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ABSTRACT

The differential equations of motion, and boundary conditions, describing
the flap-lead/lag-torsional motion of a flexible rotor blade with a pre-cone
angle and a variable pitch angle 6(x,t), which incorporates a pre-twist ept(x);
are derived via Hamilton's principle. The equations are valid for both ex-
tensional and inextensional i»lades, and the meaning of inextensionality is
formally discussed. The equations are reduced to a set of three integro partial
differential equations by elimination of the "extension'" variable. Both cases of
hover and of forward flight are addressed. The generalized aerodynamic forces
are modeled using Creenberg's extension of Theodovsen's strip theory. After the
equations of motion are obtained, they are systematically expanded into poly-
nomial non-linearities with the objective of retaining all terms up to third-degree
so that the influence of such terms on the motion of the system may be evaluated.
The blade is modelled as a long, slender, initially straight beam of isotropic
Hookean material. Offsets from the blade's elastic axis through its shear center
and the axes for the mass, area and aerodynamic centers, as well as radial non-
uniformities of the blade's stiffnesses and cross section properties are taken
into account. The effect of warp of the cross section is also included in the

formulation.
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CHAPTER I - INTRODUCTION

An important problem associated with helicoprer dynamics is the determina-
tion of the dynamic response and aeroelastic stability associated with the rotor
blades. Considerable attention has been given to rotary-wing aeroelasticity pro~-

blems, as evidenced by the numerous publications in .ais area, e.g. [1-60]. As

e aa

a result of this effort, it i3 now raeccgnized that such problems are inherently
non~linear and thus special attention should also be given to the development of
consistent mathematical wodels to address them. Due to their flexibility, rotor
blades are able to bend in two principal directions as well as twist. This fact f
alone introduces several important nnu-linear terms in the differential equations i
of motion. It is also well known that considerable complexity is further intro-
duced due to the effect of rotation, through the addition of centrifugal, inertia
and Coriolis forces, and of the aerodynamic forces. Comprehensive reviews of the
subject have been written by several investigators, e.g., [1-3]. The work reported
in [1] by Loewy reviews the literature up to 1969, while the recent review presented
by Friedmann [3] includes most of the work done up to 1976/1977. Several aspects
of helicopter modelling have been discussed by Ormiston [4]. i
In 1958, Houbolt and Brooks {14) derived a comprehensive set of linear
differential equations to describe the coupled flap~lead/lag-tcrsional (or, in

short, flap-lag-torsional) dynamics of non-uniform rotating pre~twisted blades.

Expressions for the aerodynamic loads were not specified in [l14]). Further work by
several investigators established that non-linear terms not counsidered in [14] play
a fundamental role in the response and the stability of both hingeless (cantilevered)
and articulated (pinned) rotors. The non-linear equations of motion are quite
complex, and efforts are still devoted today toward their formulation. Hodges and

Ormiston {15] analyzed the coupled flap-lag behavior, which can exhibit insta-

bilities, by restricting themselves to torsionally rigid blades. A set of integro
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partial differential equations of motion with quadratic non-linearities were
developed taking into account the effects of the blade's pitch angle and of a
small pre-cone angle. A study of the stability of the flap-lag motions ~f a
hingeless rotor in hover was then performed by making use of such equations. A
comparison between the results of the stability analysis for elastic and rigid
blade models wags also presented in [15]. Work with rigid blade models has also

been done by several other investigators, e.g. [22-31).

Hodges and Dowell {32] developed a comprehensive set of differential equations
with quadratic non-linearities for the flap~lag-torsional dynamics of rotating non-
uniform extensional blades. The presence of pre-twist and of a small pre-cone angle,
and the effects of offsets between the mass and area centroids from the elastic

axis through the shear center were considered. Three-axes Euler angles were used to

cescribe the orientation of the principal axes of the blade's cross section -- an
approach that facilitates the development of the equations. This approach was also
used by Peters and Ormiston [33] when considering the effects of the second-order
non-linearities on the angle of attack of hingeless rotor blades. The equations in
[32] were used in [34] to investigate the stability of a uniform rotor blade in the
hovering flight condition. The equations of motion developed in [32] were also used
by Dowell, Traybar and Hodges [36] to correlate the experimental and theoretical
results obtained for the static deflections and bending natural frequencies of a
cantilever beam with a tip mass, after the appropriate terms due to the inclusion
of the tip mass were added to such equations. Reasonably good agreement was
reported for the cases where the basic aséumption in [32] of retaining only quadratic
non-linear terms in the equations could be justified. A similar study was also
recently presented by Rosen and Friedmann [37].

The equations developed in [32,34] were further extended by Hodges (38} to
inciude not only the effects of twist and pre-cone but also of droop and sweep

angles, torque and blade root offsets, and pitch-link flexibility simulated by a
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torsional root spring.

The coupled flap-lag-pitch response of hingeless bledes for both cases of
hover and forward flight were considered by Friedmann and Tong [40,41]. A set
of equations to describe the flap-lag-torsional motions of a pre-twisted
cantilevered blade in hover, considering root toreional fiexibility, was also
derived by Friedmann [42]. The derivation presented in [42] follows Friedmann
and Tong's earlier work [40,41) and e modi(icntion.of Houbolt and Brooks' work
[14) to include quadratic non-linear terms. An ccdering scheme, also used by
other investigators, was employed to neglect several non-linear terms in a
systematic way and obtain the equations with quadratic non-linearities. A revised
set of non-linear differenrial equations of motion was later derived by Roaen
and Friedmann [48). The equations developed in [48) for pre-twisted blades with
a small pre-cone angle include the effects of offset between the blade's area
and mass centroids, shear and aerodynamic centers. As in {32), three axes
Euler angles are used to describe the blade's orientation in space.

Some of the work on the flap-lag dynamics of rigid hinged blades and hingeless
elastic blades for both cases of hover and forward flight has been examined
by Kaza and Kvaternik [50]. For the rigid blade case, two types of hinges
were considered, one for which the lead/lag hinge flaps with the blade, and the
other for which the flap hinge also executes a lead/lag motion. Stability
boundaries in the flap-lead/lag frequencies space were obtained, indicating that
such boundaries depend on the physical hinge sequence. This work was also
reported in [30]. The same authors also examined in [51] the flap-lag-torsional
kinematics of pre-twisted blades using lag-flap-pitch and flap-lag-pitch three-
axis Euler angle sequences to describe the orientation of the blade's principal
axes. Here, however, a source of disagreement with the work of [32,33] arises
when the third Euler sngle -- a final rotation about the blade's elastic axis

--1s equated in [51] to the twist angle of the blade rather than determining




the blade's twist from the component along the elastic axis of the curvature
vector (which is obtained as a function of the pre-twist, the three Euler angles
and their spatial derivatives), as done in [32,33). The kinematic expressions
obtiined in [51) are used in {52] to develop ; sat of non-linear differential
'equationa of mtion with quadratic non-linearities for the forward fiight
condition using two~dimensional quasi-steady blade element theory. The differ-
ential equations for the two Euler angle sequence mentioned above are shown
explicitly. Although not mentioned in [52], these equations, which represent
the same physical problem, should be equivalent to each other. In [50,52] the
authors make explicit use, in their derivation, of the blade's kinematic axial

deflection, or foreshortening.

The source of disagreements previously mentioned in regard to the formulation
of the flap-lag-torsional dynamics of rotating blades was recently clarified by
Hodges, Ormiston and Peters [55]. They considered the kinematics of rotating
extensional beams and developed expressions for the curvature vector and the Euler-
angle transformation matrix for 211 possible six sequences of the three-axes Euler
angles. By means of an appropriate change of variable, they showed that these
sequences are equivalent to each other. In addition, they showed that the angle
of twist, obtained by integration of the twisting curvature,does contain a higher-
order integral term, and that such an angle is a quasi-coordinate much like the
axial deflection used in [{50,52] with the foreshortening considered a priori.
This angle of twist, first obtained by Peters and Ormiston in [33], is discussed
by Nordgren in [61] and was independently obtasined by Crespo da Silva and Glynn
(62-71] in connection with the nonlinear flexural-flexural-torsional motions of
inextensional beams.

The non-linear differential equations of motion for inextensional beams were
derived in [62,68] by making use of Kirchhoff's kinetic analogy [72], three-axis
Euler angles to describe the orientation of the beam's cross sectional principal

axes, anc Hamilton's principle with the Lagrangian adjoined to the inextensional
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constraint by a Lagrangian multiplier. Physically, the Lagrange multiplier repre-

sents a force along the beam's neutral axis necessary to maintain inextensionality.

This f ,rce is dependent on the deflections in a non-linear manner. The equations
derived in (62,68] were then expanded {nto cubic non-linearities and converted to
a set of integro partial differential equitions [63,68j. These were subsequently
used to investigate the non-linear response, and its stability, exhibited by the
beam Qnder several conditions [63-67, 6&-71] including support asymmetry (64].
The systematic formulation of {62, 63, 68) may be extended to nd;reae the rotor
blade dynamics problem by incorporation of effects such as blade rotation, pre-
twist, pre-cone angle, and aserodynamic forces.

An investigation of the response, and its stability, of a dynamical system
described by a set of nonlinear differential equations with quadratic and cubic
nonlinearities acting simultaneously has been presented by Nayfeh and Kamel, and
by Nayfeh [73,74]). Althcugh the problem considered in [73,74) is also a complex
one, the rotor blade seroelastic problem i{s substantially more involved. To
this author's knowledge, a systematic investigation of the influence of the
extens}onal and inextensional assumptions, and of the next order -- cubic -- non-
linearities on the rotor blade aervelastic response is missing in the literature.

