL, CpH,, lBR
-1 -1
= Ggag (L - BgLyyCpBy, By

-1 -1 -1
Cpag  (BypByy 7 = Bgly Gy, B
-1 -1
Cpag “(Byp = Bely,GR)Ey, ™ By
-1 -1 -1
Cpag (Ag)By, 7 Bp = CgH,o " Bg

Thus it remains to prove (a) which we recast as:

g @ (T e -ames TR
where Q= LllCR and W = AR BR are both bounded (finite rank) operators.
-1 -1 -1 -1 -1
Since (WQ + IR) (IR -+ AR BR}llCR) sz AR and sz is assumed to exist
for small enough spillover bounds, therefore
’ . - ‘s <1 s
D=, - Qe+ )T
where the regquired inverse exists. Thus, to prove (a) we need only prove (a');
nowever, this follows diractly:
-l
) (I.\1 + QW) (I, - QWQ + IR )
-
= :M + Qv - QWQ + IR) oW
- qIEQeWo + 1) MW
» - 1\1+QW-Q(WQ+IR)-1W
ve N S
- Q[IR - (WQ + 'R) W
= I, +OW - QQ + IR)-l w
) R IER SR
; -1 -1
T " = - [ X -
(‘M + Q) IM Q(WQ + IR) W
and (3') is proved.
}
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Abgtract

Large Space Structures are treated as a special

D class of highly oscillatory distributed parameter sys-
tems, Practical controllers will need to be finite di-
mensional; however, this calls the closed-loop stabili-
ty into question due to spillover interactions. Recent
resuits, obtainec using regular and singular perturba-
tions theory, give stability bounds for closed-loop
control of this type of distributed parameter system;
this Daper surve:-s these results and their implications

for Jarge space ssructures.

1.0 Introduction

Large serospace structures, such as satellites and
spacecraf:, are mechanically flexibie structures which
will usyalis recuire active (feedback) contrs) systems
10 suppress vibreztions and satisfy stringent require-

» ments for cointing accuracy, orientation, snape, and
staticn-ceesing. The problems and current directions
in Jarge aerospace strycture controi nave been surveyed,
for examsle, in J13-[3].

Such strusiures ar; hignly oscillatory, distributed
gtrameter sssiems {OPS). The viewpuint we have been
Susning Tor ore °n general is a practical control the.

| ory, i.e. cne that includes such practical constrainis
2s a finite number of {localized) control devices and
#inite-gimensione] (implementable) controllers; this
nas been discussed in [8]. Other nelpful references on
asoects of IPS tneory are "8)<[8]. In this paper,
large aergsoace structure controi will be viewed in the
frameworx essabiisned in 4], and recent statility re-
sulte using regular ang singular pertyrditions tech-

] nigues [31-010. i1l be examined in the large space
sIrusTure sonTexs.

SR}

.aroe -e=os=ace Structure Description

Large gercscace structures may often be modeled by
the foilowing CPS description:

Ve s F (x,%) (nn

tt s ¢
wnere F.ix,3) is the displacement of the structure

o < 3N §F¢ its esuilidbrium position in space. The
damping and stif¥ness differential operators Dg and Ag
are gefinec on a comain Q(A?} which s a subspace of
the Hilber: Space Hy = Lé(0) with inner product (-,-)q:
D(Ag) contains 211 smooth functions in Mg which satisgy
she structural boundary conditions. Furthermore, the
coerators satiscy:

(1.2a)

b ZE(Uk:k (1.28)

where :. (x. are ne mcde shapes, ., the mode ‘recuen-
cies, anc I the mcdai samoing (which ‘s generaliy
thougnt te e small for iarge aerospace structures)

Altnougn the force distributien Folx,t) in (1.3 is
tne sum 0T Iist.riance ang conirol forces, we will

ignore these external disturbances to simplify this
discussion and consider the control forces as generated
by M independent actuators:

M
Folxet) = Byf = T By(x) £y(8) (1.3)

Ohservation is done with P independent sensors whose
output vector is given by

y(t) s Coulx,tl + Equpix,t) (1.4)

1.2 State Space Description

The OPS (1.1), and (1.3)-(1.4) can be rewritien in
many state space formulations (not all of tnem are equiv-
alent); however, znhe most natural one is tne state
vix,t) = [u(x,t), ut(x.t)] whith satisfies:

Ve ® Av + Bf
{ (1.5)
y = Qv
witn the state space being the Hilber: space
Hoe 0(591;‘) x Hg with the energv norm
W e gt B a8 (1.6)

and the oparators (A, B, C) determined from (1.1} and
(1.3)=(1.4). The input and outdut operators 3 anc (
have finite rank, and the system operator A has domain

D(A) = D(Ao'/z) x D(A,) anc generates tne C, semigroup
Uz,

The gamping present in the sTructure Gives the sys-
tem a small amount of overall gisgipation. !t is tne
job of the finite-dimensional feecback controiler to re-
distridbute this gissipation to critical structial modes
to improve their performance without creating instasii-
ities in any resigual modes.

2.0 Mocei-Aeguction an¢ soentroiier Svninesis

The syntnesis of 3 finite-dimensional controlier is
based on a recuced-order (finite-dimensionai) mogel
(ROM) of the . 1n general this is obtainec by de-
composing the original state space H into the ROM sub-
space H, and the residual subspace Hp:

H ® Hy e Hp (2.1)
where dim HN < =, Then projections ' qu ind

vp * Pﬁv are defined for these suospaces, anc the DPS
(1.5) is decomposed:

\ | w ® &
(Vgde ® Ay g Vg 7 By (2.2
b . .
e{Vai. ® A Yy ® A: v * 5;’ {¢.29)
s - 2 ¥
y Sy 'y p e (2.2¢
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where Ayt PNAPN, AVR . PNAPR. BN . PNS. etc. The
terms ANR 2 and ARN VN are called model error, anc

BRf cR Vg are called control and observation spillover,
respectively. The parameter ¢ > O appears in some
cases for appropriate choices oF the subspaces My and
HR; when it appears and is small, we are cedling with a

ingular perturdations formulation of the OPS. In many
cases ¢ ® 1 for the cnoice of subspaces and his 4s a
requiar perturdations formulation. Both of these form-
u%af*ons Will De Geat with here. A basic, and reason-
sble, assumotion made in both formulations 1s that Ap
generates a stable C, semigroup. -
2.1 Regular Perturbations ROM and Controller Synthesis
When ¢ = 1, the regular perturbations ROM is ob-
tained from (2.2) by ignuring the resicua: state 7%

(vN)t = Ay vy ¢ Byf (2.3a)

y 2Ly (2.3b;

This is a finite-dimensional subsystem {since
dim H? < =); consequently, the following finite-dimen-

sional controller may de synthesized:
fs GN VN {2.4)
(Vyda ® Ay ¥y = 8yF * K (y=¥) (2.8p)
ys CH Y (2.4¢)

The controller gaing Gy and are desicned 0
stapilize and improve tne performance of the ROM (2.3)
in closed-100p with the controiler (2.4). Of course
the closed loop stability of the actual OPS (1.3} with
the controller (2.4} will De 2 principal question; reg-
vlar persursation theory is used t0 answer Tnis Jues-
zion in [9].

For Targe soace sTructures, the Most DoDu'dr mode!
reduction technigue nas deen tne modal one, i.e.

PR
b} \
lePvu ' N $ (2_5.)
0 |
Py e !
0y ?
va 8 qu ] R : (2.5b;
" °
PR de
° N o ot
where PN us o Udpe Tp Y *® kEN~1 Udy and uy
satisfies (by using (1.2} in (1.1)):
* 280, ¢ akzuk LR {2.8)

in this forwlation, the projections Py ang Pp
are orthogonal 'n % and they “reduce” A, i.e. tne
mogel error tevs A, © S and ;RN = C; of course, tnis
aepends on kri«ing the true structure modes :, rather
than approximations 3¢ tnem,  S¢ Ihe reguiar pertur-
masions ALY 1.3) ¢4 <he struclure nas Jargmeters:

o] Z.q 0 c .0-
AN s T BN . - :n . _C; 31 ' .7
a0 .0 ’ 33 ! N
o TON TN - N

with AN s 61.9 LN‘. ...u.NJ D° s 2 d1lg [‘101“'..%““]’
ang B2 N® C° have terms 1nvolv1n9 the inner products in

Ho of actuator or sensor inflyence functions with mode
Shapes oq4....3y. Corresponding parameters appear for

the residual subsystem (AR. LY CR) in (2.2).