In this report the work presented in [62,68,32] is extended with the objective
of deriving the differential 2quations of motion for both extensional and inexten-
sional rotor blades with pre-cone and a pitch angle 8(x,t) -- which incorporates a
pre-twist Bpt(x) -- including third-order (53) non-iinearities. The pitch angle
8 may be included in several ways. One way, for example, is to start with an un-
pitched blade and to impose the known pitch angle 9 about its longitudinal axis
to obtain the directions of the principal axes of the undeformed but "pre-pitched"
blade. Then a sequence of Euler angles can be used to bring these axes to their

new orientation obtained after the blade's elastic deformatiosns. Aaother way,
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introduced in [32,33], is to start with a set (53. Nqs c3) of non-principal axes

of the pitched blade with, say.€3 along the blade's elastic axis, aud (n3, CB) being
two non-principal crrss sectional axes at an angle -9 with the "pre-pitched” (but
undeformed) blade's principal axes along its cross section. A sequence of three
Euler angles is then employed to bring (Eg,ns,ca) to their corresponding ortentaf
tion after the blade has undergone the elastic deformations. Since the blade's
cross section is now, after the elast!c deformations, in its "final" orientation

in space, a further simple rotation 8(x,t) about the "final" position of the

53 =f axis will then bring the triad (53§n3.C3) into coincidence with the deformed
blade's principal axes (£,n,4). With this approach, the pitch angle g(x,t)} appears
in the differential equations simply as an aaditive term to the third Euler angle,
as long as this angle is a rotation about the bLade's elastic axis {32,33,55]. Be-

cause of its inherent simplicity and compactness, this is the appioach that will be

used here.

NI




CHAPTER. II - TH% DYNAMIC SYSTEM AND BASIC ASSUMPTIONS

Consider an initially straight, but pre-twisted, rotor bhlade of length R

when not elastically deformed, mass m per unit length, and of clcsed c¢ross section,

[ts maximum cross section dimension {s assumed to be much zmaller than i{ts length
80 that the blade may be approximated as a beam. A blade segment, both in its
undeformed and elastically deformed states, is shown {n fig. 2.1. The (£, n, %)
axes -- with unit vectors ( g ’ S ’ E = g X a ) =~ are the principal axes of the
cross section at the shear center C: of the deformed blade; it is assumed that
the cross section is symmetric about the n axis. The £ axis is fangent at all
times to the elastic axis of the blade,

The {(x,y,z) axes, with unit vectors ( ;,;,;=; X ; ) shown in Fig. 2.1, are
a sez of votating reference axes. the x axis is coineident with the vlastic axis
of the undeformed blade. These axes rutate in space with constant angular veloc-
ity Q about a direction perpendicular to the rotor hub. This is shown in detail
in Fig. 2.2 together with their spatial orientation relative to a set of iner-
tial (X, Y, 2) directions. As seen in Fig. 2.2, the orientation of these axes
may be described by first aligning (x, y, z) with (X, Y, 2) and then performing
two successive rotations. The first rotation T = Q¢t ( where t is time) about Z
brings the (x, y, z) triad to its new orientation (Xl. YL’ 21- Z), while a second
rotation B about the negative Yl direction (i.e., a clockwise rotation) brings
(Xl, Yl, Zl) to its final orientation (x, y, z). The angle 8, which is the angle
the undeformed blade x axis makes with the plane of rotation, XY, is the blade's
pre-cone angle. This angle is taken to be a constant. The '"blade root offset" e
shown in Fig. 2.2 will be taken to be zero for simplicity.

4
The principal axes (n ,f ) of the blade's cross section, centered at Ce as

shown ia Fig. 2.1, make an angle 8(x, T ) with two cross section non-principal axes

o gl

el ARSI L i i

F O



FIG., 2.1 UNDEFORMED AND DEFORMED BLADE CONFIGURATIOMS, AND THE ROTATING
UNIT VECTOR TRIADS.
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FIG, 2.2 SPATIAL ORIENTATION OF THE RUTOR BLADE REFEREMCE UNIT VECTOR
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(n3,c3) also shown in that figure. It is assumed that the angle 6(x,t) -- the
geometric pitchk angle of the blade -- is given as
n

‘1 M
Ok, = 8 + 0 () + ) (04 con 8 7+ 0, otn s «) (2.1)
11

vhere ec is the collective pitch &ngle -- a constant --, ept(x) is & prc-ﬁwiqt
;ngle that may be incorporated to ;he blade, and 61c~.“d 611. 1=1,2,...,n, are the
harmonic pitch components that msy be introduced by a control system. When the
blade is elastically undeformed he non-principal N4 and 53 cross section axes

are parallel to the rotating y and 2z axes, respectively.

Dnring che elastic deformations, point Ce ~- the elastic center of the
undeformed (but pitched) blade's cross section at location x=x shown in Tig. 2.1
-- moves from its location (x=x, y=0, 2z=0) tc i{ts new location C; whose
coordinates relative to the (x,¥,2) rotating axes are written respectively, as
Rx + Ru(x,T), Rv(x,T) and“Rw(x,r). Here u, v and w are the (;. ;, ?) components,
non-dimensionalized by the un@efotmed blade's length R, of the elastic displace~

N
ment vecter of the blade's ctosQ,gection elastic center. Clearly, 0 < x <1 isa

non-dimensional quantity. \\N

N
N\,

\
In genera;, each cross section of tne blade experiences the elastic displace-

rilents Ru(x, 14; Rv(x,T) and Rw(x,T) of its e gstic center C and a rotation about
* h ™, o

Ce. The orientation of the principal axes (&, n&gﬁ, through ¢ e’ of the blade's
~ross section at C may be described by three sucgéqsive Euler angle rotations.

x
A set of three-axes Euler angles is used here for this™ 9utpuse We begin this

process by aligning (E, n, C\ with (x, y. z) and then perfarming the three

successive rotations shown in Fig»2.3 The first rotation 9 QM T) about z brings

\'x

™,

*Due to warping of the cross section, the cunrdinate system (x, n, C) is 1in
reality a non-orthogonal system 1f 36/9x # 0 since, in this case, £ s not

coincident with x. However, this effect is qufte\iffij\[75 76] and, for

this reason, it will be neglected here.

10
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that unit vector triad to (El, "1' ‘1 ® 2). The second rotation Gy(x,T) about

A
the negative direction (a clockwise rotation) of the new position " of the
" A A A AA, A A
N unit vector brings (El, s Cl) to (£2, Ny = Nys ;2), A third roctation
A ” A A A

8,(x,T) about £, = £ brings this triad to the orientation (€ nq &y
Thus, the sequence (62, ey. 68) takes a non-principal triad from its inictial
orientation associated with the undeformed blade, and aligned with the rotating
(x,y,2) reference axes, to 1ts 'final'orientation associated with the elasticaily

) A A A
deformed blade. As indicated in Fig.2..,an additional rotation of the (£, n, §)

A A A
triad, which is still aligned with (£, UEY CJ) after the third Euler angle
A

rotation ex(x.r), by an amount equal to the pitch angle 8(x,T) about § will bring
the blade's cross section principal axes to cheir’?inai’orientation in space.

A A A A A A
The transformation matrix [T) between (x,y,z) and (£, n, ), defined as,

AR A AT R ANy

~ ) r )
A A
13 X
’
nf = (T {7 (2.2)
A A~
g z
L - ] —d
may be readily obtained with the aid of Fig.2.3. As found in [32, 33, 55] {its
components tij are given as
-'ce cf ]
8
y 2z cey sez 8 v
- - - 6. cb
[T] =]-c8, s6 - s6, 8 <6, B, cb, - 86, 86, 86, 88, cb (2.3)
1 - - - 8, c8
961 sez cel sey cez sel cez cel sey sez ch ¢ y

where sek and cek dencte, respectively, sinek and cosek (k=1,y,z), and 91 is given

as

12
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91 = 6(x,T) + Ox(x,r) (2,6?

The advantage of tncorﬁorating the pitch angle 8(x,T) in the way that is done
here is that 8(x,T) simply shows up in the equations as an additive term to the
third Euler angle ex(x,r), regardless of the fact that the blade is given a
known ''pre-twist' ﬁpt(x). or » general known pitch angle 8(x,t). This approach
was first introduced in (33) for pre~twisted blades.

With the position vector of the elastic center C:. relative to the hud

center 0, given as

;e 2R [((x+u) R+v ; + w 2] (2.5)

it follows that

or
3 - —?%i’ = (x + u)+ R+ v+ ? + w+ 2 (2.6)
* +
where () & 3 ()/or,

Equations (2.2) and (2.6) imply that

by, = B 8, = (x+ wr e+ o)t (2.7a)

t12 - cey 992 = vy =y x (2.7)

* The symbol 4 is used here to denote "equal by definition". The scalar
quantity r denotes arc length, non-dimensionalized by the blade's undeformed

length R, measured along the elastic axis.
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where ( )’ s 9( )/9x. Equations (2.7a-c) may e combined to yield the

following expression for x+ in terms of u, v' and w',

¥t [Q+u)2 4024 w'zl'l/z

Equation (2.8) will be used in the sequel to relate the partial derivatives
()t () andu', v, w'.

By letting dots denote partial derivative with respect to the non-
dimensional time T = qt, f.e. ( )* = 3( )/3T, the angular velocity @(x,T)
of the principal axis system (§,n,;) with respect to the-inertial frame

(X, Y, Z) is obtained directly fyom Figs. 2.1, 2.2 and 2.3 as

T - n[éz’z‘-éy'ﬁl+é1€1 +0 2
= ad + @, + c8)s0 + B cO 6, 1€
+9 (3, + cBreB cd - B c8) - (ch) 80, + 50 5B ¢8_)sBn
+9 (3, + cB)ed, cO + 8 s8) + (s6) 88, - c8, 8O 8 )sB]z
A

A A
49 [wg E + wn n + wC z)

By making use of Kirchhoff's kinetic analogy [72, Chap. 19], the components

i4

(2.7}

(2.8).

(2.9)

T e




z of the elastic axis curvature vector ﬁ(x,r) can be readily obtained

from equation (2.9) as

' Cg R Cn and C

- + A + A + 2
RC = (ez z - Gy n + 91 £)

A
- [eI + e: 0, 1% + [e: 86, b - e; celjﬁ

+ + A + ~ A A
-+ S + . 0
[6z ;) cﬁy + ey lGllc 4 x [pE E+ Py N p. ) (2.10)

1 4

Although a total of six dependent variables (u, v, w) and (92, 8 , Gx) have

y
been introduced, only four are needed. As seen from equations {(2.7a-c), the

angles By and Sz are related to the spatial derivatives u, v and w as
tan Sz ev'/(1 +u") (2.11a)
sin Gy = w'x+ -w [(1+ u')2 +v'2+ w'Z]-l/Z (2.11b)

The differential equaticns of motion to be developed here will involve
the elastic displacements u(x,Tt), v(x,T) and w(x,7), and the third Euler angle
ex(x,r). To obtain such equations, the extended form of Hamilton's
principle [77,78] will be used. For this, expressions for the variations of
the kinetic and strain energies of the motion are needed. Expressions for these

energies are developed next.

15
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CHAPTER III - KINETIC AND STRAIN ENERGIES OF THE MOTION

The position of an arbitrary point P on the cross section through C:, which
is located by the vector ;e given by equation (2.5), is shown in Fig. 3.1.
Due to warping, P experiences a small axial displacement given approximately as
- (Rw)(p£x+)g. where Y(n, ;) is the warp fungtion -- normalized by Rz -- obtained
by sclving Laplace's equation for the cross section (79, 80). In terms of non-
dimensional coordinates n and ; (along the n and { axes, respectively), the

position vector of P relative to the hub center 0 is then written as

A

- - ~ ~ +2
rP-re+R(nn+CC)-RWO£XQ
+u+ + e %
= R[(x + u nczl §c31 - WDEX tll b
+ (v+nt,, +ot., - Yp x+t )§ + (w+ne . +5t.. - Yp x+t )2] (3.1)
22 32 g7 "12 23 33 £ "13
The velocity of P relative to 0 is then
..-- - -[ 2 T ' l"
Vo drp/dt Q[(drP’dT)£,9,£ + 2 x rP] (3.2a

where (d;P/dr)§ 5.2 is the velocity of P as seen by an observer fixed to the rotat-
’ ’

ing reference frame (§,§.2).

Equation (3.2a) yields

16
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FIG. 3,1 PosiTion OF AN ARBITRARY POINT P ON THE BLADE’S CROSS SECTION
»
THROUGH C‘E , INCLUDING THE EFFECT OF WARPING,
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VP/(QR) ® [u=~-veB + "“21' :zzce) + c(:3l- :32cs)+ wpgx* elzqa -(Woex ‘11) 1%

+(v +(x + u)cB - veB + n(ézz + kB - t,498)

. + ° . ! )
+C(t32 + t31c8 - :33-8) + Woex*(:ljoe - cllcs) - (Woga '12) 15 . 3

41; + veB + n(E23 + czzoe) + C(;33 + :32-5)-w05:*t1238 -(wosx+t13)‘)€

Assuming that the velocity of the hub center 0 i{s constant, which is true i
for both cases of hover and of non-accelerated forward flight, the kinetic
energy of the motion of the blade {s then
1.3 ¢ - .=
TezR [ ffov +v dndgdx (3.3
x=0 A P P

whece o {s the blade's material density at point P and A is the undeformed blade's

cross gsection area, normalized by RZ. The mass per unit length of the blade, m, is

defined as the following area integral

mg R ff o dn dg (3.48)
A

and will be assumed to be a constant. This implies thatpo is not a function of
x, that 1s, p=p(n,g). It will also be assumed here that the blade's cross

section has material symmetry about the n axis, so that

[logdndg e ffoncdandg =0 (3.4b)
A A

18



and that the warp function Y(n,;) satisfies the following relatione

[lpyan dg = [foyndndz =0 (3.40)
A A

With the aforementioned assumptions, and defining the following cross section

integrals
med R% ff on dn 4z (3.50)
A
ng, 8 R2 ff p % an d¢ ; nf, 8 82 ff o n? dn d¢ (3.5b)
A A
ja 4 jn + jC (3.5¢)
the kinetic energy given by equation (3.3) may be written, after making use
of the expressions for the elements tij of the transformation matrix [T] given
by equation (2.3), as
2.3 oo 2, 2 2
T/(mYR”) = 1/2 [ {(d~veR)” + [V +(x + u)cB - wsB]® + (& + vsB)“}dx
0
} 2 2 2
+1/2 ,g (g wp + 3, @, + 3.0;) dx
]' - L d . L ]
+ g e{(u-veg) (t21- t,,e8) + (e + vsB) (t, .+ tzsz)
+{V 4+ (x + ueB - wsB] (t,, + t, cB - c2398)}dx ?
(3.6)

+ 17/ @a?R3)

e s

e
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The terms not shown explicitly in equation (3.6) are included in T.. The
expression for T' is given in the Appendix. The)quan:iticl e and ja (a=§&,n, %)
defined by equations {3.5s~c) are the blade's mass center offset from the elastic
axis, normalized by R, and its disiributed mass moments of inertia, normalized
by mRz.

To obtain the expression for the strain energy of the deformed blade, a
strain tensor, represented here by a matrix [c¢] with alements Eij' is Needed.
As a measure of th¢ deformation of the blade, the square of the distances
between two infinitesimslly close points on the blade, before and after the
deformation,is used [80,81]. The nonlinear strain-displacement relations for
the deformed blade are sought for the case of large displacements, and for this
the strain components Eij are formulated in terms of the increments dr, dn and
d; for the deformed configuration. The strain components are still assumed to
be small enough, however, so that Hooke's linear law relating the streeses

at any point P of the deformed blade's material to the strains at P is atill

applicable. The matrix [€] of strain components £ is thus determined as

13

dr
- 2R2[dr dn dg) (€] [dn (3.7a)

[

drP . drp - drPo . drpo

where, as obtained from equations (3.1) and {%.10),

it
[
”

PO P - R{(x - woe')ﬁ + (nyed - ¢ s8)%
usvey= = 0
X
+ (ngs8 + coce)é] (3.7b)
20
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In equation (3.7b), wo. o and Co denote, respectively, Y, N and  wvhen us vewve
Bx = 0. As discussed in (32), the difference between the quantities % and a

(ax = Y,n,;) for the blade's cross section is very small. In-plane croes section
distortion will be neglected here, and tho approximations No= M Co’ ¢ and 00. v

are adopted.

From equations (3.1) and (3.7b) 1t follows that

dTpg/R = (¥ - y8" x)dr - @' [(3/3n)dn + (/20)dC1IR

+[-8"(ne8 + £cB)dr + (c8)dn - (88)d2)y

+(8'(nc8 = zs8)dr + (s8)dn + (c8)dC]? (3.8)

- A
drP/R e [(x + u)+ x +v+§ + w+; - W(pgx+)+€]dr

A o + A A +
+(n - § Pgx 3W/n)dn + (¢ - € Pex’ /38)dg

R T

+, N A A A
+x" ok + o0+ 00 x (n N+c?- bog x E)dr (3.9a)

Making use of equations (2.1), (2.2) and (2.7a-c), and defining, for the sake

A A la) A
1 "X, X, =y and Xq

after performing the cross product indicated and noticing that (p£x+)+ - x+(pEx+)',

A
of compacteness, X = 2, equation (3.9a) may be written,

as

21




- 3
drp/R = i

+ RN +
Ly {[:11 + (cpn - "pc)‘xx“ - W(ocx ) t,,x*

., 4+ 4+

-(Z + Wch )pgx tay +(n+ wpnx )pax t,tldr

L., = t., CoxT 3W/3N)dn + (t,, - ¢t x w/3L)dg)k
21 = t11 Cg¥ n)dn 3 - %1q e {

Equations (3.7a), (3.8) and (3.9b) immediately yield the following sxpyessions

for the strain components eij'

2¢

R TR R R e Yy B LR (R R LR U Ry L (Rl

- 1L - u8™)2 + (n? + Bye' )t

2 2

1g = - G+ /) (o = 8x" + [(ng, = Go A/ - Yo logx”
+ logxttogeh ' - 8" @ 1"y auran

2¢€ 2

13 = (= 3/30) (pg = 8')x" (e, - 20 )3W/3C + Yo Jopx”
+ Lot (ogx™ " - 8" 8" 1x"w ap/ag

2. = [(osx+)2 - 8%y (ay/m?

22

2

23 = [oxh? = 8'%) (ay/an) Gu/30)

2633

[(pgx*>2 - 8'Yy (u/an?

22
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"(3.9b)

(3.10a} 3

(3.10b)

(3.19¢}
(3.10d

(3.10e}

(3.106)
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The strain energy, U, is given by

3
R
Ueg [If  loy) €}y + g €59%055€33 % 205 €15 + 013 €14 + 0py €53)1dn 4L dx

(blade)

where 0 are the stresses acting on the blade. For a linear and isotropic

13

elastic material, the stresses and the components eij of the strain tensor

at any point P of the blade are relatel by Hooke's law as

™
[ ]

11 = [0y = V(9 + 9550 1/E)

€20 = (9gp = V(O + T49) J/Ey

™
]

33 = (039 = V(O + 0, 1/E,

™M
[ ]

12 = (1 +V) 0),/Ey = 0,,/(26))

™
]

12 (1 + V) 013/5y - 013/(205)

m
]

23 (1 +vV) 023/5y - 023/(2Gs)

where Ey(x), v and G_(x) Ey/ (2(1 + v)] are, respectively, the Young modulus,

Poisson ratio and the shear modulug for the blade's material.
With the assumption that the blade's maximum cross section dimension 1is much

smaller than its length, the blade is approximated as a beam, and the normal

(3.11)

(3.12a)

(3.12b)

(3.12¢)

(3.12d)

(3.12e)

(3.12f)




stresses J,, and 033 are neglected. Under this assumption, equations (3.12a-c)

reduce to

€, onlEy : €19 3 €533 = V€, (3.13)

and the strain energy U, calculated from equations (3.11), (3.12d-f) and £3.13),

becomes

1
- R +2 +
V=3 [ e 41-x" +2(20_ ~ nopx" +(z0_ - np )%™ +(n? + ¢%) (02 - ' Hx*?
o A7 n 4 n 4 €