The moda) contreller associated with this modal ROM
can be obtained directly using the parameters (2.7) in
(2.4). Modal controllability and observability condi-
tions are availadle and easily verified, e.g. fs); con.
sequently, the controller synthesis may be carried out
by standard finite-dimensional techniques. Note that
any subset of critical modes may be used in this ap-
proach.

2.2 Singular Perturdations ROM and Controller
Synthesis .

The singular perturdations formylation of (2.2)
OCCUPS wheh € > O &NG smai1. T'Ne SInQular perturdetions
ROM 1s obtained from (2.2) by setting ¢ * O and 15

given by

s X vyt B ! (2.82)
y T vwﬁf {2.8b)

. ‘ I
where 2, « A, 1“NR 7 e By Bn;"NR Ap Bpo
Ty= ¢y -cR 3 Rays ancU'-CRAR By This is
clearly different “rom tne ROM obtaines in (2.3). How-
ever, it is a finite-¢cimensional ROM and the coniroller
associzted with it is given by:

Ty (2.5a)
(e = T ¥y = 5 < Ky(o-9) (2.90)
y sl vy -0 (2.9¢)

This cgntrolier differs from that in (2.4): however,
ne jains :N anc a\ are Jesignec by sctanagdrg finite-
dimensional technizues 0 stabilize and imdrove tne Der-
formance ¢f the RC™ ‘2.8 in closed-lo0p with the con-
srclier (2.9). Agsin, tne closed-Toop stability of tne
regucea-craer cantreiler (2.9) with tne actual OPS when
¢ is nonzereo is in guesiion. To attempt to answer this
funcamental question & singular perturtations stability
theory was cevelopec in [10] for OPS of the form (2.2)
with inite-dimensicnal controllers (2.9); this treory
grves est mates of tne tcieradie size of ¢. The zorre-
songing §° ngu.a- Jerturdations :neory for finite dimen-
sional systems i¢ surveyed in [11].01

For large space structures, as tn most applications,
there is no preferred singular perturtations formula-
tion. The general! approach has been spplied to snuce
structures in [13). sowever, #s pointed out in [14
*he nardes: task in the application of the sinquiar
perzurbations approacn is casting the prodlem in an
sppropriate singular formulation (2.2 wnere tne smail
parameter ¢ will nave a connection with pnysical parame
eters anc it will Se pessidie o verify whetner ¢ s
sufficiently smell or not; this is true for applica-
tions of the aporoacn to OPS, as weil s lumped parame
eter systems.

Here we will Tention two cirectioms - time scaliing
anc frequency scaitmg - wnich iead 0 singularly oer-
turced formylations of the moceimodel ciscussee for
sTructures 2% the erc of Sec. 2.1,

-

In the time-scaling aporoach (see [1I] for & general
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discussion), we assume that the structure modes of
(2.6) separate inte vidbrations on two time scales - a
slow One and & fast one - whose ratio is ¢, i.e¢. (2.6)
becomes:

uk . zik“kak . JE U * Pl sk (2.1Ca)
"
:zﬁk o 26,00, * oy, ® Fo k2 (2.700)

Some relabeling of modes might de required to odtain
(2.10). Our associated singular perturbations formula.
tion 13 obtained by taking v, as in (2.%) and, in
place of Vas using:

- 1 0
. (2.11)
R {o ‘} R

where v, is as in (2.50). This yields a singular forme
wlation {2.2) of the modai model of the structure with
¢ being the ratio of the time-scales; the mocal param- -
eters are the_same as those given in {2.7) with the ex-
ception that Coe (] cEg] replaces (o in the residual

subsystem. The ROM (2.8) is obtained by setting ¢ = 0,
and the corresponding controller (2.9) can be synthe-
sized; this controller will giffer from the original
modal controlier

In the freguency scaling aporoach (see [15] for 2
general giscussion), we 3ssume tha: € = llun¢1 for N
syfficientiy large, i.¢. the residual structural modes
nave sufficient frequency separation from the ones con-
tained in the ROM. in this case the associates singu-
Yar perturdbations formulation (2.2) is obtained by
taking vy as in (2.5¢) and, in place of v., using:

; {1/c2 0} (2.12)
. v .
R k o el R

where v, is as in (2.5b); the modal parameters are Ine
same as those in (2.7) with the exceptions:

oot

i | z 1,20 07

Ay ® §-§° 0 iang Coe L: &4 el | replace
- R R.

Aq anc Lo, wnere lg * diag {:5‘1. veeds

x0 . .
Sp * 2 diag TS 3yey ..., and 3y * Yy /ona for

k > N+1, Something interesting happens nere when we
seT ¢ * O to obtain the ROM [2.8) ana corresponding
controiler (2.5): since iy decomes zerc wnen ¢ = O

{ang A\R = 0, Agy * 0 oecause of the use of struciure
modes)', the singular persurdations ROM (2.8) is exactly
the same 2s the regular Derturdbationse one (2.3), i.e.

" Ay Ty o8 Ty e Gy, ane ¥ e 0. Consequently,

for the freguency scaling acorodch the controller (2.5)
i eX8CLIV TRE SAME AS 1N Origing; MOGa] controller,
when suTTicient]y manv MOGES are CONtroliec. Fowever,

the singular perturdations stability resylts of [1C]
would seem to yielc different congitions on the size of
€ ® Vuy,, than the regular perturdation resuits of 19,

Other singular formylations of tne problem may yield
different results.

1.0 Zenclusiong

The s2ability of recuced-crger finite Zimenriona)
controilers ‘n closed-100p with distriduted parameter
systems (ZPS) mocels of Targe aerospace structures ms
oeen considerec nere. General mocel reduction ana

T

controller synthasis techniques for DPS have appeared
in 19]-(10] with corresponding stability results ob-
tained from both singular and regular perturbations
formulations of the prodiem, These have been syrveyed
here by considering their implications for modal con-
trol of large aerospace structures. Botn singular and
regular perturbations formulations yield useful resulss,
byt the singuiar formulation seems extremely versatile
due to the varigty of singular formulations availadle
in large space structure applications; two of these
singuiar formulations - time and frequency scaling -
were discussed here.
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On-1ine adaptive control is essential for Large Space Structures
(LSS).where the modal parameters are poorly known, due to modeling
error, or changing, due to varfable configurations. It {s especially
important that such adaptive controllers produce stabilizing controls
during adaptation due to the small damping present in LSS. However,
any such controller must be based on a reduced-order model of the LSS,
The spillover from the unmodelled residuals, as well as the modeling
error, can deteriorate the performance of the adaptive controller and,
if uncompinsa.ed, this spillover can defecat the whole purpose of the
adaptive control.

This paper investigates adaptive control for LSS using direct and
indiract schemes and points out the mechanisms whereby observation
spillover can upset the stability of the controller. The framework for
nonadaptive control of LSS is reviewed and many of the generic problems
of adaptive LSS control are pointed out within this framework. These
generic problems must be overcome for successful operation of adaptive
LSS control.

1.0 INTROODUCTION

This paper deals with the basic problems inherent in adaptive con-
trol of large space structures (LSS), such as satellites and spacecraf:,
where the structural parameters are poorly known or slowly time-varying.