2 +.! ' " '
+ Y [(Dgx ) 2 + (pg + Dg)pzx‘*’2 -9 sz+2 + ZLD[G x"'2 - (p€x+) x+

2 43 + +.1 )2
+(coc + npn)oEx - (con - noc)x 2 (ogx ) ]j dn dg dx

oy

+ G
s
x=0 A

rof

(P - 8')2 [(c + /a2 + (n - aw/az;)sz+2

+ 200, - 8') {(r‘a - /3 [(npc - 20,039/ + wpn]x*’

-(g + 3y/an) [(noc - con)awan - WOCJR+3}} dn dg dx + u: (3.14)

. .
where the term Us is given in the Appendix.
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Asgsuming that the blade cross section is symmetric about the n axis, and

that the warping function ¥ is antisymmetiic, it follows that

[fedndc = [fondndg = ffen? andg = [f5® an ag = 0
A A A A

[[o ¢n dg = [favdndz = [fun® + ¢¥)dn dz =0
A _ A A
Non-dimensionalizing the Young and the shear moduli as

2, .. 2
E4E /(%) ;54 G /(%)

.,
and defining the following non-dfnensional cross section integrals,
\

&.‘.
",

bg & 6 JI1¢z + aw/am? + n - 3w/35)%1en dc

A
2 2
b, 4E[fc" an dg ; D, 4Effn” dn dg
A g 2B
1 4 ff m?+ chan az ; Adffande 5 aen ffndn &
A A A
B8 ff P +eHPanar B, 4 /] nn? + t2dn dg
A A
2 .
By 4 {gc n dn dg ; B, 4B, -8B,
2 ® '
cp & ff v dnaz ; c, 4 [z wdnag
A A
| 304 [ = 3/35) (b - € 3/3T) + (5 + 3/an)E BY/3nldn d
A

25

(3.15a)

(3.15b)

(3.15¢)

(3.16a)

(3.16b)

(3.16¢c)

(3.164)

(3.16e)

(3.161)

(3.16g)
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e & [] L(n - 3p/3gyn /3L + (5 + 3y/an) (Y = n d/an)] dn dg (3.16h)
A

the strain energy given by equation (3.14) may be written as

N
o

1 1
0/ @ = 3 ] (0 (o - 012 + 0 0% + . ol1x*? ax + § [ A« ax
0

1

+ira-h {mg(p: -0'% +p_p?

P [

2, 42 +
+ -
! nn Dcp;]x ZEAcApr }dx

1
‘1 1 2 ,'2,2 46 _ 2 _ '2, 43
+3 é {“ msl(pE 8 “)x Eszc(pE 8 “)Ix

2 3,43

+ : "2
n Pg ¥ BuPpx ~ +EC 8

) . L ' "
E(3B, p - zzclpn(pE - 8)} dx

1
, +3 * 2.3
+ /6l p. +J -9 + .
(j) Gy *+ 3c00) (g - 8)ppx’” dx + U /(mQ°R7) (3.17)
*
The term U , which includes most of the contribution due to warping, is given in the
Appendix ,

The quantities Dg’ Dn and D_ defined by equations (3.16a,b) are, respectively,

4
the torsional and flexural stiffnesses of the blade, normalized by mﬂzka, while
IE -~ defined by the first of equations (3.16c) -- is the polar moment of inertia
for the cross section (referred to its shear center C:) normalized by R“; A is the
blade's cross section area normalized by RZ, and e, is the cross section atea.
centroid offset from the shear center, normalized by R. It is yorth noticing
that the curvature components p€x+. pnx+ and pr+ appear directly in the expression
for the strain energy U. This is a direct consequence of defining U via the strain

components fcrmulated in terms of the increments dr, dn and df for the deformed

configuration.
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CHADPTER IV - ILTON'S PRINCIPLE AND THE DIFFERENTIAL

EQUATIONS OF MOTION, AND BOUNDARY CONDITILONS

In this report the extended form of Hamilton's principle (77,78] is used
to obtain the differential equations of motion for the blade, and their bopndary
conditiors. This principle mhy be expressed as

2 2.3
[ ©18(T) - 8(U) + Wldt A(mA“R7)SI = 0 (4.1)

B

where éW -~ which is not necessarily the variation of a function W, and hence the
the distinction from the notation used for 6(U) for example -- designates the
virtual work done by the external and damping forces. Here, SW is expressed in
terms of the virtual displacements c¢f the non-dimensional generalized coordinates
u,v,w and Ox as,

1 1

2.3
SW = mQ“R” { 8wy + é (Q Su+Q, v +Q Sw + Qex 58 )dx } (4.2)

x=0
The quantities Qu’ Qv and Qw are the distributed forces associated with the virtual
displacements RSu, RSv and Réw, respectively, normalized by mﬂzR, while Qe is the

X
distributed moment associated with the virtual rotation 5ex, normalized by mﬂsz.

The term GwB is included in.equation 4,2 to account for the cases where the
virtual work done by the distributed forces acting on the system is also dependent
on the variation of the spatial derivative of any of the variables u,v,w and Bx.

In such cases, an integration by parts in the expression for SW immediately yields

a GWB term, as in equations (6.15a,b) in Chapter VI.

27
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From equations (2.3) and (2.8) to (2.10) the following quantities, which
appear in the expressions for the variations of the kinetic and strain energies,

are obtained ’

o
3
o™
]

[(9z + cB)cGy - 8B s&y cez]68y - 88 cey sez 662 + 66x + .ey 66z (4.3a)

Sw_ = wQGG; - [(6z + cB)aey + tusB]sel sey - tzsz 66z - c6166y + tz3 66z (4.3b)

Sw, = - W, Gex -((3z + cB)sGy + tllsB]cel 69y - t3258 592 + 961 60y + tq, 692

(4.3¢c)
Spg =0, 6 80 + 86, + 6, se; (4.3d)
Sp, =0, 88, - 6 59, 96, 66 - c6, se; +c6 80 66, (4.3e)
S0, = - o, 88, - e; 56, cB) 89 + 6, 881 + cO 8 66) (4.3f)
6:21 -ty sex - ty, cez Sey -ty cez (4.3g) |
ty, = tqp 5ex -ty 86, Gey +ty 662 (4.3h) ?
6t23 = ta, aex - 501 sey sey (4.31)
xT6x e - (14 u6u' + o' + W e /T + u'2) 4 v’ 4 y'2)2 (4.31)

The virtual variatioans eey and 562 may be found directly from equations (2.11la,b) &8s
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50 = {= w! [(1+u')u' +viévl] | (1 + u')2 + «2]1/2 Sw'}/ {1 + uy e vl w'zl
y [(1+u)?+v?)/2
- (3, /3u")6u" + (38 /3v")8v' + (36 /%u")éu' (4.4a)
50, = [-v' 8u’ + (1 4 u)&v')/[1 + u)P + v'? (4.6b)
= (39_/3u")6u’ + (30 /3v')év' (4.4b)

From equations (4.1) to (4.4b), (3.6) and (3.17) che following differential
equations of motion are obtained after performing a few integrations by parts in

equation (4.1)

[ J ] (] *
{(Te + Ue )aey/au + (‘re + Ue )aez/au + Te(l +u) ¢+ hu} iy Gu (x,17)

y Y z z

(1 @uzl).. =2(w + etzz)'ce +(w + etZJ)sS ¢8 ~-(x +u + etZI)CZB - Qu (4.5a)
((Tg +Ug )08 /30" + (T +Ug )38 /3v' +T.v' + 1} 4 G, (x,T)

y y 2z z

=(v +et,,) " +2(utat, ) B - 2w +aty,) 8B -(v+oety) - Q (4.5b)
((Ty +Ug )38 /3w’ + T u'+p )4 G, (x,7)

y y

(w + eczs)" + 2(v + etzz)' sB +(x + u + e:21)58 cB =(w + et23)328 - Q, (4.5¢)
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where
+4 o) + (3 - 2D 0 oF + D eD/2 + E1A - 2D (0 - 8'D)/2
) PP RN g ; |
2 + 2 '2 + - - +2
- Eheyp (1 - D)/ (2x") + Eog - 8N By (o - 8 Dx' - 3P 1/2-BACL = kD)2

2 It - 9. x" (4.68)
- 35(333on or + B,‘pc)x /2 + 3G(ann + Jco§> (°E )pE

'I‘ey - (jcwgsel - jnwncel) - jswi[(ez + .cB)cey - sB seycez]

+(Jn“’n ,sel + jcmccel) [(6z + cB)sey + s8 cey cez]
-e E; -(2\.1 - wsB +(x + u)cB)cB]ce ch +Er' + 2u cB8- 21:7 sB - \Z]se ¢t
zZy z Yy
+ Ew. + (Zv -wsB+ (x +u) cB)sBJsGy sel (4.6b)

Tez - [ngs Sey + (jnwnsel + jcwccel)cey] + [nggceysez + ann(celcez-selseysez)

- jcwc(selcﬁz + celseysez)]sﬁ -e E: - (2\./ -wsB+ (x+ u)cB)cé] tyo

- E: + 20 cB - 2w sB - ‘]‘21} (4.6¢)
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Te - (jn - jc)mnmc - ‘15&5 - .{E; - (Z:r - w 3f +(x + u)cB) CBJtn

+ Ev. +20cB - 2w 8B - \jtn + ['w' +(2:r -wssB+ (x+ u)cB) sB]cel

CG} (4.6d)
v

, +2 2 _g'2y %2, | + " 42
uey '{DE“’E -8') + DEEl - x )215/2 + EB, (0 8 Hx /2 Eﬁzpcx] + <Eclpn)/x

+2

'+
20. - 8
+ C(ann + JCD;) ( Pe )x}x 3

' + 2 2. +3 .
{ [EA(J. - x )e x + EB (pa 2)x 3 + 35(339n + B“p;)x ]cd

1

5 <8 _i(g-xﬂ) (D_p.sB, + D, p_cd )x+26'se
z Yy ntncol o gtgL z 0y

+3 ! !
- - - e » B
+ [:u”.ng',‘pC X "+ EC ( e 8 )]se G(J se + .IC cB )pg(p, )e } . 3 y

1 +2 ) .

+[7 [(3-): ) (°n°n°°1 C * 1) + EB (pE 5 )x s8, 3E(BJD
1 +2 + +3 - % ! _ "

+3 BA(lL - x )oAx 061 - 3533 pnpcx cel t:(:l(pE ) )cal

'
*+G(J cB, =1J 80,0, - 8 ) x*3
n %1 7 Y e x

k)

+ B“ c)x s&]

(4.6e)

+2

T




T

U

, E +2 E 2 _ 402
Uex '_{'—‘)E(pﬁ-e)+515, (1 - x )054'231(05 8 )pr:x

)

4

'\ L E +2 E ST N + N, 42
. - { Dg(pg -8 ) + '5 IE(I - X )DE + E' 31’(95 -8 )pgx Enzpcpex + (Eclpn)/x
+2

1y + 1 +2 ) +2 0 :
+ G(Jn"n + JCpC) (sz -0 )x]x aey + Z(J-x ) (ann 361 + Dcpccel)x cd,

1 2, + 2 02, 43 2 2+§]
-3 [}A(l-x )eAx + EBz(pE 6 %)x +3E(83pn + Bépc)x cel cey

L]
+3 LI _a" Y +3 8
- [§533 pnocx + Ecl(pg ] Elsel cey + G(Jn 991 + JC cel)ps(pi )x e y

s - H _ (4.6£)
z

+2 + * +2
- EBZOCDER + (EClpn)'/x ‘

£ +2 1., . H
-98' - (EC,8'")'} + 5(3-x 7)) (
+ G(ann + Jcpc) (295 8 )x:]x (EC, 8. ):} 2

")

D= Dp)epPrX
+ 2 2. 43 2 2, +3

+ %'[EA(l-x+2)eAx + BB (pp - 8" )x"" + BBy + B o)X oy

+3 *1_,, + CUJ - _'.,.3
-[EEB3 PnPX + ECI(DE 8 ):]pC ( nPe Jcpn)og(og 8')x

(4.68)

The second term, EIE(l - x+2) pE/Z, that appears in the expression for

UG is a tension-torsion coupling term that reflects the increase in the effec-
X

tive torsional stiffness of the blade due to axial tension, e.g. [45,75]. This
is discussed further in Chapter VII.
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The term TelxM. given by equation (4.6s), is the coefficient of -x+6x+ that
appear in the variation of (U-U.)/(uﬂzaz’) given by equation (3.17). The terms
hu, hv. h, and he that appear in the left hand oido of equations (4.5 a-d) denote
the small contrib:tiono due to (T"- U.)/(mﬂzna)- The terms in equation (4.1) that were

integrated by parts yield the following boundary condition equation

* 't epr®™ ' ' '
E:u Su + Gv Sv + Gw Sw + Hx 68x + E(CIB"; - Clpn)“x Eclpm(soy)ﬂz + az((aoz/au Yéu

1
+ (862/3v')6v']- By[(BGylau')Gu' +* (86y/3v')6v' + (36y/3w')6vj- GWB} =0

x =0
(4.7)
where,
n - [?E(pa -9 + 2 EL (1 - x"'z)og +3 znl(og - 9'2)05x+2 - sszpcosi*
+ G(ann + Jcpc) (2;::5n - 8')xi}x+2 +(t~:c; Py = Ecle,‘(')' (4.8a)

and

.1 _ 2 - 1 2 _ a2, ¢+ 2 2 2
Ry [2 (3-x7) (ann cel DCDC sel) + 3 El!z(pe 8')x se1 + 3 E(B3pn + B,‘pc

+ +| +2
- T - - '
3EBBpnp: X cel + G(un cel JC sel)ps (QE ) )x]x

+2

1 + * .
+ = - \ - ! - i - ! .
3 EA(L = x Tle,x sel ECl[(DE 8")c8; - 0,8, cey] (4.8b)
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CHAPTER V - EQUATIONS OF MOTION WITH O(QE) NON-LINEARITIES

Equaticns (4.5a-d) are a set of four nonalin;ar coupled partial differential
equations satisfying the boundary conditions extracted from equation (4.6). In
general, they admit non-rzero particular eolutions which are either an equilibrium
state 0 = constant Q a.e (a = u.v,w.ex) for the case of hover, or an steady state
solution for the case of forward flight. Of special interest is the determination
of these particular solutions, and the analysis of the stability of the perturbed
motiorn about them. Due to the complexity of equations (4.5a-d), they will now be
restricted to '"moderately large'" deflections. Toward this end, the non-linearities
in those equations are expanded in Taylor series and the results truncated to a
certain degree in order to obtain a set of approximate differential equations that
are more amenable to aualysis. It is well known that the resulting equations, with
polynomial non-linearities, still rectain relevant information about the motion.

Here the expansions will be carried to include terms up to third degree.

To expand equations (4.5a-d) into third degree polynomial non-linearitics a small
parameter €, of the order of the bending deflections, is introduced and an order of
magni tude En(n = 0,1,2,...) 1is assigned to the variables and parameters of the system,
e.g. [32,42,52,62). For example, the blade's geometric pitch angle is taken to be
of 0(1), but its space and time varying components [see equation (2.1)] are assumed
to be small so that ept(x) = 0(e), eic,- 0(e) and 619 = 0(e). The assumed order of

»
magnitude of the quantities that appear in equations (4.5a-d) are as follows

Order €0:

xv eC' Dnr DE; DC' EIE

* The order of magnitude of the quantities indicated after a semi-colon follow as a
consequence of the assumption for the order of magnitude of the appropriate
0(1), 0(e) and 0(e?) quantities indicated before a semi-colon.
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Order €:

v, W, Bx, 6

Order 52:

u, Vs 55' b

In addiction, EA

From equations (2.1lla,b) and (4.4a,b) the following expansions are obtained

TP TR KT Ty e T - o e

, 9

pt' i¢’ o

. ]
s’ sinB, n, §, e; L EBZ. 883, Ela. EC,, GJn. GJC

n 3¢ EB,, EC,|

- 0(e”%)

for Sy, Gz and their partial derivatives with respect to the elastic displacements,

8. = w'(l
y = v

Gz = v'(1

Q

[e]
™

~

Q

[+
[ ]
$

Also, from equa

- - vy - w4 o)
-y - v'3/3 4+ 0eEd)

W'+ 0(ed)

viu' + 0"

’2

-u' - v'2/2 -w' + 0(86)

v' + 0(63)

i~-u - v'2 + O(Ea)

tions (2.8), (4.6a) and (2.1) it follows that
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(5.1d)

(5.1e)

(5.1f)
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el -u - vl ewdyy2+o0eEh (5.1h)
2 02 02 02 2 2
%au-x*z)-muw{ ¥ e s e o+ Y 1)+ 0% (5.11)

. V'z 9'2 \.l'z ‘ o V'z w'2 2 " . .2
T,*BAdu' + 5 + 3 + 35 =6+ 5 + 3 ) -effvid-u-y

BT
) - V' u"]Cel + [w"(l - u - —'\— w' )., v (u" + V V")].O

2
- 6(u' + % + %’ ) (v e+ w'" 88) :} \\\?'2 + E-I 8'(9' +20")

- %[én(v" ch - w' 8 C +D (v" c6 + w" 36 ) :T\\O(e ) (5.14)

n\\)

After expanding the remaining terms in equations (4.6 a-g),\gnd noticing that
AN *
the terms hu. hv' hw and he in equations (4.5 a-d) due to the T anqd U
X Y
contributions to the kinetic and strain energies are ¢f higher order -:\gs can be

AN
readily verified from equations A.l, A.2 and A.3 in the Appendix--the f011§¥1ng

*
differential equations with polynomisl non-linearities are obtalned N

i ]
o' - ] " - 't " " - ot v w s,
Gl v IDH(V .ec w cec)eec + DC (v cec +w sec)cec EAeA(u + 3 + > Ye QJ

'
(] " - (1 " 1! .! !.”.
w'[}n(v' .ec -w cec)cec DC(V ch-¥ v sec)aec + EAeA(u + > + 5 )56;]

]
' ' 2 ‘,’ - o _ .o .e '
xe (v cec +w -ec)c B+ Te(l‘+ u Z} u e(v c8c + W sec)

2(6 - oél uec)cB + (w+e sBc)sB cf - [} +u - e(v' cSc + W' seci]czﬁ

q, + 0 ' (5.2a)

* Although sin8 and cosB are related as cosze + sin28 = 1, the 0(1) quantity
cogB is left in the equations as c8 for simplicicy.
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JE('9'1+&' eB) + (3,-9,) [(25'“6)»91 cel-&' czec]ce-.{(v'.el-w'cel)(zhx cB)cB

~(W + 2v 88 + x 8B cB)c91+ (.v. - 2w s8 - v+2u cB)ael} -{DE[; » v !

02 2

S
0 2u 4 viaw ]+ BILer (u+ L 4+ ¥ ) L EB O (v' O +w"sB )
X £°1 2 2 21 c ¢

+(v" 38, - w' c8,) [(Dn - DC) (v" ch, + w' 301) + EAeA(u' + 5 + % )]
. » 2 o
+ (EC,00'" = [EC](v''s®) - w'' cB)1" - EC) O1'(v''c8 - w'" 88)

'
4
- A U " - " ' 4 -
{( < 61) GJn(v sGG w cec) + GJC(V' c8C+ w' sec)]} Qex +0 (e)

In equations (5.13)) and 5.2 b-d) the expansions for sinel and cosel,

truncated to the appropriate order, should be used. With 61 expressed as

n
( = ~
B (x,T) 28, +8 (x, 0+ 6 (x)+] (§ ctlr+8, slD8 8 + 6, ,(x,1) (5.3

i=]
these expansions are
1g? g9 -1 4 5.0
sel - sec + 911 cec -3 611 sec 3 911 cec + 0(e) ( )
142 3 5.4b
cSl - LBC - 811 sec 3 911 c@c + 0(e™) ( )
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Equations (5.2 a-d) may be reduced to a set of three integro partial 4
differential equations in v, w and Ox. with cubic non-linearities in these
variables. For a rotor bilade with the end x = 1 free, equation (5.2 a) may

be integrated with Gu(x « ], T*1) = 0 to yield an expression for u' in terms

of the remaining variables. To obtain such expression, the integrated form

of equation (5.2 a) is first written as

T - D " e - " L ] - L} ? 1 2 '
e | n(v 80 - W cec)] (w ceC v sec) + x(v cec +w gec)e c’B j
]
+ (v' B ' ' V'z W'z -~ D (v' c6 + w' s8)
(v' ¢ o + w Bec) EAeA(u + 3 4 —2- ) 4 c e

+ ;{3 -[2\? -wsB + (x + u)cB]CB
1

- e[(‘.v.' -v' cZB)cec + (:4.' - 2é1c8 - 88 cB - w' CZB)BGC] dx

X '
(=) [, dx - £ a-xhe?s + o)
1 .