With the advent of the Space Shuttle Transportation System, it has
become possible to conceive very large spacacraft and satellites which

"Support by NASA Grant No. NAG-1-7.




could be carried into space and deployed, assembled, or manufactured
there, Such LSS would serve a varfety of civilian and mil{tary needs
(1], (2], including electrical energy generation from the solar power
satellite - a structure nearly the size of Manhattan Island - to be
constructed in space and operated in earth geosynchronous orbit [3]. The
control technology needs for such LSS have been discussed in a variety

of articles, e.9., [4], [5], and the developing LSS control theory and
technology has been surveyed, for example, in [6]-[10].

The size of these structures, their low rigidity, and the small
damping avaflable in 1ightweight construction materials combine to make
LSS extremely mechanically flexible. In theory, LSS are distributed
parameter systums whose dimensfon is infinite; however, in practice,
their dynamics are usually modeled by large scale systems based on
approximate elastic mode data. Active control schemes for LSS are often
required to meet stringent requirements for their shape, orientation,
alignment, and pointing accuracy. Such active control is limited by the
capacity of the on-board control computer, the modeling inaccuracy in cur-
rent finite element computer codes for analyzing structural dynamics, and
available control devices (actuators and sensors); therefore, the con-
troller must be based on some reduced-order model (ROM) of the LSS.

Fundamental problems of LSS control include:

(1) selection of appropriate modes to control for desired system per-
formance;

(2) development of ROM for analysis and controller design;

(3) computation of system model and control parameters;

(4) controller design with multiple distributed actuators and sensors;

(5) the number and location of sensors and actuators for efficient
control;

(6) the effect o, and compensation for, residual (unmodelled) modes
and modeling error on the closed-loop system performance;

(7) adaptive and self-tuning controllers for LSS with poorly known or
changing parameters and configurations.

Item (7) is the basic topic of this paper but it must be considered in

the context of the other {tems with which it is completely intertwined.

The need for adaptive control in LSS arises because of ignorance of
the system and changing control regimes. The former is due to
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(a) fgnorance of the system structure and order, and (b) ignorance of the
system parameters; the latter occurs because of changing configuration

of the LSS. (Changes in confiquration may be due to construction in-space,
thermal distortion, or reorientation of subsystems, e.g., rotating solar
panels or sunshields; these changes usually produce slowly time-varying
parameters. Ignorance of the [SS system structure and order is due to the
fundamental problem of modeling a distributed parameter system, e.g.,
faulty physics, reduced-order models, and ignored nonlinearities; this
means that the order of the ROM is lower than that of the actual LSS.
Ignorance of the system parameters, while directly related to the system -
structure, is due to the inherent modeling error presert in even the best
structural analysis computer codes and to the 1imitation of testing huge,
1ightweight LSS on earth; this produces constant but poorly known system
parameters. There {s a very clear need for an adaptive LSS control metho-
dology that can begin with the best available computed parameters and
self-tune its way toward the correct parameters while stably controlling
the LSS and, possibly, adapting to variable configurations.

A great variety of adaptive control schemes exists for lumped param-
eter, small scale systems [11]; in particular, model reference adaptive
methods have achieved a great amount of success in producing stable,
convergent adaptive controllers, and adaptive observers for systems whose
structure is known and whose parameters are constant but poorly known
or slowly time-varying, e.g.. [12]-[25]. Adaptive schemes may be direct,
{.e., the available contrnl parameters are directly adjusted (adapted) to
improve the overall system performance, e.g., [25°-.26_, or indirect, i.e.,
the system parameters are identified (based on the assumed system struc-
ture) and the control commands are generated from these parameter esti-
mates as though they were the actual values, e.q., (207, (247, [27].

The abundance of adaptive control methods {s overwhelming and an
understanding of the interrelationships and structural commonality of these
methods fs desperately needed; see, e.g., [28], (297, for some beginnings
in this direction. Furthermore, the use of such methods on distributed
parameter or large scale systems, 1ike LSS, is greatly limited by the RCM
problem - the adaptive scheme must be based on a ROM of the actual system
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and, hence, the order of the model is, and must remain, substantially
lower than the controlled system. In sddition, it seems essential that the

LSS adaptive controller provide a stabilizing control in such highly
oscillatory systems ag LSS.

This paper develops a framework for LSS adaptive control problems and
points out generic problems in the use of the most natural direct and
fndirect adaptive approaches. In other forms, these problems will haunt
every use of adaptive control on LSS and must be solved before the valu-

able benefits of adaptive control can meet the needs of this new applica-
tion area. A few preliminary attempts at adaptive control for specific

distributed parameter sys;tems or LSS have been made in [301-[367]; also,
for the corresponding parameter (-antification problem for distributed
parameter systems, see [37].

2.0 NONADAPTIVE LSS CONTROL

Following [ 6], the LSS may be described by the partial differential
equation:

m(x) utt(x.t) + Do ut(x,t) + AO ul(x,t) = F{x,t) (2.1)

where u(x,t) represents (possibly, & vector of generalized) displacements
of the structure  off fts equilibrium position due to transient dis-
turbances and the applied force distribution F(x,t). The mass distribu-
tion m(x) is pcsitive and bounded on 2. The internal restoring forces of
the structure are represented by AO u where Ao is an appropriate differen-

tial operator with domain D(Ao) defined in a Hilbert space HO with
{nner product (...)0. In most cases, A0 has discrete spectrum,
i.e.,
AL b, = mz 4 (2.2)
0 "k k "k

where w, are the mode frequencies of vibration and o, (x) are the mode
shapes. The damping term DO uy is generated by an appropriate Ao-bounded
differential operator and may represent gyroscaopic damping as well as the
very small (vig% critical) natural damping expected in the LSS.

The applied force distribution {s given by

F(x,t) = Fc(x.t) + Fylx,t) (2.3)




-]
where FD represents external disturbances and Fc represents the control
forces due to M actuqtors:

M
Felrit) = By £2  b(x) £,(t) (2.4)

i=l

where b; are the actuator influence functions (usually point devices) and
f1 are the control ccmmands. Observations are produced by P sensors:

'
ye C0 u+ Co Uy . (2.5)

where yj(t) - (cj.u)0 + (c;.ut)o for 1 < § < P with cJ being the position
sensor influence functions and c3 the velocity sensor ones (usually point
devices). 5

The state variable form of (2.1) and (2.3)-(2.5) 1s obtained by
taking

v(xt) = Lulx,t), v,
fnH2 D(Ag) x Ho with energy norm:
1¥l12 o (mug, ug) + (A3 us A 0) (2.6)

This produces

v, = Av + Bf; v(0) = v

t 0 (2.7)

y = Cv
where we consider the disturbance-free case (FD = 0) and define § 3 [0 BOJT.

' 0 I
(ol :Co CO} and A = . This distributed parameter system {s
-A -0
0 0

very oscillatory in the sense that the semigroup U(t) generated by A has
very little damping:

U(e) (] <My € for ¢ > 0 (2.8)

where ¢ > 0 and small and My 2 1.

The desired performance of the actively controlled LSS greatly effects
the design of the controller. Many desirable properties of the active
structure can be obtained with constant feedback gains applied to the sys-
tem state v(x,t); such solutions arise for regulator problems and sta-
hilizatfon (pole placement) prodblems for LSS. However, the full (infinite




dimensional) state v is never available from a distributed parameter sys-
tem; only the P sensor outputs y are available.

Implementable controllers for LSS (and most distributed parameter
systems) must be based on finite dimensional on-board control computers
which nrocess the sensor outputs y and produce control commands f; thus,
a reduced-order model (ROM) of the system (2.7) must be used for the
controller design. A ROM can be obtained by projecting the system (2.7)
in H onto an appropriate finite dimensional subspace HN; the projections
P (onto H.j and Q (onto the residual subspace) are usually, but not
always, oftnogona1. Let v ® Pv and vp * Qv and, from (2.7), we obtain:

e AN vy * ANR vp * By f (2.9)
Vo ® ARN vy * AR vp t BR f (2.10)
y = Cy vy * Crovp (2.11)

where AN = PAP, ANR = PAQ, BN = PB, etc. The terms BR f and CR Vo are
ca11e§ control and observation spillover; the terms ANR Vg are called
model error. The ROM for this system is given by (2.9) and (2.11) with

ANR = 0 and CR = Q:

VN = AN Y + BN f

y = CN Vips vN(O) = on

(2.12)

The ROM s*tate N and the residual state Ve form the true system state v
with total energy I}v{lz given by:

v = v, tVv

N R
ﬂvl]z = nvN{\Z + HVRIIZ (if projection is orthogonal)

A1l implementable controller designs based on any ROM must be evaluated
in closed-loop with the actual LSS (2.7),and it is in this evaluation that
the effects of model error and spiliover due to the residuals become
apparert.

If the actual mode shapes %, are known, the modal ROM is a sensible
choice:

HN '{Sp ¢1 eoe ¢N}

and the model error terms ANR and ARN become zero. Of course, any collec-
tion of modes could be used; usually, the most easily excited or critical
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ones will be chosen. However, in many cases, the partial differential
operator A is too complex to provide closed-form mode shapes. Instead
finite element approximations of the mode shapes are computed (e.g.,
via NASTRAN),and these approximate mode shapes can be used to form the
ROM for controller design; note that some model error is present when
these approximations are used. Henceforth, we will assume the actual
mode shapes are available to simplify the discussion but much of our
analysis remains valid for approximate mode shapes and other types of
ROM.

Modern modal control (MMC) for LSS, as developed in [38], uses the
modal (or approximate modal) ROM and develops a controller consisting
of a state estimator based on the ROM and a constant gain control law:

V" AN vy BN f+ KN(y-y)

§ = Cy Ve 9(0) =0 (2.13)
and

=Gy vy (2.14)

This controller design requires the ROM (AN, BN’ CN) to be controllable
and observable for the calculation of control and estimator gains GN'
KN. These conditions, in modal terms, provide insight into the number
and location of actuatois a.d sensors. From [38], (AN’ BN’.CN) is con-
trollable and observable, when position sensors are used (C0 = 0), if
and only if

(V) min(P,M) > max mode frequency multiplicity in the ROM
(2) each sub-block of By and CN associated with a mode frequency ay of
multiplicity a, must have rank at least equal to ay-

Similar results hold for other types of sensors, e.g., velocity, acceler-
ation, or mixtures of types [38], [39]. These results are easy to in-
terpret in terms of the mode shapes, e.g., if no repeated frequencies
exist, then the above result says that a single actuator and sensor,

not necessarily collocated, will do the job as long as neither is located
at any of the ROM mode shape zeros. Since LSS have many symmetries and
rigid body modes, it is not often that a LSS control problem will have a




controllable observable ROM with only one pair of devices; this has con-
sequences for the adaptive control problem to be discussed later.

Let the estimator error ey = GN - vy be defined and, from eqs. (2.9)
-(2.11) and (2.13)-(2.14), obtain

ON = (AN + BN GN) YN + BN GN eN (2.15)
éN = (AN - KN CN) ey + KN CR YR (2.16)
VR = BR GN vyt BR GN e, + Aq Vo (2.17)

This shows the effect of spillover on the closed-loop system: even
though AN + BN GN’ AN - KN CN’ and AR are stable, the closed-loop system
need not be stable. When either control or observation spillover is
absent (BR = Qor cR = Q), then stability is assured; otherwise, spill-
over causes pole-shifting and can induce instabilities [38], [40].
Bounds on the destabilizing effect of observation and control spillover
were produced in [38] and can be extended to the case where some model
error and small nonlinearities are present [41]. Such bounds give an
indication of how much spillover the closed-loop system can tolerate.

A variety of methods have been suggested to reduce spillover [6].

One obvious way would be to prefilter the sensor outputs, with a bandpass
filter, to substantially reduce observation spillover. This alleviates
the worst pola-shifting problem; bounds cn system performance with con-
trol spillover alone can be found in [42]. Note that the post-filter

of the controller outputs could do the same job by reducing control
spillover; this interchange of filter and controller is possible due to
linearity and time-invariance. The trade-off with this means of reducing
spillover is that the prefilter introduces phase distortion which can
have a destabilizing effect of its own. Therefore, a very high order
filter may be required to keep the phase distortion acceptable; phase-
locked-1oop quadrature filters may be another solution 437, Even in
noradaptive LSS control, the spillover and model error problem is a funda-
mental one. '

Finally, we should note in this section that digitally implementad
controls would be based on discrete-time versions of the distributed
parameter system (2.7). One such version is o-tained by using a uniform
time step At:
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' v(k +1) = ev(k) + E f ;
(2.18) :
y(k) = Cv(k)
i At |
, where ¢ = U(At) and E = EO 8 -j' U(t) dr B and the control command is
0 .

%1 f a constant fk over the interval (k - 1) At < t < k At. Other versions of
f this could be obtained with nonuniform time steps. When the ROM procedure
of projecting onto the subspace HN is used, we obtain the discrete-time
versions of (2.9)-(2.11):

vN(K +1) = °N vN(k) + QNR vR(k) + EN fk (2.19)
vR(k +1) = L vN(k) + 9 vR(k) + EN fk (2.20)
y(k) = Cn vN(k) *+ Gy vRik) (2.21)

When HN is the modal subspace, the above become:

vN(k +1) = N vN(k) + E0 By fk (2.22)

vR(k +1) = % vR(k) + E0 Be i (2.23)
y(k) = CN vN(k)-+ CR vR(k) (2.28)

where (2.22) 1s the same as that obtained by directly discretizing the
' ROM in (2.12); if the exact mode shapes are not available, these two
giscretizations may yield different results. In aadition, the sampling
process can alias residual modes and increase observation spillover and
the zero-order hold process can spread-out the control command signal
spectrum and, hence, increase control spillover by increasing the energy
in the residual mode spectrum; this has been observed and investigated
in [44]. Therefore, the time discretization is a very important factor
in the design of implementable LSS controllers.

3.0 TOWARD ADAPTIVE CONTROL OF LSS

In order to design MMC, or other controllers, for LSS as proposed in
) the previous section, we must have knowledge of the ROM parameters (AN,
BN’ CN). These parameters are obtained from modal data; they are the
mode frequancies for AN and the mode shapes at actuator and sensor loca- ‘
tions for BN and CN’ respectively., This data is required for three

reasons:

- ST
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’ (1) to determine controllability and observability of the ROM and,
hence, to help locate control devices effectively;
(2) to design control and estimator gains;
(3) to use in the state estimator's internal model.
' However, we have noted in Sec. 1.0 the sources of error for this data;
consequently, a need arises for an adaptive version of the MMC of Sec.
2.0.
’ The most logical and reasonable procedure to obtain adaptive con-

trollers for a LSS seems to be the following:

Procedure for Adaptive LSS Control

(a) choose z "nice" reduced-order model (ROM); a modal ROM
’ would be the obvious choice;
(b) wuse your "favorite" lumped parameter adaptive control
scheme;
(c) design the adaptive controller as though the ROM were
’ " the actual LSS toc be controlled, i.e., ignore the un-
modeled residual .part of the structure;
(d) wuse this adaptive controller in closed-loop with the
actual LSS and hope for the best.

There is noihing wrong with following this procedure as a best first guess
} - in a way, there is little else that one can do to produce an implement-
able adaptive LSS controller.