(5.5)

Equating the right hand side of equations (5.13j) and (5.5) to each other, and
multiplying the resulting equation by [1 + 6(u' + v'2/2 + w‘2/2) -u'/2 + (v'2 + w'z)/él,
the following expression for EA(u' + v'2/2 + w'2/2), which 1is needed to 0(82) in

equations (5.2 b,c), results when Qu- o(g)
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B+ 3+ § ) oo v s, - um 8] o - v' e0)

-[Dc(v" c&c + w" aec)]%v' cec + ' oec) + ne(v’ cec + ' -ec)cze
+D

' 2 -1 ' (at ' 1 " - 2 " 2]
0L - 3 EL8L (8L + 20)+ 1 [Dn(v 88, - w" 8)% + D (v 8 +w" sec)zJ

x
+ f{u - [26 -waeB+ (x +u)c8]c6 - o[(i?' -v' cza)cec
1 :

+ (@' - 28] B - 8B cB - v’ CZB)sSJ}dx - E“A{[% U Tk w'z)]v" 6,

X ' 2 12
- R s '2)2-.{qu tx + (Bhey)' (v' e, +w' s3)w' + ¥4 ¥
1, .2 i ow? 3 1.2, 0,272 3
rpasd e s § et - e peteed]d voed 6

The remaining u~-terms in equations (5.2 b,c) are needed to 0(53) at moat, while
only an 0(52) expansion for u is needed to eliminate u and its derivatives in the

right hand side of equation (5.6). To 0(53). equation (5.6) may be solved for u' as

X

2 . "
o' e e (v e w89y -3 (v i wd) e kDt - { (2% 8 + qax] + 0(c")

3.7

Or, with the boundary condition u(x = 0, v = tv) = 0, and making use of equations

(5,4a,b),
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Eaiet

- (X " " - " - w" - '2 lz
u é[eA(v c9c+w sec) eAen(v sec W cec) (v'® + w'")/2)dx

X X '
s Lo - aDe¥s - [ (20 o8 + qdxldx + 0(eY (5.8)
0 1

When equations (5.7) and (5.8) are used in the right hand side of equation (5.6),

the expression for EA(u' + v'2/2 + w'2/2) becomes

-‘-’- .‘! - ¢ - Al ," ' - '
EA(u' + >t 3 ) [an" sec w cec)](w cec A Bec) 4 |

-[o o ca +wm se)]'(v O+ u 99) 4 xetw' 8 +u' 88 )c’8 + D8y’

- —1- ' ' [} _1_ U] - " 2 " 0" 2
EI Gx (Sx + 20') + [Dn(v ec w ch) + DC(V ch + W sec) J

2 g 2

X
- { {(26 - w B +x cB)cB + (e-e,) [(;;' -v' czﬁ)cec @ - cze)sec]

X X 2 ;
- e(zé1 + sB)cB s6 }dx -1/ {(v- vorw w4 %.[Ll_:_x_) 28 - yr?
c 1 0 EA

- w,chzB}dx e +a-h) wlewdels - g 07 s eyl

3, 2 .2 " " 9 .22 4
+Z(3c8-l)(1 x)eA(v c6C+w sec)+BEA(1 xY° ¢'B

T e

2 2 X
1" 02 _“1' ' (] 2 y_' '
+ EAeA{E: (v'“ + 5 Y + v w'ow ch + (W' 4+ 5 Yw' sec - {Qu dx

1 " l 2 " " 2 3
+ EAeA(v' cel + w 991) -3 EAeA(v cec +w ch) + o(e”)
(5.9)
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The integro partial differential equations in v, w and °x with non-linearities
to 0(83) are obtained when u and its derivatives in equations (5.2b,d) are re-
placed by the expressions given by equations (5.7), (5.8) and (5.9). The re-
sylting equations are written here as equations (5.10) to (5.12) for the special

simpler case of constant stiffnesses and e = e, " 0.

'm - g" - 2 2 " ' - zm 0 2 02
Gv [(Dn DC) 3 0291 (DT\ s Ol + DC ¢ Gl)v] + (Dn DC){Z (v'®+w'’)
2

i \
8 [ -3 a- xz)w':]}sec 8, - O szec +D, czec) {% (v'? 4 wrdyn
23 3 2 ! ; Vo o *
[V -3 (1 - x )v*] -dw [Dﬁ(ex + v'w') + ECl(v ch -w cec)]

2

n

+

i

+
(g}

7

rjm

L} \J - " " (1] 2
E;e' (6 +208') + 3B (v sec w cec) + SBé(v cec +w sec) ]ce

1" - " " " - *oar "oty
3!-‘.33(\: sec w cec) (v cec +w sec)sec ECl(9x+v w')' 88

+

! X
G(Jn sec + JC cec)e;‘ (9,'c + 9')} - v {{ [(ZV - wsB + x c8)cB

'8 -’E d +jxf (v v o+ ) -2 w? e delslax ax
‘zﬁ'"'s Q X vi v w J 3

+

2 2 . .o
(1 - x%) s-;.-g [v'z +w?o - xz) EET\_B-]} + jn(v 88, - w c8 )" 8

-+

'
JL'(V cec +w sGC)' cec + (jn-jc) (29l + 8B8) c8 sec c‘:é)(lj

J

X
[ @YV 8+ Qu)dﬂdx - g + oY

X
-.v.ov-Zv:rsB-Z(cB) f Er' v'o+w'w 4
1

0

el
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' - - v - 2 2 " - "
Gw [(Dn DC) 2 0291 (Dn c 61 + DC s el)w] + (Dn Dﬁ) {v' w' w

" , ! 2 '
*‘[iz" (V,z +w02)+ v' w' wn] ,.__;_KQ v __g_ (1 - xz)v"]} .ec t.:ec

2

. J 2 L !
- . Z ' Tyt o 2 2 c 8 - _3_ 2. n
(Dn s 8c+DCc Gc)w (v'v") (Dnc 9c+Dcoec) B |w 2 (1 - x")w '

L} L UAW) (1] ] " 1] * '"l e 1" 9)
+ w(w' w") +»v[DE(8x+v w)+EC1(v .c-w ed,

E 1 ] L} - L} 2 " "
+[E [826"‘ (9"‘ + 28') + JBJ(V' .ec w! ch) + JB“(v cec +w sec)zj'ec

"
1" - (1] 1" " - [} " L} v
3583(v ch w cec) (v cec +w sec)cec ECl(Gx + v'w') cel

'
X
+ G(Jn cec - J«'. sec)e;( (8}" + 9')} -'w'{{ EZ\.! - 1w sR + x cB)eB
4 3 X X .
+EE x- %)+ Qu]dx A GRIETUD O w'z)CZB]dx dx
10 -

2, 8.2, .2 2, %8 . .
-(l-x)a v'+w'-(1—x)ﬁ'- -jn(vsec-dcﬂc)'cec
+ jc(ii c9c +w sec)' sec < (jn - jc)e1 cZSC cB - _15(61 + 88 +w' cB)cB

'
+(3, 870 + 3, c20) (u' B+ sB)cB } =i+ (2V - w sB)s8
i c < ¢
X 2 k)
+[x -3 g w2+ wdyax + %a'% (x - & )}36 8 - q, + 0(c*)
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55(61 +w' cB) + (e = 3 [(G' + §§-> 228, - w' czec]cs

|}
2
-{)E[;*-v"w -9(1-x)—-§]+EIS(1-x) - EBG'(V cG + w'' 0 )}

2EA
+ (0, - D) (v" 88, = " c8,) (v" c8;, +v" 46,) + EC, 0" - EC;[(V" o8, - w' e8,)"

Lyl ) - ' - u'
+ ex(v c6c+w .ec)] {(@;‘*-Gi) GJn(v' 'ec 1Y cac)

'
+ GJC(V" cec + W .ec)J} - Qex + O(f&) (5.12)
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CHAPTER VI - GENERALIZED AERODYNAMIC FORCES EXPANDED TO 0153) NON-LINEARITIES

The velocity ;e of a point on the blade's elastic axis, relative to the hudb

center 0, may be obtained directly from equation (3.2b) in Chapter III as
V" WR{U(r- veBR+ [V+ (x+u)cB-waBly+ (W+vsB)z ) (6.1)

The rotation of the blade, with angular velocirty 2 (see Fig.2.2 in Chapter II),
induces a '"downwash'" air inflow with velocity - kaiz - - kai(ﬁ 8B + £ cB). It

should be noted that in the notation used here 2 denotes the magnitude of the

induced inflow, normalized by QR. If Vf denotes the magnitude of the constant
forward velocity of the hub center, O, normalized by QR, the velocity ;e/a of
the blade's elastic axis relative to the air is written in terms of the advance

ratio U 4 Vf cos a_ = 0(1) and inflow ratio A 4 V. sin a + v, ® 0(e) as [6,9,28)

f

Ve/a -V, + QRVf(Xcar + Zsar) + QRVIZ

- ;e + R{U[(R cB - 2 sB)et -~ §Fs8T] + X (R 8B + 2 cB)} (6.2)

Making use of equations (2.2) and (2.3) in Chapter II, equation (6.2) may

be expressed as

ve/a ~ QR(URE + U,rn + UP;) (6.3.1)
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where
- - _ ' -
UR a - v cB + UcBert + )88
Up | = [(T1| Vv + (x+u)eB-wsB = y ot (6:3.2)
Up w + veB-usB et + AcB