In some cases, spillover is sufficiently small or enough other mathe-
matical structure is present in the sys*am, e.g., 3 high level of damping
in the distributed parameter system {31] or low level of performance re-
quired from the controller (increased damping via direct velocity feedback)
{327, to allow the adaptive contrcller to operate. However, these situa-
tions are rare with LSS and one would not like to count on the "generosity
of nature" or the temporary suspension of Murphy's Law as part of the
above design orocedure., Consequently, we would add the following items to

P

B R

that procedure:

-~ (e) analyze computer simulations of higher-order models of the
LSS in closed-loop with the adaptive controller base’ on
the lower-order ROM (e.g., simulate more modes than you

S ) plan to control);
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» (f) investigate the specific mathematical mechanisms whereby
the residual (unmodeled) part of the LSS couples into a
given adaptive control scheme (e.g., find out where and how
spillover affects the adaptive controller);
K ' (g) obtain mathematical results on the amount of spillover
] and/or model error that can be tolerated in the closed-
; Toop system and still provide adequate adaptation and control;
(h) develop spillover and model error compensation schemes to
’ augment the adaptive controller when the residuals cannot
be tolerated (e.g., when the conditions of (g) are not sat-
isfied);
(i) recheck (g) with this compensation in the closed-loop system. i

We believe that, within the basic framework of LSS control as de-
scribed in Sec. 2.0, this Augmented Procedure (a)-(i) will go a long way
toward revealing the problems of adaptive LSS control (and indeed, most
other adaptive control situations where control must be based on a ROM)
and will help to focus needed attention on these crucial issues. For
example, although Step (e) would be done most likely at some point in the
system development phase of any project as complex as the construction and
operation of a LSS, often it is done much too late and the design is
"set in concrate (or in this case, grarhitc-epory}"; the other steps
(f)-{i) may not be done at all. VYet, ignoring the effects of the resid-
ual unmodeled LSS can produce some disasterous behavior in the adaptive
controller; this was pointed out quite clearly in the LSS example in [36].

When an adaptive scheme is applied to such a lightly damped, oscil-
latory system as a LSS, the stability of the closed-100p system during
adaptation is a necessity; therefore, we do not view convergence and
(global) stability results as luxuries for adaptive LSS control and shall
only consider appropriate those lumped parameter adaptive schemes for
which such results are available. However, even a globally stable adaptive

scheme may prove to be unstable when it is used in closed-l1oop with the
actual LSS instead of the ROM on which it was based. This is not a failure

of the adaptive scheme; it is a failure %o satisfy the mathematical hypoth-
esis of the stability result associated with the scheme,
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’ In the rest of this section, we shall study the use of two very
general adaptive schemes which seem to {1lustrate the problems and poten-
tial of adaptive LSS control: the indirect schemes of [23]-{24], which
use an adaptive obser:er and operate in continuous time, and the discrete-

) time, direct or indirect, schemes which are based on an Autoregressive
Moving Average (ARMA) model of the controlled plant, e.q., [25]-[27].
These approaches represent a good cross-section of available lumped
parameter adaptive control schemes which have been shown to possess the

» desired stability properties. We emphasize that the point of this sec-
tion is not to criticize or slander these schemes; rather, we mean to
point out where the hypotheses of their stability results are violated,
and must be modified, when we attempt to use them on LSS. We feel that

L consideration of these approaches within the context of the Augmented
Procedure for Adaptive LSS Control (a)-(i) will illustrate the generic
difficulties in the application of existing, well-behaved, lumped param-

‘ eter adaptive control schemes to LSS.

3.1 Multivariable Systems Converted to Scalar Systems

The results of many stable adaptive schemes, e.g., [13]-[14], [23]-[24],
are limited to a single actuator and/or a single sensor; yet, we have seen
in Sec. 2.0 that most LSS cc.atrel nrobliems will involve multiple actuators
and sensors. One way to deal with this (although, admittedly it has its
drawbacks) is to convert the controllable observable LSS problem via out-
put feedback into one that is controllable and observable from a single
actuator and/or single sensor; this can be done with almost any output
feedback gains [45]-[47]. These gains would have to be based on the best
available calculated ROM data and the designer must hope that they will
continue to do their job during adaptation.

The output feedback modifies the original system (2.9)-(2.11) to be-
come:

vy ® (AN + BN HN CN) vyt (ANR + BN HN CR) Ve * by f (3.1)
! Vo * (Agy * Bp Hy Cy) vy + (Ag + B Hy Co) vp * bp f (3.2)
y = cg vy * c; Vo (3.3)

where HN is the ocutput feedback gain matrix, bN’ bR’ Cy» Cp are vectors,

R

b
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and f,y have been renamed Let A + BN HN CN be K', etc. and we have that
the new ROM (A N’ bN’ cN) fs a contro11ab1e. observable single-input,
single-output system and (3.1) and (3.2) become:

W K& YA VRt by f (3.4)
" Iﬁu vy * Iﬁ Vg *bp f (3.5)

3.2 1Indirect Adaptive Controller Design

We apply the design of the adaptive controller in [24] directly to
the ROM consisting of (3.4) and (3.3) with the assumption, for now, that

T

= (0 and ¢ * 0.

ANR
The control law is given by

£(£) = gn Gy (1) + £(2) (3.6)
where 9N is a constant gain vector, fc is a "sufficiently rich" external

signal (more about this later), and QN is derfived from the following
adantive observer (or state estimator):

A A~ A A
vyt PV tay+ hf; vN(D) =V, (3.7)
where F is an arbitrary, stable matrix and g, h are unxnown parameter

vectors. The appropriate matching conditions are:

F+ G*c; = Kﬁ

h* = bN (3.8)

Vg * vN(O)
where g*, h* are constant,

Let pa z [g*T h*T vN(O)T]T and note that

p* = F p; p*(0) = py (3.9)
where F = diag [0 0 F] and, when g = g*, h = h*, we have from (3.8) and
(3.7):

vylt) = TM(t) 10 p*(t) (3.10)
where M(t) = ‘[t eF(t - 7) [IN y(<) IN f(t)] dr and we have used the fact

0

that h, f are scalars.
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Mow (3.7) can be rewrftten as

vy(t) = [M(t) 1,7 p(t) (3.11)
M(t) = F M(t) + [Ty y(t) I, f(t)] (3.12)
M(0) = 0 (3.13)

where M(t) is as defined in (3.10),and we have yet to produce the adaptive

law to generate p(t). This adaptive law is given by the following:
B(t) = F p(t) - a(t) [R(t) p(t) + r(t)] (3.14)
where p(0) = Pg is arbitrary and
R(t) = -q R(t)- FT R(t) - R(t) F + [M(t) 1,17 cy cn [M(t) 1]

(3.15)
R(0O) = 0

and

F(t) = -q r(t) = FT r(t) = () 1,07 ¢y ¥(t)
(3.16)
r(0) =0

where a(t) is the adaptive gafn and the constant q is chosen to exceed
twice the absolute value of the real parts of the eigenvalues of F. The
adaptive gain is chosen so that

a(t) = v + [{n(t)]] (3.17)
where
G(E) = -h () + (W2 (y(e)] + (D)) (3.18)

with A positive and F + F' < 24 Iy

3.3 Convergence Results: What Goes Wrong?

A1l of the above is exactly as stated in [24] where it is also shown
in Appendix I and II that

w(t) > [iM(e)l (3.19)
and, with f(t) sufficiently rich in frequencies, there is a tl such that

(3.20)

'
.

R(t) >

(9]

>0 for all t > ¢t

N 1

L b -
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In addition, it is shown in Appendix III that
R(t) p*(t) +r(t) =0 (3.21)

This is very crucial to the stability results of [24] and it {s here that
observation spillover (i.e., the fact that we are using a ROM) appears -
(3.21) s not valid when Cq # 0; however,

R(t) p*(t) + r(t) = ag(t) (3.22)

t =T
where 8o(t) IO e(a+F) (t - 1) M(<) IN]T cy c; vR(r) dt

Let eN(t) H VN(t) - vN(t) and Ap(t) = p(t) - p*(t); then

ey(t) = [M(t) I)J ap(t) (3-?3)
and

83(t) = [F - a(t) R(t)] 8p(t) - a(t) ap(t) (3.26)
Consider V(t) = Ap(t)T ap(t) and we obtain:

U(8) £ =y 0 V() - 2y aglt) p(t) (3.25)

where V(0Q) = Ap; apq and 8py * Pg - pa.
This follows [24] except for the additional term in (3.25); also
note that

eyt 112 < v(t) 11+ u(t)] (3.26)

Let avN(t) z vN(t) - vﬁ(t) and AvR(t) s vR(t) - Vﬁ(t) where vy and vk
represent the ideal states of (3.4)-(3.5) when the parameters are
exactly known:

. . T
i (I& + by 9y) VR K' R VR * by f. (3.27)
i (Ko + by g;) vh + Eo vg + by f (3.28)

with v (0) =V, ( ) and VE(O) = VR(O)'
when the 1mp1ementab1e adaptive control law (3.6) is used, we obtain:

N

2ty ® (T + by a0) dvy + Ko v + by gy e (3.29)
© . (T T

Avp (ARN *+ by gN) AvR + AR AvR + by gy ey (3.30)

and we have the folleowing result:
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THEOREM 3.1: Assume
(1) ¢ " 0‘ :
(2) Ay + by gy stable
(3) Ap stable
(4) Iﬁa =0
(5) fc(t) sufficiently rich (i.e., it has at least 3N/2
distinct frequencies)
Then there is a & > 0 such that for a1l [[apyl|® < &:
(a) tu(t) {s bcunded and (eventually) vanishes with an
arbitrary exponential rate
(b) lim AvN(t) =

Lt

(ﬁ) 1im AvR(t) =0,

Lo
Therefore, even though the closed-loop system with the adaptive
controller is highly nonlinear, it is stable while the adaptation
{s taking place. In particular, (1), (3), and (4) are satisfied
if there is no observation spillover {CR » 0) and no model error
(ANR = Q) and some damping in the residuals (i.e., AR is stable).

Proof: This result follows from the results of [24] becauce AR(t) 20 in
(3.22) when c; = 0. The stability of (3.29)-(3.30) is determined by

Y T Y . ry t § '
Ay * tT>N gy and Ap when INR C. Also, if Lp = U, then Ayp = Ayo, Ag =« A,
and cR = ) since it is a row vector of CR' #

Note that the stability of the system with adaptive control is
determined by that of (3.27)-(3.28) - the ideal case where the parameters
are known and the external signal fc is applied. This {s natural, since
adaptation cannot take place without fc present; however, after adapta-
tion, we would most 1ikely want to turn off fc' In addition, we could
choose the fc signal so as not to excite the residual frequencies whenever
sufficient spectral separation is present. Still, we would need to turn
on fc now and then, in order to "tune-up" the controller.

3.4 Spillover Compensation for the Indirect Adaptive Controller

The above result fs merely a slight extension of the results of 724]
to a special case of the adaptive controller bHased on an ROM instead of
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the full system. However, it does suggest that some form of compensation
should be used to eliminate the observation spillover. Such compensation
must be essentially independent of the parameters of the ROM; yet, most
methods of spillover reduction require knowledge of the ROM (and some
residual) parameters.

One approach to spillover compensation already suggested in Sec. 2.0
is prefiltering the sensor outputs to remove or greatly reduce the term
CR vR(t). Such prefiltering can be achieved with low-pass or band-pass
filters when the ROM frequencies are known and separated from the residual
frequencies. However, the modal frequency data is part of the poorly
known parameter data.

In an attempt to resolve this predicament, we could try using phase-
locked loop (PLL)-based filters with the center frequency of each loop
tuned to the best approximation available of the corresponding ROM data.
The PLL will adapt itself until it tracks the actual mode frequency. and
after "lock-on," it will behave as a narrow band-pass,linear filter which
tunes out the observation spillover from the other frequencies [43]. Of
course, sufficient spectral separation must be present, the calculated
values of the ROM modal frequencies must be sufficiently good, the dis-
tortion introduced by the filter must be sufficiently small, and the
adaptive controller must not shift the poles around too much. Thus, the
PLL prefilter is' not a panacea! But, 1t might work to reduce spillover
and, if it does, it has the added advantage that its output could also
reveal hetter estimates of the mcdal frequencies; this would take some
of the load off the adaptive observer. If the adaptation mechanism causes
too much poie shifting, the ROM frequencies could be excited via fC and
identified in open-loop by the PLL filters before the adaptive controller
is turned on. !Note that modal frequency data is usually better known,
via computer approximation, than modal shape data; hence, this approach
might not be unreasonable. Another possible, but untried, approach to
spillover compensation might be an adaptive version of the orthogonal
filter in (487,

Note that some prefiltering (and postfiltering) always takes place
due to the bandwidth limitations of the sensors (and actuators). Whether
this can he used to advantage in adaptive LSS control is still a matter
for speculatfon, e.g., [33].
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; ¢ A problem that arises with the use of the results in (24] and their

| mod{fication to LSS is that the constant feedback gains g; must be cal-

, culated, in advance, to stabilize AN + by 9§° It would be better if

a these gains were adapted along with the parameters in the observer. Of

L course, after adaptation has taken place, they could be recalculated
from the "tuned-up" parameters, but, in some cases, the adaptation phase
{s never over, e.9., slowly-varying parameters. Other approaches could
be used for adaptive pole-placement, e.g., [20], [21], but these also

’ have their limitations.

S T e e

3.5 ARMA-Gettin'

Many discrete-time adaptive control schemes depend on an Auto-

’
Regressive Moving Average (ARMA) representation of the plant in discrete-
time, e.g., [25]-(27]:
N N
’ koW o) o yler-1+Y 8 fker-) (3.31)
r=1 r=]
for some N and appropriate matrices s sr. What the ARMA says {s that,
after N time steps, the present output is only related to the past N out-
)

pucs and inputs, Existence of an ARMA s directly related to the finite
dimensionality of the plant (N is usually that dimension) and {s obtained
using the Cayley-Hamilton theorem for matrices. For LSS, only a guasi-
ARMA can exist- these were considered in detail in [4S]. From the

Appendix of [437, we obtain the quasi-ARMA for the LSS (2.18) or (2.18)-

(2.21):
N N
, ykeM) oY a ylk+r-1) 5 T, Ey flk+r - 1) ¢ R(K) (3.32)
rs=} r=]
where

R(k) = CR VR(k + N) + Z A vR(k +re-l)
r=]1

o =T 9 a  C

r r 'NR T Tr MR
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and ?r is defined in the Appendix of [49]. Since R(k) = O when C, = 0

and L 0, we have the following result:

R

THEOREM 3.2: When the observation spillover (CR) and the
model error term (°NR) are both 2ero, the quasi-ARMA (3.32)
is a true ARMA for tha LSS (2.18),and any stable adaptive
scheme based on this ARMA will be globally stable when used
in closed-1o0p with the actual LSS (2.18).

When the rather stringent hypothesis of Theo. 3.2 is not satisfied
(as it may not be in practice), any adaptive LSS control scheme based on
the quasi-ARMA (3.31) must ignore R(k) in order to be implementable. How-
ever, R(k) is the term where the residual effects - spillover and mode!
error - enter the scheme and can cause instability. Again, as in Sec.
3.4, prefiltering or other compensation might be tried in an attempt to
reduce or eliminate this term.

§.0 CONCLUSTONS

In an attempt to point out the crucial fssues and generic problems
associated with adaptive control of large aerospace structures (LSS), we
have reviewed the framework for nonadaptive LSS control (Sec. 2.0) and,
within this framework, have proposed a general procedure, based on
reduced-order models (ROM) of the LSS, for obtaining and assessing the
problems of adaptive LSS controllers (3.0). In addition, we have taken
a closer 1ook at the use of certain well-known, lumped parameter, stable
adaptive control schemes in chis procedure. Taking these schemes as
representative of the basic ideas present in all lumped parameter adap-
tive control 2)proaches, we have obtained corresponding LSS adaptive
controllers and found the following generic problems associated with
adaptive LSS control:

(1) LSS are distributed parameter or large scale systems;
therefore, the plant dimension is always larger than
the dimension of the adaptive controller, which nust bHe
based on a -OM;

L i e oot R e
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(2) LSS control must often be done with more than on: actua-

2 tor and sensor; conversion of multivariable to scalar

%> , systems via’output feedback introduces problems of its

¢ own (e.g., stability of the residuals);

(3) LSS control problems are often non-minimum phase due to
noncollocated actuators and sensors;

(4) Interaction of the residuals with the adaptive control-
ler may negate the stabilizing properties of the con-
troller due to observation spillover; this interaction
is much worse due to the nonlinear nature of adaptive
control;

(5) Methods of spillover compensation for LSS often require
knowledge of the ROM (and some residual) parameters -
the very data that are poorly known;

(6) The adaptation mechanism may shift the closed-loop fre-

) quencies around; this counteracts the benefits of any

) - prefiltering unless sufficient spectral separation is

maintained;

(7) Indirect adaptive controllers need sufficient excitation
from an external signal fc; however, this signal may

} substantially excite the residuals.