The aerodynamic forces and moments will be modelled using Greenberg's
Fxtension of Theodorsen's theory in which only the UT and UP compone~ts of the
velscity ;e/a are assumed to effect the aerodynamic loading [17-19,34,46,52,56].
According to this theory, the 1lift L and aserodynamic wmoment ﬁa per unit length

along the blade, exﬁressed in the (£,n,%) unit vector triad, may be written for

quasi-steady aerodynamics as
- 2 ~ o) ~
L= (m2"R) (Lo(5 ca + 1 sa) + Ly ) (6.4)
- 2.2, ¢
M= (@Q"RVIM,E (6.5)
®
where the non-dimensional quantities LC’ LNC and MA are given by [56]

[
L, = -g- U-Up + G - xp)wg] (6.6a)

* A more general expression for the generalized aerodynamic forces in hover may be
obtained by allowing the aerodynamic coefficients to be a function of angle of
attack (82,83]. As shown in [83], this procedure yields a refined expression for
c¢alculating the steady induced inflow wvelocity in hover.
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e = o sty e € - ndy

, 2
\ CE . w0 + S -
UwE - K(g xA)UP + 51 ex

2 A

" .....I £- 2.
LA 3 { X\ UUP + (“ XA + ZRA)WE]

As illustrated in Fig. 6.1 the circulatory lift component mﬂzRLC acts in the
direction normal to the velocity QRU, where

2 2,1/2

Ue (UT + Up)

The angle a is the angle of attack for the airfoil, while c and X\

respectively, the airfoil chord and its aerodynamic center offset from the

are,

*
shear center Cé, both normalized by R. These quantities are shown in Fig.
6.1. The non-dimensional parameter Y that appears in equations (6.6 a-c) 1is

the Lock number for the flow, defined as

. 2
Y = bnpAR ¢/m

and DA is the air density. The distributed aerodynamic drag acting on the blade

1s also shown in Figure 6.1 and is written in terms of the airfoil profile drag

coefficient ch as

€40
2n

a4 @2®R) D (T sa - n ca)

As can be seen from Fig. 6.1, sin a and cos o may be expressed as

so = - UP/U s caw UT/U

48

D, = %pA Ree g @RU)? (¢ sa - N ca) = (mﬂzR) g- 2 v ea -n e

(6.6b)

(§.6c)

(6.7)

(6.8)

(6.9)

(6.10)
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FIG. 6.1 DIRECTION OF THE AERODYNAMIC FORCES ACTING ON THE AIRFOIL.
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Combining equations (6.4), (6.9) and (6.10) the resultant, EA’ of the

distributed aerodynamic forces acting on the blade is determined ae

iA/(mnzn) = (Lg 83 = D ca)n + (Lyg + L €a + D sa)C

AF n+P. ¢
SFp N E
where
Y 2 _ 40
Foeg (Up = (G = x)Upwe = 3= VU]
Y c c ! c.c . €40
- - ] L. w, =<0 4+ 5E- - =22 gy
Fomg [ Uply + G- x)Ugup = 2l #+ ARE RS LY

The virtual work doune by FA during a virtual displacement R(X Su + § Sv + 2 Sw)

is then

1

(6W) - e mRY
0

N + r . x Su + v Sv + ; Sw)dx
due to F, (an FLC) (x Su +y Sw)

- (mﬂ2R3) {: (Lu5u + Lvév + Lw6w)dx

where, according to equations (2.2) and (2.3) in Chapter II,

Lu - t21 Fn + t31 FC
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"€6.11)

(6.12a)

(6.12h)

(6.13)

(6.14a)
(6.14b)

(6.14c)
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With the virtual rotatior about the § - axis of the airfoil obtained directly

from either equetion (2.9) or (2.10) as [69x + (.ey) Gez]E, the virtual work ]

associated with the serodynamic moment ﬁ. is

) 4. to A" (ma?r?) gl M, (80, + [(38,/3u")6u’ + (38, /2v')év' 10 }dx
C1
. ‘““zka’{l6"a '<+ g (M0 - (HA(aﬁz/au’)nGy]'Gu-[MA(QOz/av')ley]'6\&43:}
° (6.158)
where, upon substitution of .ey by w' x‘.
SW, = M, [(38_/3u")6u + (38 /3v')6viu'x" (6.15b)

The SWB term given by equation (6.15b) {8 included in the boundary condition
equation for the system [equation (4.7) in Chapter IV].
Equations (6.13) and (6.15a) yield the following non-dimensional general-

ized forces due to the aerodynamic loading

Q) ere ® Ly - [M,(30,/3u")u'x"] (6.168)
Q) gare = Ly - [M,028 /3v)u'x’]’ (6.16b)
Q) er0 ™ Ly (6.16¢)
(Qex)aero - M, (6.16d)
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If there are no other forces acting on the blade, such as damping for example,

Q = (QK)aero (K= u.V.W.ex)-

To expand the generalized serodynamic forces into polynomial non-linearities,
the angle of attack, a, of the ai:foll is assumed to be small so that "P = 0(c).
With UT = 0(1), equations (6.12 a,b), (6.14 a-c) and (2.3) indicate that the

expansion for UP i3 needed to 0(63) and the expansion for U,r to 0(62). We then

express UP and U, as

T

U, » U, + U.. + U.. + 04 (6.17a)
p " Upy * Upy * Up,y |
U Uo + Uns + " + 0(e) (6.17b)
™ Uro * U1 * U2

where UPi and UTi denote the order ai (4 = 0,1,2...) term in the expansions

for UP and UT’ respectively. With
Y/6 = 0(1)

c = 0(e) X, = 0(e)

eyl (2T = 0(e?)

and we = 61 +w' cB + 8 + w'e' + 0(53), as given by equations (2.9) and (5.1a,b),

the following expansions are obtained from equations (6.12 a,b) for Fn and FC

4)
- F + + .

4
Fc = Fcl + FCZ + FC3 + 0(e) (6.18b)
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R

.where
40 2 2 ,
Frz = (Y/s){UPl 77 Upg 1= 0(%) (6.18¢)
c
Fag = (1/6) (20 Upy = G = x) Upy (B + v B+ 08) - D upu )=o) (5.180)
751 = = (v/6) Upy Uy = 0(e) ] (6.}80)
Fp = = (1/6) [Upy Uny + Upy Upo = (5= x) (B +w' cB+aB)u o+ S0, 1 =0c?)
g2 P1 Tl P2 "TO 2 A 1 TO 4
(6.18f)

C ] i a0

FCS = - (y/6) (UPl UTZ + UP2 uTl + UP3 UTO - (E--xA) [(é1 + w' cB + sB)UTl + w'v UTOI

0. - && o do - 3
+ 70y = TG - I+ cB) + g Upg Upy) = 0(e)  (6.188)

tlaking use of the expansions for sinB1 and cose1 given by equations (5.4 a,b),

the following expanded forms for the generalized aerodynamic forces are then

obtained from equations (6.16 a-d), (6.14 a-c) and (6.6 c)

- ' -
(Qu)aero (v sGC w cec) F

3
g t 0 ) (6.19a)

(Qv)aero - Fcl sec + {(FnZ - 811 FCl)cec - FCZ 8ec}

1 v' 4
F - = - 0 Q
1 T2 "7 0 Fa Y Py Fppdsd )+ oD

<+

(Y/6)x Al¥'UpUp 1+ o(et) (6.19b)

53

3
3
;
3
3
:
i



(ov)um - Fcl cec + ((Fnz - 911 Fu)-ec+rcz ch}

2
212 w'
+ ((Fn3 -8, ¢ )ue + (le n2 " 2 811 FC1-+ FC3- 3 Pcl)cec}
4
+0(e”) (6.19¢)
(Qe Jaaro = = & Uy (UrgUpy + Upgly, + UpgUpy) + (§ - %)@ 4w B + BV,

- 05 - x)U,, ) + 0 (6.194)

To complete the formulation of the generalizad aerodynamic forces, only the
closed form expressions for the terms UPi and UTi ({ = 0,1,2,...), as defined by
equations (.17 a,b), remain to be determined. Making use of equations (2.3),

(5.1 a,b) and (5.3), the following approximate expressions ave obtained for UT

4
and Up

Up = (v' cBl + ' sel) (v ~pet)eB 4+ (v+ucB-w SS)CB1

2
+ (x cB - pst) [(1 - %' )cG1 - v' W sel} + {w+(v - 4 ecT)sB + A cB]sGl

(6.20a)

2

Up 5 (0+ X sB-vcB) (v s8 - w' 8 +uler ) (v - - 7 )88,

2
-w'(l - u' - v'2 - % )Cell - (uecB - w sB)sGl

2
. V' 1
- (v-ust+xch) [(1 -3 )sel +v' w' cGl] + v 8B cel
. w'z
+ (w-uer s +XcB) (1 - 7 )cel (6.20b)
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With se1 and cel expressed as in equations (5.4 a,b), and with UP when

uUusysys 611 = 0 being an 0(c) quantity, the following expressions for

UTi and UPi (L =0,1,...) ave obtained from equations (6.20 a,b)
UTO - (g c8 -y st)cec | (6.21?)

- - ' ' > - - .
UTI (v cec +w sec)u ctcB + v c6c (xcB -y 31)911 .ec

IR PR .