7 (8) Discrete-time adaptive controllers can only be based

| on quasi-ARMA rather than strict ARMA representations

of the LSS; this may negate the stability properties of

such a controller.

Stable adaptation is essential for such highly oscillatory systems
as LSS, yet our preliminary stability results, Theos. 3.1 and 3.2, both
» require that observation spillover be somehow completely eliminated
before it reaches the adaptive control logic; certainly, this is not
an easy thing to do in general. Perhaps, global stability is too much
to ask for LSS adaptive control because okservation spillover will
) always be present to scme degree in LSS control. However, it seems rea-

” sonable to hope for the development of spillover bounds to give some
idea of regions of stability for the successful operation of LSS adaptive
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control, Some comparison should be made between stable adaptive con-
trollers based on ROM and stable, robust control schemes, e.g., [50],
[51].

In closing, w2 would like to say that it is not our intent to present
a_gqloomy picture for the application cf adaptive control to LSS. In

fact, the need for adaptive control in LSS is already becoming quite
clear, and recognition of this need comes, for a change, at an appropri-
a*e time - before any LSS have been built and put into space. However,
the development of adaptive control for LSS will not take place overnight
and will not be done by one or two people. Consequently, what we have
tried to stress here for the interested researcher are some of the funda-
mental problems that arise and the basic steps which need to be taken
toward the goal of successful adaptive control of LSS. In the long run,
we have high hopes for the success of this endeavor and we expect that
adaptive control theory will profit by its association with large aero-
space structures, as well,
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G. REDUCED ORDER ADAPTIVE CONTROLLER STUDIES
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A3STRALT

Tae quantitative effecrs of spillover on reduced
créer adaptive control are examined via a test
assat.

I ZITRODUCTION

A =2‘or assuzption ia Ine various Tecent priofs
(2 = '3) o Lumped-parazeter svscen (LPS) adapcive
cinsTol algorithms is the adequacy of the order of
2ne cozircller. The docel of the plant used in
0§ the orcer of the controller is Teguirved
tz 2T exceed zhaz oI the plant. For examole
$r the model referezce adaptive conttol of cthe

L) -
b3 =

Toav(k=i) = T 5 ulk-3)
i=1 ° im} 4

PR S

—~
[
~

se -

in tne adsence ni accurace a priori specification of
e 7l23% PaTadeters a; anc :, an adjustablie contTol
-3¢ =% the form

(=l ® ¢ (k=1l)r(k=1) = ' ¢ ,(k~l)u(‘-j)
- .‘-2 -
2.
- 6 (k=1)v(x=i] (2
IS DU
13 TezuiTec t& insure the asvaorotic convergence of
2o :he cszsut s of the zodel
a
sk, » gr(k=1) + I s{k=-i). (N
il *

Note z=mat iz (2) the summation limits = and n must
corTesdond exacily o0 the moving-average and auto-
Tegressica lengths in (l), Tespectively. As shown in
(5), =ae problem of (1) - (3) is solvable via a
variecsr of indirect and direct adaptive control tech-
aigues tiat prove quite similar ia this exact order
case. Hovever, in the reduced order case where the
contses izput is provided bdv

u(=i) = E,(k-l)t(k-l) - E cj(k-l)u(k-j)
j-

- a , (k=1)y(k=1) (a)

-l
—_———L
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with m > p and n > q these siallaricies disappear
along with the ability for the output eTToT s = y %O
converge o zerc. In cthis case {t is expected chat
the results of iadirec: anc <irect adaptive coamtrol
will be qu‘:e distinguisnacie, waich counters cthe
current trend of exclaiding thelir equivalence (7)-{10).

The use of & reduced-oTder adaptive controller,
such as (%), can arise from a desiTe o Tecuce contTol
com:lex;ty vi:h 4 commensurace Tecuction in conrroliler
seasitivigr (11) or from necessity in an atzempt to
use a finite cimensional zemgToller on 8= iafinice
dizensional svstes {12). A recent interast (13) - (1S)
in develoopiag adaprive controllers Jor flexidle struce
tures by aspliicaczion of existing LPS adasiive contrale
erszracegies 0 ifuncated exramsicn cescriptions ol
the discribuced paraseter svscez (D2?S) beravior of
Slexidle structures has led to Two gualizative descrip-
tions of the =isbenavior of rTecucec-order acaptive
controliers. These inter>recations of che adéitional
eiificulries facinag reduced-orcer agaptive controllers,
Jiich dre dvpassec oV exact-crder acaptive zontTtolilers,
are suomarized in the nex: section. The .ast section
fornulazes a test problem, wnich initializes aztempts
zc quantifyv these Gqualitative insignts. The most
current resulits of this invescigation will be compiled
in the confezence sresentation.

I REDUCID-ZROZIR IFFECTS IN ADAPTIVI CONTRCL

Though nusercus s: ategies Have been espouser
(28) Zor extracting a iow order zodel from a oo com-
Plex system descrinstion,none curreacly seez Zully
acclicapie 0 the real-tize, recursive Tecuirements of
on~line acapzive contrTol ailgorithzs. These reduced
order mogeling tecinidues seex t¢ fall into Two broad
cacegories: (i) ZIxtTact tnose "zodes” (or componen:~
suosvstems) Irom =he full sysce= description that are
sost influentzial in cthe perfor=ance of che model i(n
its subsequent use. This strategy is followed, for
example, in (17) aod (18). (44) Parameterize the
reduced structure to provide the best prediction of the
desired outpuz. This latter stTategy will produce a
zodel the "azodes" of vhich need not correspond to any
of those of the full systes as poted in (l14). This
latter scratedy includes the zodel reference approach
prouinent in adaptive systems (19).

The presentation in (l4) e=phasizes the difficulcy
of reduced-order adaptive control by contrasting these
two 2odel veduction scracegies. Consider the approxi-

macion of N
d(8,k) = ] W (k)e (8), (%)
FIE e
WP2-0 URIGINAL PAGE IS
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vhere d can serve as the deflection of a flexible
scructure, We the modal szplitudes, and ¢§ the mode
shapes for DPFS or with ¢, T 1 as the output of a
decoupled (partial !rnc:ioa expansion) description of
a LPS vith Wy as the individual "modal" outputs (20).
Assuming that the modal a=plitudes obey a difference
equation such as

n
Wk e ] {a

W (k=i) + b F
! 1e1 :

11%y 3 (k=1)], (6)

]

where the Fy are the m0dal inputs and the a4 aad dyy
are the unkiown paraceters of incerest, the fizst
strategy for adaptive idencification of (6) requires
extraction of the appropriate Wy from (5) fomming

Mot [1,N])

R NOTRON M
4

P

dp(e,k) =

which as noced in (12), (12) and (2C) remains an open
problem withouz knowledge >7 N and the 2. The
second strategy wouid esti=ate :the wj such that

- Mof [1,N].
e, e 7 W (k)e, (3) (8)
3 2 :

closely approexinaczad ¢ in (3) 4n, e.3., a least-
squares sense. ~he estiitazec 3odal azplitudes W

need not provide useful values for the es:;gl:io% of
e ai: and bip in (6) with Wi replaced by Wi as noted
1n (33). In (8) coe Wws chnoseR at each time instant

to closely 3zateh d o d 2wy not even opey an under-
lving difference ecuation such as (8). The prodliem
with closing the acaptive contTol loop is tnen inten=-
sified by the difficulsy in idenciiving (8) and chen
in feeding back the ij taszead of the W; for modal
conerol.,

The difference in various identification tech-
nigues in the reducec-order L3S case can be emphasized
bv a simple example froc /20). Consider identifving
the stablie, second-oruer slant

-

yik) ® L, 231ev{k=1) = 0.28v kel = 0.05u({k=1) = 0. su(k=2)

(9
using & first order model anc three common adaptive
identification schemes. :ne equation error formulated
LMS algerichm (22), cthe gradient bHasad output erTor
formulated Sctearn's algorizam {(SA) (23), and the
stability based output error forzulared SBARF (24).
The algoriznms are

LiS:  y(k) » a(i)y(x=1) + 5(k)ulk=1)

(10)
alk*l) = a(k) + uly(x) = y(&) Jy(k-1) (1)
B(k*1) = (k) = o(¥(x) = v(K) Julk-1) (12)

SA:  y(k) = a(i)y(k-1) + 5(K)ulk-1) (13
alerl) = a(k) + u(y() - y(k) 1K) (14)
AK) ® y(k-1) + a(k)a(k=1) (15
Blkel) = 5(k) * ply(x) = v(K))v(k) (16)
Y(K) ® u(kel) + a()y(k-1) an

P

SHARF: y(k) » a(k)y(k=1) + b(K)u(k=1)
alk+l) = a(k) + uv(k)y(k=1) (19)
B(k+1) ® b(k) + sv(k)u(k=1) (20)

v(k) = v(k) - y(k) + A[y(k=1) = v(k=1}]. (21)
IZ the y in (9) vere generatsd by a first order model
as are (10), (13) and (18), then esch of che three
schepes (if u, 2, and A wera chosen to assure stabi-
lity) converge to the unique correct values gives
sufficiently rich u. However for the reduced-order
ideatificacion tasks of (9) - (21) wach schede yieslds
different mesan convergence points as shown in Figure
1. The input u in this case is vhite and zeco-wmean.
The congtours in Figure 1 represent constant normalized
Desn square error

Blel(k)) = E{(y(k) - ay(k=1) = bu(k-1)1%)  (22)

Zor various choices of a ancd 5. Note tha: the
gradient-based SA is susceptible to local cenvergence
ané £or :his probiem the SA mean convergence poiat is
sependent on the inictial guesses Ior a and 5. Though
if anv ¢f these schemes is usec for sidulianeous
idencificacicn and contTol the input would no longer
be vhite, clearlv each would have a quite cifferent
sonsrol cerforzance. Iz secomes unclear as o waidh
wCuld adastively srovide zhe bdest Tecuced-=orcer podel.

An aiternace interpreczation of the "dual” ili-
efipcts 5f reduced-order acaptive contTol nas elersged,
a.sc Irez the flexidle structure zontrol sreodles (Z2)
(23). Tor :nis viewpoint consider separaiion ol a
single-input, single-outpul svsze= stiate-space de-
scription ¢f the reduced-orger zodei and the rasaincer
{or residual) as

K(kel) A, Ik (k)] Be
h fae '\"-“;f REE Suen) (23)
RN e RS By
(x} = :;_, ;_'. {'\_:m'! (24)
EROY

From (23) - (24) the "spillover” of the resicua. =odes
into the observation of v(k) via cyXa(x) anc che spoli-
over of the concrol designed for the reducec 3odel
into rhe Tesidual modes xx(x+l) via bgu(k) are ciearlv
displaved. Also the possidle coupling of the raduced
an¢ model modes Via ANR Ancd ARY is immediacelv
agparent. Showm in (22) amé (13) is the sredictabdle
face that if ANR = 0 and ¢cg = 0 then, assuzizg the
residual Bodes are not unstable, anv full-order-stabie
adaptive controller identifvisg AN, dN, and cy
explicitly or implicitly from y and u alone would
retain its stabilicty. 1f Ang = O but cp andé by are
aonzero then the degradation of reduced-order adapcive
control has two sources. Unmodeled componencs in ;
via CRXR will generate an error that is indistiaguish-
able from narameter error ~ausing adaptatiocn. The
spplication of control u to xg Vvia bgu will cause
further excitation of the residual modes further per-
turbing the reduced modeling of y. Not only vill the
paradecer estimates become incorrect but also the
state extimates froc an adaptive observer will be
incorrecs leading te an unprediczable "con:iTolled”
response.
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) secons strategy noted at

' eA&CL.

P ssues iacluciag: (L)

. - These tvo prodlems of i{nsppropriate paramatat

and state estimation are the_sace ones noted in the
eATrlier interpretation with Bj rather than Uj
extraction. The ability to obtain dg corresponds 20
an eflective 2eroing of cp. Since such ability does
20t appear forthcosmiag in general, the effeacts of
spiliover on reduced=order adaptive contcrol via the
the deginning ol this
section must be evaluated. A test example follows
wnich {s designed to provide insight <into this
sroblez.

II1 TEST EXAMPLE

Consider controlling the second-order plant with

P ctransfar function

Y(!) - bL - ‘bZ_ (25)
U(2) 2 - ‘l t -3,
and therefore difference equacion description
» ¥(k) o (a.*a)y(k=1) = (a,a.)¥(k=2)
- (blﬁbzt)u(k-’) - (pl 2 -<b, a.)u(k 2) (26)
incer the assumpiion of & firs: order mocel. Lsing

e sesaration technigue 9f (23) = (24), (28) can oe
Tewritten as
? X Geel A 07 GG B
¢ o=t o e fulx) b))
X.(k=1) I aLiiwa{k)M b..
(x) = 1 t:-xkx)- (28)
Xa(g):
’ - -

wneze, frem (23) - (24), Ay = 21, Ag ® 87, ANR ® AR; *
Sy SN ® 31, 3R ® 32, ¢y = 1, snd 33y = ¢. YNote :tha:
any proporiion of b2t could de distributed to by and
23 sucn that 2RER = 52¢. Therefore increased ¢
corTessoncs 10 iLacreasad svillover., (Cleariv wnen
g 2 =“~R = 0 a firs: order model of (25) weuvlc be
Clearly in such & case as noted earviier anv
51aDie acasiive conITdl scheme wWOUL' e successiul,
ALSO, ecualiv apparent is the cegracation of the
cyniTeller, adaostive Or not, as b2¢ becomes nonzerd
aad the vesicdual mode x2 contributes significantly o

Tais oroplem will He used to address various

The classical "rule=of-thuzz”
for =ocel reduction is based on the telative time
sonstants of the various docdes, with the very "Iast”
seguerncs consicered removapie. In discrece time
svstems, for positive ag, the residual mode is assumed
neglectable {f 10 la(ay) > ln(a2). The verity of this
rule for adaptive control will be tested. (ii) The
first-order adaptive contTol of the full svscem wil

se compared to the nonadaptive reducedeorder cnmntrol
constructed with the ability to control one mode or
the other, vhichever proves '"dominant" for the
sarticular ovjective., (iii) Indirect and directc
acaptive controllers will be compared via averauge
sTackiag error at convergence and average cont.ol
elfcrt expencded. The three identifiers of (10) - (21)
Vil be used lor he indirect scheses with

N
fl(‘) T (29)

] o S o a(kel

oo - St (s0)
and

3k) = El(k)r(k) + 500900 (31)

The common adaptive controller from (§) -
‘ (k) . t (k-l) * po(k=1){de(k=1) * cy(k=l) = y(k)]

t (&) . f (k-l) + uy(kel) (de(k=1) + ecy(k=l) - v(k)§32)
wvith 4 and p appropriately conscrained will para- 33
saterize (31) for che direct case.

Preliminary results are ambiguous. None of the
simulated tests clearly support the universal useful-
ness of neglecting high frequency Dodes, the superi-
ority of modal rejection or attempted "full" adaptive
tracking, or the clear denefit of indirect or direct
adaptive techniques. In other words, one approach is
Setter in One example than anothef, which requires
furcher investigaticn of reduced-order adantive
contrsl. The mixed evicence will bSe interpreted ia
the conlerence presentacion.
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