+ (v - Uect 88 + A cB)sec

(6.21b)

By -

o | ¢ L} - ’ -
UTZ (v cec + w sec)v cB + (v sec w cec)ell UectcB + (ucB -w aﬁ)cﬁc

+ (vsB-v 611)39c = (xcB ~ U s8T) (%'2 cec +v' w sec + % eil cec)
+@-uctel + AcBE, 8 (6.21c)

UPl = [(AcB - ueT sB)cec ~(xcB =~y sr)sec] - (xcB =y sr)e11 cec |
+(v' 88 - w' B )ucT B - v s, + w cd (6.21d)

e r s Aibesae

Upz = (w' cec -v' sec)v cB + 911 (v' cﬁc + w' sec)u cTeB -~ (Uuch - w sB)sec
2
1 e2

-y - v' -y ! Py a
v 611 cec + (x cB U sT) [2 sec vl w cec + 7 811 sec] + v sd cec

- (w=- et sB + A cB)e11 sec (6.21e)
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- (& + A sB) (v!' s@c - w' cec) - 911 (v' cec + w' sec)v cB

2
- (et o8) (% 62 Y

- (uecB - w 58)8ll cec + v1-§(911 +v' )89C - v cecl

2
1,2 v' .
+ - U s = vy 1ot -
(x cB - u s7) [(6 911 + > )ch + v w sec]ell 911

I A 2 2
5 (@ = U ct 8B + A cB) (9ll + w )ch
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CHAPTER VII - CONCLUDING REMARKS

A case of particular interest, for which the equations of motion reduce
to a simpler form, is that of an inextensional blade. For this case no EA
terms appear in the differential equations of motion as the blade behaves as
infinitelly stiff teo ;xial extension. The equations of motion for this case
may be obtained by taking the limit EA + @ {n equations (5.2b - d), with u
obtained from equation (5.8) in order to recover the 0(83) inextensionality
constraint (55]. It should be noted that the spatial independent variable for
this case is now the arc-length r(0 < r < 1) along the blade's neutral axis.

A question that naturally arises is '"what line along the blade's span is
the inextensional line.” It can be shown with the aid of equations (5.7) and
(3.9b) that in the limit as EA + = the line that connects the area centroid

of each cross section (point Ca(ﬁ =0, n=e¢e { = 0) shown in Fig. 6.1) along

A'
the blade's span is the inextensional line. According to equations (3.9b) and
(2.7a - c), if the line of area centroids is inextensional, the following

condition has to be satisfied when warping is neglected, for simpliciey,

~ 2 + 2 + D)
— = 3 - ) . - - &
iéx a' ((1/x EApg)tll + eApgc3l] + [ (1/x eApC) o * eApgtBZJ
: + 2 + 2 2
+ - - - -
[(1/x eADC)c13 + eAp£t33] = (1/x eApc) + (eApg) 1

or

2 2 2 2 2 2
(s v e w2 e 0 124 (o0 - 1m0
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It can now be readily verified that, in the limit EA + o  equation (5.7) is
simply the 0(83) expansion to equation (7.1b).

An alternate way to obtain the differential equations of motion governing
the flexural - flexural - torsional motion of an inextensional blade via
Hamilton's principle {s to adjoin the inextensionality constraint to the
Lagrangian of the motion by a Lagrange multiplier as in [62, 68]. The advantage
of using the limiting process previously mentioned is that both the extensional
and inextensional cases may be investigated via the same equations of motion.

The differential equations of motion for an extensional rotor blade were
derived in this report in terms of the three elastic displacements u(x, ),

v(x, 1) and w(x, T) for any point on the blade's elastic axis, and an Euler angle
Qx(x, r). The total angle of twist of the hlade, ¢c(x, T), may be obtained by

first expressing the twisting curvature C, =

£ D£x+ defined by equation (2.10)

as [32, 33, 55, 61, 63)

+ 4+ +

b= dlx = x (8" + 8' + 4' gp X pe 7.2
. (8 Gx , S y) é X pg (7.2)

and then integrating equation (7.2) over the domain 0 < x < 1. Since the total

angle of twist, ¢t' includes the non-elastic pitch angle B(x, 7), the elastic

angle of twist of the blade, ¢(x, T), is then

X
d(x, T) = (87 - 8')dx + ¢ _(x=0, T=1) - 8(x=0, T=T)
0

X X
=0 (x, T) + f 8' s8 dx =8 + f v'' w' dx + O(Ea) (7.3)
X o % Y x5

s

Equation (7.3), relating sx to ¢, could be used in the outset to derive the
differential equations of motion for the blade in terms of u, v, w and ¢. When
this approach 1is taken, the expression for GDE for example, given by equation
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(4.3 d), simply becomes §¢'. In such case, the term DE(QE - 9')6pE - Dg®'6®',
obtained when the variation of the strain energy U given by equation (3.17) is
taken, gives rise to a single term D£¢"in the 8¢ equation. In contrast, if

‘Gx is used instead, the term D£¢' 605 gives rise to the term D€¢" in the

Gﬁx equation but also to the 0(62) terms (D£®'w')" and (D€¢'v")' in the &v and
dw equations respectively [equations (5.2 b, c¢)]. However, the differential
equations derived via 8u, Sv, 8w and 68x as done here and in [62, 63], and those
derived via du, 8v, 8w and 8¢, as done in [32] to O(Ez). are equivalent to each
other since one set of equations may be converted to the other by the integral
transformation given by equation (7.3).

As mentioned 1in Chapter IV, the term EIg(l - x+2)os/2 that appears 1in
equation (4.6 g) 1s a tensioen - torsion coupling term that reflects the increase
in the effective torsion stiffness of the blade due to axial tension. To show
this, the case of a non-rotating beam undergoing only static axial extension
and torsion, as in [75], is now briefly addressed. For simplicity, it will be

assumed that no external torsional moment, Q is applied to the bcam and

9 ’
X

that the beam's cross section is symmetric about both the n and - axes. From

the expression for the variation SU of the strain energy, the following

*
differential equation is obtained when the coefficient of 69; is equated tu zero
E +2 E 2 +2
._.8.4"—[ - '+ ¢ _— ' 0t [} ] I
Di < T3 5(l X )(8x 8') + 7 Bl(ex + 28x8 )(8x + 8")x
+2
- (ECLS;')'/X = 0 (7.4a)

* Here D., for example, denotes the torsicnal stiffness of the beam, as defined in

Chapte; ITI, but without carrying out the normalization process implied by equations
(3.15 e) and (3.17). A similar observation applies to the other quantities in
equations (7.4a,b).
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With x+ = 1/(1L+4y')>T1-4', and u' = - (f Qudx)/(EA) - Te/\EA) as given by
1
equations (3.7) and (5.5), equation (7.4a) may be approximated as

] “ -
(D, + Telg/A)B;‘ + TeI B8'/A - (ECLG)‘")' +0(’) =0 (7.4b)

£ £

The coefficient of 8; in equation (7.4t) 1s the effective torsional stiffness
of the beam [14, 75, 84]. For slender beams, the first two t 'rms in that
equation are the dominant ones and equation (7.4b) reduces to equation (18) in
[14}. A more accurate formulation for the torsion - tension coupling problem
that takes into account the non-orthogonality of the coordinate system (x, n. 7)
for the elastically undeformed pre-twisted beam was recently presented in [75].
The work in [75] disclosed that an extra term proportional to 8' should be
present in equation (7.4b) and that for values of G/E that are typical of

isotropic materials the influence of this extra term is quite small and may be

neglected.
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* R ®
APPENDIX -~ KINETIC AND STRAIN ENERGY CONTRIBUTIONS T, Us and U

The warping terms not shown explicitly in equation (3.16) are included in

T* which is given as
™/ (mo?R%) - flc *eB - ( He] e
g ‘n1 [‘12"5" cB = (t),Pgx ] k31 = typcB)
+ [(e .98 - £, eB)oa’ - ( By ] (Bay # taycB = €oq98)
E138F = £ CR)Pex t12PeX Eyp T 9108 = t349
e ooxtss 4 (eloxD) ] (Bl + el sB)8ax
12 Pe’ 13°¢° 33 % By :

1 2
+ +.1° ‘ + _ +.72
é Cra {[‘12"&" cB - (r),Ppx )_] * [___tlzpax B+ (t) 4P,x )]

+
9] —

+ J(t, 8B - t,,cB)p.xT - (¢ x+)'2dx
13°% 116P/PeX 12°¢ ]
where
2 i 2 2
mCry = R® [fpig dndg 5 mC,, = R® [fou” dn dg
) A A

*
The expression for the term Us appearing in equation (3.14) is

. o3 1

2
+ Eau;/an)z + (aw/ag)zj Eji(OEX+)'x+ _ 8’8"] 2

+ 20(a0/30) [ (ppx") 'xT - e'e'j {(n—aw/ao (b - 8') + (}npg-con)aw/acwoﬂogx*}x**
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- R 2 2 +4 2
Us = 3 fo {,{ G [:(rmC - con)aw/an - woC] ppx "+ [(no‘: - &P )3w/ag + wor:]ogx

(A.1)

(A.2)

+4

k)




- 2p(3p/3n) pgmgx*)'x* - e'@'j{(uawan)(pg-a') + [(npg-cpn>aw/On-woc:]psx*}x”

[

*
The strain energy contribution U appearing in equation (3.17) {is obtained

Ty RS

+2 ' 2 2
x © =8 ) (3d/an) (Bw/:}m] dn dgdx (A.2)

directly from equation (3.14) as
TRt lfl [[E Pl v wdh, @ 4y +oap® P+ 2L oK)
5T Y8 o v H, 2 Y T 3 23

2 r
+20H, (H + L))+ 4y ELZH HyH, + Llua}dn d¢ dx

1 B} )
1+ . 2 2 2 e +4
+ L ;e Qe - np,)(' + 2"+ ¢7) (gp, - ne) (oz -0 )|x™Y dn dio dx
8 O A r] 2 r] o é;
),
' 1 2 2
‘ 1. - +2 + 1] 1" + i
+—2-(f)EC1 {x [(pgx) —Bx] -Sx dx
1 t +2 ) 2
- fEctp XY - 6'x+]x 2o (o - 8 fdx > ma®R] (A.3)
5 1'n £ 3
!
where,
[ 2
| +2 + W2+ 2 te. 4+
! Ho= 1 - x2 - 2noxt + (2. - no? kP2 am? 4 gt (o2 -8 )x'? (A.4)
1 G n ¢ a2
+
L1 = 2 an (A.5)
}
2 2
4.1 2 2.2 42 e 42
HQ = [(Dgx )+ (Cn + DQ)Dgx -8 Jx (A.6)
13 +2 + ] +
L, =8 x - (Ppx ) x (A.7)
& S
2 +3 +1 42
1= (Zp_ + 1 - - np. 3 .
Hy ( Pr non)pgx (CDn rlpg) (DEY ) x (A.8)
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